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Concise granule descriptions for describable granules and approaching descrip-
tion methods for indescribable granules are challenging and important issues in
granular computing. The concept with only common attributes has been fre-
quently studied. To investigate the granules with some special needs, we propose
two new types of compound concepts in this paper: bipolar concept and common-
and-necessary concept. Based on the definitions of concept-forming operations,
the logical formulas are derived for each of the following types of concepts: formal
concept, three-way concept, object oriented concept, bipolar concept and common-
and-necessary concept. Furthermore, by utilizing the logical relationship among
various concepts, we have derived concise and unified equivalent conditions for de-
scribable granules and approaching description methods for indescribable granules
for all five kinds of concepts.
Keywords : Granular computing; Granule description; Approaching description;
Bipolar concept; Common-and-necessary concept
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1 Introduction

A group of objects with some common attributes is called a granule [21, 22]. Concept-
based granule representation is a popular topic, and concept lattice is a key tool for
information processing and analysis. The mathematical basis of concept lattice is lattice
theory, the visualization tool is the Hasse graph, and the related research methods are
abstract algebra, discrete mathematics, data structure and algorithm analysis, fuzzy set
[20], rough set [12], granular computing [21, 22], etc. So far, formal concept analysis has
been frequently used in information retrieval [10], knowledge discovery [11], association
analysis [16], recommendation system [28] and other fields [3, 17].

When we study a certain kind of concepts, we need to first consider how to find out
all the concepts from the given data. This problem is called concept lattice construction
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[1, 2, 13]. Second, in order to better analyze data and save storage space, it is necessary
to reduce concept lattice [4, 15, 18, 23]. Furthermore, the nodes of concept lattice can
infer from each other, and on this basis, one can extract rules [10].

Zhi and Qi in [27] observed that the existing types of concepts cannot simultaneously
investigate the common attributes and possible attributes of granules. Thus they pro-
posed the common-possible concepts, where all attributes are from the same collection,
and explored the relationships among the common-possible concepts, formal concepts
and object oriented concepts.

In this paper, we still consider a scenario that in an international travel agency, one
tour guide can speak several frequently used languages, or can speak infrequently used
languages. We first introduce the compound context (U,A, I,B, J), where A is the set
of frequently used attributes, and B is the set of infrequently used attributes, on which
common-and-necessary concept can be defined.

At school, teachers usually pay more attention to two types of students. One kind
of students have good test scores, and the other kind of students have poor test scores.
Considering this kind of scenario, we need to define the bipolar concept.

Li and Liu in [9] proposed the concepts of covering element and inserting element of
a granule by which equivalent conditions of describable granules of formal concept and
three-way concept were obtained.

Usually, the definitions of concept operators are given in a description language.
However, sometimes the logical formula can reflect the essence of the problem. For
example, the essence of formal concept is in the logical formula: X = a1 ∧ a2 ∧ · · · ∧ ak,
and the essence of object oriented concept is in the logical formula: X = a1∨a2∨· · ·∨ak,
where (U,A, I) is a formal context, X ⊆ U , and a1, a2, · · · ak ∈ A. It is easy to decipher
that there is a kind of equivalent relationship between the two. In this paper, the
logical formulas are given for all five kinds of concepts. Thus, by utilizing the logical
relationship among various concepts, and based on the definitions of concept-forming
operations, we can derive much concise and unified equivalent conditions of describable
granules and approaching description method of indescribable granules for all five kinds
of concepts.

The main contributions in this paper can be summarized as follows.
1. We propose two new types of compound concepts: bipolar concept and common-

and-necessary concept.
2. The logical formulas have been given for all five kinds of concepts.
3. Utilizing the logical relationship among various concepts, we have derived much

concise and unified equivalent conditions of describable granules and approaching de-
scription method of indescribable granules for all five kinds of concepts.

The structure of this paper is organized as follows. In Section 2, some frequently
used definitions and lemmas related to this paper are reviewed. In Section 3, we
present concise and unified equivalent conditions of describable granules for five kinds of
concepts. In Section 4, some explicit approaching description methods for indescribable
granules are presented for four kinds of concepts. Finally, in Section 5, the paper is
concluded with a summary and an outlook for future work.
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2 Preliminary notions and properties

For the convenience of discussion, we first review some frequently used notions and
properties related to this paper, such as formal concept, concept-forming operations,
logical language, describable granules, and the description of granule.

2.1 The formal context and its operations

We first present the definitions of formal context and its operations as follows.
Definition 1. [6] We say that a triplet (U,A, I) is a formal context, if U =

{x1, x2, . . ., xm}, A = {a1, a2, . . . , an}, and I ⊆ U × A is a binary relation. Here
we call each xi(i ≤ m) as an object, and each aj(j ≤ n) as an attribute. xIa or
(x, a) ∈ I indicates that an object x ∈ U has the attribute a ∈ A.

In the rest of this paper, (U,A, I) is always used to represent a formal context. Some
operations can be defined as below.

Definition 2. [6] Given a (U,A, I). For any X ⊆ U and B ⊆ A, two concept-forming
operations are defined respectively:

f : P (U) → P (A), f(X) = {m ∈ A|∀x ∈ X, (x,m) ∈ I}
g : P (A) → P (U), g(B) = {x ∈ U |∀m ∈ B, (x,m) ∈ I}
The following are the definitions of formal concepts and concept lattices.
Definition 3. [6] Given a (U,A, I). For any X ⊆ U and B ⊆ A, if f(X) = B and

g(B) = X, then we define (X,B) as a formal concept, where X and B are said to be
the extension and the intension of (X,B), respectively. For concepts (X1, B1), (X2, B2),
where X1,X2 ⊆ U , B1, B2 ⊆ A, we can define the partial order as follows:

(X1, B1) ≤ (X2, B2) ⇔ X1 ⊆ X2 ⇔ B2 ⊆ B1

Furthermore, we have the following definitions:
(X1, B1)

∧
(X2, B2) = (X1 ∩X2, fg(B1 ∪B2)) or (X1 ∩X2, f(X1 ∩X2))

(X1, B1)
∨
(X2, B2) = (gf(X1 ∪X2), B1 ∩B2) or (g(B1 ∩B2), B1 ∩B2)

Thus, one can observe that all formal concepts from (U,A, I) would form a complete
lattice, which is defined as a concept lattice, and denoted by L(U,A, I).

Lemma 1. [6] For any X1,X2,X ⊆ U , B1, B2, B ⊆ A, here (U,A, I) is a context,
it is easy to show that the following statements hold:

(1) X1 ⊆ X2 ⇒ f(X2) ⊆ f(X1), B1 ⊆ B2 ⇒ g(B2) ⊆ g(B1);
(2) X ⊆ gf(X), B ⊆ fg(B);
(3) f(X) = fgf(X), g(B) = gfg(B);
(4) X ⊆ g(B) ⇔ B ⊆ f(X);
(5) f(X1 ∪X2) = f(X1) ∩ f(X2), g(B1 ∪B2) = g(B1) ∩ g(B2);
(6) f(X1 ∩X2) ⊇ f(X1) ∪ f(X2), g(B1 ∩B2) ⊇ g(B1) ∪ g(B2).

A (U,A, I) is typically represented by a table of 0 and 1, with 1s meaning binary
relations between objects (rows) and attributes (columns). A simple example of a
(U,A, I) is presented as follows:
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Table 1: (U,A, I)
U a1 a2 a3 a4 a5
1 0 1 1 0 0
2 1 1 0 0 0
3 1 0 0 0 0
4 0 0 0 0 1
5 0 0 0 1 1
6 0 0 1 1 1
7 1 1 1 0 0

The formal concepts in Table 1 can be calculated as given in the following Table 2:

Table 2: Formal concepts in Table 1
C0 = ({1, 2, 3, 4, 5, 6, 7}, ∅)

C4 = ({2, 3, 7}, {a1}) C3 = ({1, 2, 7}, {a2}) C2 = ({1, 6, 7}, {a3}) C1 = ({4, 5, 6}, {a5})

C5 = ({2, 7}, {a1, a2}) C6 = ({1, 7}, {a2, a3}) C7 = ({5, 6}, {a4, a5})

C9 = ({7}, {a1, a2, a3}) C8 = ({6}, {a3, a4, a5})

C10 = (∅, {a1, a2, a3, a4, a5})

One can visualise a formal concept in a table of 0 and 1 as a closed rectangle of 1s,
where the rows and columns are not necessarily contiguous [1]. We define the cell of
the ith row and jth column as (i, j). Thus in Table 1, (5, 4), (5, 5), (6, 4) and (6, 5)
form the concept C7, and C7 is a rectangle of height 2 and width 2. Similarly (6, 3),
(6, 4) and (6, 5) form the concept C8, and C8 is a rectangle of height 1 and width 3.
(1, 3), (6, 3) and (7, 3) form the concept C2, and C2 is a rectangle of height 3 and width
1, here (1, 3) and (6, 3) are not contiguous. Next, we first investigate the describable
granule.

2.2 Describable granule and its description

Given a (U,A, I). We present a logical language used for describing a granule X ⊆ U .
For any b ∈ B ⊆ A, we call b as an atomic formula. By joining all the atomic formulas
in B together with the connective ∧, we can obtain a compound formula ∧B =

∧
b∈B b.

Furthermore, if the object x ∈ U has the attribute b, then we say that x fulfil the
atomic formula b, denoted by x 7→ b. Obviously, if x 7→ b for any b ∈ B, then x is said
to fulfil the compound formula ∧B, denoted by x 7→ ∧B. Thus the semantics of ∧B is
defined as the set of the objects fulfilling ∧B as given below,

m(∧B) = {x ∈ U |∀b ∈ B,x 7→ b}

Proposition 1. [25] Given a (U,A, I) and B ⊆ A,B 6= ∅. Then we have m(∧B) =
g(B).
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With the semantics operator m, we now give the definition of a ∧-describable granule.
Definition 4. [25] Given a (U,A, I) and X ⊆ U . If there exists B ⊆ A,B 6= ∅, such

that g(B) = X, then we say that X is ∧-describable and ∧B is a description of X,
denoted by d(X) = ∧B.

The following proposition is an immediate result from Proposition 1.
Proposition 2. [25] Given a (U,A, I), Y ⊆ U and f(Y ) 6= ∅. If Y is the extension

of a formal concept, then the granule Y must be ∧-describable and d(Y ) = ∧f(Y ).

For example in Table 1, we can rewrite a1 = (0, 1, 1, 0, 0, 0, 1), a2 = (1, 1, 0, 0, 0, 0, 1)
as column vectors, then a1∧a2 = (0, 1, 0, 0, 0, 0, 1), where a1, a2 ∈ A. At the same time,
x2 = (1, 1, 0, 0, 0), x7 = (1, 1, 1, 0, 0), then x2 ∧ x7 = (1, 1, 0, 0, 0), where x2, x7 ∈ U .
Thus X = {x2, x7} = a1 ∧ a2, and X is ∧-describable, d(X) = a1 ∧ a2, {x2, x7} =
m(a1 ∧ a2), also C5 = ({x2, x7}, {a1, a2}) is a concept.

In essence, X ⊆ U is ∧-describable ⇐⇒ there exist a1, a2, · · · ak ∈ A, such that
X = a1∧a2∧· · ·∧ak. It is worth noticing that {x6} = a3∧a4, also {x6} = a3∧a4∧a5.
So d({x6}) = a3 ∧ a4 and d({x6}) = a3 ∧ a4 ∧ a5. One can see that the description of
X ⊆ U , maybe not unique.

3 Equivalent conditions of describable granules

Based on the definitions of concept-forming operations, we present some unified equiva-
lent conditions of describable granules for each of the following types of concepts: formal
concept, three-way concept, object oriented concept, bipolar concept and common-and-
necessary concept.

3.1 ∧-describable granules

In [9], the notion of covering element was proposed, and the following proposition was
obtained.

Proposition 3. [9] Given a (U,A, I), X ⊆ U and f(X) 6= ∅. ThenX is ∧-describable
⇐⇒ X does not have any covering element y /∈ X, such that f(X) ⊆ f(y).

Based on concept-forming operations of Definition 2, we give the following simple
theorem.

Theorem 1. Given a (U,A, I), X ⊂ U and f(X) 6= ∅. Then X is ∧-describable ⇐⇒
X = gf(X).

Proof. =⇒ By Definition 4, there exists B ⊆ A,B 6= ∅, such that m(∧B) = X ⇐⇒
g(B) = X. By Lemma 1.(3), X = g(B) = gfg(B) = gf(X).

⇐= Let B = f(X). Then g(B) = gf(X) = X. So m(∧B) = X, thus X is ∧-
describable. ⊓⊔

By Lemma 1.(2), X ⊆ gf(X). If X ⊂ gf(X), then there exists y ∈ gf(X) and
y /∈ X, such that f(y) ⊇ f(X). Thus y must be a covering element. Therefore, the
conditions of Theorem 1 and Proposition 3 are equivalent.

If X is ∧-describable, B = f(X) = {a1, a2, · · · ak} =⇒ X = g(B) =⇒ X = a1 ∧ a2 ∧
· · · ∧ ak. If Y is ∧-describable, C = f(Y ) = {b1, b2, · · · bj} =⇒ Y = g(C) =⇒ Y =
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b1 ∧ b2 ∧ · · · ∧ bj. Thus

X
⋂

Y = a1 ∧ a2 ∧ · · · ∧ ak ∧ b1 ∧ b2 ∧ · · · ∧ bj

g(f(X)
⋃

f(Y )) = g({a1, a2, · · · ak, b1, b2, · · · bj}) = X
⋂

Y

So the following Proposition 4 is obvious.
Proposition 4. [9] Given a (U,A, I), X,Y ⊂ U and f(X) 6= ∅, f(Y ) 6= ∅. If X

and Y are ∧-describable, then granule X
⋂

Y must be ∧-describable, and d(X
⋂

Y ) =
∧(f(X)

⋃
f(Y )).

However, as X
⋃

Y = a1 ∧ a2 ∧ · · · ∧ ak ∨ b1 ∧ b2 ∧ · · · ∧ bj , X
⋃

Y maybe not ∧-
describable.

3.2 (∧,∧,¬)-describable granules

Based on Definition 3 in [9], from a (U,A, I), we form a compound context (U,A, I,B, J),
where a ∈ A ⇔ b ∈ B, (x, a) ∈ I ⇔ (x, b) /∈ J .

In the rest of this paper, (U,A, I,B, J) is always used to represent a compound
context.

For any X ⊆ U and C ⊆ A
⋃

B, we further extend concept-forming operations f
and gT as follows:

f : P (U) → P (A
⋃

B), f(X) = {m ∈ A
⋃

B|∀x ∈ X, (x,m) ∈ I
⋃

J}

gT : P (A
⋃

B) → P (U),

gT (C) = {u ∈ U |∀m ∈ A
⋂

C, (u,m) ∈ I}
⋂

{u ∈ U |∀m ∈ B
⋂

C, (u,m) ∈ J}

Evidently, f is the combination of f+ and f− in [9], and gT is the combination of g+

and g− in [9].
Given a (U,A, I,B, J). For any X ⊆ U and C ⊆ A

⋃
B, if f(X) = C and gT (C) = X,

then we say that (X,C) is a three-way concept in [14]. As involving both the logic
connectives ∧ and ¬, we call it as a compound concept.

Based on Definition 4 in [9], we give a new notion of (∧,∧,¬)-describable.
Definition 5. Given a (U,A, I,B, J) and X ⊆ U , if there exist C 6= ∅, D 6= ∅,

C ⊆ A and D ⊆ B, such that gT (C
⋃

D) = X, then we say that the granule X is
(∧,∧,¬)-describable, and d(X) = ∧(C

⋃
D).

Similar to ∧-describable, we can obtain the following concise result about (∧,∧,¬)-
describable.

Theorem 2. Given a (U,A, I,B, J), X ⊂ U and f(X)
⋂

A 6= ∅, f(X)
⋂

B 6= ∅.
Then X is (∧,∧,¬)-describable ⇐⇒ X = gT f(X).

Proof. Necessity. By Definition 5, there exist C 6= ∅, D 6= ∅, C ⊆ A and D ⊆ B, such
that gT (C

⋃
D) = X =⇒ X = g(C)

⋂
g(D), where g is defined in Definition 2.

By Lemma 1.(5), X = g(C)
⋂

g(D) = g(C
⋃

D).
By Lemma 1.(3), X = g(C

⋃
D) = gfg(C

⋃
D) = gf(X) = gT f(X).
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Sufficiency. Let C
⋃

D = f(X), where f(X)
⋂

A = C, f(X)
⋂

B = D. Then
gT (C

⋃
D) = gT f(X) = X. Thus X is (∧,∧,¬)-describable. ⊓⊔

One can observe that Theorem 2 in [9] also gave a equivalent condition of (∧,∧,¬)-
describable granule only for the case of X ⊆ U , X is ∧-indescribable in (U,A, I). In
comparison with the above result, Theorem 2 in this paper is broader than Theorem 2
in [9]

Furthermore, if X is (∧,∧,¬)-describable, f(X) = {a1, a2, · · · ak} =⇒ X = gT f(X)
=⇒

X = a1 ∧ a2 ∧ · · · ∧ ak

where a1, a2, · · · ak ∈ A
⋃

B, {a1, a2, · · · ak}
⋂

A 6= ∅ and {a1, a2, · · · ak}
⋂

B 6= ∅.
Also, if Y is (∧,∧,¬)-describable, f(Y ) = {b1, b2, · · · bj} =⇒ Y = gT f(Y ) =⇒

Y = b1 ∧ b2 ∧ · · · ∧ bj

where b1, b2, · · · bj ∈ A
⋃

B, {b1, b2, · · · bj}
⋂

A 6= ∅ and {b1, b2, · · · bj}
⋂

B 6= ∅.
Therefore,

X
⋂

Y = a1 ∧ a2 ∧ · · · ∧ ak ∧ b1 ∧ b2 ∧ · · · ∧ bj

gT (f(X)
⋃

f(Y )) = g({a1, a2, · · · ak, b1, b2, · · · bj}) = X
⋂

Y

By combining the above results, one can see the following Proposition 5 is obvious.
Proposition 5. Given a (U,A, I,B, J), X,Y ⊂ U and f(X) 6= ∅, f(Y ) 6= ∅. If X

and Y are (∧,∧,¬)-describable, then the granule X
⋂

Y must be (∧,∧,¬)-describable
with d(X

⋂
Y ) = ∧(f(X)

⋃
f(Y )).

However, as X
⋃

Y = a1 ∧ a2 ∧ · · · ∧ ak ∨ b1 ∧ b2 ∧ · · · ∧ bj, X
⋃

Y may be not
(∧,∧,¬)-describable.

As Proposition 11 in [9] only discuss the case of X ⊆ U , X is ∧-indescribable in
(U,A, I), which indicates that Proposition 5 here is broader than Proposition 11 in [9].

For example, from a (U,A, I) in Table 1, we can create a (U,A, I,B, J) described as
below in Table 3, where a ∈ A ⇔ b ∈ B, and (x, a) ∈ I ⇔ (x, b) /∈ J .

Table 3: (U,A, I,B, J)

U a1 a2 a3 a4 a5 b1 b2 b3 b4 b5
1 0 1 1 0 0 1 0 0 1 1
2 1 1 0 0 0 0 0 1 1 1
3 1 0 0 0 0 0 1 1 1 1
4 0 0 0 0 1 1 1 1 1 0
5 0 0 0 1 1 1 1 1 0 0
6 0 0 1 1 1 1 1 0 0 0
7 1 1 1 0 0 0 0 0 1 1
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From Table 2, C5 = ({2, 7}, {a1 , a2}) is a concept over (U,A, I). However, ({2, 7},
{a1, a2, b4, b5}) is a concept over (U,A, I,B, J) and {2, 7} = a1 ∧ a2 ∧ b4 ∧ b5, which is
not covered by Theorem 2 in [9].

Note that {2, 3} = a1 ∧ b3 ∧ b4 ∧ b5, by Proposition 5, {2, 3}
⋂
{2, 7} = {2} = a1 ∧

a2 ∧ b3 ∧ b4 ∧ b5, which is still (∧,∧,¬)-describable. Next, we will describe important
∨-describable granules.

3.3 ∨-describable granules

To investigate the other aspects of granules, we next present the possibility operator
(·)⋄ and necessity operator (·)�. For convenience, (·)� is denoted as f∨, and (·)⋄ is
denoted as g∨ in the remaining part of this paper.

Definition 6. [5, 26] Given a (U,A, I). For any X ⊆ U and B ⊆ A, two concept-
forming operations are defined respectively:

f∨ : P (U) → P (A), f∨(X) = {m ∈ A|∀g ∈ U, (g,m) ∈ I ⇒ g ∈ X}

g∨ : P (A) → P (U), g∨(B) = {g ∈ U |∃m ∈ B, (g,m) ∈ I}

Based on the above two concept-forming operations, one can present the object
oriented concept as proposed in [5, 26]. For any X ⊆ U and B ⊆ A, if f∨(X) = B and
g∨(B) = X, then (X,B) is called an object oriented concept.

Definition 7. [26] Given a (U,A, I) and X ⊆ U . If there exists B ⊆ A,B 6= ∅, such
that g∨(B) = X, then we say that X is ∨-describable and d(X) = ∨B.

In essence, X ⊆ U is ∨-describable ⇐⇒ there exist a1, a2, · · · ak ∈ A, such that

X = a1 ∨ a2 ∨ · · · ∨ ak

Furthermore, from a (U,A, I), we can create a context (U,B, J), where a ∈ A ⇔ b ∈
B, and (x, a) ∈ I ⇔ (x, b) /∈ J . In this case, we have

X = a1 ∨ a2 ∨ · · · ∨ ak ⇐⇒ U\X = b1 ∧ b2 ∧ · · · ∧ bk

Therefore, X is ∨-describable over (U,A, I) ⇐⇒ U\X is ∧-describable over (U,B, J).
The following Theorem 3 is immediate from Theorem 1.

Theorem 3. Given a (U,A, I) and X ⊂ U . Then X is ∨-describable ⇐⇒ U\X =
gf(U\X) over formal context (U,B, J), where a ∈ A ⇔ b ∈ B, and (x, a) ∈ I ⇔
(x, b) /∈ J .

IfX is ∨-describable, one will have f(U\X) = {a1, a2, · · · ak}=⇒ U\X = gf(U\X) =⇒
U\X = a1 ∧ a2 ∧ · · · ∧ ak.

Similarly, if Y is ∨-describable, f(U\Y ) = {b1, b2, · · · bj} =⇒ U\Y = gf(U\Y ) =⇒
U\Y = b1 ∧ b2 ∧ · · · ∧ bj. By combining the above two results, one will have

(U\X)
⋂

(U\Y ) = a1 ∧ a2 ∧ · · · ∧ ak ∧ b1 ∧ b2 ∧ · · · ∧ bj

g(f(X)
⋃

f(Y )) = g({a1, a2, · · · ak, b1, b2, · · · bj}) = (U\X)
⋂

(U\Y )
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So the following Proposition 6 is obvious.
Proposition 6. Given a (U,A, I) and X,Y ⊂ U . If X and Y are ∨-describable, then

U\(U\X)
⋂
(U\Y ) is ∧-describable, and d((U\X)

⋂
(U\Y )) = ∧(f(U\X)

⋃
f(U\Y )).

As (U\X)
⋃
(U\Y ) = a1 ∧ a2 ∧ · · · ∧ ak ∨ b1 ∧ b2 ∧ · · · ∧ bj , (U\X)

⋃
(U\Y ) may be

not the ∧-describable.

In fact, similar to Theorem 1, it is easy to obtain the following Proposition 7, which
is equivalent to Theorem 3.

Proposition 7. Given a (U,A, I), X ⊂ U and f∨(X) 6= ∅. Then X is ∨-describable
⇐⇒ X = g∨f∨(X).

For example, from a (U,A, I) in Table 1, we can create a formal context (U,B, J),
given below in Table 4, where a ∈ A ⇔ b ∈ B, and (x, a) ∈ I ⇔ (x, b) /∈ J .

Table 4: Formal context (U,B, J)
U b1 b2 b3 b4 b5
1 1 0 0 1 1
2 0 0 1 1 1
3 0 1 1 1 1
4 1 1 1 1 0
5 1 1 1 0 0
6 1 1 0 0 0
7 0 0 0 1 1

On one hand, ({1, 4, 5, 6, 7}, {a3 , a4, a5}) is an object oriented concept over (U,A, I)
in Table 1, and {1, 4, 5, 6, 7} = a3 ∨ a4 ∨ a5. On the other hand, ({2, 3}, {b3, b4, b5}) is a
formal concept over formal context (U,B, J) in Table 4, and U\{1, 4, 5, 6, 7} = {2, 3} =
b3 ∧ b4 ∧ b5.

Similarly, ({1, 2, 5, 6, 7}, {a2 , a3, a4}) is an object oriented concept over (U,A, I) in
Table 1, and {1, 2, 5, 6, 7} = a2 ∨ a3 ∨ a4. At the same time, ({3, 4}, {b2, b3, b4}) is a
formal concept over formal context (U,B, J) in Table 4, and U\{1, 2, 5, 6, 7} = {3, 4} =
b2 ∧ b3 ∧ b4.

As {2, 3} ∩ {3, 4} = {3} = b2 ∧ b3 ∧ b4 ∧ b5, from Proposition 6, {1, 2, 4, 5, 6, 7} =
a2 ∨ a3 ∨ a4 ∨ a5.

As there are many fast algorithms for computing formal concepts [1, 2], so these al-
gorithms can be used for computing the object oriented concepts and attribute oriented
concepts [19].

3.4 (∧,¬)-describable granules

In Subsection 3.1, we usually extract the common features of a specific set to explore
the embedded useful patterns for decision making, which is usually called as common
attribute analysis [27]. In this subsection, we will consider the following scenario. At
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school, teachers usually pay more attention to two types of students. One kind of
students have good test scores, and the other kind of students have poor test scores.

For any X ⊆ U and C ⊆ A
⋃

B, we further extend concept-forming operations f
and g as follows:

f : P (U) → P (A
⋃

B), f(X) = {m ∈ A
⋃

B|∀x ∈ X, (x,m) ∈ I
⋃

J}

g : P (A
⋃

B) → P (U), g(C) = {u ∈ U |∀m ∈ C, (u,m) ∈ I
⋃

J}

Evidently, f is the combination of f+ and f− in [9], and g is the combination of g+

and g− in [9]. It is easy to show that Lemma 1 still holds for f , g in the compound
context (U,A, I,B, J).

Given a (U,A, I,B, J). For any X ⊆ U and C ⊆ A
⋃

B, if f(X) = C and g(C) = X,
then we say that (X,C) is called a bipolar concept. As involving both the logic
connectives ∧ and ¬, we call it as a compound concept.

We now give a new notion called (∧,¬)-describable.
Definition 8. Given a (U,A, I,B, J) and X ⊆ U , if there exist C

⋃
D 6= ∅, C ⊆ A

and D ⊆ B, such that g(C
⋃

D) = X, then we say that the granule X is (∧,¬)-
describable, and d(X) = ∧(C

⋃
D).

Similar to ∧-describable, we can obtain the following concise result about (∧,¬)-
describable.

Theorem 4. Given a (U,A, I,B, J), X ⊂ U and f(X)
⋂
(A

⋃
B) 6= ∅. Then X is

(∧,¬)-describable ⇐⇒ X = gf(X).

Proof. =⇒ By Definition 5, there exist C 6= ∅, D 6= ∅, C ⊆ A and D ⊆ B, such that
g(C

⋃
D) = X. By Lemma 1.(3), X = g(C

⋃
D) = gfg(C

⋃
D) = gf(X).

⇐= Let C
⋃

D = f(X), where f(X)
⋂

A = C, f(X)
⋂

B = D. Then g(C
⋃

D) =
gf(X) = X. Thus X is (∧,¬)-describable. ⊓⊔

Furthermore, if X is (∧,¬)-describable, f(X) = {a1, a2, · · · ak} =⇒ X = gf(X) =⇒

X = a1 ∧ a2 ∧ · · · ∧ ak

where a1, a2, · · · ak ∈ A
⋃

B. Also, if Y is (∧,¬)-describable, f(Y ) = {b1, b2, · · · bj} =⇒
Y = gf(Y ) =⇒

Y = b1 ∧ b2 ∧ · · · ∧ bj

where b1, b2, · · · bj ∈ A
⋃

B. Therefore,

X
⋂

Y = a1 ∧ a2 ∧ · · · ∧ ak ∧ b1 ∧ b2 ∧ · · · ∧ bj

g(f(X)
⋃

f(Y )) = g({a1, a2, · · · ak, b1, b2, · · · bj}) = X
⋂

Y

By combining the above results, one can see the following Proposition 5 is obvious.
Proposition 8. Given a (U,A, I,B, J), X,Y ⊂ U and f(X) 6= ∅, f(Y ) 6= ∅. If X

and Y are (∧,¬)-describable, then the granule X
⋂

Y must be (∧,¬)-describable with
d(X

⋂
Y ) = ∧(f(X)

⋃
f(Y )).
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However, as X
⋃

Y = a1 ∧ a2 ∧ · · · ∧ ak ∨ b1 ∧ b2 ∧ · · · ∧ bj, X
⋃

Y may be not
(∧,¬)-describable.

By Definition 5 and Definition 8, one can observe that (∧,¬)-describable covers a
wider range than (∧,∧,¬)-describable. Specifically, (∧,∧,¬)-describable only covers
the case of f(X)

⋂
A 6= ∅ and f(X)

⋂
B 6= ∅. However, (∧,¬)-describable also covers

the case of f(X)
⋂

A 6= ∅, f(X)
⋂

B = ∅ and the case of f(X)
⋂

A = ∅, f(X)
⋂

B 6= ∅.
For example, from Table 3, {2, 3, 4} = b3 ∧ b4, so {2, 3, 4} is (∧,¬)-describable. As

A
⋂
{b3, b4} = ∅, thus {2, 3, 4} is not (∧,∧,¬)-describable.

Similarly, {1, 6, 7} = a3, so {1, 6, 7} is (∧,¬)-describable. As B
⋂
{a3} = ∅, thus

{1, 6, 7} is not (∧,∧,¬)-describable.

3.5 (∧,∧,∨)-describable granules

In [27], the common-possible concept was proposed for concurrently investigating the
common attributes and possible attributes of granules, where all attributes are from the
same collection. In this subsection, we still consider the scenario that in an international
travel agency, one guide can speak several frequently used languages, or can speak
infrequently used languages.

We introduce a (U,A, I,B, J), where A is the set of frequently used attributes, and
B is the set of infrequently used attributes. For any X ⊆ U and E ⊆ A

⋃
B, we further

introduce the concept-forming operations fCN and gCN as follows:

fCN : P (U) → P (A
⋃

B),

fCN(X) = max
a1∧a2∧···∧ak⊇X

{a1, a2, · · · , ak ∈ A}
⋃

min
b1∨b2∨···∨bj⊇X

{b1, b2, · · · , bj ∈ B}

gCN : P (A
⋃

B) → P (U),

gCN (E) = {u ∈ U |∀m ∈ A
⋂

E, (u,m) ∈ I}
⋂

(B
⋂

E)⋄

where (B
⋂

E)⋄ = {u ∈ U |∃m ∈ B
⋂

E, (u,m) ∈ J}.
Given a (U,A, I,B, J), for anyX ⊆ U and E ⊆ A

⋃
B, if fCN (X) = E and gCN (E) =

X, then the pair (X,E) is called a common-and-necessary concept. As this concept
also includes two logic connectives ∧ and ∨, we call it as a compound concept.

Furthermore, we give the definition of (∧,∧,∨)-describable.
Definition 9. Given a (U,A, I,B, J) and X ⊆ U , if there exist C 6= ∅, D 6= ∅,

C ⊆ A and D ⊆ B, such that gCN (C
⋃

D) = X, then we say that the granule X is
(∧,∧,∨)-describable, and d(X) = ∧(C) ∧ ∨(D).

Based on the definitions of fCN and gCN , we prove the following theorem.
Theorem 5. Given a (U,A, I,B, J), X ⊂ U and fCN(X)

⋂
A 6= ∅, fCN(X)

⋂
B 6= ∅.

Then X is (∧,∧,∨)-describable ⇐⇒ X = gCNfCN(X).

Proof. Necessity. By Definition 9, there exist C 6= ∅, D 6= ∅, C ⊆ A and D ⊆ B, such
that gCN (C

⋃
D) = X. By the definition of g in Definition 2, let X1 = g(C), X2 = D⋄.

Then X1
⋂

X2 = X.
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By the definition of fCN , and note that A
⋂

B = ∅, fCN (X)
⋂

A is the maximum
over A and fCN (X)

⋂
B is the minimum over B. Then,

X1
⋂

X2 = X =⇒ C ⊆ (fCN (X)
⋂

A) and D ⊇ (fCN (X)
⋂

B)

=⇒ gCN ((fCN (X)
⋂

A)
⋃

(fCN (X)
⋂

B)) ⊆ g(C)
⋂

D⋄ = X1

⋂
X2 = X

On the other hand,

g(fCN (X)
⋂

A) ⊇ X

and
(fCN (X)

⋂
B)⋄ ⊇ X

=⇒ gCN ((fCN (X)
⋂

A)
⋃

(fCN (X)
⋂

B)) ⊇ X

Therefore, gCNfCN (X) = X.
Sufficiency. Let C

⋃
D = fCN (X), where fCN(X)

⋂
A = C, fCN (X)

⋂
B = D.

Then gCN (C
⋃

D) = gCNfCN(X) = X. Thus X is (∧,∧,∨)-describable. ⊓⊔

In fact, X is (∧,∧,∨)-describable ⇐⇒ X = a1 ∧ a2 ∧ · · · ∧ ak ∧ (b1 ∨ b2 ∨ · · · ∨ bj),
where a1, a2, · · · , ak ∈ A and b1, b2, · · · , bj ∈ B.

Table 5: (U,A, I,B, J)
U a1 a2 a3 a4 a5 b1 b2 b3 b4
1 0 1 1 0 0 1 0 0 0
2 1 1 0 0 0 0 0 1 1
3 1 0 0 0 0 0 0 1 1
4 0 0 0 0 1 0 0 1 0
5 0 0 0 1 1 0 0 1 0
6 0 0 1 1 1 1 0 0 0
7 1 1 1 0 0 1 1 0 1

For example, in Table 5, {2, 3, 7} = a1, {2, 3, 7} = b2 ∨ b4, thus {2, 3, 7} = a1 ∧ (b2 ∨
b4), where fCN ({2, 3, 7}) = {a1, b2, b4}, and gCNfCN ({2, 3, 7}) = gCN ({a1, b2, b4}) =
{2, 3, 7}. Thus X = {2, 3, 7} is (∧,∧,∨)-describable. However, we also have {2, 3, 7} =
a1 ∧ b4, thus d({2, 3, 7}) is not unique.

Similarly, gCNfCN({1, 6, 7}) = gCN ({a3, b1, b2}) = {1, 6, 7}. Thus X = {1, 6, 7} is
(∧,∧,∨)-describable.

Also, gCNfCN({2, 3}) = gCN ({a1, b3}) = {2, 3}. Thus X = {2, 3} is (∧,∧,∨)-
describable. Note that here X ⊂ a1 = {2, 3, 7} and X ⊂ b3 = {2, 3, 4, 5}.

Next, we will describe the indescribable granules.
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4 The approaching descriptions of indescribable granules

Based on the definitions of concept-forming operations, we will present unified ap-
proaching description methods of indescribable granules for each of the following types
of concepts: formal concept, three-way concept, object oriented concept, bipolar con-
cept and common-and-necessary concept.

4.1 The approaching descriptions of ∧-indescribable granules

Suppose that the target granule X is ∧-indescribable, if we can find ∧-describable
granules Xl and Xu, such that Xl ⊂ X ⊂ Xu, then we say that Xl and Xu are the
approaching descriptions of ∧-indescribable granule X [9].

By Lemma 1.(3), gf(gf(X)) = gf(X), thus gf(X) is ∧-describable from Theorem 1.
By Lemma 1.(2), X ⊆ gf(X). Furthermore, if granule Y is ∧-describable andX ⊂ Y ,

then gf(X) ⊆ gf(Y ) = Y . Thus we get the following.
Theorem 6. Given a (U,A, I), ∧-indescribable X ⊂ U and f(X) 6= ∅. Then gf(X)

must be the smallest ∧-describable granule containing X.
It is easy to show that here Theorem 6 is equivalent to Theorem 4 in [9].

Now consider the ∧-describable granules Xl, such that Xl ⊂ X.
From a (U,A, I), we can create a context (U,B, J), where a ∈ A ⇔ b ∈ B, and

(x, a) ∈ I ⇔ (x, b) /∈ J . Then

Xl = a1 ∧ a2 ∧ · · · ∧ ak ⇐⇒ U\Xl = b1 ∨ b2 ∨ · · · ∨ bk

From Xl ⊂ X, we have

b1 ∨ b2 ∨ · · · ∨ bk ⊇ U\X

So, to find the largest granule Xl ⊂ X

⇐⇒ min
b1∨b2∨···∨bk⊇U\X and (U\X)

⋂
bi 6=∅,1≤i≤k

{b1, b2, · · · , bk ∈ B}

Table 6: (U,A, I) in [9]

U a1 a2 a3 a4 a5
1 1 0 0 0 0
2 1 1 0 1 0
3 1 0 1 1 1
4 1 1 1 0 1
5 1 1 1 0 0
6 0 1 0 0 1
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Table 7: Formal context (U,B, J) from (U,A, I) in [9]
U b1 b2 b3 b4 b5
1 0 1 1 1 1
2 0 0 1 0 1
3 0 1 0 0 0
4 0 0 0 1 0
5 0 0 0 1 1
6 1 0 1 1 0

For example, in Table 6, let us take X = {4, 5, 6}, thus we consider U\X = {1, 2, 3}
in Table 7.

It is easy to see that {1, 2, 3} = b2∨b3 or {1, 2, 3} = b2∨b5. Therefore, Xl = a2∧a3 =
{4, 5} or Xl = a2 ∧ a5 = {4, 6}.

4.2 The approaching descriptions of (∧,∧,¬)-indescribable granules

Similar to Subsection 3.2, from a (U,A, I), we establish a (U,A, I,B, J), where a ∈
A ⇔ b ∈ B, (x, a) ∈ I ⇔ (x, b) /∈ J .

Similar to Subsection 4.1, we can get the following result.
Theorem 7. Given a (U,A, I,B, J), (∧,∧,¬)-indescribable X ⊂ U , f(X)

⋂
A 6= ∅

and f(X)
⋂

B 6= ∅. Then gT f(X) must be the smallest (∧,∧,¬)-describable granule
and gT f(X) ⊇ X, where f and gT are defined in Subsection 3.2.

It is easy to show that here Theorem 7 is equivalent to Theorem 6 in [9].
Now consider the (∧,∧,¬)-describable granules Xl, such that Xl ⊂ X. From a

compound context (U,A, I,B, J), we construct a context (U,C,K), where a ∈ A or
a ∈ B ⇔ c ∈ C, and (x, a) ∈ I or J ⇔ (x, c) /∈ K. Then

Xl = a1 ∧ a2 ∧ · · · ∧ ak ⇐⇒ U\Xl = c1 ∨ c2 ∨ · · · ∨ ck

From Xl ⊂ X, we have

c1 ∨ c2 ∨ · · · ∨ ck ⊇ U\X

So, to find the largest granule Xl ⊂ X

⇐⇒ min
c1∨c2∨···∨ck⊇U\X and (U\X)

⋂
ci 6=∅,1≤i≤k

{c1, c2, · · · , ck ∈ C}

For (∧,¬)-indescribable granules, we can obtain the similar approximation results.

4.3 The approaching descriptions of ∨-indescribable granules

Similar to Subsection 3.3, from a (U,A, I), we build a context (U,B, J), where a ∈
A ⇔ b ∈ B, (x, a) ∈ I ⇔ (x, b) /∈ J . Then

X = a1 ∨ a2 ∨ · · · ∨ ak ⇐⇒ U\X = b1 ∧ b2 ∧ · · · ∧ bk
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Similar to Subsection 4.1, the following new result can be obtained.
Theorem 8. Given a context (U,B, J), ∨-indescribable X ⊂ U and f(X) 6= ∅. Then

U\gf(U\X) must be the largest ∨-describable granule contained in X.

Now consider the ∨-describable granules Xu, such that Xu ⊃ X. Then

Xu = a1 ∨ a2 ∨ · · · ∨ ak =⇒ a1 ∨ a2 ∨ · · · ∨ ak ⊃ X

So, to find the smallest granule Xu ⊃ X

⇐⇒ min
a1∨a2∨···∨ak⊇X and X

⋂
ai 6=∅,1≤i≤k

{a1, a2, · · · , ak ∈ A}

4.4 The approaching descriptions of (∧,∧,∨)-indescribable granules

Suppose that the granule X is (∧,∧,∨)-indescribable over (U,A, I,B, J) and fCN (X) 6=
∅, where A is the set of frequently used attributes, and B is the set of infrequently used
attributes.

By definitions of fCN and gCN in Subsection 3.5, we would obtain fCN (X) = C
⋃

D,
where C = {a1, a2, · · · , ak} ⊆ A and D = {b1, b2, · · · , bj} ⊆ B.

So,

gCN (C
⋃

D) = a1 ∧ a2 ∧ · · · ∧ ak ∧ (b1 ∨ b2 ∨ · · · ∨ bj)

is (∧,∧,∨)-describable. Furthermore, if granule Y is (∧,∧,∨)-describable and X ⊂ Y .
Suppose that fCN(Y ) = C ′

⋃
D′, by definitions of fCN and gCN in Subsection 3.5, C ′ ⊆

C and D′ ⊇ D. Thus Y = gCNfCN (Y ) = g(C ′)
⋂

D′⋄ ⊇ g(C)
⋂

D⋄ = gCNfCN (X),
where g is defined in Definition 2.

Thus we get the following result.
Theorem 9. Given a (U,A, I,B, J), (∧,∧,∨)-indescribableX ⊂ U and fCN (X) 6= ∅.

Then gCNfCN(X) must be the smallest (∧,∧,∨)-describable granule and gCNfCN(X) ⊇
X.

5 Conclusions and future work

It is common that the definitions of concept operators are given in a description lan-
guage. However, sometimes the logical formula can reflect the essence of the problem.
Through their logical formulas, it is easy to decipher the equivalent relationship be-
tween formal concept and object oriented concept, and there is also a kind of equivalent
relationship between formal concept and three-way concept. Further more, the obvious
goal of granule representation is to obtain an exact logical formula for any describable
granule and approaching descriptions for an indescribable granule. In this paper, the
logical formulas have been given or derived for all five kinds of concepts. Thus, uti-
lizing the logical relationship among various concepts, we have derived much concise
and unified equivalent conditions of describable granules and approaching description
methods of indescribable granules for all five kinds of concepts. Since it is an NP-hard
problem [9] to construct the entire concept lattice, our discussions are only based on
the definitions of concept-forming operations.
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The concept with common attributes has been frequently studied. To investigate
the granules with some special needs, we have proposed two new types of compound
concepts: bipolar concept and common-and-necessary concept. Their descriptions are
investigated in this paper.

In the future, we will continue to investigate other kinds of describable granules and
explore their exact descriptions or approaching descriptions for indescribable granules.
It is also worth to study the applications of these new types of concepts in approximate
reasoning and cognitive computing.

References

[1] S. Andrews, A ‘Best-of-Breed’ approach for designing a fast algorithm for com-
puting fixpoints of Galois Connections, Information Sciences, 295 (20) (2015)
633–649.

[2] S. Andrews, In-Close4 Program, 2017, https://sourceforge.net/projects/inclose/files/In-
Close/.

[3] V.G. Blinova, D.A. Dobrynin, V.K. Finn, S.O. Kuznetsov, E.S. Pankratova, Tox-
icology analysis by means of the jsm-method, Bioinformatics. 19(10) (2003)
1201–1207.

[4] L. Cao, L. Wei, J. J. Qi. Concept reduction preserving binary relations (in Chi-
nese). Pattern Recogn Artif Intell, 2018, 31(6): 516-524

[5] Y. Chen, Y. Yao, A multiview approach for intelligent data analysis based on data
operators. Information Sciences, 2008, 178:1-20

[6] B. Ganter, R. Wille, Formal Concept Analysis: Mathematical Foundations,
Springer-Verlag, New York, 1999.

[7] A. Frank, A. Asuncion, UCI Machine Learning Repository, 2010,
http://archive.ics.uci.edu/ml.

[8] S.O. Kuznetsov, On computing the size of a lattice and related decision problems,
Order, 18 (4) (2001) 313-321

[9] J. Li, Z. Liu, Granule description in knowledge granularity and representation,
Knowledge-Based Systems, 203(2020):106160

[10] L. Li, J. Mia, B. Xie, Attribute reduction based on maximal rules in decision formal
context, International Journal of Computational Intelligence Systems. 7(6)(2014)
1044-1053.

[11] P. H. P. Nguyen, D. Corbett, A Basic Mathematical Framework for Conceptual
Graphs, IEEE Transactions on Knowledge and Data Engineering, 2006, 18(2):
261-271.



Granule representation based on compound concept 17

[12] Z. Pawlak, Rough Sets, International Journal of Computer and Information Sci-
ences, 1982, 11(5): 341-356.

[13] J. Qi, T. Qian, L. Wei, The connections between three-way and classical concept
lattices, Knowledge-Based Systems. 91 (2016) 143–151.

[14] J. Qi, L. Wei, Y. Yao, Three-way formal concept analysis. Lecture Notes in Com-
puter Science, 8818(2014):732-741

[15] R. Ren, L. Wei, The attribute reductions of three-way concept lattices, Knowledge-
Based Systems. 99 (2016) 92–102.

[16] X. D. Tu, Y. L. Wang, M. L. Zhang, et al. Using Formal Concept Analysis to
Identify Negative Correlations in Gene Expression Data, IEEE/ACM Transactions
on Computational Biology and Bioinformatics, 2016, 13(2): 380-391.

[17] Q. Wan, L. Wei, Approximate concepts acquisition based on formal contexts,
Knowledge-Based Systems. 75 (2015) 78–86.

[18] L. Wei, L. Cao, J. J. Qi , et al. Concept reduction and concept characteristics in
formal concept analysis (in Chinese). Sci Sin Inform, 2020, 50(12): 1817–1833.

[19] Y. Y. Yao, Concept lattices in rough set theory, Proceedings of 2004 Annual Meet-
ing of the North American Fuzzy Information Processing Society, Canada: IEEE,
September 27,2004: 796-801.

[20] L. A. Zadeh, Fuzzy Sets. Information and Control, 1965, 8(3): 338-353.

[21] L. A. Zadeh, Fuzzy sets and information granularity, in: M. Gupta, R. Ragade,
R. Yager (Eds.), Advances in Fuzzy Set Theory and Applications, North-Holland,
Amsterdam, 1979, pp. 3-18.

[22] L. A. Zadeh, Toward a Theory of Fuzzy Information Granulation and Its Centrality
in Human Reasoning and Fuzzy Logic. Fuzzy Sets and Systems, 1997, 90(2): 111-
127.

[23] W. X. Zhang, L. Wei and J. J. Qi, Attribute reduction in concept lattice based on
discernibility matrix, Lecture Notes in Computer Science, 3642, 157-165 (2005).

[24] W. X. Zhang, L. Wei and J. J. Qi, Attribute reduction theory and approach to
concept lattice (in Chinese), Sci China Ser F-Inf Sci, 2005, 35(6): 628-639

[25] H.L. Zhi, J.H. Li, Garnule description based on formal concept analysis,
Knowledge-Based Systems. 104(2016) 62-73.

[26] H.L. Zhi, J.H. Li, Granule description based on necessary attribute analysis (in
Chinese), Chinese Journal of Computers 2018, 41(12)2702-2719.

[27] H.L. Zhi, J. J. Qi, Common-possible concept analysis: A granule description view-
point, Applied Intelligence, 2021. https://doi.org/10.1007/s10489-021-02499-9

[28] C. F. Zou, D. Q. Zhang, J. F. Wan, et al. Using Concept Lattice for Personalized
Recommendation System Design, IEEE Systems Journal, 2017, 11(1): 305-314.


	1 Introduction
	2 Preliminary notions and properties
	2.1  The formal context and its operations 
	2.2 Describable granule and its description

	3 Equivalent conditions of describable granules
	3.1 -describable granules
	3.2 (, , )-describable granules
	3.3 -describable granules
	3.4 (, )-describable granules
	3.5 (, , )-describable granules

	4 The approaching descriptions of indescribable granules
	4.1 The approaching descriptions of -indescribable granules
	4.2 The approaching descriptions of (, , )-indescribable granules
	4.3 The approaching descriptions of -indescribable granules
	4.4 The approaching descriptions of (,, )-indescribable granules

	5 Conclusions and future work

