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Abstract

In this paper, as an extension of Cl-algebras, we discuss the new notions of Neutro-Cl-algebras and Anti-CI-algebras.
First, some examples are given to show that these definitions are different. We prove that any proper Cl-algebra is a
Neutro-BE-algebra or Anti-BE-algebra. Also, we show that any NeutroSelf-distributive and AntiCommutative CI-
algebras are not BE-algebras.
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1. Introduction

H.S. Kim et al. introduced the notion of BE-algebras as a generalization of dual BCK-algebras [1]. A. Walendziak
defined the notion of commutative BE-algebras and discussed some of their properties [11]. A. Rezaei et al.
investigated the relationship between Hilbert algebras and BE-algebras [5]. B.L. Meng introduced the notion of CI-
algebras as a generalization of BE-algebras and dual BCI/BCK-algebras, and studied some relations with BE-algebras
[2]. Then he defined the notion of atoms in CI-algebras and singular CI-algebras and investigated their properties [3].
Filters and upper sets were studied in detail by B. Piekart et al. [4].

Recently, in 2019-2020 F. Smarandache [8, 9, 10] constructed for the first time the neutrosophic triple
corresponding to the Algebraic Structures as (Algebraic Structure, NeutroAlgebraic Structure, AntiAlgebraic
Structure), where a (classical) Algebraic Structure is an algebraic structure dealing only with (classical) Operations)
(that are totally well-defined) and (classical) Axioms (that are totally true). A NeutroAlgebraic Structure is an algebraic
structure that has at least one NeutroOperation or NeutroAxiom, and no AntiOperation and no AntiAxiom, while an
AntiAlgebraic Structure is an algebraic structure that has at least one AntiOperation or one AntiAxiom. Moreover,
some left (right)-quasi neutrosophic triplet structures in BE-algebras were studied by X. Zhang et al. [12].



The aim of this paper is to characterize these definitions to Cl-algebras. Also, the notions of NeutroSelf-
distributive / AntiSelf-distributive and NeutroCommutative / AntiCommutative in Cl-algebras are studied. Finally, as
an alternative to the definition of Cl-algebra, Neutro-ClI-algebra and Anti-Cl-algebra are defined.

2. Preliminaries

In this section we recall some basic notions and results regarding CI-algebras and BE-algebras. Cl-algebras were
introduced in [2] as a generalization of BE-algebras (see [1]) and properties of them have recently been studied in [3]
and [4].

Definition 2.1. ([2]) A Cl-algebra is an algebra (X,—,1) of type (2,0) (i.e. X is a non-empty set, — is a binary
operation and 1 is a constant element) satisfying the following axioms, for all x,y,z € X:

CIH)(VxeX)(x = x = 1),
CR)(VxeX)(1 - x = x);
(C13) (Vx,y,z€ X,withx #y)(x » (y> 2)=y - (x - 2)).

We introduce a binary relation < on X by x < y ifand onlyifx - y = 1. A Cl-algebra (X,—, 1) is said to be a
BE-algebra ([1]) if

BE)(vxeX)(x—> 1 = 1).
By (CI1) < is only reflexive.
In what follows, let X be a Cl-algebra unless otherwise specified. A Cl-algebra X is proper if it is not a BE-algebra.

For example, the set X = {1, a}, with the following Cayley table is a proper Cl-algebra, sincea - 1 =a # 1.

Table 1
->|1]a
1 1|a
a |a|l

Theorem 2.2. Let (X, — ,1) be a Cl-algebra. The binary operation — is associative if and only if x - 1 = x, for all
x €X.

Proof. Assume that = is associative. Using (CI2) and associativity, we have
x=1l-ox=(x->x)ox=x->(x->x)=x-1.

Conversely, suppose that x - 1 = x, forall x € X. Let x,y, z € X, then by applying assumption and three times (CI3),
we get

=y =2z=x->y)>zZ->D=z->(x>y)->D=z->x->y)=z>x->0->D)=x->>0~
D=x->->z->))=x->(U~-2.

Thus, (x 2 y) 2 z=x = (y = 2).

Also, if — is associative relation, then Cl-algebra (X, — ,1) is an Abelian group with identity 1, since



xoy=x->@-oD=y->(x->1)=y->x

Example 2.3. (i) Let R be the set of all real numbers and — be the binary operation on R defined by x - y =y + x,
where + is the binary operation of division. Then (R — {0}, —» ,1) is a CI-algebra, but it is not a BE-algebra.

(CIN) holds, since forevery 0 # x ER,x > x = x +x = 1;
(CI2) valid, since forallx € X, 1 - x = x;
(CI3) holds. Let x,y, z € X. Then we have
x-oW-o2)=x->0Z+y)=Z+yY)+x=zZ+x)+y=y->(Z+x)=y-> (x> 2).
(BE) is not valid, since 5 >1=1+5= % # 1. Thus, (R — {0}, > ,1) is a proper Cl-algebra.
(i1) Consider the real interval [0,1] and let — be the binary operation on [0,1] defined by x - y = 1 — x + xy. Then
([0,1], > ,1) is not a CI-algebra (so, is not a BE-algebra), since (CI1) and (CI3) are not valid. Note that (BE) holds,
sincex—>1=1—-x+x.1=1—-x+x=1
Proposition 2.4. ([2]) Let X be a Cl-algebra. Then for all x,y € X,
i  y-o>(-0-x)=1
(i) x-D->-D=x-y -1
Definition 2.5. ([1, 2]) A CI/BE-algebra X is said to be self-distributive if for any x,y,z € X,
x>(y-o2=x->y) > (x-2).

Example 2.6. Consider the Cl-algebra given in Example 2.3 (i). It is not self-distributive. Let x := 5,y = 4 and

z:=7.Thenwehave5—>(4—>7)=5—>%=27—0¢(5—>4)—>(5—>7)=§—>§=%.

Proposition 2.7. ([2]) Every self-distributive Cl-algebra X is a BE-algebra.
Note that if X is self-distributive, then < is transitive ([6]).
Definition 2.8. ([2, 5, 11]) A CI/BE-algebra X is said to be commutative if for any x,y € X,
x> @x->y)=y->(y-x).
Example 2.9. ([6]) (i) Let N be the set of all natural numbers and — be the binary operation on N defined by

y if x=1;
1 otherwise.

Then (N, —, 1) is a non-commutative BE-algebra.

(ii) Let Ny = NU{0} and let — be the binary operation on N, defined by

(0 ifx=zy;
x=y= {y—x otherwise.



Then (Ny, —, 0) is a commutative BE-algebra ([6]), but it is not self-distributive, since
5-(6-7)=5-1=0%#(5-6)->(5-7)=1-2=1.
Proposition 2.10. ([2]) Every commutative Cl-algebra X is a BE-algebra.

Note that if X is commutative, then < is anti-symmetric ([6]). Hence, if X is a commutative and self-distributive CI-
algebra, then < is a partially ordered set ([6]).

3. On NeutroSelf-distributive and AntiSelf-distributive CI-algebras
Definition 3.1. A Cl-algebra X is said to be NeutroSelf-distributive if

Ax,y,zeX) (x> (y-z2)=x-y) > (x->2)andEAx,y,zeX) (x> (y->2) # (x> y) - (x - 2)).
Example 3.2. Consider the non-self-distributive CI-algebra given in Example 2.3 (i). If x :== 1, then forally,z € R —
{0}, we have x » (y 2 z) = (x > y) » (x = z). If x # 1, then for all y,z € R — {0}, we have x = (y = 2) #
(x > y) » (x - z). Hence (R — {0}, —, 1) is a NeutroSelf-distributive CI-algebra.
Definition 3.3. A Cl-algebra X is said to be AntiSelf-distributive if

(Vx,y,zeXwithx+1D(x-> (y-2z)# (x-y) - (x> 2).

Example 3.4. Consider the Cl-algebra given in Example 2.3 (i). Then it is an AntiSelf-distributive CI-algebra, since
forall x,y,z € R — {0} and x # 1, we can see that

x->(y-2)= (z+y)+x=i¢(x—>y)—>(x—>z) =(Z+x)+(+x) =§.
Theorem 3.5. Let X be an AntiSelf-distributive CI-algebra. Then X is not a BE-algebra.

Proof. Assume that X is an AntiSelf-distributive Cl-algebra and 1 # x € X. Take y = z = 1 and using AntiSelf-
distributivity and applying (CI1) two times, we have

xo1l=x->1A-1D#*x->1->x-1)=1.
Thus, (Vx € X,with x # 1)(x > 1 # 1), and so X is not a BE-algebra.
Corollary 3.6. There is no AntiSelf-distributive BE-algebra.
Proposition 3.7. Let X be an AntiSelf-distributive CI-algebra. Then
(Vx,yeXwithx+1)(x->(x->y)*x->Y).
Proof. Let X be a Cl-algebra and x,y € X. Using AntiSelf-distributivity and (CI2), we get
X->@x-=>yFEx-")->@-2y=1->F->y)=x-Yy.

Thus,x > (x > y) #x - y.



Proposition 3.8. Let X be an AntiSelf-distributive Cl-algebra, and x <y. Thenz > x £ z— y,forall1l # z € X.

Proof. Suppose that X is an AntiSelf-distributive Cl-algebra, x <y and 1 # z € X. Then x - y = 1. Applying
AntiSelf-distributivity and (BE), we get

(z-ox)»(@Z-oy)+z-o(x->y)=z->1+1
Thus,z > x £ z- y,foralll #z€X.
Proposition 3.9. Let X be an AntiSelf-distributive Cl-algebra. Then < is not transitive.

Proof. Suppose that X is an AntiSelf-distributive Cl-algebra, x < yandy < z. Thenx >y =1andy -z =1.
Using (CI2) and AntiSelf-distributivity, we have

x-oz=1->(x-2z2)=x-y)-(x-2)xx->(y—-z)=x-1=+1.

Thus, x £ z.

4. On NeutroCommutative and AntiCommutative CI-algebras
Definition 4.1. A CI/BE-algebra X is said to be NeutroCommutative if
Ax,yeXwithx#y)(x>(x->y)=y->y->x) and Gr,yeX)(x > (x->y) #y > (y > x)).

Example 4.2. (i) Consider the non-commutative BE-algebra given in Example 2.9 (i). If x,y € N — {1}, then x —
x->y)=y->(y-ox)Ifx=1andy# 1, thenx>(x->y)=y#+y->(y->x)=1

(ii) Consider the Cl-algebra given in Example 2.3 (i). Then it is not a NeutroCommutative CI-algebra, since, for all
x,yER—-{0},wehavex > (x > y) #y—-> (y—>x),onlyifx=y=1thenx > (x> y) =y - (y = x).
Thus, there isnot x # y suchthatx - (x > y) =y - (y = x).
Definition 4.3. A CI/BE-algebra X is said to be AntiCommutative if

(Vx,yeXwith x#y)(x->y)»y#(y->x) - x).
Example 4.4. Consider the Cl-algebra given in Example 2.3 (i). Then it is an AntiCommutative CI-algebra.

Proposition 4.5. Let X be an AntiCommutative Cl-algebra. Then X is not a BE-algebra.

Proof. By contrary, let X be a BE-algebra. Then forallx e X, x > 1 =1. Hence (x 1) > 1=1->1=1, by
assumption and (CI1). Now, applying AntiCommutaitivity and (CI2) we get

1=x-1)->1+#(1->x)>x=x->x=1.
Thus, 1 # 1 which is a contradiction.
Corollary 4.6. There is no AntiCommutative BE-algebra.

Proposition 4.7. Let X be an AntiCommutative Cl-algebra. If x < y, theny # (y - x) = x.



Proof. Assume that X be an AntiCommutative Cl-algebra and x <y. Then x -y =1. Using (CI2) and
AntiCommutaitivity, we have

y=1l-oy=x->y)>y#{y->x) ->x
Proposition 4.8. Let X be an AntiCommutative Cl-algebra. Then < is not an anti-symmetric relation on X.

Proof. Assume that X be an AntiCommutative Cl-algebra. Let x < yandy < x. Thenx—>y=1andy > x=1.
Applying (CI2) and AntiCommutativity, we get

x=1-x=@-x)2x#x->y)oy=1-y=y.

Corollary 4.9. If X is an AntiSelf-distributive or an AntiCommutative CI-algebra, then X endowed with the induced
relation < is not a partially ordered set.

Proof. By Propositions 3.9 and 4.8, we get the desired result.

If X is not a partially ordered set, then X is either totally ordered set, or totally unordered set (i.e. for any two distinct
elements x,y € X, neitherx < ynory < x).

We have the neutrosophic triplet for the order relationship < in a similar way as for CI-algebras:

(totally ordered, partially ordered and partially unordered, totally unordered) or (Ordered, NeutroOrdered,
AntiOrdered).

Corollary 4.10. If X is an AntiSelf-distributive or an AntiCommutative Cl-algebra, then x - (y — x) # 1, for all
X,y € X.

Proof. Using Corollaries 3.6 and 4.5, X is not a BE-algebra, and so applying (CI3) and (CI1) we get, forall x,y € X

x> @-ox)=y->(x-ox)=y->1+1.

5. On Neutro-CI-algebras and Anti-CI-algebras

The Neutro-BE-algebra and the Anti-BE-algebra as an alternative of a BE-algebra was defined in 2020 by A. Rezaei
and F. Smarandache. Now, we can define Neutro-CI-algebra and Anti-CI-algebra (for detail see [7]).

Definition 5.1. (Neutro-sophications)

The Neutro-sophication of the Law (degree of well-defined, degree of indeterminacy, degree of outer-defined)
(NL) (Ax,y e X)(x > ye X)and (3x,y € X)(x » y = indeterminateorx -y ¢ X).

The Neutro-sophication of the Axioms (degree of truth, degree of indeterminacy, degree of falsehood)

(NCI1) (3x € X)(x » x = 1) and (3x € X)(x — x= indeterminate or x > x #+ 1);

(NCI2) @3x € X)(1 » x = x) and (3x € X)(1 » x= indeterminate or I- x # X);



(NC3) (Ax,y,ze X, with x #y)(x > (y > z)=y->(x—>2z)) and Ax,y,z€E X, with x #y)(x > (y > 2) =
indeterminate orx - (y > z) #y - (x - 2)).

Definition 5.2. (Anti-sophications)

The Anti-sophication of the Law (totally outer-defined)

(AL) (vx,y e X)(x > y € X).

The Anti-sophication of the Axioms (totally false)

(ACID) (Vx e X)(x » x # 1);

(ACI2) (Vx € X)(1 » x # x);

(AC3) (Vx,y,zeX,withx #y) (x> (y - 2) =y - (x - 2)).

Definition 5.3. A Neutro-Cl-algebra is an alternative of Cl-algebra that has at least a (NL) or at least one (NCIt), t €
{1, 2, 3}, with no anti-law and no anti-axiom.

Definition 5.4. An Anti-Cl-algebra is an alternative of Cl-algebra that has at least an (AL) or at least one (NCIt), t €
{1,2,3}.

A Neutro-BE-algebra ([7]) is a Neutro-Cl-algebra or has (NBE), where

(NBE) @3x e X)(x > 1=1)and (Ax € X)(x » 1 = indeterminate orx - 1 # 1).
An Anti-BE-algebra ([7]) is an Anti-CI-algebra or has (ABE), where

(ABE) (Vx e X)(x > 1#1).

Note that any proper Cl-algebra may be a Neutro-BE-algebra or Anti-BE-algebra.
Proposition 5.5. Every NeutroSelf-distributive Cl-algebra is a Neutro-CI-algebra.
Proposition 5.6. Every AntiSelf-distributive CI-algebra is an Anti-BE-algebra.

Proposition 5.7. Every AntiCommutative Cl-algebra is an Anti-BE-algebra.

6. Conclusions

In this paper, Neutro-Cl-algebras and Anti-Cl-algebras are introduced and discussed based on the definition of
Cl-algebras. By some examples we showed that these notions were different. Some of their properties were provided.
We proved that any proper Cl-algebra is a Neutro-BE-algebra or Anti-BE-algebra. Further, for every classical CI-
algebra, it was shown that, if it is AntiSelf-distributive or AntiCommutative, then it is an Anti-BE-algebra.
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