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1 Effective action in flat background

1.1 Construction of the RG flow

A DBI action in flat space written in the string frame is

SDBI = −
∫
dp+1x e−ϕO, (1.1)

where we have defined a local operator

O = Tp
√

−det [ηab + 2πα′Fab]. (1.2)

Consider embedding the brane into a p+2-dimensional flat-space bulk so that the entire bulk-brane

action with a dynamical dilaton takes the form

S = −
∫
dp+1x e−ϕO − 1

2κ2

∫
dp+2x e−Φ∂µΦ∂

µΦ, (1.3)

where the bulk extends along a radial coordinate r ∈ [0,∞). The brane is placed at r = 0 and

Φ(r = 0) = ϕ ≡ ϕ0. We now discreetise the bulk by putting it on a radial lattice of an ϵ distance

spacing with the dilaton defined at each lattice site,

ϕn ≡ Φ(r = nϵ). (1.4)

The path integral measure then factorises into

Z =

∫
DΦ eiS =

∫ ∞∏
n=0

Dϕn eiS , (1.5)

– 1 –



and the action can be written as

S = SDBI + S
(0)
bulk

= −
∫
dp+1x e−ϕ0O − 1

2κ25ϵ

∫
dp+1x

∞∑
n=0

{
e−

ϕn+ϕn+1
2 (ϕn+1 − ϕn)

2
+ ϵ2e−ϕn∂aϕn∂

aϕn

}
, (1.6)

where (0) in S
(0)
bulk denotes the minimal radial position of the bulk action along the lattice sites.

Now separate out the ϕ0 contribution

S =−
∫
dp+1xe−ϕ0O − 1

2κ25ϵ

∫
dp+1x

{
e−

ϕ0+ϕ1
2 (ϕ1 − ϕ0)

2
+ ϵ2e−ϕ0∂aϕ0∂

aϕ0

}
− 1

2κ25ϵ

∫
dp+1x

∞∑
n=1

{
e−

ϕn+ϕn+1
2 (ϕn+1 − ϕn)

2
+ ϵ2e−ϕn∂aϕn∂

aϕn

}
, (1.7)

and shift the integral measure Dϕ0 by ϕ0 → ϕ0 + ϕ1 to find

S =−
∫
dp+1xe−ϕ1

{
e−ϕ0O +

1

2κ2ϵ

[
e−ϕ0/2ϕ20 + ϵ2e−ϕ0 (∂aϕ0∂

aϕ0 + 2∂aϕ0∂
aϕ1 + ∂aϕ1∂

aϕ1)
]}

− 1

2κ25ϵ

∫
dp+1x

∞∑
n=1

{
e−

ϕn+ϕn+1
2 (ϕn+1 − ϕn)

2
+ ϵ2e−ϕn∂aϕn∂

aϕn

}
, (1.8)

Now introduce ϕ0 = ϕ̂0 + δϕ̃0, where δ ≪ 1 and ϕ̃0 is a fluctuation around a dilaton value ϕ̂0. To

order δ2,

S =− e−ϕ̂0

∫
dp+1x e−ϕ1

{(
1− δϕ̃0 +

1

2
δ2ϕ̃20

)(
O +

ϵ

2κ2
∂aϕ1∂

aϕ1

)
+
eϕ̂0/2

2κ2ϵ

(
ϕ̂20 +

δ

2
ϕ̂0(4− ϕ̂0)ϕ̃0 +

δ2

8

(
8− 8ϕ̂0 + ϕ̂20

)
ϕ̃20

)
+

ϵ

2κ2

(
δ2∂aϕ̃0∂

aϕ̃0 + 2δ
(
1− δϕ̃0

)
∂aϕ̃0∂

aϕ1

)}
+ S

(1)
bulk (1.9)

Assuming that the fields do not have enormous derivatives, we can neglect O(ϵ) terms. Defining

an = ϕ̂2n

bn =
1

2
ϕ̂n(4− ϕ̂n)

cn =
1

8

(
8− 8ϕ̂n + ϕ̂2n

)
γn = e−ϕ̂n/2 (1.10)

and also neglect the δ2O term as δ2 ≪ δ2/ϵ, we find the effective action

S(0) =−
∫
dp+1x e−ϕ1

{
γ20

(
1− δϕ̃0

)
O +

γ0
2κ2ϵ

(
a0 + b0δϕ̃0 + c0δ

2ϕ̃20

)}
+ S

(1)
bulk. (1.11)

Now integrate out ϕ̃0 to find

S(1) =−
∫
dp+1x e−ϕ1

{(
4a0c0 − b20

)
γ0

8ϵκ2c0
+

(
1 +

b0
2c0

)
γ20O − ϵκ2γ30

2c0
O2

}
+ S

(1)
bulk. (1.12)

Define

O0 ≡ O (1.13)

O1 ≡
(
4a0c0 − b20

)
γ0

8ϵκ2c0
+

(
1 +

b0
2c0

)
γ20O − ϵκ2γ30

2c0
O2, (1.14)
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so

S(1) = −
∫
dp+1x e−ϕ1O1 + S

(1)
bulk. (1.15)

We can thus recursively integrate out the entire bulk dilaton and generate a recurrence relation

On+1 = qn + rnOn + snO2
n, (1.16)

where

qn =

(
4ancn − b2n

)
γn

8ϵκ2cn
(1.17)

rn =

(
1 +

bn
2cn

)
γ2n (1.18)

sn = −ϵκ
2γ3n
2cn

(1.19)

1.2 Conformal D3 brane

For a conformal D3 brane, the dilaton is constant, hence fn = f , gn = g and hn = h. It is convenient

to introduce

On =
c

ϵκ2γ3

{
Ψn −

[
1−

(
1 +

b

2c

)
γ2 ±

√
c− (b+ 2c)γ2 + (a+ b+ c)γ4

c

]}
. (1.20)

The new recurrence relation is then

Ψn+1 = fΨn − 1

2
Ψ2

n, (1.21)

where

f = 1±
√
c− (b+ 2c)γ2 + (a+ b+ c)γ4

c
. (1.22)

Hence

On =
c

ϵκ2γ3

(
Ψn − f +

(
1 +

b

2c

)
γ2

)
. (1.23)

Think of Ψn as a polynomial in the variable Ψ. Let us begin by writing it in a more convenient

form

Ψn+1 = −1

2
Ψn (Ψn − 2f) . (1.24)

Let ψp
n,m with indices m,n, p ∈ Z+ be the roots of the polynomial Ψp(Ψn), where p ≥ n+1, labeled

by an integer m which counts the number of roots. Since we dealing with a quadratic recursion,

clearly

min[m] = 1 and max[m] = 2p−n. (1.25)

The first step in the polynomial recurrence is

Ψ1 = −1

2
Ψ (Ψ− 2f) , (1.26)
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followed by Ψ2(Ψ1), which can be written in the form of a factorised expression

Ψ2 = −1

2

(
Ψ1 − ψ2

1,1

) (
Ψ1 − ψ2

1,2

)
, (1.27)

where ψ2
1,m are the two roots of Ψ2(Ψ1), i.e. ψ

2
1,1 = 0 and ψ2

1,2 = 2f . Using the values of the roots

gives

Ψ2 = −1

2

[
−1

2
Ψ (Ψ− 2f)− ψ2

1,1

] [
−1

2
Ψ (Ψ− 2f)− ψ2

1,2

]
, (1.28)

and similarly

Ψn+2 = −1

2

[
−1

2
Ψn (Ψn − 2f)− ψn+2

n+1,1

] [
−1

2
Ψn (Ψn − 2f)− ψn+2

n+1,2

]
, (1.29)

which allows us to find the roots ψn+2
n,m from ψn+2

n+1,m:

ψn+2
n,2m−1 = f +

√
f2 − 2ψn+2

n+1,m, ψn+2
n,2m = f −

√
f2 − 2ψn+2

n+1,m. (1.30)

Finally, we want to find all ψn+2
0,m so that we can express Ψn+2(Ψ). The recurrence relation therefore

runs from n+ 2 down to 0 and not the other way! Hence, all the roots of

Ψp =

(
−1

2

)2p−1 2p∏
n=1

(
Ψ− ψp

0,n

)
(1.31)

are given by

ψp
n = f ±

√
f2 − 2ψp

n+1 (1.32)

where ψp
n stands for all the roots

{
ψp
n,1, . . . ψ

p
n,m

}
.

But since ψ1
0,m are the same as ψn+1

n,m we can also turn the recurrence of roots around and start the

recurrence at n = 0. We get

ψn+1 = f ±
√
f2 − 2ψn, ψ0 = 0, (1.33)

so that

Ψn =

(
−1

2

)2n−1 2n∏
m=1

(Ψ− ψm) (1.34)

Furthermore

Ψn =
ϵκ2γ3

c
On + f −

(
1 +

b

2c

)
γ2. (1.35)

2 New duality

Two solutions for ϕ give the same f .

3 Effective action for D3 brane

The effective action for a probe D3 brane with fixed bulk value of the dilaton is

S(n) = −
∫
d4xe−ϕ c

ϵκ2γ3

{(
−1

2

)2n−1 2n∏
m=1

(Ψ− ψm)− f +

(
1 +

b

2c

)
γ2

}

− 1

2κ25

∫
d4x

∫ ∞

nϵ

e−Φ∂µΦ∂
µΦ (3.1)
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3.1 Example 1

Consider a case with f = 2. The recursion ψn+1 = f ±
√
f2 − 2ψn can then be solved exactly,

ψn = 2
(
1− e−2−nC

)
(3.2)

where C is set so that ψn = 0. Thus,

ψn = 2
(
1− exp

{
21−nπim

})
, where m ∈ Z. (3.3)

The exponent is a periodic function that repeats with a period of m = 2n, which is exactly the

number of distinct roots at order n. Hence, all roots are given by

ψn = 2
(
1− exp

{
21−nπim

})
, where m ∈ {1, 2, 3, . . . , 2n} . (3.4)

The effective action is thus

S(n) = −
∫
d4xe−ϕ c

ϵκ2γ3

{
2 (−1)

2n+1
2n∏

m=1

[
1

2
Ψ− 1 + exp

{
21−nπim

}]
− 2 +

(
1 +

b

2c

)
γ2

}

− 1

2κ25

∫
d4x

∫ ∞

nϵ

e−Φ∂µΦ∂
µΦ. (3.5)

In the limit of n → ∞ we get a continuous orbit for Ψn, with the roots ψn drawing out a circle

with a radius of 2, centred around (ℜΨ,ℑΨ) = (2, 0), on the complex Ψ plane,

ψ = 2
(
1− eiµ

)
, where µ ∈ [0, 2π). (3.6)

We can now use the fact that the factorised monomic polynomial Ψn(X), where X = 1
2Ψ− 1,

can be written in term of elementary symmetric polynomials

2n∏
m=1

[
X + exp

{
21−nπim

}]
= X2n + e1 ·X2n−1 + . . .+ e2n , (3.7)

where

ek =
∑

1≤m1<...<mk≤2n

exp

{
21−nπi

k∑
i=1

mk

}
. (3.8)

It is easy to see that in this case e1 = e2 = . . . = e2n−1 = 0 and that e2n = −1 if n ≥ 0, while

e2n = +1 if n = 0. Hence,

2n∏
m=1

[
X + exp

{
21−nπim

}]
= X2n − (−1)

2n
. (3.9)

The effective action thus becomes

S(n) = −
∫
d4x e−ϕ c

ϵκ2γ3

{
2

[
1−

(
1− 1

2
Ψ

)2n
]
− 2 +

(
1 +

b

2c

)
γ2

}

− 1

2κ25

∫
d4x

∫ ∞

nϵ

e−Φ∂µΦ∂
µΦ, (3.10)

or in terms of O,

S(n) = − 2c

ϵκ2γ3

∫
d4x e−ϕ

{
γ2

2

(
1 +

b

2c

)
−
[
γ2

2

(
1 +

b

2c

)
− ϵκ2γ3

2c
O
]2n}

− 1

2κ25

∫
d4x

∫ ∞

nϵ

e−Φ∂µΦ∂
µΦ. (3.11)
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We can use the binomial theorem to expand

γ2

2

(
1 +

b

2c

)
−
[
γ2

2

(
1 +

b

2c

)
− ϵκ2γ3

2c
O
]2n

=
γ2

2

(
1 +

b

2c

)
−

[
γ2

2

(
1 +

b

2c

)]2n
+ 2n

ϵκ2γ3

2c

[
γ2

2

(
1 +

b

2c

)]2n−1

O + . . . (3.12)

The effective DBI action vanishes when(
1− 1

2
Ψ

)2n

= 1− 1

2

[
f −

(
1 +

b

2c

)
γ2

]
(3.13)

hence the roots of the action polynomial L(Ψ) =
∏

(Ψ− ψL), are

ψL = 2− 2

[
1− f

2
+
γ2

2

(
1 +

b

2c

)]1/2n
exp

{
21−nπim

}
, m ∈ {1, 2, 3, . . . , 2n} . (3.14)

In terms of the operator O, the Lagrangian L(O) =
∏

(O − φ),

φL =
c

ϵκ2γ3

{
2

[
1− f

2
+
γ2

2

(
1 +

b

2c

)]
− 2

[
1− f

2
+
γ2

2

(
1 +

b

2c

)]1/2n
e2

1−nπim

}
, (3.15)

and since f = 2,

φL =
c

ϵκ25γ
3

{
γ2

(
1 +

b

2c

)
− 2

[
1

2
γ2

(
1 +

b

2c

)]1/2n
e2

1−nπim

}
. (3.16)

Hence

− det [ηab + 2πα′Fab] =
c2e3ϕ

ϵ2κ45T
2
p

[
γ2

(
1 +

b

2c

)
− 2

[
1

2
γ2

(
1 +

b

2c

)]1/2n
e2

1−nπim

]2

(3.17)

Now turn on Ex and By fields so that − det [ηab + 2πα′Fab] = 1 + 4π2α′2 (B2
y − E2

x

)
E2

x −B2
y =

1

4π2α′2

1− c2e3ϕ

ϵ2κ45T
2
p

[
γ2

(
1 +

b

2c

)
− 2

[
1

2
γ2

(
1 +

b

2c

)]1/2n
e2

1−nπim

]2
 . (3.18)

For f = 2,

c2e3ϕ = 0.21779 . . . (3.19)

γ2
(
1 +

b

2c

)
= 1.12172 . . . (3.20)

Now the 5-d gravity scale is

κ25 =
g2sℓ

8
s

R5
(3.21)

where

ℓs =
√
α′ (3.22)

so

κ25 =
g2sα

′4

R5
, (3.23)
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where R is the radius of each internal space dimension, assuming T 10−d.

The brane tension is

Tp =
1

(2π)pℓp+1
s gs

(3.24)

or in our case with p = 3:

T3 =
1

(2π)3ℓ4sgs
=

1

(2π)3α′2gs
. (3.25)

Finally,

gs = eϕ0 (3.26)

and [EXPLAIN]

ϵ =
√
α′ (3.27)

so

c2e3ϕ

ϵ2κ45T
2
3

=
(2π)6α′4g2sc

2R10e3ϕ

ϵ2
= (2π)6c2α′3R10e5ϕ (3.28)

With our dilaton

(2π)6c2e5ϕ ≈ 1751.64 . . . (3.29)

so

c2e3ϕ

ϵ2κ45T
2
3

≈ 1751.64× α′3R10. (3.30)

Thus

E2
x −B2

y =
1

4π2α′2 − 44.3695× α′R10

[
γ2

(
1 +

b

2c

)
− 2

[
1

2
γ2

(
1 +

b

2c

)]1/2n
e2

1−nπim

]2

. (3.31)

Take n→ ∞ so that

E2
x −B2

y =
1

4π2α′2 − 44.3695× α′R10

[
γ2

(
1 +

b

2c

)
− 2eiµ

]2
, µ ∈ [0, 2π). (3.32)

Since E2
x −B2

y ∈ R, there are three possible values µ which give distinct real right-hand-sides:

µ1 = 0 :

[
γ2

(
1 +

b

2c

)
− 2eiµ1

]2
≈ 0.77137 . . . (3.33)

µ2 = π :

[
γ2

(
1 +

b

2c

)
− 2eiµ2

]2
≈ 9.7451 . . . (3.34)

µ3 = arccos

(
γ2

2

(
1 +

b

2c

))
≈ 0.97537 . . . :

[
γ2

(
1 +

b

2c

)
− 2eiµ3

]2
≈ −2.7417 . . . (3.35)

Hence we find two ’magnetic’ and one ’electric’ values of the fields which make the action vanish:

E2
x −B2

y =
1

4π2α′2 − 34.2254× α′R10 (3.36)

E2
x −B2

y =
1

4π2α′2 − 432.387× α′R10 (3.37)

E2
x −B2

y =
1

4π2α′2 + 121.65× 108α′R10 (3.38)

The third value is already in the region of instability, hence

4π2α′2 (E2
x −B2

y

)
= 1− 1.4× 103α′3R10 (3.39)

4π2α′2 (E2
x −B2

y

)
= 1− 17.1× 103 × α′3R10 (3.40)
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3.2 Stress-energy tensor

The action for f = 2 is

S(n) = − c

ϵκ2γ3

∫
d4xe−ϕ

{
2

[
1−

(
1− 1

2

[
ϵκ2γ3

c
O + 2−

(
1 +

b

2c

)
γ2

])2n
]
− 2 +

(
1 +

b

2c

)
γ2

}

− 1

2κ25

∫
d4x

∫ ∞

nϵ

e−Φ∂µΦ∂
µΦ (3.41)

The stress-energy tensor is then

T ab ∝ 2n
(
1− 1

2

[
ϵκ2γ3

c
O + 2−

(
1 +

b

2c

)
γ2

])2n−1

T ab
DBI

= 2n
(
1− 1

2
Ψ

)2n−1

T ab
DBI

(3.42)

3.3 f = 4

Ψn+1 = 4Ψn − 1

2
Ψ2

n, (3.43)

Find

Ψn = 4− 4 cos (2nC) (3.44)

To fix the constant

Ψ = Ψ0 = 4− 4 cos (C) =⇒ C = arccos
4−Ψ

4
(3.45)

so

Ψn = 4− 4 cos

(
2n arccos

(
4−Ψ

4

))
(3.46)

Use

Ψn =
ϵκ2γ3

c
On + f −

(
1 +

b

2c

)
γ2. (3.47)

so

On =
ϵκ2γ3

c

{(
1 +

b

2c

)
γ2 − 4 cos

[
2n arccos

(
4−Ψ(O)

4

)]}
(3.48)

The roots are

cos

[
2n arccos

(
4−Ψ(O)

4

)]
=

(
1 +

b

2c

)
γ2

4
(3.49)

2n arccos

(
4−Ψ(O)

4

)
= arccos

[(
1 +

b

2c

)
γ2

4

]
(3.50)

(3.51)
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4 Newton’s Constant 0704.0777

Consider compactifying on T 10−d where each circle has radius R. In ten dimensions (neglect

numerical factors),

G10 = g2ℓ8s (4.1)

where ℓs is the string scale and g the string coupling constant. The effective Newton’s constant in

d dimensions is

Gd ≡ ℓd−2
d =

G10

R10−d
=

g2ℓ8s
R10−d

(4.2)

5 Add the metric

Use

∂ det g

∂gµν
= det ggµν (5.1)

to find for Gµν = gµν + hµν

√
−G =

√
−g

(
1 +

1

2
hµµ +

1

8
hµµh

ν
ν − 1

4
hµνh

ν
µ

)
(5.2)

=
√
−g

(
1 +

1

2
gµνhµν

)
(5.3)

(5.4)

Hence √
−det [Gab + 2πα′Fab] =

√
−det [gab + 2πα′Fab]

(
1 +

1

2

(
gab + 2πα′F ab

)
hab

)
(5.5)

The action

S = −Tp
∫
dp+1xe−ϕ

√
−det [gab + 2πα′Fab]−

1

2κ25

∫
dp+2x

√
−Ge−Φ (R+ ∂µΦ∂

µΦ+ . . . ) (5.6)

can be perturbed to give

S = −Tp
∫
dp+1xe−ϕ

√
−det [gab + 2πα′Fab]

(
1 +

1

2

(
gab + 2πα′F ab

)
hab

)
− 1

2κ25

∫
dp+2x

√
−Ge−Φ (R+ ∂µΦ∂

µΦ+ . . . ) (5.7)

−
√
−g

{
1

4
∇µhρλ∇µhρλ − 1

2
∇µhρλ∇ρhµλ +

1

2
∇µh

µν∇νh− 1

4
∇µh∇µh− 1

2
Λ

(
hµνhµν − 1

2
h2

)}
(5.8)

where

∇µhνρ = ∂µhνρ − Γλ
µνhλρ − Γλ

µρhνλ (5.9)

∇µh
νρ = ∂µh

νρ + Γν
µλh

λρ + Γρ
µλh

νλ (5.10)

Assume a diagonal g, so that only diagonal hµν contribute to running of the DBi action

−
√
−g

{
1

4
∇µhνν∇µhνν − 1

2
∇µhµµ∇µhµµ +

1

2
∇µh

µµ∇µh
λ
λ − 1

4
∇µh∇µh− 1

2
Λ

(
hµµhµµ − 1

2
h2

)}
(5.11)
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5.1 Flat space

Then the action is

−
{
1

4
∂µhρλ∂

µhρλ − 1

2
∂µhρλ∂

ρhµλ +
1

2
∂µh

µν∂νh− 1

4
∂µh∂

µh− 1

2
Λ

(
hµνhµν − 1

2
h2

)}
(5.12)

=−
{
1

4
∂rhµµ∂rh

µµ − 1

2
(∂rhrr)

2
+

1

2
∂rhrr∂rh− 1

4
(∂rh)

2 − 1

2
Λ

(
hµµhµµ − 1

2
h2

)}
(5.13)

=−
{
1

4
∂rhµµ∂rh

µµ +
1

2
∂rhrr∂rh

a
a −

1

4
(∂rh)

2 − 1

2
Λ

(
hµµhµµ − 1

2
h2

)}
(5.14)

(5.15)
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