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Abstract

A test case aiming to validate the relativistic velocity composition rule on the basis of experimental data is
presented. The test exploits the phenomenon of the aberration of the light coming from celestial objects due
to the motion of the observer. In particular, it is based on the analysis of the results obtained by applying
the relativistic velocity composition rule to calculate the un-aberrated position of the celestial objects from a
series of repeated observations of the same object in the course of time.

I. INTRODUCTION

The proposed test case aims to investigate
the validity of the Relativistic velocity composi-
tion formula, that derives from the Lorentz
transformations, versus the Galilean vector
sum. The test is based on the analysis of the
phenomenon of stellar aberration, i.e. on the
observed variation of the apparent position of
the celestial objects as a function of the motion
of the observer and of its velocity, motion that
coincide with that of the Earth along its orbit
in the case of a terrestrial telescope.

Since the two formulas for the composition
of the velocity of the light with the velocity of
the observer are different, the calculated un-
aberrated position of the celestial object evalu-
ated by means of the relativistic rule is differ-
ent from that obtained with the classical vector
sum, and the amount of difference depends on
the value of the ratio of the speed of the ob-
server with respect to the speed of light. Being
the orbital velocity of the Earth about 10* times
smaller than c, such differences are very small
and their analysis therefore requires very ac-
curate measurements of the observed position
of the celestial objects in order to resolve the
differences between the two cases.

The method introduced in the present work
relies in particular on the analysis of the differ-
ences in the results derived from a series of ob-
servations of the same celestial object repeated
during the course of one or more years. The

criterion to reject one of the two solutions, and
the corresponding velocity composition rule,
is based on the detection of a specific twice-
per-revolution frequency signature into the re-
constructed position of the light source being
investigated. Being such specific frequency
signature associated to the kinematics of the
formula and to the motion of the observer, it
can be considered as an artifact due to the pro-
cessing method adopted and not as an actual
physical behaviour of the celestial object, thus
allowing to determine which of the two veloc-
ity addition formulas has to be discarded.

II. DESCRIPTION OF THE TEST CASE

Let us consider the light coming from a very
far celestial source, such that the correspond-
ing wavefront can be considered planar over
the entire area covered by the orbit of the Earth
around the Sun. For an observer at rest into
the center of mass of the Solar system the posi-
tion of this source is fully characterized by two
angles which can be expressed as the in-plane
azimuth angle and the out-of-plane elevation
angle with respect to the plane of the Earth’s
orbit (ecliptical plane).

Let V be the velocity vector describing the
motion of an observer that is moving into the
ecliptical plane. Let ¢ be the vector defining
the velocity of propagation of the light with
respect to the stationary frame, and let us con-



sider a moving reference frame having its x
axis aligned with the direction of the veloc-
ity vector V of the observer and the y axis
lying into the plane formed by the direction
of the incoming light and V. The resultant
vector ¢’ that defines the apparent position of
the light source for the moving observer, will
also lie into the xy plane according both to
the Galilean vector-sum rule and to the rela-
tivistic velocity-composition rule. However, the
observed variation of the angle of incidence,
i.e. the amount of aberration, is different in the
two cases. It can be calculated by applying the
two velocity composition rules and focusing
the analysis on the x and y components of the
vectors.

Let us define, in the stationary reference
frame of the Sun, the direction of the light
source by the angle 6 that the incoming light
vector makes with the direction of the veloc-
ity of the observer, see Figure[l| Let v by the
speed of the observer, which is assumed to
be directed along the positive direction of the
x axis of the observer’s reference frame, and
B = v/c be the ratio of the observer speed with
respect to the speed of light.

Let us indicate with ¢’ the aberrated direc-
tion of the source as seen by the moving ob-
server. The relationship between the angles 0
and ¢’, derived respectively from the classical
vector sum and from the relativistic velocity
composition rule, is given by the following two
exact trigonometric expressions:
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For very small values of the observer speed,
compared to the speed of light, the difference
between the two angles 6 and ¢’ is also very
small, therefore it is possible to determine the
solution of the above expressions by approx-
imating the sine function with its argument,

sin(0—0") ~(6—6’), thus giving:
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The two expressions (3) and (4) allow to cal-
culate the expected apparent position 6’ of the
light source for the moving observer when the
corresponding position 6 of the celestial object
into the stationary frame is known.

Conversely, in order to perform the calcula-
tion of the un-aberrated position of the source
starting from the one observed into the moving
frme, it is necessary to use the inverse relation-
ships between 6 and 6’ that are given by:

0c = 0' + Bsin(0') (5)
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When B <« 1 this last expression can be
rewritten as a power series of B truncated to
the term of second order, giving:
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The comparison of equations and (6)
shows that the reconstructed position of the
light source calculated using the relativistic for-
mula differs from the the one obtained from
the Galilean vector sum by a term which is
quadratic into 8. For a given value of v, the
amplitude of this term depends on the angle
between the incident light and the direction
of the velocity vector of the observer, being
maximum when [sin(260")| =1, therefore when
¢/ = m/4+kmn, and being null when the ob-
server velocity forms a right angle with respect
to the direction of the incident light and when
the source is aligned with the velocity of the
observer, i.e. for 8/ =0and 6’ = 77/2.



Figure 1: Orbiting observer with complanar light source

Let us now consider the case of an observer
moving around the Sun with constant angular
velocity () on a circular orbit having radius R,
and of a distant light source located into the
same plane of this orbit and stationary with
respect to the Sun, as shown in Figure I} The
vector of the observer velocity always lies into
the plane of the orbit, therefore in this case the
aberration of the incoming light produces, for
such a moving observer, an apparent motion
of the source which is also always lying into
the same plane of the orbit. For this orbiting
observer the stationary light source thus shows
an apparent oscillation of its position along an
horizontal line parallel to the plane of the orbit
and characterized by the same time period of
the orbit.

It is possible to identify four notable loca-
tions along the orbit which are significant be-
cause of their peculiar properties with respect
to the aberration of the source. In the two
positions labeled A and B the velocity of the
observer is parallel to the incident light, there-
fore when the moving observer is in these two
points of the orbit there is no aberration of the
incoming light and the observed position of
the star coincides with the one observed into
the stationary frame of the Sun. The position
of the celestial object observed in these two
points can therefore be taken as a reference po-
sition, since it requires no calculation in order

to remove the aberration term.

Conversely, when the moving observer is in
the two locations labeled C and D, its velocity
is orthogonal to the direction of the incident
light. In these two locations there is the max-
imum aberration of the apparent position of
the star. However, the value of the aberration
term is the same for both the classical and the
relativistic rule. Therefore, the calculation of
the un-aberrated position of the light source,
by means of equations (5) or () leads to the
same result for both the classical and the rel-
ativistic rule. In the particular case of a sta-
tionary source considered here, the position of
the source calculated by the moving observer
located in these two points results coincident
with the position observed at locations A, B.

For any other point of the orbit, the un-
aberrated position of the source calculated by
means of the classical rule will be different
from that obtained from the relativistic for-
mula, and the maximum difference between
the two results will occur when the moving
observer is at the midpoints between A,B and
CD, ie. at an azimuth angle along the or-
bit equal to ¢ = 7r/4+kmr/2. Assuming a sta-
tionary source, since the angle between the
direction of the incoming light and the veloc-
ity of the observer is § = (), one of the two
computed results will produce an harmonic
oscillation of the horizontal position of the ce-
lestial object, having amplitude equal to 32/4,
and with period equal to one half the period of
the observer’s orbit. Such peculiar behaviour,
characterized by a twice per revolution oscilla-
tion that constitutes its specific signature, rep-
resents an artifact of the resulting calculated
source position, artifact which is due to the
inconsistency of the analytical formula used
with respect to the actual rule followed by the
physical phenomenon.

Let us now consider the case of a terrestrial
observer and let’s approximate the Earth’s orbit
with a circle of radius R = 150x10° km, and
period T equal to one year. In this case the
orbital speed is constant and its value is v ~
30km /s, which gives f~ 10—4.

With these approximated values of the or-
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Figure 2: Comparison of the un-aberrated position of
the light source calculated by means of the
two different velocity composition rules for an
Earth based observer

bital parameters the two resulting curves of
the calculated horizontal position of the source,
deriving from the application of equations
or (6), are shown in Figure 2} In this figure,
also the artifacted solution calculated taking
into account the elliptical shape of the Earth’s
orbit is presented. Due to the low eccentricity
(e ~ 0.0167) of the actual orbit of our planet,
the deviations of these results from the refer-
ence case of a circular trajectory are very small,
as shown in the graph that has been calculated
considering a celestial object aligned with the
major axis of the ecliptic.

The values of the un-aberrated position of
the source corresponding to the four notable
orbital locations A,B and C,D are indicated
in the figure with the same markers used in
the previous figure. Both the correct and the
artifacted curves pass through points A and B,
since for these locations there is no aberration
at all and the value of the horizontal position
of the celestial object is given directly by the
observed position. Both curves also give the
same results for locations C and D where the
velocity of the observer is orthogonal to the
incoming light direction. EI

In the general case of a non stationary source, the
corresponding computed value of the horizontal position
of the object evaluated at C and D could differ from the

The above described artifact, characterized
by its twice per revolution frequency content,
must be present in either the classical or the
relativistic computed results, and has the same
specific signature characteristics for any ob-
served stationary source lying into the orbital
plane, with almost the same amplitude of os-
cillation and with the same frequency content,
independently from the specific celestial object
or the specific region of the electromagnetic
spectrum being observed.

When the celestial object being analyzed
does not lie into the orbital plane there will
be also an aberration contribution to the out-
of-plane position of the source. Considera-
tions similar to those discussed for an in-plane
source apply also to this more general case:
the vertical component of the reconstructed po-
sition of the source will contain a twice per
revolution spurious term in either the classical
or the relativistic results. The amplitude of the
artifacted vertical component is null when the
celestial object is located in the orbital plane,
it then increases with the out-of-plane eleva-
tion of the source, reaching a maximum for
an elevation angle of 77/4, for which the term
B%sin(26') is maximum. For elevations greater
than 7t/4 the amplitude of the vertical spurious
term will then decrease again and will become
zero for circumpolar objects, for which also the
in-plane component vanishes.

The presence of a twice per revolution fre-
quency term into the computed results of the
un-aberrated position of stationary celestial ob-
jects is therefore a general characteristics, a
specific signature, that allows to identify the
incorrect velocity composition rule between the
two that have been analyzed.

III. CoNCLUSIONS

A test case to discriminate between the
Galilean and the Relativistic velocity compo-
sition rules has been described. The test is
based on the analysis of the aberration of the
light coming from stationary celestial objects

one corresponding to the reference locations A and B.



as perceived by an orbiting observer, and on
the different results obtained by using the two
different velocity composition formulas to re-
move the aberration term from the observed
position of the various light sources of the sky.
In order to be applied to measured data, the
comparison requires that the observed position
of the sources is determined with high accu-
racy, since the differences that have to be inves-
tigated are of the order of milli-arcseconds, a
level of accuracy that should be achievable by
the most advanced large ground telescopes or
space based astrometric instruments like Gaia.

The outcome of the test could constitute a
further experimental evidence of the validity of
the Lorentz transformations and of the related
velocity composition rule applied to a moving
observer, thus showing the invariance of the
speed of light from the state of motion of the
observer. Conversely, should the outcome of
the test be in favour of the classical Galilean
velocity vector sum, this results could be con-
sidered as a supporting element to reconsider
physical theories alternative to Special Relativ-
ity or as a motivation to go beyond or modify
it.
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