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Abstract

All N=4 conformal supergravities in four space-time dimensions are constructed. These are the
only N=4 supergravity theories whose actions are invariant under off-shell supersymmetry. They
are encoded in terms of a holomorphic function that is homogeneous of zeroth degree in scalar
fields that parametrize an SU(1, 1)/U(1) coset space. When this function equals a constant
the Lagrangian is invariant under continuous SU(1, 1) transformations. Based on the known
non-linear transformation rules of the Weyl multiplet fields, the action of N = 4 conformal
supergravity is constructed up to terms quadratic in the fermion fields. The bosonic sector
corrects a recent result in the literature. The construction of these higher-derivative invariants
also opens the door to various applications for non-conformal theories.



1 Introduction

Conformal supergravities in four dimensions are invariant under the local symmetries associ-
ated with the superconformal algebra su(2, 2|N). The transformation rules and corresponding
invariant Lagrangians are known for N = 1 and 2 [1, 2]. For the N = 4 theory, the Weyl
multiplet and its full non-linear transformations were determined in [3]. A unique feature of the
latter theory is the presence of scalars fields which parametrize an SU(1, 1)/U(1) coset space.
This U(1) factor extends the SU(4) R-symmetry to the U(4) that is generically present in the
algebra [4]. Furthermore, it was shown that N > 4 theories cannot exist off-shell [5], as they
would necessarily involve higher-spin fields and the supermultiplet would in general not contain
the graviton. It is also worth pointing out that the N ≤ 4 superconformal field representation
and the transformation rules have been worked out in superspace [6]. Although the field repre-
sentation and its off-shell transformation rules are known, the full non-linear action for N = 4
conformal supergravity remains to be constructed. Recently, a calculation was performed based
on an on-shell N = 4 abelian gauge theory in a conformal supergravity background [7]. The
integration of the abelian gauge multiplet led to the determination of the bosonic terms of the
superconformal action [8]. These terms comprise the square of the Weyl tensor and are related to
the conformal anomaly, as was discussed long ago in [9]. The resulting action is invariant under
a continuous rigid SU(1, 1) symmetry, which can be explained by the fact that the gauge theory
action has SU(1, 1) as an electric-magnetic duality group. In this paper we calculate the SU(1, 1)
invariant action of N = 4 conformal supergravity by exploiting the known transformation rules
and imposing supersymmetry by iteration. This computation is of interest since it completes the
result of [8] to quadratic order in the fermion fields. However, we also find that our results do not
coincide. Actually, string theory indicates the existence of an extended class of actions in which
the continuous SU(1, 1) is broken. For instance, in IIA string compactifications on K3× T 2, the
effective action contains terms quadratic in the Weyl tensor and its dual, multiplied by a modular
function [10]. Further indications arise from the semiclassical approximation of the microscopic
degeneracy formula for dyonic BPS black holes [11, 12, 13], which captures corrections to the
macroscopic entropy originating from the same class of actions. This paper deals exclusively with
the construction of the action invariant under the continuous SU(1, 1). Conformal supergravity
is the supersymmetric generalization of conformal gravity, whose Lagrangian is the square of the
Weyl tensor. The combination of local supersymmetry and conformal symmetry necessarily im-
plies the presence of additional local invariances, which include a special supersymmetry known
as S-supersymmetry. The original supersymmetry is then called Q-supersymmetry. For N = 4
the full non-linear transformation rules of the fields, which constitute the so-called Weyl super-
multiplet, have been determined [3]. This is the largest possible conformal supergravity that can
exist in four space-time dimensions [5], and so far a complete Lagrangian was not known. A
unique feature is the presence of dimensionless scalar fields that parametrize an SU(1, 1)/U(1)
coset space. The U(1) factor is realized as a local symmetry with a composite connection, which
acts chirally on the fermions. Hence the so-called R-symmetry group is extended to SU(4)×U(1).
As explained below there are good reasons to expect that a large variety of these theories will
exist. This Letter reports important progress on this question as we derive the most general
invariant Lagrangian, which turns out to depend on a single arbitrary holomorphic and homoge-
neous function of the coset fields. Here we will present its purely bosonic terms; full results will
be reported elsewhere. When this function is constant these bosonic terms turn out to agree with
a recent result derived by imposing supersymmetry on terms that are at most quadratic in the
fermions. In the Lagrangian this function will, for instance, multiply the terms quadratic in the
Weyl tensor. The possible existence of such a non-minimal coupling was suggested long ago in the
literature. Meanwhile indirect evidence came from string theory, where the threshold corrections
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in the effective action of IIA string compactifications on K3 × T 2 reveal the presence of terms
proportional to the square of the Weyl tensor multiplied by a modular function [10]. The same
terms emerge in the semiclassical approximation of microscopic degeneracy formulae for dyonic
BPS black holes. Finally higher-derivative couplings derived for N=4 Poincaré supergravity do
also exhibit non-trivial scalar interactions. The results of this Letter can provide more detailed
information on such higher-derivative interactions. Likewise they can be utilized to study the
subleading contributions to N=4 BPS black hole entropy in a fully supersymmetric description.

In this paper, we take a more pragmatic approach which relies on the construction of a generic
supersymmetric action principle, also known as a density formula, directly at the component
level. Such a density formula is built upon an abstract multiplet whose component fields appear
linearly in the expression, along with some of the supergravity fields such as the vielbein. The
multiplet in question is typically required to obey only very mild supersymmetry constraints
(e.g. chirality), and it is in this sense that the action principle is generic. If one can build such
a multiplet, for example by combining more fundamental constituents, the action principle can
be applied. This approach is not distinct from superspace: whenever an invariant superspace
exists, the corresponding component action always falls into this type, where the multiplet in
question is identified with the superspace Lagrangian. The converse does not generally hold, and
a density formula may exist in the absence of a corresponding superspace. As we will show, there
exists such a density formula for four-dimensional N = 4 theories with local superconformal
symmetry. It is based on an abstract multiplet involving superconformally primary fields Cij

kl,
C̄ij

kl = (Ckl
ij)
∗, and Aijkl = (Aklij)

∗, each in the 20′ of the SU(4) R-symmetry group, and whose
supersymmetry transformations into the 60 and 60 are constrained. That is,

δεC
ij
kl = ε̄m Ξij

kl,m + ε̄m Ξij,m
kl ,

δεA
ij
kl = ε̄m Ωij

kl,m + ε̄m Ωij,m
kl , (1.1)

for fermions Ξ and Ω whose traceless parts are fixed as

[Ξij
kl,m]60 = [2ΛmA

ij
kl]60 , [Ξij,m

kl]60 = 0 , [Ωij
kl,m]60 = [ΛmC̄

ij
kl]60 (1.2)

in terms of the dimension-1/2 fermion Λi of the Weyl multiplet. This implies that the fields Cij
kl

and Aijkl must be intricately related. The density formula is

e−1L = F + 2 ψ̄µi(Ω
µi + γµΩi) + 2 ψ̄µ

i(Ωµ
i + γµΩi)

+
1

8
ψ̄[µiγ

µψν]
j ν i

j −
1

8

(
i ψ̄µiγ

µνψijνj +
i

2

µνρσ

ψ̄µiψνjρσ
ij + h.c.

)
+
i

8

µνρσ(
ψ̄µiψνj ψ̄ρkγσρrs

k ijrs + 2 ψ̄µiψνj ψ̄ρ
kγσκ

ij
k + h.c.

)
− i

4

µνρσ(
ψ̄µiψνjψ̄ρkψσl

klrsCij
rs + 2 ψ̄µiψνjψ̄ρ

kψσ
lAijkl + h.c.

)
. (1.3)

The fields Cij
kl and Aijkl of lowest Weyl weight multiply four gravitini ψ, while higher weight

fields of the abstract multiplet appear with fewer gravitini: these include fermions ρij
k, κijk,

Ωai and Ωi, as well as bosons a
i
j, ab

ij, ij, and F . They descend from the fields Cij
kl and Aijkl

via supersymmetry in a manner that will be described in due course. Their superconformal
transformations, which leave (1.3) invariant, turn out to be determined entirely by the basic su-
persymmetry constraints (1.2). Provided such fields can be constructed out of more fundamental
constituents, invariant actions follow. The composite field F then contains all the bosonic terms
of these actions. This is by no means the only possible density formula for N = 4, but it turns
out to be sufficient for our needs. Once one specifies the form of the basic fields Cij

kl and Aijkl
in terms of the N = 4 Weyl multiplet fields, it allows the direct construction of the class of
superconformal Weyl squared actions which depend on a generic holomorphic function.
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2 N = 4 conformal supergravity

N = 4 conformal supergravity [3] is built upon the gauging of the superconformal algebra
su(2, 2|4). Its bosonic subalgebra contains the generators of the conformal group SU(2, 2) and
the generators of a chiral SU(4) R-symmetry. The fermionic generators consist of sixteen Q
supercharges and sixteen S supercharges. In addition, the theory has a non-linearly realised rigid
SU(1, 1) symmetry and a local chiral U(1) symmetry. The latter extends the R-symmetry group
to SU(4)× U(1). The field representation of the theory comprises the gauge fields associated to
the various superconformal symmetries and the local U(1), as well as a set of matter fields. In
this paper, we adopt the conventions of [3], unless stated otherwise.

The bosonic gauge fields associated to the SU(2, 2|4) symmetries are the vierbein eµ
a, the

spin connection ωµ
ab, the dilatational gauge field bµ, the conformal boost gauge field fµ

a and the
SU(4) gauge field Vµ

i
j, while the fermionic ones are the Q- and S-supersymmetry gauge fields

ψµ
i and φµ

i, respectively. Finally, the connection aµ is associated with the local chiral U(1)
symmetry. The complete set of gauge fields of N = 4 conformal supergravity is listed in table
1 along with their algebraic restrictions, their SU(4) representation, their weight w under local
dilatations and their U(1) chiral weight c.

Table 1: Gauge fields of N = 4 conformal supergravity

Field Symmetries (Generators) Name/Restrictions SU(4) w c
8*Bosons eµ

a Translations (P) vierbein 1 −1 0
ωµ

ab Lorentz (M) spin connection 1 0 0
bµ Dilatation (D) dilatational gauge field 1 0 0
Vµ

i
j SU(4) (V) SU(4) gauge field 15 0 0

Vµi
j ≡ (Vµ

i
j)
∗ = −Vµji

Vµ
i
i = 0

fµ
a Conformal boosts (K) K-gauge field 1 1 0

aµ U(1) U(1) gauge field 1 0 0
3*Fermions φµ

i S-supersymmetry (S) S-gauge field 4 1
2
−1

2

γ5 φµ
i = −φµi

ψµ
i Q-supersymmetry (Q) gravitino; γ5 ψ

i
µ = ψiµ 4 −1

2
−1

2

The matter fields of the theory consist of three types of scalar fields φα, Eij, D
ij
kl, an anti-

symmetric tensor Tab
ij and two spin-1/2 fermions Λi, χ

ij
k. We list them in table 2 with their

various algebraic properties, and their representation assignments. The rigid SU(1, 1) indices are
denoted by α, β = 1, 2.

An element of SU(1, 1) can be written in terms of the doublet of complex scalars φα which
satisfies

φαφα = 1 , (2.1)

where φα ≡ ηαβφ∗β with ηαβ = diag(+1,−1). Therefore, due to the presence of the local U(1),
the scalars parametrise an SU(1, 1)/U(1) coset.

Just as in ordinary gravity where the spin connection is a composite field, the gauge fields
ωµ

ab, fµ
a and φµ

i are expressed in terms of the other ones through a set of conventional constraints
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Table 2: Matter fields of N = 4 conformal supergravity

Field Restrictions SU(4) w c
7*Bosons φα φ1 = φ∗1, φ

2 = −φ∗2 1 0 −1
Eij Eij = Eji 10 1 −1
Tab

ij 1
2
εab

cdTcd
ij = −Tabij 6 1 −1

Tab
ij = −Tabji

Dij
kl Dij

kl = 1
4
εijmnεklpqD

pq
mn 20′ 2 0

Dkl
ij ≡ (Dkl

ij)
∗ = Dij

kl

Dij
kj = 0

3*Fermions Λi γ5Λi = Λi 4 1
2
−3

2

χijk γ5χ
ij
k = χijk; χ

ij
k = −χjik 20 3

2
−1

2

χijj = 0

on the superconformal curvatures

R(P )µν
a = 0 ,

R(M)µν
abeνb = 0 ,

γµR(Q)µν
i = 0 . (2.2)

The U(1) gauge field aµ is also composite and solves the supercovariant constraint

φαDµφα = −1
4
Λ̄iγµΛi . (2.3)

The derivative Dµ is covariant with respect to all the gauge symmetries. By making use of the
Bianchi identities for the curvatures, the constraints (2.2) lead to an additional set of identi-
ties which are summarised. The independent fields of tables 1 and 2 constitute the full Weyl
supermultiplet of N = 4 conformal supergravity which contains 128 + 128 off-shell degrees of
freedom. The non-linear superconformal transformation rules of the fields were derived in [3].
The Q-supersymmetry transformations of the gauge fields read

δQeµ
a = ε̄iγaψµi + h.c. ,

δQψµ
i = 2Dµεi − 1

2
γabTab

ijγµεj + εijkl ψ̄µjεk Λl ,

δQbµ = 1
2
ε̄iφµi + h.c. ,

δQVµ
i
j = ε̄iφµj + ε̄kγµχ

i
kj − 1

2
εjkmnE

ik ε̄mψµ
n − 1

6
Eik ε̄jγµΛk

+ 1
4
εiklm T ablj ε̄kγabγµΛm + 1

3
ε̄iγµPΛj

− 1
4
εiklpεjmnp ε̄

mγaψµk Λ̄lγ
aΛn − (h.c.; traceless) ,

δQaµ = 1
2
iε̄iγµP̄Λi + 1

4
iEij Λ̄iγµε

j + 1
8
iεijkl Tab

kl Λ̄iγµγ
abεj

− 1
4
i(Λ̄iγaΛj − δij Λ̄kγaΛk) ε̄iγ

aψµ
j + h.c. ,

δQωµ
ab = − 1

2
ε̄iγabφµi + ε̄iγµR(Q)abi − 2T abij ε̄

iψµ
j + h.c. ,

δQfµ
a = − 1

8
eµb ε

abcd ε̄iR(S)cd
i − ε̄iγµDbR(Q)ab i − 2Tµb

ij ε̄iR(Q)abj

+ h.c. + [terms ∝ ψµ] ,

δQφµ
i = − 2fµ

aγaε
i + 1

4
Tab

ij T cdjk γcdγµγ
abεk

+ 1
6

[
γµγ

ab − 3 γabγµ
][
R(V )ab

i
j ε

j + 1
2
iFabε

i + 1
2
DaTcd

ijγcdγbεj
]

+ [terms ∝ ψµ] , (2.4)
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while for the matter fields we have

δQφα = − ε̄iΛiεαβφ
β ,

δQP̄a = − ε̄iDaΛi − 1
4
Λ̄iγ

bcTbc
ijγaεi − 1

2
ε̄iΛi Λ̄

jγaΛj ,

δQΛi = − 2 P̄ εi + Eijε
j + 1

2
εijkl Tbc

klγbc εj ,

δQEij = 2 ε̄(iDΛj) − 2 ε̄kχmn(i εj)kmn − Λ̄iΛj ε̄kΛ
k + 2 Λ̄kΛ(i ε̄j)Λ

k ,

δQTab
ij = 2 ε̄[iR(Q)ab

j] + 1
2
ε̄kγabχ

ij
k + 1

4
εijkl ε̄kγ

cγabDcΛl − 1
6
Ek[i ε̄j]γabΛk + 1

3
ε̄[iγabP̄Λj] ,

δQχ
ij
k = − 1

2
γabDTab

ijεk − γabR(V )ab
[i
k ε

j] − 1
2
εijlmDEkl εm +Dij

kl ε
l

− 1
6
εklmnE

l[iγab
[
Tab

j]nεm + Tab
mnεj]

]
+ 1

2
EklE

l[i εj] − 1
2
εijlmP̄ γabT

ab
kl εm

+ 1
4
γaεn

[
2 εijlnχ̄mlk − εijlmχ̄nlk

]
γaΛm + 1

4
ε[i
[
2 Λ̄j]DΛk + Λ̄kDΛj]

]
− 1

4
γabε[i

[
2 Λ̄j]γaDbΛk − Λ̄kγaDbΛ

j]
]
− 5

12
εijlmΛm ε̄l

[
EknΛn − 2PΛk

]
+ 1

12
εijlmΛm ε̄k

[
ElnΛn − 2PΛl

]
− 1

2
γabTab

ijγcε[k Λ̄lγcΛl]

− 1
2
γabTab

l[iγcε[k Λ̄j]γcΛl] + 1
2
ε[iΛ̄j]Λm Λ̄kΛm − (traces) ,

δQD
ij
kl = − 4ε̄[iDχj]kl + εklmn ε̄

[i
[
− 2Ej]pχmnp + 1

2
γabTab

mn
↔
D Λj] + 1

3
Ej]mEnpΛp

− 2
3
P̄ΛmEj]n + 1

2
γabTab

mnΛp Λ̄j]Λp
]

+ ε̄[i
[
2 γaχmkl Λ̄

j]γaΛm + 2 P̄ γabT
ab
kl Λ

j] + 2
3
Λ[kEl]m Λ̄j]Λm + 1

6
γabPΛj] Λ̄kγabΛl

]
+ εijmn ε̄p T abkl

[
2Tab npΛm + TabmnΛp

]
+ (h.c.; traceless) . (2.5)

where εi is the Q-supersymmetry parameter and where Dµ is covariant with respect to the all
the bosonic symmetries except the conformal boosts. For instance, we have

Dµεi =
[
∂µ − 1

4
ωµ
abγab + 1

2
(bµ + iaµ)

]
εi − Vµij εj ,

Dµηi =
[
∂µ − 1

4
ωµ
abγab − 1

2
(bµ − iaµ)

]
ηi − Vµij ηj , (2.6)

The S-supersymmetry transformations of the fields are

δSeµ
a = 0 ,

δSψµ
i = − γµηi

δSbµ = − 1
2
ψ̄µ

i ηi + h.c. ,

δSVµ
i
j = −

[
ψ̄µ

iηj − 1
4
δij ψ̄µ

kηk
]
− h.c. ,

δSaµ = 0 ,

δSωµ
ab = 1

2
ψ̄µ

iγabηi + h.c. ,

δSfµ
a = 1

2
η̄iγ

aφµ
i − 1

4
η̄iR(Q)µ

a i + 1
12
η̄iγ

bcTbc
ijγaψµj + h.c. ,

δSφµ
i = 2Dµηi − 1

6
γµγ

abTab
ijηj + 1

2
εijklη̄kΛlψµj ,

δSφα = 0

δSP̄a = − 1
2
η̄iγaΛi ,

δSΛi = 0 ,

δSEij = 2 η̄(iΛj) ,

δSTab
ij = − 1

4
εijkl η̄kγabΛl ,

δSχ
ij
k = 1

2
Tab

ij γabηk + 2
3
δ
[i
k Tab

j]l γabηl − 1
2
εijlmEkl ηm − 1

4
Λ̄kγ

aΛ[iγaη
j]

+ 1
12
δ
[i
k

[
Λ̄lγ

aΛlγaη
j] − Λ̄lγ

aΛj] γaη
l
]
,

δSD
ij
kl = 0 . (2.7)
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As is clear from (2.4), (2.5) and (2.7), the coset space sector of the theory can be entirely
described in terms of Pµ and Fµν . In what follows, we will make use of these SU(1, 1) invariant
quantities rather than the scalars φα. Note also that Pa has Weyl weight w = 1 and is invariant
under K-transformations. We finally present several identities which will be useful in the next
sections. One can respectively derive

εβγDaφ
βDbφ

γ = 2φαD[aφ
αεβγφ

βDb]φ
γ = 1

2
Λ̄iγ[aΛiPb] ,

Daφ
αDbφα = − PaP̄b − 1

16
Λ̄iγaΛiΛ̄

jγbΛj . (2.8)

It follows that

Fab = 2iP̄[aPb] − 1
2
i
[
Λ̄iγ[aDb]Λi − h.c.

]
, (2.9)

D[aP̄b] = 1
2
Λ̄iγ[aΛ

iP̄b] + 1
4
Λ̄iR(Q)ab

i , (2.10)

which are the supersymmetric generalisations of the Maurer-Cartan equations associated with
the coset space SU(1, 1)/U(1).

The gauge fields ωµ
ab, fµ

a and φµ
a are composite. They are expressed in terms of the other

fields through the set of constraints (2.2). The latter, when combined with the superconformal
Bianchi identities, lead to the following useful relations

R(D)ab = 0 ,

R(M)abcd =R(M)cdab ,

εaecdR(M)cdeb = 0 ,
1
4
εabcdεefghR(M)cdgh =R(M)abef ,

εcdefDbDdR(M)efab = 0 ,

R(K)ab
c =DeR(M)ab

ec ,

εabcdDbR(V )cd
i
j = − 1

4
εiklmΛ̄mγbγ · TjlR(Q)ab k − (h.c.; traceless) ,

DaR(Q)ab i = − 1
4
εabcdγaR(S)cd

i

R(Q)+ab
i = 0 ,

R(S)−ab
i = 6DR(Q)ab

i ,

γabR(S)ab
i = 0 ,

γaR(S)+ab
i = 0 ,

εabcdDbR(S)cd
i = − 1

3
γaT ij ·R(S)j − 4

3
T abijDdR(Q)db j − 1

3
γaR(V )ij.R(Q)j

− 1
6
iγaF ·R(Q)i + 4

3
DgTgc

ijR(Q)acj − 1
4
γ · TjkγaT ij.R(Q)k . (2.1)

Note however that these relations are not independent. We recall that the (anti-)self dual part
of a curvature is defined here as R±ab = 1

2
(Rab ± 1

2
εabcdR

cd). The transformations of Rab
c(K) and

Rab
i(−)(S) can be easily derived from (2.1). Finally, for the purpose of section 4, we give the

explicit expressions of the fermionic supercovariant curvatures

R(Q)µν
i = 2D[µψν]

i − γ[µφν]i − 1
2
γ · T ijγ[µψν]j + 1

2
εijklψ̄µjψνkΛl (2.2)

R(S)µν
i = 2D[µφν]

i − 2f[µ
aγaψν]

i − 1
6
γ[µγ · T ijφν]j − 1

2
εijklφ̄[µkΛlψν]j + δ(cov)Q|ψ[ν

φµ]
i

+ [terms ∝ ψ2] (2.3)

where the symbol δ(cov)Q|ψb
denotes the supercovariant part of a Q-variation with the parameter

replaced by the gravitino.
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The Q-supersymmetry and S-supersymmetry transformations of the supercovariant curva-
tures are

δQR(M)abcd = − 1
4
ε̄iγabR(S)−cdi − 1

4
ε̄iγcdR(S)−abi + 1

4
ε̄i 6DγabR(Q)cdi + 1

4
ε̄i 6DγcdR(Q)abi + h.c. ,

δQR(Q)ab
i = − 1

2
R(M)abcdγ

cdεi + 1
4

[
γcdγab + 1

3
γabγ

cd
][
R(V )cd

i
jε
j + 1

2
iFcdε

i+ 6DTcdijεj
]
,

δQR(V )ab
i
j = ε̄iR(S)abj − 2ε̄kγ[aDb]χ

i
kj + 2ε̄lχ

i
kjTab

kl + 1
3
Tabjl

[
− 2 ε̄lP̄Λi − ε̄lEikΛk

]
+ 1

8
εiklmε̄nγ[aγ · Tknγ · Tljγb]Λm − 1

2
Eikεjkmnε̄

mR(Q)ab
n

− 1
4
εiklpεjmnpε̄

mγcR(Q)abkΛ̄lγcΛ
n + 1

3
ε̄jγ[aDb]

[
EikΛk

]
+ 1

2
εiklmε̄kD[a

[
γ · Tljγb]Λm

]
+ 2

3
ε̄jγ[aDb]

[
P̄Λi

]
− (h.c.; traceless) ,

δQR(S)+ab
i = − 2DcR(M)+abcdga

dεi + 1
4

[
γcdγab + 1

3
γabγ

cd
][
γeεjDeRcd

i
j + 1

2
iγeεjDeFcd

+ εjDcD
eTed

ij + 2εlTcdjkT
ij.T kl − 4γeεkDfTfe

ijTcdjk − 2γeεkDfTcdjkTfe
ij
]
,

δSR(M)abcd = − 3
4
η̄iγabR(Q)cd

i − 3
4
η̄iγcdR(Q)ab

i + h.c. ,

δSR(Q)ab
i = 1

2

[
γcdγab + 1

3
γabγ

cd
]
Tcd

ijηj ,

δSR(V )ab
i
j = η̄iR(Q)abj + εiklmTabjlη̄kΛm − η̄kγabχikj − 1

6
η̄iγab

[
2 6PΛj − EjkΛk

]
− (h.c.; traceless) ,

δSR(S)+ab
i = − 1

2
R(M)abcdγ

cdηi + 3
4

[
γcdγab + 1

3
γabγ

cd
][
ηjR(V )cd

i
j + 1

2
iηiFcd

]
. (2.4)

3 The quadratic action

In this section, we present the part of the action which is quadratic in the fields. It will be the
starting point for the iterative procedure presented in section 4, which we will use to generate
terms of higher-order in the fields. The action will be constructed such that all the derivatives and
curvatures that appear are fully supercovariantized with respect to all the gauge transformations
(bosonic as well as fermionic). Hence, we must insist that, throughout the paper, our counting of
the fields always excludes the gauge fields which are implicitly contained within the supercovariant
derivatives and curvatures.

The quadratic Lagrangian of N = 4 conformal supergravity reads

e−1LQ = 1
2
R(M)abcdR(M)−abcd +R(V )ab ijR(V )− j

ab i

− 4T ij
ab DaDcT

cb
ij + 1

4
EijD

2Eij +
1

8
D kl
ij D ij

kl

− 2 P̄ a
[
DaD

bPb +D2Pa
]
− 2DaP bDaP̄b −DaPaD

bP̄b

+ R̄(Q)ab
iR(S)abi − χ̄ijk 6Dχkij − 1

2
Λ̄i

(
D2 6D+ 6DD2− 6D3

)
Λi + h.c. , (3.1)

with e = det[eµ
a] and where the (anti)self-dual part of a generic second rank tensor Rab is

defined as R±ab = 1
2
[Rab ± 1

2
εabcdR

cd]. The expression (3.1) corresponds to the real part of the
chiral invariant of the linearized theory given in [3]. The imaginary part of the chiral invariant
is a total derivative.

The structures of the quadratic terms are uniquely fixed by requiring invariance under U(1),
SU(4) and Lorentz symmetry, while the number of derivatives in each term is fixed by Weyl
invariance. At the level of the action, the derivatives can be moved around using integration
by parts at the expense of higher-order terms in the fermions. However, requiring K-invariance
(i.e. under conformal boosts) fixes the position of the derivatives. Under these conditions, the
quadratic terms for the fields Eij, Tab

ijand Λi are uniquely determined. The case of the vectors
Pµ is more subtle and will be discussed below.
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The relative coefficients between the different quadratic terms are fixed by requiring Q-
supersymmetry invariance at quadratic order in the fields. The K-invariance of the quadratic
terms involving the vectors Pµ is not straightforward. Out of the four possible terms, all appear-
ing in the Lagrangian (3.1), none is K-invariant. The two terms in which both derivatives act
on the same field should not be treated as independent. Indeed, only their sum is relevant at
quadratic order since their difference

D2Pa −DaD
bPb = DbD[bPa] + [Db, Da]Pb , (3.2)

is of higher-order in the fields due to (2.10). An arbitrary combination of the remaining three
independent quadratic terms is generically not K-invariant. However, when considering the
unique combination appearing in (3.1), one finds that it is K-invariant up to a term of higher-
order in the fields

δK
[
2 P̄ a

(
DaD

bPb +D2Pa
)

+ 2DaPbD
aP̄ b +DaP

aDbP̄
b + h.c.

]
= 4 ΛK

a P̄bD
[bP a] + h.c. . (3.3)

Here ΛK
a is the K-transformation parameter. We should emphasise that, at this point, requiring

K-invariance of each of the supercovariant terms in the Lagrangian is not necessary. The ad-
vantage of imposing such a condition already at the level of the quadratic action is that terms
with an explicit K-gauge field f a

µ will not have to be introduced when deriving the interaction
terms. This will be explained in section 4. Finally, it is important to emphasize that in this
paper, we will exclusively consider the real part of the chiral invariant. Without this reality
condition, the K-variation of the kinetic terms for Pµ is not of higher-order in the fields anymore
and consequently, one is forced to introduce explicit K-gauge fields.

In view of their relevance for the present paper we first present some further details regarding
the fields φα and φα, which we refer to as the holomorphic and the anti-holomorphic fields,
respectively. The holomorphic fields carry U(1) charge equal to −1 and transform under Q-
supersymmetry into the positive chirality spinors Λi, which themselves carry U(1) charge −3/2,

φα → e−iλ(x) φα , δφα = −ε̄iΛi εαβ φ
β . (3.4)

The supercovariant constraint that determines the U(1) gauge field aµ and the generalized su-
percovariant derivatives of the coset fields, Pa and P̄a, are defined by

φαDaφα = − 1
4
Λ̄iγaΛi , (3.5)

Pa = φα εαβDaφ
β , P̄a = −φα εαβDaφβ ,

where Da denotes the fully superconformal covariant derivative. Note that Pa and P̄a carry Weyl
weight +1 and U(1) weights +2 and −2, respectively. From these definitions one may derive
the supercovariant extension of the Maurer-Cartan equations associated with the SU(1, 1)/U(1)
coset space,

F (a)ab = − 2iP[a P̄b] − 1
2
i
(
Λ̄iγ[aDb]Λi − h.c.

)
,

D[aPb] = − 1
2
Λ̄iγ[aΛ

i Pb] + 1
4
Λ̄iR(Q)ab i , (3.6)

where F (a)ab and R(Q)ab i denote the supercovariant U(1) and Q-supersymmetry curvatures,
respectively. Note that the expressions (3.4) and (3.5), when combined with those for the anti-
holomorphic fields, reflect the structure of the three left-invariant vector fields associated with
the group SU(1, 1),

D0 = φα
∂

∂φα
− φα

∂

∂φα
, (3.7)

D† = φα ε
αβ ∂

∂φβ
, D = −φα εαβ

∂

∂φβ
,
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which satisfy the commutation relations
[
D0,D

]
= 2D and

[
D,D†

]
= D0. Using these definitions

the supersymmetry variation and the supercovariant derivative of arbitrary functions H(φα, φ
β)

can be written as

δH = −
[
ε̄iΛiD + ε̄iΛ

iD†
]
H ,

DaH =
[
P̄aD + PaD† + 1

4
Λ̄iγaΛiD0

]
H . (3.8)

The class of Lagrangians presented below involves a function H(φα) that is homogeneous of
zeroth degree in the holomorphic variables, so that D†H(φα) = 0 and D0H(φα) = 0. Using the
above commutation relations, it then follows that D†DnH(φα) ∝ Dn−1H(φα) for n > 1, and
vanishes for n = 1 so that DH(φα) is holomorphic while D2H is not. Let us now turn to the
derivation of this result. It makes use of the fact that any supersymmetric component Lagrangian
can be written as the Hodge dual of a four-form built in terms of the vierbein, gravitini, and
possibly other connections, multiplied by supercovariant coefficient functions that we will treat as
composite fields. This approach is known as the superform method. Since for N=4 supergravity
chiral superspace does not exist, we aim to construct such a density formula directly, assuming
that only the vierbein and gravitini may appear explicitly within the four-form. Schematically
we will thus consider a four-form decomposed into five types of forms, namely ψ4, e ψ3, e2 ψ2,
e3 ψ and finally e4. The Weyl weight of these forms ranges from w = −2 for the first one to
w = −4 for the last one. This last form will be multiplied by a composite coefficient function
with w = 4 that contains all the purely bosonic terms of the Lagrangian specified in (5.3) as well
as fermionic terms.

4 Building up higher-order terms

In this section, we present the iterative procedure used to construct the supersymmetric com-
pletion of the quadratic Lagrangian (3.1). The non-linearity of the supersymmetry transforma-
tions rules will require us to add successive layers of terms of higher-order in the fields to the
Lagrangian. The higher-order terms will be chosen such that their supersymmetry variations
precisely cancel against the variations of the pre-existing lower-order terms. Ultimately, this
program terminates when all the necessary terms have been added such that the Lagrangian is
fully invariant under supersymmetry. Requiring Q-supersymmetry invariance turns out to be
enough to ensure invariance under all the symmetries of N = 4 conformal supergravity. This is
due to the specific superalgebra obeyed by the different generators [3]. Indeed, the commuta-
tor of two infinitesimal Q-supersymmetry transformations yields the full set of superconformal
transformations including the U(1) transformation.

4.1 Structure of the full Lagrangian

This supersymmetrization procedure is unambiguous, yet lengthy, and provided sufficient com-
putational efforts are invested it is guaranteed to give the full off-shell superconformal invariant.
In practice however, the computation rapidly becomes unmanageable due to the rich field content
and the non-linearity of the transformation rules. Therefore it becomes essential to systematise
the work by making use of certain structure patterns appearing in the computation. Hence, we
argue that the full Lagrangian can be written in the following form

L = L0 + ψLψ + φLφ + ψ2Lψ2 + ψφLψφ + φ2Lφ2 + ψ3Lψ3 + ψ2φLψ2φ + ψ4Lψ4 , (4.1)

where here, ψ and φ schematically denote the gravitino and the S-gauge field, respectively.
The quantities L0,Lψ,Lφ,Lψ2 ,Lφ2 ,Lψφ, Lψ3 , Lψ2φ, Lψ4 only depend on supercovariant fields,
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i.e. matter fields, supercovariant curvatures and their supercovariant derivatives. Note that the
terms of lowest-order in the fields in L0 correspond to the quadratic Lagrangian (3.1). Conse-
quently, the other supercovariant quantities in (4.1) are at least of quadratic order in the fields.
The expression (4.1) only contains terms up to four explicit gauge fields (ψ or φ). This can be
understood as follows. Under an infinitesimal Q-supersymmetry variation (Q-variation), a grav-
itino transforms into the gradient of the Q-supersymmetry parameter. In order for this variation
to be subsequently canceled, it first has to be integrated by parts such that when the derivative
hits any of the other explicit gauge fields, it yields a curvature (Q or S). This requires the explicit
gauge fields to appear fully anti-symmetrized in their vector indices and therefore rules out the
possibility of terms with more than four explicit gauge fields. The same reasoning holds for an
infinitesimal S-supersymmetry variation acting on φ. However, for our current analysis the terms
with more than two explicit gauge fields are not required since we are only looking to construct
the Lagrangian up to quadratic order in the fermion fields. We will therefore not attempt to
derive them explicitly.

4.2 Constructing the interaction terms

In this subsection, we outline the iterative procedure used to construct the various supercovariant
quantities appearing in the schematic expression (4.1) of the full N = 4 conformal supergravity
Lagrangian. To this purpose, let us first write a part of (4.1) with explicit indices

L =L0 +

[
1

2
ψ̄a
iLψai +

1

2
φ̄a

iLφai +
1

4
ψ̄b

iLψ2
ab
ijψa

j +
1

4
ψ̄biLψ2

ab i
jψa

j

+
1

2
ψ̄b

iLψφabijφaj +
1

2
ψ̄biLψφab ijφaj + h.c.

]
. (4.2)

Since we are only interested in the Lagrangian up to quadratic order in the fermion fields, we
have truncated the full Lagrangian to the above expression. For the same reason, L0 is restricted
to terms up to quadratic order in the fermions, while Lψai,Lφai and Lψ2

ab
ij,Lψ2

ab i
j,Lψφabij,Lψφab ij

are only linear in the fermions and purely bosonic, respectively. Note also that, as discussed
in section 4.1, the last four quantities are antisymmetric in their vector indices. In what fol-
lows, we will work at specific orders in the supercovariant fields. To this purpose, we define
L(n)

0 ,L(n)

ψ
a
i,L(n)

φ
a
i,L(n)

ψ2
ab
ij,L(n)

ψ2
ab i
j and L(n)

ψφ
ab
ij,L(n)

ψφ
ab i
j which contain the terms of order n in the su-

percovariant fields of the quantities appearing in (4.1). In order to explain how the Q-variations
at a specific order cancel against each other, we compute below the Q-variations of the vari-
ous terms appearing in the Lagrangian at order n. To this purpose, we introduce the symbols
δK|fa , δQ|ψa and δS|φa which denote gauge transformations where the parameters are replaced by

the associated gauge fields. Additionally, we define δ(cov)Q as the supercovariant part of a Q-
variation. In what follows, we insist that all the variations which are of cubic order, or more than
cubic order, in the fermions (gauge and matter fields) will be suppressed.

δQL(n)

0 ∼ [δQe]e
−1L(n)

0 + e δQ[e−1L(n)

0 ] , (4.3)

1
2
δQ[φ̄a

iL(n)

φ

a
i + h.c.] ∼ fa

bε̄iγbL(n)

φ

a
i + 1

2
[δ(cov)Q φ̄a

i]L(n)

φ

a
i + e

2
φ̄a
iδQ[e−1L(n)

φ

a
i] + h.c. , (4.4)

1
2
δQ[ψ̄a

iL(n)

ψ

a
i + h.c.] ∼ Daε̄iL(n)

ψ

a
i − 1

4
ε̄jγaγ · T ijL(n)

ψ

a
i + e

2
ψ̄a
iδQ[e−1L(n)

ψ

a
i] + h.c.

∼ −e ε̄iDa[e
−1L(n)

ψ

a
i]− ε̄iδK|faL

(n)

ψ

a
i − e

2
ε̄iδQ|ψa [e−1L(n)

ψ

a
i]

− e
2
ε̄iδS|φa [e−1L(n)

ψ

a
i]− 1

4
ε̄jγaγ · T ijL(n)

ψ

a
i + e

2
ψ̄a
iδQ[e−1L(n)

ψ

a
i]

+ h.c. , (4.5)
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where in (4.5), we dropped a total derivative. Note that the term involving the field Tab
ij comes

from the covariant part of the variation of ψa
i. It will appear similarly in the subsequent variations.

We continue with

1
4
δQ[ψ̄b

iL(n)

ψ2
ab
ijψa

j + ψ̄biL(n)

ψ2
ab i
jψa

j + h.c.]

∼ [Dbε̄i]L(n)

ψ2
ab
ijψa

j + [Dbε̄i]L(n)

ψ2
ab i
jψa

j

− 1
4
[ε̄kγbγ · T ikL(n)

ψ2
ab
ijψa

j + ε̄kγbγ · TikL(n)

ψ2
ab i
jψa

j] + h.c.

∼ −e ε̄iDb[e
−1L(n)

ψ2
ab
ij]ψa

j − e ε̄iDb[e
−1L(n)

ψ2
ab i
j]ψa

j

− ε̄i[δK|fbL
(n)

ψ2
ab
ij]ψa

j − ε̄i[δK|fbL
(n)

ψ2
ab i
j]ψa

j

− 1
2

[
ε̄iL(n)

ψ2
ab
ij + ε̄iL(n)

ψ2
ab i
j

][
γbφa

j +R(Q)ba
j + 1

2
γ · T jkγbψak

]
− 1

4
[ε̄kγbγ · T ikL(n)

ψ2
ab
ijψa

j + ε̄kγbγ · TikL(n)

ψ2
ab i
jψa

j] + h.c. , (4.6)

where we have again dropped a total derivative. In the sixth line, we have used that L(n)

ψ2
ab
ij,L(n)

ψ2
ab i
j

are antisymmetric in their vector indices and we have rewritten the curl of the gravitino making
use of the explicit expression of R(Q)ab

i given in (2.2). Finally, we have

1
2
δQ[ψ̄b

iL(n)

ψφ

ab
ijφa

j + ψ̄biL(n)

ψφ

ab i
jφa

j + h.c.]

∼ [Dbε̄i]L(n)

ψφ

ab
ijφa

j + [Dbε̄i]L(n)

ψφ

ab i
jφa

j

− 1
4
[ε̄kγbγ · T ikL(n)

ψφ

ab
ijφa

j + ε̄kγbγ · TikL(n)

ψφ

ab i
jφa

j]

− ψ̄biL(n)

ψφ

ab
ijγc ε

jfb
c − ψ̄biL(n)

ψφ

ab
ijγc ε

jfb
c + 1

2
[ψ̄b

iL(n)

ψφ

ab
ij + ψ̄biL(n)

ψφ

ab i
j]δ

(cov)

Q φa
j + h.c.

∼ −e ε̄iDb[e
−1L(n)

ψφ

ab
ij]φa

j − e ε̄iDb[e
−1L(n)

ψφ

ab i
j]φa

j

− 1
4
[ε̄kγbγ · T ikL(n)

ψ2
ab
ijφa

j + ε̄kγbγ · TikL(n)

ψ2
ab i
jφa

j]

− ψ̄biL(n)

ψφ

ab
ijγc ε

jfb
c − ψ̄biL(n)

ψφ

ab
ijγc ε

jfb
c + 1

2
[ψ̄b

iL(n)

ψφ

ab
ij + ψ̄biL(n)

ψφ

ab i
j]δ

(cov)

Q φa
j

− 1
2

[
ε̄iL(n)

ψφ

ab
ij + ε̄iL(n)

ψφ

ab i
j

][
R(S)ba

j − 2γcψa
jfb

c + 1
6
γbγ · T jkφak − δ(cov)Q|ψa

φb
j
]

+ h.c. (4.7)

where after dropping a total derivative, we used in the last line that L(n)

ψφ
ab
ij,L(n)

ψφ
ab i
j are antisym-

metric in their vector indices. This allowed us to rewrite the curl of the S-gauge field through
the expression of R(S)ab

i given in (2.3). Note that we have also used δKL(n)

ψφ
ab
ij = δKL(n)

ψφ
ab i
j = 0.

This is because n ≥ 2, and in our case, L(n)

ψφ
ab
ij,L(n)

ψφ
ab i
j are bosonic quantities with Weyl weight.

We now present in detail how the different variations appearing in (4.3)–(4.7) cancel each
other out up to order n in the supercovariant fields. The purely supercovariant variations must
cancel as

1
2

n∑
k=2

δQ

(
e−1L(k)

0

)
− 1

4
ε̄jγaγ.T

ij

n−1∑
k=2

(
e−1L(k)

ψ

a
i

)
+ 1

2

[
δ(cov)Q φ̄a

i
] n−1∑
k=1

(
e−1L(k)

φ

a
i

)
− 1

2
ε̄i
n−1∑
k=2

(
e−1L(k)

ψ2
ab
ij

)
R(Q)ba

j − 1
2
ε̄i

n−1∑
k=2

(
e−1L(k)

ψ2
abi
j

)
R(Q)ba

j

− 1
2
ε̄i
n−1∑
k=2

(
e−1L(k)

ψφ

ab
ij

)
R(S)ba

j − 1
2
ε̄i

n−1∑
k=2

(
e−1L(k)

ψφ

abi
j

)
R(S)ba

j + h.c.

=

[
ε̄iDa

n∑
k=2

(
e−1L(k)

ψ

a
i

)
+ h.c.

]
+O(n+ 1) , (4.8)
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where O(n + 1) denote variations whose number of supercovariant fields is equal to or greater
than n + 1. We carry on with the variations containing an explicit K-gauge field. They have to
satisfy

fa
bε̄iγb

n∑
j=2

L(k)

φ

a
i − ε̄iδK|fa

n∑
k=2

L(k)

ψ

a
i + h.c. = O(n+ 1) . (4.9)

The variations containing an explicit gravitino must satisfy

1
2
[δQe]

n∑
k=2

(
e−1L(k)

0

)
− e

2
ε̄iδQ|ψa

n∑
k=2

(
e−1L(k)

ψ

a
i

)
+ e

2
ψ̄a
iδQ

n∑
k=2

(
e−1L(k)

ψ

a
i

)
− 1

4
ε̄iγbγ.T

ji

n−1∑
k=2

(
L(k)

ψ2
ab
jl

)
ψa
l − 1

4
ε̄iγbγ.Tji

n−1∑
k=2

(
L(k)

ψ2
abj
l

)
ψa
l

− 1
4
ε̄i
n−1∑
k=2

(
L(k)

ψ2
ab
ij

)
γ.T jlγbψal − 1

4
ε̄i

n−1∑
k=2

(
L(k)

ψ2
abi
j

)
γ.T jlγbψal

+ 1
2
ψ̄bi

n−1∑
k=2

(
L(k)

ψφ

abi
j

)
δ(cov)Q φa

j + 1
2
ψ̄b
i

n−1∑
k=2

(
L(k)

ψφ

ab
ij

)
δ(cov)Q φa

j

+ 1
2
ε̄i

n−1∑
k=2

(
L(k)

ψφ

abi
j

)
δ(cov)Q|ψa

φb
j + 1

2
ε̄i
n−1∑
k=2

(
eL(k)

ψφ

ab
ij

)
δ(cov)Q|ψa

φb
j + h.c.

= e

[
ε̄iDb

n∑
k=2

(
e−1L(k)

ψ2
ab
ij

)
ψa
j + ε̄iDb

n∑
k=2

(
e−1L(k)

ψ2
abi
j

)
ψa
j + h.c.

]
+O(n+ 1) . (4.10)

We continue with the variations containing a bare S-gauge field

− 1
2
ε̄iδS|φa

n∑
k=2

(
e−1L(k)

ψ

a
i

)
+ 1

2
φ̄a
iδQ

n∑
k=2

(
e−1L(k)

φ

a
i

)
− 1

2
ε̄i

n∑
k=2

(
e−1L(k)

ψ2
ab
ij

)
γbφa

j − 1
2
ε̄i

n∑
k=2

(
e−1L(k)

ψ2
abi
j

)
γbφa

j

− 1
12
ε̄i
n−1∑
k=2

(
e−1L(k)

ψφ

ab
ij

)
γbγ.T

jlφal − 1
12
ε̄i

n−1∑
k=2

(
e−1L(k)

ψφ

abi
j

)
γbγ.T

jlφal

− 1
4
ε̄jγbγ.T

ij

n−1∑
k=2

(
e−1L(k)

ψφ

ab
il

)
φa
l − 1

4
ε̄jγbγ.Tij

n−1∑
k=2

(
e−1L(k)

ψφ

abi
l

)
φa
l + h.c.

=

[
ε̄iDb

n∑
k=2

(
e−1L(k)

ψφ

ab
ij

)
φa
j + ε̄iDb

n∑
k=2

(
e−1L(k)

ψφ

ab i
j

)
φa
j + h.c.

]
+O(n+ 1) . (4.11)

The Lagrangian (4.2) is build iteratively using the equations (4.8)-(4.11). The first step of
the iterative procedure starts at the lowest-order, i.e. at n = 2. At this point, the left-hand
side of equation (4.8) obviously only contains the first term and the expression of L(2)

0 is already
know as it corresponds to the quadratic Lagrangian given in (3.1). This allows us to derive L(2)

ψ
a
i.

Subsequently, L(2)

φ
a
i and L(2)

ψ2
ab
ij,L(2)

ψ2
ab i
j are determined by imposing (4.9) and (4.10), respectively.

This, in turn, allows to compute L(2)

ψφ
ab
ij and L(2)

ψφ
ab i
j from (4.11). At the (n− 1)th iteration step,

we consider the cancellation of the supersymmetry variations of order n in the supercovariant
fields. We start with equation (4.8), where every term on the left-hand side is known from
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previous iterations, except for L(n)
0 . At this stage, one has to determine L(n)

0 so that the whole
left-hand side cancels at order n up to a total supercovariant derivative. The quantity on which
the derivative acts upon is then L(n)

ψ
a
i. This will then lead to L(n)

φ
a
i, L(n)

ψ2
ab
ij, L(n)

ψ2
abi
j, L(n)

ψφ
ab
ij and

L(n)

ψφ
abi
j by solving the equations (4.9), (4.10) and (4.11). It is important to mention that at every

step of the iteration, the equations (4.8)–(4.11) should be solved one after the other as each
equation requires an input obtained by solving the previous one. In this way, we build all the
terms of the Lagrangian (4.2) up to quadratic order in the fermion fields.

5 Building all N = 4 conformal supergravity actions

In this section, we provide the foundation for the construction of allN = 4 conformal supergravity
actions. Making use of the density formula built in the previous section, we only need to specify
the lowest Weight covariant fields Cij

kl and Aijkl. Our goal will be to build candidates for
these composites, using only the fields of the Weyl multiplet as our constituents. Once such
composite fields are specified, the supersymmetry transformations can be used to build all of the
other composite fields appearing in the density formula. Invariance under local superconformal
transformations is then guaranteed. This approach is however not a priori guaranteed to lead to
all possible conformal supergravity actions. To establish that the class we construct is actually
exhaustive, we show that its supercurrent (the multiplet containing the energy-momentum tensor)
corresponds to the most general supercurrent of conformal supergravity.

5.1 Ansatz for C ij
kl and Aij

kl

Let us attempt to construct Cij
kl and Aijkl out of the constituent fields of the N = 4 Weyl

multiplet. We will need basic “building blocks” X ij
kl corresponding to S-invariant combinations

of Weyl weight two in the 20′. It turns out that there are essentially four possible combinations
which we denote Xn, with n = 1, · · · , 4 indicating the degree of homogeneity in the covariant
Weyl multiplet fields. X1 is real, and we simply denote it as Dij

kl from now on. X2, X3, and X4

are complex. We then choose the following ansatz for Cij
kl and Aijkl:

Cij
kl = C

(−2)
1 Dij

kl

+ C
(0)
2 X2

ij
kl + C

(−4)
2 X̄2

ij
kl

+ C
(+2)
3 X3

ij
kl + C

(−6)
3 X̄3

ij
kl

+ C
(+4)
4 X4

ij
kl + C

(−8)
4 X̄4

ij
kl ,

Aijkl = A
(0)
1 Dij

kl

+ A
(+2)
2 X2

ij
kl + Ā

(−2)
2 X̄2

ij
kl

+ A
(+4)
3 X3

ij
kl + Ā

(−4)
3 X̄3

ij
kl

+ A
(+6)
4 X4

ij
kl + Ā

(−6)
4 X̄4

ij
kl ,

(5.1)

with C̄ij
kl given by complex conjugation. The factors C

(−2)
1 , A

(0)
1 , A

(+2)
2 , etc., are functions of

the coset scalars φα , φ
α, and their superscript correspond to their U(1) charge. Their complex

conjugates are denoted by C̄
(+2)
1 , Ā

(0)
1 , Ā

(−2)
2 , etc.

The supersymmetry constraints (1.2) on Cij
kl and Aijkl should then become constraints on

these functions of the coset scalars. This is indeed the case since the four combinations Xn turn
out to transform into each other under supersymmetry when we restrict to the largest SU(4)
representations:

[∇αmD
ij
kl]60 = 0 ,

[∇αmX2
ij
kl + ΛαmD

ij
kl]60 = 0 , [∇̄mX2

ij
kl − 2Λ̄mX3

ij
kl]60 = 0 ,

[∇αmX3
ij
kl + ΛαmX2

ij
kl]60 = 0 , [∇̄mX3

ij
kl − 6Λ̄mX4

ij
kl]60 = 0 ,

[∇αmX4
ij
kl + ΛαmX3

ij
kl]60 = 0 , [∇̄mX4

ij
kl]60 = 0 ,

[ΛαmX4
ij
kl]60 = 0 .

(5.2)
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The final condition arises because five Λi’s cannot be placed into the 60. From these results,
one can derive a set of differential equations on the coset functions and search for a solution. To
explain these conditions, we first make a brief detour to discuss the structure of the coset space
geometry.

5.2 Presentation of results

From the expressions of the lowest dimension composite (5.1) in terms of the Weyl multiplet fields
and the supersymmetry transformations rules, we generate the full N = 4 conformal supergravity
Lagrangian. The purely bosonic part LB of the Lagrangian was already presented in the current
literature and can be written as

e−1LB = H
[

1
2
R(M)abcdR(M)−abcd +R(V )abij R(V )−ab

j
i + 1

8
Dij

klD
kl
ij + 1

4
Eij D

2Eij

− 4Tab
ijDaDc T

cb
ij − P̄ aDaDbP

b + P 2P̄ 2 + 1
3
(P aP̄a)

2 − 1
6
P aP̄aEij E

ij

− 8Pa P̄
c T abij Tbc

ij − 1
16
Eij E

jk EklE
li + 1

48
(Eij E

ij)2 + T abij Tab kl T
cd ij Tcd

kl

− T abij Tcdjk Tab kl T cd li − 1
2
Eij T ab klR(V )ab

m
i εjklm + 1

2
Eij T

ab
klR(V )ab

i
m ε

jklm

− 1
16
EijEkl T

ab
mn Tab pq ε

ikmn εjlpq − 1
16
EijEkl T abmn Tab

pq εikmn εjlpq

− 2T ab ij
(
P[aDc]Tb

c kl + 1
6
P cDcTab

kl + 1
3
Tab

klDcP
c
)
εijkl

− 2T abij
(
P̄[aDc]Tb

c
kl − 1

2
P̄ cDcTab kl

)
εijkl

]
+DH

[
1
4
Tab

ij Tcd
klR(M)abcd εijkl + Eij T

ab ik R(V )ab
j
k + T ab ij Ta

c klR(V )bc
m
k εijlm

− 1
24
Eij E

ij T ab kl Tab
mn εklmn − 1

6
Eij Tab

kl T acmn T bc
pq εiklm εjpqn

− 1
8
Dij

kl

(
T abmn Tab

kl εijmn − 1
2
EimEjn ε

klmn
)]

+D2H
[

1
32
T ab ij T cd pq Tab

mn Tcd
kl εijkl εmnpq − 1

64
T ab ij T cd pq Tab

kl Tcd
mn εijkl εmnpq

+ 1
6
Eij Tab

ik T ac jl T bc
mn εklmn + 1

384
Eij EklEmnEpq ε

ikmp εjlnq

− 1
8
Eij Ekl Tab

ik T ab jl
]

+ 2H eaµfµc ηcb
[
P a P̄ b − P d P̄d η

ab
]

+ h.c. (5.3)

The coset derivatives D ≡ D++ and D† ≡ D−− are defined and here we use the notations where
the U(1) charges are suppressed. Da is the fully supercovariant derivative (including the gravitino
connection) and it coincides with the projection to components of the superspace derivative ∇a.
All covariant fields of the Weyl multiplet play a role in the action, including Eij and Dij

kl, as well
as the SU(4) curvature R(V )ab

i
j and the Lorentz curvature R(M)abcd. Pa is the supercovariant

vielbein on the coset space.
From the point of view of the density formula, this Lagrangian corresponds to the bosonic

part of the composite field F . The conformal supergravity Lagrangian obtained from our ac-
tion principle a priori depends on the real and complex functions of the coset scalars and I,
respectively. It was further argued that the dependence on these functions can be removed by
extracting a total derivative. The elimination of I in this way however typically generates terms
that depend on H. These terms can modify the structure of the density formula. In particular,
at the purely bosonic level this total derivative introduces a dependence on the bare K-gauge
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field. This explains the last term in (5.3) whose presence also ensures the invariance of the kinetic
term for the coset scalars under conformal boosts. The expression (5.3) is then fully invariant
all the bosonic symmetries. A very stringent check of our result can be performed by setting the
function H to a constant. The Lagrangian is then invariant under rigid SU(1,1) transformations
and the bosonic terms (5.3) reduce precisely to the result. In this case, the bare K-gauge field can
also be eliminated by extracting a total derivative and writing a kinetic term for the coset scalars
which is invariant under conformal boosts up to fermionic terms. For any other holomorphic
function, the rigid SU(1,1) invariance is broken.

Let us now present all the supercovariant terms which are quadratic in the fermion fields.
They are still all contained in the field F and for legibility we will decompose them according to
the number of coset derivatives acting on the holomorphic function H. Once again, all the terms
depending on the function I can be eliminated by splitting off a total derivative. The terms
which do not depend on derivatives of H read

H
[
R̄(Q)iabR(S)abi − 3

4
χ̄ijkDχij

k − 1
4
χ̄ij

kDχijk − 3
8
Λ̄i
(
DD2 +D2D −D3

)
Λi

− 1
8
Λ̄i

(
DD2 +D2D −D3

)
Λi − 1

8
χ̄lmkγ ·DT ijΛkεijlm − 1

8
χ̄klmγ ·DTijΛk ε

ijlm

+ 1
8
χ̄lmkγ · T ijDΛkεijlm + 1

8
χ̄klmγ · TijDΛkε

ijlm − 1
4
Eijχ̄kliχ

mn
jεklmn

− 1
4
Eij χ̄

i
klχ

j
mn ε

klmn − 1
2
R̄(Q)ab iDTab

klΛjεijkl − 1
2
R̄(Q)abi DTab kl Λj ε

ijkl

−DcR̄(Q)ab iγcΛ
jTab

klεijkl − 1
2
DcR̄(Q)abi γcΛjTab kl ε

ijkl + 2DaΛ̄iR(Q)ab iPb

+ 1
2
Tij · Tkl Λ̄mχ

kl
n ε

ijmn + 1
2
T ij · T klΛ̄mχkl

nεijmn + 1
2
P aΛ̄kγ · T ijγaχkij

+ 1
2
P̄ aΛ̄kγ · Tijγaχijk − 1

12
EijEklΛ̄iχ

mn
k εjlmn − 1

12
EijEklΛ̄

iχkmn ε
jlmn

− 1
6
EijP̄ aΛ̄kγaχ

lm
i εjklm − 1

6
EijP

aΛ̄mγaχ
i
kl ε

jklm − 1
6
EijDaEjk Λ̄iγ

aΛk

− 1
48
EijDaEij Λ̄kγ

aΛk − 1
48
EijDaE

ijΛ̄kγ
aΛk − 1

16
EijEijΛ̄kγ

aDaΛ
k

+ 1
48
EijEij DaΛ̄kγ

aΛk + 1
12
EikEij Λ̄kγ

aDaΛ
j − 1

4
EikE

ijDaΛ̄jγ
aΛk

+ 5
12
DaE

ijP aΛ̄iΛj + 5
12
DaEijP̄

aΛ̄iΛj − 1
3
EijP aΛ̄iγabDbΛj + 1

3
EijDaP

aΛ̄iΛj

+ 1
3
Eij DaP̄

aΛ̄iΛj − 1
4
Λ̄iγaΛiDbP̄aP

b − 5
12

Λ̄iγaΛiDbPaP̄
b + 2

3
Λ̄iγaDbΛiP̄aP

b

− 2
3
DaΛ̄

iγbΛiP̄
aP b + 1

12
Λ̄iγbΛiDaP̄

aP b − 1
12

Λ̄iγbΛiDaP
aP̄ b − 2

3
DaΛ̄

iγaΛiP̄
bPb

+ 4
3
Λ̄iγaDbΛ

iP̄cPdε
abcd − 2Tab ijT

ac ikΛ̄kγ
bDcΛ

j − 2Tab ijDcT
ac ikΛ̄kγ

bΛj

− 2TabijT
acijDcΛ̄kγ

bΛk − 2DcTabijT
acijΛ̄kγ

bΛk + 1
3
PaT

ab
ijΛ̄kDbΛlε

ijkl

+ 1
3
P̄aT

ab ijΛ̄kDbΛ
lεijkl − 1

2
PcD

bTab ijΛ̄kγ
acΛlε

ijkl − 1
2
P̄ cDbT

ab ijΛ̄kγacΛ
lεijkl

− 1
3
DcPbT

ab
ijΛ̄kγacΛlε

ijkl − 1
3
DcP̄bT

ab ijΛ̄kγacΛ
lεijkl + 1

6
EijDbT

ab lmΛ̄iγaΛ
kεjklm

− 1
6
EijDbT

ab
lmΛ̄kγaΛ

iεjklm − 1
3
EijT

ab
klDbΛ̄mγaΛ

iεjklm + 1
3
EijT ab klΛ̄iγaDbΛ

mεjklm

− 1
2
DbE

kmT ab ijΛ̄kγaΛ
lεijlm +DbEkmT

ab
ijΛ̄lγaΛ

kεijlm − 1
24
EijTab klT

ab
mnΛ̄iΛjε

klmn

− 1
24
EijTab

klT abmnΛ̄iΛjεklmn − 1
3
EijP

aTab
ikΛ̄kγ

bΛj + 1
3
EijP aTab ikΛ̄jγ

bΛk

− 1
6
P cPcTab

ijΛ̄iγ
abΛj − 1

6
P̄ cP̄cTabijΛ̄

iγabΛj − 1
24
Tab

ijT ab klΛ̄mγcΛ
mP cεijkl

+ 1
24
TabijT

ab
klΛ̄mγcΛ

mP̄ cεijkl − 1
2
Λ̄iγ

aΛjDbR(V )ab
i
j

]
+ h.c. . (5.4)

This result can once more be checked by setting the function H to a constant. The remaining
terms which are quadratic in fermions depend on derivatives of H. Those with a single derivative
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can be written as

DH
[
1
4
χ̄ijkγaχ

k
ijP̄

a − 1
2
χ̄iklχ

jl
kEij − 1

4
χ̄klmγ

abχmnkTab
ijεijln − 1

2
EijR̄(Q)iabR(Q)ab j

− 3
4
Tab

ijR̄(Q)ab kχlmkεijlm − 1
2
Dij

klΛ̄iχ
kl
j − 1

2
R(V )ab

j
kΛ̄iγ

abχikj − 1
4
EijE

ikΛ̄lχ
jl
k

− 1
4
EijΛ̄kDχ

i
lmε

jklm + 1
24
EijTab

klΛ̄iγ
abχmnjεklmn + 1

8
EijTab

klΛ̄mγ
abχmniεjkln

+ 1
4
Λ̄iγ · T jkDχijk − 1

12
χ̄lmkγ · T ijP̄Λkεijlm + 1

8
χ̄klmγ · TijP̄Λkε

ijlm − 3
8
Λ̄iγaD

2ΛiP̄
a

+ 1
3
EijTab

klΛ̄iR(Q)abmεjklm + 1
6
T abijP̄

cΛ̄kγcR(Q)ablε
ijkl − 3

4
Tab

ijP̄ cR̄(Q)ab kγcΛ
lεijkl

+ 1
3
Λ̄iR(Q)iabP̄

aP b − 7
6
Λ̄iR(Q)ab jR(V )ab

i
j − 3

2
Λ̄iT

ij ·R(S)j + 1
4
Λ̄iγ

cdR(Q)ab iR(M)abcd

+ 1
8
Λ̄iγdΛjR(V )ab

j
iP̄cε

abcd + 1
6
Λ̄kΛlT

ab
ijR(V )ab

k
mε

ijlm + 8
3
Λ̄iγbΛiP

aP̄aP̄b + 7
24
DaΛ̄

iγbDcΛiP̄dε
abcd

− 7
12

Λ̄iγbDaDbΛiP̄
a − 1

4
Λ̄iDΛiDaP̄

a − 1
2
Λ̄iγaDbΛiDaP̄

b + 1
24

Λ̄iγ
aD2ΛiP̄a

+ 1
24
DbΛ̄iγ

aDbΛ
iP̄a − 1

12
Λ̄iγ

bDaDbΛ
iP̄ a − 1

12
Λ̄iDΛiDaP̄

a − 1
6
Λ̄iγ

aDbΛ
iDaP̄

b

− 1
8
DaΛ̄iDΛiP̄ a + 1

8
DaΛ̄

iDΛiP̄
a − 1

6
Λ̄iγaΛiDaDbP̄

b − 17
12

Λ̄iγaΛiPaP̄
bP̄b

+ 5
6
EijTab klΛ̄mγ

bΛiP̄ aεjklm + 1
18
EijTab

klΛ̄iγ
bΛmP̄ aεjklm + 1

6
EijTab

ikDbΛ̄kγ
aΛj

+ 1
6
DbEjkTab

ijΛ̄iγ
aΛk + 1

3
EijTab

ikΛ̄kγ
aDbΛj − 1

3
EijD

bTab
ikΛ̄kγ

aΛj

− TabijΛ̄kγ
acDbDcΛlε

ijkl + 1
6
DaD

cTbc klΛ̄iγ
abΛjε

ijkl − 1
6
T abijDaΛ̄kDbΛlε

ijkl

− 1
6
DaT

ab
ijΛ̄kDbΛlε

ijkl + 1
12
DaTbc ijΛ̄kγ

abDcΛlε
ijkl − 1

12
DcTac ijΛ̄kγ

abDbΛlε
ijkl

− 1
3
Tab ijD

bΛ̄kγ
acDcΛlε

ijkl + 2
3
PaT

ab ijΛ̄iDbΛj − 1
2
DcTbc

ijPaΛ̄iγ
abΛj

− 1
24
P aDaTbc

ijΛ̄iγ
bcΛj + 1

3
PaTbc

ijΛ̄iγ
abDcΛj + 5

12
P aTbc

ijΛ̄iγ
bcDaΛj

− 5
9
Tac

ijP̄ aP̄bΛ̄
kγbcΛlεijkl + 7

12
TabijP̄

bPcΛ̄kγ
acΛlε

ijkl − 1
3
EijE

ikΛ̄kγaΛ
jP̄ a

+ 1
48
EijE

ijΛ̄kγ
aΛkP̄a − 2

3
Tac

klT abijΛ̄kγbD
cΛmεijlm + 1

8
T kl · T ijΛ̄mDΛmεijkl

+ 1
3
Tac

klT abijDcΛ̄kγbΛ
mεijlm − 1

24
T kl · T ijΛ̄mDΛmεijkl − 1

3
Tac

ijDbT
abklΛ̄kγ

cΛmεijlm

+ 1
6
Tac

ijDbT
abklΛ̄mγ

cΛmεijkl + 1
3
Tab

ijDcT
abklΛ̄kγ

cΛmεijlm + 1
3
Tab

ijDcT
abklΛ̄mγ

cΛmεijkl

+ 1
8
D2EijΛ̄iΛj + 1

2
P̄ aP̄aEijΛ̄

iΛj − 1
6
P̄ aPaE

ijΛ̄iΛj − 1
24

Λ̄iγ ·R(V )kjΛkE
ij

+ 1
24
EijE

ijEklΛ̄kΛl − 1
16
EijE

ikEjlΛ̄kΛl − 7
288
EijEklTab

mnΛ̄iγ
abΛkεjlmn

+ 1
16
Tab ijT

ab
klTcd

ijΛ̄mγ
cdΛnε

klmn + 1
16
Tab ijT

ab
klTcd

klΛ̄mγ
cdΛnε

ijmn

− 1
8
EijT

ab
klTabmnΛ̄pΛqε

iklpεjmnq
]

+ h.c. , (5.5)

while those with two and three derivatives of the function read

D2H
[
1
4
EijTab

ikΛ̄lγ
abχjlk − 5

8
EijTab

ikΛ̄kR(Q)ab j − 1
8
EijEklΛ̄mχ

ik
nε

jlmn

+ 1
4
Λ̄kχ

mn
lT

ij · T klεijmn + 1
4
Λ̄mγ

b
cχ

mn
iTab

ijT ac klεjkln + 5
64

Λ̄mγ
cdR(Q)mab T

ab ijTcd
klεijkl

+ 5
8
Λ̄iR(Q)mbc T

ab ijTa
c klεjklm − 3

4
Λ̄iγaDbΛiP̄aP̄

b − 5
24

Λ̄iDΛiP̄
aP̄a − 5

12
Λ̄iγaΛiP̄

aDbP̄
b

− 1
2
Λ̄iγbΛiP̄

aDaP̄b + 1
12

Λ̄iγ
aDbΛ

iP̄aP̄
b − 1

8
Λ̄iDΛiP̄ aP̄a − 1

6
EijP̄

bΛ̄kγ
aΛiTab

jk

− 1
6
Tab ijP̄

aΛ̄kD
bΛlε

ijkl + 1
24
P̄aD

cTbcijΛ̄kγ
abΛlε

ijkl − 7
12
Tab ijP̄cΛ̄kγ

acDbΛlε
ijkl

− 1
8
Tab ijDcP̄

bΛ̄kγ
acΛlε

ijkl + 1
6
Tbc

ijP aP̄aΛ̄iγ
bcΛj + 1

48
Tab

ijT abklP̄cΛ̄mγ
cΛmεijkl

− 1
2
Λ̄iγb

cΛkR(V )ac
k
jT

ab ij + 1
2
Λ̄iΛkR(V )ab

k
jT

ab ij + 1
16

Λ̄kγ
abΛlR(V )ab

i
mEijε

jklm
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+ 1
8
Λ̄iγ

cdΛjR(M)abcdT
ab ij − 1

16
Λ̄iγ

abΛjTab
klDij

kl + 1
16

Λ̄jΛnEimD
ij
klε

klmn

− 1
48
EijE

ijTab
klΛ̄kγ

abΛl + 1
24
EijE

ikTab
jlΛ̄kγ

abΛl − 1
48
EijT ab klTab

mnΛ̄iΛjεklmn

− 1
12
EijT ab klTac

mnΛ̄iγb
cΛkεjlmn

]
+D3H

[
1
8
Tab ijP̄

aP̄cΛ̄kγ
bcΛlε

ijkl − 1
64
EijEklTab

ikΛ̄mγ
abΛnε

jlmn − 1
12
T ab ijTac

klTb
cmnΛ̄iΛmεjkln

+ 1
64
T ab ijTab

klTcd
mnΛ̄iγ

cdΛjεklmn − 1
32
Tab

ijT ac klTcd
mnΛ̄iγ

bdΛjεklmn

+ 1
32
Tab

ijT ac klTcd
mnΛ̄kγ

bdΛlεijmn + 1
192
EijEklEmnΛ̄pΛqε

ikmpεjlnq − 3
8
Λ̄iγbΛiP̄aP̄

aP̄ b
]

+ h.c. (5.6)

We emphasize that (5.4),(5.5) and (7.7) correspond to all the terms quadratic in the superco-
variant fermion fields. The remaining fermionic terms at this order then necessarily involve bare
gravitini and/or S-supersymmetry gauge fields. From the perspective of the density formula,
these bare gravitini terms are associated with the composite fields Ωi, Ωa

i, ij, ijab and a
i
j. How-

ever, there will also be contributions coming from the various total derivatives we have extracted
in order to write the result as above.

6 Terms with explicit fermionic gauge fields

In this section, we present all the terms at quadratic order in the fermion fields which contain
explicit fermionic gauge fields. Therefore, we give the expression for the supercovariant quantities

Lψai , Lφai , Lψ2
ab
ij , Lψ2

ab i
j , Lψφabij , Lψφab ij , (6.1)

which, as described in (4.2), appear in the Lagrangian coupled to bare fermionic gauge fields. For
the purpose of this paper, we can restrict ourselves to the terms in Lψai and Lφai which are linear in
fermions. Likewise, it is enough to only consider the bosonic terms in Lψ2

ab
ij,Lψ2

ab i
j,Lψφabij,Lψφab ij .

Let us first consider Lψai which is contracted with a gravitino in the Lagrangian. For the
reader’s convenience, we split this quantity into

Lψai = L(2)

ψ
a
i + L(3)

ψ
a
i + L(4)

ψ
a
i + . . . , (6.2)

where L(2)

ψ
a
i,L(3)

ψ
a
i and L(4)

ψ
a
i are quadratic, cubic and quartic in the fields, respectively. Due

to Weyl weight restrictions, the dots denote terms which are of higher-order in fermions. The
quadratic part reads

e−1L(2)

ψ
a
i = γaχljkD

jk
li + 1

2
γaγ · Tjk 6Dχjki + 2γaR(Q)cdjR(V )cdji + 1

2
γaγebR(Q)cdiR(M)ebcd

− 2γaR(S)cd
jT cdij − εijklγaγbdΛjDbDcT

cdkl + 1
2
εijklγ

a 6DχjkmElm + 1
2
γaΛjD2Eij

+ γa
[ (
Dd 6D+ 6DDd + γdD

2
)

Λi

]
P d + 1

2
γaγdΛi

[
DdDbP

b +D2Pd
]

+ γa 6DΛiDdP
d

+ 2γaγdDbΛiD(dPb) + γaγ ·R(V )jkχ
k
ij , (6.3)

while the cubic part is

e−1L(3)

ψ
a
i = − 1

2
γaχkjiEklE

lj − γbR(Q)i · TjkT ab jk − 6 γbR(Q)k · TijT ab jk + 4 γbχljkTdb liT
ad jk

− εjklmγcγdχijkPcT ad lm + εjklmγ · T lmχjkiP a − 2 εijklγ
cγaR(Q)l · T jkPc

+ 3 εijklR(Q)l · T jkP a + 1
2
εjklmγbχ

n
jkEniT

ab
lm − εjklmγbχnijEknT ablm
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− εjklmγbχjniEknT ab lm − 1
12
γaγ ·R(V )jiΛ

kEjk − 1
6
γ.γaR(V )jiΛ

kEjk

+ 1
4
γaγ ·R(V )jkΛ

kEji + 1
4
εjklmγaR(Q)j · TklEmi + 2R(Q)ab jPbEij

+ γcdΛiR(M)abcdPb + γcR(Q)abiP̄cPb − 19
3
εjklmΛmD

bTbc liT
ac
jk

− 6 εjklmDbΛmTbc liT
ac
jk + 3 εjklmΛmD

bT acliTbc jk + 2 εjklmΛmT
ac
liD

bTbc jk

− 2 εjklmΛmD
a
[
Tli · Tjk

]
− 2 εjklmγdcDbΛmT

bd
liT

ac
jk + 5

3
εjklmγdcΛmDbT

bd
liT

ac
jk

− 2 εjklmγdcΛmT
ad
liDbT

bc
jk + εjklmγdcΛmDbT

ad
liT

bc
jk + 1

2
εijklγbΛ

lTcd
jkR(M)abcd

+ 2 ΛkDcE
jkT caji + 2 ΛkE

jkDcT
ca
ji + 1

3
γbaΛkD

cEjkTcb ji + 1
3
γbaDcΛkE

jkTcb ji

− 1
3
γbaΛkE

jkDcTcb ji + 16
3
γcΛjP̄ bDaTbcji + 16

3
γcΛjDaP̄ bTbcji + 4

3
γcDaΛjP̄ bTbcji

+ 2
3
γcDbΛ

jP̄ bT acji + 10
3
γcΛjP̄ aDbTbcji − 10

3
γcΛ

jP̄ bDbT
ac
ji + 2

3
γcDbΛjP̄ aTbcji

+ 2
3
γcΛ

jDbP̄bT
ac
ji + 2

3
γcΛjDbP̄ aTbcji + 4

3
γbΛjP̄bDcT

ca
ji − 20

3
γaΛjP̄ bDcTcbji

+ 28
3
γbΛjP̄cDbT

ac
ji − 8

3
γaDcΛjP̄ bTcbji + 16

3
γbΛjDbP̄cT

ac
ji + 4

3
γbDbΛ

jP̄cT
ac
ji

+ 1
4

[
1
3
γcdγ

ab + γabγcd
]
ΛjR(V )cdjiPb − 1

6
γcdγ

abΛjR(V )cdjiPb − 1
2
γcdΛjR(V )cdjiP

a

− 1
3
ΛjR(V )ba jiPb − 1

3
γcdΛjR(V )ca jiP

d − 4 εijklγ
cΛjTcb

kmR(V )ab lm

− 1
2
εijklγ

aΛmT ef jkR(V )ef
l
m + 2

3
εjklmγbΛ

mTc
[a klR(V )b]c ji

+ 5
6
εjklmγ

aΛmT cd klR(V )cd
j
i . (6.4)

The quartic part takes the following form

e−1L(4)

ψ
a
i = 1

12
γaΛjEijEklE

kl − 1
6
γaΛkElkEijE

lj + 1
6
ΛiEjkE

jkP a + 1
6
γabΛiEjkE

jkPb

+ 2
3
ΛkEijE

kjP a − 1
3
γabΛkEijE

kjPb − 2
3
γaΛjEijP̄bP

b − 4
3
γbΛjEijP

aP̄b

+ 10
3
γbΛjEijPbP̄

a − 1
3
εabcdγdΛ

jPbP̄cEji + 7
3
γbcΛiP

aPbP̄c − 2
3
γacΛiPbPcP̄

b

− 2
3
γacΛiPbP

bP̄c − 5
3
ΛiPbP

bP̄ a + 1
3
ΛiPbP

aP̄ b − 7
3
εijklγ

aΛjTbc
klP bP̄ c

+ 3
2
εijklγbΛ

jT acklP bP̄c + 23
6
εijklγbΛ

jT acklPcP̄
b − 5

6
εijklγ

bΛjTbc
klP aP̄ c

− 1
2
εijklγ

bΛjTbc
klP cP̄ a + 4 εijklγbΛ

jT baklP̄cP
c − 1

6
εijklγ

bΛmTba
jkEmnE

nl

+ 2
3
εjklmγbΛ

nEmnEilT
ba
jk − 1

2
εjklmγbΛ

lEniE
nmT bajk + 2 γcΛlEliT

ab
jkTcb

jk

+ 2 εijklεmnpqγ
cΛmElnT abpqTcb

jk + 1
2
εijklεmnpqγ

aΛnEmlT pq · T jk

− 23
3
γcΛlEljT

ab
ikTcb

jk + 2 γcΛjEikT
ab
ljTcb

lk + 4
3
εjklmΛlEimT

ab
jkPb

− 2
3
εijklγcbΛmE

mlT abjkP c − 2 εjklmγcbΛmEilT
ab
jkP

c + 1
3
εijklγ

bcΛmE
mlTbc

jkP a

+ 46
3

ΛkT
abkjTbcjiP

c + 28
3

ΛiT
abjkTbcjkP

c + 34
3
γcdΛkT

abkjTbcjiPd

+ 4
3
γcdΛiT

abjkTbcjkPd + 14
3
γ · T kjΛkT

ab
jiPb − 2

3
γ · T jkΛiT

ab
jkPb

− 2 εjklmγbΛ
lT jk · TmnT abin + εijklγbΛ

lT jk · TmnT abmn
+ 8 εjklmγdΛ

lT abinTbc
jkT cdmn . (6.5)

We now present the expression of Lφai which appears contracted with an S-gauge field in the
Lagrangian. The terms linear in fermions can only be of cubic order in the fields

e−1Lφai = 1
2
γbΛjE

ljT abli + 19
3

ΛjP̄bT
ba
ji − 1

6
γbcΛjP̄ aTbc ji
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+ 1
3
γabΛjP̄ cTbcji + 2

3
εjklmγbΛmTbcliT

ac
jk + 2 εjklmγaΛmTli · Tjk . (6.6)

We move on to Lψ2
ab
ij and Lψ2

ab i
j which enter the Lagrangian contracted with two gravitini.

For clarity, we split them into

Lψ2
ab
ij = L(2)

ψ2
ab
ij + L(3)

ψ2
ab
ij + . . . , (6.7)

Lψ2
ab i
j = L(2)

ψ2
ab i
j + L(3)

ψ2
ab i
j + . . . , (6.8)

where L(2)

ψ2
ab
ij,L(2)

ψ2
ab i
j and L(3)

ψ2
ab
ij,L(3)

ψ2
ab i
j contain terms quadratic and cubic in the bosonic fields,

respectively. The higher-order terms, denoted by the dots, are fermionic. The expressions of the
quadratic parts are

L(2)

ψ2
ab
ij = 1

2
εiklmγ

abEnmDjn
kl − 1

2
εijklγ

[aγcdγ
b]R(V )cdlmE

mk − 2γabP cDcEij − γabDcPcEij

− 2T abklDij
kl + 1

2
γ[aγefγcdγ

b]R(V )ef kjT
cd
ik − 1

2
γ[aγcdγefγ

b]R(V )ef kiT
cd
kj

+ 4R(M)abcdTcdij + 4 εijklε
abcdPcD

eTed
kl − 4 εijklP

cDcT
bakl

− 2 εijklDcP
cT bakl , (6.9)

L(2)

ψ2
ab i
j = − 4 εabcdδijγdD

e
[
P[cP̄e]

]
. (6.10)

while the cubic parts read

L(3)

ψ2
ab
ij = 1

3
T abl[iEj]kE

kl − 2
3
T abijEklE

kl + 1
2
εijklεmnpqE

mlEpkT abqn + 8T baklTlj · Tik

+ 16 γ · T klTlj[acT b]cik + 8 P̄cP
[aT b]cij − 16PcP̄

[aT b]cij + 4 εklmnEn[iTj]mc
[aT b]ckl

+ 1
6
εklm(iTj)n

baγ · T lmEkn , (6.11)

L(3)

ψ2
ab i
j = − 2 γcE

kiP̄ [aT b]ckj − γcEkiP̄cT
ab
kj − 2 γcEkjP

[aT b]cki − γcEkjPcT abki

+ 16
3
εilkmγcT abjlP̄

dTcdkm + 8 εiklmγ[bT a]clmP̄
dTcdjk − 4 εiklmγcP̄ [bT a]dlmTdcjk

− 2 εiklmγ[aP̄ b]Tjk.Tlm − 16
3
εjklmγcT

abikPdT
dclm + 8 εjklmγ

[bT a]clmP dTcd
ik

− 4 εjklmγ
cP [bT a]dlmTdc

ik − 2 εjklmγ
[aP b]T ik · T lm . (6.12)

Finally we present the results for Lψφabij and Lψφab ij which are coupled to a gravitino and an
S-gauge field. The only bosonic terms are clearly at most quadratic

Lψφabij = 2 εijklε
abcdγdP

eTec
kl , (6.13)

Lψφabij = − 4 δijP
[aP̄ b] . (6.14)

7 The general results

In this section, we present all the supercovariant terms of the N = 4 conformal supergravity
Lagrangian up to quadratic order in the fermion fields, obtained through the iterative procedure
presented in section 4. We argued the Lagrangian takes the form (4.1). Within this scheme, the
purely supercovariant terms at all order in the fields, bosonic or fermionic, are cast within the
quantity denoted by L0. Let us now split L0 into

L0 = LQ + LB + LF + . . . , (7.1)

where LQ, LB and LF are respectively the quadratic Lagrangian (3.1), all the purely bosonic su-
percovariant interaction terms and the supercovariant interaction terms quadratic in the fermion
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fields. Here, the dots denote terms which are quartic, sextic and octic in the fermion fields and
which, therefore, are outside of the scope of this paper.

We first recall the quadratic Lagrangian

e−1L0 = 1
2
R(M)abcdR(M)−abcd +R(V )ab ij R(V )ab

− j
i

− 4Tab
ij DaDcT

cb
ij + 1

4
Eij D

2Eij + 1
8
Dij

klDkl
ij

− 2 P̄ a
[
DaD

bPb +D2Pa
]
− 2DaP bDaP̄b −DaPaD

bP̄b

+ R̄(Q)ab
iR(S)abi − χ̄ijk 6Dχkij − 1

2
Λ̄i

(
D2 6D+ 6DD2− 6D3

)
Λi + h.c. , (7.2)

which was discussed in section 3 and served as the basis for the iterative procedure.
The bosonic interaction terms at all order in the fields are

e−1LB = 1
3
P a P̄a P

b P̄b + P a Pa P̄
b P̄b

− 1
16
Eij E

jk EklE
li + 1

48

[
Eij E

ij
]2

− 1
6
Eij E

ij P a P̄a − 8T ab ij Tbc ij Pa P̄
c

+ T ab ij Tab
kl Tcd ij T

cd
kl − T ab ik Tabjl Tcd ij T cdkl

+ εijkl T abij EkmR(V )ab
m
l

− εijklP̄ c [4DaT
ab
ij Tbc kl −DcT

ab
ij Tab kl]

− 1
8
εijkl εmnpq T

ab ij Tab
mnEkpElq + h.c. , (7.3)

which involve cubic and quartic terms in the fields. Quintic terms are forbidden due to the Weyl
weights of the bosons.

The interaction terms which are quadratic in the fermion fields read

e−1LF = 1
4
εijklχ̄

ij
mγ · T kl 6DΛm − 1

4
εijklχ̄

ij
mγ · T kl

←−
6DΛm

− 1
2
εijklχ̄

ij
mχ

kl
nE

mn − 3
4
εijklR̄(Q)i· 6DTjkΛl − 3

2
εijklR̄(Q)i

←−
6D · TjkΛl

+ 2DaΛ̄iR(Q)abiP̄
b + 1

2
Λ̄jγ

bΛiDaR(V )ab
j
i + εijklχ̄mnlΛiTmn · Tjk

+ χ̄ijkγ
aγ · TijΛkP̄a + 1

6
εijklχ̄

ij
mΛnE

mkEln − 1
3
εijklχ̄

ij
mγ

aΛkEmlP̄a

− 1
12

Λ̄i 6DΛiEjkE
jk + 1

3
Λ̄i 6DΛjEjkE

ki − 1
6
Λ̄iγ

aΛjDaEjkE
ki + 5

6
Λ̄iΛjDaE

ijP a

+ 2
3
Λ̄iΛjE

ijDaP
a + 1

3
Λ̄iγ

abDaΛjE
ijPb + 4

3
Λ̄iγaDbΛ

iP̄ bP a − 1
6
Λ̄iγaΛ

iDbP̄
aP b

− 1
6
Λ̄iγaΛ

iDbP̄
bP a + 2

3
Λ̄i 6DΛiPbP̄

b + 4
3
εabcdΛ̄iγaDbΛ

iP̄cPd − 2DaΛ̄iγ
cΛiT abjkTcb

jk

− 2 Λ̄iγ
cΛiDaT

ab
jkTcb

jk + 2DaΛ̄iγ
cΛjT abjkTcb

ik + 2 Λ̄iγ
cΛjDaT

ab
jkTcb

ik

− 2
3
εijklΛ̄iD

aΛjTabklP
b + εijklΛ̄iγ

abΛjDaTbcklP
c + 2

3
εijklΛ̄iγ

abΛjTbcklDaP
c

− 2
3
εijklDaΛ̄iγ

bΛmEmjTabkl + εijklΛ̄mγ
bΛiDaEjmTab

kl + 1
3
εijklΛ̄mγ

bΛiEjmDaTab
kl

− 1
8
εklmnΛ̄iΛjTkl · TmnEij + 1

6
εklmnΛ̄kΛiTjl · TmnEij + 2

3
Λ̄iγ

aΛjEjkTab
kiP b

− 1
3
Λ̄iγ

abΛjTab
ijP cPc − 1

12
εjklmΛ̄iγ

aΛiT jk · T lmPa + h.c. . (7.4)

They involve cubic, quartic and quintic terms in the fields. Note that there are no terms of sextic,
septic or octic order in the fields as, due to the restrictions on the Weyl weights, these would
be of higher-order in the fermion fields. Finally, (7.2), (7.3) and (7.4) are SU(1, 1) invariant and
their sum is K-invariant.
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As we already mentioned in section 1, the bosonic part of the N = 4 conformal supergravity
Lagrangian has been derived in [8]. Because it was obtained in a different set of conventions, we
have converted their result in the conventions of the present paper to facilitate the comparison
with our results. In particular, this requires to covariantize the curvatures and derivatives with
respect to the conformal boosts and to switch to a different parametrisation of the coset space.
Up to a Gauss-Bonnet term, the Lagrangian in [8] is then equivalent to

e−1L = 1
2
R(M)abcdR(M)−abcd +R(V )ab ij R(V )ab

− j
i

− 4Tab
ij DaDcT

cb
ij + 1

4
Eij D

2Eij + 1
8
Dij

klDkl
ij

− 2 P̄ a
[
DaD

bPb +D2Pa
]
− 2DaP bDaP̄b −DaPaD

bP̄b

+ 4
3
P a P̄a P

b P̄b + P a Pa P̄
b P̄b

− 1
24
Eij E

jk EklE
li

+ 1
12
EijE

ij P aP̄a − 4T ab ij Tbc ij Pa P̄
c

+ 5
12
Tab

ij T ab kl T cdij T
cd kl + 1

6
T ab ik Tab

jl Tcd ij T
cd
kl + h.c. . (7.5)

We now compare the above expression with (7.3) and the bosonic part of (7.2). Clearly, the
quadratic Lagrangians agree as the first three lines of (7.5) coincide with the bosonic part of
(7.2). We note, however, a number of differences when comparing interaction terms. The most
obvious one is perhaps the presence of terms cubic in the fields in our results while none appear
in (7.5). Further differences concern the quartic terms in the fields. Indeed, the last term of the
second line and the last line in (7.3) are not present in (7.5). Moreover, none of the coefficients
of the remaining terms match.

The complete form of supergravity Lagrangian coupled to bare fermionic gauge fields is

e−1Lψai = γaχljkD
jk
li + 1

2
γaγ · Tjk 6Dχjki + 2γaR(Q)cdjR(V )cdji + 1

2
γaγebR(Q)cdiR(M)ebcd

− 2γaR(S)cd
jT cdij − εijklγaγbdΛjDbDcT

cdkl + 1
2
εijklγ

a 6DχjkmElm + 1
2
γaΛjD2Eij

+ γa
[ (
Dd 6D+ 6DDd + γdD

2
)

Λi

]
P d + 1

2
γaγdΛi

[
DdDbP

b +D2Pd
]

+ γa 6DΛiDdP
d

− 1
2
γaχkjiEklE

lj − γbR(Q)i · TjkT ab jk − 6 γbR(Q)k · TijT ab jk + 4 γbχljkTdb liT
ad jk

− εjklmγcγdχijkPcT ad lm + εjklmγ · T lmχjkiP a − 2 εijklγ
cγaR(Q)l · T jkPc

+ 3 εijklR(Q)l · T jkP a + 1
2
εjklmγbχ

n
jkEniT

ab
lm − εjklmγbχnijEknT ablm

− εjklmγbχjniEknT ab lm − 1
12
γaγ ·R(V )jiΛ

kEjk − 1
6
γ.γaR(V )jiΛ

kEjk

+ 1
4
γaγ ·R(V )jkΛ

kEji + 1
4
εjklmγaR(Q)j · TklEmi + 2R(Q)ab jPbEij

+ γcdΛiR(M)abcdPb + γcR(Q)abiP̄cPb − 19
3
εjklmΛmD

bTbc liT
ac
jk

− 6 εjklmDbΛmTbc liT
ac
jk + 3 εjklmΛmD

bT acliTbc jk + 2 εjklmΛmT
ac
liD

bTbc jk

− 2 εjklmΛmD
a
[
Tli · Tjk

]
− 2 εjklmγdcDbΛmT

bd
liT

ac
jk + 5

3
εjklmγdcΛmDbT

bd
liT

ac
jk

− 2 εjklmγdcΛmT
ad
liDbT

bc
jk + εjklmγdcΛmDbT

ad
liT

bc
jk + 1

2
εijklγbΛ

lTcd
jkR(M)abcd

+ 2 ΛkDcE
jkT caji + 2 ΛkE

jkDcT
ca
ji + 1

3
γbaΛkD

cEjkTcb ji + 1
3
γbaDcΛkE

jkTcb ji

− 1
3
γbaΛkE

jkDcTcb ji + 16
3
γcΛjP̄ bDaTbcji + 16

3
γcΛjDaP̄ bTbcji + 4

3
γcDaΛjP̄ bTbcji

+ 2
3
γcDbΛ

jP̄ bT acji + 10
3
γcΛjP̄ aDbTbcji − 10

3
γcΛ

jP̄ bDbT
ac
ji + 2

3
γcDbΛjP̄ aTbcji

+ 2
3
γcΛ

jDbP̄bT
ac
ji + 2

3
γcΛjDbP̄ aTbcji + 4

3
γbΛjP̄bDcT

ca
ji − 20

3
γaΛjP̄ bDcTcbji
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+ 28
3
γbΛjP̄cDbT

ac
ji − 8

3
γaDcΛjP̄ bTcbji + 16

3
γbΛjDbP̄cT

ac
ji + 4

3
γbDbΛ

jP̄cT
ac
ji

+ 1
4

[
1
3
γcdγ

ab + γabγcd
]
ΛjR(V )cdjiPb − 1

6
γcdγ

abΛjR(V )cdjiPb − 1
2
γcdΛjR(V )cdjiP

a

− 1
3
ΛjR(V )ba jiPb − 1

3
γcdΛjR(V )ca jiP

d − 4 εijklγ
cΛjTcb

kmR(V )ab lm

+ 1
12
γaΛjEijEklE

kl − 1
6
γaΛkElkEijE

lj + 1
6
ΛiEjkE

jkP a + 1
6
γabΛiEjkE

jkPb

+ 2
3
ΛkEijE

kjP a − 1
3
γabΛkEijE

kjPb − 2
3
γaΛjEijP̄bP

b − 4
3
γbΛjEijP

aP̄b

+ 10
3
γbΛjEijPbP̄

a − 1
3
εabcdγdΛ

jPbP̄cEji + 7
3
γbcΛiP

aPbP̄c − 2
3
γacΛiPbPcP̄

b

− 2
3
γacΛiPbP

bP̄c − 5
3
ΛiPbP

bP̄ a + 1
3
ΛiPbP

aP̄ b − 7
3
εijklγ

aΛjTbc
klP bP̄ c

+ 3
2
εijklγbΛ

jT acklP bP̄c + 23
6
εijklγbΛ

jT acklPcP̄
b − 5

6
εijklγ

bΛjTbc
klP aP̄ c

− 1
2
εijklγ

bΛjTbc
klP cP̄ a + 4 εijklγbΛ

jT baklP̄cP
c − 1

6
εijklγ

bΛmTba
jkEmnE

nl

+ 2
3
εjklmγbΛ

nEmnEilT
ba
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aΛnEmlT pq · T jk

− 23
3
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3
εjklmΛlEimT
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jkPb
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3
εijklγ
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3
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γ · T kjΛkT

ab
jiPb − 2
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γ · T jkΛiT
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jkPb

− 2 εjklmγbΛ
lT jk · TmnT abin + εijklγbΛ

lT jk · TmnT abmn
+ 8 εjklmγdΛ

lT abinTbc
jkT cdmn . (7.6)

The total Lagrangian of N = 4 conformal supergravity is constructed in the magical and
extremal form on current equation

e−1LT = H
[
R̄(Q)iabR(S)abi − 3

4
χ̄ijkDχij

k − 1
4
χ̄ij

kDχijk − 3
8
Λ̄i
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8
χ̄klmγ · TijDΛkε
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jεklmn
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Eij χ̄
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2
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−DcR̄(Q)ab iγcΛ
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klεijkl − 1
2
DcR̄(Q)abi γcΛjTab kl ε

ijkl + 2DaΛ̄iR(Q)ab iPb

+ 1
2
Tij · Tkl Λ̄mχ
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n ε

ijmn + 1
2
T ij · T klΛ̄mχkl

nεijmn + 1
2
P aΛ̄kγ · T ijγaχkij

+ 1
2
P̄ aΛ̄kγ · Tijγaχijk − 1

12
EijEklΛ̄iχ

mn
k εjlmn − 1

12
EijEklΛ̄

iχkmn ε
jlmn

− 1
6
EijP̄ aΛ̄kγaχ

lm
i εjklm − 1

6
EijP

aΛ̄mγaχ
i
kl ε

jklm − 1
6
EijDaEjk Λ̄iγ

aΛk
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48
EijDaEij Λ̄kγ
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48
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ijΛ̄kγ
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16
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aDaΛ
k

+ 1
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aΛk + 1
12
EikEij Λ̄kγ
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j − 1

4
EikE

ijDaΛ̄jγ
aΛk

+ 5
12
DaE

ijP aΛ̄iΛj + 5
12
DaEijP̄

aΛ̄iΛj − 1
3
EijP aΛ̄iγabDbΛj + 1

3
EijDaP

aΛ̄iΛj

+ 1
3
Eij DaP̄

aΛ̄iΛj − 1
4
Λ̄iγaΛiDbP̄aP

b − 5
12

Λ̄iγaΛiDbPaP̄
b + 2

3
Λ̄iγaDbΛiP̄aP

b

− 2
3
DaΛ̄

iγbΛiP̄
aP b + 1

12
Λ̄iγbΛiDaP̄

aP b − 1
12

Λ̄iγbΛiDaP
aP̄ b − 2

3
DaΛ̄

iγaΛiP̄
bPb

+ 4
3
Λ̄iγaDbΛ

iP̄cPdε
abcd − 2Tab ijT

ac ikΛ̄kγ
bDcΛ

j − 2Tab ijDcT
ac ikΛ̄kγ

bΛj
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− 2TabijT
acijDcΛ̄kγ

bΛk − 2DcTabijT
acijΛ̄kγ

bΛk + 1
3
PaT

ab
ijΛ̄kDbΛlε

ijkl

+ 1
3
P̄aT

ab ijΛ̄kDbΛ
lεijkl − 1

2
PcD

bTab ijΛ̄kγ
acΛlε

ijkl − 1
2
P̄ cDbT

ab ijΛ̄kγacΛ
lεijkl

− 1
3
DcPbT

ab
ijΛ̄kγacΛlε

ijkl − 1
3
DcP̄bT

ab ijΛ̄kγacΛ
lεijkl + 1

6
EijDbT

ab lmΛ̄iγaΛ
kεjklm

− 1
6
EijDbT
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lmΛ̄kγaΛ

iεjklm − 1
3
EijT
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klDbΛ̄mγaΛ

iεjklm + 1
3
EijT ab klΛ̄iγaDbΛ

mεjklm

− 1
2
DbE

kmT ab ijΛ̄kγaΛ
lεijlm +DbEkmT

ab
ijΛ̄lγaΛ

kεijlm − 1
24
EijTab klT

ab
mnΛ̄iΛjε

klmn

− 1
24
EijTab

klT abmnΛ̄iΛjεklmn − 1
3
EijP

aTab
ikΛ̄kγ

bΛj + 1
3
EijP aTab ikΛ̄jγ

bΛk

− 1
6
P cPcTab

ijΛ̄iγ
abΛj − 1

6
P̄ cP̄cTabijΛ̄

iγabΛj − 1
24
Tab

ijT ab klΛ̄mγcΛ
mP cεijkl

]
+DH

[
1
4
χ̄ijkγaχ

k
ijP̄

a − 1
2
χ̄iklχ

jl
kEij − 1

4
χ̄klmγ

abχmnkTab
ijεijln − 1

2
EijR̄(Q)iabR(Q)ab j

− 3
4
Tab

ijR̄(Q)ab kχlmkεijlm − 1
2
Dij

klΛ̄iχ
kl
j − 1

2
R(V )ab

j
kΛ̄iγ

abχikj − 1
4
EijE

ikΛ̄lχ
jl
k

− 1
4
EijΛ̄kDχ

i
lmε

jklm + 1
24
EijTab

klΛ̄iγ
abχmnjεklmn + 1

8
EijTab

klΛ̄mγ
abχmniεjkln

+ 1
4
Λ̄iγ · T jkDχijk − 1

12
χ̄lmkγ · T ijP̄Λkεijlm + 1

8
χ̄klmγ · TijP̄Λkε

ijlm − 3
8
Λ̄iγaD

2ΛiP̄
a

+ 1
3
EijTab

klΛ̄iR(Q)abmεjklm + 1
6
T abijP̄

cΛ̄kγcR(Q)ablε
ijkl − 3

4
Tab

ijP̄ cR̄(Q)ab kγcΛ
lεijkl

+ 1
3
Λ̄iR(Q)iabP̄

aP b − 7
6
Λ̄iR(Q)ab jR(V )ab

i
j − 3

2
Λ̄iT

ij ·R(S)j + 1
4
Λ̄iγ

cdR(Q)ab iR(M)abcd

+ 1
8
Λ̄iγdΛjR(V )ab

j
iP̄cε

abcd + 1
6
Λ̄kΛlT

ab
ijR(V )ab

k
mε

ijlm + 8
3
Λ̄iγbΛiP

aP̄aP̄b

− 7
12

Λ̄iγbDaDbΛiP̄
a − 1

4
Λ̄iDΛiDaP̄

a − 1
2
Λ̄iγaDbΛiDaP̄

b + 1
24

Λ̄iγ
aD2ΛiP̄a

+ 1
24
DbΛ̄iγ

aDbΛ
iP̄a − 1

12
Λ̄iγ

bDaDbΛ
iP̄ a − 1

12
Λ̄iDΛiDaP̄

a − 1
6
Λ̄iγ

aDbΛ
iDaP̄

b

− 1
8
DaΛ̄iDΛiP̄ a + 1

8
DaΛ̄

iDΛiP̄
a − 1

6
Λ̄iγaΛiDaDbP̄

b − 17
12
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+ 5
6
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bΛmP̄ aεjklm + 1

6
EijTab

ikDbΛ̄kγ
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+ 1
6
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3
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aDbΛj − 1

3
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6
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6
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abDbΛlε
ijkl

− 1
3
Tab ijD

bΛ̄kγ
acDcΛlε
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24
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3
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12
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− 5
9
Tac

ijP̄ aP̄bΛ̄
kγbcΛlεijkl + 7
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3
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48
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+ 5
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Λ̄iR(Q)mbc T

ab ijTa
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4
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24
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12
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2
Λ̄iγbΛiP̄

aDaP̄b + 1
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− 1
6
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bΛlε
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24
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12
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6
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ijP aP̄aΛ̄iγ
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48
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24
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1
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64
EijEklTab
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+ 1
64
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Λ̄iγbΛiP̄aP̄
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+ h.c. (7.7)

The Lagrangians derived above can be directly incorporated into Poincaré supergravity as a
four-derivative coupling following the same construction carried out originally, by including the
superconformal Lagrangian of this Letter before proceeding to the standard gauge choices. The
SU(1, 1) symmetry will then become entangled with an electric-magnetic duality transformation
in the vector-multiplet sector. Alternatively this Lagrangian can be obtained in one step by
applying the superform method directly based on an extended field configuration consisting of at
least six (on-shell) vector supermultiplets and the Weyl supermultiplet, where one must bear in
mind that the supersymmetry algebra for this field representation will no longer close off shell.
It is then possible to compare the corresponding expressions with the R2-couplings for N = 4
Poincaré supergravity, which may also depend non-trivially on the coset fields. In the context of
Poincaré supergravity the higher-derivative couplings are primarily studied as potential counter-
terms that could render the theory finite. At this moment there is agreement that this theory is
not finite at the four-loop level. The presence of a U(1) anomaly and the non-trivial dependence
on the coset fields plays an important role in this discussion, as was extensively discussed. As
should be clear from the iterative procedure that was used in this paper, the consistency of each
term in our result relies on the consistency of many other terms. Therefore, our computation
passes a multitude of crosschecks. It should also be noted that all the terms in our result
correspond to possible Feynman diagrams of the gauge theory with divergent contributions.

8 Conclusions and outlook

In this paper, we have explicitly constructed an N = 4 density formula using the superform
method. Invariance under the local N = 4 superconformal symmetries is ensured provided the
lowest Weyl weight fields satisfy the set of constraints, and that the remaining fields are defined
via the supersymmetry transformation rules. We then showed that, by expressing these fields in
terms of those of the N = 4 Weyl multiplet such that the constraints are satisfied, the density
formula leads to a class of N = 4 conformal supergravity actions parametrized by a holomorphic
function of the coset scalars. Based on the uniqueness of the N = 4 supercurrent, we further
argued that this must correspond to the most general class of maximal conformal supergravity
actions. We presented its expression up to terms which are quadratic in the covariant fermion
fields. A stringent check of this result is that when the function is set to a constant, it recovers. For
ergonomic considerations, the complete action is given explicitly in an addendum file. As a second
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application of the density formula, we also re-derived an on-shell sector of the action constructed
for a vector multiplet in a background of conformal supergravity. An intriguing feature of the
density formula we employed is that it seems it could be derived from a single superfield Φij

kl

and a constant cαβ. The properties of this superfield resemble those of a G-analytic superfield in
(4, 2, 2) superspace, but it cannot be a Lagrangian in that superspace because it has the wrong
dimension. Perhaps it can be used to build an action principle in (4, 2, 2) superspace along the
lines. The construction of the full class of N = 4 conformal supergravity actions opens up
various perspectives on the higher-derivative structure of the Poincaré theory. As was shown
already long ago in the research literature, N = 4 Poincaré supergravity at the two-derivative
level can be described as a system of six vector multiplets coupled to conformal supergravity.
The standard Poincaré action is recovered after gauge fixing the conformal symmetries and
integrating out the various auxiliary fields of the Weyl multiplet. It is now possible to consider
the class of actions constructed in this paper as a deformation of the two-derivative conformal
setup. In this case the transition to the Poincaré theory is non-trivial as the field equations of
the auxiliary fields have now become non-linear. This requires to integrate out the fields through
an iterative procedure, which will result in an infinite power series of the spin-1 field strengths
and their derivatives. We will show in an upcoming paper that this procedure can be carried
out consistently and leads to a class of supersymmetric higher-derivative Poincaré invariants
which depends on the holomorphic function of the coset scalars. The procedure can also be
applied to describe Poincaré supergravity coupled to vector multiplets. These higher-derivative
Poincaré couplings are relevant from several point views. When considered on-shell, they could
be directly compared with the results obtained. It would also be interesting to see if they could
be embedded in the formalism where higher-derivative corrections are described as deformations
of the twisted self-duality constraint relating the spin-1 field strengths to their magnetic duals.
Another application concerns the matching of subleading corrections to the microscopic entropy
of N = 4 black holes obtained via state counting. From the supergravity point of view, some
of these corrections are known to originate from the class of couplings considered in this paper,
and could be calculated by considering the induced modifications to the area law, or perhaps by
using more recent localization techniques along the lines. These approaches have so far relied on
a truncated N = 2 setting and it should be interesting to reconsider these results in a fully N = 4
supersymmetric formalism. Finally, these invariants might clarify the ultraviolet properties of
the Poincaré theory. Explicit loop computations have revealed a divergence at four loops which
is believed to be connected to the presence of a potential anomaly in the duality symmetry of
the theory. It was however shown recently that there exists a finite counterterm, whose leading
term includes the square of the Riemann tensor multiplied by a holomorphic function of the
coset scalars, and which cancels the anomalous contribution of the graphs up to two loops.
The consequences of this counterterm for the finiteness of the Poincaré theory at four loops
however remain to be explored. While these amplitude computations rely on a description of
the counterterm via the double copy construction, its explicit supersymmetric expression should
follow from the class of invariants constructed in this paper, provided the correct holomorphic
function is chosen. In the context of Poincaré supergravity the higher-derivative couplings are
primarily studied as potential counterterms that could render the theory finite. At this moment
there is agreement that this theory is not finite at the four-loop level . The presence of a
U(1) anomaly and the non-trivial dependence on the coset fields plays an important role in this
discussion, as was extensively discussed. As we mentioned earlier, another possible application of
the result of this Letter concerns the calculation of the corrections to N=4 supersymmetric black
hole entropy that are known to originate from precisely this class of Lagrangians. Both these
approaches have only been applied so far to N=2 supersymmetric truncations. It should be very
interesting to understand these results in the context of N=4 supersymmetric formulation.
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