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I. EFFECTIVE THEORY

e
i
ℏW [j] =

∫
D[ψ]D[ψ̄]D[A]e

i
ℏ ψ̄·[G

−1− e
ℏcA/]·ψ+

i
2ℏA·D−1

0 ·A+ i
ℏ (j−en)·A (1)

where

G−1
0 = i∂/− mc

ℏ
+ iϵ, D−1

0 = □T + ξ□L+ iϵ, (2)

T ab = gab − Lab, Lab =
∂a∂b

□
, (3)

SM [A] =

∫
x

(
−1

4
(∂aAb − ∂bAa)

2 − ξ

2
(∂aAa)

2

)
=

∫
x

(
−1

2
∂aAb(∂aAb − ∂bAa −

ξ

2
(∂aAa)

2

)
=

∫
x

Aa

(
1

2
gab□− 1

2
∂a∂b +

ξ

2
∂a∂b

)
Ab

=
1

2

∫
x

Aa
[
gab□− (1− ξ)∂a∂b

]
Ab

=
1

2
Aa ·D−1ab

0 ·Ab

D−1
0a,b = gab□− (1− ξ)∂a∂b = □(T + ξL)ab (4)

A. One-loop approximation for W [j]

ln[G−1 −A] = logG−1 −
∞∑
n=1

1

n
(G ·A)n. (5)

e
i
ℏW [j] =

∫
D[A]eTr ln[G

−1−A/]+ i
2ℏA·D−1

0 ·A+ i
ℏ (j−en)·A

=

∫
D[A]eTr ln[G

−1+A/]−
∑∞

n=1
1
nTr(G·A)n+ i

2ℏA·D−1
0 ·A+ i

ℏE·(j−en)

=

∫
D[A]eTr lnG

−1−eTr[G·A]− e2

2 Tr[G−1·A·G·A]+O(A3)+ i
2ℏA·D−1

0 ·A+ i
ℏA·(j−en)

=

∫
D[A]eTr lnG

−1+ i
2ℏA·D−1·A+ i

ℏA·(j−j̄)+O(A3)

= N e−
i
2ℏ j·D·j+O(j3) (6)

∗Electronic address: matthewjstephenson@icloud.com



2

j̄µ = nµ − iℏtr[G−1
xx γ

µ] → 0 (7)

G̃µνxy = −iℏtr[GyxγµGxyγν ] (8)

D−1 = D−1
0 − e2G0 (9)

B. Effective action

Generic case:

W [j] = w(1)j +
1

2
jw(2)j = Γ[A] +Aj (10)

where

A =
δW

δj
= w(1) + w(2)j (11)

Inverse Legendre transformation:

δΓ

δA
= −j (12)

Inversion:

Γ[A] = w(1)j +
1

2
jw(2)j − jA

= w(1)w(2)−1(A− w(1)) +
1

2
(A− w(1))w(2)−1w(2)w(2)−1(A− w(1))− (A− w(1))w(2)−1A

= w(1)w(2)−1A− 1

2
Aw(2)−1A (13)

In this case:

Γ[A] =
1

2
A ·D−1 ·A (14)

One-loop gradient expansion expression: |k2| ≪M2 = 15π
α

m2c2

ℏ2 ≈ 5 · 1024[cm−2] (CGS units)

e2G̃xy =

∫
d4k

(2π)4
e−ik(x−y)

(k2)2

M2

[
1 +O(

(
k2

m2

)2

)

]
(15)

Propagator:

Dµν
0xy = TµνD0xy +

1

ξ

Lµν

□− iϵ
(16)

D0xy = −
∫

d4k

(2π)4
e−ik(x−y)

k2 + iϵ
(17)

Retarded Green functions:

Dr
k ≈ − 1

k2 + (k2)2

M2 + e−5.7·109/T [2.2 · 10−4T 3/2 + 3·10−19T 3/4

k2 + 1.4 · 1020 T
|k| · e

− 1.2·10−12
√

T
·(|q|+1.5 k0

|k| )
2

]

≈ − 1

k2 + 2 · 10−25(k2)2 + e−5.7·109/T [2.2 · 10−4T 3/2 + 3·10−19T 3/4

k2 + 1.4 · 1020 T
|k| · e

− 1.2·10−12
√

T
·(|q|+1.5 k0

|k| )
2

]
(18)

where k and k0 are given in cm−1 and sec−1, respectively, T in Kelvin and k0 → k0 + iϵ.
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II. POLYNOMIAL SUPPRESSION

Suppression at high momenta:

Dµν
xy = −

∫
d4k

(2π)4
e−ik(x−y)

k2 + (k2)2

M2 + iϵ

→ −
∫

d4k

(2π)4
e−ik(x−y)

k2 + (k2)2

M2
K2n

P (n)(k2)
+ iϵ

= −
∫

d4k

(2π)4
e−ik(x−y)

(k2 + iϵ)[1 + k2K2n

M2P (n)(k2)
]

= − M2

K2n

∫
d4k

(2π)4
e−ik(x−y)P (n)(k2)

(k2 + iϵ)[ M
2

K2nP (n)(k2) + k2]
(19)

In order not to generate new poles:

M2

K2n
P (n)(k2) + k2 =

n∏
j=1

(k2 −m2
j ) (20)

with m2
j ≥ 0

P (n)(0) = K2n = (−1)n
n∏
j=1

m2
j (21)

Dµν
k = −

∏n
j=1(k

2 −m2
j )− k2

(k2 + iϵ)
∏n
j=1(k

2 −m2
j + iϵ)

(22)

Need - in front of k0 (corrected from +).

Drµν
x = −

∫
d3k

(2π)3
eikx

∫
dk0

2π
e−ik

0ct

[(
gµν − kµkν

k2

) ∏n
j=1(k

2 −m2
j )− k2

k2
∏n
j=1(k

2 −m2
j )

− 1

ξ

kµkν

k2
1

k2

]
|k0→k0+iϵ

(23)

Using SI units we have a four-vector x = (ct,x), hence we have to have k = (k0,k) = (ω/c,k). Let us divide the
Green’s function into three integrals

Dµν
r (x) = Dµν

r,1(x) +Dµν
r,2(x) +Dµν

r,3(x), (24)

where t > 0. We have
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Dµν
r,1 = −

∫
d3k

(2π)3
eikx

∫
dk0

2π
e−ik

0ctgµν
∏n
j=1(k

2 −m2
j )− k2

k2
∏n
j=1(k

2 −m2
j )

∣∣∣∣
k0→k0+iϵ

= −gµν
∫

d3k

(2π)3
eikx

∫
dk0

2π
e−ik

0ct

∏n
j=1

[
(k0 −

√
k2 +m2

j )(k
0 +

√
k2 +m2

j )
]
− (k0 − |k|)(k0 + |k|)

(k0 + iϵ− |k|)(k0 + iϵ+ |k|)
∏n
j=1

[
(k0 + iϵ−

√
k2 +m2

j )(k
0 + iϵ+

√
k2 +m2

j )
]

= −gµνi
∫

d3k

(2π)3
eikx

{
e−i|k|ct

2|k|
− ei|k|ct

2|k|
−

n∑
j=1

e−i
√

k2+m2
jct

2
√

k2 +m2
j

∏j−1
p=1

∏n
q=j+1

[
(m2

j −m2
p)(m

2
j −m2

q)
] +

+

n∑
j=1

ei
√

k2+m2
jct

2
√
k2 +m2

j

∏j−1
p=1

∏n
q=j+1

[
(m2

j −m2
p)(m

2
j −m2

q)
]}

= − gµνi

2(2π)3

∫
d3keikx

{
e−i|k|ct − ei|k|ct

|k|
−

n∑
j=1

1∏j−1
p=1

∏n
q=j+1

[
(m2

j −m2
p)(m

2
j −m2

q)
]e−i√k2+m2

jct − ei
√

k2+m2
jct√

k2 +m2
j

}

= − gµν

2(2π)2r

{∫ ∞

0

d|k|(ei|k|r − e−i|k|r)(e−i|k|ct − ei|k|ct)−

−
n∑
j=1

1∏j−1
p=1

∏n
q=j+1

[
(m2

j −m2
p)(m

2
j −m2

q)
] ∫ ∞

0

d|k||k|(ei|k|r − e−i|k|r)

e−i√k2+m2
jct − ei

√
k2+m2

jct√
k2 +m2

j

}

= −δ(ct− r)

4πr
gµν +

gµν

8πr

n∑
j=1

1∏j−1
p=1

∏n
q=j+1

[
(m2

j −m2
p)(m

2
j −m2

q)
] ∫ ∞

−∞

d|k|
2π

|k|(ei|k|r − e−i|k|r)

[
e−i

√
k2+m2

jct − ei
√

k2+m2
jct√

k2 +m2
j

]
(25)

Dµν
r,2 =

∫
d3k

(2π)3
eikx

∫
dk0

2π
e−ik

0ct 1

ξ

kµkν

k4

∣∣∣∣
k0→k0+iϵ

D00
r,2 =

1

ξ

∫
d3k

(2π)3
eikx

∫
dk0

2π
e−ik

0ct (k0)2

(k0 + iϵ− |k|)2(k0 + iϵ+ |k|)2

=
i

ξ

∫
d3k

(2π)3
eikx

[
e−i|k|ct − ei|k|ct

4|k|
− ict

4

(
e−i|k|ct + ei|k|ct

)]
= −δ(ct− r)

8πrξ
− ict

4(2π)2rξ

∫ ∞

0

dkk(eikr − e−ikr)(e−ikct + eikct)

= −δ(ct− r)

8πrξ
− ict

8(2π)2rξ

∫ ∞

−∞
dkk(eikr − e−ikr)(e−ikct + eikct) (26)

D0i
r,2 =

1

ξ

∫
d3k

(2π)3
eikxki

∫
dk0

2π
e−ik

0ct k0

(k0 + iϵ− |k|)2(k0 + iϵ+ |k|)2

=
ct

4ξ

∫
d3k

(2π)3
eikxki

e−i|k|ct − ei|k|ct

|k|
(27)
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D01
r,2 =

ct

4ξ(2π)3

∫
d|k||k|2dϕdθei|k|r cos θ sin2 θ cosϕ(e−i|k|ct − ei|k|ct) = 0

D02
r,2 =

ct

4ξ(2π)3

∫
d|k||k|2dϕdθei|k|r cos θ sin2 θ sinϕ(e−i|k|ct − ei|k|ct) = 0

D03
r,2 =

ct

4ξ(2π)3

∫
d|k||k|2dϕdθei|k|r cos θ sin θ cos θ(e−i|k|ct − ei|k|ct) =

=
ct

4ξ(2π)2r2

∫ ∞

0

d|k|(ei|k|r − e−i|k|r)(e−i|k|ct − ei|k|ct)

− ict

4ξ(2π)2r

∫ ∞

0

d|k||k|(ei|k|r + e−i|k|r)(e−i|k|ct − ei|k|ct)

=
ctδ(ct− r)

8πr2ξ
− ict

8(2π)2rξ

∫ ∞

−∞
d|k||k|(ei|k|r + e−i|k|r)(e−i|k|ct − ei|k|ct) (28)

Dij
r,2 =

1

ξ

∫
d3k

(2π)3
eikxkikj

∫
dk0

2π
e−ik

0ct 1

(k0 + iϵ− |k|)2(k0 + iϵ+ |k|)2

=
i

4ξ

∫
d3k

(2π)3
eikxkikj

(ei|k|ct − e−i|k|ct)

|k|3
+
ct

4ξ

∫
d3k

(2π)3
eikxkikj

(ei|k|ct + e−i|k|ct)

|k|2
(29)

Because of the ϕ dependence of kikj we know that D12
r,2 = D13

r,2 = D23
r,2 = 0.

D11
r,2 =

i

4ξ

∫
d3k

(2π)3
eikxk1k1

(ei|k|ct − e−i|k|ct)

|k|3
+
ct

4ξ

∫
d3k

(2π)3
eikxk1k1

(ei|k|ct + e−i|k|ct)

|k|2
=

=
i

4ξ(2π)3

∫
d|k||k|dϕdθei|k|r cos θ sin3 θ cos2 ϕ(ei|k|ct − e−i|k|ct)

+
ct

4ξ(2π)3

∫
d|k||k|2dϕdθei|k|r cos θ sin3 θ cos2 ϕ(ei|k|ct + e−i|k|ct) =

=
1

4ξ(2π)2r3

∫ ∞

0

d|k| (e
i|k|r − e−i|k|r)

|k|2
(ei|k|ct

−e−i|k|ct)− i

4ξ(2π)2r2

∫ ∞

0

d|k| (e
i|k|r + e−i|k|r)

|k|
(ei|k|ct − e−i|k|ct)

− ict

4ξ(2π)2r3

∫ ∞

0

d|k| (e
i|k|r − e−i|k|r)

|k|
(ei|k|ct + e−i|k|ct)

− ct

4ξ(2π)2r2

∫ ∞

0

d|k|(ei|k|r + e−i|k|r)(ei|k|ct + e−i|k|ct) =

(30)
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D22
r,2 =

i

4ξ

∫
d3k

(2π)3
eikxk2k2

(ei|k|ct − e−i|k|ct)

|k|3
+
ct

4ξ

∫
d3k

(2π)3
eikxk2k2

(ei|k|ct + e−i|k|ct)

|k|2
=

=
i

4ξ(2π)3

∫
d|k||k|dϕdθei|k|r cos θ sin3 θ sin2 ϕ(ei|k|ct − e−i|k|ct)

+
ct

4ξ(2π)3

∫
d|k||k|2dϕdθei|k|r cos θ sin3 θ sin2 ϕ(ei|k|ct + e−i|k|ct) =

=
1

4ξ(2π)2r3

∫ ∞

0

d|k| (e
i|k|r − e−i|k|r)

|k|2
(ei|k|ct

−e−i|k|ct)− i

4ξ(2π)2r2

∫ ∞

0

d|k| (e
i|k|r + e−i|k|r)

|k|
(ei|k|ct − e−i|k|ct)

− ict

4ξ(2π)2r3

∫ ∞

0

d|k| (e
i|k|r − e−i|k|r)

|k|
(ei|k|ct + e−i|k|ct)

− ct

4ξ(2π)2r2

∫ ∞

0

d|k|(ei|k|r + e−i|k|r)(ei|k|ct + e−i|k|ct) =

(31)

D33
r,2 =

i

4ξ

∫
d3k

(2π)3
eikxk3k3

(ei|k|ct − e−i|k|ct)

|k|3
+
ct

4ξ

∫
d3k

(2π)3
eikxk3k3

(ei|k|ct + e−i|k|ct)

|k|2
=

=
i

4ξ(2π)3

∫
d|k||k|dϕdθei|k|r cos θ sin θ cos2 θ(ei|k|ct − e−i|k|ct)

+
ct

4ξ(2π)3

∫
d|k||k|2dϕdθei|k|r cos θ sin θ cos2 θ(ei|k|ct + e−i|k|ct) =

=

(32)

It will be useful to evaluate the derivative of the following product:

∂k0
n∏
j=1

[
(k0 −

√
k2 +m2

j )(k
0 +

√
k2 +m2

j )
]∣∣∣∣
k0→|k|

=

= ∂k0
n∏
j=1

((k0)2 − k2 −m2
j )

∣∣∣∣
k0→|k|

=

= 2|k|(−1)n−1[m2
2m

2
3m

2
4...+m2

1m
2
3m

2
4...+m2

1m
2
2m

2
4...+ ...] =

= 2|k|(−1)n−1
n∑
j=1

j−1∏
p=1

n∏
q=j+1

m2
pm

2
q (33)

Dµν
r,3 =

∫
d3k

(2π)3
eikx

∫
dk0

2π
e−ik

0ct k
µkν

k2

∏n
j=1(k

2 −m2
j )− k2

k2
∏n
j=1(k

2 −m2
j )

∣∣∣∣
k0→k0+iϵ

(34)
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D00
r,3 =

∫
d3k

(2π)3
eikx

∫
dk0

2π
e−ik

0ct
k0k0

(∏n
j=1(k

2 −m2
j )− k2

)
k4
∏n
j=1(k

2 −m2
j )

∣∣∣∣
k0→k0+iϵ

= i

∫
d3k

(2π)3
eikx

∫
dk0

2π
e−ik

0ct
(k0)2

[∏n
j=1(k

0 −
√
k2 +m2

j )(k
0 +

√
k2 +m2

j )− (k0 − |k|)(k0 + |k|)
]

(k0 + iϵ− |k|)2(k0 + iϵ+ |k|)2
∏n
j=1

[
(k0 + iϵ−

√
k2 +m2

j )(k
0 + iϵ+

√
k2 +m2

j )
]

= i

∫
d3k

(2π)3
eikx

{
|k|

2(−1)n
∏n
j=1m

2
j

[ei|k|ct − e−i|k|ct]− 1

4|k|
[ei|k|ct − e−i|k|ct]− ict

4
[ei|k|ct + e−i|k|ct]

−
n∑
j=1

(k2 +m2
j )e

−i
√

k2+m2
jct

2m2
j

√
k2 +m2

j

∏j−1
p=1

∏n
q=j+1

[
(m2

j −m2
p)(m

2
j −m2

q)
]

+

n∑
j=1

(k2 +m2
j )e

i
√

k2+m2
jct

2m2
j

√
k2 +m2

j

∏j−1
p=1

∏n
q=j+1

[
(m2

j −m2
p)(m

2
j −m2

q)
]} (35)

Dij
r,3 =

∫
d3k

(2π)3
eikx

∫
dk0

2π
e−ik

0ct
kikj

(∏n
j=1(k

2 −m2
j )− k2

)
k4
∏n
j=1(k

2 −m2
j )

∣∣∣∣
k0→k0+iϵ

=i

∫
d3k

(2π)3
eikxkikj

∫
dk0

2π
e−ik

0ct

[∏n
j=1(k

0 −
√
k2 +m2

j )(k
0 +

√
k2 +m2

j )− (k0 − |k|)(k0 + |k|)
]

(k0 + iϵ− |k|)2(k0 + iϵ+ |k|)2
∏n
j=1

[
(k0 + iϵ−

√
k2 +m2

j )(k
0 + iϵ+

√
k2 +m2

j )
]

= i

∫
d3k

(2π)3
eikxkikj

{
1

2|k|(−1)n
∏n
j=1m

2
j

[ei|k|ct − e−i|k|ct] +
1

4|k|3
[ei|k|ct − e−i|k|ct]− ict

4|k|2
[ei|k|ct + e−i|k|ct]−

−
n∑
j=1

e−i
√

k2+m2
jct

2m2
j

√
k2 +m2

j

∏j−1
p=1

∏n
q=j+1

[
(m2

j −m2
p)(m

2
j −m2

q)
]

+

n∑
j=1

ei
√

k2+m2
jct

2m2
j

√
k2 +m2

j

∏j−1
p=1

∏n
q=j+1

[
(m2

j −m2
p)(m

2
j −m2

q)
]} (36)
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D11
r,3 = i

∫
d|k|dθdϕ
(2π)3

ei|k|r cos θ sin3 θ cos2 ϕ{
|k|3

2(−1)n
∏n
j=1m

2
j

[ei|k|ct − e−i|k|ct] +
|k|
4
[ei|k|ct − e−i|k|ct]− ict|k|2

4
[ei|k|ct + e−i|k|ct]−

−
n∑
j=1

|k|4e−i
√

k2+m2
jct

2m2
j

√
k2 +m2

j

∏j−1
p=1

∏n
q=j+1

[
(m2

j −m2
p)(m

2
j −m2

q)
] +

+

n∑
j=1

|k|4ei
√

k2+m2
jct

2m2
j

√
k2 +m2

j

∏j−1
p=1

∏n
q=j+1

[
(m2

j −m2
p)(m

2
j −m2

q)
]} =

=
i

2π2r3

∫ ∞

0

d|k|[sin(|k|r)− |k|r cos(|k|r)]{
1

2(−1)n
∏n
j=1m

2
j

[ei|k|ct − e−i|k|ct] +
1

4|k|2
[ei|k|ct − e−i|k|ct]− ict

4|k|
[ei|k|ct + e−i|k|ct]−

−
n∑
j=1

|k|e−i
√

k2+m2
jct

2m2
j

√
k2 +m2

j

∏j−1
p=1

∏n
q=j+1

[
(m2

j −m2
p)(m

2
j −m2

q)
] +

+

n∑
j=1

|k|ei
√

k2+m2
jct

2m2
j

√
k2 +m2

j

∏j−1
p=1

∏n
q=j+1

[
(m2

j −m2
p)(m

2
j −m2

q)
]} =

(37)

D22
r,3 =

i

2π2r3

∫ ∞

0

d|k|[sin(|k|r)− |k|r cos(|k|r)]{
1

2(−1)n
∏n
j=1m

2
j

[ei|k|ct − e−i|k|ct] +
1

4|k|2
[ei|k|ct − e−i|k|ct]− ict

4|k|
[ei|k|ct + e−i|k|ct]−

−
n∑
j=1

|k|e−i
√

k2+m2
jct

2m2
j

√
k2 +m2

j

∏j−1
p=1

∏n
q=j+1

[
(m2

j −m2
p)(m

2
j −m2

q)
] +

+

n∑
j=1

|k|ei
√

k2+m2
jct

2m2
j

√
k2 +m2

j

∏j−1
p=1

∏n
q=j+1

[
(m2

j −m2
p)(m

2
j −m2

q)
]} =

(38)
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Complete propagator:

D00
r = i

∫
d3k

(2π)3
eikx

{
− e−i|k|ct

2|k|
+
ei|k|ct

2|k|
+

n∑
j=1

e−i
√

k2+m2
jct

2
√
k2 +m2

j

∏j−1
p=1

∏n
q=j+1

[
(m2

j −m2
p)(m

2
j −m2

q)
] −

−
n∑
j=1

ei
√

k2+m2
jct

2
√
k2 +m2

j

∏j−1
p=1

∏n
q=j+1

[
(m2

j −m2
p)(m

2
j −m2

q)
] −

+
e−i|k|ct − ei|k|ct

4|k|ξ
− ict

4ξ

(
e−i|k|ct + ei|k|ct

)
+

+
|k|

2(−1)n
∏n
j=1m

2
j

[ei|k|ct − e−i|k|ct]− 1

4|k|
[ei|k|ct − e−i|k|ct]− ict

4
[ei|k|ct + e−i|k|ct]−

−
n∑
j=1

(k2 +m2
j )e

−i
√

k2+m2
jct

2m2
j

√
k2 +m2

j

∏j−1
p=1

∏n
q=j+1

[
(m2

j −m2
p)(m

2
j −m2

q)
] +

+

n∑
j=1

(k2 +m2
j )e

i
√

k2+m2
jct

2m2
j

√
k2 +m2

j

∏j−1
p=1

∏n
q=j+1

[
(m2

j −m2
p)(m

2
j −m2

q)
]}

= i

∫
d3k

(2π)3
eikx

{
ei|k|ct − e−i|k|ct

4|k|
(1− 1

ξ
)− ict

4
[ei|k|ct + e−i|k|ct](1− 1

ξ
) +

|k|
2(−1)n

∏n
j=1m

2
j

[ei|k|ct − e−i|k|ct]

+

n∑
j=1

(k2 +m2
j )
[
ei
√

k2+m2
jct − ei

√
k2+m2

jct
]

2m2
j

√
k2 +m2

j

∏j−1
p=1

∏n
q=j+1

[
(m2

j −m2
p)(m

2
j −m2

q)
]
(
1−

m2
j

k2 +m2
j

)}

= i

∫
d3k

(2π)3
eikx

{
ei|k|ct − e−i|k|ct

4|k|
(1− 1

ξ
)− ict

4
[ei|k|ct + e−i|k|ct](1− 1

ξ
) +

|k|
2(−1)n

∏n
j=1m

2
j

[ei|k|ct − e−i|k|ct]

+

n∑
j=1

k2
[
ei
√

k2+m2
jct − ei

√
k2+m2

jct
]

2m2
j

√
k2 +m2

j

∏j−1
p=1

∏n
q=j+1

[
(m2

j −m2
p)(m

2
j −m2

q)
]}

= −δ(ct− r)

8πr
(1− 1

ξ
)− i

∫
d3k

(2π)3
eikx

{
ict

4
[ei|k|ct + e−i|k|ct](1− 1

ξ
)− |k|

2(−1)n
∏n
j=1m

2
j

[ei|k|ct − e−i|k|ct]

−
n∑
j=1

k2
[
ei
√

k2+m2
jct − ei

√
k2+m2

jct
]

2m2
j

√
k2 +m2

j

∏j−1
p=1

∏n
q=j+1

[
(m2

j −m2
p)(m

2
j −m2

q)
]}

(39)

III. GAUSSIAN SUPPRESSION

Try suppressing the contribution that comes to the propagator from gradient expansion with a gaussian. Gradient
expansion is valid only for small |k| which means that our expression only gives correction to the propagation near
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the lightcone.

Dµν
xy = −

∫
d4k

(2π)4
e−ik(x−y)

k2 + (k2)2

M2 + iϵ

→ −
∫

d4k

(2π)4
e−ik(x−y)

k2 + (k2)2

M2 e−Ck
2

= −
∫

d4k

(2π)4
e−ik(x−y)

k2[1 + k2e−Ck2

M2 ]

= −M2

∫
d4k

(2π)4
e−ik(x−y)eCk

2

k2[M2eCk2 + k2]
(40)

Taylor expanding M2eCk2

k2[M2eCk2+k2]
to O(k6) and ignoring higher power contributions we get:

Dµν
xy = −

∫
d4k

(2π)4
e−ik(x−y)

[
1

k2
− 1

M2
+

(
1

M4
+

C

M2

)
k2 −

(
1

M6
+

2C

M4
+

C2

2M2

)
k4

+

(
1

M8
+

3C

M6
+

2C2

M4
+

C3

6M2

)
k6 + ...

]
(41)

For small k C will have to be large in order to suppress the k4 term so that the gaussian decays fast. Further
reducing small terms gives: (note: not sure about definition of Fourier transform - or + sign... maybe metric is -+++
not +—)

Dµν
xy = −

∫
d4k

(2π)4
e−ik(x−y)

[
1

k2
− 1

M2
+

C

M2
k2 − C2

2M2
k4 +

C3

6M2
k6 + ...

]
(42)

Now evaluate

Drµν
x 1 = −gµν

∫
d3k

(2π)3
eikx

∫
dk0

2π
e−ik

0ct

[
1

k2
− 1

M2
+

C

M2
k2 − C2

2M2
k4 +

C3

6M2
k6 + ...

]∣∣∣∣
|k0→k0+iϵ

= −(or+)
δ(ct− r)

4πr
gµν +

δ4(x)

M2
gµν − gµνC

M2

∫
d4k

(2π)4
e−(or+)ikαx

α

[
k2 − C

2
k4 +

C2

6
k6 + ...

]
(43)

IV. NO SUPPRESSION

This time do not use function to suppress k, just assume that it is small.

Dµν
xy = −gµν

∫
d4k

(2π)4
e−ikx

k2 + (k2)2

M2

∣∣∣∣
k0→k0+iϵ

(44)

Then this gives

Drµν
x 1 = −gµν

∫
d3k

(2π)3
eikx

∫
dk0

2π
e−ik

0ct M2

k2(M2 + k2)

∣∣∣∣
k0→k0+iϵ

= −gµν
∫

d3k

(2π)3
eikx

∫
dk0

2π
e−ik

0ct M2

(k0 − |k|)(k0 + |k|)((k0)2 − |k|2 +M2)

∣∣∣∣
k0→k0+iϵ

= −gµνM2

∫
d3k

(2π)3
eikx

∫
dk0

2π
e−ik

0ct

1

(k0 + iϵ− |k|)(k0 + iϵ+ |k|)(k0 + iϵ−
√
|k|2 −M2)(k0 + iϵ+

√
|k|2 −M2)

(45)
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We have a restriction that |k2| << M2 → |(k0)2 − |k|2| << M2. So the sizes of temporal and spatial components of
k must be of similar sizes. This means that we have two cases.

I) |k|2 −M2 > 0
II) |k|2 −M2 < 0
Case I) for (t > 0):

Drµν
x 1 = −gµνi

∫
d3k

(2π)3
eikx

[
e−i|k|ct

2|k|
− ei|k|ct

2|k|
+
ei

√
k2−M2ct

2
√
k2 −M2

− e−i
√
k2−M2ct

2
√
k2 −M2

]
= −gµν δ(ct− r)

4πr
+
gµν

8πr

∫ ∞

−∞

d|k|
2π

|k|(ei|k|r − e−i|k|r)

[
e−i

√
k2−M2ct − ei

√
k2−M2ct

√
k2 −M2

]
(46)

Derivation of zitterbewegung as an effect of vacuum polarization.
Case II) for (t > 0):

Drµν
x 1 = −gµνM2

∫
d3k

(2π)3
eikx

∫
dk0

2π
e−ik

0ct 1

(k0 + iϵ− |k|)(k0 + iϵ+ |k|)(k0 + i
√
M2 − |k|2)(k0 − i

√
M2 − |k|2)

= −gµνi
∫

d3k

(2π)3
eikx

[
e−i|k|ct

2|k|
− ei|k|ct

2|k|
+

e−
√
M2−|k|2ct

2i
√
M2 − |k|2

]

= −gµν δ(ct− r)

4πr
− gµν

∫
d3k

(2π)3
eikx

e−
√
M2−|k|2ct

2
√
M2 − |k|2

= −gµν δ(ct− r)

4πr
− gµν

i

4π2r

∫ ∞

0

d|k||k|(e−i|k|r − ei|k|r)
e−

√
M2−|k|2ct

2
√
M2 − |k|2

= −gµν δ(ct− r)

4πr
+ gµν

i

8πr

∫ ∞

−∞

d|k|
2π

|k|(ei|k|r − e−i|k|r)
e−

√
M2−|k|2ct√

M2 − |k|2

(47)

Case III)

Drµν
x 1 = −gµνM2

∫
d3k

(2π)3
eikx

∫
dk0

2π
e−ik

0ct 1

(k0 + iϵ− |k|)(k0 + iϵ+ |k|)(k0 + iϵ)2

= −gµνM2i

∫
d3k

(2π)3
eikx

[
e−i|k|ct

2|k|3
− ei|k|ct

2|k|3
+

ict

|k|2

]
= gµν

M2

8π2r

∫ ∞

0

dk(e−ikr − eikr)

[
e−i|kct

k2
− eikct

k2
+

2ict

k

]
= −gµνi

∫
d3k

(2π)3
eikx

[
e−i|k|ct

2|k|3
− ei|k|ct

2|k|3
+

ict

|k|2

]
(48)

V. USEFUL

∫
d3k

(2π)3
eikx =

1

(2π)3

∫
eikr cos θk2dkd(cos θ)dϕ =

i

4π2r

∫ ∞

0

dkk(e−ikr − eikr) (49)

(n/2)!

n!
= (

1

2
)n/2

n!!

n!
= (

1

2
)n/2

1

(n− 1)!!
for even n (50)
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VI. HEAVYSIDE FUNCTION

First a little lemma:
Let us consider

Fx =

∫
d3k

(2π)3
eikx

∫
dk0

2π
e−ik

0ct fk∏
j(k

0 − ωj,k)
(51)

and

Gx = Θ(t)Fx (52)

where fk is analytic. Then

Gx =

∫
dω

2πi

eiωct

ω − iϵ

∫
d3k

(2π)3
eikx

∫
dk0

2π
e−ik

0ct fk∏
j(k

0 − ωj,k)
(53)

and

Gq =

∫
d4xeiqxGx

=

∫
d4x

∫
dω

2πi

1

ω − iϵ

∫
d3k

(2π)3
eix(k−q)

∫
dk0

2π
eict(ω−k

0+q0) fk∏
j(k

0 − ωj,k)

=

∫
dω

2πi

fω+q0q
(ω − iϵ)

∏
j(ω + q0 − ωj,q)

(54)

We close the contour upward,

Gq = Fq +
∑′

Res
fω+q0q

(ω − iϵ)
∏
j(ω + q0 − ωj,q)

= Fq +
∑′

k

fωk,q,q

(ωk,q − q0 − iϵ)
∏
j ̸=k(ωk,q − ωj,q)

= Fq −
∑′

k

fωk,q,q

(q0 − ωk,q + iϵ)
∏
j ̸=k(ωk,q − ωj,q)

(55)

where
∑′

denotes the summation over poles with ℑ(ωj,q) > 0 and find

Gx =

∫
d3k

(2π)3
eikx

∫
dk0

2π
e−ik

0ct

[
Fq −

∑′

k

fωk,q,q

(q0 − ωk,q)
∏
j ̸=k(ωk,q − ωj,q)

]
(56)

The residuu of the function

Gq =
fq∏

j(q
0 − ωj,q)

−
∑′

k

fωk,q,q

(q0 − ωk,q)
∏
j ̸=k(ωk,q − ωj,q)

(57)

is obtained from those of

Fq =
fq∏

j(q
0 − ωj,q)

(58)

by omitting the poles on the upper half plane. Thue the multiplication by the Heavyside funtion is equivalent by the
removal of the residuu of the ”wrong” poles.
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The removal of the ”wrong” pole contribution cancels the contribution in Dt,x for t < 0, |ct| ≪ |x|,

Dx → −Θ(t)

∫
d4k

(2π)4
e−ikx

k2 + (k2)2

M2

∣∣∣∣
k0→k0+iϵ

= −Θ(t)

∫
d3k

(2π)3
eikx

∫
dk0

2π
e−ik

0ct M2

k2(M2 + k2)

∣∣∣∣
k0→k0+iϵ

= −Θ(t)

∫
d3k

(2π)3
eikx

∫
dk0

2π
e−ik

0ct M2

(k0 − |k|)(k0 + |k|)((k0)2 − |k|2 +M2)

∣∣∣∣
k0→k0+iϵ

= −Θ(t)M2

∫
d3k

(2π)3
eikx

∫
dk0

2π
e−ik

0ct

1

(k0 + iϵ− |k|)(k0 + iϵ+ |k|)(k0 + iϵ−
√

|k|2 −M2)(k0 + iϵ+
√
|k|2 −M2)

(59)

Dx = −Θ(t)i

∫
|k|>M

d3k

(2π)3
eikx

[
e−i|k|ct

2|k|
− ei|k|ct

2|k|
+
ei

√
k2−M2ct

2
√
k2 −M2

− e−i
√
k2−M2ct

2
√
k2 −M2

]

−iΘ(t)

∫
|k|<M

d3k

(2π)3
eikx

[
e−i|k|ct

2|k|
− ei|k|ct

2|k|
+

e−
√
M2−|k|2ct

2i
√
M2 − |k|2

]

= −Θ(t)
δ(ct− r)

4πr
−Θ(t)i

∫
|k|>M

d3k

(2π)3
eikx

ei
√
k2−M2ct − e−i

√
k2−M2ct

2
√
k2 −M2

−iΘ(t)

∫
k<M

d3k

(2π)3
eikx

e−
√
M2−|k|2ct

2i
√
M2 − |k|2

= −Θ(t)
δ(ct− r)

4πr
+

Θ(t)

8πr

∫
|k|>M

d|k|
2π

|k|(ei|k|r − e−i|k|r)
e−i

√
k2−M2ct − ei

√
k2−M2ct

√
k2 −M2

+
Θ(t)i

8πr

∫ M

−M

d|k|
2π

|k|(ei|k|r − e−i|k|r)
e−

√
M2−|k|2ct√

M2 − |k|2
(60)

Lorentz invariance: Dt,r = D(c2t2 − r2),

Dx = lim
r→0

[
Θ(t)

8πr

∫
|k|>M

d|k|
2π

|k|(ei|k|r − e−i|k|r)
e−i

√
k2−M2ct − ei

√
k2−M2ct

√
k2 −M2

+
Θ(t)i

8πr

∫ M

−M

d|k|
2π

|k|(ei|k|r − e−i|k|r)
e−

√
M2−k2ct

√
M2 − k2

]
= i

Θ(t)

4π

∫
|k|>M

d|k|
2π

k2 e
−i
√

(k2−M2)x2 − ei
√

(k2−M2)x2

√
k2 −M2

+ i
Θ(t)

4π

∫ M

−M

d|k|
2π

k2 e
−
√

(M2−k2)x2

√
M2 − k2

(61)

for x2 > 0 and

Dx =
Θ(t)

8π
√
−x2

∫ M

−M

d|k|
2π

|k|e
i|k|

√
−x2 − e−i|k|

√
−x2

√
M2 − k2

(62)

for t→ 0 and x2 < 0, ie.

Dx = i
Θ(x2)Θ(t)

4πx2

∫
z>M

√
x2

dz

2π
z2
e−i

√
z2−M2x2 − ei

√
z2−M2x2

√
z2 −M2x2

+ i
Θ(x2)Θ(t)

4πx2

∫ M
√
x2

−M
√
x2

dz

2π
z2
e−

√
M2x2−z2

√
M2x2 − z2

+
Θ(−x2)Θ(t)

8π|x2|

∫ M
√

|x2|

−M
√

|x2|

dz

2π
z

eiz − e−iz√
M2|x2| − z2

(63)
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This self energy contribution is a regular function (and not distribution) because it is finite for x2 = 0.

I(u) =

∫
z>M

√
x2

dzz2eiu
√
z2−M2x2

J(u) =

∫ M
√
x2

−M
√
x2

dzz2e−u
√
M2x2−z2

K(u) =

∫ M
√

|x2|

−M
√

|x2|
dz

eiuz√
M2|x2| − z2

(64)

r ≫ 1/M :

Dx = −Θ(t)
δ(ct− r)

4πr
+

Θ(t)i

8πr

∫ M

−M

d|k|
2π

|k|(ei|k|r − e−i|k|r)
e−

√
M2−|k|2ct√

M2 − |k|2

= −Θ(t)
δ(ct− r)

4πr
+

Θ(t)

8πr
∂r

∫ M

−M

d|k|
2π

ei|k|r−
√
M2−|k|2ct√

M2 − |k|2
+ (r ↔ −r)

= −Θ(t)
δ(ct− r)

4πr
+Θ(t)D′

x (65)

∂ctD
′
x = − 1

16π2r
∂r

∫ M

−M
dkeikr−

√
M2−k2ct + (r ↔ −r)

= − M

16π2r
∂r

∫ 1

−1

dzeM(izr−
√
1−z2ct) + (r ↔ −r) (66)

R =Mr, T = ctM ,

∂TD
′
R,T = − M2

16π2R
∂R

∫ 1

−1

dzeizR−
√
1−z2T + (R↔ −R)

= − M2

8π2R
∂R

∫ 1

−1

dz cos(zR)e−
√
1−z2T

(67)

Notice that the integral Q ≡
∫ 1

−1
dz cos(zR)e−

√
1−z2T can be rewritten as a partial differential equation ∂2

∂T 2Q +
∂2

∂R2Q = Q → ∇2Q = Q. But since we cannot be sure that Q is separable in R and T, the solution and boundary

conditions might not be trivial. Another way to do this is to use power series expansion and expand e−
√
1−z2T .

∫ 1

−1

dz cos(zR)e−
√
1−z2T =

∞∑
n=0

(−1)n

n!
Tn
∫ 1

−1

cos(zR)(1− z2)n/2dz =

=

∞∑
n=0

(−1)n
√
π

n!
TnΓ

(
1 +

n

2

)
Hypergeometric01FRegularized[

3 + n

2
,−R

2

4
] =

=

∞∑
n=0

(−1)n
√
π

n!
TnΓ

(n
2
+ 1
)[ ∞∑

k=0

(
−1

4

)k
R2k

k!Γ
(
3+n
2 + k

)] =

=

∞∑
n=0

(−1)n
√
π

n!
TnΓ

(n
2
+ 1
)
2

1+n
2 R− 1+n

2 J 1+n
2
(R) (68)

where Jα is the ”Bessel function of the first kind”.
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∫ 1

−1

dz cos(zR)e−
√
1−z2T =

∞∑
n=0

(−1)n
√
π

n!
TnΓ

(n
2
+ 1
)
2

1+n
2 R− 1+n

2 J 1+n
2
(R) =

=

∞∑
n even≥0

√
π(n/2)!

n!
Tn2

1+n
2 R− 1+n

2 J 1+n
2
(R)−

−
∞∑

n odd≥1

π

(n− 1)!!
TnR− 1+n

2 J 1+n
2
(R) =

=

∞∑
n even≥0

√
π(n/2)!

n!
Tn2

1+n
2 R− 1+n

2 J 1+n
2
(R)−

−
∞∑

n odd≥1

π

(n− 1)!!
TnR− 1+n

2 J 1+n
2
(R) = (69)

∫ 1

−1

dz cos(zR)e−
√
1−z2T =

∞∑
n even≥0

√
2π

(n− 1)!!
TnR− 1+n

2 J 1+n
2
(R)−

−
∞∑

n odd≥1

π

(n− 1)!!
TnR− 1+n

2 J 1+n
2
(R) =

=

∞∑
n=0

(−1)nπ̄2(n)

(n− 1)!!
TnR− 1+n

2 J 1+n
2
(R)

(70)

where we have defined a function π̄2(j) that equals to
√
2π if j is even; and π if j is odd. Also see its gamma function

representation.

π̄2(j) ≡
{ √

2π if j = 0, 2, 4, ..., 2k
π if j = 1, 3, ..., 2k + 1

π̄2(j) =

√
πΓ(n2 + 1)2

n+1
2 (n− 1)!!

n!
(71)

Now the propagator is

∂TD
′
R,T = − M2

8π2R
∂R

∫ 1

−1

dz cos(zR)e−
√
1−z2T =

= − M2

8π2R

∂

∂R

[ ∞∑
n=0

(−1)nπ̄2(n)

(n− 1)!!
TnR− 1+n

2 J 1+n
2
(R)

]
=

=
M2

8π2

∞∑
n=0

(−1)nπ̄2(n)

(n− 1)!!
TnR−n+3

2 Jn+3
2
(R) =

(72)

D′
R,T =

M2

8π2

∞∑
n=0

(−1)nπ̄2(n)

(n+ 1)!!
Tn+1R−n+3

2 Jn+3
2
(R) + f(R) (73)

To find the function f(R) which is a consequence of T integration consider the propagator D′
R,T at T = t = 0. We

have

D′
x =

1

8πr
∂r

[∫ M

−M

d|k|
2π

ei|k|r−
√
M2−|k|2ct√

M2 − |k|2
+ (r ↔ −r)

]

=
1

16π2r
∂r

[∫ M

−M
dk

eikr√
M2 − k2

+ (r ↔ −r)

]
(74)
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D′
R,T (T = 0) =

M2

8π2R
∂R

[∫ 1

−1

dz
cos(Rz)√
1− z2

]
=

M2

8πR

∂

∂R
J0(R)

= − M2

8πR
J1(R)

(75)

Hence we see that

f(R) = − M2

8πR
J1(R) (76)

Therefore

D′
R,T = − M2

8πR
J1(R) +

M2

8π2

∞∑
n=0

(−1)nπ̄2(n)

(n+ 1)!!
Tn+1R−n+3

2 Jn+3
2
(R) =⇒

D′
x = − M

8πr
J1(Mr) +

1

8π2

∞∑
n=0

(−1)nπ̄2(n)

(n+ 1)!!
M

n+3
2 (ct)n+1r−

n+3
2 Jn+3

2
(Mr) =

=
1

8π2

∞∑
n=−1

(−1)nπ̄2(n)

(n+ 1)!!
M

n+3
2 (ct)n+1r−

n+3
2 Jn+3

2
(Mr) =

=
1

8π2

∞∑
n=0

(−1)n+1π̄2(n+ 1)

n!!
M

n+1
2 (ct)nr−

n+1
2 Jn+1

2
(Mr)

(77)

For this alternating series to be convergent the absolute value of series terms should be monotone decreasing.
Figuring out the exact convergence conditions for ct seems hard. For r it is easy to see that each next term in the
series is smaller and smaller. However, since we used the approximation of small k in the gradient expansion, our
wave travels near the light-cone. Therefore ct cannot be much greater than r, and since Mr is much greater than 1,
it damps terms, and so does the pure r−(n+3)/2 dependence. We can suspect that series converges for ct and r that
we will use. Therefore each next term gives smaller correction to radiation.

Numerical trial and error seems to imply quite convincingly that the series is convergent (monotone decreasing).
The full retarded propagator is

Dr(x) = −Θ(t)
δ(ct− r)

4πr
+Θ(t)

1

8π2

∞∑
n=0

(−1)n+1π̄2(n+ 1)

n!!
M

n+1
2 (ct)nr−

n+1
2 Jn+1

2
(Mr) (78)

Now we can calculate the Lienard-Wiechert potential Aµ(x). Since we seem to have lost the covariance of the
propagator we can calculate the potential separately in its scalar and 3-vector potential Aµ = (ϕ,A).

ϕ = ϕ0 + ϕ′ (79)

ϕ′ = Θ(t)
e

8π2

∞∑
n=0

(−1)n+1π̄2(n+ 1)

n!!
M

n+1
2 cn

∫
dt′
∫
d3r′δ(r′ − r0(t

′))(t− t′)n(r − r′)−
n+1
2 Jn+1

2
(M(r − r′))

= Θ(t)
e

8π2

∞∑
n=0

(−1)n+1π̄2(n+ 1)

n!!
M

n+1
2 cn

∫
dt′(t− t′)n(r − r0(t

′))−
n+1
2 Jn+1

2
(M(r − r0(t

′)))

(80)

Integrate the above integral by parts.
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=

∫
dt′(t− t′)n(r − r0(t

′))−
n+1
2 Jn+1

2
(M(r − r0(t

′)))

= −
(t− t′)n+1Jn+1

2
(M(r − r0(t

′)))

(n+ 1)(r − r0(t′))
n+1
2

−M

∫
(t− t′)n+1

(n+ 1)

Jn+3
2
(M(r − r0(t

′)))

(r − r0(t′))
n+1
2

dr0(t
′)

dt′
dt′

= −
(t− t′)n+1Jn+1

2
(M(r − r0(t

′)))

(n+ 1)(r − r0(t′))
n+1
2

+
M(t− t′)n+2Jn+3

2
(M(r − r0(t

′)))

(n+ 1)(n+ 2)(r − r0(t′))
n+1
2

dr0(t
′)

dt′

−M
∫

(t− t′)n+1

(n+ 1)

d

dt′

[
Jn+3

2
(M(r − r0(t

′)))

(r − r0(t′))
n+1
2

dr0(t
′)

dt′

]
dt′ (81)

Write as an infinite series of derivative, since we can perform integration by parts infinite number of times, when
we are left with infinite series and 1 integral that vanishes (probably. still need to get convergence more rigorous). If
the series for the propagator converges, we can expect that this series converges too.

=

[ ∞∑
k=0

(−1)k+1(t− t′)n+k+1n!

(n+ k + 1)!

dk

dt′k

[
Jn+1

2
(M |r − r0(t

′)|)

|r − r0(t′)|
n+1
2

]]t′=t,r0(t)

t′=0,r0(0)=0

=

∞∑
k=0

(−1)ktn+k+1n!

(n+ k + 1)!

dk

dt′k

[
Jn+1

2
(M |r − r0(t

′)|)

|r − r0(t′)|
n+1
2

]
t′=0,r0(0)=0

(82)

So

ϕ′ =
e

8π2

∞∑
n=0

(−1)n+1π̄2(n+ 1)

n!!
M

n+1
2 cn

∞∑
k=0

(−1)ktn+k+1n!

(n+ k + 1)!

dk

dt′k

[
Jn+1

2
(M |r − r0(t

′)|)

|r − r0(t′)|
n+1
2

]
t′=0,r0(0)=0

=
e

8π2

∞∑
n=0

(n− 1)!!π̄2(n+ 1)M
n+1
2 cn

∞∑
k=0

(−1)n+k+1tn+k+1

(n+ k + 1)!

dk

dt′k

[
Jn+1

2
(M |r − r0(t

′)|)

|r − r0(t′)|
n+1
2

]
t′=0,r0(0)=0

(83)

VII. EXAMPLE

Imagine a charge traveling with constant velocity and trajectory r0(t) = Kct where 0 < K < 1 is some constant.

ϕ′ =
e

8π2

∞∑
n=0

(n− 1)!!π̄2(n+ 1)M
n+1
2 cn

∞∑
k=0

(−1)n+k+1tn+k+1

(n+ k + 1)!

dk

dt′k

[
Jn+1

2
(M |r −Kct′|)

|r −Kct′|n+1
2

]
t′=0,r0(0)=0

(84)

M = 1, c = 1, K = 1/c just to see the shape of the graph. As t increases, the amplitude of graph increases.

Appendix A: CTP polarization tensor

Fourier integral:

fx = c

∫
q

fqe
ixq = c

∫
q

fqe
itcq0−ixq (A1)

G̃(xµσ)(yντ) = −iℏστ 1
4

∑
η,η′=±0+

tr[γµGστx−η′e0,y+ηe0γ
νGτσy−ηe0,x+η′e0 ] (A2)
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G̃(xµσ)(yντ) = −iℏστ 1
4

∑
η,η′

c2
∫
p,q

tr[γµGστq γνGτσp ]e−iq(x−y)−ip(y−x)+iη(q
0−p0)+iη′(p0−q0)

= −iℏστ 1
4

∑
η,η′

c2
∫
p,q

tr[γµGστq γνGτσp ]e−i(q−p)(x−y)+i(η−η
′)(q0−p0)

= −iℏστ 1
4

∑
η,η′

c2
∫
p,q

tr[γµGστq+pγ
νGτσp ]e−iq(x−y)+i(η−η

′)q0

= c

∫
q

G̃µνq e−i(x−y)q = c

∫
q

G̃µνq e−i(tx−ty)cq
0+i(x−y)q

G̃µνq = −iℏστ 1
4

∑
η,η′

c

∫
p

tr[γµGστq+pγ
νGτσp ]ei(η−η

′)q0

=

(
gµν − qµqν

q2

)
G̃q +∆G̃q (A3)

c = 1

Ĝk =

(
−Gn + iGi −Gf − iGi
Gf − iGi Gn + iGi

)
= (k/+m)

[( 1
k2−m2+iϵ 2πiδ(k2 −m2)Θ(−k0)

2πiδ(k2 −m2)Θ(k0) − 1
k2−m2−iϵ

)
+ i

2πδ(k2 −m2)

eβϵk + 1

(
1 −1
−1 1

)]
→ (k/+m)

( 1
k2−m2+iϵ 2πiδ(k2 −m2)Θ(−k0)

2πiδ(k2 −m2)Θ(k0) − 1
k2−m2−iϵ

)
(A4)

Ĝr = −G++ −G+−

= i

∫
p

tr[G++
p+qγ

µ′
G++
p γµ]eiηp

0

− i

∫
p

tr[G+−
p+qγ

µ′
G−+
p γµ]eiηp

0

(A5)

++: Dirac matrix traces:

tr(γµγν) = −tr(γνγµ) + 2gµνtr1

tr(γµγν) = gµνtr1 → −δµνtr1
tr(γµγνγργσ) = tr(γνγµ)2gρσ − tr(γµγνγσγρ)

= 2gµνgρσtr1 + tr(γµγσγνγρ)− 2gσνtr(γµγρ)

= 2gµνgρσtr1− tr(γσγµγνγρ) + 2gµσtr(γνγρ)− 2gσνgµρtr1

tr(γµγνγργσ) = (gµνgρσ + gµσgνρ − gσνgµρ)tr1 (A6)

Convention: tr1 = 4

Nµν = trγµ [(pα + qα)γ
α +m] γν

[
pβγ

β +m
]

= 4m2gµν + (pα + qα)pβtrγ
µγαγνγβ

= 4m2gµν + 4(pµ + qµ)pν + 4(pν + qν)pµ − 4gµνp(p+ q)

= 4gµν
(
m2 − p2 − pq

)
+ 8pµpν + 4(pµqν + qµpν) (A7)

G̃µνq = −iℏc
∫
p

4gµν
(
m2c2

ℏ2 − p2 − pq
)
+ 8pµpν + 4(pµqν + qµpν)

(p2 − m2c2

ℏ2 + iϵ)[(p+ q)2 − m2c2

ℏ2 + iϵ]
(A8)
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Feynman parametrization:

1

ab
=

∫ 1

0

dx

[(1− x)a+ xb]2
(A9)

G̃µνq = −iℏc
∫
dx

∫
p

4gµν [λ−2
C − p(p+ q)] + 8pµpν + 4(pµqν + qµpν)

[p2 + 2xpq + xq2 − λ−2
C + iϵ]2

, p→ p− qx

= −iℏc
∫
dx

∫
p

×
4gµν [λ−2

C − (p− xq)(p+ (1− x)q)] + 8(pµ − xqµ)(pν − xqν) + 4[(pµ − xqµ)qν + qµ(pν − xqν)]

[p2 + x(1− x)q2 − λ−2
C + iϵ]2

= −iℏc
∫
dx

∫
p

4gµν [λ−2
C − p2 + x(1− x)q2] + 8pµpν + 8x2qµqν − 8xqµqν

[p2 + x(1− x)q2 − λ−2
C + iϵ]2

= −4iℏc
∫
dx

∫
p

gµν [λ−2
C − p2 + x(1− x)q2] + 2pµpν + 2x(x− 1)qµqν

[p2 + x(1− x)q2 − λ−2
C + iϵ]2

(A10)

Euclidean integrals: ∫
ddp

(p2 +M2)2
=

∫
ddp

(p2 +M2)2
= πd/2(M2)d/2−2Γ

(
2− d

2

)
Γ(2)∫

ddppµpν

(p2 +M2)2
= δµν

M2

2− d
I0 (A11)

Wick-rotation:

G̃µνq = 4ℏc
∫
dx

∫
p

δµν [p2 − x(1− x)q2 + λ−2
C ]− 2pµpν + 2(1− x)xqµqν

[p2 + x(1− x)q2 + λ−2
C ]2

(A12)

Dimensional regularization:

G̃µνq = µϵ4ℏc
∫
dx

∫
p

δµν [p2 − x(1− x)q2 + λ−2
C ]− 2pµpν + 2(1− x)xqµqν

[p2 + x(1− x)q2 + λ−2
C ]2

= µϵ
4ℏc
(2π)d

∫
dx

[
δµν

(
M2 d

2− d
−M2 + 2λ−2

C

)
− 2δµνM2 1

2− d
+ 2(1− x)xqµqν

]
πd/2(M2)d/2−2Γ(2−

d
2 )

Γ(2)

= 4µϵℏcπd/2
Γ(2− d

2 )

Γ(2)(2π)d

∫
dx

[
δµν

(
M2 2d− 4

2− d
+ 2λ−2

C

)
+ 2(1− x)xqµqν

]
(M2)d/2−2

= 8µϵℏcπd/2
Γ(2− d

2 )

Γ(2)(2π)d

∫
dx
[
δµν(−M2 + λ−2

C ) + (1− x)xqµqν
]
(M2)d/2−2 (A13)

M2 = x(1− x)q2 + λ−2
C

G̃µνq = 8µϵℏcπd/2
Γ(2− d

2 )

Γ(2)(2π)d

∫
dx[−δµνx(1− x)q2 + (1− x)xqµqν ][x(1− x)q2 + λ−2

C ]d/2−2

= −q2Tµν8µϵℏcπd/2
Γ(2− d

2 )

Γ(2)(2π)d

∫
dxx(1− x)[x(1− x)q2 + λ−2

C ]d/2−2

= −q2Tµν8µϵℏc π2− ϵ
2

(2π)4−ϵ
Γ(
ϵ

2
)

∫
dxx(1− x)[x(1− x)q2 + λ−2

C ]−
ϵ
2

= −q2Tµν8µϵℏc
π2(1− ϵ

2 lnπ)(1 + ϵ ln 2π)( 2ϵ − γ)

(2π)4

∫
dxx(1− x)

[
1− ϵ

2
ln(x(1− x)q2 + λ−2

C

]
= − q2

π2
Tµνℏc(1 + ϵ lnµ)(1− ϵ

2
lnπ)(1 + ϵ ln 2π)(

1

ϵ
− γ

2
)

∫
dxx(1− x)

[
1− ϵ

2
ln(x(1− x)q2 + λ−2

C

]
(A14)
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G̃µν = TµνG̃: ∫
dxx(1− x) =

1

6
(A15)

G̃q = − q2

6π2
ℏc
[
1

ϵ
− γ

2
+ lnµ− 1

2
lnπ + ln 2π

]
+

q2

2π2
ℏc
∫
dxx(1− x) ln(x(1− x)q2 + λ−2

C )

= − q2

6π2
ℏc
[
1

ϵ
− γ

2
+ lnµ− 1

2
lnπ + ln 2π

]
+

q2

6π2
ℏc lnµ+

q2

2π2
ℏc
∫
dxx(1− x) ln

x(1− x)q2 + λ−2
C

µ2
(A16)

Real time:

G̃q =
q2

6π2
ℏc
[
1

ϵ
− γ

2
− 1

2
lnπ + ln 2π

]
− q2

2π2
ℏc
∫
dxx(1− x) ln

λ−2
C − x(1− x)q2 − iϵF

µ2
(A17)

Gradient expansion:

G̃q =
q2

6π2
ℏc
[
1

ϵ
− γ

2
− 1

2
lnπ + ln 2π

]
− q2

2π2
ℏc
∫
dxx(1− x) ln

λ−2
C

µ2
[1− λ2C(x(1− x)q2 + iϵF )]

≈ q2

6π2
ℏc
[
1

ϵ
− γ

2
− 1

2
lnπ + ln 2π

]
− q2

12π2
ℏc ln

λ−2
C

µ2
+
q2λ2Cq

2

2π2
ℏc
∫
dxx2(1− x)2

=
q2

6π2
ℏc
[
1

ϵ
− γ

2
− 1

2
lnπ + ln 2π − 1

2
ln
λ−2
C

µ2

]
+
q2λ2Cq

2

60π2
ℏc (A18)

∫
dxx2(1− x)2 =

x5

5
− x4

2
+
x3

3
→ 6− 15 + 10

30
=

1

30
(A19)

On-shell subtraction, α = e2

4πℏc inserted:

G̃++
q = −G̃−−

q =
q2e2ℏc

60π2ℏ2c2
λ2Cq

2 =
q2α

15π
λ2Cq

2 (A20)

+-:

G̃µνq = −iℏστ 1
4

∑
η,η′

c

∫
p

tr[γµGστq+pγ
νGτσp ]ei(η−η

′)q0 (A21)

Ĝk = Ĝvack + Ĝenvk = (k/+
mc

ℏ
)

 1

k2−m2c2

ℏ2 +iϵ
2πiδ(k2 − m2c2

ℏ2 )Θ(−k0)

2πiδ(k2 − m2c2

ℏ2 )Θ(k0) − 1

k2−m2c2

ℏ2 −iϵ

+ i
2πδ(k2 − m2c2

ℏ2 )

eβϵk + 1

(
1 −1
−1 1

)
(A22)

Vacuum:

G̃+−µν
q = −iℏc

∫
p

tr[γµ(p/+ q/+ λ−1
C )2πδ((p+ q)2 − λ−2

C )Θ(−p0 − k0)γν(p/+ λ−1
C )2πδ(p2 − λ−2

C )Θ(p0)]

= −iℏc
∫
p

N(p, q)2πδ((p+ q)2 − λ−2
C )Θ(−p0 − q0)2πδ(p2 − λ−2

C )Θ(p0) (A23)

N(p, q) = 4gµν(λ−2
C − p2 − pq) + 8pµpν + 4(pµqν + qµpν) → −4gµνpq + 8pµpν + 4(pµqν + qµpν) (A24)

p→ p+ aq:

N(p, q) → −4gµν(p+ aq)q + 8(pµ + aqµ)(pν + aqν) + 4[(pµ + aqµ)qν + qµ(pν + aqν)]

= −4gµν(q2a+ pq) + 8pµpν + 8a2qµqν + 8a(qµpν + pµqν) + 4(pµqν + qµpν) + 8aqµqν

= −4gµν(q2a+ pq) + 8pµpν + 8a(a+ 1)qµqν + 4(2a+ 1)(qµpν + pµqν) (A25)
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a = − 1
2 :

N ′(p, q) = 2gµν(q2 − 2pq) + 8pµpν − 2qµqν

= 2q2Tµν − 4gµνpq + 8pµpν (A26)

G̃+−µν
q = −iℏc

∫
p

(2q2Tµν − 4gµνpq + 8pµpν)2πδ

((
p+

q

2

)2
− λ−2

C

)
Θ

(
−p0 − q0

2

)
2πδ

((
p− q

2

)2
− λ−2

C

)
Θ

(
p0 − q0

2

)

= −iℏcΘ(−q0) 1

4π2

∫
d3p

∫ |q0|
2

− |q0|
2

dp0(2q2Tµν − 4gµνpq + 8pµpν)

×δ
((

p+
q

2

)2
− λ−2

C

)
δ

((
p− q

2

)2
− λ−2

C

)

= −iℏcΘ(−q0) 1

4π2

∫
d3p

∫ |q0|
2

− |q0|
2

dp0(2q2Tµν − 4gµνpq + 8pµpν)

×
δ(p0 + q0

2 − ωp+ q
2
) + δ(p0 + q0

2 + ωp+ q
2
)

2ωp+ q
2

δ(p0 − q0

2 − ωp− q
2
) + δ(p0 − q0

2 + ωp− q
2
)

2ωp− q
2

= 0 (A27)

for small q.


