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Abstract. The purpose of this article as a continuation of development of the Multiplical
concept is to give an answer to the earlier raised question of why the place of the operator in
the function y = e2™ is taken by the operator - a power tower with left associativity, and not
with the generally accepted right associativity (the Tetration). Answering on this question
required to conduct an hyperoperator analyze. The hyperoperator nature is considered,
definition is made and an alternative way of its development is proposed in the present
analysis.
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As we know increasing the hyperoperator order causes an increase of quantity of directions and
branches of hyperoperator’s further development. In fact, at 4™ order there is associativity
direction bifurcation. Both of the versions has right to exist, however if it is possible then we
should clarify what direction to consider as a general, primary, central and what direction to
consider as a specific, secondary, marginal.

According to the generally accepted definition, a hyperoperator is the repeated execution of
operations using one order lower hyperoperator for a sequence of numbers equal to the first
operand, and in an amount equal to the second operand. At the same time, nothing is said
about such a defining characteristic as the number of operations executed, because it depends
on the hyperoperator order. So for summation, the number of successor iterations equals to
the value of the second operand, for the higher hyperoperators it is 1 less according to the
general idea of binary operators.

The consequence of this is some confusion in the verbal description of the actions performed.
For instance, in order to multiply a number by n this number must be added to itself n number
of times as people say. Well, let’s multiply a number by 1, as it is suggested we add the number
to the number only 1 time and we get two times of the number. In order to raise a number to
power of n this number must be multiplied by itself n number of times as people say. Well, let’s
raise the number to power of 1, as it is suggested we multiply the number by the number only 1
time and we get the square of the number. Our vocabulary implicitly requires the resolution of
this contradiction.


https://vixra.org/abs/2205.0150

Let’s presume that in the general formulation, the number does not need to be added to or
multiplied by itself, but simply added or multiplied n number of times, where n is the second
operand of the multiplication or the exponentiation operation respectively. In order to bring
the sequence into compliance with the new wording, we need to add one more presumably a
forward operator to one of the sequence ends,. Since the operators are binary adding another
operator we have to finish what has been started and to add some closing quasi-operand or
neutral element N to the sequence. Taking into account the obvious fact that the neutral
element is not surrounded by two operators, as other operands are, we assume by contrast
that the operator and operand that are close to each other, with the exception of the added
neutral element, are functionally mutually associated and form one pair.

An answer to the question of what operand the operator is associated with, either the first (the
left) or the second (the right) will determine the neutral element position in the sequence, so
will it be at the beginning (at the left) or at the ending (at the right).

The generally accepted execution of addition / subtraction and multiplication / division
operations in the direction from left to right for a sequence of arbitrarily chosen numbers and
in case of presence of operators of both type in the sequence, the forward: the addition or the
multiplication, and the inverse: subtraction or division, respectively, predetermines the
associativity of the binary operator with the second (the right) operand, because only the

associativity presence and only the presence of the associativity of the operator with its second
(its right) close operand allows an unlimited rearrangement of pairs (operator and operand) in
the sequence without a change of the result (see the illustration). As a consequence the neutral
element position is at the sequence beginning (the leftmost). The proposed general approach
to a hyperoperator is such that in fact each numeric element of the sequence, excepting the
neutral element, is not just a number, but a second operand, an addend or a subtrahend to
something, a multiplier or a divisor of something and so no.
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The pair of an operator and its second operand represent an operation, which can be
considered as a capsule, where the operator is responsible for the operation quality property
(the operation inner logic that depends on the operator order and the operator direction: the
sole forward, and two versions of inverse) and the second operand is responsible for the
quantity property of the operation. The operation is a subject of action, and the object is the
first operand of the operator. Exactly as it is said, as for example, when we multiply a consisting
of myriads of atoms apple by 3, we image 3 separated identical apples as the operation result
as consisting of myriads of atoms identical combinations, and not myriads of separated 3-atom
molecules each having one respective atom of each of 3 apples, and what could be imagined if
we would multiply a 3 by an apple. And this is despite the fact that the overall quantity of
atoms in both of variants of the operation result imagination is the same.

From the school desk we all know well that the result doesn’t depend on places of operands in
the addition and multiplication operations, neither the numerical quantity nor the value
measurement. Therefore there is no any use to search for operands’ functional differences, so
to say, to search for “truth”. But | think that for the purpose of conducting a hyperoperator
analysis it is needed to be abstracted from this stereotype and to approach critically to
happening inside a hyperoperation.

It is obvious that the first operand of each binary operator of a sequence of single-order
operators is not just a number, but it is an operation result where this fist operand is the
second one in a capsule with its own operator. In order to deal with any first operand in the
sequence as with an operation object one have to preliminary execute an operation where this
first operator is the second one, and to repeat this moving back to the causes through the chain
of operations. Any first operand is the first because it is received as the previously executed
operation result in the logic of causes and consequences. The chain of ascent to causes is
ceased by the neutral element that leads the sequence and does not have its own operator. On
the following example each operation object is placed into a pair of brackets, and each
operation subject — the operation itself consisting of operator and its second operand is out of
brackets, but highlighted in color (forward operations in red, inverse operations in blue):

<<(((N‘ra)Ab)'rc) Ad) ’Ve> Af, (49.1)

where A and V - respectively forward and inverse operators of the 1* or the 2" order.

This is also an argument in favor of performing operations in a sequence of single-order
operators, but of any quality (forward and inverse) in the direction from left to right by default
as general rule, since, on the contrary, the execution of such operations from right to left, with
or without any of the options for associating the operand and operator, does not provide the
possibility of rearrangement either operands or operations while maintaining the calculation
result for hyperoperator orders up to the second inclusive. Execution from right to left breaks
the actual relation between the operator and its second operand, replacing the latter with the
result of the previous calculation, which is equivalent to the “anomaly-producing” technique of
using parentheses, the expansion of which can cause the operators to be inverted to their



opposites. The harmony and beauty of arithmetic operations are violated. In addition, inside
the brackets, each individual expression must begin with an operation on a neutral element:

In the case of parentheses, the subjects of a possible permutation are associated pairs
consisting of operators and parenthesized expressions as the second operand for their
operators. Carrying out permutations of all expressions in brackets along with their associated
operators, leads to a visual change in the order of the operands in the sequence to the reverse
and seems to be like performing a sequence of operations from left to right, however, this does
not save us from the need to open brackets and from the need to perform operations with
neutral element, which itself always has the highest execution priority, each time before the
execution of the next operation in the sequence:

N7 (NA(N7 (NA(N 7 (NAfAe)Ad)Ac)Ab)Aa). (49.3)

Calculating a sequence consisting of operations of the same order and the same quality (either
forward or inverse) is a specific case relative to the case described above, therefore, the result
of calculating such a sequence can’t be an argument to justify the arbitrariness of the choice or
the opposite choice of the direction of performing operations in the sequence in the general
case. Here it should be stated that the accepted direction of calculation of a power tower from
right to left, which is the basis of the Tetration operator, violates the general rule.

A calculation direction of a sequence of single-order operation (the generally accepted is from
left to right) and positions of the 1% and the 2™ operands (as it is generally accepted the 1% is at
the left and the 2" is at the right) are mutually conditioned. So if the calculation would be
conducted in the direction from right to left then the right operand would be considered as the
1%, or if the right operator would be the 1* one then the calculation direction would be
conducted in the direction from right to left.

Here it is important to follow the uniformity of the direction of calculation for operations of all
orders, choosing one (the generally accepted) of two for operators of the lower orders the
chosen one should be applied to operators of the higher orders. As it is above mentioned
switching the direction means an effective mutual exchange of places for the 1 and the 2
operands, but since the operands carry completely different functions, the mutual exchange of
operand places changes the calculation logic completely. For this reason switching the
calculation direction in a process of the transition from lower to higher operator order is not
forbidden but requires an explanation of the made decision, a proof of its necessity.

As it is well known two inverse binary hyperoperators exist for one forward binary
hyperoperator of n™ order, namely those are the hyper-root and the hyper-logarithm. The
latter of orders below the 3™ are functionally indistinguishable and represent operators of
subtraction and division for the 1% and the 2" orders respectively. For the higher orders it is
possible to methodologically select the primary and the secondary inverse binary
hyperoperators out of the respective pair.

The primary inverse binary hyperoperator is that one which operation will bring the result of
the previous operation conducted with the forward hyperoperator of the same order to its
initial state using the same length interval measured in operator quality units, because the
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interval length sameness indicates the “180 degree” opposition of used the primary inverse
hyperoperator quality unit relative to the quality unit used in forward hyperoperator, and that
makes the primary hyperoperator to be an exceptional. Being the operation quantity property
the second operand is responsible for the operation interval length, and this means that the
second operands of the forward and presumably the primary inverse hyperoperator both have
to have the same value. In circumstances of performing operations in the direction from left to
right the hyper-root meets this condition and therefore it is accepted as primary inverse binary
hyperoperator. Further in the context this inverse hyperoperator is meant as a inverse
hyperoperator by the default. Below it is also explained why the separation to the primary and
to the secondary inverse hyperoperators is critical in the scope of the conducted hyperoperator
analysis.

The hyper-logarithm does not use the quantity property, but returns it as the operation result.
The hyper-logarithm could be primary inverse operator in case if in the forward operator
operands would exchange their places what exactly happens at the opposite direction of the
operations calculation. The power tower calculation from right to left is performed as if the
operands of the exponentiation operator exchanged their places however it is false according
to the exponentiation operator definition. There is a contradiction. Down below it is
demonstrated how the hyper-logarithm plays the primary inverse operator role in case of
performing operations in the direction from right to left.

The forward binary hyperoperator is a sequence consisting of equal to the defined
hyperoperator second operand absolute value quantity of operations which are performed by
binary hyperoperators of one order lower than the defined hyperoperator and started by a
neutral element of one order lower than the defined hyperoperator which takes place of the
first operand of the first operation of the sequence and where copies of the defined
hyperoperator first operand take places of all second operands of those operations and where
hyperoperator quality (forward or inverse) depends on the defined hyperoperator second
operand arithmetical sign as follows: if the sign is positive then the quality is forward else the
quality is inverse. The hyperoperator general definition is following:

HO(-1,n,a,) := HOy1(S(b), n = 1, .. HO(S(b), n = 1, HOA(S(b), n = 1, N(n =1, a), a), ) .. ),
(50.1)

HO(-1,n,a,b) := HOb(l, n—1,.. HOz(l, n—1,HO:(1,n—1,N(n—-1, a), a), a) . ,a) atb>0,
(50.2),

HO(-1,n,a,b) := HO_b(—l, n—1,.. Hoz(—1, n—1,HOs(-1,n—=1,N(n-1, a), a), a) a) atb <O,

(50.3)
aT™™Mp =N(n-1,a)Tn" g, T0=g,  T-U3 atb>0, aj=ay=az=..=a,=a (51.1)
aTWp=N(n-1, a)Vn-Yg,Vin-1g, V0-13 atb<0, aj=ay=az=..=a,=a (51.2)



where HO(d, n, a, b) — hyperoperator; d — hyperoperator quality (forward or inverse), accepted
following values: +1 — for the forward, =1 — for the inverse; n — hyperoperator order, a natural
positive number which is above zero; a - the 1* hyperoperator operand; b — the 2"
hyperoperator operand; N(n, a) — neutral element of n™ order for number a; S(x) - sign
function that return 1 in case if x is a positive and returns =1 in case if x is a negative; HOi(d, n,

’Nn)b

a, b); — hyperoperator of i calculating iteration; a — forward hyperoperator of n™ order;

avp -inverse hyperoperator of n™ order.

If the second operand is positive then the forward hyperoperator of the lower order is applied,
otherwise the inverse hyperoperator of the lower order is applied. Operations quantity is equal
to the second operand absolute value.

The usage of inverse hyperoperators of lower order in the hyperoperator general definition
reveals an obvious but critical dependence of the latter to the primary inverse hyperoperator
choice and therefore justifies the decision to conserve the sequence calculation direction in the
transition from lower to higher orders of the hyperoperators.

In the specific 0™ order hyperoperator (successor/predecessor) definition the second operand
is ignored (the operator is unary) and the quality of the hyperoperator (forward or inverse) and
therefore the operator result is defined by d value:

HO(d,0,a,b) :=a+d. (52)

The neutral element is a function of the first sequence operation where the neutral element is
the first operand, more precisely this is a function of the operator order n and the second
operator operand a. Therefore in a sequence of single-order operations the 1* operation
determines its fist operand — the neutral element:

N(n, a)YaAbyYcAd. (53)

In this case, the first operation in the sequence, the one performed on the neutral element, is
what we mean by the operation using the unary operator. Thus, we can conclude that the
neutral element is a function of a unary operation. The value of the neutral element does not
depend on the quality of the operator (forward A /inverseY).

The neutral element function is defined as a single inverse binary operation of n™ order where
both operands are value a:

N(n,a) =HO(-1, n,a,a)ifn>0 (54)

where N(n, a) — neutral element function; n —hyperoperator order; a — arbitrary real number;
HO(-1, n, a, b) —inverse binary hyperoperator of n" order.

It is obvious that a neutral element value does not depend on the operation quality (forward or
inverse) and this is fundamental.



Table of neutral element N for number “a” depending on hyperoperation order “n”

Hyperoperation Forward hyperoperator | Operation for Result of N or
order, n Inverse hyperoperator searching N Equation for N
0 Successor | Predecessor - N=a
1 Addition | Subtraction a—a 0
2 Multiplication | Division a/a 1
3 Exponentiation | Root extraction Ya N=%a
4 Acceleration | Deceleration a\, N = N(a_li/a

The exception is the way of getting a neutral element for the zero order hyperoperator
(Successor/ Predecessor). Due to the fact those are atomic operators the whole math is built on
and also due to the fact those are not a binary operator, not having their second operands
which determine the quantity property in general, the neutral element value is just the original
number a - the sole hyperoperator operand.

It is obvious the hyper-root is used for a neutral element obtaining. If the sequence calculation
direction would be from right to left then it would be fairly to use the hyper-logarithm for the
purpose and in this case the neutral element would be always 1 for hyperoperator orders
above 1. In my opinion this invariant can’t be a reason to use the hyper-logarithm as basic
inverse hyperoperator because it doesn’t propagate to hyperoperator orders below 2 therefore
is not a general.

Despite the fact the neutral element is an operation function and depends on the operation
second operand, nevertheless a neutral element value could be an invariant for a definite or
indefinite sequence of single order operations with arbitrary operator quality (forward or
inverse) and arbitrary second operands. There is unconditional neutral element invariance for
hyperoperator orders up to 2 inclusively. In fact for the 0™ order it is the original number a, and
for the 1% and 2" orders it’s even a constant (see the table).

If we approach mathematically rigorous, then the result of calculating the neutral element of
the first order using zero as an operand has an undefined value, it can be any finite number. If
you do not approach strictly and consider the division operator as a ratio, implying that the
ratio of two equal values equals to one, then you can take 1 as a neutral element in this case,
especially since 1 belongs to the set of numbers of possible results of dividing zero by zero. You
can also consider a definition of the neutral element through the limit: The non-rigorous
approach has wider practical application, in particular, the postulate used in the definition of
the product operator is consistent with it that the product of the zero number of multipliers is
equal to 1, otherwise it would be impossible to formulate the multiplical concept.

A consequence of the forward hyperoperator definition is that the latter returns a neutral
element value if its second operand b equals to O:

HO(1, n,a,0)=N(n-1,a). (55)

Non-rigorously 0° = 1, since the neutral element of the 2" order is a constant and equals to 1.



The inverse binary hyperoperator (the hyper-root) is defined recurrently through the solution
of the equation to determine the forward hyperoperator, but with a mutual change of places of
the returned result of the hyperoperation and its second operand in this equation as follows:

x =HO(-1,n,a, b), (56.1)

a=HOy, (S(b), n—1,..HOa(S(b), n = 1, HO:(S(b), n— 1, N(n = 1, x), x), X) ., x) ifb#0, (56.2)
a= HOb(l, n-1, .. HOz(l, n—1,HO:(1, n—1, N(n—1, ), x), x) ., x) atb>0, (56.3)

a= HO_b(—l, n—-1,.. HOZ(—l, n—1,HO:(-1,n—1, N(n—1, x), x), x) ., x) atb<0, (56.4)

x =avp, (57.1)
a=N(n=1,x) T Ty, T ath>0, xi=x2=X3=..=xa=x  (57.2)
a=N(n-1,x)V Y0y, YDy atbh <0, X=X =X3=.. = Xy = X (57.3)
where x — pointer to return value of the inverse binary hyperoperator.

The hyper-root also can be expressed compactly through the forward hyperoperator of the
same order with substitution in place of the first operand of the forward hyperoperator:

a=HO(1, n,HO(-1, n, a, b), b). (58)

In general it is not allowed to supply 0 as the second operand to a inverse hyperoperator other
than the inverse hyperoperator of the 1% order (the subtraction) . Obviously, as an exception,
only zero can be allowed to divide by zero, but rigorously the result of this operation can be any
number, as can be seen from the following equation derived from the previous:

0=N(1,x). (59.1)

Also, as an exception, it is possible to extract the root of zero degree only from 1, and the result
of this operation can also be any number, but except for zero with a rigor, like the previous:

1=N(2,x). (59.2)

There is another general recurrent and at the same time explicit solution for the hyper-root,
which, on the contrary, is not applicable to defining the operator as a sequence of operations
with left associativity in the general case, but is applicable for it as a sequence with right
associativity where the hyper-root is not a main inverse hyperoperator:

x =HO(-1,n, a,b), (60.1)
x=HO(-1,n—1,a,HO(1,n,x,b—1)) ifn22, (60.2)

In the sequence of single-order

NAavavatarara \/ operations  of  mixed  quality
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(forward A /inverse ') with identical operands “a” (with an exception of the neutral element as
the 1% operand of the 1% operation) the conditional commutativity is possible, which is
observed regardless of the hyperoperation order (see fig.). At the same time, this rule checks
the correctness of the choice of internal logic of the inverse hyperoperator as opposition of the
forward, and what fundamentally distinguishes the inverse hyperoperator (the hyper-root)
from an alternative (the hyper-logarithm).

Checking equality of the left and right sequences, depending on the direction of the calculation
(the associativity direction):

avaha = ahava, (61.1)
(ava)Aa = (aha) Yae (%)a = /(@) - left associativity,  (61.2)

av(aha) # aA(ava) < (@) # a(Va) _ right associativity, (61.3)
where Y - root extraction, A - exponentiation.

But if represents a logarithm then the equality is not respected for the left associativity and
is respected for the right associativity:

(ava)Aa # (aha) Ya< (log,a)? # log,(a?) - left associativity, (61.4)
av(afa) = aA(ava) < log,(a?) = al°8a? —right associativity.  (61.5)

For any hyperoperator order observance of this equality, checked by a permutation of mixed
(forward or inverse) operations performed with one operand a depends on the choice of the
main inverse hyperoperator, which in turn is predetermined by the direction of calculation the
sequence.

As a consequence of the method of determining the neutral element the hyperoperator of the
2" order and above returns its first operand as the result in case if the second operand equals
to 1:

HO(d, n, a, 1) =HO(=d, n, a, 1) =HO4(1,n—1,N(n—-1,a),a) =aifn22. (62)

The last statement is valid regardless to the hyperoperator quality (forward or inverse),
because interchanged in the hyperoperator definition equation, the result of the hyperoperator
and its second operand a are equal to each other based on the last equation.

Due to the binaryity of hyperoperators, a remarkable common property of all forward
hyperoperators is the return of 4 if both of its operands are equal to 2, which is observed
regardless of hyperoperator order, but with the exception of the hyperoperator of the 0™ order
due to its non-binarity:

HO(L,n,2,2) =HO(1,n-1,2,2)= 4ifn>1. (63)

Another interesting observable property of forward hyperoperators of the 4" and higher orders
is that they tend to 1 when the second operand tends to —oe:



HO(1,n,a,—o) =1ifn>4. (64)

Results of inverse hyperoperators of the 4" and higher orders belong to the set of
transcendental numbers according to the set definition. In general a inverse hyperoperator
result belongs to the set of countable numbers since the set of such numbers is a result of
combining numbers of two countable sets to replace the first and second operands of the
inverse hyperoperator respectively. According to the hyperoperator order, its result can be
attributed to a countable subset of the corresponding order if its same result cannot be
obtained by hyperoperators of lower orders. So the integer numbers as result of the
subtraction are countable of the 1°' order, the rational numbers as result of the division are
countable of the 2™ order, the results of the root extracting, while being algebraic, are
countable of the 3" order, the results of the deceleration are countable of the 4t order, and so
on. Despite the fact that results of the deceleration and results of the root extracting are
irrational and for someone may seem similar, they are different in their essence. Just as a
rational number cannot be represented through an integer, and an algebraic irrational cannot
be represented as a fraction of rational numbers, the result of the deceleration cannot be
represented as an algebraic number root of an algebraic number. As far as integers differ from
rational ones, so rational ones differ from algebraic irrational ones, so far the latter differ from
the result of the deceleration; they all differ from each other in just one hyperoperator order.
But a common property of all countable numbers of the 2" and higher orders is their non-
integrity, which automatically means the practical inaccuracy of the value that algebraically
obtained only by means of passage to the limit when the number of recursions of the inverse
hyperoperator, with the use of which these numbers are obtained, tends to infinity.

The hyper-logarithm can be expressed recurrently and compactly through the forward
hyperoperator:

c=HO(1, n, a, HL(n, a, ¢)), (65)
where HL(n,a,c) — base a hyper-logarithm of n™ order.

As it is seen unlike the solution for the inverse hyperoperator in the solution for the hyper-
logarithm, the latter is substituted for the second operand of the forward hyperoperator, which
determines its applicability as the main inverse hyperoperator when calculating the sequence
from right to left.

It is not possible to express the hyper-logarithm not compactly, namely, in the form of an
equation for the sequence of hyperoperations of the lowest order as it is possible for the
inverse hyperoperator since such operations quantity cannot be non-integer. This logical
obstacle discredits the hyper-logarithm as the alternative main inverse hyperoperator,
therefore it discredits the direction of performing operations in sequence from right to left (the
right associativity) for which the hyper-logarithm would have to be such.
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Table of forward hyperoperator results for different argument values

The
. e Raising to .
Hyperoperator AddItIOh/ Multl'pl'lc'atlon power / Root Acceleratlf)n/ hyperopfhr Tetration
own hame Subtraction / Division . Deceleration ator of 5
extracting
order
H t
yperoperator 1 5 3 4 5 i
order
HO(1,n,a, —=°) —oo —oo 0 1 1 ?
HO(1,n,a, 0) a 0 1 {a a\, 1
HO(1,n,a, 1) a+1 a a a A a
HO(1,n,2, 2) 4 4 4 4 4 4

Hyperoperator synonyms can be defined in order to shorten the notation:
H(n, a, b) = HO(1,n,a,b), (66.1)
HR(n, a, b) = HO(-1,n,a,b). (66.2)

The hyper-power function is a hyper-function that represents a single forward binary
hyperoperator, where the function argument takes place of the hyperoperator 1* operand and
an arbitrary real number takes place of the hyperoperator 2" operand:

y=H(n, x,a). (67.1)

The hyper-exponential function is a hyper-function that represents a single forward binary
hyperoperator, where the function argument takes place of the hyperoperator 2 operand and
an arbitrary real number takes place of the hyperoperator 1* operand:

y=H(n, a,x). (67.2)

The hyper-root function is a hyper-function that represents a single inverse binary
hyperoperator, where the function argument takes place of the hyperoperator 1* operand and
an arbitrary real number takes place of the hyperoperator 2" operand:

y =HR(n, x,a). (67.3)

The hyper-logarithmic function is a hyper-function that represents a hyper-logarithm, where
the base is an arbitrary positive real number:

y=HL(n, a, x). (67.4)

A function built on the basis of a binary hyperoperator, but in which an arbitrary constant and a
function argument are interchanged as the first and second operands of a binary operator, can
be called “flipped” in relation to the function where the mutual change of places is not
performed. Strictly speaking, this definition is relative. But with regard to the conducted
hyperoperator analysis and the analysis of functions which are built with the use of the
hyperoperators, we can agree that we will consider the function flipped, where the place of the
first operand - the object of the operation is occupied by an arbitrary constant, and the place of
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the second operand, which is responsible for the quantitative change of the object of the
operation, is occupied by the argument of the function. This way the hyper-exponential
function is the flipped hyper-power function. The 1*' operand of the hyperoperator - forward
with respect to the hyper-logarithm, takes the place of an arbitrary constant in the hyper-
logarithm itself, but not the argument of the function, for this reason the hyper-logarithm is not
referred to flipped functions.

Having three binary hyperoperators (one forward and two inverse) it is possible to compile
three hyper-functions and to compile a one flipped function out of each of them three, all
together six hyper-functions of n™ order can be compiled. Therefore it is possible to define two
more hyper-functions except those above mentioned. | don’t know generalizing names of those
functions, but we can refer them to flipped inverse hyper-functions and name them as follows:

The flipped hyper-root function:

y =HR(n, a,x). (67.5)
The flipped hyper-logarithmic function:
y =HL(n, x, a). (67.6)

The hyper-function table for hyperoperator orders from 1 to 3"

Function Generalizing Generalizing Specific definition depending on the order
group function name definition 1 2 3
- . a
Forward Hyper-power H(n, x, a) X+a X-a X
functions < <
Hyper-exponential H(n, a, x) a+x a-x aX
a 1
Inverse Hyper-root HR(n, x, a) Vx < x /a
functions x4 x/a
Hyper-logarithmic HL(n, a, x) log, x
Flipped Flipped hyper-root HR(n, a, x) Vae at/x
inverse : a—x a/x
functions F"F’F’eo_' hyper— HL(n, x, a) logyae
logarithmic log, x

The three groups of hyper-functions are formed by their growth rate characteristic at arbitrary
constant above 1 and positive argument and also by the fact that for hyperoperator orders
below the 3" functions of one formed group are functionally identical.

For forward functions their growth rate is not less than the y=x growth rate, for inverse
functions their growth rate is not higher than the y=x growth rate, and for flipped inverse
functions their growth is negative.

All hyper-function are different in their math essence, however for the 1 and 2"
hyperoperator orders functions that belongs to one group are functionally identical and return
identical results for respective orders. Also the forward hyper-function of the 1* and 2" orders
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are identical to the inverse hyper-functions of respective orders with the only difference that
for inverse hyper-functions an arbitrary constant is opposite to that for forward hyper-functions
with respect to the value of the neutral element for the corresponding order.

Despite the fact that all hyper-functions of the 1% and 2" orders, except for the function y=a/Xx,
are linear, | did not combine them into one group, since they have essential differences.

Table of returning values of the hyper-exponential function in base 2: y = H(n, 2, x)

“uyn

for different hyperoperator orders “n” and argument values “x

X
N
—0o -2 -1 0 1 2 3 4q
1 —oo 0 1 2 3|4 5 6
2 —oo -4 2 0 2 | 4 6 8
3 0 % % 1 2 | & 8 16
4 1 V2 =32 Viz =12 V2 2 | 8| 4°=2"=16 | 16°=2%=1256
1.09050773 1.18920712 1.41421356
y z y y
5 1 y=Jz=vVa=%2 |y= z=%2| y=2 2 | B | 4°=28=-256 | 2562= 2248
1.55961047
1.28486975 1.37997040
Tetration | ? —oo 0 1 2 | 4 2*=16 2'° = 65536

With argument growth step equal to 1 each next value of the hyper-exponential function in
base 2 is 2 raised to power of the previous function value for the 4t hyperoperator order, is the
previous function value raised to power of the previous function value for the 5t
hyperoperator order, and is the previous function value raised to power of 2 for the Tetration
based hyper-function (see table). Based on this pattern, and by the criterion of growth rate |
would attribute the Tetration to an order of 4% as growing faster than the 4™ order hyper-
function, and slower than the 5" order hyper-function.

An interesting pattern of hyper-exponential functions in base 2 is also observed. The value of
the hyper-function with an argument equal to 4 is equal to the value with an argument equal to
3, but for a hyper-function of one order up than the one under consideration, which is valid
starting from the first order of the hyperoperator:

H(n,2,4)=H(n+1,2,3)ifn>1. (68)

There is such a family of analytically defined functions that not the functions themselves, not
one of their derivatives (the first, the second, and further without a restriction) do not have
extrema and points of discontinuity for any values of the argument within the boundaries of its
definition. For them, the values of functions and all their derivatives are either equal to zero, or
are constant, or only decrease, or only increase. Unfortunately, | do not know the name of the
family of such functions and if there is no known name then it could be a family of perfectly
monotonous functions. This family includes hyper-exponential, hyper-logarithmic (the list is
inclusive). The remaining analytically defined functions, by definition, have this characteristic in
the interval of the argument between their own points of discontinuity and extremum points
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and such points for all their derivatives. These functions include all hyperoperator based
functions, elliptical, trigonometric, inverse trigonometric, hyperbolic and many other functions.
In the latter it is appropriate to talk about perfectly monotonous function scopes.

Different from all the other hyper-exponential functions in base 2, the hyper-exponential
function built on the basis of Tetration passes through points: (-1,0); (0,1); (1,2) (see table)
which a straight line can be drawn through. Consequently, in the interval of the argument from
—1 to 1, the hypothetical hyper-exponential generalization function for a non-integer argument
built on the basis of the operator Tetration has extrema of the derivative, so the function is not
perfectly monotonous. Also the function obviously has a break at argument value of -2, and it is
not known whether it has a definition for its argument to the left of this point. These
circumstances are signs that this function is not hyper-exponential. Moreover, it has
coincidences with two other hyper-exponential functions at three points of the argument: 0,1,2
with the hyper-exponential function of 3" order — the Exponent and 1,2,3 with the hyper-
exponential function of 4™ order - the Accelent (see table), which would be an anomaly for a
hyper-exponential function. At the same time, there are no three points of argument at which
any hyper-exponential function built on basis of hyperoperator with left associativity, including
Exponent and Accelent, would coincide at any combinations of power base applied and
especially for Exponent and Accelent arbitrary multiplier applied for each of functions
separately. All this discredits the right associativity with the use of which the Tetration operator
is defined.

Computing the power tower from right to left is tantamount to applying parentheses that
separate the second operand from its operator in sequence, which leads to an "anomaly" in the
result, where normal result means the result obtained according to the definition for the
hyperoperator, that is, with the so-called left associativity or the direction of evaluation from
left to right.

| do not know what argument exactly determined the choice of right associativity in the
Tetration operator. If the reason was the presumption that a higher-order operator should not
be compactly described in terms of lower-order operators, that convenience of compact
notation as a reason we introduce new operators into use, then | can comment that objective
reality exists independently on our subjective idea of it, and mathematics exists independently
on our way of describing it. Apparently, the hyperoperator of the third order — the raising to a

|"

power - is a rather “powerful” tool that has a special feature - the ability to compactly describe
an operator of one order higher than itself. By the way, in English terminology it is called
“power”. But apparently the latter was not taken into account. On my opinion, the
hyperoperator of the 5" order can no longer be described compactly in terms of the

exponentiation. Obviously, here comes the limit of the "power" of the latter.
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Arguments of choice the sequence computation direction in the hyperoperator definition

From left to right

From right to left

Geometrical growth of presumable hyper-exponential
function of the 4™ order formulated on a basis of the 4"
order hyperoperator defined as a power tower with the left
associativity coincides with the function itself (argument of
necessity)

Proven left-to-right directionality for hyperoperators of
order below the third, and consistency in the choice of the
computation direction when moving from lower to higher
orders of hyperoperators, without the need to redefine
them (argument of consistency)

For the order of hyperoperators
above the 1%, the neutral
element obtained by means of
the hyper-logarithm as the main
inverse hyperoperator for the
direction of calculation from
right to left is equal to one. The
argument is dubious, because it
simultaneously points to
imperfection

Similarly to the forward hyperoperator and being the main
inverse hyperoperator for the direction of calculation from
left to right, the hyper-root through its second operand
receives a quantitative characteristic of the operation,
which results in the possibility of obtaining a hyper-root by
means of a recursive equation consisting of a sequence of
lower-order hyperoperators, which is impossible for a
hyper-logarithm (argument of preservation of
hyperoperators properties)

The impossibility of compact
notation for a higher-order
operator using lower-order
operators as the basis for
introducing a next-order
operator. (argument of
convenience)

Hyper-exponential functions of different orders, formulated
on a basis of forward hyperoperators defined with left
associativity, never coincide with each other at three points
of the argument. They are perfectly monotonic functions
over the entire interval of the argument definition
(argument of perfection).

The existence of explicit
recurrent solution for the hyper-
root which is however not the
main inverse hyperoperator for
the right associativity

It is not proposed herein to change the existing power tower calculation rule implying right
associativity, therefore it is not proposed to redefine Tetration, Pentation, Hexation, etc. But it
is proposed to recognize the legitimacy of the hyperoperator definition as a sequence of
operations with left associativity, with the status of the main hyperoperator definition assigned
to it, and to separate the hyperoperators thus obtained into a separate set. It is also proposed
to use own names of hyperoperators defined according to the proposed rule. So for the 4t
order they are "Acceleration"” and "Deceleration" as forward and inverse hyperoperators,
respectively.

In order to distinguish the above-described hyperoperators defined with left associativity from
those defined with right associativity, it is proposed to introduce a separate general shortened
arrow notation for hyperoperators defined with left associativity, orders higher than 3rd, as
follows from the table below.
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Arrow notation of hyperoperators defined using left associativity

Hyperoperator order, n
Hyperoperator quality
4 5 6
H(n,a,b) ar’ ars’ ar 7’
HR(n,a,b) avNg aNy\y aN\\p
HL(n,a,c) C\g C\Nq C\\N,

Sequences of operators are composed and calculated from left to right with the priority of
computing a sequence of operations of a higher order over a sequence of operations of a lower
order and with equal priority of operators of the same order, regardless of their quality. There
are 3 equivalent entries of one example down below:

b
e 2 a777 \“c\“d\f irsk(69.1)
Y

grr7

(j//k) (692)

(e /‘/‘<((aﬂfb)ch)\\\d)> N

N (g}/}i)>/‘

H (4, HR(4, H(5, e, HL(6, HR(6, (s, a, b), c), d) ), HL(5, H(s, &, i), f)), H(S, | k)),

(69.3)

The unary operator is essentially a binary operator with a neutral element as the first operand -
the object of the operation, since there is an obvious circumstance: the operation cannot be
performed on anything. If a direct operation is meant, then for the sake of brevity, it is
customary not to indicate this operator, which, without assessing the correctness of the rule
itself, probably caused the aforementioned confusion in the definition of the hyperoperator. If
the inverse operator is meant, then it must be indicated, but again, for the sake of brevity, if
possible, without indicating the neutral element. However, since the inverse second-order
unary hyperoperator (unary division operator) is not used, one has to write its full binary form
with a neutral element: 1/a. | personally had to explicitly use this form of notation, doing so for
the sake of readability of the program code, when in set of code rows it is required to follow
the sequence of certain operations without regard to their quality (quality of forward or inverse
action) but keeping the same order of operands. As a result of this technique, the expression
looked like this: y=1/a*b/c, although in my opinion the expression in the form y=/a*b/c is also
well readable and intuitive as everyone understands which neutral element is meant by default
in a factorial case. Also, a stand-alone /a or :a could be read as the reciprocal of a, in the same
way that —a is considered as the opposite of a.
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In Russian

AHanus runeponepartopa
Omutpnin Bhagummuposud NypbsaHoB
dmitriigur76 @gmail.com

AHHOTaUMA. HacToAWen CcTaTbM B CBOEM KayecTBe MPOAO/IKEHUA pPasBUTMA KOHLenuuu
MYNbTUNAMKaNA — 3TO AaTb OTBET HA paHee NOAHATbIN BOMPOC O TOM, MOYEMY MECTO onepaTopa
B GyHKUMM y = e A” 3aHAN onepaTop - cTeneHHas ballHA C 1eBOM acCOLMATUBHOCTbIO, @ He C
obuwenpuHAaTon npasoi (Tetpauma). OTBET Ha 3TOT BOMpOC TpebyeT npoBefeHuA aHa/n3a
rmneponepaTtopa. B HacToswen paboTe paccmoTpeHa npupoda runeponepaTopa, AaHbl
onpeaeneHus U NpeasoxKeHbl abTepHaTUBHbIE NYTM Pa3BMUTUA rMNeponepaTopa.

KnioueBble cnosa: [lpaBasa accounaTMBHOCTb, JleBasa accoumaTMBHOCTb, KOMMYyTaTUBHOCTD,
l'mneponepaTop, 'Mneponepauma, NMopagoKk runeponepatopa, F'mnepKkopeHb, Mmnepnorapudm,
HelTpanbHbii anemeHT, [psamon onepatop, O6paTtHbin onepatop, OcHoBHOM 06paTHbIN
onepatop, MnepoyHKuma, Mpambie runepdyHKumnm, ObpaTHaa runepdyHKuma, MNepeBépHyTan
obpatHaa runepdyHKuma, CoBeplleHHO MOHOTOHHAA ¢yHKuMA, WHKpemeHT, CnoxeHwue,
YMHoOXKeHune, BossegeHue B cteneHb, YCKopeHue, TeTpayma.

Mpepbiaywan cBA3aHHaA cTaTbA: KoHuenuma mynbTunamnkana https://vixra.org/abs/2205.0150

KaK M3BecCTHO, C yBeInYeHNeM NopsaaKa onepaTopoB yBE/IMYMBAETCA KOIMYECTBO HanpaBaeHui
VAN OTBETB/IEHUI UX AaNbHEMLIero pasBMTUA, B YaCTHOCTU Ha YETBEPTOM MOpALKE BO3HUKAET
6udypKaumsa HanpasaeHUsa accoumaTBHocT. Oba BapnaHTa MMEIOT NPaBO Ha CYLLECTBOBAHME,
HO TeM He MeHee, ecnn 3TO BO3MOMKHO, TO c/ieayeT pa3obpatbca B TOM, KaKoe U3 OTBETBEHUI
cnegyeT cumtatb 06WMM (HOPManbHbIM, LLEHTPa/IbHbIM), @ KaKoe 4YacTHbIM (aHOMa/bHbIM,
CTPaHWUYHbIM), U MOYEMY.

CornacHo o6LWenpuHATOrO onpeaeneHua rmneponepaTop — 3TO MHOFOKPaTHOE npoBegeHue
onepauMii C MWCNOMb30BAaHMEM Ha OAMH NOPALOK HWU3LWeEro runeponepatopa Agnaa
nocnefoBaTe/IbHOCTU M3 PaBHbIX NEPBOMY ONepaHAy YMCen, U B PaBHOM BTOPOMY onepaHay
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KonndyectBe. [lp 3TOM O TaKoW onpeaenaloWer XapaKTepucTMKe, KaK KOJIMYecTBO
NPOU3BOAMMbIX AENCTBUIA, HAMEPEHO HMYero He coobuiaeTtca, M60 OHO 3aBMCUT OT MopsAAKa
runeponepatopa, 4YTO CBMAETENbCTBYET O HaAWMYMM  HECOBEpLUeHCTBa, OTCYTCTBMA
YHUBEPCANbHOCTU ero onpegeneHuns. Tak ANA CNOMKEHUA KOIMYECTBO UTEPaLM MHKPEMEHTA
(yBennueHmMa Ha eaMHULY) paBHO 3HAYeHUO BTOPOro oOnepaHpa, AAs  OCTaNbHbIX
rmneponepaTtopoB OHO Ha 1 MeHblue corfacHo obuemy npeacTaBAeHUl0 O BMHapHbIX
onepaTtopax.

CnencteMem 3TOro AABNASIETCA HEKOTOpas MyTaHWLA B C/IOBECHOM OMWCaHUMKM MPOU3BOAUMBIX
aencteuit. Hanpumep, 4to-6bl YMHOXWUTb YNCAO Ha N, TOBOPAT, HYXKHO €ro CA0XUTb CaMUM C
coboit n pa3. XopoLlo, yMHOXKaem 4ncio Ha 1, Ana 3Toro cknagbiBaem ero cammm c coboit 1
pa3, M nony4yaem B ABa pasa bonbwe. s Bo3BeAEHWEM B N-HYH CTeneHb NpeanucbiBaloT
NepemMHOUTb YNCI0 CaMUM C cobOoM n pa3. Pe3ynbTaT TakKe npeackasyem, BO3BOAWM YMCNO B
nepByto cTeneHb, NEPEMHOXMB ero cammm ¢ coboit 1 pas, U nonyyaem ero KBagpaT. Hawa
JIEKCUKa noAcnyaHo TpebyeT pa3pelleHns AaHHOro NpoTUBOpeYms.

MNpeanonoxmm To, YTo B Honee NpaBuUIbHON GOPMY/IMPOBKE YMUC/IO HE CAMUM C CODOM HYXKHO
CKNaAblBaTb MM YMHOMaTb, @ MPOCTO CKNAAbIBaTb WM YMHOXKaTb N pas, r4e YMcino n - 3To
BTOPOW onepaHA onepauym YyMHOXKEHUSA AN BO3BeAEeHUA B CTeNeHb COOTBETCTBEHHO. [aa Toro,
4TO HBbI NPMBECTU NOCNEA0BATE/NbHOCTL B COOTBETCTBME C HOBOM GOPMYINPOBKOM, K OAHOMY U3
KpaéB nocnenoBaTelbHOCTM HeobxoaMmo A06aBUTL elwé oaMH onepaTop, NPeanoNoKUTENbHO

npAamMoro aencrema. Ho NOCKONbKY onepaTtopsl OTCyTCTBME acCOLMaTMBHOCTH
.. onepartopa M onepaHaa
6uHapHble, To AobasnaAsa eweé oauH onepaTop
HeNb3A He 3aKOHYUTb HayaToe, U Heobxoanmo
[o6aBUTb B NOCNEAOBATENbHOCTb  HEKWUM a - b +C- d x
3amblKaloLWMiA KBasu-onepaHA nnn

HelTpanbHbin  3nemeHT N. [puHMMaa BoO
AccoymaTMBHOCTb OnepaTtopa

BHUMaHMe TOT  o4YeBMAHbIN  dakT, uTO C NepBbIM oNepaHaoM
HeNTPaNbHbIN 3NEMEHT He OKpYXeH AByMSA

onepaTtopamu, Kak Agpyrve onepaHgbl, Mbl a- b + C - d x
npeanosfaraem  OT  MNPOTUMBHOFO  TO, 4TO

6nmscToAWMe ApYyr K Apyry onepatop WM
AccouMaTMBHOCTb ONepaTopa

onepaHa, 3a MCKAlOYeHMeM [06aBAAeMoro €O BTOPBIM ONepaHAoM
HEMTPaNbHOTrO  3n1emeHTa,  BYHKLMOHabHO

B3aMMHO accouMMpoBaHbl M 06pasyloT OAHY +a- b 4+ C - d
napy.

OTBeT Ha 3TOT BOMPOC O TOM, C KaKUM M3 OKPYKaloLMX onepaHAoB — NepBbiM (1eBbiM) UK
BTOpPbIM (NpaBbiM) $YHKLMOHANbHO acCOUMMPOBAH onepaTop NpeaonpeaenuT MNOoOMKeHue
HEWTPaNbHOro 3/1emMeHTa B Noc/aeAoBaTeNibHOCTK, Byab TO B Hayane (cneBa) UaM B KOHUeE
(cnpaBa) nocnepoBaTeIbHOCTM.

ObLenpuHATOE BbINOSIHEHUE OMNEPALLUIA CNOXKEHUA/BbIMUTAHNUA U YMHOMXKEHUA/AeneHuns cnesa
Ha NpaBo A/1A NOC/NeA0BaTeNbHOCTM U3 MPOU3BOJIbHO BbIGPAHHbBIX YMCEN U MPU HANYMK B
nocnenoBaTe/IbHOCTM ONepaToOpPOB KaK MPAMOro AEUCTBUA: CNOXKEHUA UAN YMHOMKEHUA, TaK U
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O6paTHOFOZ BblMUTAaHUA WKW OeneHnA COOTBETCTBEHHO npeaonpeaenAer acCoumaTuBHOCTb

6MHapHOro onepatopa Co BTOPbIM (NpaBbiM) onepaHAOM, MOCKO/IbKY TO/IbKO MPW Hanuuue

acCoOLUMATUBHOCTM B MPUHLMMNE U TONbKO NPU HA/IMYMM acCOLMATMBHOCTM onepaTopa CO BTOPbIM
(npaBbim) 6aM3CTOALMM ONEPaAHAOM NO3BONAET HEOTPAHUYEHHYIO NepecTaHOBKY MecTaMu nap
(onepaTopa “ onepaHAa) B nocnenoBaTeNibHOCTU 6e3 U3MeHeHWs pes3ynbTaTa BblYMCAEHUA
nocnegoBaTenbHoOCTM (Ccm. uantoctpaumio). CneactBMem 3TOTO  ABAAETCA  PACMOIOXKeHUe
HENTPaANbHOrO 3/IEMEHTa B Hadyane nocnegoBatenbHocTn (cnesa). O6wwmin noaxon B
PacCMOTPEHMM TUNeponepaTopa TaKoB, YTO KaXKAblii YNC/IOBOM 3/1eMEHT NOC/e40BaTE/IbHOCTMH,
KPOME HEeNTpasbHOro 3/1eMeHTa, ABAAETCA BTOPbIM OMepaHAOM, TO eCcTb fBAAeTcA
cnaraembiM/BblYUTAEMbIM K YeMy W60, NN YMHOXKUTENEM/AennuTenem 4yero ambo m 1.4,

TpaAnUMOHHOE NpeacTaB/lieHMEe O MPOBEPKE KOMMYTAaTMBHOCTM onepaTopa npegnonaraer
nepemMelleHMe onepaHaoB OTAeNbHO 6e3 nepemeleHns onepaTopoB, YTO PaBHO KaK U npwu
NepemMeLLeHNN NIOXKHO acCOUMMPOBAHHOM MNapbl M3 onepaTtopa M ero MepBoro onepaHAaa
pa3pblBaeT ero AeMCTBUTENbHYIO aCCOLMATMBHYIO CBA3b CO BTOPbIM OMepaHAoM M MPUBOAUT K
XOPOLWO M3BECTHOW TaK Ha3blBaeMOW HEKOMMYTAaTUBHOCTM 0B6paTHbIX rMNeponepaTopos
nepBoro W BTOPOro nopagKa. B HekoTopom cmbicne npobnema MX HEKOMMYTAaTUBHOCTU
pewaetca. [lepecTaHOBKa BO3MOXHa, HO TO/MIbKO B KayecTBe MepecTaHOBOK B
nocnenoBaTelbHOCTM OTAENbHbIX onepauuii (onepatopa W BTOPOro OMepaHAa) LUe/MKOM.
Ha30BEM 3TO CBOMCTBO YC/I0BHOW KOMMYTAaTUBHOCTbIO, TO €CTb KOMMYTAaTUBHOCTbBHO C YC/IOBMEM.

Mapa onepatopa W BTOporo onepaHaa dopmupyeT coboi onepauuto, KOTOPYHD MOMKHO
paccmaTpuBaTb KaK Kancyny, rae onepatop onpeaenfeT KavyeCTBEHHYK XapaKTepUCTUKY
onepauuun (BHYTPEHHIOK /IOFMKY 3aBUCALLYIO OT NOPAZKa rMneponepaTopa M ero HanpasBaeHUA:
NPAMOrO MAM OAHOFO M3 ABYX BMAOB 06paTHOro), a BTOPOM onepaHs onpepensetr eé
KO/IMYECTBEHHYIO XapaKTepUCTMKY. Onepaums — 3TO CyObeKT BO3AENCTBUA, OOBEKTOM
BO34,EeNCTBUA ABNAETCA NepBblit onepaHa buHapHoro onepaTtopa. MMeHHO TaK, NOCKO/IbKY Koraa
Mbl, HAaNpPUMep, YMHOXaeM COCTOALLee U3 MUPUAL aTOMOB AGNOKO Ha TpW, TO B pesy/bTaTte
OEencTBuA Mbl npeactasnsem cebe TpyU OTAENbHbIX MAEHTUYHbBIX A6/0KA KaK TPU OTAENbHbIX
NOEHTUYHBIX COCTOALLMX U3 MUPUAL aTOMOB COBOKYMHOCTEM, @ HE MUANMAPA, OTAENbHbIX TPex
aTOMHbIX MONEKY/, TAE B KAaXKAOW MOMIEKYNE MO aTOMYy OT KaxAoro f610Ka, YTo MOXKHO 6b1n0
6bl NpeacTaBuTb cebe NpPU YMHOXKEHUN TPOMKM Ha A610Ko. M 3TO He cMOTpA Ha TO, YTO B
pe3ynbTaTe obliee YNCNIO aTOMOB OAMHAKOBO B 06OMX BapuaHTax NpeacTaBAeHUA pesynbTaTa
onepauuu.

Ewé co wWKonbl Mbl 3Haem, 4TO OT NepemeHbl MeCT OnepaHAOoB pe3ynbTaT Cymma U
NPOU3BEAEHNA HE MEHAIOTCA HE NO KOJIMYECTBY, HE MO PA3MEPHOCTH, @ 3HAYUT HET HUKAKOTO
CMbICNIa BbIMCKMBATb OQYHKUMOHaNbHblE pPa3MYMA OMEPaHAOB, TaK CKasaTb, 3aHMMATbCA
«MOMCKAaMM WUCTUHbI». HO BCE e MHe npeacTaBAseTcs TO, YTO A/18 NPOBEAEHWMA aHanu3a
rmneponepaTtopos HeobxoAMMO abCTparmpoBaTbcA OT [AaHHOrMo CTepeoTuna, MNoAonTH
KPUTUYECKM K NPOUCXOAALLEMY B TMNeponepaLmsx.

OyeBMAHO TO, YTO B MNOC/NEeAOBaTENbHOCTM OAHOMOPAAKOBbLIX ONepauuii Nepsbii onepaHg,
Kak4oro 6uHapHOro onepaTtopa - 3TO He MPOCTO YUCAO - 3TO pe3ynbTaT onepauuun, rae
paccmaTpuBaemblii HAMUW NEPBbIM OnepaHA ABAAETCA BTOPbIM ONepaHAoM B Karncyle co CBOMM
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Co6CTBEHHBbIM OnepaTtopom. Takmm obpasom gna Toro, 4To 6bl «paboTaTb» ¢ NOObIM NepBbIM
onepaHaOM M3 MNOCNeAO0BATENbHOCTM KaK € 06beKTom HeobxogMmo npeaBapuTenbHO
COBEPLINTb OMNEepaumto, B KOTOPOM PAacCMATPMBAEMbIN MEpPBbI onepaHa ABASAETCA BTOPbIM, U
TaK Janee Mo UEMNOYKe Haszag K npuunHam. Mepsbii onepaHg GUHapHOM onepauumn Ha To U
nepBbliA, YTO NONYYEeH B pe3ynbTaTe Npeablaylielrt onepaunn B NIOTUKE MPUYUH U CNeACTBUN.
LlenoyKky BOCXOXAEHMA K MPUYMHAM MpPEpPbIBAET HEWTPA/bHbIA 3/1EMEHT, BO3r/1aBAAIOWMINA
nocnefoBaTeIbHOCTb, MU HE MMEILWMI CBOEro onepatopa. Ha Huxke npuBeaEHHOM npumepe
ONR BblYMCNAAEMON NOCNen0BaTeNbHOCTU B KPYI/bIX CKOBKax HaxoaAaTcA ob6beKTbl onepauui —
nepBble OMNepaHAbl, a CamMu OMepaumm Kak CyObeKTbl, COCTOALLME W3 OTAE/bHbIX Map
OnepaTopoB M BTOPbIX ONEPaHA0B HaXo4ATCA BHE CKOOOK, HO BblAeNeHbl OAHUM obwum gns
KaXK0W OTAEeNbHOM Napbl LBETOM (NpAMble onepaLMm KpacHbIM, 06paTHble CUHUM):

((((N ra)Ab)rc) Ad) re | Af (49.1)

CKa3aHHOEe TaKKe ABAEeTCA A0BOAOM B NOJb3Yy BbIMONHEHUA onepauumii B NOCAea0BaTeIbHOCTH
OonepaTopoB OAHOro MNOpPAZKa, HO CMELIaHHOro KadyecTBa (npamoro w obpaTHoro) B
HanpaB/IeHUN cneBa Hanpaso (NeBOW accouMaTMBHOCTM) MO YMOJYAHMIO B KayecTBe oblLiero
npaBuia, MOCKONbKY UCXOAA OT NPOTMBHOIO, BbINOJHEHWE TaKUX ONepauuii cnpasa HaneBo Npu
nobom 13 BapMaHTOB accoumaumm onepaHaa 1 onepatopa Uam 6e3 TakoBoro He obecneymsaet
BO3MOHOCTb MNEPEeCTaHOBKM HW OMepaHOoB HW oOnepauuii € CoxpaHeHMem pesynbTaTa
BbIYMC/IEHMA AO/1A MOPALKOB TMMNEeponepaTtopoB 40 BTOPOro BK/IKOYUTENbHO. BbinosHeHue
CnpaBa Ha/NeBO pPaspbiBaeT AEWCTBUTE/IbHYIO CBA3b MeXKAy OMNepaTopoM M €ero BTOPbIM
onepaHAOM, CTaBUMT Ha MeCTO MOCAeAHero pe3ynbTaT npeablaylwero BblYUC/IEHUA, 4TO
PaBHOCWU/IbHO MNPUBOAALWEMY K aHOManuAM MPUEMY WCMONb30BaHUA CKOBOK, pacKpbiTue
KOTOPbIX MOMKET 3acTaBUTb MHBEPTUPOBATL OMepaTopbl Ha NMPOTMBOMOJIOXHbIE. HapyliaeTca
CTPOMHOCTb U KpacoTa apudMeTUHecKux AencTBuit. K Tomy e BHYTPU CKOBOK Kaxkaoe
OTAENbHOE BblpaKeHMEe A0/IKHO HAYMHATBLCS C ONepaLymm Hag HeMTPaAbHbIM 3/IEMEHTOM:

N'r <NAaA (NAbY (NAch(NAQ V(NAeAf)))>>. (49.2)

B cnyyae wucnonb3oBaHMA CKOBOK CyOBbEKTOM BO3MOXHOM NEpPecTaHOBKU  ABAAKOTCA
acCcouMMpPOBaHHbIe Mapbl, COCTOALLME U3 ONEPATOPOB M BbIPAXKEHWIN B CKOBKax B KayecTBe
BTOPOro onepaHAa gas CBOMX ornepaTopos. lNpoBefeHWe NepecTaHOBOK BCEX BblPaKEHUW B
CKOBKax 3a04HO CO CBOMMM aCCOLUMMPOBAHHbIMM OMepaTopamu, MPUBOAMUT K BU3yasbHOM
CMeHe nopAgKa onepaHAOB B MOCNeA0BaTe/IbHOCTM HA 06paTHbIM M Bpoae 6bl Kak K
BbINOJIHEHUWIO NOC/IeA0BaTENbHOCTM ONepaLMii CieBa HanpaBo, TEM He MeHee 3TO He usbasnaet
Hac OT HeobXxoAMMOCTU PaCKPbITUA CKOOOK M OT HEOOXOAMMOCTM BbINOJIHEHUA Onepauun C
HelTpanbHbIM 3/1eMEHTOM, 4YTO camo no cebe Bceraa WMMeEET HaWBbLICWIMA NPUOPUTET
WCMOJIHEHUA, KaXAbl pa3 nepes, WUCNOSHEHMEM C/eAylollelrr No MNopAaKy onepaumm B
nocnenoBaTeIbHOCTU:

N'v (NANY (NANY (NAfAe)Ad)Ac)Ab)Aa). (49.3)
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BblumcneHne nocnenoBaTeNbHOCTM M3 onepauuii 04HOro NopaaKa U TONbKO OAHOro Kayectsa
(vnn npamoro wmamM obpaTHOro) ABASETCA YaCTHbIM C/ly4aeM MO OTHOLIEHMIO K Bbille
PacCMOTPEHHOMY, C/lefloBaTe/IbHO PEe3y/bTaT BbIYMCAEHUS TaKOW NOCNeA0BaTe/IbHOCTU He
MOMKET bbITb apryMeHTOM B OMpaBAaHWe MPOM3BOJIbHOCTU BbibOpa MAM NPOTMBOMOJIOXNKHOIO
BbibOpa HanpaB/ieHMA BbINOJHEHWA OMepaunin B NOCNeA0BaTeNbHOCTU B 0bwem cayyae. Tyt
cnefyeT KOHCTAaTMpPOBaTb TO, YTO MNPUHATOE HanpaB/iieHME BbIYUCNEHUA CNpaBa HaNeBo
ABAAOLENca OCHOBOM onepaTtopa TeTpauua cteneHHoM 6alHM HapyLwaeT obuee npasuio.

Boobuie, HanpaBaeHWe BblYUCAEHUI B NOCNE[0BATE/NIbHOCTM OAHOMNOPALKOBLIX OMEpPaToOpOoB
(oblienpurHATO cneBa Ha NPaBo) M NO3ULMKN MEPBOro MU BTOPOro onepaHaa (06LenpurHATO cnesa
nepBbliA, CNpaBa BTOPOWN) B3aMMHO 0bycnoBneHbl. TaKk, eciv Bbl4UCAEHUA NPOU3BOAUANUCE Obl
CnpaBa HaneBo, TO NepBbIM OnepaHAOM BMHAPHOrO onepaTopa cyMTanca Hbl NPaBbl oNepaHa,
nan ecnm 6ol Npasblii onepaHg BGuHapHoro onepatopa 6bin 6bl NepBbIM, TO HanpaB/ieHue
BbINOJIHEHMA AENCTBUIN He0bXx0AMMO Hbino Bbl coBepLIaTb CNpaBa HaNeBo.

TyT ABNAETCA BaXKHbIM cobogeHne eaMHOobpasna HanpaBAEHUA BblYMCAEHMA ANA onepauumii
BCEX MOPAAKOB, Tak BbibMpaa oauH (06WEnpUHATLIN) M3 ABYX BapWaHTOB A/ ONepaTtopoB
HU3LIMX NOPSZKOB €ro ciefyeT NPUMEHATb U ANA ONepaTopoB BbICLIMX MOPAAKOB. KaK 3To
OTMEYEHO, CMEHA HanpaB/ieHMA BbIYUC/IEHUA O03HayYaeT 3OQPEKTUBHYIO B3aUMHYIO CMeEHY
NepBoro U BTOPOro onepaHAa MecTaMu, HO TaK KaK B onepauuax onepaHabl HECYT COBEPLLEHO
pasHble GYHKUMUN, TO B3aMMHAA CMEHa UX NOJIOXKEHUI NONHOCTbIO MEHAET NIOTUKY BbIYUCAEHUA.
Mo 3Tol NpUYMHE CMEHA HanpaB/ieHMA BbIYMCAEHMA NPU NEepexode OT HUMKECTOALWMX K
BbILIECTOALLMM OMepaTopaM He 3anpelieHa, Ho TpebyeT 06bACHEHWS NPUYMHBI AAHHOTO
peleHusn, oKa3aTeIbCTBa ero HeoHXo4MMOCTH.

Kak u3BecTHo, gna npAmMoro 6uHapHOro runeponepatopa N-ro nopsaka B obuiem cayyae
cywectsyeT [ABa o06paTHbIX runeponepatopa TOrO Ke nopAAKa, COOTBETCTBEHHO 3TO
rMnepKopeHb u runepnorapudm. s nopsaKoB onepatopa HUXKe TPETbero 3TM ABa 06paTHbIX
rmneponepaTopoB QYHKUMOHANBHO HEpasnuMuyMmbl Apyr OT Apyra W npeactaBnstoT cobou
onepaTopbl BblYUTAHUA W OeNeHua ANA NepBOro M BTOPOro nopsaaka runeponepaTtopa
COOTBETCTBEHHO. [ MOpAAKOB rMneponepaTtopa OT TPETbEro M Bbile METOA0/10rMYEcKn
MOXHO BblAEIUTb M3 COOTBETCTBYIOLLEM Mapbl OCHOBHOM WM BTOPOCTEMEHHbIA 06paTHbIe
rmneponepaTopbl.

OcHOBHbIM 06paTHbIM rMneponepaTopoM caedyeT cyMTaTb TOT OMepaTop, YbsA onepauua
npuBeséT pe3ynbTaT NpeaBapuTENbHO NPOBEAEHHON NPAMbIM OMEpaTopom onepauumn B
MCXO4HOE COCTOSIHME 33 pPaBHbIA BblPaXKEHHbIM B eAMHMLAX KadyecTBa runeponepartopa
KOJIMYECTBEHHbIW MHTEpBan, MBO KO/JIMYECTBEHHO PaBHbIA MHTEPBas MOKa3biBAaET Ha MOJIHYIO
NPOTUBOMONOMKHOCTb  MCMNO/Mb3yeMOW B  OMnepauMM  eauHMLbl  KayecTBa  0bpaTHoOro
rmneponepaTopa onepaTopa Mo OTHOLIEHUIO K MPAMOMY, YTO U AENAeT ero UCKNUYUTENbHbIM.
33 KO/IMYECTBEHHYHO XapaKTEPUCTMKY OnepaLumn oTBeYaeT BTOPOM onepaHA, a 3TO 03HAYaeT To,
YTO 3HaYEHUA BTOPOro onepaHaa y NPsSMOoro runeponepaTopa M OCHOBHOro 06paTHOMO AO/KHbI
6bITb PaBHbI MPM NPOBEAEHUN NPOBEPKU BbiBOpa OCHOBHOro obpaTHoro runeponepaTopa. B
YCNOBUAX BbINOJIHEHWUA ONepauuin B NocNeA0BaTe/IbHOCTU C1ieBa HANpPaBoO AAHHOMY KPUTEPUIO
OTBEYaeT TUMNepKopeHb, TaKMM 0OpPa3oM MNPUHATbIM B Ka4YecTBe OCHOBHOTO 06paTHOro
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runeponepaTtopa. Janee no TeKCTy MMEHHO OH WumeeTca B Bugy nog o0bpaTHbIm
rmneponepaTtopom Uan rMneponepaTtopom obpaTHOro AencTBuA NO YyMONYaHUIO. HuKe TaKKe
PacKpbITO WM TO, NOYemMy pas3jgesieHMe Ha OCHOBHOM W BTOpPOCTENeHHbI 0bpaTHble
rmneponepaTopbl UMEeT NPUHLMNNANbHOE 3HAYEHWNE B PaMKaM NPOBOAMMOTO aHaAn3a.

Mnepnorapudm He UCMOJIb3YET KOJIMYECTBEHHYHO XapaKTEPUCTUKY, a BO3BpaLLaeT eé 3HayeHne
B KauyecTBe pe3y/nbTaTa onepauuu. vnepnorapuém mor 6bl 6bITb OCHOBHbIM 06pPaTHLIM
rmneponepaTopom B C/ly4ae, eciv B NPAMOM rMneponepaTope npomsowna 6ol B3aMmHas CMeHa
MECT ero onepaHAoB, YTO MPOUCXOAMUT NPU NPOTUBONONOKHOM (CNpaBa Ha/NeBo) HanpaBieHUN
BblYMCNEHMA oOnepauuii B NocneaoBaTe/ibHOCTU. BbluMcieHne B cTeneHHoM 6alHuM cnpasa
HaNeBo KaK pa3 Npou3BogMTCA TakKMm 06pasom, Kak byaTo B onepaTope BO3BEAEHMA B CTEMEHD
npousBeAeHa CMeHa MecT onepaHA0B, XOTA M3 onpeaeneHna caMoro onepaTopa BO3BeAeHMA B
CcTeneHb 3TOrO0 He cneayeT. 34ecb MMeeT MeCTO HeKoTopoe npoTuBopeune. Huke
NPOAEMOHCTPUPOBAHO TO, KakK NpM BbINONHEHMM Onepaunii B NociesoBaTeNbHOCTU ChpaBa
Haneso (npaBasa accouMaTUBHOCTb) runepaorapneém 6epét Ha ceba ¢YHKUUIO OCHOBHOTO
obpaTHOro runeponepartopa.

BUHApPHbLIA rMneponepaTop NPAMOro AEUCTBMA — 3TO HayaTas Ha OAMH MOPAAOK HU3LWIKUM
HEWTPaNbHbIM  3/1€EMEHTOM  NOC/NeAOBaTe/NIbHOCTb M3  PaBHOrO  BTOPOMY  onepaHay
onpeaensAemoro runeponepatopa MO MOAYIKO KOAMYECTBA NPOU3BOAMMbBIX OGUHAPHbIX
onepayuii C UICNONb30BaHMEM HA OAMH NOPALOK HU3LLEro rMneponepaTopa, B KOTOPbIX BTOPbIM
onepaHAOM SBAAKOTCA KOMWW MEPBOro onepaHAa onpenensemoro runeponepaTtopa, U rae
KayecTBo (npsamoe/obpaTHoe) runeponepatopa onpeaensiercd apuPMeTUYEeCKMM 3HaAKOM
BTOPOro onepaHaa onpegensaemoro runeponepaTopa, Kak cneayeTt: Npu MNOJIOXKUTENbHOM
3HAKe KayecTBO MpAMOe, Mpu OTpMLATE/IbHOM KadecTBo obpaTHoe. OnpegeneHnmn GyHKUUK
rmneponepaTopa MMeeT BUA CeayoLero ypaBHeHUs:

HO(1,n,a,b) := HO\p, (S(b), n—1,.. HOZ(S(b), n—1, HO4(S(b), n—1, N(n—1, a), a), a) . ,a),
(50.1)

HO(1,n,a,b) := HOb(l, n—1,.. HOz(l, n—1,HOs(1,n—1,N(n—1, a), a), a) . ,a) npu b 20,
(50.2),

HO(1,n,a,b) := HO_b(—l, n—-1,.. HOZ(—l, n—1,HO:(-1,n—-1,N(n—-1, a), a), a) a) npu b <0,

(50.3)
aT™™p =N(n-1,a)T" ", T=g, =13 noub>0, aj=ay=az=..=a,=a (51.1)
aTWp=N(n—1, a)Vn~Ua V-1, V-3 noub<0, a;=ay=az=..=a,=a (51.2)

roe HO(d, n, a, b) — runeponepatop; d — KayecTBo runeponepatopa (Npsamoe Man obpaTHoe),
NPUHUMaAET caeaylolwme 3HadyeHua: +1 ana npsmoro runeponepaTtopa, —1 gns obpaTHoro
rmneponepaTopa; n — NOPAAOK rMneponepaTopa, HaTypaabHOe YNCNO, ANA BbllenpuBesEHHOro
onpegeneHna n>0; a — nepBbl onepaHa runeponepatopa; b — BTopoM onepaHA
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runeponepaTopa; N(n, a) — HelTpanbHbIN 31EeMEHT N-0ro NopAAKa A1A uncna a; S(x) — dyHKums,
BO3BpaLLatoLLan apudMeTUYeCcKUit 3HaK aprymeHTa (1 npu NonoXKMTENbHOM 3HAYeHUK, —1 npu
oTpuuatensHom); HOi(d, n, a, b); — runeponepaTop i-oi BbIMUCAIUTENBHOM UTEpPaLNUY; aTp -
npsamoii runeponepatop n-oro nopsgka; a¥™b - 06patHbIl runeponepatop n-oro nopsaka.

B cnyyae, ecnu BTOpoOM onepaHsd NONOMKUTE/bHbIN, TO NPUMEHAETCA NPSAMON rmMneponepaTop
Hu3wWero nopagka. B obpaTtHom cnyyae npumeHseTca obpaTHbIM runeponepaTop HU3LWEro
nopsaka. Konnyecrtso onepaumii paBHoO MOAYNt0 BTOPOro onepaHaa runeponepaTopa.

®aKkT wucnonb3oBaHMA 06paTHOro runeponepaTopa HU3LWEro MopsAAKka B onpeaeeHun
rMneponepaTopa BbICLIEro NOPAAKa NMOKa3bliBAeT Ha OYEBUAHYIO HO KPUTUYECKYH 3aBUCMMOCTb
nocnefHero OT npou3Beg€HHOro Bblbopa OCHOBHOrO o0b6paTHOro runeponepaTtopa W
CNefoBaTeNbHO Ha MPABUIbHOCTL PELUEHUA O KOHCEepBaLMW HanpaBAeHWUA BbIYMCNEHUA
nocnefoBaTeNIbHOCTM  OMepaumii  Npu  Nepexoae C HU3WEro Ha BbICWMIA  MOPAAOK
rmneponepartopa.

B onpepeneHun runeponepatopa HyneBoro nopaaka (MHKpPeMeHT/oeKpeMeHT) BTopoW
onepaHz UrHopupyetca (onepaTop yHapHbIi), KayecTBo rvneponepatopa (NpAmoe UHKPEMEHT
/ 0bpaTHOe AeKpeMEHT) 1 pe3ynbTaT ero AenCcTBUA onpeaenseTca 3HayeHnem d:

HO(d,0,a,b) :=a+d. (52)

HeliTpanbHbli 3nemeHT — 3TO ¢yYHKLUMA OT COBepliaemMoi C HMM onepauuu (nepsoit B
nocnenoBaTeibHOCTU), ToYHee 3TO QYHKUMA OT nopagka eé onepatopa h U 3HadyeHus eé
BTOpoOro onepaHaa a. Takmm obpasom nepsas B NOCNEAOBATENbHOCTM OLHOMOPALKOBbLIX
onepaumii cama onpegenseT 3HayeHne CBOero nepBoro onepaHaa — HeMTPabHOro 31EMEHTa:

N(n, a)YaAbyYcAd. (53)

B maHHOM cnyyae nepsasa onepauus B MNOC/AEAOBATENbHOCTU, Ta YTO NPOU3BOAUTCA HaZ
HENTPaANbHbIM 31€MEHTOM, SABASETCA TeM, 4YTO Mbl MNOHMMaem oA onepauwen ¢
MCNONb30BaHMEM YHAPHOro omnepatopa. TakMm 06pasomM MOMKHO 3aKNuUTb TO, 4TO
HENTPaNbHbIMA 31EMEHT — 3TO PYHKLUMUA YHApHOM onepaumn. 3HayeHne HeMTPaIbHOro 31eMeHTa

He 3aBMCUT OT KauyecTsa onepatopa (npamoro A / obpatHoro ).

[na nonyyeHnsa 3HayeHUs HEeNTPANbHOro 371eMeHTa HeobxogMMo Npou3BecT 0bpaTHyLo
H6UHapHYIO onepaLmio N-0ro NopaaKa, rae oba onepaHaa ABNAKOTCA BTOPbIM ONepaHAoMm a:

N(n, a) =HO(-1, n,a,a) npun>0 (54)

roe N(n,a) - o&yHKUMA HeWTpanbHOro 3/eMeHTa; N — MNOPAAOK runeponepaTopa; a —
Npou3Bo/iIbHOE BelecTBeHHoe Yncno; HO(-1,n,a,b) — o6paTHbIl BMHapPHLIN rMneponepaTop N -
oro nopsAaKa ¢ onepaHaamu a u b, nepebiM 1 BTOPbIM COOTBETCTBEHHO.

Kak MOMHO 3aMeTUTb, 3HauyeHMe HEWUTPaNbHOro 3/1EMEHTAa He 3aBUCUT OT KayecTsa
(npsmoro/obpaTtHoro) runeponepaTopa, 3TO NPUHLMMNMUANBHO.
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Ta6nuu,a HEﬁTpaﬂbeIX anemeHToB N Ana uncna «a» B 3aBUCUMOCTU OT nopAaaKa

runeponeparopa
MNopagok Mpamoii runeponepatop / Bug onepauun | PesynbtaT N nam

rmneponepaTtopa, n O6paTHbIN rMneponepaTop no noucky N | YpaBHeHune gna N

0 NHKpemeHT / [lekpemeHT - N=a

1 CnoxeHue / BbluntaHue a—a 0

2 YMHoeHue / [eneHune a/a 1

3 CreneHb / KopeHb Ya N = ¥a

4 YckopeHue / 3ameaneHue a \:a N = N(a_li/a

NcknoueHnem sBaseTca cnocob nosydyeHus HeWTpasibHOro 31emMeHTa A/1A rMneponepaTopos
HyneBoro nopagKka (MHKpemeHTa/gekpemeHTa). MOCKONbKY MocneAHue — 3TO aTOMapHble
onepaTopbl, Kak 3/1eMeHTapHble KUPMMUUYMKKM, U3 KOTOPbIX MOCTPOEHA BCA MaTeMaTMKa, U TaKkKe
He ABNAKTCA BUHAPHLIMKU, TO ecTb He 06/71a4aloT BTOPbIM OnepaHAoM, 334aloWMMm B 06Lem
C/lyyae pasHyH KOMYECTBEHHYIO XapaKTePUCTUKY onepaunii, To HEUTPaAbHbIM 31EMEHTOM AR
BCEX HUX ABNSAETCA MCXOAHOE YMC/O A - EANHCTBEHHbIN ONepaHa runeponeparopa.

MOHO 06paTUTb BHMMaHME Ha TO, YTO MPU ONPeAeNeHUN HEeWTPaNbHOrO 3/1eMeHTa
MCNONb3YeTCsA TMMNepKopPeHb Kak OCHOBHOW 06paTHbIN rmneponepaTop. Ecamn 66110 6bl NPUHATO
HanpasBAeHWe BbIYMC/IEHUA B NOC/NeA0BaTENbHOCTM CMpaBa HaleBo, TO CMpaBea/MBO
ncnonb3oBanca bbl rMnepnorapnudm B KayectTse TaKOBOroO, U B 3TOM C/ly4ae A5 NOPSALKOB Bbille
NepBOro HeWTpasbHbIA 3N1emeHT b6bi1 Bbl paBeH 1. Ha Mol B3rnag AaHHAs MHBAPMAHTHOCTb He
MOXET ABNATbLCA MPMU3HAKOM MCKIOUMTENbHOCTU Norapudma B KavecTBe MNOTEHLMANbHOIO
OCHOBHOro 0bpaTHOro rvneponepaTopa MOCKO/IbKY OHa He pPacnpocTpaHAeTcA A8 MOPSAAKOB
rmneponepaTopa HUMXKe BTOPOro, @ 3HAUYUT He YHUBEPCa/lbHa.

He cmoTpA Ha TO, YTO 3HAYeHWEe HEeMTPaNbHOro 3/1eMeHTa 3aBUCUT OT 3HaYeHUs onepaHaa a,
TEM He MeHee 3HayeHuWe HEeUTPaNbHOro 3SNeMeHTa MOMKeT ObiTb MHBapWaHTOM Ans
onpenenéHHon MAM HeonpeaenéHHON MOCNefoBaTENbHOCTM OLHOMOPAAKOBLIX OMNepauui
NPOM3BO/IbHbIM KAayecTBOM (NpsmbiM/06paTHbIM) ONepaTopoB M C NPOMU3BOJIbHbIMU BTOPbIMMU
onepaHgamu. Habntopaetca 6e3ycnoBHoe CBOMCTBO MHBAPMAHTHOCTU HEMTPA/IbHOIO 31EeMEHTa
ANA NocnenoBaTeNibHOCTEN runeponepauuii 40 BTOPOro Mopsfka BKAKOUYMTENbHO. Tak Ans
HY/NIeBOro MOpPsAAKa HEUTPaNbHbIN 3N1EMEHT MHBAPUAHT, NOCKO/IbKY OH MCXOAHOE YUCNo a, ANnA
nepBoro M BTOPOro NopagKa BoobLe KOHCTaHTa (cm. Tabauuy).

Ecnv nogxooutb matemaTUUECKM CTPOro, TO PesynbTaT BblYMCIEHUSA HEMTPANbHOTO 3/1eMeHTa
nepBoro nopaAka C UCMNOJb30BaHMEM Hy/NA B KAayecTBe onepaHaa HOCUT HeonpeaenéHHoe
3HaYeHne, UM MOXKET BbITb Nt06oe KOHEeYHOEe YMcno. Ecnn He NoAXoAWTb CTPOTro M PacCMOTPEeTb
onepaTop [AeNeHWa Kak OTHOWeHMe, NoApasymeBas TO, YTO OTHOLWEHMSA PaBHbIX PaBHO
eANHULLE, TO MOXKHO NPUHATb eAMHULLY B KaYecTBe HEWTPAZIbHOTO 3/1eMeHTa B aHHOM Cayyae,
Tem 6onee, YTO eAUHULA NPUHALNEKUT MHOXKECTBY YMCE/I BO3SMOXKHOIO pesy/ibTaTta AefleHus
HONA HA HO/Mb. TaKXKe MOMKHO PaCcCMOTPETb OnpeAesieHMe HEeWTPaNbHOro 3/1emeHTa Yepes
npeaen: lim,_, */,. He cTpornit noaxoa umeet 60/1ee WMPOKOE NPaKTUYECKOE NPUNONKEHME, B
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YaCTHOCTM C HMM COr/1aCyeTCs MCNO/Ib3YEeMbI B ONpeaeneHnm onepatopa YMHOXKEHUS nocTynat
OT TOM, YTO MPOM3BEAEHME HY/IEBOrO KOJMYECTBa MHOXUTeNelh paBHo 1, 6e3 yero 6bi10 Obl
HEBO3MOXHO cHOPMYIMPOBATL KOHLUENLMIO MYyIbTUNMKANA.

CnepctBMem  onpegeneHus runeponepatopa NPAMOro  AencTBuA  ABAAETCA  BO3BpaT
rmneponepaTtopom HEWTPaANbHOrO 3/ieMeHTa B KayecTBe CBOEro pesynbTaTa B C/yyae, eciu
BTOpOW ero onepaHg b paseH O:

HO(1, n,a,0)=N(n-1,a). (55)

TaK, He noaxoasa CTPOro UMeem: 0°=1, NMOCKONIbKY HENTPANbHbIA 3/1EMEHT BTOPOro nopagKa
KOHCTaHTa 1 paseH 1.

BuHapHbIA rMneponepatop obpaTHOro geicTema (rMNepKopeHb) onpeaensercd B HEABHOM
BM/AE Yepes ypaBHEHWE ANA OnpeaesieHma runeponepatopa NPAMoro AenCcTBus, HO C B3aMMHOM
CMEHOM MecT BO3BpallaeMoro pesy/sbTata runeponepaumm u eé BTOporo onepaHaa B A4aHHOM
YypaBHEHUM KaK cneayer:

x =HO(-1,n, a,b), (56.1)

a=HOp (S(b), n—1,.. HOZ(S(b), n—1, HO1(S(b), n—1, N(n -1, x), x), x) ., x) npu b =0,
(56.2)

a= HOb(l, n-1,.. HOz(l, n—1,HO:(1,n—1,N(n-1, x), x), x) ., x) npub >0, (56.3)

a= HO.b(—l, n—1,.. HOZ(—l, n—1,HO:(-1,n =1, N(n—1, x), x), x) ., x) npb<0, (56.4)

x =avp, (57.1)
a=N(n=1,x) T Uy M=2y Ty npnb >0, xi=x2=x3=..=X =x  (57.2)
a=N(n=1,x)VO Uy V=t Oy npnb<0, xi=X2=X3=..=Xa =X  (57.3)

roe X — ykasaTenb Ha BO3Bpallaemoe 3HayeHue OMHapHOro runeponepaTtopa obpaTHoro
AencTems.

FMNepKopeHb TaKKe BbliPaXKaeTCs KOMMAKTHO Yepes NPsAMON rmneponepaTop TOro e nopaaka
C NOACTAHOBKOW Ha MecTo NepBOro onepaHAa NPAMOro runeponepaTopa:

a=HO(1, n, HO(-1, n, a, b), b). (58)

ObpaTHOMy runeponepatopy, Kpome o0b6paTHOro runeponepaTopa MNepBOro nopagkKa
(BbluMTaHMe), 3anpeuwieHo nogaBatb O B KayecTBe BTOPOro onepaHaa B obuwem cayyae.
OuyeBMAHO B KayecTBe UCKIOYEHUA MOXKHO A0MNYCTUTb AE/UTb HA HOJb TONbKO HOJ/b, HO NpU
CTPOrom MoAXoAe pe3y/bTaT 3TOW onepauuii MOXKeT bbiTb NH0ObIM YMCNIOM, KaK 3TO BUAHO U3
cnefyoLLero ypaBHeHu s, BbIBEAEHHOTO U3 NpeablayLLmX:

25



0=N(1,x). (59.1)

TaK)Ke B Ka4ecTBe UCKAIUYEHUA MOXKHO A0MNYCTUTL U3BJIeYEHUE KOPHA HYNEBOM CTEMEHU TONbKO
U3 eANHULbI, U PE3YNbTAT 3TON ONepaLMmn TaKXKe MOXKeT ObiTb NH0ObIM YMC/IOM, HO KpOoMe HyAs
npu CTPOrom NoAxoAe, No aHanAorMn ¢ NpeablayWmm:

1=N(2,x). (59.2)

CywecTsyeT ewé oaHo obliee peKyppeHTHOE U MNP 3TOM ABHOE pelleHWe A8 TMNepKOopHs,
KOTOpPOE, HanpoTMB, B 0BLWEM C/ly4ae He NPUMEHUMO A/1A ONpeaeneHus rmneponepaTopa Kak
nocnefoBaTeIbHOCTM Onepauuii ¢ 1eBOM acCOLMATUBHOCTbIO, HO MPUMEHUMO A/1A HETO Ke Kak
nocnefoBaTeNIbHOCTM OMepauuii C NpPaBoOM aCCOUMATMBHOCTbIO, BMpPOYEeM, MNPU KOTOPOW,
rMNepKopeHb He ABNSETCA OCHOBHbIM OBPATHLIM r’MNeponepaTopom:

x =HO(-1,n, a, b), (60.1)
x=HO(-1,n—1,a, HO(1,n,x,b-1)) npun=>2, (60.2)

B nocnenoBaTeNbHOCTU

N A A A A J 0AHOMOPAAKOBbIX onepauuii
dvava d d d CMeLLaHHOro KayecTsa (npamoro A /
obpatHoro YY) C  WAEHTUMYHLIMU
onepaHaammn “a” (Kpome HeNTPanbHOro 3/1eMeHTa B KayecTBEe MEPBOro ornepaHaa MepBoi
onepauuM) BO3MOXHA YCNOBHAsh KOMMYTAaTMBHOCTb, Habnogaemas BHe 3aBMCMMOCTM OT
BE/MUYMHbI NOPAAKa rMNeponepaTopoB B NocieaoBaTeNbHOCTU (CM. puc.). ITUM NpaBUIOM
NPOBEPAETCA KOPPEKTHOCTb BblbOpa BHYTPEHHEW NOTMKM 0BpaTHOro ruvneponepatopa Kak
NPOTUBOMOJIOXKHOCTU MPAMOro, U YTO MPUHLMMNMANLHO OT/IMYaeT obpaTHbIA rMneponepartop

(rMnepKopeHb) OT anbTePHAaTUBHOIO 06paTHOrO rMneponepaTtopa (runepiorapmuoma).

MpoBepKa cobnoaeHUA B3aMMHOTO PaBeHCTBA pe3y/ibTaTa BblYMCAEHUS B NEBOW W NpaBoW
nocnefoBaTeNIbHOCTAX B 3aBUCMMOCTM  OT  HanpasiAeHMA MPOBOAMMOIO  BblYUCAEHMA
(HanpaBneHnn accouMaTUBHOCTH):

avaha = ahava, (61.1)
(ava)Aa = (aka) Yas (%)a = W-HEBE\H accoumatmsHoctb, (61.2)
avY(aha) # aA(ava) < i/@ + a(Va) _ npasas accoumatmsHoctb, (61.3)
roe Y - u3BneyeHne KopHa, A - Bo3BedeHMe B CTENEHD.

Ho ecnn Y npeactrasnsetr norapudm, TO pPaBeHCTBO He cobatogaetca Ans  feBou
accouMaTUBHOCTU M cobatogaeTca ANA NpaBoii:

(ava)Aa # (aha) Ya< (log,a)? # log,(a?) - neBas accoumatmsHocTb, (61.4)

av(aha) = aA(ava) < log,(a?) = al°82? — npasas accoumatsHocTb.  (61.5)
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Ona nwoboro nopagka runeponepatopa cobaogeHve [aHHOMO PaBEHCTBA, NpoBepAemoe
nepecTaHOBKOM MPOM3BOAMMBIX C OAHMM OMEPAHAOM a CMeLaHHbIX (NpAMbIXx/06paTHbIX)
onepaumi 3aBUCUT OT BblIbOpa NPMMEHAEMOro B KayecTBe OCHOBHOro obpaTHoro
rmneponepaTopa, 4YTO B CBOK oyepeab NpesonpeneneHo HanpasBAeHWEM BbIYMCIAEHUA
nocnenoBaTe/IbHOCTU.

B KauectBe cnenctema cnocoba onpeneneHua HEeMTPaNbHOIO 31eMeHTa HadyuMHasa co BTOPOro
nopagKa runeponepaTopa BKAUYUTENbHO U Bbllle, NPU 3HAaYE€HUN BTOPOro onepaHaa, paBHOM
1, runeponepaTop BO3BPaLLaeT CBOW NepBbli onepaHa;:

HO(d, n, a,1) =HO(-d, n, a, 1) = HOl(l, n—1,N(n-1, a), a) =anpun=2. (62)

Mpryém nocneaHee yTBep:KAeHME AENCTBMTE/IbHO KaK g/a runeponeparopa npsmoro, Tak u
ANA runeponepaTtopa 06paTHOro AencTBuA, MOCKO/IbKY MEHAEeMble MecTaMh B YPaBHEHMUMU
onpegeneHns runeponepaTtopa pesynbTaT rmneponepaTopa M ero BTOPOW onepaHZ a PaBHbI
Mexay coboi ncxoan U3 NnocnesHero ypaBHeHus.

Mo npuumMHe BMHAPHOCTM rMNeponepaTopos O6WMM ANA BCEX rMneponepaTopoB MPSMOro
[ENCTBUA 3ameyaTeNlbHbIM CBOMCTBOM SBNAETCA BO3BpaT 4 B C/iyyae Toro, ecam oba ero
onepaHZa paBHbl 2, 4YTO HabnogaeTcs BHE 3aBUCMMOCTM OT nopsaka buHapHoro
rMneponepaTopa, 3a WCKAOYEHMEM TUMNeponepatopa Hy/neBOro nopsgKka (MHKpemeHTa) no
npuYmnHe ero He BUHAPHOCTK:

HO(1,n,2,2) =HO(1,n—1,2,2)= 4npun>1. (63)

Eweé oaHMM WMHTEepecHbIM HabnogaemMbiM CBOMCTBOM runeponepaToposB NPAMOro AencTBuA
ABNAETCA CTPeMNeHne K 1, npu CTpemaeHuUM BTOPOro onepaHaa B —°°, 4To Habaoaaetca ans

YeTBEPTOro M BbllLe NOpPAAKA r’MNeponepaTopos.:
HO(1,n,a,—°°) =1npun=4. (64)

Pe3ynbTatbl Aenctema obpaTHbIX rMNneponepaTopos OT YeTBEPTOro NoOpAAKa U Bbille OTHOCATCA
K MHOXeCTBY TPAHCLEHAEHTHbIX YMCeN COMMacHO onpeaeneHnsa nocnegHero. A B obuwem
pe3ynbTaT AencTBUA 0BpaTHOro runeponepatopa — 3TO YMUCAO M3 CYETHOTO MHOXKECTBA NO
onpeaeneHunto, NOCKOIbKY MHOXECTBO TaKMX YMUCeN ABNAETCA pe3yNbTaTOM KOMOWMHMpPOBaHMA
yncen U3 AByX CYETHbIX MHOMECTB A1 NOACTAaHOBKM Ha MeCTO NepBOro M BTOPOro onepaHaos
obpaTtHoro runeponepartopa. Mo nopaaky obpaTHOro rmneponepaTtopa ero pesynbTaT MOXKHO
OTHECTU K CHETHOMY NOAMHOXKECTBY COOTBETCTBYIOLLETO NOPALKA, €CIN €r0 TAaKOW }Ke pesynbTaTt
He MOXXeT ObITb NMo/lyYyeH rMneponepaTopaMm HU3LWKX NOPAAKOB. TaK, BCe Lenble YMCAa, Kak
pe3ynbTaT BblYMTAHWUA - 3TO CYETHbIE MEepBOro NOpALKa, BCe pauMOHaNbHble, KaK pe3ynbTar
AeneHna — 3TO CYETHble BTOPOro nopsAgKa, pesynbTaTbl M3BAEYEHUA KOPHA, OO4HOBPEMEHHO
ABNAACL aNrebpanyeckMmm, ABNAIOTCA CYETHLIMW TPETLErO NOPAAKA, a pe3yabTaTbl 3amMmeaNeHunA
- 9TO CYETHble YEeTBEPTOro NopAgKa, U TaK MOXKHO Npoao/KaTb ganee. HecmoTpAa Ha TO, YTO
pe3ynbTaT 3amenfieHNA U pe3ynbTaT U3BAevYeHNA KOPHA OTHOCATCA K UPPaLMOHaNbHbIM YMCNaM
W ONA KOFO-TO MOTYT BbITIAAETb CXOXXMM 0O6pasomM, OHWM CYLWHOCTHO pa3nunyHble. PaBHO Kak
pPauMOHANbHOE YMUCNO HeNb3A NpeAcTaBUTb Yepe3 pasHUUy uenblx, a anrebpaunyeckoe

MppauMoHasbHOE HeNb3Aa NpeacTaBuUTb B BUAE APOoOW pauMOHaNbHbIX 4YWUCen, pesynbTaT
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3aMefieHNa  Henb3A NpeacTaBMTb B BMAE pesynbTata  M3BJEUYEHUA KOPHA  CTEMeHu
anrebpanyeckoro uymMcna ot anrebpanyeckoro uyucna. HacKoNbKO Uesble OT/MYaloTCAa OT
PaLMOHaNbHbIX, HACTONbKO PaLMOHa/bHbIe OTINYAKOTCA OT anrebpanyecknx MppPaLmoHanbHbIX,
HaCTONbKO MOC/eAHNe OT/IMYaloTCA OT pe3ynbTata 3ame/ieHus, BCe OHM OTNYaKTCA APYr OT
[ipyra BCEro /iMllb OAHUM MOPAAKOM runeponepatopa. Ho o6LWmMM CBOMCTBOM BCEX CHETHbIX
ynMcen nopAAKa Bbllle MEepPBOro ABMAETCA WX He LesoCTb, aBTOMAaTUYEeCKM O3Hayaloulas
MPaKTUYECKYI0 HETOYHOCTb 3HayeHusa, anrebpanmyeckyu Moay4aemMoro TO/bKO MO CpeacTBam
npeaenbHOro nepexoaa Npu KoMYecTse peKkypcuin obpaTtHOro oneparopa, C UCMNoJib30BaHMEM

KOTOPOro AaHHble YNCNA NOJTyYEHbl, CTPeMALLEerocs B 6€CKOHEYHOCTb.
fnepnorapudm MoXKHO BbIPas3nUTb HEABHO M KOMMAKTHO Yepes NpAMOM runeponepaTop:

c=HO(1, n, a, HL(n, a, ¢)), (65)

roe HL(n,a,c) — runepnorapmudm n-ro nopsaka ¢ N0 OCHOBAHMUIO a.

MOXHO 06paTUTb BHMMaHME Ha TO, YTO B OT/IMYMM OT peleHuMAa ana obpaTHoro
rmneponepaTopa B peweHun Ans runepsorapudma, nocnefHuii NoACTaBASETCA Ha MeCTo
BTOPOro onepaHga nNpAMoro runeponepaTopa, 4to obycnaBanBaeT ero MNPMMEHMMOCTb B
KayecTBe OCHOBHOro ob6paTHOro runeponepaTopa MPU BbIYUCAEHUN NOCNEAO0BATE/NIbHOCTU

cnpasa Haneso.

3anuncaTtb rmnepnorapmd)w\ HEKOMMAKTHO, a MMEHHO B Bunae YpaBHEHUA AanAa

nocnenoBaTelbHOCTM Onepauuii HM3LWero nopagKa, Kak 3TO BO3MOXHO Ans obpaTHoro
rmneponepaTopa, He MNPeACTaBAAETCA BO3MOMKHbIM, MOCKO/IbKY TaKMX onepauuii He MOXKeT
6bITb Heuenoe ymcno. JaHHoe Nornyeckoe NPensaTcTBUE AUCKPeAUTUPYET runepaorapudm B
KayectBe MOTEHLMANbHO OCHOBHOrO 06paTHOro  runeponepatopa, COOTBETCTBEHHO
ANCKPeanTUPYeT HanpaB/ieHne BbiNoJIHEHME onepaunii B Nociea0BaTeNbHOCTM CpaBa HaleBo

(npaBas accouMaTUBHOCTb), MPM KOTOPOM runepiorapudm AoMKeH bbin Obl ABNATHCA TAKOBbIM.

Ta6nuua pesynbTaToB 6MHAPHOrO rMNeponepaTopa NPAMOro AeiCcTBUA NPU PA3IUYHbIX
NPOBEpPOYHbIX 3HAYEHUAX APrYMEHTOB

Bo3ssegeHune vnep-
HavmeHoBaHue CnoxeHune | YMHOXeHue B CTeneHb YcKopeHune | onepartop TeToaums
rmneponepaTtopa | BbluuTaHue JDenenune U3BneyeHne | 3amegneHue 5-ro Pak
KopHA nopaaka
MNopagok 1 ) 3 4 5 i
rmneponepaTopa
HO(1,n,a, —o°) —oo —oo 0 1 1 ?
HO(1,n,a, 0) a 0 1 Va a\, 1
HO(1,n,a, 1) a+1 a
HO(1,n,2, 2) 4 4 4 4 4 4

[nA coKpaleHns 3anMcu MOXKHO onpeaennTb CMHOHMMbI TMNepPONepPaToOpPOB.:

H(n, a, b) = HO(1,n,a,b),

HR(n, a, b) = HO(-1,n,a,b).

(66.1)

(66.2)
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fwnepctreneHHaa ¢yHKUMA — 3TO runepdyHKUMA, npeacTasBasaowas cobor eauHCTBEHHbIN
npsamoin BMHapHbIA rMnNeponepaTop, rae NepBbiM ONEPaHAOM ABAAETCA aprymeHT PyHKUUK, a
BTOPbIM ONEepPaHA0oM ABAAETCA NPOM3BO/IbHOE BELLECTBEHHOE YMCAO:

y=H(n,x,a). (67.1)

F'vnepnokasartenbHaa GyHKUUA — 3TO runepdyHKUMA, NpeacTaBaAoLLan cobon egMHCTBEHHbIN
npsamon OuHapHbIM runeponepaTop, r4e MepBbiM ONepaHAOM ABAAETCA MNPOU3BOJIbHOE
BELLECTBEHHOE YNC/I0, @ BTOPbIM ONEpPaHAOM ABNAETCA apryMeHT GyHKLMU:

y=H(n, a,x). (67.2)

fvnepkopeHHaa ¢yHKUMa — 370 runepdyHKUMA, npeacTasBaaowas cobon eguHCTBEHHbIN
0bpaTHbI BUHAPHbIV rTMNeponepaTop, rae NepsbiM ONepaHaoM ABAAETCA aprymeHT GyHKLUMK, a
BTOPbIM ONepaHAoM ABAAETCA NPOM3BO/IbHOE BELLeCTBEHHOEe YMCAO:

y =HR(n, x,a). (67.3)

fwnepnorapudmuyeckaa PyHKuua - 370 runepdyHKUMA, npeacTaBaaowas coboi
runepnorapudm, rae OCHOBaHMEM ABAAETCA MPOU3BONbLHOE MONOXKUTENbHOE BELLECTBEHHOE
ymcno:

y=HL(n, a, x). (67.4)

®YHKLMIO, NOCTPOEHHYIO Ha OCHOBe BUHAPHOro rmneponepaTopa, HO B KOTOPOM NpounsBeaeHa
B3aMMHaA CMeHa MeCT NPOU3BO/IbHOM KOHCTAHTbI M aprymeHTa GYyHKUMM B UX Ka4ecTBe NepBoro
M BTOPOro onepaHAoB OWHApHOro onepaTopa, MOXKHO HasblBaTb «MNepPeBEPHYTOM» MO
OTHOLUEHUIO K TON QYHKLMMU, rAe B3aMMHAsA CMEHA MeCT He npousseseHa. CTporo roBopsa 3T1o
onpeaeneHne HOCUT OTHOCUTENbHbIA XapaKTep, HO NPUMEHMUTENbHO K aHanudy OWMHApHbIX
rmneponepaTopoB M NMOCTPOEHHbIX NPU UX UCNONb30BaHUN GYHKUMIA MOMKHO YCIOBUTBLCA O TOM,
4yTO nepeBEpHyTOM byaem cumTaTb Ty OYHKLMIO, TAe MeCTO MepBOro onepaHaa — obbekTa
onepauum 3aHMMAET NPOM3BOJIbHAA KOHCTAHTA, @ MECTO BTOPOro onepaHAa, OTBEYatoLWero 3a
KO/IMYECTBEHHOE W3MeHeHWe o06beKTa onepauuu, 3aHUMAET aprymeHT OyHKUMKU. Takum
o6bpa3om nokasatesnbHaa OYHKUMA ABNAETCA NEepeBEPHYTOM MO OTHOLWEHUIO K CTENeHHOW.
MepBblt onepaHA rMneponepaTopa, NPAMOro No OTHOLWEHWIO K runepaorapnemy, 3aHMMaeT B
CaMoM runepnorapmpme Mecto NPON3BObHON KOHCTAHTbI, HO He aprymeHTa GyHKLUKU, NO 3TOM
npuyYnHe He ByAeT OTHOCUTb rMNepaorapudM K nepeBEPHYTbHIM GYHKUUAM.

Pacnonaras Tpems GUHapPHbLIMK TMNeponepaTopamu (0AUH NPAMOM M ABa 06PaATHbIX) MOXKHO
cocTaBuUTb 3 runepdyHKUMN, U K KaXOAOM M3 HUX NO OAHOM nepeBEPHYTON, Bcero 6
rmnepdyHKUMM n-oro nopagKa. Takum ob6pa3som Kpome BblilenpUBEAEHHBIX NPUHLMMAMANBHO
cywectBytoT eweé pase runepdyHkummn, obobuiarolwme BMAOBbIE HA3BAHWMA KOTOPbIX MHeE
Hen3BeCTHbl. MOXHO OTHECTU UX K NepeBEPHYTbIM 06paTHbIM rMNepdyHKUMAM, U Ha3BaTb UX
cneayrowmm obpasom:

MepeBépHyTaa rMNnepKopeHHan:
y =HR(n, a, x). (67.5)
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MepeBépHyTaa runepnorapupmuyecKasn:

y = HL(n, x, a).

(67.6)

Tabauua runepdyHKUMIA OT NepBOro A0 TPeTbero NnopAgKa runeponeparTopa

prnnav Obuwee Ha3BaHue OB 81, YacTHbI BUA, B 3aBUCMMOCTHM OT NOPALKA
GyHKUMI GYHKLMM 1 > 3
mnep-
nep H(n, x, a) X +a X-a x2
Mpamble CreneHHasn
GYHKLMM Mmnep- < <
H(n, a, x) a+x a-x a¥
lNokasatenbHas
mnep- L
HR(n, x, a a /.
O6paTHble KoppeHHasn ( ) - ‘/a Vx> x'/a
GyHKUMK MMnep-
HL
Norapudmmnueckasn (n, a, x) log, x
. MNepeBépHyTan . Y
fepesep rmnep-KopeHHasn HR(n, 3, x) Vaea/x
HyTble _ . 2/
obpaTHble MNepeBépHyTas
PYHKLMM rmnep- HL(n, x, a) log, a<:>1
Norapudmnueckasn 08a X

Tpw rpynnbl runepdyHKUMn cdopmMmnpoBaHbl NO TEMMY POCTA NPWU MPOU3BOJIbHOW KOHCTaHTe
6osblwe 1 M NONOKUTENBHOM apryMeHTE, a TaKXKe U No TOMY, YTO ANS NOPAAKOB HUXKE TPeTbero
bYHKUMI BHYTPU rpynnbl GYHKUMOHANBHO TOXKAECTBEHHDI.

Ona npambix runepdyHKUMIA Temn pocTa HE MEeHee CKOpOCTM pocTa OYHKUMKM y=X, ANA
0bpaTHbIX rMnepoyHKUNIA He Gonee pocTa GYHKUMM Y=X, a ANA NepeBEPHYTbIX 0OpaTHbIX
runepdyHKUNU pocT BoobLe oTpuuaTeneH.

Bce runepdyHKUMM NO CBOEN MaTEMATUYECKOWN CyTU pasHble, HO TEM HE MeHee A/1A NOoPALKOB
runeponepatopa 1 M 2 JyHKUMKW, NpUHAgNexawme ofHon rpynne, ¢GyHKUMOHANAbHO
TOXAECTBEHHbI APYr APYry M BO3BPALLAIOT TOXKAECTBEHHbIW pe3ynbTaT A8 COOTBETCTBYHOLLMX
NMOPALKOB, a TakKe npsamble runepdyHKUMKM nopsaakos 1 n 2 ectb 04HOrO BMAA € 0H6paTHbIMM
rmnepPyHKUMAMM COOTBETCTBYIOWMX MNOPAAKOB C TOM AWUWb PasHULEN, 4To Ans obpaTHbIX
rmnepdyHKUMM  NPOM3BOJIbHAA  KOHCTAHTA MPOTMBOMOJIOXKHA TAKOBOM  AaAa  MPAMbIX
rmnepdyHKUUIN OTHOCUTENIbHO 3HAYEHWA HEWTPAZIbHOro 3NeMeHTa AN COOTBETCTBYHOLLEro

nopsaka.

HecmoTpsa Ha To, YTo Ana nopaaxkos 1 u 2 Bce runepdyHKUMM Kpome dyHKumMM y = a [ X,
ABNAIOTCA /IMHENHbIMUK, A He CTaN 06beAuHATb MX B OAHO, MOCKOJIbKY OTAWYMA Y HUX
CYLLHOCTHbIE.
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Ta6nu1ua Bo3BpaLLaeMbiX 3HaUEHUI rMNepnoKasaTe/ibHOi GYHKLMUU NO OCHOBaHUIO 2 ANA
pa3HbIX NOPAAKOB «N» U 3HAYEHUI aprymeHTa «x»: y = H(n, 2, x)

X
N
—o0 -2 -1 0 1|2 3 4
1 —eo 0 1 2 3|8 5 6
2 —co -4 2 0 2 | 8 6 8
3 0 % % 1 2 | 8 8 16
4 1 V2 = V2 VA2 = V2 V2 2 | 8| #=2"=16 | 16°=2°=256
1.09050773 1.18920712 1.41421356
y y y
5 1 | y=yz=Va=%2 |y=z=¥2 | y=V2 | 5 | | 4*=2°=256 | 256°°=2%"
1.55961047
1.28486975 1.37997040
Tetpaunsa | ? —oo 0 1 2 | 4 2*=16 2'°=65536

Mpy eAMHUYHOM LWare pocTa aprymMeHTa Kaxpgoe cnepyloulee 3HauyeHue rmneprokasaTenbHom
GYHKUMM MO OCHOBAHWUIO 2 - 3TO Yy 4-0ro nopagKa: 2 B CTeneHu npeablayliero 3HavyeHusA
dyHKUMK, Y 5-0ro nopsaaka: npegblayuiee 3HadeHUs GyHKUMM B COOCTBEHHOM CTeneHu, a y
dYHKUMM Ha ocHoBe TeTpauuu: 2 B CTENeHU Npeaplaywero 3HavyeHma GyHKummn (cm. Tabamuy).
Mcxopa n3 3TUX 3aKOHOMEPHOCTENM, MMEHHO MO KPUTEPUKD CKOPOCTM pocTa A OTHEC Obl
TeTpauuto K nopagKy 4%, Kak pacTylyto 6bicTpee PyHKUMM 4-ro nopAgKa, HO MeasieHHee
byHKUMM 5-ro.

Takke HabnogaeTcs WHTepecHaa 3aKOHOMEPHOCTb T[MMepnoKasaTeNbHbiX GYHKUMA Mo
OCHOBAHMIO 2. 3HaYeHe GYHKLMUM NPU aprymeHTe, paBHOM 4, paBHO 3HAYEHUIO NPU apryMeHTe,
paBHOM 3, HO Ana runepdyHKUMM OAHOro MNopsAKa Bbie pPaAcCMaTPUBAEMOW, 4TO
AEVCTBUTENbHO HAaUYMHaA CO MepBOro NnopsaKa runeponeparopa:

H(n,2,4)=H(n+1,2,3)npun=>1. (68)

CyLLecTByeT TaKoe CEMEWNCTBO aHa/IMTUYECKN 3aJaHHbIX QYHKLUUIA, YTO HE camu YHKLMK, He
O/ZiHa M3 UX NPOMU3BOAHbIX (NepBas, BTOpas 1 Aanee 6e3 orpaHNYeHUA) He UMEeKT SKCTPEMYMOB
W NpepbiBaHMMA Npu NoObIX 3HAYEHUAX aprymeHTa B rpaHuuax ero onpepeneHuna. Ona Hux
3HauyeHUA GYHKUMIA U BCEX MX NPOU3BOAHBLIX NGO PaBHO HYNO, MO0 ABAAKOTCA KOHCTAHTOM,
nmbo TonbKo ymeHbllaetcA, nMbo TonbKo yBenunumBaeTcA. K coXaneHuto MHe Heu3BecTHO
Ha3BaHMA CEMENCTBA TaKMUX GYHKLMNA, U €CNU Y HEro ero HeT, TO ero MOXKHO 6bia10 6bl Ha3BaTb
CEMENCTBOM «COBEPLIEHHO MOHOTOHHbIX GYHKUMII». K aAaHHOMY cemencTBy OTHOCATCA
rmnepnokasaTesibHble, rmnepaorapudmmnyeckme GyHKUMM (CNMCoK GYHKLUMIA HE UCKTOYAIOLLAIA).
OcTanbHble aHAaNUTUYECKU 3afaHHble GYHKUMM No  onpegeneHuto 06nadatoT  AaHHOM
XapPaKTEPUCTUKOM B WMHTEpBase aprymeHTa MexKAy COOCTBEHHbIMM TOYKAaMM MpPEepbIBAHUA U
TOYKaMM IKCTPEMYMOB W TAKOBbIMM TOYKAaMW [N BCEX CBOMX MPOU3BOAHbLIX. K AaHHbIM
byHKUMAM Bce  ¢yHKuMKM,  obpasoBaHHble  rMneponepaTopamu,  SAAMNTUYECKaSR,
TPUroHomeTpuyeckmne, obpaTHble TPUTOHOMETPUYECKME, TunepboMyecke U MHorve apyrue
bYHKUMK. B 3TOM cny4vae peyb MAET O COBEPLUEHO MOHOTOHHbIX 061aCTAX QYHKLUNA.
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OTAMYHAA OT BCEX OCTa/bHbIX rMMNeprnokasaTe/ibHbiX QYHKUMIM NO OCHOBAHWIO 2, NMOCTPOEHHas
Ha ocHoBe TeTpauun runepnokKasaTenbHas GyHKUMA NpoxoanuTt Yyepes Touku: (—=1,0); (0,1); (1,2)
(cm. Tabnuuy), yepes KoTopble MOXKHO npoBecTu npsmyto. CnepoBaTeNbHO B WMHTepBase
aprymeHtTa oT =1 go 1 y ruMnoTeTMYecKoW MNOCTPOEHHOM Ha OCHOBe onepaTtopa TeTpauuu
rMnepnoKasaTenbHo OyHKUMin obobuweHna anA  Heuesnoro aprymeHTa, WMMEKT MecTo
3KCTPEMYMbl MPOM3BOAHOM, TO €CTb OHAa HECOBEPLEHHO MOHOTOHHA. TaKKe 04eBUOHO U TO,
YTO OHA MMeeT npepbiBaHWE NPU 3HAYEHUM APryMeHTa -2, U He WM3BECTHO, UMEEeT JIn OHa
onpeaeneHne ANA aprymeHta JseBee 3TOM To4YkM. [aHHble o06CTOATENbCTBA ABAAIOTCA
NPWU3HaKamu TOro, YTo AaHHaA PYHKLMA He ABAAETCA rMnepnokasaTenbHon. bonee Toro, oHa
MMeeT COBMaZEeHUA C ABYMA APYTMMW TMNEeprnoKasaTeNbHbIMU OYHKUMAMM B TPEX TOYKaX
aprymeHTta: 0, 1, 2 c ¢yHKumMer TpeTbero nopagka (IKkcnoHeHta) n 1, 2, 3 ¢ dyHKUMEN
yeTBépTOoro nopaaka (AkceneHta) (cm. Tabnuuy), 4to sABAsNOCL Obl aHOManuen AnA
rmnepnoKasaTenbHol GyHKUMK. Mpn 3TOM He CyLLecTBYeT Kakux Mbo TPEX TOYeK, B KOTOPbIX
nobble  MOCTPOEHHble HAa OCHOBE ruMeponepatopa C J1IeBOM  acCOLMATMBHOCTbIO
rMneprnoKasaTenbHble QYHKLMU, BKAOUUTENBHO JKCMOHEHTA M AKCeneHTa, coBnaganu 6bl B
TPEX TOYKAX aprymeHTa npu No6bIX KOMOMHAUMAX 3HAYEHUIA OCHOBAHWUA TMNEPCTENEHU U A
ODKCMOHEHTbl M AKCeneHTbl MNPOM3BOJILHOIO MHOXWUTeNAa B oTAaenbHocTU. Bce 3To
OVCKpeaAnTUPYET NPaByt) aCCOLMATUBHOCTb, C NMPUMEHEHMEM KOTOPOM OonpeaeneH onepaTop
TeTpauyma.

BbluMcneHne cTeneHHoW 6awHWM B HanpaBAeHWM CNPaBa HaNEBO PABHOCUIbHO MPUMEHEHMUIO
CKOBOK, OTpbIBalOWMX BTOPOW OnepaHA OT CBOEro onepatopa B NOCAeAO0BaTENbHOCTU, YTO
NPUBOAUT K «aHOMaZnW» B MOAy4YaemMOM pe3ynbTaTe, rae nogd HOPMaJibHbIM pPe3ynbTaToM
MMeeTC B BMAY Pe3ynbTaT, NOJIyYEeHHbI COTNacHO onpeaeneHuto Ana runeponepatopa, To
€CTb C TaK Ha3blBaeMOI /IeBOI acCOLMATUBHOCTbIO UM HanpaB/iieHNEM BblYUCAEHMA CNEeBa Ha
npaeo.

Al He 3Hat0, YTO MMEHHO NMOC/YKWUI0 NPUUYNHON BbIBOPA NPABOI acCCOLMATUBHOCTM B onepaTope
TeTpauma. Ecam npuymnHOM sBMMack Npe3ymnuus O TOM, YTO OMepaTop BbiCWIEro NopsaKa
OOMKHO ObITb HENb35 KOMMNAKTHO OnuMcaTb Yepe3 onepaTopbl HU3LWKUX NOPAAKOB, MMEHHO TO
yA06CTBO KOMMNAKTHOM 3aMnCK, U3-3a KOTOPOTO Mbl, AO/IKHO ObITb, BBOAMM HOBblE OMepaTopbl
B obuxod, TO 3TO A MOry MNPOKOMMEHTMPOBATb 3TO TeM, YTO OOBEKTMBHAA PeanbHOCTb
CYLLEeCTBYeT HE3aBMCMMO OT Hawero CyObeKTMBHOrO npeacTtaBAeHMA O Hel, a maTemaTtuKa
CyLLecTByeT He3aBMCMMO OT Hawero cnocoba eé onucauua. o Bcel BUAMMOCTU
runeponepaTop TPeTbero nopsAgKa - BO3BeAEHWEe B CTeneHb — 3TO0  A0CTAaTOYHO
«MOTYLLECTBEHHbINY WMHCTPYMEHT, MMelWmii ocoboe KayecTBO - BO3MOMKHOCTb KOMMAKTHO
onucaTtb onepaTop 04HOro NopaaKa Bbilwe Hero. Kctatu, B aHIIMIACKON TEPMUHOJIOMKN OH TaK U
Ha3blBaeTcA: «power». Ho nocneaHee, BUAMMO, He HbiN0 yuTeHO. Mo-moemy, runeponepaTop 5-
ro MNopsafKka Yy)e Henb3a onucaTb KOMMNAKTHO 4Yepe3 onepaTop BO3BEAEHWA B CTEMNEHb.
OueBMAHO, TYT HAaCTynaeT npeaen « MOryLLecTsa» nocaeaHero.
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ApryMeHTbl Bbl60pa Hanpas/ieHuA BblYUC/IeHNA NocsieaosaTte/ZibHOCTU B onpeaeneHnm

runeponepartopa

3a HanpasaeHune cnesBa Hanpaso

3a HanpaBs/aeHue crnpasa HaaeBo

[eomeTpuUECcKUit pocT npegnosiaraemomn
runepnokasartesibHol QYHKLMKM YEeTBEPTOro NOPsAKa,
cbopmMmynmMpoBaHHOM Ha OCHOBE rMneponepaTopa
YeTBEPTOro NopaaKa, onpeaenéHHOro Kak cteneHHas
6allHA C IeBOM acCOLMATUBHOCTbIO, COBMaJaeT C CamMoW
bYyHKUMEN. (apryMeHT oT HeobxoanMmocTn)

[loKasaHHasA HanpaB/EHHOCTb C/1eBa Hanpaso A.A
rmneponepaTopoB NoOpAAKa HUXKE TPETbEro, U
nocnenoBaTe/IbHOCTb B BbiIbOpe HanpaBAeHUA BblYNCNAEHUS
npu nepexoae oT HU3LWKUX Ha BbICLLUME NOPAAKU
rmneponepaTopos, 63 HeoHXoAMMOCTU UX
nepeonpeaeneHuns (aprymeHT cobnroaeHun
nocnenoBaTeslbHOCTH)

[na nopagka runeponepaTopos
BblLLE NepBOro PaBeHCTBO
eANHNLLE HEeNTPaNbHOro
3/1EMEHTa, NOJIYYEHHOTO
nocpeacTBOM runepaorapmdma
KaK OCHOBHOro obpaTtHoro
rmneponepaTopa gna
HanpasBaeHWA BblYMCNEHUA
cnpasa HaneBo. AprymeHT
COMHUTENbHbIM, 6O OH
O04HOBPEMEHHO NOKa3blBaeT HA
HecoBepLUEHCTBO.

AHaNorM4yHo NPAMOMyY rmneponepaTop n byayun
OCHOBHbIM 06PaTHbIM rMMNeponepaTopoM A/1a HanpaBAeHUA
BbIYMCNEHMA CNIEBA HAMNPABO, TMNEPKOPEHb Yepes CBOM
BTOPOI onepaHzA, Noy4aeT KOMYECTBEHHYHO
XapaKTEPUCTMKY OnepaLmm, CneacTBMEM YEro ABASETCA
BO3MOXHOCTb NONYYEHUA TMNEPKOPHA MO CPeaCcTBaM
PEKYPPEHTHOrO ypaBHEHWA, COCTOALLENO U3
nocnezoBaTe/IbHOCTU T’MNepPonepaTopoB HU3LEro NOPAAKA,
YTO HEBO3MOMKHO A1 runepnorapudma (aprymeHT
COXPAHHOCTM CBOWMCTB rMneponepaTopos)

HeBO3MOXHOCTb KOMMNAKTHOM
3anucuK ans runeponeparopa
BbICLLEro NnopAaKa ¢
MCMNOoJIb30BaHNEM
rMneponepaTopoB HM3LIEro
nopsaaKa B KAa4ecTBe OCHOBAHUA
ANA BBOZaA onepartopa
cneayrowero nopaaka.
(aprymeHT oT yaobcTBa)

MMnepnokasaTenbHble GYHKLMN Pa3HbIX MOPALKOB,
ncnonb3yowme nNpaAmMble rMneponepaTopsbl, onpeaenéHHble
C NeBOM aCCOUMATUBHOCTbLIO, HATAE HE COBMAZAIOT APYr C
APYrom B Tpex TOYKax aprymeHTa. ABAAIOTCA COBEPLUEHHO
MOHOTOHHbIMU QYHKLMAMM Ha BCEM MHTEpBane
onpeaeneHnsa aprymeHTa (apryMmeHT coBepLUEHCTBA)

CyLwiecTBoBaHMe ABHOTO
PEKYPPEHTHOTrO peLleHns ana
rMNEepPKOPHA, KOTOPbIN, BIPOYEM,
He ABNAETCA OCHOBHbIM
o6paTHbIM rMNeponepaTopom
ANA NPaBol acCOUNATUBHOCTHU

Hactoawmm He npegnaraetca UIMEeHUTb CyllecTByrolee npasunio BbIYMUCNEHUA CcTeneHHoM

6aWwHN, noapasymeBalollee MpPaByld acCOUMATUBHOCTb, TEM CaMbiIM He npezasiaraercs
nepeonpeaenuts TeTpauuto, [lNeHTaumio, lekcaumto M T.4. HOo npeanaraetcs npusHaTb
NpPaBOMEPHOCTb ONpeae/eHns rneponepaTopa Kak nNocieAoBaTe/IbHOCTM onepauuii ¢ 1eBoi
acCoLMaTUBHOCTbBIO C 3aKpenaeHnem 3a HUM CTaTyca OCHOBHOIO onpeaefieHus runeponepartopa
N BblAENNTb NOJlyYEHHbIE TaKMM 06pa3om onepaTopbl B OTAebHOEe MHOXKecTBO. lMpeanaraercs
Mcnosb3oBaTb  COBCTBEHHbIE  MMEHa  TMMEeponepaTopoB,  OMpeAenéHHbIX  COrNacHo
npeanoXKeHHoro npasuia. Tak Ans 4YeTBEPTOro nopsaka «YCKopeHwe» U «3amepneHve» B

KavyecTtBe npAamMmoro m O6paTHOI'O rmneponepaTtopoB COOTBETCTBEHHO.

Ana Toro, 4ytobbl OTAMYATL BbILEOMNUCAHHbIE OMNpPeaenéHHble C JIeBOM aCCOLMATUBHOCTBIO
rmneponepaTopbl OT TAKOBbIX, HO ONpPeaeNnEHHbIX C MPaBOM aCCOLMATUBHOCTLIO, NpeanaraeTca
BBeAeHne 060cobneHHOMN 0bLel COKpaLWEHHOM CTPENoYHOM HoTauMn ANa rmneponepaTopos,
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onpeaenéHHbIX C NIeBO acCOUMATMBHOCTbIO, MOPSAKOB Bbile 3-r0, Kak CneayeT U3 HUXKe
npuBeAEHHOM Tabanubl.

CTpenoyHas HoTauua onpeaenéHHbIX ¢ NPUMeHeHUueM 1eBOM acCoLuMaTUBHOCTU

runeponepaTopos
KauecTso MopaaoK runeponepaTtopa, n

rmnepornepaTtopa 4 5 6
H(n,a,b) as’ ars"° arr7°
HR(n,a,b) aNp aNy, aN\yy,
HL(n,a,c) CNy Cc\N, C\\K,

MocnenoBaTesIbHOCTM U3 TMNEPONepaToOPOB COCTABAAKOTCA U BbIYMUCAAIOTCA C/AeBa HanpaBo C
NPUOPUTETOM  BbIHUCNEHNA NOCNEeA0BaATE/NIbHOCTU onepau,mﬁ BbiCLLEro nopAaAKa Hapg
nocnenoBaTesibHOCTbIO onepau,vu7| HU3LWEro nopAaakKa n C paBHOVI NMPUOPUTETOM
rmneponepaTtopos OA4HOrNro nopAgka He3aBUCMMO OT UX KadecTsa. Huxe npueeaeHbl TpU
PaBHO3Ha4YHble 3aMCK OAHOIo Npmnmepa:

e A7 7PN gy

g7 221

(e /‘/‘<((afub)wxc)\\\d)> \ e (69.2)
(f\\(gzz/i)>f(w )

H (4, HR(4, H(5, e, HL(6, HR(6, (s, a, b), c), d) ), HL(5, H(s, &, i), f)), H(5, ], k)),

(69.3)

YHapHbIX onepaTop — 3TO MO CyTM BMHAPHbIM onepaTop C HEMTPaNbHbIM 31EMEHTOM B KayecTse
nepBoro onepaHaa — o6bEKTa onepauunm, NOCKOIbKY MMEeT MecTo oyeBMaHoe 06CToATEeNbCTBO:
onepauua He MOMET OCYLLEeCTBAATbCA HaA, HuMYem. Ecnv mmeeTtcs B BUAY onepauma Npsmoro
AEeNCTBMA, TO ANA KPATKOCTM 3anmncKU NPUHATO 3TOT ONEpPaTop He YKasbiBaTb, YTO 63 OLEHKMK
KOPPEKTHOCTM CaMOro NpaBwu/ia CKOPEE BCEro MOCAYKMUIO BO3HUKHOBEHWUIO BblLLEYNOMAHYTOM
nyTaHuUbl B onpeaeneHuu runeponepatopa. Ecnm mmeetca B Buay onepatop obpaTHoro
AeucTBuA, TO ero 06sA3aTeNbHO YKasblBAlOT, HO ONATb TaKM ANA KPATKOCTM 3anucu no
BO3MOHOCTU 6e3 yKa3aHWA HEeWTPasbHOroO 3feMeHTa. TeM He MeHee NOCKO/IbKY 06paTHbIn
YHapHbI rMneponepaTop BTOPOro nopaaka (yHapHbI onepaTop AeneHus) He obwenpuHAT ana
MCNO/Ib30BaHMA, TO MNPUXOAATCA NUCaTb ero MnojiHyi OuHapHyto ¢opmy C yKasaHWem
HelTpanbHOro snemeHTa: 1/a. MHe AMYHO NPUXOAMNOCH ABHO MCMONb30BaTbh AaHHYO Gopmy
3anMcM NocTynas TaK B YroAy YMTaemoCTM NPOrpamMHOrO Koga, KorAa B HECKObKUX
OTAeNbHbIX pAfax Koda TpebyeTcA 3anucaTb NOCNEA0BATE/IbHOCTb ONpPeAenéHHbIX onepauui
OAHOro nopsaka 6es3 ornagKkM Ha MX KayecTBO (Ka4ecTBO MPSMOro MamM obpaTHoOro Aencrsems),
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HO C cobaogeHnem nopaaKa onepaHAoB. B pesynbrate 3TOro NpMéma BbipaskeHue BbIrNsaaeno
npumepHo Tak: y=1/a*b/c, xota Ha Moi1 B3rnag 3anuch 3TOro e BbiparkeHus B Buae y=/a*b/c,
TaK)Ke XOpOWO yuTaeMas U WHTYMTUBHO MOHATHAsA, TaK KaK BCe MOHMMAIOT TO, KaKou
HEMNTPaNbHbIM 31EMEHT MMEeTCA B BMAY MO YMOMYAHMIO B KOHKPETHOM caydae. TaKkwke
OTAEe/IbHO CTosLLEE BblpaskeHue /a Uan :a MoXKHO 6b110 Bbl UMTaTb Kak 0b6paTHOE a No aHasormm
C TeM, KaK —a CYMTalOT NPOTUBOMO/IOMHbBIM a.
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