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Abstract

In this paper, we use the previously proposed Z Transformations to obtain the general
solutions of many typical nonlinear partial differential equations, and use the general solutions
to get the exact solutions of some definite solution problems.
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1. Introduction

In the previous paper [1],
a1Ugq + a2Uy, + 3Ugy = O? (1)

we got the general solution of Eq. (1) in R3 is

—QagCy — ascCs —a9Cs — A3Cq
u=f (CL1 1 + cox2 + c3x3, EE— 1 + csxo + 06:):3> : (2)

According to (2), it is easy to find

—a2 — G —as +a
UZf(21:3331+:1:2+x3>,u:f<Zl?’xl—i—xg—a:g),...,

are general solutions of Eq. (1) too. For distinguish these general solutions, we propose Defini-
tion 1.

Definition 1. If the number of independent variables of an arbitrary function in the gen-
eral solution of a PDE is at most [, (I > 1), it is called the [-th type general solution of the
PDE.

According to Definition 1, it could be known that u = f (%1_‘13931 + a2+ :Cg) and u =

f (wml + coxo + 03:1:3> are the first type general solutions of Eq. (1) and Eq. (2) is the

al

second type general solution of Eq. (1).

2. General solutions of nonlinear PDEs and exact solutions of definite solution
problems

Next, we use Z Transformations to get general solutions of some typical nonlinear PDEs.
Theorem 1 is presented first.
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Theorem 1. In R3, if

€] (aluf + agui + aguz + agupuy + a5tz Uy + aﬁqut) + A (a7us + aguy + aguy) =0,  (3)

where a; are any known constants (1 <i <9), © =0 (t,z,y,u, U, ... Uy, ...), A =
A(t,z,y,u,us, ... Uy, . . .), the second type general solution of Eq. (3) is
u= f(v,w), (4)
v = kit 4+ kox + ksy + kq, (5)
w = kst + kex + k7y + ks, (6)

where f is an any first differentiable function, v,w are independent of each other, and the
constants ki, ko, k3, k5, k¢, k7 must satisfy

a1k} + ask3 + ask3 + askiks + askoks + agkiks = 0, (7)

alk‘g + an:g + a3/€$ + askske + askeks + agkskr = 0, (8)

2a1k1ks + 2a0kokg + 2askskt + ay (klkﬁ + k2k5) + as (k2k7 + k‘gkﬁ) + ag (k3k5 + k1k7) =0, (9)
arki + agks + agks = 0, (10)

arks + agke + agky = 0. (11)

Proof. According to Z; transformation, set u = f(v,w), v = kit + kox + ksy + k4, w =
kst + kex + k7y + kg. k1, ks, ..., ks are undetermined constants, so

© (a1uf 4 agul + azu + asustiy + asugty + astyuy) + A (a7u; + agug + aguy)
= Oay(kyfo + ks fu)® + Oas(kafo + ko fu)® + Oas(ks fo + kr fu)”

+0Oay (k1 fo + ks fuw) (ko fo + ke fuw) + Oas (ko fu + ke fu) (k3 fo + k7 fuw)

+Oag (k3 fo + k7 fw) (k1 fo + ks fu) + Aag (k1 fo + ks fuw) + Aag (k2 fo + ke fu)
+Aag (k3 fy + k7 fuw) = 0.

Namely

@fg (alkz% + QQk% + agk:% + aqk1ks + askoks + aﬁklk‘g)

+@f3) (alkg + agkg + a;;k% + aqkske + askegks + a6k5k7)

+O fo fw (2a1k1k5 + 2a9koke + 2askskr + aa (klk@‘ + k2k5) + as (k2k7 + kgk:@) + ag (k3k5 + k1k7))
+Afy (arky 4 agka + agks) + A fy, (a7ks + agke + agky) = 0.

Set
a1k} + asks + ask3 + askike + askoks + agkiks = 0,

ark3 + askg + ask? + askske + askekr + agkskr = 0,
2a1k1ks + 2askoke + 2askskr + ay (k1ke + koks) + as (kokr + kske) + ag (ksks + k1k7) = 0,
arki + agks + agks = 0,
avks + agke + agky = 0.
Therefore, the general solution of Eq. (3) is

u= f(v,w)



The theorem is proven. [
Next, we use Theorem 1 to study a definite solution problem.

Example 1. In R3, use Theorem 1 to get the exact solution of
(u;? + ui) (3u? + 3u§, + 3u§ — 10usuy + 6uzuy — 10uyut) - “12; (9ug + Bug + 3uy) =0,  (12)
in the condition of w(0,y, z) = g(z,y), ¢g is an random known first differentiable function.

Solution. According to Theorem 1, the general solution of (12) is

u(t,z,y) = f(t+kox+ (3—ka)y,t +kexr+ (3—ke)y). (13)
So
u(0,2,y) = f (k2w + (3 — k2) y, ker + (3 — k¢) y) = g (2, %) .
Set
kox + (3 —ka)y = B, kex + (3 — kg) y = 7. (14)
We obtain
x:ﬁ_i_k‘b’ﬁ*kﬂ_ ke 3 — kay
ks " 3kg —3ky  koke — K2
_ keB — kay
Y7 Bke — 3ky
Namely

w(0,z,y) = f (kex + (3 — k) ykex + (3 —k¢)y) = ¢ ( B, kB —kay — koS — ky Kol — k2’y> .

ko ' 3ke —3ky  koke — k2 3ke — 3ks

(15)
Set
t+kox+ (3 —ke)y=pB,t+kex+ (3 —ke)y =1.
We get
B kB —kyy  Kef—kyy t3x
ko = 3kg — 3ko kaﬁ—kg 3
k¢ —kay 43y
3ke —3ke 3
Then
t+3z t+3
wlto) = £ (04 Faz 4 (3= Ra) it + oo+ 3= k) =g (525 g

According to Example 1, we can directly get the exact solution of Eq. (12) in diversified
initial value conditions. If the initial value condition is u (0,z,y) = sin (2z + y) + e**~Y, the
exact solution is u = sin (t + 2z + y) + ! T4V,

According to Theorem 1, set ks = kg = kv = ks = 0, we can obtain Theorem 2.

Theorem 2. In R3, if

C) (aluf + agui + aguz + aquiuy + asugy + aﬁqut) + A (a7us + aguy + aguy) =0,



where a; are any known constants (1 <i<9), © =0 (t,2,y,u, U, . . . Utgy,-..), A =
A(t,z,y,u,u, ... Uy, - - .), the first type general solution of Eq. (3) is

u= f(v), (17)

where f is an arbitrary first differentiable function, v = kit + kox + ksy + k4, and the constants
k1, ko, ks must satisfy

alk% + agkg + CL3]€§ + agki1ko + askoks + agkiks = 0,

a7kt + agks + agks = 0.

The reason why we propose Theorem 2 is that there is no the second type general solution
of some forms of Eq. (3), such as examples 2 and 3.

Example 2. Prove that aluf + agu?ﬂ + aguz + aguguy + asuguy + aguyus + aruy = 0 does
not have the second type general solution similar to Theorem 1, a; are arbitrary known con-
stants (1 <@ <7), ay # 0.

Proof. If aluf + agug + quz + aqupug + asuzuy + aguyus + a7uy = 0 has a general solution in
the form of u = f(v,w), and

v = kit + kox + ksy + kg, w = kst + kex + kry + ks,

alk% + 02]{7% + CL3]{3§ + agki1ke + askoks + agkr1ks = 0,
a1k3 + agkj + aski + asksks + askekr + agksks =0,
2a1k1ks + 2a2koke + 2a3k3k7 + ay (k’lkﬁ + k2k5) + as (k2k7 + k‘gk’ﬁ) + ag (k‘gk’5 + k‘1]€7) =0,

CL7I€1 = 07
a7k5 = 0.
For a7 # 0, we get
k1 =ks =0.

So
agk% + agkg 4+ askoks = 0,

(Qk% + a3]€$ + askgkr = 0,
2a0kokg + 2a3ksk7 + as (k2k7 + k‘gkjﬁ) =0.

Since f is a random first differentiable function, we may set

ko = kg = 1.
Then
ag + agk3 + asks = 0,
as + agkg + asky; = 0,
2a9 4 2asksks + as (k7 + k3) = 0.
Set

—as + \/ag — 4aqas
k3 = s

2(13




—as — \/a?) — 4dasas
k7 = .

2a3

So
2

2a + 2azksk7 + as (k7 + k3) = 2a2 + 2a3 — % =0.
3

Namely
ag = 4asas.

We obtain k3 = k7, v, w are not independent of each other. That is, alu%+a2u§+a3u§+a4utuw+
asUgty+acuyus+aru; = 0 does not have a solution similar to the v = f(v, w) form of Theorem 1.

Example 3. Prove that alu? + CLQ'LL% + agufl + aqupty + asUzUy + agUyup + azuy — arty = 0
does not have the second type general solution similar to Theorem 1, a; are arbitrary known
constants (1 <¢<7),a7 #0.

Proof. If alu? + a2u§ + aguz + aguiuy + asuzuy + aguyus + arug — aru, = 0 has a general
solution in the form of u = f(v,w), and

v = kit + kox + ksy + kg, w = kst + k¢x + kry + ks,
a1k} + agk3 + ask3 + askiks + askoks + agkiks = 0,
a1k52, + agkg -+ CL3]€$ + aqkske + askekr + agkskr = 0,
2a1k1ks + 2a2koke + 2a3ksky + as (ki1ke + koks) + as (kok7 + kske) + ae (ksks + k1k7) =0,
k1 = ko,
ks = kg.
Since f is an random first differentiable function, we may set
ki=ky =ks=ks=1.
So
ark? + agks + azki + askiky + askoks + agk1ks = ask3 + (as + ag) k3 + a1 +az +aq =0,

alk?, + Cbgkg + agk% + aqkske + askekr + agkskr = agkg + (a5 + ag) k7 + a1 + ag + a4 = 0.

Set
—as — ag + \/((15 + (16)2 —4as (a1 + az + ay)
ks = 53 ;
by — —as5 — ag — \/(a5+a6)2 —4a3(a1+a2+a4)'
2a3
Then
2a1k1ks + 2azkoke + 2askskr + aq (kike + koks) + as (kek7 + kske) + ag (ksks + k1k7)
= 2a1 + 2a2 + 2asksky + 2a4 + a5 (k7 + k3) + ag (k3 + k7)
=4 (a1 +as +ay) — 7((152;6)2 =0.
Namely

dag (a1 + ag + aq) = (a5 + a6)2.



We obtain k3 = k7, v, w are not independent of each other. That is, aluf—i—agug—l—aguz—l—awtux—i—
asUg Uy + Ayt + a7uy — azu, = 0 does not have a solution similar to the u = f(v, w) form of
Theorem 1.

Next, we use Theorem 2 to study a definite solution problem.
Example 4. In R3, use Theorem 2 to get the exact solution of
(u? + umuy) (uf + ui — ug — Uty + Uglly — uyut) + (ui — utuz) (ug — ux)2 =0, (18)

in the condition of w (0,y,2) = > ¢;i (kix — Ky + Ai), @; are random known first differentiable

1
functions, x; and \; are arbitrary known constants.

Solution. According to Theorem 2, the general solution of (18) is

= f(kit + kox + ksy + k) ,

and
k2 4 k3 — k2 — kyko + koks — kyks = 0,
k1 = ko.
Then
k2 4 k3 — k2 — kyko + koks — kyks =k — k2 =0,
ks = +k;.
That is, the general solution of (18) is
w=f(kit + kax + kg +ka) =Y fi (krt + bz + by + ka,) (19)
Or
=f (klt + kix — ky + k4) = Zfl (k‘lit + ki —kyy + k4i) . (20)

Since the initial value condition is

u(0,z,y) = Zcpz RiT — Ky + i) -

So the corresponding general solution of (18) is (20), set
fi =i, k1, = ki kg, = N

Then the exact solution of the definite solution problem is

t x y ZSOZ Kit + K — Ky + )\z) (21)

According to Theorem 2, we can get Theorem 3.

Theorem 3. In R?, if

S (a,lut2 + agu? + agutuz) + A (aque + asuy) =0, (22)



where a; are known constants (1 <i <5), © = O (t,z,u, ut, ... Utg,--.),
A=A(t,x,u,ug, ... U, ...), the first type general solution of Eq. (22) is

—ask
u:f( ‘Z 2t+k2x+k3), (23)

where f is an random first differentiable function, ko and ks are arbitrary constants, and a;
must satisfy
alag + agai — agagas = 0. (24)

Prove. According to Theorem 2, the general solution of (22) is

u:f(k1t+k2l‘+k3),

k1, ko and kg satisfy
alk% + agk% + agkiks = 0,

ask1 + asks = 0.

So L
—a5K2

k;l = )

a4
2 2
2 2 as ;2 9 azask; 2 2
arky + agks + askiks = al—gk:Q + agk; — T = 0= aiaz + aza; — azaqsas = 0.
a 4
4

Therefore, the general solution of Eq. (22) is

—ask
u:f( Z‘Z 2t+k2x+k3),

and a; need satisfy
alag + agai — azagas = 0.

The theorem is proven. [

If the initial value condition of (22) is

u(0,2) =g ().
Set k3 =0, so
u(t,x)=f <_a5k2t+ kQ(E) =g <_a5t+x) .
a4 a4

That is, the exact solution of the definite solution problem is u (¢,z) = ¢ (;—‘ft + ZE)
Next we propose Theorem 4.
Theorem 4. In R3, if
@(alug + a2u§ + aguz + aqupuy + asuguy, + aguyut)n + Aarus + aguy + aguy)™ =0, (25)

where a; are any known constants (1 <i<9), © =0 (t,x,y,u, U, ... Utgy, - - .)
A=At z,y,u,u, .. Uy, ...),n > 1,m > 1, the second type general solution of Eq. (25) is

u = f(v,w),



v = kit 4+ kox + ksy + k4, w = kst + kgx + kry + ks,

where [ is a random first differentiable function, v,w are independent of each other, and the
constants ki, ko, k3, ks, k¢, k7 must satisfy

a1k} + agk3 + ask3 + askiks + askoks + agkiks = 0,

ark? + agk? + ask? + askske + askekr + agkskr = 0,
2a1kiks + 2agkoks + 2asksky + ay (k1ke + koks) + as (kokr + kske) + ag (ksks + kiky) = 0,
arky + agks 4+ agks = 0,
arks + agke + agky = 0.

Proof. Set

2 2 2
o = @(alut + aguy + azy, + aquuy + asugty + aguyut) ,
-1
A = Alaruy + aguy + aguy)™

Then

O(a1u? + agu? + agu? "4 A( )™

17U UL + A3Uy + A4Uily + A5UL Uy + AeUyUt)  + A(A7U + AUz + A9y
=0 (alutz + agu? + G3U12/ + aquity + asuzuy + a6uyut) + N (arus + aguy + aguy) = 0.

Obviously ©' = ©' (t,x,y, u, ut, . . . Utgy, - ..), N = N (t,x,y,u, ut, .. . Utgy, . . .), according to The-
orem 1, the general solution of the above equation is (4), so the theorem is proved. [J

Theorem 4 explains that the general solution of (25) is independent of ©, A, n and m,
namely, general solutions of these infinitely many nonlinear PDEs are the same. Theorems 2
and 3 have similar laws too, which we will not elaborate here.

Next we propose Theorem 5.

Theorem 5. In R3, if
© (alu? + agui + aguz + aguity + astguy + aﬁqut) + A (arus + aguy + aguy) = B, (26)

where a; are any known constants (1 <i <9), © = 0O (t,z,y,u, U, ... Ugy,...), A=A(t,z,y),
B = B(t,z,y), the second type general solution of Eq. (26) is

B(p,q,r)
/ A(p,q,r) dr

= .q) + , 27
u=rf (p q) ark7 + agks + agkg ( )
p = kit + kox + k3y, ¢ = kat + ks + key,r = k7t + ksx + Koy, (28)
where f is a random first differentiable function, and the constants ki, ks, ..., ko must satisfy
—kskskr + kaokekr + kskaks — ki1keks — kokako + k1kskg # 0, (29)
alk% + agkg + CL3]€§ + agkiko + askoks + agki1ks = 0, (30)
a1k? + ask? + azk? 4 asksks + askske + agksks = 0, (31)
alkg + a2k§ + a3]€52) + agkrks + askskg + agkrkg = 0, (32)
2a1k1ky + 2a0koks + 2askske + aq (k1k5 + k2k4) + as (kzke + k3k5) + ag (k3k4 + klkﬁ) =0, (33)
2a1kak7 + 2a0ksks + 2askekg + ag (k4k8 + k‘5/€7) + as (k5k‘9 + k6k8) + ag (k6k7 + k‘4k‘9) =0, (34)



2a1k1k7 + 2a2kaks + 2agkskg + ay (k1ks + kokr) + as (kako + ksks) + ag (ksk7 + ki1kg) = 0, (35)
ark1 + agks + agks = 0, (36)
arks + agks + agke = 0. (37)

Proof. By Z; transformation, set u = u(p, q,r),p = kit + kex + ksy, ¢ = kat + ksx + key,r =
k7t + ksx + koy. ki,ks, ..., ko are undetermined constants, p,q and r are independent of each
other, so

—k3ksky + kakekr + k3kaks — k1keks — kokakg + k1kskg # 0,

and

C] (alu? + agu? + aguz + aquity + asuzty + a6uyut) + A (a7us + agug + aguy)

= al@(k‘lup + k:4uq + k‘7u7~)2 + CLQ@(]{:QUP + k5uq + k‘g’UJT)Q

—i—ag@(k)gup + k6uq + kgur)Q + a4© (klup + k4uq -+ k7uT) (kgup + k5uq + kgur)

+a50 (k‘gup + k5uq + k‘gur) (k‘gup + k6uq + k‘gur)

+ag® (kgup + kﬁuq + kgur) (klup + k4uq + k’7u7«)

+A (a7 (klup + k4uq + k7u7~) + ag (kigup -+ k5uq + kigur) + ag (kgup + k?(juq + kgur))

=0 (alkr% + agk‘% + a3k§ + agki1ks + askoks + a6k1k3) uIQ,

+0O (a1kf + agk? + ask + asksks + asksks + agkake) ug

+0 (a1k? + agk? + ask? + askrks + asksky + askrko) u?

+0 (2a1k1ks + 2a2koks + 2askske + aq (kiks + kaka) + as (kake + ksks) + ag (kska + ki1ke))
Upllg

+0 (2a1kakr + 2a2ksks + 2azkeko + aa (kaks + kskr) + as (ksko + keks) + a6 (kek7 + kako))
Ugly

+0 (2a1k1k7 + 2a2koks + 2azksky + as (k1ks + kakr) + as (kako + k3ks) + ag (kskr + kiko))
Uyt

+A ((a7k1 + agks + agks) Up + (atky + agks + agks) Ug + (ark7 + agks + agkg) uy)

=B (p7 q, T) .

Set
alk% + agk% -+ agkg + ask1ks + a5k2k3 =+ a6k1k3 = 0,

ark? + aok? + ask} + askaks + askske + agkaks = 0,
ark? + aokd + askd + askrks + asksko + agkrkg = 0,
2a1k1ky + 2a9koks + 2azkske + ay (k1ks + kaky) + as (kake + ksks) + ag (kska + kikg) = 0,
2a1kak7 4 2a2ksks + 2azkekg + ayq (kaks + kskr) + as (ksko + keks) + ag (kek7 + kako) = 0,
2a1k1 k7 + 2a9koks + 2askskg + ag (ki1ks + kokv7) + a5 (kokg + kskg) + ag (ksk7 + ki1kg) = 0,
arky + agks 4+ agks = 0,
arky + agks + agke = 0.

We get
B(p.q;r)
arkr + agks + agkg) U, = —————=. 38
( shs + dgho) A(p,q,7) .
The general solution of (38) is
B(p,q,r)
Alp,a;r) dr

= ) + )
u=/ (p %) ark? + agks + agkg
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where f is a random first differentiable function, so the theorem is proved. [J
Similar to the proof method of Theorem 5, we can obtain Theorem 6.
Theorem 6. In R3, if

A (aluf + agu?D + agui + agupuy + asugty + (IGUyUt) + O (a7us + agug + aguy) = B, (39)

where a; are any known constants (1 <i <9), © = O (t,x,y,u, U, ... Uy, ...), A= A(t,z,y),
B = B(t,z,y), the second type general solution of Eq. (39) is

1

B(p,q,r) ’
u = ,q) + dr, 40
J(.q) /(Am%m@@+@%+%%+Mm@+%@@+%m@) (40)

p = kit + kox + k3y,q = kqt + ksx + kgy, v = k7t + ksx + kgy,
where f is a random first differentiable function, and the constants ki, ks, ..., ko must satisfy
—k3ksky + kakeky + k3kaks — k1keks — kokakg + k1kskg # 0,
a1k} + ask3 + ask3 + askiks + askoks + agkiks = 0,
a1k} + ask? + aski + askaks + askske + agkake = 0,
2a1k1ky + 2a2kaks + 2askske + aq (kiks + kaka) + a5 (koke + ksks) + ag (kska + k1ke) = 0,
2a1kykr + 2a2ksks + 2a3kekg + ay (ksks + kskr) + as (ksko + keks) + ae (kek7 + kakg) = 0,
2a1k1k7 + 2a0koks + 2askskg + ay (k1ks + kokr) + as (koko + ksks) + ag (ksk7 + k1kg) = 0,
a7k + agks + agks = 0,
arky + agks + agkg = 0,
arkr + agks + agkg = 0.

Next, we use Theorem 5 to study a definite solution problem.

Example 5. In R3, use Theorem 5 to obtain the exact solution of
u? (9u? + 4u? + ui — 12uwpuy — duguy, + 6uyut) +3up — 2uy +uy = 4etTY 4 162 T20T2Y - (4]1)

in the condition of u(0,y, z) = g(z,y), g is an any known first differentiable function.

Solution. By Theorem 5, the general solution of (41) is

w=f(t+kox + (2ko — 3) y,t + ksx + (2k5 — 3) ) + 2/ T*HY,

So
uw(0,2,y) = f (kax + (2k2 — 3) y, ksx + (2ks — 3) y) + 21 = g (x,v) .
Namely
[ (kax + (2kg — 3) y, ks + (2ks — 3) y) = g (z,y) — 2e"*V.
Set

kox + (2k2 —3)y = B, ksx + (2ks —3) y = 7.
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We obtain
_Ch=3)y+ 3-8 _ ksf—kyy
3 (k2 — ks) ’ 3 (ka2 — ks)
That is
f(k296+(2k2—3)y,k5$+(2k5—3)y() o
_((2ka—3)y+(3—2k5)B ksB—k {ra -t Fs)8
—g( 2 3()132—(k5) 5 ’3(552_;57)) — 9%  Bha-k3) .
Set
t+ kox + (2ka —3)y = B, t + ksx + (2ks — 3) y = 7.
Then
(2k2 =3)y+(3—2k5) B 2t
3 (ko — ks) 37
ksB —koy 1
Sk —ks) 3V
(k2 —=3)v+ (3 —ks)B
=t .
3(k2—k:5) +r+y
So

2t t
u(t,z,y) = f(t+kox + (2ke — 1)y, t + kez + (2ke — 1) y) + 27T = ¢ (3 +, g ~l—y> .
According to Example 5, we can directly obtain the exact solution of Eq. (41) in diversified
initial value conditions. If the initial value condition is u (0, z,y) = (& 4 ) +sin (z — y)+2e"1Y,
the exact solution is u = (t 4+ x + y)? + sin (L +z—y)+ 2ot
For
C) (aluf + agui + agutux) + A (aqus + asu,) = B, (42)
A (aluf + agui + agutux) + O (aqgu + asuy) = B, (43)
where a; are arbitrary known constants (1 <i <5), © = 0O (¢, z,u, ug, . .. Uy, ...), A= A(t,x),
B = B(t,z), and readers can try to get their general solutions by the method similar to Theorem

5.
Next we propose Theorem 7.

Theorem 7. In R3, if

2 2 2
© (alut + agu; + a3y, + aquug + asugzUy + aUyus + a7y + agully + aguuy)

+ A (alout + a11uy + arpuy + algu) = B,

where a; are arbitrary known constants (1 < i < 13), © = © (t,z,y,u, us, ... Utgy,...), A =
A(t,z,y), B= B(t,x,y), the second type general solution of Eq. (44) is

—ajgr [ e*10krFariks+aiokg 72@’(1’7”; d
U = ea1okrtaiikgtaiokg f (p7 q) + b,q,r , (45)
a0k + ai11ks + a2k

p = kit + kox + k3y,q = kst + ksx + key, r = krt + ks + Koy,

where f is a random first differentiable function, and the constants ki, ks, ..., kg must satisfy

—k3kskr + kaokekr + k3kaks — k1keks — kokakg + k1kskg # 0,
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alk% + a2]f% + a3/€§ + ask1ks + a5k2k‘3 + aﬁklk‘g = 0,
alkz + agkig + agkig + a4k:4k5 + a5k:5k6 + a6k4k6 =0,
a1k + agkg + askg + askrks + askskg + agkrky = 0,

2a1k1ka + 2a0kaks + 2azksk + ag (kiks + kaks) + as (koke + ksks) + ag (ksks + k1kg) = 0,
2a1kaky + 2a2ksks + 2askeko + ay (kaks + ksk7) + as (kskg + keks) + ag (kekr + kakg) = 0,
2a1k1k7 + 2a2kaks + 2azksky + aq (k1ks + kakr) + as (kako + ksks) + ag (ksk7 + kikg) = 0,
arky + agks + agks = 0,
arky + agks + agke = 0

arky + agks + agkyg = 0, (46)
aiok1 + ar1ke + ai2ks = 0, (47)
a1oks + ar1ks + ar2ke = 0. (48)

Proof. By Z; transformation, set u = u(p,q,r), p = kit + kox + k3y, q = kat + ksx + key,r =
k7t + ksx + koy. ki,ko,..., kg are undetermined constants, p,q and r are independent of each
other, so

—k3ksky + kaokeky + k3kaks — k1keks — kokakg + k1kskg # 0,

and

C) (alut2 + agu:% + a3u12/ + aquuy + asUzUy + agUys + aruur + agug + aguuy)

+A (alout + a11ug + a12Uy + algu)

= al@(k:lup + k4uq + k7ur)2 + a2®(k2up + k5uq + kgur)Q

+a3®(k3up + ]{IGUq + k‘guT)2 + a4© (k:lup + k4uq + k:7ur) (k‘zup + k5uq + k‘gur)

+a50 (kgup + k5uq + kgur) (kgup + k:guq + kgur)

+a60 (ksup + keug + kouy) (k1up + kaug + kruy)

+a70u (kiup + kaug + kru,) + agOu (kauy + ksug + kguy) + agOu (ksuy, + keug + kouy)

+A (a0 (krup + kaug + kruy) 4+ arn (kaup + ksug + ksuy) + a2 (ksuy + ksug + kou,) + a13u)
=0 (alk% + agk% + a3k§ + agk1ko + askoks + aﬁklkg) ug

+0O (a1k + aghk? + ask + asksks + asksks + agkake) ug

+0 (alk% + (ng:g + agkg + agkrks + askgkg + a6k7k9) u,%

+0O (2a1k1k4 + 2a9koks + 2askske + ag (k1k5 + k2k4) + as (kaG + k3k5) + ag (k3k4 + klkﬁ))
Upllg

+0 (2a1kskr + 2a2ksks + 2azkeky + ay (kaks + kskr) + a5 (ksko + keks) + ag (kek7 + kaky))
Ugly

+0 (2a1k1kr + 2a2kaks + 2a3ksky + ayg (k1ks + kak7) + a5 (koko + k3kg) + ag (ksk7 + k1ky))
Upy

+0 (arki + agka + agks) uuy, + © (arks + agks + agks) uug + O (arky + agks + agky) uu,
+A (a10k1 + a11ks + ai2ks) up + A (a10ks + ar1ks + aioke) uq + A (a10k7 + a11ks + a12kg) u,
+ai3Au = B (p,q,r).

Set
a1k? + agk? + ask? + agkiky + askoks + agkiks = 0,

alki + azk?, + a3kg + agkysks + askske + agkske = 0,
a1k$ + Gng + agkg + aqkrks + askgkg + agkrkg = 0,
2a1k1ky + 2a0koks + 2agkske + ay (k‘lk‘5 + k‘gk4) + as (k‘gkﬁ + k3k5) + ag (k‘gk‘4 + k‘1k‘6) =0,
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2a1kskr 4 2a2ksks + 2azkekg + ay (kaks + kskr) + as (ksko + keks) + ae (kekr + kakg) = 0,
2a1k1ky + 2a0koks + 2a3ksky + as (ki1ks + kok7) + as (kokg + ksks) + ae (kskr + k1kg) = 0,
ark1 + agks 4+ agks = 0,
arky + agks + agke = 0,
arkr + agks + agkg = 0,
aiok1 + ainks + a2k = 0,
aioks + a1nks + ar2ks = 0.

We get
B(p.g;r)

(a10k7 + ar1ks + ai2ko) ur + aj3u = ———.
" A(p,q,7)

The general solution of Eq. (49) is

a137‘
—ajgr fea10k7+a11ks+ﬂ12k9 ﬁ(gi’g’:gd
u = ek tarikgtarzky | f (p, q) + D

arokr + ar1ks + ai12ky

where f is a random first differentiable function, so the theorem is proved. [J
Similar to the proof method of Theorem 7, we can get Theorem 8.

Theorem 8. In R3, if

S (aluf + agui + aguz + aqutUy + a5Uz Uy + agUyUs + a7uUr + aguy + CLg’LL’LLy) (50)
+ A (arour + ar1ug + arpuy + a13u) =0,

where a; are arbitrary known constants (1 <i <13), © = O (t,2,y, u, Us, . . . Utgy, - - -),
A=At z,y,u,us, ... Ugy,...), the second type general solution of Eq. (50) is

—aj3r

u = e*okrrankstaks f (p, q) 51

p = kit + kox + k3y,q = kat + ksx + kgy, r = k7t + ksx + kgy,

where f is a random first differentiable function, and the constants k1, ks, ..., kg must satisfy
—k3ksky + kakeky + k3kaks — k1keks — kokakg + k1kskg # 0,

a1k? + ask} + azk3 + askiks + askoks + agkiks = 0,
a1k 4 aok? + azk? + asksks + askske + agkake = 0,
a1k? + askd + asks + askrks + asksko + agkrkg = 0,
2a1k1ky + 2akaks + 2a3kske + ay (k1ks + koks) + as (koke + ksks) + ae (k3ks + k1ks) = 0,
2a1kgky + 2a9ksks + 2askeko + ay (kaks + kskr) + as (kskg + keks) + ag (kekr + kaky) = 0,
2a1k1ky + 2a2kaks + 2asksko + ay (ki1ks + kak7) + as (kakg + ksks) + ag (ksk7 + kikg) = 0,
arky + agks + agks = 0,
arky + agks + agkeg = 0,
arkr + agks + agkg = 0,
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aiok1 + ar1ke + a12ks = 0,
aroks + a11ks + a12ke = 0.

Next, we use Theorem 8 to study a definite solution problem.

Example 6. In R*, use Theorem 8 to get the exact solution of
2u} + ul + uz + 3upug + 3wty + 2ugty + u (up + up + uy) + 2up +up +uy +u =0, (52)

in the condition of u(0,x,y) = g(x,y).

Solution. According to Theorem 8, the general solution of (52) is

(—c3 —ca)

_ —c1 — t t
U — eth <(C162) + 1z + coy, 5 + c3x + C4y> , (53)

2

or
u=e? f((—c1 —e)t+ 1z + oy, (—c3 — ca) t + 3 + cay) (54)

where ¢, c2, c3 and ¢4 are arbitrary constants. If the general solution is (53), so

u(oal‘ayaz) = U(O,x,y) = f(ClCC +62yvc3x + C4y) = g(fL‘,y) .

Set
ar+coy = B,c31 + cay = .
We obtain
_af—cy o ay—caf
ci1c4 — cacy’ ci1C4 — CoC3
Namely
c4fB —c2 c1y —c3f
f(clx+02y,03x+04y):g( fy, i )
C1C4 — C2C3 C1C4 — C2C3
>t (e — o) (ces—ea)
—c1 —c9)t —c3 —cy4)t
g bar oy = 6, g b er ey = .
Then 5 .
cuff —c
ab-ey b
C1C4 — C9C3 2
c1Y — C t
ay-—awb .,
ci1cq4 — C2C3 2

So the exact solution of the definite solution problem is

t t
u(t,w,y)=g<—2+w,—2+y)- (55)

If the general solution is (54), In a similar way, we can obtain

Namely, if the general solution of a PDE is not unique, the exact solution of its definite solution
problem might not be unique either.
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Next we propose Theorem 9.

Theorem 9. In R?*, if

2 2 2 2
© (alut + aquj, + asuy, + aqu; + a5ty + AUty + a7Uily + AgUz Uy + AUz Uy + alouyuz)

+ A (allut + a12Uy + Cblguy + a14uz) = 0,

where a; are arbitrary known constants (1 <i < 14), © = 0O (t,2,y, 2, U, U, . . . Uggyz, - - -), o7
A=A(t,z,y,z,u, U, ... Ugyz, . . .), the third type general solution of Eq. (57) is

u=f(p,q,r), (58)

p = kit + kax + k3y + kyz, (59)

q = kst + kex + kry + kg2, (60)

r = kot + k1oz + k11y + k122, (61)

where f is a random first differentiable function; p,q and r are independent of each other, and
the constants ki, ko, ..., k1o must satisfy

a1k? + asks + azk? + ask? + askiks + agkiks + arkiks + agkaks 4 agkaky + aioksks = 0, (62)

alk% + a2k§ + a3k$ + a4k§ + askske + agkskr + arksks + agkekr + agkeks + ajok7ks = 0, (63)

arkg + ask?y+ asky; + askis + askokio + agkoki1 + arkokia + agkioki1 + agkiokia + aokiikiz = 0,

(64)

2a1k1 ks + 2a0kake + 2a3ksky + 2a4ksks + as (k1ke + kaoks) + ag (k1k7 + ksks) + a7 (k1ks + kaks)
+ ag (kok7 + kske) + ag (koks + kake) + a10 (ksks + kak7) =0,

65

2a1k1ko + 2agkak10 + 2askskin + 2askaki2 + as (k1kio + kako) + ag (k1k11 + kskg) E%;
+ a7 (ki1ki2 + kako) + ag (k2ki1 + k3kio) + ag (koki2 + kaki0) + a0 (k3ki2 + k4k11) =0,

2a1kskg + 2a2kek10 + 2askrki1 + 2a4kski2 + as (kskio + keko) + ag (kski1 + krko) (67)
+ a7 (kski2 + ksko) + as (kek11 + krk10) + ag (kek12 + kskio) + a1o (krk12 + kgki1) = 0,

airk1 + a12ks + aizks + a14ky = 0, (68)

a11ks + aioke + ai13kr + a14ks = 0, (69)

a1k + ai2kio + aizki1 + aiski2 = 0. (70)

Proof. By Z; transformation, set u = f(p,q,r), p = kit + kox + ksy + kaz,q = kst + kex +
kry + kgz, kot + kiox + k11y + k122; k1, ko, ..., k1o are undetermined constants, p,q and r are
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independent of each other, so

O (a1uf + agul + azul + agu? + asugtiy + AUty + ATUU; 4 8Ly + AUyt + A10UyU)
+A (a11up + a12ug + a13uy + ar4u;)

= ale(klfp + kaq + k9fr)2 + a2@(k32fp + kﬁfq + klOfr)Q + CLi’)@(kap + k7fq + kllfr)Q
+a4O(kafy + ks foy + kizfr)? + as0 (ki fp + ks fy + ko fr) (kafy + k6 fq + k1ofr)

+agO (klfp + k5fq + k9f7") (k3fp + k7fq + kllf?’)

—1—(17@ (klfp + k'qu + k9fr) (k4fp + ]{78fq + k'lZfr)

+ag® (k2fp + kﬁfq + kl()fr) (k?)fp + k?fq + kll.f?“)

+ag© (kafp + ke fq + k1ofr) (kafp + ks fq + k12fr)

+a100 (k3 fp + ko fq + kiofr) (kafp + ks fq + ki fr) + annA (k1 fp + ks fq + ko fr)

+aioA (kafp + ke fq + kiofr) + a13A (ks fp + kv fq + ki fr) + araA (kafp + ks fq + k12 fr)

= @fg (alk% + azk% + a3k§ + a4ki + askiko + agki1ks + arkiky + agkoks + agkaky + a10k3k4)
+@f§ (alkg + agkg + a;;k% + a4k§ + askske + agkskr + arksks + agkekr + agkeks + a10k7k8)
+Of2a1k3 + O fPaskdy + O fRask?, + O fRask?y + O fraskokio + O fraskok11 + © frarkoki2
+0 f2askioki1 + O fPagkioki2 + O fraioki1ki2 + 20O fp faarkiks + 20 f,, feazkake
+2@fpfqa3k:3k7 + 2@fpfqa4k4k8 + @fpfqa5 (klkﬁ + k2k5) + @fpfqaﬁ (k1k7 + k3k5)

+@fpfqa7 (k‘lkg + ki4k5) + @fpfqag (k‘gkﬁ + ]{33]{76) + @fpfqag (k‘gk’g + k?4k6)

+0 fp fqar0 (ksks + kak7) + 20 fp, fraikikg + 20 fp, fragkakio + 20 fp fraskskin + 2O f, fraskakio
+0 fpfras (kikio + kakg) + O fy frae (kiki1 + kskg) + © fy fraz (kikio + kakg)

+0O fp frag (kaki1 + kskio) + © fp frag (k2ki2 + kakio) + O fp fraio (kskia + kaki1)
+20 f, fra1kskg + 20 f, fraskekio + 20 f, frazkrkir + 20 f, fraskskia + © fq fras (kskio + keko)
+0 fq frac (kski1 + krko) + © fo fra7 (kskiz + ksko) + O f, fras (kki1 + k7k1o)

+0 fy frag (keki2 + kskio) + O fo fraio (krki2 + kski1) + A fy (a11kr + a12ks + a13k3 + aisky)
+Afy (a11ks + ar2ke + a3k + aiakg) + Afy (a11ky + ai2kio + a13ki1 + aaki2) = 0.

Set
alk% + G/Qk% + a3/€§ + a4ki + aski1ko + agki1ks + arki1ky + agkoks + agkoky + aioksks = 0,

alkgz, + GQk(% + a3]€$ + a4k§ + askske + agkskr + arksks + agkekr + agkgks + a1okrks = 0,

ark3 + agk?y + ask?y + ask?s + askokio + askok11 + arkokia + agkiok11 + aokiokia
+aipk11k12 = 0,

2a1k1ks + 2askoke + 2askskr + 2a4kaks + as (ki1ke + k2k5) + ag (k1k7 + ksks)
“+ar (klkg + k4]{:5) + ag (k2k7 + kgk@) + ag (kgkg + k4k6) + aqog (kgk?g + k4k7) =0,

2a1k1kg + 2a0kok1o + 2askski1 + 2a4kakio + as (klkl() + kgkg) + ag (klkll + k?gkg)
+ar (ki1k12 + kakg) + ag (kok11 + kskio) + ag (k2ki2 + kakio) + a10 (kski2 + kak11) = 0,

2a1ksky + 2a2keki10 + 2azkrki1 + 2a4kgki2 + as (kskio + keko) + as (kski1 + krkg)
+a7 (kski2 + ksko) + ag (kek11 + krkio) + ag (keki2 + kskio) + aio (krki2 + kgki1) =0,

a1k + ai2ke + a13k3 + araks = 0,
ai1ks + aizke + a13k7 + araks = 0,

a11kg + ar2kio + a1zki1 + araki2 = 0.
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Therefore, the general solution of Eq. (57) is

u= f(p,q,7)

The theorem is proven. [J
In R?, if

© (a1uf + agui + asu;, + agu? + asugtiy + Aty + a7UAL + AUy + GgUatz + A10UyU )
+ A (allut + a12uy + 13Uy + agu, + u) = B7
(71)
A (a1uf + asu? + asuz + agu? + asuty + agUy + AT, + AglyUy + aglytl, + 10Uy )
+ 0O (anut + a12uz + a13uy + a14u; + u) =B,
(72)
where a; are any known constants (1 < i < 14), © = O (t,2,y, 2, U, U, . . - Ugayz,--.); A =
Al(t,x,y,z), B= B(t,z,y,z), set

T = kit + kox 4 ksy + kaz, (73)
X = kst + kgx + kry + kgz, (74)
Y = kot + kipx + k11y + k122, (75)
Z = ki3t + kuax + ki5y + k162, (76)
9(X.Y,Z,T)
——= 0. 77
Dyt )

Similar to the calculation of Theorem 5, the general solutions of (71,72) can be get, and readers
could try it by themselves.

Next, we use Theorem 9 to study a definite solution problem.
Example 7. In R*, use Theorem 9 to get the exact solution of
(th + ui — 22Uy + Uty + Uy — Uplly — uxuz)2 + (ug — ux)3 =0, (78)
in the condition of u(0,x,y, z) = g(z,y, 2).
Solution. According to Theorem 9, the general solution of (78) is
u(x,y,2) = f(t+x+ksy+ kaz, t +x + kry + kgz, t + . + kny + k122) , (79)
where k3, k4, k7, ks, k11 and k1o are random constants, so

w(0,2,y,2) = f(z+ ksy + kaz,x + kry + kgz, x + kny + ki2z) = g (x,y, 2) .

Set
T+ ksy+kyz = a,x + kry + ksz = 8,1+ k11y + k1oz = 7.
We obtain
o —Ykakr + vksks + Bkakin — akski — Bkskia + akrkio (80)
kaky — ksks — kaki1 + kski1 + kski2 — krki2 ’
_ —Bky + vka + aks — vks — akia + Bkio
y = (81)

kakr — ksks — kak11 + kski1 + kskio — krkio’
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—Bks + vks + aky — vkr — aki1 + Bk

z=— . 82
—kykr + k3ks + kak11 — kgk11 — k3ki2 + k7ki2 (82)
Namely
u(0,2,y,2) = f(x + ksy + kaz, x + kry + ksz, x + k11y + k122)
_  —Ykakr+.. . tokrkis  —Bka+.. 4Bk —Bk3+.. 4Bk
=9 ( kikr—.—krkiz 0 kakr—..—krki2’ —k4k7+...+k7k12>
Set
t+x+ksy+kiz=a,t+x+kry+ksz=0,t+x+ kiiy+ kioz = 1.
Then

_ —kak7 + yksks + Bkakiy — akgkyiy — Bkskiz 4+ akrkyg
kaky — kskg — kaki1 + kski1 + kski2 — krki2
 —Bky+ ks + aks — yks — akip 4+ Bk

kaky — ksks — kak11 + kski1 + kskio — krkiz v
_ —PBks+ ks + ks — vk —akn + Bk
—kak7 + ksks + kaki1 — ksk11 — kskia + krkia

So the exact solution of the definite solution problem is

=t+ux,

u(t7 x? y? Z) = g<t + 1.7 y7 Z)

According to Example 7, if the initial value condition is u (0, z,y, 2 (x+2y+ 2)3 +

3

cos (z + y + 2z)+tan (2x — y — z), the exact solutionisu = (t + = + 2y + z) +cos (t + = + y + 22)+

tan (2t 4+ 2z — y — 2).
Theorem 10 is presented below.

Theorem 10. In R3, if
2 2 2 2 2 2
aluf + agui + aguz + aguiug + asuguy + aguzus + aruguy + aguyug + aguyug = 0, (83)

where a; are arbitrary known constants (1 <1i <9), the second type general solution of Eq. (83)
18

u= f(v,w)
v = kit 4+ kox + ksy + kg, w = kst + kex + kry + ks,

where f is a random first differentiable function, v,w are independent of each other, and the
constants ki, ko, ks, ks, ke, kv must satisfy

alk% + agkg’ + a3k§ + a4k%k2 + a5k%k3 + aﬁklk% + a7k§k3 + agklkg + agkzk}g, =0, (84)

a1k3 + ask§ + ask? + askike + askikr + ackskg + arkgks + asksk? + agkek? =0, (85)
3a1kiks + 3askske + 3askiks + as (kike + 2kikoks) + as (kikr + 2kiksks)

+ ag (k3ks + 2ki1koke) + a7 (k3kr + 2kokske) + as (k3ks + 2k1kskr) + ag (kek? + 2koksks) = 0,
(86)
3a1kik3 + 3ackokg + 3asksk? + ay (kak? + 2kikske) + as (ksk? + 2k1kskr)

+ ag (k1k§ + 2kokske) + ar (kskg + 2kakekr) + as (k1k? + 2kskskr + ag (k3ke + 2kskekr)) = 0.
(87)
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Proof. By Z; transformation, set u = f(v,w), v = kit +kex +ksy+kq, w = kst +kex + kry+ks.
k1, ko, ..., ks are undetermined constants, v, w are independent of each other, so

alu? + agui + a3u3 + a4ufux + a5ufuy + aﬁugut + aw%uy + agugut + aguiux

= a1(k1fo + ks fw)’ + az(kafo + ke fu)® + az(ks fo + k7 fu)®

+ag(kfo + ks fu)” (ko fo + Ko fu) + as(k1fo + ks fu)” (ks fo + k7 fu)

+ag(kafo + k6 fu)” (kfy + ks fu) + ar(kafo + ke fu)® (kafo + 7 fu)

+ag(ks fu + ki fu)” (kL fo + ks fu) + ag (ks fo + Kz fu)? (ko fo + K6 fuo)

= (alk‘:f + CLQ]{;% + agkﬁg’ + a4k:%k2 + a5k%k3 + aﬁklk% + a7k§k3 + agklkg + agkgki?z)) fg
+ (alkg + agkg’ + a;;k:? + CL4/€52)/{76 + a5k§k7 + a6k5k§ + a7kgk7 + a8k5k$ + agkﬁkg) fg)
+3 /2 fwarkiks + 313 fuwaskiks + 3f7 fuask3ks + 2 fuwaa (kike + 2k1kaks)

+f2 fwas (kikr + 2kiksks) + f3 fwae (k3ks + 2kikoke) + f2 fwar (k3kr + 2kakske)

+ 2 fwas (k3ks + 2k1kskr) + f2 fwag (kok? + 2kaokskr) + 3 fu faarkik2 + 3 f, fAazkakd
+3fofeasksk? + fofaas (kok? + 2kikske) + fofaas (ksk2 + 2kikskz)

+ foflas (k1k§ + 2kokske) + fof2ar (kskg + 2kakekr)

+fofoas (kikZ + 2kskskr + fof2ag (K3ke f2 fuw + 2kskekr)) = 0.

Set
alk‘;’ + agkg + a3k§ + a4k%k2 + a5k%k¢3 + a6k1]€§ + a7k§k¢3 + agklkg + a9k2k§ =0,

alkg’ + agk'g + a3k§ + (Z4]€§k’6 + a5kg/€7 + a6k5k(25 + a7k(25/~67 + a8k5k$ + agk‘ﬁkg =0,

3@1%%]{5 + 30,2]6‘%]%‘ + 3a3k§k7 + a4 (k%kﬁ + 2k1k‘2k5) + as (k%]ﬁ + 2]€1k‘3]€5)
“+ag (k:%k‘g, + 2]61]{22]{36) + ay (k%kﬁ + 2k2k¢3k6) + ag (k§k5 + 2k1k3k57) + ag (kgk:% + 2k2k3k7) =0,

3&1]{21]?52, + 3a2k2k§ + 30,3]?3]{3% + a4 (ka% + 2k1k5k6) + as (kgkg -+ 2]€1k5k7)
“+ag (kﬁlk’% + 2k2k5k6) + ay (kjgk% + 2k2k6k7) + ag (klk‘% + 2ksksk7 + ag (k/‘%k@ + 2k3k6k7)) =0.
Therefore, the general solution of Eq. (83) is
u= f(v,w).

The theorem is proven. [
Next, we use Theorem 10 to study a definite solution problem.

Example 8. In R3, use Theorem 10 to get the exact solution of
ud + ui +udug + utuy — uZug 4+ uiuy + uZut + uium =0, (88)
in the condition of u(t,0,y) = g(¢,y).

Solution. According to Theorem 10, the general solution of (88) is
u=flt+z—yt-—z+y). (89)

So
u(t,0,y) = f(t —y, t +y) = g(t,y).
Set
t—y=0t+y=nr.
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We obtain
P e A e
2 2
Namely
B+y =B+~
U(t,O,y)=f(t—y,t+y)=g<2, 5 :
Set
t+x—y=0,t—x+y=r.
We get
B—I—'y_t—i—:r—y—i—t—:r—l—y_t
2 2 -
— —t—x4y+t—
Bt _ r+y+ x+y:_m+y'
2 2
Then

3. Discussion and summary

In this paper, we have proved that Z Transformations are important methods to get general
solutions of nonlinear PDEs through specific cases, and it is also a efficient method to get exact
solutions of definite solution problems by using general solutions. In practical applications, we
find that the general solutions of nonlinear PDEs are sometimes not unique, and the exact solu-
tions of the corresponding definite solution problems may not be unique. In subsequent papers,
we will continue to research more kinds of non-linear PDEs by Z Transformations.
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