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The Covariant Helmholtzian

The d’alembertian operator on vector doublets may be factored with a pair of four-by-four matrices via simple partial derivatives as

elements.

As a generalization of the d’alembertian operator,the Helmholtzian operator on vector doublets may be factored with a pair of
four-by-four matrices via simple partial derivatives augmented by adding certain constants as elements thereto.
The Covariant Helmholtzian operator generalizes these, where the elements of the pair of four-by-four matrices are covariant derivatives
applying to the vector doublet operated on.
Thus, the d’alembertian operator is a Covariant Helmholtzian operator operated in a flat rectangular Cartesian space; the Helmholtzian
operator is a Covariant Helmholtzian operator operated in a space of curvature where all the Christoffel symbols are appropriate constants.

The Helmholtzian operator and its factorization are important, but they are derived-founded on algebra from semigroup binary operation
constructed from square matrices as vector basis with integer entries, and variations thereof.
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Recall the Helmholtzian operator factorization.
Consider first, the 2-dimensional version and variation.
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For the 1-D space-1-D time situation, consider variations on:
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However, the D terms represent covariant derivatives, so the m; terms are rather g%, functions.
And, the matrix products are NOT associative, so must be applied right to left.

Now, the Helmholtzian operator factorization expresses 2nd order linear PDEs in dimensionns from 2 to 4.
Extennding the Helmholtzian operator factorization beyond constant mass provides a framework for considering
solutions by factoring of 2nd order linear PDE probems in dimensionns from 2 to 4 for real-world applications.

Deconstructed from 3-space and time to 2-space and time, then 1-space and time:
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-D§\f! =Dy f? = @!

J? = -Dp,®! + D @Y

~Diif} + D§if) = @Y

—Dif + D5 f0 = @0

U

JL = ~00®L - gl @ — 0109 — g, @

—0ofL +g(1)j].ﬂ"1 — 0! _g(l)j].ﬂ" =0}

JL = —00®! + g, — 0,00 + g,/

Jg)_ = —alq)_%_ + g%qu)]ﬁ— + 60@2 _ggjz(b{l—

~01f} +g%j].ﬂ" +0ofY +g8ij{r = @Y

JO = 0,01 — gl ,®L + 00D + g, L

U

Ji

= —0o®} — 01D + (—ggn — g?jz)q)j+

—Ooft — 0% + (+g(fj1 _g(l)jl )ﬂ =0}

J!

= =00 — 01D + (+g¢) + &0,) DL

—0ofL - 0112 + (_g(l)jl +g(1)j1 . = @!

J0

= —01D} + 00D + (+gip — ggjz)q)j+

—01fL + 0ofY + (+g1;1 + &0 e = @9

J°

= —01DL + 00D + (—glj, + g0 DL

—01f1 + 0f2 + (_g%jl _ggjl)ﬁ— = !

U




1 0 . 1 0 .
Jl = —80(1)1 a]q)0+(g(l)12g(l)]2)< 0 1 >q)/ 80f161f0+(+g(1)11g(1)]1)< 0 1 )ij :Ql
0 1 0 1 0 10 j 1 0 1 0 10 j 1
O
Corollary 1.2 For differentiable functions f,,f*, gl Vi,j,h € {0,1} , Vk e {1,2} :
Given theorem L.1;
Whenever gl = gy 3 Vij,h € {0,1} , Vke {1,2}
= Ji = (05 + 01)fe + (o(=1)"[+g01s + &lin) — [0 + &1on)) O + 1_
+ (a(—l)m6m[+g81h +glin] + [edu + C1)"gbadgbun + [ (1) 7" g0x _g%Zk]glflh>fg
(m € {0,1},0 € {+3_})
Proof:
(03 +0)ft + \
+([—g01 — glin) + [+&0m + g1 )01 +
+(01[-g01n — glin] + [8%2% — Lo )goun + [+&0ok — gl lgh i)t
(03 +0)ft +
+([+8014 + glin) + [0 — glux O +
+(01[+&01 + &l + [8%2% — Lo )goun + [+&0ok — gl lghin )
J =
(03 +03)f? +
+([+8014 + g1in) + 20 — &1k )0/t +
+(+00[+&01 + &1l + [0k + 121801 + [ — G0 Jgh i)
(03 +03)f° +
+([—g01n — glin) + [+&0u + glax )0/ +
\ +(0o[—g01n — &l + [0 + &l )goin + [82% — gl lghin)"
m/o 1
+ ([+g0u + glin] — [+&0an + glan DO (+[+&01 + 1] — [+g02k + g1y ])0oft
— (H+ghin + glin] — [+80u + gl DO (g0 + glin] — [+80u + &Tax]) O/
= (o(=1)"[+g0u + glis] — [+80on + &121 1) Onfe
m/o 1 0
+  (—O1[+g0in + glind + =80 — goorlgbin + [+80u — glaxlegfin )t (+00[+g01s + glin] + [—80u + gloxlgbin + [—&0u% — gour gk )™
—  (+01[+g0n + ghind + =80 — Lok g6 + [+80u — glaxgh i) (—O0l+01n + glin) + [—€0u + &hax g6 + [—€02% — goar 11 )"

1-m

= <G(_1)mam[+g81h +gi1a) + [=8% + (=1)" 202801 + [(_1) 20k — &iok ]glf1h>ﬂ17

= Jui = (05 + 01)fe + (o(=1)"[+g01s + &lin) — [0 + &lon)) Onf +

+ <G(_1)mam[+g81h +glind + [0 + (—1)"ghulgbin + [(_l)l_mggzk _g%Zk]glflh>fg

O

Corollary 1.2 For differentiable functions f,,f., gl Vi,j,h € {0,1} , Vk e {1,2} :
Given theorem I.1;
Whenever g,hk 6hg,k ; Vij,h € {0,1}y , Vke {1,2}
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[ (@+any+ N )

+(+g11 — g12)00f% + (=801 + 02)ofL +
+(—go1 + 202)01/% + (g1 + g12)01f1 +
+(+00(g11) — 01(go1) — 12801 + goag11 )fY +

\ +(=0o(go1) — 01(g11) — go2go1 — gr2g11)f: /

[ @ +aby+ N\
+(=g11 +g12)00/° + (+go1 — g02)ofL +
+(+go1 — g02)01/2 + (+g11 — g12)0yfL +
+(=0o(g11) + 01(go1) — g12g01 + goag11 )fY +

\ +(+00(go1) + 01(g11) — go2go1 — g12g 1) /

[ @+

+(+g01 — g02)00f% + (+g11 — g12)0ofL +
+(+g11 — g12)01f + (—go1 + g02)O1fL +
+(+00(go1) + 01(g11) — go2go1 — g12g11)fY +
\ +(+00(g11) — 01(go1) + 212801 — o2g11)f:

[ @ o+

+(=go1 + g02)00f% + (g1 + g12)ofL +
+(=g11 + g11)01/2 + (801 — gn2)OfL +
+(=0o(go1) — 01(g11) — goago1 — g12g11)f% +
\ \ +(=0o(g11) + 01(go1) + g12801 — go2g 1)/ /

Proof:
Whenever gi, = g ;Vijhe {0,1} , Vke {1,2}

(@ A
+00([+0hg11 — S4go1 fL) +

+01([~8hgo1 — Shgn IfL) +

+(=0)g12 + 8,,802)0of +

+(+69g00 + Sl gi)o ! +

\ ([-0%g12 — 54802154 go1 + [+d7g0> — 5;g1218}g11)f! /

[ @+ A
+00([~0hg11 + S4go ") +
+01([+8hgo1 + S4g1 ]f") +
+(+5)g12 — §3,802)0of” +
+(=0hg02 — 84,€12)01f" +
\ ([-0%g12 — 54802154 go1 + [+d7g0> — 5;g1218}g11)f" /

[ @vadn+ A
+00([+8hgo1 + S4g11 1fL) +
+01([+0hg11 — S4go fL) +
+[~0)g02 — 6;212100/% +
+[-0)g12 + 8;202101/% +
\ +([~0Rg02 + 64812103801 + [-67g12 — 64802103811 )f! /

[ @ vadp+ A
+00([~8hgor — S4g1 1f") +

+01([~8hg11 + S4go f") +

+[+6)g02 + 8;212100/" +

+[+0)g11 — 8202101/ +

\ \ +([~0Rg02 + 64812103801 + [-67g12 — 6480213811 )f" / /
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\

O

[ @+a+ )
+0o(+g11f? — goift) +
+01(=gof! —gufi) +

—g1200f2 + 20200f1 +

+20201f% + g1201f1 +
\ —g12g01f0 — goagoifL + gugnf? — ggiift /
[ @+ + 3\

+00(=gf? + goifl) +
+01(+golf? + gufl) +
+21200f° — 0200/t +
~£0201/2 — g1201/1 +

\ —g12g01f° — goagoift + gognf’ — grgiift /

(@ +ap+ A
+0o(+go1f? + gnft) +
+01(+guf — gofl) +
—20200f? — 1200/} +

212012 + g0/} +
\ —gngofd + gagofl — gngnfl — gngiift /
(@ +ap+ )

+00(—goif? —guft) +
+01(=guf? + gofl) +
+20200f2 + g1200f1 +

+21101/2 — gn0if! +
\ —gozgmﬂ +g12g01ﬂ + _glzgllfg —gozgnﬂ /

[ @+af+ A
+(+g11 — g12)00f% + (=go1 + 02)ofL +
+(—go1 + 202)01/% + (—g11 + g12)01 /1 +
+(+00(g11) — 01(go1) — g12g01 + goag11 )fY +

\ +(=0o(go1) — 01(g11) — go2go1 — gr2g11)f: /

[ @ +oby+ N\
+(=g11 +g12)00/° + (+go1 — g02)ofL +
+(+go1 — g02)01/2 + (+g11 — g12)01fL +
+(=0o(g11) + 01(go1) — g12801 + goag11 )fY +

\ +(+00(go1) + 01(g11) — go2go1 — g12g11)f! /

[ @+ + N\
+(+g01 — g02)00f% + (+g11 — g12)0ofL +
+(+g11 — g12)01f + (—go1 + g02)01fL +
+(+00(go1) + 01(g11) — go2go1 — g12g11)fY +

\ +(+00(g11) — 01(go1) + 212801 — o2g11)f: /

[ @+« 3\
+(=go1 + 202)00/° + (—g11 + g12)0of +

+(=g11 +g11)01/2 + (+go1 — go2)O1fL +
+(—00(go1) — 01(g11) — go2go1 — gr2g1 )Y +

\ +(—=0o(g11) + 01(go1) + 12801 — go2g11)f* /

/

J

Corollary 1.3 For differentiable functions f,,f*, gl Vi,j,h € {0,1} , Vk e {1,2} :

Given theorem 1.1;

Whenever gi, = gk AND gp =gn ;Vijhe {0,1} ,

12
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Proof:

O

\

(05 +on)ft +
+(+00(g11) — d1(go1))f? +
+(=0o(go1) — d1(gn) — (go1 + &)L

@+ +

+(=00(g11) + 21(go))f° +
+(+00(go1) + 01(gn) — (go1 + &1L

[ @+ap+

+(+00(go1) + 01(gn) — (g5 + &1L +
\ +(+00(g11) — d1(go))ft
(@ +ap+

+(=0o(go1) —01(gn) — (g5 + g2 +

N N

\ +(=00(gn) + 01(go))f2

Given theorem 1.1;
Whenever gj, = 6,gix AND gp = gn

[ @+a+ A
+(+00(g11) — d1(go1))f? +
\ +(=0o(go1) — d1(gn) — (go1 + &)L /

[ @+ar+ )
+(=00(g11) + 21(go))f° +
\ +(+00(go1) + 01(gn) — (g51 + &1L /

[ @+

+(+00(go1) + 01(gn) — (g6 + &1L +
\ +(+00(g11) — d1(go))ft

[ @+

+(=0o(go1) — 01(gn) — (g5 +g1)° +

N N

\ +(=0o(gn) + 01(go))f2

J

s Vij,h € {01},

J

Vk e {1,2}

Corollary 1.4 For differentiable functions f,,f*, gl Vi,j,h € {0,1} , Vk e {1,2} :

Proof:

Given theorem Ll
Whenever gj = 6,gx AND  gp = gj

;VZ,j,h € {0’1} >
AND  0o(g11) = 01(go1)

[ ((a% + ot - (e‘f s 53 (gmef g°1"’X°> ol o (gnef g@))@ A
((53 + 011 - (efgmaxoa% <g01e_fg°1axo> + eIgH@Xla% (gue_fg“ax1 ) )/‘_)

((6% + 63)]‘3 _ (efgolaxoao (e—fgo16x0> n efgu@xla% (e—fg113x1>>/g>
\ ((6% + a%)fg _ (e—jgmaxoa% (efgo13xo> n e—jgnﬁxla% (efg116x1>>/9>

[ (@ +3) + (=Bolgor) - 01(gn) — g3 — &1 )11
(05 + O + (+00(gor) + 01(g11) — g& —gh L)

(01 + 05)f + (+00(go1) + 21(gn1) — g1 — g ) +)

\

\ (01 + 05)f° + (=00(go1) —01(gn) — g1 — g1 )2 +) /

13
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(O + 00)f% +

G G ) )
((62 + R - ( ) e )
> ((a2 + O - (e_j - (gme-[ g°1"’x°> NBELS (glle-[ g“"’“)

(e~ ) )

(0% + )"

((a2 + O - ( J g“"’xoao(e‘f g°1"’x°> ol g“"’xla%(e‘f ga))/ﬁ)
o (s ai))

Corollary L5 For differentiable functions f,,f*, gl Vi,j,h € {0,1} , Vk e {1,2} :
Given theorem 1.1;
Whenever gy, = 5hgjk AND gp =g ;Vij,he {0,1} , Vke{l,2}
AND go1 AND g, are constants

[ @+ (g + g )
((5(2) + 6%)]1_ - (831 +g%1)ﬂ)

= J = = Ju = [(0§+07) — (g5, + gt

O

(01 + 052 — (g61 + g1 )Y)
\ (01 + 05)° — (g61 + g1 )Y) /

;Vm e {0,1} , Vo e {+,—}

NOTE: Even at the two dimensional lavel, it does not take a vivid imagination to envision corollaries 1.2 thru .5
yielding particle oscillation and zero mass particles with non-zero "rest-mass".

The previous theorem leads to a four-dimensional version.
Consider (For the 3-D space-1-D time situation):

-Dyy DS -D§5 D -D}, -D§ D5 -Du 7
-D5; —-Doa Di; —Dx s -DY, -DT -Dy e
# Dz Do Du | p3 DF DYy -Du || S
—D?z —Dgz D32 Dgz —DIII1 —Dgl _DI311 Do A

for the 3-D space - 1-D time version.

Theorem IL.1: For differentiable functions @,7,f,,/",g;;Vi,j € N :
If: 3J(x3,x2,x1,x0) 2

Dy D§ -Di -Dui -Dfyy -D§; Di —Du 7
-D5; —Dg % —Dx» 5 —Dgl -D$7 —Day 7
J(r3,x2,x1,%0) = - -
» D Do -D3x -D$ D& -DY -Dy f
_pt _nt _pnt 0
Dy, -D3y» -D3 Do —DIII1 —Dgl —Dgl Do f
and
Dy, -D§ D§ —-Du
< -pY -D5 -D
H(D(X3,XQ,X1,X()) = 3 ol 1 2!

-D5 Dij -Db -Ds
-p}, -DY, -DY Dy

where:
D= (0i+gh) » Dy =(0i—gh) [ where: Difer = (0: = gl )fet = Ofr £ ghifo

- e
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D 0 D; 0
Dlj = ’ _ s Dg = ’ n 5
0 Dy 0 Dj
0 Dj - 0 Df
Df = + / s i 0 = _ ’
Dj 0 D; 0
and:
e A B I
Ji D 7
then:
—Dp®' + DED? — DS D? — D, ®° J! DY — DS + DS - Dif° o!
~DFO' D@+ DFO D20 | | 2 | | Dif ~DYf -Dif ~Duf* | _| @
D5 @' — DFD? — D@ — D3 ®° J? —D5f! + D32 = DY - D3y f° D’
D}, @' — D507 ~ DLO* + Di,d° g DY,/ = DYf ~ DYF + Doy o
and:
Ji = 00D} — 01DY + 0302 — 0, D3 + (—ggpp — g(l)jz)q)]+ + (_gng +g%j2)(Dj— —0of} — 01/ — 03f% + 0of2 + (+80;1 — g(l)jl e + (+g%j1 - g%jl . = @
JL = —00®L - 0102 + 030F — 0203 + (+83 — €32)Ph + (+802 + &1)PL || —0ofL — O1f2 — 03f% + Oafi + (=83 + 83 )f+ + (—gop + gL = @1
Ji = —00®7 — 0:D) + ;DL +0,D3 + (_g%jz - ggjz)q)]+ + (_géjZ _g:i;jZ)(Dj— —0of% — 0of + 03fL = 012 + (_g(z)jl + g%jl e + (_g%ﬂ + g%jl . = @
J2 = —00®2 — 0,00 + 0305 + 01 @3 + (g3 + &10) P4 + (180 + 892)PL || —00/2 — 0o + O3ft — OV + (g3 — gy )fs + (gi + g ). = @2
J3 = =00®3 — 0:D) + 0, D! - 0,2 + (_g?)jz - ggjz)q)]+ + (_géjZ +g%j2)(Dj— —0of = 0/ — OofL + 012 + (_ggjl + g(3)j1 e + (+831 — g%jl . = @3
S = =00®2 — 0;®% + 0, @} — 01®3 + (+g30 — gip)Ph + (4800 + 832) P || =00f> — 03f2 — Oof + 013 + (—ga + g1n )fs + (831 — g )L = @2
JO = 46909 — 0, — 0,02 — 0;D3 + (+g%j2 +g%j2 +g§,-z —ggjz)q)i +0of) — O1ft — OofF — 033 + (+g8j1 +g%j1 +g%j1 +g§j1)f}+ = @]
or
J! 1 0 0 1 .
J = < P > = —9o®' — 0,0° + 6; D — 5,D> + (gé,-zg?,-z)< >+( g3]2+g212)< o > @
J? = J: = —00D? — 0,®° + 0;®' + 01®@° + | (—gd, —25,) +( ) 0! @/
P 0 2 3 1 802 — 822 0 _1 8312 81;2 10
3 g3 3 0 1 2 3 0 0 0 1 j
J° = 5 = 000" — 03®" + 2@ — 1@ + | (—gop — &32) » + ( gm +g112) o [0Y
JO = Ji = +00®@° — 01®' — 0,®* — 03@° + (+gl, + g3, + &3 ) 0
= 5 = +0o 1 2 3 812 T 822 T &32 — 8012
i 10 0 1 (@
Ael 0 2 3 1 _ 50 2 ) + — P!
Oof o f 03f° + 0.f” + (+g0jl g1j1)< 0 -1 >+(+g311 g2]1)< -1 0 > £ = ( ®! ) =
i 10 o1\ |, [ @2
A2 0 1 3 _ o0 2 _ol 3 ) + — M2
i 10 o1\ ]|, [ o
A3 0 1 2 _ o0 3 1 52 e + — ®3
Oif' — Oof — 058 + Oof” ) I B Y
—O01f" — 0o — 031 + Oof” + | (+go + Q11 + 851 +&31) 0 —1 = DO =
and:
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([ @raecisonys N )

+00([+&11, — goun )t + [=&31s + s 1f?) +

+01([~g01s — ghun — L1 — G lfh) +

+02([+g31, — gTun )t + [=&31 + o 1) +

+03([=gi1y + 3 )t + [=&8in + 3 1f2) +

+(=g%on + 001 )00t + (+&324 — 321)00f"

+H(+80an + &lan T+ 3o + L30n)OIfL +

(=820 + 8121 )02t + (+8% — €001 )0of" +

+H(=g3oh + &121)0VL + (=% + &52n )0V +

([~ — 02k )€614 + [0k — Lhok + 22k + 32 1€N 10 + [€20x — &1k )S51n + [~k — 12t )51 )L +

\ +H([+230 — 232418614 + [%x + Lo &hun + [+€0k — &8 )1 /

[ (@B+B+ 3+ \
+00([+&31, — @)t + [=&hin + 2o ) +
+01([+&01s + ghun + L1 + G l) +
+02([+g31 — goun It + [=&aun + Tn1f2) +
+03([=g%1 + goun It + [=g3un + s 1f2) +
(=83 + 321)00f% + (+812 — 02s )OS +
+(=802n — &lon — 325 — L3101 +
(=83 + 80on)02f% + (+8204 — &121)0of"
+H(+8%h — 8hon)0VL + (+&305 — €121)0Y" +
H([+230 — 232118614 + [=8%% + g2 )&hin + [+&%k — Lharl i)t +
\ ([~ — 2028614 + [+802k — Liok + 22k + 324 1€N 14 + [€20k — &2k 1E5 1 + [~232k — 120 )L51 )" /

N\
A N

[ (BB + R+ \
+00([+&31 — ggun Ift + [+&aun — gl 1f?) +
+01([~ga1 + gTun )t + [+&31s — o 1) +
+02([~g015 — &hun — Lun — G lfh) +
+03([+&31, — @)t + [=&lin + goun ) +
+H(=8%h + &8an )00t + (=g304 + &121)00f"
230 — g1 ]O1fL + (=83 + g00n) 01"
+H(+802n + &lon T+ C3on + 30k Oof L +
+H(=g%on + 301)03% + (+812 — 001) 0" +
(=200 — 832118614 + [=20k — &1 &1 + [+800k + 1ok — &3o + k)51 + [~€32k — L2 ) 1) +
\ ([~ + 212418614 + [+8% — Loaeetin + [=&hak + ookl i) + /

[ @+ 401+ + N\
+00([~g31s + s )t + [=&%1s + g5un 1) +
+01([~g%1 + oun )t + [+&aun — T 1f?) +
+03([+g01 — goun )t + [=&3un + s 1f!) +
+02([+g01 + ghun + i + ) +
(+321 = €121)00f + (+8%2 — Z60)Oof” +
+(g%% — €021 )O1f4 + (g2h — €224)O1fL +
+H(=80on — &lan — 32402f" — 8301)0of" +
+H(=g%on + 0on) 0L + (+&8305 — 321)03/" +
([~ + 8121)8014 + [+€%% — g et + [—&ho + ookl iin )t +
\ (2% — 260 )8614 + [~22k — g2 &1 + [+€00k + €12k — &3ak + 326251 + [~€324 — &221)51)" / /

Y

[ (B+P+0+0:) + \ )
+00([+&31 — ounIft + [=&aun + gTun ") +
+01([=g3uy + un )t + [=&%1s + g5un 1) +
+02([=g31 + @)t + [+&hin — goun)f?) +
+03([~g01s — &hun — Lun — G lfh) +
+(=€%:400 + 2301 )00f™ + (+832, — €12)0of” +
+H(+g30h — 121014 + (+8% — E5on) O +
+H(+8%on — 301)0f% + (+812 — 00n)0of" +

0 1 2 3
+(+&00 + &lan + Loon + L3 )01 +
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Proof:

J(x3,x2,X1,X0) =

-Do»
-Dg

=

22
0
—Di,

=D
_| D=
B 7
-Df,

-Do>
-Dg

-p,

2
=Dy
D
-Dj,

A d

2
=Dz
-Dg
-D,

<~

n
)

e
12

-D},

_ =
2

R=4

2
-Do»

i
—-D3,

=
-D 22

=

2
)

-D},

-Dg
5
-Do>
i
-D3,

—D1>
—D2;
—D3;
Dp,

=D,
=D
—D3;
Dy,

—D1»
—D2;
—D3;
Df,

(DO

Ji
Ji
2
J
J3
el
7
) )
D}y -D5 Dy -Du \/ p
5 _Dgl -Di7 —Dxn V&
-D57 Dy _Dgl —-D3, r
-, -pY, bl Do J\/
.
DY A — DS + DS — Dif°
D5ift = DY = D5 f = Doif° )
—D5if' + DS - DS — Dy f°
~D}\f* = DY = D58 + Doy f°
g

~Dp®' + DED? — DS D? — D, ®°
—DED® — Dy ®? + DS D? — Dy ®°
DE®! — DZD? — D ®3 — D3 ®°
-po! - pL o2 - pLao3 + D@

So, the linear PDE factoring equations are:

J —D®' + D5 — D5 D3 — D1, d° ~D§\f' - D5if* + D5if* — Duyf°
2| _| -DB®'-Dpd?+DiF®* ~ Dnd N D5 - DL - DS - Dayf°
J? D;’(Dl —DSCDZ —DozCD3 —D32(D0 _D<2:1>f1 +D<1:1>f2 _DglfS —D31f0
JO -po! - pLo? - pLao3 + D@ _ptp Dl Dl D
Continuing:
J! —l)ozq)1 + D§:2’(D2 — D§®3 — D12(D0
J2 —Dﬁ(bl - DQQ(D2 + Dg(bg’ - D22(D0
J(x3,x2,x1,X%0) = = | 2 3 0
J3 D50 — DF®° — Doy ®@° — D3 @
JO -p'o!' - pLo2-plaod + Dl oo

because of the generally non-associativity of the product:

/ -Do, D5; -D3; —Dia
| Dy -Dan o —Dxn
- % —Di7 —Dox —D3x

\_-Dh -Dh -D% Di

-

(" D5[-Dhf - D5f+ D5f - D] -

\
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= D[ =D5if' + Diif* = Dof* = Daf |+ Do -Dhs! = Dhuf* = DAf + Do |

~DY\ft - D5f* + D5if* = Diyf°

D$f' = Dyf — Dif — Daf®

~D5if' + DFf> = DY,f* — Dyif°

-DY\ft - DY.f — DY\ + Doy f°

( Do Dy = D5if* + D5iff = Duf® | + D[ D5ift = Doy = DiifS = Do/ | +

= D5[-Dsif' + Diif* = Doy = Dayf* | = Dua[ -Diuf* = D52 = D5,f* + Do ]

3[-Di - D5 + D5 — Dif* | - Doo| DS/ = DY = D f* = Doy f° | +
\ +DE[-DES + D = DLP - Dayf’ |- D[ -Dhft - DYyf* ~ DL + D ]

s[psf -php-pif-paf]+
\ ~De[-Dif +DREf = Dof - Dayf | = D -Dhft = Dhuf* = DAf + Do)

(" —DL[-Dlf - D5f + D5f = Duft ] - D[ D5if ~ DR DR =D ]+ )

~Di\f' = D5 f* + D5if* — Diyf°
D§f' = DYf - DS — Daf
~D5if' + DFf> = Dy, f* — Dyyf°
-D}\ft = DY — DY + Doyf?

q)l
(DZ
q)3
(DO

q)l
(DZ
q)?)
(DO






ot \ ((oae N (oae ) (ot N, )
D! DS i Dy’

(ot \_(ows \_(ows ot )],

\owt )\ o )" \Uone ) i

(ot (o oef [ pust )],
D3fi Dif Dg,f2 D3f°
Dufi \ [ Dufi \ [ Dafi . D§ufY
D Dif Dif Dy’

J
S

Dufi
DL

I N
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([ pan-pieennppie \ (Dt pisopispis ) ) )
U\ Dt - D3+ DS - Diyf “\ D3yt - Diuf2 - D1yt - D3

_pe D EDWE-Dafi-Difi | o [ -Difi-Dafi = Difi + Difs
\ 2\ -Difl + DL - DYf - DS P\ -DUf - D3 - D3+ Df )

G R S I W QY ISR I W
U\ Dif - DLA+ DA Dt )\ Dift - Dift ~ Dt - Dy

+D§< ~Daft + Dif2 = Dyft - D! )_D22< ~Dift = Daft = Dyt + Diuf? )
\ J

—D3\fs + D1if2 = D f2 = D3yf° ~Di\fL = D4.f2 - D5, f° + Dy f°

[ Dust-papepap-pip \ _ ( Daf-Daf-pip-Dif )
“\ -Dift - Difi + DSt - Dif P\ DUl - DS - DLf - Do

_po[ P AEDUE-Dafi=Dafe o (=D =Dafi - Dafi + D
\ "\ —DiL + DLA - Dy - D3 P\ SDiA - DR - DL + DS )

-Diuft = D31f} + D3/} = Dy f° Diift = D§uf? — Dufs — Dy f°
_pu DA EDUE-Dafi=Dae g (=D = Dafi - Dafi + D
\ P\ -DsfL+ DL - Dift - D3y "\ ~Divt - Dii2 D + Dy )
[ (i 0 \( Dus-pupensp-pip \ [0 o \( Dut-Daf-pip-Dip )
0 Dy ~Di fL — D3\f; + D3ufy — D1 f2 Dy 0 D3ifL = D§uf2 — D11 f2 — Dy f?
[ 0 Dy ~Dyf! + D112 = Dy f: — DiufY Di, 0 ~Diift = Daifs = D31fy + DSt
\ D3 0 =D\ f} + D1\f: = D§uf2 — D3, f° 0 Dy, ~Di\f — D3,f2 = D§,f2 + D f°
([0 o \( Dust-Dupennp-ip (D 0 \( Dust-Dafi-Dif-Dig )
D;, 0 -D§ift — D},fs + D3, f3 — D7, f° 0 Dy D3\ fy = D f2 = Di\fs = D, f°
[ 0 Dn ~Dyf! + D112 = Dy f: — DiufY D3 0 ~Diift = Daifs = D31fs + Duft
\ Dy, 0 =D\ f1 + D1\f: = D§uf2 — D3, f° 0 Dy ~Di\f! — D3,f2 = D§,f2 + D f°
0 Dy —Dy\ft = D5,f2 + Dy f2 — Dy fY 0 Dy, D3\t — Dy fs - D1y f2 — D3, f) N
D3, 0 ~D§fL — D3,f5 + D3, f2 = Dy f° Dy, 0 Diify = Dgif2 — D1\ fi — D3y f2
[ D& 0 ~Dyf! + D112 = Dy f? — DiufY D} 0 ~Diift = Daifs = D31fs + DSt
0 Dy =D\ f} + D1\f: = D§uf2 — D3, f° 0 Dy ~Di\f! — D3,f2 = D§,f2 + Dy f°
[ Dyn 0 ~Dift = D31f2 + D3y f2 — DY\ fY Dy 0 D3ff =Dofs =Duf = Dify ) |
0 Dj, —-D§ift — D},fs + D3, f3 — D7y f° 0 Dy D3\ fy = D§f2 = Di\fs = Dy, f°
Dy 0 ~Dift = Do1fs = D3y f2 + D f?
0 D, ~Di\f — D3,f2 — D§,f2 + D f°

_(Dsz 0 ><D2f+D11f2Doﬁ D!

0 D3 -Dj\f% + D\ f2 — D, f2 — D3, f°

/_D ( ~Dift = Dyf2 + D’ - Dﬁ) DZ( Dsfz)mzfzz)nz‘?z);lz“l)+ )

I N

N N SN
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( _( Dip[-Dyift ~ D5if2 + Dift — Diyf!] )

DalDi - Dif - Dif - )
Dy [-Diif! = D3ufs + D3yf2 = Dif?]

D{[D3if! — Dy fs — D1y f2 — D31 f?]
D, [-Dyyf} — D3ift — D3,f3 + D§y f9]
Dp[-Diyft — D3, f2 — D312 + Dy /2] /
DyID5 ! - Dof - Diufs — D3] ) X )

Dp[D3ift — D§if2 — DY f3 — D3y f°]

D3,[-Dy,f} — D31ft — D3,f3 + D§y f9]
Dy[-Diif — D3, f2 — D3\ f? + Dy /2] /

Dy, [-D3fL + Diifs — D§.f2 — D5, /]
\ D3, [-Dy L + D1y f2 — Dy fs — D3 fY]

([ DD - Dift + D3 - D)
D3, [-Dyfi = D31 f2 + D3, f2 = D7y f?]

+< DD+ Disfi = Dipf = D3/’

(
)
g
o o oo )
(:
)
g
)

1
D[D3if! — Dy fs — Dy fP — D3, 9]

D},[-Dyyf} — D3ift — D3.f3 + D§yf9]
D3[-Diif! — D3, f2 — D312 + Dy /2]

Di[-Dyift — D3y f2 + Dy, f — D+1f3

3 D, [-Dy /2 + Dy f2 — Dy fs — D3y fY]
\ Dp[-Diift + Diyf: = D§1f2 — D3uf?]

( Dy[-Dyuft = DLf2 + Difs - Diyf® ) DD - Dif> - Diufs — D5, f°] >+ )

J
4 Dy, [-Dyft — D312 + D3, f2 — DYy fY] A
\ DR[DYS - DL + Dif - D)

) ( D[-D3f! + D12 ~ Diyfi — D3if!]
\

D3, [D3,f — Dy f: — Dyf2 — D3, f9] N
D3, (D5, fr = Dgif2 — D\ fe — D3, /2]

X ( Dy[-Diuft = D5.f2 — D3fs + Diuf?] )
J

D4,[-D5\f1 + D, f2 — Diuf2 — D31/°] Di,[-Dift — D3, f2 — D3\ f2 + Dy f?]
—D[-Diif — D3\f; + D3,fy — D1uf°] + D3,[D5, /1 — Dy f; — D1y f° — D /Y]

L[ Pz [-D3ift + D1\f% = D§.f2 — D31f°] = DL, [-Dyyfi — D3y fs — D3.f3 + D§yf9]
—D3,[-D5,\f! + Dif2 — Dy f} — D31f%] — Dio[-DiyfL — D5, f2 — D312 + D f°]

—Dip[=Diuft — D3if2 + Dyuft — Diyf2] + Dy [DAf — Djuf> — D1 fs — D3] ) X )

N\ N\
7~ N\ 7~ N\

—D3,[-Diift — D3f: + D31 f2 — D1if°] = D& [D3y L — Dy f: — Dyyf2 — D3y f9)] s
—D3,[-Dyft — D3\f2 + D5y f2 — D11 %] — Dp[D3yifs — Dgyf2 — D1y f2 — D3, f?]

L[ Pr [-D3.f} + D1\f: — D§f2 — D31f°] = D3, [-Dyyfi — D3y fs — D3.f2 + D§uf]

\ D[=D3if! + Dy f2 — Doy fi — D31f%] = Dy [-Diyf — D312 — D31 f2 + D f°]

([ DRE-Dif D+ Dift ~ D) - DD D DD )
D [-Dift — D312 + D312 — D71f%] = D, [D3,f1 — Dy f: — Df2 — D31 f9]

s =D, [-D5ift + D1\ f2 — Dy f2 — D3if%] = D3, [-Dyyft — D3y f: — D3.f3 + D§yf9]
\ D, [-D3\f} + Diifs — D§if? — D31f°] — D3, [-DiyfL — D5,f2 — D312 + D f°] /
4 3\
—-D},[-D§ L — D3if: + D5\ f2 — Dy f°] — D3, (D3, /1 — Dy f2 — Diyfs — Dy f? ]
L[ P [-D351/1 + D1\f% = Dy fi — D31f%] + Dy [-Dyuf} — D3 ft — D3,f3 + D§y f9]
\ —-D,[-D}\f1 + D112 — D§f2 — D31/°] + D [-DiyfL — D3, /2 — D31 f2 + Dy /2] /

( D[=Duft = D32 + Dyuft — Dif2] - Dn[D5f — Diyufs — D1 fs — D3] ) X
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N\ N\ N\

Y N YN Y Y Y

N\

—

—Dy[-Dyift — D31f2 + D312 — DY f2] + D3, [D3,f — D§yf2 — D fs — D3y 2] +
— Dy[-D5\f! + Difs — D42 — D51/°] — DL, [-Dyfi — Dafs — D3.fs + D fY]

~Dopl=Diyf* = D3vfs + Dinfi = Diyf°] + D3 D3yt = Danfi = Dinf? = Dinfi] +

= Dp[=Daft + Duuf2 = Dorfs = Diif3] = Di[=Divft = D3if2 = D3yf? + Doy f?]
—D3,[-Diift — D3f: + D31 f2 — D1uf°] - D&, [D3, L — Dy fs — D f2 — D f2] +

+ D [-D3ifL + Dy fs — D§y 2 — D5,/°] — D3, [-Dyf} — Daf} — D3.1fs + D fY]
—D%[-Dyift — D3\f2 + D312 — D11 f%] = D [D3,f5 — D§yf2 — D fs — D3y 2] +

+ D1[=Dyyf! + Dy f2 — Dy fi — D31f%] — Do [-Diyf — D3,f2 — D3, + D f°]
D3, [-D§fL = Dyif: + D3,f3 — D11f°] = DRp[D3yft — D2 — DYy fi — Doy f° ] +

— Di[-Doyf! + Dy f2 — Dy fi — D31f%] — D5, [-Difi — Dafs — D3fs + D fY]
D%,[-Dift = D31f2 + Dyf2 = D121 - DL [D3ufL — Do fs — Dif2 — D3 f2] +

— Dip[-D3f: + DY fs — D32 — D5,/°] — D3, [-Diyf — D3,f2 — D312 + D f°]
—D1,[-Dift — D3,/ + D312 — D11 f%] = D5, [D5,fL = Dy fz — Dy f2 — D5, /2] +

— D5 [-Dyyf! + Diif2 — Dy fi — D31f2] + Do [-D1if: — Daufs — D3.fs + D fY]

=D,[-Diuft = DLif2 + D3, = D1f2] = D5 [DYfL - DGuf2 - DL — Doy f2] +
= DL,[-D5\f1 + Diufs = D2 = D3y f2] + Do [-DivfL = D5,f2 = D3y f2 + Dy f2]
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\

So: (*1+):

N\

N\

N\

—Di[-oft = gounft) — (032 — g5ufh) + (0af2 = g3uf2) — (O + 8T fi)] +
+ D034 + g5uft) — (Oof2 + gous?) — (01f3 + gluft) — (02f2 — ghif™)] +
= Do[-(0of1 + gauft) + (0uf + glufh) — (Oof2 + gout) — (032 — g8u/2)] +
= D[-(01f1 - giuft) — (0afF — gaufh) — (03 — g3ufh) + (Gofl + gouft)]

—Dip[-@ofL + gouf?) — (032 + g3ufh) + (0afi + g3ufh) — (012 — ghu/2)] +
+DL[(032 — g5ift) = (Ooft — gout) — (012 — giuf2) — (Baff + ghufi)] +
= D[-(0af1 = gauf?) + (01f2 = glufh) — (Oofi — goufh) — (02 + g5 fi)] +
= D[~ + giuf) = (0af2 + gauft) = (032 + g3u2) + (Oof2 — gouf™)]

—D5[-(@ofL + gouf?) — (032 + g3ufh) + (0afi + g3ufh) — (012 — ghu/2)] +
= D[(03/2 — g5ift) = (Ooft = gout) — (012 — giuf2) — (Baft + ghufi)] +
+ Di[-(0of1 + gauft) + (Ouf} + glufh) — (Oof2 + gout) — (032 — g8u/2)] +
= D[-(01f1 = giuft) — (0aft — gaufh) — (03 — g3ufh) + (Gofl + gouft)]

—DL[=(@oft = gouft) — (032 — g5ufh) + (0af2 = g3uf2) — (O + T fi)] +
= D[ (03} + g5uft) = (Oof2 + gou?) — (01f3 + gluft) — (02f2 — ghif™)] +
+ D[-(0af1 = gaunf) + (01f2 — gluft) = (Oofi — goufh) — (02 + g5 fi)] +
= Dy[-@fL + giuf?) = (0af2 + g2ufh) = (032 + g3i2) + (Oof2 — gouf™)]

N 7 N/ N 7/ N7

D3, [=(@oft — gounft) — (032 = g3ufh) + (0of2 — g3i/2) — (@1 + gluf)] +
= D[+(03f1 = g3uf) — (Boft — gouft) — (012 = gluft) — (Oaf + g2 fi)] +
= Dip[=(0of1 + gauft) + (01 + glufh) — (Oof2 + gout) — (032 — g8u/2)] +
DO +ghn) = (022 + g3/h) — (032 + ghi/) + (002 — g0ia™)]

[ Dol +ghuf) — @32 + ghuft) + (0ot + &™) — @1/ — ghuf)] +

= D[(03f4 + g5uft) — (Oof2 + gous?) — (01f3 + guft) — (Bof2 —ghift)] +
= D[ (0af1 = gauf?) + (01f2 = gluft) = (Oofi = goufh) — (02 + g5 fi)] +
\ ~ DR[O - ghfh) = (022 = g3uft) — (042 — ghuft) + (0of + goiaft)]

[ —DLI(@f ~ ghuft) — (02 — ghf™) + (@2 — g™ — (O + ghf™)] +
= D[(03/2 — g5ift) = (Ooft = gout) — (012 — giuf2) — (Baft + ghufi)] +
= D3[=(0af1 = gauf) + (01f2 = gluft) = (Oofi = goufh) — (02 + g5 fi)] +
P00 —ghnft) = (022 = g3i/t) — (032 = ghiaft) + (0of + goiaf)]

(DL + ghuf®) — (0 + ghuf) + (@af + gt — (O — ghf™)] +
= D[(03f4 + g5uft) — (Oof2 + gou?) — (01f3 + gluft) — (02f2 — ghuf™)] +
= DL[-(0of1 + gauft) + (01 + glufh) — (Oof2 + gout) — (032 — g8u/2)] +

\ +D[-O + i) = (022 + g31) — (032 + ghi) + (002 — goia™)]

=D, [(0of2 — gouft) — (032 — g3uf2) + (022 — gauf?) — (O1f2 + gD ] +
+ D3, [(03f1 + ghifh) — (Bof2 + ghuf2) — (012 + ghufh) — (0of2 — ghuf2)] +
= D3[~(0of2 + gauft) + (01f2 + ghufh) — (Oof2 + gouf?) — (03/2 — g8i/M) ] +
= D, [~(0uf} —giuft) — (0aft — g3ufh) — (032 — g3uft) + (Ooft + gGufh)]
[ Dol @~ ghuft) + @2 — G - (Oof — ™) + @2 + ghD)] +
+ D3, [(03f1 + ghifh) — (Bof2 + ghuf2) — (012 + ghufh) — (0of2 — gduf2)] +
+ D5 [+(0of2 + gauft) — (01f2 + gtufh) + (0of2 + gouf?) + (032 — g8i/M) ] +
> + DT, [+(01} —giuft) + (Oaft — g3ufh) + (032 — giuft) — (Ooft + ghufh)]
Dp[0ofs + 03f2 = 0of2 + 01f2 = gouft — g3/ + G/t + glufh] +
+D3[03f1 = 02 = 012 = 0of2 + gauft — gous — giuft + gaut] +
+ D[0afs = 01f3 + 00f2 + 032 + gonft — gl + gt — g5ut] +
> +DH[0f1 + 0of% + 032 — 0ot — gift — g3t — st — o]
Dip(00f% + 032 = 0of2 + 01f2) + D (=gout — g3/~ + &t + ghu/t) +
+ D3(03f1 = 0of2 = O1f2 = 0of2) + Dy (+guft — g/~ — gt + gou/2) +
+ D (0af1 — 01 + 0of2 + 03/2) + Dy (+gauft — g/t + gout — g5u/2) +
\ DRI+ 0:f2 + 031 = 0uf?) + Dia(=ghiaft — gt — g3t — o)
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[ G000 + 032~ 02f2 + O2) + (ghosOuf + G0/ — G Oaf! + G 01) + A

+00(=gouft — G5t + G + &hif) + (~gougonst — it + gougsinf” + gouginft) +
+03(03f} — Oof? — 012 = 02f2) + ((=g321)03/% — (=g321)00f" — (=g321)01f% — (=g321)0of") +

+03(+g3ft — o — s + &) + (H(=gn) g5t — (~€320)80u" — (~&h)g it + (~g%)gsut) +
+02(02f1 = 012 + 00f2 + 03f2) + ((=232) 02/t = (=834)01f1 + (=832) 00" + (=2321)03/") +

+02(+@3ift — giuft + gowf” — &3™) + (H(=g) st — (~g20)g it + (—&n)gbif" — (8% gsu/") +
+01(01f} + 0of% + 03f1 = 0of?) + (g1nO1f% + g1 0of" + 8124034 — 8124 00f) +

> +01 (=gt — Euft — Gufs — goufl) + (—giuginft — giugsft — giugiusi — &lugbuft) /
0o (Ooft + 03f2 — 0of2 + 01f2) + 03(03f1 — Bof? — 013 — 02f°) + 02(0afL — O1f% + Oof> + 03/2) + 01(01f1 + 0a2f2 + O3/3 — OgfY) + \

+(g0200ft + 2501 03" — €301 02" + 8024 01f%) + ((=€321) 03/ — (=2321)00f" — (=232,)01/L — (=2%2)0af) +

(1) 02f" = (=222)01f% + (=2321)00f" + (=232)03/") + (21240114 + 8124 0aft + g1 03f1 — g1o00f) +

= +00(=goinft — 3t + @t + glift) + 0s(+gaft — gof” — gt + &) +

+02(+gaiuft — giift + ot — gift) + 01 (=gift — &t — Gt — goufh) +

+(=gougont — i + gl + gougiinft) + (H(=gh) it — (€500 — (~gh)g i + (ghi)gsu") +

> +H(+(=gho) @5t — (=)t s + (2220 80u" — (=8%)&51™) + —glugiinft — giugbuft — giugiift — gugbins’ /

031 + 03f1 + 031 + 031 + \

Oo(+03f2 — 02f> + 01fY) + 03(—0¢f* — 013 — 02f°) + 02(=01f% + Oof> + 03f°) + 01(+02f2 + O3f3 — Oof?) +

+00(=goinft — 3t + " + glufl) +

+01 (=gt — Euft — Gt — gouft) +

+02(+gaiuft — gTift + o — i) +

+03(+g3iuft — gof” — gt + &) +

+802400f% + €624 03" — L62n02f" + 200401 f% — 8324034 + &304 O0f” + 30401/ + 232,02/ +

~230102f% + 23010111 — 232400f" — 89,403 + 21201/ + g1 0af + 8124034 — 12 00f™ +

~gou€onft — il + gl + gougiinft — L3St + Lo + gt — Lt +

> ~gou&sinfi + &gt — 3ugbinf” + Euii" — giug it — Lugsiuft — giugiuft — gugbust /

O3 + 031 + 031 + 031 + \

+00([+g01y — goun )t + [=&31s + s 1f?) +

+01([~g01s — glun — L1 — G lfh) +

+02([+g31, — gTun )t + [=&31 + o 1) +

+03([=gi1y + G3un )t + [=&8in + 3 1f") +

- ~8%100f% + 802100 + 321400f" — 232,00/

+200101fL + 212401/ + g22401f% + g3, 01fh +

~8201 02/ + g1 02" — goonOof" + 232,02/ +

~89103" + 60n 03" — g324 03" + 124034 +

~gou€onft — 8™ + gl + gougiinft — L3St + Lot + gt — Lt +

> ~gou&sinfi + &gt — &3ugbif” + Eugii — giug it — Liugsiuft — giugiuft — gugbust /
(0% + 0%+ 03+ )L + A

+00([+&01, — goun )t + [=&31s + s 1f2) +

+01([~g01s — glun — L1 — G lfh) +

+02([+g315 — gTun )t + [=&81s + o 1) +

+03([~gi1y + E3un )t + [=&8in + 3 1f2) +

= +(=g%on + 001 )00t + (+&304 — €321)00f"

+H(+80on + &lon T+ 3o + L30n)OIfL +

(=820 + 8121 )0t + (+8% — €001 )0of" +

+H(=g3op + 8121)0V% + (=% + &52n )0V +

([~ — 02k J€614 + [+&0ak — Lhok + 22k + 32 1€N 15 + [€20x — &1k )S51n + [~k — 12t )51 )L +

\ +H([+230 — 232418614 + [=%x + Loe i + [+€0k — &5 )1 )" /
and (*1-):
~Dipy[~(0ofL + goiaf?) — (033 + giuft) + (0afF + @ufh) — (0112 — g™ +

+ D3 [(03/ — g3if") — (Boft = gouft) — (012 — giift) — (0of + &31f1)] +

— DL[~(0af1 = hif?) + (012 = giif) — (Bof — gouft) — (O + g81f)] +

— D[~ + giif) — (0of2 + g3if?) — (032 + gau?) + (0f? — gduf™)]
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[ Dy @oft + 032 — 0afs + 01f) + D (+gbunf” + Gl — " — ghf™) +

+ D5, (03f1 = 0of5 — 0112 = 0of2) + DL (=g3uf" + ghinft + gt — gufh) +
+ D3 (0of1 = 01f2 + Oof + 03/f2) + D3 (=gauf" + ghinf® — gouft + g3ufh) +
+ D (01f1 + 0of2 + 03/ = 0of?) + Dy (+giif" + &31af" + G + 2ouf)
0o(Oof! + 03/ — 0af% + 01f2) + ((=02) 0o/ + (=€821 )O3/ — (=8t2n)0af% + (=202)O1/2) +

+00(+g0u/™ + G/t — @/t — &) + (H(=gho)gbin/ + (—gh) it — (—giw) b/t — (—ghuw)ghin) +

+03(03f1 = 003 — 01f2 — 0af%) + ((+g321) 03/ — (+€321) 00/ — (+232,)01" — (+g%1)ofL) +

+03 (=g + g/t + i/t — &uft) + (—(+gh) it + (+gh)ghu/t + (+gh)gh " — (+gh)gh L) +

+02(0ofL = 0112 + Oof3 + 03/%) + ((+8221) 0of" — (+8321) 01" + (+2321,)00ft + (+8%,1)03/L) +

+02(—ghi/™ + gt/ — gt + gft) + (—(+gha) it + (+gh) gt — (+gh)gbi/t + (g gkt +

+01(01fL + 0of2 + 03f2 — 0f2) + ((—glan) 01" + (=gT1) 0o/ + (—g12)03f" — (=g 121)00/") +

+01(+g /" + @/ + G/t + g0u/") + (H(=glw)ghi/" + (—gh)ghi/ + (—gh)gs /" + (—gh)gbin™) /

60(6oﬂ + 63ﬁ - azﬁ + GJE) + 63(63ﬂ - aoﬁ - ﬁﬁ - 621’3) + 62(62/1 - GJ% + aoﬁ + 63f9r) + 61(61/1 + azﬁ + 63ﬁ - Goﬁ)

+((—g021)0of™ + (=821 03f% — (=20 )02 + (=800 )01f) + ((+€321,)03fL — (+&321,)00f — (+€321) 01 /" —
+((+g2)02f" = (+€521) 011" + (+2321)00f% + (+852,)03/1) + ((=g12)O™ + (—gi2) Oof" + (=g124)03/" —

+00(+gouf" + Gt — @/t — &) + O3 (=ghu/t + gouft + gt — gufh) +
+02(—gounf/" + gii/" — g/t + &ft) + o1 (kg i/t + Guft + Gt + g +

(+g%1)0/%) +
(—ghn)oo™) +

+(+(—goo )61 + (o) g5/t — (o) g5/t — (gl ghinf) + (—(+gh) 5" + (+gh)gbin/t + (g gkt — (+8%u)g5 /) +
+(—(+gh) &5/ + (gt — (+g0g6/t + (Fghghi/t) + (F(=glaw)gh/" + (gl )ghu/" + (—gin) s/ + (—g0)gbi™)

031 + 031 + 031 + 031 +

Oo(+03f2 — 02f3 + 01f2) + 03(—0¢f% — 01> — 02f2) + 02(—01f% + Oofs + 03f2) + 01(+02f% + 03f° — Oof?)
+00(+goin/” + 3uft — St — glift) +

+01(+giif + @t + G + o) +

+02(=gauuf” + giif" — ot + gt +

+03(=gai/” + gouft + gt — &) +

~802100f" — 862103 + 62 02f" — 280s 011" + 8324031 — &340 — €304 01/" — 232,021 +

+230102" = 2301 01f" + £32400f + €9:103/% — 1201 — g1 02" — 812403/ + 272 00f" +

~2ou&0in" — it + ot + gougiinf” — L3S + Lot + gt — Lt +

—gou&5 i/t + it — Dugbinst + Eugiuft — glugtu/” — gugsu/" — Siugii" — ghugous" /
O3 + 031 + o311 + 031 + \

+00([+&31, — @)t + [=&lin + 2o f?) +

+01([+&01, + ghun + i + G l) +

+02([+g31 — goun It + [=&aun + Tn1f2) +

+03([=g%1 + goun It + [=g3un + s 1f2) +

+8%2100/" — 202400f" — 32400/ + 232,00/} +

~200 01" — 212401/ — 2224 01f" — g4 O1f" +

~85102/ + 8010 + 22y 0of" — 2124 0of"

+892103/% — o0n 031 + g32403f1 — 12403/ +

~2ou&0n" — it + ot + gougiinf” — L3S + Lot + gt — Lt +

—gou&5 /" + it — Dugbinst + Eugiuft — glugtu/t — gugsu/" — Siugii" — glugous" /

@+ + 3+ + \
+00([+&31, — @)t + [=&lin + 2o )f?) +

+01([+&01 + ghun + 1 + ) +

+02([+g31 — oun It + [=&aun + Tun1f2) +

+03([=g%1 + goun It + [=g3un + s 1f2) +

(=83 + 321)00f% + (+812 — 021 )00f" +

+(=802n — &lan — 325 — L3010/ +

(=83 + 80on )02t + (+8204 — &121)0of"

+H(+8%% — 8hon)03% + (+&305 — €121)0Y" +

+H([+230 — 232418614 + [%x + L0251 + [+8%k — 8ol )

+([—g 0ok — 80018614 + [+80ak — &lok + ook + 32118 N 14 + [=€20x — &1t 18500 + [0k — L1215 )" /

and (*2+):
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~D3[~(0of2 + gouf?) = (03f2 + g3uft) + (0aft + @uft) — (01f2 — g/ ] +
— D031 = gau) — (Goft — gounft) — (012 — giuft) — (0of2 + g1 +
+ Dio[~(0oft + ghift) + (0uf3 + glift) — (Bof2 + gguf™) — (832 — g8u/™) ] +
= D5[=(0uf} — gluft) — (0af3 — Zuft) — (83f3 — Guft) + (Bof? + ghuf™)]
[ D[+ + ghi) + (02 + ghuf) — (Baff + ) + (B0 — ghuf)] +
+ Dip[~(03f1 = ghif?) + (Boft — gguft) + (01f2 — i) + (8af? + 81/ ] +
+ Dio[~(0oft + ghift) + (0uf3 + glift) — (Bof2 + gguf™) — (832 — g8u/™) ] +
> + D5[+(0uf} — glift) + (0af3 — @uft) + (8313 — Zuft) — (Buf? + ghuf™)]
03(+0f1 + 03/ — Ooft + O1f2) + (+(=g32 )00 + (=2321) 034 — (=3 )0af + (—g%)O1f2) + \
+03(+gouf" + Guft — Sl — &hif™) + (H(=ghgbu/ + (~gh)&5ft — (ghginft — (ghgtin/) +
+ 00 (=031 + Bof% + 01f2 + 0of%) + (—(+262) 03" + (+€021 )00/ + (+&021)O1/" + (+2021)02fL) +
+00(+g314/” — goft — gt + &) + (H(+g0a) 5" — (+€o0) 8ot — (€0 )" + (+80a)g5uft) +
+01(=02f} + 01f% — Oof2 — 03/2) + (~(=g12n)0oft + (=g ) 01/ = (=g121)00f" — (=212)03/") +
+01(=g3uft + giuft — gof” + &™) + (=gl @it + (~gh)ginft — (ghgbu/t + (—ghghu/") +
+02(+01/1 + 0of % + 031 — Oof?) + (+(+222 )OUfL + (+8324)0af" + (+832)03/% — (+2321)00fL) +
> +02(=giift — Euft — Gufs — goufl) + ()it — (€205t — (+&30) &5t — (+8%)g6ut) /
03f2 + 0%f% + 03f2 + 03f2 +
+03(+00f1 — 0af3 + 01f2) + Oo(—03f1 + Oof3 + 012 + 02f2) + 01(—02fL — 0o — 03/2) + O2(+01fL + O3/3 — Oof?) +
+00(+g314/” — gouft — gt + &) +
+01(=gaunft + giift — o + &3uft) +
+02(=giift — Euft — Gt — gout)
+03(+goi/? + 3uft — St — glift) +
+H(+(=g32) 00" + (—8321) 03/ — (=&321)0aft + (=831 )O1/2) +
H(=(+802) 03" + (+8021)0oft + (+8021)O1f" + (+8021 ) 0af%) +
H=(=glo)02f} + (1) 01fL = (=g121)0of" — (=8121)03/%) +
H(+(+g2) 014 + (+8221)0aft + (+8324)03f% — (+8%,)00f%) +
(=250 + (€205t — (& + 02 (=it — gt — St — 2ol NEsuft — (—ghghi) +
(2o )5/ — (+€o20) €01t — (F€o) €Nl + (+eta)ghinft) +
H—(=gla)gsuft + (gLt — (&b + (—gh)giu/") +
> H—(+gn0gt it — (€205t — (+€20)51 — (+ehi)gbinft)
03f2 + 0%f% + 0312 + 032 +
+03(+0ofL — 0af3 + 01f2) + 0o (=03fL + Oof2 + 012 + 02f2) + 01(=0afL — Oof2 — 03f2) + 02 (+01f1 + 0313 — Oof?) +
+00([+&31 — ggun Ift + [+&aun — s 1f?) +
+01([~ga1 + gTun )t + [+&31s — o 1) +
+02([~g015 — &hun — Lun — G lfh) +
+03([+&31, — @)t + [=&lin + goun ) +
~830100f" — &34 03" + 8304 0of" — 232,01/ +
~2001 03" + 60100t + g2 01f" + 8024 0af" +
+812402f} — g1an01f! + g10of” + 212,04/ +
+230101fL + 2204 0oft + 232403/ — €24 00f’ +
~23i&0" — it + St + &g +
+gou&8inf" — 85ugbinft — gougiinf” + gouginft +
+2iu&siflt — g/t + glugbinf” — glugiinf" +
\ ~gou&iinft — &ugsit — ugsint — e3ugbin!
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/6%/.%+6%ﬁ+6%ﬁ+6%ﬁ+ \
+00([+&31 — goun Ift + [+&aun — gl lf?) +
+01([=ga1s + gTun )t + [+&315 — o 1) +
+02([~g01s — &hun — Lun — G lfh) +
+03([+&31, — @)t + [=&lin + 2o )f?) +
~89100f% + g62100f" — 32 00f" + 212400/

- ~831 01" + 20001 + €22401f% — 8121011
+8024 02/ + 8140t + 221 0of L + 230,021 +
+292103" — 200n 03" — 232403/ + €324 03f% +
~23u&0u" — it + St + &g +
+gou&8inf" — 856t — gougiinf” + gougsinft +
+2iu&sift — giugiin/i + glugbinf” — glugiinf" +

> ~gou&iinft — &ugsit — ugsint — e3ugbins! /
@B+ B+ R+ )+ \
+00([+&31 — ggun It + [+&aun — s 1f?) +
+01([=ga1 + gTup )t + [+&31s — o 1) +
+02([~g01s — &hun — Lun — G lfh) +
+03([+&31, — )t + [=&lin + goun ) +

= +H(=8%h + &8an )00t + (=g324 + &121)00f"

30 — g1 ]OVfL + (=83 + g00n) 01"

+H(+80an + &lan T+ 3o + 301 Oof L +

(=83 + 301)0V% + (+812 — 021) 0" +

(=200 — 832118614 + [~22k — &1 )&h 1 + [+800k + 1ok — &3o + L3k )S51 + [~€32k — &30 )51 )1

\ +([=g3ox + &1 1801 + [+8 %k — g2t )8hin + [0k + Lot )i ) + /
and (*2-):

~D3,[~(0oft = goiaft) — (03f2 = &™) + (022 — &™) — (012 + g/l +
= D [(03f1 + g31fh) — (Bof? + gouf™) — (Oufs + giift) — (0of2 — g31f™)] +
+ D7, [~(0of — gaif") + (012 — gtif™) — (Ot — gounft) — (039 + g3ufi)] +
=Dy [0 + giif) — (0of2 + g3if?) — (032 + gauf?) + (Bf — gduf™)]
[ Di(rouft + 02 = 02f2 +01/2) + Dip(=ghuft — s + gt + ghufl) +
+ Dy (=03f1 + 0of2 + 01f% + 02f°) + Dip (=g3uft + gouf” + glufh — &™) +
+ D7, (=0of1 + 012 = Oof% — 03/%) + Do (g — gl + goufh — &5uft) +
> + Dy (+01fL + 0of2 + 032 — 0of?) + Dy (g + G + &if” + gouf")
03 (+OfL + 03f2 = Df* + 01f2) + (+(rghoy)Ouft + (48 )0/ — (s )Ooft + (4% )V + A
+03(—gouft — G5t + @t + glufl) + (~(rg) ot — (€308 + (F&h) g + (+8h)g il +
+ 00(=03f} + 0of2 + O1f3 + 02f%) + (~(=202n) 034 + (=821 )00 + (=821 )01} + (=202)02/") +
+00(=g3 it + o + giift — &™) + (=20 ) 31t + (~€0)01af" + (gt et inft — (gl i) +
+01(=02f1 + 0112 = Ooft — 03/2) + (—=(+g12) 0oL + (+€124 )01/ = (+8124)00f% — (+2121)03/L) +
+01 (21" — giif + Qoufs — ghufl) + (F(rg ) gan”t — (+gh)gi /! + (+ehi)gouft — (+gha)giuft) +
+ 02(+01/L + Oof? + 03f2 — 00f%) + (+(=222n)OUL + (=324)0of" + (=832 )03/ — (=2321)00of") +
> +02(+g it + @t + Gl + g0if") + (H(=ghgt i/t + (€205 + (~gh) 5" + (—ghi)gbu") /
032 + 0%f2 + 012 + 032 + \
03 (+0oft = 022 + 01f2) + 00 (=03f1 + 013 + 02f%) + 01(=02f1 — Oofs — 03f2) + 02 (4011 + 032 — Oof?) +
+00(=g3uft + o + ghift — &) +
+01(+gaf" — g + gouft — g3ft) +
+03(=gouft — G/t + @t + &) +
+02(+g it + @ + G + g0 +
+H(+H(+g321) 0ot + (+831) 03" — (+831)0of" + (+g321)01f%) +
+H(—(=g024) 03/ + (8021 ) O™ + (=g021)O1f% + (=021 )0of") +
H(—(+g124)02fL + (+8T21)01f" — (+g121)0of% — (+g121)03f%) +
(=221 ) O + (—8324) 0" + (=2324) 03" — (=g%4)00of?)
H—(+g50)g0uft — (€205 + (F&h)g5" + (rehi)glnfh) +
(=205t + (20201 + (=) €Tl — () giun") +
(gl — (g0 + (Fgh)gbinft — (+ela)ghfh) +
\ (=g ! + (€202 + (€005 + (=ghi)gbin") /
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03f* + 03f> + 01/ + O3f% +

+00([~g31s + 1un )t + [=&%1s + g5un 1) +

+01([~g31 + oun It + [+&aun — T lf?) +

+03([+g01y — goun )t + [=&3un + s 1f?) +

+02([+g01 + &hun + L1 + ) +

~(=8%1)00f" + (=g521)Oof™ + (+8324)00f% — (+€12,) 00/ +

+H(+8%52) 011 + (=801 01f1 + (+8721) 012 + (=g20)O1fL +

(=802 )0af" — (+8124)0afL + (=835 ) 02" — (+32) 02" +

~(+892) 03/ — (—802n) 031 + (+8%24) 03" + (=232,)03/" +

~(+250)80uft + (g0t + (+g%0) it + (—gh)etinft — (reh) it — (2o )it
+H(=2%080uf" + (202001 + (22" — (reh)gtin/! — (2o )i + (g g + (€55 + (v s — (€35 + +(-
@B+ 401+ + \
+00([~g31s + s )t + [=&%1s + g5un 1f?) +

+01([~g%1 + Qun It + [+&aun — T 1f?) +

+03([+g01y — goun )t + [=&3un + s 1f?) +

+02([+g01 + &hun + 1 + ) +

(+321 = €121 00f™ + (+8%2 — L6 Oof” +

+(g%% — €821 )O1f4 + (g2h — €224)O1fL +

+H(=802n — &lan — 325 — L30n)Oof" +

+(=g%on + 0on) 0L + (+8305 — €321)03/" +

([~ + 812418014 + [+&%% — Loelghin + [-8hok + €00 )g51 )1

+([~8%k — g60 18614 + [=€2ox — &1t )85 1n + [+80ok + &lok — ook + &304 )85 10 + [=€30x — L3215 )" /

and (*3+):
D3, [-(0of} — gouft) — (03f2 — &™) + (022 = @u/™) — (012 + g0/l +

'

\

— D, [+(03/1 — gii/") — (003 — gouft) — (O1f — giuf™) — (Dof + /1)1 +
— Dy [—(0of L + gauft) + (013 + giunft) — (Oof2 + ggu™) — (03/2 — g3/™)] +
— D5 [-(O + gli") — (022 + Guf") — (032 + @3 f™) + (0of2 — g0i/™)]

[ DL[(=0uf! — 032 + 0of> = 01f2) + (gt + f" — s — glf)] +

+ D, [(=03f1 + 0ofs + 01f2 + 02f?) + (+g3 1" — ot — gl + /1] +
+ Dy [(+02f1 = 013 + 0of2 + 03/2) + (+@31fs — gtufh + gouf™ — g3u/")] +
+ D3y [(+01fL + 0af2 + 0312 — Dof?) + (gl + G + g™ + g0if™)]
02(~0ufs = 03f2 + 0af} — Of2) + (~(hghyD0uft — (s )Osf" + (43 )0af" — (+g)O/L) + A
+02(+gouft + Gt — @uf” — ghiafh) + (H(+g 2ot + (+€20)g5" — (ve)ghit — (tehgtil) +
+01(=03f1 + 0ofF + O1f2 + 0of2) + (—(+2124) 03" + (+€124)00f" + (+8124)01f" + (+2124)02f%) +
+01(+g3f" — gonft — gif” + &) + (H(rgh) @i/ — (Fgh)goift — (rehelin/t + (kg ghust) +
+ 00 (+02fL = 01f% + Oof2 + 03/%) + (+(=g2) 02t — (=€o2n)OV/L + (=8021 )00/ + (=202)03/) +
+00(+g3ift — giift + gouf” — &3™) + (H(=goo) 51t — (=€)t + (—gta)gbinf" — (~2da) i) +
+03(+01/L + 0of? + 03f2 — 00f%) + (+(=2321) 0" + (=324 )02f" + (83203 — (=2321)00f") +
+03(+g it + @t + G + g0if?) + (H(=ghgti/! + (~gh0g ! + (~gh)5t + (ghigbu") /
02(=0oft = 032 + 0of3 — 01f2) + 01(=03fL + Oof2 + 012 + 0af%) + 0o (+02f1 — 01f2 + Oof> + 03f°) + O3 (+01fL + 0af2 + 032 — 0of2) +
+00(+gaift — giift + gouf” — &3if™) + 01(+g3 " — gouft — g + &) +
+02(+gouft + Gt — @ — ghift) + O (+giiuft + @t + Gl + o) +
+H(+(=g021) 024 — (€021 )01/ + (=021 ) Oof” + (=021 )03f") +
H(—(+g124) 03" + (+8T21)00f + (+g121)01f" + (+g121)0of1) +
+H(—(+8221) 00t — (+831) 03" + (+831)0af" — (+g521)01f%) +
H(+H(=g301 ) O + (—€301) 02" + (=8324) 032" — (=831 )0f")
(2o )25t — (€0t + (=061 — (—gta)ghint) +
(gl — (Fghgonft — (Fgh)ghin/t + (rela)ghuft) +
H+H(+g20)g0uft + (€205 — (+€20)&5" — (+ehi)glinft)
+H(+H(=ghgtin/! + (€202 + (~gh)g5" + (—ghigbi/")
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033 + 032 + 032 + 032 +

62(—80ﬂ - a3ﬂ - aﬂ) + 81(—63](1 + aoﬁ + azfg) + 60(4—82}(1 - aﬁ + 83f‘_’) + 83(-{—61}(1 + azﬁ - ﬁofg) +

+00(+ga14f% — gTift + o — 3t +
+01(+g31/” — gouft — gt + i) +
+02(+goinft + 3t — ! — glufi) +
+03(+giiaf? + @t + G + o) +

~(+8201)00f% + (+8T24)00ft — (=834 )0of" + (—g824) 00" +

~(+8%1)01f% = (=882n ) O1fh + (=324 ) O™ + (+€124) 01/ +

+H(+8%21)02f% + (—8024 ) 024 + (=834 ) 02" + (+8324) 0" +

+H(=g021) 03" — (+8124) 03" — (+8354) 03" + (=g354) 03" +

(42520801t — (+€10g0ft — (F€00)& 1/t — (—gh)giinft + (€)@ ift + (~gh)ghinft +
(=250 + (€800 + (~g3)g " — (reia)gii" + (€5 — (+g)gh " +
(=g + (gl + (Feh) it + ()i

(03 +03+ 0% +03)° +

+00([+g315 — gTun )t + [=€31s + o 1) +
+01([+&31 — ggun Ift + [+&aun — gl 1f?) +
+02([=gl1 + o )t + [+&31s — s 1f!) +
+03([+&01 + ghun + L1 + G l) +
(=820 + 121 )00t + (+8% — €001 )OS +
(=g + &) O1fL + (=g3on + &121)O1 " +
+(+8%on — 00n) 02t + (=830 + 321)02f" +
+H(=802n — &lon — 325 — L3010 +

+([+€30x — &1 )g61n + [=8%k + 802 )gh1n + [+ 0ox — Gl ghin )t +

\ +([~g% — goa )86 + [=C3ox — &1 18N 1n + [=€30x — Q32118500 + [0k + 1ok + ook — L3251 )" /

and (*3+):

D[t + gounf™) = 03/ + 3ufh) + (0af2 + @1ft) — (O — ghif™)] +
— D, [(03f1 + g3ifh) — (Bof? + gouf™) — (Oufs + giift) — (0of2 — g31f™)] +
— DH[=(0af1 = ghift) + (012 = giif?) — (Bof — gouft) — (O + g81f)] +
= DL[=(01/ = gift) — (Ooft = 2ift) — (03f2 — g31aft) + (Bof? + 014/4)]
[ Da(-0uf — 0sf’ + 0af! — 0f") + Di(—ghuf" — &huaf! + ghuf! + Gt +
+ D7, (=03f1 + 0of2 + 01f% — 02f%) + Do (=giuft + o + glufh — &3ft) +
+ D (+0of1 = 012 + 0ot + 03/%) + Dip (=g + gl — goufh + &3uft) +
+ D3, (+01fL + 0of 3 + 03f2 — 0of?) + D (—glift — Sufh — gt — gouft)
02(=0fL = 03f% + 0of% — OUf?) + (=(=8321) 00" — (=2321) 0% + (=221)0of = (=832 O1/") +
+02(=goinf” — G3uft + ufs + glift) + (~(=22)86" — (~€220)85 0k + (225t + (~g)g i) +
+01(=03f% + 0of2 + 01f3 — 0of?) + (=(=2121) 03" + (=gT2n )OS + (=g124)O1fh — (=212)0of") +
+01(=g3ift + o + giift — &™) + (=gl @t + (~gh)go” + (ghetinft — (—ghghu/") +
+ 00 (+02f1 = 0112 + Ooft + 03/%) + (+(+262) 02" — (+€021 )01/ + (+8021 )00/t + (+2021)03/L) +
+00(=ga1if” + g1t — oufs + &hufl) + (~(+g0a) 5" + (12008 1" — (€001t + (+80a) g8t +
+03(+01fL + 0aof% + 033 — Oof?) + (+(+232,)01f% + (+8324)0af" + (+€324) 034 — (+2532)00ft) +
+03(=glift — @uft — Gl — g0uft) + (g gtinft — (Fg3n)gsuft — (+g3) it — (+€3)gbuft) /

'

O3f3 + 033 + 03f2 + O3f3 +

02(=0ofL — 032 — 01f2) + 01(=03f1 + O¢f?2 — 02f%) + Do (+02f1 — 012 + 03f2) + 03 (+01f1 + 02f2 — Oof?) +
+00(=gauif” + g1t — oufs + &ufh) + 01 (=gaufi + gouf” + it — &) +
+02(=gou/? — G3uft + ufs + gluft) + 0s(=giufi — &t — Guft — gouft) +
+H(+H(+8021) 02" — (+&021)O1f" + (+8021)Oof + (+€021)03f%) +

+H(—(=g124) 034 + (—=gT1)0of" + (=g1)01f% — (=) 0of") +

+H(—(=g221)00f" = (=821) 03/ + (=321) 0" — (=521)0O1f") +

H(+H(+g301 ) O1fh + (+8321)0aft + (+8321)03f% — (+8521)00ft) +

H—(+2oa )5/ + (+€o)g " — (F€02)€614f% + (&0 )ghinfh) +
H—(=gl)g5uft + (~gh)gon + (gt — (~ghi)ghi/")
H—(—g20)g6u/" — (€205t + (~g2)5ft + (—gh)gln/t) +

\ H—(+gh0gt it — (€35 ufs — (g3 giuft — (+8%)gbift)
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/

O3f3 + 033 + 03f2 + O3f3 +

+00(=goun/" + ghi/" — g/t + &hft) + 1 (=it + goust + gt — ) +
+02(—gouf" — Gt + @/t + &0uft) + s (=gt — Suft — gt — gout) +

~(+8%1)00f% + (+8824) 00t — (=€224) 00" + (—gT24) 00" +
+H(+g301 )O1fL + (—g124)O1fh = (—8%4)01f" — (+8524) 01" +
+H(+8301) 024 + (—8324) 0% — (=8%24)02f" + (+8024) 0" +
+H(+8024) 034 + 12403 + 24031 + 232,04 +

—(+83)g61/" — (+8hn)gbu/t — (+gha)gh i/t + (gl ghuft — (+ghn) &b/t + (g3 )5/t +
+(+g00) g8t — (gt — (—gh)s it — (g )ghuft +
—(=gh)gbi/ + (—ghgbi + (—gh gk + (+gh gk — (gl )bt — (+gbu) g5 /

(03 +0%+ 0% +03)f2 +

+00([+&31 — oun Ift + [=&aun + T1s1f2) +
+01([~g3uy + un )t + [=&%1 + g5 1) +
+02([=g31 + @1 )t + [+&lin — goun)f?) +
+03([~g01s — ghun — L1 — G lfh) +
(=83 + 80on )00t + (+&204 — €121)00f" +
+H(+g30n — 12n)OVfL + (+8% — E5on) O +
+H(+8%on — 301)02f% + (+812 — 00s)0of" +

0 1 2 3
+(+&00 + &lan + Loon + L3 )01 +

+([~gdax — &%0n 1861 + (=3 — &hax gk + (=% — @3 )i + (800 + lox + 3ok — L1511 +
\ +([+€20x — &12 18014 + [=8%x + o2t )8N 14 + [+ 02k — Q02t ) €51

and (*0+):

~Di5[~(0oft = goaft) — (032 = &™) + (022 — @uf") — (011 + g/t +
= D303/ = g3if") — (Boft — goufh) — (012 — giift) — (0of% + &31fi)] +
— D3[~(0af1 = ghif") + (012 — giif) — (Bof — gouft) — (O + g81f)] +
+ D [~(01/1 = giift) = (0ofF = @2iaft) — (03f2 — g31af%) + (Bof? + 014/1)]
[ Dil+@ - ghf2) + @2 - ghuf™) — @f — ) + @2+ ghufD)] +
+ D3 [-(03f1 — g3if") + (Oofs — gouft) + (012 — giiaf?) + (0ofY + g3ufi)] +
+ D3, [+(0of — gaif") — (02 — gtif™) + (Ot — gounft) + (039 + g3ufi)] +
+ D [~(01/1 = giift) = (OofF = 21aft) — (03f2 — g31af%) + (Bof? + 014/1)]
Dy (+0of} + 03f2 = 02of2 + 01fY) + D1y (=gounft — 3t + @ + glufi) +
+ D3 (=03f1 + 0ofs + 012 + 02f%) + D (+g3uf" — gounfs — gl + &3uft) +
+ D3, (+0of1 = 012 + 0o} + 03/2) + D (=g + gl — goufh + &3uft) +
+ Dy (=01} = 0afF = 03f2 + 0f?) + Dp (+g i’ + G + &t + gouft)
01(+0fL + 03/ = 0of2 + 01f2) + (+(=g121)00f% + (=212) 03" — (=g1an)0of" + (=g12)01fL) +
+01(=goift — &3/t + @ + glufl) + (=)ot — (~g) /" + (=gt + (—gha)gifi) +
+02(=03f1 + Oofs + 01f2 + Oof?) + (—(=222)03f" + (8324 )00f™ + (=€321)O1f" + (=232, +
+02(+g3 " — gonft — gl + &3ft) + (H(=gh) @i — (€280t — (et + (—ghghuft) +
+03(+02f1 = 0112 + Ooft + 03/2) + (+(=g32) 02" — (=g )01/ + (=g321)00ft + (=2321)03/L) +
+03(=gauif” + g1t — ot + &hufl) + (=) + (~g30)8 ! — (=)ot + (—g%)giut) +
+00(=01f% = 0af% = 033 + OofY) + (= (=202 )O1f" — (=882n)02f" — (=Li2n) 03/ + (=201 )O0ft) +
\ +00(+g it + @uft + Gl + g0iaft) + (H(=goo) gt it + (€025t + (=€) 5t + (—g0)gbunft)

'
'
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/

\

020 + 03/ + 0310 + 930 +

61(4—80]1 + 83ﬂ - agf'i) + 82(—63](1 + aoﬁ + aﬁ) + 63(4—82}(1 - 81;‘2 + 80ﬁ) + 80(—61}(1 - azﬁ - 63ﬁ) +

+0o(+giiaft + auft + Gt + gouft) +

+01(=goinft — &3t + ! + glufi) +

+02(+g3iu/” — gouft — gt + &) +

+03(=gaun/” + gii" — ot + g3t +

H=(=g021)01f% = (—8021)0of "t — (—€021)03f% + (=€02n)00f%) +
+H+(=g12) 0% + (—812)03f" — (=g121)0af" + (=812 )O1f}) +
H(=(=g2) 03" + (—8221)00f"t + (=&321)01f" + (=89, )0af%) +
H(+(=g32) 02" = (—32) 01" + (=g321)0oft + (=831 )03f%) +
(2ot it + (€025t + ()51t + (i) gbunft) +
+H—(=gla)gbuft — (g5 + (~gh)5in/" + (—el)ginfh) +
(22085 — (€200t — (€30 + (—ghi)ghuft) +
(g5 + (€20 " — (=826t + (—ghi)ehinft)
0% + 0312 + 030 + 030 + \
+00([+&01, + &hun + 1 + G lfh) +

+01(+gl1ft — goft — G + &) +

+02(+g21/% — gouft + g3t — i) +

+03(+&31/% — gouft — gt + gt +

+(=g021 )00t + (=g124)00ft + (=834 ) O0f’ + (—=g324)00f +
+(=g%n)01fh = (—802n)O1fh = (=834 O1f" + (=g324) 01"
(=8 ) 024 = (—8824) 024 + (—8324) 02" — (=g124) 0" +
~(=€201)03/" + (—gT24) 03" + (—8%4) 034 — (~g824) 03/ +
(=280t — (€10t — (~€51)€614% — (—&3ar)gouf"
+(=ghgiift + (2o )giinft + (€051 + (&)t + (€%t + (~go) &5t +

(g2l — (€20t — (~gH)&f" + (—gh)ghif! + (205" — (gl /
(03 +03+03+03)° +

+00([+&015 + &hun + Lun + G lfh) +

+01([+g01 — goun )t + [=&3un + s 1f?) +

+02([+831 — goun Ift + [+&aun — gl 1) +

+03([+g31 — goun It + [=&aun + Tun1f2) +

+(=802n — &lan — 325 — 301 0oft +

+(=g%on + 0on)O1fL + (+&30s — €301)01 " +

(=8 + 8han) 0ot + (—83on + &121)0of" +

+H(=g%n + 80on) 0L + (+8204 — €121)0Y" +

([0 + &lok + 3ok + &30 ) €01 + =€k — o2 1€ 1n + [%x — Lok )51 + [~8%k — Cooi )i )L +

+([~g3u + @ &N + [+ — g1 )5 + [~k + gl

and (*0-):
—Diy[-(Ooft + goi/") — (032 + g3uft) + (Gaof + 231/") — (012 — g™ +

'

— D3, [(03f + ghift) — (Bof2 + ggif™) — (OufE + giuft) — (Gof° — g31/™)] +
— D3, [—(0aoft + gauft) + (013 + giuft) — (Oof2 + ggu™) — (03/2 — g3/™)] +
+ D [0 + glif") — (022 + guf") — (032 + @3 uf™) + (0of2 — g0i/™)]

([ Dh0yf! + 032 — 0af + 01f2) + Dy (hgbuf” + 2" — Gl — gl +

+ D3, (=03fL + 0of2 + 01f% + 02f%) + D3 (=giuft + o + glufh — &3f) +
+ D, (+0of1 = 013 + Oof2 + 03/2) + D (+ghift — glunfs + ouf™ — &5f™) +
+ D (=01fL = 02f2 = 032 + 0of?) + D (=gt — G — &3uf” — gouf™)
01(+0of! + 03f% = Oof + 01f2) + (+(+812,)00f" + (+812)03f% — (+8124)0af% + (+8%54)01f2) +

J

\

+01(+&0u/" + G/t — @/t — &huft) + (FHgh)gou/" + (+gh) st — (+gh)ghi/t — (g gh!) +

+02(=03f% + 0of2 + 01f3 + 02f%) + (—(+852,) 03/ + (+8321)O0f" + (+2321,)01f% + (+8%5,)0of") +

+02 (=gt + /" + g/t — &) + (gl it + (+gh)gbi/" + (+gh)gh it — (g g +

+03(+0of% — 013 + 0of2 + 03/2) + (+(+832) 0ot — (+8324)01fL + (+8321) 002 + (+852)0/2) +

+03(+ghift — ghif/t + gouft — &) + (F(Hgh) gt — (Fgh)gh i/t + (+8h0)gbi/" — (+gh g ") +

+00(—01fL = 0of2 — 03f2 + 00f?) + (—(+&021)O1f" — (+80521) 02" — (+€021)03f™ + (+8021)O0f) +
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\ +00 (=gl — & — 3" — g0u/") + ((+go)gh /" — (v )5 — (oo )5/ — (+€0u)g61™)

\

J



/ +032 + 0312 + 030 + 00 +
O1(+0ofL + 03/% — 02f3) + 02(—03fL + Oof? + 01f3) + O3(+02f1 — 01/ + Oof2) + Oo(—01f1 — Oof> — 03f°) +
+0o(=giift — gu/t — gt — gout) +
+01(+g0uft + g3/t — guft — ghufh) +
+02(=g3ift + gou/t + gluft — ghut) +
+03(+ghuft — gtuft + gouft — g8uh) +
H=(+8021) 01" — (+8021)0of" — (+8024)03f" + (+8021)O0of?) +
H+(+g 1) 00! + +(+8T21)03f1 — (+8121)0af% + (+g2)01 /1) +
H(=(+g221)03f% + (+8221)00f" + (+8321)01f% + (+89,,)02/2) +
H(+(+g30)02fh — (+8321) 0111 + (+8321)0of” + (+8%,,)03/2) +
(2ot — (+€o) 5" — (F€) 51" — (+et)gbun/") +
HH(+g )0 + (gt — (rgh)ghift — (+gh)gin/t) +
H—(+220) 85t + (F€20g0mf" + (F€3)g it — (+ehi)ghu") +

> HH(rgh) gt — (Fg5)8 i + (Fgh0gou” — (Hghi)gsi™)
+03f2 + 0372 + 030 + 00 + \
+00([=g01n — g2 — g3t — gu/2 1) +
+01([+&31, — @)t + [=&lin + goun ) +
+02([=g31y + 1un )t + [=&%1n + g5un 1f2) +
+03([+g315 — gTun )t + [=&31 + o 1) +
+H(+g02)00f" + (+&124)0of™ + (+8354) Oof” + (+832)Oof”
~(+g3)01fL + (+&321)01f} + (+8924)01f" — (+8001 )01
H(+g321)0of "t — (+8124)0oft + (+8%:4) 0af" — (+8521) 0o f"
~(+821)03f% + +(+812) 034 + (+832,)03/" — (+€021)03/" +
+(+2208 0t — (€0t + (Pt — (reia) st — (g huft + (Fgh) g5t +
~(+80)8ouf" + (€120 + (F€2)€01af" + (+&ia)gbin" +

> —(+ghgii! — (F2o gt — (F€0) 5" — (+ed) s — (€% 5" — (+€o )5 + /
@+ 3+ )+ A
+00([=g0un — g2 — g3t — gu/2 1) +
+01([+&31, — @)t + [=&hin + goun ) +
+02([~g31s + lun )t + [=€%1 + g5un 1) +
+03([+g315 — gTun )t + [=&31s + o 1) +
+H(+802n + &lan + 3o + 301 00f" +
(=83 + 83010114 + (+&12 — 0on) O
+H(+g305 — 8121)02f% + (+8% — &52n )OS
(=820 + 8121)0V% + (+8% — €001 ) 0" +

+([+€3x — g3 )85 + [+€3ox — g1 )ghin + [0k + &1 )ghin )t +

\ +([—g0u + glok + Lok + &30 )8014 + [=8 V2% — Q0218514 + [~8%0x — Lot )€h1n + [~8 %0k — Lo )i ) + /

So:
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([ @raecisonys N )

+00([+&11, — goun )t + [=&31s + s 1f?) +

+01([~g01s — ghun — L1 — G lfh) +

+02([+g31, — gTun )t + [=&31 + o 1) +

+03([=gi1y + 3 )t + [=&8in + 3 1f2) +

+(=g%on + 001 )00t + (+&324 — 321)00f"

+H(+80an + &lan T+ 3o + L30n)OIfL +

(=820 + 8121 )02t + (+8% — €001 )0of" +

+H(=g3oh + &121)0VL + (=% + &52n )0V +

([~ — 02k )€614 + [0k — Lhok + 22k + 32 1€N 10 + [€20x — &1k )S51n + [~k — 12t )51 )L +

\ +H([+230 — 232418614 + [%x + Lo &hun + [+€0k — &8 )1 /

[ (@B+B+ 3+ \
+00([+&31, — @)t + [=&hin + 2o ) +
+01([+&01s + ghun + L1 + G l) +
+02([+g31 — goun It + [=&aun + Tn1f2) +
+03([=g%1 + goun It + [=g3un + s 1f2) +
(=83 + 321)00f% + (+812 — 02s )OS +
+(=802n — &lon — 325 — L3101 +
(=83 + 80on)02f% + (+8204 — &121)0of"
+H(+8%h — 8hon)0VL + (+&305 — €121)0Y" +
H([+230 — 232118614 + [=8%% + g2 )&hin + [+&%k — Lharl i)t +
\ ([~ — 2028614 + [+802k — Liok + 22k + 324 1€N 14 + [€20k — &2k 1E5 1 + [~232k — 120 )L51 )" /

N\
A N

[ (BB + R+ \
+00([+&31 — ggun Ift + [+&aun — gl 1f?) +
+01([~ga1 + gTun )t + [+&31s — o 1) +
+02([~g015 — &hun — Lun — G lfh) +
+03([+&31, — @)t + [=&lin + goun ) +
+H(=8%h + &8an )00t + (=g304 + &121)00f"
230 — g1 ]O1fL + (=83 + g00n) 01"
+H(+802n + &lon T+ C3on + 30k Oof L +
+H(=g%on + 301)03% + (+812 — 001) 0" +
(=200 — 832118614 + [=20k — &1 &1 + [+800k + 1ok — &3o + k)51 + [~€32k — L2 ) 1) +
\ ([~ + 212418614 + [+8% — Loaeetin + [=&hak + ookl i) + /

[ @+ 401+ + N\
+00([~g31s + s )t + [=&%1s + g5un 1) +
+01([~g%1 + oun )t + [+&aun — T 1f?) +
+03([+g01 — goun )t + [=&3un + s 1f!) +
+02([+g01 + ghun + i + ) +
(+321 = €121)00f + (+8%2 — Z60)Oof” +
+(g%% — €021 )O1f4 + (g2h — €224)O1fL +
+H(=802n — &lan — C3on — L30n)Oof" +
+H(=g%on + 0on) 0L + (+&8305 — 321)03/" +
([~ + 8121)8014 + [+€%% — g et + [—&ho + ookl iin )t +
\ (2% — 260 )8614 + [~22k — g2 &1 + [+€00k + €12k — &3ak + 326251 + [~€324 — &221)51)" / /

Y

[ (B+P+0+0:) + \ )
+00([+&31 — ounIft + [=&aun + gTun ") +
+01([=g3uy + un )t + [=&%1s + g5un 1) +
+02([=g31 + @)t + [+&hin — goun)f?) +
+03([~g01s — &hun — Lun — G lfh) +
(=83 + 8001 )00/t + (+&304 — €121)00f" +
+H(+g30h — 121014 + (+8% — E5on) O +
+H(+8%on — 301)0f% + (+812 — 00n)0of" +

0 1 2 3
+(+&00 + &lan + Loon + L3 )01 +

33




And:

J' = —Dp®' + DE®? — DS D3 — D ®° | -DY A — D52 + DS — Dy f° = @'

P2 = -D5®' — Dp®? + DD} — Dp® | D5 = DY — DS —Dyfd = 02

P = DGO - DZD? — Dy ®® — D3, @° | -D5if! + DS — DL — Dy f° = @3

J* = -p},@' - DL,0? - DL, @ + D0 —D?f — D3,/ — DYf* + Doy f* = @°

U
Ji\_ [ D& 0 ch 0 Dw ® \ [ 0 Dy o\ 50 D0
J! 0 D, L0 D2 50 D3 0 D5, D0
i L 0 D32 ~ H o0 o2 0 Do o\ L0 DY
S 0 D, D2 L0 D3 0 D3 D0
J3 _ 0 Dzz B 0 Dy, 3 3 o 0 3 3 2 0 Ul
J L0 o2 0 Dg, 3 0 D3 0
JY _ D12 Dy, 0 02 [ Dz 0 D3 . Dy, 0 @9
JO 0 D3 D2 0 D3, D3 0 D, D0
D

{7 Xﬂ)-( 5 (ﬁ) L)) e ) ) (5)
0 Dy e i 0 f a0 £ 0 Dy f ®!
E1 OEEES DEERD HEEED NS
a0 f 0 Dg £ n 0 £ 0 Dy 2 @2
Lo 0 )0 ) (o W )00 )0 )L )2 )-(3)
D3 0 S Dy, 0 f 0 Dy £ 0 D3 f 2
Lo )00 o )G )-C0 )0 )0 )(2)-(3)
0 D e 0 D3 f 0 D3 £ 0 Dy f P2
U
Ji = -D§p®L + D3, @2 - D3, @2 — DR, @Y || =Dy ft = D312 + Dy, = Djyf} = @1
J! = -D5,®! + D%, ®2 — D3,®3 — D, ®° || -D§,f' — D%,f2 + D%,f2 — D7,f° = !
J? = D5 ®L - D@3 + D, @2 — DLOY || D3y f! - Dy, f: - Dy f = Djif) = @
J2 = DL®L - Dy @2 + DY, @2 - D@0 || DYyf - DGy f2 - DYfi — Dyyf? = @2
Ji = D5»®! — D, ®2 — D3 - DL®) || =D3yf! + Dyif2 - Dy f3 — Dyyf} = @3
J3 = D3®! - DY, ®2 — D;,®3 - D5,®° || -D%,f! + Dt,f2 — Di,f° — D5, f° = @3
JU = D@ - D3 @3 - D5, @3 + D @Y || =Diyft = Doy fs — D3 fy + Djuff = @Y
JO = —D%,®! — D%, ®2 — DL®3 + Di,®° || D7 /! — D%, 2 — DY, + Dy f° = @°
U
Jh = —00®) — gl @. + 0302 — g3, — 0,®3 + g3, @ — 81D — g3, @ || —ofl — O1f) — 03f2 + 0of + ghufs + G3uf. — Gf. — glufs = @)
JL = —00®! + g, @ + 0302 + g3,k — 0,03 — g3, @h — 01D° + g, @ || —0uf! — ghuf. — 03f3 — g fs + Ooft + @ fs — 12 + gl f = D!
J2 = 0301 — gly® — 00®3 — g @ + 01D — gl @ — 02 DY — g3, @k || 03/ — ghuf — Ooft + ghufs — 01 + ginfl — 0oft — ghufs = D3
J2 = 030! + gL, @k — 0gD2 + g}, @ + 01D + g3, @k — 0200 + g3, || 031 + glufs — B2 — ghuf. — OufS — ginfs — 0of2 + g3 f. = @2
J1 = 020! — g}y @ — 0102 + g{p® — DI — g @ — 03DY — g3, @b || ~0of + ghuf + 012 — ghuf — Oof} + ginf- — 0y — ghfs = D3
S = 0,0! + gl @k — 0102 — g}, @k — oD + g3, @ — 0300 + g3, || —0of — ghufs + O3 + ghufs — Oof — g f — 032 + gl f. = @3
J) =010 + g%qu)j+ — 0,03 +g%jz®£r — 03D + g%qu)j+ + 00D _ggjz(bér ~01f} +g%j].ﬂ" —0of5 + g%ij{r - 03 +ggj].ﬂ" +0of1 + ggij{r = 0
J0 = —0,®L — gl @ - 0:D2 — g5, DL — 3D — g3, DL + 0D + g0 DL || 01/ — gl fl — 0af2 — g3ufl — 032 — @i fl + Oof — gl fl = D2
U
JL = —00DL -0, + 3;D2 — 0,D3 + (_g(l)jZ - g?jz)q)j+ + (_g%_ﬂ +g%j2)®’— —0oft = 01fY — 032 + Oof2 + (+g(l)jl - g?jl )f+ + (+g%jl - g%jl .= @L
JL = —-0p®L - 0,D? + 0307 — 0, D3 + (+g%j2 - g%jz)q)j+ + (+g(1)j2 +g(1)j2)(Dj— —0of! = 01f2 = 03f% + 0of2 + (_g%jl + g%jl ) + (—go1 + g(l)jl ). = @!
Ji = —00®3 — 0,99 + 03P + 0,3 + (—gjp, - g%,-z)CD’% + (=g — &) DL || —0fF — 0of + 03fL — 012 + (—g%1 + g5 e + (—gy +gin)f = O3
J2 = —00®2 - 0,0° + 03D} + 0, D} + (+g%j2 + g%jz)q)j+ + (+g%j2 +g(2)jz)(Dj— —0of2 = 0rf + 03f1 — 012 + (‘ﬁg%ﬂ - g%jl )f+ + (_g%jl + ggjl . = @2
J3 = 00D — ;DY + 0, DL — 0,2 + (—gip, - g%,-z)q)’% + (=g + g1) DL || —00f3 — 03/ — Ooft + 012 + (—g31 + & e + (+gh1 —gin)f. = @3
J2 = 00D - 0;0° + 0, D} — 0, D7 + (+g%j2 - g%jz)q)j+ + (+g3j2 +g(3)jz)(Dj— —0of2 = 03/ — Oof L + 01 f5 + (_g%jl + g%jl )f+ + (+g(3)jl - g(3)j1 o= @3
J? = 400 — 81®L — 0,02 — 33D3 + (+gl, + 23 + g3 — g5)Ph +0of% = 01/} — Bof — OafS + (+gly + gl + 231 +gdi )fs = DY
JU = 409D — 0, DL - 0,02 - 0; D3 + (_g%jz - g%jZ _ggjz + ggjz)q)j— +0of2 = 01fL — 0of2 — 032 + (_g8j1 - g%jl _g%jl - g%jl .= @0

34

U




JL D! O3 D2 o3 (-8 — &%) (=3 + &)
! = 0o | — 0 0 —0 3 2 3
JL ol @2 o2 (+&32 —2p) (+&0p + &)
J? D2 ®Y o3 (_g%jz_gng) ( g3jz gyz)
2 = 0o 2 —0 0 + 01 3 1 3
J? o2 ol o3 (+gip + &) (&0 +832) oL
J: 5 D3 3 ol 5 ®?2 (—gop — &%) (=g +gin) @,
= —0o - 03 — 01
J @3 @° @2 (+g32 — gip) (+&in + &%) oL
JO ol ol o3 0
0 = 40y o -0 o! -0 — 03 3 (+g1,2 +g2,2 +g3,2 8012) 0 -1
U
J! 1 O 0 1 )
J! = Y = —-00®' — 0, + 0;0% - 0,®° + (—go2 — &%) + (=g + Dn) o
J 0 -1 -1 0
2 i 10 o1\ |
J? = < P > —00®? — 0, + 0;®' +0,®° + (_g%jz_ggj2)< 0 _1 ) (—gﬁjz—gi’z)< 10 > o
e i 10 o1\ |
J3 = < i > —00®° — 0;P° + 0,®' — 0,®* + (_gajz_ggj2)< 0 _1 >+(—g5jz +g%j2)< 10 > o
+ 0 1 2 3 | 2 3 0 1o '
= +00@" — 01®" — 0,®° — 0@ + (+gi + &2 + &3 — &op2) 0 -1 4
B 1 0 0o 1\ | ®!
—0of" — 01 — 031 + 0o + | (+gi —g?j1)< 0 1 >+(+g3,1 gz,1)< 1 0 ) F= ( ol ) = o'
B 1 0 0o 1)\ | D2
—0of* — 02" + 051" — 01 + (—g8,1+g%,-1)< 0 1 >+(—g§,1+g%,-1)< Lo ) = ( o2 ) =@’
0 1 0 o1\ |. D3
—00f> — 03f° — Oof! + 0,12 + (—g% +g3j1)< 0 _1 >+(+g%j1 gljl)( 10 > f = < o ) = @’
1 2 3 0 0 1 2 3 o 7] CDQ 0
—OIf" — Oaof” — 031" + Oof” + | (+goj +g1j1 + 851 +&31) 0 -1 f = D =
O

Corollary IL2 For differentiable functions f,,f.,g%,; Vi,j,h € {0,1,2,3} ,

Given theorem 1I.1;
Whenever gy, =

5hg1k
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;Vij,h € {0,1,2,3}

Vk e {1,2}

Vk e {1,2} :




N\

N\

[ @+ B +3+ )+ \
+(+g11 — 212)00/2 + (=go1 + g02)0oft + (—g31 + 232)00/2 + (+€21 — €22)00f> +

+(=go1 +£02)01f! + (=g11 +212)01f} + (=821 + £22)01/2 + (=g31 + g32)01f1 +

+H(+g21 — €22)0of% + (—g11 + g12)02f% + (=g31 + g32)0of2 + (+€01 — £02)0of> +

+(+g31 — €32)03/f% + (—g11 + 212)03f2 + (+821 — £22)03/% + (=go1 + g02)03/> +
+(+00(g11) — 01(go1) + goag11 — g12801 )fY +

+(=00(go1) — 01(g11) + 02(g21) + 03(g31) — 02Q01 — 12811 — €2821 — 32831 )fF +
+(=01(g21) — 02(g11) — 212821 + g0g)f: + (—01(g31) — 03(g11) — g1ags1 + gngu)fi +
+(—02(g31) + 03(g21) + €22831 — g32821)f° + (—00(g31) — 03(go1) — go2g31 + g32801 )2 +
\ +(+00(g21) + 02(go1) + 202821 — g22801)f° /
[ @+3+3++ )
+(+g31 — 232)00f% + (—g21 + 22)00f1 + (—g11 + g12)00f° + (+g01 — 02)0of +

+(+go1 — £02)01/° + (+g11 — g12)01f1 + (+g21 — g22)01 /2 + (+g31 — g32) 01> +

+(+g31 — €32)02f% + (=go1 + 02)0af1 + (=g21 + g22)0of! + (+g11 — g12)0of? +

+(—g21 + 222)03/% + (+g01 — g02)03f% + (—g31 + 232)03/1 + (+g11 — g12) 03/ +

+(+02(g31) — 03(g21) + 22831 — g32820)fY + (+00(g31) + 03(go1) — goags1 + g32801)f2 +
+(—00(g21) — 02(go1) + go2g21 — g22801)f3 +

+(=0o(g11) + 01(go1) + goag11 — g12801 )f2 +

+(+00(go1) + 01(g11) — 02(g21) — 03(g31) — g02Q01 — 12811 — €2821 — g32831)f* +

\ +(+01(g21) + 02(g11) — g12g21 + g22811)f + (+01u(g31) + O3(g11) — 12831 + g3g11)f° /

[ (@B+3+3+R)f+ \
+(+g21 — 222)00/% + (—=go1 + g02)0ofF + (+g31 — €32)00/2 + (g1 + g12)00f2 +
+(—g21 + 22)01fL + (+g11 — g12)01f3 + (+g31 — 232)01/° + (—=go1 + g02)01f2 +
+(=go1 +g02)02f% + (=g11 + g12)02f% + (=g21 + g22)0f% + (=g31 + g32)0of} +
+(+g31 — €32)03/% + (—g21 +222)03f2 + (g1 +g12)03/2 + (+go1 — g02) 031 +
+(+00(g21) — 02(go1) + 202821 — g22801)fY + (—01(g21) — D2(g11) + g12g21 — gL +
+(=00(go1) + 01(g11) — 02(g21) + 03(g31) — 02Q01 — 12811 — €0821 — g32831)f2 +
+(—03(ga1) — 02(g31) + €382 — gng3)fs +
+(+01(g31) — 03(g11) — 212831 + g32811)f° + (+00(g31) + 03(go1) + go2g31 — g32801)f1 +
\ +(=0o(g11) — 01(go1) — go2g11 + g12801)f° /
[ @+ +0+R)+ \
+(—g31 + g32)00/% + (+g11 — g12)00f3 + (=g21 + €22)00f° + (+g01 — 02)00f% +
+(=g31 + £32)01f1 + (+go1 — 202)01f3 + (g1 +g12)01/2 + (+g21 — g22)01fL +
+(+go1 — €02)02f2 + (+g11 — g12)0of1 + (+821 — €22)0of? + (+g31 — €32)0of> +
+H(+gi — £12)03f1 + (—go1 +202)03f1 + (=g31 + g32)03/> + (+€21 — £22)03/> +
+(=01(g31) + 03(g11) — 212831 + g32811)fY + (—00(g31) — 03(go1) + goag31 — g32801)f2 +
+(+00(g11) + 01(go1) — go2g11 + g12801)f3 +
+(=00(g21) + 02(go1) + 202821 — g22801)f° + (+01(g21) + O2(g11) + g12g21 — gL +
+(+00(go1) — 01(g11) + 02(g21) — 03(g31) — g02Q01 — 12811 — €2821 — g32831)f> +

\ +(+02(g31) + 03(g21) — g22831 + g32821)° /

[ (B4 +8+05) + \
+(+g31 — 232)00/2 + (=go1 + g02)00f3 + (=821 + €22)00f2 + (+g11 — g12)0of2 +
+(—g31 + 232)01fL + (+g11 — g12)01f3 + (—g21 + 222)01/° + (+go1 — g02)01f2 +
+H(=g31 +£32)02f% + (+821 — €22)02f1 + (g1 + £12)0of? + (=go1 — g02)of! +
+(=go1 +£02)03fY + (=g11 +212)03/1 + (=821 + £22)03/ + (=g31 + g32)03/ +
+(+00(g31) — 03(go1) + 202831 — g32801)fY + (—01(g31) — O3(g11) + g12g31 — gngu)ft +
+(—02(g31) — 03(g21) + g2g31 — gn2g21)f2 +
+(=0o(go1) + 01(g11) + 02(g21) — 03(g31) — o2go1 — €12811 — €22821 — gng31)f2 +
+(—01(g21) + 02(g11) + 212821 — g22811)f° + (—00(g21) — D2(go1) — go2g21 + g22801 )1 +
\ +(+00(g11) + 01(go1) + go2g11 — g12801)f2 /
[ (@B+R+3+R)f+ \
+(+g21 — 222)00f} + (=g11 + g12)00fF + (—g31 + 232)00/2 + (+g01 — g02)0of> +
+(+g21 — €22)01f1 + (—go1 +202)01f% + (+g31 — g32)01/1 + (=g + g12)01f2 +
+H(=g11 +g12)02f% + (+801 — g02)0aft + (+g31 — €32)0of> + (=g21 + £22)0of> +
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Proof:
Given theorem 1I.1;
Whenever gi = digin 3 Vij,h € {0,1,2,3} , Vke {1,2}
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([ @+aiet+a

+00([+0)hg11 — 84go1 IfL + [-05g31 + 8jga 1) +
+01([-57g01 — ;g1 —5;,821 —Shen i) +

+02([+0 821 — S5 IfL + [-0)g31 + Fga 1) +
+03([~03g11 + 04g31 fh + [=05g01 + Fpga1f") +

+(=0hg12 + 5j,g02)00ft + (+5 232 — 6;222)0f" +
+(+09g0 + 0} gi2 + 02g2 + 83g32)01 /1 +
+(=0}g2 + 03g12)0af% + (+5)g32 — 8)802)0of" +
+(=0} g3 +03212)03f1 + (=09g20 + 62202)03/" +
+([-070g12 — 810210}g01 + [+07802 — 54812 + 8ign + 81gn]dhg i + [-0182 — 87812184821 + [-54g3 —
\ +([+07g32 — 63822103801 + [-07g32 + 63802103821 + [+67822 — 67802103831 )"
[ @+ +3+ o)+
+00([+07.g31 — Shga1 It + [-0hgn + djgn ") +
+01([+0}g01 + 54811 + Fjg21 + Fhga ") +
+02([+5hg31 = Fhgor It + [-0)g21 + Figu ") +
+03([~0)g21 + S5got IfL + [-0)g3 + Fhgulft) +
+(=03g32 + 63€22)00f% + (+5)g12 — 8),802)0of” +
+(=0hg02 — 5jg12 — 03822 — 83832)01f" +
+(=0hg32 + 03802)0af% + (+5),822 — 87,€12)0of" +
+(+0)g2 — 03802)03f% + (+5)g32 — 8)€12)03f" +
+([+07g32 — 812104801 + [-07g32 + 5380218821 + [+57g22 — 87202]05g31)f% +

N\

[ (R+R++)+

+00([+0)g21 — S5go1 IfL + [+5)g31 — Shgulft) +
+01([~04g21 + S5gu IfL + [+5)g31 — Figa 1) +
+02([~0)go1 — 84811 — 84821 — Shga IfL) +
+03([+07g31 — 3821 )L + [-0)gu + 8jga 1f") +

+(=09g2n + 02202)00f1 + (=0,g32 + 83g12)00f" +

+[+0)g22 — 65212101f% + (=0)g32 + 5)€02)01f" +

+(+09g02 + 0} g2 + 02g2n + 83g32)0xf1 +

+(=03g32 + 03€22)03f% + (+5)g12 — 8),802)03f" +

+([~07g02 — 8782104801 + [-01g2 — 67g1218}g11 + [+57g02 + 81g12 — 5782 + 5383218821 + [-07g3 —
\ +([~04g32 + 83812103801 + [+67g32 — 83802104g11 + [-07g12 + 55802 ]104g31)f" +

[ (@B+32 401+ +
+00([~04g31 + Shgu1 IfL + [-0)g2 + Flga 1) +
+01([~0)hgs1 + Shgo1 IfL + [+5)g21 — 8gu ") +
+03([+0)hg11 — S4got IfL + [-05g31 + Fjga 1f") +
+02([+60g01 + 84g11 + 83ga1 + 83231 ") +
(+0}832 — 03812)00f% + (+8)€22 — 63802)Oof” +
+(87g32 — 87802)01fL + (85812 — 64,€22)01fL +
+(=0hg02 — 5jg12 — 03822 — 83€32)0af" +
+H(=00g12 + 8,02)03f% + (+05832 — 57€22)01/" +
+([~04g32 + 63812183801 + [+67g32 — 6780210%g 11 + [-67g12 + 51802 ]104gs1 )ft +

Y

[ @B+ +3+03)f +
+00([+0)g31 — G380t IfL + [-0)g21 + Fgulft) +
+01([~04g31 + Shgu Ift + [-0)g2 + Fga 1) +
+02([~07g31 + S3ga1 IfL + [+5)g11 — 8jga 1f") +
+03([~0)hgo1 — 84811 — O4g21 — hga IfL) +
+H(=07g32 + 03802)00f} + (+0,822 — 83€12)0of" +
+(+0,g32 — 03g12)01f% + (+5)g22 — 87,802) 011" +
+H(+07,832 — 03,22)0of1 + (+0)3812 — 8),802)0af" +
+(+09g02 + 0} gi2 + 02g2 + 83g32)03/1 +
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51g12164g3 )" +

\ +([-60g12 — 61802164801 + [+670802 — 81212 + 87822 + 61832164811 + [-01822 — 67212105821 + [-01g32 — 6312164831 )" /

5122 164g3 )" +

\ +([-60g22 — 6702164801 + [-01g2 — 6721216511 + [+07g0 + 64812 — 6782 + 61232104821 + [~07g32 — 63822164831/ /

J

J

\

A N




N\

N\

/

\
;

\
,

\
;

\
,

(0% + 03 +03 +07)f} +

+00(g11)f + g1100f2 — Oo(go1 )f} — g0100f} — Do(g31)f> — g3100f2 + Do(g21)f> + g2100f2 +
~01(go1)f? — g0101/2 = O1(gn)ft — gndift = 01(g21)f; — g2101/2 — 01(g31)f} — g3101/2 +
+02(g21)f} + g2102/1 = 02(g11)f5 — g1102f — 02(g31)f% — 3102/ + 02(g01)f> + g010af2 +
—03(g11)f3 — gu0f + 03(g31)ft + g3103/1 — 03(g01 )2 — 201032 + 03(g21)f° + g2103/° +
—21200/% + g0200fL + g3200f — g2200f° +

+20201f% + 2120111 + 222012 + 232013 +

—220,/1 + 1202/ + €32202/° — g020of° +

—g3203f% + 12033 — 2203/° + g0203f2 +

—g12g01f2 - gozgmﬂ +g02g11f2 - glzgllﬂ +g22g11ﬁ + g32g11ﬁ —gzzgzlﬂ - glzgzlﬁr —g32g31ﬂ - g12g31ﬁ +

+g32801/2 — g2801f° — 202821/ + gngaf® + 22831/ — gngf

(03 + 03 +03+07)f1 +

+00(g31)f% + g3100fF — 00(g21)f3 — g2100f — Do(g11)f2 — g1100f2 + Do(go1)f: + go100fL +
+01(go1)f? + 01012 + 01(gu)fL + gudifL + 01(g21)f> + g2101/2 + O1u(gs1)f + 231012 +
+02(g31)f% + 23102/2 — 02(201)f3 — 201025 — O2(gn1 )fL — g2102f1 + 02(g11)f + g1102/% +
~03(g21)fY — 821032 + 03(g01)f} + 80103/ — 03(g31)f1 — g3103/1 + 03(gn)f> + g1103f° +
—23200/% + 2200/ + g1200f° — g0200f1 +

~£0201/? — g1201f! — 222011 — 2320112 +

—2320,/% + g0202/3 + 22021 — g120o2f +

+22203/% — 20203/ + g32031 — g203f° +

+g32g01ﬁ - gzzgmﬁ —g32g21f2 + gozgzlﬁ +g22g31f2 - g02g31ﬁ +

—g12goif2 — g02goif + gugf2 — gugift + gngif + gnguft — gngufl — gugnft - gngafl - gngnf /

(03 +03+01+03)% +

+00(g21)f% + 22100f2 — 00(g01)f2 — 20100f> + Oo(g31 )fL + g3100f1 — Oo(g11)f2 — g110of> +
—01(g21)ft — g2101/1 + 01(g11)f5 + g101f% + 01(g31)f? + 31012 = 01(g01)f> — go101f2 +
~02(go1)fY — 20102/% = 02(g1)ft — g110aft — 02(g21)f% — g2102f% — 02(g31)f3 — €310/ +
+03(g31)f% + 231033 — 03(g21)f2 — £2103/3 — 03(g11 )f2 — g1103/° + 03(go1 /L + go1 03/ +
—22200f? + 20200/ — g3200/1 + 212002 +

+£2201f1 — 2120112 — 23201/2 + 80201 1> +

+20202f2 + 21202f1 + g2020,/3 + g320,/3 +

—23203f1 + 2003/ + 212032 — 202031 +

—gozgmﬁ - gzzgmf?r —gzzgnﬂ - glzgllﬁr +g02g21f2 + glngIler _g22g21ﬁ- + g32g21ﬁ —g32g31ﬁ - g22g31ﬁ +

—gngofl +gugof +gngif? - gngnf — gugnfl +5igngf

(03 + 03 + 01 +03)f2 +

~00(g31)ft — g3100f1 + 0o(g11)f3 + g1100f — 00(g21)f? — 2100f2 + Do(go1)f> + go100f% +
~01(g31)fY — g3101/2 + 01(go1)f} + g0101/ + 01(g21)f1 + g2101/1 — 01 (gn)f2 — g11d1f2 +
+02(g01)f2 + g0102/% + 02(g11)fL + g110of + 02(g21)f> + 210212 + 02(g31)f2 + 231022 +
+03(g1)fY + 811032 — 03(go1 )f} — 80103/} — 03(g31)f2 — 3103/ + 03(g21)f> + g2103/° +
+23200f} — 12003 + £2200/° — 20200/ +

+23201/? — 20201/} + 2120112 — 2220111 +

—20202f° — 12021 — 2220,/ — g0 +

—21203f2 + g0203/1 + 3203/ — 20032 +

—g32g01ﬂr + g12g01ﬁ +g32g11f2 - gozgnﬁ —g12g31f2 + g02g31ﬂ +

—g2g01f2 — 2028012 — gngfl — gugif2 + 2082/ + gugafl — gngunft + gngnf — gngaft — gnguf /

(03 +03+ 03 +03)f +

+00(g31)f? + g3100/% — B0(g01)f2 — 201003 — Bo(g21)f2 — g2100f2 + Bo(g11 )2 + g110f2 +
—01(g31)ft —g301ff +01(gn)f + gudifi — 01(g2 )f2 — g2101/° + 01(go1 )f2 + go101/2 +
—02(g31)fF — g3109f% + 02(221)f2 + 221023 + 02(g11)f° + 2110212 — B2(go1 )L — go1OofL +
—03(g01)f? — 20103/% — 03(g11)fL — g1103/L — 03(g21)f> — g2103/% — 03(g31)f3 — 231035 +
—g23200f2 + 20200f3 + €2200f1 — 1200/ +

+g3201f1 — 2120113 + 22012 — 202012 +

+83202f% — 20202f3 + 212022 — g020of1 +

+20203/2 + 21203f1 + 2220317 + g3203f3 +

J
\

J
\

—gozgmﬂ - g32g01f9r —g32g11ﬂ - glzgllﬁ —g32g21ﬁ - gzzgzlﬁ +g02g31f2 + g12g31ﬂ +g22g31ﬁ - g32g31ﬁ +

(IS | e A2 e 0 A 2 A 0 L LA
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N\

N\

[ @+3+3+Df+ )
+(+g11 — 212)00/2 + (=go1 + g02)0oft + (—g31 + €32)00/ + (+€21 — €22)00f> +

+(=go1 +£02)01f! + (—g11 +212)01f} + (=821 + £22)01/2 + (=g31 + g32)01f +

+H(+g21 — €22)0of% + (—g11 + g12)02f% + (=g31 + g32)0of + (+€01 — £02)0of> +

+(+g31 — €32)03/f% + (—g11 +212)03f2 + (+821 — £22)03/% + (=go1 + g02)03/f> +
+(+00(g11) — 01(go1) + goag11 — g12801 )fY +

+(=00(go1) — 01(g11) + 02(g21) + 03(g31) — g02Q01 — 12811 — €2821 — g32831)f+ +
+(=01(g21) — 02(g11) — 212821 + g02g11)f: + (—01(g31) — 03(g11) — g1ags1 + gngu)fi +
+(—02(g31) + 03(g21) + g22831 — g32821)f° + (—00(g31) — 03(go1) — go2g31 + g32801 )2 +
\ +(+00(g21) + 02(go1) + 202821 — g22801)f° /
[ @+3+3+)1+ )
+(+g31 — 232)00f% + (—g21 + 22)00f1 + (—g11 + g12)00f° + (+g01 — 02)0of* +

+(+go1 — £02)01/° + (+g11 — g12)01f1 + (+g21 — g22)01 /2 + (+g31 — g32) 01> +

+(+g31 — €32)02f% + (=go1 + 802)0af1 + (=g21 + 822)0of! + (+g11 — g12)0of? +

+(—g21 + 222)03/% + (+801 — g02)03f% + (—g31 + 232)03/1 + (+g11 — g12) 03/ +

+(+02(g31) — 03(g21) + 220831 — g32820)f% + (+00(g31) + 03(go1) — goags1 + g32801)f2 +
+(—00(g21) — 02(go1) + go2g21 — g22801)f3 +

+(=0o(g11) + 01(go1) + goag11 — g12801 )f2 +

+(+00(go1) + 01(g11) — 02(g21) — 03(g31) — g02Q01 — 12811 — €2821 — g3831)f* +

\ +(+01(g21) + 02(g11) — g12g21 + g22811)f + (+01u(g31) + O3(g11) — 12831 + g3g11)f° /

[ (@B+3+3+R)f+ \
+(+g21 — 222)00/% + (—=go1 + g02)0ofF + (+g31 — 32)00/2 + (g1 + g12)00f2 +
+(—g21 + 22)01fL + (+g11 — g12)01f3 + (+g31 — 232)01/° + (—go1 + g02)01f2 +
+(=go1 +g02)02f% + (=g11 + g12)0of% + (=821 + g22)0of% + (=g31 + g32)0of} +
+(+g31 — €32)03/f% + (—g21 +222)03f2 + (g1 +g12)0v/2 + (+go1 — g02) 031 +
+(+00(g21) — 02(go1) + 202821 — €22801)fY + (—01(g21) — D2(g11) + g12g21 — gL +
+(=00(go1) + 01(g11) — 02(g21) + 03(g31) — 02Q01 — 12811 — €2821 — 32831 )f2 +
+(—03(ga1) — 02(g31) + €382 — gng3)fs +
+(+01(g31) — 03(g11) — 212831 + g32811)f° + (+00(g31) + 03(go1) + go2g31 — g32801 )1 +
\ +(=0o(g11) — 01(go1) — go2g11 + g12801)f° /
[ @+ +0+R)+ \
+(—g31 + g32)00/% + (+g11 — g12)00f3 + (=g21 + €22)00f° + (+g01 — 02)00f* +
+(=g31 + £32)01f1 + (+go1 — 202)01f3 + (g1 +g12)01/2 + (+g21 — g22)01fL +
+(+go1 — €02)02f2 + (+g11 — g12)0of1 + (+821 — €22)0of” + (+€31 — €32)0of> +
+(+g11 — €12)03/% + (=go1 + g02) 03/} + (—g31 + €32)03f2 + (+g21 — €22)03f> +
+(=01(g31) + 03(g11) — 212831 + g32811)fY + (—00(g31) — 03(go1) + goags1 — g32801)f +
+(+00(g11) + 01(go1) — go2g11 + g12801)f3 +
+(=00(g21) + 02(go1) + 202821 — g22801)f° + (+01(g21) + 02(g11) + g12g21 — gL +
+(+00(go1) — 01(g11) + 02(g21) — 03(g31) — 02Q01 — 12811 — €2821 — g3831)f> +

\ +(+02(g31) + 03(g21) — g22831 + g32821)° /

[ (BR++8+05) + \
+(+g31 — 232)00/2 + (=go1 + g02)00f3 + (=821 + €22)00f2 + (+g11 — g12)0of2 +
+(—g31 + 232)01f1 + (+g11 — g12)01f3 + (—g21 + 222)01/° + (+go1 — g02)01f2 +
+(=g31 +£32)02f7 + (+821 — €22)02f1 + (+g11 + £12)0of + (=go1 — g02)Oof! +
+(=go1 + 802)03/% + (—g11 + 212)03/% + (=821 + g22)03f% + (—g31 + g32)03f3 +
+(+00(g31) — 03(go1) + 202831 — g32801)fY + (—01(g31) — 03(g11) + g12g31 — gngu)ft +
+(—02(g31) — 03(g21) + g2831 — gn2g21)f2 +
+(=0o(go1) + 01(g11) + 02(g21) — 03(g31) — o2go1 — €12811 — €22821 — gng31)f2 +
+(—01(g21) + 02(g11) + 212821 — g22811)f° + (—00(g21) — D2(go1) — go2g21 + g22801 )1 +
\ +(+00(g11) + 01(go1) + go2g11 — g12801)f2 /
[ (@B+R+3+R)f+ \
+(+g21 — 222)00f} + (=g11 + g12)00fF + (—g31 + 232)00/° + (+g01 — g02)0of> +
+(+g21 — €22)01f1 + (—go1 +202)01f% + (+g31 — g32)01/1 + (=g + g12)01f2 +
+H(=g11 +g12)02f% + (+801 — g02)0aft + (+g31 — €32)0of> + (=g21 + £22)0of> +
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Corollary I1.3 For differentiable functions f\,f,g},; Vi,j,h € {0,1,2,3} , Vke {1,2} :

Proof:

/

/

N\

N\

N\

Given theorem ILL;

Whenever gjy = 6,8 AND gp =gn ;Vij,h€{0,1,2,3} , Vke {l,2}
(03 +03+03+00)fL +
+(=00(go1) — 01(gn1) + 02(g21) + 03(ga1) — [ +gT + &3 +gh DL +
+H(+00(g11) = 01(g01) )Y + (=01(g21) — 02(g11))f3 + (=01(g31) — B3(gn))f: +
+H(=02(g31) + 03(g21) )f° + (=00(g31) — 03(go1) )fZ + (+00(g21) + D2(go1))f

(03 +03+035+07)fL +
+(+00(go1) + 01(g11) — 02(g21) — O3(gs1) — [gh +gh + g3 + g DL +

+(+02(g31) — 93(g21))f + (+00(g31) + 03(g01) )fF + (=0o(g21) — O2(g01))f} +
+(=00(g11) + 21(go))f° + (+01(g21) + D2(g11))f2 + (+01(g31) + d3(gn))f2

(03 + 03 + 03 + 03)f2 +

+(=0o(go1) + 01(g11) — 02(g21) + 03(ga1) — [ +gh + &3 + g D +
+H(+00(g21) — 02(g01) ) + (=01(g21) — 02(g11))f} + (=03(ga1) — O2(g31))f +
+H(+01(g31) — 03(g11) )2 + (+00(g31) + 03(go1) )L + (=00(g11) — D1(go1))f

+(=01(g31) + 03(g11))f) + (=00(gs1) — B3(go1) )f: + (+00(g11) + 01(g01))fT +
+(=00(g21) + 02(g01))f° + (+01(g21) + D2(g11) )L + (+02(g31) + 03(g2))f2 +

(83 + 0} + 33 + 03)f3 +

+(=00(go1) + 01(gn) + 02(g21) — O3(g1) — [g§y +gT1 + &5 + e +
+(+00(g31) — 03(g01) )Y + (=01(g31) — 03(g11))f} + (=02(g31) — B3(g21))f% +
+H(=01(g21) + 02(g11))f° + (=00(g21) — 02(go1) )L + (+00(g11) + D1(go1) )2

(03 +03+ 03 +03)f +
+(+00(go1) — 01(g11) — 02(g21) + O3(gs1) — [gh +gh + g3 + g ) +

+(+01(g21) — 92(g11))f) + (+00(g21) + B2(g0o1) )f: + (=0o(g11) — 01(g01) )fF +
+(=00(g31) + 03(g01))f° + (+01(g31) + 03 (g1) )L + (+02(g31) + 03(g21) )2 +

(03 + 03+ 01 +03)f2 +
(+00(g0o1) = 01(gu1) + 02(g21) — D3(gn1) — [gh1 + &1 + &5 + g 2 +

N N SN N SN N

[ (@ +3+2 4+ +

+(+00(go1) + 01(g11) + 02(g21) + 03(ga1) — [ +gT + &3 + g5 DL +
+(+00(g11) = 01(g01))ft + (+00(g21) — 02(go1))f3 + (+00(g31) — O3(go1))f +
\ +H(+02(g31) — 03(g20) )L + (=01 (g31) + 03(g11) )f2 + (+01(g21) — D2(g11))f° /

[ @ +a3+a3+a) + A
+(=00(go1) — 01(gn) — 02(g21) — O3(g31) — [gfy +&T1 + &5 + gL +
+H(=02(g31) + 03(g20))f} + (+01(g31) — 03(g11))f3 + (=01(ga1) + O2(gn))f} +

\ +H(=00(g11) + 01(g01) )L + (=00(g21) + 02(go1) )fZ + (=00(g31) + D3(g01))f2 /

Given theorem II.1;
Whenever gi, = gk AND gp =gn ;Vijhe {0,1,2,3} , Vke {1,2}

41

A N

A N

A N




\

O

N 7 N
R Y Y Y Y e

N\

[ @ +a3+a3 o+ A
+(=00(go1) — 01(gn) + 02(ga1) + 03(g31) — [g1 +gT1 + &5 + g5 DA +
+H(+00(g11) = 01(g01))fY + (=01 (g21) — D2(g11))f3 + (=01(g31) — D3(gn))f: +

\ +(=02(g31) + 03(g21) )f° + (=00(g31) — 03(go1) )f% + (+00(g21) + 02(go1))f /

[ @ +a3+a3 o+ A
+(+00(go1) + 01(g11) — D2(g21) — 03(g31) — [g1 +gTi + &5 + g5 DL +
+H(+02(g31) — 03(g21) ) + (+00(g31) + 03(go1) )f3 + (=00(ga1) — D2(go1))f} +
+H(=00(g11) + 01(g01) )f° + (+01(g21) + 02(g11))f% + (+01(g31) + D3(g11))f°

(03 + 03 + 07 +03)f2 +

+(=00(go1) + 01(g1) — D2(ga1) + 03(g31) — [go1 + &1 + 851 + &5 )f2 +
+(+00(g21) — 02(g01) )Y + (=01 (g21) — D2(g11) )f} + (=03(ga1) — D2(g31))f} +
+H+01(g31) = 03(g11) )2 + (+00(g31) + 03(go1) )L + (=0o(g11) — D1(go1))f

(03 + 03 + 01 +03)f2 +
(+00(go1) — 01(g11) + 02(g21) — 03(g31) — [y + g1 + g5 + g DA +

+(=01(g31) + 03(g11))fY + (—00(g31) — 03(go1) )f: + (+00(g11) + 01(g0))f3 +
+(=00(g21) + 92(g01))f° + (+01(g21) + O2(g11))fL + (+02(g31) + 03(g21))f2 +

(03 +03+03+03)f +

+(=00(go1) + 01(g1) + 02(g21) — 03(g31) — [g1 +&T1 + &5 + 51 DA +
+(+00(g31) — 03(g01) )Y + (=01 (g31) — 03(g1) )f} + (=02(gs1) — B3(g21))f +
+H(=01(g21) + 02(g11) )f° + (=00(g21) = 02(go1) )L + (+0o(g11) + D1(go1))f?

(03 +03+ 03 +03)f +
+(+00(go1) — 01(gn) — 02(g21) + 03(ga1) — [ + &1 + &5 + g D +

+(+01(g21) — D2(g11))f + (+00(g21) + 02(g01) )fE + (=0o(g11) — B1(g01) )3 +
+(=00(g31) + 03(g01))f° + (+01(g31) + B3 (g1) )L + (+02(g31) + 03(g21) )f% +

(03 + 03+ 03 +03)f2 +

+(+00(go1) + 01(gn) + 02(ga1) + 03(g31) — [g1 + &1 + &5 + g5 DL +
+(+00(g11) — 01(g01))ft + (+00(g21) — 02(go1) )f3 + (+00(g31) — D3(go1))f: +
+H(+02(g31) = 03(g20) )L + (=01(g31) + 03(g11))f2 + (+01(g21) — D2(g11))f°

(03 + 03+ 03 +03)f° +
+(=00(go1) — D1(gn) — 02(g21) — 03(ga1) — [ + &1 + &5 + g D +

+(=02(g31) + 03(g21))ft + (+01(g31) — B3 (g11) )} + (=01 (gn1) + O2(gn))f3 +
+(=00(g11) + 21(g01))fL + (=00(g21) + 92(g01))f2 + (=0o(gs1) + 03(ga1))f2

N N NN SN NN

Corollary I1.4 For differentiable functions f\,f’,g},; Vi,j,h € {0,1,2,3} , Vke {1,2} :

Given corollary I1.3;
Whenever gjl:hk = 5;1ng AND gj2 = gjl ;VZ,j,h € {0a1:2’3} ) Vk € {132}
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~ N7 N\ ~

N\

N\

\

Proof:

()

[ @+ +33+ o) +

_ : —Ig/13Xj 0* I&l% 2 Igﬂﬁx/' 0% ( —Ig/16Xj>
(Rl () o o () e

+(+00(g11) — 21(g01))fY + (=01(g21) — D2(g11) )} + (=01 (g31) — B3 (gn))f: +
\ +(=02(g31) + 93(g21))f° + (=00(g31) — 83(g01))f2 + (+00(g21) + D2(g01))f2

[ (R+R+3+) +

_21: eJ.gﬂ@X/ 0% (e_J.g/'laxj)+e_J.g(j+l)lax(j+l) 0% (ej.g(/ﬂ)lax(/ﬂ)) +
0 Ox; Oxny

+(+02(g31) — 03(g21))f + (+00(g31) + 83(g01) )f} + (=00(g21) — O2(g01))f3 +

+(=00(g11) + 21(g01))f° + (+01(g21) + D2(g11))f2 + (+01(gs1) + B3(gn))f°

(03 + 03 + 07 +03)f2 +

+(+00(g21) — 92(g01))fY + (=01(g21) — D2 (g1) )L + (=03(g21) — O2(g31))f3 +
+(+01(g31) — 93(g11))f° + (+00(g31) + 83(g01))f + (=0o(g11) — A1 (ga1))f2

(03 + 03 + 01 +03)f2 +

+(=01(g31) + 03(g11))f + (—00(g31) — 03(go1) )f: + (+00(g11) + 01(g0))f3 +
+(=00(g21) + 92(g01))f° + (+01(g21) + O2(g11))fL + (+02(g31) + 03(g21))f2 +

(03 +03+ 03 +03)f +

_21 I _o- + _o- +
-| g@moxy o2 Ig )10x3; Ig noxy 92 —Ig )10x2;
e (3)10X3) 82 (e (3/)103; e (2)10X2j 82 e (2)10X2j i

+(+00(g31) — 03(g01))fY + (=01(g31) — B3(g1) )t + (=02(g31) — B3(g21))f3 +
\ +(=01(g21) + 92(g11))f° + (=00(g21) — D2(go1))fL + (+00(g11) + A1(go1))f?

[ (@3+B+03+3)p +

21 I o o

gamdxy 2 —Ig3'15x3' —Ig2'15x2' 2 J.gz' Oxzj
_ |:e @10xy 82 (e o | 7] gamdy 82 o) 8@ 3 4
=0 ox3; Ox?;

+(+00(go1) — goagor — 01(g11) — g12g11 — 02(g21) — g22821 + 03(g31) — g32831)f° +
+(+01(g21) — D2(g11))f + (+00(g21) + D2(g01) )fE + (=0o(g11) — B1(g01) )} +
\ +(=00(g31) + 03(g01))f° + (+01(g31) + B3 (g1) )L + (+02(g31) + 03(g21) )f2 +

[ (P B+ +2) +

(1 ()]

+(+00(g11) — 21(g01))f} + (+00(g21) — 92(g01) )f} + (+00(g31) — B3(g01))f: +
\ +(+02(g31) — 93(g21))fL + (=01(g31) + 83(g1))f2 + (+01(g21) — A2(gn))f2

[ (P +B+0+ )+

(S £

+(=00(go1) — goagor — 01(g11) — g12g11 — 02(g21) — g22821 — 03(g31) — g32831 )% +
+(=02(g31) + 03(g21))ft + (+01(g31) — B3 (g11) )} + (=01 (gn1) + O2(gn))f} +
\ +(=00(g11) + 21(g01))fL + (=00(g21) + 92(g01))f2 + (=0o(gs1) + F3(ga1))f2

~yel || —(e_j W)/ ~ye b

(yejydx> Sty (ye—jw> S
= (ef”’*) ey ) s (e‘fy"*) =—(ye‘fyd*) - o)

= 0o(go1) — 01(g11) + 02(g21) + 03(g31) — [gh +gT + g5 +&31] =

f

= —0o(go1) — g61 — 01(g11) — gt + 02(g21) — g3, + 03(g31) — g3

43

—([0o(go1) + 611 + [01(gn) + g11]) + ([02(g21) — 511 + [03(g31) — g51])

J

21 J. o o

—| g2n0x; 52 J.g2'15x2' J.g 2j+1)10% 2711 2 —J.g 2j+1)10% 2711
(_ |:e 10 82 (e A N L) (23 P ELCAIECEY 2 4
=0 Ox; OX{oj1)

21; I o o

2j10x; 2 _J.gz.laxz. _J.g 111 OX (91 2 J.g 1y OX (i
(_ |:e j10%; 62 (e Ny | p7) B Ona (23’ o) 8@ GD 72+
=0 Ox%; OXgj11)

J

J

A N
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fi:

1o

|: J.gmaxo 0? ( J.gmaxo J.gu@xl 0? (ej.guaxl :|+
ox}3 ox3

gnoxy 2 —J.gzlaxz J.gma)f} 2 —J.g315x3

ox3 ox3

- _211 e_.[gnﬁxf 0% (e.[gnﬁxj) Ig0+1)16x0+1) 0? _<e_.[g(’*l)lax(’*”>
=0 o} O

= 0o(go1) + 01(g11) — 02(g21) — 03(g31) — [g§1 + &1 + 831 + 831 =
= 0o(go1) — g1 +01(g11) — g1 — 02(gn) — g3, — 03(g31) — &3
= ([0o(go1) — g8 ]+ [01(g11) —gh]) — ([02(g21) + g31] + [03(g31) + g31])
_ eJ.gmaxoa_z e—J.gm@Xo +ej.gnaxla_2 e—J.guam
ox3 ox3

_|:e—_[gzlaxoa_2 e_[gzlaxz +e—J.g115x16_2 eJ.guaxl :|
ox3 ox3

Z|: Igjlaxj 02 ( —Igj15X/> Igg+1)1axg+1) 0? (ejgg+1)1axg+1)>:|
J=0 ij 6x(1+1)

= —0o(go1) + 01(g11) — 02(g21) + 03(g31) — [g51 + &1 + 851 +&31) =

= —0o(go1) — g1 + 01(g11) — g1 — 02(g21) — g3, + 03(g31) — &3
—([6o(go) + g1+ [02(gar) + &3 ]) + ([01(gn) — gt ]+ [03(g31) — gh])
_ e—_[gmaxoa_z ej.gmaxo +e—jg215xza_2(ej.g215xz

2 2
ox§ ox3
gnox; 92 —J.guaxz J.gma)f} 2 —J.g315x3
Ox7 ox3
S| o Jemen @2 2
-| g2nox; 92 Ig2'16x2' Ig 2j+1)10X (241 2 —Ig 2j+1)10X (241
:_Z|:e j10%; 82 (e 2R B S R AT ? o] @@
j=0 aij Ox 2/+1)

= 0o(go1) — 01(gn) + 02(g21) — 03(g31) — [gh1 + &1 + 51 +&31] =
= ([Oo(go1) — g51] + [02(g21) — g31]) — ([51(g11)+g11 +[03(g31) +g51])

go1oxyg 2 —Ig01axo Igzlaxz 2 - g213x2
=— e-[ 6—2 e +e 8
axO
—| guoxo H2 Igllaxl —Ig313x3 2 Ig313x3
-1 e I 8—2 e +e 6—2 e
axl aX3

1
_ _Z|:efng15XJ6_2(e—jg2115Xzf> +e—fg<zf+1>15X<zf+1>a_2(ejg(zj+1)16x(zj+1)>:|
- 2 2

=y Ox; X o)

= —00(g0o1) + 01(g11) + 02(g21) — 03(g31) — [gf + g} + g3 + g31]

= —([0o(go1) + g61] + [03(g31) + g51]) + [01(g11) —gti] + [02(g21) — €3]
_ e—_[gmaxoa_z ej.gmaxo +e—J.g315x3a_2 eJ.g315x3 "
ox3 ox3
J.gu@xl 0? —J.gnaxl +ej.g215)626_2 e—J.gzﬁxz
ox? ox3

_ _Z|:e_J.g(3j)16x3/ 0? (efg<3f>15X3f> J.g(zj)laXZJ 0? ( —Ig(21)15x2;>:|
- 2

= 0o(go1) — 01(gn) — 92(g21) + 03(g31) — [g61 + &1 + 51 + &31 ]
= ([Oo(go1) — g61] + [03(g31) —g51]) — ([O1(gn) + g11] + [02(g21) + &51])

go1oxyg 2 —| g010x0 Ig315x3 2 —| g310x3
= — e-[ 6—2 e +e 8—2 e +
axO aX3
—| guox: H2 Igllaxl —Igzlaxz 2 Igzlaxz
Ao (o) e 2
axl 8x2
1
__Z ejg<3j)16xzj 0> (e_jg@j)laﬂj) Ig<2f>15x21 02 (e.[g(zj)laxzj>
- 2
j=0 aX3j aij

= 0o(go1) + 01(g11) + 02(g21) + 03(g31) — [gh + g1 + g5 + &31]
= [Oo(go1) — g611 + [01(g11) — g11 ] + [02(g21) — g31] + [03(g31) — g31]

- Z|: Janey o2 ( —fg,-lax,>:|

=0 x_]

= —00(g01) — 01(g11) — 02(g21) — O3(g31) — [gh + g} + g3 + g31]
—[0o(gor) + g8 ] — [01(g11) + gh ] — [02(g21) + g31] — [03(ga1) + &3]

: < —_[gﬂax/' 0 _[gjlaJ?f)
) %[e Ox} (e

Given theorem I1.1;
Whenever gi, = gk AND gp =gn ;Vijhe {0,1,2,3} , Vke {1,2}

So::

44



( 4 [ (R+R+3+) + 3\ A

- : _I @ndy 02 I &10% 3 ,[gfla)?f5_2 ‘I gy,
( Z(;|:e Ox} (e >:|+j§|:e ox? ¢ P

+(+00(g11) — 21(g01))fY + (=01(g21) — D2(g11) )} + (=01 (g31) — B3 (gn))f: +
\ +(=02(g31) + 93(g21))f° + (=00(g31) — 83(g01))f2 + (+00(g21) + D2(g01))f2

[ (R+R+3+) +

_21: eJ.gﬂ@X/ 0% (e_J.g/'laxj)+e_J.g(j+l)lax(j+l) 0% (ej.g(/ﬂ)lax(/ﬂ)) +
0 Ox; Oxny

+(+02(g31) — 03(g21))f + (+00(g31) + 83(g01) )f} + (=00(g21) — O2(g01))f3 +
+(=00(g11) + 21(g01))f° + (+01(g21) + D2(g11))f2 + (+01(gs1) + B3(gn))f° /

N\

~ N7 N\ ~

(03 + 03 + 07 +03)f2 + \

zl J. A N VN

-| g210x; P2 J.g2'15x2' J.g 2j+1)10X 241 2 —J.g 2j+1)10X 241
(_ |:€ 2j10%j 62 (e T ) L e (2A+D1OX2)+1) ? e (2A+D1OX2)+1) 24
J=0 Ox; OX (1)

+(+00(g21) — 92(g01))fY + (=01(g21) — D2 (g1) )L + (=03(g21) — O2(g31))f3 +
+(+01(g31) — 93(g11))f° + (+00(g31) + 83(g01))f + (=0o(g11) — A1 (ga1))f2

(03 + 03 + 01 +03)f2 +

21; I o o

210% 92 —J.gz'laxz _J.gZ' 10x (3 2 J.g +1)10X (2
(_ |:e j10%j 62 (e ZEC I B ECENE R (23’ A ECENECRY 2+
=0 Ox%; OXgj11)

+(=01(g31) + 03(g11))f + (—00(g31) — 03(go1) )f: + (+00(g11) + 01(g0))f3 +

\ +(=00(g21) + 92(g01))f° + (+01(g21) + O2(g11))fL + (+02(g31) + 03(g21))f2 + /
= J= / (03 +03+ 03 +03)f + \
_ ! —Ig(3/)1ax3/8_2( Ig(3j)lax3j> Ig(2/)15X2/8_2( _Ig(Zj)16x2j>
( Z(;|:e 8x§j e +e 8x%j e 3+
+(+00(g31) — 03(g01))fY + (=01(g31) — B3(g1) )t + (=02(g31) — B3(g21))f3 +
\ +(=01(g21) + 92(g11))f° + (=00(g21) — D2(go1))fL + (+00(g11) + A1(go1))f?
[ @3+ 3+ R+ + 3\
_ 1 Ig(3;)15x3ja_2( —Ig(aj)15x3j> —Ig(Zj)15x2j8_2( _[g<zf>15x2f
+(+00(go1) — goagor — 01(g11) — g12g11 — 02(g21) — g22821 + 03(g31) — g32831)f° +
+(+01(g21) — D2(g11))f + (+00(g21) + D2(g01) )fE + (=0o(g11) — B1(g01) )} +
\ \ +(=00(g31) + 03(g01))f° + (+01(g31) + B3 (g1) )L + (+02(g31) + 03(g21) )f2 + / /
4 [ (P B+ +2) + 3\
<_z3:[efgﬂaxfaa_22(e—fgn@x;> :|>f9r n
J=0 Xj
+(+00(g11) — 21(g01))f} + (+00(g21) — 92(g01) )f} + (+00(g31) — B3(g01))f: +
\ +(+02(g31) — 93(g21))fL + (=01(g31) + 83(g1))f2 + (+01(g21) — A2(gn))f2
[ @+3+3+)+ )
(g (o) e
Jj=0 Xj
+(=00(go1) — goagor — 01(g11) — g12g11 — 02(g21) — g22821 — 03(g31) — g32831 )% +
+(=02(g31) + 03(g21))ft + (+01(g31) — B3 (g11) )} + (=01 (gn1) + O2(gn))f} +
\ \ \ +(=00(g11) + 21(g01))fL + (=00(g21) + 92(g01))f2 + (=0o(gs1) + F3(ga1))f2 / / /
O

Corollary IL5 For differentiable functions f\,f,g},; Vi,j,h € {0,1,2,3} , Vke {1,2} :
Given corollary I1.3;
Whenever:
S = 0jgik AND gp =gy AND g areconstants ;Vij,h € {0,1,2,3} , Vke {1,2}
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[(05+ 05 +05+07) — (g6 + g1 + &1 + &)t
[(05+ 05 +05+07) — (g6 + g1 + &1 + &)L
[(05+ 05 +05+07) — (g6 + g1 + &1 + &) 3

[(05+ 05 +05+07) — (g6, + &1 + &1 + &) 12

[(05+ 05 +05+07) — (g6 +gh1 + &1 + &) A

[(05+ 05 +05+07) — (g6 +gh1 + &1 + &)1

[(05+ 05 +05+07) — (g6, + &1 + &1 +&3) 1Y
[(05+ 05 +05+07) — (g6, + &1 + &1 +&3)

U
Jh = [(05 + 03 + 05+ 01) — (g1 +&11 + &5 +g%1)]fh

—
I

Y Y Y2

NN NN NN N

U N N N

A A A

O

Definition I1.6: Givenaset 1;,j € N :

For differentiable functions f',f,f", g, J(x3,X2,x1,%0), P(x3,x2,X1,X0); Vi,j € {0,1,2,3} :

-Dpp  D3; -D3 —Dn -DY, -D5 D5 -Dy
-D55 =Dy DS —Doxn = _DI] DS -D
J"(x3,X2,%1,X0) = e 31 o ~Di D |,
z Dz ~Do -Dxn -D37 It _Dg1 —D3;
i i i i
P Dn ~Dn Dy _Dllll _Dgl _DI311 Do,

W*={J" | VheN:0<n<A}

then for a set {11,42,43,...,4«} andindexm € {N | m < k € N}:
Uua )% defines the design of the fundamental second order linear partial differential field wave equations of a universe.
J=1

Thus, a semigroup algebra vector space design that generates the generalized Covariant Helmholtzian oprator
factorization and generalized Maxwell-Cassano equations , as it’s suitably smooth finctions with the specifics of a

Uua )4, specifies a reality.

J=1
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