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I. MODEL

S0 =

∫
dx

(
−1

4
Fµνf(−□)Fµν − ξ

2
∂Af(−□)∂A

)
=

1

2

∫
dx[−∂µAνf(−□)∂µAν + ∂µAνf(−□)∂νAµ + ξAµf(−□)∂µ∂A]

=
1

2

∫
dxAµ[g

µν□− (1− ξ)∂µ∂ν ]f(−□)Aν

=
1

2
AD−1

0 A (1)

Feynman gauge: ξ = 1,

D−1
0 (p) = −gµνp2 (2)

Π++µν(q) = −gµνℓ2(q2)2 (3)

f(p2) = 1 + ℓ2(p2)2 (4)

D(k) =
1

k2 + iϵ
− 1

k2 + 1
ℓ2 − iϵ

=
1

k2 + iϵ

1

1 + ℓ2(k2 − iϵ)
=

1

k2 + ℓ2(k2)2 + iϵ
(5)

II. FIELD OPERATOR

A. Harmonic oscillator with negative norm

Linear space H = H+ ⊕H−, ηHσ = σHσ

Matrix elements: ⟨m|A|n⟩ = (m, ηAn)
Adjoint: ⟨m|Ā|n⟩ = ⟨n|A|m⟩∗, Ā = σAA, σ = ±1
Aλ⟩ = λ|λ⟩, Aρ⟩ = ρ|ρ⟩, (λ− σAρ

∗)⟨ρ|λ⟩ = 0:
real spectrum for skew-adjoint operators with non-orthogonal, degenerate eigenvectors
q̄σ = σqσ, p̄σ = σpσ, [qσ, pσ] = i

aσ = (mωqσ + ipσ)/
√
2mω, qσ = (aσ + σāσ)/

√
2mω, pσ = (aσ − σāσ)/

√
2i, [aσ, āσ] = σ

Hσ = σ( 1
2mp2σ + mω2

2 q2σ) = σω(āσaσ + 1
2 )

b = a+ or ā−, b̄ = ā+ or a−, [b, b̄] = 1
basis: b̄b|λ⟩ = λ|λ⟩, · · · , bn|λ⟩, · · · , b|λ⟩, |λ⟩, b̄|λ⟩, · · · , b̄n|λ⟩, · · ·
b̄b eigenvalues: · · · , λ− n, · · · , λ− 1, λ, λ+ 1, · · · , λ+ n, · · ·
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σ = +1: stops at left, λ ≥ 0, sign⟨λ+ 1|λ+ 1⟩ = sign⟨λ|λ⟩
σ = −1: stops at right, λ ≤ −1, sign⟨λ− 1|λ− 1⟩ = −sign⟨λ|λ⟩
Hσ|λ+ σn⟩ = Eσ(n)|λ+ σn⟩, Eσ(n) = n+ 1

2 + σλ
Coordinate eigenvalue: q̄σ = σqσ

11 =

∫
dq|σq⟩⟨q| =

∫
dp|σp⟩⟨p| (6)

H = H+ +H−,

Hσ = σ

(
p2σ
2mσ

+
mσω

2
σ

2
q2σ

)
= σωσ

(
āσaσ +

1

2

)
(7)

⟨qf ,−q′f |e−itH |qi, q′i⟩ =

∫
D[p]D[p′]D[q]D[q′]ei

∫
dt[pq̇+p′q̇′−H(q,q′,p,p′)]

=

∫
D[q]D[q′]ei

∫
dtL(q,q′,p,p′) (8)

H(q, q′, p, p′) =
⟨q,−q′|H|p, p′⟩
⟨q,−q′|p, p′⟩

=
⟨q|H+|p⟩
⟨q|p⟩

+
⟨−q′|H−|p′⟩
⟨−q′|p′⟩

=
p2+
2m+

+
m+ω

2
+

2
q2+ −

p2−
2m−

−
m−ω

2
−

2
q2− (9)

L(q, q′, p, p′) =
q̇2+
2m+

−
m+ω

2
+

2
q2+ −

q̇2−
2m−

+
m−ω

2
−

2
q2− (10)

convergence is achieved by ωσ → ωσ − σiϵ

B. Field operator

M2 = ℓ−2

L =
1

2
∂µϕ+∂

µϕ+ − m2

2
ϕ2
+ − 1

2
∂µϕ−∂

µϕ− − M2

2
ϕ2
− (11)

negative mas square in the negative norm subspace.

[a(p), a†(p′)] = (2π)32ωpδ(p− p′)[
b(p), b†(p′)

]
= −(2π)32Ωpδ(p− p′),[

a(p), b†(p′)
]

= [a(p), b(p′)] = 0 (12)

ωp =
√

m2 + p2, Ωp =
√
p2 −M2, a(p)|0⟩ = b†(p)|0⟩ = 0, ϕ(x) = ϕ+(x) + ϕ−(x)

ϕ+(x) =

∫
d4k

(2π)4
2πδ(k2 −m2)a(k)e−ikx =

∫
m,k

[a(k)e−ikx + a†(k)eikx]

ϕ−(x) =

∫
d4k

(2π)4
2πδ(k2 +M2)b†(k)e−ikx =

∫
M,k

[b(k)e−ikx + b†(k)eikx] (13)

∫
m,k

fk =

∫
d3k

(2π)32ωk
fωk,k,

∫
M,k

kk =

∫
k2>|M2|

d3k

(2π)32Ωk
fΩk,k (14)
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C. Path integral

eiW [ĵ] = TrT [e−i
∫ tf
ti

dt′[H(t′)−j+(t′)ϕ+(t′)]]|0⟩⟨0|T̄ [ei
∫ tf
ti

dt′[H(t′)+j−(t′)ϕ−(t′)]]]

=

∫
D[ϕ̂]e

i
2 ϕ̂·D̂

−1·ϕ̂+iĵ·ϕ̂ = e−
i
2 ĵ·D̂·ĵ (15)

i
δ2W [ĵ]

δij+a δij+b
=

∑
n

⟨0|T̄ [ei
∫ tf
ti

dt′Hi(t
′)]|n⟩⟨n|T [ϕaϕbe

−i
∫ tf
ti

dt′Hi(t
′)]|0⟩ = ⟨0|T [ϕaϕb]|0⟩ = iD++

ab

i
δ2W [ĵ]

δij−a δij−b
=

∑
n

⟨0|T̄ [ϕaϕb]|n⟩⟨n|0⟩ = ⟨0|T [ϕbϕa]|0⟩∗ = iD−−
ab = −iD++∗

ba

i
δ2W [ĵ]

δij−a δij+b
=

∑
n

⟨0|ϕa|n⟩⟨n|ϕb|0⟩ = ⟨0|ϕaϕb|0⟩ = iD−+
ab

i
δ2W [ĵ]

δij+a δij−b
=

∑
n

⟨0|ϕb|n⟩⟨n|ϕa|0⟩ = ⟨0|ϕbϕa|0⟩ = iD+−
ab = −iD−+∗

ab (16)

T [ϕaϕb] + T̄ [ϕaϕb] = ϕaϕb + ϕbϕa

D −D† = D+− −D+−∗ (17)

i

(
D D+−

D−+ D−−

)j,k

x,y

=

(
⟨T [ϕj

xϕ
k
y ]⟩ ⟨ϕk

yϕ
j
x⟩

⟨ϕj
xϕ

k
y⟩ ⟨T [ϕk

yϕ
j
x]⟩∗

)
= i

(
D −D−+∗

D−+ −D†

)j,k

x,y

= i

(
Dn + iℑD −Df + iℑD
Df + iℑD −Dn + iℑD

)
(18)

iDx,x′ = Θ(t− t′)⟨0|ϕxϕx′ |0⟩+Θ(t′ − t)⟨0|ϕx′ϕx|0⟩
2ℜDx,x′ = −Θ(t− t′)i⟨0|[ϕx, ϕx′ ]|0⟩ −Θ(t′ − t)i⟨0|[ϕx′ , ϕx]|0⟩ = −ϵ(t− t′)i⟨0|[ϕx, ϕx′ ]|0⟩ = 2Dn

x,x′

2ℑDx,x′ = −Θ(t− t′)⟨0|{ϕx, ϕx′}|0⟩ −Θ(t′ − t)⟨0|{ϕx′ , ϕx}|0⟩ = −⟨0|{ϕx, ϕx′}|0⟩
iD−+

x,x′ = ⟨0|ϕxϕx′ |0⟩

2ℜD−+
x,x′ = −i⟨0|ϕxϕx′ |0⟩+ i⟨0|ϕx′ϕx|0⟩ = −i⟨0|[ϕx, ϕx′ ]|0⟩ = 2Df

x,x′

2ℑD−+
x,x′ = −⟨0|ϕxϕx′ |0⟩ − ⟨0|ϕx′ϕx|0⟩ = −⟨0|{ϕx, ϕx′}|0⟩

iD
r
a
x,x′ = i(Dn

x,x′ ±Df
x,x′) =

1

2
ϵ(t− t′)⟨0|[ϕx, ϕx′ ]|0⟩ ± 1

2
⟨0|[ϕx, ϕx′ ]|0⟩ = ±Θ(±(t− t′))⟨0|[ϕx, ϕx′ ]|0⟩

D
r
a(x) = D(x)−D±∓(x) = Θ(t)D−+(x) + Θ(−t)D−+(−x)−D−+(∓x)

= Θ(t)D−+(x) + Θ(−t)D−+(−x)−Θ(t)D−+(∓x)−Θ(−t)D−+(∓x)

= Θ(t)[D−+(x)−D−+(∓x)] + Θ(−t)[D−+(−x)−D−+(∓x)]

= ±Θ(±t)[D−+(x)−D−+(−x)] (19)
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D. Explicit expressions

iD−+(x, x′) =
⟨0|ϕ(x)ϕ(x′)|0⟩

⟨0|0⟩

=

∫
m,k,k′

⟨0|[a(k)e−ikx + a†(k)eikx][a(k′)e−ik′x′
+ a†(k′)eik

′x′
]|0⟩

⟨0|0⟩

+

∫
M,k,k′

⟨0|[b(k)e−ikx + b†(k)eikx][b(k′)e−ik′x′
+ b†(k′)eik

′x′
]|0⟩

⟨0|0⟩

=

∫
m,k,k′

⟨0|a(k)a†(k′)ei(−kx+k′x′)|0⟩
⟨0|0⟩

+

∫
M,k,k′

⟨0|b†(k)b(k′)ei(kx−k′x′)|0⟩
⟨0|0⟩

=

∫
m,k

e−iωk(t−t′)+ik(x−x′) +

∫
M,k

eiΩk(t−t′)−ik(x−x′)

iD+−(x, x′) =
⟨0|ϕ(x′)ϕ(x)|0⟩

⟨0|0⟩
= iD−+(x′, x) (20)

Θ(t− t′)D−+(x, x′) =

∫
ω

e−iω(t−t′)

ω + iϵ

∫
m,k

e−iωk(t−t′)+ik(x−x′) +

∫
ω

eiω(t−t′)

−ω + iϵ

∫
M,k

eiΩk(t−t′)−ik(x−x′)

=

∫
m,k,ω

e−i(ωk+ω)(t−t′)+ik(x−x′)

ω + iϵ
−

∫
M,k,ω

ei(ω+Ωk)(t−t′)−ik(x−x′)

ω − iϵ

=

∫
m,k,ω

e−iω(t−t′)+ik(x−x′)

ω − ωk + iϵ
−

∫
M,k,ω

eiω(t−t′)−ik(x−x′)

ω − Ωk − iϵ
(21)

Θ(t′ − t)D+−(x, x′) =

∫
ω

eiω(t−t′)

ω + iϵ

∫
m,k

eiωk(t−t′)−ik(x−x′) +

∫
ω

e−iω(t−t′)

−ω + iϵ

∫
M,k

e−iΩk(t−t′)+ik(x−x′)

=

∫
m,k,ω

ei(ωk+ω)(t−t′)−ik(x−x′)

ω + iϵ
−

∫
M,k,ω

e−i(ω+Ωk)(t−t′)+ik(x−x′)

ω − iϵ

=

∫
m,k,ω

eiω(t−t′)−ik(x−x′)

ω − ωk + iϵ
−

∫
M,k,ω

e−iω(t−t′)+ik(x−x′)

ω − Ωk − iϵ

= −
∫
m,k,ω

e−iω(t−t′)+ik(x−x′)

ω + ωk − iϵ
+

∫
M,k,ω

eiω(t−t′)−ik(x−x′)

ω +Ωk + iϵ
(22)

D(x, x′) = Θ(t− t′)D−+(x, x′) + Θ(t′ − t)D+−(x, x′)

=

∫
m,k,ω

e−iω(t−t′)+ik(x−x′)

(
1

ω − ωk + iϵ
− 1

ω + ωk − iϵ

)
−
∫
M,k,ω

eiω(t−t′)−ik(x−x′)

(
1

ω − Ωk − iϵ
− 1

ω +Ωk + iϵ

)
=

∫
k

[
e−ikx

k2 −m2 + iϵ
− Θ(k2 −M2)e−ikx

k2 +M2 − iϵ

]
(23)

D
r
a(x) = ±Θ(±t)[D−+(x)−D−+(−x)]

= ∓Θ(±t)i

[∫
m,k

(e−iωkt+ikx − eiωkt−ikx)−
∫
M,k

(eiΩkt−ikx − e−iΩkt+ikx)

]
(24)
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D
r
a(x) = ±Θ(±t)

∫
k

e−ikx

[
1

(k0 ± iϵ)2 − k2 −m2
− Θ(k2 −M2)

(k0 ± iϵ)2 − k2 +M2

]
= ±Θ(±t)

∫
k

e−ikx

[
1

(k0 ± iϵ− ωk)(k0 ± iϵ+ ωk)
− Θ(k2 −M2)

(k0 ± iϵ− Ωk)(k0 ± iϵ+Ωk)

]
= ±Θ(t)i

∫
k

eikx
[
eiωkt − e−iωkt

2ωk
−Θ(k2 −M2)

eiωkt − e−iωkt

2Ωk

]
(25)

E. Real space expressions for m = 0

the contribution at large k are negligible in a cutoff theory:

D(x) = Dx0 →
∫
k

eikx−ϵ′k

∫
ω

e−iωt

ω2 − k2 + iϵ

=

∫
k

eikx−ϵ′k

∫
ω

e−iωt

(ω − k + iϵ)(ω + k − iϵ)

= − i

4π2

∫
dkk2dceik(rc+iϵ′)

(
Θ(t)e−i(k−iϵ)t

2k − iϵ
+

Θ(−t)ei(k−iϵ)t

2k − iϵ

)
= − i

4π2

∫ ∞

0

dkk2
eik(r+iϵ′) − e−ik(r−iϵ′)

ikr

1

2k
e−i(k−iϵ)|t|

= − 1

8π2r

∫ ∞

0

dk(eik(r−|t|+iϵ′) − e−ik(r+|t|−iϵ′))

=
1

8π2r

(
1

i(r − |t|+ iϵ′)
− 1

−i(r + |t| − iϵ′)

)
= − i

8π2r

(
1

r − |t|+ iϵ′
+

1

r + |t| − iϵ′

)
= − i

4π2(r2 − (|t| − iϵ′)2)

=
i

4π2x2 − iϵ′

= P
i

4π2x2
− 1

4π
δ(x2) (26)
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D
r
a(x) = D

r
a
x0 =

∫
k

eikx
∫
ω

e−iωt

(ω ± iϵ)2 − k2

=

∫
k

eikx
∫
ω

e−iωt

(ω ± iϵ− |k|)(ω ± iϵ+ |k|)

= −Θ(t)i

∫
k

eikx
(
e−i(|k|−iϵ)t

2|k|
− ei(|k|+iϵ)t

2|k|

)
︸ ︷︷ ︸

R

+Θ(−t)i

∫
k

eikx
(
e−i(|k|+iϵ)t

2|k|
− ei(|k|−iϵ)t

2|k|

)
︸ ︷︷ ︸

A

= −
(
Θ(t)i

(2π)2

∫
dkk2dceikrc

e−ikt − eikt

2k
− Θ(−t)i

(2π)2

∫
dkk2dceikrc

e−ikt − eikt

2k

)
e−ϵ|t|

= −
(
Θ(t)i

(2π)2

∫
dkk2

eikr − e−ikr

ikr

e−ikt − eikt

2k
− Θ(−t)i

(2π)2

∫
dkk2

eikr − e−ikr

ikr

e−ikt − eikt

2k

)
e−ϵ|t|

= −
(

Θ(t)

2(2π)2r

∫ ∞

0

dk(eikr − e−ikr)(e−ikt − eikt)− Θ(−t)

2(2π)2r

∫ ∞

0

dk(eikr − e−ikr)(e−ikt − eikt)

)
e−ϵ|t|

= − 1

8πr

∫ ∞

−∞

dk

2π
(eik(r−t) + eik(−r+t) − eik(−r−t) − eik(r+t))(Θ(t)−Θ(−t))e−ϵ|t|

= −Θ(t)δ(r − t) + Θ(−t)δ(r + t)

4πr
e−ϵ|t|

= −Θ(±t)δ(t∓ r)

4πr
e−ϵ|t|

= −Θ(±t)
δ(t2 − r2)

2π
e−ϵ|t| (27)

Df (x) =
1

2
(Dr(x)−Da(x)) = − 1

4π
δ(x2)ϵ(x0)

Dn(x) =
1

2
(Dr(x) +Da(x)) = − 1

4π
δ(x2) (28)

F. Real space expressions for m ̸= 0

D(k2) = −isign(ϵ)

∫ ∞

0

dseisign(ϵ)s(k
2−m2+iϵ), (29)

Analytic for ℑeiθ > 0: ∫
dxe

i
2ae

iθx2

=

√
2π

a
ei(

π
4 − θ

2 ) (30)

For real a: ∫
d4k

(2π)4
e(ia−ϵ)k2−ikx = e−

ix2

4a

∫
d4k

(2π)4
e(ia−ϵ)(k− x

2a )2 =
ei(π−

3
2π)

32π2a2
e−

ix2

4a = − isign(a)

32π2a2
e−

ix2

4a (31)
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D(x) = −isign(ϵ)

∫
d4k

(2π)4

∫ ∞

0

dseisign(ϵ
′)s(k2−m2+iϵ)−ikx

= − 1

32π2

∫
da

a2
e−isign(ϵ)a(m2−iϵ)− ix2

4a α =
1

4a

=
1

8π2

∫ ∞

−∞
dαe−

im2−iϵ
4α −ix2α

=
1

4π2

∫ ∞

0

dα cos

(
m2

4α
+ x2α

)
=

1

4π2
∂x2

∫ ∞

0

dα

α
sin

(
m2

4α
+ x2α

)
α =

√
m2 − iϵ

2
√

|x2|
eθ

=
1

4π2
∂x2

∫ ∞

−∞
dθ sin

[√
m2 − iϵ

√
|x2|

2

(
e−θ + sign(x2)eθ

)]

=
Θ(x2)

4π2
∂x2

∫ ∞

−∞
dθ sin(

√
(m2 − iϵ)x2 cosh θ)

=
Θ(x2)

4π
∂x2J0(

√
(m2 − iϵ)x2) (32)

J ′
0 = −J1 (33)

D(x) =
1

4π
∂x2ℜH(1)

0 (m
√
x2) (for

√
−ϵ = i

√
ϵ)

= −Θ(x2)

8π

√
m2 − iϵ

x2
J1(

√
(m2 − iϵ)x2)

=
1

4π
∂x2ℜH(1)

0 (m
√
x2) (for

√
−ϵ = i

√
ϵ)

=
1

4π
δ(x2)− m2

8π
ℜH

(1)
1 (m

√
x2)

m
√
x2

(34)

Positive mass square:

D
r
a(x) = D

r
a
x0 =

∫
k

eikx
∫
ω

e−iωt

(ω ± iϵ)2 − k2 −m2

=

∫
k

eikx
∫
ω

e−iωt

(ω ± iϵ− ωk)(ω ± iϵ+ ωk)

= −Θ(t)i

∫
k

eikx
(
e−i(ωk−iϵ)t

2ωk
− ei(ωk+iϵ)t

2ωk

)
︸ ︷︷ ︸

R

+Θ(−t)i

∫
k

eikx
(
e−i(ωk+iϵ)t

2ωk
− ei(ωk−iϵ)t

2ωk

)
︸ ︷︷ ︸

A

= −
(
Θ(t)i

(2π)2

∫
dkk2dceikrc

e−iωkt − eiωkt

2ωk
− Θ(−t)i

(2π)2

∫
dkk2dceikrc

e−iωkt − eiωkt

2ωk

)
e−ϵ|t|

= −
(
Θ(t)i

(2π)2

∫
dkk2

eikr − e−ikr

ikr

e−iωkt − eiωkt

2ωk
− Θ(−t)i

(2π)2

∫
dkk2

eikr − e−ikr

ikr

e−iωkt − eiωkt

2ωk

)
e−ϵ|t|

= −
(

Θ(t)

2(2π)2r

∫ ∞

0

dkk

ωk
(eikr − e−ikr)(e−iωkt − eiωkt)− Θ(−t)

2(2π)2r

∫ ∞

0

dkk

ωk
(eikr − e−ikr)(e−iωkt − eiωkt)

)
e−ϵ|t|

= ∓ 1

8πr

∫ ∞

−∞

dkk

2πωk
(ei(kr−ωkt) + ei(−kr+ωkt) − ei(−kr−ωkt) − ei(kr+ωkt))Θ(±t)e−ϵ|t| (35)
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Negative mass square: ω̃k = +
√

|m2 − k2| > 0

Dr(x) =

∫
k

eikx
∫
ω

e−iωt

ω2 − (k2 −m2)
+ homogeneous solutions (vanishing denomninator)

=

∫
k>m

eikx
∫
ω

e−iωt

(ω + iϵ− ω̃k)(ω + iϵ+ ω̃k)
+

∫
k<m

eikx
∫
ω

e−iωt

(ω − iω̃k)(ω + iω̃k)
+ · · ·

= −Θ(t)i

[∫
k

eikx
(
e−i(ω̃k−iϵ)t

2ω̃k
− ei(ω̃k+iϵ)t

2ω̃k

)
− i

∫
k<m

eikx
e−ω̃kt

2ω̃k

]
= − Θ(t)

(2π)2

[
i

∫ ∞

m

dkk2dceikrc
e−iω̃kt − eiω̃kt

2ω̃k
+

∫ m

0

dkk2dceikrc
e−ω̃kt

2ω̃k

]
= − Θ(t)

(2π)2

[
i

∫ ∞

m

dkk2
eikr − e−ikr

ikr

e−iω̃kt − eiω̃kt

2ω̃k
+

∫ m

0

dkk2
eikr − e−ikr

ikr

e−ω̃kt

2ω̃k

]
= − Θ(t)

2(2π)2r

[∫ ∞

m

dkk

ω̃k
(eikr − e−ikr)(e−iω̃kt − eiω̃kt)− i

∫ m

0

dkk

ω̃k
(eikr − e−ikr)e−ω̃kt

]
(36)


