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Abstract

Brook Taylor was an English mathematician, invented integration by parts, and
discovered the celebrated formula known as Taylor’s expansion.

Introduction

Brook Taylor (1685-1731), British mathematician, who pioneered the infinitesimal
calculus and wrote two works on perspective . Because he did not publish his results,
some were claimed by Johann Bernoulli, and the importance of Taylor’s theorem was
only recognized some 60 years later, by Lagrange. He became a fellow of the Royal
Society, and sat on the committee that adjudicated between the claims of Newton and
Leibniz to have first invented infinitesimal calculus.

This note is dedicated to Brook Taylor

Taylor’s theorem

Taylor’s theorem (and its variants) is widely used in several areas of mathematical
analysis, functional analysis, and partial differential equations.

Theorem 1. ( Fundamental theorem of calculus for the Lebesgue integral ) A function
f:la,b] = R is absolutely continuous if and only if it is differentiable almost
everywhere, its derivative f' € L![a, b] and, for each x € [a, b],

FG) = fa) + f (O dt



Theorem 2. ( Taylor’s theorem ) Given a function f:[a,b] —» R such that the Nth
derivative f™) is absolutely continuous on [a, b], them for all x € [a, b]
(x — )2 " (x — )N
f@)=fl@+ x-a)f'(a)+—=—f"(a)++———— fM(a) + Ry(x)

where Ry (x) satisfies the 1nequa11ty

Ru GO < sup [FO#0 )] 2

N celax] (N+1)!

and Ry (x) is given exactly by the expression

Ry (x) Zf %

)

FN () dt

Taylor series for arctan(x) = tan™1(x)

The Taylor series of an infinitely differentiable function f is given by:
w x—a)nf™
Flx) = Zﬁ()%{@
where f™(a) denotes the nth derivative of f . If we put a = 0, we get a series named
after Colin Maclaurin (1698-1746), who published it in his A Treatise of Fluxions.

)

If f(x) =tan"1x , we have

o (x — a)" py(a)
tan"'x =tan"la + E
an X an a Z Tl! (1+a2)n

where

Pn+1(a) = (1 +a*)pp(a) —2napy(a),pi(a) =1 ,n=1.23,..
If a=0,weget

© (_1)11 x2n+1

1. _
tan lx = T 1 , x| <1
n=0
recall that
n_l 1 1 1 1 1
4 3 5 7 9 11

Some formulas for Pi

Entry 1. For0 < x < g we have

x = sinx + z 2” 1 — cos (2);)) sin (zx_n)

n=1



Examples:

=22+ i on+2 (1 — cos (2:;_2)) sin (2:;_2)
n=1

T =4 /2 V2 + i on+3 (1 — CoSs (2:;3)) sin (2:;3)
n=1

Entry 2.

T=4_ i on+2+271 (Zz-n—l cos (2:;_2) — 1) sin (277‘12)

n=1
Entry 3.

T=4+2iln2 + 4i Z 2n=1(F(=27", 1,1, —i) — 1)?

n=1

oo 2
1—-1i 1+
T=442iln2 4+ 4i Z 2n-1 <(T)F<—2_n, LLT) - 1)

n=1
Remark: i = v—1 and F is the Gauss hypergeometric function.

Entry 4.

72 =84 i g2n+1 (3 + cos (Zin) — 4sin (2:111))

n=1

Entry 5. Fora > 1, we have

n—1
oo 2
Z a™ Z n
— - _1\k _ n—2k-1
=4 n ( 1) (a 1) (2k+1)
n=1 k=0

Entry 6. Fora > 0, we have

n

4 ® n (_1)ka2n—2k
_ 4 1 2\-n—-1
=1t Z( +a) Z(k) 2k + 1
n=1 k=0

Entry 7. Fora > 0, we have
5]

0 2
D™t f1—a\" n
_ -1 _1\k ,n—-2k-1
T = 4tan a+421 n <1+a2) Zko( 1) e (2 +1)
n= =




Entry 8.

(1 +1, +33>

=22n+1

n=1
2v/3 -3 (=11 1 3 1
12 T L a1 (3) F(”+ 1’"+§’"+§'_§>
n=1
Remark: F(a, b, ¢, x) is the Gauss hypergeometric function.
Entry 9.
%) [n/2]
D) 313 2 (e
" 4 L \n—2k) 2k + 1
%) [n/2] -2k
=24 ) \/—+2\/— Uk 2. G )(_1)]((‘/?— )"
n—2k 2k+1
n=0 k=0
Entry 10.
[n/2] o [(n-1)/2]
Z () w2 (e )
2n + 1 n—2k k
n: =
Entry 11.
7T3 =8+ z 273n (hn+1)3 + 12 z 27" hn+lgngn+1
where _
n
n
_ _1\k -1
h, = Z( 1) (k) 2k +1)
k=0
n
In = Z 27k hy
k=0
Entry 12.
® 2n+1 h h ® 23n+3
n3=8+24z —— +8Z .
n=0 (n+1 )(Zn +3) n=0 ((21;1:12)(271 + 3))
where

Z 2")(Zk +1)



Entry 13. For 0 < a < x, we have

tan"'x =tan"la

N 2 i x% + a? n+1i(n) (—1D* x2 \"
x2 + a? 2+ x%2 + a? 4 k/2k+1 x x2 + a?

a2n=0k =0
(%))
Examples:
© n+1 1 _k k k
SEMNERSNRE=SCREON
© n+1 1 _k k k
@ L0EECE @)

Entry 14. For x > 0 , we have

17
tan 1x=xF(1,€,g,—x6)—
tanlx = — 1~"<11Z < >— x F<11§x—6)
1+ x° "6'14+x%) 3(1+ x°) 271 + x°
x> 11 x®
+ 5(1 + x9) F<1'1'?'1 +x6>
tanlx=— F<llz < > x F<lli x6>
(1+x6)176 " \6'6'6'T+x°5) 3(1+x)72 \2'2°2"1+ x5
x> 55 11 6
TR F(a 56 1t )

—2F(1171> 2F(1131>+2F<1111 1)
= 6’2) 3 22) "5 "\ e 2

Remark: F(a, b, ¢, x) is the Gauss hypergeometric function.
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Example:

Entry 15. For |xy| < 1,|y| < 1, we have

n

tan™ 1(xy)—(1+y2)2( DRyt N

k=0

20 — 3k
373 Z(_l)n 3‘2“2 2k + 1
3 3 n=0 k=0

2k+1

Example:




Entry 16. For |xy| < 1,|y| < 1, we have
e} n
-1 kx2k+1
tan~'(x y) = (1 - y?) z yanet G
n=0

2k +1
k=0

65

n=0

Example:

ﬂ|

Entry 17. For |x| < 1, we have

1 x2
t -1 =Z_1n 1 2n+1
an o x 0( )"+ Dx mtl 2n+t3
n=

Entry 18. For |x| < 1, we have

[ee] n
tan"lx = (1 —x?) Z x2ntl ZZ(
n

n=0 k=0

tan"'x = (1 +x2) Z(—l)” x2n+l
n=0

Examples:

n=0 k=0
[oe} n
_ 8 z 3_nz 1
m== 2,03 2k + 1
n=0 k=0
Entry 19. For |x| < 1, we have
-y = " +2x3F235 X
an-x = ety gy =)
Example:
3\/_+ 4 F2, 3 5 1)
7'[ — —
3V3

Remark: F(a, b, ¢, x) is the Gauss hypergeometrlc functlon.

Entry 20. For |x| < 1, we have

9 x 2x3 43 35 )\ 4x° 57
tan” x = + — F<3 —X >+— F(S'E'E'_x )

1+x? (1+x%)? 3 '2°2’

Remark: F(a, b, c, x) is the Gauss hypergeometric function.



Entry 21.For 0 < x <1,k = 2,3,4,5, ..., we have

2k1
(—1)n"1 x2n-1 2n—1 2n—1+ 2k

- F(1, )
2n—1 = 2k

k
,x2)

tan
n=1

Example: k = 2,3,4,5, . we have

1”13" 2n—1 2n—1+ 2k _
7‘[—6\/_2( ) ; k ) K ﬁ3_2k1)
2n—1 2 2

Remark: F(a, b, ¢, x) is the Gauss hypergeometric function.

Entry 22. Forn = 0,1,2,3,. we have

2k+1 1 3
tan™ x—22k+1F(k+2 k+§ k+§ —x)
x2n+3 3 5
2 22
+2n+3F(n+2,n+2,n+2, x)

Example: n = 0,1,2,3, ..., we have

—2\/§zn: 3 F(k+2k+1k+3 1)
T Lk TS

+2‘/§3_n_11~"( 2t g 1)
2n + 3 nrenTHRTS TS

Remark: F(a, b, ¢, x) is the Gauss hypergeometric function.

Entry 23. For |x| <1,i =+v—1, we have
- 2ny 272"
antx= ) -0"(])
an X =D n/n+1
n=0

Remark: F(a, b, ¢, x) is the Gauss hypergeometric function.
Remark: Im(z) is the complex part of z .

- i
(x HO"F 2,n+1,n+2, x i

Entry 24. For -1 < x < 3,i = V-1, we have
(e} n
1 2n ny (—1)% 1
-1 —_ -3n k+1 - N
tan x_\/EZ)<n)2 ;Zo(k)k“lm((xl) F(Z,k+1,k+2, x1>>
n= =

Remark: F(a, b, ¢, x) is the Gauss hypergeometric function.
Remark: Im(z) is the complex part of z .




Entry 25. For —1 < x < 1, we have

tan"lx = Z(_l)n—l xzn_lHn ((1 + xz)n(zn +1)— x2>

4n? — 1
where
n
1
M=ZEJFLM,
k=1
Example:
- 8n? + 4n — 1
— _1\n-12-n
n—b@§¥iﬂ 3 MK_EF?T_>
n=

Entry 26. For —1 < x < 1, we have

(0]

1— 2 2 1 2
tan_1x=zx2n—1hn<( X)n(n+ )+x>

4n? — 1

n=1

where
n

-1 k-1
= Z% ,n=1273,..

_ i An?+2n+1
B i\ = —1

n=1

Example:

Entry 27. For —1 < x < 1, we have

N — k=1,k
tan"lx = Z:lx <(1 x):(Zn +1) + x) z (- 1)
tan”!x = Z(—nn-lxn—l <(1 F (e + b- x) Z :

Entry 28.For 0 < x <y <1, we have

n

y tan"lx = x tan” y+xyzz_) (y2nt2 — x2n+2)

Entry 29. For —1 < x < 1, we have

tan " lx = Z(_l)n—l (HZn_len—l + Han2n+1)
n=1
where



~a‘lr—\

=23 Z(—l)“-l 37(3Hn_1 + Han)

Example:

Entry 30. For —1 < x < 1, we have

tan"lx = Z:(—l)"_1 (hyp_1x*™" 1 + hy,x?™t1)

n=1
where
n
(="
h, = ZT ,n=1273, ..
k=1
Example:

7 =2V3 ) (1" 3 Ghyny + o)
n=1

Entry 31. For —% < x < 1,wehave

=) (7 Z
an X 1+x —

n=0

n—Zk)
Entry 32. For 0 < x < 1, we have
n /2] I
z(_ )n< —x) (-1) ( n )( 2x>
14+ x 14+ x k_02k+1 n—2k/\1—x

Entry 33. For 0 < x < 1, we have

2k

tan™ X'_

o)

[n/2]
1)" n
tan”lx = Z Zk) (1 — x)2k+1

n=0 k=0

Entry 34. For —1 < x < 1, we have

1< In(1+2x%) 1<
tan~tx = —— Z 27" Lin(—x?) = % - Z 27" Lipy (—x?)
n=1 n=2

where

Xk
Li,(x) = Zk—n Jxl<1n=123 .

Example:



ool Y () =55 n(l) -0 Y i)

Future research

Entry 35.

T+ 1n(3 — 2\/5) _
42 -

1/2

1/2 (
—f lnl 3
|

A

X

1 xg|— X
3| x
I-x 1_.../

7 +1In(3 — 22) _ _f In ((x +x(x + x(x + ...)4/3)4/3)1/3> dx

42

0

Entry 36.
1/2

_ 5/3
7T+ln(3 2\/§)= _J ln<x1/3+x
42 3

0

Entry 37.

n+ln(3 - 2\/5) _

42

where

ol 1
fO) =273 [z 79

1/3

2 [2x2

X3 35 X13/3

154 x17/3

3 81

1/2

- f In(f (x)) dx

0

243

X7

—gx)+

glx) =4 (E> X (9x — \/§\/Z7x2 - 256x6)

3

10

1
4x3 /i + g(x)
4x2

Ja

21/3 32/3

1/3
-1/3 N (9x —/3V27x2 = 256x°) /
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