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Abstract
In this paper, we use the previously proposed Z Transformations to obtain the general

solutions of many typical nonlinear partial differential equations, and use the general solutions
to get the exact solutions of some definite solution problems.
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1. Introduction

In the previous paper [1],
a1ux1 + a2ux2 + a3ux3 = 0, (1)

we got the general solution of Eq. (1) in R3 is

u = f

(
−a2c2 − a3c3

a1
x1 + c2x2 + c3x3,

−a2c5 − a3c6
a1

x1 + c5x2 + c6x3

)
. (2)

According to (2), it is easy to find

u = f

(
−a2 − a3

a1
x1 + x2 + x3

)
, u = f

(
−a2 + a3

a1
x1 + x2 − x3

)
, . . . ,

are general solutions of Eq. (1) too. For distinguish these general solutions, we propose Defini-
tion 1.

Definition 1. If the number of independent variables of an arbitrary function in the gen-
eral solution of a PDE is at most l, (l ≥ 1), it is called the l-th type general solution of the
PDE.

According to Definition 1, it could be known that u = f
(
−a2−a3
a1

x1 + x2 + x3

)
and u =

f
(
−a2c2−a3c3

a1
x1 + c2x2 + c3x3

)
are the first type general solutions of Eq. (1) and Eq. (2) is the

second type general solution of Eq. (1).

2. General solutions of nonlinear PDEs and exact solutions of definite solution
problems

Next, we use Z Transformations to get general solutions of some typical nonlinear PDEs.
Theorem 1 is presented first.
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Theorem 1. In R3, if

Θ
(
a1u

2
t + a2u

2
x + a3u

2
y + a4utux + a5uxuy + a6uyut

)
+ Λ (a7ut + a8ux + a9uy) = 0, (3)

where ai are any known constants (1 ≤ i ≤ 9), Θ = Θ (t, x, y, u, ut, . . . utxy, . . .), Λ =
Λ (t, x, y, u, ut, . . . utxy, . . .), the second type general solution of Eq. (3) is

u = f(v, w), (4)

v = k1t+ k2x+ k3y + k4, (5)

w = k5t+ k6x+ k7y + k8, (6)

where f is an any first differentiable function, v, w are independent of each other, and the
constants k1, k2, k3, k5, k6, k7 must satisfy

a1k
2
1 + a2k

2
2 + a3k

2
3 + a4k1k2 + a5k2k3 + a6k1k3 = 0, (7)

a1k
2
5 + a2k

2
6 + a3k

2
7 + a4k5k6 + a5k6k7 + a6k5k7 = 0, (8)

2a1k1k5 + 2a2k2k6 + 2a3k3k7 + a4 (k1k6 + k2k5) + a5 (k2k7 + k3k6) + a6 (k3k5 + k1k7) = 0, (9)

a7k1 + a8k2 + a9k3 = 0, (10)

a7k5 + a8k6 + a9k7 = 0. (11)

Proof. According to Z1 transformation, set u = f(v, w), v = k1t + k2x + k3y + k4, w =
k5t+ k6x+ k7y + k8. k1, k2, . . . , k8 are undetermined constants, so

Θ
(
a1u

2
t + a2u

2
x + a3u

2
y + a4utux + a5uxuy + a6uyut

)
+ Λ (a7ut + a8ux + a9uy)

= Θa1(k1fv + k5fw)2 + Θa2(k2fv + k6fw)2 + Θa3(k3fv + k7fw)2

+Θa4 (k1fv + k5fw) (k2fv + k6fw) + Θa5 (k2fv + k6fw) (k3fv + k7fw)
+Θa6 (k3fv + k7fw) (k1fv + k5fw) + Λa7 (k1fv + k5fw) + Λa8 (k2fv + k6fw)
+Λa9 (k3fv + k7fw) = 0.

Namely

Θf2v
(
a1k

2
1 + a2k

2
2 + a3k

2
3 + a4k1k2 + a5k2k3 + a6k1k3

)
+Θf2w

(
a1k

2
5 + a2k

2
6 + a3k

2
7 + a4k5k6 + a5k6k7 + a6k5k7

)
+Θfvfw (2a1k1k5 + 2a2k2k6 + 2a3k3k7 + a4 (k1k6 + k2k5) + a5 (k2k7 + k3k6) + a6 (k3k5 + k1k7))
+Λfv (a7k1 + a8k2 + a9k3) + Λfw (a7k5 + a8k6 + a9k7) = 0.

Set
a1k

2
1 + a2k

2
2 + a3k

2
3 + a4k1k2 + a5k2k3 + a6k1k3 = 0,

a1k
2
5 + a2k

2
6 + a3k

2
7 + a4k5k6 + a5k6k7 + a6k5k7 = 0,

2a1k1k5 + 2a2k2k6 + 2a3k3k7 + a4 (k1k6 + k2k5) + a5 (k2k7 + k3k6) + a6 (k3k5 + k1k7) = 0,

a7k1 + a8k2 + a9k3 = 0,

a7k5 + a8k6 + a9k7 = 0.

Therefore, the general solution of Eq. (3) is

u = f(v, w)
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The theorem is proven. �

Next, we use Theorem 1 to study a definite solution problem.

Example 1. In R3, use Theorem 1 to get the exact solution of(
u5t + u3x

) (
3u2t + 3u2x + 3u2y − 10utux + 6uxuy − 10uyut

)
− u2y (9ut + 3ux + 3uy) = 0, (12)

in the condition of u(0, y, z) = g(x, y), g is an random known first differentiable function.

Solution. According to Theorem 1, the general solution of (12) is

u (t, x, y) = f (t+ k2x+ (3− k2) y, t+ k6x+ (3− k6) y) . (13)

So
u (0, x, y) = f (k2x+ (3− k2) y, k6x+ (3− k6) y) = g (x, y) .

Set
k2x+ (3− k2) y = β, k6x+ (3− k6) y = γ. (14)

We obtain

x =
β

k2
+
k6β − k2γ
3k6 − 3k2

− k6β − k2γ
k2k6 − k22

,

y =
k6β − k2γ
3k6 − 3k2

.

Namely

u (0, x, y) = f (k2x+ (3− k2) yk6x+ (3− k6) y) = g

(
β

k2
+
k6β − k2γ
3k6 − 3k2

− k6β − k2γ
k2k6 − k22

,
k6β − k2γ
3k6 − 3k2

)
.

(15)
Set

t+ k2x+ (3− k2) y = β, t+ k6x+ (3− k6) y = γ.

We get
β

k2
+
k6β − k2γ
3k6 − 3k2

− k6β − k2γ
k2k6 − k22

=
t+ 3x

3
,

k6β − k2γ
3k6 − 3k2

=
t+ 3y

3
.

Then

u (t, x, y) = f (t+ k2x+ (3− k2) y, t+ k6x+ (3− k6) y) = g

(
t+ 3x

3
,
t+ 3y

3

)
. (16)

According to Example 1, we can directly get the exact solution of Eq. (12) in diversified
initial value conditions. If the initial value condition is u (0, x, y) = sin (2x+ y) + e4x−y, the
exact solution is u = sin (t+ 2x+ y) + et+4x−y.

According to Theorem 1, set k5 = k6 = k7 = k8 = 0, we can obtain Theorem 2.

Theorem 2. In R3, if

Θ
(
a1u

2
t + a2u

2
x + a3u

2
y + a4utux + a5uxuy + a6uyut

)
+ Λ (a7ut + a8ux + a9uy) = 0,
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where ai are any known constants (1 ≤ i ≤ 9), Θ = Θ (t, x, y, u, ut, . . . utxy, . . .), Λ =
Λ (t, x, y, u, ut, . . . utxy, . . .), the first type general solution of Eq. (3) is

u = f(v), (17)

where f is an arbitrary first differentiable function, v = k1t+ k2x+ k3y+ k4, and the constants
k1, k2, k3 must satisfy

a1k
2
1 + a2k

2
2 + a3k

2
3 + a4k1k2 + a5k2k3 + a6k1k3 = 0,

a7k1 + a8k2 + a9k3 = 0.

The reason why we propose Theorem 2 is that there is no the second type general solution
of some forms of Eq. (3), such as examples 2 and 3.

Example 2. Prove that a1u
2
t + a2u

2
x + a3u

2
y + a4utux + a5uxuy + a6uyut + a7ut = 0 does

not have the second type general solution similar to Theorem 1, ai are arbitrary known con-
stants (1 ≤ i ≤ 7), a7 6= 0.

Proof. If a1u
2
t + a2u

2
x + a3u

2
y + a4utux + a5uxuy + a6uyut + a7ut = 0 has a general solution in

the form of u = f(v, w), and

v = k1t+ k2x+ k3y + k4, w = k5t+ k6x+ k7y + k8,

a1k
2
1 + a2k

2
2 + a3k

2
3 + a4k1k2 + a5k2k3 + a6k1k3 = 0,

a1k
2
5 + a2k

2
6 + a3k

2
7 + a4k5k6 + a5k6k7 + a6k5k7 = 0,

2a1k1k5 + 2a2k2k6 + 2a3k3k7 + a4 (k1k6 + k2k5) + a5 (k2k7 + k3k6) + a6 (k3k5 + k1k7) = 0,

a7k1 = 0,

a7k5 = 0.

For a7 6= 0, we get
k1 = k5 = 0.

So
a2k

2
2 + a3k

2
3 + a5k2k3 = 0,

a2k
2
6 + a3k

2
7 + a5k6k7 = 0,

2a2k2k6 + 2a3k3k7 + a5 (k2k7 + k3k6) = 0.

Since f is a random first differentiable function, we may set

k2 = k6 = 1.

Then
a2 + a3k

2
3 + a5k3 = 0,

a2 + a3k
2
7 + a5k7 = 0,

2a2 + 2a3k3k7 + a5 (k7 + k3) = 0.

Set

k3 =
−a5 +

√
a25 − 4a2a3

2a3
,
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k7 =
−a5 −

√
a25 − 4a2a3

2a3
.

So

2a2 + 2a3k3k7 + a5 (k7 + k3) = 2a2 + 2a2 −
a25
a3

= 0.

Namely
a25 = 4a2a3.

We obtain k3 = k7, v, w are not independent of each other. That is, a1u
2
t +a2u

2
x+a3u

2
y+a4utux+

a5uxuy+a6uyut+a7ut = 0 does not have a solution similar to the u = f(v, w) form of Theorem 1.

Example 3. Prove that a1u
2
t + a2u

2
x + a3u

2
y + a4utux + a5uxuy + a6uyut + a7ut − a7ux = 0

does not have the second type general solution similar to Theorem 1, ai are arbitrary known
constants (1 ≤ i ≤ 7), a7 6= 0.

Proof. If a1u
2
t + a2u

2
x + a3u

2
y + a4utux + a5uxuy + a6uyut + a7ut − a7ux = 0 has a general

solution in the form of u = f(v, w), and

v = k1t+ k2x+ k3y + k4, w = k5t+ k6x+ k7y + k8,

a1k
2
1 + a2k

2
2 + a3k

2
3 + a4k1k2 + a5k2k3 + a6k1k3 = 0,

a1k
2
5 + a2k

2
6 + a3k

2
7 + a4k5k6 + a5k6k7 + a6k5k7 = 0,

2a1k1k5 + 2a2k2k6 + 2a3k3k7 + a4 (k1k6 + k2k5) + a5 (k2k7 + k3k6) + a6 (k3k5 + k1k7) = 0,

k1 = k2,

k5 = k6.

Since f is an random first differentiable function, we may set

k1 = k2 = k5 = k6 = 1.

So

a1k
2
1 + a2k

2
2 + a3k

2
3 + a4k1k2 + a5k2k3 + a6k1k3 = a3k

2
3 + (a5 + a6) k3 + a1 + a2 + a4 = 0,

a1k
2
5 + a2k

2
6 + a3k

2
7 + a4k5k6 + a5k6k7 + a6k5k7 = a3k

2
7 + (a5 + a6) k7 + a1 + a2 + a4 = 0.

Set

k3 =
−a5 − a6 +

√
(a5 + a6)

2 − 4a3 (a1 + a2 + a4)

2a3
,

k7 =
−a5 − a6 −

√
(a5 + a6)

2 − 4a3 (a1 + a2 + a4)

2a3
.

Then

2a1k1k5 + 2a2k2k6 + 2a3k3k7 + a4 (k1k6 + k2k5) + a5 (k2k7 + k3k6) + a6 (k3k5 + k1k7)
= 2a1 + 2a2 + 2a3k3k7 + 2a4 + a5 (k7 + k3) + a6 (k3 + k7)

= 4 (a1 + a2 + a4)− (a5+a6)
2

a3
= 0.

Namely
4a3 (a1 + a2 + a4) = (a5 + a6)

2.
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We obtain k3 = k7, v, w are not independent of each other. That is, a1u
2
t +a2u

2
x+a3u

2
y+a4utux+

a5uxuy + a6uyut + a7ut − a7ux = 0 does not have a solution similar to the u = f(v, w) form of
Theorem 1.

Next, we use Theorem 2 to study a definite solution problem.

Example 4. In R3, use Theorem 2 to get the exact solution of(
u2t + uxuy

) (
u2t + u2x − u2y − utux + uxuy − uyut

)
+
(
u2x − utux

)
(ut − ux)2 = 0, (18)

in the condition of u (0, y, z) =
∑
i
ϕi (κix− κiy + λi), ϕi are random known first differentiable

functions, κi and λi are arbitrary known constants.

Solution. According to Theorem 2, the general solution of (18) is

u = f (k1t+ k2x+ k3y + k4) ,

and
k21 + k22 − k23 − k1k2 + k2k3 − k1k3 = 0,

k1 = k2.

Then
k21 + k22 − k23 − k1k2 + k2k3 − k1k3 = k21 − k23 = 0,

k3 = ±k1.

That is, the general solution of (18) is

u = f (k1t+ k1x+ k1y + k4) =
∑
i

fi (k1it+ k1ix+ k1iy + k4i) . (19)

Or
u = f (k1t+ k1x− k1y + k4) =

∑
i

fi (k1it+ k1ix− k1iy + k4i) . (20)

Since the initial value condition is

u (0, x, y) =
∑
i

ϕi (κix− κiy + λi) .

So the corresponding general solution of (18) is (20), set

fi = ϕi, k1i = κi, k4i = λi.

Then the exact solution of the definite solution problem is

u (t, x, y) =
∑
i

ϕi (κit+ κix− κiy + λi) . (21)

According to Theorem 2, we can get Theorem 3.

Theorem 3. In R2, if

Θ
(
a1u

2
t + a2u

2
x + a3utux

)
+ Λ (a4ut + a5ux) = 0, (22)
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where ai are known constants (1 ≤ i ≤ 5), Θ = Θ (t, x, u, ut, . . . utx, . . .) ,
Λ = Λ (t, x, u, ut, . . . utx, . . .) , the first type general solution of Eq. (22) is

u = f

(
−a5k2
a4

t+ k2x+ k3

)
, (23)

where f is an random first differentiable function, k2 and k3 are arbitrary constants, and ai
must satisfy

a1a
2
5 + a2a

2
4 − a3a4a5 = 0. (24)

Prove. According to Theorem 2, the general solution of (22) is

u = f (k1t+ k2x+ k3) ,

k1, k2 and k3 satisfy
a1k

2
1 + a2k

2
2 + a3k1k2 = 0,

a4k1 + a5k2 = 0.

So

k1 =
−a5k2
a4

,

a1k
2
1 + a2k

2
2 + a3k1k2 = a1

a25
a24
k22 + a2k

2
2 −

a3a5k
2
2

a4
= 0⇒ a1a

2
5 + a2a

2
4 − a3a4a5 = 0.

Therefore, the general solution of Eq. (22) is

u = f

(
−a5k2
a4

t+ k2x+ k3

)
,

and ai need satisfy
a1a

2
5 + a2a

2
4 − a3a4a5 = 0.

The theorem is proven. �

If the initial value condition of (22) is

u (0, x) = g (x) .

Set k3 = 0, so

u (t, x) = f

(
−a5k2
a4

t+ k2x

)
= g

(
−a5
a4

t+ x

)
.

That is, the exact solution of the definite solution problem is u (t, x) = g
(
−a5
a4
t+ x

)
.

Next we propose Theorem 4.

Theorem 4. In R3, if

Θ
(
a1u

2
t + a2u

2
x + a3u

2
y + a4utux + a5uxuy + a6uyut

)n
+ Λ(a7ut + a8ux + a9uy)

m = 0, (25)

where ai are any known constants (1 ≤ i ≤ 9), Θ = Θ (t, x, y, u, ut, . . . utxy, . . .) ,
Λ = Λ (t, x, y, u, ut, . . . utxy, . . .) , n ≥ 1,m ≥ 1, the second type general solution of Eq. (25) is

u = f(v, w),
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v = k1t+ k2x+ k3y + k4, w = k5t+ k6x+ k7y + k8,

where f is a random first differentiable function, v, w are independent of each other, and the
constants k1, k2, k3, k5, k6, k7 must satisfy

a1k
2
1 + a2k

2
2 + a3k

2
3 + a4k1k2 + a5k2k3 + a6k1k3 = 0,

a1k
2
5 + a2k

2
6 + a3k

2
7 + a4k5k6 + a5k6k7 + a6k5k7 = 0,

2a1k1k5 + 2a2k2k6 + 2a3k3k7 + a4 (k1k6 + k2k5) + a5 (k2k7 + k3k6) + a6 (k3k5 + k1k7) = 0,

a7k1 + a8k2 + a9k3 = 0,

a7k5 + a8k6 + a9k7 = 0.

Proof. Set
Θ′ = Θ

(
a1u

2
t + a2u

2
x + a3u

2
y + a4utux + a5uxuy + a6uyut

)n−1
,

Λ′ = Λ(a7ut + a8ux + a9uy)
m−1.

Then

Θ
(
a1u

2
t + a2u

2
x + a3u

2
y + a4utux + a5uxuy + a6uyut

)n
+ Λ(a7ut + a8ux + a9uy)

m

= Θ′
(
a1u

2
t + a2u

2
x + a3u

2
y + a4utux + a5uxuy + a6uyut

)
+ Λ′ (a7ut + a8ux + a9uy) = 0.

Obviously Θ′ = Θ′ (t, x, y, u, ut, . . . utxy, . . .), Λ′ = Λ′ (t, x, y, u, ut, . . . utxy, . . .), according to The-
orem 1, the general solution of the above equation is (4), so the theorem is proved. �

Theorem 4 explains that the general solution of (25) is independent of Θ, Λ, n and m,
namely, general solutions of these infinitely many nonlinear PDEs are the same. Theorems 2
and 3 have similar laws too, which we will not elaborate here.

Next we propose Theorem 5.

Theorem 5. In R3, if

Θ
(
a1u

2
t + a2u

2
x + a3u

2
y + a4utux + a5uxuy + a6uyut

)
+A (a7ut + a8ux + a9uy) = B, (26)

where ai are any known constants (1 ≤ i ≤ 9), Θ = Θ (t, x, y, u, ut, . . . utxy, . . .), A = A (t, x, y),
B = B(t, x, y), the second type general solution of Eq. (26) is

u = f (p, q) +
∫ B(p,q,r)
A(p,q,r)dr

a7k7 + a8k8 + a9k9
, (27)

p = k1t+ k2x+ k3y, q = k4t+ k5x+ k6y, r = k7t+ k8x+ k9y, (28)

where f is a random first differentiable function, and the constants k1, k2, . . . , k9 must satisfy

−k3k5k7 + k2k6k7 + k3k4k8 − k1k6k8 − k2k4k9 + k1k5k9 6= 0, (29)

a1k
2
1 + a2k

2
2 + a3k

2
3 + a4k1k2 + a5k2k3 + a6k1k3 = 0, (30)

a1k
2
4 + a2k

2
5 + a3k

2
6 + a4k4k5 + a5k5k6 + a6k4k6 = 0, (31)

a1k
2
7 + a2k

2
8 + a3k

2
9 + a4k7k8 + a5k8k9 + a6k7k9 = 0, (32)

2a1k1k4 + 2a2k2k5 + 2a3k3k6 + a4 (k1k5 + k2k4) + a5 (k2k6 + k3k5) + a6 (k3k4 + k1k6) = 0, (33)

2a1k4k7 + 2a2k5k8 + 2a3k6k9 + a4 (k4k8 + k5k7) + a5 (k5k9 + k6k8) + a6 (k6k7 + k4k9) = 0, (34)
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2a1k1k7 + 2a2k2k8 + 2a3k3k9 + a4 (k1k8 + k2k7) + a5 (k2k9 + k3k8) + a6 (k3k7 + k1k9) = 0, (35)

a7k1 + a8k2 + a9k3 = 0, (36)

a7k4 + a8k5 + a9k6 = 0. (37)

Proof. By Z1 transformation, set u = u(p, q, r),p = k1t + k2x + k3y, q = k4t + k5x + k6y, r =
k7t + k8x + k9y. k1, k2, . . . , k9 are undetermined constants, p, q and r are independent of each
other, so

−k3k5k7 + k2k6k7 + k3k4k8 − k1k6k8 − k2k4k9 + k1k5k9 6= 0,

and

Θ
(
a1u

2
t + a2u

2
x + a3u

2
y + a4utux + a5uxuy + a6uyut

)
+A (a7ut + a8ux + a9uy)

= a1Θ(k1up + k4uq + k7ur)
2 + a2Θ(k2up + k5uq + k8ur)

2

+a3Θ(k3up + k6uq + k9ur)
2 + a4Θ (k1up + k4uq + k7ur) (k2up + k5uq + k8ur)

+a5Θ (k2up + k5uq + k8ur) (k3up + k6uq + k9ur)
+a6Θ (k3up + k6uq + k9ur) (k1up + k4uq + k7ur)
+A (a7 (k1up + k4uq + k7ur) + a8 (k2up + k5uq + k8ur) + a9 (k3up + k6uq + k9ur))
= Θ

(
a1k

2
1 + a2k

2
2 + a3k

2
3 + a4k1k2 + a5k2k3 + a6k1k3

)
u2p

+Θ
(
a1k

2
4 + a2k

2
5 + a3k

2
6 + a4k4k5 + a5k5k6 + a6k4k6

)
u2q

+Θ
(
a1k

2
7 + a2k

2
8 + a3k

2
9 + a4k7k8 + a5k8k9 + a6k7k9

)
u2r

+Θ (2a1k1k4 + 2a2k2k5 + 2a3k3k6 + a4 (k1k5 + k2k4) + a5 (k2k6 + k3k5) + a6 (k3k4 + k1k6))
upuq
+Θ (2a1k4k7 + 2a2k5k8 + 2a3k6k9 + a4 (k4k8 + k5k7) + a5 (k5k9 + k6k8) + a6 (k6k7 + k4k9))
uqur
+Θ (2a1k1k7 + 2a2k2k8 + 2a3k3k9 + a4 (k1k8 + k2k7) + a5 (k2k9 + k3k8) + a6 (k3k7 + k1k9))
urup
+A ((a7k1 + a8k2 + a9k3)up + (a7k4 + a8k5 + a9k6)uq + (a7k7 + a8k8 + a9k9)ur)
= B (p, q, r) .

Set
a1k

2
1 + a2k

2
2 + a3k

2
3 + a4k1k2 + a5k2k3 + a6k1k3 = 0,

a1k
2
4 + a2k

2
5 + a3k

2
6 + a4k4k5 + a5k5k6 + a6k4k6 = 0,

a1k
2
7 + a2k

2
8 + a3k

2
9 + a4k7k8 + a5k8k9 + a6k7k9 = 0,

2a1k1k4 + 2a2k2k5 + 2a3k3k6 + a4 (k1k5 + k2k4) + a5 (k2k6 + k3k5) + a6 (k3k4 + k1k6) = 0,

2a1k4k7 + 2a2k5k8 + 2a3k6k9 + a4 (k4k8 + k5k7) + a5 (k5k9 + k6k8) + a6 (k6k7 + k4k9) = 0,

2a1k1k7 + 2a2k2k8 + 2a3k3k9 + a4 (k1k8 + k2k7) + a5 (k2k9 + k3k8) + a6 (k3k7 + k1k9) = 0,

a7k1 + a8k2 + a9k3 = 0,

a7k4 + a8k5 + a9k6 = 0.

We get

(a7k7 + a8k8 + a9k9)ur =
B (p, q, r)

A (p, q, r)
. (38)

The general solution of (38) is

u = f (p, q) +
∫ B(p,q,r)
A(p,q,r)dr

a7k7 + a8k8 + a9k9
,
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where f is a random first differentiable function, so the theorem is proved. �

Similar to the proof method of Theorem 5, we can obtain Theorem 6.

Theorem 6. In R3, if

A
(
a1u

2
t + a2u

2
x + a3u

2
y + a4utux + a5uxuy + a6uyut

)
+ Θ (a7ut + a8ux + a9uy) = B, (39)

where ai are any known constants (1 ≤ i ≤ 9), Θ = Θ (t, x, y, u, ut, . . . utxy, . . .), A = A (t, x, y),
B = B(t, x, y), the second type general solution of Eq. (39) is

u = f (p, q) +

∫ (
B (p, q, r)

A (p, q, r)
(
a1k27 + a2k28 + a3k29 + a4k7k8 + a5k8k9 + a6k7k9

)) 1
2

dr, (40)

p = k1t+ k2x+ k3y, q = k4t+ k5x+ k6y, r = k7t+ k8x+ k9y,

where f is a random first differentiable function, and the constants k1, k2, . . . , k9 must satisfy

−k3k5k7 + k2k6k7 + k3k4k8 − k1k6k8 − k2k4k9 + k1k5k9 6= 0,

a1k
2
1 + a2k

2
2 + a3k

2
3 + a4k1k2 + a5k2k3 + a6k1k3 = 0,

a1k
2
4 + a2k

2
5 + a3k

2
6 + a4k4k5 + a5k5k6 + a6k4k6 = 0,

2a1k1k4 + 2a2k2k5 + 2a3k3k6 + a4 (k1k5 + k2k4) + a5 (k2k6 + k3k5) + a6 (k3k4 + k1k6) = 0,

2a1k4k7 + 2a2k5k8 + 2a3k6k9 + a4 (k4k8 + k5k7) + a5 (k5k9 + k6k8) + a6 (k6k7 + k4k9) = 0,

2a1k1k7 + 2a2k2k8 + 2a3k3k9 + a4 (k1k8 + k2k7) + a5 (k2k9 + k3k8) + a6 (k3k7 + k1k9) = 0,

a7k1 + a8k2 + a9k3 = 0,

a7k4 + a8k5 + a9k6 = 0,

a7k7 + a8k8 + a9k9 = 0.

Next, we use Theorem 5 to study a definite solution problem.

Example 5. In R3, use Theorem 5 to obtain the exact solution of

u2
(
9u2t + 4u2x + u2y − 12utux − 4uxuy + 6uyut

)
+ 3ut− 2ux + uy = 4et+x+y + 16e2t+2x+2y, (41)

in the condition of u(0, y, z) = g(x, y), g is an any known first differentiable function.

Solution. By Theorem 5, the general solution of (41) is

u = f (t+ k2x+ (2k2 − 3) y, t+ k5x+ (2k5 − 3) y) + 2et+x+y.

So
u (0, x, y) = f (k2x+ (2k2 − 3) y, k5x+ (2k5 − 3) y) + 2ex+y = g (x, y) .

Namely
f (k2x+ (2k2 − 3) y, k5x+ (2k5 − 3) y) = g (x, y)− 2ex+y.

Set
k2x+ (2k2 − 3) y = β, k5x+ (2k5 − 3) y = γ.
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We obtain

x =
(2k2 − 3) γ + (3− 2k5)β

3 (k2 − k5)
, y =

k5β − k2γ
3 (k2 − k5)

.

That is

f (k2x+ (2k2 − 3) y, k5x+ (2k5 − 3) y)

= g
(
(2k2−3)γ+(3−2k5)β

3(k2−k5) , k5β−k2γ3(k2−k5)

)
− 2e

(k2−3)γ+(3−k5)β
3(k2−k5) .

Set
t+ k2x+ (2k2 − 3) y = β, t+ k5x+ (2k5 − 3) y = γ.

Then
(2k2 − 3) γ + (3− 2k5)β

3 (k2 − k5)
=

2t

3
+ x,

k5β − k2γ
3 (k2 − k5)

=
t

3
+ y,

(k2 − 3) γ + (3− k5)β
3 (k2 − k5)

= t+ x+ y.

So

u (t, x, y) = f (t+ k2x+ (2k2 − 1) y, t+ k6x+ (2k6 − 1) y) + 2et+x+y = g

(
2t

3
+ x,

t

3
+ y

)
.

According to Example 5, we can directly obtain the exact solution of Eq. (41) in diversified
initial value conditions. If the initial value condition is u (0, x, y) = (x+ y)2+sin (x− y)+2ex+y,
the exact solution is u = (t+ x+ y)2 + sin

(
t
3 + x− y

)
+ 2et+x+y.

For
Θ
(
a1u

2
t + a2u

2
x + a3utux

)
+A (a4ut + a5ux) = B, (42)

A
(
a1u

2
t + a2u

2
x + a3utux

)
+ Θ (a4ut + a5ux) = B, (43)

where ai are arbitrary known constants (1 ≤ i ≤ 5), Θ = Θ (t, x, u, ut, . . . utx, . . .), A = A (t, x),
B = B(t, x), and readers can try to get their general solutions by the method similar to Theorem
5.

Next we propose Theorem 7.

Theorem 7. In R3, if

Θ
(
a1u

2
t + a2u

2
x + a3u

2
y + a4utux + a5uxuy + a6uyut + a7uut + a8uux + a9uuy

)
+A (a10ut + a11ux + a12uy + a13u) = B,

(44)

where ai are arbitrary known constants (1 ≤ i ≤ 13), Θ = Θ (t, x, y, u, ut, . . . utxy, . . .), A =
A (t, x, y), B = B(t, x, y), the second type general solution of Eq. (44) is

u = e
−a13r

a10k7+a11k8+a12k9

f (p, q) +
∫ e

a13r
a10k7+a11k8+a12k9

B(p,q,r)
A(p,q,r)dr

a10k7 + a11k8 + a12k9

 , (45)

p = k1t+ k2x+ k3y, q = k4t+ k5x+ k6y, r = k7t+ k8x+ k9y,

where f is a random first differentiable function, and the constants k1, k2, . . . , k9 must satisfy

−k3k5k7 + k2k6k7 + k3k4k8 − k1k6k8 − k2k4k9 + k1k5k9 6= 0,
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a1k
2
1 + a2k

2
2 + a3k

2
3 + a4k1k2 + a5k2k3 + a6k1k3 = 0,

a1k
2
4 + a2k

2
5 + a3k

2
6 + a4k4k5 + a5k5k6 + a6k4k6 = 0,

a1k
2
7 + a2k

2
8 + a3k

2
9 + a4k7k8 + a5k8k9 + a6k7k9 = 0,

2a1k1k4 + 2a2k2k5 + 2a3k3k6 + a4 (k1k5 + k2k4) + a5 (k2k6 + k3k5) + a6 (k3k4 + k1k6) = 0,

2a1k4k7 + 2a2k5k8 + 2a3k6k9 + a4 (k4k8 + k5k7) + a5 (k5k9 + k6k8) + a6 (k6k7 + k4k9) = 0,

2a1k1k7 + 2a2k2k8 + 2a3k3k9 + a4 (k1k8 + k2k7) + a5 (k2k9 + k3k8) + a6 (k3k7 + k1k9) = 0,

a7k1 + a8k2 + a9k3 = 0,

a7k4 + a8k5 + a9k6 = 0

a7k7 + a8k8 + a9k9 = 0, (46)

a10k1 + a11k2 + a12k3 = 0, (47)

a10k4 + a11k5 + a12k6 = 0. (48)

Proof. By Z1 transformation, set u = u(p, q, r), p = k1t + k2x + k3y, q = k4t + k5x + k6y, r =
k7t + k8x + k9y. k1, k2, . . . , k9 are undetermined constants, p, q and r are independent of each
other, so

−k3k5k7 + k2k6k7 + k3k4k8 − k1k6k8 − k2k4k9 + k1k5k9 6= 0,

and

Θ
(
a1u

2
t + a2u

2
x + a3u

2
y + a4utux + a5uxuy + a6uyut + a7uut + a8uux + a9uuy

)
+A (a10ut + a11ux + a12uy + a13u)

= a1Θ(k1up + k4uq + k7ur)
2 + a2Θ(k2up + k5uq + k8ur)

2

+a3Θ(k3up + k6uq + k9ur)
2 + a4Θ (k1up + k4uq + k7ur) (k2up + k5uq + k8ur)

+a5Θ (k2up + k5uq + k8ur) (k3up + k6uq + k9ur)
+a6Θ (k3up + k6uq + k9ur) (k1up + k4uq + k7ur)
+a7Θu (k1up + k4uq + k7ur) + a8Θu (k2up + k5uq + k8ur) + a9Θu (k3up + k6uq + k9ur)
+A (a10 (k1up + k4uq + k7ur) + a11 (k2up + k5uq + k8ur) + a12 (k3up + k6uq + k9ur) + a13u)
= Θ

(
a1k

2
1 + a2k

2
2 + a3k

2
3 + a4k1k2 + a5k2k3 + a6k1k3

)
u2p

+Θ
(
a1k

2
4 + a2k

2
5 + a3k

2
6 + a4k4k5 + a5k5k6 + a6k4k6

)
u2q

+Θ
(
a1k

2
7 + a2k

2
8 + a3k

2
9 + a4k7k8 + a5k8k9 + a6k7k9

)
u2r

+Θ (2a1k1k4 + 2a2k2k5 + 2a3k3k6 + a4 (k1k5 + k2k4) + a5 (k2k6 + k3k5) + a6 (k3k4 + k1k6))
upuq
+Θ (2a1k4k7 + 2a2k5k8 + 2a3k6k9 + a4 (k4k8 + k5k7) + a5 (k5k9 + k6k8) + a6 (k6k7 + k4k9))
uqur
+Θ (2a1k1k7 + 2a2k2k8 + 2a3k3k9 + a4 (k1k8 + k2k7) + a5 (k2k9 + k3k8) + a6 (k3k7 + k1k9))
urup
+Θ (a7k1 + a8k2 + a9k3)uup + Θ (a7k4 + a8k5 + a9k6)uuq + Θ (a7k7 + a8k8 + a9k9)uur
+A (a10k1 + a11k2 + a12k3)up +A (a10k4 + a11k5 + a12k6)uq +A (a10k7 + a11k8 + a12k9)ur
+a13Au = B (p, q, r) .

Set
a1k

2
1 + a2k

2
2 + a3k

2
3 + a4k1k2 + a5k2k3 + a6k1k3 = 0,

a1k
2
4 + a2k

2
5 + a3k

2
6 + a4k4k5 + a5k5k6 + a6k4k6 = 0,

a1k
2
7 + a2k

2
8 + a3k

2
9 + a4k7k8 + a5k8k9 + a6k7k9 = 0,

2a1k1k4 + 2a2k2k5 + 2a3k3k6 + a4 (k1k5 + k2k4) + a5 (k2k6 + k3k5) + a6 (k3k4 + k1k6) = 0,
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2a1k4k7 + 2a2k5k8 + 2a3k6k9 + a4 (k4k8 + k5k7) + a5 (k5k9 + k6k8) + a6 (k6k7 + k4k9) = 0,

2a1k1k7 + 2a2k2k8 + 2a3k3k9 + a4 (k1k8 + k2k7) + a5 (k2k9 + k3k8) + a6 (k3k7 + k1k9) = 0,

a7k1 + a8k2 + a9k3 = 0,

a7k4 + a8k5 + a9k6 = 0,

a7k7 + a8k8 + a9k9 = 0,

a10k1 + a11k2 + a12k3 = 0,

a10k4 + a11k5 + a12k6 = 0.

We get

(a10k7 + a11k8 + a12k9)ur + a13u =
B (p, q, r)

A (p, q, r)
. (49)

The general solution of Eq. (49) is

u = e
−a13r

a10k7+a11k8+a12k9

f (p, q) +
∫ e

a13r
a10k7+a11k8+a12k9

B(p,q,r)
A(p,q,r)dr

a10k7 + a11k8 + a12k9

 ,

where f is a random first differentiable function, so the theorem is proved. �

Similar to the proof method of Theorem 7, we can get Theorem 8.

Theorem 8. In R3, if

Θ
(
a1u

2
t + a2u

2
x + a3u

2
y + a4utux + a5uxuy + a6uyut + a7uut + a8uux + a9uuy

)
+ Λ (a10ut + a11ux + a12uy + a13u) = 0,

(50)

where ai are arbitrary known constants (1 ≤ i ≤ 13), Θ = Θ (t, x, y, u, ut, . . . utxy, . . .),
Λ = Λ (t, x, y, u, ut, . . . utxy, . . .), the second type general solution of Eq. (50) is

u = e
−a13r

a10k7+a11k8+a12k9 f (p, q) , (51)

p = k1t+ k2x+ k3y, q = k4t+ k5x+ k6y, r = k7t+ k8x+ k9y,

where f is a random first differentiable function, and the constants k1, k2, . . . , k9 must satisfy

−k3k5k7 + k2k6k7 + k3k4k8 − k1k6k8 − k2k4k9 + k1k5k9 6= 0,

a1k
2
1 + a2k

2
2 + a3k

2
3 + a4k1k2 + a5k2k3 + a6k1k3 = 0,

a1k
2
4 + a2k

2
5 + a3k

2
6 + a4k4k5 + a5k5k6 + a6k4k6 = 0,

a1k
2
7 + a2k

2
8 + a3k

2
9 + a4k7k8 + a5k8k9 + a6k7k9 = 0,

2a1k1k4 + 2a2k2k5 + 2a3k3k6 + a4 (k1k5 + k2k4) + a5 (k2k6 + k3k5) + a6 (k3k4 + k1k6) = 0,

2a1k4k7 + 2a2k5k8 + 2a3k6k9 + a4 (k4k8 + k5k7) + a5 (k5k9 + k6k8) + a6 (k6k7 + k4k9) = 0,

2a1k1k7 + 2a2k2k8 + 2a3k3k9 + a4 (k1k8 + k2k7) + a5 (k2k9 + k3k8) + a6 (k3k7 + k1k9) = 0,

a7k1 + a8k2 + a9k3 = 0,

a7k4 + a8k5 + a9k6 = 0,

a7k7 + a8k8 + a9k9 = 0,
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a10k1 + a11k2 + a12k3 = 0,

a10k4 + a11k5 + a12k6 = 0.

Next, we use Theorem 8 to study a definite solution problem.

Example 6. In R4, use Theorem 8 to get the exact solution of

2u2t + u2x + u2y + 3utux + 3utuy + 2uxuy + u (ut + ux + uy) + 2ut + ux + uy + u = 0, (52)

in the condition of u(0, x, y) = g(x, y).

Solution. According to Theorem 8, the general solution of (52) is

u = e
−t
2 f

(
(−c1 − c2) t

2
+ c1x+ c2y,

(−c3 − c4) t
2

+ c3x+ c4y

)
, (53)

or
u = e

−x
2 f ((−c1 − c2) t+ c1x+ c2y, (−c3 − c4) t+ c3x+ c4y) , (54)

where c1, c2, c3 and c4 are arbitrary constants. If the general solution is (53), so

u (0, x, y, z) = u (0, x, y) = f (c1x+ c2y, c3x+ c4y) = g (x, y) .

Set
c1x+ c2y = β, c3x+ c4y = γ.

We obtain

x =
c4β − c2γ
c1c4 − c2c3

, y =
c1γ − c3β
c1c4 − c2c3

.

Namely

f (c1x+ c2y, c3x+ c4y) = g

(
c4β − c2γ
c1c4 − c2c3

,
c1γ − c3β
c1c4 − c2c3

)
.

Set
(−c1 − c2) t

2
+ c1x+ c2y = β,

(−c3 − c4) t
2

+ c3x+ c4y = γ.

Then
c4β − c2γ
c1c4 − c2c3

= − t
2

+ x,

c1γ − c3β
c1c4 − c2c3

= − t
2

+ y.

So the exact solution of the definite solution problem is

u (t, x, y) = g

(
− t

2
+ x,− t

2
+ y

)
. (55)

If the general solution is (54), In a similar way, we can obtain

u (t, x, y) = g (−t+ x,−t+ y) . (56)

Namely, if the general solution of a PDE is not unique, the exact solution of its definite solution
problem might not be unique either.
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Next we propose Theorem 9.

Theorem 9. In R4, if

Θ
(
a1u

2
t + a2u

2
x + a3u

2
y + a4u

2
z + a5utux + a6utuy + a7utuz + a8uxuy + a9uxuz + a10uyuz

)
+ Λ (a11ut + a12ux + a13uy + a14uz) = 0,

(57)
where ai are arbitrary known constants (1 ≤ i ≤ 14), Θ = Θ (t, x, y, z, u, ut, . . . utxyz, . . .),
Λ = Λ (t, x, y, z, u, ut, . . . utxyz, . . .), the third type general solution of Eq. (57) is

u = f(p, q, r), (58)

p = k1t+ k2x+ k3y + k4z, (59)

q = k5t+ k6x+ k7y + k8z, (60)

r = k9t+ k10x+ k11y + k12z, (61)

where f is a random first differentiable function; p, q and r are independent of each other, and
the constants k1, k2, . . . , k12 must satisfy

a1k
2
1 + a2k

2
2 + a3k

2
3 + a4k

2
4 + a5k1k2 + a6k1k3 + a7k1k4 + a8k2k3 + a9k2k4 + a10k3k4 = 0, (62)

a1k
2
5 + a2k

2
6 + a3k

2
7 + a4k

2
8 + a5k5k6 + a6k5k7 + a7k5k8 + a8k6k7 + a9k6k8 + a10k7k8 = 0, (63)

a1k
2
9 +a2k

2
10 +a3k

2
11 +a4k

2
12 +a5k9k10 +a6k9k11 +a7k9k12 +a8k10k11 +a9k10k12 +a10k11k12 = 0,

(64)
2a1k1k5 + 2a2k2k6 + 2a3k3k7 + 2a4k4k8 + a5 (k1k6 + k2k5) + a6 (k1k7 + k3k5) + a7 (k1k8 + k4k5)

+ a8 (k2k7 + k3k6) + a9 (k2k8 + k4k6) + a10 (k3k8 + k4k7) = 0,
(65)

2a1k1k9 + 2a2k2k10 + 2a3k3k11 + 2a4k4k12 + a5 (k1k10 + k2k9) + a6 (k1k11 + k3k9)

+ a7 (k1k12 + k4k9) + a8 (k2k11 + k3k10) + a9 (k2k12 + k4k10) + a10 (k3k12 + k4k11) = 0,
(66)

2a1k5k9 + 2a2k6k10 + 2a3k7k11 + 2a4k8k12 + a5 (k5k10 + k6k9) + a6 (k5k11 + k7k9)

+ a7 (k5k12 + k8k9) + a8 (k6k11 + k7k10) + a9 (k6k12 + k8k10) + a10 (k7k12 + k8k11) = 0,
(67)

a11k1 + a12k2 + a13k3 + a14k4 = 0, (68)

a11k5 + a12k6 + a13k7 + a14k8 = 0, (69)

a11k9 + a12k10 + a13k11 + a14k12 = 0. (70)

Proof. By Z1 transformation, set u = f(p, q, r), p = k1t + k2x + k3y + k4z, q = k5t + k6x +
k7y + k8z, k9t + k10x + k11y + k12z; k1, k2, . . . , k12 are undetermined constants, p, q and r are
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independent of each other, so

Θ
(
a1u

2
t + a2u

2
x + a3u

2
y + a4u

2
z + a5utux + a6utuy + a7utuz + a8uxuy + a9uxuz + a10uyuz

)
+Λ (a11ut + a12ux + a13uy + a14uz)

= a1Θ(k1fp + k5fq + k9fr)
2 + a2Θ(k2fp + k6fq + k10fr)

2 + a3Θ(k3fp + k7fq + k11fr)
2

+a4Θ(k4fp + k8fq + k12fr)
2 + a5Θ (k1fp + k5fq + k9fr) (k2fp + k6fq + k10fr)

+a6Θ (k1fp + k5fq + k9fr) (k3fp + k7fq + k11fr)
+a7Θ (k1fp + k5fq + k9fr) (k4fp + k8fq + k12fr)
+a8Θ (k2fp + k6fq + k10fr) (k3fp + k7fq + k11fr)
+a9Θ (k2fp + k6fq + k10fr) (k4fp + k8fq + k12fr)
+a10Θ (k3fp + k7fq + k11fr) (k4fp + k8fq + k12fr) + a11Λ (k1fp + k5fq + k9fr)
+a12Λ (k2fp + k6fq + k10fr) + a13Λ (k3fp + k7fq + k11fr) + a14Λ (k4fp + k8fq + k12fr)
= Θf2p

(
a1k

2
1 + a2k

2
2 + a3k

2
3 + a4k

2
4 + a5k1k2 + a6k1k3 + a7k1k4 + a8k2k3 + a9k2k4 + a10k3k4

)
+Θf2q

(
a1k

2
5 + a2k

2
6 + a3k

2
7 + a4k

2
8 + a5k5k6 + a6k5k7 + a7k5k8 + a8k6k7 + a9k6k8 + a10k7k8

)
+Θf2r a1k

2
9 + Θf2r a2k

2
10 + Θf2r a3k

2
11 + Θf2r a4k

2
12 + Θf2r a5k9k10 + Θf2r a6k9k11 + Θf2r a7k9k12

+Θf2r a8k10k11 + Θf2r a9k10k12 + Θf2r a10k11k12 + 2Θfpfqa1k1k5 + 2Θfpfqa2k2k6
+2Θfpfqa3k3k7 + 2Θfpfqa4k4k8 + Θfpfqa5 (k1k6 + k2k5) + Θfpfqa6 (k1k7 + k3k5)
+Θfpfqa7 (k1k8 + k4k5) + Θfpfqa8 (k2k7 + k3k6) + Θfpfqa9 (k2k8 + k4k6)
+Θfpfqa10 (k3k8 + k4k7) + 2Θfpfra1k1k9 + 2Θfpfra2k2k10 + 2Θfpfra3k3k11 + 2Θfpfra4k4k12
+Θfpfra5 (k1k10 + k2k9) + Θfpfra6 (k1k11 + k3k9) + Θfpfra7 (k1k12 + k4k9)
+Θfpfra8 (k2k11 + k3k10) + Θfpfra9 (k2k12 + k4k10) + Θfpfra10 (k3k12 + k4k11)
+2Θfqfra1k5k9 + 2Θfqfra2k6k10 + 2Θfqfra3k7k11 + 2Θfqfra4k8k12 + Θfqfra5 (k5k10 + k6k9)
+Θfqfra6 (k5k11 + k7k9) + Θfqfra7 (k5k12 + k8k9) + Θfqfra8 (k6k11 + k7k10)
+Θfqfra9 (k6k12 + k8k10) + Θfqfra10 (k7k12 + k8k11) + Λfp (a11k1 + a12k2 + a13k3 + a14k4)
+Λfq (a11k5 + a12k6 + a13k7 + a14k8) + Λfr (a11k9 + a12k10 + a13k11 + a14k12) = 0.

Set

a1k
2
1 + a2k

2
2 + a3k

2
3 + a4k

2
4 + a5k1k2 + a6k1k3 + a7k1k4 + a8k2k3 + a9k2k4 + a10k3k4 = 0,

a1k
2
5 + a2k

2
6 + a3k

2
7 + a4k

2
8 + a5k5k6 + a6k5k7 + a7k5k8 + a8k6k7 + a9k6k8 + a10k7k8 = 0,

a1k
2
9 + a2k

2
10 + a3k

2
11 + a4k

2
12 + a5k9k10 + a6k9k11 + a7k9k12 + a8k10k11 + a9k10k12

+a10k11k12 = 0,

2a1k1k5 + 2a2k2k6 + 2a3k3k7 + 2a4k4k8 + a5 (k1k6 + k2k5) + a6 (k1k7 + k3k5)
+a7 (k1k8 + k4k5) + a8 (k2k7 + k3k6) + a9 (k2k8 + k4k6) + a10 (k3k8 + k4k7) = 0,

2a1k1k9 + 2a2k2k10 + 2a3k3k11 + 2a4k4k12 + a5 (k1k10 + k2k9) + a6 (k1k11 + k3k9)
+a7 (k1k12 + k4k9) + a8 (k2k11 + k3k10) + a9 (k2k12 + k4k10) + a10 (k3k12 + k4k11) = 0,

2a1k5k9 + 2a2k6k10 + 2a3k7k11 + 2a4k8k12 + a5 (k5k10 + k6k9) + a6 (k5k11 + k7k9)
+a7 (k5k12 + k8k9) + a8 (k6k11 + k7k10) + a9 (k6k12 + k8k10) + a10 (k7k12 + k8k11) = 0,

a11k1 + a12k2 + a13k3 + a14k4 = 0,

a11k5 + a12k6 + a13k7 + a14k8 = 0,

a11k9 + a12k10 + a13k11 + a14k12 = 0.
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Therefore, the general solution of Eq. (57) is

u = f(p, q, r)

The theorem is proven. �

In R4, if

Θ
(
a1u

2
t + a2u

2
x + a3u

2
y + a4u

2
z + a5utux + a6utuy + a7utuz + a8uxuy + a9uxuz + a10uyuz

)
+A (a11ut + a12ux + a13uy + a14uz + u) = B,

(71)
A
(
a1u

2
t + a2u

2
x + a3u

2
y + a4u

2
z + a5utux + a6utuy + a7utuz + a8uxuy + a9uxuz + a10uyuz

)
+ Θ (a11ut + a12ux + a13uy + a14uz + u) = B,

(72)
where ai are any known constants (1 ≤ i ≤ 14), Θ = Θ (t, x, y, z, u, ut, . . . utxyz, . . .), A =
A (t, x, y, z), B = B(t, x, y, z), set

T = k1t+ k2x+ k3y + k4z, (73)

X = k5t+ k6x+ k7y + k8z, (74)

Y = k9t+ k10x+ k11y + k12z, (75)

Z = k13t+ k14x+ k15y + k16z, (76)

∂ (X,Y, Z, T )

∂ (x, y, z, t)
6= 0. (77)

Similar to the calculation of Theorem 5, the general solutions of (71,72) can be get, and readers
could try it by themselves.

Next, we use Theorem 9 to study a definite solution problem.

Example 7. In R4, use Theorem 9 to get the exact solution of(
u2t + u2x − 2utux + utuy + utuz − uxuy − uxuz

)2
+ (ut − ux)3 = 0, (78)

in the condition of u(0, x, y, z) = g(x, y, z).

Solution. According to Theorem 9, the general solution of (78) is

u (x, y, z) = f (t+ x+ k3y + k4z, t+ x+ k7y + k8z, t+ x+ k11y + k12z) , (79)

where k3, k4, k7, k8, k11 and k12 are random constants, so

u (0, x, y, z) = f (x+ k3y + k4z, x+ k7y + k8z, x+ k11y + k12z) = g (x, y, z) .

Set
x+ k3y + k4z = α, x+ k7y + k8z = β, x+ k11y + k12z = γ.

We obtain

x = −−γk4k7 + γk3k8 + βk4k11 − αk8k11 − βk3k12 + αk7k12
k4k7 − k3k8 − k4k11 + k8k11 + k3k12 − k7k12

, (80)

y = − −βk4 + γk4 + αk8 − γk8 − αk12 + βk12
k4k7 − k3k8 − k4k11 + k8k11 + k3k12 − k7k12

, (81)
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z = − −βk3 + γk3 + αk7 − γk7 − αk11 + βk11
−k4k7 + k3k8 + k4k11 − k8k11 − k3k12 + k7k12

. (82)

Namely

u (0, x, y, z) = f (x+ k3y + k4z, x+ k7y + k8z, x+ k11y + k12z)

= g
(
−−γk4k7+...+αk7k12k4k7−...−k7k12 ,−−βk4+...+βk12k4k7−...−k7k12 ,−

−βk3+...+βk11
−k4k7+...+k7k12

)
.

Set
t+ x+ k3y + k4z = α, t+ x+ k7y + k8z = β, t+ x+ k11y + k12z = γ.

Then

−−γk4k7 + γk3k8 + βk4k11 − αk8k11 − βk3k12 + αk7k12
k4k7 − k3k8 − k4k11 + k8k11 + k3k12 − k7k12

= t+ x,

− −βk4 + γk4 + αk8 − γk8 − αk12 + βk12
k4k7 − k3k8 − k4k11 + k8k11 + k3k12 − k7k12

= y,

− −βk3 + γk3 + αk7 − γk7 − αk11 + βk11
−k4k7 + k3k8 + k4k11 − k8k11 − k3k12 + k7k12

= z.

So the exact solution of the definite solution problem is

u(t, x, y, z) = g(t+ x, y, z)

According to Example 7, if the initial value condition is u (0, x, y, z) = (x+ 2y + z)3 +
cos (x+ y + 2z)+tan (2x− y − z), the exact solution is u = (t+ x+ 2y + z)3+cos (t+ x+ y + 2z)+
tan (2t+ 2x− y − z).

Theorem 10 is presented below.

Theorem 10. In R3, if

a1u
3
t + a2u

3
x + a3u

3
y + a4u

2
tux + a5u

2
tuy + a6u

2
xut + a7u

2
xuy + a8u

2
yut + a9u

2
yux = 0, (83)

where ai are arbitrary known constants (1 ≤ i ≤ 9), the second type general solution of Eq. (83)
is

u = f(v, w)

v = k1t+ k2x+ k3y + k4, w = k5t+ k6x+ k7y + k8,

where f is a random first differentiable function, v, w are independent of each other, and the
constants k1, k2, k3, k5, k6, k7 must satisfy

a1k
3
1 + a2k

3
2 + a3k

3
3 + a4k

2
1k2 + a5k

2
1k3 + a6k1k

2
2 + a7k

2
2k3 + a8k1k

2
3 + a9k2k

2
3 = 0, (84)

a1k
3
5 + a2k

3
6 + a3k

3
7 + a4k

2
5k6 + a5k

2
5k7 + a6k5k

2
6 + a7k

2
6k7 + a8k5k

2
7 + a9k6k

2
7 = 0, (85)

3a1k
2
1k5 + 3a2k

2
2k6 + 3a3k

2
3k7 + a4

(
k21k6 + 2k1k2k5

)
+ a5

(
k21k7 + 2k1k3k5

)
+ a6

(
k22k5 + 2k1k2k6

)
+ a7

(
k22k7 + 2k2k3k6

)
+ a8

(
k23k5 + 2k1k3k7

)
+ a9

(
k2k

2
7 + 2k2k3k7

)
= 0,
(86)

3a1k1k
2
5 + 3a2k2k

2
6 + 3a3k3k

2
7 + a4

(
k2k

2
5 + 2k1k5k6

)
+ a5

(
k3k

2
5 + 2k1k5k7

)
+ a6

(
k1k

2
6 + 2k2k5k6

)
+ a7

(
k3k

2
6 + 2k2k6k7

)
+ a8

(
k1k

2
7 + 2k3k5k7 + a9

(
k23k6 + 2k3k6k7

))
= 0.
(87)
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Proof. By Z1 transformation, set u = f(v, w), v = k1t+k2x+k3y+k4, w = k5t+k6x+k7y+k8.
k1, k2, . . . , k8 are undetermined constants, v, w are independent of each other, so

a1u
3
t + a2u

3
x + a3u

3
y + a4u

2
tux + a5u

2
tuy + a6u

2
xut + a7u

2
xuy + a8u

2
yut + a9u

2
yux

= a1(k1fv + k5fw)3 + a2(k2fv + k6fw)3 + a3(k3fv + k7fw)3

+a4(k1fv + k5fw)2 (k2fv + k6fw) + a5(k1fv + k5fw)2 (k3fv + k7fw)

+a6(k2fv + k6fw)2 (k1fv + k5fw) + a7(k2fv + k6fw)2 (k3fv + k7fw)

+a8(k3fv + k7fw)2 (k1fv + k5fw) + a9(k3fv + k7fw)2 (k2fv + k6fw)
=
(
a1k

3
1 + a2k

3
2 + a3k

3
3 + a4k

2
1k2 + a5k

2
1k3 + a6k1k

2
2 + a7k

2
2k3 + a8k1k

2
3 + a9k2k

2
3

)
f3v

+
(
a1k

3
5 + a2k

3
6 + a3k

3
7 + a4k

2
5k6 + a5k

2
5k7 + a6k5k

2
6 + a7k

2
6k7 + a8k5k

2
7 + a9k6k

2
7

)
f3w

+3f2v fwa1k
2
1k5 + 3f2v fwa2k

2
2k6 + 3f2v fwa3k

2
3k7 + f2v fwa4

(
k21k6 + 2k1k2k5

)
+f2v fwa5

(
k21k7 + 2k1k3k5

)
+ f2v fwa6

(
k22k5 + 2k1k2k6

)
+ f2v fwa7

(
k22k7 + 2k2k3k6

)
+f2v fwa8

(
k23k5 + 2k1k3k7

)
+ f2v fwa9

(
k2k

2
7 + 2k2k3k7

)
+ 3fvf

2
wa1k1k

2
5 + 3fvf

2
wa2k2k

2
6

+3fvf
2
wa3k3k

2
7 + fvf

2
wa4

(
k2k

2
5 + 2k1k5k6

)
+ fvf

2
wa5

(
k3k

2
5 + 2k1k5k7

)
+fvf

2
wa6

(
k1k

2
6 + 2k2k5k6

)
+ fvf

2
wa7

(
k3k

2
6 + 2k2k6k7

)
+fvf

2
wa8

(
k1k

2
7 + 2k3k5k7 + fvf

2
wa9

(
k23k6f

2
v fw + 2k3k6k7

))
= 0.

Set

a1k
3
1 + a2k

3
2 + a3k

3
3 + a4k

2
1k2 + a5k

2
1k3 + a6k1k

2
2 + a7k

2
2k3 + a8k1k

2
3 + a9k2k

2
3 = 0,

a1k
3
5 + a2k

3
6 + a3k

3
7 + a4k

2
5k6 + a5k

2
5k7 + a6k5k

2
6 + a7k

2
6k7 + a8k5k

2
7 + a9k6k

2
7 = 0,

3a1k
2
1k5 + 3a2k

2
2k6 + 3a3k

2
3k7 + a4

(
k21k6 + 2k1k2k5

)
+ a5

(
k21k7 + 2k1k3k5

)
+a6

(
k22k5 + 2k1k2k6

)
+ a7

(
k22k7 + 2k2k3k6

)
+ a8

(
k23k5 + 2k1k3k7

)
+ a9

(
k2k

2
7 + 2k2k3k7

)
= 0,

3a1k1k
2
5 + 3a2k2k

2
6 + 3a3k3k

2
7 + a4

(
k2k

2
5 + 2k1k5k6

)
+ a5

(
k3k

2
5 + 2k1k5k7

)
+a6

(
k1k

2
6 + 2k2k5k6

)
+ a7

(
k3k

2
6 + 2k2k6k7

)
+ a8

(
k1k

2
7 + 2k3k5k7 + a9

(
k23k6 + 2k3k6k7

))
= 0.

Therefore, the general solution of Eq. (83) is

u = f(v, w).

The theorem is proven. �

Next, we use Theorem 10 to study a definite solution problem.

Example 8. In R3, use Theorem 10 to get the exact solution of

u3x + u3y + u2tux + u2tuy − u2xut + u2xuy + u2yut + u2yux = 0, (88)

in the condition of u(t, 0, y) = g(t, y).

Solution. According to Theorem 10, the general solution of (88) is

u = f (t+ x− y, t− x+ y) . (89)

So
u(t, 0, y) = f(t− y, t+ y) = g(t, y).

Set
t− y = β, t+ y = γ.
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We obtain

t =
β + γ

2
, y =

−β + γ

2
.

Namely

u (t, 0, y) = f (t− y, t+ y) = g

(
β + γ

2
,
−β + γ

2

)
.

Set
t+ x− y = β, t− x+ y = γ.

We get
β + γ

2
=
t+ x− y + t− x+ y

2
= t,

−β + γ

2
=
−t− x+ y + t− x+ y

2
= −x+ y.

Then
u (t, x, y) = f (t+ x− y, t− x+ y) = g (t,−x+ y) . (90)

3. Discussion and summary

In this paper, we have proved that Z Transformations are important methods to get general
solutions of nonlinear PDEs through specific cases, and it is also a efficient method to get exact
solutions of definite solution problems by using general solutions. In practical applications, we
find that the general solutions of nonlinear PDEs are sometimes not unique, and the exact solu-
tions of the corresponding definite solution problems may not be unique. In subsequent papers,
we will continue to research more kinds of non-linear PDEs by Z Transformations.
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