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Preface

I have enriched, perfected, and further developed relativity, particle physics and quantum field
theory in this book. Generally, a rigorous, analytical, elegant description method is adopted. I try
best to impart a mathematical and physical aesthetic feeling to the entire article. The first seventeen
chapters of this book are the basic parts. Several very useful mathematical tools have been proposed.
Specially I have independently developed and created the constant invariant tensors analysis method
for physical research. And I have restated classical physics in my own way. Most of the content belongs
to the fields of classical field theory and quantum mechanics. The later chapters of Chapter 18 are
the advanced parts. Most of the content belongs to the fields of quantum field theory. In particular,
a new quantization program is given. According to this program, the quantization of arbitrary spin
linear particles is completed in arbitrary space-time. These have greatly enriched and expanded the
content of quantum field theory.

More specifically, in the first, second, and third chapters, I have independently developed and
created the constant invariant tensors analysis method [1–3]. Some wonderful mathematical properties
have been found and many important and useful constant invariant tensors have been proposed. It pro-
vides a very useful mathematical tool for physical research. In chapter 4, the constant invariant tensors
are generalized in both high and low dimensional space-time and infinite dimensional representation.
In Chapter 5, the essential relation between the constant invariant tensors and the representation
transformations is pointed out. In Chapters 6, 7, 8, and 9, I used mathematical tools such as the
constant tensor analysis established in the previous three chapters to reformulate the equations of
electromagnetic fields, Yang-Mills fields, gravitational fields, and gravitational neutrino fields [4–14].
Various equivalent expressions have been proposed [1, 2]. And I have strictly analytically proved the
equivalence between various expressions. In particular, the spinor form of the bianchi identity [11–14]

for the gravitational field has been obtained through analysis.
Chapter 10 is the most important part of this book. It is also my original intention to write this

book at the beginning. In this chapter, I have independently and creatively proposed a new expression
of the particle equations: the Spin Equation. This equation is directly constructed by using spin and
the spin tensor matrix. Noting that the spin tensor is also a transformation matrix corresponding to
the representation of the field. Therefore, the physical meaning of this equation is very clear. The
corresponding particle equation can be simply and directly written according to the particle field quan-
tity transformation law. It correctly describes classical equations such as neutrinos [5], electromagnetic
fields [7, 8], Yang Mills fields [6], and electrons [4]. And I have found that its massless representation is
completely equivalent to the full symmetric Penrose spinor equation [1, 2]. Of course, it is more exten-
sive than the Penrose spinor equation and can describe more physical equations. I continue to use the
idea of spin expression to further obtain a lower order derivative spin equation that correctly describes
the Einstein’s gravitational field and the gravitational neutrinos.In these spin representations, it is
very natural to introduce a scalar field. Thus, a more interesting equation is generalized: the witch
Spin Equation. When the scalar field is zero, free particles can exist. When the scalar field is not
zero, free particles do not exist. This scalar field acts like a switch and controlls the generation and
annihilation of particles. This provides a new physical mechanism for the generation and annihilation
of particles. At the same time, it can also answer why the inflationary period of the universe [15] can
be completely described only by scalar fields. And this equation itself has inherent limitations on
scalar fields. Thereby the scalar field is automatically quantized. Each quantized value corresponds
to a distinct physical equation, one corresponds to a classical particle equation, one corresponds to an
equation similar to torsion, and one corresponds to a constant trivial solution. This provides a new
idea and inspiration for the unified expression of the five superstrings.

In Chapters 11 to 12, I have conducted a comprehensive and in-depth analysis of the Penrose
spinor equation [1, 2], the Penrose twist equation [3], and the Bargmann-Wigner equation [16]. In a
flat space-time, it is strictly proved that the Bargmann Wigner equation is equivalent to the Rarita
Schwinger equation [17, 18] in the case of semi integer spin [19, 20] and equivalent to the Klein-Gordon
equation [18, 21] in the case of integer spin [20]. The profound physical connotation of the Bargmann
Wigner equation has been revealed. Through comparative research, it is found that the Bargmann
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Wigner equation is more suitable for describing particles with mass, while the Penrose spinor equation
or the Spin Equation is more suitable for describing particles without mass.

Chapter 13 further enriches and deepens the content of the previous chapters. I study the same
physical problem from the perspective of representation transformation. This provides a mathemati-
cal basis for the subsequent proof of the polynomial representation of the Lorentz transformation of
various spin particles. At the same time, a fully new particle coupling theory is proposed by using
representation transformation technology. In Chapter 14, I have made a detailed and in-depth anal-
ysis of the Lorentz transformation [22–24]. In particular, the polynomial representations of Lorentz
transformation for various common spin particles have been obtained. It will provide another very
useful mathematical tool for the future research of various spin particle physics. In Chapters 15 to
17, the mathematical analyses of helicity, spin algebra, special quasi differential operators and matrix
continuous multiplication traces have been established. It provides several very useful mathematical
tools for quantizing arbitrary spin massless particles successfully in the next step.

In Chapter 18, I fully utilize the four-dimensional Fourier transform technique to discuss the de-
tails of the second quantization of non relativistic particles. Because most books on quantum field
theory do not discuss the quantization of Majorana particles and neutrinos in detail [25] and I have
never found the corresponding content. In order to make up for this regret, I decide to deduce the
calculation by myself. In Chapter 19, firstly I have given the quantization of Dirac particles [25, 26] by
using Lorentz push transformation. And then by using similar techniques on this basis, I have further
given detailed quantizati details of Majorana particles and neutrinos. In Chapters 20 to 23, I apply the
mathematical tools and constant invariant tensor analysis created in the previous chapters to quantize
various massless spin particles successfully according to the new covariant quantization program. In
particular, a separate chapter on scalar fields and electromagnetic fields has been discussed in detail.
Thus the rationality and correctness of the new quantization program has been confirmed by comparing
with classical results. On this basis, various massless spin particles have been successfully quantized
by using the same and unified program.

In Chapters 24 to 29, based on the Bargmann Wigner equation and comparing the successful
experience of quantizing massless particles, various massive spin particles have been quantized in the
new unified formula. Several covariant commutative rules for equivalent fields or potentials have been
given. In particular, a mathematical conjecture on combinatorics has been proposed. In Chapter 30, I
have reorganized and analyzed the spin bases of various equations in the previous chapters. The logical
deduction relation of spin base decomposition and the spin base decomposition relation under different
representations have been clarified. It is further demonstrated that the spin base are the common
eigenstates of general spin operators. And the spin base decomposition coefficients are just the CG
coefficients. In Chapter 31, I generalized and developed the polynomial theorem for full symmetric
indicators. This provides mathematical support for the previous step of unifying to quantize massive
particles by using the new program. At the same time, based on the formula constructed by Behrends
and Frontsdal in history, and combined with my new conclusions, I have obtained a very meaningful
projection operator conjecture.

In Chapter 32, I have discussed the essential relation between CG coefficients, spin coupling, and
quantum entanglement. And I have provided a wonderful mathematical description of spin entangled
states based on representation transformation technology. In Chapter 33, I have ventured to speculate
on a new type of interaction: internal particle component interactions. Whether it is correct that will
remain to be verified by practice. In Chapter 34, I have used similar mathematical techniques to uni-
formly treat various symmetric and antisymmetric plane wave solutions. In Chapters 35 to 38, I have
tried to unify the quantization of all particles in high and low dimensional space-time by using the new
program, and conducted a lot of meaningful promotion and exploration. A series of achievements have
been achieved. And the conclusions completely similar to those in four-dimensional space-time have
been obtained. In particular, antisymmetric tensor fields have naturally emerged. This is a wonderful
conclusion that I didn’t expect.

In Chapters 39 and 40, I have discussed Bose strings, two-dimensional spinors, two-dimensional
vectors, and anyons. We have discussed two-dimensional supersymmetry and superstring. This is to
prepare for the application of the new quantization program to supersymmetry and superstring theory.
However, no suitable entry point has yet been found. In particular, this book is actually an open topic.
There are some issues that have not been resolved. For example, the new quantization program is
powerless to quantize the nonlinear Yang-Mills field and Einstein gravitational field. Because it cannot
be treated as a free field at this time, and it is necessary to consider self interaction and corresponding
Feynman rules. This is also one of the directions to be resolved and explored in the next step.

The mathematics and physics in this book are highly original, and some mathematical and physical
concepts, methods, and content are also novel. They are all strictly established by my own indepen-
dent calculation and deduction step by step. More formal research can be traced back to more than
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a decade ago [27]. As early as May 2004, the basic part of the current theoretical system was initially
established. It lasted for several years, but it greatly affected my normal life, so I once wanted to
completely forget it. So there was a break for a few years. Despite this, my interest in theoretical
physics has not diminished. Later, a new round of research was launched eight years ago. Since March
2015, I have been writing continuously [28–32]. It never stopped. It consumed a lot of my time and
energy. And I have used spare time to write for a long time. Specially I thank to my family for their
understanding and support over the years! Because many topics in this book involve entirely new
fields. It is challenging and open and have been filled with many conjectures, explorations, verifica-
tions and proofs. Some mathematical and physical problems have only been mostly solved, but they
have not been completely solved. In addition due to my limited level, I can’t cover all aspects. There
are inevitably errors in the book and everyone is welcome to correct them!

Author: Shui-Rong Shi
From March 2015 to April 2023, DanShui.
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1.3 Introduction of representation transformation matrix Ŝ(s) · · · · · · · · · · · · · · · · · · · · · · · · · · 174

1.4 An important theorem and its proof on representation transformation matrix Ŝ(s) · · · · · · · · · · 175
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3.5 Analysis on heterotypic anticommutative relations of Ã,Ψ under radiation gauge · · · · · · · · · · · 329
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Chapter1 Constant Invariant Tensors Analysis

Self comment: In this chapter, I have developed and created a constant invariant tensors analysis
method. I inspired and developed it by known constant invariant tensors. In this chapter, a large
number of new fundamental constant invariant tensors have been discovered. And they are closely
related to physics and have natural covariance and invariance. It is very convenient and useful to use.
It is a new mathematical tool for physical research. In fact, my original intention in developing this
mathematical tool is to apply it to physical research.

1 Similar Penrose abstract indices [1, 2]

Symbol convention:
ς = ±1.
∼ means a Lorentz transformation.
≺ means that the matrix is expanded into components.
� means that the components are reduced to a matrix.
Self comment: This section has developed and promoted the Penrose abstract indices. The 1

2 -spin
indices are extended to the general spin indices. And dual representation indices have been introduced.
The dual representation indices correspond to two representations of massless particles. The advantages
of this approach are in duplicate. One expression presents two representations simultaneously. One
processing obtains two results simultaneously. Such abstract indices are more beautiful, complete and
powerful.
1.1 Hermitian spin matrix σ(s) under general representation

σ(s)× σ(s) = iσ(s), σ2(s) = s(s+ 1), σ+(s) = σ(s) (1.1)

1.2 A concrete representation of hermitian spin matrix [33]

σ(s) = (1
2

 0 A1 0 0 0
A1 0 A2 0 0
0 A2 0 ··· 0
0 0 ··· 0 A2s

0 0 0 A2s 0

 , i2
 0 −A1 0 0 0
A1 0 −A2 0 0
0 A2 0 ··· 0
0 0 ··· 0 −A2s

0 0 0 A2s 0

 ,[ s 0 0 0 0
0 s−1 0 0 0
0 0 ··· 0 0
0 0 0 −(s−1) 0
0 0 0 0 −s

]
) (1.2a)

An =
√
n ·
√

2s+ 1− n, n = 1, 2, · · · , 2s;σ(s) ≺ σας kς lς (s) ' σα′ς
k′ς
l′ς

(s) (1.2b)

σ(s)× σ(s) = iσ(s), σ2(s) = s(s+ 1), σ+(s) = σ(s), s = 1
2 , 1,

3
2 , 2, · · · (1.2c)

The metric tensor corresponding to this spin matrix is as follows:

ε(s) =

 0 0 0 0 (−1)0

0 0 0 (−1)1 0

0 0 (−1)2 0 0
0 ··· 0 0 0

(−1)2s 0 0 0 0

 =

[ 0 0 0 0 1
0 0 0 −1 0
0 0 1 0 0
0 ··· 0 0 0

(−1)2s 0 0 0 0

]
, σ∗(s) = (−1)2s+1ε(s)σ(s)ε(s) (1.3)

ε(s) ≺ εkς lς (s) ' εkς lς (s) ' εk′ς l′ς (s) ' ε
k′ς lς (s), ε2(s) = (−1)2s (1.4)

Self comment: Essentially, there are infinite choices for selecting a spin matrix, which can be Hermitian
or not Hermitian. This book mainly uses the Hermitian spin matrix represented by the above special
representation. The reason for doing so is that the observations must be Hermitian in quantum
mechanics. And another reason is that under this representation of the spin matrix, there exist several
perfect constant invariant tensors in the next chapter. If other representations of the spin matrix are
used, such perfect constant invariant tensors can’t be obtained. In fact, I initially used a full integer
spin matrix. On the surface, it seems more beautiful, but has not the above two advantages. Finally,
I have abandoned it and adopted the current hermitian representation.

1
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1.3 Carding complex properties of spin matrix

σ2
x(s) = 1

4


A2

1 0 A1A2 0 0 0 0

0 A2
2+A2

1 0 A2A3 0 0 0

A1A2 0 A2
3+A2

2 0 ··· 0 0
0 A2A3 0 ··· 0 A2s−2A2s−1 0

0 0 ··· 0 A2
2s−1+A2

2s−2 0 A2s−1A2s

0 0 0 A2s−2A2s−1 0 A2
2s+A

2
2s−1 0

0 0 0 0 A2s−1A2s 0 A2
2s

 (1.5)

σ2
y(s) = 1

4


A2

1 0 −A1A2 0 0 0 0

0 A2
2+A2

1 0 −A2A3 0 0 0

−A1A2 0 A2
3+A2

2 0 ··· 0 0
0 −A2A3 0 ··· 0 −A2s−1A2s 0

0 0 ··· 0 A2
2s−1+A2

2s−2 0 −A2s−1A2s

0 0 0 −A2s−2A2s−1 0 A2
2s+A

2
2s−1 0

0 0 0 0 −A2s−1A2s 0 A2
2s

 (1.6)

σ2
z(s) =

 s2 0 0 0 0
0 (s−1)2 0 0 0
0 0 ··· 0 0
0 0 0 −(s−1)2 0

0 0 0 0 −s2

 (1.7)

σz(s)σx(s) = 1
2

 0 sA1 0 0 0
(s−1)A1 0 (s−1)A2 0 0

0 (s−2)A2 0 ··· 0
0 0 ··· 0 −(s−1)A2s

0 0 0 −sA2s 0

 σx(s)σz(s) = 1
2

 0 (s−1)A1 0 0 0
sA1 0 (s−2)A2 0 0

0 (s−1)A2 0 ··· 0
0 0 ··· 0 −sA2s

0 0 0 −(s−1)A2s 0


(1.8)

σz(s)σy(s) = i
2

 0 −sA1 0 0 0
(s−1)A1 0 −(s−1)A2 0 0

0 (s−2)A2 0 ··· 0
0 0 ··· 0 (s−1)A2s

0 0 0 −sA2s 0

 σy(s)σz(s) = i
2

 0 −(s−1)A1 0 0 0
sA1 0 −(s−2)A2 0 0

0 (s−1)A2 0 ··· 0
0 0 ··· 0 sA2s

0 0 0 −(s−1)A2s 0


(1.9)

σx(s)σy(s) = i
4


A2

1 0 −A1A2 0 0 0 0

0 A2
2−A

2
1 0 −A2A3 0 0 0

A1A2 0 A2
3−A

2
2 0 ··· 0 0

0 A2A3 0 ··· 0 −A2s−2A2s−1 0

0 0 ··· 0 A2
2s−1−A

2
2s−2 0 −A2s−1A2s

0 0 0 A2s−2A2s−1 0 A2
2s−A

2
2s−1 0

0 0 0 0 A2s−1A2s 0 −A2
2s

 (1.10)

σy(s)σx(s) = i
4


−A2

1 0 −A1A2 0 0 0 0

0 A2
1−A

2
2 0 −A2A3 0 0 0

A1A2 0 A2
2−A

2
3 0 ··· 0 0

0 A2A3 0 ··· 0 −A2s−2A2s−1 0

0 0 ··· 0 A2
2s−2−A

2
2s−1 0 −A2s−1A2s

0 0 0 A2s−2A2s−1 0 A2
2s−1−A

2
2s 0

0 0 0 0 A2s−1A2s 0 A2
2s

 (1.11)

The anti commutative relation of the spin matrices:

{σy(s), σz(s)} = i
2

 0 −(2s−1)A1 0 0 0
(2s−1)A1 0 −(2s−3)A2 0 0

0 (2s−3)A2 0 ··· 0
0 0 ··· 0 (2s−1)A2s

0 0 0 −(2s−1)A2s 0

 (1.12)

{σz(s), σx(s)} = 1
2

 0 (2s−1)A1 0 0 0
(2s−1)A1 0 (2s−3)A2 0 0

0 (2s−3)A2 0 ··· 0
0 0 ··· 0 −(2s−1)A2s

0 0 0 −(2s−1)A2s 0

 (1.13)

{σx(s), σy(s)} = i
2


0 0 −A1A2 0 0 0 0
0 0 0 −A2A3 0 0 0

A1A2 0 0 0 ··· 0 0
0 A2A3 0 ··· 0 −A2s−1A2s 0
0 0 ··· 0 0 0 −A2sA2s+1

0 0 0 A2s−1A2s 0 0 0
0 0 0 0 A2sA2s+1 0 0

 (1.14)

2
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{σx(s), σx(s)} = 1
2


0 0 A1A2 0 0 0 0
0 0 0 A2A3 0 0 0

A1A2 0 0 0 ··· 0 0
0 A2A3 0 ··· 0 A2s−1A2s 0
0 0 ··· 0 0 0 A2sA2s+1

0 0 0 A2s−1A2s 0 0 0
0 0 0 0 A2sA2s+1 0 0

+ s(s+ 1)− σ2
z(s) (1.15)

{σy(s), σy(s)} = − 1
2


0 0 A1A2 0 0 0 0
0 0 0 A2A3 0 0 0

A1A2 0 0 0 ··· 0 0
0 A2A3 0 ··· 0 A2s−1A2s 0
0 0 ··· 0 0 0 A2sA2s+1

0 0 0 A2s−1A2s 0 0 0
0 0 0 0 A2sA2s+1 0 0

+ s(s+ 1)− σ2
z(s) (1.16)

{σz(s), σz(s)} =2

 s2 0 0 0 0
0 (s−1)2 0 0 0
0 0 ··· 0 0
0 0 0 (s−1)2 0

0 0 0 0 s2

 (1.17)

A1(s) := 1
2


A1 0 0 0 0 0 0
0 A2 0 0 0 0 0
0 0 A3 0 ··· 0 0
0 0 0 ··· 0 0 0
0 0 ··· 0 A2s−1 0 0
0 0 0 0 0 A2s 0
0 0 0 0 0 0 0

 , A2(s) := 1
2


0 0 0 0 0 0 0
0 A2 0 0 0 0 0
0 0 A3 0 ··· 0 0
0 0 0 ··· 0 0 0
0 0 ··· 0 A2s−1 0 0
0 0 0 0 0 A2s 0
0 0 0 0 0 0 A2s+1

 (1.18)

A2
2(s) +A2

1(s) = s(s+ 1)− σ2
z(s), A2

2(s)−A2
1(s) = σz(s) (1.19)

1.4 Lorentz transformation parameters ϑab and spin tensor Sab(s, ς) in orthogonal frame

(The book adopts this frame.)
ε ∈ R means the velocity of O′(particle) relative to O. ω ∈ R means the rotation angle of O′(particle)
relative to O. Self comment: In this way, the understanding of physics will not be confused. Especially
over time, it is easy to confuse the correspondence between parameters and real physics. Generally, it
is a different symbolIn case you forget, you can come back here and make a clean slate.

gab ' gab � diag(1, 1, 1, 1), xa ' xa = (x, y, z, it), ~ϑ ≡ iω + ε (1.20a)[
x′

y′

z′

it′

]
(= x′a) = eϑ

a
b

[
x
y
z
it

]
(= xb), ϑab �

[
0 ωz −ωy iεx
−ωz 0 ωx iεy
ωy −ωx 0 iεz
−iεx −iεy −iεz 0

]
≺ ϑab ' ϑab ' ϑab � iω ·R+ ε · L (1.20b)

ϑij = εijkω
k, ωk = 1

2εkijϑ
ij (1.20c)

x′a = (gab + ϑab)x
b, x′a = (gab + ϑab)xb, x

′
a = (ga

b + ϑa
b)xb, x

′
a = (gab + ϑab)x

b (1.20d)
δxa = ϑa

bxb = ϑabx
b, δxa = ϑabx

b = ϑabxb

~Sabcd = −i(gacgbd − gadgbc) �

 0 Rz(s) −Ry(s) −Lx(s)
−Rz(s) 0 Rx(s) −Ly(s)
Ry(s) −Rx(s) 0 −Lz(s)
Lx(s) Ly(s) Lz(s) 0

 (1.20e)


δϕ(s) = i

2ϑ
abSab(s, ς)ϕ(s) = i

2ϑabS
ab(s, ς)ϕ(s)

Sab(s, ς) �

 0 σz(s) −σy(s) −ςσx(s)
−σz(s) 0 σx(s) −ςσy(s)
σy(s) −σx(s) 0 −ςσz(s)
ςσx(s) ςσy(s) ςσz(s) 0

 ≺ Sab(s, ς) = −i[σ(s), iς2 ][a[σ(s),− iς2 ]b]
(1.20f)


Lab = xapb − xbpa �

 0 xpy−ypx −(zpx−xpz) ixE−itpx
−(xpy−ypx) 0 ypz−zpy iyE−itpy
zpx−xpz −(ypz−zpy) 0 izE−itpz
−(ixE−itpx) −(iyE−itpy) −(izE−itpz) 0


Mab = Lab + Sab(s, ς) = −i(xa∂b − xb∂a) + Sab(s, ς)

(1.20g)

Self comment: In essence, there are also infinite selection methods for frame selection. There are
several commonly used ones. This book uses the orthogonal frame of this section. The advantage of
this is that constant invariant tensors are simpler, more uniform and more regular in this frame. Of
course, it can also be transformed to other frame representations through equivalent transformation.
1.5 Lorentz transformation parameters ϑab and spin tensor Sab(s, ς) in other frames

1.5.1 Pseudo frame

gab = gab = diag(1, 1, 1,−1), xa = (x, y, z, t), xa = (x, y, z,−t) (1.21a)
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x′

y′

z′

t′

]
(= x′a) = eϑ

a
b

[
x
y
z
t

]
(= xb), ϑab =

[
0 ωz −ωy −εx
−ωz 0 ωx −εy
ωy −ωx 0 −εz
−εx −εy −εz 0

]
, x′a = (ga

b + ϑa
b)xb (1.21b)

ϑab = gacϑ
c
b �

[
0 ωz −ωy −εx
−ωz 0 ωx −εy
ωy −ωx 0 −εz
εx εy εz 0

]
, ϑab = ϑacg

cb �

[
0 ωz −ωy εx
−ωz 0 ωx εy
ωy −ωx 0 εz
−εx −εy −εz 0

]
, ϑa

b = gacϑ
c
dg
db �

[
0 ωz −ωy εx
−ωz 0 ωx εy
ωy −ωx 0 εz
εx εy εz 0

]
(1.21c)

x′a = (gab + ϑab)x
b, x′a = (gab + ϑab)xb, x

′
a = (ga

b + ϑa
b)xb, x

′
a = (gab + ϑab)x

b (1.21d)

δxa = ϑa
bxb = ϑabx

b, δxa = ϑabx
b = ϑabxb, δψ(s) = i

2ϑ
abSab(s, ς)ψ(s) = i

2ϑabS
ab(s, ς)ψ(s) (1.21e)

~Sabcd �

 0 Rz(s) −Ry(s) Lx(s)
−Rz(s) 0 Rx(s) Ly(s)
Ry(s) −Rx(s) 0 Lz(s)
−Lx(s) −Ly(s) −Lz(s) 0

 = −i(gacgbd − gadgbc), δxa = ϑcd~Sabcdx
b, δxa = ϑcdS

abcdxb (1.21f)

Sab(s, ς) �

 0 σz(s) −σy(s) iςσx(s)
−σz(s) 0 σx(s) iςσy(s)
σy(s) −σx(s) 0 iςσz(s)
−iςσx(s) −iςσy(s) −iςσz(s) 0

 , Sab(s, ς) �
 0 σz(s) −σy(s) −iςσx(s)
−σz(s) 0 σx(s) −iςσy(s)
σy(s) −σx(s) 0 −iςσz(s)
iςσx(s) iςσy(s) iςσz(s) 0

 , ς = ±1 (1.21g)

Lab = xapb − xbpa �

[ 0 xpy−ypx −(zpx−xpz) −(xE−tpx)
−(xpy−ypx) 0 ypz−zpy −(yE−tpy)
zpx−xpz −(ypz−zpy) 0 −(zE−tpz)
xE−tpx yE−tpy zE−tpz 0

]
,Mab = Lab + Sab(s, ς) (1.21h)

1.5.2 Negative pseudo frame

gab = gab = −diag(1, 1, 1,−1), xa = (x, y, z, t), xa = −(x, y, z,−t) (1.22a)[
x′

y′

z′

t′

]
(= x′a) = eϑ

a
b

[
x
y
z
t

]
(= xb), ϑab =

[
0 ωz −ωy −εx
−ωz 0 ωx −εy
ωy −ωx 0 −εz
−εx −εy −εz 0

]
, x′a = (ga

b + ϑa
b)xb (1.22b)

ϑab = gacϑ
c
b � −

[
0 ωz −ωy −εx
−ωz 0 ωx −εy
ωy −ωx 0 −εz
εx εy εz 0

]
, ϑab = ϑacg

cb � −

[
0 ωz −ωy εx
−ωz 0 ωx εy
ωy −ωx 0 εz
−εx −εy −εz 0

]
, ϑa

b = gacϑ
c
dg
db �

[
0 ωz −ωy εx
−ωz 0 ωx εy
ωy −ωx 0 εz
εx εy εz 0

]
(1.22c)

x′a = (gab + ϑab)x
b, x′a = (gab + ϑab)xb, x

′
a = (ga

b + ϑa
b)xb, x

′
a = (gab + ϑab)x

b (1.22d)

δxa = ϑa
bxb = ϑabx

b, δxa = ϑabx
b = ϑabxb, δψ(s) = i

2ϑ
abSab(s, ς)ψ(s) = i

2ϑabS
ab(s, ς)ψ(s) (1.22e)

~Sabcd �

 0 Rz(s) −Ry(s) Lx(s)
−Rz(s) 0 Rx(s) Ly(s)
Ry(s) −Rx(s) 0 Lz(s)
−Lx(s) −Ly(s) −Lz(s) 0

 = −i(gacgbd − gadgbc), δxa = ϑcd~Sabcdx
b, δxa = ϑcdS

abcdxb (1.22f)

Sab(s, ς) � −

 0 σz(s) −σy(s) iςσx(s)
−σz(s) 0 σx(s) iςσy(s)
σy(s) −σx(s) 0 iςσz(s)
−iςσx(s) −iςσy(s) −iςσz(s) 0

 , Sab(s, ς) � −
 0 σz(s) −σy(s) −iςσx(s)
−σz(s) 0 σx(s) −iςσy(s)
σy(s) −σx(s) 0 −iςσz(s)
iςσx(s) iςσy(s) iςσz(s) 0

 , ς = ±1 (1.22g)

Lab = xapb − xbpa � −

[ 0 xpy−ypx −(zpx−xpz) −(xE−tpx)
−(xpy−ypx) 0 ypz−zpy −(yE−tpy)
zpx−xpz −(ypz−zpy) 0 −(zE−tpz)
xE−tpx yE−tpy zE−tpz 0

]
,Mab = Lab + Sab(s, ς) (1.22h)

1.6 s-spin spinor index

s-spin spinor index definition: Use lower-case Arabic letters {i, j, k, l,m, n, p, q, r, s} to especially represent
general spin cases.

kς ∼ e
i
2ϑ

abSab(s,ς) = e(iω+ςε)·σ(s) ⇔k+ :=k∼ e(iω+ε)·σ(s)
k− :=k′∼ e(iω−ε)·σ(s) (1.23)

kς ∼ e−
i
2ϑ

abSTab(s,ς) = e−(iω+ςε)·σT (s) ⇔k+ :=k∼ e−(iω+ε)·σT (s) k− :=k′∼ e−(iω−ε)·σT (s) (1.24)
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k′ς ∼ e
i
2ϑ

abSab(s,−ς) = e(iω−ςε)·σ(s) ⇔k′+ :=k′∼ e(iω−ε)·σ(s) k′− :=k∼ e(iω+ε)·σ(s) (1.25)

k′ς
∼ e−

i
2ϑ

abSTab(s,−ς) = e−(iω−ςε)·σT (s) ⇔k′+
:=k′∼ e−(iω−ε)·σT (s)

k′−
:=k∼ e−(iω+ε)·σT (s) (1.26)

Indices relation: Indices are identical and spinors are also identical, which is a definition.{
kς ≡k′−ς
k−ς ≡k′ς

{
kς ≡k

′
−ς

k−ς ≡k
′
ς

{
k+ ≡k′−≡

k

k− ≡k′+≡k′

{
k+ ≡k

′
−≡k

k− ≡k
′
+≡k′

(1.27)

Conjugate indices: If indices are equal then spinors may be equal or not. And they are equal only
under the special hermitian representation.{

(kς )∗ =k′ς

(kς )
∗ =k′ς

{
(k
′
ς )∗ =kς

(k′ς )
∗ =kς

{
(k)∗ =k′

(k)∗ =k′

{
(k
′
)∗ =k

(k′)
∗ =k

(1.28)

The metric tensor corresponding to the s-spin spinor index and the self consistent raising and lowering
rules are as follows:
εkς lς (s) ' εk

′
ς l
′
ς (s) ' εk′ς l′ς (s) ' ε

kς lς (s) � ε(s)
ψkς = (−ς)2sεkς lς (s)ψ

lς , ψkς = ς2sεkς lς (s)ψlς
ψk′ς = (−ς)2sεk′ς l′ς (s)ψ

l′ς , ψk
′
ς = ς2sεk

′
ς l
′
ς (s)ψl′ς

(1.29)

The essence of self consistent raising and lowering rules is as follows. The rules are consistent with
those of Penrose, and the Penrose indices are consistent with my indices.
εk′l′(s) = [εkl(s)]

∗ ' εkl(s), εk
′l′(s) = [εkl(s)]∗ ' εkl(s)

ψk = (−1)2sεkl(s)ψ
l, ψk = εkl(s)ψl

ψk′ = (−1)2sεk′l′(s)ψ
l′ , ψk

′
= εk

′l′(s)ψl′

(1.30)

Self comment: Why is it necessary to specify the raising and lowering rules for new abstract indicators
in this way. There are two main considerations. First tries to be consistent with the Penrose abstract
indices rules and the second is the inherent self consistency requirements of the new abstract indices. It
is also a summary and refinement of the later actual calculation of a large number of constant invariant
tensors.
1.7 1

2 -spin spinor index
1
2 -spin spinor index is a special case of s-spin spinor index. In order to be consistent with the Penrose
abstract index, the Arabic capital letters {A,B,C, · · · } are still used to specifically represent the 1

2 -spin
case. The definitions and rules are shown in the above section(s = 1

2).
1.8 Complex vector index

Photon spin matrix: Greek letters {α, β, γ, · · · } are used to specifically represent the complex vector
indices.

γ = {
[

0 0 0
0 0 −i
0 i 0

]
,
[

0 0 i
0 0 0
−i 0 0

]
,
[

0 −i 0
i 0 0
0 0 0

]
} (1.31)

Take σ(1) = γ to obtain the complex vector index, as follows:

ας ∼ e(iω+ςε)·γ ⇔ α+ := α ∼ e(iω+ε)·γ α− := α′ ∼ e(iω−ε)·γ (1.32)

α′ς ∼ e(iω−ςε)·γ ⇔ α′+ := α′ ∼ e(iω−ε)·γ α′− := α ∼ e(iω+ε)·γ (1.33)

Indices relation:

ας ≡ α′−ς , α−ς ≡ α′ς ;α+ ≡ α′− ≡ α, α− ≡ α′+ ≡ α (1.34)

Conjugate relation:

(ας)
∗ ≡ α′ς , (α′ς)∗ ≡ ας ; (α)∗ ≡ α′, (α′)∗ ≡ α (1.35)

Metric tensors and raising and lowering rules corresponding to complex vector indices:{
gαςβς = δαςβς � I, gαςβς = δαςβς � I
gα′ςβ′ς = δα′ςβ′ς � I, g

α′ςβ
′
ς = δα

′
ςβ
′
ς � I

,

{
ψας = gαςβςψ

βς , ψας = gαςβςψβς
ψα
′
ς = gα

′
ςβ
′
ςψβ′ς , ψα′ς = gα′ςβ′ςψ

β′ς
(1.36)

At this point, the metric tensor is the identity matrix. It is not necessary to distinguish between
inverse and covariant tensors. Superscripts and subscripts can be synchronously exchanged at will.
Self comment: The complex vector index is derived from the description of electromagnetic fields,
Yang-Mills fields, and gravitational fields, so it is also particularly suitable for describing them.
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1.9 Vector index

The spatial rotation matrix R and the Lorentz boost matrix L:

R = {
[

0 0 0 0
0 0 −i 0
0 i 0 0
0 0 0 0

]
,

[
0 0 i 0
0 0 0 0
−i 0 0 0
0 0 0 0

]
,

[
0 −i 0 0
i 0 0 0
0 0 0 0
0 0 0 0

]
}, L = {

[
0 0 0 i
0 0 0 0
0 0 0 0
−i 0 0 0

] [
0 0 0 0
0 0 0 i
0 0 0 0
0 −i 0 0

] [
0 0 0 0
0 0 0 0
0 0 0 i
0 0 −i 0

]
} (1.37)

Vector index is as follow: Lower-case Arabic letters {a, b, c, d, e, f, g, h, u, v, w} are used to specifically
represent the vector indices.

aς ∼ e(iω·R+ςε·L) ⇔ a+ := a ∼ eϑ = e(iω·R+ε·L) a− := a′ ∼ eϑ
∗

= e(iω·R−ε·L) (1.38)

a′ς ∼ e(iω·R−ςε·L) ⇔ a′+ := a′ ∼ eϑ
∗

= e(iω·R−ε·L) a′− := a ∼ eϑ = e(iω·R+ε·L) (1.39)

Indices relation:

aς ≡ a′−ς , a−ς ≡ a′ς ; a+ ≡ a′− ≡ a, a− ≡ a′+ ≡ a′ (1.40)

Conjugate relation:

(aς)
∗ ≡ a′ς , (a′ς)∗ ≡ aς ; (a)∗ ≡ a′, (a′)∗ ≡ a (1.41)

Metric tensors and raising and lowering rules corresponding to vector indices:{
gaςbς = δaςbς � I, gaςbς = δaςbς � I
ga′ςb′ς = δa′ςb′ς � I, g

a′ςb
′
ς = δa

′
ςb
′
ς � I

,

{
ψaς = gaςbςψ

bς , ψaς = gaςbςψbς
ψa
′
ς = ga

′
ςb
′
ςψb′ς , ψa′ς = ga′ςb′ςψ

b′ς
(1.42)

At this point, the metric tensor is the identity matrix. It is not necessary to distinguish between
inverse and covariant tensors. Superscripts and subscripts can be synchronously exchanged at will.

2 Common Matrices
2.1 Pauli matrix

σ = {
[
0 1
1 0

]
,

[
0 −i
i 0

]
,

[
1 0
0 −1

]
}, tr(σας ) = 0, tr(σαςσβς ) = 2δαςβς (1.43)

[σας , σβς ] = 2iεαςβς
γςσγς , {σας , σβς} = 2δαςβς , σ

2( 1
2 ) = 1

2 ( 1
2 + 1) (1.44)

2.2 Photon matrix

γ = {
[

0 0 0
0 0 −i
0 i 0

]
,
[

0 0 i
0 0 0
−i 0 0

]
,
[

0 −i 0
i 0 0
0 0 0

]
}, tr(γας ) = 0, tr(γαςγβς ) = 2δαςβς (1.45)

[γας , γβς ] = iεαςβς
γςγγς , γ

2 = 1(1 + 1), γας ≺ γαςβς γς ≡ −iεαςβς γς (1.46)

2.3 Rotation generator matrix

Spatial rotation generator matrix:

R = {
[

0 0 0 0
0 0 −i 0
0 i 0 0
0 0 0 0

]
,

[
0 0 i 0
0 0 0 0
−i 0 0 0
0 0 0 0

]
,

[
0 −i 0 0
i 0 0 0
0 0 0 0
0 0 0 0

]
}, tr(Rας ) = 0, tr(RαςRβς ) = 2δαςβς (1.47a)

Lorenz boost generator matrix:

L = {
[

0 0 0 i
0 0 0 0
0 0 0 0
−i 0 0 0

]
,

[
0 0 0 0
0 0 0 i
0 0 0 0
0 −i 0 0

]
,

[
0 0 0 0
0 0 0 0
0 0 0 i
0 0 −i 0

]
}, tr(Lας ) = 0, tr(LαςLβς ) = 2δαςβς (1.47b)

[Rας , Rβς ] = iεαςβς
γςRγς , [Lας , Lβς ] = iεαςβς

γςRγς , [Rας , Lβς ] = [Lας , Rβς ] = iεαςβς
γςLγς (1.47c)

R2 = diag(2, 2, 2, 1), L2 = diag(0, 0, 0, 3) (1.47d)

2.4 SO(4) group generator matrix

The positive branch of SO(4) group generator matrix:

σ+ = R+ L = {
[

0 0 0 i
0 0 −i 0
0 i 0 0
−i 0 0 0

]
,

[
0 0 i 0
0 0 0 i
−i 0 0 0
0 −i 0 0

]
,

[
0 −i 0 0
i 0 0 0
0 0 0 i
0 0 −i 0

]
} (1.48a)

σ+ = {−σy ⊗ σx,−I ⊗ σy, σy ⊗ σz}, tr(σ+ας
) = 0, tr(σ+ας

σ+βς
) = 4δαςβς (1.48b)

The negative branch of SO(4) group generator matrix:

σ− = R− L = {
[

0 0 0 −i
0 0 −i 0
0 i 0 0
i 0 0 0

]
,

[
0 0 i 0
0 0 0 −i
−i 0 0 0
0 i 0 0

]
,

[
0 −i 0 0
i 0 0 0
0 0 0 −i
0 0 i 0

]
} (1.49a)

σ− = {σx ⊗ σy,−σz ⊗ σy, σy ⊗ I}, tr(σ−ας ) = 0, tr(σ−αςσ−βς ) = 4δαςβς (1.49b)
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The relation between two branches of SO(4) group generator matrix:

[σ+ας
, σ+βς

] = iεαςβς
γςσ+γς

, {σ+ας
, σ+βς

} = 2δαςβς , σ
2
+ = 1

2 ( 1
2 + 1) (1.50a)

[σ−ας , σ−βς ] = iεαςβς
γςσ−γς , {σ−ας , σ−βς} = 2δαςβς , σ

2
− = 1

2 ( 1
2 + 1) (1.50b)

[σ+ας
, σ−βς ] = [σ−ας , σ+βς

] = 0 (1.50c)

Unified representation of SO(4) group generator matrices

σς = {
[

0 0 0 iς
0 0 −i 0
0 i 0 0
−iς 0 0 0

]
,

[
0 0 i 0
0 0 0 iς
−i 0 0 0
0 −iς 0 0

]
,

[
0 −i 0 0
i 0 0 0
0 0 0 iς
0 0 −iς 0

]
} (1.51a)

[σκας , στ βς ] = iδκτεαςβς
γςσκγς , {σκας , στ βς} = 2δκτδαςβς , σ

2
ς = 1

2 ( 1
2 + 1) (1.51b)

Cor. 2.4.1. σabςβς = σaς |βς b = {
[

0 0 0 iς
0 0 i 0
0 −i 0 0

]
,
[

0 0 −i 0
0 0 0 iς
i 0 0 0

]
,
[

0 i 0 0
−i 0 0 0
0 0 0 iς

]
,
[−iς 0 0 0

0 −iς 0 0
0 0 −iς 0

]
}

Cor. 2.4.2. σab−ςβ′ς = σa−ς |β′ς
b = {

[
0 0 0 −iς
0 0 i 0
0 −i 0 0

]
,
[

0 0 −i 0
0 0 0 −iς
i 0 0 0

]
,
[

0 i 0 0
−i 0 0 0
0 0 0 −iς

]
,
[
iς 0 0 0
0 iς 0 0
0 0 iς 0

]
}

Self comment: This pair of constant invariant tensors is essentially two generator matrices of SO(4).
Gerard’t Hooft had also used it, called Gerard’t Hooft η matrix. This pair of constant invariant tensors
also appeared in the construction of Ashtekar action in loop quantum gravity. But they don’t be called
constant invariant tensors. Here it appears in more places, is everywhere and is widely used. It is a
very useful fundamental constant invariant tensor, closely related to the spin matrix. By using them,
I can also obtain a new expression of the electromagnetic field and Yang-Mills field equation: the
integral spinor expression.

3 Discovery and proof of constant invariant tensors
3.1 Various common metric constant invariant tensors

Self comment: The constant invariant tensors in this section had already existed in mathematics and
physics before I developed this mathematical theory. It was inspired by them and Penrose spinor
analysis. So that I wanted to develop a general constant invariant tensors theory. And I apply it to
physics. It provides a useful mathematical tool for physical research.
3.1.1 Four vector metric constant invariant tensors δaςbς , δ

aςbς , δa′ςb′ς , δ
a′ςb
′
ς

Thm. 3.1.1. I4 = e(iω·R+ςε·L)I4e
(iω·R+ςε·L)T ; δaςbς , δ

aςbς are constant invariant tensors.

Cor. 3.1.1. I4 = e(iω·R−ςε·L)I4e
(iω·R−ςε·L)T ; δa′ςb′ς , δ

a′ςb
′
ς are constant invariant tensors.

3.1.2 Complex vector metric constant invariant tensors δαςβς , δ
αςβς , δα′ςβ′ς , δ

α′ςβ
′
ς

Thm. 3.1.2. I3 = e(iω+ςε)·γI3e
(iω+ςε)·γT ; δαςβς , δ

αςβς are constant invariant tensors.

Cor. 3.1.2. I3 = e(iω−ςε)·γI3e
(iω−ςε)·γT ; δα′ςβ′ς , δ

α′ςβ
′
ς are constant invariant tensors.

3.1.3 s-spinor metric constant invariant tensors εkς lς (s), εkς lς (s), εk′ς l′ς (s), ε
k′ς l
′
ς (s)

Lem. 3.1.1. σT (s) = (−1)2s+1ε(s)σ(s)ε(s)

Thm. 3.1.3. ε(s) = e(iω+ςε)·σ(s)ε(s)e(iω+ςε)·σT (s); εkς lς (s) are constant invariant tensors.

Cor. 3.1.3. ε(s) = e(iω−ςε)·σ(s)ε(s)e(iω−ςε)·σT (s); εk′ς l′ς (s) are constant invariant tensors.

Cor. 3.1.4. ε(s) = e−(iω+ςε)·σT (s)ε(s)e−(iω+ςε)·σ(s); εkς lς (s) are constant invariant tensors.

Cor. 3.1.5. ε(s) = e−(iω−ςε)·σT (s)ε(s)e−(iω−ςε)·σ(s); εk
′
ς l
′
ς (s) are constant invariant tensors.

3.1.4 Antisymmetric 1
2 -spinor metric tensors εAςBς , εAςBς , εA′ςB′ς , ε

A′ςB
′
ς

In the previous section, take s = 1
2 to obtain: εAςBς , εAςBς , εA′ςB′ς , ε

A′ςB
′
ς are constant invariant tensors.

3.2 Fundamental theorem 1 and its relevant constant invariant tensors
3.2.1 Lemma

Lem. 3.2.1. ϑa
b(Γ, iς)b ≡ (−ω × Γ− ςε,−iε · Γ)a, ϑa

b � ϑ ≡ (iω ·R+ ε · L)

Lem. 3.2.2. 1
2 iω · [Γ,Γας ] = (ω × Γ)ας ,∀ω → 0⇔ [Γας ,Γβς ] = 2iεαςβς

γςΓγς

Lem. 3.2.3. 1
2ε · {Γ,Γας} = εας ,∀ε→ 0⇔ {Γας ,Γβς} = 2δαςβς

Lem. 3.2.4. ϑij = εijkω
k, ϑiπ = iεi, ϑπj = −iεj , ωk = 1

2εkijϑ
ij
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3.2.2 Fundamental theorem 1

The following theorem exists in 4-dimensional space-time.

Thm. 3.2.1. (Γ, iς)a = [e(iω·R+ε·L)]a
be(iω+ςε)· 12 Γ(Γ, iς)be

−(iω−ςε)· 12 Γ ⇔

{
[Γας ,Γβς ] = 2iεαςβς

γςΓγς
{Γας ,Γβς} = 2δαςβς

Proof: (Γ, iς)a = [e(iω·R+ε·L)]a
be(iω+ςε)· 12 Γ(Γ, iς)be

−(iω−ςε)· 12 Γ,∀ω,∀ε
⇔ (Γ, iς)a = (δa

b + ϑa
b)(1 + (iω + ςε) · 1

2Γ)(Γ, iς)b(1− (iω − ςε) · 1
2Γ),∀ω → 0,∀ε→ 0

⇔ 0 = ϑa
b(Γ, iς)b + 1

2 iω · [Γ, (Γ, iς)a] + 1
2ε · {Γ, (Γ, iς)a},∀ω → 0,∀ε→ 0

⇔ 0 = (−ω × Γ− ςε,−iε · Γ)a + 1
2 iω · [Γ, (Γ, iς)a] + 1

2ε · {Γ, (Γ, iς)a},∀ω → 0,∀ε→ 0
⇔ 0 = (−ω × Γ− ςε)ας + 1

2 iω · [Γ,Γας ] + 1
2ε · {Γ,Γας},∀ω → 0,∀ε→ 0

⇔ 1
2 iω · [Γ,Γας ] = (ω × Γ)ας ,

1
2ε · {Γ,Γας} = εας ,∀ω → 0,∀ε→ 0

⇔ [Γας ,Γβς ] = 2iεαςβς
γςΓγς , {Γας ,Γβς} = 2δαςβς

The above theorem indicates: The commutative relation [Γας ,Γβς ] = 2iεαςβς
γςΓγς and anti commutative

relation {Γας ,Γβς} = 2δαςβς mean that (Γ, iς)a is a constant invariant tensor, vice versa.

3.2.3 Constant invariant tensors (σ, iς)aAςA′ς , (σ,−iς)a
A′ςAς [1, 2]

Cor. 3.2.1. (σ, iς)a = [e(iω·R+ε·L)]abe
(iω+ςε)· 12σ(σ, iς)be−(iω−ςε)· 12σ; (σ, iς)aAςA′ς are constant invariant tensors.

Cor. 3.2.2. (σ,−iς)a = [e(iω·R+ε·L)]a
be(iω−ςε)· 12σ(σ,−iς)be−(iω+ςε)· 12σ; (σ,−iς)aA

′
ςAς are constant invariant tensors.

Self comment: This pair of constant invariant tensors is the protagonist of Penrose’s spin analysis [1, 2].
This is also one of the reasons that inspired me to develop the theory of general constant invariant
tensors. I’m just rediscovering it in my way here.
3.2.4 Generalization of fundamental theorem 1

The following theorem exists in any N+1 dimensional space-time.(Finally to be generalized successful-
ly.)

Thm. 3.2.2. [Γ, iς]a = [eϑ]abe
1
8ϑ

ij [Γi,Γj ]+ςε·
1
2 Γ[Γ, iς]be−

1
8ϑ

ij [Γi,Γj ]+ςε·
1
2 Γ ⇔ {Γi,Γj} = 2δij ;Sij := − i

4 [Γi,Γj ]

Proof: [Γ, iς]a = [eϑ]abe
1
8ϑ

ij [Γi,Γj ]+ςε·
1
2 Γ[Γ, iς]be−

1
8ϑ

ij [Γi,Γj ]+ςε·
1
2 Γ

⇔ [Γ, iς]a = [eϑ]abe
i
2ϑ

ijSij+ςε·
1
2 Γ[Γ, iς]be−

i
2ϑ

ijSij+ςε·
1
2 Γ

⇔ [Γ, iς]a = (δab + ϑab)
[1 + i

2ϑ
ijSij + ςε · 1

2Γ][Γ, iς]b[1− i
2ϑ

ijSij + ςε · 1
2Γ]

⇔ 0 = ϑab[Γ, iς]
b

+ [ i2ϑ
ijSij + ςε · 1

2Γ][Γ, iς]a + [Γ, iς]a[− i
2ϑ

ijSij + ςε · 1
2Γ]

⇔ 0 = ϑab[Γ, iς]
b + i

2ϑ
ij [Sij , [Γ, iς]

a] + 1
2 ς{[Γ, iς]

a, ε · Γ}
⇔ 0 = ϑab[Γ, iς]b + i

2ϑ
ij [Sij , [Γ, iς]

a] + 1
2 ς{[Γ, iς]

a, ε · Γ}

⇔

{
0 = ϑkb[Γ, iς]b + i

2ϑ
ij [Sij , [Γ, iς]

k] + 1
2 ς{[Γ, iς]

k, ε · Γ}
0 = ϑπb[Γ, iς]b + i

2ϑ
ij [Sij , [Γ, iς]

π] + 1
2 ς{iς, ε · Γ}

⇔

{
0 = ϑkjΓj + iςϑkπ + i

2ϑ
ij [Sij ,Γ

k] + 1
2 ςεl{Γ

k,Γl}
0 = ϑπjΓj + iε · Γ

⇔

{
0 = ϑkjΓj + i

2ϑ
ij [Sij ,Γ

k] + 1
2 ςεl{Γ

k,Γl} − ςεk

0 = 0

⇔ 0 = ϑijδkiΓj + i
2ϑ

ij [Sij ,Γ
k] + 1

2 ςεl{Γ
k,Γl} − ςεk

⇔

{
0 = 1

2 ςεl{Γ
k,Γl} − ςεk

0 = ϑijδkiΓj + i
2ϑ

ij [Sij ,Γ
k]

⇔

{
0 = 1

2 ςεl{Γ
k,Γl} − ςεk

0 = ϑij{ 1
2δk[iΓj] + i

2 [Sij ,Γk]}

⇔

{
{Γi,Γj} = 2δij

i[Γk, Sij ] = δk[iΓj]
⇔ {Γi,Γj} = 2δij

The above theorem indicates: The anti commutative relation {Γi,Γj} = 2δij means that (Γ, iς)a is a
constant invariant tensor, vice versa. The fundamental theorem 1 is just a special case.
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3.2.5 Constant invariant tensors [Γ(N), iς]aAςA′ς , [Γ(N),−iς]A
′
ςAς

a

Cor. 3.2.3.

{Γi(N),Γj(N)} = 2δij ⇒ [Γ(N), iς]a = [eϑ]abe
1
8ϑ

ij [Γi(N),Γj(N)]+ςε· 12 Γ(N)[Γ(N), iς]be−
1
8ϑ

ij [Γi(N),Γj(N)]+ςε· 12 Γ(N)

Self comment: Therefore [Γ(N), iς]aAςA′ς and [Γ(N),−iς]A
′
ςAς

a are constant invariant tensors. It is a gener-

alization of Penrose spinors in high and low dimensional space-time.
3.3 Fundamental theorem 2 and its relevant constant invariant tensors
3.3.1 Fundamental theorem 2

Thm. 3.3.1. Γας = [e(iω+ςε)·γ ]ας
βςe(iω+ςε)·ΓΓβςe

−(iω+ςε)·Γ ⇔ [Γας ,Γβς ] = iεαςβς
γςΓγς

Proof: Γας = [e(iω+ςε)·γ ]ας
βςe(iω+ςε)·ΓΓβςe

−(iω+ςε)·Γ,∀ω,∀ε
⇔ Γας = [δας

βς + (iω + ςε) · γας βς ][1 + (iω + ςε) · Γ]Γβς [1− (iω + ςε) · Γ],∀ω → 0,∀ε→ 0
⇔ 0 = (iω + ςε) · {γας βςΓβς + [Γ,Γας ]},∀ω → 0,∀ε→ 0
⇔ γας

βςΓβς + [Γ,Γας ] = 0
⇔ γαςβς

γςΓγς + [Γας ,Γβς ] = 0(εαςβς
γς ≡ iγαςβς γς )

⇔ [Γας ,Γβς ] = iεαςβς
γςΓγς

The above theorem indicates: The commutative relation [Γας ,Γβς ] = iεαςβς
γςΓγς means that Γας a constant

invariant tensor, vice versa.
3.3.2 Generalized fundamental theorem 2

Thm. 3.3.2. Tας = [e(iω+ςε)·γ ]ας
βςe(iω+ςε)·ΓTβςe

−(iω+ςε)·Γ ⇔ [Γας ,Γβς ] = iεαςβς
γςΓγς

Proof: Tας = [e(iω+ςε)·γ ]ας
βςe(iω+ςε)·ΓTβςe

−(iω+ςε)·Γ,∀ω,∀ε
⇔ Tας = [δας

βς + (iω + ςε) · γας βς ][1 + (iω + ςε) · Γ]Tβς [1− (iω + ςε) · Γ],∀ω → 0,∀ε→ 0
⇔ 0 = (iω + ςε) · {γας βςTβς + [Γ, Tας ]},∀ω → 0,∀ε→ 0
⇔ γας

βςTβς + [Γ, Tας ] = 0
⇔ γαςβς

γςTγς + [Γας , Tβς ] = 0(εαςβς
γς ≡ iγαςβς γς )

⇔ [Γας , Tβς ] = iεαςβς
γςTγς

3.3.3 Generalization: constant invariant tensor operators [40]

Thm. 3.3.3.

T̂ (j,m) =
−j∑
m′=j

〈j,m|U+(R)|j,m′〉U(R)T̂ (j,m′)U+(R)

U(R)T̂ (j,m)U+(R) =
−j∑
m′=j

T̂ (j,m′)〈j,m′|U(R)|j,m〉

U(R)|j,m〉 =
−j∑
m′=j

|j,m′〉〈j,m′|U(R)|j,m〉

3.3.4 Constant invariant tensors σας kς
lς (s), σα′ς

k′ς l′ς
(s), σαςAς

Bς , σα′ς
A′ςB′ς

Cor. 3.3.1. σας (s) = [e(iω+ςε)·γ ]ας βςe
(iω+ςε)·σ(s)σβς (s)e−(iω+ςε)·σ(s); σας kς

lς (s) are constant invariant tensors.

Cor. 3.3.2. σας = [e(iω+ςε)·γ ]ας βςe
(iω+ςε)· 12σσβςe−(iω+ςε)· 12σ; σαςAς

Bς are constant invariant tensors.

Cor. 3.3.3. σα′ς (s) = [e(iω−ςε)·γ ]α′ς
β′ςe(iω−ςε)·σ(s)σβ′ς (s)e

−(iω−ςε)·σ(s); σα′ς
k′ς l′ς

(s) are constant invariant tensors.

Cor. 3.3.4. σα′ς = [e(iω−ςε)·γ ]α′ς
β′ςe(iω−ςε)· 12σσβ′ςe

−(iω−ςε)· 12σ; σα′ς
A′ςB′ς

are constant invariant tensors.

Self comment: This theorem indicates that the spin matrix is a constant invariant tensor. Combining
the theorem in the previous section, it is found that Pauli matrix can be combined into two types of
constant invariant tensors. This is interesting, but other spin matrices do not have this property, so
Pauli matrix is very special.

Cor. 3.3.5. σα′ς (s) = [eiω·γ ]α′ς
β′ςeiω·σ(s)σβ′ς (s)e

−iω·σ(s)[⇒]σ(s) · p̂ = eiω·σ(s)σz(s)e
−iω·σ(s)

3.3.5 Antisymmetric constant invariant tensors εαςβςγς , εα′ςβ′ςγ′ς

Cor. 3.3.6. γας (s) = [e(iω+ςε)·γ ]ας
βςe(iω+ςε)·γγβς (s)e

−(iω+ςε)·γ ; εαςβςγς (≡ iγαςβςγς ) are constant invariant tensors.

Cor. 3.3.7. γα′ς (s) = [e(iω−ςε)·γ ]α′ς
β′ςe(iω−ςε)·γγβ′ς (s)e

−(iω−ςε)·γ ; εα′ςβ′ςγ′ς (≡ iγα′ςβ′ςγ′ς ) are constant invariant tensors.

Self comment: The above shows that the three dimensional antisymmetric tensor is a four dimensional
Lorentz constant invariant tensor.
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3.3.6 Transition

Cor. 3.3.8. σ+ας = [e(iω+ςε)·γ ]ας
βςe(iω+ςε)· 12σ+σ+βςe

−(iω+ςε)· 12σ+

Cor. 3.3.9. σ−ας = [e(iω+ςε)·γ ]ας
βςe(iω+ςε)· 12σ−σ−βςe

−(iω+ςε)· 12σ−

3.3.7 Constant invariant tensors σab+ας , σ
ab
−α′ , σ

ab
ςας , σ

ab
−ςα′ς

Cor. 3.3.10. σ+ας = [e(iω+ςε)·γ ]ας
βςe(iω·R+ςε·L)σςβςe

−(iω·R+ςε·L); σaςbςςας are constant invariant tensors.

Proof: σ+ας = [e(iω+ςε)·γ ]ας
βςe(iω+ςε)· 12σ+σ+βςe

−(iω+ςε)· 12σ+

⇔ σ+ας = [e(iω+ςε)·γ ]ας
βςe(iω+ςε)· 12σ+ [e(iω−ςε)· 12σ−σ+βςe

−(iω−ςε)· 12σ− ]e−(iω+ςε)· 12σ+

⇔ σςας = [e(iω+ςε)·γ ]ας
βςe(iω·R+ςε·L)σςβςe

−(iω·R+ςε·L); σaςbς+ας are constant invariant tensors.

Cor. 3.3.11. σ−ςα′ς = [e(iω−ςε)·γ ]α′ς
β′ςe(iω·R+ςε·L)σ−ςβ′ςe

−(iω·R+ςε·L), σaςbς−ςα′ς
are constant invariant tensors.

Proof: σ−ας = [e(iω+ςε)·γ ]ας
βςe(iω+ςε)· 12σ−σ−βςe

−(iω+ςε)· 12σ−

⇔ σ−ας = [e(iω+ςε)·γ ]ας
βςe(iω+ςε)· 12σ− [e(iω−ςε)· 12σ+σ−βςe

−(iω−ςε)· 12σ+ ]e−(iω+ςε)· 12σ−

⇔ σ−ας = [e(iω+ςε)·γ ]ας
βςe(iω·R−ςε·L)σςβςe

−(iω·R−ςε·L); σ
a′ςb
′
ς

−ας are constant invariant tensors.

Combining the two σaςbς+ας , σ
a′ςb
′
ς

−ας , it can be seen that σab+α, σ
ab
−α′ are constant invariant tensors.

It is further known that σabςας , σ
ab
−ςα′ς are constant invariant tensors.

Self comment: The above strictly proves that the two generator matrices of SO(4) are constant invariant
tensors.
3.3.8 Generalization of fundamental theorem 2

Lem. 3.3.1. [Γi,Γj ] = −2γkijΓk ⇒ [γi, γj ] = −γkijγk

Thm. 3.3.4. Γας = [e
i
2ω

ij ~Sij+ςε
kγk ]ας

βςe
1
8ω

ij [Γi,Γj ]+
1
2 ςε

kΓkΓβςe
−(

1
8ω

ij [Γi,Γj ]+
1
2 ςε

kΓk)

⇔ [Γi,Γj ] = −2γkijΓk,
1
4 [[Γi,Γj ],Γk] = −i[~Sij ]klΓl

Proof: Γας = [e
i
2ω

ij ~Sij+ςε
kγk ]ας

βςe
1
8ω

ij [Γi,Γj ]+
1
2 ςε

kΓkΓβςe
−(

1
8ω

ij [Γi,Γj ]+
1
2 ςε

kΓk),∀ω,∀ε
⇔ Γας = [δας

βς + ( i2ω
ij ~Sij + ςεkγk)ας

βς ][1 + 1
8ω

ij [Γi,Γj ] + 1
2 ςε

kΓk]Γβς [1− 1
8ω

ij [Γi,Γj ]− 1
2 ςε

kΓk],∀ω → 0,∀ε→ 0

⇔ 0 = ( i2ω
ij ~Sij + ςεkγk)ας

βςΓβς + [ 1
8ω

ij [Γi,Γj ] + 1
2 ςε

kΓk,Γας ],∀ω → 0,∀ε→ 0

⇔ 0 = εkγkας
βςΓβς + [εkΓk,Γας ], 0 = i

2ω
ij [~Sij ]ας

βςΓβς + [ 1
8ω

ij [Γi,Γj ],Γας ]

⇔ [Γk,Γας ] = −2γkας
βςΓβς ,

1
4 [[Γi,Γj ],Γας ] = −i[~Sij ]ας βςΓβς

⇔ [Γi,Γj ] = −2γkijΓk,
1
4 [[Γi,Γj ],Γk] = −i[~Sij ]klΓl

⇔ [Γi,Γj ] = −2γkijΓk,
1
4 [[Γi,Γj ],Γk] = γmijγ

l
mkΓl = γij

mγmk
lΓl = −i[~Sij ]klΓl

The above γkij is a four dimensional analogue. Generally ~Sij is not directly related to [Γi,Γj ]. It seems
that it can’t be promoted, and only the four dimensional situation can be satisfied.

Cor. 3.3.12. Γας = [e
i
2ω

ij ~Sij ]ας
βςe

1
8ω

ij [Γi,Γj ]Γβςe
− 1

8ω
ij [Γi,Γj ] ⇔ 1

4 [[Γi,Γj ],Γk] = −i[~Sij ]klΓl

3.4 Fundamental theorem 3 and its relevant constant invariant tensors
3.4.1 Fundamental theorem 3

The following theorem exists in any N+1 dimensional space-time.

Thm. 3.4.1. Γab = [eϑ]a
c[eϑ]b

de
i
2ϑ

efΓefΓcde
− i2ϑ

efΓef , ϑab = −ϑba
⇔ i[Γab,Γcd] = δadΓbc − δacΓbd + δbcΓad − δbdΓac

Proof: Γab = [eϑ]a
c[eϑ]b

de
i
2ϑ

efΓefΓcde
− i2ϑ

efΓef ,∀ϑef
⇔ Γab = [δa

c + ϑa
c][δb

d + ϑb
d](1 + i

2ϑ
efΓef )Γcd(1− i

2ϑ
efΓef ),∀ϑef → 0

⇔ 0 = ϑa
cΓcb − ϑbdΓda − i

2ϑ
cd[Γab,Γcd],∀ϑcd → 0

⇔ iϑcd[Γab,Γcd] = 2(ϑa
cΓcb − ϑbdΓda),∀ϑcd → 0

⇔ iϑcd[Γab,Γcd] = ϑcd(δadΓbc − δacΓbd + δbcΓad − δbdΓac),∀ϑcd → 0
⇔ i[Γab,Γcd] = δadΓbc − δacΓbd + δbcΓad − δbdΓac

The above theorem indicates: The commutative relation i[Γab,Γcd] = δadΓbc−δacΓbd+δbcΓad−δbdΓac means
that Γab is a constant invariant tensor, and vice versa.
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3.4.2 Generalized fundamental theorem 3

The following theorem exists in any N+1 dimensional space-time.

Thm. 3.4.2. Tab = [eϑ]a
c[eϑ]b

de
i
2ϑ

efΓefTcde
− i2ϑ

efΓef , ϑab = −ϑba
⇔ i[Tab,Γcd] = δacTdb − δadTcb + δbcTad − δbdTac

Proof: Tab = [eϑ]a
c[eϑ]b

de
i
2ϑ

efΓefTcde
− i2ϑ

efΓef ,∀ϑef
⇔ Tab = [δa

c + ϑa
c][δb

d + ϑb
d](1 + i

2ϑ
efΓef )Tcd(1− i

2ϑ
efΓef ),∀ϑef → 0

⇔ 0 = ϑa
cTcb + ϑb

dTad − i
2ϑ

cd[Tab,Γcd],∀ϑcd → 0
⇔ iϑcd[Tab,Γcd] = 2(ϑa

cTcb + ϑb
dTad),∀ϑcd → 0

⇔ iϑcd[Tab,Γcd] = 2ϑcd(−δadTcb + δbcTad),∀ϑcd → 0
⇔ i[Tab,Γcd] = δacTdb − δadTcb + δbcTad − δbdTac

3.4.3 Spin constant invariant tensor [8]SabA
B

Cor. 3.4.1. Sab = [eϑ]a
c[eϑ]b

de
i
2ϑ

efSefScde
− i2ϑ

efSef ; SabA
B are constant invariant tensors.

Self comment: The above shows that the spin tensor of physics is a constant invariant tensor in any
space-time.
3.4.4 Spin constant invariant tensors Sabkς

lς (s, ς), Sab
k′ς l′ς

(s,−ς)

Cor. 3.4.2. Sab(s, ς) = [eϑ]a
c[eϑ]b

de
i
2ϑ

efSef (s,ς)Scd(s, ς)e
− i2ϑ

efSef (s,ς); Sabkς
lς (s, ς) are constant invariant tensors.

Cor. 3.4.3. Sab(s,−ς) = [eϑ]a
c[eϑ]b

de
i
2ϑ

efSef (s,−ς)Scd(s,−ς)e−
i
2ϑ

efSef (s,−ς); Sab
k′ς l′ς

(s,−ς) are constant invariant tensors.

3.4.5 Spin constant invariant tensors SabAς
Bς ( 1

2 , ς), Sab
A′ςB′ς

( 1
2 ,−ς)

Previous section take s = 1
2 to obtain: SabAς

Bς ( 1
2 , ς), Sab

A′ςB′ς
( 1

2 ,−ς) are constant invariant tensors.

3.5 Fundamental theorem 4 and its relevant constant invariant tensors
3.5.1 Fundamental theorem 4

Lem. 3.5.1. [Γa, [Γc,Γd]] = 1
2 ({{Γa,Γc},Γd} − {Γc, {Γd,Γa}})

The following theorem exists in any N+1 dimensional space-time.

Thm. 3.5.1. Γa = [eϑ]a
be
i
2ϑ

cdΓcdΓbe
− i2ϑ

cdΓcd ⇔ i[Γa,Γcd] = δa[cΓd]

Proof: Γa = [eϑ]a
be
i
2ϑ

cdΓcdΓbe
− i2ϑ

cdΓcd ,∀ϑcd
⇔ Γa = [δa

b + ϑa
b](1 + i

2ϑ
cdΓcd)Γb(1− i

2ϑ
cdΓcd),∀ϑcd → 0

⇔ 0 = ϑa
bΓb − i

2ϑ
cd[Γa,Γcd],∀ϑcd → 0

⇔ iϑcd[Γa,Γcd] = 2ϑa
bΓb,∀ϑcd → 0

⇔ iϑcd[Γa,Γcd] = ϑcd(δacΓd − δadΓc),∀ϑcd → 0
⇔ i[Γa,Γcd] = δa[cΓd]

The following theorem exists in any N+1 dimensional space-time.

Thm. 3.5.2. Γa = [eϑ]a
be
i
2ϑ

cdScdΓbe
− i2ϑ

cdScd , Scd = − i
4 [Γc,Γd]⇔ 1

4 [[Γc,Γd],Γa] = Γ[cδd]a

Proof: Γa = [eϑ]a
be
i
2ϑ

cdScdΓbe
− i2ϑ

cdScd

⇔ Γa = (1 + ϑ)a
b(1 + i

2ϑ
cdScd)Γb(1− i

2ϑ
cdScd)

⇔ 0 = ϑa
bΓb + i

2ϑ
cd[Scd,Γa]

⇔ 0 = − 1
2ϑ

cdΓ[cδd]a + i
2ϑ

cd[Scd,Γa]
⇔ i[Γa, Scd] = δa[cΓd]

⇔ 1
4 [Γa, [Γc,Γd]] = δa[cΓd]

Cor. 3.5.1. Γk = [eϑ]k
le
i
2ϑ

ijSijΓle
− i2ϑ

ijSij , Sij = − i
4 [Γi,Γj ]⇔ 1

4 [[Γi,Γj ],Γk] = Γ[iδj]k

3.5.2 Constant invariant tensor Γaλς
µς (n) in n = N + 1 dimensional space-time

Lem. 3.5.2. {Γa,Γb} = 2δab ⇒ 1
4 [Γa, [Γc,Γd]] = δa[cΓd]

The following theorem exists in any N+1 dimensional space-time.

Thm. 3.5.3. {Γa,Γb} = 2δab ⇒ Γa = [eϑ]a
be
i
2ϑ

cdScdΓbe
− i2ϑ

cdScd , Scd = − i
4 [Γc,Γd]

11
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Thm. 3.5.4. {Γa,Γb} = 2δab ⇒

ΓN+1 = e
i
2ϑ
∗abSabΓN+1e

− i2ϑ
abSab , Sab = − i

4 [Γa,Γb]

ΓN+1 = e
i
2ϑ

abSabΓN+1e
− i2ϑ

∗abSab , Sab = − i
4 [Γa,Γb]

Thm. 3.5.5. {Γa,Γb} = 2δab ⇒

ΓN+2 = e
i
2ϑ

abSabΓN+2e
− i2ϑ

abSab , Sab = − i
4 [Γa,Γb],ΓN+2 = Γ1 · · ·ΓN+1

ΓN+2 = e
i
2ϑ
∗abSabΓN+2e

− i2ϑ
∗abSab , Sab = − i

4 [Γa,Γb],ΓN+2 = Γ1 · · ·ΓN+1

Self comment: In any N+1 dimensional space-time, Dirac matrices Γa and ΓN+1,ΓN+2 are constant
invariant tensors.
3.5.3 Constant invariant tensors [4] γaλς

µς (ς), γ5λς
µς (ς), δλς

µς , γ
λ′ςλς
4

Def. 3.5.1. γ5(ς) ≡ γx(ς)γy(ς)γz(ς)γπ(ς), Sab(e, ς) ≡ − i
4 [γa(ς), γb(ς)]

Def. 3.5.2. λς ∼ e
i
2ϑ

abSab(e,ς),µς ∼ e−
i
2ϑ

abSTab(e,ς)

Def. 3.5.3. A special representation: < γa(ς), γ5(ς) >= [(σ ⊗ σy, ςI ⊗ σx), ςI ⊗ σz]

Cor. 3.5.2. γa(ς) = [eϑ]a
b
e
i
2ϑ

cdScd(e,ς)γb(ς)e
− i2ϑ

cdScd(e,ς); γaλς
µς (ς) are constant invariant tensors.

Cor. 3.5.3. γ5(ς) = e
i
2ϑ

abSab(e,ς)γ5(ς)e−
i
2ϑ

abSab(e,ς); γ5λς
µς (ς) are constant invariant tensors.

Cor. 3.5.4. I4 = e
i
2ϑ

abSab(e,ς)I4e
− i2ϑ

abSab(e,ς); δλς
µς are constant invariant tensors.

Cor. 3.5.5. γ4 = e
i
2ϑ
∗abSab(e,ς)γ4e

− i2ϑ
abSab(e,ς); γ

λ′ςλς
4 are constant invariant tensors.

Self comment: The above shows Dirac matrix and γ4, γ5 matrices are all constant invariant tensors in
four dimensional space-time.
3.6 Fundamental theorem 5 and its relevant constant invariant tensors
3.6.1 Fundamental theorem 5

Thm. 3.6.1. Tα = [eθ
γfγ ]α

βeiθ
γTγTβe

−iθγTγ ⇔ [Tα, Tβ ] = ifαβ
γTγ , fα ≺ fαβγ

Proof: Tα = [eθ
γfγ ]α

βeiθ
γTγTβe

−θiγTγ ,∀θγ
⇔ Tα = (δα

β + θγfγα
β)(1 + iθγTγ)Tβ(1− iθγTγ),∀θγ → 0

⇔ 0 = θγ(fγα
βTβ + i[Tγ , Tα]),∀θγ → 0

⇔ 0 = fγα
βTβ + i[Tγ , Tα]

⇔ [Tα, Tβ ] = ifαβ
γTγ

The above theorem indicates: The commutative relation [Tα, Tβ ] = ifαβ
γTγ means that Yang-Mills basis

Tα is a constant invariant tensor, vice versa. And fundamental theorem 2 is a special case of this
theorem. (fαβ

γ = εαβ
γ , iθγ = iω + ςε, Tα = Γα). This theorem is more general and can describe the

covariance of internal and external spaces. And there is no requirement for the linear independence of
Tα. If Tα satisfies linear independence, it can be seen from the group structure equation that the group
structure constant fαβ

γ also satisfies a commutative relation similar to the Yang-Mills basis fαβ
γ. That

is, there is the following inference.

Cor. 3.6.1. [−ifα,−ifβ ] = ifαβ
γ(−ifγ)⇔ −ifα = [eθ

γfγ ]α
βeiθ

γ(−ifγ)(−ifβ)e−iθ
γ(−ifγ)

The left side of the above equation is the structural equation of the group. So if the basis Tα satisfies
linear independence, then the group structure constant fαβ

γ is a constant invariant tensor too.
Self comment: The above shows that the Yang-Mills basis and group structure constant are constant
invariant tensors of the internal space.
3.7 Fundamental theorem 6 and its relevant constant invariant tensors
3.7.1 Fundamental theorem 6

Thm. 3.7.1. Γ = e(iω·R+ςε·L)Γe−(iω·R−ςε·L) ⇔ [R,Γ] = 0, {L,Γ} = 0

Proof: Γ = e(iω·R+ςε·L)Γe−(iω·R−ςε·L),∀ω,∀ε
⇔ Γ = [1 + (iω ·R+ ςε · L)]Γ[1− (iω ·R− ςε · L)],∀ω → 0,∀ε→ 0
⇔ 0 = (iω ·R+ ςε · L)]Γ− Γ(iω ·R− ςε · L),∀ω → 0,∀ε→ 0
⇔ 0 = iω · [R,Γ] + ςε · {L,Γ},∀ω → 0,∀ε→ 0
⇔ [R,Γ] = 0, {L,Γ} = 0

Cor. 3.7.1. η = e(iω·R+ςε·L)ηe−(iω·R−ςε·L), η = diag(1, 1, 1,−1); ηaς b′ς , η
a
b′ , η

a′
b, η

ab′ , ηa
′b are constant invariant tensors.

Self comment: This constant invariant tensor can complete the mutual conversion between vectors and
prime vectors. The form is the same as the Minskoff metric.
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3.8 Various methods for obtaining new constant invariant tensors

Method 1: ε↔ −ε
Method 2: ς ↔ −ς
Method 3: Matrix operations such as complex conjugation, transposition, similarity transformation
and representation transformation.
Method 4: Operations such as direct product, direct sum, contraction, addition, subtraction, multipli-
cation, and division.
In addition, the above methods have been used in various corollaries of the six basic theorems to obtain
various constant invariant tensors. The proof of various corollaries is basically obvious, and the proof
process is mostly omitted for the sake of compactness of the content.
3.9 Reviews on six fundamental theorems

Mathematical proof of six fundamental theorems for transformation parameters ω, ε, ϑab, θα are no spe-
cial restrictions and can take any complex number. Therefore, the constant invariant tensors obtained
have great mathematical universality. However, for specific physics, various parameters of the internal
gauge transformation can still take complex numbers. However, for external spatiotemporal transfor-
mations, due to physical self consistency requirements, the transformation must satisfy the Lorentz
group representation [12]. Therefore, there are restrictions on the transform matrix and transforma-
tion parameters, and ω, ε can only take real numbers. In particular, it should be pointed out that the
generalized form of Fundamental Theorem 1, Fundamental Theorem 3, and Fundamental Theorem 4
not only hold true in four-dimensional space-time, but also in any N+1-dimensional space-time. This
provides a mathematical analysis tool for the physical study of high and low dimensional space-time.
The following enlightenment can also be obtained from the proof of the six basic theorems: The com-
mutative and anti commutative relations of matrices imply the existence of corresponding constant
invariant tensor. Conversely, a constant invariant tensor implies the existence of corresponding com-
mutative or anti commutative relations. Starting from this idea, we can find more meaningful constant
invariant tensors. It can also be seen from the above that the commutative and anti commutative
relations of matrices imply their own covariance. That is, the commutative and anti commutative
relations of the matrix imply that it holds true in any reference system. This is a very interesting and
wonderful bootstrap mathematical property, that is memorable.

4 Properties of several intuitive basic constant invariant tensors
4.1 Properties of basic constant invariant tensors εAςBς , εAςBς , ε

A′ςB
′
ς , εA′ςB′ς

[1, 2]

4.1.1 Important properties

εAςBςεCςDς = δ
[Aς
Cς
δ
Bς ]
Dς

= δAς[Cς
δBςDς ] εA′ςB′ςε

C′ςD
′
ς = δ

C′ς
[A′ς
δ
D′ς
B′ς ]

= δ
[C′ς
A′ς
δ
D′ς ]

B′ς
(1.52)

Comparison: Sabcd = δacδbd − δadδbc, Sabcd = δ[c
a δ

d]
b (1.53)

εAςBςεCςDς = εAςCςεBςDς − εAςDςεBςCς εA′ςB′ςεC′ςD′ς = εA′ςC′ςεB′ςD′ς − εA′ςD′ςεB′ςC′ς (1.54)

εAςBςεCςDς = εAςCςεBςDς − εAςDςεBςCς εA
′
ςB
′
ςεC

′
ςD
′
ς = εA

′
ςC
′
ςεB

′
ςD
′
ς − εA

′
ςD
′
ςεB

′
ςC
′
ς (1.55)

εAςBςεCςDς + εAςCςεDςBς + εAςDςεBςCς = 0 εAς [BςεCςDς ] = 0 (1.56)

εAς
Bς = δAς

Bς = −εBςAς εA
′
ς
B′ς

= δA
′
ς
B′ς

= −εB′ς
A′ς (1.57)

4.1.2 Complex conjugation

[εAςBς ]∗ = εA
′
ςB
′
ς [εAςBς ]

∗ = εA′ςB′ς (1.58)

4.2 Properties of basic constant invariant tensors (σ,−iς)A
′
ςAς

a , (σ, iς)aAςA′ς
[1, 2]

4.2.1 Transformability

Transformability

iς√
2

(σ,−iς)A
′
ςAς

a = [ςεAςBς ][ςεA
′
ςB
′
ς ]
−iς√

2
(σ, iς)aBςB′ς (1.59)

−iς√
2

(σ, iς)aAςA′ς = [−ςεA′ςB′ς ][−ςεAςBς ]
iς√

2
(σ,−iς)aB

′
ςBς (1.60)

(−iς)√
2

[σ,−i(−ς)]A
′
−ςA−ς

a ' −iς√
2

(σ, iς)aAςA′ς (1.61)

Non redundant version: i√
2
(σ,−i)A′Aa , i√

2
(−σ,−i)aAA′

The above shows that the two constant invariant tensors are not independent, and there is only one
truly independent tensor.
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4.2.2 Orthogonality

Reduce a pair of vector indices: (On the right is Penrose abridged notation. Expressed as
P
=.)

iς√
2

(σ,−iς)A
′
ςAς

a δab
−iς√

2
(σ, iς)bBςB′ς = δAςBς δ

A′ς
B′ς

δab
P
= δABδ

A′

B′ (1.62)

iς√
2

(σ,−iς)A
′
ςAς

a δab
iς√

2
(σ,−iς)B

′
ςBς

b = εABεA
′B′ δab

P
= εABεA

′B′ (1.63)

−iς√
2

(σ, iς)aAςA′ς δab
−iς√

2
(σ, iς)bBςB′ς = εAςBςεA′ςB′ς δab

P
= εABεA′B′ (1.64)

iPenrose corresponding rules under various frames:

i√
2

(σ∗,−i)AA
′

a xa|++++ =
i√
2

(σ∗,−1)AA
′

a xa|+++− =
i√
2

(−σ∗, 1)AA
′

a xa|−−−+ = xAA
′

(1.65)

i√
2

(−σ,−i)aAA′xa|++++ =
i√
2

(−σ, 1)aAA′xa|+++− =
i√
2

(−σ, 1)aAA′xa|−−−+ = xAA′ (1.66)

i√
2

(σ∗,−i)AA
′

a ∂a|++++ =
i√
2

(σ∗,−1)AA
′

a ∂a|+++− =
i√
2

(−σ∗, 1)AA
′

a ∂a|−−−+ = ∂xAA′ = ∇AA
′

(1.67)

i√
2

(−σ,−i)aAA′xa|++++ =
i√
2

(−σ, 1)aAA′xa|+++− =
i√
2

(−σ, 1)aAA′xa|−−−+ = ∂xAA′ = ∇AA′ (1.68)

Rules under (++++) frame: Vector superscript a converts to AA′ by using i√
2
(σ∗,−i)AA′a , Vector subscript

a converts to AA′
i√
2
(−σ,−i)aAA′ .

Rules under (+++−) frame: Vector superscript a converts to AA′ by using i√
2
(σ∗,−1)A

′A
a , Vector subscript

a converts to AA′ by using i√
2
(−σ, 1)aAA′ .

Rules under (−−−+) frame: Vector superscript a converts to AA′ by using i√
2
(−σ∗, 1)A

′A
a , Vector subscript

a converts to AA′ by using i√
2
(−σ, 1)aAA′ .

i√
2

(σ∗,−i)AA
′

a

i√
2

(−σ,−i)aAA′ =
i√
2

(σ∗,−1)A
′A

a

i√
2

(−σ, 1)aAA′ = − i√
2

(−σ∗, 1)A
′A

a

i√
2

(−σ, 1)aAA′ = δABδ
A′

B′ (1.69)

Reduce a pair of spinor indices:

(σ, iς)aAςA′ς (σ,−iς)
A′ςBς
b = δabδAς

Bς + 2iSabAς
Bς (1.70)

(σ,−iς)A
′
ςAς

a (σ, iς)bAςB′ς = δabδ
A′ς
B′ς

+ 2iSab
A′ς
B′ς

(1.71)

Reduce two pairs of indices:

(σ, iς)aAςA′ς (σ,−iς)
A′ςAς
b = 2δab tr[(σ, iς)a(σ,−iς)b] = 2δab (1.72)

(σ, iς)aAςA′ς (σ,−iς)
A′ςBς
a = 4δAς

Bς (σ,−iς)A
′
ςAς

a (σ, iς)aAςB′ς = 4δA
′
ς
B′ς

(1.73)

Reduce all indices:

(σ, iς)aAςA′ς (σ,−iς)
A′ςAς
a = 8 (1.74)

4.2.3 Complex conjugation

[(σ, iς)aAςB′ς∂a]∗ = (σ, iς)aBςA′ς∂a [(σ,−iς)A
′
ςBς

a ∂a]∗ = (σ,−iς)B
′
ςAς

a ∂a (1.75)

[(σ, iς)a∂a]+ = (σ, iς)a∂a [(σ,−iς)a∂a]+ = (σ,−iς)a∂a (1.76)

4.3 Properties of basic constant invariant tensors σα′ς
A′ςB′ς

, σαςAς
Bς

4.3.1 Orthogonality

Three-dimensional spin tensor:

Sα′ςβ′ς
A′ς
B′ς = i

2γα′ςβ′ς
γ′ςσγ′ς

A′ς
B′ς

= 1
2εα′ςβ′ς

γ′ςσγ′ς
A′ς
B′ς

SαςβςAς
Bς = i

2γ
αςβς

γςσ
γς
Aς
Bς = 1

2ε
αςβς

γςσ
γς
Aς
Bς (1.77)

Reduce a pair of complex vector indices:

σα′ς
A′ς
B′ς
σα
′
ςC
′
ς
D′ς

= δ
A′ς
D′ς
δ
C′ς
B′ς
− εA

′
ςC
′
ςεB′ςD′ς σαςAς

BςσαςCς
Dς = δDςAς δ

Bς
Cς
− εAςCςεBςDς (1.78)

Reduce a pair of spinor indices:

σα′ς
A′ς
C′ς
σβ′ς

C′ς
B′ς

= δα′ςβ′ς δ
A′ς
B′ς

+ 2iSα′ςβ′ς
A′ς
B′ς

σαςAς
CςσβςCς

Bς = δαςβς δAς
Bς + 2iSαςβςAς

Bς (1.79)
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Reduce two pairs of indices:

σα′ς
A′ς
B′ς
σβ′ς

B′ς
A′ς

= 2δα′ςβ′ς σαςAς
BςσβςBς

Aς = 2δαςβς (1.80)

σα′ς
A′ς
C′ς
σα
′
ςC
′
ς
B′ς

= 3δA
′
ς
B′ς

σαςAς
CςσαςCς

Bς = 3δAς
Bς (1.81)

tr[σα′ςσβ′ς ] = 2δα′ςβ′ς tr[σαςσβς ] = 2δαςβς (1.82)

Reduce all indices:

σα′ς
A′ς
B′ς
σα
′
ςB
′
ς
A′ς

= 6 σαςAς
BςσαςBς

Aς = 6 (1.83)

4.3.2 Tracelessness

σα′ς
A′ς
A′ς

= 0 tr[σας ] = 0 σαςAς
Aς = 0 tr[σα

′
ς ] = 0 (1.84)

4.3.3 Complex conjugation

[σα′ς
A′ς
B′ς

]∗ = σαςBς
Aς [σαςAς

Bς ]∗ = σα′ς
B′ς
A′ς

(1.85)

4.4 Properties of basic constant invariant tensors σα+ab, σ
α′

−ab, σ
ας
ςab, σ

α′ς
−ςab

4.4.1 Hidden complexity

Complexity: (In fact, the following formula can be used as a definition.)

σαςςa
b =

iς√
2

(σ,−iς)aA
′
ςAςσαςAς

Bς δA′ς
B′ς
−iς√

2
(σ, iς)bBςB′ς (1.86)

σ−ςα′ς
a
b =
−iς√

2
(σ, iς)aAςA′ςσα′ς

A′ς
B′ς
δAςBς

iς√
2

(σ,−iς)B
′
ςBς

b (1.87)

Proof: (σ, iς)aAςA′ς (σ,−iς)
A′ςBς
b = δabδAς

Bς + 2iSabAς
Bς

⇒ (σ, iς)aAςA′ς (σ,−iς)
A′ςBς
b σβςBς

Aς = (δabδAς
Bς − σαςςabσαςAςBς )σβςBςAς

⇒ (σ, iς)aAςA′ς (σ,−iς)
A′ςBς
b σβςBς

Aς = −2σαςςabδ
αςβς

⇒ 2σαςςab = (σ,−iς)A
′
ςAς

a σαςAς
Bς (σ, iς)bBςA′ς

⇒ σαςςab = 1
2 (σ,−iς)A

′
ςAς

a σαςAς
Bς δA′ς

B′ς (σ, iς)bBςB′ς
⇒ σαςςa

b = iς√
2
(σ,−iς)aA

′
ςAςσαςAς

Bς δA′ς
B′ς −iς√

2
(σ, iς)bBςB′ς

The relation between basic constant invariant tensors:

−iς√
2

(σ, iς)aAςA′ςσ
ας
ςa
b iς√

2
(σ,−iς)B

′
ςBς

b = σαςAς
Bς δA′ς

B′ς σα+a
b P= σαA

BδA′
B′ (1.88)

iς√
2

(σ,−iς)aA
′
ςAςσ−ςα′ς

a
b
−iς√

2
(σ, iς)bBςB′ς = σα′ς

A′ς
B′ς
δAςBς σ−α′

a
b
P
= σα′

A′
B′δ

A
B (1.89)

Self comment: The above indicates that the two basic constant invariant tensors σαςςab and σαςAς
Bς are

not independent but interrelated.
4.4.2 Orthogonality

The relation between three dimensional spin tensors and four dimensional spin tensors:

Sαςβς ab(
1
2σ

ας
ς ) = i

2γ
αςβς

γςσ
γς
ςab = 1

2 iσ
γς
ςabγγς

αςβς = 1
2Sab

αςβς (γ, ς) (1.90)

Reduce a pair of complex vector indices:

σαςςabσςαςcd = −δacδbd + δadδbc + ςεabcd (1.91)

Sabcd = − 1
2 (σα

′

−abσ−α′cd + σα+abσ+αcd) = δacδbd − δadδbc εabcd = − 1
2 (σα

′

−abσ−α′cd − σα+abσ+αcd) (1.92)

Reduce a pair of vector indices:

σβςςacδ
cdσγςςdb = δabδ

βςγς − σαςςabγας
βςγς = δβςγς δab + i

2S
βςγς

ab(
1
2σ

ας
ς ) = δabδ

βςγς + iSab
βςγς (γ, ς) (1.93)

Reduce a pair of vector and a pair of complex vector indices:

σαςςacσ
ςcb
ας = 3δa

b (1.94)

Reduce two pairs of vector indices:

σαςςabσ
ab
ςβς = −4δαςβς σαςςabσ

ab
−ςβ′ς = 0 σαςςabσ

βκab
κ = −4δςκδ

αςβκ (1.95)

tr(σαςς σβςς ) = 4δαςβς tr(σαςς σ
β′ς
−ς) = 0 tr(σαςς σβκκ ) = 4δςκδ

αςβκ (1.96)
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Reduce all indices:

σαςςabσ
ab
ςας = −12 σαςςabσ

ab
−ςα′ς = 0 (1.97)

4.4.3 Duality

σα+ab = − ∗ σα+ab σα
′

−ab = ∗σα
′

−ab σαςςab = −ς ∗ σαςςab (1.98)

4.4.4 Complex conjugation

(σαςςab∂
a∂̂b)∗ = −σα

′
ς

−ςab∂
a∂̂b (σ

α′ς
−ςab∂

a∂̂b)∗ = −σαςςab∂
a∂̂b (1.99)

4.5 Properties of basic constant invariant tensors σα′ς
k′ς l′ς

(s), σας kς
lς (s)

4.5.1 Mathematical preparation

Using formulas:

2s∑
k=1

k2 = 8
3s(s+ 1

2 )(s+ 1
4 ), get

tr[σ2
x(s)] = tr[σ2

y(s)] = 1
4

2s∑
k=1

2k(2s+ 1− k) = 2
3s(s+ 1

2 )(s+ 1) (1.100)

tr[σ2
z(s)] = 1

4

2s∑
k=1

(2s− 2k)2 = 2
3s(s+ 1

2 )(s+ 1) (1.101)

tr[σ2
x(s)] = tr[σ2

y(s)] = tr[σ2
z(s)] = 2

3s(s+ 1
2 )(s+ 1) (1.102)

4.5.2 Orthogonality

From a spinor perspective:

σα′ς
k′ς
l′ς

(s)σβ′ς
l′ς
k′ς

(s) = 2
3s(s+ 1

2 )(s+ 1)δα′ςβ′ς σα′ς
k′ς
m′ς

(s)σα
′
ςm
′
ς
l′ς

(s) = s(s+ 1)δk
′
ς
l′ς

(1.103)

σας kς
lς (s)σβς lς

kς (s) = 2
3s(s+ 1

2 )(s+ 1)δαςβς σας kς
mς (s)σαςmς

lς (s) = s(s+ 1)δkς
lς (1.104)

σα′ς
k′ς
l′ς

(s)σα
′
ς l
′
ς
m′ς

(s) = 2s(s+ 1
2 )(s+ 1) σας kς

lς (s)σας lς
kς (s) = 2s(s+ 1

2 )(s+ 1) (1.105)

From a matrix perspective:

tr[σα′ς (s)σβ′ς (s)] = 2
3s(s+ 1

2 )(s+ 1)δα′ςβ′ς tr[σας (s)σβς (s)] = 2
3s(s+ 1

2 )(s+ 1)δαςβς (1.106)

4.5.3 Orthogonality

Reduce a pair of complex vector indices:

σα′ς
k′ς
l′ς

(s)σα
′
ςm
′
ς
n′ς

(s) =?δk
′
ς
l′ς
δm
′
ς
n′ς

?− 2εk
′
ςm
′
ς (s)εl′ςn′ς (s) (1.107)

σας kς
lς (s)σαςmς

nς (s) =?δkς
lς δmς

nς?− 2εkςmς (s)ε
lςnς (s) (1.108)

Reduce a pair of spinor indices:

σα′ς
k′ς
m′ς

(s)σβ′ς
m′ς

l′ς
(s) =?δα′ςβ′ς δ

k′ς
l′ς

? + i
2Sα′ςβ′ς

k′ς
l′ς

(s) (1.109)

σας kς
mς (s)σβςmς

lς (s) =?δαςβς δkς
lς? + i

2S
αςβς

kς
lς (s) (1.110)

Reduce two pairs of indices:

σα′ς
k′ς
l′ς

(s)σβ′ς
l′ς
k′ς

(s) = 2
3s(s+ 1

2 )(s+ 1)δα′ςβ′ς σα′ς
k′ς
m′ς

(s)σα
′
ςm
′
ς
l′ς

(s) = s(s+ 1)δk
′
ς
l′ς

(1.111)

σας kς
lς (s)σβς lς

kς (s) = 2
3s(s+ 1

2 )(s+ 1)δαςβς σας kς
mς (s)σα′ςmς

lς (s) = s(s+ 1)δkς
lς (1.112)

tr[σα′ς (s)σβ′ς (s)] = 2
3s(s+ 1

2 )(s+ 1)δα′ςβ′ς tr[σας (s)σβς (s)] = 2
3s(s+ 1

2 )(s+ 1)δαςβς (1.113)

Reduce all indices:

σα′ς
k′ς
l′ς

(s)σα
′
ς l
′
ς
k′ς

(s) = 2s(s+ 1
2 )(s+ 1) σας kς

lς (s)σας lς
kς (s) = 2s(s+ 1

2 )(s+ 1) (1.114)

4.5.4 Tracelessness

σα′ς
k′ς
k′ς

(s) = 0 tr[σα′ς (s)] = 0 σας kς
kς (s) = 0 tr[σας (s)] = 0 (1.115)

4.5.5 Complex conjugation

[σα′ς
k′ς
l′ς

(s)]∗ = σας lς
kς (s) [σας kς

lς (s)]∗ = σα′ς
l′ς
k′ς

(s) (1.116)
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4.5.6 Complex properties I

σας (s)σ(s)σας (s) = [s(s+ 1)− 1]σ(s) σα′ς (s)σ(s)σα
′
ς (s) = [s(s+ 1)− 1]σ(s) (1.117)

[σας (s), σβς (s)]σ
βς (s) = σας (s) − iεαςβςγςσβς (s)σγς (s) = σας (s) (1.118)

εαςβςγςε
γς
ρςσς = δαςρς δβςσς − δαςσς δβςρς εαςβςγςε

βςγς
ρς = 2δαςρς (1.119)

Cor. 4.5.1. σα(s)σi(s)σ
α(s) = [s(s+ 1)− 1]σi(s)

Cor. 4.5.2. σα(s)σi(s)σj(s)σ
α(s) = s(s+ 1)δij − σj(s)σi(s) + [s(s+ 1)− 2]σi(s)σj(s)

Proof: σα(s)σi(s)σj(s)σ
α(s)

= [σα(s), σi(s)]σj(s)σ
α(s) + σi(s)σα(s)σj(s)σ

α(s)
= [σα(s), σi(s)][σj(s), σ

α(s)] + [σα(s), σi(s)]σ
α(s)σj(s) + σi(s)σα(s)σj(s)σ

α(s)
= εjl

αεαikσ
k(s)σl(s) + [s(s+ 1)− 2]σi(s)σj(s)

= s(s+ 1)δij − σj(s)σi(s) + [s(s+ 1)− 2]σi(s)σj(s)

Cor. 4.5.3. σα(s)σ{i(s)σj}(s)σ
α(s) = s(s+ 1)δ{ij} + [s(s+ 1)− 3]σ{i(s)σj}(s)

Cor. 4.5.4. [σα(s), σ{i(s)]σj}(s)σ
α(s) = s(s+ 1)δ{ij} − 2σ{i(s)σj}(s)

Cor. 4.5.5. σα(s)σ{i(s)σj(s)σk}(s)σ
α(s) = [3s(s+ 1)− 1]δ{ijσk}(s) + [s(s+ 1)− 6]σ{i(s)σj(s)σk}(s)

Cor. 4.5.6. [σα(s), σi(s)]σj(s)σ
α(s) = s(s+ 1)δij − σj(s)σi(s)− σi(s)σj(s)

Proof: σα(s)σi(s)σj(s)σk(s)σα(s)
= [σα(s), σi(s)]σj(s)σk(s)σα(s) + σi(s)σα(s)σj(s)σk(s)σα(s)
= [σα(s), σi(s)]σj(s)[σk(s), σα(s)] + [σα(s), σi(s)]σj(s)σ

α(s)σk(s) + σi(s)σα(s)σj(s)σk(s)σα(s)
= δikσα(s)σj(s)σ

α(s)− σk(s)σj(s)σi(s) + [σα(s), σi(s)]σj(s)σ
α(s)σk(s) + σi(s)σα(s)σj(s)σk(s)σα(s)

= δik[s(s+ 1)− 1]σj(s)− σk(s)σj(s)σi(s)
+ s(s+ 1)δijσk(s)− σj(s)σi(s)σk(s)− σi(s)σj(s)σk(s)
+ s(s+ 1)δjkσi(s)− σi(s)σk(s)σj(s) + [s(s+ 1)− 2]σi(s)σj(s)σk(s)
= δikσα(s)σj(s)σ

α(s)− σk(s)σj(s)σi(s) + [σα(s), σi(s)]σj(s)σ
α(s)σk(s) + σi(s)σα(s)σj(s)σk(s)σα(s)

= s(s+ 1)[δjkσi(s) + δijσk(s) + δikσj(s)]− δikσj(s)−σk(s)σj(s)σi(s)−σj(s)σi(s)σk(s)−σi(s)σk(s)σj(s) + [s(s+ 1)−
3]σi(s)σj(s)σk(s)

Proof: σα(s)σi(s)σj(s)σk(s)σl(s)σ
α(s)

= [σα(s), σi(s)]σj(s)σk(s)σl(s)σ
α(s) + |||σi(s)σα(s)σj(s)σk(s)σl(s)σ

α(s)
= [σα(s), σi(s)]σj(s)σk(s)[σl(s), σ

α(s)] + |||[σα(s), σi(s)]σj(s)σk(s)σα(s)σl(s) + σi(s)σα(s)σj(s)σk(s)σl(s)σ
α(s)

4.5.7 Complex properties II

σας (s)σ(s)σας (s) = [s(s+ 1)− 1]σ(s) σα′ς (s)σ(s)σα
′
ς (s) = [s(s+ 1)− 1]σ(s) (1.120)

Cor. 4.5.7. σi(s)σα(s) = iεiαβσ
β(s) + σα(s)σi(s)

5 Properties of several intuitive composite constant invariant tensors
5.1 Properties of extended constant invariant tensors(σ, iκ)α′ς

A′ςB′ς
, (σ, iκ)αςAς

Bς

5.1.1 Transformability

Transformability:

(σ, iκ)α′ς
A′ς
B′ς

= −εA
′
ςD
′
ςεB′ςC′ς (σ,−iκ)α′ς

C′ς
D′ς

(σ, iκ)αςAς
Bς = −εAςDςεBςCς (σ,−iκ)αςCς

Dς (1.121)

5.1.2 Orthogonality

Reduce a pair of complex vector indices:

(σ, iκ)α′ς
A′ς
B′ς

(σ,−iκ)α
′
ςC
′
ς
D′ς

= 2δ
A′ς
D′ς
δ
C′ς
B′ς

(σ, iκ)αςAς
Bς (σ,−iκ)αςCς

Dς = 2δDςAς δ
Bς
Cς

(1.122)

(σ, iκ)α′ς
A′ς
B′ς

(σ, iκ)α
′
ςC
′
ς
D′ς

= −2εA
′
ςC
′
ςεB′ςD′ς (σ, iκ)αςAς

Bς (σ, iκ)αςCς
Dς = −2εAςCςε

BςDς (1.123)

Reduce a pair of spinor indices:

(σ, iκ)α′ς
A′ς
C′ς

(σ,−iκ)β′ς
C′ς
B′ς

= δα′ςβ′ς δ
A′ς
B′ς

+ 2iSα′ςβ′ς
A′ς
B′ς

(κ) (1.124)

(σ, iκ)αςAς
Cς (σ,−iκ)βςCς

Bς = δαςβς δAς
Bς + 2iSαςβςAς

Bς (κ) (1.125)
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Reduce two pairs of indices:

(σ, iκ)α′ς
A′ς
B′ς

(σ,−iκ)β′ς
B′ς
A′ς

= 2δα′ςβ′ς (σ, iκ)αςAς
Bς (σ,−iκ)βςBς

Aς = 2δαςβς (1.126)

(σ, iκ)α′ς
A′ς
C′ς

(σ,−iκ)α
′
ςC
′
ς
B′ς

= 4δA
′
ς
B′ς

(σ, iκ)αςAς
Cς (σ,−iκ)αςCς

Bς = 4δAς
Bς (1.127)

Reduce all indices:

(σ, iκ)α′ς
A′ς
B′ς

(σ,−iκ)α
′
ςB
′
ς
A′ς

= 8 (σ, iκ)αςAς
Bς (σ,−iκ)αςBς

Aς = 8 (1.128)

5.1.3 Complex conjugation

[(σ, iκ)α′ς
A′ς
B′ς

]∗ = (σ,−iκ)αςBς
Aς [(σ, iκ)αςAς

Bς ]∗ = (σ,−iκ)α′ς
B′ς
A′ς

(1.129)

5.2 Properties of extended constant invariant tensors (σς , iκ)αςab , (σ−ς , iκ)
α′ς
ab

5.2.1 Orthogonality

Reduce a pair of complex vector indices:

(σς , iκ)αςab (σς , iκ)αςcd = −δacδbd + δadδbc + ςεabcd − δabδcd (1.130)

(σς , iκ)αςab (σς ,−iκ)αςcd = −δacδbd + δadδbc + ςεabcd + δabδcd (1.131)

(σ−ς , iκ)
α′ς
ab (σ−ς , iκ)α′ςcd = −δacδbd + δadδbc − ςεabcd − δabδcd (1.132)

(σ−ς , iκ)
α′ς
ab (σ−ς ,−iκ)α′ςcd = −δacδbd + δadδbc − ςεabcd + δabδcd (1.133)

Reduce a pair of vector indices:

(σς , iκ)acας (σς ,−iκ)βςcb = δαςβς δ
a
b + 2iSαςβς

a
b[

1
2σς , κ] (1.134)

(σ−ς , iκ)acα′ς (σ−ς ,−iκ)β′ςcb = δα′ςβ′ς δ
a
b + 2iSα′ςβ′ς

a

b
[ 1
2σ−ς , κ] (1.135)

Reduce two pairs of vector indices:

(σς , iκ)αςab (σς ,−iκ)abβς = −4ηαςβς (σς , iκ)αςab (σς , iκ)abβς = −4δαςβς (1.136)

tr[(σς , iκ)ας (σς ,−iκ)βς ] = 4δαςβς tr[(σς , iκ)ας (σς , iκ)βς ] = 4ηαςβς (1.137)

(σ−ς , iκ)
α′ς
ab (σ−ς ,−iκ)abβ′ς = −4η

α′ς
β′ς

(σ−ς , iκ)
α′ς
ab (σ−ς , iκ)abβ′ς = −4δ

α′ς
β′ς

(1.138)

tr[(σ−ς , iκ)α
′
ς (σ−ς ,−iκ)β

′
ς ] = 4δα

′
ςβς tr[(σ−ς , iκ)α

′
ς (σ−ς , iκ)β

′
ς ] = 4ηα

′
ςβς (1.139)

Reduce all indices:

(σς , iκ)αςab (σς ,−iκ)abας = −8 (σς , iκ)αςab (σς , iκ)abας = −16 (1.140)

(σ−ς , iκ)
α′ς
ab (σ−ς ,−iκ)abα′ς = −8 (σ−ς , iκ)

α′ς
ab (σ−ς , iκ)abα′ς = −16 (1.141)

5.2.2 Identity

(σ+,−i)α|ab = (σ−,−i)a|bα (σ−, i)
α′ |ab = (σ+, i)a|bα

′
(1.142)

(σς ,−iς)ας |ab = (σ−ς ,−iς)a|bας (σ−ς , iς)
α′ς |ab = (σς , iς)a|bα

′
ς (1.143)

5.2.3 Complex conjugation

[(σς , iκ)αςab ∂
a∂̂b]∗ = −(σ−ς , iκ)

α′ς
ab ∂

a∂̂b [(σ−ς , iκ)
α′ς
ab ∂

a∂̂b]∗ = −(σς , iκ)αςab ∂
a∂̂b (1.144)

5.3 Properties of composite spin constant invariant tensors Sab
k′ς l′ς

(s,−ς), Sabkς lς (s, ς)
5.3.1 Complexity

Sab(s,−ς) = −i[σ(s),− iς2 ][a[σ(s), iς2 ]b] Sab(s, ς) = −i[σ(s), iς2 ][a[σ(s),− iς2 ]b] (1.145)

Sab
k′ς
l′ς (s,−ς) = iσ

α′ς
−ς′abσα′ς

k′ς
l′ς

(s) Sabkς
lς (s, ς) = iσαςςabσας kς

lς (s) (1.146)

σα′ς
k′ς
l′ς

(s) = i
4σ

ab
−ςα′ςSab

k′ς
l′ς

(s,−ς) σας kς
lς (s) = i

4σ
ab
ςαςSabkς

lς (s, ς) (1.147)

5.3.2 Orthogonality

Reduce two pairs of vector indices:{
Sab

k′ς l′ς
(s,−ς)Sabm′ςn′ς (s,−ς) = 4σα′ς

k′ς l′ς
(s)σα

′
ςm
′
ςn′ς

(s)

Sabkς
lς (s, ς)Sabmς

nς (s, ς) = 4σας kς
lς (s)σαςmς

nς (s)
(1.148)
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Reduce two pairs of spinor indices:{
Sab

k′ς l′ς
(s,−ς)Scdl

′
ς k′ς

(s,−ς) = − 2
3s(s+ 1

2 )(s+ 1)σ
α′ς
−ςabσ−ςα′ςcd

Sabkς
lς (s, ς)Scdlς

kς (s, ς) = − 2
3s(s+ 1

2 )(s+ 1)σαςςabσςαςcd
(1.149)

Reduce a pair of vectors and a pair of spinor indices:{
Sac

k′ςm′ς
(s,−ς)Scbm′ς l′ς (s,−ς) = −s(s+ 1)δa

bδk
′
ς l′ς

Sackς
mς (s, ς)Scbmς

lς (s, ς) = −s(s+ 1)δa
bδkς

lς
(1.150)

Reduce three pairs of indices:{
Sac

k′ς l′ς
(s,−ς)Scbl′ς k′ς (s,−ς) = −2s(s+ 1)δa

b

Sackς
lς (s, ς)Scblς

kς (s, ς) = −2s(s+ 1)δa
b

(1.151)

{
Sab

k′ςm′ς
(s,−ς)Sabm′ς l′ς (s,−ς) = 4s(s+ 1)δk

′
ς l′ς

Sabkς
mς (s, ς)Sabmς

lς (s, ς) = 4s(s+ 1)δkς
lς

(1.152)

Reduce all indices:{
Sab

k′ς l′ς
(s,−ς)Sabl′ς k′ς (s,−ς) = 8s(s+ 1

2 )(s+ 1)

Sabkς
lς (s, ς)Sablς

kς (s, ς) = 8s(s+ 1
2 )(s+ 1)

(1.153)

5.3.3 Duality

Sab
k′ς
l′ς

(s,−ς) = ς ∗ Sabk
′
ς
l′ς

(s,−ς) Sabkς
lς (s, ς) = −ς ∗ Sabkς lς (s, ς) (1.154)

5.3.4 Complex conjugation

[Sab
k′ς
l′ς (s,−ς)∂

a∂̂b]∗ = Sablς
kς (s, ς)∂a∂̂b [Sabkς

lς (s, ς)∂a∂̂b]∗ = Sab
l′ς
k′ς

(s,−ς)∂a∂̂b (1.155)

5.4 Properties of composite spin constant invariant tensors Sab
A′ςB′ς , SabAς

Bς

5.4.1 Complexity

Sab(
1
2 ,−ς) = − i

4 (σ,−iς)[a(σ, iς)b] Sab(
1
2 , ς) = − i

4 (σ, iς)[a(σ,−iς)b] (1.156)

Sab
A′ς
B′ς
≡ SabA

′
ς
B′ς

(−ς) ≡ SabA
′
ς
B′ς

( 1
2 ,−ς) SabAς

Bς ≡ SabAςBς (ς) ≡ SabAςBς ( 1
2 , ς) (1.157)

Sab
A′ς
B′ς

= i
2σ

α′ς
−ςabσα′ς

A′ς
B′ς

SabAς
Bς = i

2σ
ας
ςabσαςAς

Bς (1.158)

σα′ς
A′ς
B′ς

= i
2σ

ab
−ςα′ςSab

A′ς
B′ς

σαςAς
Bς (s) = i

2σ
ab
ςαςSabAς

Bς (1.159)

5.4.2 Orthogonality

Reduce two pairs of vector indices:

Sab
A′ς
B′ς
SabC

′
ς
D′ς

= σα′ς
A′ς
B′ς
σα
′
ςC
′
ς
D′ς

SabAς
BςSabCς

Dς = σαςAς
BςσαςCς

Dς (1.160)

Reduce two pairs of spinor indices:

Sab
A′ς
B′ς
Scd

B′ς
A′ς

= − 1
2σ

α′ς
−ςabσ−ςα′ςcd SabAς

BςScdBς
Aς = − 1

2σ
ας
ςabσςαςcd (1.161)

Reduce a pair of vectors and a pair of spinor indices:

Sac
A′ς
C′ς
ScbC

′
ς
B′ς

= − 3
4δa

bδA
′
ς
B′ς

SacAς
CςScbCς

Bς = − 3
4δa

bδAς
Bς (1.162)

Reduce three pairs of indices:

Sac
A′ς
B′ς
ScbB

′
ς
A′ς

= − 3
2δa

b SacAς
CςScbCς

Bς = − 3
2δa

b (1.163)

Sab
A′ς
C′ς
SabC

′
ς
B′ς

= 3δA
′
ς
B′ς

SabAς
CςSabCς

Bς = 3δAς
Bς (1.164)

Reduce all indices:

Sab
A′ς
B′ςS

abB′ς
A′ς = 6 SabAς

BςSabBς
Aς = 6 (1.165)

5.4.3 Duality

Sab
A′ς
B′ς

= ς ∗ SabA
′
ς
B′ς

SabAς
Bς = −ς ∗ SabAςBς (1.166)

5.4.4 Complex conjugation

[Sab
A′ς
B′ς
∂a∂̂b]∗ = SabBς

Aς∂a∂̂b [SabAς
Bς∂a∂̂b]∗ = Sab

B′ς
A′ς
∂a∂̂b (1.167)
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5.5 Relations between several basic constant invariant tensors{
Sab

k′ς l′ς
(s,−ς) = iσ

α′ς
−ςabσα′ς

k′ς l′ς
(s)

Sabkς
lς (s, ς) = iσαςςabσας kς

lς (s)

{
(σ,−iς)aA

′
ςAς (σ, iς)bAςB′ς = δabδ

A′ςB′ς
+ 2iSab

A′ςB′ς

(σ, iς)aAςA′ς (σ,−iς)b
A′ςBς = δabδAς

Bς + 2iSabAς
Bς

(1.168)

{
Sab

A′ςB′ς
= − i

4 (σ,−iς)[a
A′ςAς (σ, iς)b]AςB′ς

δabδ
A′ςB′ς

= 1
2 (σ,−iς){aA

′
ςAς (σ, iς)b}AςB′ς

{
SabAς

Bς = − i
4 (σ, iς)[aAςA′ς

(σ,−iς)b]A
′
ςBς

δabδAς
Bς = 1

2 (σ, iς){aAςA′ς (σ,−iς)b}
A′ςBς

(1.169)

5.6 Properties of vector spin tensor Sabcd and antisymmetric tensor εabcd

Thm. 5.6.1. Sabcd = − 1
2 (σα

′

−abσ−α′cd + σα+abσ+αcd) = δacδbd − δadδbc = δa[cδd]b = δc[aδb]d, ~Sab := −iSab|cd

Thm. 5.6.2. εabcd = − 1
2 (σα

′

−abσ−α′cd − σα+abσ+αcd)

The above two theorems can be proved by expanding them into different cases. The two theorems are
the basis and premise for some of the following deductions.
Combine with (1.250), (1.274), (1.275), then get the following Penrose correspondence notation:

Cor. 5.6.1. Sabcd
P
= εACεBDεA′C′εB′D′ − εADεBCεA′D′εB′C′

Cor. 5.6.2. εabcd = −εacbd
P
= εACεBDεA′D′εB′C′ − εADεBCεA′C′εB′D′

{
S(∗ab)(∗cd) = Sabcd

ε(∗ab)(∗cd) = εabcd

{
S(∗ab)cd = Sab(∗cd) = εabcd

ε(∗ab)cd = εab(∗cd) = Sabcd
(1.170)

Sabcd = Scdab, Sabcd = −Sbacd, Sabcd = Sabdc, Sabcd = 1
2SabefS

ef
cd, ϑab = 1

2Sabcdϑ
cd (1.171){

σα
′

−abσ−α′cd = −(Sabcd + εabcd) = (−δacδbd + δadδbc − εabcd)
σα+abσ+αcd = −(Sabcd − εabcd) = (−δacδbd + δadδbc + εabcd)

(1.172)

σαςςabσςαςcd = −(Sabcd − ςεabcd) = (−δacδbd + δadδbc + ςεabcd) (1.173)

Cor. 5.6.3. σαςςabσ−ςαςcd = −ηacηbd + ηadηbc + ςεabc′d′η
c′

c η
d′

d

Proof: σαςςabσ−ςαςcd

= σαςςabσςαςc′d′η
c′

c η
d′

d

= −(Sabc′d′ − ςεabc′d′)ηc
′

c η
d′

d

= (−δac′δbd′ + δad′δbc′ + ςεabc′d′)η
c′

c η
d′

d

= −ηacηbd + ηadηbc + ςεabc′d′η
c′

c η
d′

d

5.7 Properties of spin tensor Sab(ς)

Sab(ς) = i
2σ

ας
ςabσας = − i

4 (σ, iς)[a(σ,−iς)b] δab = 1
2 (σ, iς){a(σ,−iς)b} (1.174){

i[Sab(ς), Scd(ς)] = δa[cSd]b(ς) + Sa[c(ς)δd]b = −δc[aSb]d(ς)− Sc[a(ς)δb]d

{Sab(ς), Scd(ς)} = − 1
2σ

ας
ςabσςαcd = 1

2 (Sabcd − ςεabcd)
(1.175)

εabcd = ς2tr[Sab(−ς)Scd(−ς)− Sab(ς)Scd(ς)] Sab(ς) = −ς ∗ Sab(ς) (1.176){
2iSab(ς)(σ, iς)c = (σ, iς)[aδb]c + ςεabcd(σ, iς)

d

2i(σ,−iς)cSab(ς) = δc[a(σ,−iς)b] − ςεabcd(σ,−iς)d
(1.177)

5.8 Properties of Dirac spin tensor Sab(e, ς)
[20]

[γa(ς), γ5(ς)] = [(σ ⊗ σy, ςI ⊗ σx), ςI ⊗ σz] (1.178)

Sab(e, ς) = − i
4 [γa(ς), γb(ς)] = Sab(ς)⊕ Sab(−ς) δab = 1

2{γa(ς), γb(ς)} (1.179){
i[Sab(e, ς), Scd(e, ς)] = δa[cSd]b(e, ς) + Sa[c(e, ς)δd]b = −δc[aSb]d(e, ς)− Sc[a(e, ς)δb]d

{Sab(e, ς), Scd(e, ς)} = − 1
2σ

ας
ςabσςα′ςcd ⊕

1
2σ

ας
−ςabσ−ςα′ςcd = 1

2 [Sabcd − γ5(ς)εabcd]
(1.180)

[Sab(e, ς), γc(ς)] = −iγ[aδb]c {Sab(e, ς), γc(ς)} = −iεabcdγ5(ς)γd(ς) (1.181)

Sab(e, ς) = −γ5(ς) ∗ Sab(e, ς) (1.182)
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5.9 Relations between constant invariant tensors εabcd, γa(ς) [20]

εabcdγ
a(ς)γb(ς)γc(ς)γd(ς) = 24γ5(ς) (1.183)

εabcdγ
b(ς)γc(ς)γd(ς) = −6γ5(ς)γa(ς) (1.184)

εabcdγ
c(ς)γd(ς) = −4γ5(ς)iSab(e, ς) (1.185)

εabcdγ
d(ς) = γ5(ς){γa(ς)γb(ς)γc(ς)− [δabγc(ς) + γ[a(ς)δb]c]} (1.186)

εabcd = γ5(ς){γa(ς)γb(ς)γc(ς)γd(ς) (1.187)

− [δabδcd − δa[cδd]b + 2iδabScd(e, ς) + 2iSab(e, ς)δcd + 2iδa[cSd]b(e, ς)− 2iSa[c(e, ς)δd]b]} (1.188)

5.10 Properties of tr[γa(ς)γb(ς) · · · ]

tr[γa(ς)] = 0 tr[γa(ς)γb(ς)γc(ς)] = 0 tr[γa(ς)γb(ς)γc(ς)γd(ς)γe(ς)] = 0 (1.189)

tr[γ5(ς)γa(ς)] = 0 tr[γ5(ς)γa(ς)γb(ς)γc(ς)] = 0 tr[γ5(ς)γa(ς)γb(ς)γc(ς)γd(ς)γe(ς)] = 0 (1.190)

tr[γ5(ς)] = 0 tr[γa(ς)γb(ς)γc(ς)γd(ς)γe(ς)] = 0 tr[γ5(ς)γa(ς)γb(ς)γc(ς)γd(ς)γe(ς)] = 0 (1.191)

tr[Sab(e, ς)] = 0 tr[γc(ς)Sab(e, ς)] = 0 tr[γ5(ς)γa(ς)γb(ς)] = 0 (1.192)

tr[γ5(ς)Sab(e, ς)] = 0 tr[γ5(ς)γc(ς)Sab(e, ς)] = 0 tr[γ5(ς)γa(ς)γb(ς)γc(ς)] = 0 (1.193)

tr[γa(ς)γb(ς)] = 4δab tr[γa(ς)γb(ς)γc(ς)γd(ς)] = 4[δabδcd − δa[cδd]b] (1.194)

tr[γ5(ς)γa(ς)γb(ς)] = 0 tr[γ5(ς)γa(ς)γb(ς)γc(ς)γd(ς)] = 4εabcd (1.195)

tr[Sab(e, ς)Scd(e, ς)] = Sabcd = δacδdb − δadδcb tr[γ5Sab(e, ς)Scd(e, ς)] = −εabcd (1.196)

tr[γa(ς)γb(ς)Scd(e, ς)] = 2iSabcd tr[γ5γa(ς)γb(ς)Scd(e, ς)] = −2iεabcd (1.197)

tr[Sab(e, ς)γc(ς)γd(ς)] = 2iSabcd tr[γ5Sab(e, ς)γc(ς)γd(ς)] = −2iεabcd (1.198)

tr[γa(ς)γb(ς)γc(ς)γd(ς)Sef (e, ς)] = 2i{δabScdef + δcdSabef + δa[cSd]bef − δb[cSd]aef} (1.199)

tr[γ5(ς)γa(ς)γb(ς)γc(ς)γd(ς)Sef (e, ς)] = −2i{δabεcdef + δcdεabef + δa[cεd]bef − δb[cεd]aef} (1.200)

tr[γa(ς)γb(ς)γc(ς)γd(ς)γe(ς)γf (ς)] = 4{(δabδcd − Sabcd)δef − (δabScdef + δcdSabef + δa[cSd]bef − δb[cSd]aef )} (1.201)

tr[γ5(ς)γa(ς)γb(ς)γc(ς)γd(ς)γe(ς)γf (ς)] = 4{εabcdδef + δabεcdef + δcdεabef + δa[cεd]bef − δb[cεd]aef} (1.202)

tr[γa(ς)Sbc(e, ς)γd(ς)Sef (e, ς)] = δabScdef + δcdSabef + δa[cSd]bef − δb[cSd]aef − δbcSadef (1.203)

tr[γ5(ς)γa(ς)Sbc(e, ς)γd(ς)Sef (e, ς)] = δbcεadef − {δabεcdef + δcdεabef + δa[cεd]bef − δb[cεd]aef} (1.204)

tr[γa(ς)Sbc(e, ς)γd(ς)Sef (e, ς)] = δadSbcef + δa[bSc]def + δd[bSc]aef (1.205)

tr[γ5(ς)γa(ς)Sbc(e, ς)γd(ς)Sef (e, ς)] = −{δadεbcef + δa[bεc]def + δd[bεc]aef} (1.206)

5.11 Relations between constant invariant tensors εabcd, (σ, iς)a

εabcd(σ, iς)
a(σ,−iς)b(σ, iς)c(σ,−iς)d = 24ς (1.207)

εabcd(σ, iς)
b(σ,−iς)c(σ, iς)d = −6ς(σ, iς)a (1.208)

εabcd(σ, iς)
c(σ,−iς)d = −4iςSab(ς) (1.209)

εabcd(σ, iς)
d = ς{(σ, iς)a(σ,−iς)b(σ, iς)c − [δab(σ, iς)c + (σ, iς)[aδb]c]} (1.210)

εabcd = ς{(σ, iς)a(σ,−iς)b(σ, iς)c(σ,−iς)d (1.211)

− [δabδcd − δa[cδd]b + 2iδabScd(ς) + 2iSab(ς)δcd + 2iδa[cSd]b(ς) + 2iSa[c(ς)δd]b]} (1.212)

5.12 Relations between constant invariant tensors εabcd, δab

εabcdεefgh = (δaeδbfδcgδdh − δahδbeδcfδdg + δagδbhδceδdf − δafδbgδchδde
− (δaeδbfδchδdg − δagδbeδcfδdh + δahδbgδceδdf − δafδbhδcgδde)
+ (δaeδbgδchδdf − δafδbeδcgδdh + δahδbfδceδdg − δagδbhδcfδde)
− (δaeδbgδcfδdh − δahδbeδcgδdf + δafδbhδceδdg − δagδbfδchδde)
+ (δaeδbhδcfδdg − δagδbeδchδdf + δafδbgδceδdh − δahδbfδcgδde)
− (δaeδbhδcgδdf − δafδbeδchδdg + δagδbfδceδdh − δahδbgδcfδde) (1.213)
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εabcdεefghη
dh = (δaeδbfδcg2− ηagδbeδcf + δagηbfδce − δafδbgηce
− (δaeδbfηcg − δagδbeδcf2 + ηafδbgδce − δafηbeδcg)
+ (δaeδbgηcf − δafδbeδcg2 + ηagδbfδce − δagηbeδcf )

− (δaeδbgδcf2− ηafδbeδcg + δafηbgδce − δagδbfηce)
+ (δaeηbgδcf − δagδbeηcf + δafδbgδce2− ηaeδbfδcg)
− (δaeηbfδcg − δafδbeηcg + δagδbfδce2− ηaeδbgδcf ) (1.214)

εabcdεa′b′c′d′η
dd′ = (δaa′δbb′δcc′2− ηac′δba′δcb′ + δac′ηbb′δca′ − δab′δbc′ηca′
− (δaa′δbb′ηcc′ − δac′δba′δcb′2 + ηab′δbc′δca′ − δab′ηba′δcc′)
+ (δaa′δbc′ηcb′ − δab′δba′δcc′2 + ηac′δbb′δca′ − δac′ηba′δcb′)
− (δaa′δbc′δcb′2− ηab′δba′δcc′ + δab′ηbc′δca′ − δac′δbb′ηca′)
+ (δaa′ηbc′δcb′ − δac′δba′ηcb′ + δab′δbc′δca′2− ηaa′δbb′δcc′)
− (δaa′ηbb′δcc′ − δab′δba′ηcc′ + δac′δbb′δca′2− ηaa′δbc′δcb′) (1.215)

εabcdεa′b′c′d′η
dd′∂c∂+c′ = (δaa′δbb′δcc′2− ηac′δba′δcb′ + δac′ηbb′δca′ − δab′δbc′ηca′

− (δaa′δbb′ηcc′ − δac′δba′δcb′2 + ηab′δbc′δca′ − δab′ηba′δcc′)
+ (δaa′δbc′ηcb′ − δab′δba′δcc′2 + ηac′δbb′δca′ − δac′ηba′δcb′)
− (δaa′δbc′δcb′2− ηab′δba′δcc′ + δab′ηbc′δca′ − δac′δbb′ηca′)
+ (δaa′ηbc′δcb′ − δac′δba′ηcb′ + δab′δbc′δca′2− ηaa′δbb′δcc′)
− (δaa′ηbb′δcc′ − δab′δba′ηcc′ + δac′δbb′δca′2− ηaa′δbc′δcb′) (1.216)

εabcdεefghδ
de = (δahδbfδcg − δahδbgδcf + δagδbhδcf − 4δafδbgδch)

− (δagδbfδch − δagδbhδcf + δahδbgδcf − 4δafδbhδcg)

+ (δafδbgδch − δafδbhδcg + δahδbfδcg − 4δagδbhδcf )

− (δahδbgδcf − δahδbfδcg + δafδbhδcg − 4δagδbfδch)

+ (δagδbhδcf − δagδbfδch + δafδbgδch − 4δahδbfδcg)

− (δafδbhδcg − δafδbgδch + δagδbfδch − 4δahδbgδcf ) (1.217)

εabcdεefghδ
de = −(δafδbgδch − δafδbhδcg + δagδbhδcf − δagδbfδch + δahδbfδcg − δahδbgδcf ) (1.218)

εijkεlmn = δilδjmδkn − δilδjnδkm + δimδjnδkl − δimδjlδkn + δinδjlδkm − δinδjmδkl (1.219)

εijkε
k
lm = δilδjm − δimδjl, εijkεjkl = 2δil (1.220)

εAςBςεCςDς = δAςCς δBςDς − δAςDς δBςCς (1.221)

εαςβςγςε
γς
ρςσς = δαςρς δβςσς − δαςσς δβςρς εαςβςγςε

βςγς
ρς = 2δαςρς (1.222)

5.13 Relations between constant invariant tensors εαςβςγς , σας

εαςβςγς ≡ εαςβςγς4 (1.223)

εαςβςγς = −i(σαςσβςσγς − δβςγςσας + δγςαςσβς − δαςβςσγς ) (1.224)

εαςβςγςσ
γς = −i(σαςσβς − δαςβς ) = − 1

2 i[σας , σβς ] (1.225)

εαςβςγςσ
βςσγς = 2iσας εαςβςγςσ

αςσβςσγς = 6i (1.226)

2Sαςβςσγς = −iσ[ας δβς ]γς + εαςβςγς 2σγςSαςβς = −iδγς [αςσβς ] + εαςβςγς (1.227)

[Sαςβς , σγς ] = −iσ[ας δβς ]γς {Sαςβς , σγς} = εαςβςγς (1.228)
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5.14 Relations between constant invariant tensors εαςβςγς , εabcd

εαςβςγς ≡ εαςβςγς4 (1.229)

εαςβςγςdA
d ≡ εαςβςγςA4 (1.230)

εαςβςcdF
cd ≡ εαςβςγς (F γς4 − F 4γς ) (1.231)

εαςbcdH
bcd ≡ εαςβςγς (Hβςγς4 −Hβς4γς +H4βςγς ) (1.232)

εabcdR
abcd ≡ εαςβςγς (Rαςβςγς4 −Rαςβς4γς +Rας4βςγς −R4αςβςγς ) (1.233)

5.15 Relations between constant invariant tensors εAςBς , εαςβςγς

εAςBς ≡ εAςBς3 (1.234)

εAςBςγςA
γς ≡ εAςBςA3 (1.235)

εAςβςγςF
βςγς ≡ εAςBς (FBς3 − F 3Bς ) (1.236)

εαςβςγςH
αςβςγς ≡ εAςBς (HAςBς3 −HAς3Bς +H3AςBς ) (1.237)

6 Properties of several non intuitive composite constant invariant tensors

6.1 Properties of composite constant invariant tensors σ
k′ς l
′
ς

α′ς
(s), σαςkς lς (s), σ

α′ς
k′ς l
′
ς
(s), σkς lςας (s)

6.1.1 Definitionσ
k′ς l
′
ς

α′ς
(s) := (ς)2sεl

′
ςm
′
ς (s)σα′ς

k′ςm′ς
(s)

σ
α′ς
k′ς l
′
ς
(s) := (−ς)2sεk′ςm′ς (s)σ

α′ςm
′
ς l′ς

(s)

{
σαςkς lς (s) := (−ς)2sεlςmς (s)σ

ας
kς
mς (s)

σkς lςας (s) := (ς)2sεkςmς (s)σαςmς
lς (s)

(1.238)

{
σ
k′ς l
′
ς

α′ς
(s) := (−ς)2s[σα′ς (s)ε(s)]

k′ς l
′
ς

σαςk′ς l′ς
(s) := (−ς)2s[ε(s)σα

′
ς (s)]k′ς l′ς

{
σαςkς lς (s) := (ς)2s[σας (s)ε(s)]kς lς
σkς lςας (s) := (ς)2s[ε(s)σας (s)]

kς lς
(1.239)

σ
k′ς l
′
ς

α′ς
(s) ' (−1)2sσαςkς lς (s)

σ
α′ς
k′ς l
′
ς
(s) ' (−1)2sσkς lςας (s)

σ
k′ςm

′
ς

α′ς
(s)σα′ςm′ς l′ς

(s) = (−1)2sσα′ς
k′ςm′ς

(s)σα′ς
m′ς l′ς

(s)

σας kςmς (s)σ
mς lς
ας (s) = (−1)2sσας kς

mς (s)σαςmς
lς (s)

(1.240)

6.1.2 Symmetry and antisymmetry

σ∗(s) = (−1)2s+1ε(s)σ(s)ε(s)⇒ (1.241)σ
k′ς l
′
ς

α′ς
(s) = (−1)2s+1σ

l′ςk
′
ς

α′ς
(s)

σ
α′ς
k′ς l
′
ς
(s) = (−1)2s+1σ

α′ς
l′ςk
′
ς
(s)

{
σαςkς lς (s) = (−1)2s+1σαςlςkς (s)

σkς lςας (s) = (−1)2s+1σlςkςας (s)
(1.242)

6.1.3 Complex conjugation

σ∗(s) = (−1)2s+1ε(s)σ(s)ε(s)⇒ (1.243)

[σ
α′ς
k′ς l
′
ς
(s)]∗ = (−1)2s+1σαςkς lς (s) [σ

k′ς l
′
ς

α′ς
(s)]∗ = (−1)2s+1σkς lςας (s) (1.244)

6.2 Properties of composite constant invariant tensors σ
A′ςB

′
ς

α′ς
, σαςAςBς , σ

α′ς
A′ςB

′
ς
, σAςBςας

6.2.1 Definitionσ
A′ςB

′
ς

α′ς
:= ςεB

′
ςC
′
ςσα′ς

A′ςC′ς

σ
α′ς
A′ςB

′
ς

:= −ςεA′ςC′ςσ
α′ςC

′
ςB′ς

{
σαςAςBς := −ςεBςCςσαςAςCς

σAςBςας := ςεAςCςσαςCς
Bς

(1.245)

σ
A′ςB

′
ς

α′ς
= −ς[σα′ςε]

A′ςB
′
ς

σ
α′ς
A′ςB

′
ς

= −ς[εσα′ς ]A′ςB′ς

{
σαςAςBς = ς[σαςε]AςBς
σAςBςας = ς[εσας ]

AςBς
(1.246)

{
iς√
2
σαςAςBς = i√

2
[σαςε]AςBς = i√

2
[−σz, i, σx]AςBς

iς√
2
σAςBςας = i√

2
[εσας ]

AςBς = i√
2
[σz, i,−σx]AςBς

(1.247)
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σ
A′ςB

′
ς

α′ς
' −σαςAςBς

σ
α′ς
A′ςB

′
ς
' −σAςBςας

{
σ
A′ςC

′
ς

α′ς
σβ
′
ςC′ςB

′
ς

= −σα′ς
A′ςC′ςσ

β′ςC
′
ςB′ς

σαςAςCςσβς
CςBς = −σαςAςCςσβςCςBς

(1.248)

6.2.2 Orthogonality

Reduce a pair of complex vector indices:

σAςBςας σαςCςDς = εAςDςεCςBς − εAςCςεBςDς σ
A′ςB

′
ς

α′ς
σα
′
ςC
′
ςD
′
ς = εA

′
ςD
′
ςεC

′
ςB
′
ς − εA

′
ςC
′
ςεB

′
ςD
′
ς (1.249)

σαςAςBςσαςCςDς = εAςDςεCςBς − εAςCςεBςDς σ
α′ς
A′ςB

′
ς
σα′ςC′ςD′ς = εA′ςD′ςεC′ςB′ς − εA′ςC′ςεB′ςD′ς (1.250)

σAςBςας σαςCςDς = −δ(Aς
Cς

δ
Bς)
Dς

= −δAς(Cς
δBςDς) σ

A′ςB
′
ς

α′ς
σ
α′ς
C′ςD

′
ς

= −δ(A′ς
C′ς

δ
B′ς)

D′ς
= −δA

′
ς

(C′ς
δ
B′ς
D′ς)

(1.251)

σ
α′ς
A′ςB

′
ς
σα′ς

C′ς
D′ς

= −ς(εA′ςD′ς δ
C′ς
B′ς

+ δ
C′ς
A′ς
εB′ςD′ς ) σAςBςας σαςCς

Dς = ς(εAςDς δBςCς + δAςCς ε
BςDς ) (1.252)

σ
A′ςB

′
ς

α′ς
σα′ς

C′ς
D′ς

= ς(δ
A′ς
D′ς
εB
′
ςC
′
ς + εA

′
ςC
′
ς δ
B′ς
D′ς

) σαςAςBςσ
ας
Cς
Dς = −ς(δDςAς ε

BςCς + εAςCς δ
Dς
Bς

) (1.253)

σα′ς
A′ς
B′ς
σα
′
ςC
′
ς
D′ς

= δ
A′ς
D′ς
δ
C′ς
B′ς
− εA

′
ςC
′
ςεB′ςD′ς σαςAς

BςσαςCς
Dς = δDςAς δ

Bς
Cς
− εAςCςεBςDς (1.254)

6.2.3 Symmetry and antisymmetry{
σAςBςας = σBςAςας

σαςAςBς = σαςBςAς

σ
α′ς
A′ςB

′
ς

= σ
α′ς
B′ςA

′
ς

σ
A′ςB

′
ς

α′ς
= σ

B′ςA
′
ς

α′ς

(1.255)

6.2.4 Complex conjugation

σT = εσε (1.256)

[σαςAςBς ]
∗ = σ

α′ς
A′ςB

′
ς

[σAςBςας ]∗ = σ
A′ςB

′
ς

α′ς
(1.257)

6.3 Properties of constant invariant tensors σabαςα′ς , σ
α′ςας
ab

6.3.1 Definition

σ
α′ςας
ab := iς√

2
(σ,−iς)aA

′
ςAς iς√

2
(σ,−iς)bB

′
ςBς iς√

2
σαςAςBς

−iς√
2
σ
α′ς
A′ςB

′
ς

σα
′α

ab
P
= 1

2σ
α′

A′B′σ
α
AB (1.258)

σabαςα′ς := −iς√
2

(σ, iς)aAςA′ς
−iς√

2
(σ, iς)bBςB′ς

−iς√
2
σ
A′ςB

′
ς

α′ς

iς√
2
σAςBςας σabαα′

P
= 1

2σ
AB
α σA

′B′

α′ (1.259)

Property:

σ
α′ςας
ab = σ

α′ςας
ba σabαςα′ς = σbaαςα′ς δabσ

α′ςας
ab = 0 δabσ

ab
αςα′ς

= 0 (1.260)

σabαςα′ς ' σ
α′ςας
ab (σabαςα′ς )

∗ = σabαςα′ς (σ
α′ςας
ab )∗ = σ

α′ςας
ab Rab = σabαςα′ςψ

αςψ∗α
′
ς (1.261)

Cor. 6.3.1. σabαςα′ς = − 1
2σ

ac
ςας δcdσ

db
−ςα′ς , σ

α′ςας
ab = − 1

2σ
ας
ςacδ

cdσ
α′ς
−ςdb, σ

ab
αςα′ς

' σα
′
ςας

ab

Proof: σαςςa
cσ−ςα′ς

c
b

= iς√
2
(σ,−iς)aA

′
ςAςσαςAς

Bς δA′ς
B′ς −iς√

2
(σ, iς)cBςB′ς ·

−iς√
2

(σ, iς)cCςC′ςσα′ς
C′ςD′ς

δCςDς
iς√
2
(σ,−iς)D

′
ςDς

b

= iς√
2
(σ,−iς)aA

′
ςAςσαςAς

Bς δA′ς
B′ςεBςCςεB′ςC′ςσα′ς

C′ςD′ς
δCςDς

iς√
2
(σ,−iς)D

′
ςDς

b

= − iς√
2
(σ,−iς)aA

′
ςAςσαςAς

Bς (ςεBςDς )(−ςεA′ςC′ς )σα′ς
C′ςD′ς

iς√
2
(σ,−iς)D

′
ςDς

b

= − iς√
2
(σ,−iς)aA

′
ςAςσαςAςDςσα′ςA′ςD′ς

iς√
2
(σ,−iς)D

′
ςDς

b

Cor. 6.3.2. σ
α′ςας
kl = 1

2 (δαςk δ
α′ς
l + δ

α′ς
k δαςl − δklδαςα

′
ς ), σklαςα′ς = 1

2 (δkας δ
l
α′ς

+ δkα′ς δ
l
ας − δ

klδαςα′ς )

Proof: σ
α′ςας
kl

= iς√
2
(σ)k

A′ςAς iς√
2
(σ)l

B′ςBς iς√
2
σαςAςBς

−iς√
2
σ
α′ς
A′ςB

′
ς

= − 1
4 (σ)k

A′ςAς (σ)l
B′ςBςσαςAςBςσ

α′ς
A′ςB

′
ς

= − 1
4 (σ)k

A′ςAς (σ)l
B′ςBς ς[σαςε]AςBς{−ς[εσα

′
ς ]A′ςB′ς}
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= 1
4 (σ)k

A′ςAς [σαςε]AςBς (σ
T )l

BςB
′
ς [σTα

′
ςεT ]B′ςA′ς

= 1
4 tr{σkσ

αςεσTl σ
Tα′ςεT }

= 1
4 tr{σkσ

αςεσTl ε
T εσTα

′
ςεT }

= 1
4 tr{σkσ

αςσlσ
α′ς}

= 1
4 tr{(δ

ας
k + iεk

αςβςσβς )(δ
α′ς
l + iεl

α′ςβ
′
ςσβ′ς )}

= 1
2 (δαςk δ

α′ς
l − εkαςβςεlα

′
ςβ
′
ς δβςβ′ς )

= 1
2 (δαςk δ

α′ς
l + δ

α′ς
k δαςl − δklδαςα

′
ς )

Cor. 6.3.3. σ
αςα

′
ς

kπ = − ς
2εk

αςα
′
ς , σkπαςα′ς = − ς

2ε
k
αςα′ς

Proof: σ
αςα

′
ς

kπ

= iς√
2
(σ)k

A′ςAς iς√
2
(−iς)B′ςBς iς√

2
σαςAςBς

−iς√
2
σ
α′ς
A′ςB

′
ς

= iς 1
4 (σ)k

A′ςAς δB
′
ςBςσαςAςBςσ

α′ς
A′ςB

′
ς

= iς 1
4 (σ)k

A′ςAς δB
′
ςBς ς[σαςε]AςBς{−ς[εσα

′
ς ]A′ςB′ς}

= −iς 1
4 (σ)k

A′ςAς [σαςε]AςBς δ
BςB

′
ς [σTα

′
ςεT ]B′ςA′ς

= −iς 1
4 tr{σkσ

αςεIσTα
′
ςεT }

= −iς 1
4 tr{σkσ

αςσα
′
ς}

= iς 1
4 tr{(δ

ας
k + iεk

αςβςσβς )σ
α′ς}

= −ς 1
2εk

αςβς δβςα′ς
= − ς

2εk
αςα

′
ς

Cor. 6.3.4. σ
α′ςας
ππ = 1

2δ
αςα

′
ς , σππαςα′ς = 1

2δαςα′ς

Proof: σ
α′ςας
ππ

= iς√
2
(−iς)A′ςAς iς√

2
(−iς)B′ςBς iς√

2
σαςAςBς

−iς√
2
σ
α′ς
A′ςB

′
ς

= 1
4δ
A′ςAς δB

′
ςBςσαςAςBςσ

α′ς
A′ςB

′
ς

= 1
4δ
A′ςAς δB

′
ςBς ς[σαςε]AςBς{−ς[εσα

′
ς ]A′ςB′ς}

= − 1
4δ
A′ςAς [σαςε]AςBς δ

BςB
′
ς [σTα

′
ςεT ]B′ςA′ς

= − 1
4 tr{Iσ

αςεIσTα
′
ςεT }

= 1
4 tr{σ

αςσα
′
ς}

= 1
2δ
αςα

′
ς

Cor. 6.3.5.

{
σklαςα′ς∂k∂l = ∂ας∂α′ς −

1
2δαςα′ς∇

2, σππαςα′ς∂
2
π = 1

2δαςα′ς∂
2
π

σkπαςα′ς∂k∂π = − ς
2ε
k
αςα′ς

∂k∂π, σ
πk
αςα′ς

∂π∂k = − ς
2ε
k
αςα′ς

∂π∂k

Cor. 6.3.6. σabαςα′ς∂a∂b = ∂ας∂α′ς −
1
2δαςα′ς (∇

2 − ∂2
π)− ςεkαςα′ς∂k∂π

Orthogonality:

Cor. 6.3.7. σ
α′ςας
ab σabβςβ′ς = δας βς δ

α′ς β′ς

Cor. 6.3.8. σ
α′ςας
ab σαςα′ςcd = 1

2δacδbd + 1
2δadδbc −

1
4δabδcd

Proof method 1:

Proof: σ
α′ςας
ab σαςα′ςcd

= 1
4δ
efδgh(σαςςaeσςαςcg)(σ−ςα′ςhdσ

α′ς
−ςfb)

= 1
4δ
efδgh(Saecg − ςεaecg)(Shdfb + ςεhdfb)

= 1
4δ
efδgh(δacδeg − δagδec − ςεaecg)(δhfδdb − δhbδdf + ςεhdfb)

= 1
4 [(δacδeg − δagδec)(δhfδdb − δhbδdf ) + (−ςεaecg)(δhfδdb − δhbδdf ) + (δacδeg − δagδec)(ςεhdfb) + (−ςεaecg)(ςεhdfb)]

= 1
4 [(2δacδdb + δabδcd) + (−ςεabcd) + (ςεabcd)− (εaceg)δ

efδgh(εfhbd)]
= 1

4 [(2δacδdb + δabδcd) + (−2Sacbd)]
= 1

4 [(2δacδdb + δabδcd)− 2(δabδcd − δadδcb)]
= 1

2δacδbd + 1
2δadδbc −

1
4δabδcd

Proof method 2:

25



Chapter1 Constant Invariant Tensors Analysis Shui-Rong Shi

Proof:

σ
α′ςας
ab σαςα′ςcd

= iς√
2
(σ,−iς)aA

′
ςAς iς√

2
(σ,−iς)bB

′
ςBς iς√

2
σαςAςBς

−iς√
2
σ
α′ς
A′ςB

′
ς
· −iς√

2
(σ, iς)cCςC′ς

−iς√
2

(σ, iς)dDςD′ς
−iς√

2
σ
C′ςD

′
ς

α′ς

iς√
2
σCςDςας

= iς√
2
(σ,−iς)aA

′
ςAς iς√

2
(σ,−iς)bB

′
ςBς −iς√

2
(σ, iς)cCςC′ς

−iς√
2

(σ, iς)dDςD′ς ·
iς√
2
σαςAςBς

iς√
2
σCςDςας

−iς√
2
σ
α′ς
A′ςB

′
ς

−iς√
2
σ
C′ςD

′
ς

α′ς

= iς√
2
(σ,−iς)aA

′
ςAς iς√

2
(σ,−iς)bB

′
ςBς −iς√

2
(σ, iς)cCςC′ς

−iς√
2

(σ, iς)dDςD′ς ·
1
2 (δCςAς δ

Dς
Bς

+ δDςAς δ
Cς
Bς

) 1
2 (δ

C′ς
A′ς
δ
D′ς
B′ς

+ δ
D′ς
A′ς
δ
C′ς
B′ς

)

= 1
4
iς√
2
(σ,−iς)aA

′
ςAς iς√

2
(σ,−iς)bB

′
ςBς −iς√

2
(σ, iς)cAςA′ς

−iς√
2

(σ, iς)dBςB′ς

+ 1
4
iς√
2
(σ,−iς)aA

′
ςAς iς√

2
(σ,−iς)bB

′
ςBς −iς√

2
(σ, iς)cBςB′ς

−iς√
2

(σ, iς)dAςA′ς

+ 1
4
iς√
2
(σ,−iς)aA

′
ςAς iς√

2
(σ,−iς)bB

′
ςBς −iς√

2
(σ, iς)cAςB′ς

−iς√
2

(σ, iς)dBςA′ς

+ 1
4
iς√
2
(σ,−iς)aA

′
ςAς iς√

2
(σ,−iς)bB

′
ςBς −iς√

2
(σ, iς)cBςA′ς

−iς√
2

(σ, iς)dAςB′ς

= 1
4δacδbd + 1

4δadδbc + 1
4 [−iς√

2
(σ, iς)cAςB′ς

iς√
2
(σ,−iς)bB

′
ςBς ][−iς√

2
(σ, iς)dBςA′ς

iς√
2
(σ,−iς)aA

′
ςAς ]

+ 1
4 [−iς√

2
(σ, iς)cBςA′ς

iς√
2
(σ,−iς)aA

′
ςAς ][−iς√

2
(σ, iς)dAςB′ς

iς√
2
(σ,−iς)bB

′
ςBς ]

= 1
4δacδbd + 1

4δadδbc + 1
4 [ 1

2δcbδAς
Bς + iScbAς

Bς ][ 1
2δdaδBς

Aς + iSdaBς
Aς ]

+ 1
4 [ 1

2δcaδBς
Aς + iScaBς

Aς ][ 1
2δdbδAς

Bς + iSdbAς
Bς ]

= 3
8δacδbd + 3

8δadδbc + 1
4 iScbAς

Bς iSdaBς
Aς + 1

4 iScaBς
Aς iSdbAς

Bς

= 3
8δacδbd + 3

8δadδbc + 1
8σ

ας
ςcbσςαςda + 1

8σ
ας
ςcaσςαςdb

= 3
8δacδbd + 3

8δadδbc + 1
8 (−δcdδba + δcaδbd + ςεcbda) + 1

8 (−δcdδab + δcbδad + ςεcadb)

= 1
2δacδbd + 1

2δadδbc −
1
4δabδcd

6.3.2 Summary

Def. 6.3.1. σabαςα′ς := − 1
2 (σ+ςαςσ−ςα′ς )

ab = −iς√
2

(σ, iς)aAςA′ς
−iς√

2
(σ, iς)bBςB′ς

−iς√
2
σ
A′ςB

′
ς

α′ς

iς√
2
σAςBςας , σabαα′

P
= 1

2σ
AB
α σA

′B′

α′

Cor. 6.3.9. σklαςα′ς = 1
2 (δkας δ

l
α′ς

+ δkα′ς δ
l
ας − δ

klδαςα′ς ), σ
kπ
αςα′ς

= σπkαςα′ς = − ς
2ε
k
αςα′ς

, σππαςα′ς = 1
2δαςα′ς

Cor. 6.3.10. σ
αςα

′
ς

ab σabβςβ′ς = δας βς δ
α′ς β′ς

, σ
αςα

′
ς

ab σαςα′ςcd = 1
2δacδbd + 1

2δadδbc −
1
4δabδcd

Cor. 6.3.11. σabαςα′ς∂a∂b = ∂ας∂α′ς −
1
2δαςα′ς (∇

2 − ∂2
π)− ςεkαςα′ς∂k∂π = ∂ας∂α′ς −

1
2δαςα′ς (∇

2 + ∂2
t ) + iςεkαςα′ς∂k∂t

6.4 Properties of constant invariant tensors Sab
kς lς (s, ς), Sabk′ς l′ς (s,−ς), S

ab
kς lς (s, ς), Sab

k′ς l
′
ς (s,−ς)

6.4.1 Definition

Sab
kς lς (s, ς) = iσαςςabσ

kς lς
ας (s) Sabk′ς l′ς (s,−ς) = iσab−ςα′ςσ

α′ς
k′ς l
′
ς
(s) (1.262)

Sabkς lς (s, ς) = iσabςαςσ
ας
kς lς

(s) Sab
k′ς l
′
ς (s,−ς) = iσ

α′ς
−ςabσ

k′ς l
′
ς

α′ς
(s) (1.263)

6.4.2 Symmetry and antisymmetry

Sab
kς lς (s, ς) = (−1)2s+1Sab

lςkς (s, ς) Sabk′ς l′ς (s,−ς) = (−1)2s+1Sabl′ςk′ς (s,−ς) (1.264)

Sabkς lς (s, ς) = (−1)2s+1Sablςkς (s, ς) Sab
k′ς l
′
ς (s,−ς) = (−1)2s+1Sab

l′ςk
′
ς (s,−ς) (1.265)

Sab
k′ςm

′
ς (s,−ς)Scdm′ς l′ς (s,−ς) = −Sabk

′
ς
m′ς

(s,−ς)Scdm
′
ς
l′ς

(s,−ς) (1.266)

Sabkςmς (s, ς)Scd
mς lς (s, ς) = −Sabkςmς (s, ς)Scdmς lς (s, ς) (1.267)

6.4.3 Duality

Sab
kς lς (s, ς) = −ς ∗ Sabkς lς (s, ς) Sabk′ς l′ς (s,−ς) = ς ∗ Sabk′ς l′ς (s,−ς) (1.268)

Sabkς lς (s, ς) = −ς ∗ Sabkς lς (s, ς) Sab
k′ς l
′
ς (s,−ς) = ς ∗ Sabk

′
ς l
′
ς (s,−ς) (1.269)
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6.4.4 Complex conjugation

[Sab
kς lς (s, ς)∂a∂̂b]∗ = (−1)2s+1Sab

k′ς l
′
ς (s,−ς)∂a∂̂b [Sabkς lς (s, ς)∂a∂̂b]

∗ = (−1)2s+1Sabk′ς l′ς (s,−ς)∂a∂̂b (1.270)

6.5 Important connections between several basic constant invariant tensors

Connection 1:

−iς√
2

(σ, iς)aAςA′ςσ
ας
ςa
b iς√

2
(σ,−iς)B

′
ςBς

b = σαςAς
Bς δA′ς

B′ς σα+a
b P= σαA

BδA′
B′ (1.271)

iς√
2

(σ,−iς)aA
′
ςAςσ−ςα′ς

a
b
−iς√

2
(σ, iς)bBςB′ς = σα′ς

A′ς
B′ς
δAςBς σ−α′

a
b
P
= σα′

A′
B′δ

A
B (1.272)

σαςςa
b =

iς√
2

(σ,−iς)aA
′
ςAςσαςAς

Bς δA′ς
B′ς
−iς√

2
(σ, iς)bBςB′ς (1.273)

Connection 2:

iς√
2

(σ,−iς)aA
′
ςAςσabςας

iς√
2

(σ,−iς)bB
′
ςBς = ςσAςBςας εA

′
ςB
′
ς σab+α

P
= σABα εA

′B′ (1.274)

iς√
2

(σ,−iς)aA
′
ςAςσab−ςα′ς

iς√
2

(σ,−iς)bB
′
ςBς = −ςσA

′
ςB
′
ς

α′ς
εAςBς σab−α′

P
= −σA

′B′

α′ εAB (1.275)

−iς√
2

(σ, iς)aAςA′ςσ
ας
ςab

−iς√
2

(σ, iς)bBςB′ς = ςσαςAςBςεA′ςB′ς σα+ab
P
= σαABεA′B′ (1.276)

−iς√
2

(σ, iς)aAςA′ςσ
α′ς
−ςab
−iς√

2
(σ, iς)bBςB′ς = −ςσα

′
ς

A′ςB
′
ς
εAςBς σα

′

−ab
P
= −σα

′

A′B′εAB (1.277)

Connection 3:

(σ,−iς)A
′
ςAς

[a (σ, iς)b]AςB′ς = −2σ
α′ς
−ςabσα′ς

A′ς
B′ς

(σ,−iς)A
′
ςAς
{a (σ, iς)b}AςB′ς = 2δabδ

A′ς
B′ς

(1.278)

(σ, iς)[aAςA′ς
(σ,−iς)A

′
ςBς

b] = −2σ
α′ς
−ςabσα′ςA′ς

B′ς (σ, iς){aAςA′ς (σ,−iς)
A′ςBς
b} = 2δabδAς

Bς (1.279)

6.6 Properties of spin constant invariant tensors Sab
AςBς , SabA′ςB′ς , S

ab
AςBς , Sab

A′ςB
′
ς

6.6.1 Definition

Sab
AςBς = i

2σ
ας
ςabσ

AςBς
ας SabA′ςB′ς = i

2σ
ab
−ςα′ςσ

α′ς
A′ςB

′
ς

(1.280)

SabAςBς = i
2σ

ab
ςαςσ

ας
AςBς

Sab
A′ςB

′
ς = i

2σ
α′ς
−ςabσ

A′ςB
′
ς

α′ς
(1.281)

6.6.2 Symmetry and antisymmetry

Sab
AςBς = Sab

BςAς SabA′ςB′ς = SabB′ςA′ς (1.282)

SabAςBς = SabBςAς Sab
A′ςB

′
ς = Sab

B′ςA
′
ς (1.283)

Sab
A′ςC

′
ςScdC′ςB′ς = −SabA

′
ς
C′ς
Scd

C′ς
B′ς

SabAςCςScd
CςBς = −SabAςCςScdCςBς (1.284)

6.6.3 Duality

Sab
AςBς = −ς ∗ SabAςBς SabA′ςB′ς = ς ∗ SabA′ςB′ς (1.285)

SabAςBς = −ς ∗ SabAςBς Sab
A′ςB

′
ς = ς ∗ SabA

′
ςB
′
ς (1.286)

6.6.4 Complex conjugation

[Sab
AςBς∂a∂̂b]∗ = Sab

A′ςB
′
ς∂a∂̂b [SabAςBς∂a∂̂b]

∗ = SabA′ςB′ς∂a∂̂b (1.287)

6.7 Important relations between invariant constant spin tensors

6.7.1 Unified relations between invariant constant spin tensorsSabA
′
ςB′ς = − i

4 (σ,−iς)A
′
ςAς

[a δAς
Bς (σ, iς)b]BςB′ς

δabδ
A′ςB′ς

= 1
2 (σ,−iς)A

′
ςAς
{a δAς

Bς (σ, iς)b}BςB′ς

SabAςBς = − i
4 (σ, iς)[aAςA′ς

δA
′
ςB′ς

(σ,−iς)B
′
ςBς

b]

δabδAς
Bς = 1

2 (σ, iς){aAςA′ς δ
A′ςB′ς

(σ,−iς)B
′
ςBς

b}

(1.288)

SabA
′
ςB
′
ς = − iς4 (σ,−iς)A

′
ςAς

[a εAςBς (σ,−iς)
B′ςBς
b]

δabε
A′ςB

′
ς = − 1

2 (σ,−iς)A
′
ςAς
{a εAςBς (σ,−iς)

B′ςBς
b}

{
SabAςBς = iς

4 (σ, iς)
[a
AςA′ς

εA
′
ςB
′
ς (σ, iς)

b]
BςB′ς

δabεAςBς = − 1
2 (σ, iς)

{a
AςA′ς

εA
′
ςB
′
ς (σ, iς)

b}
BςB′ς

(1.289)
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SabA′ςB′ς = − iς4 (σ, iς)

[a
AςA′ς

εAςBς (σ, iς)
b]
BςB′ς

δabεA′ςB′ς = − 1
2 (σ, iς)

{a
AςA′ς

εAςBς (σ, iς)
b}
BςB′ς

SabAςBς = iς
4 (σ,−iς)A

′
ςAς

[a εA′ςB′ς (σ,−iς)
B′ςBς
b]

δabε
AςBς = − 1

2 (σ,−iς)A
′
ςAς
{a εA′ςB′ς (σ,−iς)

B′ςBς
b}

(1.290)

6.7.2 Product relation Sac ⊗ Sbc

Cor. 6.7.1.

{
SacAςCς δ

d
cSbd

BςDς = − 1
8 (δab + 2iSab){Aς

(Bς δCς}
Dς)

Sac
A′ςC

′
ς δcdS

bd
B′ςD

′
ς

= − 1
8 (δab + 2iSab)

{A′ς (B′ς
δC
′
ς}D′ς)

Proof: SacAςCς δ
d
cSbd

BςDς

= iς
4 (σ, iς)

[a
AςA′ς

εA
′
ςC
′
ς (σ, iς)

c]
CςC′ς

δdc
iς
4 (σ,−iς)B

′
ςBς

[b εB′ςD′ς (σ,−iς)
D′ςDς
d]

= − 1
8 (σ, iς)aAςA′ςε

A′ςC
′
ς (σ,−iς)B

′
ςBς

b εB′ςD′ς δCς
Dς δC′ς

D′ς + · · ·

= − 1
8 (σ, iς)aAςA′ς (σ,−iς)

A′ςBς
b δDςCς + · · ·

= − 1
8 (δab + 2iSab)Aς

Bς δDςCς −
1
8 (δab + 2iSab)Cς

Bς δDςAς −
1
8 (δab + 2iSab)Aς

Dς δBςCς −
1
8 (δab + 2iSab)Cς

Dς δBςAς
= − 1

8 (δab + 2iSab){Aς
(Bς δCς}

Dς)

Cor. 6.7.2.

{
SacAςCς δcdS

bd
B′ςD

′
ς

= 1
8 (σ, iς)a{Aς(B′ς

(σ, iς)bCς}D′ς)

Sac
A′ςC

′
ς δcdSbd

BςDς = 1
8 (σ, iς)

{A′ς(Bς
a (σ, iς)

C′ς}Dς)
b

Proof: SacAςCς δcdS
bd
B′ςD

′
ς

= iς
4 (σ, iς)

[a
AςA′ς

εA
′
ςC
′
ς (σ, iς)

c]
CςC′ς

δcd(− iς4 )(σ, iς)
[b
BςB′ς

εBςDς (σ, iς)
d]
DςD′ς

= − 1
8εCςDςεC′ςD′ς (σ, iς)

a
AςA′ς

εA
′
ςC
′
ς (σ, iς)bBςB′ςε

BςDς + 1
8εAςDςεA′ςD′ς (σ, iς)

a
CςC′ς

εA
′
ςC
′
ς (σ, iς)bBςB′ςε

BςDς

+ 1
8εCςBςεC′ςB′ς (σ, iς)

a
AςA′ς

εA
′
ςC
′
ς (σ, iς)bDςD′ςε

BςDς − 1
8εAςBςεA′ςB′ς (σ, iς)

a
CςC′ς

εA
′
ςC
′
ς (σ, iς)bDςD′ςε

BςDς

= 1
8 (σ, iς)aAςD′ς (σ, iς)

b
CςB′ς

+ 1
8 (σ, iς)aCςD′ς (σ, iς)

b
AςB′ς

+ 1
8 (σ, iς)aAςB′ς (σ, iς)

b
CςD′ς

+ 1
8 (σ, iς)aCςB′ς (σ, iς)

b
AςD′ς

= 1
8 (σ, iς)a{Aς(B′ς

(σ, iς)bCς}D′ς)

Cor. 6.7.3. SacAςBς δcdS
bd
A′ςB

′
ς

= 1
8 (σ, iς)a{Aς(A′ς

(σ, iς)bBς}B′ς)
, Sac

A′ςB
′
ς δcdSbd

AςBς = 1
8 (σ,−iς){A

′
ς(Aς

a (σ,−iς)B
′
ς}Bς)

b

Cor. 6.7.4. SacAςCς δ
d
cSbd

BςDς∂a∂
b = 1

8 (δab + 2iSab){Aς
(Bς δCς}

Dς)∂a∂b = 1
8δ

(Bς
{Aς δ

Dς)
Cς}∂

a∂a

Cor. 6.7.5. SacAςCς δ
d
cSbd

BςDς∂a∂
b∆(x− x′) = 1

8m
2δ

(Bς
{Aς δ

Dς)
Cς}∆(x− x′)

6.7.3 Product relation Sab∂
b ⊗ [σy()]a, [()σy]a ⊗ Sab∂b

Cor. 6.7.6.{
SabAςBς∂bδaa′ [σy(σ,−iς)]a′B′ς

Cς = − ς
2δ
Cς
{Aς (σ, iς)

b
Bς}B′ς

∂b

Sab
A′ςB

′
ς∂bδaa

′
[σy(σ, iς)]a′

Bς
C′ς = ς

2δ
{A′ς
C′ς

(σ,−iς)B
′
ς}Bς

b ∂bSabA′ςB′ς∂bδaa′ [(σ,−iς)σy]a
′C′ςBς = − ς

2δ
C′ς
{A′ς

(σ, iς)bBςB′ς}
∂b

Sab
AςBς∂bδaa

′
[(σ, iς)σy]a′Cς

B′ς = ς
2δ
{Aς
Cς

(σ,−iς)B
′
ςBς}

b ∂b

Proof: SabAςBς∂bδaa′ [σy(σ,−iς)]a′B′ς
Cς

= iς
4 (σ, iς)

[a
AςA′ς

εA
′
ςC
′
ς (σ, iς)

b]
BςC′ς

∂bδaa′σ
y
B′ςD

′
ς
(σ,−iς)D

′
ςCς

a′

= ς
2δ
Cς
Aς
δ
D′ς
A′ς
εA
′
ςC
′
ςεB′ςD′ς (σ, iς)

b
BςC′ς

∂b + · · ·
= − ς

2δ
Cς
Aς

(σ, iς)bBςB′ς∂b −
ς
2δ
Cς
Bς

(σ, iς)bAςB′ς∂b

= − ς
2δ
Cς
{Aς (σ, iς)

b
Bς}B′ς

∂b

Proof: Sab
A′ςB

′
ς∂bδaa

′
[σy(σ, iς)]a′

Bς
C′ς

= − iς4 (σ,−iς)A
′
ςAς

[a εAςCς (σ,−iς)
B′ςCς
b] ∂bδaa′σ

BςDς
y (σ, iς)a

′

DςC′ς

= − ς
4 (σ,−iς)A

′
ςAς

[a εAςCς (σ,−iς)
B′ςCς
b] ∂bδaa′ε

BςDς (σ, iς)a
′

DςC′ς

= − ς
2δ
A′ς
C′ς
δAςDςεAςCςε

BςDς (σ,−iς)B
′
ςCς

b ∂b + · · ·

= ς
2δ
{A′ς
C′ς

(σ,−iς)B
′
ς}Bς

b ∂b
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Cor. 6.7.7.{
SabAςBς∂bδ

a′

a [σy(σ, iς)]a′
Cς
B′ς

= − ς
2δ
Cς
{Aς (σ, iς)

b
Bς}B′ς

∂b

Sab
A′ςB

′
ς∂bδaa′ [σy(σ,−iς)]a′C′ς

Bς = ς
2δ
{A′ς
C′ς

(σ,−iς)B
′
ς}Bς

b ∂bSabA′ςB′ς∂bδa
′

a [(σ, iς)σy]a′Bς
C′ς = − ς

2δ
C′ς
{A′ς

(σ, iς)bBςB′ς}
∂b

Sab
AςBς∂bδaa′ [(σ,−iς)σy]a

′B′ςCς = ς
2δ
{Aς
Cς

(σ,−iς)B
′
ςBς}

b ∂b

Proof: SabAςBς∂bδ
a′

a [σy(σ, iς)]a′
Cς
B′ς

= iς
4 (σ, iς)

[a
AςA′ς

εA
′
ςC
′
ς (σ, iς)

b]
BςC′ς

∂bδaa′σ
CςDς
y (σ, iς)a

′

DςB′ς

= ς
4 (σ, iς)

[a
AςA′ς

εA
′
ςC
′
ς (σ, iς)

b]
BςC′ς

∂bδaa′ε
CςDς (σ, iς)a

′

DςB′ς

= − ς
2εAςDςεA′ςB′ςε

A′ςC
′
ςεCςDς (σ, iς)bBςC′ς∂b + · · ·

= − ς
2δ
Cς
{Aς (σ, iς)

b
Bς}B′ς

∂b

Proof: Sab
A′ςB

′
ς∂bδaa′ [σy(σ,−iς)]a′C′ς

Bς

= − iς4 (σ,−iς)A
′
ςAς

[a εAςCς (σ,−iς)
B′ςCς
b] ∂bδaa

′
σyC′ςD′ς (σ,−iς)

D′ςBς
a′

= ς
2ε
A′ςD

′
ςεAςBςεAςCςεC′ςD′ς (σ,−iς)

B′ςCς
b ∂b + · · ·

= ς
2δ
{A′ς
C′ς

(σ,−iς)B
′
ς}Bς

b ∂b

6.7.4 Product relation [()σy]a ⊗ [σy()]a

Cor. 6.7.8.

[(σ, iς)σy]aAς
B′ς δaa′ [σy(σ,−iς)]a′A′ς

Bς = 2δBςAς δ
B′ς
A′ς

[(σ,−iς)σy]a
A′ςBς δ

aa′ [σy(σ, iς)]a′
Aς
B′ς

= 2δ
A′ς
B′ς
δAςBς

Proof: [(σ, iς)σy]aAς
B′ς δaa′ [σy(σ,−iς)]a′A′ς

Bς

= (σ, iς)aAςC′ςσ
C′ςB

′
ς

y δa
′

a σ
y
A′ςD

′
ς
(σ,−iς)D

′
ςBς

a′

= −2δBςAς δ
D′ς
C′ς
εC
′
ςB
′
ςεA′ςD′ς

= 2δBςAς δ
B′ς
A′ς

Cor. 6.7.9.

[(σ, iς)σy]aAς
B′ς δa

′

a [σy(σ, iς)]a′
Bς
A′ς

= 2δBςAς δ
B′ς
A′ς

[(σ,−iς)σy]a
A′ςBς δ

a
a′ [σy(σ, iς)]a

′
B′ς
Aς = 2δAςBς δ

A′ς
B′ς

Proof: [(σ, iς)σy]aAς
B′ς δa

′

a [σy(σ, iς)]a′
Bς
A′ς

= (σ, iς)aAςC′ςσ
C′ςB

′
ς

y δaa′σ
BςDς
y (σ, iς)a

′

DςA′ς

= 2εAςDςεC′ςA′ςε
C′ςB

′
ςεBςDς

= 2δBςAς δ
B′ς
A′ς

6.7.5 Detailed proof of important theorems

Lem. 6.7.1. [(σ, iς)σy]aAς
B′ς∂a[σy(σ,−iς)]bA′ς

Bς∂b + (σ, iς)aAςA′ς∂a(σ,−iς)B
′
ςBς

b ∂b

= (iσz, I,−iσx, iςσy)aAς
B′ς∂a(−iσz, I, iσx,−iςσy)bA′ς

Bς∂b + (σx, σy, σz, iς)
a
AςA′ς

∂a(σx, σy, σz,−iς)
B′ςBς
b ∂b

Thm. 6.7.1. [(σ, iς)σy]aAς
B′ς∂a[σy(σ,−iς)]bA′ς

Bς∂b + (σ, iς)aAςA′ς∂a(σ,−iς)B
′
ςBς

b ∂b = ∂a∂aδ
Bς
Aς
δ
B′ς
A′ς

———————————————————————————————————————–

Proof: (iσz, I,−iσx, iςσy)a1ς
1′ς∂a(−iσz, I, iσx,−iςσy)b1′ς

1ς∂b + (σx, σy, σz, iς)
a
1ς1′ς

∂a(σx, σy, σz,−iς)
1′ς1ς
b ∂b

= (i∂x + ∂y)(−i∂x + ∂y) + (∂z + iς∂π)(∂z − iς∂π)
= (∂2

x + ∂2
y) + (∂2

z + ∂2
π)

= ∂a∂aδ
1ς
1ς
δ

1′ς
1′ς

Proof: (iσz, I,−iσx, iςσy)a1ς
1′ς∂a(−iσz, I, iσx,−iςσy)b1′ς

2ς∂b + (σx, σy, σz, iς)
a
1ς1′ς

∂a(σx, σy, σz,−iς)
1′ς2ς
b ∂b

= (i∂x + ∂y)(i∂z − ς∂π) + (∂z + iς∂π)(∂x − i∂y)
= 0
= ∂a∂aδ

2ς
1ς
δ

1′ς
1′ς
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Proof: (iσz, I,−iσx, iςσy)a1ς
1′ς∂a(−iσz, I, iσx,−iςσy)b2′ς

1ς∂b + (σx, σy, σz, iς)
a
1ς2′ς

∂a(σx, σy, σz,−iς)
1′ς1ς
b ∂b

= (i∂x + ∂y)(i∂z + ς∂π) + (∂x − i∂y)(∂z − iς∂π)
= 0
= ∂a∂aδ

1ς
1ς
δ

2′ς
1′ς

Proof: (iσz, I,−iσx, iςσy)a1ς
1′ς∂a(−iσz, I, iσx,−iςσy)b2′ς

2ς∂b + (σx, σy, σz, iς)
a
1ς2′ς

∂a(σx, σy, σz,−iς)
1′ς2ς
b ∂b

= (i∂x + ∂y)(i∂x + ∂y) + (∂x − i∂y)(∂x − i∂y)
= 0
= ∂a∂aδ

2ς
1ς
δ

1′ς
2′ς

———————————————————————————————————————–

Proof: (iσz, I,−iσx, iςσy)a1ς
2′ς∂a(−iσz, I, iσx,−iςσy)b1′ς

1ς∂b + (σx, σy, σz, iς)
a
1ς1′ς

∂a(σx, σy, σz,−iς)
2′ς1ς
b ∂b

= (−i∂z + ς∂π)(−i∂x + ∂y) + (∂z + iς∂π)(∂x + i∂y)
= 0
= ∂a∂aδ

1ς
1ς
δ

2′ς
1′ς

Proof: (iσz, I,−iσx, iςσy)a1ς
2′ς∂a(−iσz, I, iσx,−iςσy)b1′ς

2ς∂b + (σx, σy, σz, iς)
a
1ς1′ς

∂a(σx, σy, σz,−iς)
2′ς2ς
b ∂b

= (−i∂z + ς∂π)(i∂z − ς∂π) + (∂z + iς∂π)(−∂z − iς∂π)
= 0
= ∂a∂aδ

2ς
1ς
δ

2′ς
1′ς

Proof: (iσz, I,−iσx, iςσy)a1ς
2′ς∂a(−iσz, I, iσx,−iςσy)b2′ς

1ς∂b + (σx, σy, σz, iς)
a
1ς2′ς

∂a(σx, σy, σz,−iς)
2′ς1ς
b ∂b

= (−i∂z + ς∂π)(i∂z + ς∂π) + (∂x − i∂y)(∂x − i∂y)
= (∂2

z + ∂2
π) + (∂2

x + ∂2
y)

= ∂a∂aδ
1ς
1ς
δ

2′ς
2′ς

Proof: (iσz, I,−iσx, iςσy)a1ς
2′ς∂a(−iσz, I, iσx,−iςσy)b2′ς

2ς∂b + (σx, σy, σz, iς)
a
1ς2′ς

∂a(σx, σy, σz,−iς)
2′ς2ς
b ∂b

= (−i∂z + ς∂π)(i∂x + ∂y) + (∂x − i∂y)(−∂z − iς∂π)
= 0
= ∂a∂aδ

2ς
1ς
δ

2′ς
2′ς

———————————————————————————————————————–

Proof: (iσz, I,−iσx, iςσy)a2ς
1′ς∂a(−iσz, I, iσx,−iςσy)b1′ς

1ς∂b + (σx, σy, σz, iς)
a
2ς1′ς

∂a(σx, σy, σz,−iς)
1′ς1ς
b ∂b

= (−i∂z − ς∂π)(−i∂x + ∂y) + (∂x + i∂y)(∂z − iς∂π)
= 0
= ∂a∂aδ

1ς
2ς
δ

1′ς
1′ς

Proof: (iσz, I,−iσx, iςσy)a2ς
1′ς∂a(−iσz, I, iσx,−iςσy)b1′ς

2ς∂b + (σx, σy, σz, iς)
a
2ς1′ς

∂a(σx, σy, σz,−iς)
1′ς2ς
b ∂b

= (−i∂z − ς∂π)(i∂z − ς∂π) + (∂x + i∂y)(∂x − i∂y)
= (∂2

z + ∂2
π) + (∂2

x + ∂2
y)

= ∂a∂aδ
2ς
2ς
δ

1′ς
1′ς

Proof: (iσz, I,−iσx, iςσy)a2ς
1′ς∂a(−iσz, I, iσx,−iςσy)b2′ς

1ς∂b + (σx, σy, σz, iς)
a
2ς2′ς

∂a(σx, σy, σz,−iς)
1′ς1ς
b ∂b

= (−i∂z − ς∂π)(i∂z + ς∂π) + (−∂z + iς∂π)(∂z − iς∂π)
= 0
= ∂a∂aδ

1ς
2ς
δ

1′ς
2′ς

Proof: (iσz, I,−iσx, iςσy)a2ς
1′ς∂a(−iσz, I, iσx,−iςσy)b2′ς

2ς∂b + (σx, σy, σz, iς)
a
2ς2′ς

∂a(σx, σy, σz,−iς)
1′ς2ς
b ∂b

= (−i∂z − ς∂π)(i∂x + ∂y) + (−∂z + iς∂π)(∂x − i∂y)
= 0
= ∂a∂aδ

2ς
2ς
δ

1′ς
2′ς

———————————————————————————————————————–
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Proof: (iσz, I,−iσx, iςσy)a2ς
2′ς∂a(−iσz, I, iσx,−iςσy)b1′ς

1ς∂b + (σx, σy, σz, iς)
a
2ς1′ς

∂a(σx, σy, σz,−iς)
2′ς1ς
b ∂b

= (−i∂x + ∂y)(−i∂x + ∂y) + (∂x + i∂y)(∂x + iς∂y)
= 0
= ∂a∂aδ

1ς
2ς
δ

2′ς
1′ς

Proof: (iσz, I,−iσx, iςσy)a2ς
2′ς∂a(−iσz, I, iσx,−iςσy)b1′ς

2ς∂b + (σx, σy, σz, iς)
a
2ς1′ς

∂a(σx, σy, σz,−iς)
2′ς2ς
b ∂b

= (−i∂x + ∂y)(i∂z − ς∂π) + (∂x + i∂y)(−∂z − iς∂π)
= 0
= ∂a∂aδ

2ς
2ς
δ

2′ς
1′ς

Proof: (iσz, I,−iσx, iςσy)a2ς
2′ς∂a(−iσz, I, iσx,−iςσy)b2′ς

1ς∂b + (σx, σy, σz, iς)
a
2ς2′ς

∂a(σx, σy, σz,−iς)
2′ς1ς
b ∂b

= (−i∂x + ∂y)(i∂z + ς∂π) + (−∂z + iς∂π)(∂x + i∂y)
= 0
= ∂a∂aδ

1ς
2ς
δ

2′ς
2′ς

Proof: (iσz, I,−iσx, iςσy)a2ς
2′ς∂a(−iσz, I, iσx,−iςσy)b2′ς

2ς∂b + (σx, σy, σz, iς)
a
2ς2′ς

∂a(σx, σy, σz,−iς)
2′ς2ς
b ∂b

= (−i∂x + ∂y)(i∂x + ∂y) + (−∂z + iς∂π)(−∂z − iς∂π)
= (∂2

x + ∂2
y) + (∂2

z + ∂2
π)

= ∂a∂aδ
2ς
2ς
δ

2′ς
2′ς

———————————————————————————————————————–

Thm. 6.7.2. (σ, iς)a[AςA′ς
(σ, iς)bBς ]B′ς

∂a∂b = −∂a∂aεAςBςεA′ςB′ς , (σ,−iς)
[A′ςAς
a (σ,−iς)B

′
ς ]Bς

b ∂a∂b = −∂a∂aεA
′
ςB
′
ςεAςBς

Thm. 6.7.3. (σ, iς)a[AςA′ς
(σ, iς)bBς ]B′ς

δab = −δaaεAςBςεA′ςB′ς , (σ,−iς)
[A′ςAς
a (σ,−iς)B

′
ς ]Bς

b δab = −δaaεA
′
ςB
′
ςεAςBς

Thm. 6.7.4. [(σ, iς)σy]aAς
B′ς [σy(σ,−iς)]bA′ς

Bς∂a∂b + (σ, iς)aAςA′ς (σ,−iς)
B′ςBς
b ∂a∂

b = ∂a∂aδ
Bς
Aς
δ
B′ς
A′ς

Thm. 6.7.5. [(σ, iς)σy]aAς
B′ς [σy(σ,−iς)]bA′ς

Bς δab + (σ, iς)aAςA′ς (σ,−iς)
B′ςBς
b δa

b = δaaδ
Bς
Aς
δ
B′ς
A′ς

6.8 Properties of composite constant invariant tensor Σkslsks′ ls′
(s, s′)

6.8.1 Definition

c(s) = [(−1)2s 8
3s(s+ 1

2 )(s+ 1)]−
1
2 (1.291)

Σkslsab (s) :=

{
c(|s|)Sabkl(|s|,+), s > 0

c(|s|)Sabk′l′(|s|,−), s < 0
Σabksls(s) :=

{
c(|s|)Sabkl(|s|,+), s > 0

c(|s|)Sabk
′l′

(|s|,−), s < 0
(1.292)

: Σkslsks′ ls′
(s, s′) := Σkslsab (s)Σabks′ ls′ (s

′) (1.293)

6.8.2 Transitivity

Σkslsks′ ls′
(s, s′)Σ

ks′ ls′
ks′′ ls′′

(s′, s′′) = Σkslsks′′ ls′′
(s, s′′) (1.294)

6.8.3 Symmetry and antisymmetry

Σkslsks′ ls′
(s, s′) = (−1)2s+1Σlsksks′ ls′

(s, s′) Σlsksks′ ls′
(s, s′) = (−1)2s′+1Σkslsls′ks′

(s, s′) (1.295)

Σkslsks′ ls′
(s, s′) = (−1)2(s+s′)Σlsksls′ks′

(s, s′) (1.296)
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7 General theory of constant invariant tensors
7.1 General definition of constant invariant tensors

Define the Lorentz transformation: Λ[Li] := e
i
2ϑ

abSab[Li], (1.297)

Define the YM field transformation: Λ[Yj ] := eiθ
αTα[Yj ] (1.298)

General definition of constant invariant tensors:

CY1Y2···Ym
L1L2···Ln is constant and equal in any reference system and satisfies the transformation:

CY1Y2···Ym
L1L2···Ln =

n∏
i=1

Λ
L′i
Li

[Li]

m∏
j=1

Λ
Yj
Y ′j

[Yj ]C
Y ′1Y

′
2 ···Y

′
m

L′1L
′
2···L′n

(1.299)

Then CY1Y2···Ym
L1L2···Ln is a constant invariant tensor. Li ∼ e

i
2ϑ

abSab[Li], Yj ∼ eiθ
αTα[Yj ]

Infinitesimal transformation:

0 = δCY1Y2···Ym
L1L2···Ln = 1

2ϑ
ab

n∑
i=1

Sab
L′i
Li

[Li]C
Y1Y2···Ym
L1L2···L′i···Ln

+ iθα
m∑
j=1

Tα
Yj
Y ′j

[Li]C
Y1Y2···Y ′j ···Ym
L1L2···Ln ,∀ϑab,∀θα (1.300)

⇔
n∑
i=1

Sab
L′i
Li

[Li]C
Y1Y2···Ym
L1L2···L′i···Ln

= 0,

m∑
j=1

Tα
Yj
Y ′j

[Li]C
Y1Y2···Y ′j ···Ym
L1L2···Ln = 0 (1.301)

7.2 Covariant derivatives of constant invariant tensors are zero

DuC
Y1Y2···Ym
L1L2···Ln = ∂uC

Y1Y2···Ym
L1L2···Ln + 1

2ωu
ab

n∑
i=1

Sab
L′i
Li

[Li]C
Y1Y2···Ym
L1···L′i···Ln

+ iAu
α

m∑
j=1

Tα
Yj
Y ′j

[Li]C
Y1···Y ′j ···Ym
L1L2···Ln (1.302)

DuC
Y1Y2···Ym
L1L2···Ln = 0 + 0 + 0 = 0 (1.303)

Therefore, the covariant derivatives of all constant invariant tensors are all zero, which is a very good
and convenient property.
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Self comment: The perfect constant invariant tensors created in this chapter have great universality
and can be applicable to various situations. It associates a fully symmetric low spin tensor with a high
spin tensor. It is a powerful mathematical tool for studying general spin particles. Inspired by the
fully antisymmetric tensor, I tried to find a similar fully symmetric tensor. After constant attempts,
I finally found such a fully symmetric spin tensor. Then by combining with various basic constant
invariant tensors obtained in the previous chapter, several useful special constant invariant tensors
have been further developed.

1 Permutation of symmetric indices
Self comment: Unlike the previous sorting starts counting from 1, this section starts counting from 0.
This is more natural and naturally matches the w+1 radix.

Def. 1.0.1. σ ⊗ I = I⊗̄σ =

[
σ 0
0 σ

]
1.1 Permutation of second-order symmetric indices

1.1.1 Permutation of second-order symmetric indices A⊗̄B⊗̄C⊗̄D
Cor. 1.1.1.
[

0 0 0 0
0 0 0 1

][
[0 0 1 0]
0 0 1 1

] 
[

[0 1 0 0]
[0 1 0 1]

][
[0 1 1 0]
0 1 1 1

] 
[

[1 0 0 0]
[1 0 0 1]

][
[1 0 1 0]
[1 0 1 1]

] 
[

[1 1 0 0]
[1 1 0 1]

][
[1 1 1 0]
1 1 1 1

]
1.1.2 Deduction of permutation law for second-order symmetric indices A ≤ B ≤ C ≤ D
Cor. 1.1.2.
c3 = 0

c2 = a2 = 2

c1 = a2 + a1 = 2 + 1

cn = C2
3 − C2

n


d0 = c3 = 0

d1 = c2 = 2

d2 = c1 = 3

dn = C2
3 − C2

3−n
A0d0 = 0

A0d1 = 2

A0d2 = 3

A0dn = (C2
3 − C2

3−n)u(C2
3 − C2

5−3)


A1d0 = 0 + C2

3

A1d1 = 0 + C2
3

A1d2 = 1 + C2
3

A1dn = (C2
2 − C2

3−n)u(C2
2 − C2

3−n) + C2
3

1.1.3 A summary of forward permutation rules for second-order symmetric indices

Cor. 1.1.3.

k0≤0≤η≤ξ = (C2
3 − C2

3−η) + (
ξ∑

k=η

C0
1−k − C0

1−λ0
)

k0≤µ≤η≤ξ = (
µ∑
k=0

C2
3−k − C2

3−η) + (
ξ∑

k=η

C0
1−k − C0

1−λ0
)

kλ≤µ≤η≤ξ = (C4
5 − C4

5−λ) + (
µ∑
k=λ

C2
3−k − C2

3−η) + (
ξ∑

k=η

C0
1−k − C0

1−λ0
)

kd≤λ≤µ≤η≤ξ = (
d∑
k=0

C4
5−k − C4

5−λ) + (
µ∑
k=λ

C2
3−k − C2

3−η) + (
ξ∑

k=η

C0
1−k − C0

1−λ0
)

1.1.4 General conjecture of forward permutation rules for second-order symmetric indices

Ass. 1.1.1.

kλ2s··≤λ4≤λ3≤λ2≤λ1 =
[s]∑
l=0

(
λ2l+1∑
k=λ2l+2

C2l
2l+1−k − C2l

2l+1−λ2l
);λi = 0, i > 2s|i = 0;λi = (0, 1), 1 ≤ i ≤ 2s

33



Chapter2 Perfect Constant Invariant Tensors Shui-Rong Shi

1.2 Permutation of fourth-order symmetric indices

1.2.1 Permutation of fourth-order symmetric indices λ⊗̄µ⊗̄η⊗̄ξ
Def. 1.2.1.

[
0 0 0 0
0 0 0 1
0 0 0 2
0 0 0 3

]
[

[0 0 1 0]
0 0 1 1
0 0 1 2
0 0 1 3

]
[

[0 0 2 0]
[0 0 2 1]
0 0 2 2
0 0 2 3

]
[

[0 0 3 0]
[0 0 3 1]
[0 0 3 2]
0 0 3 3

]



[
[0 1 0 0]
[0 1 0 1]
[0 1 0 2]
[0 1 0 3]

]
[

[0 1 1 0]
0 1 1 1
0 1 1 2
0 1 1 3

]
[

[0 1 2 0]
[0 1 2 1]
0 1 2 2
0 1 2 3

]
[

[0 1 3 0]
[0 1 3 1]
[0 1 3 2]
0 1 3 3

]



[
[0 2 0 0]
[0 2 0 1]
[0 2 0 2]
[0 2 0 3]

]
[

[0 2 1 0]
[0 2 1 1]
[0 2 1 2]
[0 2 1 3]

]
[

[0 2 2 0]
[0 2 2 1]
0 2 2 2
0 2 2 3

]
[

[0 2 3 0]
[0 2 3 1]
[0 2 3 2]
0 2 3 3

]



[
[0 3 0 0]
[0 3 0 1]
[0 3 0 2]
[0 3 0 3]

]
[

[0 3 1 0]
[0 3 1 1]
[0 3 1 2]
[0 3 1 3]

]
[

[0 3 2 0]
[0 3 2 1]
[0 3 2 2]
[0 3 2 3]

]
[

[0 3 3 0]
[0 3 3 1]
[0 3 3 2]
0 3 3 3

]



[
[1 0 0 0]
[1 0 0 1]
[1 0 0 2]
[1 0 0 3]

]
[

[1 0 1 0]
[1 0 1 1]
[1 0 1 2]
[1 0 1 3]

]
[

[1 0 2 0]
[1 0 2 1]
[1 0 2 2]
[1 0 2 3]

]
[

[1 0 3 0]
[1 0 3 1]
[1 0 3 2]
[1 0 3 3]

]



[
[1 1 0 0]
[1 1 0 1]
[1 1 0 2]
[1 1 0 3]

]
[

[1 1 1 0]
1 1 1 1
1 1 1 2
1 1 1 3

]
[

[1 1 2 0]
[1 1 2 1]
1 1 2 2
1 1 2 3

]
[

[1 1 3 0]
[1 1 3 1]
[1 1 3 2]
1 1 3 3

]



[
[1 2 0 0]
[1 2 0 1]
[1 2 0 2]
[1 2 0 3]

]
[

[1 2 1 0]
[1 2 1 1]
[1 2 1 2]
[1 2 1 3]

]
[

[1 2 2 0]
[1 2 2 1]
1 2 2 2
1 2 2 3

]
[

[1 2 3 0]
[1 2 3 1]
[1 2 3 2]
1 2 3 3

]



[
[1 3 0 0]
[1 3 0 1]
[1 3 0 2]
[1 3 0 3]

]
[

[1 3 1 0]
[1 3 1 1]
[1 3 1 2]
[1 3 1 3]

]
[

[1 3 2 0]
[1 3 2 1]
[1 3 2 2]
[1 3 2 3]

]
[

[1 3 3 0]
[1 3 3 1]
[1 3 3 2]
1 3 3 3

]


[
[2 0 0 0]
[2 0 0 1]
[2 0 0 2]
[2 0 0 3]

]
[

[2 0 1 0]
[2 0 1 1]
[2 0 1 2]
[2 0 1 3]

]
[

[2 0 2 0]
[2 0 2 1]
[2 0 2 2]
[2 0 2 3]

]
[

[2 0 3 0]
[2 0 3 1]
[2 0 3 2]
[2 0 3 3]

]



[
[2 1 0 0]
[2 1 0 1]
[2 1 0 2]
[2 1 0 3]

]
[

[2 1 1 0]
2 1 1 1
2 1 1 2
2 1 1 3

]
[

[2 1 2 0]
[2 1 2 1]
[2 1 2 2]
[2 1 2 3]

]
[

[2 1 3 0]
[2 1 3 1]
[2 1 3 2]
[2 1 3 3]

]



[
[2 2 0 0]
[2 2 0 1]
[2 2 0 2]
[2 2 0 3]

]
[

[2 2 1 0]
[2 2 1 1]
[2 2 1 2]
[2 2 1 3]

]
[

[2 2 2 0]
[2 2 2 1]
2 2 2 2
2 2 2 3

]
[

[2 2 3 0]
[2 2 3 1]
[2 2 3 2]
2 2 3 3

]



[
[2 3 0 0]
[2 3 0 1]
[2 3 0 2]
[2 3 0 3]

]
[

[2 3 1 0]
[2 3 1 1]
[2 3 1 2]
[2 3 1 3]

]
[

[2 3 2 0]
[2 3 2 1]
[2 3 2 2]
[2 3 2 3]

]
[

[2 3 3 0]
[2 3 3 1]
[2 3 3 2]
2 3 3 3

]



[
[3 0 0 0]
[3 0 0 1]
[3 0 0 2]
[3 0 0 3]

]
[

[3 0 1 0]
[3 0 1 1]
[3 0 1 2]
[3 0 1 3]

]
[

[3 0 2 0]
[3 0 2 1]
[3 0 2 2]
[3 0 2 3]

]
[

[3 0 3 0]
[3 0 3 1]
[3 0 3 2]
[3 0 3 3]

]



[
[3 1 0 0]
[3 1 0 1]
[3 1 0 2]
[3 1 0 3]

]
[

[3 1 1 0]
[3 1 1 1]
[3 1 1 2]
[3 1 1 3]

]
[

[3 1 2 0]
[3 1 2 1]
[3 1 2 2]
[3 1 2 3]

]
[

[3 1 3 0]
[3 1 3 1]
[3 1 3 2]
[3 1 3 3]

]



[
[3 2 0 0]
[3 2 0 1]
[3 2 0 2]
[3 2 0 3]

]
[

[3 2 1 0]
[3 2 1 1]
[3 2 1 2]
[3 2 1 3]

]
[

[3 2 2 0]
[3 2 2 1]
[3 2 2 2]
[3 2 2 3]

]
[

[3 2 3 0]
[3 2 3 1]
[3 2 3 2]
[3 2 3 3]

]



[
[3 3 0 0]
[3 3 0 1]
[3 3 0 2]
[3 3 0 3]

]
[

[3 3 1 0]
[3 3 1 1]
[3 3 1 2]
[3 3 1 3]

]
[

[3 3 2 0]
[3 3 2 1]
[3 3 2 2]
[3 3 2 3]

]
[

[3 3 3 0]
[3 3 3 1]
[3 3 3 2]
3 3 3 3

]

Cor. 1.2.1.
number{[]} : b4 =

[
0 4 4 4
1 1 4 4
2 2 2 4
3 3 3 3

]
b3 =

[
4 4 4 4
4 1 4 4
4 2 2 4
4 3 3 3

]
b2 =

[
4 4 4 4
4 4 4 4
4 4 2 4
4 4 3 3

]
b1 =

[
4 4 4 4
4 4 4 4
4 4 4 4
4 4 4 3

]
bn = 43 − C3

n+2

number{[̄]} : a4 =

[
4 0 0 0
3 3 0 0
2 2 2 0
1 1 1 1

]
a3 =

[
0 0 0 0
0 3 0 0
0 2 2 0
0 1 1 1

]
a2 =

[
0 0 0 0
0 0 0 0
0 0 2 0
0 0 1 1

]
a1 =

[
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 1

]
an = C3

n+2

1.2.2 Deduction of permutation law of fourth-order symmetric indices λ ≤ µ ≤ η ≤ ξ
Cor. 1.2.2.
n∑
k=1

k = 1
2n(n+ 1),

n∑
k=1

k2 = 1
3n(n+ 1

2 )(n+ 1),
n∑
k=1

k3 = 1
4n

2(n+ 1)2

c5 = 0

c4 = a4

c3 = a4 + a3

c2 = a4 + a3 + a2

c1 = a4 + a3 + a2 + a1

cn = C4
7 − C4

n+2



d0 = c5 = 0

d1 = c4 = 20

d2 = c3 = 30

d3 = c2 = 34

d4 = c1 = 35

dn = C4
7 − C4

7−n

A0d0 = A0c5 = 0

A0d1 = A0c4 = 4

A0d2 = A0c3 = 7

A0d3 = A0c2 = 9

A0d4 = A0c1 = 10

A0dn = (C2
5 − C2

5−n)u(C2
5 − C2

5−n)



A1d0 = A1c5 = 0 + C2
5

A1d1 = A1c4 = 0 + C2
5

A1d2 = A1c3 = 3 + C2
5

A1d3 = A1c2 = 5 + C2
5

A1d4 = A1c1 = 6 + C2
5

A1dn = (C2
4 − C2

5−n)u(C2
4 − C2

5−n) + C2
5

A2d0 = A2c5 = 0 + C2
5 + C2

4

A2d1 = A2c4 = 0 + C2
5 + C2

4

A2d2 = A2c3 = 0 + C2
5 + C2

4

A2d3 = A2c2 = 2 + C2
5 + C2

4

A2d4 = A2c1 = 3 + C2
5 + C2

4

A2dn = (C2
3 − C2

5−n)u(C2
3 − C2

5−n) + C2
5 + C2

4



A3d0 = A3c5 = 0 + C2
5 + C2

4 + C2
3

A3d1 = A3c4 = 0 + C2
5 + C2

4 + C2
3

A3d2 = A3c3 = 0 + C2
5 + C2

4 + C2
3

A3d3 = A3c2 = 0 + C2
5 + C2

4 + C2
3

A3d4 = A3c1 = 1 + C2
5 + C2

4 + C2
3

A3dn = (C2
2 − C2

5−n)u(C2
2 − C2

5−n) + C2
5 + C2

4 + C2
3

Cor. 1.2.3.
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A0dn = (C2

5 − C2
5−n)u(C2

5 − C2
5−n)

A1dn = (C2
4 − C2

5−n)u(C2
4 − C2

5−n) + C2
5

A2dn = (C2
3 − C2

5−n)u(C2
3 − C2

5−n) + C2
5 + C2

4

A3dn = (C2
2 − C2

5−n)u(C2
2 − C2

5−n) + C2
5 + C2

4 + C2
3

B0dn = (0− C2
5−n)u(0− C2

5−n) + 20

B1dn = (C2
4 − C2

5−n)u(C2
4 − C2

5−n) + 20

B2dn = (C2
3 − C2

5−n)u(C2
3 − C2

5−n) + 20 + C2
4

B3dn = (C2
2 − C2

5−n)u(C2
2 − C2

5−n) + 20 + C2
4 + C2

3
C0dn = (0− C2

5−n)u(0− C2
5−n) + 30

C1dn = (0− C2
5−n)u(0− C2

5−n) + 30

C2dn = (C2
3 − C2

5−n)u(C2
3 − C2

5−n) + 30

C3dn = (C2
2 − C2

5−n)u(C2
2 − C2

5−n) + 30 + C2
3

D0dn = (0− C2
5−n)u(0− C2

5−n) + 34

D1dn = (0− C2
5−n)u(0− C2

5−n) + 34

D2dn = (0− C2
5−n)u(0− C2

5−n) + 34

D3dn = (C2
2 − C2

5−n)u(C2
2 − C2

5−n) + 34

Cor. 1.2.4.

00dn = (C2
5u(0− 0)− C2

5−n)u(C2
5u(0− 0)− C2

5−n) +
0−1∑
k=0

C2
5−k + (C4

7 − C4
7−0)

01dn = (C2
4u(1− 0)− C2

5−n)u(C2
4u(1− 0)− C2

5−n) +
1−1∑
k=0

C2
5−k + (C4

7 − C4
7−0)

02dn = (C2
3u(2− 0)− C2

5−n)u(C2
3u(2− 0)− C2

5−n) +
2−1∑
k=0

C2
5−k + (C4

7 − C4
7−0)

03dn = (C2
2u(3− 0)− C2

5−n)u(C2
2u(3− 0)− C2

5−n) +
3−1∑
k=0

C2
5−k + (C4

7 − C4
7−0)

10dn = (C2
5u(0− 1)− C2

5−n)u(C2
5u(0− 1)− C2

5−n) +
0−1∑
k=1

C2
5−k + (C4

7 − C4
7−1)

11dn = (C2
4u(1− 1)− C2

5−n)u(C2
4u(1− 1)− C2

5−n) +
1−1∑
k=1

C2
5−k + (C4

7 − C4
7−1)

12dn = (C2
3u(2− 1)− C2

5−n)u(C2
3u(2− 1)− C2

5−n) +
2−1∑
k=1

C2
5−k + (C4

7 − C4
7−1)

13dn = (C2
2u(3− 1)− C2

5−n)u(C2
2u(3− 1)− C2

5−n) +
3−1∑
k=1

C2
5−k + (C4

7 − C4
7−1)

20dn = (C2
5u(0− 2)− C2

5−n)u(C2
5u(0− 2)− C2

5−n) +
0−1∑
k=2

C2
5−k + (C4

7 − C4
7−2)

21dn = (C2
4u(1− 2)− C2

5−n)u(C2
4u(1− 2)− C2

5−n) +
1−1∑
k=2

C2
5−k + (C4

7 − C4
7−2)

22dn = (C2
3u(2− 2)− C2

5−n)u(C2
3u(2− 2)− C2

5−n) +
2−1∑
k=2

C2
5−k + (C4

7 − C4
7−2)

23dn = (C2
2u(3− 2)− C2

5−n)u(C2
2u(3− 2)− C2

5−n) +
3−1∑
k=2

C2
5−k + (C4

7 − C4
7−2)

30dn = (C2
5u(0− 3)− C2

5−n)u(C2
5u(0− 3)− C2

5−n) +
0−1∑
k=3

C2
5−k + (C4

7 − C4
7−3)

31dn = (C2
4u(1− 3)− C2

5−n)u(C2
4u(1− 3)− C2

5−n) +
1−1∑
k=3

C2
5−k + (C4

7 − C4
7−3)

32dn = (C2
3u(2− 3)− C2

5−n)u(C2
3u(2− 3)− C2

5−n) +
2−1∑
k=3

C2
5−k + (C4

7 − C4
7−3)

33dn = (C2
2u(3− 3)− C2

5−n)u(C2
2u(3− 3)− C2

5−n) +
3−1∑
k=3

C2
5−k + (C4

7 − C4
7−3)

λµdn = (C2
5−µu(µ− λ)− C2

5−n)u(C2
5−µu(µ− λ)− C2

5−n) +
µ−1∑
k=λ

C2
5−k + (C4

7 − C4
7−λ)

kλ≤µ≤η≤ξ = (C2
5−µu(µ− λ)− C2

5−η)u(C2
5−µu(µ− λ)− C2

5−η) +
µ−1∑
k=λ

C2
5−k + (C4

7 − C4
7−λ) + (ξ − η)

= (C4
7 − C4

7−λ) + (
µ∑
k=λ

C2
5−k − C2

5−η) + (ξ − η)
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k0≤µ≤η≤ξ = (
µ∑
k=0

C2
5−k − C2

5−η) + (ξ − η)

k0≤0≤η≤ξ = (C2
5 − C2

5−η) + (ξ − η)

1.3 Summary of forward permutation rules for fourth-order symmetric indices

Cor. 1.3.1.

k0≤0≤η≤ξ = (C2
5 − C2

5−η) + (
ξ∑

k=η

C0
3−k − C0

3−λ0
)

k0≤µ≤η≤ξ = (
µ∑
k=0

C2
5−k − C2

5−η) + (
ξ∑

k=η

C0
3−k − C0

3−λ0
)

kλ≤µ≤η≤ξ = (C4
7 − C4

7−λ) + (
µ∑
k=λ

C2
5−k − C2

5−η) + (
ξ∑

k=η

C0
3−k − C0

3−λ0
)

kd≤λ≤µ≤η≤ξ = (
d∑
k=0

C4
7−k − C4

7−λ) + (
µ∑
k=λ

C2
5−k − C2

5−η) + (
ξ∑

k=η

C0
3−k − C0

3−λ0
)

kc≤d≤λ≤µ≤η≤ξ = (C6
9 − C6

9−c) + (
d∑
k=c

C4
7−k − C4

7−λ) + (
µ∑
k=λ

C2
5−k − C2

5−η) + (
ξ∑

k=η

C0
3−k − C0

3−λ0
)

kb≤c≤d≤λ≤µ≤η≤ξ = (
b∑

k=0

C6
9−k − C6

9−c) + (
d∑
k=c

C4
7−k − C4

7−λ) + (
µ∑
k=λ

C2
5−k − C2

5−η) + (
ξ∑

k=η

C0
3−k − C0

3−λ0
)

ka≤b≤c≤d≤λ≤µ≤η≤ξ = (C8
11−C8

11−a)+(
b∑

k=a

C6
9−k−C6

9−c)+(
d∑
k=c

C4
7−k−C4

7−λ)+(
µ∑
k=λ

C2
5−k−C2

5−η)+(
ξ∑

k=η

C0
3−k−C0

3−λ0
)

1.3.1 General conjecture of forward permutation rules for fourth-order symmetric indices

Ass. 1.3.1.

kλ2s··≤λ8≤λ7≤λ6≤λ5≤λ4≤λ3≤λ2≤λ1

=
0∑
k=0

C8
11−k +

λ7∑
k=λ8

C6
9−k +

λ5∑
k=λ6

C4
7−k +

λ3∑
k=λ4

C2
5−k +

λ1∑
k=λ2

C0
3−k − (C8

11−λ8
+ C6

9−λ6
+ C4

7−λ4
+ C2

5−λ2
+ C0

3−λ0
)

=
[s]∑
l=0

(
λ2l+1∑
k=λ2l+2

C2l
2l+3−k − C2l

2l+3−λ2l
);λi = 0, i > 2s|i = 0;λi = (0, 1, 2, 3), 1 ≤ i ≤ 2s

1.4 Permutation of w + 1-order symmetric indices

1.4.1 General conjecture of forward permutation rules for w + 1-order symmetric indices

Ass. 1.4.1.

kλ2s··≤λ4≤λ3≤λ2≤λ1
=

[s]∑
l=0

(
λ2l+1∑
k=λ2l+2

C2l
2l−k − C2l

2l−λ2l
) = 0, λi = (0)

kλ2s··≤λ4≤λ3≤λ2≤λ1
=

[s]∑
l=0

(
λ2l+1∑
k=λ2l+2

C2l
2l+1−k − C2l

2l+1−λ2l
), λi = (0, 1)

kλ2s··≤λ4≤λ3≤λ2≤λ1 =
[s]∑
l=0

(
λ2l+2∑
k=λ2l+2

C2l
2l+1−k − C2l

2l+2−λ2l
), λi = (0, 1, 2)

kλ2s··≤λ4≤λ3≤λ2≤λ1 =
[s]∑
l=0

(
λ2l+1∑
k=λ2l+2

C2l
2l+3−k − C2l

2l+3−λ2l
), λi = (0, 1, 2, 3)

kλ2s··≤λ4≤λ3≤λ2≤λ1 =
[s]∑
l=0

(
λ2l+1∑
k=λ2l+2

C2l
2l+w−k − C2l

2l+w−λ2l
), λi = (0, 1, 2, 3, ··, w)

kw · ·w︸ ︷︷ ︸
2s

+ 1 =
λ2[s]+1∑
k=λ2[s]+2

C
2[s]
2[s]+w−k =

C
2s
2s+w, [s] = s
w∑
k=0

C2s−1
2s−1+w−k, [s] = s− 1

2

= C2s
2s+w, λi = (0, 1, 2, 3, ··, w)

2 Perfect constant invariant tensors ΓkςAςBςCς ··(s;w),ΓAςBςCς ··kς
(s;w)

2.1 Introduction of constant invariant tensors ΓkςAςBςCς ··(s),Γ
AςBςCς ··
kς

(s)

Def. 2.1.1.


ΓkςAςBςCς · ·︸ ︷︷ ︸

2s

(s) = 1
(2s)!Γ

kς
(AςBςCς · ·)︸ ︷︷ ︸

2s

(s),Γk1 · ·1︸ ︷︷ ︸
l

0 · ·0︸ ︷︷ ︸
2s−l

(s) =
√
C−k2s δkl, k, l = 0, 1, ··, 2s

Γ

2s︷ ︸︸ ︷
AςBςCς · ·
kς

(s) = 1
(2s)!Γ

2s︷ ︸︸ ︷
(AςBςCς · ·)
kς

(s),Γ

l︷ ︸︸ ︷
1 · ·1

2s−l︷ ︸︸ ︷
0 · ·0

k (s) =
√
C−k2s δkl, k, l = 0, 1, ··, 2s

Def. 2.1.2. ψkς (s) = ΓkςAςBςCς · ·︸ ︷︷ ︸
2s

(s)ψ

2s︷ ︸︸ ︷
AςBςCς · · =

√
Ckς2sψ

kς︷ ︸︸ ︷
2 · ·2

2s−kς︷ ︸︸ ︷
1 · ·1
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Def. 2.1.3. ΓAςBςkς
= (

[
1 0
0 0

]
,

[
0 1
1 0

]
,

[
0 0
0 1

]
)kς

2.2 Introduction of constant invariant tensors ΓkςAςBςCς ··(s;w),ΓAςBςCς ··kς
(s;w)

Def. 2.2.1. ΓkςAςBςCς · ·︸ ︷︷ ︸
2s

(s;w) = 1
(2s)!Γ

kς
(AςBςCς · ·)︸ ︷︷ ︸

2s

(s;w)

Γkς0ς · ·0ς︸ ︷︷ ︸
l0

1ς · ·1ς︸ ︷︷ ︸
l1

··wς · ·wς︸ ︷︷ ︸
lw

(s;w) =
√

l0!l1!··lw!
(2s)! δ{kς ,

[s]∑
l=0

(
λ2l+1∑
k=λ2l+2

C2l
2l+w−k − C2l

2l+w−λ2l
)}, l0 + l1 + · ·+lw = 2s

Def. 2.2.2. Γ

2s︷ ︸︸ ︷
AςBςCς · ·
kς

(s;w) = 1
(2s)!Γ

2s︷ ︸︸ ︷
(AςBςCς · ·)
kς

(s;w)

Γ

l0︷ ︸︸ ︷
0ς · ·0ς

l1︷ ︸︸ ︷
1ς · ·1ς ··

lw︷ ︸︸ ︷
wς · ·wς

kς
(s;w) =

√
l0!l1!··lw!

(2s)! δ{kς ,
[s]∑
l=0

(
λ2l+1∑
k=λ2l+2

C2l
2l+w−k − C2l

2l+w−λ2l
)}, l0 + l1 + · ·+lw = 2s

Cor. 2.2.1. ΓkςAςBςCς · ·︸ ︷︷ ︸
2s

(s) = ΓkςAςBςCς · ·︸ ︷︷ ︸
2s

(s; 1),Γ

2s︷ ︸︸ ︷
AςBςCς · ·
kς

(s) = Γ

2s︷ ︸︸ ︷
AςBςCς · ·
kς

(s; 1)

Self comment: The above indicates that ΓkςAςBςCς ··(s;w), ΓAςBςCς ··kς
(s;w) are generalization of constant

invariant tensors ΓkςAςBςCς ··(s), ΓAςBςCς ··kς
(s).

2.3 Introduction of constant matrices Γ(s;w), Γ̄(s;w)

Def. 2.3.1. Γ(s;w) � ΓAς ⊗ Bς ⊗ Cς ⊗ ··︸ ︷︷ ︸
2s

kς (s;w), Γ̄(s;w) � Γkς

2s︷ ︸︸ ︷
Aς ⊗ Bς ⊗ Cς ⊗ ··(s;w) ' ΓT (s;w)

Explicit representation of Γ(s), Γ̄(s)

Cor. 2.3.1. Γ(s = 0, 1
2 , 1,

3
2 , ··) = 1, I, 1√

2

√2 0 0

0
√

1 0

0
√

1 0

0 0
√

2

 , 1√
3



√
3 0 0 0

0
√

1 0 0

0
√

1 0 0

0 0
√

1 0

0
√

1 0 0

0 0
√

1 0

0 0
√

1 0

0 0 0
√

3

 , ··

Cor. 2.3.2. Γ̄(s = 0, 1
2 , 1,

3
2 , ··) = 1, I, 1√

2

[√
2 0 0 0

0
√

1
√

1 0

0 0 0
√

2

]
, 1√

3

√3 0 0 0 0 0 0 0

0
√

1
√

1 0
√

1 0 0 0

0 0 0
√

1 0
√

1
√

1 0

0 0 0 0 0 0 0
√

3

 , ··
2.4 Basic properties of constant invariant tensors ΓkςAςBςCς ··(s;w),ΓAςBςCς ··kς

(s;w)

Equality:

Pro. 2.4.1. Γ
k′ς
A
′
ςB
′
ςC
′
ς · ·︸ ︷︷ ︸

2s

(s;w) ' ΓkςAςBςCς · ·︸ ︷︷ ︸
2s

(s;w) ' Γ

2s︷ ︸︸ ︷
AςBςCς · ·
kς

(s;w) ' Γ

2s︷ ︸︸ ︷
A
′
ςB
′
ςC
′
ς · ·

k′ς
(s;w)

Pro. 2.4.2. [ΓkςAςBςCς · ·︸ ︷︷ ︸
2s

(s;w)]∗ ' Γ
k′ς
A
′
ςB
′
ςC
′
ς · ·︸ ︷︷ ︸

2s

(s;w), [Γ

2s︷ ︸︸ ︷
AςBςCς · ·
kς

(s;w)]∗ ' Γ

2s︷ ︸︸ ︷
A
′
ςB
′
ςC
′
ς · ·

k′ς
(s;w)

Cor. 2.4.1. Γ(s;w) = Γ∗(s;w), Γ̄(s;w) = Γ̄∗(s;w), Γ̄(s;w) = Γ+(s;w),Γ(s;w) = Γ̄+(s;w)

Orthogonality:

Pro. 2.4.3. ΓkςAςBςCς · ·︸ ︷︷ ︸
2s

(s;w)Γ

2s︷ ︸︸ ︷
AςBςCς · ·
lς

(s;w) = δkς lς [⇔]Γ̄(s;w)Γ(s;w) = I

Pro. 2.4.4. ΓkςA1ςA2ς ··A2sς
(s;w)ΓB1ςB2ς ··B2sς

kς
(s;w) = 1

(2s)!δ
(B1ς

A1ς
δB2ς

A2ς
· ·δB2sς)

A2sς
= 1

(2s)!δ
B1ς

(A1ς
δB2ς

A2ς
· ·δB2sς

A2sς)

Comparison:
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Pro. 2.4.5. εa1a2··anε
b1b2··bn = δ

[b1
a1 δ

b2
a2
· ·δbn]

an = δb1[a1
δb2a2
· ·δbnan]

Other properties:

Pro. 2.4.6. ΓkςAς (
1
2 ;w) = δkςAς ,Γ

Aς
kς

( 1
2 ;w) = δAςkς ; Γ(0;w) = 1, Γ̄(0;w) = 1

Pro. 2.4.7.
Γkς0ςBςCς · ·︸ ︷︷ ︸

2s

(s) =
√

2s−kς
2s ΓkςBςCς · ·︸ ︷︷ ︸

2s−1

(s− 1
2 )

Γkς1ςBςCς · ·︸ ︷︷ ︸
2s

(s) =
√

kς
2sΓkς−1

BςCς · ·︸ ︷︷ ︸
2s−1

(s− 1
2 )


Γ

2s︷ ︸︸ ︷
0ςBςCς · ·
kς

(s) =
√

2s−kς
2s Γ

2s−1︷ ︸︸ ︷
BςCς · ·
kς

(s− 1
2 ), kς = 0, 1, ··, 2s− 1

Γ

2s︷ ︸︸ ︷
1ςBςCς · ·
kς

(s) =
√

kς
2sΓ

2s−1︷ ︸︸ ︷
BςCς · ·
kς−1 (s− 1

2 ), kς = 1, 2, ··, 2s

Pro. 2.4.8.
Γkς1ς · ·1ς︸ ︷︷ ︸

l

0ς · ·0ς︸ ︷︷ ︸
n

BςCς · ·︸ ︷︷ ︸
2s

(s) =

√
C

(kς−l)
2s−l−n

C
kς
2s

Γkς−lBςCς · ·︸ ︷︷ ︸
2s−l−n

(s− l+n
2 ), kς = l, l + 1, ··, 2s− n

Γ

l︷ ︸︸ ︷
1ς · ·1ς

n︷ ︸︸ ︷
0ς · ·0ς

2s−l−n︷ ︸︸ ︷
BςCς · ·

kς
(s) =

√
C

(kς−l)
2s−l−n

C
kς
2s

Γ

2s−l−n︷ ︸︸ ︷
BςCς · ·
kς−l (s− l+n

2 ), kς = l, l + 1, ··, 2s− n

2.5 Introduction and properties of metric constant invariant tensor εkς lς (s;w)

(Existing εAςBς is prerequisite.)
Metric definition:

Def. 2.5.1.


εkς lς (s;w) := Γ

2s︷ ︸︸ ︷
AςBςCς · ·
kς

(s;w) εAςEςεBςFςεCςGς · ·︸ ︷︷ ︸
2s

Γ

2s︷ ︸︸ ︷
EςFςGς · ·
lς

(s;w)

εkς lς (s;w) := ΓkςAςBςCς · ·︸ ︷︷ ︸
2s

(s;w)

2s︷ ︸︸ ︷
εAςEςεBςFςεCςGς · ·ΓlςEςFςGς · ·︸ ︷︷ ︸

2s

(s;w)

Pro. 2.5.1.


εAςEςεBςFςεCςGς · ·︸ ︷︷ ︸

2s

Γ

2s︷ ︸︸ ︷
EςFςGς · ·
lς

(s;w)ABC...

2s︷ ︸︸ ︷
εAςEςεBςFςεCςGς · ·ΓlςEςFςGς · ·︸ ︷︷ ︸

2s

(s;w)ABC...

Cor. 2.5.1. ε(s;w) := Γ̄(s;w) ε( 1
2 ;w)⊗ · · ⊗ε( 1

2 ;w)︸ ︷︷ ︸
2s

Γ(s;w)

Raising and lowering indices:

Pro. 2.5.2.


ΓkςAςBςCς · ·︸ ︷︷ ︸

2s

(s;w) = εkς lς (s;w) εAςEςεBςFςεCςGς · ·︸ ︷︷ ︸
2s

Γ

2s︷ ︸︸ ︷
EςFςGς · ·
lς

(s;w)

Γ

2s︷ ︸︸ ︷
AςBςCς · ·
kς

(s;w) = εkς lς (s;w)

2s︷ ︸︸ ︷
εAςEςεBςFςεCςGς · ·ΓlςEςFςGς · ·︸ ︷︷ ︸

2s

(s;w)

Cor. 2.5.2. Γ(s;w)ε(s;w) = ε( 1
2 ;w)⊗ · · ⊗ε( 1

2 ;w)︸ ︷︷ ︸
2s

Γ(s;w), ε(s;w)Γ̄(s;w) = Γ̄(s;w) ε( 1
2 ;w)⊗ · · ⊗ε( 1

2 ;w)︸ ︷︷ ︸
2s

Proof: εkς lς (s;w) εAςEςεBςFςεCςGς · ·︸ ︷︷ ︸
2s

Γ

2s︷ ︸︸ ︷
EςFςGς · ·
lς

(s;w)

= Γkς
A
′
ςB
′
ςC
′
ς · ·︸ ︷︷ ︸

2s

(s;w)

2s︷ ︸︸ ︷
εA
′
ςE
′
ςεB

′
ςF
′
ςεC

′
ςG
′
ς · ·Γlς

E
′
ςF
′
ςG
′
ς · ·︸ ︷︷ ︸

2s

(s;w) εAςEςεBςFςεCςGς · ·︸ ︷︷ ︸
2s

Γ

2s︷ ︸︸ ︷
EςFςGς · ·
lς

(s;w)

= 1
(2s)!Γ

kς
A
′
ςB
′
ςC
′
ς · ·︸ ︷︷ ︸

2s

(s;w)

2s︷ ︸︸ ︷
εA
′
ςE
′
ςεB

′
ςF
′
ςεC

′
ςG
′
ς · · δEς(E′ς

δFςF ′ς δ
Gς
G′ς
· ·) εAςEςεBςFςεCςGς · ·︸ ︷︷ ︸

2s
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= 1
(2s)!Γ

kς
A
′
ςB
′
ςC
′
ς · ·︸ ︷︷ ︸

2s

(s;w)

2s︷ ︸︸ ︷
εA
′
ς(EςεB

′
ςFςεC

′
ςGς) · · εAςEςεBςFςεCςGς · ·︸ ︷︷ ︸

2s

= 1
(2s)!Γ

kς
A
′
ςB
′
ςC
′
ς · ·︸ ︷︷ ︸

2s

(s;w)δ
A′ς
(Aς

δ
B′ς
Bς
δ
C′ς
Cς
· ·)

= ΓkςAςBςCς · ·︸ ︷︷ ︸
2s

(s;w)

Penrose standard raising and lowering rules:

Pro. 2.5.3.


ΓkςAςBςCς · ·︸ ︷︷ ︸

2s

(s;w) = (−1)2s[ς2sεkς lς (s;w)] (−ςεAςEς )(−ςεBςFς )(−ςεCςGς ) · ·︸ ︷︷ ︸
2s

Γ

2s︷ ︸︸ ︷
EςFςGς · ·
lς

(s;w)

Γ

2s︷ ︸︸ ︷
AςBςCς · ·
kς

(s;w) = (−1)2s[(−ς)2sεkς lς (s;w)]

2s︷ ︸︸ ︷
(ςεAςEς )(ςεBςFς )(ςεCςGς ) · ·ΓlςEςFςGς · ·︸ ︷︷ ︸

2s

(s;w)

2.6 Spin constant invariant tensors σας kς
lς (s;w), Sab(s, ς;w)

Def. 2.6.1.
Γ

2s︷ ︸︸ ︷
AςBςCς · ·
kς

(s;w)σαςAς
Zς ( 1

2 ;w)ΓlςZςBςCς · ·︸ ︷︷ ︸
2s

(s;w) = 1
2sσ

ας
kς
lς (s;w)[⇔]Γ̄(s;w)σας ( 1

2 ;w)Γ(s;w) = 1
2sσ

ας (s;w)

Γ

2s︷ ︸︸ ︷
AςBςCς · ·
kς

(s;w)SabAς
Zς ( 1

2 ;w)ΓlςZςBςCς · ·︸ ︷︷ ︸
2s

(s;w) = 1
2sSabkς

lς (s;w)[⇔]Γ̄(s;w)Sab(
1
2 , ς;w)Γ(s;w) = 1

2sSab(s, ς;w)

2.7 Introduction and properties of constant invariant tensors Ω
A′ςB

′
ςC
′
ς ··

AςBςCς ··(s;w),Ω(s;w)

Def. 2.7.1.

Ω

2s︷ ︸︸ ︷
A
′
ςB
′
ςC
′
ς · ·

AςBςCς · ·︸ ︷︷ ︸
2s

(s;w) :=

2s︷ ︸︸ ︷
σAς

A′ς ( 1
2 ;w)δBς

B′ς δCς
C′ς · ·︸ ︷︷ ︸

2s

+ δAς
A′ςσBς

B′ς ( 1
2 ;w)δCς

C′ς · ·︸ ︷︷ ︸
2s

+ δAς
A′ς δBς

B′ς
Cς
C′ςσ( 1

2 ;w) · ·︸ ︷︷ ︸
2s

+ · · ·

[m] [m]

Def. 2.7.2. Ω(s;w) := σ( 1
2 ;w)⊗ I(w+1)2s−1 + Iw+1 ⊗ σ( 1

2 ;w)⊗ I22s−2 + · ·+I(w+1)2s−1 ⊗ σ( 1
2 ;w)

Cor. 2.7.1. Ω

2s+1︷ ︸︸ ︷
A
′
ςB
′
ςC
′
ς · ·

AςBςCς · ·︸ ︷︷ ︸
2s

(s;w) := σAς
A′ς ( 1

2 ;w) δBς
B′ς δCς

C′ς · ·︸ ︷︷ ︸
2s−1

+δAς
A′ςΩ

2s︷ ︸︸ ︷
B
′
ςC
′
ς · ·

BςCς · ·︸ ︷︷ ︸
2s−1

(s− 1
2 ;w)

[m] [m]

Cor. 2.7.2. Ω(s;w) = σ( 1
2 ;w)⊗ I(w+1)2s−1 + Iw+1 ⊗ Ω(s− 1

2 ;w)

Cor. 2.7.3. Ω(s;w) = Ω(s− s′;w)⊗ I(w+1)2s′ + I(w+1)2(s−s′) ⊗ Ω(s′;w)

Cor. 2.7.4. Ω(s;w) = Ω(s− 1
2 ;w)⊗ Iw+1 + I(w+1)2s−1 ⊗ σ( 1

2 ;w)

Cor. 2.7.5. Ω(s;w) = Ω(s− 1;w)⊗ I(w+1)2 + I(w+1)2s−2 ⊗ Ω(1;w)

Lem. 2.7.1. Γ(s;w)Γ̄(s;w)Ω(s;w)Γ(s;w) = Ω(s;w)Γ(s;w)

Proof: Γkς
A
′′
ς B
′′
ς C
′′
ς · ·︸ ︷︷ ︸

2s

(s;w)Γ

2s︷ ︸︸ ︷
AςBςCς · ·
kς

(s;w)Ω

2s︷ ︸︸ ︷
A
′
ςB
′
ςC
′
ς · ·

AςBςCς · ·︸ ︷︷ ︸
2s

(s;w)Γlς
A
′
ςB
′
ςC
′
ς · ·︸ ︷︷ ︸

2s

(s;w) = Ω

2s︷ ︸︸ ︷
A
′
ςB
′
ςC
′
ς · ·

A
′′
ς B
′′
ς C
′′
ς · ·︸ ︷︷ ︸

2s

(s;w)Γlς
A
′
ςB
′
ςC
′
ς · ·︸ ︷︷ ︸

2s

(s;w)

⇔ Γ(s;w)Γ̄(s;w)Ω(s;w)Γ(s;w) = Ω(s;w)Γ(s;w)

Thm. 2.7.1. Ω

2s︷ ︸︸ ︷
A
′
ςB
′
ςC
′
ς · ·

AςBςCς · ·︸ ︷︷ ︸
2s

(s;w)Γlς
A
′
ςB
′
ςC
′
ς · ·︸ ︷︷ ︸

2s

(s;w) = ΓkςAςBςCς · ·︸ ︷︷ ︸
2s

(s;w)σkς
lς (s;w)[⇔]Ω(s;w)Γ(s;w) = Γ(s;w)σ(s;w)
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Proof: Γ̄(s;w)Ω(s;w)Γ(s;w) = σ(s;w)

⇔ Γ

2s︷ ︸︸ ︷
AςBςCς · ·
kς

(s;w)Ω

2s︷ ︸︸ ︷
A
′
ςB
′
ςC
′
ς · ·

AςBςCς · ·︸ ︷︷ ︸
2s

(s;w)Γlς
A
′
ςB
′
ςC
′
ς · ·︸ ︷︷ ︸

2s

(s;w) = σkς
lς (s;w)

⇔ Ω

2s︷ ︸︸ ︷
A
′
ςB
′
ςC
′
ς · ·

AςBςCς · ·︸ ︷︷ ︸
2s

(s;w)Γlς
A
′
ςB
′
ςC
′
ς · ·︸ ︷︷ ︸

2s

(s;w) = ΓkςAςBςCς · ·︸ ︷︷ ︸
2s

(s;w)σkς
lς (s;w)

⇔ Ω(s;w)Γ(s;w) = Γ(s;w)σ(s;w)

Lem. 2.7.2. Γ̄(s;w)Ω(s;w)Γ(s;w)Γ̄(s;w) = Γ̄(s;w)Ω(s;w)

Proof: Γ

2s︷ ︸︸ ︷
AςBςCς · ·
kς

(s;w)Ω

2s︷ ︸︸ ︷
A
′
ςB
′
ςC
′
ς · ·

AςBςCς · ·︸ ︷︷ ︸
2s

(s;w)Γlς
A
′
ςB
′
ςC
′
ς · ·︸ ︷︷ ︸

2s

(s;w)Γ

2s︷ ︸︸ ︷
A
′′
ς B
′′
ς C
′′
ς · ·

lς
(s;w) = Γ

2s︷ ︸︸ ︷
AςBςCς · ·
kς

(s;w)Ω

2s︷ ︸︸ ︷
A
′′
ς B
′′
ς C
′′
ς · ·

AςBςCς · ·︸ ︷︷ ︸
2s

(s;w)

⇔ Γ̄(s;w)Ω(s;w)Γ(s;w)Γ̄(s;w) = Γ̄(s;w)Ω(s;w)

Thm. 2.7.2. Γ

2s︷ ︸︸ ︷
AςBςCς · ·
kς

(s;w)Ω

2s︷ ︸︸ ︷
A
′
ςB
′
ςC
′
ς · ·

AςBςCς · ·︸ ︷︷ ︸
2s

(s;w) = σkς
lς (s;w)Γ

2s︷ ︸︸ ︷
A
′
ςB
′
ςC
′
ς · ·

lς
(s;w)[⇔]Γ̄(s;w)Ω(s;w) = σ(s;w)Γ̄(s;w)

Proof: Γ̄(s;w)Ω(s;w)Γ(s;w) = σ(s;w)

⇔ Γ

2s︷ ︸︸ ︷
AςBςCς · ·
kς

(s;w)Ω

2s︷ ︸︸ ︷
A
′
ςB
′
ςC
′
ς · ·

AςBςCς · ·︸ ︷︷ ︸
2s

(s;w)Γlς
A
′
ςB
′
ςC
′
ς · ·︸ ︷︷ ︸

2s

(s;w) = σkς
lς (s;w)

⇔ Γ

2s︷ ︸︸ ︷
AςBςCς · ·
kς

(s;w)Ω

2s︷ ︸︸ ︷
A
′
ςB
′
ςC
′
ς · ·

AςBςCς · ·︸ ︷︷ ︸
2s

(s;w) = σkς
lς (s;w)Γ

2s︷ ︸︸ ︷
A
′
ςB
′
ςC
′
ς · ·

lς
(s;w)

⇔ Γ̄(s;w)Ω(s;w) = σ(s;w)Γ̄(s;w)

Cor. 2.7.6.

Γ̄(s;w)Ω(s;w)Γ(s;w) = σ(s;w)⇔ Ω(s;w)Γ(s;w) = Γ(s;w)σ(s;w)⇔ Γ̄(s;w)Ω(s;w) = σ(s;w)Γ̄(s;w)

Cor. 2.7.7. Ω

2s︷ ︸︸ ︷
A
′
ςB
′
ςC
′
ς · ·

AςBςCς · ·︸ ︷︷ ︸
2s

(s;w)Γlς
A
′
ςB
′
ςC
′
ς · ·︸ ︷︷ ︸

2s

(s;w) = ΓkςAςBςCς · ·︸ ︷︷ ︸
2s

(s;w)σkς
lς (s;w)

⇔ σ( 1
2 ;w)

A′ς
(Aς

Γlς
BςCς · ·)A′ς︸ ︷︷ ︸

2s

(s;w) = ΓkςAςBςCς · ·︸ ︷︷ ︸
2s

(s;w)σkς
lς (s;w)

Proof: Ω

2s︷ ︸︸ ︷
A
′
ςB
′
ςC
′
ς · ·

AςBςCς · ·︸ ︷︷ ︸
2s

(s;w)Γlς
A
′
ςB
′
ςC
′
ς · ·︸ ︷︷ ︸

2s

(s;w) = ΓkςAςBςCς · ·︸ ︷︷ ︸
2s

(s;w)σkς
lς (s;w)

⇔ σ( 1
2 ;w)

A′ς
Aς

Γlς
A
′
ςBςCς · ·︸ ︷︷ ︸

2s

(s;w) + σ( 1
2 ;w)

B′ς
Bς

Γlς
AςB

′
ςCς · ·︸ ︷︷ ︸
2s

(s;w) + σ( 1
2 ;w)

C′ς
Cς

Γlς
AςBςC

′
ς · ·︸ ︷︷ ︸

2s

(s;w) + ·· = ΓkςAςBςCς · ·︸ ︷︷ ︸
2s

(s;w)σkς
lς (s;w)

⇔ σ( 1
2 ;w)

A′ς
Aς

Γlς
A
′
ςBςCς · ·︸ ︷︷ ︸

2s

(s;w) + σ( 1
2 ;w)

B′ς
Bς

Γlς
AςB

′
ςCς · ·︸ ︷︷ ︸
2s

(s;w) + σ( 1
2 ;w)

C′ς
Cς

Γlς
AςBςC

′
ς · ·︸ ︷︷ ︸

2s

(s;w) + ·· = ΓkςAςBςCς · ·︸ ︷︷ ︸
2s

(s;w)σkς
lς (s;w)

⇔ σ( 1
2 ;w)

A′ς
(Aς

Γlς
BςCς · ·)A′ς︸ ︷︷ ︸

2s

(s;w) = ΓkςAςBςCς · ·︸ ︷︷ ︸
2s

(s;w)σkς
lς (s;w)

2.8 Several identities of constant matrices Γ(s;w), Γ̄(s;w)

Pro. 2.8.1.

{
Γ̄(s;w)Ω(s;w)Γ(s;w) = σ(s;w), [Γ(s;w)Γ̄(s;w),Ω(s;w)] = 0

Γ(s;w)σ(s;w)Γ̄(s;w) = Ω(s;w)Γ(s;w)Γ̄(s;w) = Γ(s;w)Γ̄(s;w)Ω(s;w)

Pro. 2.8.2.

{
Γ̄(s;w)Ωab(s, ς;w)Γ(s;w) = Sab(s, ς;w), [Γ(s;w)Γ̄(s;w),Ωab(s, ς;w)] = 0

Γ(s;w)Sab(s, ς;w)Γ̄(s;w) = Ωab(s, ς;w)Γ(s;w)Γ̄(s;w) = Γ(s;w)Γ̄(s;w)Ωab(s, ς;w)
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Pro. 2.8.3.

{
Γ̄(s;w)[ϑ · Ω(s;w)]nΓ(s;w) = [ϑ · σ(s;w)]n, [Γ(s;w)Γ̄(s;w), [ϑ · Ω(s;w)]n] = 0

Γ(s;w)[ϑ · σ(s;w)]nΓ̄(s;w) = [ϑ · Ω(s;w)]nΓ(s;w)Γ̄(s;w) = Γ(s;w)Γ̄(s;w)[ϑ · Ω(s;w)]n

Pro. 2.8.4.

{
Γ̄(s;w)[ϑabΩab(s, ς;w)]nΓ(s;w) = [ϑabSab(s, ς;w)]n, [Γ(s;w)Γ̄(s;w), [ϑabΩab(s, ς;w)]n] = 0

Γ(s;w)[ϑabSab(s, ς;w)]nΓ̄(s;w) = [ϑabΩab(s, ς;w)]nΓ(s;w)Γ̄(s;w) = Γ(s;w)Γ̄(s;w)[ϑabΩab(s, ς;w)]n

Cor. 2.8.1.

Γ̄(s;w)e
i
2ϑ

abΩab(s,ς;w)Γ(s;w) = e
i
2ϑ

abSab(s,ς;w), [Γ(s;w)Γ̄(s;w), e
i
2ϑ

abΩab(s,ς;w)] = 0

Γ(s;w)e
i
2ϑ

abSab(s,ς;w)Γ̄(s;w) = e
i
2ϑ

abΩab(s,ς;w)Γ(s;w)Γ̄(s;w) = Γ(s;w)Γ̄(s;w)e
i
2ϑ

abΩab(s,ς;w)

2.9 Two important corollaries of constant matrices Iw+1 ⊗ Γ(s− 1
2 ;w), Iw+1 ⊗ Γ̄(s− 1

2 ;w)

Cor. 2.9.1. Ω(s;w)[Iw+1 ⊗ Γ(s− 1
2 ;w)] = [Iw+1 ⊗ Γ(s− 1

2 ;w)][σ( 1
2 ;w)⊗ IC2s−1

2s−1+w
+ Iw+1 ⊗ σ(s− 1

2 ;w)]

Proof: Ω(s;w)[Iw+1 ⊗ Γ(s− 1
2 ;w)]

= Ω(s;w)Iw+1 ⊗ Γ(s− 1
2 ;w)

= [Iw+1 ⊗ Γ(s− 1
2 ;w)][σ( 1

2 ;w)⊗ IC2s−1
2s−1+w

] + Iw+1 ⊗ [Γ(s− 1
2 ;w)σ(s− 1

2 ;w)]

= [Iw+1 ⊗ Γ(s− 1
2 ;w)][σ( 1

2 ;w)⊗ IC2s−1
2s−1+w

+ Iw+1 ⊗ σ(s− 1
2 ;w)]

Cor. 2.9.2. [Iw+1 ⊗ Γ̄(s− 1
2 ;w)]Ω(s;w) = [σ( 1

2 ;w)⊗ IC2s−1
2s−1+w

+ Iw+1 ⊗ σ(s− 1
2 ;w)][Iw+1 ⊗ Γ̄(s− 1

2 ;w)]

Proof: [Iw+1 ⊗ Γ̄(s− 1
2 ;w)]Ω(s;w)

= [Iw+1 ⊗ Γ̄(s− 1
2 ;w)]Ω(s;w)

= [σ( 1
2 ;w)⊗ IC2s−1

2s−1+w
][Iw+1 ⊗ Γ̄(s− 1

2 ;w)] + Iw+1 ⊗ [σ(s− 1
2 ;w)Γ̄(s− 1

2 ;w)]

= [σ( 1
2 ;w)⊗ IC2s−1

2s−1+w
+ Iw+1 ⊗ σ(s− 1

2 ;w)][Iw+1 ⊗ Γ̄(s− 1
2 ;w)]

2.10 Several identities of constant matrices Γ(s− 1
2 ;w), Γ̄(s− 1

2 ;w)

Pro. 2.10.1.
[Iw+1 ⊗ Γ̄(s− 1

2 ;w)]Ω(s;w)[Iw+1 ⊗ Γ(s− 1
2 ;w)] = [σ( 1

2 ;w)⊗ IC2s−1
2s−1+w

+ Iw+1 ⊗ σ(s− 1
2 ;w)]

[Iw+1 ⊗ Γ(s− 1
2 ;w)][σ( 1

2 ;w)⊗ IC2s−1
2s−1+w

+ Iw+1 ⊗ σ(s− 1
2 ;w)][Iw+1 ⊗ Γ̄(s− 1

2 ;w)]

= Ω(s;w)[Iw+1 ⊗ Γ(s− 1
2 ;w)][Iw+1 ⊗ Γ̄(s− 1

2 ;w)] = [Iw+1 ⊗ Γ(s− 1
2 ;w)][Iw+1 ⊗ Γ̄(s− 1

2 ;w)]Ω(s;w)

[[Iw+1 ⊗ Γ(s− 1
2 ;w)][Iw+1 ⊗ Γ̄(s− 1

2 ;w)],Ω(s;w)] = 0

Pro. 2.10.2.
[Iw+1 ⊗ Γ̄(s− 1

2 ;w)]Ωab(s, ς;w)[Iw+1 ⊗ Γ(s− 1
2 ;w)] = [Sab(

1
2 , ς;w)⊗ IC2s−1

2s−1+w
+ Iw+1 ⊗ Sab(s− 1

2 , ς;w)]

[Iw+1 ⊗ Γ(s− 1
2 ;w)][Sab(

1
2 , ς;w)⊗ IC2s−1

2s−1+w
+ Iw+1 ⊗ Sab(s− 1

2 , ς;w)][Iw+1 ⊗ Γ̄(s− 1
2 ;w)]

= Ωab(s, ς;w)[Iw+1 ⊗ Γ(s− 1
2 ;w)][Iw+1 ⊗ Γ̄(s− 1

2 ;w)] = [Iw+1 ⊗ Γ(s− 1
2 ;w)][Iw+1 ⊗ Γ̄(s− 1

2 ;w)]Ωab(s, ς;w)

[[Iw+1 ⊗ Γ(s− 1
2 ;w)][Iw+1 ⊗ Γ̄(s− 1

2 ;w)],Ωab(s, ς;w)] = 0

Pro. 2.10.3.
[Iw+1 ⊗ Γ̄(s− 1

2 ;w)][ϑ · Ω(s;w)]n[Iw+1 ⊗ Γ(s− 1
2 ;w)] = {ϑ · [σ( 1

2 ;w)⊗ IC2s−1
2s−1+w

+ Iw+1 ⊗ σ(s− 1
2 ;w)]}n

[Iw+1 ⊗ Γ(s− 1
2 ;w)]{ϑ · [σ( 1

2 ;w)⊗ IC2s−1
2s−1+w

+ Iw+1 ⊗ σ(s− 1
2 ;w)]}n[Iw+1 ⊗ Γ̄(s− 1

2 ;w)]

= [ϑ · Ω(s;w)]n[Iw+1 ⊗ Γ(s− 1
2 ;w)][Iw+1 ⊗ Γ̄(s− 1

2 ;w)] = [Iw+1 ⊗ Γ(s− 1
2 ;w)][Iw+1 ⊗ Γ̄(s− 1

2 ;w)][ϑ · Ω(s;w)]n

[[Iw+1 ⊗ Γ(s− 1
2 ;w)][Iw+1 ⊗ Γ̄(s− 1

2 ;w)], [ϑ · Ω(s;w)]n] = 0

Pro. 2.10.4.
[Iw+1 ⊗ Γ̄(s− 1

2 ;w)][ϑabΩab(s, ς;w)]n[Iw+1 ⊗ Γ(s− 1
2 ;w)] = {ϑab[Sab( 1

2 , ς;w)⊗ IC2s−1
2s−1+w

+ Iw+1 ⊗ Sab(s− 1
2 , ς;w)]}n

[Iw+1 ⊗ Γ(s− 1
2 ;w)]{ϑab[Sab( 1

2 , ς;w)⊗ IC2s−1
2s−1+w

+ Iw+1 ⊗ Sab(s− 1
2 , ς;w)]}n[Iw+1 ⊗ Γ̄(s− 1

2 ;w)]

= [ϑabΩab(s, ς;w)]n[Iw+1 ⊗ Γ(s− 1
2 ;w)][Iw+1 ⊗ Γ̄(s− 1

2 ;w)] = [Iw+1 ⊗ Γ(s− 1
2 ;w)][Iw+1 ⊗ Γ̄(s− 1

2 ;w)][ϑabΩab(s, ς;w)]n

[[Iw+1 ⊗ Γ(s− 1
2 ;w)][Iw+1 ⊗ Γ̄(s− 1

2 ;w)], [ϑabΩab(s, ς;w)]n] = 0

Cor. 2.10.1.

[Iw+1 ⊗ Γ̄(s− 1
2 ;w)]e

i
2ϑ

abΩab(s,ς;w)[Iw+1 ⊗ Γ(s− 1
2 ;w)] = e

i
2ϑ

ab[Sab(
1
2 ,ς;w)⊗I

C
2s−1
2s−1+w

+Iw+1⊗Sab(s−
1
2 ,ς;w)]

[Iw+1 ⊗ Γ(s− 1
2 ;w)]e

i
2ϑ

ab[Sab(
1
2 ,ς;w)⊗I

C
2s−1
2s−1+w

+Iw+1⊗Sab(s−
1
2 ,ς;w)]

[Iw+1 ⊗ Γ̄(s− 1
2 ;w)]

= e
i
2ϑ

abΩab(s,ς;w)[Iw+1 ⊗ Γ(s− 1
2 ;w)][Iw+1 ⊗ Γ̄(s− 1

2 ;w)] = [Iw+1 ⊗ Γ(s− 1
2 ;w)][Iw+1 ⊗ Γ̄(s− 1

2 ;w)]e
i
2ϑ

abΩab(s,ς;w)

[[Iw+1 ⊗ Γ(s− 1
2 ;w)][Iw+1 ⊗ Γ̄(s− 1

2 ;w)], e
i
2ϑ

abΩab(s,ς;w)] = 0

41



Chapter2 Perfect Constant Invariant Tensors Shui-Rong Shi

Cor. 2.10.2.
I(w+1)2s−1Γ(s− 1

2 ;w) = Γ(s− 1
2 ;w)IC2s−1

2s−1+w
, Γ̄(s− 1

2 ;w)I(w+1)2s−1 = IC2s−1
2s−1+w

Γ̄(s− 1
2 ;w)

[Iw+1 ⊗ Γ̄(s− 1
2 ;w)]σ( 1

2 ;w)⊗ I(w+1)2s−1 [Iw+1 ⊗ Γ(s− 1
2 ;w)] = σ( 1

2 ;w)⊗ IC2s−1
2s−1+w

[σ( 1
2 ;w)⊗ I(w+1)2s−1 [Iw+1]⊗ Γ(s− 1

2 ;w)] = [Iw+1 ⊗ Γ(s− 1
2 ;w)][σ( 1

2 ;w)⊗ IC2s−1
2s−1+w

]

[Iw+1 ⊗ Γ̄(s− 1
2 ;w)][σ( 1

2 ;w)⊗ I(w+1)2s−1 ] = [σ( 1
2 ;w)⊗ IC2s−1

2s−1+w
][Iw+1 ⊗ Γ̄(s− 1

2 ;w)]

Pro. 2.10.5. (σ ⊗ I(w+1)2s−1 ,−iς)a[Iw+1 ⊗ Γ(s− 1
2 ;w)]N(s;w) = [Iw+1 ⊗ Γ(s− 1

2 ;w)]Za(s, ς;w)

2.11 Permutation properties of constant matrices Γ(s;w), Γ̄(s;w)

Def. 2.11.1. Sex(s, n) = (

n−1︷ ︸︸ ︷
Iw+1 ⊗ · · ⊗Iw+1⊗Sex

2s−n−1︷ ︸︸ ︷
⊗Iw+1 ⊗ · · ⊗I)

Cor. 2.11.1. ??Γ(s;w) = Sex(s, n)Γ(s;w), Γ̄(s;w) = Γ̄(s;w)Sex(s, n)

Cor. 2.11.2. Sex(s, n)Ω(s;w)Sex(s, n) = Ω(s;w)

Cor. 2.11.3. ψ̂(s, ς;w) = Sex(s, n)ψ̂(s, ς;w),∀n ∈ {1, 2, ··, 2s+ 1}

2.12 Constant invariant tensor properties of matrices Γ(s;w), Γ̄(s;w)

Thm. 2.12.1. Γ(s;w) = e
i
2ϑ

abΩab(s,ς;w)Γ(s;w)e−
i
2ϑ

abSab(s,ς;w)

Proof: Ωab(s, ς;w)Γ(s;w) = Γ(s;w)Sab(s, ς;w)
⇔ 0 = i

2ϑ
abΩab(s, ς;w)Γ(s;w)− Γ(s;w) i2ϑ

abSab(s, ς;w)

⇔ Γ(s;w) = e
i
2ϑ

abΩab(s,ς;w)Γ(s;w)e−
i
2ϑ

abSab(s,ς;w)

Thm. 2.12.2. Γ̄(s;w) = e
i
2ϑ

abSab(s,ς;w)Γ̄(s;w)e−
i
2ϑ

abΩab(s,ς;w)

Proof: Γ̄(s;w)Ωab(s, ς;w) = Sab(s, ς;w)Γ̄(s;w)
⇔ 0 = −Γ̄(s;w) i2ϑ

abΩab(s, ς;w) + i
2ϑ

abSab(s, ς;w)Γ̄(s;w)

⇔ Γ̄(s;w) = e
i
2ϑ

abSab(s,ς;w)Γ̄(s;w)e−
i
2ϑ

abΩab(s,ς;w)

2.13 Constant invariant tensor properties of matrices Γ(s), Γ̄(s)

Thm. 2.13.1. Γ(s) = e(iω+ςε)·Ω(s)Γ(s)e−(iω+ςε)·σ(s)

Proof: Ω(s)Γ(s) = Γ(s)σ(s)
⇔ 0 = (iω + ςε) · Ω(s)Γ(s)− (iω + ςε) · Γ(s)σ(s)
⇔ Γ(s) = e(iω+ςε)·Ω(s)Γ(s)e−(iω+ςε)·σ(s)

Thm. 2.13.2. Γ̄(s) = e(iω+ςε)·σ(s)Γ̄(s)e−(iω+ςε)·Ω(s)

Proof: Γ̄(s)Ω(s) = σ(s)Γ̄(s)
⇔ 0 = −(iω + ςε) · Γ̄(s)Ω(s) + (iω + ςε) · σ(s)Γ̄(s)
⇔ Γ̄(s) = e(iω+ςε)·σ(s)Γ̄(s)e−(iω+ςε)·Ω(s)

2.14 Constant invariant tensor properties of matrices Iw+1 ⊗ Γ̄(s− 1
2 ;w), Iw+1 ⊗ Γ(s− 1

2 ;w)

Thm. 2.14.1. [Iw+1 ⊗ Γ(s− 1
2 ;w)] = e

i
2ϑ

abΩab(s,ς;w)[Iw+1 ⊗ Γ(s− 1
2 ;w)]e−

i
2ϑ

abSab(
1
2 ,ς;w) ⊗ e−

i
2ϑ

abSab(s−
1
2 ,ς;w)

Proof: Ωab(s, ς;w)[Iw+1 ⊗ Γ(s− 1
2 ;w)] = [Iw+1 ⊗ Γ(s− 1

2 ;w)][Sab(
1
2 , ς;w)⊗ IC2s−1

2s−1+w
+ Iw+1 ⊗ Sab(s− 1

2 , ς;w)]

⇔ 0 = i
2ϑ

abΩab(s, ς;w)[Iw+1 ⊗ Γ(s− 1
2 ;w)]

− i
2ϑ

ab[Iw+1 ⊗ Γ(s− 1
2 ;w)][Sab(

1
2 , ς;w)⊗ IC2s−1

2s−1+w
+ Iw+1 ⊗ Sab(s− 1

2 , ς;w)]

⇔ [Iw+1 ⊗ Γ(s− 1
2 ;w)] = e

i
2ϑ

abΩab(s,ς;w)[Iw+1 ⊗ Γ(s− 1
2 ;w)]e−

i
2ϑ

abSab(
1
2 ,ς;w) ⊗ e−

i
2ϑ

abSab(s−
1
2 ,ς;w)

Thm. 2.14.2. [Iw+1 ⊗ Γ̄(s− 1
2 ;w)] = e

i
2ϑ

abSab(
1
2 ,ς;w) ⊗ e

i
2ϑ

abSab(s−
1
2 ,ς;w)[Iw+1 ⊗ Γ̄(s− 1

2 ;w)]e−
i
2ϑ

abΩab(s,ς;w)

Proof: [Iw+1 ⊗ Γ̄(s− 1
2 ;w)]Ωab(s, ς;w) = [Sab(

1
2 , ς;w)⊗ IC2s−1

2s−1+w
+ Iw+1 ⊗ Sab(s− 1

2 , ς;w)][Iw+1 ⊗ Γ̄(s− 1
2 ;w)]

⇔ 0 = − i
2ϑ

ab[Iw+1 ⊗ Γ̄(s− 1
2 ;w)]Ωab(s, ς;w)

+ i
2ϑ

ab[Sab(
1
2 , ς;w)⊗ IC2s−1

2s−1+w
+ Iw+1 ⊗ Sab(s− 1

2 , ς;w)][Iw+1 ⊗ Γ̄(s− 1
2 ;w)]

⇔ [Iw+1 ⊗ Γ̄(s− 1
2 ;w)] = e

i
2ϑ

abSab(
1
2 ,ς;w) ⊗ e

i
2ϑ

abSab(s−
1
2 ,ς;w)[Iw+1 ⊗ Γ̄(s− 1

2 ;w)]e−
i
2ϑ

abΩab(s,ς;w)

42



Chapter2 Perfect Constant Invariant Tensors Shui-Rong Shi

2.15 Constant invariant tensor properties of matrices I ⊗ Γ̄(s− 1
2 ), I ⊗ Γ(s− 1

2 )

Thm. 2.15.1. [I ⊗ Γ(s− 1
2 )] = e(iω+ςε)·Ω(s)[I ⊗ Γ(s− 1

2 )]e−(iω+ςε)·σ(
1
2 ) ⊗ e−(iω+ςε)·σ(s− 1

2 )

Proof: Ω(s)[I ⊗ Γ(s− 1
2 )] = [I ⊗ Γ(s− 1

2 )][σ( 1
2 )⊗ I2s + I ⊗ σ(s− 1

2 )]
⇔ 0 = (iω + ςε) · Ω(s)[I ⊗ Γ(s− 1

2 )]
− (iω + ςε) · [I ⊗ Γ(s− 1

2 )][σ( 1
2 )⊗ I2s + I ⊗ σ(s− 1

2 )]

⇔ [I ⊗ Γ(s− 1
2 )] = e(iω+ςε)·Ω(s)[I ⊗ Γ(s− 1

2 )]e−(iω+ςε)·σ(
1
2 ) ⊗ e−(iω+ςε)·σ(s− 1

2 )

Thm. 2.15.2. [I ⊗ Γ̄(s− 1
2 )] = e(iω+ςε)·σ(

1
2 ) ⊗ e(iω+ςε)·σ(s− 1

2 )[I ⊗ Γ̄(s− 1
2 )]e−(iω+ςε)·Ω(s)

Proof: [I ⊗ Γ̄(s− 1
2 )]Ω(s) = [σ( 1

2 )⊗ I2s + I ⊗ σ(s− 1
2 )][I ⊗ Γ̄(s− 1

2 )]
⇔ 0 = −(iω + ςε) · [I ⊗ Γ̄(s− 1

2 )]Ω(s)
+ (iω + ςε) · [σ( 1

2 )⊗ I2s + I ⊗ σ(s− 1
2 )][I ⊗ Γ̄(s− 1

2 )]

⇔ [I ⊗ Γ̄(s− 1
2 )] = e(iω+ςε)·σ(

1
2 ) ⊗ e(iω+ςε)·σ(s− 1

2 )[I ⊗ Γ̄(s− 1
2 )]e−(iω+ςε)·Ω(s)

3 Perfect constant invariant tensors Nkς
Aς lς

(s;w), NAς lς
kς

(s;w)

3.1 Introduction of constant invariant tensors Nkς
Aς lς

(s;w), NAς lς
kς

(s;w)

Def. 3.1.1. Nkς
Aς lς

(s) := ΓkςAςBςCς · ·︸ ︷︷ ︸
2s

(s)Γ

2s−1︷ ︸︸ ︷
BςCς · ·
lς

(s− 1
2 ), NAς lς

kς
(s) := Γ

2s︷ ︸︸ ︷
AςBςCς · ·
kς

(s)ΓlςBςCς · ·︸ ︷︷ ︸
2s−1

(s− 1
2 )

Def. 3.1.2. Nkς
Aς lς

(s;w) := ΓkςAςBςCς · ·︸ ︷︷ ︸
2s

(s;w)Γ

2s−1︷ ︸︸ ︷
BςCς · ·
lς

(s− 1
2 ;w), NAς lς

kς
(s;w) := Γ

2s︷ ︸︸ ︷
AςBςCς · ·
kς

(s;w)ΓlςBςCς · ·︸ ︷︷ ︸
2s−1

(s− 1
2 ;w)

Cor. 3.1.1. N(s;w) = [Iw+1 ⊗ Γ̄(s− 1
2 ;w)]Γ(s;w), N̄(s;w) = Γ̄(s;w)[Iw+1 ⊗ Γ(s− 1

2 ;w)]

Pro. 3.1.1. ΓkςAςBςCς · ·︸ ︷︷ ︸
2s

(s;w) = Nkς
Aς lς

(s;w)ΓlςBςCς · ·︸ ︷︷ ︸
2s−1

(s− 1
2 ;w),Γ

2s︷ ︸︸ ︷
AςBςCς · ·
kς

(s;w) = NAς lς
kς

(s;w)Γ

2s−1︷ ︸︸ ︷
BςCς · ·
lς

(s− 1
2 ;w)

Cor. 3.1.2. Γ(s;w) = [Iw+1 ⊗ Γ(s− 1
2 ;w)]N(s;w), Γ̄(s;w) = N̄(s;w)[Iw+1 ⊗ Γ̄(s− 1

2 ;w)],

Pro. 3.1.2. Γ(s;w) = [Iw+1 ⊗ Γ(s− 1
2 ;w)][Iw+1 ⊗ Γ̄(s− 1

2 ;w)]Γ(s;w)

Cor. 3.1.3. Nkς
Aς lς

(s) = Nkς
Aς lς

(s; 1), NAς lς
kς

(s) = NAς lς
kς

(s; 1)

Self comment: The above indicates that Nkς
Aς lς

(s;w),NAς lς
kς

(s;w) are generalization of constant invariant

tensors Nkς
Aς lς

(s),NAς lς
kς

(s).

3.2 Introduction of constant matrices NAς (s;w), NAς (s;w); N̄Aς (s;w), N̄Aς (s;w);N(s;w), N̄(s;w)

Def. 3.2.1.
NAς (s;w) ≺ Nkς

Aς lς
(s;w), NAς (s;w) ≺ NAς lς

kς
(s;w)|I

C2s
2s+w

×I
C

2s−1
2s−1+w

N̄Aς (s;w) := N+
Aς

(s;w) � NAς lς
kς (s;w), N̄Aς (s;w) := N+Aς (s;w) � NAς lς

kς (s;w)|I
C

2s−1
2s−1+w

×I
C2s

2s+w

N(s;w) ≺ NAς⊗lς
kς (s;w)|(w+1)I

C
2s−1
2s−1+w

×I
C2s

2s+w

, N̄(s;w) = N+(s;w) ≺ Nkς
Aς⊗lς (s;w)|I

C2s
2s+w

×(w+1)I
C

2s−1
2s−1+w

Explicit representation of NAς (s), N̄Aς (s):

Cor. 3.2.1. NAς (s) ' NAς (s) = { 1√
2s


√

2s 0 0 0 0
0
√

2s−1 0 0 0
0 0 ·· 0 0
0 0 0

√
2 0

0 0 0 0
√

1
0 0 0 0 0

 , 1√
2s


0 0 0 0 0√
1 0 0 0 0

0
√

2 0 0 0
0 0 ·· 0 0
0 0 0

√
2s−1 0

0 0 0 0
√

2s

}

Cor. 3.2.2. N̄Aς (s) ' N̄Aς (s) = { 1√
2s


√

2s 0 0 0 0 0
0
√

2s−1 0 0 0 0
0 0 ·· 0 0 0
0 0 0

√
2 0 0

0 0 0 0
√

1 0

 , 1√
2s

 0
√

1 0 0 0 0

0 0
√

2 0 0 0
0 0 0 ·· 0 0
0 0 0 0

√
2s−1 0

0 0 0 0 0
√

2s

}
Explicit representation of N(s), N̄(s):
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Cor. 3.2.3. NAς (s)↔ N+(s) ' N̄(s) = 1√
2s


√

2s 0 0 0 0 0 0 0 0 0

0
√

1
√

2s−1 0 0 0 0 0 0 0

0 0 0
√

2
√

2s−2 0 0 0 0 0
0 0 0 0 0 ·· ·· 0 0 0
0 0 0 0 0 0 0

√
2s−1

√
1 0

0 0 0 0 0 0 0 0 0
√

2s



Cor. 3.2.4. N+(s) ' N̄(s) =
[√

1 0

0
√

1

]
, 1√

2

[√
2 0 0 0

0
√

1
√

1 0

0 0 0
√

2

]
, 1√

3

√3 0 0 0 0 0

0
√

1
√

2 0 0 0

0 0 0
√

2
√

1 0

0 0 0 0 0
√

3

 , 1√
4


√

4 0 0 0 0 0 0 0

0
√

1
√

3 0 0 0 0 0

0 0 0
√

2
√

2 0 0 0

0 0 0 0 0
√

3
√

1 0

0 0 0 0 0 0 0
√

4

 , ··
3.3 Basic properties of constant invariant tensors Nkς

Aς lς
(s;w), NAς lς

kς
(s;w)

Equality:

Pro. 3.3.1.N
k′ς
A′ς l
′
ς
(s;w) ' Nkς

Aς lς
(s;w) ' NAς lς

kς
(s;w) ' NA′ς l

′
ς

k′ς
(s;w)

[Nkς
Aς lς

(s;w)]∗ ' Nk′ς
A′ς l
′
ς
(s;w), [NAς lς

kς
(s;w)]∗ ' NA′ς l

′
ς

k′ς
(s;w)

Cor. 3.3.1.{
NAς (s;w) ' NAς (s;w) ' NA′ς (s;w) ' NA′ς (s;w); N̄Aς (s;w) ' N̄Aς (s;w) ' N̄A′ς (s;w) ' N̄A′ς (s;w)

NAς (s;w) = N∗Aς (s;w), N̄Aς (s;w) = N̄∗Aς (s;w);N(s;w) = N∗(s;w), N̄(s;w) = N̄∗(s;w)

3.4 Orthogonal properties of constant invariant tensors Nkς
Aς lς

(s;w), NAς lς
kς

(s;w)

Orthogonality:

Lem. 3.4.1.
2s−1∑
k=0

Cww+k = Cw+1
w+2s

Lem. 3.4.2. Nkς
Aς lς

(s;w)N
A′ς lς
k′ς

(s;w) = ΓkςAςBςCς · ·︸ ︷︷ ︸
2s

(s;w)Γ

2s︷ ︸︸ ︷
A
′
ςBςCς · ·

k′ς
(s;w)

Proof: Nkς
Aς lς

(s;w)N
A′ς lς
k′ς

(s;w)

= ΓkςAςBςCς · ·︸ ︷︷ ︸
2s

(s;w)Γ

2s−1︷ ︸︸ ︷
BςCς · ·
lς

(s− 1
2 ;w)Γ

2s︷ ︸︸ ︷
A
′
ςB
′
ςC
′
ς · ·

k′ς
(s;w)Γlς

B
′
ςC
′
ς · ·︸ ︷︷ ︸

2s−1

(s− 1
2 ;w)

= 1
(2s−1)!δ

Bς
(B′ς

δCςC′ς · ·)Γ
kς
AςBςCς · ·︸ ︷︷ ︸

2s

(s;w)Γ

2s︷ ︸︸ ︷
A
′
ςB
′
ςC
′
ς · ·

k′ς
(s;w)

= ΓkςAςBςCς · ·︸ ︷︷ ︸
2s

(s;w)Γ

2s︷ ︸︸ ︷
A
′
ςB
′
ςC
′
ς · ·

k′ς
(s;w)

2s−1︷ ︸︸ ︷
δBςB′ς δ

Cς
C′ς
· ·

= ΓkςAςBςCς · ·︸ ︷︷ ︸
2s

(s;w)Γ

2s︷ ︸︸ ︷
A
′
ςBςCς · ·

k′ς
(s;w)

Thm. 3.4.1.
Nkς
Aς lς

(s;w)NAς lς
mς (s;w) = δkςmς [⇔]NAς (s;w)N̄Aς (s;w) = IC2s

2s+w
[⇔]N̄(s;w)N(s;w) = IC2s

2s+w

Nkς
Aς lς

(s;w)NAςmς
kς

(s;w) = (1 + w
2s )δmςlς [⇔]N̄Aς (s;w)NAς (s;w) = (1 + w

2s )IC2s−1
2s−1+w

Nkς
Aς lς

(s;w)NBς lς
kς

(s;w) = 1
w+1C

2s
2s+wδ

Bς
Aς

[⇔]tr[N̄Aς (s;w)NBς (s;w)] = 1
w+1C

2s
2s+wδ

Bς
Aς

Proof: Nkς
Aς lς

(s;w)NAς lς
mς (s;w)

= ΓkςAςBςCς · ·︸ ︷︷ ︸
2s

(s;w)Γ

2s︷ ︸︸ ︷
AςBςCς · ·
mς (s;w)

= δkςmς

Proof: Nkς
Aς lς

(s;w)NAςmς
kς

(s;w)

= ΓkςAςBςCς · ·︸ ︷︷ ︸
2s

(s;w)Γ

2s−1︷ ︸︸ ︷
BςCς · ·
lς

(s− 1
2 ;w)Γ

2s︷ ︸︸ ︷
AςB

′
ςC
′
ς · ·

kς
(s;w)Γmς

B
′
ςC
′
ς · ·︸ ︷︷ ︸

2s−1

(s− 1
2 ;w)
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= ΓkςAςBςCς · ·︸ ︷︷ ︸
2s

(s;w)Γ

2s︷ ︸︸ ︷
A
′
ςB
′
ςC
′
ς · ·

kς
(s;w)δAςA′ςΓ

2s−1︷ ︸︸ ︷
BςCς · ·
lς

(s− 1
2 ;w)Γmς

B
′
ςC
′
ς · ·︸ ︷︷ ︸

2s−1

(s− 1
2 ;w)

= 1
(2s)!

2s︷ ︸︸ ︷
δ

(A′ς
Aς

δBςBς δ
Cς
Cς
· ·) δAςA′ςΓ

2s−1︷ ︸︸ ︷
BςCς · ·
lς

(s− 1
2 ;w)Γmς

B
′
ςC
′
ς · ·︸ ︷︷ ︸

2s−1

(s− 1
2 ;w)

= 1
(2s)!δ

(Aς
Aς

Γ

2s−1︷ ︸︸ ︷
BςCς · ·)
lς

(s− 1
2 ;w)ΓmςBςCς · ·︸ ︷︷ ︸

2s−1

(s− 1
2 ;w)

= 1
(2s)! [δ

Aς
Aς

Γ

2s−1︷ ︸︸ ︷
(BςCς · ·)
lς

(s− 1
2 ;w)ΓmςBςCς · ·︸ ︷︷ ︸

2s−1

(s− 1
2 ;w) + (2s− 1)Γ

2s−1︷ ︸︸ ︷
(AςCς · ·)
lς

(s− 1
2 ;w)ΓmςAςCς · ·︸ ︷︷ ︸

2s−1

(s− 1
2 ;w)]

= 1
(2s)! [(2s− 1)!δAςAςΓ

2s−1︷ ︸︸ ︷
BςCς · ·
lς

(s− 1
2 ;w)ΓmςBςCς · ·︸ ︷︷ ︸

2s−1

(s− 1
2 ;w) + (2s− 1)(2s− 1)!Γ

2s−1︷ ︸︸ ︷
AςCς · ·
lς

(s− 1
2 ;w)ΓmςAςCς · ·︸ ︷︷ ︸

2s−1

(s− 1
2 ;w)]

= 1
(2s)! [(2s− 1)!δAςAς + (2s− 1)(2s− 1)!]δmςlς

= (1 + w
2s )δmςlς

Proof: Nkς
Aς lς

(s;w)N
A′ς lς
kς

(s;w)

= ΓkςAςBςCς · ·︸ ︷︷ ︸
2s

(s;w)Γ

2s︷ ︸︸ ︷
A
′
ςBςCς · ·

kς
(s;w)

= 1
(2s)!

2s︷ ︸︸ ︷
δ

(A′ς
Aς

δBςBς δ
Cς
Cς
· ·)

= 1
(2s)! [

2s︷ ︸︸ ︷
δ
A′ς
Aς
δ

(Bς
Bς

δCςCς · ·
) +

2s︷ ︸︸ ︷
δBςAς δ

(A′ς
Bς

δCςCς · ·
) +

2s︷ ︸︸ ︷
δCςAς δ

(B′ς
Bς

δAςCς · ·
) + · · · ]

= 1
(2s)! [

2s︷ ︸︸ ︷
δ
A′ς
Aς
δ

(Bς
Bς

δCςCς · ·
) +

2s︷ ︸︸ ︷
δ

(A′ς
Aς

δCςCς · ·
) +

2s︷ ︸︸ ︷
δ

(Bς
Bς

δ
A′ς
Aς
· ·) + · · · ]

= 1
(2s)! [δ

A′ς
Aς

2s−1︷ ︸︸ ︷
δ

(Bς
Bς

δCςCς · ·
) +(2s− 1)

2s−1︷ ︸︸ ︷
δ

(A′ς
Aς

δCςCς · ·
)]

= 1
(2s)! [δ

A′ς
Aς

(2s− 1)!Γ

2s−1︷ ︸︸ ︷
BςCς · ·
lς

(s− 1
2 ;w)ΓlςBςCς · ·︸ ︷︷ ︸

2s−1

(s− 1
2 ;w) + (2s− 1)

2s−1︷ ︸︸ ︷
δ

(A′ς
Aς

δCςCς · ·
)]

= 1
(2s)! [δ

A′ς
Aς

(2s− 1)!δlς lς (s− 1
2 ;w) + (2s− 1)

2s−1︷ ︸︸ ︷
δ

(A′ς
Aς

δCςCς · ·
)]

= 1
(2s)! [δ

A′ς
Aς

(2s− 1)!C2s−1
2s−1+w + (2s− 1)

2s−1︷ ︸︸ ︷
δ

(A′ς
Aς

δCςCς · ·
)]

= 1
(2s)! [δ

A′ς
Aς

(2s−1)!
(2s−1)!

(2s−1+w)!
w! + (2s− 1)

2s−1︷ ︸︸ ︷
δ

(A′ς
Aς

δCςCς · ·
)]

= 1
(2s)! [

(2s−1)!
(2s−1)!

(2s−1+w)!
w! + (2s−1)!

(2s−2)!
(2s−2+w)!

w! + (2s−1)!
(2s−3)!

(2s−3+w)!
w! + · · ·+ (2s−1)!

0!
(0+w)!
w! ]δ

A′ς
Aς

= 1
2s [ (2s−1+w)!

(2s−1)!w! + (2s−2+w)!
(2s−2)!w! + (2s−3+w)!

(2s−3)!w! + · · ·+ (0+w)!
0!w! ]δ

A′ς
Aς

= 1
2s

2s−1∑
k=0

Cww+kδ
A′ς
Aς

= 1
2sC

w+1
w+2sδ

A′ς
Aς

= 1
w+1C

2s
2s+wδ

A′ς
Aς

Pro. 3.4.1.

{
Nkς
Aς lς

(s;w)NBςmς
kς

(s;w) = 1
2s [δBςAς δ

mς
lς

+ (2s− 1)Nmς
Aςnς

(s− 1
2 ;w)NBςnς

lς
(s− 1

2 ;w)]

N̄Aς (s;w)NBς (s;w) = 1
2s [δBςAς IC2s−1

2s−1+w
+ (2s− 1)NBς (s− 1

2 ;w)N̄Aς (s− 1
2 ;w)]

Proof: Nkς
Aς lς

(s;w)N
A′ςmς
kς

(s;w)
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= ΓkςAςBςCς · ·︸ ︷︷ ︸
2s

(s;w)Γ

2s−1︷ ︸︸ ︷
BςCς · ·
lς

(s− 1
2 ;w)Γ

2s︷ ︸︸ ︷
A
′
ςB
′
ςC
′
ς · ·

kς
(s;w)Γmς

B
′
ςC
′
ς · ·︸ ︷︷ ︸

2s−1

(s− 1
2 ;w)

= 1
(2s)!

2s︷ ︸︸ ︷
δ

(A′ς
Aς

δ
B′ς
Bς
δ
C′ς
Cς
· ·) Γ

2s−1︷ ︸︸ ︷
BςCς · ·
lς

(s− 1
2 ;w)Γmς

B
′
ςC
′
ς · ·︸ ︷︷ ︸

2s−1

(s− 1
2 ;w)

= 1
(2s)! [

2s︷ ︸︸ ︷
δ
A′ς
Aς
δ

(B′ς
Bς

δ
C′ς
Cς
· ·) +

2s︷ ︸︸ ︷
δ
B′ς
Aς
δ

(A′ς
Bς

δ
C′ς
Cς
· ·) +

2s︷ ︸︸ ︷
δ
C′ς
Aς
δ

(B′ς
Bς

δ
A′ς
Cς
· ·) + · · · ]Γ

2s−1︷ ︸︸ ︷
BςCς · ·
lς

(s− 1
2 ;w)Γmς

B
′
ςC
′
ς · ·︸ ︷︷ ︸

2s−1

(s− 1
2 ;w)

= 1
2s (

2s︷ ︸︸ ︷
δ
A′ς
Aς
δ
B′ς
Bς
δ
C′ς
Cς
· ·+

2s︷ ︸︸ ︷
δ
B′ς
Aς
δ
A′ς
Bς
δ
C′ς
Cς
· ·+

2s︷ ︸︸ ︷
δ
C′ς
Aς
δ
B′ς
Bς
δ
A′ς
Cς
· ·+ · · · )Γ

2s−1︷ ︸︸ ︷
BςCς · ·
lς

(s− 1
2 ;w)Γmς

B
′
ςC
′
ς · ·︸ ︷︷ ︸

2s−1

(s− 1
2 ;w)

= 1
2s [

2s︷ ︸︸ ︷
δ
A′ς
Aς
δ
B′ς
Bς
δ
C′ς
Cς
· ·+(2s− 1)

2s︷ ︸︸ ︷
δ
B′ς
Aς
δ
A′ς
Bς
δ
C′ς
Cς
· ·]Γ

2s−1︷ ︸︸ ︷
BςCς · ·
lς

(s− 1
2 ;w)Γmς

B
′
ςC
′
ς · ·︸ ︷︷ ︸

2s−1

(s− 1
2 ;w)

= 1
2s [δ

A′ς
Aς

Γ

2s−1︷ ︸︸ ︷
BςCς · ·
lς

(s− 1
2 ;w)ΓmςBςCς · ·︸ ︷︷ ︸

2s−1

(s− 1
2 ;w) + (2s− 1)Γ

2s−1︷ ︸︸ ︷
A
′
ςCς · ·

lς
(s− 1

2 ;w)Γmς
AςC

′
ς · ·︸ ︷︷ ︸

2s−1

(s− 1
2 ;w)]

= 1
2s [δBςAς δ

mς
lς

+ (2s− 1)Nmς
Aςnς

(s− 1
2 ;w)N

A′ςnς
lς

(s− 1
2 ;w)]

3.5 Raising and lowering indices of constant invariant tensors Nkς
Aς lς

(s;w), NAς lς
kς

(s;w)

(Existing εAςBς is the prerequisite.)
Raising and lowering indices:

Pro. 3.5.1.{
Nkς
Aς lς

(s;w) = εkςmς (s;w)εAςBςεlςnς (s− 1
2 ;w)NBςnς

mς (s;w)

NAς lς
kς

(s;w) = εkςmς (s;w)εAςBςεlςnς (s− 1
2 ;w)Nmς

Bςnς
(s;w)

Proof: εkςmς (s;w)εAςBςεlςnς (s− 1
2 ;w)NBςnς

mς (s;w)

= Γkς
A
′
ςB
′
ςC
′
ς · ·︸ ︷︷ ︸

2s

(s;w)

2s︷ ︸︸ ︷
εA
′
ςE
′
ςεB

′
ςF
′
ςεC

′
ςG
′
ς · ·Γmς

E
′
ςF
′
ςG
′
ς · ·︸ ︷︷ ︸

2s

(s;w)εAςBς

Γ

2s−1︷ ︸︸ ︷
B
′′
ς C
′′
ς · ·

lς
(s− 1

2 ;w) εB′′ς F ′′ς εC′′ς G′′ς · ·︸ ︷︷ ︸
2s−1

Γ

2s−1︷ ︸︸ ︷
F
′′
ς G
′′
ς · ·

nς (s− 1
2 ;w)NBςnς

mς (s;w)

= Γkς
A
′
ςB
′
ςC
′
ς · ·︸ ︷︷ ︸

2s

(s;w)

2s︷ ︸︸ ︷
εA
′
ςE
′
ςεB

′
ςF
′
ςεC

′
ςG
′
ς · ·Γmς

E
′
ςF
′
ςG
′
ς · ·︸ ︷︷ ︸

2s

(s;w)εAςBςΓ

2s−1︷ ︸︸ ︷
B
′′
ς C
′′
ς · ·

lς
(s− 1

2 ;w) εB′′ς F ′′ς εC′′ς G′′ς · ·︸ ︷︷ ︸
2s−1

Γ

2s︷ ︸︸ ︷
BςF

′′
ς G
′′
ς · ·

mς (s;w)

= Γkς
A
′
ςB
′
ςC
′
ς · ·︸ ︷︷ ︸

2s

(s;w)

2s︷ ︸︸ ︷
εA
′
ςE
′
ςεB

′
ςF
′
ςεC

′
ςG
′
ς · · 1

(2s)! δ
Bς
(E′ς

δ
F ′′ς
F ′ς
δ
G′′ς
G′ς
· ·)︸ ︷︷ ︸

2s

εAςBς εB′′ς F ′′ς εC′′ς G′′ς · ·︸ ︷︷ ︸
2s−1

Γ

2s−1︷ ︸︸ ︷
B
′′
ς C
′′
ς · ·

lς
(s− 1

2 ;w)

= Γkς
A
′
ςB
′
ςC
′
ς · ·︸ ︷︷ ︸

2s

(s;w)

2s︷ ︸︸ ︷
εA
′
ςBςεB

′
ςF
′′
ς εC

′
ςG
′′
ς · · εAςBςεB′′ς F ′′ς εC′′ς G′′ς · ·︸ ︷︷ ︸

2s

Γ

2s−1︷ ︸︸ ︷
B
′′
ς C
′′
ς · ·

lς
(s− 1

2 ;w)

= Γkς
A
′
ςB
′
ςC
′
ς · ·︸ ︷︷ ︸

2s

(s;w) δ
A′ς
Aς
δ
B′ς
B′′ς
δ
C′ς
C′′ς
· ·︸ ︷︷ ︸

2s

Γ

2s−1︷ ︸︸ ︷
B
′′
ς C
′′
ς · ·

lς
(s− 1

2 ;w)

= Nkς
Aς lς

(s;w)

Cor. 3.5.1.
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NAς (s;w)ε(s− 1

2 ;w) = εAςBςε(s;w)NBς (s;w), ε(s− 1
2 ;w)N̄Aς (s;w) = N̄Bς (s;w)εBςAςε(s;w)

NAς (s;w)ε(s− 1
2 ;w) = εAςBςε(s;w)NBς (s;w), ε(s− 1

2 ;w)N̄Aς (s;w) = N̄Bς (s;w)εBςAςε(s;w)

N(s;w)ε(s;w) = [ε( 1
2 ;w)⊗ ε(s− 1

2 ;w)]N(s;w), ε(s;w)N̄(s;w) = N̄(s;w)[ε( 1
2 ;w)⊗ ε(s− 1

2 ;w)]

Proof: Γ(s;w)ε(s;w) = ε( 1
2 ;w)⊗ · · ⊗ε( 1

2 ;w)︸ ︷︷ ︸
2s

Γ(s;w)

⇔ [Iw+1 ⊗ Γ̄(s− 1
2 ;w)]Γ(s;w)ε(s;w) = [Iw+1 ⊗ Γ̄(s− 1

2 ;w)] ε( 1
2 ;w)⊗ · · ⊗ε( 1

2 ;w)︸ ︷︷ ︸
2s

Γ(s;w)

⇔ N(s;w)ε(s;w) = [Iw+1 ⊗ Γ̄(s− 1
2 ;w)] ε( 1

2 ;w)⊗ · · ⊗ε( 1
2 ;w)︸ ︷︷ ︸

2s

Γ(s;w)

⇔ N(s;w)ε(s;w) = {ε( 1
2 ;w)⊗ [Γ̄(s− 1

2 ;w) ε( 1
2 ;w)⊗ · · ⊗ε( 1

2 ;w)︸ ︷︷ ︸
2s−1

]}Γ(s;w)

⇔ N(s;w)ε(s;w) = [ε( 1
2 ;w)⊗ ε(s− 1

2 ;w)][Iw+1 ⊗ Γ̄(s− 1
2 ;w)]Γ(s;w)

⇔ N(s;w)ε(s;w) = [ε( 1
2 ;w)⊗ ε(s− 1

2 ;w)]N(s;w)

Penrose standard raising and lowering rules:

Pro. 3.5.2.{
Nkς
Aς lς

(s;w) = (−1)2s[ς2sεkςmς (s;w)](−ςεAςBς )[(−ς)2s−1εlςnς (s− 1
2 ;w)]NBςnς

mς (s;w)

NAς lς
kς

(s;w) = (−1)2s[(−ς)2sεkςmς (s;w)](ςεAςBς )[ς2s−1εlςnς (s− 1
2 ;w)]Nmς

Bςnς
(s;w)

3.6 Spin matrix transformation I of constant invariant tensors Nkς
Aς lς

(s;w), NAς lς
kς

(s;w)

Pro. 3.6.1.
NAςmς
kς

(s;w)σαςAς
Bς ( 1

2 ;w)N lς
Bςmς

(s;w) = 1
2sσ

ας
kς
lς (s;w)[⇔]NAς (s;w)σαςAς

Bς ( 1
2 ;w)N̄Bς (s;w) = 1

2sσ
ας (s;w)

[⇔]N̄(s;w)σ( 1
2 ;w)⊗ IC2s−1

2s−1+w
N(s;w) = 1

2sσ(s;w)

NAς lς
kς

(s;w)σαςAς
Bς ( 1

2 ;w)Nkς
Bςmς

(s;w) = 1
2sσ

ας
mς

lς (s− 1
2 ;w)[⇔]N̄Bς (s;w)σαςAς

Bς ( 1
2 ;w)NAς (s;w) = 1

2sσ
ας (s− 1

2 ;w)

Proof: NAς lς
kς

(s;w)σαςAς
A′ς ( 1

2 ;w)Nkς
A′ςmς

(s;w)

= Γ

2s︷ ︸︸ ︷
AςBςCς · ·
kς

(s;w)ΓlςBςCς · ·︸ ︷︷ ︸
2s−1

(s− 1
2 ;w)σαςAς

A′ς ( 1
2 ;w)Γkς

A
′
ςB
′
ςC
′
ς · ·︸ ︷︷ ︸

2s

(s;w)Γ

2s−1︷ ︸︸ ︷
B
′
ςC
′
ς · ·

mς (s− 1
2 ;w)

= 1
(2s)!δ

Aς
(A′ς

δBςB′ς δ
Cς
C′ς
· ·)σαςAςA

′
ς ( 1

2 ;w)ΓlςBςCς · ·︸ ︷︷ ︸
2s−1

(s− 1
2 ;w)Γ

2s−1︷ ︸︸ ︷
B
′
ςC
′
ς · ·

mς (s− 1
2 ;w)

= 1
(2s)! [δ

Aς
A′ς
δBς(B′ς

δCςC′ς · ·) + δAςB′ς δ
Bς
(A′ς

δCςC′ς · ·) + δAςC′ς δ
Bς
(B′ς

δCςA′ς · ·) + · · · ]σαςAςA
′
ς ( 1

2 ;w)ΓlςBςCς · ·︸ ︷︷ ︸
2s−1

(s− 1
2 ;w)Γ

2s−1︷ ︸︸ ︷
B
′
ςC
′
ς · ·

mς (s− 1
2 ;w)

= 1
(2s)! [δ

Aς
A′ς
δBς(B′ς

δCςC′ς · ·) + (2s− 1)δAςB′ς δ
Bς
(A′ς

δCςC′ς · ·)]σ
ας
Aς
A′ς ( 1

2 ;w)ΓlςBςCς · ·︸ ︷︷ ︸
2s−1

(s− 1
2 ;w)Γ

2s−1︷ ︸︸ ︷
B
′
ςC
′
ς · ·

mς (s− 1
2 ;w)

= 1
(2s)! (2s− 1)δAςB′ς δ

Bς
(A′ς

δCςC′ς · ·)σ
ας
Aς
A′ς ( 1

2 ;w)ΓlςBςCς · ·︸ ︷︷ ︸
2s−1

(s− 1
2 ;w)Γ

2s−1︷ ︸︸ ︷
B
′
ςC
′
ς · ·

mς (s− 1
2 ;w)

= 1
(2s)! (2s− 1)σαςB′ς

A′ς ( 1
2 ;w)Γlς

(A
′
ςC
′
ς · ·)︸ ︷︷ ︸

2s−1

(s− 1
2 ;w)Γ

2s−1︷ ︸︸ ︷
B
′
ςC
′
ς · ·

mς (s− 1
2 ;w)

= 1
2s (2s− 1)Γ

2s−1︷ ︸︸ ︷
B
′
ςC
′
ς · ·

mς (s− 1
2 ;w)σαςB′ς

A′ς ( 1
2 ;w)Γlς

A
′
ςC
′
ς · ·︸ ︷︷ ︸

2s−1

(s− 1
2 ;w)

= 1
2sσ

ας
mς

lς (s− 1
2 ;w)

Pro. 3.6.2.
NAςmς
kς

(s;w)SabAς
Bς ( 1

2 ;w)N lς
Bςmς

(s;w) = 1
2sSabkς

lς (s;w)[⇔]NAς (s;w)SabAς
Bς ( 1

2 ;w)N̄Bς (s;w) = 1
2sSab(s, ς;w)

[⇔]N̄(s;w)Sab(
1
2 , ς;w)⊗ IC2s−1

2s−1+w
N(s;w) = 1

2sSab(s, ς;w)

NAς lς
kς

(s;w)SabAς
Bς ( 1

2 ;w)Nkς
Bςmς

(s;w) = 1
2sSabmς

lς (s− 1
2 ;w)[⇔]N̄Bς (s;w)SabAς

Bς ( 1
2 ;w)NAς (s;w) = 1

2sSab(s−
1
2 , ς;w)
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Proof: NAς lς
kς

(s;w)SabAς
A′ς ( 1

2 ;w)Nkς
A′ςmς

(s;w)

= Γ

2s︷ ︸︸ ︷
AςBςCς · ·
kς

(s;w)ΓlςBςCς · ·︸ ︷︷ ︸
2s−1

(s− 1
2 ;w)SabAς

A′ς ( 1
2 ;w)Γkς

A
′
ςB
′
ςC
′
ς · ·︸ ︷︷ ︸

2s

(s;w)Γ

2s−1︷ ︸︸ ︷
B
′
ςC
′
ς · ·

mς (s− 1
2 ;w)

= 1
(2s)!δ

Aς
(A′ς

δBςB′ς δ
Cς
C′ς
· ·)SabAςA

′
ς ( 1

2 ;w)ΓlςBςCς · ·︸ ︷︷ ︸
2s−1

(s− 1
2 ;w)Γ

2s−1︷ ︸︸ ︷
B
′
ςC
′
ς · ·

mς (s− 1
2 ;w)

= 1
(2s)! [δ

Aς
A′ς
δBς(B′ς

δCςC′ς · ·) + δAςB′ς δ
Bς
(A′ς

δCςC′ς · ·) + δAςC′ς δ
Bς
(B′ς

δCςA′ς · ·) + · · · ]SabAςA
′
ς ( 1

2 ;w)ΓlςBςCς · ·︸ ︷︷ ︸
2s−1

(s− 1
2 ;w)Γ

2s−1︷ ︸︸ ︷
B
′
ςC
′
ς · ·

mς (s− 1
2 ;w)

= 1
(2s)! [δ

Aς
A′ς
δBς(B′ς

δCςC′ς · ·) + (2s− 1)δAςB′ς δ
Bς
(A′ς

δCςC′ς · ·)]SabAς
A′ς ( 1

2 ;w)ΓlςBςCς · ·︸ ︷︷ ︸
2s−1

(s− 1
2 ;w)Γ

2s−1︷ ︸︸ ︷
B
′
ςC
′
ς · ·

mς (s− 1
2 ;w)

= 1
(2s)! (2s− 1)δAςB′ς δ

Bς
(A′ς

δCςC′ς · ·)SabAς
A′ς ( 1

2 ;w)ΓlςBςCς · ·︸ ︷︷ ︸
2s−1

(s− 1
2 ;w)Γ

2s−1︷ ︸︸ ︷
B
′
ςC
′
ς · ·

mς (s− 1
2 ;w)

= 1
(2s)! (2s− 1)SabB′ς

A′ς ( 1
2 ;w)Γlς

(A
′
ςC
′
ς · ·)︸ ︷︷ ︸

2s−1

(s− 1
2 ;w)Γ

2s−1︷ ︸︸ ︷
B
′
ςC
′
ς · ·

mς (s− 1
2 ;w)

= 1
2s (2s− 1)Γ

2s−1︷ ︸︸ ︷
B
′
ςC
′
ς · ·

mς (s− 1
2 ;w)SabB′ς

A′ς ( 1
2 ;w)Γlς

A
′
ςC
′
ς · ·︸ ︷︷ ︸

2s−1

(s− 1
2 ;w)

= 1
2sSabmς

lς (s− 1
2 ;w)

3.7 Spin matrix transformation II of constant invariant tensors Nkς
Aς lς

(s;w), NAς lς
kς

(s;w)

Thm. 3.7.1.{
σαςAς

Bς ( 1
2 ;w)Nkς

Bς lς
(s;w) + σας lς

mς (s− 1
2 ;w)Nkς

Aςmς
(s;w) = N jς

Aς lς
(s;w)σας jς

kς (s;w)

NAς lς
kς

(s;w)σαςAς
Bς ( 1

2 ;w) +NBςmς
kς

(s;w)σαςmς
lς (s− 1

2 ;w) = σας kς
jς (s;w)NBς lς

jς
(s;w){

σαςAς
Bς ( 1

2 ;w)N̄Bς (s;w) + σας (s− 1
2 ;w)N̄Aς (s;w) = N̄Aς (s;w)σας (s;w)

NAς (s;w)σαςAς
Bς ( 1

2 ;w) +NBς (s;w)σας (s− 1
2 ;w) = σας (s;w)NBς (s;w){

[σ( 1
2 ;w)⊗ IC2s−1

2s−1+w
+ Iw+1 ⊗ σας (s− 1

2 ;w)]N(s;w) = N(s;w)σας (s;w)

N̄(s;w)[σ( 1
2 ;w)⊗ IC2s−1

2s−1+w
+ Iw+1 ⊗ σας (s− 1

2 ;w)] = σας (s;w)N̄(s;w)

Proof: Ω

2s︷ ︸︸ ︷
A
′
ςB
′
ςC
′
ς · ·

AςBςCς · ·︸ ︷︷ ︸
2s

(s;w)Γlς
A
′
ςB
′
ςC
′
ς · ·︸ ︷︷ ︸

2s

(s;w) = ΓkςAςBςCς · ·︸ ︷︷ ︸
2s

(s;w)σkς
lς (s;w)

⇒ Γ

2s−1︷ ︸︸ ︷
BςCς · ·
jς

Ω

2s︷ ︸︸ ︷
A
′
ςB
′
ςC
′
ς · ·

AςBςCς · ·︸ ︷︷ ︸
2s

(s;w)Γlς
A
′
ςB
′
ςC
′
ς · ·︸ ︷︷ ︸

2s

(s;w) = Γ

2s−1︷ ︸︸ ︷
BςCς · ·
jς

ΓkςAςBςCς · ·︸ ︷︷ ︸
2s

(s;w)σkς
lς (s;w)

⇔ Γ

2s−1︷ ︸︸ ︷
BςCς · ·
jς

[σAς
A′ς ( 1

2 ;w) δ
B′ς
Bς
δ
C′ς
Cς
· ·︸ ︷︷ ︸

2s−1

+δ
A′ς
Aς

Ω

2s−1︷ ︸︸ ︷
B
′
ςC
′
ς · ·

BςCς · ·︸ ︷︷ ︸
2s−1

(s− 1
2 ;w)]Γlς

A
′
ςB
′
ςC
′
ς · ·︸ ︷︷ ︸

2s

(s;w) = Γ

2s−1︷ ︸︸ ︷
BςCς · ·
jς

ΓkςAςBςCς · ·︸ ︷︷ ︸
2s

(s;w)σkς
lς (s;w)

⇔ [σAς
A′ς ( 1

2 ;w)Γ

2s−1︷ ︸︸ ︷
B
′
ςC
′
ς · ·

jς
+ δ

A′ς
Aς
σjς

nς (s− 1
2 ;w)Γ

2s︷ ︸︸ ︷
B
′
ςC
′
ς · ·

nς (s;w)]Γlς
A
′
ςB
′
ςC
′
ς · ·︸ ︷︷ ︸

2s

(s;w) = Γ

2s−1︷ ︸︸ ︷
BςCς · ·
jς

ΓkςAςBςCς · ·︸ ︷︷ ︸
2s

(s;w)σkς
lς (s;w)

⇔ σAς
A′ς ( 1

2 ;w)N lς
A′ςjς

(s;w) + σjς
nς (s− 1

2 ;w)N lς
Aςnς

(s;w) = Nkς
Aςjς

(s;w)σkς
lς (s;w)

⇔ σαςAς
Bς ( 1

2 ;w)Nkς
Bς lς

(s;w) + σας lς
mς (s− 1

2 ;w)Nkς
Aςmς

(s;w) = N jς
Aς lς

(s;w)σας jς
kς (s;w)

Thm. 3.7.2.{
SabAς

Bς ( 1
2 ;w)Nkς

Bς lς
(s;w) + Sablς

mς (s− 1
2 ;w)Nkς

Aςmς
(s;w) = N jς

Aς lς
(s;w)Sabjς

kς (s;w)

NAς lς
kς

(s;w)SabAς
Bς ( 1

2 ;w) +NBςmς
kς

(s;w)Sabmς
lς (s− 1

2 ;w) = Sabkς
jς (s;w)NBς lς

jς
(s;w)
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SabAς

Bς ( 1
2 ;w)N̄Bς (s;w) + Sab(s− 1

2 , ς;w)N̄Aς (s;w) = N̄Aς (s;w)Sab(s, ς;w)

NAς (s;w)SabAς
Bς ( 1

2 ;w) +NBς (s;w)Sab(s− 1
2 , ς;w) = Sab(s, ς;w)NBς (s;w){

[σ( 1
2 ;w)⊗ IC2s−1

2s−1+w
+ Iw+1 ⊗ Sab(s− 1

2 , ς;w)]N(s;w) = N(s;w)Sab(s, ς;w)

N̄(s;w)[Sab(
1
2 , ς;w)⊗ IC2s−1

2s−1+w
+ Iw+1 ⊗ Sab(s− 1

2 , ς;w)] = Sab(s, ς;w)N̄(s;w)

Proof: Ωab

2s︷ ︸︸ ︷
A
′
ςB
′
ςC
′
ς · ·

AςBςCς · ·︸ ︷︷ ︸
2s

(s;w)Γlς
A
′
ςB
′
ςC
′
ς · ·︸ ︷︷ ︸

2s

(s;w) = ΓkςAςBςCς · ·︸ ︷︷ ︸
2s

(s;w)Sabkς
lς (s;w)

⇒ Γ

2s−1︷ ︸︸ ︷
BςCς · ·
jς

Ωab

2s︷ ︸︸ ︷
A
′
ςB
′
ςC
′
ς · ·

AςBςCς · ·︸ ︷︷ ︸
2s

(s;w)Γlς
A
′
ςB
′
ςC
′
ς · ·︸ ︷︷ ︸

2s

(s;w) = Γ

2s−1︷ ︸︸ ︷
BςCς · ·
jς

ΓkςAςBςCς · ·︸ ︷︷ ︸
2s

(s;w)Sabkς
lς (s;w)

⇔ Γ

2s−1︷ ︸︸ ︷
BςCς · ·
jς

[SabAς
A′ς ( 1

2 ;w) δ
B′ς
Bς
δ
C′ς
Cς
· ·︸ ︷︷ ︸

2s−1

+δ
A′ς
Aς

Ωab

2s−1︷ ︸︸ ︷
B
′
ςC
′
ς · ·

BςCς · ·︸ ︷︷ ︸
2s−1

(s− 1
2 ;w)]Γlς

A
′
ςB
′
ςC
′
ς · ·︸ ︷︷ ︸

2s

(s;w) = Γ

2s−1︷ ︸︸ ︷
BςCς · ·
jς

ΓkςAςBςCς · ·︸ ︷︷ ︸
2s

(s;w)Sabkς
lς (s;w)

⇔ [SabAς
A′ς ( 1

2 ;w)Γ

2s−1︷ ︸︸ ︷
B
′
ςC
′
ς · ·

jς
+ δ

A′ς
Aς
σjς

nς (s− 1
2 ;w)Γ

2s︷ ︸︸ ︷
B
′
ςC
′
ς · ·

nς (s;w)]Γlς
A
′
ςB
′
ςC
′
ς · ·︸ ︷︷ ︸

2s

(s;w) = Γ

2s−1︷ ︸︸ ︷
BςCς · ·
jς

ΓkςAςBςCς · ·︸ ︷︷ ︸
2s

(s;w)Sabkς
lς (s;w)

⇔ SabAς
A′ς ( 1

2 ;w)N lς
A′ςjς

(s;w) + Sabjς
nς (s− 1

2 ;w)N lς
Aςnς

(s;w) = Nkς
Aςjς

(s;w)Sabkς
lς (s;w)

⇔ SabAς
Bς ( 1

2 ;w)Nkς
Bς lς

(s;w) + Sablς
mς (s− 1

2 ;w)Nkς
Aςmς

(s;w) = N jς
Aς lς

(s;w)Sabjς
kς (s;w)

3.8 Introduction and properties of constant invariant tensors Nkς
Aς1··Aςnlς (s;w), NAς1··Aςnlς

kς
(s;w)

Def. 3.8.1.

{
Nkς
Aς1··Aςnlςn(s;w) := ΓkςAς1··Aς2s(s;w)Γ

Aςn+1··Aς2s
lς

(s− n
2 ;w)

NAς1··Aςnlςn
kς

(s;w) := ΓAς1··Aς2skς
(s;w)ΓlςAςn+1··Aς2s(s−

n
2 ;w)

Equality:

Pro. 3.8.1. N
k′ς
A′ς1··A′ςnl′ςn

(s;w) ' Nkς
Aς1··Aςnlςn(s;w) ' NAς1··Aςnlςn

kς
(s;w) ' NA′ς1··A

′
ςnl
′
ςn

k′ς
(s;w)

Pro. 3.8.2. [Nkς
Aς1··Aςnlςn(s;w)]∗ ' Nk′ς

A′ς1··A′ςnl′ςn
(s;w), [NAς1··Aςnlςn

kς
(s;w)]∗ ' NA′ς1··A

′
ςnl
′
ςn

k′ς
(s;w)

Expansibility:

Pro. 3.8.3.{
Nkς
Aς1Aς2··Aςnlςn(s;w) = Nkς

Aς1lς1
(s;w)N lς1

Aς2lς2
(s− 1

2 ;w) · ·N lςn−1

Aςnlςn
(s− n−1

2 ;w)

NAς1Aς2··Aςnlςn
kς

(s;w) = NAς1lς1
kς

(s;w)NAς2lς2
lς1

(s− 1
2 ;w) · ·NAςnlςn

lςn−1
(s− n−1

2 ;w)

Pro. 3.8.4.{
ΓkςAς1Aς2··Aς2s(s;w) = Nkς

Aς1lς1
(s;w)N lς1

Aς2lς2
(s− 1

2 ;w) · ·N lς2s−1

Aς2slς2s
( 1

2 ;w)

ΓAς1Aς2··Aς2skς
(s;w) = NAς1lς1

kς
(s;w)NAς2lς2

lς1
(s− 1

2 ;w) · ·NAς2slς2s
lς2s−1

( 1
2 ;w){

ΓkςAς1Aς2··Aς2s(s;w) � ΓAς1Aς2··Aς2s(s;w) = NAς1(s;w)NAς2(s− 1
2 ;w) · ·NAς2s( 1

2 ;w)

ΓAς1Aς2··Aς2skς
(s;w) � ΓAς1Aς2··Aς2s(s;w) = NAς1(s;w)NAς2(s− 1

2 ;w) · ·NAς2s( 1
2 ;w){

Γ̄(s;w) = N̄(s;w)[Iw+1 ⊗ N̄(s− 1
2 ;w)] · ·[I(w+1)2s−2 ⊗ N̄(1)][I(w+1)2s−1 ⊗ N̄( 1

2 ;w)]

Γ(s;w) = [I(w+1)2s−1 ⊗N( 1
2 ;w)][I(w+1)2s−2 ⊗N(1)] · ·[Iw+1 ⊗N(s− 1

2 ;w)]N(s;w)

3.9 Several identities of constant matrices N(s;w), N̄(s;w)

Pro. 3.9.1.
N̄(s;w)[σ( 1

2 ;w)⊗ IC2s−1
2s−1+w

+ Iw+1 ⊗ σ(s− 1
2 ;w)]N(s;w) = σ(s;w)

N(s;w)σ(s;w)N̄(s;w) = [σ( 1
2 ;w)⊗ IC2s−1

2s−1+w
+ Iw+1 ⊗ σ(s− 1

2 ;w)]N(s;w)N̄(s;w)

N(s;w)σ(s;w)N̄(s;w) = N(s;w)N̄(s;w){ϑ · [σ( 1
2 ;w)⊗ IC2s−1

2s−1+w
+ Iw+1 ⊗ σ(s− 1

2 ;w)]}n

[N(s;w)N̄(s;w), σ( 1
2 ;w)⊗ IC2s−1

2s−1+w
+ Iw+1 ⊗ σ(s− 1

2 ;w)] = 0

Pro. 3.9.2.
N̄(s;w)[Sab(

1
2 , ς;w)⊗ IC2s−1

2s−1+w
+ Iw+1 ⊗ Sab(s− 1

2 , ς;w)]N(s;w) = Sab(s, ς;w)

N(s;w)Sab(s, ς;w)N̄(s;w) = [Sab(
1
2 , ς;w)⊗ IC2s−1

2s−1+w
+ Iw+1 ⊗ Sab(s− 1

2 , ς;w)]N(s;w)N̄(s;w)

N(s;w)Sab(s, ς;w)N̄(s;w) = N(s;w)N̄(s;w)[Sab(
1
2 , ς;w)⊗ IC2s−1

2s−1+w
+ Iw+1 ⊗ Sab(s− 1

2 , ς;w)]

[N(s;w)N̄(s;w), Sab(
1
2 , ς;w)⊗ IC2s−1

2s−1+w
+ Iw+1 ⊗ Sab(s− 1

2 , ς;w)] = 0
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Pro. 3.9.3.
N̄(s;w){ϑ · [σ( 1

2 ;w)⊗ IC2s−1
2s−1+w

+ Iw+1 ⊗ σ(s− 1
2 ;w)]}nN(s;w) = [ϑ · σ(s;w)]n

N(s;w)[ϑ · σ(s;w)]nN̄(s;w) = {ϑ · [σ( 1
2 ;w)⊗ IC2s−1

2s−1+w
+ Iw+1 ⊗ σ(s− 1

2 ;w)]}nN(s;w)N̄(s;w)

N(s;w)[ϑ · σ(s;w)]nN̄(s;w) = N(s;w)N̄(s;w){ϑ · [σ( 1
2 ;w)⊗ IC2s−1

2s−1+w
+ Iw+1 ⊗ σ(s− 1

2 ;w)]}n

[N(s;w)N̄(s;w), {ϑ · [σ( 1
2 ;w)⊗ IC2s−1

2s−1+w
+ Iw+1 ⊗ σ(s− 1

2 ;w)]}n] = 0

Pro. 3.9.4.
N̄(s;w){ϑab[Sab( 1

2 , ς;w)⊗ IC2s−1
2s−1+w

+ Iw+1 ⊗ Sab(s− 1
2 , ς;w)]}nN(s;w) = [ϑabSab(s, ς;w)]n

N(s;w)[ϑabSab(s, ς;w)]nN̄(s;w) = {ϑab[Sab( 1
2 , ς;w)⊗ IC2s−1

2s−1+w
+ Iw+1 ⊗ Sab(s− 1

2 , ς;w)]}nN(s;w)N̄(s;w)

N(s;w)[ϑabSab(s, ς;w)]nN̄(s;w) = N(s;w)N̄(s;w){ϑab[Sab( 1
2 , ς;w)⊗ IC2s−1

2s−1+w
+ Iw+1 ⊗ Sab(s− 1

2 , ς;w)]}n

[N(s;w)N̄(s;w), {ϑab[Sab( 1
2 , ς;w)⊗ IC2s−1

2s−1+w
+ Iw+1 ⊗ Sab(s− 1

2 , ς;w)]}n] = 0

Cor. 3.9.1.

N̄(s;w)e
i
2ϑ

ab[Sab(
1
2 ,ς;w)⊗I+Iw+1⊗Sab(s−

1
2 ,ς;w)]N(s;w) = e

i
2ϑ

abSab(s,ς;w)

N(s;w)e
i
2ϑ

abSab(s,ς;w)N̄(s;w) = e
i
2ϑ

ab[Sab(
1
2 ,ς;w)⊗I

C
2s−1
2s−1+w

+Iw+1⊗Sab(s−
1
2 ,ς;w)]

N(s;w)N̄(s;w)

N(s;w)e
i
2ϑ

abSab(s,ς;w)N̄(s;w) = N(s;w)N̄(s;w)e
i
2ϑ

ab[Sab(
1
2 ,ς;w)⊗I

C
2s−1
2s−1+w

+Iw+1⊗Sab(s−
1
2 ,ς;w)]

[N(s;w)N̄(s;w), e
i
2ϑ

ab[Sab(
1
2 ,ς;w)⊗I

C
2s−1
2s−1+w

+Iw+1⊗Sab(s−
1
2 ,ς;w)]

] = 0

3.10 Several corollaries of constant matrices N(s;w), N̄(s;w)

Cor. 3.10.1.
N̄(s;w)σ( 1

2 ;w)⊗ IC2s−1
2s−1+w

N(s;w) = 1
2sσ(s;w)

N̄(s;w)Iw+1 ⊗ σ(s− 1
2 ;w)N(s;w) = (1− 1

2s )σ(s;w)

NAς (s;w)σ(s− 1
2 ;w)N̄Aς (s;w) = (1− 1

2s )σ(s;w)

N̄Aς (s;w)σ(s;w)NAς (s;w) = (1 + w+1
2s )σ(s− 1

2 ;w)

Cor. 3.10.2.
N̄(s;w)Sab(

1
2 , ς;w)⊗ IC2s−1

2s−1+w
N(s;w) = 1

2sSab(s, ς;w)

N̄(s;w)Iw+1 ⊗ Sab(s− 1
2 , ς;w)N(s;w) = (1− 1

2s )Sab(s, ς;w)

NAς (s;w)Sab(s− 1
2 , ς;w)N̄Aς (s;w) = (1− 1

2s )Sab(s, ς;w)

N̄Aς (s;w)Sab(s, ς;w)NAς (s;w) = (1 + w+1
2s )Sab(s− 1

2 , ς;w)

Cor. 3.10.3.
N̄(1)[σ( 1

2 ;w)⊗ I2 + Iw+1 ⊗ σ( 1
2 ;w)]N(1) = σ(1)

N̄( 3
2 ){σ( 1

2 ;w)⊗ I3 + Iw+1 ⊗ {N̄(1)[σ( 1
2 ;w)⊗ I2 + Iw+1 ⊗ σ( 1

2 ;w)]N(1)}}N( 3
2 ) = σ( 3

2 )

N̄(s;w) · ·N̄( 3
2 ){σ( 1

2 ;w)⊗ I3 + Iw+1 ⊗ {N̄(1)[σ( 1
2 ;w)⊗ I2 + Iw+1 ⊗ σ( 1

2 ;w)]N(1)}}N( 3
2 ) · ·N(s;w) = σ(s;w)

3.11 Constant invariant tensor properties of matrices N(s;w), N̄(s;w)

Thm. 3.11.1. N(s;w) = e
i
2ϑ

abSab(
1
2 ,ς;w) ⊗ e

i
2ϑ

abSab(s−
1
2 ,ς;w)N(s;w)e−

i
2ϑ

abSab(s,ς;w)

Proof: [Sab(
1
2 , ς;w)⊗ IC2s−1

2s−1+w
+ Iw+1 ⊗ Sab(s− 1

2 , ς;w)]N(s;w) = N(s;w)Sab(s, ς;w)

⇔ 0 = [ i2ϑ
abSab(

1
2 , ς;w)⊗ IC2s−1

2s−1+w
+ i

2ϑ
abIw+1 ⊗ Sab(s− 1

2 , ς;w)]N(s;w)− i
2ϑ

abN(s;w)Sab(s, ς;w)

⇔ N(s;w) = e
i
2ϑ

abSab(
1
2 ,ς;w) ⊗ e

i
2ϑ

abSab(s−
1
2 ,ς;w)N(s;w)e−

i
2ϑ

abSab(s,ς;w)

Thm. 3.11.2. N̄(s;w) = e
i
2ϑ

abSab(s,ς;w)N̄(s;w)e−
i
2ϑ

abSab(
1
2 ,ς;w) ⊗ e−

i
2ϑ

abSab(s−
1
2 ,ς;w)

Proof: N̄(s;w)[Sab(
1
2 , ς;w)⊗ IC2s−1

2s−1+w
+ Iw+1 ⊗ Sab(s− 1

2 , ς;w)] = Sab(s, ς;w)N̄(s;w)

⇔ 0 = i
2ϑ

abSab(s, ς;w)N̄(s;w)− N̄(s;w)[ i2ϑ
abSab(

1
2 , ς;w)⊗ IC2s−1

2s−1+w
+ i

2ϑ
abIw+1 ⊗ Sab(s− 1

2 , ς;w)]

⇔ N̄(s;w) = e
i
2ϑ

abSab(s,ς;w)N̄(s;w)e−
i
2ϑ

abSab(
1
2 ,ς;w) ⊗ e−

i
2ϑ

abSab(s−
1
2 ,ς;w)

3.12 Constant invariant tensor properties of matrices N(s), N̄(s)

Thm. 3.12.1. N(s) = e(iω+ςε)·σ(
1
2 ) ⊗ e(iω+ςε)·σ(s− 1

2 )N(s)e−(iω+ςε)·σ(s)

Proof: [σ( 1
2 )⊗ I2s + I ⊗ σ(s− 1

2 )]N(s) = N(s)σ(s)
⇔ 0 = [(iω + ςε) · σ( 1

2 )⊗ I2s + (iω + ςε) · I ⊗ σ(s− 1
2 )]N(s)− (iω + ςε) ·N(s)σ(s)

⇔ N(s) = e(iω+ςε)·σ(
1
2 ) ⊗ e(iω+ςε)·σ(s− 1

2 )N(s)e−(iω+ςε)·σ(s)
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Thm. 3.12.2. N̄(s) = e(iω+ςε)·σ(s)N̄(s)e−(iω+ςε)·σ(
1
2 ) ⊗ e−(iω+ςε)·σ(s− 1

2 )

Proof: N̄(s)[σ( 1
2 )⊗ I2s + I ⊗ σ(s− 1

2 )] = σ(s)N̄(s)
⇔ 0 = (iω + ςε) · σ(s)N̄(s)− N̄(s)[(iω + ςε) · σ( 1

2 )⊗ I2s + (iω + ςε) · I ⊗ σ(s− 1
2 )]

⇔ N̄(s) = e(iω+ςε)·σ(s)N̄(s)e−(iω+ςε)·σ(
1
2 ) ⊗ e−(iω+ςε)·σ(s− 1

2 )

3.13 Constant invariant tensor properties of matrix (σ ⊗ IC2s−1
2s−1+w

,−iς)a
Thm. 3.13.1.

(σ ⊗ IC2s−1
2s−1+w

,−iς)a

= [eϑ]a
b[e

i
2ϑ

cdScd(
1
2 ,−ς;w) ⊗ e

i
2ϑ

cdScd(s− 1
2 ,ς;w)](σ ⊗ IC2s−1

2s−1+w
,−iς)b[e−

i
2ϑ

cdScd(
1
2 ,ς;w) ⊗ e−

i
2ϑ

cdScd(s− 1
2 ,ς;w)]

(σ ⊗ IC2s−1
2s−1+w

,−iς)a

= [eϑ]a
b[e

i
2ϑ

cdScd(
1
2 ,−ς;w) ⊗ e

i
2ϑ

cdScd(s− 1
2 ,−ς;w)](σ ⊗ IC2s−1

2s−1+w
,−iς)b[e−

i
2ϑ

cdScd(
1
2 ,ς;w) ⊗ e−

i
2ϑ

cdScd(s− 1
2 ,−ς;w)]

Proof: (σ,−iς)a = [eϑ]a
be
i
2ϑ

cdScd(
1
2 ,−ς;w)(σ,−iς)be−

i
2ϑ

cdScd(
1
2 ,ς;w)

⇔ (σ ⊗ IC2s−1
2s−1+w

,−iς)a = [eϑ]a
b[e

i
2ϑ

cdScd(
1
2 ,−ς;w) ⊗ IC2s−1

2s−1+w
](σ ⊗ IC2s−1

2s−1+w
,−iς)b[e−

i
2ϑ

cdScd(
1
2 ,ς;w) ⊗ IC2s−1

2s−1+w
]

⇔ (σ ⊗ IC2s−1
2s−1+w

,−iς)a

= [eϑ]a
b[e

i
2ϑ

cdScd(
1
2 ,−ς;w) ⊗ e

i
2ϑ

cdScd(s− 1
2 ,ς;w)](σ ⊗ IC2s−1

2s−1+w
,−iς)b[e−

i
2ϑ

cdScd(
1
2 ,ς;w) ⊗ e−

i
2ϑ

cdScd(s− 1
2 ,ς;w)]

Proof: (σ,−iς)a = [eϑ]a
be
i
2ϑ

cdScd(
1
2 ,−ς;w)(σ,−iς)be−

i
2ϑ

cdScd(
1
2 ,ς;w)

⇔ (σ ⊗ IC2s−1
2s−1+w

,−iς)a = [eϑ]a
b[e

i
2ϑ

cdScd(
1
2 ,−ς;w) ⊗ IC2s−1

2s−1+w
](σ ⊗ IC2s−1

2s−1+w
,−iς)b[e−

i
2ϑ

cdScd(
1
2 ,ς;w) ⊗ IC2s−1

2s−1+w
]

⇔ (σ ⊗ IC2s−1
2s−1+w

,−iς)a

= [eϑ]a
b[e

i
2ϑ

cdScd(
1
2 ,−ς;w) ⊗ e

i
2ϑ

cdScd(s− 1
2 ,−ς;w)](σ ⊗ IC2s−1

2s−1+w
,−iς)b[e−

i
2ϑ

cdScd(
1
2 ,ς;w) ⊗ e−

i
2ϑ

cdScd(s− 1
2 ,−ς;w)]

3.14 Constant invariant tensor properties of matrix (σ ⊗ I2s,−iς)a
Thm. 3.14.1.(σ ⊗ I2s,−iς)a = [e(iω·R+ε·L)]a

be(iω−ςε)·σ(
1
2 ) ⊗ e(iω+ςε)·σ(s− 1

2 )(σ ⊗ I2s,−iς)be−(iω+ςε)·σ(
1
2 ) ⊗ e−(iω+ςε)·σ(s− 1

2 )

(σ ⊗ I2s,−iς)a = [e(iω·R+ε·L)]a
be(iω−ςε)·σ(

1
2 ) ⊗ e(iω−ςε)·σ(s− 1

2 )(σ ⊗ I2s,−iς)be−(iω+ςε)·σ(
1
2 ) ⊗ e−(iω−ςε)·σ(s− 1

2 )

Proof: (σ,−iς)a = [e(iω·R+ε·L)]a
be(iω−ςε)·σ(

1
2 )(σ,−iς)be−(iω+ςε)·σ(

1
2 )

⇔ (σ ⊗ I2s,−iς)a = [e(iω·R+ε·L)]a
b[e(iω−ςε)·σ(

1
2 ) ⊗ I2s](σ ⊗ I2s,−iς)b[e−(iω+ςε)·σ(

1
2 ) ⊗ I2s]

⇔ (σ ⊗ I2s,−iς)a = [e(iω·R+ε·L)]a
be(iω−ςε)·σ(

1
2 ) ⊗ e(iω+ςε)·σ(s− 1

2 )(σ ⊗ I2s,−iς)be−(iω+ςε)·σ(
1
2 ) ⊗ e−(iω+ςε)·σ(s− 1

2 )

Proof: (σ,−iς)a = [e(iω·R+ε·L)]a
be(iω−ςε)·σ(

1
2 )(σ,−iς)be−(iω+ςε)·σ(

1
2 )

⇔ (σ ⊗ I2s,−iς)a = [e(iω·R+ε·L)]a
b[e(iω−ςε)·σ(

1
2 ) ⊗ I2s](σ ⊗ I2s,−iς)b[e−(iω+ςε)·σ(

1
2 ) ⊗ I2s]

⇔ (σ ⊗ I2s,−iς)a = [e(iω·R+ε·L)]a
be(iω−ςε)·σ(

1
2 ) ⊗ e(iω−ςε)·σ(s− 1

2 )(σ ⊗ I2s,−iς)be−(iω+ςε)·σ(
1
2 ) ⊗ e−(iω−ςε)·σ(s− 1

2 )

3.15 Another proof of two theorems

Thm. 3.15.1. Ω(s)Γ(s) = Γ(s)σ(s), Γ̄(s)Ω(s) = σ(s)Γ̄(s)

Proof: Taking mathematical methods of induction.
1: When s = 1

2 , σ( 1
2 )Γ( 1

2 ) = Γ(1
2 )σ( 1

2 ) establishes.
2: Assume: when s = k,Ω(k)Γ(k) = Γ(k)σ(k) establishes.
3: When s = k + 1

2 ,
Ω(k + 1

2 )Γ(k + 1
2 )

= [σ( 1
2 )⊗ I22k + I ⊗ Ω(k)][I ⊗ Γ(k)]N(k + 1

2 )
= {[I ⊗ Γ(k)][σ( 1

2 )⊗ I2(k+1)] + I ⊗ [Γ(k)σ(k)]}N(k + 1
2 )

= [I ⊗ Γ(k)][σ( 1
2 )⊗ I2(k+1) + I ⊗ σ(k)]N(k + 1

2 )

= [I ⊗ Γ(k)]N(k + 1
2 )σ(k + 1

2 )
= Γ(k + 1

2 )σ(k + 1
2 )

4: So the proposition establishes and has been proved.

Thm. 3.15.2. Γ̄(s)Ω(s) = σ(s)Γ̄(s)
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Proof: Taking mathematical methods of induction.
1: When s = 1

2 , Γ̄( 1
2 )σ( 1

2 ) = σ( 1
2 )Γ̄( 1

2 ) establishes.
2: Assume: when s = k, Γ̄(k)Ω(k) = σ(k)Γ̄(k) establishes.
3: When s = k + 1

2 ,
Γ̄(k + 1

2 )Ω(k + 1
2 )

= N̄(k + 1
2 )[I ⊗ Γ̄(k)]{σ( 1

2 )⊗ I22k + I ⊗ Ω(k)}
= N̄(k + 1

2 ){[σ( 1
2 )⊗ I2(k+1)][I ⊗ Γ̄(k)] + [I ⊗ σ(k)][I ⊗ Γ̄(k)]}

= N̄(k + 1
2 )[σ( 1

2 )⊗ I2(k+1) + I ⊗ σ(k)][I ⊗ Γ̄(k)]

= σ(k + 1
2 )N̄(k + 1

2 )[I ⊗ Γ̄(k)]
= σ(k + 1

2 )Γ̄(k + 1
2 )

4: So the proposition establishes and has been proved.

4 Perfect constant invariant tensors XAς lς
mς (s;w), Xmς

Aς lς
(s;w)

(Existing εAςBς is the prerequisite.)
4.1 Introduction of perfect constant invariant tensors XAς lς

mς (s;w), Xmς
Aς lς

(s;w)

Def. 4.1.1. XAς lς
mς (s;w) :=

√
2s−1√

2s−1+w
εAςBςN lς

Bςmς
(s− 1

2 ;w), Xmς
Aς lς

(s;w) :=
√

2s−1√
2s−1+w

εAςBςN
Bςmς
lς

(s− 1
2 ;w)

Pro. 4.1.1. XAς lς
mς (s;w) ' Xmς

Aς lς
(s;w)

4.2 Introduction of constant matrices X(s;w), X̄(s;w)

Def. 4.2.1.


XAς (s;w) ≺ XAς lς

mς (s;w), XAς (s;w) ≺ Xmς
Aς lς

(s;w)

X̄Aς (s;w) ≺ XAς lς
mς (s;w), X̄Aς (s;w) ≺ XAς lς

mς (s;w)

X(s;w) ≺ XAς⊗lς
mς (s;w), X̄(s;w) ≺ Xmς

Aς⊗lς (s;w) = X+(s;w)

Explicit representation of X(s), X̄(s):

Cor. 4.2.1. X̄(s) = 1√
2s

[
0 −
√

2s−1
√

1 0 0 0 0 0 0 0

0 0 0 −
√

2s−2
√

2 0 0 0 0 0
0 0 0 0 0 ·· ·· 0 0 0
0 0 0 0 0 0 0 −

√
1
√

2s−1 0

]

Cor. 4.2.2. X̄(s = 1, 3
2 , 2) = 1√

2

[
0 −
√

1
√

1 0
]
, 1√

3

[
0 −
√

2
√

1 0 0 0

0 0 0 −
√

1
√

2 0

]
, 1√

4

[
0 −
√

3
√

1 0 0 0 0 0

0 0 0 −
√

2
√

2 0 0 0

0 0 0 0 0 −
√

1
√

3 0

]
4.3 Raising and lowering indices of constant invariant tensors XAς lς

mς (s;w), Xmς
Aς lς

(s;w)

Pro. 4.3.1.{
XAς lς
mς (s;w) = εAςBςεlςnς (s− 1

2 ;w)εmςrς (s− 1;w)Xrς
Bςnς

(s− 1
2 ;w)

Xmς
Aς lς

(s;w) = εAςBςεlςnς (s− 1
2 ;w)εmςrς (s− 1;w)XBςnς

rς (s− 1
2 ;w)

Proof: Nkς
Aς lς

(s− 1
2 ;w) = εkςmς (s− 1

2 ;w)εAςBςεlςnς (s− 1;w)NBςnς
mς (s− 1

2 ;w)

⇔ εCςAςNkς
Aς lς

(s− 1
2 ;w) = εCςAςεkςmς (s− 1

2 ;w)εAςBςεlςnς (s− 1;w)NBςnς
mς (s− 1

2 ;w)

⇔ XCςkς
lς

(s;w) = εCςAςεkςmς (s− 1
2 ;w)εlςnς (s− 1;w)Xnς

Aςmς
(s− 1

2 ;w)

⇔ XAς lς
mς (s;w) = εAςBςεlςnς (s− 1

2 ;w)εmςrς (s− 1;w)Xrς
Bςnς

(s− 1
2 ;w)

4.4 Orthogonality of constant invariant tensors XAς lς
mς (s;w), Xmς

Aς lς
(s;w)

Pro. 4.4.1. XAς lς
mς (s;w)Xnς

Aς lς
(s;w) = δmς

nς [⇔]XAς (s;w)X̄Aς (s;w) = IC2s−2
2s−2+w

[⇔]X̄(s;w)X(s;w) = IC2s−2
2s−2+w

Proof: XAς lς
mς (s;w)Xnς

Aς lς
(s;w)

=
√

2s−1√
2s−1+w

εAςCςN lς
Cςmς

(s− 1
2 ;w)

√
2s−1√

2s−1+w
εAςDςN

Dςnς
lς

(s− 1
2 ;w)

= 2s−1
2s−1+wN

lς
Cςmς

(s− 1
2 ;w)δDς

CςNDςnς
lς

(s− 1
2 ;w)

= 2s−1
2s−1+w (1 + w

2s−1 )δmς
nς

= δmς
nς

Pro. 4.4.2. XAς lς
mς (s;w)Nkς

Aς lς
(s;w) = 0

[⇔]XAς (s;w)N̄Aς (s;w) = 0, NAς (s;w)X̄Aς (s;w) = 0[⇔]X̄(s;w)N(s;w) = 0, N̄(s;w)X(s;w) = 0

Proof: XAς lς
mς (s;w)Nkς

Aς lς
(s;w)

=
√

2s−1√
2s−1+w

εAςCςN lς
Cςmς

(s− 1
2 ;w)Nkς

Aς lς
(s;w)
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=
√

2s−1√
2s−1+w

εAςCςΓlς
CςC

′′
ς D
′′
ς · ·︸ ︷︷ ︸

2s

(s− 1
2 ;w)Γ

2s−1︷ ︸︸ ︷
C
′′
ς D
′′
ς · ·

mς (s− 1;w)Γkς
AςB

′
ςC
′
ςD
′
ς · ·︸ ︷︷ ︸

2s

(s;w)Γ

2s−1︷ ︸︸ ︷
B
′
ςC
′
ςD
′
ς · ·

lς
(s− 1

2 ;w)

=
√

2s−1√
2s−1+w

εAςCς 1
(2s−1)!δ

B′ς
(Cς

δ
C′ς
C′′ς
δ
D′ς
D′′ς
· ·)Γ

2s−1︷ ︸︸ ︷
C
′′
ς D
′′
ς · ·

mς (s− 1;w)Γkς
AςB

′
ςC
′
ςD
′
ς · ·︸ ︷︷ ︸

2s

(s;w)

=
√

2s−1√
2s−1+w

εAςBςΓkς
AςBςC

′′
ς D
′′
ς · ·︸ ︷︷ ︸

2s

(s;w)Γ

2s−1︷ ︸︸ ︷
C
′′
ς D
′′
ς · ·

mς (s− 1;w)

= 0

Pro. 4.4.3. Xmς
Aς lς

(s;w)XAςkς
mς (s;w) = 2s−1

2s−1+w δlς
kς [⇔]X̄Aς (s;w)XAς (s;w) = 2s−1

2s−1+w IC2s−1
2s−1+w

Proof: Xmς
Aς lς

(s;w)XAςkς
mς (s;w)

=
√

2s−1√
2s−1+w

εAςBςN
Bςmς
lς

(s− 1
2 ;w)

√
2s−1√

2s−1+w
εAςCςNkς

Cςmς
(s− 1

2 ;w)

= 2s−1
2s−1+wN

Bςmς
lς

(s− 1
2 ;w)Nkς

Bςmς
(s− 1

2 ;w)

= 2s−1
2s−1+w δlς

kς

Pro. 4.4.4. Xmς
Aς lς

(s;w)XBς lς
mς (s;w) = 1

w+1C
2s−2
2s−2+wδ

Bς
Aς

[⇔]tr[X̄Aς (s;w)XBς (s;w)] = 1
w+1C

2s−2
2s−2+wδ

Bς
Aς

Proof: Xmς
Aς lς

(s;w)XBς lς
mς (s;w)

=
√

2s−1√
2s−1+w

εAςCςN
Cςmς
lς

(s− 1
2 ;w)

√
2s−1√

2s−1+w
εBςDςN lς

Dςmς
(s− 1

2 ;w)

= 2s−1
2s−1+wεAςCςε

BςDςNCςmς
lς

(s− 1
2 ;w)N lς

Dςmς
(s− 1

2 ;w)

= 2s−1
2s−1+wεAςCςε

BςDς 1
w+1C

2s−1
2s−1+wδ

Dς
Cς

= 1
w+1C

2s−2
2s−2+wδ

Bς
Aς

Cor. 4.4.1. N̄(s;w)N(s;w) = IC2s
2s+w

, X̄(s;w)X(s;w) = IC2s−2
2s−2+w

, N̄(s;w)X(s;w) = 0, X̄(s;w)N(s;w) = 0

4.5 The joint orthogonal properties of maxtices N(s), N̄(s), X(s), X̄(s)

Pro. 4.5.1.

{
Xnς
Aς lς

(s)XBςmς
nς (s) = 1

2s [(2s− 1)δBςAς δ
mς
lς
− (2s− 1)Nmς

Aςnς
(s− 1

2 )NBςnς
lς

(s− 1
2 )]

X̄Aς (s)X
Bς (s) = 1

2s [(2s− 1)δBςAς I2s − (2s− 1)NBς (s− 1
2 )N̄Aς (s− 1

2 ;w)]

Proof: Xnς
Aς lς

(s)X
A′ςmς
nς (s) = 2s−1

2s εAςEςε
A′ςE

′
ςNEςnς

lς
(s− 1

2 )Nmς
E′ςnς

(s− 1
2 )

= 2s−1
2s εAςEςε

A′ςE
′
ςΓ

2s−1︷ ︸︸ ︷
EςFςGς · ·
lς

(s− 1
2 )ΓnςFςGς · ·︸ ︷︷ ︸

2s−2

(s− 1)Γmς
E
′
ςF
′
ςG
′
ς · ·︸ ︷︷ ︸

2s−1

(s− 1
2 )Γ

2s−2︷ ︸︸ ︷
F
′
ςG
′
ς · ·

nς (s− 1)

= 2s−1
2s εAςEςε

A′ςE
′
ς 1

(2s−2)!

2s−2︷ ︸︸ ︷
δ

(F ′ς
Fς
δ
G′ς
Gς
· ·) Γ

2s−1︷ ︸︸ ︷
EςFςGς · ·
lς

(s− 1
2 )Γmς

E
′
ςF
′
ςG
′
ς · ·︸ ︷︷ ︸

2s−1

(s− 1
2 )

= 2s−1
2s εAςEςε

A′ςE
′
ςΓ

2s−1︷ ︸︸ ︷
EςBςCς · ·
lς

(s− 1
2 )Γmς

E
′
ςBςCς · ·︸ ︷︷ ︸

2s−1

(s− 1
2 )

= 2s−1
2s δ

[A′ς
Aς
δ
E′ς ]

Eς
Γ

2s−1︷ ︸︸ ︷
EςBςCς · ·
lς

(s− 1
2 )Γmς

E
′
ςBςCς · ·︸ ︷︷ ︸

2s−1

(s− 1
2 )

= 2s−1
2s δ

A′ς
Aς

Γ

2s−1︷ ︸︸ ︷
EςBςCς · ·
lς

(s− 1
2 )ΓmςEςBςCς · ·︸ ︷︷ ︸

2s−1

(s− 1
2 )− 2s−1

2s Γ

2s−1︷ ︸︸ ︷
A
′
ςBςCς · ·

lς
(s− 1

2 )ΓmςAςBςCς · ·︸ ︷︷ ︸
2s−1

(s− 1
2 )

= 1
2s [(2s− 1)δ

A′ς
Aς
δmςlς − (2s− 1)Nmς

Aςnς
(s− 1

2 )N
A′ςnς
lς

(s− 1
2 )]

Cor. 4.5.1. Nkς
Aς lς

(s)NBςmς
kς

(s) +Xnς
Aς lς

(s)XBςmς
nς (s) = δBςAς δ

mς
lς

[⇔]N̄Aς (s)N
Bς (s) + X̄Aς (s)X

Bς (s) = δBςAς I2s[⇔]N(s)N̄(s) +X(s)X̄(s) = I4s
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Cor. 4.5.2.
[
N̄(s)

X̄(s)

]
[N(s), X(s)] = [N(s), X(s)]

[
N̄(s)

X̄(s)

]
= I4s[⇔]


N(s)N̄(s) +X(s)X̄(s) = I4s

N̄(s)N(s) = I2s+1, X̄(s)X(s) = I2s−1

N̄(s)X(s) = 0, X̄(s)N(s) = 0

4.6 Spin transformation I of constant invariant tensors XAς lς
mς (s;w), Xmς

Aς lς
(s;w)

Cor. 4.6.1. XAς lς
mς (s;w)σαςAς

Bς ( 1
2 ;w)Xnς

Bς lς
(s;w) = − 1

2s−1+wσ
ας
mς

nς (s− 1;w)

[⇔]XAς (s;w)σAς
Bς ( 1

2 ;w)X̄Bς (s;w) = − 1
2s−1+wσ(s− 1;w)

[⇔]X̄(s;w)σ( 1
2 ;w)⊗ IC2s−1

2s−1+w
X(s;w) = − 1

2s−1+wσ(s− 1;w)

Proof: XAς lς
mς (s;w)σαςAς

Bς ( 1
2 ;w)Xnς

Bς lς
(s;w)

=
√

2s−1√
2s−1+w

εAςCςN lς
Cςmς

(s− 1
2 ;w)σαςAς

Bς ( 1
2 ;w)

√
2s−1√

2s−1+w
εBςDςN

Dςnς
lς

(s− 1
2 ;w)

= − 2s−1
2s−1+wN

lς
Cςmς

(s− 1
2 ;w)σαςDς

Cς ( 1
2 ;w)NDςnς

lς
(s− 1

2 ;w)

= − 1
2s−1+wσ

ας
mς

nς (s− 1;w)

Cor. 4.6.2. XAς lς
mς (s;w)σαςAς

Bς ( 1
2 ;w)Xmς

Bςkς
(s;w) = − 1

2s−1+wσ
ας
kς
lς (s− 1

2 ;w)

[⇔]X̄Aς (s;w)σαςAς
Bς ( 1

2 ;w)XBς (s;w) = − 1
2s−1+wσ

ας (s− 1
2 ;w)

Proof: XAς lς
mς (s;w)σαςAς

Bς ( 1
2 ;w)Xmς

Bςkς
(s;w)

=
√

2s−1√
2s−1+w

εAςCςN lς
Cςmς

(s− 1
2 ;w)σαςAς

Bς ( 1
2 ;w)

√
2s−1√

2s−1+w
εBςDςN

Dςmς
kς

(s− 1
2 ;w)

= − 2s−1
2s−1+wN

lς
Cςmς

(s− 1
2 ;w)σαςDς

Cς ( 1
2 ;w)NDςmς

kς
(s− 1

2 ;w)

= − 1
2s−1+wσ

ας
kς
lς (s− 1

2 ;w)

Cor. 4.6.3. XAς lς
mς (s;w)SabAς

Bς ( 1
2 ;w)Xnς

Bς lς
(s;w) = − 1

2s−1+wSabmς
nς (s− 1;w)

[⇔]XAς (s;w)Sab(
1
2 , ς;w)⊗ IC2s−2

2s−2+w
X̄Aς (s;w) = − 1

2s−1+wSab(s− 1, ς;w)

[⇔]X̄(s;w)Sab(
1
2 , ς;w)⊗ IC2s−1

2s−1+w
X(s;w) = − 1

2s−1+wSab(s− 1, ς;w)

Proof: XAς lς
mς (s;w)SabAς

Bς ( 1
2 ;w)Xnς

Bς lς
(s;w)

=
√

2s−1√
2s−1+w

εAςCςN lς
Cςmς

(s− 1
2 ;w)SabAς

Bς ( 1
2 ;w)

√
2s−1√

2s−1+w
εBςDςN

Dςnς
lς

(s− 1
2 ;w)

= − 2s−1
2s−1+wN

lς
Cςmς

(s− 1
2 ;w)SabDς

Cς ( 1
2 ;w)NDςnς

lς
(s− 1

2 ;w)

= − 1
2s−1+wSabmς

nς (s− 1;w)

Cor. 4.6.4. XAς lς
mς (s;w)SabAς

Bς ( 1
2 ;w)Xmς

Bςkς
(s;w) = − 1

2sSabkς
lς (s− 1

2 ;w)

[⇔]X̄Aς (s;w)SabAς
Bς ( 1

2 ;w)XBς (s;w) = − 1
2s−1+wSab(s−

1
2 , ς;w)

Proof: XAς lς
mς (s;w)SabAς

Bς ( 1
2 ;w)Xmς

Bςkς
(s;w)

=
√

2s−1√
2s−1+w

εAςCςN lς
Cςmς

(s− 1
2 ;w)SabAς

Bς ( 1
2 ;w)

√
2s−1√

2s−1+w
εBςDςN

Dςmς
kς

(s− 1
2 ;w)

= − 2s−1
2s−1+wN

lς
Cςmς

(s− 1
2 ;w)SabDς

Cς ( 1
2 ;w)NDςmς

kς
(s− 1

2 ;w)

= − 1
2s−1+wSabkς

lς (s− 1
2 ;w)

4.7 Spin transformation II of constant invariant tensors XAς lς
mς (s;w), Xmς

Aς lς
(s;w)

Thm. 4.7.1.{
XAς lς
mς (s;w)[σAς

Bς ( 1
2 ;w)δlς

kς + δAς
Bςσlς

kς (s− 1
2 ;w)] = σmς

nς (s− 1;w)XBςkς
nς (s;w)

[σAς
Bς ( 1

2 ;w)δlς
kς + δAς

Bςσlς
kς (s− 1

2 ;w)]Xnς
Bςkς

(s;w) = Xmς
Aς lς

(s;w)σmς
nς (s− 1;w){

XAς (s;w)[σAς
Bς ( 1

2 ;w) + δAς
Bςσ(s− 1

2 ;w)] = σ(s− 1;w)XBς (s;w)

[σAς
Bς ( 1

2 ;w) + δAς
Bςσ(s− 1

2 ;w)]X̄Bς (s;w) = X̄Aς (s;w)σ(s− 1;w){
X̄(s;w)[σ( 1

2 ;w)⊗ IC2s−1
2s−1+w

+ Iw+1 ⊗ σ(s− 1
2 ;w)] = σ(s− 1;w)X̄(s;w)

[σ( 1
2 ;w)⊗ IC2s−1

2s−1+w
+ Iw+1 ⊗ σ(s− 1

2 ;w)]X(s;w) = X(s;w)σ(s− 1;w)

Proof: XAςkς
mς (s;w)[σAς

Bς ( 1
2 ;w)δkς

lς + δAς
Bςσkς

lς (s− 1
2 ;w)] = σmς

nς (s− 1;w)XBς lς
nς (s;w)

⇔
√

2s−1√
2s−1+w

εAςCςNkς
Cςmς

(s− 1
2 ;w)[σAς

Bς ( 1
2 ;w)δkς

lς +δAς
Bςσkς

lς (s− 1
2 ;w)] = σmς

nς (s−1;w)
√

2s−1√
2s−1+w

εBςDςN lς
Dςnς

(s−
1
2 ;w)

⇔ εAςCςNkς
Cςmς

(s− 1
2 ;w)[σAς

Bς ( 1
2 ;w)δkς

lς + δAς
Bςσkς

lς (s− 1
2 ;w)] = σmς

nς (s− 1;w)εBςDςN lς
Dςnς

(s− 1
2 ;w)

⇔ εAςCςNkς
Cςmς

(s;w)[σAς
Bς ( 1

2 ;w)δkς
lς + δAς

Bςσkς
lς (s;w)] = σmς

nς (s− 1
2 ;w)εBςDςN lς

Dςnς
(s;w)

⇔ εEςBςε
AςCςNkς

Cςmς
(s;w)[σAς

Bς ( 1
2 ;w)δkς

lς + δAς
Bςσkς

lς (s;w)] = εEςBςσmς
nς (s− 1

2 ;w)εBςDςN lς
Dςnς

(s;w)
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⇔ Nkς
Cςmς

(s;w)[σ( 1
2 ;w)Eς

Cς δkς
lς − δEςCςσkς lς (s;w)] = −σmςnς (s− 1

2 ;w)N lς
Eςnς

(s;w)

⇔ [σ( 1
2 ;w)Eς

CςN lς
Cςmς

(s;w) + σmς
nς (s− 1

2 ;w)N lς
Eςnς

(s;w) = Nkς
Eςmς

(s;w)σkς
lς (s;w)

⇔ σαςAς
Bς ( 1

2 ;w)Nkς
Bς lς

(s;w) + σας lς
mς (s− 1

2 ;w)Nkς
Aςmς

(s;w) = N jς
Aς lς

(s;w)σας jς
kς (s;w)

Thm. 4.7.2.{
XAς lς
mς (s;w)[SabAς

Bς ( 1
2 ;w)δlς

kς + δAς
BςSablς

kς (s− 1
2 ;w)] = Sabmς

nς (s− 1;w)XBς⊗kς
nς (s;w)

[SabAς
Bς ( 1

2 ;w)δlς
kς + δAς

BςSablς
kς (s− 1

2 ;w)]Xnς
Bςkς

(s;w) = Xmς
Aς lς

(s;w)Sabmς
nς (s− 1;w){

XAς (s;w)[SabAς
Bς ( 1

2 ;w) + δAς
BςSab(s− 1

2 , ς;w)] = Sab(s− 1, ς;w)XBς (s;w)

[SabAς
Bς ( 1

2 ;w) + δAς
BςSab(s− 1

2 , ς;w)]X̄Bς (s;w) = X̄Aς (s;w)Sab(s− 1, ς;w){
X̄(s;w)[Sab(

1
2 , ς;w)⊗ IC2s−1

2s−1+w
+ Iw+1 ⊗ Sab(s− 1

2 , ς;w)] = Sab(s− 1, ς;w)X̄(s;w)

[Sab(
1
2 , ς;w)⊗ IC2s−1

2s−1+w
+ Iw+1 ⊗ Sab(s− 1

2 , ς;w)]X(s;w) = X(s;w)Sab(s− 1, ς;w)

Proof: XAςkς
mς (s;w)[SabAς

Bς δkς
lς + δAς

BςSabkς
lς (s− 1

2 ;w)] = Sabmς
nς (s− 1;w)XBς lς

nς (s;w)

⇔
√

2s−1√
2s−1+w

εAςCςNkς
Cςmς

(s− 1
2 ;w)[SabAς

Bς δkς
lς + δAς

BςSabkς
lς (s− 1

2 ;w)]

= Sabmς
nς (s− 1;w)

√
2s−1√

2s−1+w
εBςDςN lς

Dςnς
(s− 1

2 ;w)

⇔ εAςCςNkς
Cςmς

(s− 1
2 ;w)[SabAς

Bς δkς
lς + δAς

BςSabkς
lς (s− 1

2 ;w)] = Sabmς
nς (s− 1;w)εBςDςN lς

Dςnς
(s− 1

2 ;w)

⇔ εAςCςNkς
Cςmς

(s;w)[SabAς
Bς δkς

lς + δAς
BςSabkς

lς (s;w)] = Sabmς
nς (s− 1

2 ;w)εBςDςN lς
Dςnς

(s;w)

⇔ εEςBςε
AςCςNkς

Cςmς
(s;w)[SabAς

Bς δkς
lς + δAς

BςSabkς
lς (s;w)] = εEςBςSabmς

nς (s− 1
2 ;w)εBςDςN lς

Dςnς
(s;w)

⇔ Nkς
Cςmς

(s;w)[SabEς
Cς δkς

lς − δEςCςSabkς lς (s;w)] = −Sabmςnς (s− 1
2 ;w)N lς

Eςnς
(s;w)

⇔ [SabEς
CςN lς

Cςmς
(s;w) + Sabmς

nς (s− 1
2 ;w)N lς

Eςnς
(s;w) = Nkς

Eςmς
(s;w)Sabkς

lς (s;w)

⇔ SabAς
BςNkς

Bς lς
(s;w) + Sablς

mς (s− 1
2 ;w)Nkς

Aςmς
(s;w) = N jς

Aς lς
(s;w)Sabjς

kς (s;w)

Cor. 4.7.1.{
NCςmς

lς (s− 1
2 ;w)εCςAς [σAς

Bς ( 1
2 ;w)δlς

kς + δAς
Bςσlς

kς (s− 1
2 ;w)] = σmς

nς (s− 1;w)NDςnς
kς (s− 1

2 ;w)εDςBς

[σAς
Bς ( 1

2 ;w)δlς
kς + δAς

Bςσlς
kς (s− 1

2 ;w)]εBςCςN
Cςnς
kς

(s− 1
2 ;w) = εAςDςN

Dςmς
lς

(s− 1
2 ;w)σmς

nς (s− 1;w){
NCς (s− 1

2 ;w)εCςAς [σAς
Bς ( 1

2 ;w) + δAς
Bςσ(s− 1

2 ;w)] = σ(s− 1;w)NDς (s− 1
2 ;w)εDςBς

[σAς
Bς ( 1

2 ;w) + δAς
Bςσ(s− 1

2 ;w)]εBςCςN
Cς (s− 1

2 ;w) = εAςDςN
Dς (s− 1

2 ;w)σ(s− 1;w)

Cor. 4.7.2.{
NCςmς

lς (s− 1
2 ;w)εCςAς [SabAς

Bς ( 1
2 ;w)δlς

kς + δAς
BςSablς

kς (s− 1
2 ;w)] = Sabmς

nς (s− 1;w)NDςnς
kς (s− 1

2 ;w)εDςBς

[SabAς
Bς ( 1

2 ;w)δlς
kς + δAς

BςSablς
kς (s− 1

2 ;w)]εBςCςN
Cςnς
kς

(s− 1
2 ;w) = εAςDςN

Dςmς
lς

(s− 1
2 ;w)Sabmς

nς (s− 1;w){
NCς (s− 1

2 ;w)εCςAς [SabAς
Bς ( 1

2 ;w) + δAς
BςSab(s− 1

2 , ς;w)] = Sab(s− 1, ς;w)NDς (s− 1
2 ;w)εDςBς

[SabAς
Bς ( 1

2 ;w) + δAς
BςSab(s− 1

2 , ς;w)]εBςCςN
Cς (s− 1

2 ;w) = εAςDςN
Dς (s− 1

2 ;w)Sab(s− 1, ς;w)

4.8 Important corollaries of constant matrices X(s;w), X̄(s;w)

Cor. 4.8.1.
X̄(s;w)[σ( 1

2 ;w)⊗ IC2s−1
2s−1+w

+ Iw+1 ⊗ σ(s− 1
2 ;w)]X(s;w) = σ(s− 1;w)

X(s;w)σ(s− 1;w)X̄(s;w) = [σ( 1
2 ;w)⊗ IC2s−1

2s−1+w
+ Iw+1 ⊗ σ(s− 1

2 ;w)]X(s;w)X̄(s;w)

[X(s;w)X̄(s;w), σ( 1
2 ;w)⊗ IC2s−1

2s−1+w
+ Iw+1 ⊗ σ(s− 1

2 ;w)] = 0

Cor. 4.8.2.
X̄(s;w)[Sab(

1
2 , ς;w)⊗ IC2s−1

2s−1+w
+ Iw+1 ⊗ Sab(s− 1

2 , ς;w)]X(s;w) = Sab(s− 1, ς;w)

X(s;w)Sab(s, ς − 1, ς;w)X̄(s;w) = [Sab(
1
2 , ς;w)⊗ IC2s−1

2s−1+w
+ Iw+1 ⊗ Sab(s− 1

2 , ς;w)]X(s;w)X̄(s;w)

[X(s;w)X̄(s;w), Sab(
1
2 , ς;w)⊗ IC2s−1

2s−1+w
+ Iw+1 ⊗ Sab(s− 1

2 , ς;w)] = 0

Cor. 4.8.3. XAς (s;w)σ(s− 1
2 ;w)X̄Aς (s;w) = 2s+w

2s−1+wσ(s− 1;w)

[⇔]X̄(s;w)Iw+1 ⊗ σ(s− 1
2 ;w)X(s;w) = 2s+w

2s−1+wσ(s− 1;w)

Cor. 4.8.4. XAς (s;w)Iw+1 ⊗ Sab(s− 1
2 , ς;w)X̄Aς (s;w) = 2s+w

2s−1+wSab(s− 1, ς;w)

[⇔]X̄(s;w)Iw+1 ⊗ Sab(s− 1
2 , ς;w)X(s;w) = 2s+w

2s−1+wSab(s− 1, ς;w)

4.9 Constant invariant tensor properties of matrices X(s;w), X̄(s;w)

Thm. 4.9.1. X(s;w) = e
i
2ϑ

abSab(
1
2 ,ς;w) ⊗ e

i
2ϑ

abSab(s−
1
2 ,ς;w)X(s;w)e−

i
2ϑ

abSab(s−1,ς;w)
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Proof: [Sab(
1
2 , ς;w)⊗ IC2s−1

2s−1+w
+ Iw+1 ⊗ Sab(s− 1

2 , ς;w)]X(s;w) = X(s;w)Sab(s− 1, ς;w)

⇔ 0 = [ i2ϑ
abSab(

1
2 , ς;w)⊗ IC2s−1

2s−1+w
+ i

2ϑ
abIw+1 ⊗ Sab(s− 1

2 , ς;w)]X(s;w)− i
2ϑ

abX(s;w)Sab(s− 1, ς;w)

⇔ X(s;w) = e
i
2ϑ

abSab(
1
2 ,ς;w) ⊗ e

i
2ϑ

abSab(s−
1
2 ,ς;w)X(s;w)e−

i
2ϑ

abSab(s−1,ς;w)

Thm. 4.9.2. X̄(s;w) = e
i
2ϑ

abSab(s−1,ς;w)X̄(s;w)e−
i
2ϑ

abSab(
1
2 ,ς;w) ⊗ e−

i
2ϑ

abSab(s−
1
2 ,ς;w)

Proof: X̄(s;w)[Sab(
1
2 , ς;w)⊗ IC2s−1

2s−1+w
+ Iw+1 ⊗ Sab(s− 1

2 , ς;w)] = Sab(s− 1, ς;w)X̄(s;w)

⇔ 0 = i
2ϑ

abSab(s− 1, ς;w)X̄(s;w)− X̄(s;w)[ i2ϑ
abSab(

1
2 , ς;w)⊗ IC2s−1

2s−1+w
+ i

2ϑ
abIw+1 ⊗ Sab(s− 1

2 , ς;w)]

⇔ X̄(s;w) = e
i
2ϑ

abSab(s−1,ς;w)X̄(s;w)e−
i
2ϑ

abSab(
1
2 ,ς;w) ⊗ e−

i
2ϑ

abSab(s−
1
2 ,ς;w)

4.10 Constant invariant tensor properties of matrices X(s), X̄(s)

Thm. 4.10.1. X(s) = e(iω+ςε)·σ(
1
2 ) ⊗ e(iω+ςε)·σ(s− 1

2 )X(s)e−(iω+ςε)·σ(s−1)

Proof: [σ( 1
2 )⊗ I2s + I ⊗ σ(s− 1

2 )]X(s) = X(s)σ(s− 1)
⇔ 0 = [(iω + ςε) · σ( 1

2 )⊗ I2s + (iω + ςε) · I ⊗ σ(s− 1
2 )]X(s)− (iω + ςε) ·X(s)σ(s− 1)

⇔ X(s) = e(iω+ςε)·σ(
1
2 ) ⊗ e(iω+ςε)·σ(s− 1

2 )X(s)e−(iω+ςε)·σ(s−1)

Thm. 4.10.2. X̄(s) = e(iω+ςε)·σ(s−1)X̄(s)e−(iω+ςε)·σ(
1
2 ) ⊗ e−(iω+ςε)·σ(s− 1

2 )

Proof: X̄(s)[σ( 1
2 )⊗ I2s + I ⊗ σ(s− 1

2 )] = σ(s− 1)X̄(s)
⇔ 0 = (iω + ςε) · σ(s− 1)X̄(s)− X̄(s)[(iω + ςε) · σ( 1

2 )⊗ I2s + (iω + ςε) · I ⊗ σ(s− 1
2 )]

⇔ X̄(s) = e(iω+ςε)·σ(s−1)X̄(s)e−(iω+ςε)·σ(
1
2 ) ⊗ e−(iω+ςε)·σ(s− 1

2 )

Cor. 4.10.1. [N(s), X(s)] = e(iω+ςε)·σ(
1
2 ) ⊗ e(iω+ςε)·σ(s− 1

2 )[N(s), X(s)][e−(iω+ςε)·σ(s) ⊕ e−(iω+ςε)·σ(s−1)]

Cor. 4.10.2.
[
N̄(s)

X̄(s)

]
= [e(iω+ςε)·σ(s) ⊕ e(iω+ςε)·σ(s−1)]

[
N̄(s)

X̄(s)

]
e−(iω+ςε)·σ(

1
2 ) ⊗ e−(iω+ςε)·σ(s− 1

2 )

4.11 Commutative properties of constant matrices Ω(s;w), σ(s− 1;w)

Cor. 4.11.1.

{
Ω(s;w)[Iw+1 ⊗ Γ(s− 1

2 ;w)]X(s;w) = [Iw+1 ⊗ Γ(s− 1
2 ;w)]X(s;w)σ(s− 1;w)

X̄(s;w)[Iw+1 ⊗ Γ̄(s− 1
2 ;w)]Ω(s;w) = σ(s− 1;w)X̄(s;w)[Iw+1 ⊗ Γ̄(s− 1

2 ;w)]

Cor. 4.11.2.

{
σ(s;w) = N̄(s;w)[Iw+1 ⊗ Γ̄(s− 1

2 ;w)]Ω(s;w)[Iw+1 ⊗ Γ(s− 1
2 ;w)]N(s;w)

σ(s− 1;w) = X̄(s;w)[Iw+1 ⊗ Γ̄(s− 1
2 ;w)]Ω(s;w)[Iw+1 ⊗ Γ(s− 1

2 ;w)]X(s;w)

Cor. 4.11.3.

{
[~ϑ · σ(s;w)]n = N̄(s;w)[Iw+1 ⊗ Γ̄(s− 1

2 ;w)][~ϑ · Ω(s;w)]n[Iw+1 ⊗ Γ(s− 1
2 ;w)]N(s;w)

[~ϑ · σ(s− 1;w)]n = X̄(s;w)[Iw+1 ⊗ Γ̄(s− 1
2 ;w)][~ϑ · Ω(s;w)]n[Iw+1 ⊗ Γ(s− 1

2 ;w)]X(s;w)

Cor. 4.11.4.

{
e
~ϑ·σ(s;w) = N̄(s;w)[Iw+1 ⊗ Γ̄(s− 1

2 ;w)]e
~ϑ·Ω(s;w)[Iw+1 ⊗ Γ(s− 1

2 ;w)]N(s;w)

e
~ϑ·σ(s−1;w) = X̄(s;w)[Iw+1 ⊗ Γ̄(s− 1

2 ;w)]e
~ϑ·Ω(s;w)[Iw+1 ⊗ Γ(s− 1

2 ;w)]X(s;w)

4.12 Isomorphic representation of constant matrices Ω(s− l;w), [~ϑ · Ω(s− l;w)]n, e
~ϑ·Ω(s−l;w)

Cor. 4.12.1. Ω(s;w) = Ω(s− 1;w)⊗ I(w+1)2 + I(w+1)2s−2 ⊗ Ω(1;w)

Cor. 4.12.2.{
Ω(s;w)I(w+1)2s−2 ⊗ {[Iw+1 ⊗ Γ( 1

2 ;w)]X(1;w)} = I(w+1)2s−2 ⊗ {[Iw+1 ⊗ Γ( 1
2 ;w)]X(1;w)}Ω(s− 1;w)

I(w+1)2s−2 ⊗ {X̄(1;w)[Iw+1 ⊗ Γ̄( 1
2 ;w)]}Ω(s;w) = Ω(s− 1;w)I(w+1)2s−2 ⊗ {X̄(1;w)[Iw+1 ⊗ Γ̄( 1

2 ;w)]}

Cor. 4.12.3.
Ω(s− 1;w) = I(w+1)2s−2 ⊗ {X̄(1;w)[Iw+1 ⊗ Γ̄( 1

2 ;w)]}Ω(s;w)I(w+1)2s−2 ⊗ {[Iw+1 ⊗ Γ( 1
2 ;w)]X(1;w)}

[~ϑ · Ω(s− 1;w)]n = I(w+1)2s−2 ⊗ {X̄(1;w)[Iw+1 ⊗ Γ̄( 1
2 ;w)]}[~ϑ · Ω(s;w)]nI(w+1)2s−2 ⊗ {[Iw+1 ⊗ Γ( 1

2 ;w)]X(1;w)}
e
~ϑ·Ω(s−1;w) = I(w+1)2s−2 ⊗ {X̄(1;w)[Iw+1 ⊗ Γ̄( 1

2 ;w)]}e~ϑ·Ω(s;w)I(w+1)2s−2 ⊗ {[Iw+1 ⊗ Γ( 1
2 ;w)]X(1;w)}

Def. 4.12.1.{
T (s;w) := I(w+1)2s−2 ⊗ {[Iw+1 ⊗ Γ( 1

2 ;w)]X(1;w)}
T̄ (s;w) := I(w+1)2s−2 ⊗ {X̄(1;w)[Iw+1 ⊗ Γ̄( 1

2 ;w)]} = T+(s;w)
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Cor. 4.12.4.
Ω(s− l;w) = T̄ (s− l + 1;w) · · · T̄ (s− 1;w)T̄ (s;w)Ω(s;w)T (s;w)T (s− 1;w) · · ·T (s− l + 1;w)

[~ϑ · Ω(s− l;w)]n = T̄ (s− l + 1;w) · · · T̄ (s− 1;w)T̄ (s;w)[~ϑ · Ω(s;w)]nT (s;w)T (s− 1;w) · · ·T (s− l + 1;w)

e
~ϑ·Ω(s−l;w) = T̄ (s− l + 1;w) · · · T̄ (s− 1;w)T̄ (s;w)e

~ϑ·Ω(s;w)T (s;w)T (s− 1;w) · · ·T (s− l + 1;w)

Cor. 4.12.5.
σ(s− l;w) = Γ̄(s− l;w)T̄ (s− l + 1;w) · · · T̄ (s;w)Ω(s;w)T (s;w) · · ·T (s− l + 1;w)Γ(s− l;w)

[~ϑ · σ(s− l;w)]n = Γ̄(s− l;w)T̄ (s− l + 1;w) · · · T̄ (s;w)[~ϑ · Ω(s;w)]nT (s;w) · · ·T (s− l + 1;w)Γ(s− l;w)

e
~ϑ·σ(s−l;w) = Γ̄(s− l;w)T̄ (s− l + 1;w) · · · T̄ (s;w)e

~ϑ·Ω(s;w)T (s;w) · · ·T (s− l + 1;w)Γ(s− l;w)
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Chapter3 Important Composite Constant Invariant Tensors

Self comment: This chapter conducts an in-depth analysis of multiple complex constant invariant
tensors and obtains some very useful conclusions. It is a powerful mathematical tool for studying high
spin particles.

1 Composite constant invariant tensor Xα1ς ··αnςβ1ς ··βlς (s, n, l;w)
1.1 Introduction of composite constant invariant tensor Xα1ς ··αnςβ1ς ··βlς (s, n, l;w)

1.1.1 Definition of composite constant invariant tensor Xα1ς ··αnςβ1ς ··βlς (s, n, l;w)

Def. 1.1.1.{
Xα1ς ··αnς ;β1ς ··βlς (s, n, l;w) := NAς (s;w)[σα1ς ( 1

2 ;w) · ·σαnς ( 1
2 ;w)]Aς

Bς [σβ1ς (s− 1
2 ;w) · ·σβlς (s− 1

2 ;w)]N̄Bς (s;w)

X(s, 0, 0) := 1, Xα1ς (s, 1, 0;w) = 1
2sσ

α1ς (s;w), Xβ1ς (s, 0, 1;w) = (1− 1
2s )σβ1ς (s;w)

Cor. 1.1.1.{
X{α1ς ··αnςβ1ς ··βlς}(s, n, l;w) := NAς (s;w)[σ{α1ς ( 1

2 ;w) · ·σαnς ( 1
2 ;w)]Aς

Bς [σβ1ς (s− 1
2 ;w) · ·σβlς}(s− 1

2 ;w)]N̄Bς (s;w)

X{}(s, 0, 0;w) := 1, X{α1ς}(s, 1, 0;w) = 1
2sσ

α1ς (s;w), X{β1ς}(s, 0, 1;w) = (1− 1
2s )σβ1ς (s;w)

1.1.2 Recursive relations of composite constant invariant tensor Xα1ς ··αnςβ1ς ··βlς (s, n, l;w)

Thm. 1.1.1. X{α1ς ··αnςβ1ς ··βlς}(s, n, l;w) = 1
4

1
(n+l−2)!X

{{α1ς ··α(n−2)ςβ1ς ··βlς}(s, n− 2, l;w)δα(n−1)ςαnς}

Proof: X{α1ς ··αnςβ1ς ··βlς}(s, n, l;w) = NAς (s;w)[σ{α1ς ( 1
2 ;w)··σαnς ( 1

2 ;w)]Aς
Bς [σβ1ς (s− 1

2 ;w)··σβlς}(s− 1
2 ;w)]N̄Bς (s;w)

= NAς (s;w)[σ{α1ς ( 1
2 ;w) · ·σα(n−2)ς ( 1

2 ;w)σα(n−1)ς ( 1
2 ;w)σαnς ( 1

2 ;w)]Aς
Bς [σβ1ς (s− 1

2 ;w) · ·σβlς}(s− 1
2 ;w)]N̄Bς (s;w)

= NAς (s;w){σ{α1ς ( 1
2 ;w) · ·σα(n−2)ς ( 1

2 ;w)[ 1
4δ
α(n−1)ςαnς ]}AςBς [σβ1ς (s− 1

2 ;w) · ·σβlς}(s− 1
2 ;w)]N̄Bς (s;w)

= 1
4

1
(n+l−2)!X

{{α1ς ··α(n−2)ςβ1ς ··βlς}(s, n− 2, l;w)δα(n−1)ςαnς}

Cor. 1.1.2. X{α1ς ··αnςβ1ς ··βlς}(s, n, l;w) =

{
1

2n
1
l!δ
{α1ςα2ς · ·δα(n−1)ςαnςX{β1ς ··βlς}}(s, 0, l;w), n = 2k

1
2(n−1)

1
(l+1)!δ

{α1ςα2ς · ·δα(n−2)ςα(n−1)ςX{αnςβ1ς ··βlς}}(s, 1, l;w), n = 2k + 1

Thm. 1.1.2. X{α1ς ··αnςβ1ς ··βlς}(s, n, l;w)
= 1

(n+l−1)!X
{{α1ς ··αnςβ1ς ··β(l−1)ς}(s, n, l− 1;w)σβlς}(s;w)− 1

4
1

(n+l−2)!X
{{α1ς ··α(n−1)ςβ1ς ··β(l−1)ς}(s, n− 1, l− 1;w)δαnςβlς}

Proof: X{α1ς ··αnςβ1ς ··βlς}(s, n, l;w) = NAς (s;w)[σ{α1ς ( 1
2 ;w)··σαnς ( 1

2 ;w)]Aς
Bς [σβ1ς (s− 1

2 ;w)··σβlς}(s− 1
2 ;w)]N̄Bς (s;w)

= NAς (s;w)[σ{α1ς ( 1
2 ;w)··σαnς ( 1

2 ;w)]Aς
Bς [σβ1ς (s− 1

2 ;w)··σβ(l−1)ς (s− 1
2 ;w)][N̄Bς (s;w)σβlς}(s;w)−σβlς}BςCς ( 1

2 ;w)N̄Cς (s;w)]

= NAς (s;w)[σ{α1ς ( 1
2 ;w) · ·σαnς ( 1

2 ;w)]Aς
Bς [σβ1ς (s− 1

2 ;w) · ·σβ(l−1)ς (s− 1
2 ;w)]N̄Bς (s;w)σβlς}(s;w)

−NAς (s;w)[σ{α1ς ( 1
2 ;w) · ·σαnς ( 1

2 ;w)σβlς ( 1
2 ;w)]Aς

Bς [σβ1ς (s− 1
2 ;w) · ·σβ(l−1)ς (s− 1

2 ;w)]N̄Bς (s;w)

= 1
(n+l−1)!X

{{α1ς ··αnςβ1ς ··β(l−1)ς}(s, n, l − 1;w)σβlς}(s;w)−X{α1ς ··αnςβ1ς ··βlς}(s, n+ 1, l − 1;w)

= 1
(n+l−1)!X

{{α1ς ··αnςβ1ς ··β(l−1)ς}(s, n, l− 1;w)σβlς}(s;w)− 1
4

1
(n+l−2)!X

{{α1ς ··α(n−1)ςβ1ς ··β(l−1)ς}(s, n− 1, l− 1;w)δαnςβlς}

1.2 Composite constant invariant tensors Mα1ς ··αnς (s, n;w) and Nα1ς ··αnς (s, n;w)

1.2.1 Introduction of Mα1ς ··αnς (s, n;w) and Nα1ς ··αnς (s, n;w)

Def. 1.2.1.{
Mα1ς ··αnς (s, n;w) := NAς (s;w)σα1ς (s− 1

2 ;w) · ·σαnς (s− 1
2 ;w)N̄Aς (s;w) = Xα1ς ··αnς (s, 0, n;w)

M(s, 0;w) = 1,Mα1ς (s, 1;w) = (1− 1
2s )σα1ς (s;w)

Cor. 1.2.1.{
M{α1ς ··αnς}(s, n;w) := NAς (s;w)σ{α1ς (s− 1

2 ;w) · ·σαnς}(s− 1
2 ;w)N̄Aς (s;w) = X{α1ς ··αnς}(s, 0, n;w)

M{}(s, 0;w) = 1,M{α1ς}(s, 1;w) = (1− 1
2s )σα1ς (s;w)

Def. 1.2.2.{
Nα1ς ··αnς (s, n;w) := NAς (s;w)σα1ς

Aς
Bς ( 1

2 ;w)σα2ς (s− 1
2 ;w) · ·σαnς (s− 1

2 ;w)N̄Bς (s;w) = Xα1ς ;α2ς ··αnς (s, 1, n− 1;w)

N(s, 0;w) = 1, Nα1ς (s, 1;w) = 1
2sσ

α1ς (s;w)
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Cor. 1.2.2.{
N{α1ς ··αnς}(s, n;w) := NAς (s;w)σ{α1ς

Aς
Bς ( 1

2 ;w)σα2ς (s− 1
2 ;w) · ·σαnς}(s− 1

2 ;w)N̄Bς (s;w) = X{α1ς ··αnς}(s, 1, n− 1;w)

N{}(s, 0;w) = 1, N{α1ς}(s, 1;w) = 1
2sσ

α1ς (s;w)

1.2.2 Recursive relations of M{α1ς ··αnς}(s, n;w) and N{α1ς ··αnς}(s, n;w)

Thm. 1.2.1.

N{α1ς ··αnς}(s, n;w) = 1
(n−1)!N

{{α1ς ··α(n−1)ς}(s, n− 1;w)σαnς}(s;w)− 1
4

1
(n−2)!M

{{α1ς ··α(n−2)ς}(s, n− 2;w)δα(n−1)ςαnς}

Proof: NAς (s;w)σ{α1ς
Aς
Bς ( 1

2 ;w)σα2ς (s− 1
2 ;w) · ·σαnς}(s− 1

2 ;w)N̄Bς (s;w)

= NAς (s;w)σ{α1ς
Aς
Bς ( 1

2 ;w)σα2ς (s− 1
2 ;w) · ·σα(n−1)ς (s− 1

2 ;w)[N̄Bς (s;w)σαnς}(s;w)− σαnς}BςCς ( 1
2 ;w)N̄Cς (s;w)]

= NAς (s;w)σ{α1ς
Aς
Bς ( 1

2 ;w)σα2ς (s− 1
2 ;w) · ·σα(n−1)ς (s− 1

2 ;w)N̄Bς (s;w)σαnς}(s;w)

−NAς (s;w)σ{α1ς
Aς
Bς ( 1

2 ;w)σα2ς (s− 1
2 ;w) · ·σα(n−1)ς (s− 1

2 ;w)σαnς}Bς
Cς ( 1

2 ;w)N̄Cς (s;w)

= 1
(n−1)!N

{{α1ς ··α(n−1)ς}(s, n− 1;w)σαnς}(s;w)− 1
4

1
(n−2)!M

{{α1ς ··α(n−2)ς}(s, n− 2;w)δα(n−1)ςαnς}

Thm. 1.2.2. N{α1ς ··αnς}(s, n;w) = 1
(n−1)!M

{{α1ς ··α(n−1)ς}(s, n− 1;w)σαnς}(s;w)−M{α1ς ··αnς}(s, n;w)

Proof: M{α1ς ··αnς}(s, n;w)
= NAς (s;w)σ{α1ς (s− 1

2 ;w) · ·σαnς}(s− 1
2 ;w)N̄Aς (s;w)

= NAς (s;w)σ{α1ς (s− 1
2 ;w) · ·σα(n−1)ς (s− 1

2 ;w)[N̄Aς (s;w)σαnς}(s;w)− σαnς}AςBς ( 1
2 ;w)N̄Bς (s;w)]

= NAς (s;w) 1
(n−1)!σ

{{α1ς (s− 1
2 ;w) · ·σα(n−1)ς}(s− 1

2 ;w)N̄Aς (s;w)σαnς}(s;w)

−NAς (s;w)σ{α1ς (s− 1
2 ;w) · ·σα(n−1)ς (s− 1

2 ;w)σαnς}Aς
Bς ( 1

2 ;w)N̄Bς (s;w)

= 1
(n−1)!M

{{α1ς ··α(n−1)ς}(s, n− 1;w)σαnς}(s;w)−N{α1ς ··αnς}(s, n;w)

Cor. 1.2.3.

M{α1ς ··αnς}(s, n;w)
= 2

(n−1)!M
{{α1ς ··α(n−1)ς}(s, n− 1;w)σαnς}(s;w)− 1

(n−2)!M
{{α1ς ··α(n−2)ς}(s, n− 2;w)σα(n−1)ς (s;w)σαnς}(s;w)

+ 1
4

1
(n−2)!M

{{α1ς ··α(n−2)ς}(s, n− 2;w)δα(n−1)ςαnς}, n ≥ 2

Proof: N{α1ς ··αnς}(s, n;w)
= 1

(n−1)!N
{{α1ς ··α(n−1)ς}(s, n− 1;w)σαnς}(s;w)− 1

4
1

(n−2)!M
{{α1ς ··α(n−2)ς}(s, n− 2;w)δα(n−1)ςαnς}

⇔ 1
(n−1)!M

{{α1ς ··α(n−1)ς}(s, n− 1;w)σαnς}(s;w)−M{α1ς ··αnς}(s, n;w)

= 1
(n−1)! [

1
(n−2)!M

{{{α1ς ··α(n−2)ς}(s, n− 2;w)σα(n−1)ς}(s;w)−M{{α1ς ··α(n−1)ς}(s, n− 1;w)]σαnς}(s;w)

− 1
4

1
(n−2)!M

{{α1ς ··α(n−2)ς}(s, n− 2;w)δα(n−1)ςαnς}

⇔ 1
(n−1)!M

{{α1ς ··α(n−1)ς}(s, n− 1;w)σαnς}(s;w)−M{α1ς ··αnς}(s, n;w)

= 1
(n−2)!M

{{α1ς ··α(n−2)ς}(s, n− 2;w)σα(n−1)ς (s;w)σαnς}(s;w)− 1
(n−1)!M

{{α1ς ··α(n−1)ς}(s, n− 1;w)σαnς}(s;w)

− 1
4

1
(n−2)!M

{{α1ς ··α(n−2)ς}(s, n− 2;w)δα(n−1)ςαnς}

⇔M{α1ς ··αnς}(s, n;w)
= 2

(n−1)!M
{{α1ς ··α(n−1)ς}(s, n− 1;w)σαnς}(s;w)− 1

(n−2)!M
{{α1ς ··α(n−2)ς}(s, n− 2;w)σα(n−1)ς (s;w)σαnς}(s;w)

+ 1
4

1
(n−2)!M

{{α1ς ··α(n−2)ς}(s, n− 2;w)δα(n−1)ςαnς}, n ≥ 2

Cor. 1.2.4. M{α1ς ··αnς}(s, n;w) = 2
(n−1)!M

{{α1ς ··α(n−1)ς}(s, n− 1;w)σαnς}(s;w)

+ 1
(n−2)!M

{{α1ς ··α(n−2)ς}(s, n− 2;w)[ 1
4δ
α(n−1)ςαnς} − σα(n−1)ς (s;w)σαnς}(s;w)]

1.2.3 Recursive relations deepening

Cor. 1.2.5.

M{α1ς ··α(n−1)ς}(s, n− 1;w)
= 2

(n−2)!M
{{α1ς ··α(n−2)ς}(s, n− 2;w)σα(n−1)ς}(s;w)− 1

(n−3)!M
{{α1ς ··α(n−3)ς}(s, n− 3;w)σα(n−2)ς (s;w)σα(n−1)ς}(s;w)

+ 1
4

1
(n−3)!M

{{α1ς ··α(n−3)ς}(s, n− 3;w)δα(n−2)ςα(n−1)ς}, n ≥ 2

Cor. 1.2.6. M{α1ς ··αnς}(s, n;w)
= 1

(n−2)!M
{{α1ς ··α(n−2)ς}(s, n− 2;w)[ 1

4δ
α(n−1)ςαnς} + 3σα(n−1)ς (s;w)σαnς}(s;w)]

+ 1
(n−3)!M

{{α1ς ··α(n−3)ς}(s, n− 3;w)[ 1
2δ
α(n−2)ςα(n−1)ς − 2σα(n−2)ς (s;w)σα(n−1)ς (s;w)]σαnς}(s;w)

Proof: M{α1ς ··αnς}(s, n;w)
= 2

(n−1)!M
{{α1ς ··α(n−1)ς}(s, n− 1;w)σαnς}(s;w)− 1

(n−2)!M
{{α1ς ··α(n−2)ς}(s, n− 2;w)σα(n−1)ς (s;w)σαnς}(s;w)

+ 1
4

1
(n−2)!M

{{α1ς ··α(n−2)ς}(s, n− 2;w)δα(n−1)ςαnς}, n ≥ 2

= 2
(n−1)! [

2
(n−2)!M

{{{α1ς ··α(n−2)ς}(s, n− 2;w)σα(n−1)ς}(s;w)
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− 1
(n−3)!M

{{{α1ς ··α(n−3)ς}(s, n− 3;w)σα(n−2)ς (s;w)σα(n−1)ς}(s;w)

+ 1
4

1
(n−3)!M

{{{α1ς ··α(n−3)ς}(s, n− 3;w)δα(n−2)ςα(n−1)ς}]σαnς}(s;w)

− 1
(n−2)!M

{{α1ς ··α(n−2)ς}(s, n− 2;w)σα(n−1)ς (s;w)σαnς}(s;w)

+ 1
4

1
(n−2)!M

{{α1ς ··α(n−2)ς}(s, n− 2;w)δα(n−1)ςαnς}, n ≥ 2

= 2[ 2
(n−2)!M

{{α1ς ··α(n−2)ς}(s, n− 2;w)σα(n−1)ς (s;w)σαnς}(s;w)

− 1
(n−3)!M

{{α1ς ··α(n−3)ς}(s, n− 3;w)σα(n−2)ς (s;w)σα(n−1)ς (s;w)σαnς}(s;w)

+ 1
4

1
(n−3)!M

{{α1ς ··α(n−3)ς}(s, n− 3;w)δα(n−2)ςα(n−1)ςσαnς}(s;w)]

− 1
(n−2)!M

{{α1ς ··α(n−2)ς}(s, n− 2;w)σα(n−1)ς (s;w)σαnς}(s;w)

+ 1
4

1
(n−2)!M

{{α1ς ··α(n−2)ς}(s, n− 2;w)δα(n−1)ςαnς}, n ≥ 2

= 3
(n−2)!M

{{α1ς ··α(n−2)ς}(s, n− 2;w)σα(n−1)ς (s;w)σαnς}(s;w)

+ 1
4

1
(n−2)!M

{{α1ς ··α(n−2)ς}(s, n− 2;w)δα(n−1)ςαnς}

− 2
(n−3)!M

{{α1ς ··α(n−3)ς}(s, n− 3;w)σα(n−2)ς (s;w)σα(n−1)ς (s;w)σαnς}(s;w)

+ 1
4

2
(n−3)!M

{{α1ς ··α(n−3)ς}(s, n− 3;w)δα(n−2)ςα(n−1)ςσαnς}(s;w)

= 1
(n−2)!M

{{α1ς ··α(n−2)ς}(s, n− 2;w)[ 1
4δ
α(n−1)ςαnς} + 3σα(n−1)ς (s;w)σαnς}(s;w)]

+ 1
(n−3)!M

{{α1ς ··α(n−3)ς}(s, n− 3;w)[ 1
2δ
α(n−2)ςα(n−1)ς − 2σα(n−2)ς (s;w)σα(n−1)ς (s;w)]σαnς}(s;w)

Cor. 1.2.7. M{α1ς ··αn−2ς}(s, n;w)
= 2

(n−3)!M
{{α1ς ··α(n−3)ς}(s, n−3;w)σα(n−2)ς}(s;w)+ 1

(n−4)!M
{{α1ς ··α(n−4)ς}(s, n−4;w)[ 1

4δ
α(n−3)ςα(n−2)ς}−σα(n−3)ς (s;w)σα(n−2)ς}(s;w)]

Cor. 1.2.8. M{α1ς ··αnς}(s, n;w)
= 1

(n−2)!M
{{α1ς ··α(n−2)ς}(s, n− 2;w)[ 1

4δ
α(n−1)ςαnς} + 3σα(n−1)ς (s;w)σαnς}(s;w)]

+ 1
(n−3)!M

{{α1ς ··α(n−3)ς}(s, n− 3;w)[ 1
2δ
α(n−2)ςα(n−1)ς − 2σα(n−2)ς (s;w)σα(n−1)ς (s;w)]σαnς}(s;w)

= 1
(n−2)!{

2
(n−3)!M

{{α1ς ··α(n−3)ς}(s, n− 3;w)σα(n−2)ς}(s;w)

+ 1
(n−4)!M

{{α1ς ··α(n−4)ς}(s, n−4;w)[ 1
4δ
α(n−3)ςα(n−2)ς}−σα(n−3)ς (s;w)σα(n−2)ς}(s;w)]}[ 1

4δ
α(n−1)ςαnς}+3σα(n−1)ς (s;w)σαnς}(s;w)]

+ 1
(n−3)!M

{{α1ς ··α(n−3)ς}(s, n− 3;w)[ 1
2δ
α(n−2)ςα(n−1)ς − 2σα(n−2)ς (s;w)σα(n−1)ς (s;w)]σαnς}(s;w)

= 2
(n−3)!M

{α1ς ··α(n−3)ς}(s, n− 3;w)σα(n−2)ς (s;w)[ 1
4δ
α(n−1)ςαnς} + 3σα(n−1)ς (s;w)σαnς}(s;w)]

+ 1
(n−4)!M

{α1ς ··α(n−4)ς}(s, n−4;w)[ 1
4δ
α(n−3)ςα(n−2)ς−σα(n−3)ς (s;w)σα(n−2)ς (s;w)][ 1

4δ
α(n−1)ςαnς}+3σα(n−1)ς (s;w)σαnς}(s;w)]

+ 1
(n−3)!M

{{α1ς ··α(n−3)ς}(s, n− 3;w)[ 1
2δ
α(n−2)ςα(n−1)ς − 2σα(n−2)ς (s;w)σα(n−1)ς (s;w)]σαnς}(s;w)

= 1
(n−3)!M

{{α1ς ··α(n−3)ς}(s, n− 3;w)[δα(n−2)ςα(n−1)ς + 4σα(n−2)ς (s;w)σα(n−1)ς (s;w)]σαnς}(s;w)

+ 1
(n−4)!M

{α1ς ··α(n−4)ς}(s, n−4;w)[ 1
4δ
α(n−3)ςα(n−2)ς−σα(n−3)ς (s;w)σα(n−2)ς (s;w)][ 1

4δ
α(n−1)ςαnς}+3σα(n−1)ς (s;w)σαnς}(s;w)]

1.2.4 Direct calculation of Nα1ς ··αnς (s, n;w) by using full symmetry technique

Pro. 1.2.1. N{ας}(s, 1) = NAς (s;w)σαςAς
Bς ( 1

2 ;w)N̄Bς (s;w) = 1
2sσ

ας (s;w)

Pro. 1.2.2. N{αςβς}(s, 2) = NAς (s;w)σ{αςAς
Bς ( 1

2 ;w)σβς}(s− 1
2 ;w)N̄Bς (s;w)

= 1
2s [σ{ας (s;w)σβς}(s;w)− s

2δ
{αςβς}]

Proof: NAς (s;w)σ{αςAς
Bς ( 1

2 ;w)σβς}(s− 1
2 ;w)N̄Bς (s;w)

= NAς (s;w)σ{αςAς
Bς ( 1

2 ;w)[N̄Bς (s;w)σβς}(s;w)− σβς}BςCς ( 1
2 ;w)N̄Cς (s;w)]

= NAς (s;w)σ{αςAς
Bς ( 1

2 ;w)N̄Bς (s;w)σβς}(s;w)−NAς (s;w)σ{αςAς
Bς ( 1

2 ;w)σβς}Bς
Cς ( 1

2 ;w)N̄Cς (s;w)

= 1
2sσ
{ας (s;w)σβς}(s;w)−NAς (s;w) 1

2δAς
Cς δαςβς N̄Cς (s;w)

= 1
2s [σ{ας (s;w)σβς}(s;w)− s

2δ
{αςβς}]

Pro. 1.2.3. N{αςβςγς}(s, 3) = NAς (s;w)σ{αςAς
Bς ( 1

2 ;w)σβς (s− 1
2 ;w)σγς}(s− 1

2 ;w)N̄Bς (s;w)

= 1
2s [σ{ας (s;w)σβς (s;w)σγς}(s;w) + 1−4s

4 σ{ας (s;w)δβςγς}]

Proof: NAς (s;w)σ{αςAς
Bς ( 1

2 ;w)σβς (s− 1
2 ;w)σγς}(s− 1

2 ;w)N̄Bς (s;w)

= NAς (s;w)σ{αςAς
Bς ( 1

2 ;w)σβς (s− 1
2 ;w)[N̄Bς (s;w)σγς}(s;w)− σγς}BςCς ( 1

2 ;w)N̄Cς (s;w)]

= NAς (s;w) 1
2!σ
{{ας

Aς
Bς ( 1

2 ;w)σβς}(s− 1
2 ;w)N̄Bς (s;w)σγς}(s;w)

−NAς (s;w)σ{αςAς
Bς ( 1

2 ;w)σγςBς
Cς ( 1

2 ;w)σβς}(s− 1
2 ;w)N̄Cς (s;w)

= 1
2s

1
2! [σ

{{ας (s;w)σβς}(s;w)− s
2δ
{{αςβς}]σγς}(s;w)

−NAς (s;w) 1
2!σ
{{ας

Aς
Bς ( 1

2 ;w)σγς}Bς
Cς ( 1

2 ;w)σβς}(s− 1
2 ;w)N̄Cς (s;w)

= 1
2s [σ{ας (s;w)σβς (s;w)− s

2δ
{αςβς ]σγς}(s;w)−NAς (s;w) 1

2!
1
2δAς

Cς δ{αςγςσβς}(s− 1
2 ;w)N̄Cς (s;w)

= 1
2s [σ{ας (s;w)σβς (s;w)− s

2δ
{αςβς ]σγς}(s;w)− 1

2!
1
2δ
{αςγςNAς (s;w)σβς}(s− 1

2 ;w)N̄Aς (s;w)

= 1
2s [σ{ας (s;w)σβς (s;w)σγς}(s;w) + 1−4s

4 σ{ας (s;w)δβςγς}]
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Pro. 1.2.4. N{αςβςγςης}(s, 4;w) = NAς (s;w)σ{αςAς
Bς ( 1

2 ;w)σβς (s− 1
2 ;w)σγς (s− 1

2 ;w)σης}(s− 1
2 ;w)N̄Bς (s;w)

= 1
2s [σ{ας (s;w)σβς (s;w)σγς (s;w)σης}(s;w) + 3

4 (1− 2s)σ{ας (s;w)σβς (s;w)δγςης} − s
8δ
{αςβς δγςης}]

Cor. 1.2.9.
N{ας}(s, 1;w) = 1

2sσ
ας (s;w)

N{αςβς}(s, 2;w) = 1
2s [σ{ας (s;w)σβς}(s;w)− s

2δ
{αςβς}]

N{αςβςγς}(s, 3;w) = 1
2s [σ{ας (s;w)σβς (s;w)σγς}(s;w)− 1+2s

4 σ{ας (s;w)δβςγς}]

N{αςβςγςης}(s, 4;w) = 1
2s [σ{ας (s;w)σβς (s;w)σγς (s;w)σης}(s;w) + 3

4 (1− 2s)σ{ας (s;w)σβς (s;w)δγςης} − s
8δ
{αςβς δγςης}]

1.2.5 Direct calculation of first few items for constant invariant tensors Nα1ς ··αnς (s, n)

Pro. 1.2.5. Nας (s, 1) = NAς (s)σαςAς
Bς ( 1

2 )N̄Bς (s) = 1
2sσ

ας (s)

Pro. 1.2.6. Nαςβς (s, 2) = NAς (s)σαςAς
Bς ( 1

2 )σβς (s− 1
2 )N̄Bς (s) = 1

4s [σ{ας (s)σβς}(s)− sδαςβς ]

Proof: NAς (s)σαςAς
Bς ( 1

2 )σβς (s− 1
2 )N̄Bς (s)

= NAς (s)σαςAς
Bς ( 1

2 )[−σβςBςCς ( 1
2 )N̄Cς (s) + N̄Bς (s)σ

βς (s)]

= − 1
4s [sδαςβς + σ[ας (s)σβς ](s)] + 1

2sσ
ας (s)σβς (s)

= 1
4s [σ{ας (s)σβς}(s)− sδαςβς ]

Pro. 1.2.7. Nαςβςγς (s, 3) = NAς (s)σαςAς
Bς ( 1

2 )σβς (s− 1
2 )σγς (s− 1

2 )N̄Bς (s)

= 1
8s [σας (s)δβςγς − δας [βςσγς ](s)]− 1

4δ
ας{βςσγς}(s) + 1

4s [σας (s)σ[βς (s)σγς ](s) + σ{βς (s)[σας (s)]σγς}(s)]

Proof: NAς (s)σαςAς
Bς ( 1

2 )σβς (s− 1
2 )σγς (s− 1

2 )N̄Bς (s)
= NAς (s)σαςAς

Bς ( 1
2 )σβς (s− 1

2 )[−σγςBςCς ( 1
2 )N̄Cς (s) + N̄Bς (s)σ

γς (s)]

= −NAς (s)σαςAς
Bς ( 1

2 )σγςBς
Cς ( 1

2 )σβς (s− 1
2 )N̄Cς (s) + 1

4s [σ{ας (s)σβς}(s)− sδαςβς ]σγς (s)
= −NAς (s)σαςAς

Bς ( 1
2 )σγςBς

Cς ( 1
2 )[−σβςCςDς ( 1

2 )N̄Dς (s) + N̄Cς (s)σ
βς (s)] + 1

4s [σ{ας (s)σβς}(s)− sδαςβς ]σγς (s)
= 1

8s [σας (s)δγςβς − δας [βςσγς ](s)]− 1
4s [sδαςγς + σ[ας (s)σγς ](s)]σβς (s) + 1

4s [σ{ας (s)σβς}(s)− sδαςβς ]σγς (s)
= 1

8s [σας (s)δγςβς − δας [βςσγς ](s)]− 1
4δ
ας{βςσγς}(s) + 1

4s{σ
{ας (s)σβς}(s)σγς (s)− σ[ας (s)σγς ](s)σβς (s)}

= 1
8s [σας (s)δβςγς − δας [βςσγς ](s)]− 1

4δ
ας{βςσγς}(s) + 1

4s [σας (s)σ[βς (s)σγς ](s) + σ{βς (s)[σας (s)]σγς}(s)]

Cor. 1.2.10.

NAς (s)σαςAς
Bς ( 1

2 )σ{βς (s− 1
2 )σγς}(s− 1

2 )N̄Bς (s) = 1
4sσ

ας (s)δβςγς − 1
2δ
ας{βςσγς}(s) + 1

2sσ
{βς (s)[σας (s)]σγς}(s)

Pro. 1.2.8. Nαςβςγςης (s, 4) = NAς (s)σαςAς
Bς ( 1

2 )σβς (s− 1
2 )σγς (s− 1

2 )σης (s− 1
2 )N̄Bς (s)

= − 1
16 (δαςης δγςβς + δαςβς δγςης − δαςγς δβςης ) + i

16s [εγςβςαςσης (s)− εγςβςηςσας (s)]
− 1

16s [δαςηςσ[γς (s)σβς ](s) + σ[ας (s)σης ](s)δγςβς ]

+ 1
8s [σας (s)δηςγς + δας [ηςσγς ](s)]σβς (s) + 1

8s [σας (s)δηςβς + δας [ηςσβς ](s)]σγς (s) + 1
8s [σας (s)δβςγς − δας [βςσγς ](s)]σης (s)

− 1
4 [δαςηςσβς (s)σγς (s) + δας{βςσγς}(s)σης (s)]

+ 1
4s [σας (s)σ[βς (s)σγς ](s)σης (s) + σ{βς (s)[σας (s)]σγς}(s)σης (s)− σ[ας (s)σης ](s)σβς (s)σγς (s)]

Proof: NAς (s)σαςAς
Bς ( 1

2 )σβς (s− 1
2 )σγς (s− 1

2 )σης (s− 1
2 )N̄Bς (s)

= NAς (s)σαςAς
Bς ( 1

2 )σβς (s− 1
2 )σγς (s− 1

2 )[−σηςBςCς ( 1
2 )N̄Cς (s) + N̄Bς (s)σ

ης (s)]
= −NAς (s)σαςAς

Bς ( 1
2 )σηςBς

Cς ( 1
2 )σβς (s− 1

2 )σγς (s− 1
2 )N̄Cς (s)

+NAς (s)σαςAς
Bς ( 1

2 )σβς (s− 1
2 )σγς (s− 1

2 )N̄Bς (s)σ
ης (s)

= −NAς (s)σαςAς
Bς ( 1

2 )σηςBς
Cς ( 1

2 )σβς (s− 1
2 )[−σγςCςDς ( 1

2 )N̄Dς (s) + N̄Cς (s)σ
γς (s)]

+NAς (s)σαςAς
Bς ( 1

2 )σβς (s− 1
2 )σγς (s− 1

2 )N̄Bς (s)σ
ης (s)

= NAς (s)σαςAς
Bς ( 1

2 )σηςBς
Cς ( 1

2 )σγςCς
Dς ( 1

2 )σβς (s− 1
2 )N̄Dς (s)

−NAς (s)σαςAς
Bς ( 1

2 )σηςBς
Cς ( 1

2 )σβς (s− 1
2 )N̄Cς (s)σ

γς (s)
+NAς (s)σαςAς

Bς ( 1
2 )σβς (s− 1

2 )σγς (s− 1
2 )N̄Bς (s)σ

ης (s)
= NAς (s)σαςAς

Bς ( 1
2 )σηςBς

Cς ( 1
2 )σγςCς

Dς ( 1
2 )[−σβςDςEς ( 1

2 )N̄Eς (s) + N̄Dς (s)σ
βς (s)]

−NAς (s)σαςAς
Bς ( 1

2 )σηςBς
Cς ( 1

2 )σβς (s− 1
2 )N̄Cς (s)σ

γς (s)
+NAς (s)σαςAς

Bς ( 1
2 )σβς (s− 1

2 )σγς (s− 1
2 )N̄Bς (s)σ

ης (s)
= −NAς (s)σαςAς

Bς ( 1
2 )σηςBς

Cς ( 1
2 )σγςCς

Dς ( 1
2 )σβςDς

Eς ( 1
2 )N̄Eς (s)

+NAς (s)σαςAς
Bς ( 1

2 )σηςBς
Cς ( 1

2 )σγςCς
Dς ( 1

2 )N̄Dς (s)σ
βς (s)

−NAς (s)σαςAς
Bς ( 1

2 )σηςBς
Cς ( 1

2 )σβς (s− 1
2 )N̄Cς (s)σ

γς (s)
+NAς (s)σαςAς

Bς ( 1
2 )σβς (s− 1

2 )σγς (s− 1
2 )N̄Bς (s)σ

ης (s)
= − 1

16 (δαςης δγςβς + δαςβς δγςης − δαςγς δβςης )
− 1

16s [δαςηςσ[γς (s)σβς ](s) + σ[ας (s)σης ](s)δγςβς ] + i
16s [εγςβςαςσης (s)− εγςβςηςσας (s)]

+ 1
8s [σας (s)δηςγς + δας [ηςσγς ](s)]σβς (s)

+ 1
8s [σας (s)δηςβς + δας [ηςσβς ](s)]σγς (s)− 1

4s [sδαςης + σ[ας (s)σης ](s)]σβς (s)σγς (s)

+ 1
8s [σας (s)δβςγς − δας [βςσγς ](s)]σης (s)− 1

4δ
ας{βςσγς}(s)σης (s)
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+ 1
4s [σας (s)σ[βς (s)σγς ](s) + σ{βς (s)[σας (s)]σγς}(s)]σης (s)

= − 1
16 (δαςης δγςβς + δαςβς δγςης − δαςγς δβςης ) + i

16s [εγςβςαςσης (s)− εγςβςηςσας (s)]
− 1

16s [δαςηςσ[γς (s)σβς ](s) + σ[ας (s)σης ](s)δγςβς ]

+ 1
8s [σας (s)δηςγς + δας [ηςσγς ](s)]σβς (s) + 1

8s [σας (s)δηςβς + δας [ηςσβς ](s)]σγς (s) + 1
8s [σας (s)δβςγς − δας [βςσγς ](s)]σης (s)

− 1
4 [δαςηςσβς (s)σγς (s) + δας{βςσγς}(s)σης (s)]

+ 1
4s [σας (s)σ[βς (s)σγς ](s)σης (s) + σ{βς (s)[σας (s)]σγς}(s)σης (s)− σ[ας (s)σης ](s)σβς (s)σγς (s)]

Cor. 1.2.11. NAς (s)σαςAς
Bς ( 1

2 )σ{γς (s− 1
2 )[σβς (s− 1

2 )]σης}(s− 1
2 )N̄Bς (s)

= 1
8 (−δαςης δγςβς + δαςβς δγςης − δαςγς δβςης )− i

16s [εγςβςαςσης (s) + εηςβςαςσγς (s)]
1

16s [δαςηςσ[γς (s)σβς ](s) + δαςγςσ[ης (s)σβς ](s)− σ[ας (s)σης ](s)δγςβς − σ[ας (s)σγς ](s)δηςβς ]
+ 1

4s [σας (s)δηςγς ]σβς (s) + 1
4s [σας (s)δηςβς ]σγς (s) + 1

4s [σας (s)δβςγς ]σης (s)

− 1
4 [δας{βςσγς (s)σης}(s)]

+ 1
4s [σ{βς (s)[σας (s)]σγς (s)σης}(s)− σας (s)σ{βς (s)σγς (s)σης}(s) + 2σας (s)σ{γς (s)[σβς (s)]σης}(s)]

Cor. 1.2.12. NAς (s)σαςAς
Bς ( 1

2 )[(s− 3
2 )σβς (s− 1

2 )δγςης + (s− 1
2 )δβς{γςσης}(s− 1

2 )]N̄Bς (s)

= (s− 3
2 ) 1

4s [σ{ας (s)σβς}(s)− sδαςβς ]δγςης + (s− 1
2 ) 1

4s [σ{ας (s)σγς}(s)δηςβς + σ{ας (s)σης}(s)δγςβς − sδας{γς δης}βς ]}

Pro. 1.2.9. σας (s)δβςγς + σ{βς (s)[σας (s)]σγς}(s) = 1
3! [σ

{ας (s)δβςγς} + 2σ{ας (s)σβς (s)σγς}(s)]

1.3 Introduction of composite constant invariant tensor Γα1ς ··αnς
kς
lς (s;w)

1.3.1 Definition of composite constant invariant tensor Γα1ς ··αnς
kς
lς (s, n;w)

Def. 1.3.1.


Γα1ς ··αnς

kς
lς (s, n;w) := Γ

A1ς ··AnςA(n+1)ς ··A(2s)ς

kς
(s;w)

n∏
i=1

σαiςAiς
Biς ( 1

2 ;w)ΓlςB1ς ··BnςA(n+1)ς ··A(2s)ς
(s;w)

Γα′1ς ··α′nς
k′ς l′ς

(s, n;w) := Γ
k′ς
A′1ς ··A′nςA′(n+1)ς

··A′
(2s)ς

(s;w)
n∏
i=1

σα′iς
A′iςB′iς

( 1
2 ;w)Γ

B′1ς ··B
′
nςA

′
(n+1)ς ··A

′
(2s)ς

l′ς
(s;w)

Def. 1.3.2. Γα1ς ··αnς (s, n;w) :≺ Γα1ς ··αnς
kς
lς (s, n;w),Γα′1ς ··α′nς (s, n;w) :≺ Γα′1ς ··α′nς

k′ς l′ς
(s, n;w)

Cor. 1.3.1. Γα1ς ··αnς
kς
lς (s;w) ' Γα′1ς ··α′nς

k′ς l′ς
(s;w),Γα1ς ··αnς (s;w) ' Γα′1ς ··α′nς (s;w)

1.3.2 Recursive formula of composite constant invariant tensor Γα1ς ··αnς
kς
lς (s, n;w)

Thm. 1.3.1. Γα1ς ··αnς (s, n;w) = NA1ς (s;w)σα1ς
A1ς

B1ς ( 1
2 ;w)Γα2ς ··αnς (s, n− 1;w)N̄B1ς (s;w)

Proof: Γ{α1ς ··αnς}(s, n;w)

= Γ
A1ς ··AnςA(n+1)ς ··A(2s)ς

k1ς
(s;w)

n∏
i=1

σαiςAiς
Biς ( 1

2 ;w)Γl1ςB1ς ··BnςA(n+1)ς ··A(2s)ς
(s;w)

= N
A1ςk2ς

k1ς
(s;w)Γ

A2ς ··AnςA(n+1)ς ··A(2s)ς

k2ς
(s− 1

2 ;w)
n∏
i=1

σαiςAiς
Biς ( 1

2 ;w)N l1ς
B2ς l2ς

Γl2ςB2ς ··BnςA(n+1)ς ··A(2s)ς
(s;w)

= N
A1ςk2ς

k1ς
(s;w)σα1ς

A1ς
B1ς ( 1

2 ;w)

[Γ
A2ς ··AnςA(n+1)ς ··A(2s)ς

k2ς
(s− 1

2 ;w)
n∏
i=2

σαiςAiς
Biς ( 1

2 ;w)Γl2ςB2ς ··BnςA(n+1)ς ··A(2s)ς
(s− 1

2 ;w)]N l1ς
B1ς l1ς

(s;w)

= N
A1ςk2ς

k1ς
(s;w)σα1ς

A1ς
B1ς ( 1

2 ;w)Γα2ς ··αnς
k2ς

l2ς (s, n− 1;w)N l1ς
B1ς l1ς

(s;w)

= NA1ς (s;w)σα1ς
A1ς

B1ς ( 1
2 ;w)Γα2ς ··αnς (s, n− 1;w)N̄B1ς

(s;w)

Cor. 1.3.2. Γα1ς ··αnς (s, n;w)
= NA1ς (s;w) · ·NAnς (s− n−1

2 ;w)σα1ς
A1ς

B1ς ( 1
2 ;w) · ·σαnςAnςBnς ( 1

2 ;w)N̄Bnς (s− n−1
2 ;w) · ·N̄B1ς (s;w)

Cor. 1.3.3. Γα1ς ··αnς (s, n;w) = NAς1··Aςn(s, n;w)σα1ς
A1ς

B1ς ( 1
2 ;w) · ·σαnςAnςBnς ( 1

2 ;w)N̄Bς1··Bςn(s, n;w)

1.3.3 Direct calculation of first few items for constant invariant tensor Γα1ς ··αnς
kς
lς (s, n;w)

Pro. 1.3.1. NAς (s;w)σ{αςAς
Bς ( 1

2 ;w)σβςBς
Cς ( 1

2 ;w)σγς}(s− 1
2 ;w)N̄Cς (s;w) = 1

4 (1− 1
2s )σ{ας (s;w)δβςγς}

Pro. 1.3.2. Γας kς
lς (s, 1) = Γ

2s︷ ︸︸ ︷
AςBςCς · ·
kς

(s;w)σαςAς
Iς ( 1

2 ;w)ΓlςIςBςCς · ·︸ ︷︷ ︸
2s

(s;w) = 1
2sσ

ας
kς
lς (s;w)

= 1
(1!)2C

−1
2s σ

ας
kς
lς (s;w)

Pro. 1.3.3. Γαςβς kς
lς (s, 2) = Γ

2s︷ ︸︸ ︷
AςBςCς · ·
kς

(s;w)σαςAς
Iς ( 1

2 ;w)σβςBς
Jς ( 1

2 ;w)ΓlςIςJςCς · ·︸ ︷︷ ︸
2s

(s;w)

= 1
(2!)2C

−2
2s [σ{ας (s;w)σβς}(s;w)− s

2δ
{αςβς}]kς

lς
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Proof: Γ

2s︷ ︸︸ ︷
AςBςCς · ·
kς

(s;w)σαςAς
Iς ( 1

2 ;w)σβςBς
Jς ( 1

2 ;w)ΓlςIςJςCς · ·︸ ︷︷ ︸
2s

(s;w)

= 1
2!Γ

2s︷ ︸︸ ︷
AςBςCς · ·
kς

(s;w)σ{αςAς
Iς ( 1

2 ;w)σβς}Bς
Jς ( 1

2 ;w)ΓlςIςJςCς · ·︸ ︷︷ ︸
2s

(s;w)

= 1
2! [N

Aς (s;w)σ{αςAς
Bς ( 1

2 ;w) 1
2s−1σ

βς}(s− 1
2 ;w)N̄Bς (s;w)]kς

lς

= 1
2s−1

1
4s [σ{ας (s;w)σβς}(s;w)− sδαςβς ]kς lς

= 1
(2!)2C

−2
2s [σ{ας (s;w)σβς}(s;w)− s

2δ
{αςβς}]kς

lς

Pro. 1.3.4. Γαςβςγς kς
lς (s, 3) = Γ

2s︷ ︸︸ ︷
AςBςCςDς · ·
kς

(s;w)σαςAς
Iς ( 1

2 ;w)σβςBς
Jς ( 1

2 ;w)σγςCς
Kς ( 1

2 ;w)ΓlςIςJςKςDς · ·︸ ︷︷ ︸
2s

(s;w)

= 1
(3!)2C

−3
2s [σ{ας (s;w)σβς (s;w)σγς}(s;w) + 1−3s

2 σ{ας (s;w)δβςγς}]

Proof: Γ

2s︷ ︸︸ ︷
AςBςCςDς · ·
kς

(s;w)σαςAς
Iς ( 1

2 ;w)σβςBς
Jς ( 1

2 ;w)σγςCς
Kς ( 1

2 ;w)ΓlςIςJςKςDς · ·︸ ︷︷ ︸
2s

(s;w)

= NAς (s;w)σαςAς
Bς ( 1

2 ;w) 1
2s−2 [ 1

4s−2σ
{βς (s− 1

2 ;w)σγς}(s− 1
2 ;w)− 1

4δ
βςγς ]N̄Bς (s;w)

= 1
4(s−1)(2s−1)N

Aς (s;w)σαςAς
Bς ( 1

2 ;w)σ{βς (s− 1
2 ;w)σγς}(s− 1

2 ;w)N̄Bς (s;w)− 1
16s(s−1)σ

ας (s;w)δβςγς

= 1
4(s−1)(2s−1){

1
2s [σας (s;w)δβςγς + σβς (s;w)σας (s;w)σγς (s;w) + σγς (s;w)σας (s;w)σβς (s;w)]− 1

4σ
{ας (s;w)δβςγς}}

= 1
4(s−1)(2s−1){

1
2s

1
3! [σ

{ας (s;w)δβςγς} + 2σ{ας (s;w)σβς (s;w)σγς}(s;w)]− 1
4σ
{ας (s;w)δβςγς}}

= 1
48s(s−1)(2s−1) [2σ{ας (s;w)σβς (s;w)σγς}(s;w) + (1− 3s)σ{ας (s;w)δβςγς}]

= 1

16s(s− 1
2 ;w)(s−1)

{σ{βς (s;w)[σας (s;w)]σγς}(s;w)− [(s− 1)σας (s;w)δβςγς + sδας{βςσγς}(s;w)]}

= 1
(3!)2C

−3
2s [σ{ας (s;w)σβς (s;w)σγς}(s;w) + 1−3s

2 σ{ας (s;w)δβςγς}]

Pro. 1.3.5. Γαςβςγςης kς
lς (s, 4)

= Γ

2s︷ ︸︸ ︷
AςBςCςDς · ·
kς

(s;w)σαςAς
Iς ( 1

2 ;w)σβςBς
Jς ( 1

2 ;w)σγςCς
Kς ( 1

2 ;w)σηςDς
Lς ( 1

2 ;w)ΓlςIςJςKςLς · ·︸ ︷︷ ︸
2s

(s;w)

= 1
(4!)2C

−4
2s [σ{ας (s;w)σβς (s;w)σγς (s;w)σης}(s;w) + (2− 3s)σ{ας (s;w)σβς (s;w)δγςης} + 3

4s(s− 1)δ{αςβς δγςης}]

Proof: Γ

2s︷ ︸︸ ︷
AςBςCςDς · ·
kς

(s;w)σαςAς
Iς ( 1

2 ;w)σβςBς
Jς ( 1

2 ;w)σγςCς
Kς ( 1

2 ;w)σηςDς
Lς ( 1

2 ;w)ΓlςIςJςKςLς · ·︸ ︷︷ ︸
2s

(s;w)

= 1

16(s− 1
2 ;w)(s−1)(s− 3

2 )
NAς (s;w)σαςAς

Bς ( 1
2 ;w)

{σ{γς (s− 1
2 ;w)[σβς (s− 1

2 ;w)]σης}(s− 1
2 ;w)− [(s− 3

2 )σβς (s− 1
2 ;w)δγςης + (s− 1

2 )δβς{γςσης}(s− 1
2 ;w)]}N̄Bς (s;w)

= 1

16(s− 1
2 ;w)(s−1)(s− 3

2 )

{ 1
8 (−δαςης δγςβς + δαςβς δγςης − δαςγς δβςης )− i

16s [εγςβςαςσης (s;w) + εηςβςαςσγς (s;w)]
1

16s [δαςηςσ[γς (s;w)σβς ](s;w) + δαςγςσ[ης (s;w)σβς ](s;w)− σ[ας (s;w)σης ](s;w)δγςβς − σ[ας (s;w)σγς ](s;w)δηςβς ]

+ 1
4s [σας (s;w)δηςγς ]σβς (s;w) + 1

4s [σας (s;w)δηςβς ]σγς (s;w) + 1
4s [σας (s;w)δβςγς ]σης (s;w)− 1

4 [δας{βςσγς (s;w)σης}(s;w)]

+ 1
4s [σ{βς (s;w)[σας (s;w)]σγς (s;w)σης}(s;w)−σας (s;w)σ{βς (s;w)σγς (s;w)σης}(s;w)+2σας (s;w)σ{γς (s;w)[σβς (s;w)]σης}(s;w)]

− (s− 3
2 ) 1

4s [σ{ας (s;w)σβς}(s;w)− sδαςβς ]δγςης − (s− 1
2 ;w) 1

4s [σ{ας (s;w)σγς}(s;w)δηςβς + σ{ας (s;w)σης}(s;w)δγςβς −
sδας{γς δης}βς ]}
= 1

(4!)2C
−4
2s [σ{ας (s;w)σβς (s;w)σγς (s;w)σης}(s;w) + (2− 3s)σ{ας (s;w)σβς (s;w)δγςης} + 3

4s(s− 1)δ{αςβς δγςης}]

1.4 Expansion of M{α1ς ··αnς}(s, n;w), N{α1ς ··αnς}(s, n;w),Γα1ς ··αnς (s, n;w)

1.4.1 Expansion and its recurrence relations of M{α1ς ··αnς}(s, n;w)

Def. 1.4.1. Ωi(s, n;w) := σ{α1ς (s;w) · ·σαiς (s;w)δα(i+1)ςα(i+1)ς · ·δ[α(n−1)ς ]αnς}

Def. 1.4.2. Ωα1ς ··αnς (s, n, n− 2k;w) := δ{α1ςα2ς · ·δα(2k−1)ςα(2k)ςσα(2k+1)ς (s;w) · ·σαnς}(s;w), 1 ≤ k ≤ [n/2]

Pro. 1.4.1.
[n/2]∑
k=0

cn−2kΩα1ς ··αnς (s, n, n− 2k;w) = 0⇔ cn−2k = 0, 1 ≤ k ≤ [n/2];∀αiς
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Proof:
[n/2]∑
k=0

cn−2kΩα1ς ··αnς (s, n, n− 2k;w) = 0

⇔ cnσ
{α1ς (s;w) · ·σαnς}(s;w) + δ{α1ςα2ς

[n/2]−1∑
k=0

cn−2−2kΩα1ς ··αnς (s, n− 2, n− 2− 2k;w) = 0

Thm. 1.4.1. M{α1ς ··αnς}(s, n;w) =
n∑
i=0

m(s, n; i)Ωi(s, n;w) =
[n/2]∑
k=0

m(s, n;n− 2k)Ωn−2k(s, n;n− 2k;w)

Thm. 1.4.2.
m(s, n; 0) = 1

4m(s, n− 2; 0)

m(s, n; 1) = 2m(s, n− 1; 0) + 1
4m(s, n− 2; 1)

m(s, n; i) = 2m(s, n− 1; i− 1)−m(s, n− 2; i− 2) + 1
4m(s, n− 2; i), 2 ≤ i ≤ n− 2

m(s, n; i) = 2m(s, n− 1; i− 1)−m(s, n− 2; i− 2), 2 < n− 1 ≤ i ≤ n


m(s, 0; 0) = 1

m(s, 1; 0) = 0

m(s, 1; 1) = 1− 1
2s

Proof:

M{α1ς ··αnς}(s, n;w) = 2
(n−1)!M

{{α1ς ··α(n−1)ς}(s, n−1;w)σαnς}(s;w)− 1
(n−2)!M

{{α1ς ··α(n−2)ς}(s, n−2;w)σα(n−1)ς (s;w)σαnς}(s;w)

+ 1
4

1
(n−2)!M

{{α1ς ··α(n−2)ς}(s, n− 2;w)δα(n−1)ςαnς}, n ≥ 2
⇔
n∑
i=0

m(s, n; i)Ωi(s;w) = 2
n−1∑
i=0

m(s, n− 1; i)Ωi+1(s;w)−
n−2∑
i=0

m(s, n− 2; i)Ωi+2(s;w) + 1
4

n−2∑
i=0

m(s, n− 2; i)Ωi(s;w), n ≥ 2

⇔
n∑
i=0

m(s, n; i)Ωi(s;w) = 2
n∑
i=1

m(s, n−1; i−1)Ωi(s;w)−
n∑
i=2

m(s, n−2; i−2)Ωi(s;w)+ 1
4

n−2∑
i=0

m(s, n−2; i)Ωi(s;w), n ≥ 2

⇔
m(s, n; 0) = 1

4m(s, n− 2; 0)

m(s, n; 1) = 2m(s, n− 1; 0) + 1
4m(s, n− 2; 1)

m(s, n; i) = 2m(s, n− 1; i− 1)−m(s, n− 2; i− 2) + 1
4m(s, n− 2; i), 2 ≤ i ≤ n− 2

m(s, n; i) = 2m(s, n− 1; i− 1)−m(s, n− 2; i− 2), 2 < n− 1 ≤ i ≤ n

The above expansion coefficient recurrence relation and initial conditions are independent of w.
Therefore, the general term expansion coefficients are also independent of w. For all w, they are
algebraic isomorphism and have the same expansion coefficients. Just need to figure out the expansion
coefficients of any w-algebra, whichever is convenient to use.
1.4.2 Expansion and its recurrence relations of N{α1ς ··αnς}(s, n;w)

Ass. 1.4.1. N{α1ς ··αnς}(s, n;w) =
n∑
i=0

n(s, n; i)Ωi(s, n;w)

Thm. 1.4.3.

{
n(s, n; 0) = −m(s, n; 0)

n(s, n; i) = m(s, n− 1; i− 1)−m(s, n; i), 1 ≤ i ≤ n

Proof: N{α1ς ··αnς}(s, n;w) = 1
(n−1)!M

{{α1ς ··α(n−1)ς}(s, n− 1;w)σαnς}(s;w)−M{α1ς ··αnς}(s, n;w)
⇔
n∑
i=0

n(s, n; i)Ωi(s;w) =
n−1∑
i=0

m(s, n− 1; i)Ωi+1(s;w)−
n∑
i=0

m(s, n; i)Ωi(s;w)

⇔
n∑
i=0

n(s, n; i)Ωi(s;w) =
n∑
i=1

m(s, n− 1; i− 1)Ωi(s;w)−
n∑
i=0

m(s, n; i)Ωi(s;w)

⇔{
n(s, n; 0) = −m(s, n; 0)

n(s, n; i) = m(s, n− 1; i− 1)−m(s, n; i), 1 ≤ i ≤ n

Because m(s, n; i) is independent of w, they are isomorphic for all w-algebras. And they have the same
expansion coefficients. Just need to figure out the expansion coefficients of any w-algebra, whichever
is convenient to use.
1.4.3 Expansion and its recurrence relations of Γ{α1ς ··αnς}(s;w)

Ass. 1.4.2. Γ{α1ς ··αnς}(s;w) =
n∑
i=0

c(s, n; i)Ωi(s, n;w)

Cor. 1.4.1. Γ{α1ς ··αnς}(s;w) = NAς (s;w)σ{α1ς
Aς
Bς ( 1

2 ;w)Γα2ς ··αnς}(s− 1
2 ;w)N̄Bς (s;w)

Thm. 1.4.4. c(s, n; i) =
n−1∑
j=i−1

c(s− 1
2 , n− 1; j)n(s, j + 1; i)
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Proof: Γ{α1ς ··αnς}(s;w) = NAς (s;w)σ{α1ς
Aς
Bς ( 1

2 ;w)Γα2ς ··αnς}(s− 1
2 ;w)N̄Bς (s;w)

⇔
n∑
i=0

c(s, n; i)Ωi(s;w) = NAς (s;w)σ{α1ς
Aς
Bς ( 1

2 ;w)
n−1∑
i=0

c(s− 1
2 , n− 1; i)Ωi}(s− 1

2 ;w)N̄Bς (s;w)

⇔
n∑
i=0

c(s, n; i)Ωi(s;w) =
n−1∑
i=0

c(s− 1
2 , n− 1; i)NAς (s;w)σ{α1ς

Aς
Bς ( 1

2 ;w)Ωi}(s− 1
2 ;w)N̄Bς (s;w)

⇔
n∑
i=0

c(s, n; i)Ωi(s;w) =
n−1∑
i=0

c(s− 1
2 , n− 1; i) 1

(i+1)!N
{{α1ς ··α(i+1)ς}(s, i+ 1)δα(i+2)ςα(i+3)ς · ·δα(n−1)ςαnς}

⇔
n∑
i=0

c(s, n; i)Ωi(s;w) =
n−1∑
i=0

c(s− 1
2 , n− 1; i)

i+1∑
j=0

n(s, i+ 1; j)Ωj(s;w)

⇔
n∑
i=0

c(s, n; i)Ωi(s;w) =
n−1∑
j=0

j+1∑
i=0

c(s− 1
2 , n− 1; j)n(s, j + 1; i)Ωi(s;w)

⇔ c(s, n; i) =
n−1∑
j=i−1

c(s− 1
2 , n− 1; j)n(s, j + 1; i)

Because n(s, n; i) is independent of w, they are isomorphic for all w-algebras. And they have the
same expansion coefficients. Then c(s, n; i) is also independent of w and they are isomorphic for all w-
algebras. They have the same expansion coefficients. Just need to figure out the expansion coefficients
of any w-algebra, whichever is convenient to use.
1.5 Apply iterative method to calculate expansion coefficients of first few items

Cor. 1.5.1.

m(s, n; 0) = 1
4m(s, n− 2; 0)

m(s, n; 1) = 2m(s, n− 1; 0) + 1
4m(s, n− 2; 1)

m(s, n; i) = 2m(s, n− 1; i− 1)−m(s, n− 2; i− 2) + 1
4m(s, n− 2; i), 2 ≤ i ≤ n− 2

m(s, n; i) = 2m(s, n− 1; i− 1)−m(s, n− 2; i− 2), 2 < n− 1 ≤ i ≤ n
m(s, 0; 0) = 1,m(s, 1; 0) = 0,m(s, 1; 1) = 1− 1

2s

Cor. 1.5.2.

m(s, 0; 0) = 1

m(s, 1; 0) = 0,m(s, 1; 1) = 1− 1
2s

m(s, 2; 0) = 1
4 ,m(s, 2; 1) = 0,m(s, 2; 2) = 1− 2

2s

m(s, 3; 0) = 0,m(s, 3; 1) = 3
4 −

1
8s ,m(s, 3; 2) = 0,m(s, 3; 3) = 1− 3

2s

m(s, 4; 0) = 1
16 ,m(s, 4; 1) = 0,m(s, 4; 2) = 3

2 −
1
2s ,m(s, 4; 3) = 0,m(s, 4; 4) = 1− 4

2s

Cor. 1.5.3.

n(s, 0; 0) = 1

n(s, 1; 0) = 0, n(s, 1; 1) = 1
2s

n(s, 2; 0) = − 1
4 , n(s, 2; 1) = 0, n(s, 2; 2) = 1

2s

n(s, 3; 0) = 0, n(s, 3; 1) = − 1
2 + 1

8s , n(s, 3; 2) = 0, n(s, 3; 3) = 1
2s

n(s, 4; 0) = − 1
16 , n(s, 4; 1) = 0, n(s, 4; 2) = − 3

4 + 3
8s , n(s, 4; 3) = 0, n(s, 4; 4) = 1

2s

Cor. 1.5.4. c(s, n; i) =
n−1∑
j=i−1

c(s− 1
2 , n− 1; j)n(s, j + 1; i); c(s, 0; 0) = 1, c(s, 1; 0) = 0, c(s, 1; 1) = 1

2s

⇒



c(s, 0; 0) = 1

c(s, 1; 0) = 0, c(s, 1; 1) = (2s−1)!
(2s)!

c(s, 2; 0) = (2s−2)!
(2s)!

−s
2 , c(s, 2; 1) = 0, c(s, 2; 2) = (2s−2)!

(2s)!

c(s, 3; 0) = 0, c(s, 3; 1) = (2s−3)!
(2s)!

1−3s
2 , c(s, 3; 2) = 0, c(s, 3; 3) = (2s−3)!

(2s)!

c(s, 4; 0) = (2s−4)!
(2s)!

3s(s−1)
4 , c(s, 4; 1) = 0, c(s, 4; 2) = (2s−4)!

(2s)! (2− 3s), c(s, 4; 3) = 0, c(s, 4; 4) = (2s−4)!
(2s)!

The above calculation results can be mutually verified with the direct calculation methods in the
previous sections, and the results are identical, indicating that this analytical method is correct and
effective.
1.6 Solving general expansion coefficients by iterative method

Cor. 1.6.1.
m(s, 2k; 0) = 1

22k ,m(s, 2k + 1; 0) = 0

m(s, 2k; 1) = 0,m(s, 2k + 1; 1) = 2
22k+1 (2k + 1− 1

2s )

m(s, n; i) = 2m(s, n− 1; i− 1)−m(s, n− 2; i− 2) + 1
4m(s, n− 2; i), 2 ≤ i ≤ n− 2

m(s, n;n− 1) = 0,m(s, n;n) = 1− n
2s
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Cor. 1.6.2.
m(s, n; 2)− 1

4m(s, n− 2; 2) = 2m(s, n− 1; 1)−m(s, n− 2; 0), 2 ≤ 2 ≤ n− 2

m(s, n; 3)− 1
4m(s, n− 2; 3) = 2m(s, n− 1; 2)−m(s, n− 2; 1), 2 ≤ 3 ≤ n− 2

m(s, n; 4)− 1
4m(s, n− 2; 4) = 2m(s, n− 1; 3)−m(s, n− 2; 2), 2 ≤ 4 ≤ n− 2

Cor. 1.6.3. m(s, 2k; 2)− 1
4m(s, 2k − 2; 2) = k

4k−2 − 1
4k−1 (3 + 1

s )

Proof: m(s, 2k; 2)− 1
4m(s, 2k − 2; 2)

= 2m(s, 2k − 1; 1)−m(s, 2k − 2; 0), 2 ≤ 2 ≤ 2k − 2
= 2 2

22k−1 (2k − 1− 1
2s )− 1

22k−2

= 1
22k−2 (4k − 3− 1

s )

= k
4k−2 − 1

4k−1 (3 + 1
s )

Cor. 1.6.4. m(s, 2k; 2) = 1
4k−1 [2k2 − (1 + 1

s )k], k ≥ 1

Proof:
m(s, 2k; 2)− 1

4m(s, 2(k − 1); 2) = k
4k−2 − 1

4k−1 (3 + 1
s )

1
4m(s, 2(k − 1); 2)− ( 1

4 )2m(s, 2(k − 2); 2) = k−1
4k−2 − 1

4k−1 (3 + 1
s )

··
( 1

4 )k−2m(s, 4; 2)− ( 1
4 )k−1m(s, 2; 2) = 2

4k−2 − 1
4k−1 (3 + 1

s )

⇒ m(s, 2k; 2)− ( 1
4 )k−1m(s, 2; 2) = k(k+1)−2

2·4k−2 − k−1
4k−1 (3 + 1

s )

⇒ m(s, 2k; 2) = k(k+1)−2
2·4k−2 − k−1

4k−1 (3 + 1
s ) + 1

4k−1 (1− 1
s ) = 1

4k−1 [2k2 − (1 + 1
s )k]

Cor. 1.6.5. m(s, 2k + 1; 3) = 1
4k−1 [ 4

3k
3 − 2

2sk
2 − ( 1

3 + 1
2s )k1], k ≥ 1

Proof: m(s, 2k + 1; 3)− 1
4m(s, 2k − 1; 3)

= 2m(s, 2k; 2)−m(s, 2k − 1; 1), k ≥ 2
= 2 1

4k−1 [2k2 − (1 + 2
2s )k]− 1

4k−1 [2k1 − (1 + 1
2s )]

⇒ m(s, 2k + 1; 3)− 1
4k−1m(s, 3; 3) =

k∑
i=2

2 1
4k−1 [2i2 − (1 + 2

2s )i]− 1
4k−1 [2i1 − (1 + 1

2s )]

⇒ m(s, 2k + 1; 3) = 1
4k−1 [ 4

3k
3 − 2

2sk
2 − ( 1

3 + 1
2s )k1]

Cor. 1.6.6.

m(s, n;n) = 1− n
2s , n ≥ 0

m(s, 2k − 2; 0) = 1
4k−1 , k ≥ 1

k∑
i=2

4i−1m(s, 2i− 2; 0) = k − 1
m(s, 2k − 1; 1) = 1

4k−1 [2k1 − (1 + 1
2s )], k ≥ 1

k∑
i=2

4i−1m(s, 2i− 1; 1) = k2 − 1
2sk − (1− 1

2s )
m(s, 2k − 0; 2) = 1

4k−1 [2k2 − (1 + 2
2s )k], k ≥ 1

k∑
i=2

4i−1m(s, 2i− 0; 2) = 2
3k

3 + 1
2 (1− 2

2s )k2 − ( 1
6 + 1

2s )k − (1− 2
2s ){

m(s, 2k + 1; 3) = 1
4k−1 [ 4

3k
3 − 2

2sk
2 − 1

3 (1 + 3
2s )k1], k ≥ 1

Cor. 1.6.7.
n(s, 2k; 0) = − 1

22k , n(s, 2k + 1; 0) = 0

n(s, 2k; 1) = 0, n(s, 2k + 1; 1) = − 2
22k+1 (2k + 1− 1− 1

2s )

n(s, n; i) = n(s, n− 1; i− 1)− 1
4m(s, n− 2; i), 2 ≤ i ≤ n− 2

n(s, n;n− 1) = 0, n(s, n;n) = 1
2s

According to the above method, we can recursively figure out all m(s, n; i) and n(s, n; i). Where there
must appear the Bernoulli number Bk

Pro. 1.6.1.


n∑
i=0

ip = 1
p+1

p∑
k=0

(−1)kCkp+1Bkn
p+1−k, Bk = δk0 − 1

k+1

k−1∑
j=0

Cjk+1Bj ,
z

ez−1 =
∞∑
k=0

Bk
zk

k!

B0 = 1, B1 = − 1
2 , B2 = 1

6 , B4 = − 1
30 , B6 = 1

42 , B8 = − 1
30 , B2k+1 = 0(k ≥ 1)

66



Chapter3 Important Composite Constant Invariant Tensors Shui-Rong Shi

1.7 Linear algebraic method for solving expansion coefficients

The linear algebraic solution in this section embodies the holographic principle of mathematics. By
solving only one projection direction, the solution of the entire space can be obtained. That is, one
projection direction contains the information of the entire space, reflecting the holographic principle.
1.7.1 Linear algebraic method for solving expansion coefficients of M{α1ς ··αnς}(s, n;w)

Because m(s, n; i) is independent of w, they are isomorphic for all w-algebras. And they have the same
expansion coefficients. Just need to figure out the expansion coefficients of any w-algebra, whichever
is convenient to use. Here take w = 1

Thm. 1.7.1. 2s

 sn sn−2 sn−4 ·· sn−2[n/2]

(s−1)n (s−1)n−2 (s−1)n−4 ·· (s−1)n−2[n/2]

·· ·· ·· ·· ··
(1−s)n (1−s)n−2 (1−s)n−4 ·· (1−s)n−2[n/2]

(−s)n (−s)n−2 (−s)n−4 ·· (−s)n−2[n/2]


 m(s,n;n)

m(s,n;n−2)
m(s,n;n−4)

··
m(s,n;n−2[n/2])

 =

 2s(s−1/2)n

(2s−1)(s−3/2)n+1(s−1/2)n

(2s−2)(s−5/2)n+2(s−3/2)n

··
2s(1/2−s)n


Proof: 1

n!M
{z1ς ··znς}(s, n) = NAς (s)σnzς (s−

1
2 )N̄Aς (s) =

[n/2]∑
k=0

m(s, n;n− 2k)σn−2k
zς (s)

⇔ NAς (s)

 (s−1/2)n 0 0 0 0
0 (s−3/2)n 0 0 0
0 0 ··· 0 0
0 0 0 (3/2−s)n 0
0 0 0 0 (1/2−s)n

 N̄Aς (s) =
[n/2]∑
k=0

m(s, n;n−2k)

 s
n−2k 0 0 0 0

0 (s−1)n−2k 0 0 0
0 0 ··· 0 0
0 0 0 (1−s)n−2k 0

0 0 0 0 (−s)n−2k


⇔ 1

2s


√

2s 0 0 0 0
0
√

2s−1 0 0 0
0 0 ·· 0 0
0 0 0

√
2 0

0 0 0 0
√

1
0 0 0 0 0


 (s−1/2)n 0 0 0 0

0 (s−3/2)n 0 0 0
0 0 ··· 0 0
0 0 0 (3/2−s)n 0
0 0 0 0 (1/2−s)n


√

2s 0 0 0 0 0
0
√

2s−1 0 0 0 0
0 0 ·· 0 0 0
0 0 0

√
2 0 0

0 0 0 0
√

1 0



+ 1
2s


0 0 0 0 0√
1 0 0 0 0

0
√

2 0 0 0
0 0 ·· 0 0
0 0 0

√
2s−1 0

0 0 0 0
√

2s


 (s−1/2)n 0 0 0 0

0 (s−3/2)n 0 0 0
0 0 ··· 0 0
0 0 0 (3/2−s)n 0
0 0 0 0 (1/2−s)n

 0
√

1 0 0 0 0

0 0
√

2 0 0 0
0 0 0 ·· 0 0
0 0 0 0

√
2s−1 0

0 0 0 0 0
√

2s



=
[n/2]∑
k=0

m(s, n;n− 2k)

 s
n−2k 0 0 0 0

0 (s−1)n−2k 0 0 0
0 0 ··· 0 0
0 0 0 (1−s)n−2k 0

0 0 0 0 (−s)n−2k


⇔ 1

2s


2s(s−1/2)n 0 0 0 0 0

0 (2s−1)(s−3/2)n 0 0 0 0
0 0 ··· 0 0 0
0 0 0 2(3/2−s)n 0 0
0 0 0 0 1(1/2−s)n 0
0 0 0 0 0 0

+ 1
2s


0 0 0 0 0 0
0 1(s−1/2)n 0 0 0 0
0 0 2(s−3/2)n 0 0 0
0 0 0 ··· 0 0
0 0 0 0 (2s−1)(3/2−s)n 0
0 0 0 0 0 2s(1/2−s)n


=

[n/2]∑
k=0

m(s, n;n− 2k)

 s
n−2k 0 0 0 0

0 (s−1)n−2k 0 0 0
0 0 ··· 0 0
0 0 0 (1−s)n−2k 0

0 0 0 0 (−s)n−2k



⇔



2s
[n/2]∑
k=0

m(s, n;n− 2k)sn−2k = 2s(s− 1/2)n

2s
[n/2]∑
k=0

m(s, n;n− 2k)(s− 1)n−2k = (2s− 1)(s− 3/2)n + 1(s− 1/2)n

· · · · · ·

2s
[n/2]∑
k=0

m(s, n;n− 2k)(1− s)n−2k = 1(1/2− s)n + (2s− 1)(3/2− s)n

2s
[n/2]∑
k=0

m(s, n;n− 2k)(−s)n−2k = 2s(1/2− s)n

⇔ 2s

 sn sn−2 sn−4 ·· sn−2[n/2]

(s−1)n (s−1)n−2 (s−1)n−4 ·· (s−1)n−2[n/2]

·· ·· ·· ·· ··
(1−s)n (1−s)n−2 (1−s)n−4 ·· (1−s)n−2[n/2]

(−s)n (−s)n−2 (−s)n−4 ·· (−s)n−2[n/2]


 m(s,n;n)

m(s,n;n−2)
m(s,n;n−4)

··
m(s,n;n−2[n/2])

 =

 2s(s−1/2)n

(2s−1)(s−3/2)n+1(s−1/2)n

(2s−2)(s−5/2)n+2(s−3/2)n

··
2s(1/2−s)n



Cor. 1.7.1.

 m(s,n;n)
m(s,n;n−2)
m(s,n;n−4)

··
m(s,n;n−2[n/2])


= 1

2s

 sn sn−2 sn−4 ·· sn−2[n/2]

(s−1)n (s−1)n−2 (s−1)n−4 ·· (s−1)n−2[n/2]

(s−2)n (s−2)n−2 (s−2)n−4 ·· (s−2)n−2[n/2]

·· ·· ·· ·· ··
(s−[n/2])n (s−[n/2])n−2 (s−[n/2])n−4 ·· (s−[n/2])n−2[n/2]


−1  2s(s−1/2)n

(2s−1)(s−3/2)n+1(s−1/2)n

(2s−2)(s−5/2)n+2(s−3/2)n

··
(2s−[n/2])(s−1/2−[n/2])n+[n/2](s+1/2−[n/2])n
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1.7.2 Linear algebraic method for solving N{α1ς ··αnς}(s, n;w) expansion coefficients

Because n(s, n; i) is independent of w, they are isomorphic for all w-algebras. And they have the same
expansion coefficients. Just need to figure out the expansion coefficients of any w-algebra, whichever
is convenient to use. Here take w = 1

Thm. 1.7.2. 4s

 sn sn−2 sn−4 ·· sn−2[n/2]

(s−1)n (s−1)n−2 (s−1)n−4 ·· (s−1)n−2[n/2]

·· ·· ·· ·· ··
(1−s)n (1−s)n−2 (1−s)n−4 ·· (1−s)n−2[n/2]

(−s)n (−s)n−2 (−s)n−4 ·· (−s)n−2[n/2]


 n(s,n;n)

n(s,n;n−2)
n(s,n;n−4)

··
n(s,n;n−2[n/2])

 =

 2s(s−1/2)n−1

(2s−1)(s−3/2)n−1−1(s−1/2)n−1

(2s−2)(s−5/2)n−1−2(s−3/2)n−1

··
−2s(1/2−s)n−1


Proof: 1

n!N
{z1ς ··znς}(s, n) = NAς (s)σzςAς

Bς ( 1
2 )σn−1

zς (s− 1
2 )N̄Aς (s) =

[n/2]∑
k=0

n(s, n;n− 2k)σn−2k
zς (s), n ≥ 1

⇔ NAς (s)σzςAς
Bς

 (s−1/2)n−1 0 0 0 0

0 (s−3/2)n−1 0 0 0
0 0 ··· 0 0
0 0 0 (3/2−s)n−1 0

0 0 0 0 (1/2−s)n−1

 N̄Aς (s)
=

[n/2]∑
k=0

n(s, n;n− 2k)

 s
n−2k 0 0 0 0

0 (s−1)n−2k 0 0 0
0 0 ··· 0 0
0 0 0 (1−s)n−2k 0

0 0 0 0 (−s)n−2k


⇔ 1

4s


√

2s 0 0 0 0
0
√

2s−1 0 0 0
0 0 ·· 0 0
0 0 0

√
2 0

0 0 0 0
√

1
0 0 0 0 0


 (s−1/2)n−1 0 0 0 0

0 (s−3/2)n−1 0 0 0
0 0 ··· 0 0
0 0 0 (3/2−s)n−1 0

0 0 0 0 (1/2−s)n−1



√

2s 0 0 0 0 0
0
√

2s−1 0 0 0 0
0 0 ·· 0 0 0
0 0 0

√
2 0 0

0 0 0 0
√

1 0



− 1
4s


0 0 0 0 0√
1 0 0 0 0

0
√

2 0 0 0
0 0 ·· 0 0
0 0 0

√
2s−1 0

0 0 0 0
√

2s


 (s−1/2)n−1 0 0 0 0

0 (s−3/2)n−1 0 0 0
0 0 ··· 0 0
0 0 0 (3/2−s)n−1 0

0 0 0 0 (1/2−s)n−1


 0
√

1 0 0 0 0

0 0
√

2 0 0 0
0 0 0 ·· 0 0
0 0 0 0

√
2s−1 0

0 0 0 0 0
√

2s



=
[n/2]∑
k=0

n(s, n;n− 2k)

 s
n−2k 0 0 0 0

0 (s−1)n−2k 0 0 0
0 0 ··· 0 0
0 0 0 (1−s)n−2k 0

0 0 0 0 (−s)n−2k


⇔ 1

4s


2s(s−1/2)n−1 0 0 0 0 0

0 (2s−1)(s−3/2)n−1 0 0 0 0
0 0 ··· 0 0 0
0 0 0 2(3/2−s)n−1 0 0

0 0 0 0 1(1/2−s)n−1 0
0 0 0 0 0 0


− 1

4s


0 0 0 0 0 0
0 1(s−1/2)n−1 0 0 0 0

0 0 2(s−3/2)n−1 0 0 0
0 0 0 ··· 0 0
0 0 0 0 (2s−1)(3/2−s)n−1 0

0 0 0 0 0 2s(1/2−s)n−1


=

[n/2]∑
k=0

n(s, n;n− 2k)

 s
n−2k 0 0 0 0

0 (s−1)n−2k 0 0 0
0 0 ··· 0 0
0 0 0 (1−s)n−2k 0

0 0 0 0 (−s)n−2k



⇔



2s
[n/2]∑
k=0

n(s, n;n− 2k)sn−2k = 2s(s− 1/2)n−1

2s
[n/2]∑
k=0

n(s, n;n− 2k)(s− 1)n−2k = (2s− 1)(s− 3/2)n−1 − 1(s− 1/2)n−1

· · · · · ·

2s
[n/2]∑
k=0

n(s, n;n− 2k)(1− s)n−2k = 1(1/2− s)n−1 − (2s− 1)(3/2− s)n−1

2s
[n/2]∑
k=0

n(s, n;n− 2k)(−s)n−2k = −2s(1/2− s)n−1

⇔ 4s

 sn sn−2 sn−4 ·· sn−2[n/2]

(s−1)n (s−1)n−2 (s−1)n−4 ·· (s−1)n−2[n/2]

·· ·· ·· ·· ··
(1−s)n (1−s)n−2 (1−s)n−4 ·· (1−s)n−2[n/2]

(−s)n (−s)n−2 (−s)n−4 ·· (−s)n−2[n/2]


 n(s,n;n)

n(s,n;n−2)
n(s,n;n−4)

··
n(s,n;n−2[n/2])

 =

 2s(s−1/2)n−1

(2s−1)(s−3/2)n−1−1(s−1/2)n−1

(2s−2)(s−5/2)n−1−2(s−3/2)n−1

··
−2s(1/2−s)n−1



Cor. 1.7.2.

 n(s,n;n)
n(s,n;n−2)
n(s,n;n−4)

··
n(s,n;n−2[n/2])
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= 1
4s

 sn sn−2 sn−4 ·· sn−2[n/2]

(s−1)n (s−1)n−2 (s−1)n−4 ·· (s−1)n−2[n/2]

(s−2)n (s−2)n−2 (s−2)n−4 ·· (s−2)n−2[n/2]

·· ·· ·· ·· ··
(s−[n/2])n (s−[n/2])n−2 (s−[n/2])n−4 ·· (s−[n/2])n−2[n/2]


−1  2s(s−1/2)n−1

(2s−1)(s−3/2)n−1−1(s−1/2)n−1

(2s−2)(s−5/2)n−1−2(s−3/2)n−1

··
(2s−[n/2])(s−1/2−[n/2])n−[n/2](s+1/2−[n/2])n


1.7.3 Properties of Γz1ς ··znς kς

lς (s, n)

Cor. 1.7.3. Γz1ς ··znς kς
lς (s, n) := 1

2nΓ
A1ς ··AnςA(n+1)ς ··A(2s)ς

kς
(s)

n∏
i=1

σzAiς
BiςΓlςB1ς ··BnςA(n+1)ς ··A(2s)ς

(s)

Lem. 1.7.1.

Γz1ς ··znς kς
lς (s, n) = 1

2n



C−0
2s

n∑
i=0

(−1)iCinC
0−i
2s−n 0 ·· 0 0

0 C−1
2s

n∑
i=0

(−1)iCinC
1−i
2s−n ·· 0 0

0 0 ·· 0 0

0 0 ·· C1−2s
2s

n∑
i=0

(−1)iCinC
2s−1−i
2s−n 0

0 0 ·· 0 C−2s
2s

n∑
i=0

(−1)iCinC
2s−i
2s−n


1.7.4 Linear algebraic method for solving Γα1ς ··αnς (s, n;w) expansion coefficients

Ass. 1.7.1. Γα1ς ··αnς (s, n;w) = 1
n!

[n/2]∑
k

c(s, n;n− 2k)Ωn−2k(s;w), c(s, n;n− 2k − 1) = 0

Because c(s, n; i) is independent of w, they are isomorphic for all w-algebras. And they have the same
expansion coefficients. Just need to figure out the expansion coefficients of any w-algebra, whichever is
convenient to use. Here take w = 1. How to push it out still needs to be strictly and carefully written
out, and I can’t remember it for a long time.

Cor. 1.7.4. Γz1ς ··znς (s, n;w = 1) =
[n/2]∑
k

c(s, n;n− 2k)σn−2k
z (s;w = 1) = 1

2n
C−0

2s (−1)0C0
nC

0
2s−n 0 ·· 0 0

0 C−1
2s [(−1)0C0

nC
1
2s−n+(−1)1C1

nC
0
2s−n] ·· 0 0

0 0 ·· 0 0

0 0 ·· C−(2s−1)
2s [(−1)n−1Cn−1

n C2s−n
2s−n+(−1)nCnnC

2s−n−1
2s−n ] 0

0 0 ·· 0 C−2s
2s (−1)nCnnC

2s−n
2s−n


⇒ 1

2nC
−(s−h)
2s

n∑
i=0

(−1)iCinC
s−h−i
2s−n =

[n/2]∑
k

c(s, n;n− 2k)hn−2k, h = s, s− 1, ··,−(s− 1),−s

Cor. 1.7.5.

2n

 sn sn−2 sn−4 ·· sn−2[n/2]

(s−1)n (s−1)n−2 (s−1)n−4 ·· (s−1)n−2[n/2]

·· ·· ·· ·· ··
(1−s)n (1−s)n−2 (1−s)n−4 ·· (1−s)n−2[n/2]

(−s)n (−s)n−2 (−s)n−4 ·· (−s)n−2[n/2]


 c(s,n;n)

c(s,n;n−2)
c(s,n;n−4)

··
c(s,n;n−2[n/2])

 =



C−0
2s

n∑
i=0

(−1)iCinC
0−i
2s−n

C−1
2s

n∑
i=0

(−1)iCinC
1−i
2s−n

··
C
−(2s−1)
2s

n∑
i=0

(−1)iCinC
2s−1−i
2s−n

C−2s
2s

n∑
i=0

(−1)iCinC
2s−i
2s−n


=


1

1−ns
1−

n(2s−n)
s(s−1/2)

1−
n(6s2−6ns−3s+2n2+1)

2s(s−1/2)(s−1)
··


Cor. 1.7.6.

 c(s,n;n)
c(s,n;n−2)
c(s,n;n−4)

··
c(s,n;n−2[n/2])

 = 1
2n

 sn sn−2 sn−4 ·· sn−2[n/2]

(s−1)n (s−1)n−2 (s−1)n−4 ·· (s−1)n−2[n/2]

(s−2)n (s−2)n−2 (s−2)n−4 ·· (s−2)n−2[n/2]

·· ·· ·· ·· ··
(s−[n/2])n (s−[n/2])n−2 (s−[n/2])n−4 ·· (s−[n/2])n−2[n/2]


−1



C−0
2s

n∑
i=0

(−1)iCinC
0−i
2s−n

C−1
2s

n∑
i=0

(−1)iCinC
1−i
2s−n

C−2
2s

n∑
i=0

(−1)iCinC
2−i
2s−n

··
C
−[n/2]
2s

n∑
i=0

(−1)iCinC
[n/2]−i
2s−n


1.7.5 Verification of linear algebra solution for first several items of Γα1ς ··αnς

kς
lς (s, n;w)

Cor. 1.7.7. s0

(s−1)0

··
(1−s)0

(−s)0

 [ c(s,0;0)
]

=


C−0

2s (−1)0C0
0C

0−0
2s−0

C−1
2s (−1)0C0

0C
1−0
2s−0

··
C
−(2s−1)
2s (−1)0C0

0C
2s−1−0
2s−0

C−2s
2s (−1)0C0

0C
2s−0
2s−n

 =

[
1
1
··
1
1

]
⇔ c(s, 0; 0) = 1

s0c(s, 0; 0) = 1⇔ c(s, 0; 0) = 1, s ≥ 1
2

Cor. 1.7.8. s1

(s−1)1

··
(1−s)1

(−s)1

 [ c(s,1;1)
]

= 1
21


C−0

2s [(−1)0C0
1C

0−0
2s−1+(−1)1C1

1C
0−1
2s−1]

C−1
2s [(−1)0C0

1C
1−0
2s−1+(−1)1C1

1C
1−1
2s−1]

··
C
−(2s−1)
2s [(−1)0C0

1C
2s−1−0
2s−1 +(−1)1C1

1C
2s−1−1
2s−1 ]

C−2s
2s [(−1)0C0

1C
2s−0
2s−1+(−1)1C1

1C
2s−1
2s−1 ]

⇔ c(s, 1; 1) = 1
2s

s1c(s, 1; 1) = 1
2 ⇔ c(s, 1; 1) = 1

2s , s ≥
1
2
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Cor. 1.7.9.[
s2 s0

(s−1)2 (s−1)0

] [
c(s,2;2)
c(s,2;0)

]
= 1

22

C−0
2s

2∑
i=0

(−1)iCi2C
0−i
2s−2

C−1
2s

2∑
i=0

(−1)iCi2C
1−i
2s−2

 = 1
22

[
C−0

2s (−1)0C0
2C

0−0
2s−2

C−1
2s [(−1)0C0

2C
1−0
2s−2+(−1)1C1

2C
1−1
2s−2]

]
= 1

22

[
1

1− 2
s

]
⇔
[
c(s,2;2)
c(s,2;0)

]
= 1

22

[
1

s(s−1/2)

1− s2

s(s−1/2)

]
= (2s−2)!

(2s)!

[
1

− 1
2 s

]
= (2s−2)!

(2s)!

[
1

1
2 (C3

2−C
2
2s)

]
, s ≥ 1

Cor. 1.7.10.[
s3 s1

(s−1)3 (s−1)1

] [
c(s,3;3)
c(s,3;1)

]
= 1

23

C−0
2s

3∑
i=0

(−1)iCi3C
0−i
2s−3

C−1
2s

3∑
i=0

(−1)iCi3C
1−i
2s−3

 = 1
23

[
C−0

2s (−1)0C0
3C

0−0
2s−3

C−1
2s [(−1)0C0

3C
1−0
2s−3+(−1)1C1

3C
1−1
2s−3]

]
= 1

23

[
1

1− 3
s

]
⇔
[
c(s,3;3)
c(s,3;1)

]
= 1

23

[
1

s(s−1/2)(s−1)

1
s−

s2

s(s−1/2)(s−1)

]
= (2s−3)!

(2s)!

[
1

1
2 (1−3s)

]
= (2s−3)!

(2s)!

[
1

1
2 (C3

3−C
2
3s)

]
, s ≥ 3

2

Cor. 1.7.11.[
s4 s2 s0

(s−1)4 (s−1)2 (s−1)0

(s−2)4 (s−2)2 (s−2)0

] [
c(s,4;4)
c(s,4;2)
c(s,4;0)

]
= 1

24


C−0

2s

4∑
i=0

(−1)iCi4C
0−i
2s−4

C−1
2s

4∑
i=0

(−1)iCi4C
1−i
2s−4

C−2
2s

4∑
i=0

(−1)iCi4C
2−i
2s−4

 = 1
24

 1

1− 4
s

1−
4(2s−4)
s(s−1/2)



⇔
[
c(s,4;4)
c(s,4;2)
c(s,4;0)

]
= 1

24


1

s(s−1/2)(s−1)(s−3/2)

2
s(s−1/2)−

s2+(s−1)2

s(s−1/2)(s−1)(s−3/2)

1− 2s2

s(s−1/2) +
s2(s−1)2

s(s−1/2)(s−1)(s−3/2)

 = (2s−4)!
(2s)!

[
1

2−3s
3
4 s(s−1)

]
= (2s−4)!

(2s)!

[ 1
1
2 (C3

4−C
2
4s)

3
4 s(s−1)

]
, s ≥ 2

Cor. 1.7.12.[
s5 s3 s1

(s−1)5 (s−1)3 (s−1)1

(s−2)5 (s−2)3 (s−2)1

] [
c(s,5;5)
c(s,5;3)
c(s,5;1)

]
= 1

25


C−0

2s

5∑
i=0

(−1)iCi5C
0−i
2s−5

C−1
2s

5∑
i=0

(−1)iCi5C
1−i
2s−5

C−2
2s

5∑
i=0

(−1)iCi5C
2−i
2s−5

 = 1
25

 1

1− 5
s

1−
5(2s−5)
s(s−1/2)



⇔
[
c(s,5;5)
c(s,5;3)
c(s,5;1)

]
= 1

25


1

s(s−1/2)(s−1)(s−3/2)(s−2)

2
s(s−1/2)(s−1)−

s2+(s−1)2

s(s−1/2)(s−1)(s−3/2)(s−2)

1
s−

2s2

s(s−1/2)(s−1) +
s2(s−1)2

s(s−1/2)(s−1)(s−3/2)(s−2)

 = (2s−5)!
(2s)!

[ 1
1
2 (C3

5−C
2
5s)

1
4 (15s2−25s+6)

]
, s ≥ 5

2

Cor. 1.7.13.

 s6 s4 s2 s0

(s−1)6 (s−1)4 (s−1)2 (s−1)0

(s−2)6 (s−2)4 (s−2)2 (s−2)0

(s−3)6 (s−3)4 (s−2)3 (s−3)0

[ c(s,6;6)
c(s,6;4)
c(s,6;2)
c(s,6;0)

]
= 1

26


C−0

2s

6∑
i=0

(−1)iCi6C
0−i
2s−6

C−1
2s

6∑
i=0

(−1)iCi6C
1−i
2s−6

C−2
2s

6∑
i=0

(−1)iCi6C
2−i
2s−6

C−3
2s

6∑
i=0

(−1)iCi6C
3−i
2s−6

 = 1
26


1

1− 6
s

1−
6(2s−6)
s(s−1/2)

1−
3(6s2−39s+73)
s(s−1/2)(s−1)

 , s ≥ 3

Cor. 1.7.14.

 s7 s5 s3 s1

(s−1)7 (s−1)5 (s−1)3 (s−1)1

(s−2)7 (s−2)5 (s−2)3 (s−2)1

(s−3)7 (s−3)5 (s−2)3 (s−3)1

[ c(s,7;7)
c(s,7;5)
c(s,7;3)
c(s,7;1)

]
= 1

27


C−0

2s

7∑
i=0

(−1)iCi7C
0−i
2s−7

C−1
2s

7∑
i=0

(−1)iCi7C
1−i
2s−7

C−2
2s

7∑
i=0

(−1)iCi7C
2−i
2s−7

C−3
2s

7∑
i=0

(−1)iCi7C
3−i
2s−7

 = 1
27


1

1− 7
s

1−
7(2s−7)
s(s−1/2)

1−
7(6s2−45s+99)
2s(s−1/2)(s−1)

 , s ≥ 7
2

1.7.6 Expansion of composite constant invariant tensors Γα1ς ··αnς (s, n;w)p̂α1ς · ·p̂αnς

Cor. 1.7.15. Γα1ς ··αnς (s, n;w)p̂α1ς · ·p̂αnς =
[n/2]∑
k

c(s, n;n− 2k)[σ(s;w) · p̂]n−2k

Cor. 1.7.16. Γα1ς ··αnς (s, n;w)∂̂α1ς
· ·∂̂αnς =

[n/2]∑
k

c(s, n;n− 2k)[σ(s;w) · ∇̂]n−2k

2 Constant invariant tensors Z
A′ςkς
alς

(s, ς;w), Zalς
A′ςkς

(s, ς;w)

2.1 Introduction of constant invariant tensors Z
A′ςkς
alς

(s, ς;w), ZalςA′ςkς
(s, ς;w)

Def. 2.1.1. Z
A′ςkς
alς

(s, ς;w) := iς√
2
(σ〈w〉,−iς)A

′
ςAς

a Nkς
Aς lς

(s;w), ZalςA′ςkς
(s, ς;w) := −iς√

2
(σ〈w〉, iς)aAςA′ςN

Aς lς
kς

(s;w)
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Pro. 2.1.1.

Z
alς
A′ςkς

(s, ς;w) = δabεkςmς (s;w)εlςnς (s− 1
2 ;w)εA′ςB′ςZ

B′ςmς
bnς

(s, ς;w)

Z
A′ςkς
alς

(s, ς;w) = δabε
kςmς (s;w)εlςnς (s− 1

2 ;w)εA
′
ςB
′
ςZbnςB′ςmς

(s, ς;w)

Pro. 2.1.2.

Z
alς
A′ςkς

(s, ς;w) = (−1)2s+1δab[(−ς)2sεkςmς (s;w)][ς2s−1εlςnς (s− 1
2 ;w)][−ςεA′ςB′ς ]Z

B′ςmς
bnς

(s, ς;w)

Z
A′ςkς
alς

(s, ς;w) = (−1)2s+1δab[(ς)
2sεkςmς (s;w)][(−ς)2s−1εlςnς (s− 1

2 ;w)][ςεA
′
ςB
′
ς ]ZbnςB′ςmς

(s, ς;w)

2.2 Introduction of constant matrices Z
A′ς
a (s, ς;w), ZaA′ς (s, ς;w)

Def. 2.2.1.

{
Z
A′ςkς
alς

(s, ς;w) � ZA
′
ς

a (s, ς;w) := iς√
2
(σ〈w〉,−iς)A

′
ςAς

a N̄Aς (s;w)

ZalςA′ςkς
(s, ς;w) � ZaA′ς (s, ς;w) := −iς√

2
(σ〈w〉, iς)aAςA′ς N̄

Aς (s;w)

Def. 2.2.2.

{
Z̄
A′ς
a (s, ς;w) := Z

TA′ς
a (s, ς;w) = iς√

2
(σ〈w〉,−iς)A

′
ςAς

a NAς (s;w)

Z̄aA′ς (s, ς;w) := ZTaA′ς (s, ς;w) = −iς√
2

(σ〈w〉, iς)aAςA′ςN
Aς (s;w)

2.3 Introduction of constant invariant tensor matrices Za(s, ς;w), Z̄a(s, ς;w)

Def. 2.3.1.

Z
A′ςkς
alς

(s, ς;w)|A′ς⊗lς kς � Za(s, ς;w) := iς√
2
(σ ⊗ IC2s−1

2s−1+w
,−iς)aN(s;w)

ZalςA′ςkς
(s, ς;w)|kςA′ς

⊗lς � Z̄a(s, ς;w) := −iς√
2
N̄(s;w)(σ ⊗ IC2s−1

2s−1+w
, iς)a ' Z+

a (s, ς;w)

2.4 Constant invariant tensor properties of matrices Za(s, ς;w), Z̄a(s, ς;w)

Pro. 2.4.1. Za(s, ς;w) = [eϑ]a
b[e

i
2ϑ

cdScd(
1
2 ,−ς;w) ⊗ e

i
2ϑ

cdScd(s− 1
2 ,ς;w)]Zb(s, ς;w)e−

i
2ϑ

cdScd(s,ς;w)

Pro. 2.4.2. Z̄a(s, ς;w) = [eϑ]a
be
i
2ϑ

cdScd(s,ς;w)Z̄b(s, ς;w)[e−
i
2ϑ

cdScd(
1
2 ,−ς;w) ⊗ e−

i
2ϑ

cdScd(s− 1
2 ,ς;w)]

2.5 Properties of constant invariant tensors Z
A′ςkς
alς

(s, ς;w), ZalςA′ςkς
(s, ς;w)

1. Reduce two pairs of indices A′ς , lς

Pro. 2.5.1. ZalςA′ςkς
(s, ς;w)Z

A′ςmς
blς

(s, ς;w) = 1
2s [sδabδkς

mς + iSabkς
mς (s, ς;w)]

[⇔]Z̄aA′ς (s, ς;w)Z
A′ς
b (s, ς;w) = 1

2s [sδab + iSab(s, ς;w)][⇔]Z̄a(s, ς;w)Zb(s, ς;w) = 1
2s [sδab + iSab(s, ς;w)]

Proof: ZalςA′ςkς
(s, ς;w)Z

A′ςmς
blς

(s, ς;w)

= −iς√
2

(σ〈w〉, iς)aAςA′ςN
Aς lς
kς

(s;w) iς√
2
(σ〈w〉,−iς)A

′
ςBς

b Nmς
Bς lς

(s;w)

= 1
2N

Aς lς
kς

(s;w)(σ〈w〉, iς)aAςA′ς (σ〈w〉,−iς)
A′ςBς
b Nmς

Bς lς
(s;w)

= 1
2N

Aς lς
kς

(s;w)(δabδAς
Bς + 2iSabAς

Bς )Nmς
Bς lς

(s;w)

= 1
2s [sδabδkς

mς + iSabkς
mς (s, ς;w)]

Cor. 2.5.1. Za
lς
A′ςkς

(s, ς;w)Z
A′ςmς
alς

(s, ς;w) = 1
2δkς

mς

[⇔]Z̄aA′ς (s, ς;w)Z
A′ς
a (s, ς;w) = 1

2IC2s
2s+w

[⇔]Z̄a(s, ς;w)Za(s, ς;w) = 1
2IC2s

2s+w

2. Reduce two pairs of indices A′ς , kς

Pro. 2.5.2. ZalςA′ςkς
(s, ς;w)Z

A′ςkς
bmς

(s, ς;w) = 1
2s [(s+ w

2 )δabδmς
lς + iSabmς

lς (s− 1
2 , ς;w)]

[⇔]Z
A′ς
b (s, ς;w)Z̄aA′ς (s, ς;w) = 1

2s [(s+ w
2 )δab + iSab(s− 1

2 , ς;w)]

Proof: ZalςA′ςkς
(s, ς;w)Z

A′ςkς
bmς

(s, ς;w)

= −iς√
2

(σ〈w〉, iς)aAςA′ςN
Aς lς
kς

(s;w) iς√
2
(σ〈w〉,−iς)A

′
ςBς

b Nkς
Bςmς

(s;w)

= 1
2N

Aς lς
kς

(s;w)(σ〈w〉, iς)aAςA′ς (σ〈w〉,−iς)
A′ςBς
b Nkς

Bςmς
(s;w)

= 1
2N

Aς lς
kς

(s;w)(δabδAς
Bς + 2iSabAς

Bς )Nkς
Bςmς

(s;w)

= 1
2s [(s+ w

2 )δabδmς
lς + iSabmς

lς (s− 1
2 , ς;w)]

Cor. 2.5.2. Za
lς
A′ςkς

(s, ς;w)Z
A′ςkς
amς (s, ς;w) = 1

2 (1 + w
2s )δmς

lς [⇔]Z
A′ς
a (s, ς;w)Z̄aA′ς (s, ς;w) = 1

2 (1 + w
2s )

3. Reduce two pairs of indices kς , lς
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Pro. 2.5.3. ZalςA′ςkς
(s, ς;w)Z

B′ςkς
blς

(s, ς;w) = 1
w+1C

2s
2s+w( 1

2δb
aδB

′
ςA′ς

+ iSb
aB′ςA′ς

)

[⇔]tr[Z̄aA′ς (s, ς;w)Z
B′ς
b (s, ς;w)] = 1

w+1C
2s
2s+w( 1

2δb
aδB

′
ςA′ς

+ iSb
aB′ςA′ς

)

Proof: ZalςA′ςkς
(s, ς;w)Z

B′ςkς
blς

(s, ς;w)

= −iς√
2

(σ〈w〉, iς)aAςA′ςN
Aς lς
kς

(s;w) iς√
2
(σ〈w〉,−iς)B

′
ςBς

b Nkς
Bς lς

(s;w)

= 1
2

1
w+1C

2s
2s+w(σ〈w〉, iς)aAςA′ς (σ〈w〉,−iς)

B′ςAς
b

= 1
w+1C

2s
2s+w( 1

2δb
aδB

′
ςA′ς

+ iSb
aB′ςA′ς

)

Cor. 2.5.3. Za
lς
A′ςkς

(s, ς;w)Z
B′ςkς
alς

(s, ς;w) = 1
2(w+1)C

2s
2s+wδ

B′ς
A′ς

[⇔]tr[Z̄aA′ς (s, ς;w)Z
B′ς
b (s, ς;w)] = 1

2(w+1)C
2s
2s+wδ

B′ς
A′ς

2.6 Conjecture(not general)

Ass. 2.6.1. iς√
2
(σ〈w〉,−iς)A

′
ςAς

a
−iς√

2
(σ〈w〉, iς)aBςB′ς = δAςBς δ

A′ς
B′ς

4. Reduce two pairs of indices a, lς

Pro. 2.6.1. ZalςA′ςkς
(s, ς;w)Z

B′ςmς
alς

(s, ς;w) = δ
B′ς
A′ς
δmςkς [⇔]Z̄aA′ς (s, ς;w)Z

B′ς
a (s, ς;w) = δ

B′ς
A′ς
IC2s

2s+w

5. Reduce two pairs of indices a, kς

Pro. 2.6.2. Z
A′ςkς
alς

(s, ς;w)ZamςB′ςkς
(s, ς;w) = (1 + w

2s )δ
A′ς
B′ς
δmςlς

[⇔]Z
A′ς
a (s, ς;w)Z̄aB′ς (s, ς;w) = (1 + w

2s )δ
A′ς
B′ς
IC2s−1

2s−1+w
[⇔]Za(s, ς;w)Z̄a(s, ς;w) = (1 + w

2s )I(w+1)C2s−1
2s−1+w

2.7 Properties (not general) of constant invariant tensor matrices Za(s, ς;w), Z̄a(s, ς;w)

Pro. 2.7.1.

{
Z̄a(s, ς;w)Zb(s, ς;w) = 1

2s [sδab + iSab(s, ς;w)]

Za(s, ς;w)Z̄a(s, ς;w) = (1 + w
2s )I(w+1)C2s−1

2s−1+w

Pro. 2.7.2.

{
(s+ w)Zb(s, ς;w) = Za(s, ς;w)iSab(s, ς;w), (s+ w)Z̄a(s, ς;w) = iSab(s, ς;w)Z̄b(s, ς;w)

Za(s, ς;w)iSab(s, ς;w)Z̄b(s, ς;w) = (s+ w)(1 + w
2s ), Za(s, ς;w)Z̄a(s, ς;w) 6= kI(w+1)C2s−1

2s−1+w

Pro. 2.7.3.

{
−Sac(s, ς;w)Scb(s, ς;w) = s(s+ w)δab + iwSab(s, ς;w)

Z̄a(s, ς;w)Zb(s, ς;w) = − 1
2sw [s2δab + Sac(s, ς;w)Scb(s, ς;w)]

Pro. 2.7.4. [σ(s;w), iς(s+ w)]aZ̄a(s, ς;w) = 0, Za(s, ς;w)[σ(s;w),−iς(s+ w)]a = 0

Proof: [σ(s;w), iς(s+ w)]aZ̄a(s, ς;w)
= −iς√

2
[σ(s;w), iς(s+ w)]aN̄(s;w)(σ ⊗ IC2s−1

2s−1+w
, iς)a

= −iς√
2
N̄(s;w)[sσ ⊗ IC2s−1

2s−1+w
, iς(s+ w)]aN(s;w)N̄(s;w)(σ ⊗ IC2s−1

2s−1+w
, iς)a

= −iς√
2

[N̄(s;w)(σ ⊗ IC2s−1
2s−1+w

,−iς)aN(s;w)sN̄(s;w)(σ ⊗ IC2s−1
2s−1+w

, iς)a − (2s+ w)N̄(s;w)]

= −iς√
2

[N̄(s;w)Za(s, ς;w)2sZ̄a(s, ς;w)− (2s+ w)N̄(s;w)]

= −iς√
2

[N̄(s;w)(2s+ w)− (2s+ w)N̄(s;w)]

= 0

3 Constant invariant tensors Z
A′ςkς
alς

(s, ς), Zalς
A′ςkς

(s, ς)

3.1 Introduction of constant invariant tensors Z
A′ςkς
alς

(s, ς), ZalςA′ςkς
(s, ς)

Def. 3.1.1. Z
A′ςkς
alς

(s, ς) := iς√
2
(σ,−iς)A

′
ςAς

a Nkς
Aς lς

(s), ZalςA′ςkς
(s, ς) := −iς√

2
(σ, iς)aAςA′ςN

Aς lς
kς

(s)

Pro. 3.1.1.

Z
alς
A′ςkς

(s, ς) = δabεkςmς (s)ε
lςnς (s− 1

2 )εA′ςB′ςZ
B′ςmς
bnς

(s, ς)

Z
A′ςkς
alς

(s, ς) = δabε
kςmς (s)εlςnς (s− 1

2 )εA
′
ςB
′
ςZbnςB′ςmς

(s, ς)

Pro. 3.1.2.

Z
alς
A′ςkς

(s, ς) = (−1)2s+1δab[(−ς)2sεkςmς (s)][ς
2s−1εlςnς (s− 1

2 )][−ςεA′ςB′ς ]Z
B′ςmς
bnς

(s, ς)

Z
A′ςkς
alς

(s, ς) = (−1)2s+1δab[(ς)
2sεkςmς (s)][(−ς)2s−1εlςnς (s− 1

2 )][ςεA
′
ςB
′
ς ]ZbnςB′ςmς

(s, ς)
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3.2 Introduction of constant matrices Z
A′ς
a (s, ς), ZaA′ς (s, ς)

Def. 3.2.1.

{
Z
A′ςkς
alς

(s, ς) � ZA
′
ς

a (s, ς) := iς√
2
(σ,−iς)A

′
ςAς

a N̄Aς (s)

ZalςA′ςkς
(s, ς) � ZaA′ς (s, ς) := −iς√

2
(σ, iς)aAςA′ς N̄

Aς (s)

Def. 3.2.2.

{
Z̄
A′ς
a (s, ς) := Z

TA′ς
a (s, ς) = iς√

2
(σ,−iς)A

′
ςAς

a NAς (s)

Z̄aA′ς (s, ς) := ZTaA′ς (s, ς) = −iς√
2

(σ, iς)aAςA′ςN
Aς (s)

3.3 Introduction of constant invariant tensor matrices Za(s, ς), Z̄a(s, ς)

Def. 3.3.1.

{
Z
A′ςkς
alς

(s, ς)|A′ς⊗lς kς � Za(s, ς) := iς√
2
(σ ⊗ I2s,−iς)aN(s)

ZalςA′ςkς
(s, ς)|kςA′ς

⊗lς � Z̄a(s, ς) := −iς√
2
N̄(s)(σ ⊗ I2s, iς)a ' Z+

a (s, ς)

3.4 Constant invariant tensor properties of matrices Za(s, ς), Z̄a(s, ς)

Pro. 3.4.1. Za(s, ς) = [e(iω·R+ε·L)]a
be(iω−ςε)·σ(

1
2 ) ⊗ e(iω+ςε)·σ(s− 1

2 )Zb(s, ς)e
−(iω+ςε)·σ(s)

Pro. 3.4.2. Z̄a(s, ς) = [e(iω·R+ε·L)]a
be(iω+ςε)·σ(s)Z̄b(s, ς)e

−(iω−ςε)·σ(
1
2 ) ⊗ e−(iω+ςε)·σ(s− 1

2 )

3.5 Properties I of constant invariant tensors Z
A′ςkς
alς

(s, ς), ZalςA′ςkς
(s, ς)

1. Reduce two pairs of indices A′ς , lς

Pro. 3.5.1. ZalςA′ςkς
(s, ς)Z

A′ςmς
blς

(s, ς) = 1
2s [sδabδkς

mς + iSabkς
mς (s, ς)]

[⇔]Z̄aA′ς (s, ς)Z
A′ς
b (s, ς) = 1

2s [sδab + iSab(s, ς)][⇔]Z̄a(s, ς)Zb(s, ς) = 1
2s [sδab + iSab(s, ς)]

Proof: ZalςA′ςkς
(s, ς)Z

A′ςmς
blς

(s, ς)

= −iς√
2

(σ, iς)aAςA′ςN
Aς lς
kς

(s) iς√
2
(σ,−iς)A

′
ςBς

b Nmς
Bς lς

(s)

= 1
2N

Aς lς
kς

(s)(σ, iς)aAςA′ς (σ,−iς)
A′ςBς
b Nmς

Bς lς
(s)

= 1
2N

Aς lς
kς

(s)(δabδAς
Bς + 2iSabAς

Bς )Nmς
Bς lς

(s)

= 1
2s [sδabδkς

mς + iSabkς
mς (s, ς)]

Cor. 3.5.1. Za
lς
A′ςkς

(s, ς)Z
A′ςmς
alς

(s, ς) = 1
2δkς

mς

[⇔]Z̄aA′ς (s, ς)Z
A′ς
a (s, ς) = 1

2I2s+1[⇔]Z̄a(s, ς)Za(s, ς) = 1
2I2s+1

2. Reduce two pairs of indices A′ς , kς

Pro. 3.5.2. ZalςA′ςkς
(s, ς)Z

A′ςkς
bmς

(s, ς) = 1
2s [(s+ 1

2 )δabδmς
lς + iSabmς

lς (s− 1
2 , ς)]

[⇔]Z
A′ς
b (s, ς)Z̄aA′ς (s, ς) = 1

2s [(s+ 1
2 )δab + iSab(s− 1

2 , ς)]

Proof: ZalςA′ςkς
(s, ς)Z

A′ςkς
bmς

(s, ς)

= −iς√
2

(σ, iς)aAςA′ςN
Aς lς
kς

(s) iς√
2
(σ,−iς)A

′
ςBς

b Nkς
Bςmς

(s)

= 1
2N

Aς lς
kς

(s)(σ, iς)aAςA′ς (σ,−iς)
A′ςBς
b Nkς

Bςmς
(s)

= 1
2N

Aς lς
kς

(s)(δabδAς
Bς + 2iSabAς

Bς )Nkς
Bςmς

(s)

= 1
2s [(s+ 1

2 )δabδmς
lς + iSabmς

lς (s− 1
2 , ς)]

Cor. 3.5.2. Za
lς
A′ςkς

(s, ς)Z
A′ςkς
amς (s, ς) = 1

2 (1 + 1
2s )δmς

lς [⇔]Z
A′ς
a (s, ς)Z̄aA′ς (s, ς) = 1

2 (1 + 1
2s )I2s

3. Reduce two pairs of indices kς , lς

Pro. 3.5.3. ZalςA′ςkς
(s, ς)Z

B′ςkς
blς

(s, ς) = (s+ 1
2 )( 1

2δb
aδB

′
ςA′ς

+ iSb
aB′ςA′ς

)

[⇔]tr[Z̄aA′ς (s, ς)Z
B′ς
b (s, ς)] = (s+ 1

2 )( 1
2δb

aδB
′
ςA′ς

+ iSb
aB′ςA′ς

)

Proof: ZalςA′ςkς
(s, ς)Z

B′ςkς
blς

(s, ς)

= −iς√
2

(σ, iς)aAςA′ςN
Aς lς
kς

(s) iς√
2
(σ,−iς)B

′
ςBς

b Nkς
Bς lς

(s)

= 1
2 (s+ 1

2 )(σ, iς)aAςA′ς (σ,−iς)
B′ςAς
b

= (s+ 1
2 )( 1

2δb
aδB

′
ςA′ς

+ iSb
aB′ςA′ς

)

Cor. 3.5.3. Za
lς
A′ςkς

(s, ς)Z
B′ςkς
alς

(s, ς) = 1
2 (s+ 1

2 )δ
B′ς
A′ς

[⇔]tr[Z̄aA′ς (s, ς)Z
B′ς
b (s, ς)] = 1

2 (s+ 1
2 )δ

B′ς
A′ς
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3.6 Properties II of constant invariant tensors Z
A′ςkς
alς

(s, ς), ZalςA′ςkς
(s, ς)

Pro. 3.6.1. iς√
2
(σ,−iς)A

′
ςAς

a
−iς√

2
(σ, iς)aBςB′ς = δAςBς δ

A′ς
B′ς

4. Reduce two pairs of indices a, lς

Pro. 3.6.2. ZalςA′ςkς
(s, ς)Z

B′ςmς
alς

(s, ς) = δ
B′ς
A′ς
δmςkς [⇔]Z̄aA′ς (s, ς)Z

B′ς
a (s, ς) = δ

B′ς
A′ς
I2s+1

5. Reduce two pairs of indices a, kς

Pro. 3.6.3. Z
A′ςkς
alς

(s, ς)ZamςB′ςkς
(s, ς) = (1 + 1

2s )δ
A′ς
B′ς
δmςlς

[⇔]Z
A′ς
a (s, ς)Z̄aB′ς (s, ς) = (1 + 1

2s )δ
A′ς
B′ς
I2s[⇔]Za(s, ς)Z̄a(s, ς) = (1 + 1

2s )I4s

3.7 Properties of constant invariant tensor matrices Za(s, ς), Z̄a(s, ς)

Pro. 3.7.1.

{
Z̄a(s, ς)Zb(s, ς) = 1

2s [sδab + iSab(s, ς)]

Za(s, ς)Z̄a(s, ς) = (1 + 1
2s )I4s

Pro. 3.7.2.

{
(s+ 1)Zb(s, ς) = Za(s, ς)iSab(s, ς), (s+ 1)Z̄a(s, ς) = iSab(s, ς)Z̄

b(s, ς)

Za(s, ς)iSab(s, ς)Z̄
b(s, ς) = (s+ 1)(1 + 1

2s ), Za(s, ς)Z̄a(s, ς) 6= kI4s

Pro. 3.7.3.

{
−Sac(s, ς)Scb(s, ς) = s(s+ 1)δab + iSab(s, ς)

Z̄a(s, ς)Zb(s, ς) = − 1
2s [s2δab + Sac(s, ς)S

c
b(s, ς)]

Pro. 3.7.4. [σ(s), iς(s+ 1)]aZ̄a(s, ς) = 0, Za(s, ς)[σ(s),−iς(s+ 1)]a = 0

Proof: [σ(s), iς(s+ 1)]aZ̄a(s, ς)
= −iς√

2
[σ(s), iς(s+ 1)]aN̄(s)(σ ⊗ I2s, iς)a

= −iς√
2
N̄(s)[sσ ⊗ I2s, iς(s+ 1)]aN(s)N̄(s)(σ ⊗ I2s, iς)a

= −iς√
2

[N̄(s)(σ ⊗ I2s,−iς)aN(s)sN̄(s)(σ ⊗ I2s, iς)a − (2s+ 1)N̄(s)]

= −iς√
2

[N̄(s)Za(s, ς)2sZ̄a(s, ς)− (2s+ 1)N̄(s)]

= −iς√
2

[N̄(s)(2s+ 1)− (2s+ 1)N̄(s)]

= 0

4 Several important composite constant invariant tensors
4.1 Composite constant invariant tensors Γkςαςβς ··(n),Γαςβς ··kς

(n)

Def. 4.1.1.

Γkςαςβς · ·︸ ︷︷ ︸
2n

(n) := ( iς√
2
)n σAςBςας σCςDςβς

· ·︸ ︷︷ ︸
n

ΓkςAςBςCςDς · ·︸ ︷︷ ︸
2n

(n),Γ

2n︷ ︸︸ ︷
αςβς · ·
kς

(n) := ( iς√
2
)n

n︷ ︸︸ ︷
σαςAςBςσ

βς
CςDς

· ·Γ

2n︷ ︸︸ ︷
AςBςCςDς · ·
kς

(n)

Equivalence:

Cor. 4.1.1.

Γ

n︷ ︸︸ ︷
αςβς · ·
kς

(n) = ( iς√
2
)n

n︷ ︸︸ ︷
σαςAςBςσ

βς
CςDς

· ·Γ

2n︷ ︸︸ ︷
AςBςCςDς · ·
kς

(n)⇔ Γ

2n︷ ︸︸ ︷
AςBςCςDς · ·
kς

(n) = ( iς√
2
)n σAςBςας σCςDςβς

· ·︸ ︷︷ ︸
n

Γ

n︷ ︸︸ ︷
αςβς · ·
kς

(n)

Cor. 4.1.2.

Γkςαςβς · ·︸ ︷︷ ︸
n

(n) = ( iς√
2
)n σAςBςας σCςDςβς

· ·︸ ︷︷ ︸
n

ΓkςAςBςCςDς · ·︸ ︷︷ ︸
2n

(n)⇔ ΓkςAςBςCςDς · ·︸ ︷︷ ︸
2n

(n) = ( iς√
2
)n

n︷ ︸︸ ︷
σαςAςBςσ

βς
CςDς

· ·Γkςαςβς · ·︸ ︷︷ ︸
n

(n)

Equality:

Cor. 4.1.3. Γ

n︷ ︸︸ ︷
α
′
ςβ
′
ς · ·

k′ς
(n) = [Γ

n︷ ︸︸ ︷
αςβς · ·
kς

(n)]∗ ' Γkςαςβς · ·︸ ︷︷ ︸
n

(n),Γ
k′ς
α
′
ςβ
′
ς · ·︸ ︷︷ ︸
n

(n) = [Γkςαςβς · ·︸ ︷︷ ︸
n

(n)]∗ ' Γ

n︷ ︸︸ ︷
αςβς · ·
kς

(n)

Full symmetry:

Cor. 4.1.4. Γ

n︷ ︸︸ ︷
αςβς · ·
kς

(n) = 1
n!Γ

n︷ ︸︸ ︷
(αςβς · ·)
kς

(n),Γkςαςβς · ·︸ ︷︷ ︸
n

(n) = 1
n!Γ

kς
(αςβς · ·)︸ ︷︷ ︸

n

(n)
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Tracelessness:

Cor. 4.1.5. δαςβςΓ

n︷ ︸︸ ︷
αςβς · ·
kς

(n) = 0, δαςβςΓkςαςβς · ·︸ ︷︷ ︸
n

(n) = 0

Similar Penrose correspondence:

Γ

n︷ ︸︸ ︷
αβ · ·
k (n)

P
= Γ

2n︷ ︸︸ ︷
ABCD · ·
k (n) Γ

n︷ ︸︸ ︷
α
′
β
′ · ·

k′ (n)
P
= Γ

2n︷ ︸︸ ︷
A
′
B
′
C
′
D
′ · ·

k′ (n) (3.1)

Γkαβ · ·︸ ︷︷ ︸
n

(n)
P
= ΓkABCD · ·︸ ︷︷ ︸

2n

(n) Γk
′

α
′
β
′ · ·︸ ︷︷ ︸
n

(n)
P
= Γk

′

A
′
B
′
C
′
D
′ · ·︸ ︷︷ ︸

2n

(n) (3.2)

Orthogonality:

Cor. 4.1.6. Γkςαςβς · ·︸ ︷︷ ︸
n

(n)Γ

n︷ ︸︸ ︷
αςβς · ·
lς

(n) = δkς lς

Cor. 4.1.7. Γkςας (1)Γαςlς (1) = δkςlς ,Γ
kς
ας (1)Γβςkς (1) = δβςας

Cor. 4.1.8. ΓAςBςkς
(1) = iς√

2
σAςBςας Γαςkς (1)⇔ iς√

2
σAςBςας = Γkςας (1)ΓAςBςkς

(1)

Cor. 4.1.9. ΓkςAςBς (1) = iς√
2
σαςAςBςΓ

kς
ας (1)⇔ iς√

2
σαςAςBς = Γαςkς (1)ΓkςAςBς (1)

Cor. 4.1.10. Γkςα1ςα2ς
(2)Γβ1ςβ2ς

kς
(2) = 1

2!δ
(β1ς
α1ς δ

β2ς)
α2ς − 1

3!δ
(β1ςβ2ς)δα1ςα2ς

Proof: Γkςα1ςα2ς
(2)Γβ1ςβ2ς

kς
(2)

= ( iς√
2
)2σA1ςA2ς

α1ς
σA3ςA4ς
α2ς

( iς√
2
)2σβ1ς

B1ςB2ς
σβ2ς

B3ςB4ς
ΓkςA1ςA2ς ··A2sς

(s)ΓB1ςB2ς ··B2sς

kς
(s)

= ( iς√
2
)2σA1ςA2ς

α1ς
σA3ςA4ς
α2ς

( iς√
2
)2σβ1ς

B1ςB2ς
σβ2ς

B3ςB4ς

1
4!δ

B1ς

(A1ς
δB2ς

A2ς
δB3ς

A3ς
δB4ς

A4ς)

= 1
4! [12δ

(β1ς
α1ς δ

β2ς)
α2ς − 8δβ1ςβ2ς δα1ςα2ς ]

= 1
2!δ

(β1ς
α1ς δ

β2ς)
α2ς − 1

3!δ
(β1ςβ2ς)δα1ςα2ς

4.2 Composite constant invariant tensors Γkςabcd··(n),Γabcd··kς
(n)

Def. 4.2.1. Γ

2n︷ ︸︸ ︷
abcd · ·
kς

(n) := ( i2 )n σabςαςσ
cd
ςβς · ·︸ ︷︷ ︸
n

Γ

n︷ ︸︸ ︷
αςβς · ·
kς

(n),Γkςabcd · ·︸ ︷︷ ︸
2n

(n) := ( i2 )n

n︷ ︸︸ ︷
σαςςabσ

βς
ςcd · ·Γ

kς
αςβς · ·︸ ︷︷ ︸

n

(n)

Cor. 4.2.1.

Γ

2n︷ ︸︸ ︷
abcd · ·
kς

(n) = ( i2 )n σabςαςσ
cd
ςβς · ·︸ ︷︷ ︸
n

Γ

n︷ ︸︸ ︷
αςβς · ·
kς

(n)⇒ Γ

n︷ ︸︸ ︷
αςβς · ·
kς

(n) = ( i2 )n

n︷ ︸︸ ︷
σαςςabσ

βς
ςcd · ·Γ

2n︷ ︸︸ ︷
abcd · ·
kς

(n)

Γkςabcd · ·︸ ︷︷ ︸
2n

(n) = ( i2 )n

n︷ ︸︸ ︷
σαςςabσ

βς
ςcd · ·Γ

kς
αςβς · ·︸ ︷︷ ︸

n

(n)⇒ Γkςαςβς · ·︸ ︷︷ ︸
n

(n) = ( i2 )n σabςαςσ
cd
ςβς · ·︸ ︷︷ ︸
n

Γkςabcd · ·︸ ︷︷ ︸
2n

(n)

Cor. 4.2.2. The following two equations can be deduced from each other and are equivalent.
Γ

2n︷ ︸︸ ︷
abcd · ·
kς

(n) = (−iς√
2

)2n

2n︷ ︸︸ ︷
(σ, iς)aAςA′ς (σ, iς)

b
BςB′ς

(σ, iς)cCςC′ς (σ, iς)
d
DςD′ς

· ·Γ

2n︷ ︸︸ ︷
AςBςCςDς · ·
kς

(n)

n︷ ︸︸ ︷
εA
′
ςB
′
ςεC

′
ςD
′
ς · ·

Γ

2n︷ ︸︸ ︷
AςBςCςDς · ·
kς

(n)

n︷ ︸︸ ︷
εA
′
ςB
′
ςεC

′
ςD
′
ς · · = ( iς√

2
)2n

2n︷ ︸︸ ︷
(σ,−iς)A

′
ςAς

a (σ,−iς)B
′
ςBς

b (σ,−iς)C
′
ςCς

c (σ,−iς)D
′
ςDς

d · ·Γ
2n︷ ︸︸ ︷

abcd · ·
kς

(n)

Cor. 4.2.3. The following two equations can be deduced from each other and are equivalent.
Γkςabcd · ·︸ ︷︷ ︸

2n

(n) = ( iς√
2
)2n

2n︷ ︸︸ ︷
(σ,−iς)A

′
ςAς

a (σ,−iς)B
′
ςBς

b (σ,−iς)C
′
ςCς

c (σ,−iς)D
′
ςDς

d · ·ΓkςAςBςCςDς · ·︸ ︷︷ ︸
2n

(n)

n︷ ︸︸ ︷
εA′ςB′ςεC′ςD′ς · ·

ΓkςAςBςCςDς · ·︸ ︷︷ ︸
2n

(n)

n︷ ︸︸ ︷
εA′ςB′ςεC′ςD′ς · · = (−iς√

2
)2n

2n︷ ︸︸ ︷
(σ, iς)aAςA′ς (σ, iς)

b
BςB′ς

(σ, iς)cCςC′ς (σ, iς)
d
DςD′ς

· ·Γkςabcd · ·︸ ︷︷ ︸
2n

(n)

Symmetry:
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Cor. 4.2.4. Γ

2n︷ ︸︸ ︷
abcd · ·
kς

(n) = 1
n!

1
2nΓ

2n︷ ︸︸ ︷
([ab][cd] · ·)
kς

(n),Γkςabcd · ·︸ ︷︷ ︸
2n

(n) = 1
n!

1
2nΓkς([ab][cd] · ·)︸ ︷︷ ︸

2n

(n)

Duality:

Cor. 4.2.5. Γ

2n︷ ︸︸ ︷
abcd · ·
kς

(n) = [−ς]nΓ

2n︷ ︸︸ ︷
∗ab ∗ cd · ·
kς

(n),Γkςabcd · ·︸ ︷︷ ︸
2n

(n) = [−ς]nΓkς∗ab ∗ cd · ·︸ ︷︷ ︸
2n

(n)

Tracelessness:

Cor. 4.2.6. δabΓ

2n︷ ︸︸ ︷
abcd · ·
kς

(n) = 0, δacΓ

2n︷ ︸︸ ︷
abcd · ·
kς

(n) = 0, δabΓkςabcd · ·︸ ︷︷ ︸
2n

(n) = 0, δacΓkςabcd · ·︸ ︷︷ ︸
2n

(n) = 0

Penrose correspondence:
Γ

2n︷ ︸︸ ︷
abcd · ·
k (n)

P
= ( 1√

2
)nΓ

2n︷ ︸︸ ︷
ABCD · ·
k (n)

n︷ ︸︸ ︷
εA
′B′εC

′D′ · ·,Γ
2n︷ ︸︸ ︷

abcd · ·
k′ (n)

P
= ( 1√

2
)nΓ

2n︷ ︸︸ ︷
A
′
B
′
C
′
D
′ · ·

k′ (n)

n︷ ︸︸ ︷
εABεCD · ·

Γkabcd · ·︸ ︷︷ ︸
2n

(n)
P
= ( 1√

2
)nΓkABCD · ·︸ ︷︷ ︸

2n

(n)

n︷ ︸︸ ︷
εA′B′εC′D′ · ·,Γk

′

abcd · ·︸ ︷︷ ︸
2n

(n)
P
= ( 1√

2
)nΓk

′

A
′
B
′
C
′
D
′ · ·︸ ︷︷ ︸

2n

(n)

n︷ ︸︸ ︷
εABεCD · ·

(3.3)

Similar Penrose correspondence:
Γ

2n︷ ︸︸ ︷
abcd · ·
k (n)

P
= ( 1√

2
)nΓ

n︷ ︸︸ ︷
αβ · ·
k (n)

n︷ ︸︸ ︷
εA
′B′εC

′D′ · ·,Γ
2n︷ ︸︸ ︷

abcd · ·
k′ (n)

P
= ( 1√

2
)nΓ

n︷ ︸︸ ︷
α
′
β
′ · ·

k′ (n)

n︷ ︸︸ ︷
εABεCD · ·

Γkabcd · ·︸ ︷︷ ︸
2n

(n)
P
= ( 1√

2
)nΓkαβ · ·︸ ︷︷ ︸

n

(n)

n︷ ︸︸ ︷
εA′B′εC′D′ · ·,Γk

′

abcd · ·︸ ︷︷ ︸
2n

(n)
P
= ( 1√

2
)nΓk

′

α
′
β
′ · ·︸ ︷︷ ︸
n

(n)

n︷ ︸︸ ︷
εABεCD · ·

(3.4)

One to one correspondence:
Γ

2n︷ ︸︸ ︷
abcd · ·
k (n)↔ Γ

n︷ ︸︸ ︷
αβ · ·
k (n)↔ Γ

2n︷ ︸︸ ︷
ABCD · ·
k (n),Γ

2n︷ ︸︸ ︷
abcd · ·
k′ (n)↔ Γ

n︷ ︸︸ ︷
α
′
β
′ · ·

k′ (n)↔ Γ

2n︷ ︸︸ ︷
A
′
B
′
C
′
D
′ · ·

k′ (n)

Γkabcd · ·︸ ︷︷ ︸
2n

(n)↔ Γkαβ · ·︸ ︷︷ ︸
n

(n)↔ ΓkABCD · ·︸ ︷︷ ︸
2n

(n),Γk
′

abcd · ·︸ ︷︷ ︸
2n

(n)↔ Γk
′

α
′
β
′ · ·︸ ︷︷ ︸
n

(n)↔ Γk
′

A
′
B
′
C
′
D
′ · ·︸ ︷︷ ︸

2n

(n)
(3.5)

Orthogonality:

Cor. 4.2.7. Γkςabcd · ·︸ ︷︷ ︸
2n

(n)Γ

2n︷ ︸︸ ︷
abcd · ·
lς

(n) = 2nδkς lς

4.3 Introduction of composite constant invariant tensors N
kςk
′
ς

lς l′ςa
(s), N

l′ς lςa

k′ςkς
(s)

Def. 4.3.1. N
kςk
′
ς

lς l′ςa
(s) := iς√

2
Nkς
Aς lς

(s)N
k′ς
A′ς l
′
ς
(s)(σ,−iς)A

′
ςAς

a , N
l′ς lςa

k′ςkς
(s) := −iς√

2
N
A′ς l
′
ς

k′ς
(s)NAς lς

kς
(s)(σ, iς)aAςA′ς

Cor. 4.3.1. Nkς
Aς lς

(s)N
k′ς
A′ς l
′
ς
(s) = −iς√

2
N
kςk
′
ς

lς l′ςa
(s)(σ, iς)aAςA′ς , N

A′ς l
′
ς

k′ς
(s)NAς lς

kς
(s) = iς√

2
N
l′ς lςa

k′ςkς
(s)(σ,−iς)A

′
ςAς

a

Penrose notation:

Nkk′

ll′a(s)
P
= Nk

Al(s)N
k′

A′l′(s) N l′la
k′k (s)

P
= NA′l′

k′ (s)NAl
k (s) (3.6)

4.4 Introduction of composite constant invariant tensors Γa1b1c1d1··a2b2c2d2··
abcd·· (n)

Def. 4.4.1. Γ

2n︷ ︸︸ ︷
a1b1c1d1 · ·

2n︷ ︸︸ ︷
a2b2c2d2 · ·

abcd · ·︸ ︷︷ ︸
2n

(n) := Γ
kςk
′
ς

abcd · ·︸ ︷︷ ︸
2n

(n)Γ

2n︷ ︸︸ ︷
a1b1c1d1 · ·
kς

(n)Γ

2n︷ ︸︸ ︷
a2b2c2d2 · ·
k′ς

(n)

4.5 Introduction of composite constant invariant tensors ΓAςBςCςDς ··αςβς ·· (n),Γαςβς ··AςBςCςDς ··(n)

Def. 4.5.1.

Γ

2n︷ ︸︸ ︷
AςBςCςDς · ·
αςβς · ·︸ ︷︷ ︸

2n

(n) := Γkςαςβς · ·︸ ︷︷ ︸
2n

(n)Γ

2n︷ ︸︸ ︷
AςBςCςDς · ·
kς

(n) = ( iς√
2
)n 1

(2n)! σ
(AςBς
ας σCςDςβς

· ·)︸ ︷︷ ︸
n

Γ

2n︷ ︸︸ ︷
αςβς · ·
AςBςCςDς · ·︸ ︷︷ ︸

2n

(n) := Γ

2n︷ ︸︸ ︷
αςβς · ·
kς

(n)ΓkςAςBςCςDς · ·︸ ︷︷ ︸
2n

(n) = ( iς√
2
)n 1

(2n)!

n︷ ︸︸ ︷
σας(AςBς

σβςCςDς · ·)
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5 Composite constant invariant tensors Γ
kςk′ς
abc··(s),Γ

abc··
kςk′ς

(s)

5.1 Introduction of composite constant invariant tensors Γ
kςk
′
ς

abc··(s),Γ
abc··
kςk′ς

(s)

Def. 5.1.1.
Γ
k′ςkς
abc · ·︸ ︷︷ ︸

2s

(s) := ( iς√
2
)2s

2s︷ ︸︸ ︷
(σ,−iς)A

′
ςAς

a (σ,−iς)B
′
ςBς

b (σ,−iς)C
′
ςCς

c · ·Γk
′
ς

A
′
ςB
′
ςC
′
ς · ·︸ ︷︷ ︸

2s

(s)ΓkςAςBςCς · ·︸ ︷︷ ︸
2s

(s)

Γ

2s︷ ︸︸ ︷
abc · ·
kςk′ς

(s) := (−iς√
2

)2s

2s︷ ︸︸ ︷
(σ, iς)aAςA′ς (σ, iς)

b
BςB′ς

(σ, iς)cCςC′ς · ·Γ

2s︷ ︸︸ ︷
AςBςCς · ·
kς

(s)Γ

2s︷ ︸︸ ︷
A
′
ςB
′
ςC
′
ς · ·

k′ς
(s)

⇔

Cor. 5.1.1.
Γ
k′ς
A
′
ςB
′
ςC
′
ς · ·︸ ︷︷ ︸

2s

(s)ΓkςAςBςCς · ·︸ ︷︷ ︸
2s

(s) = (−iς√
2

)2s

2s︷ ︸︸ ︷
(σ, iς)aAςA′ς (σ, iς)

b
BςB′ς

(σ, iς)cCςC′ς · ·Γ
k′ςkς
abc · ·︸ ︷︷ ︸

2s

(s)

Γ

2s︷ ︸︸ ︷
AςBςCς · ·
kς

(s)Γ

2s︷ ︸︸ ︷
A
′
ςB
′
ςC
′
ς · ·

k′ς
(s) = ( iς√

2
)2s

2s︷ ︸︸ ︷
(σ,−iς)A

′
ςAς

a (σ,−iς)B
′
ςBς

b (σ,−iς)C
′
ςCς

c · ·Γ
2s︷ ︸︸ ︷

abc · ·
kςk′ς

(s)

Non covariant relation:

Cor. 5.1.2.
Γ
kςk
′
ς

abc · ·︸ ︷︷ ︸
2s

(s)

2s︷ ︸︸ ︷
∂a∂b∂c · · ' (−1)2sΓ

2s︷ ︸︸ ︷
abc · ·
kςk′ς

(s)

2s︷ ︸︸ ︷
∂+
a ∂

+
b ∂

+
c · ·

Γ

2s︷ ︸︸ ︷
abc · ·
k′ςkς

(s)

2s︷ ︸︸ ︷
∂a∂b∂c · · ' (−1)2sΓ

k′ςkς
abc · ·︸ ︷︷ ︸

2s

(s)

2s︷ ︸︸ ︷
∂+a∂+b∂+c · ·

Full symmetry:

Cor. 5.1.3. Γ
k′ςkς
abc · ·︸ ︷︷ ︸

2s

(s) = 1
(2s)!Γ

k′ςkς
(abc · ·)︸ ︷︷ ︸

2s

(s),Γ

2s︷ ︸︸ ︷
abc · ·
kςk′ς

(s) = 1
(2s)!Γ

2s︷ ︸︸ ︷
(abc · ·)
kςk′ς

(s)

Tracelessness:

Cor. 5.1.4. δabΓ
k′ςkς
abc · ·︸ ︷︷ ︸

2s

(s) = 0, δabΓ

2s︷ ︸︸ ︷
abc · ·
kςk′ς

(s) = 0

Penrose notation:

Γk
′k
abc · ·︸ ︷︷ ︸

2s

(s)
P
= Γk

′

A
′
B
′
C
′ · ·︸ ︷︷ ︸

2s

(s)ΓkABC · ·︸ ︷︷ ︸
2s

(s) Γ

2s︷ ︸︸ ︷
abc · ·
kk′ (s)

P
= Γ

2s︷ ︸︸ ︷
ABC · ·
k (s)Γ

2s︷ ︸︸ ︷
A
′
B
′
C
′ · ·

k′ (s) (3.7)

Orthogonality:

Cor. 5.1.5. Γ
k′ςkς
abc · ·︸ ︷︷ ︸

2s

(s)Γ

2s︷ ︸︸ ︷
abc · ·
lς l′ς

(s) = δkς lς δ
k′ς l′ς

5.2 Introduction of composite constant invariant tensors Γ
kςk
′
ς

abc··(s, w),Γabc··kςk′ς
(s, w)

Def. 5.2.1.
Γ
k′ςkς
abc · ·︸ ︷︷ ︸

2s

(s, w) := ( iς√
2
)2s

2s,w︷ ︸︸ ︷
(σ,−iς)A

′
ςAς

a (σ,−iς)B
′
ςBς

b (σ,−iς)C
′
ςCς

c · ·Γk
′
ς

A
′
ςB
′
ςC
′
ς · ·︸ ︷︷ ︸

2s

(s, w)ΓkςAςBςCς · ·︸ ︷︷ ︸
2s

(s, w)

Γ

2s︷ ︸︸ ︷
abc · ·
kςk′ς

(s, w) := (−iς√
2

)2s

2s,w︷ ︸︸ ︷
(σ, iς)aAςA′ς (σ, iς)

b
BςB′ς

(σ, iς)cCςC′ς · ·Γ

2s︷ ︸︸ ︷
AςBςCς · ·
kς

(s, w)Γ

2s︷ ︸︸ ︷
A
′
ςB
′
ςC
′
ς · ·

k′ς
(s, w)
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5.3 Introduction of composite constant invariant tensors Γ
αςα

′
ςβςβ

′
ς ··

abcd·· (n),Γabcd··αςα′ςβςβ
′
ς ··

(n)

Def. 5.3.1.

Γkςαςβς · ·︸ ︷︷ ︸
2n

(n) := ( iς√
2
)n σAςBςας σCςDςβς

· ·︸ ︷︷ ︸
n

ΓkςAςBςCςDς · ·︸ ︷︷ ︸
2n

(n),Γ

2n︷ ︸︸ ︷
αςβς · ·
kς

(n) := ( iς√
2
)n

n︷ ︸︸ ︷
σαςAςBςσ

βς
CςDς

· ·Γ

2n︷ ︸︸ ︷
AςBςCςDς · ·
kς

(n)

Def. 5.3.2.
Γ
k′ςkς
abc · ·︸ ︷︷ ︸

2s

(s) := ( iς√
2
)2s

2s︷ ︸︸ ︷
(σ,−iς)A

′
ςAς

a (σ,−iς)B
′
ςBς

b (σ,−iς)C
′
ςCς

c · ·Γk
′
ς

A
′
ςB
′
ςC
′
ς · ·︸ ︷︷ ︸

2s

(s)ΓkςAςBςCς · ·︸ ︷︷ ︸
2s

(s)

Γ

2s︷ ︸︸ ︷
abc · ·
kςk′ς

(s) := (−iς√
2

)2s

2s︷ ︸︸ ︷
(σ, iς)aAςA′ς (σ, iς)

b
BςB′ς

(σ, iς)cCςC′ς · ·Γ

2s︷ ︸︸ ︷
AςBςCς · ·
kς

(s)Γ

2s︷ ︸︸ ︷
A
′
ςB
′
ςC
′
ς · ·

k′ς
(s)

Pro. 5.3.1. ΓkςA1ςA2ς ··A2sς
(s)ΓB1ςB2ς ··B2sς

kς
(s) = 1

(2s)!δ
(B1ς

A1ς
δB2ς

A2ς
· ·δB2sς)

A2sς
= 1

(2s)!δ
B1ς

(A1ς
δB2ς

A2ς
· ·δB2sς

A2sς)

Def. 5.3.3.

Γ

2n︷ ︸︸ ︷
α
′
ςαςβ

′
ςβς · ·

abc · ·︸ ︷︷ ︸
2s

(n) := Γ

n︷ ︸︸ ︷
α
′
ςβ
′
ς · ·

k′ς
(n)Γ

n︷ ︸︸ ︷
αςβς · ·
kς

(n)Γ
k′ςkς
abc · ·︸ ︷︷ ︸

2n

(n)

= (− 1
4 )n

n︷ ︸︸ ︷
σαςAςBςσ

βς
CςDς

· ·

n︷ ︸︸ ︷
σ
α′ς
A′ςB

′
ς
σ
β′ς
C′ςD

′
ς
· ·

2n︷ ︸︸ ︷
(σ,−iς)A

′
ςAς

a (σ,−iς)B
′
ςBς

b (σ,−iς)C
′
ςCς

c · ·

Γ

2n︷ ︸︸ ︷
abc · ·
αςα

′
ςβςβ

′
ς · ·︸ ︷︷ ︸

2n

(n) := Γkςαςβς · ·︸ ︷︷ ︸
2n

(n)Γ
k′ς
α
′
ςβ
′
ς · ·︸ ︷︷ ︸

2n

(n)Γ

2n︷ ︸︸ ︷
abc · ·
kςk′ς

(n)

= (− 1
4 )n σAςBςας σCςDςβς

· ·︸ ︷︷ ︸
n

σ
A′ςB

′
ς

α′ς
σ
C′ςD

′
ς

β′ς
· ·︸ ︷︷ ︸

n

2n︷ ︸︸ ︷
(σ, iς)aAςA′ς (σ, iς)

b
BςB′ς

(σ, iς)cCςC′ς · ·

⇒

Cor. 5.3.1.

Γ
k′ςkς
abc · ·︸ ︷︷ ︸

2n

(n) := Γ
k′ς
α
′
ςβ
′
ς · ·︸ ︷︷ ︸

2n

(n)Γkςαςβς · ·︸ ︷︷ ︸
2n

(n)Γ

2n︷ ︸︸ ︷
α
′
ςαςβ

′
ςβς · ·

abc · ·︸ ︷︷ ︸
2s

(n)

Γ

2n︷ ︸︸ ︷
abc · ·
kςk′ς

(n) := Γ

n︷ ︸︸ ︷
αςβς · ·
kς

(n)Γ

n︷ ︸︸ ︷
α
′
ςβ
′
ς · ·

k′ς
(n)Γ

2n︷ ︸︸ ︷
abc · ·
αςα

′
ςβςβ

′
ς · ·︸ ︷︷ ︸

2n

(n)

Cor. 5.3.2.Γ
α′ςας
ab (1) := Γ

α′ς
k′ς

(1)Γαςkς (1)Γ
k′ςkς
ab (1)

Γabαςα′ς (1) := Γkςας (1)Γ
k′ς
α′ς

(1)Γabkςk′ς (1)
[⇔]

Γ
k′ςkς
ab (1) := Γ

k′ς
α′ς

(1)Γkςας (1)Γ
α′ςας
ab (1)

Γabkςk′ς (1) := Γαςkς (1)Γ
α′ς
k′ς

(1)Γabαςα′ς (1)

{
Γ
α′ςας
ab (1) = σ

α′ςας
ab

Γabαςα′ς (1) = σabαςα′ς

5.4 Concrete expansion of first few items for Γ
kςk
′
ς

abc··(s),Γ
abc··
kςk′ς

(s)

Proof: Γ

2s︷ ︸︸ ︷
πππ · ·
kςk′ς

(s)

= (−iς√
2

)2s

2s︷ ︸︸ ︷
(iς)AςA′ς (iς)BςB′ς (iς)CςC′ς · ·Γ

2s︷ ︸︸ ︷
AςBςCς · ·
kς

(s)Γ

2s︷ ︸︸ ︷
A
′
ςB
′
ςC
′
ς · ·

k′ς
(s)

= ( 1√
2
)2sΓ

2s︷ ︸︸ ︷
AςBςCς · ·
kς

(s)

2s︷ ︸︸ ︷
δAςA′ς δBςB′ς δCςC′ς · ·Γ

2s︷ ︸︸ ︷
A
′
ςB
′
ςC
′
ς · ·

k′ς
(s)

= ( 1√
2
)2sδkςk′ς

Proof: Γ

2s︷ ︸︸ ︷
iππ · ·
kςk′ς

(s)

= (−iς√
2

)2s

2s︷ ︸︸ ︷
(σ)iAςA′ς (iς)BςB′ς (iς)CςC′ς · ·Γ

2s︷ ︸︸ ︷
AςBςCς · ·
kς

(s)Γ

2s︷ ︸︸ ︷
A
′
ςB
′
ςC
′
ς · ·

k′ς
(s)

= −iς( 1√
2
)2sΓ

2s︷ ︸︸ ︷
AςBςCς · ·
kς

(s)

2s︷ ︸︸ ︷
(σ)iAςA′ς δBςB′ς δCςC′ς · ·Γ

2s︷ ︸︸ ︷
A
′
ςB
′
ςC
′
ς · ·

k′ς
(s)

= −iς( 1√
2
)2s 1

sσ
i(s)kςk′ς
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Proof: Γ

2s︷ ︸︸ ︷
ijπ · ·
kςk′ς

(s)

= (−iς√
2

)2s

2s︷ ︸︸ ︷
(σ)iAςA′ς (σ)jBςB′ς (iς)CςC

′
ς
· ·Γ

2s︷ ︸︸ ︷
AςBςCς · ·
kς

(s)Γ

2s︷ ︸︸ ︷
A
′
ςB
′
ςC
′
ς · ·

k′ς
(s)

= −( 1√
2
)2sΓ

2s︷ ︸︸ ︷
AςBςCς · ·
kς

(s)

2s︷ ︸︸ ︷
(σ)iAςA′ς (σ)jBςB′ς δCςC

′
ς
· ·Γ

2s︷ ︸︸ ︷
A
′
ςB
′
ςC
′
ς · ·

k′ς
(s)

= −( 1√
2
)2s 1

2s(s− 1
2 )

[{σi(s), σj(s)} − sδij ]kςk′ς

Proof: Γ

2s︷ ︸︸ ︷
ijkπ · ·
kςk′ς

(s)

= (−iς√
2

)2s

2s︷ ︸︸ ︷
(σ)iAςA′ς (σ)jBςB′ς (σ)kCςC′ς (iς)DςD′ς · ·Γ

2s︷ ︸︸ ︷
AςBςCςDς · ·
kς

(s)Γ

2s︷ ︸︸ ︷
A
′
ςB
′
ςC
′
ςD
′
ς · ·

k′ς
(s)

= ( 1√
2
)2s iς

2s(s− 1
2 )(s−1)

{σ{j(s)[σi(s)]σk}(s)− [(s− 1)σi(s)δjk + sδi{jσk}(s)]}kςk′ς

Proof: Γ

2s︷ ︸︸ ︷
ijkl · ·
kςk′ς

(s)∂i∂j∂k∂l

= (−iς√
2

)2s

2s︷ ︸︸ ︷
(σ)iAςA′ς (σ)jBςB′ς (σ)kCςC′ς (σ)lDςD′ς · ·Γ

2s︷ ︸︸ ︷
AςBςCςDς · ·
kς

(s)Γ

2s︷ ︸︸ ︷
A
′
ςB
′
ςC
′
ςD
′
ς · ·

k′ς
(s)

= ( 1√
2
)2s 1

s(s− 1
2 )(s−1)(s− 3

2 )
[σi(s)σj(s)σk(s)σl(s) + (2− 3s)σi(s)σj(s)δkl + 3s(s−1)

4 δijδkl]kςk′ς∂i∂j∂k∂l

5.5 Definition of Γabc··+ (s) and Γabc··− (s)

Def. 5.5.1. odd := −, even := +

Def. 5.5.2.


Γ

2s︷ ︸︸ ︷
abc · ·(s) = 1 · Γ

2s−2l︷︸︸︷
ij · ·

2l︷ ︸︸ ︷
π · ·π(s), 1 · Γ

2s−2l−1︷︸︸︷
ij · ·

2l+1︷ ︸︸ ︷
π · ·π(s), l = 0, ··, 2s

Γ

2s︷ ︸︸ ︷
abc · ·
+ (s) := 1 · Γ

2s−2l︷︸︸︷
ij · ·

2l︷ ︸︸ ︷
π · ·π(s), 0 · Γ

2s−2l−1︷︸︸︷
ij · ·

2l+1︷ ︸︸ ︷
π · ·π(s), l = 0, ··, 2s

Γ

2s︷ ︸︸ ︷
abc · ·
− (s) := 0 · Γ

2s−2l︷︸︸︷
ij · ·

2l︷ ︸︸ ︷
π · ·π(s), 1 · Γ

2s−2l−1︷︸︸︷
ij · ·

2l+1︷ ︸︸ ︷
π · ·π(s), l = 0, ··, 2s

Cor. 5.5.1. Γ

2s︷ ︸︸ ︷
abc · ·(s) = Γ

2s︷ ︸︸ ︷
abc · ·
+ (s) + Γ

2s︷ ︸︸ ︷
abc · ·
− (s)

5.6 Basic properties of operators Γabc··± (s)papbpc · · and Γabc··± (s)∂a∂b∂c · ·

Pro. 5.6.1.


Γ

2s︷ ︸︸ ︷
abc · ·(s)

2s︷ ︸︸ ︷
papbpc · · =

2s∑
n=0

Cn2sΓ

2s−n︷︸︸︷
ij · ·

n︷ ︸︸ ︷
π · ·π(s)

2s−n︷ ︸︸ ︷
pipj · · pnπ

Γ

2s︷ ︸︸ ︷
abc · ·(s)

2s︷ ︸︸ ︷
∂a∂b∂c · · =

2s∑
n=0

Cn2sΓ

2s−n︷︸︸︷
ij · ·

n︷ ︸︸ ︷
π · ·π(s)

2s−n︷ ︸︸ ︷
∂i∂j · · ∂nπ

Pro. 5.6.2.


Γ

2s︷ ︸︸ ︷
abc · ·
+ (s)

2s︷ ︸︸ ︷
papbpc · · :=

[s]∑
l=0

C2l
2sΓ

2s−2l︷︸︸︷
ij · ·

2l︷ ︸︸ ︷
π · ·π(s)

2s−2l︷ ︸︸ ︷
pipj · · p2l

π

Γ

2s︷ ︸︸ ︷
abc · ·
+ (s)

2s︷ ︸︸ ︷
∂a∂b∂c · · :=

[s]∑
l=0

C2l
2sΓ

2s−2l︷︸︸︷
ij · ·

2l︷ ︸︸ ︷
π · ·π(s)

2s−2l︷ ︸︸ ︷
∂i∂j · · ∂2l

π

Pro. 5.6.3.


Γ

2s︷ ︸︸ ︷
abc · ·
− (s)

2s︷ ︸︸ ︷
papbpc · · :=

[s− 1
2 ]∑

l=0

C2l+1
2s Γ

2s−2l−1︷︸︸︷
ij · ·

2l+1︷ ︸︸ ︷
π · ·π(s)

2s−2l−1︷ ︸︸ ︷
pipj · · p2l+1

π

Γ

2s︷ ︸︸ ︷
abc · ·
− (s)

2s︷ ︸︸ ︷
∂a∂b∂c · · :=

[s− 1
2 ]∑

l=0

C2l+1
2s Γ

2s−2l−1︷︸︸︷
ij · ·

2l+1︷ ︸︸ ︷
π · ·π(s)

2s−2l−1︷ ︸︸ ︷
∂i∂j · · ∂2l+1

π

Pro. 5.6.4.


Γ

2s︷ ︸︸ ︷
abc · ·(s)

2s︷ ︸︸ ︷
papbpc · · = Γ

2s︷ ︸︸ ︷
abc · ·
+ (s)

2s︷ ︸︸ ︷
papbpc · ·+Γ

2s︷ ︸︸ ︷
abc · ·
− (s)

2s︷ ︸︸ ︷
papbpc · ·

Γ

2s︷ ︸︸ ︷
abc · ·(s)

2s︷ ︸︸ ︷
∂a∂b∂c · · = Γ

2s︷ ︸︸ ︷
abc · ·
+ (s)

2s︷ ︸︸ ︷
∂a∂b∂c · ·+Γ

2s︷ ︸︸ ︷
abc · ·
− (s)

2s︷ ︸︸ ︷
∂a∂b∂c · ·
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5.7 Definition of operators p̂a and ∂̂a

Def. 5.7.1. p̂a := pa
|~p| = (p̂, i); p̂ = ~p

|~p| , p̂π = pπ
|~p| = i; p̂2 = 1, p̂2

π = i2

Def. 5.7.2. ∂̂a := ∂a
i
√
−∇2

= −i∂a√
−∇2

= (−i∇,−∂t)√
−∇2

; ∇̂ = ∇
i
√
−∇2

= −i∇√
−∇2

; ∇̂2 = 1, ∇̂2
π = i2

Cor. 5.7.1. pa ' −i∂a, |~p| '
√
−∇2, p̂a ' ∂̂a, pa = |~p|p̂a, ∂a = (i

√
−∇2)∂̂a

5.8 Basic properties of operators Γabc··(s)p̂ap̂bp̂c · · and Γabc··(s)∂̂a∂̂b∂̂c · ·

Cor. 5.8.1.


Γ

2s︷ ︸︸ ︷
abc · ·(s)

2s︷ ︸︸ ︷
papbpc · · = |~p|2sΓ

2s︷ ︸︸ ︷
abc · ·(s)

2s︷ ︸︸ ︷
p̂ap̂bp̂c · ·

Γ

2s︷ ︸︸ ︷
abc · ·(s)

2s︷ ︸︸ ︷
∂a∂b∂c · · = (i

√
−∇2)2sΓ

2s︷ ︸︸ ︷
abc · ·(s)

2s︷ ︸︸ ︷
∂̂a∂̂b∂̂c · ·

Pro. 5.8.1.


Γ

2s︷ ︸︸ ︷
abc · ·(s)

2s︷ ︸︸ ︷
p̂ap̂bp̂c · · =

2s∑
n=0

inCn2sΓ

2s−n︷︸︸︷
ij · ·

n︷ ︸︸ ︷
π · ·π(s)

2s−n︷ ︸︸ ︷
p̂ip̂j · · =

2s∑
n=0

i2s−nCn2sΓ

n︷︸︸︷
ij · ·

2s−n︷ ︸︸ ︷
π · ·π(s)

n︷ ︸︸ ︷
p̂ip̂j · ·

Γ

2s︷ ︸︸ ︷
abc · ·(s)

2s,∂̂π→i︷ ︸︸ ︷
∂̂a∂̂b∂̂c · · =

2s∑
n=0

inCn2sΓ

2s−n︷︸︸︷
ij · ·

n︷ ︸︸ ︷
π · ·π(s)

2s−n︷ ︸︸ ︷
∂̂i∂̂j · · =

2s∑
n=0

i2s−nCn2sΓ

n︷︸︸︷
ij · ·

2s−n︷ ︸︸ ︷
π · ·π(s)

n︷ ︸︸ ︷
∂̂i∂̂j · ·

Pro. 5.8.2.


Γ

2s︷ ︸︸ ︷
abc · ·
+ (s)

2s︷ ︸︸ ︷
p̂ap̂bp̂c · · =

[s]∑
l=0

(−1)lC2l
2sΓ

2s−2l︷︸︸︷
ij · ·

2l︷ ︸︸ ︷
π · ·π(s)

2s−2l︷ ︸︸ ︷
p̂ip̂j · ·

Γ

2s︷ ︸︸ ︷
abc · ·
+ (s)

2s,∂̂π→i︷ ︸︸ ︷
∂̂a∂̂b∂̂c · · =

[s]∑
l=0

(−1)lC2l
2sΓ

2s−2l︷︸︸︷
ij · ·

2l︷ ︸︸ ︷
π · ·π(s)

2s−2l︷ ︸︸ ︷
∂̂i∂̂j · ·

Pro. 5.8.3.


Γ

2s︷ ︸︸ ︷
abc · ·
− (s)

2s︷ ︸︸ ︷
p̂ap̂bp̂c · · = i

[s− 1
2 ]∑

l=0

(−1)lC2l+1
2s Γ

2s−2l−1︷︸︸︷
ij · ·

2l+1︷ ︸︸ ︷
π · ·π(s)

2s−2l−1︷ ︸︸ ︷
p̂ip̂j · ·

Γ

2s︷ ︸︸ ︷
abc · ·
− (s)

2s,∂̂π→i︷ ︸︸ ︷
∂̂a∂̂b∂̂c · · = i

[s− 1
2 ]∑

l=0

(−1)lC2l+1
2s Γ

2s−2l−1︷︸︸︷
ij · ·

2l+1︷ ︸︸ ︷
π · ·π(s)

2s−2l−1︷ ︸︸ ︷
∂̂i∂̂j · ·

5.9 Expansion of operators Γij··π··πkςk′ς
(s)p̂ip̂j · · and Γij··π··πkςk′ς

(s)∂̂i∂̂j · ·

Cor. 5.9.1. Γ

n︷︸︸︷
ij · ·

2s−n︷ ︸︸ ︷
π · ·π

kςk′ς
(s) = (−iς)n2n−sΓ

n︷︸︸︷
ij · ·
kςk′ς

(s, n) = (−iς)n
2s−n

1
n!

[n/2]∑
k

c(s, n;n− 2k)Ωn−2k(s)

Proof: Γ

n︷︸︸︷
ij · ·

2s−n︷ ︸︸ ︷
π · ·π

kςk′ς
(s)

= (−iς√
2

)2s

n︷ ︸︸ ︷
(σ)iAςA′ς (σ)jBςB′ς · ·

2s−n︷ ︸︸ ︷
(iς)PςP ′ς (iς)QςQ′ς · ·Γ

2s︷ ︸︸ ︷
AςBς · ·PςQς · ·
kς

(s)Γ

2s︷ ︸︸ ︷
A
′
ςB
′
ς · ·P

′
ςQ
′
ς · ·

k′ς
(s)

= (−iς√
2

)2s2n(iς)2s−nΓ

2s︷ ︸︸ ︷
AςBς · ·PςQς · ·
kς

(s)

n︷ ︸︸ ︷
σ( 1

2 )iAςA′ςσ( 1
2 )jBςB′ς · ·

2s−n︷ ︸︸ ︷
δPςP ′ς δQςQ′ς · ·Γ

2s︷ ︸︸ ︷
A
′
ςB
′
ς · ·P

′
ςQ
′
ς · ·

k′ς
(s)

= (−iς)n2n−sΓ

n︷︸︸︷
ij · ·
kςk′ς

(s, n) = (−iς)n
2s−n

1
n!

[n/2]∑
k=0

c(s, n;n− 2k)Ωn−2k(s)

Cor. 5.9.2.


Γ

n︷︸︸︷
ij · ·

2s−n︷ ︸︸ ︷
π · ·π

kςk′ς
(s)

n︷ ︸︸ ︷
p̂ip̂j · · = (−iς)n

2s−n

[n/2]∑
k=0

c(s, n;n− 2k)[σ(s) · p̂]n−2k

Γ

n︷︸︸︷
ij · ·

2s−n︷ ︸︸ ︷
π · ·π

kςk′ς
(s)

n︷ ︸︸ ︷
∂̂i∂̂j · · = (−iς)n

2s−n

[n/2]∑
k=0

c(s, n;n− 2k)[σ(s) · ∇̂]n−2k

Cor. 5.9.3.


Γ

2s−n︷︸︸︷
ij · ·

n︷ ︸︸ ︷
π · ·π

kςk′ς
(s)

2s−n︷ ︸︸ ︷
p̂ip̂j · · = (−iς)2s−n

2n−s

[(2s−n)/2]∑
k=0

c(s, 2s− n; 2s− n− 2k)[σ(s) · p̂]2s−n−2k

Γ

n︷︸︸︷
ij · ·

2s−n︷ ︸︸ ︷
π · ·π

kςk′ς
(s)

n︷ ︸︸ ︷
∂̂i∂̂j · · = (−iς)2s−n

2n−s

[(2s−n)/2]∑
k=0

c(s, 2s− n; 2s− n− 2k)[σ(s) · ∇̂]2s−n−2k
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5.10 Expansion of operators Γabc··(s)p̂ap̂bp̂c · · and Γabc··(s)∂̂a∂̂b∂̂c · ·

Pro. 5.10.1.


Γ

2s︷ ︸︸ ︷
abc · ·(s)

2s︷ ︸︸ ︷
p̂ap̂bp̂c · · = i2s

2s

2s∑
n=0

[n/2]∑
k=0

Cn2s(−2ς)nc(s, n;n− 2k)[σ(s) · p̂]n−2k(s)

Γ

2s︷ ︸︸ ︷
abc · ·(s)

2s,∂̂π→i︷ ︸︸ ︷
∂̂a∂̂b∂̂c · · = i2s

2s

2s∑
n=0

[n/2]∑
k=0

Cn2s(−2ς)nc(s, n;n− 2k)[σ(s) · ∇̂]n−2k(s)

Pro. 5.10.2.


Γ

2s︷ ︸︸ ︷
abc · ·(s)

2s︷ ︸︸ ︷
p̂ap̂bp̂c · · = i2s

2s

2s∑
n=0

[(2s−n)/2]∑
k=0

Cn2s(−2ς)2s−nc(s, 2s− n; 2s− n− 2k)[σ(s) · p̂]2s−n−2k(s)

Γ

2s︷ ︸︸ ︷
abc · ·(s)

2s,∂̂π→i︷ ︸︸ ︷
∂̂a∂̂b∂̂c · · = i2s

2s

2s∑
n=0

[(2s−n)/2]∑
k=0

Cn2s(−2ς)2s−nc(s, 2s− n; 2s− n− 2k)[σ(s) · ∇̂]2s−n−2k(s)

Pro. 5.10.3.


Γ

2s︷ ︸︸ ︷
abc · ·
+ (s)

2s︷ ︸︸ ︷
p̂ap̂bp̂c · · = (−iς)2s

2−s

[s]∑
l=0

[s−l]∑
k=0

C2l
2s2
−2lc(s, 2s− 2l; 2s− 2l − 2k)[σ(s) · p̂]2s−2l−2k

Γ

2s︷ ︸︸ ︷
abc · ·
+ (s)

2s,∂̂π→i︷ ︸︸ ︷
∂̂a∂̂b∂̂c · · = (−iς)2s

2−s

[s]∑
l=0

[s−l]∑
k=0

C2l
2s2
−2lc(s, 2s− 2l; 2s− 2l − 2k)[σ(s) · ∇̂]2s−2l−2k

Pro. 5.10.4.
Γ

2s︷ ︸︸ ︷
abc · ·
− (s)

2s︷ ︸︸ ︷
p̂ap̂bp̂c · · = i (−iς)2s−1

21−s

[s− 1
2 ]∑

l=0

[s− 1
2−l]∑

k=0

2−2lC2l+1
2s c(s, 2s− 2l − 1; 2s− 2l − 1− 2k)[σ(s) · p̂]2s−2l−1−2k

Γ

2s︷ ︸︸ ︷
abc · ·
− (s)

2s,∂̂π→i︷ ︸︸ ︷
∂̂a∂̂b∂̂c · · = i (−iς)2s−1

21−s

[s− 1
2 ]∑

l=0

[s− 1
2−l]∑

k=0

2−2lC2l+1
2s c(s, 2s− 2l − 1; 2s− 2l − 1− 2k)[σ(s) · ∇̂]2s−2l−1−2k

5.11 Linear algebraic method on expansion coefficients of Γabc··(s)p̂ap̂bp̂c · ·,Γabc··(s)∂̂a∂̂b∂̂c · ·

Pro. 5.11.1. Γ

2s︷ ︸︸ ︷
abc · ·(s)

2s︷ ︸︸ ︷
p̂ap̂bp̂c · · =

2s∑
n=0

Cn[σ(s) · p̂]n,Γ
2s︷ ︸︸ ︷

abc · ·(s)

2s,∂̂π→i︷ ︸︸ ︷
∂̂a∂̂b∂̂c · · =

2s∑
n=0

Cn[σ(s) · ∇̂]n

Proof: λ+(p̂, h; s)Γ

2s︷ ︸︸ ︷
abc · ·(s)

2s︷ ︸︸ ︷
p̂ap̂bp̂c · ·λ(p̂, h; s) = λ+(p̂, h; s)

2s∑
n=0

Cn(ς)[σ(s) · p̂]n(s)λ(p̂, h; s)

⇔ λ+(p̂, h; s)(i
√

2)2sλ(p̂,−sς)λ+(p̂,−sς)λ(p̂, h; s) =
2s∑
n=0

Cn(ς)λ+(p̂, h; s)[σ(s) · p̂]n(s)λ(p̂, h; s)

⇔ (i
√

2)2sδ(−sς, h) =
2s∑
n=0

Cn(ς)hn, h = −sς, ··, sς
⇔ s0 s1 ··· s2s−1 s2s

(s−1)0 (s−1)1 ··· (s−1)2s−1 (s−1)2s

··· ··· ··· ··· ···
(1−s)0 (1−s)1 ··· (1−s)2s−1 (1−s)2s

(−s)0 (−s)1 ··· (−s)2s−1 (−s)2s

 C0(−1)
C1(−1)
···

C2s−1(−1)
C2s(−1)

 = (i
√

2)2s

[
1
0
···
0
0

]
 s0 s1 ··· s2s−1 s2s

(s−1)0 (s−1)1 ··· (s−1)2s−1 (s−1)2s

··· ··· ··· ··· ···
(1−s)0 (1−s)1 ··· (1−s)2s−1 (1−s)2s

(−s)0 (−s)1 ··· (−s)2s−1 (−s)2s

 C0(1)
C1(1)
···

C2s−1(1)
C2s(1)

 = (i
√

2)2s

[
0
0
···
0
1

]
⇔ C0(−1)

C1(−1)
···

C2s−1(−1)
C2s(−1)

 = (i
√

2)2s

 s0 s1 ··· s2s−1 s2s

(s−1)0 (s−1)1 ··· (s−1)2s−1 (s−1)2s

··· ··· ··· ··· ···
(1−s)0 (1−s)1 ··· (1−s)2s−1 (1−s)2s

(−s)0 (−s)1 ··· (−s)2s−1 (−s)2s

−1 [
1
0
···
0
0

]
 C0(1)

C1(1)
···

C2s−1(1)
C2s(1)

 = (i
√

2)2s

 s0 s1 ··· s2s−1 s2s

(s−1)0 (s−1)1 ··· (s−1)2s−1 (s−1)2s

··· ··· ··· ··· ···
(1−s)0 (1−s)1 ··· (1−s)2s−1 (1−s)2s

(−s)0 (−s)1 ··· (−s)2s−1 (−s)2s

−1 [
0
0
···
0
1

]

Pro. 5.11.2.


Γ

2s︷ ︸︸ ︷
abc · ·
+ (s)

2s︷ ︸︸ ︷
p̂ap̂bp̂c · · =

[s]∑
l=0

C2s−2l[σ(s) · p̂]2s−2l

Γ

2s︷ ︸︸ ︷
abc · ·
+ (s)

2s,∂̂π→i︷ ︸︸ ︷
∂̂a∂̂b∂̂c · · =

[s]∑
l=0

C2s−2l[σ(s) · ∇̂]2s−2l
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Pro. 5.11.3.


Γ

2s︷ ︸︸ ︷
abc · ·
− (s)

2s︷ ︸︸ ︷
p̂ap̂bp̂c · · =

[s− 1
2 ]∑

l=0

C2s−2l−1[σ(s) · p̂]2s−2l−1

Γ

2s︷ ︸︸ ︷
abc · ·
− (s)

2s,∂̂π→i︷ ︸︸ ︷
∂̂a∂̂b∂̂c · · =

[s− 1
2 ]∑

l=0

C2s−2l−1[σ(s) · ∇̂]2s−2l−1

Thm. 5.11.1.
2s∑
n=0

kn[σ(s) · p̂]n = 0⇔ kn = 0

Proof:
2s∑
n=0

kn[σ(s) · p̂]n = 0(⇒
2s∑
n=0

kn[σz(s)]
n = 0)

⇒ λ+(p̂, h; s)
2s∑
n=0

kn[σ(s) · p̂]nλ(p̂, h; s) = 0

⇔
2s∑
n=0

knh
n = 0, h = −s, ··, s

⇔

 s0 s1 ··· s2s−1 s2s

(s−1)0 (s−1)1 ··· (s−1)2s−1 (s−1)2s

··· ··· ··· ··· ···
(1−s)0 (1−s)1 ··· (1−s)2s−1 (1−s)2s

(−s)0 (−s)1 ··· (−s)2s−1 (−s)2s

 k0

k1
···

k2s−1

k2s

 = 0

⇔ kn = 0

5.12 Relations between special composite constant invariant tensors

Cor. 5.12.1.


Γ

2n︷ ︸︸ ︷
aãcc̃ · ·
kς

(n)

n︷ ︸︸ ︷
δãb̃δc̃d̃ · ·Γ

2n︷ ︸︸ ︷
bb̃dd̃ · ·
k′ς

(n) = (1
2 )n

n︷ ︸︸ ︷
σabαςα′ςσ

cd
βςβ′ς
· ·Γ

n︷ ︸︸ ︷
αςβς · ·
kς

(n)Γ

n︷ ︸︸ ︷
α
′
ςβ
′
ς · ·

k′ς
(n)

Γ
k′ς
aãcc̃ · ·︸ ︷︷ ︸

2n

(n)

n︷ ︸︸ ︷
δãb̃δc̃d̃ · ·Γkς

bb̃dd̃ · ·︸ ︷︷ ︸
2n

(n) = (1
2 )n

n︷ ︸︸ ︷
σ
α′ςας
ab σ

β′ςβς
cd · ·Γk

′
ς

α
′
ςβ
′
ς · ·︸ ︷︷ ︸
n

(n)Γkςαςβς · ·︸ ︷︷ ︸
n

(n)

Proof: Γ

2n︷ ︸︸ ︷
aãcc̃ · ·
kς

(n)

n︷ ︸︸ ︷
δãb̃δc̃d̃ · ·Γ

2n︷ ︸︸ ︷
bb̃dd̃ · ·
k′ς

(n)

= ( i2 )n σaãςαςσ
cc̃
ςβς · ·︸ ︷︷ ︸
n

Γ

n︷ ︸︸ ︷
αςβς · ·
kς

(n)

n︷ ︸︸ ︷
δãb̃δc̃d̃ · ·(

i
2 )n σbb̃−ςα′ςσ

dd̃
−ςβ′ς · ·︸ ︷︷ ︸
n

Γ

n︷ ︸︸ ︷
α
′
ςβ
′
ς · ·

k′ς
(n)

= ( 1
2 )n σabαςα′ςσ

cd
βςβ′ς
· ·︸ ︷︷ ︸

n

Γ

n︷ ︸︸ ︷
αςβς · ·
kς

(n)Γ

n︷ ︸︸ ︷
α
′
ςβ
′
ς · ·

k′ς
(n)

Cor. 5.12.2.



Γ

2n︷ ︸︸ ︷
abc · ·
kςk′ς

(n) = σabαςα′ςσ
cd
βςβ′ς
· ·︸ ︷︷ ︸

n

Γ

n︷ ︸︸ ︷
αςβς · ·
kς

(n)Γ

n︷ ︸︸ ︷
α
′
ςβ
′
ς · ·

k′ς
(n) = 2nΓ

2n︷ ︸︸ ︷
aãcc̃ · ·
kς

(n)

n︷ ︸︸ ︷
δãb̃δc̃d̃ · ·Γ

2n︷ ︸︸ ︷
bb̃dd̃ · ·
k′ς

(n)

Γ
k′ςkς
abc · ·︸ ︷︷ ︸

2n

(n) =

n︷ ︸︸ ︷
σ
α′ςας
ab σ

β′ςβς
cd · ·Γk

′
ς

α
′
ςβ
′
ς · ·︸ ︷︷ ︸
n

(n)Γkςαςβς · ·︸ ︷︷ ︸
n

(n) = 2nΓ
k′ς
aãcc̃ · ·︸ ︷︷ ︸

2n

(n)

n︷ ︸︸ ︷
δãb̃δc̃d̃ · ·Γkς

bb̃dd̃ · ·︸ ︷︷ ︸
2n

(n)

Proof: Γ

2n︷ ︸︸ ︷
abc · ·
kςk′ς

(n) = (−iς√
2

)2n

2n︷ ︸︸ ︷
(σ, iς)aAςA′ς (σ, iς)

b
BςB′ς

(σ, iς)cCςC′ς (σ, iς)
d
DςD′ς

· ·Γ

2s︷ ︸︸ ︷
AςBςCς · ·
kς

(s)Γ

2s︷ ︸︸ ︷
A
′
ςB
′
ςC
′
ς · ·

k′ς
(s)

= (−iς√
2

)2n

2n︷ ︸︸ ︷
(σ, iς)aAςA′ς (σ, iς)

b
BςB′ς

(σ, iς)cCςC′ς · ·(
iς√
2
)n σAςBςας σCςDςβς

· ·︸ ︷︷ ︸
n

Γ

n︷ ︸︸ ︷
αςβς · ·
kς

(n)(−iς√
2

)n σ
A′ςB

′
ς

α′ς
σ
C′ςD

′
ς

β′ς
· ·︸ ︷︷ ︸

n

Γ

n︷ ︸︸ ︷
α
′
ςβ
′
ς · ·

k′ς
(n)

= −iς√
2

(σ, iς)aAςA′ς
−iς√

2
(σ, iς)bBςB′ς

−iς√
2
σ
A′ςB

′
ς

α′ς

iς√
2
σAςBςας

−iς√
2

(σ, iς)cCςC′ς
−iς√

2
(σ, iς)dDςD′ς

−iς√
2
σ
C′ςD

′
ς

α′ς

iς√
2
σCςDςας · ·

Γ

n︷ ︸︸ ︷
αςβς · ·
kς

(n)Γ

n︷ ︸︸ ︷
α
′
ςβ
′
ς · ·

k′ς
(n)

= σabαςα′ςσ
cd
βςβ′ς
· ·︸ ︷︷ ︸

n

Γ

n︷ ︸︸ ︷
αςβς · ·
kς

(n)Γ

n︷ ︸︸ ︷
α
′
ςβ
′
ς · ·

k′ς
(n)

= 2nΓ

2n︷ ︸︸ ︷
aãcc̃ · ·
kς

(n)

n︷ ︸︸ ︷
δãb̃δc̃d̃ · ·Γ

2n︷ ︸︸ ︷
bb̃dd̃ · ·
k′ς

(n)
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6 The most basic constant invariant tensors
The most basic constant invariant tensors:

εAB , ε
AB ; δab, δ

ab; δαβ , δ
αβ ; εαβγ ; (σ,−i)A

′A
a ;σαA

B ;Nk
Al(s), N

Al
k (s) (3.8)

The above are the most basic constant invariant tensors. All constant invariant tensors in this chapter
and the previous chapters can be derived from them. Therefore, as long as the covariance of the above
constant invariant tensors is proved, the covariance of the constant invariant tensors derived from them
naturally holds.

7 Generalized constant invariant tensors in 4 dimensional space-time
7.1 Generalized constant invariant tensors in 4 dimensional space-time

7.1.1 Introduction of Dirac type constant invariant tensor Γkςλςµςης ··(s; 3),Γλςµςης ··kς
(s; 3) in 4D

Def. 7.1.1.

Γkςλςµςης · ·︸ ︷︷ ︸
2s

(s; 3) = 1
(2s)!Γ

kς
(λςµςης · ·)︸ ︷︷ ︸

2s

(s; 3)

Γkς0ς · ·0ς︸ ︷︷ ︸
l0

1ς · ·1ς︸ ︷︷ ︸
l1

2ς · ·2ς︸ ︷︷ ︸
l2

3ς · ·3ς︸ ︷︷ ︸
l3

(s; 3) =
√

l0!l1!l2!l3!
(2s)! δ{kς ,

[s]∑
l=0

(
λ2l+1∑
k=λ2l+2

C2l
2l+3−k − C2l

2l+3−λ2l
)}, l0 + l1 + l2 + l3 = 2s

Def. 7.1.2.

Γ

2s︷ ︸︸ ︷
λςµςης · ·
kς

(s; 3) = 1
(2s)!Γ

2s︷ ︸︸ ︷
(λςµςης · ·)
kς

(s; 3)

Γ

l0︷ ︸︸ ︷
0ς · ·0ς

l1︷ ︸︸ ︷
1ς · ·1ς

l2︷ ︸︸ ︷
2ς · ·2ς

l3︷ ︸︸ ︷
3ς · ·3ς

kς
(s; 3) =

√
l0!l1!l2!l3!

(2s)! δ{kς ,
[s]∑
l=0

(
λ2l+1∑
k=λ2l+2

C2l
2l+3−k − C2l

2l+3−λ2l
)}, l0 + l1 + l2 + l3 = 2s

7.1.2 Properties of Dirac type constant invariant tensors Γkςλςµς (1; 3),Γλςµςkς
(1; 3) in 4D

Def. 7.1.3.

Γkς0ς · ·0ς︸ ︷︷ ︸
l0

1ς · ·1ς︸ ︷︷ ︸
l1

2ς · ·2ς︸ ︷︷ ︸
l2

3ς · ·3ς︸ ︷︷ ︸
l3

( 1
2 ; 3) = δ{kς ,

0∑
l=0

(
λ2l+1∑
k=λ2l+2

C2l
2l+3−k − C2l

2l+3−λ2l
)}, l0 + l1 + l2 + l3 = 1

= δ{kς , λ1}, l0 + l1 + l2 + l3 = 1

Def. 7.1.4.

Γkςλςµς (1; 3) = Γkςµςλς (1; 3)

Γkς0ς · ·0ς︸ ︷︷ ︸
l0

1ς · ·1ς︸ ︷︷ ︸
l1

2ς · ·2ς︸ ︷︷ ︸
l2

3ς · ·3ς︸ ︷︷ ︸
l3

(1; 3) =
√

l0!l1!l2!l3!
2! δ{kς ,

[1]∑
l=0

(
λ2l+1∑
k=λ2l+2

C2l
2l+3−k − C2l

2l+3−λ2l
)}, l0 + l1 + l2 + l3 = 2

=
√

l0!l1!l2!l3!
2! δ{kς , (λ1 − λ2) + (C2

5 − C2
5−λ2

)}, l0 + l1 + l2 + l3 = 2

Cor. 7.1.1.

Γkς0ς0ς
(1; 3) =

√
2!
2!δ{kς , 0},Γ

kς
0ς1ς

(1; 3) =
√

0!1!
2! δ{kς , 1},Γ

kς
0ς2ς

(1; 3) =
√

0!1!
2! δ{kς , 2},Γ

kς
0ς3ς

(1; 3) =
√

0!1!
2! δ{kς , 3}

Γkς1ς0ς
(1; 3) =

√
0!1!
2! δ{kς , 1},Γ

kς
1ς1ς

(1; 3) =
√

2!
2!δ{kς , 4},Γ

kς
1ς2ς

(1; 3) =
√

0!1!
2! δ{kς , 5},Γ

kς
1ς3ς

(1; 3) =
√

0!1!
2! δ{kς , 6}

Γkς2ς0ς
(1; 3) =

√
0!1!
2! δ{kς , 2},Γ

kς
2ς1ς

(1; 3) =
√

0!1!
2! δ{kς , 5},Γ

kς
2ς2ς

(1; 3) =
√

2!
2!δ{kς , 7},Γ

kς
2ς3ς

(1; 3) =
√

0!1!
2! δ{kς , 8}

Γkς3ς0ς
(1; 3) =

√
0!1!
2! δ{kς , 3},Γ

kς
3ς1ς

(1; 3) =
√

0!1!
2! δ{kς , 6},Γ

kς
3ς2ς

(1; 3) =
√

0!1!
2! δ{kς , 8},Γ

kς
3ς3ς

(1; 3) =
√

2!
2!δ{kς , 9}

Cor. 7.1.2.

Γ0ς (1; 3) =

[
1 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0

]
,Γ1ς (1; 3) = 1√

2

[
0 1 0 0
1 0 0 0
0 0 0 0
0 0 0 0

]
,Γ2ς (1; 3) = 1√

2

[
0 0 1 0
0 0 0 0
1 0 0 0
0 0 0 0

]
,Γ3ς (1; 3) = 1√

2

[
0 0 0 1
0 0 0 0
0 0 0 0
1 0 0 0

]
Γ4ς (1; 3) =

[
0 0 0 0
0 1 0 0
0 0 0 0
0 0 0 0

]
,Γ5ς (1; 3) = 1√

2

[
0 0 0 0
0 0 1 0
0 1 0 0
0 0 0 0

]
,Γ6ς (1; 3) = 1√

2

[
0 0 0 0
0 0 0 1
0 0 0 0
0 1 0 0

]
Γ7ς (1; 3) =

[
0 0 0 0
0 0 0 0
0 0 1 0
0 0 0 0

]
,Γ8ς (1; 3) = 1√

2

[
0 0 0 0
0 0 0 0
0 0 0 1
0 0 1 0

]
Γ9ς (1; 3) =

[
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 1

]
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7.2 Properties I of Dirac type constant invariant tensors Nkς
λς lς

(1; 3), Nλς lς
kς

(1; 3) in 4D

Cor. 7.2.1.

N0ς (1; 3) = 1√
2


√

2 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0

 , N1ς (1; 3) = 1√
2


0 0 0 0
1 0 0 0
0 0 0 0
0 0 0 0
0
√

2 0 0
0 0 1 0
0 0 0 1
0 0 0 0
0 0 0 0
0 0 0 0

 , N2ς (1; 3) = 1√
2


0 0 0 0
0 0 0 0
1 0 0 0
0 0 0 0
0 0 0 0
0 1 0 0
0 0 0 0
0 0
√

2 0
0 0 0 1
0 0 0 0

 , N3ς (1; 3) = 1√
2


0 0 0 0
0 0 0 0
0 0 0 0
1 0 0 0
0 0 0 0
0 0 0 0
0 1 0 0
0 0 0 0
0 0 1 0
0 0 0

√
2


Cor. 7.2.2.

N̄0ς (1; 3) = 1√
2

[√
2 0 0 0 0 0 0 0 0 0

0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0

]
, N̄1ς (1; 3) = 1√

2

[ 0 1 0 0 0 0 0 0 0 0
0 0 0 0

√
2 0 0 0 0 0

0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 1 0 0 0

]
N̄2ς (1; 3) = 1√

2

[ 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0

√
2 0 0

0 0 0 0 0 0 0 0 1 0

]
, N̄3ς (1; 3) = 1√

2

[ 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0

√
2

]
7.3 Properties II of Dirac type constant invariant tensors Nkς

λς lς
(1; 3), Nλς lς

kς
(1; 3) in 4D

Lem. 7.3.1.
N̄0ς (1; 3)N0ς (1; 3) = 1

2

[
2 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

]
, N̄0ς (1; 3)N1ς (1; 3) = 1

2

[
0 0 0 0
1 0 0 0
0 0 0 0
0 0 0 0

]
N̄0ς (1; 3)N2ς (1; 3) = 1

2

[
0 0 0 0
0 0 0 0
1 0 0 0
0 0 0 0

]
, N̄0ς (1; 3)N3ς (1; 3) = 1

2

[
0 0 0 0
0 0 0 0
0 0 0 0
1 0 0 0

]

N̄1ς (1; 3)N0ς (1; 3) = 1

2

[
0 1 0 0
0 0 0 0
0 0 0 0
0 0 0 0

]
, N̄1ς (1; 3)N1ς (1; 3) = 1

2

[
1 0 0 0
0 2 0 0
0 0 1 0
0 0 0 1

]
N̄1ς (1; 3)N2ς (1; 3) = 1

2

[
0 0 0 0
0 0 0 0
0 1 0 0
0 0 0 0

]
, N̄1ς (1; 3)N3ς (1; 3) = 1

2

[
0 0 0 0
0 0 0 0
0 0 0 0
0 1 0 0

]

N̄2ς (1; 3)N0ς (1; 3) = 1

2

[
0 0 1 0
0 0 0 0
0 0 0 0
0 0 0 0

]
, N̄2ς (1; 3)N1ς (1; 3) = 1

2

[
0 0 0 0
0 0 1 0
0 0 0 0
0 0 0 0

]
N̄2ς (1; 3)N2ς (1; 3) = 1

2

[
1 0 0 0
0 1 0 0
0 0 2 0
0 0 0 1

]
, N̄2ς (1; 3)N3ς (1; 3) = 1

2

[
0 0 0 0
0 0 0 0
0 0 0 0
0 0 1 0

]

N̄3ς (1; 3)N0ς (1; 3) = 1

2

[
0 0 0 1
0 0 0 0
0 0 0 0
0 0 0 0

]
, N̄3ς (1; 3)N1ς (1; 3) = 1

2

[
0 0 0 0
0 0 0 1
0 0 0 0
0 0 0 0

]
N̄3ς (1; 3)N2ς (1; 3) = 1

2

[
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 1

]
, N̄3ς (1; 3)N3ς (1; 3) = 1

2

[
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 2

]
Thm. 7.3.1. N̄λς (1; 3)γaλς

µςNµς (1; 3) = 1
2γ

Ta, N̄µς (1; 3)γaλς
µςNλς (1; 3) = 1

2γ
a

Proof: N̄λς (1; 3)γxλς
µςNµς (1; 3)

= −iN̄0ς (1; 3)N3ς (1; 3)− iN̄1ς (1; 3)N2ς (1; 3) + iN̄2ς (1; 3)N1ς (1; 3) + iN̄3ς (1; 3)N0ς (1; 3)

= − i
2

[
0 0 0 0
0 0 0 0
0 0 0 0
1 0 0 0

]
− i

2

[
0 0 0 0
0 0 0 0
0 1 0 0
0 0 0 0

]
+ i

2

[
0 0 0 0
0 0 1 0
0 0 0 0
0 0 0 0

]
+ i

2

[
0 0 0 1
0 0 0 0
0 0 0 0
0 0 0 0

]
= − 1

2

[
0 0 0 −i
0 0 −i 0
0 i 0 0
i 0 0 0

]
Proof: N̄λς (1; 3)γyλς

µςNµς (1; 3)
= −N̄0ς (1; 3)N3ς (1; 3) + N̄1ς (1; 3)N2ς (1; 3) + N̄2ς (1; 3)N1ς (1; 3)− N̄3ς (1; 3)N0ς (1; 3)

= − 1
2

[
0 0 0 0
0 0 0 0
0 0 0 0
1 0 0 0

]
+ 1

2

[
0 0 0 0
0 0 0 0
0 1 0 0
0 0 0 0

]
+ 1

2

[
0 0 0 0
0 0 1 0
0 0 0 0
0 0 0 0

]
− 1

2

[
0 0 0 1
0 0 0 0
0 0 0 0
0 0 0 0

]
= 1

2

[
0 0 0 −1
0 0 1 0
0 1 0 0
−1 0 0 0

]
Proof: N̄λς (1; 3)γzλς

µςNµς (1; 3)
= −iN̄0ς (1; 3)N2ς (1; 3) + iN̄1ς (1; 3)N3ς (1; 3) + iN̄2ς (1; 3)N0ς (1; 3)− iN̄3ς (1; 3)N1ς (1; 3)

= − i
2

[
0 0 0 0
0 0 0 0
1 0 0 0
0 0 0 0

]
+ i

2

[
0 0 0 0
0 0 0 0
0 0 0 0
0 1 0 0

]
+ i

2

[
0 0 1 0
0 0 0 0
0 0 0 0
0 0 0 0

]
− i

2

[
0 0 0 0
0 0 0 1
0 0 0 0
0 0 0 0

]
= − 1

2

[
0 0 −i 0
0 0 0 i
i 0 0 0
0 −i 0 0

]
Proof: N̄λς (1; 3)γ4

λς
µςNµς (1; 3)

= ςN̄0ς (1; 3)N2ς (1; 3) + ςN̄1ς (1; 3)N3ς (1; 3) + ςN̄2ς (1; 3)N0ς (1; 3) + ςN̄3ς (1; 3)N1ς (1; 3)

= ς
2

[
0 0 0 0
0 0 0 0
1 0 0 0
0 0 0 0

]
+ ς

2

[
0 0 0 0
0 0 0 0
0 0 0 0
0 1 0 0

]
+ ς

2

[
0 0 1 0
0 0 0 0
0 0 0 0
0 0 0 0

]
+ ς

2

[
0 0 0 0
0 0 0 1
0 0 0 0
0 0 0 0

]
= ς

2

[
0 0 1 0
0 0 0 1
1 0 0 0
0 1 0 0

]
Proof: N̄λς (1; 3)γ5

λς
µςNµς (1; 3)

= ςN̄0ς (1; 3)N0ς (1; 3) + ςN̄1ς (1; 3)N1ς (1; 3) + ςN̄2ς (1; 3)N2ς (1; 3) + ςN̄3ς (1; 3)N3ς (1; 3)

= ς
2

[
2 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

]
+ ς

2

[
1 0 0 0
0 2 0 0
0 0 1 0
0 0 0 1

]
− ς

2

[
1 0 0 0
0 1 0 0
0 0 2 0
0 0 0 1

]
− ς

2

[
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 2

]
= ς

2

[
1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 −1

]
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7.4 Properties III of Dirac type constant invariant tensors Nkς
λς lς

(1; 3), Nλς lς
kς

(1; 3) in 4D

Cor. 7.4.1.

N3ς (1; 3)N̄0ς (1; 3) = 1√
2


0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0√
2 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0

√
2 0 0 0 0 0 0

 , N3ς (1; 3)N̄1ς (1; 3) = 1√
2


0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0

√
2 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0

√
2 0 0 0



N3ς (1; 3)N̄2ς (1; 3) = 1√
2


0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0

√
2 0 0

0 0 0 0 0 0 0 0
√

2 0

 , N3ς (1; 3)N̄3ς (1; 3) = 1√
2


0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 2


Cor. 7.4.2.

N2ς (1; 3)N̄0ς (1; 3) = 1√
2


0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0√
2 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0

√
2 0 0 0 0 0 0 0

0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0

 , N2ς (1; 3)N̄1ς (1; 3) = 1√
2


0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0

√
2 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0
0 0 0 0 0

√
2 0 0 0 0

0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0



N2ς (1; 3)N̄2ς (1; 3) = 1√
2


0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 2 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0

 , N2ς (1; 3)N̄3ς (1; 3) = 1√
2


0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0

√
2 0

0 0 0 0 0 0 0 0 0
√

2
0 0 0 0 0 0 0 0 0 0


Cor. 7.4.3.

N1ς (1; 3)N̄0ς (1; 3) = 1√
2


0 0 0 0 0 0 0 0 0 0√
2 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0
√

2 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0

 , N1ς (1; 3)N̄1ς (1; 3) = 1√
2


0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 2 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0



N1ς (1; 3)N̄2ς (1; 3) = 1√
2


0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0

√
2 0 0 0 0

0 0 0 0 0 0 0
√

2 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0

 , N1ς (1; 3)N̄3ς (1; 3) = 1√
2


0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0

√
2 0 0 0

0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0

√
2

0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0


Cor. 7.4.4.

N0ς (1; 3)N̄0ς (1; 3) = 1√
2


2 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0

 , N0ς (1; 3)N̄1ς (1; 3) = 1√
2


0
√

2 0 0 0 0 0 0 0 0

0 0 0 0
√

2 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0



N0ς (1; 3)N̄2ς (1; 3) = 1√
2


0 0
√

2 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0

√
2 0 0

0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0

 , N0ς (1; 3)N̄3ς (1; 3) = 1√
2


0 0 0

√
2 0 0 0 0 0 0

0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0

√
2

0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0


Cor. 7.4.5. [γa(ς), γ5(ς)] = [(σ ⊗ σy, ςI ⊗ σx), ςI ⊗ σz]

=

[
0 0 0 −i
0 0 −i 0
0 i 0 0
i 0 0 0

]
,

[
0 0 0 −1
0 0 1 0
0 1 0 0
−1 0 0 0

]
,

[
0 0 −i 0
0 0 0 i
i 0 0 0
0 −i 0 0

]
, ς

[
0 0 1 0
0 0 0 1
1 0 0 0
0 1 0 0

]
, ς

[
1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 −1

]
Pro. 7.4.1. Nλς (1; 3)γxλς

µς N̄µς (1; 3)
= −iN0ς (1; 3)N̄3ς (1; 3)− iN1ς (1; 3)N̄2ς (1; 3) + iN2ς (1; 3)N̄1ς (1; 3) + iN3ς (1; 3)N̄0ς (1; 3)

= − i√
2


0 0 0

√
2 0 0 0 0 0 0

0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0

√
2

0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0

− i√
2


0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0

√
2 0 0 0 0

0 0 0 0 0 0 0
√

2 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0

+ i√
2


0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0

√
2 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0
0 0 0 0 0

√
2 0 0 0 0

0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0

+ i√
2


0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0√
2 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0

√
2 0 0 0 0 0 0
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= i√
2



0 0 0 −
√

2 0 0 0 0 0 0
0 0 −1 0 0 0 −1 0 0 0
0 1 0 0 0 0 0 0 −1 0√
2 0 0 0 0 0 0 0 0 −

√
2

0 0 0 0 0 −
√

2 0 0 0 0

0 0 0 0
√

2 0 0 −
√

2 0 0
0 1 0 0 0 0 0 0 −1 0

0 0 0 0 0
√

2 0 0 0 0
0 0 1 0 0 0 1 0 0 0
0 0 0

√
2 0 0 0 0 0 0



2

= 1
2


2 0 0 0 0 0 0 0 0 −2
0 2 0 0 0 0 0 0 −2 0
0 0 2 0 0 0 2 0 0 0
0 0 0 4 0 0 0 0 0 0
0 0 0 0 2 0 0 −2 0 0
0 0 0 0 0 4 0 0 0 0
0 0 2 0 0 0 2 0 0 0
0 0 0 0 −2 0 0 2 0 0
0 −2 0 0 0 0 0 0 2 0
−2 0 0 0 0 0 0 0 0 2


Pro. 7.4.2. Nλς (1; 3)γyλς

µς N̄µς (1; 3)
= −N0ς (1; 3)N̄3ς (1; 3) +N1ς (1; 3)N̄2ς (1; 3) +N2ς (1; 3)N̄1ς (1; 3)−N3ς (1; 3)N̄0ς (1; 3)

= − 1√
2


0 0 0

√
2 0 0 0 0 0 0

0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0

√
2

0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0

+ 1√
2


0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0

√
2 0 0 0 0

0 0 0 0 0 0 0
√

2 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0

+ 1√
2


0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0

√
2 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0
0 0 0 0 0

√
2 0 0 0 0

0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0

− 1√
2


0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0√
2 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0

√
2 0 0 0 0 0 0



= 1√
2



0 0 0 −
√

2 0 0 0 0 0 0
0 0 1 0 0 0 −1 0 0 0
0 1 0 0 0 0 0 0 −1 0

−
√

2 0 0 0 0 0 0 0 0 −
√

2

0 0 0 0 0
√

2 0 0 0 0

0 0 0 0
√

2 0 0
√

2 0 0
0 −1 0 0 0 0 0 0 1 0

0 0 0 0 0
√

2 0 0 0 0
0 0 −1 0 0 0 1 0 0 0

0 0 0 −
√

2 0 0 0 0 0 0



2

= 1
2


2 0 0 0 0 0 0 0 0 2
0 2 0 0 0 0 0 0 −2 0
0 0 2 0 0 0 −2 0 0 0
0 0 0 4 0 0 0 0 0 0
0 0 0 0 2 0 0 2 0 0
0 0 0 0 0 4 0 0 0 0
0 0 −2 0 0 0 2 0 0 0
0 0 0 0 2 0 0 2 0 0
0 −2 0 0 0 0 0 0 2 0
2 0 0 0 0 0 0 0 0 2


Pro. 7.4.3. Nλς (1; 3)γzλς

µς N̄µς (1; 3)
= −iN0ς (1; 3)N̄2ς (1; 3) + iN1ς (1; 3)N̄3ς (1; 3) + iN2ς (1; 3)N̄0ς (1; 3)− iN3ς (1; 3)N̄1ς (1; 3)

= − i√
2


0 0
√

2 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0

√
2 0 0

0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0

+ i√
2


0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0

√
2 0 0 0

0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0

√
2

0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0

+ i√
2


0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0√
2 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0

√
2 0 0 0 0 0 0 0

0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0

− i√
2


0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0

√
2 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0

√
2 0 0 0



= i√
2



0 0 −
√

2 0 0 0 0 0 0 0
0 0 0 1 0 −1 0 0 0 0√
2 0 0 0 0 0 0 −

√
2 0 0

0 −1 0 0 0 0 0 0 −1 0

0 0 0 0 0 0
√

2 0 0 0
0 1 0 0 0 0 0 0 1 0
0 0 0 0 −

√
2 0 0 0 0

√
2

0 0
√

2 0 0 0 0 0 0 0
0 0 0 1 0 −1 0 0 0 0

0 0 0 0 0 0 −
√

2 0 0 0



2

= 1
2


2 0 0 0 0 0 0 −2 0 0
0 2 0 0 0 0 0 0 2 0
0 0 4 0 0 0 0 0 0 0
0 0 0 2 0 −2 0 0 0 0
0 0 0 0 2 0 0 0 0 −2
0 0 0 −2 0 2 0 0 0 0
0 0 0 0 0 0 4 0 0 0
−2 0 0 0 0 0 0 2 0 0
0 2 0 0 0 0 0 0 2 0
0 0 0 0 −2 0 0 0 0 2


Pro. 7.4.4. Nλς (1; 3)γ4

λς
µς N̄µς (1; 3)

= ςN0ς (1; 3)N̄2ς (1; 3) + ςN1ς (1; 3)N̄3ς (1; 3) + ςN2ς (1; 3)N̄0ς (1; 3) + ςN3ς (1; 3)N̄1ς (1; 3)

= ς√
2


0 0
√

2 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0

√
2 0 0

0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0

+ ς√
2


0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0

√
2 0 0 0

0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0

√
2

0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0

+ ς√
2


0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0√
2 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0

√
2 0 0 0 0 0 0 0

0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0

+ ς√
2


0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0

√
2 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0

√
2 0 0 0



= ς√
2



0 0
√

2 0 0 0 0 0 0 0
0 0 0 1 0 1 0 0 0 0√
2 0 0 0 0 0 0

√
2 0 0

0 1 0 0 0 0 0 0 1 0
0 0 0 0 0 0

√
2 0 0 0

0 1 0 0 0 0 0 0 1 0
0 0 0 0

√
2 0 0 0 0

√
2

0 0
√

2 0 0 0 0 0 0 0
0 0 0 1 0 1 0 0 0 0
0 0 0 0 0 0

√
2 0 0 0



2

= 1
2


2 0 0 0 0 0 0 2 0 0
0 2 0 0 0 0 0 0 2 0
0 0 4 0 0 0 0 0 0 0
0 0 0 2 0 2 0 0 0 0
0 0 0 0 2 0 0 0 0 2
0 0 0 2 0 2 0 0 0 0
0 0 0 0 0 0 4 0 0 0
2 0 0 0 0 0 0 2 0 0
0 2 0 0 0 0 0 0 2 0
0 0 0 0 2 0 0 0 0 2


Pro. 7.4.5. Nλς (1; 3)γ5

λς
µς N̄µς (1; 3)

= ςN0ς (1; 3)N̄0ς (1; 3) + ςN1ς (1; 3)N̄1ς (1; 3)− ςN2ς (1; 3)N̄2ς (1; 3)− ςN3ς (1; 3)N̄3ς (1; 3)

= ς√
2


2 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0

+ ς√
2


0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 2 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0

− ς√
2


0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 2 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0

− ς√
2


0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 2
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= ς√
2


2 0 0 0 0 0 0 0 0 0
0 2 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 2 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 −2 0 0
0 0 0 0 0 0 0 0 −2 0
0 0 0 0 0 0 0 0 0 −2


2

= 1
2


4 0 0 0 0 0 0 0 0 0
0 4 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 4 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 4 0 0
0 0 0 0 0 0 0 0 4 0
0 0 0 0 0 0 0 0 0 4


Pro. 7.4.6.

1
2


2 0 0 0 0 0 0 0 0 −2
0 2 0 0 0 0 0 0 −2 0
0 0 2 0 0 0 2 0 0 0
0 0 0 4 0 0 0 0 0 0
0 0 0 0 2 0 0 −2 0 0
0 0 0 0 0 4 0 0 0 0
0 0 2 0 0 0 2 0 0 0
0 0 0 0 −2 0 0 2 0 0
0 −2 0 0 0 0 0 0 2 0
−2 0 0 0 0 0 0 0 0 2

+ 1
2


2 0 0 0 0 0 0 0 0 2
0 2 0 0 0 0 0 0 −2 0
0 0 2 0 0 0 −2 0 0 0
0 0 0 4 0 0 0 0 0 0
0 0 0 0 2 0 0 2 0 0
0 0 0 0 0 4 0 0 0 0
0 0 −2 0 0 0 2 0 0 0
0 0 0 0 2 0 0 2 0 0
0 −2 0 0 0 0 0 0 2 0
2 0 0 0 0 0 0 0 0 2

+ 1
2


2 0 0 0 0 0 0 −2 0 0
0 2 0 0 0 0 0 0 2 0
0 0 4 0 0 0 0 0 0 0
0 0 0 2 0 −2 0 0 0 0
0 0 0 0 2 0 0 0 0 −2
0 0 0 −2 0 2 0 0 0 0
0 0 0 0 0 0 4 0 0 0
−2 0 0 0 0 0 0 2 0 0
0 2 0 0 0 0 0 0 2 0
0 0 0 0 −2 0 0 0 0 2

+ 1
2


2 0 0 0 0 0 0 2 0 0
0 2 0 0 0 0 0 0 2 0
0 0 4 0 0 0 0 0 0 0
0 0 0 2 0 2 0 0 0 0
0 0 0 0 2 0 0 0 0 2
0 0 0 2 0 2 0 0 0 0
0 0 0 0 0 0 4 0 0 0
2 0 0 0 0 0 0 2 0 0
0 2 0 0 0 0 0 0 2 0
0 0 0 0 2 0 0 0 0 2


=

1
2


8 0 0 0 0 0 0 0 0 0
0 8 0 0 0 0 0 0 0 0
0 0 12 0 0 0 0 0 0 0
0 0 0 12 0 0 0 0 0 0
0 0 0 0 8 0 0 0 0 0
0 0 0 0 0 12 0 0 0 0
0 0 0 0 0 0 12 0 0 0
0 0 0 0 0 0 0 8 0 0
0 0 0 0 0 0 0 0 8 0
0 0 0 0 0 0 0 0 0 8


Cor. 7.4.6. [γa(ς)(1; 3), γ5(ς)(1; 3)]2 = 6

Cor. 7.4.7.

i√
2



0 0 0 −
√

2 0 0 0 0 0 0
0 0 −1 0 0 0 −1 0 0 0
0 1 0 0 0 0 0 0 −1 0√
2 0 0 0 0 0 0 0 0 −

√
2

0 0 0 0 0 −
√

2 0 0 0 0

0 0 0 0
√

2 0 0 −
√

2 0 0
0 1 0 0 0 0 0 0 −1 0

0 0 0 0 0
√

2 0 0 0 0
0 0 1 0 0 0 1 0 0 0
0 0 0

√
2 0 0 0 0 0 0


1√
2



0 0 0 −
√

2 0 0 0 0 0 0
0 0 1 0 0 0 −1 0 0 0
0 1 0 0 0 0 0 0 −1 0

−
√

2 0 0 0 0 0 0 0 0 −
√

2

0 0 0 0 0
√

2 0 0 0 0

0 0 0 0
√

2 0 0
√

2 0 0
0 −1 0 0 0 0 0 0 1 0

0 0 0 0 0
√

2 0 0 0 0
0 0 −1 0 0 0 1 0 0 0

0 0 0 −
√

2 0 0 0 0 0 0



= i
2


2 0 0 0 0 0 0 0 0 2
0 0 0 0 0 0 0 0 0 0
0 0 2 0 0 0 −2 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 −2 0 0 −2 0 0
0 0 0 0 0 0 0 0 0 0
0 0 2 0 0 0 −2 0 0 0
0 0 0 0 2 0 0 2 0 0
0 0 0 0 0 0 0 0 0 0
−2 0 0 0 0 0 0 0 0 −2



Cor. 7.4.8. [γx(1; 3), γy(1; 3)] = i


2 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 2 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 −2 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 −2 0 0 0
0 0 0 0 0 0 0 2 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 −2

 , {γx(1; 3), γy(1; 3)} = i


0 0 0 0 0 0 0 0 0 2
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 −2 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 −2 0 0
0 0 0 0 0 0 0 0 0 0
0 0 2 0 0 0 0 0 0 0
0 0 0 0 2 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
−2 0 0 0 0 0 0 0 0 0
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Chapter4 Preliminary Study on High Dimensional Constant Invariant Tensor

Self comment: Based on the previous chapters, this chapter comprehensively and systematically devel-
ops constant invariant tensors towards higher order and even infinite order, high and low dimensional
space-time. Various constant invariant tensors in high and low dimensional space-time are obtained,
which provides a powerful mathematical tool for studying particle physics in high and low dimensional
space-time.

1 Lorentz group representation in n=N+1 dimensional space-time
1.1 Recursive representation Dirac matrices in n=N+1-dimensional space-time

Def. 1.1.1.

{
γa(1) = (1)

γ1(1) = 1

Def. 1.1.2.


γa(2) := (γa(1)⊗ σx, 1⊗ σy) = (σx, σy)

Γa(2) := [γa(1), iς] = (1, iς)

γ1(2)γ2(2) = iσz


C1(2) := γ1(2) = σx, C2(2) := γ2(2) = σy

C+
1 (2)γa(2)C1(2) = γTa (2), CT1 (2) = C1(2)

C+
2 (2)γa(2)C2(2) = −γTa (2), CT2 (2) = −C2(2)

Def. 1.1.3.

{
γa(3) = [γa(2), 1⊗ σz] = (σx, σy, σz)

γ1(3) · · · γ3(3) = i

{
C(3) := γ2(3) = σy, C(3) = C2(2)

C+(3)γa(3)C(3) = −γTa (3), CT (3) = −C(3)

Def. 1.1.4.


γa(4) = [γa(3)⊗ σx, I ⊗ σy] = (σ ⊗ σx, I ⊗ σy)

Γa(4) = [γa(3), iς]

γ1(4) · · · γ4(4) = −I ⊗ σz


C1(4) := γ1(4)γ3(4) = −iσy ⊗ I
C2(4) := γ2(4)γ4(4) = iσy ⊗ σz
C+

1 (4)γa(4)C1(4) = −γTa (4), CT1 (4) = −C1(4)

C+
2 (4)γa(4)C2(4) = γTa (4), CT2 (4) = −C2(4)

Def. 1.1.5.

{
γa(5) = [γa(4), I ⊗ σz]
γ1(5) · · · γ5(5) = −1

{
C(5) := γ2(4)γ4(4) = iσy ⊗ σz, C(5) = C2(4)

C+(5)γa(5)C(5) = γTa (5), CT (5) = −C(5)

Def. 1.1.6.


γa(6) = [γa(5)⊗ σx, I4 ⊗ σy]

Γa(6) = [γa(5), iς]

γ1(6) · · · γ6(6) = −iI4 ⊗ σz


C1(6) := γ1(6)γ3(6)γ5(6) = −iσy ⊗ σz ⊗ σx
C2(6) := γ2(6)γ4(6)γ6(6) = iσy ⊗ σz ⊗ σy
C+

1 (6)γa(6)C1(6) = γTa (6), CT1 (6) = −C1(6)

C+
2 (6)γa(6)C2(6) = −γTa (6), CT2 (6) = C2(6)

Def. 1.1.7.

{
γa(7) = [γa(6), I4 ⊗ σz]
γ1(7) · · · γ7(7) = −i

{
C(7) := γ2(7)γ4(7)γ6(7) = iσy ⊗ σz ⊗ σy, C(7) = C2(6)

C+(7)γa(7)C(7) = −γTa (7), CT (7) = C(7)

Def. 1.1.8.


γa(8) = [γa(7)⊗ σx, I8 ⊗ σy]

Γa(8) = [γa(7), iς]

γ1(8) · · · γ8(8) = I8 ⊗ σz


C1(8) := γ1(8)γ3(8)γ5(8)γ7(8) = −σy ⊗ σz ⊗ σy ⊗ I
C2(8) := γ2(8)γ4(8)γ6(8)γ8(8) = −σy ⊗ σz ⊗ σy ⊗ σz
C+

1 (8)γa(8)C1(8) = −γTa (8), CT1 (8) = C1(8)

C+
2 (8)γa(8)C2(8) = γTa (8), CT2 (8) = C2(8)

Def. 1.1.9.

{
γa(9) = [γa(8), I8 ⊗ σz]
γ1(9) · · · γ9(9) = 1

{
C(9) := γ2(8)γ4(8)γ6(8)γ8(8) = −σy ⊗ σz ⊗ σy ⊗ σz, C(9) = C2(8)

C+(9)γa(9)C(9) = γTa (9), CT (9) = C(9)

Def. 1.1.10.


γa(10) = [γa(9)⊗ σx, I16 ⊗ σy]

Γa(10) = [γa(9), iς]

γ1(10) · · · γ10(10) = iI16 ⊗ σz



C1(10) := γ1(10)γ3(10)γ5(10)γ7(10)γ9(10)

= −σy ⊗ σz ⊗ σy ⊗ σz ⊗ σx
C2(10) := γ2(10)γ4(10)γ6(10)γ8(10)γ10(10)

= −σy ⊗ σz ⊗ σy ⊗ σz ⊗ σy
C+

2 (10)γa(10)C2(10) = −γTa (10), CT2 (10) = −C2(10)

C+
1 (10)γa(10)C1(10) = γTa (10), CT1 (10) = C1(10)
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Def. 1.1.11.

{
γa(11) = [γa(10), I16 ⊗ σz]
γ1(11) · · · γ11(11) = i


C(11) := γ2(11)γ4(11)γ6(11)γ8(11)γ10(11)

= −σy ⊗ σz ⊗ σy ⊗ σz ⊗ σy, C(11) = C2(10)

C+(11)γa(10)C(11) = −γTa (11), CT (11) = −C(11)

1.2 Dirac matrix, minimum spinor and real form in n=N+1 dimensional space-time

Def. 1.2.1.


γa(2) = (σx, σy), 21 × 21

Γa(2) = (1, iς), 20 × 20

γ1(2)γ2(2) = iσz

Def. 1.2.2.

{
γa(3) = (σx, σy, σz)→ (σz, σx, σy), 21 × 21

γ1(3) · · · γ3(3) = i

Def. 1.2.3.


γa(4) = (σ ⊗ σx, I ⊗ σy)→ (σ+σ−x, σ−y), 22 × 22

Γa(4) = [γa(3), iς]→ Null, 21 × 21

γ1(4) · · · γ4(4) = −I ⊗ σz

Def. 1.2.4.

{
γa(5) = [σ ⊗ σx, I ⊗ σy, I ⊗ σz]→ Null, 22 × 22

γ1(5) · · · γ5(5) = −1

Def. 1.2.5.


γa(6) = [(σ ⊗ σx, I ⊗ σy, I ⊗ σz)⊗ σx, I4 ⊗ σy], 23 × 23

Γa(6) = [(σ ⊗ σx, I ⊗ σy, I ⊗ σz), iς], 22 × 22

γ1(6) · · · γ6(6) = −iI4 ⊗ σz

Def. 1.2.6.

{
γa(7) = [(σ ⊗ σx, I ⊗ σy, I ⊗ σz)⊗ σx, I4 ⊗ σy, I4 ⊗ σz], 23 × 23

γ1(7) · · · γ7(7) = −i

Def. 1.2.7.


γa(8) = [[(σ ⊗ σx, I ⊗ σy, I ⊗ σz)⊗ σx, I4 ⊗ σy, I4 ⊗ σz]⊗ σx, I8 ⊗ σy], 24 × 24

Γa(8) = [[(σ ⊗ σx, I ⊗ σy, I ⊗ σz)⊗ σx, I4 ⊗ σy, I4 ⊗ σz], iς]→ Null, 23 × 23

γ1(8) · · · γ8(8) = I8 ⊗ σz
Def. 1.2.8.

γa(9) = [[(σ ⊗ σx, I ⊗ σy, I ⊗ σz)⊗ σx, I4 ⊗ σy, I4 ⊗ σz]⊗ σx, I8 ⊗ σy, I8 ⊗ σz]→ Null, 24 × 24

γ1(9) · · · γ9(9) = 1

γas (9) = Sγa(9)S+, S = [σz ⊗ σy ⊗ I ⊗ σy][SexSem(−1)⊗ I4][I ⊗ Sem(−1)⊗ Sc( 1
2 )]

= −{[(σx ⊗ I, σy ⊗ σy, σz ⊗ I)⊗ σy, σy ⊗ σx ⊗ I, I ⊗ σy ⊗ σz, I ⊗ σy ⊗ σx, σy ⊗ σz ⊗ I]⊗ σy
, I ⊗ I ⊗ I ⊗ σz, I ⊗ I ⊗ I ⊗ σx} ∈ R

Def. 1.2.9.
γa(10) = [[[(σ ⊗ σx, I ⊗ σy, I ⊗ σz)⊗ σx, I4 ⊗ σy, I4 ⊗ σz]⊗ σx, I8 ⊗ σy, I8 ⊗ σz]⊗ σx, I16 ⊗ σy], 25 × 25

Γa(10) = [[[(σ ⊗ σx, I ⊗ σy, I ⊗ σz)⊗ σx, I4 ⊗ σy, I4 ⊗ σz]⊗ σx, I8 ⊗ σy, I8 ⊗ σz], iς], 24 × 24

γ1(10) · · · γ10(10) = iI16 ⊗ σz
Γas(10) = [γs(9), iς], γas (10) = [γs(9)⊗ σx, I16 ⊗ σy]

Def. 1.2.10.
γa(11) = [[[(σ ⊗ σx, I ⊗ σy, I ⊗ σz)⊗ σx, I4 ⊗ σy, I4 ⊗ σz]⊗ σx, I8 ⊗ σy, I8 ⊗ σz]⊗ σx, I16 ⊗ σy, I16 ⊗ σz]
γ1(11) · · · γ11(11) = i

γas (11) = [Γis(10)⊗ σx, I16 ⊗ σz, I16 ⊗ σy]

1.3 Concise construction of Dirac matrix in n=N+1 dimensional space-time

Def. 1.3.1.



γn+1(n) := i−[n/2]γ1(n) · · · γn(n)

γa(4) = [γa(2)⊗ I, γ3(2)⊗ γa(2)]

γa(5) = [γa(2)⊗ I, γ3(2)⊗ γa(3)] = [γa(2)⊗ I, γ3(2)⊗ γa(2), γ3(2)⊗ γ3(2)]

γa(6) = [γa(2)⊗ I4, γ3(2)⊗ γa(4)]

γa(7) = [γa(2)⊗ I4, γ3(2)⊗ γa(5)] = [γa(2)⊗ I4, γ3(2)⊗ γa(4), γ3(2)⊗ γ5(4)]

γa(8) = [γa(4)⊗ I4, γ5(4)⊗ γa(4)]

γa(9) = [γa(4)⊗ I4, γ5(4)⊗ γa(5)] = [γa(4)⊗ I4, γ5(4)⊗ γa(4), γ5(4)⊗ γ5(4)]

γa(10) = [γa(4)⊗ I8, γ5(4)⊗ γa(6)]

γa(11) = [γa(4)⊗ I8, γ5(4)⊗ γa(6), γ5(4)⊗ γ7(6)]
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Def. 1.3.2.

{
γas (10) = [γas (9)⊗ σx, I16 ⊗ σy]

γas (11) = [γas (9)⊗ σx, I16 ⊗ σz, I16 ⊗ σy]

1.4 Recursive relations of Dirac matrix in n=N+1 dimensional space-time

Def. 1.4.1.


γa(2n) = [γa(2n− 1)⊗ σx, I2n ⊗ σy]

Γa(2n) = [γa(2n− 1), iς]

γ1(2n) · · · γ2n(2n) = inI2n ⊗ σz = inγ2n+1(2n+ 1)


C1(2n) := γ1(2n)γ3(2n) · · · γ2n−1(2n)

C2(2n) := γ2(2n)γ4(2n) · · · γ2n(2n)

C+
r (2n)γa(2n)Cr(2n) = (−1)n+rγ∗a(2n)

Def. 1.4.2.

{
γa(2n+ 1) = [γa(2n), I2n ⊗ σz]
γ1(2n+ 1) · · · γ2n+1(2n+ 1) = in

{
C(2n+ 1) = C2(2n)

C+(2n+ 1)γa(2n+ 1)C(2n+ 1) = (−1)nγ∗a(2n+ 1)

1.5 Spin tensors in n=N+1 dimensional space-time

Def. 1.5.1.


Sab(ν; 2n) :=

[
Sij(e;2n−1) − 1

2~γ(2n−1)

1
2~γ(2n−1) 0

]
= − i

4 [γ(2n− 1), i][a[γ(2n− 1),−i]b]

Sab(ν̄; 2n) :=

[
Sij(e;2n−1)

1
2~γ(2n−1)

− 1
2~γ(2n−1) 0

]
= − i

4 [γ(2n− 1),−i][a[γ(2n− 1), i]b]

Cor. 1.5.1. Sab(e; 2n) = Sab(ν; 2n)⊕ Sab(ν̄; 2n) = − i
4 [γa(2n), γb(2n)]

Cor. 1.5.2. Sab(ς; 2n) = − i
4 [γ(2n− 1), iς][a[γ(2n− 1),−iς]b] ⇔ Sab(ς; 2n) :=

[
Sij(e;2n−1) − ς2~γ(2n−1)
ς
2~γ(2n−1) 0

]
Cor. 1.5.3. Sab(e; 2n+ 1) = − i

4 [γa(2n+ 1), γb(2n+ 1)] = − i
4 [iςγ(2n)γ0(2n),−iς][a[iςγ(2n)γ0(2n), iς]b]

Cor. 1.5.4. i
2ϑ

abSab(e; 2n+ 1) = i
2ϑ

ab[γa(2n+ 1), γb(2n+ 1)]

Cor. 1.5.5. i
2ϑ

abSab(e; 2n) = i
2ϑ

abSab(ν; 2n)⊕ i
2ϑ

abSab(ν̄; 2n)

Proof: i
2ϑ

abSab(e; 2n) = 1
8ϑ

ab[γa(2n), γb(2n)] = 1
4ϑ

i<j [γi(2n), γj(2n)] + 1
4ϑ

iπ[γi(2n), γπ(2n)]

= 1
4ϑ

i<j [γi(2n− 1), γj(2n− 1)]⊗ I − i
2ϑ

iπγi(2n− 1)⊗ σz
= iϑi<jSij(e; 2n− 1)⊗ I − i

2ϑ
iπγi(2n− 1)⊗ σz

= [iϑi<jSij(e; 2n− 1)− i
2ϑ

iπγi(2n− 1)]⊕ [iϑi<jSij(e; 2n− 1) + i
2ϑ

iπγi(2n− 1)]
= [iϑi<jSij(e; 2n− 1) + ε · 1

2γ(2n− 1)]⊕ [iϑi<jSij(e; 2n− 1)− ε · 1
2γ(2n− 1)]

= i
2ϑ

abSab(ν; 2n)⊕ i
2ϑ

abSab(ν̄; 2n)

1.6 Lorentz group representation in n=N+1 dimensional space-time

Cor. 1.6.1. {γa, γb} = 2gab ⇒ i[Sab, Scd] = gadSbc − gacSbd + gbcSad − gbdSac;Sab := − i
4 [γa, γb]

Proof: i[Sab, Scd]
= − i

16 [[γa, γb], [γc, γd]]

= − i
16{[[γa, γb], γcγd]− [[γa, γb], γdγc]}

= − i
16{[[γa, γb], γc]γd + γc[[γa, γb], γd]− [[γa, γb], γd]γc − γd[[γa, γb], γc]}

= − i
16{−{{γc, γa}, γb}γd + {γa, {γc, γb}}γd − γc{{γd, γa}, γb}+ γc{γa, {γd, γb}}
+ {{γd, γa}, γb}γc − {γa, {γd, γb}}γc + γd{{γc, γa}, γb} − γd{γa, {γc, γb}}}

= − i
16{−4δcaγbγd + 4δcbγaγd − 4δdaγcγb + 4δdbγcγa + 4δdaγbγc − 4δdbγaγc + 4δcaγdγb − 4δcbγdγa}

= − i
4{δda[γb, γc]− δdb[γa, γc]− δca[γb, γd] + δcb[γa, γd]}

= gadSbc − gacSbd + gbcSad − gbdSac

Cor. 1.6.2.


i[Sab(ν; 2n), Scd(ν; 2n)] = gadSbc(ν; 2n)− gacSbd(ν; 2n) + gbcSad(ν; 2n)− gbdSac(ν; 2n)

i[Sab(ν̄; 2n), Scd(ν̄; 2n)] = gadSbc(ν̄; 2n)− gacSbd(ν̄; 2n) + gbcSad(ν̄; 2n)− gbdSac(ν̄; 2n)

i[Sab(ς; 2n), Scd(ς; 2n)] = gadSbc(ς; 2n)− gacSbd(ς; 2n) + gbcSad(ς; 2n)− gbdSac(ς; 2n)

Cor. 1.6.3. ~Sab := −iSab|cd = −i(δacδbd − δadδbc)⇒ i[~Sab, ~Scd] = gad~Sbc − gac~Sbd + gbc~Sad − gbd~Sac

Cor. 1.6.4. e
i
2 θ
ab~Sab = eθ
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1.7 Metric tensor and charge conjugate matrix in n=N+1 dimensional space-time

Def. 1.7.1. C+γa(ς)C = −γTa (ς), CT = −C,C+C = CC+ = I

Cor. 1.7.1.{
C(n)Sab(e;n) = [C(n)Sab(e;n)]T , C(2n− 1)Sab(ς; 2n) = [C(2n− 1)Sab(ς; 2n)]T

C(n)γa(e;n) = [C(n)γa(e;n)]T , C(2n− 1)γa(2n− 1) = [C(2n− 1)γa(2n− 1)]T

Cor. 1.7.2.{
ε(2n)Sab(e; 2n) = −STab(e; 2n)ε(2n), ε(2n− 1)Sab(ς; 2n) = −STab(ς; 2n)ε(2n− 1)

ε(2n− 1)Sab(e; 2n− 1) = −STab(e; 2n− 1)ε(2n− 1), ε(2n− 1)γa(2n− 1) = −γTa (2n− 1)ε(2n− 1)

1.8 Constant invariant tensors in n=N+1 dimensional space-time

(Finally successfully promoted.)
The following theorem exists in any n=N+1 dimensional space-time.

Thm. 1.8.1. [Γ(N), iς]a = [eϑ]abe
1
8ϑ

ij [Γi(N),Γj(N)]+ςε· 12 Γ(N)[Γ(N), iς]be−
1
8ϑ

ij [Γi(N),Γj(N)]+ςε· 12 Γ(N)

Self comment: Therefore, [Γ(N), iς]aAςA′ς and [Γ(N),−iς]A
′
ςAς

a are constant invariant tensors. This is a

generalization of Penrose spinors in high and low dimensional space-time.
The following theorem exists in any n=N+1 dimensional space-time.

Thm. 1.8.2. Γab = [eϑ]a
c[eϑ]b

de
i
2ϑ

efΓefΓcde
− i2ϑ

efΓef ⇔ i[Γab,Γcd] = δadΓbc − δacΓbd + δbcΓad − δbdΓac

Therefore, Sabλς
µς (e, ς;n), Sab

λ′ςµ′ς (e,−ς;n), SabAς
Bς ( 1

2 , ς; 2n), Sab
A′ςB′ς

( 1
2 ,−ς; 2n) are constant invariant ten-

sors.

Thm. 1.8.3. Γa = [eϑ]a
be
i
2ϑ

cdΓcdΓbe
− i2ϑ

cdΓcd ⇔ i[Γa,Γcd] = δa[cΓd]

Thm. 1.8.4.

Γ0 = e
i
2ϑ

abSabΓ0e
− i2ϑ

abSab , Sab = − i
4 [Γa,Γb],Γ0 = Γ1 · · ·ΓN+1

Γ0 = e
i
2ϑ
∗abSabΓ0e

− i2ϑ
∗abSab , Sab = − i

4 [Γa,Γb],Γ0 = Γ1 · · ·ΓN+1

Therefore, γaλς
µς (n), γa′

λ′ςµ′ς
(n) γ0

λς
µς (n), γ0

λ′ςµ′ς
(n) are constant invariant tensors.

Thm. 1.8.5.

ΓN+1 = e
i
2ϑ
∗abSabΓN+1e

− i2ϑ
abSab , Sab = − i

4 [Γa,Γb]

ΓN+1 = e
i
2ϑ

abSabΓN+1e
− i2ϑ

∗abSab , Sab = − i
4 [Γa,Γb]

Therefore, γ
λ′ςλς
n (n), γnλςλ′ς (n), (γnγa)λ

′
ςλς (n), (γaγn)λςλ′ς (n), (γnγa

′
)λςλ′ς (n), (γa′γn)λ

′
ςλς (n) are constant invariant

tensors.
1.9 Properties of constant invariant tensors in n=N+1 dimensional space-time

Thm. 1.9.1.


Sab(e;n) = − i

4 [γa(n), γb(n)] = − i
4 [iςγ(N)γ0(N),−iς][a[iςγ(N)γ0(N), iς]b]

2δab = {γa(n), γb(n)} = [iςγ(N)γ0(N),−iς]{a[iςγ(N)γ0(N), iς]b}

γa(n)γb(n) = [iςγ(N)γ0(N),−iς]a[iςγ(N)γ0(N), iς]b = δab + 2iSab(e, ς;n)

Thm. 1.9.2.


Sab(

1
2 , ς;n) = − i

4 [Γ(N), iς][a[Γ(N),−iς]b]
2δab = [Γ(N), iς]{a[Γ(N),−iς]b}
[Γ(N), iς]a[Γ(N),−iς]b = δab + 2iSab(

1
2 , ς;n)

1.10 Penrose transform in n=N+1 dimensional space-time

Thm. 1.10.1. xA
′
ςAς (n) := [Γ(N),−iς]A

′
ςAς

a xa ⇒ xa = 1
2[N/2] [Γ(N), iς]aAςA′ςx

A′ςAς (n)

Thm. 1.10.2. xλς
µς (n) := γaλς

µς (n)xa ⇒ xa = 1
2[n/2] γ

a
µς
λς (n)xλς

µς (n), n ≥ 2

2 External spatiotemporal symmetry transformation [25, 26]

2.1 Poincare transformation

Cor. 2.1.1. x′ = eεx+ θ ⇔ x′ = e−
i
2 ε
abLab+iθ

apax, Lab = −i(xa∂b − xb∂a), pa = −i∂a
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Proof: x′ = eεx+ θ
⇔ x′a = xa + εabx

b + θa
⇔ x′a = [1− 1

2ε
bc(xb∂c − xc∂b) + θb∂b]xa

⇔ x′ = [1− 1
2ε
ab(xa∂b − xb∂a) + θa∂a]x

⇔ x′ = [1− i
2ε
ab(xapb − xbpa) + iθapa]x, pa = −i∂a

⇔ x′ = (1− i
2ε
abLab + iθapa)x, Lab := −i(xa∂b − xb∂a)

⇔ x′ = e−
i
2 ε
abLab+iθ

apax

Cor. 2.1.2. e−
i
2 ε
abLab+iθ

apax = eεx+ θ

The Poincare transformation contains two meanings. One is a conventional and intuitive meaning, and
the other is a meaning that includes a part of Poincare generators. Actually, it’s just like thinking of
transformations as operators. It’s not easy to think of.
2.2 Lorentz transformation

Cor. 2.2.1. x′ = eεx⇔ x′ = e−
i
2 ε
abLabx, Lab = −i(xa∂b − xb∂a)

Cor. 2.2.2. ϕ′(x) = e
i
2 ε
abSabϕ(e−εx)⇔ ϕ′(x) = e

i
2 ε
abMabϕ(x),Mab = Lab − iSab

Proof: ϕ′(x) = e
i
2 ε
abSabϕ(e−εx)

⇔ ϕ′(x) = (1 + i
2ε
abSab)ϕ((1− ε)x)

⇔ ϕ′(x) = (1 + i
2ε
abSab)[ϕ(x) + 1

2ε
ab(xa∂b − xb∂a)ϕ(x)]

⇔ ϕ′(x) = ϕ(x) + i
2ε
ab[−i(xa∂b − xb∂a) + Sab]ϕ(x)

⇔ δϕ(x) = i
2ε
ab[−i(xa∂b − xb∂a) + Sab]ϕ(x)

⇔ ϕ′(x) = e
i
2 ε
ab[−i(xa∂b−xb∂a)+Sab]ϕ(x)

⇔ ϕ′(x) = e
i
2 ε
abMabϕ(x),Mab = Lab + Sab

Cor. 2.2.3. e
i
2 ε
abMabϕ(x) = e

i
2 ε
abSabϕ(e−εx)

Cor. 2.2.4. x = e
i
2 ε
abSab(e−εx)⇔ x = e

i
2 ε
abMabx

The Lorentz group generator is implicit in the state transformation and coordinate identity transfor-
mation: MabThe meaning of a generator is that the independent variable remains unchanged and the
function changes. It is an operator.
2.3 Translational transformation

Cor. 2.3.1. ϕ′(x) = ϕ(x+ θ)⇔ ϕ′(x) = eθ
a∂aϕ(x)⇔ ϕ′(x) = eiθ

apaϕ(x)

Cor. 2.3.2. eiθ
apaϕ(x) = ϕ(x+ θ)

The translation generator is implicit in a simple shift transformation: pa and its operator transforma-
tion.
2.4 Commutative relations of Poincare groups generators

Commutative relations of Poincare group generator Mab, pa:

Mab = Lab + Sab, Lab = xapb − xbpa, gab = δab (4.1){
i[Mab,Mcd] = gadMbc − gacMbd + gbcMad − gbdMac

i[Mab, pc] = gbcpa − gacpb, [pa, pb] = 0
(4.2)

Commutative relations of Poincare group generator Lab, Sab, pa:{
Lab, Lcd] = gadLbc − gacLbd + gbcLad − gbdLac
i[Lab, pc] = gbcpa − gacpb, [pa, pb] = 0

(4.3)

i[Sab, Scd] = gadSbc − gacSbd + gbcSad − gbdSac (4.4)

[Sab, Lcd] = 0, [Sab, pc] = 0 (4.5)

2.5 Meaning of generators

The generators can generate corresponding symmetric transformations. Generators are also generally
conserved quantities of the system. Conversely, a conserved quantity is also a generator of the system
nd generators also form certain closed algebras.

92



Chapter4 Preliminary Study on High Dimensional Constant Invariant Tensor Shui-Rong Shi

3 Infinite dimensional invariant tensors
3.1 Infinite dimensional invariant tensors [25, 26] in the sense of quantum mechanics

Def. 3.1.1. M̂ab := L̂ab + Sab, L̂ab := xap̂b − xbp̂a, p̂a := −i∂a, gab = δab

Cor. 3.1.1.


i[M̂ab, M̂cd] = gadM̂bc − gacM̂bd + gbcM̂ad − gbdM̂ac ⇔ M̂ab = [eϑ]a

c[eϑ]b
de

i
2ϑ

efM̂ef M̂cde
− i2ϑ

efM̂ef

i[L̂ab, L̂cd] = gadL̂bc − gacL̂bd + gbcL̂ad − gbdL̂ac ⇔ L̂ab = [eϑ]a
c[eϑ]b

de
i
2ϑ

ef L̂ef L̂cde
− i2ϑ

ef L̂ef

i[Sab, Scd] = gadSbc − gacSbd + gbcSad − gbdSac ⇔ Sab = [eϑ]a
c[eϑ]b

de
i
2ϑ

efSefScde
− i2ϑ

efSef

Cor. 3.1.2.

i[p̂a, M̂cd] = δa[cp̂d] ⇔ p̂a = [eϑ]a
be
i
2ϑ

cdM̂cd p̂be
− i2ϑ

cdM̂cd

i[p̂a, L̂cd] = δa[cp̂d] ⇔ p̂a = [eϑ]a
be
i
2ϑ

cdL̂cd p̂be
− i2ϑ

cdL̂cd

From the above, it can be seen that M̂ab, p̂a are invariant tensors, but obviously not constant tensors. In
another equivalent way of writing, Lorentz transformation in relativity can be associated with unitary
transformation in quantum mechanics.

Cor. 3.1.3.


i[M̂ab, M̂cd] = gadM̂bc − gacM̂bd + gbcM̂ad − gbdM̂ac ⇔ e−

i
2ϑ

efM̂ef M̂abe
i
2ϑ

efM̂ef = [eϑ]a
c[eϑ]b

dM̂cd

i[L̂ab, L̂cd] = gadL̂bc − gacL̂bd + gbcL̂ad − gbdL̂ac ⇔ e−
i
2ϑ

ef L̂ef L̂abe
i
2ϑ

ef L̂ef = [eϑ]a
c[eϑ]b

dL̂cd

i[Sab, Scd] = gadSbc − gacSbd + gbcSad − gbdSac ⇔ e−
i
2ϑ

efSefSabe
i
2ϑ

efSef = [eϑ]a
c[eϑ]b

dScd

Cor. 3.1.4.

i[p̂a, M̂cd] = δa[cp̂d] ⇔ e−
i
2ϑ

cdM̂cd p̂ae
i
2ϑ

cdM̂cd = [eϑ]a
bp̂b

i[p̂a, L̂cd] = δa[cp̂d] ⇔ e−
i
2ϑ

cdL̂cd p̂ae
i
2ϑ

cdL̂cd = [eϑ]a
bp̂b

Cor. 3.1.5. e
i
2 ε
abMabϕ(x) = e

i
2 ε
abSabϕ(e−εx), eiθ

apaϕ(x) = ϕ(x+ θ)

Cor. 3.1.6. 〈′|P̂a|′〉 = [eϑ]a
b〈|P̂b|〉, 〈′|Ĵab|′〉 = [eϑ]a

c[eϑ]b
d〈|Ĵcd|〉, 〈′|Sab|′〉 = [eϑ]a

c[eϑ]b
d〈|Scd|〉

Cor. 3.1.7. 〈′|P̂a|′〉 = [eϑ]a
b〈|P̂b|〉, 〈′|Ĵας |′〉 = [e(iω+ςε)·σ(s)]ας

βς 〈|Ĵβς |〉

From the above, we can see that the right side is a Lorentz transformation, and the left side can be seen
as a unitary transformation. That is, Lorentz transformation is equivalent to unitary transformation.

Cor. 3.1.8. [p̂a, p̂b] = 0⇔ p̂a = e−iϑ
bp̂b p̂ae

iϑbp̂b

3.2 Infinite dimensional invariant tensors [25, 26] in the sense of quantum field theory

Cor. 3.2.1.

i[Ĵab, Ĵcd] = gadĴbc − gacĴbd + gbcĴad − gbdĴac ⇔ Ĵab = [eϑ]a
c[eϑ]b

de
i
2ϑ

ef Ĵef Ĵcde
− i2ϑ

ef Ĵef

i[Ĵab, Ĵcd] = gadĴbc − gacĴbd + gbcĴad − gbdĴac ⇔ e−
i
2ϑ

ef Ĵef Ĵabe
i
2ϑ

ef Ĵef = [eϑ]a
c[eϑ]b

dĴcd

Cor. 3.2.2.

i[P̂a, Ĵcd] = δa[cP̂d] ⇔ P̂a = [eϑ]a
be
i
2ϑ

cdĴcd P̂be
− i2ϑ

cdĴcd

i[P̂a, Ĵcd] = δa[cP̂d] ⇔ e−
i
2ϑ

cdĴcd P̂ae
i
2ϑ

cdĴcd = [eϑ]a
bP̂b

Cor. 3.2.3. [P̂a, P̂b] = 0⇔ P̂a = e−iϑ
bP̂b P̂ae

iϑbP̂b

Cor. 3.2.4. 〈′|P̂a|′〉 = [eϑ]a
b〈|P̂b|〉, 〈′|Ĵab|′〉 = [eϑ]a

c[eϑ]b
d〈|Ĵcd|〉, 〈′|Sab|′〉 = [eϑ]a

c[eϑ]b
d〈|Scd|〉

Cor. 3.2.5. 〈′|P̂a|′〉 = [eϑ]a
b〈|P̂b|〉, 〈′|Ĵας |′〉 = [e(iω+ςε)·σ(s)]ας

βς 〈|Ĵβς |〉

Conjected covariant equation:

Cor. 3.2.6. [(s+ φ)P̂a + iĴabP̂
b]ψ(s, ς) = 0

Cor. 3.2.7. [(s+ φ)∂̂a + iĴab∂̂
b]Ψ(x, F [ϕ(y)]) = 0

Cor. 3.2.8. (P̂ a∂a +m)Ψ(x, F [ϕ(y)]) = 0

Cor. 3.2.9. ∂aΨ(x, F [ϕ(y)]) = P̂aΨ(x, F [ϕ(y)])

3.3 General invariant tensors [25, 26] in the sense of quantum field theory

Cor. 3.3.1.

{
i[Ĵab, Ĵcd] = gadĴbc − gacĴbd + gbcĴad − gbdĴac ⇔ ψλ = Λλ

µU+ψµU

i[Ĵab, Ĵcd] = gadĴbc − gacĴbd + gbcĴad − gbdĴac ⇔ UψλU
+ = Λλ

µψµ

Cor. 3.3.2. UψλU
+ = Λλ

µψµ, U = eiX
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3.4 Operator algebra on quantum field theory

Cor. 3.4.1. [x, p̂x] = i⇔ p̂x ≡ −i ∂∂x ,Ψ = ψ(x)

↓

Cor. 3.4.2. [xi, p̂j ] = iδij ⇔ p̂i ≡ −i ∂
∂xi

,Ψ = ψ(x1, x2, · · · , xn)

↓

Cor. 3.4.3. [ψ(xi), π(xj)] = iδij ⇔ π(xi) ≡ −i ∂
∂ψ(xi)

,Ψ = F [ψ(x1), ψ(x2), · · · , ψ(xn), · · · , ψ(x∞)]

↓

Cor. 3.4.4. [ψ(x), π(x′)] = iδ(x− x′)⇔ π(x) ≡ −i δ
δψ(x)

Ψ =
∫
dxF [ψ(x)] =

∑
i

∆xiF [ψ(xi)] = εF [ψ(x1), ψ(x2), · · · , ψ(xn), · · · , ψ(x∞)]

3.5 How to find eigenstates of arbitrary operators
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1 Definition of various spinors for general s-spin field
1.1 Penrose abstract symbol rules [1, 2]

Cor. 1.1.1. gAςBςψBς
= ψAς = [ψA−ς ]

∗, gAςBς
ψBς = ψAς

= [ψA−ς ]∗

The above shows that ψAς
, ψAς are completely related, and only one of them is truly independent. I

would choose ψAς
as the base quantity.

1.2 Introduction of field spinors ψ(s, ς;w), ψ̃(s, ς;w), ψ̂(s, ς;w)

Def. 1.2.1. ψ(s, ς;w) ≺ ψkς (s;w)⇔ ψ∗(s,−ς;w) ≺ ψkς (s;w)

Def. 1.2.2. ψ̃(s, ς;w) := ψAς⊗lς (s;w)⇔ ψ̃∗(s,−ς;w) := ψAς⊗lς (s;w)

Def. 1.2.3. ψ̂(s, ς;w) := ψAς ⊗ Bς ⊗ Cς ⊗ · · ·︸ ︷︷ ︸
2s

(s;w)⇔ ψ̂∗(s,−ς;w) := ψ

2s︷ ︸︸ ︷
Aς ⊗ Bς ⊗ Cς ⊗ · · ·(s;w)

1.3 Introduction of surce spinos J̃(s, ς;w), Ĵ(s, ς;w)

Def. 1.3.1. J̃(s, ς;w) := JA
′
ς⊗lς (s;w)⇔ J̃∗(s,−ς;w) := JA′ς⊗

lς (s;w)

Def. 1.3.2. Ĵ(s, ς;w) := JA
′
ς⊗Bς ⊗ Cς ⊗ · · ·︸ ︷︷ ︸

2s−1

(s;w)⇔ Ĵ∗(s,−ς;w) := JA′ς⊗

2s−1︷ ︸︸ ︷
Bς ⊗ Cς ⊗ · · ·(s;w)

1.4 Introduction of spinors ψkς (s;w), ψkς (s;w)ψAς lς (s;w), ψAς lς (s;w)

1.4.1 Relations between ψ(s, ς;w), ψ̂(s, ς;w)

Def. 1.4.1.

ψkς (s;w) := Γ

2s︷ ︸︸ ︷
AςBς · · ·
kς

(s;w)ψAςBς · · ·︸ ︷︷ ︸
2s

(s;w)⇔ ψ(s, ς;w) = Γ̄(s;w)ψ̂(s, ς;w)

m m

ψkς (s;w) = ΓkςAςBς · · ·︸ ︷︷ ︸
2s

(s;w)ψ

2s︷ ︸︸ ︷
AςBς · · ·(s;w)⇔ ψ∗(s,−ς;w) = Γ̄(s;w)ψ̂∗(s,−ς;w)

Cor. 1.4.1. ψkς (s;w) = Γ

2s︷ ︸︸ ︷
AςBς · · ·
kς

(s;w)ψAςBς · · ·︸ ︷︷ ︸
2s

(s;w)⇔ 1
(2s)!ψ(AςBς · · · )︸ ︷︷ ︸

2s

(s;w) = ΓkςAςBς · · ·︸ ︷︷ ︸
2s

(s;w)ψkς (s;w)

Cor. 1.4.2.

ψAςBς · · ·︸ ︷︷ ︸
2s

(s;w) = 1
(2s)!ψ(AςBς · · · )︸ ︷︷ ︸

2s

(s;w) = ΓkςAςBς · · ·︸ ︷︷ ︸
2s

(s;w)ψkς (s;w)⇔ ψ̂(s, ς;w) = Γ(s;w)ψ(s, ς;w)

m m

ψ

2s︷ ︸︸ ︷
AςBς · · ·(s;w) = 1

(2s)!ψ

2s︷ ︸︸ ︷
(AςBς · · · )(s;w) = Γ

2s︷ ︸︸ ︷
AςBς · · ·
kς

(s;w)ψkς (s;w)⇔ ψ̂∗(s,−ς;w) = Γ(s;w)ψ∗(s,−ς;w)

1.4.2 Relations between ψ̃(s, ς;w), ψ̂(s, ς;w)

Def. 1.4.2.

ψAς lς (s;w) := Γ

2s−1︷ ︸︸ ︷
BςCς · · ·
lς

(s− 1
2 ;w)ψAςBςCς · · ·︸ ︷︷ ︸

2s

(s;w)⇔ ψ̃(s, ς;w) = [Iw+1 ⊗ Γ̄(s− 1
2 ;w)]ψ̂(s, ς;w)

m m

ψAς lς (s;w) = ΓlςBςCς · · ·︸ ︷︷ ︸
2s−1

(s− 1
2 ;w)ψ

2s︷ ︸︸ ︷
AςBςCς · · ·(s;w)⇔ ψ̃∗(s,−ς;w) = [Iw+1 ⊗ Γ̄(s− 1

2 ;w)]ψ̂∗(s,−ς;w)

95



Chapter5 Constant Invariant Tensor and Representation Transformation Shui-Rong Shi

Cor. 1.4.3.

ψAςBς · · ·︸ ︷︷ ︸
2s

(s;w) = 1
(2s−1)!ψAς(BςCς · · · )︸ ︷︷ ︸

2s

(s;w) = ΓlςBςCς · · ·︸ ︷︷ ︸
2s−1

(s− 1
2 ;w)ψAς lς (s;w)[⇔]ψ̂(s, ς;w) = [Iw+1 ⊗ Γ(s− 1

2 ;w)]ψ̃(s, ς;w)

[m] [m]

ψ

2s︷ ︸︸ ︷
AςBςCς · · ·(s;w) = 1

(2s−1)!ψ

2s︷ ︸︸ ︷
Aς(BςCς · · · )(s;w) = Γ

2s−1︷ ︸︸ ︷
BςCς · · ·
lς

(s− 1
2 ;w)ψAς lς (s;w)[⇔]ψ̂∗(s,−ς;w) = [Iw+1 ⊗ Γ(s− 1

2 ;w)]ψ̃∗(s,−ς;w)

1.4.3 Relations between ψ(s, ς;w), ψ̃(s, ς;w)

Cor. 1.4.4.
ψkς (s;w) = NAς lς

kς
(s;w)ψAς lς (s;w)[⇔]ψ(s, ς;w) = N̄(s;w)ψ̃(s, ς;w)

[m] [m]

ψkς (s;w) = Nkς
Aς lς

(s;w)ψAς lς (s;w)[⇔]ψ∗(s,−ς;w) = N̄(s;w)ψ̃∗(s,−ς;w)

Cor. 1.4.5.

ψAς lς (s;w) = Nkς
Aς lς

(s;w)ψkς (s;w), ψAςBς · · ·︸ ︷︷ ︸
2s

(s;w) = 1
(2s!ψ(AςBς · · · )︸ ︷︷ ︸

2s

(s;w)[⇔]ψ̃(s, ς;w) = N(s;w)ψ(s, ς;w)

[m] [m]

ψAς lς (s;w) = NAς lς
kς

(s;w)ψkς (s;w), ψ

2s︷ ︸︸ ︷
AςBς · · ·(s;w) = 1

(2s)!ψ

2s︷ ︸︸ ︷
(AςBς · · · )(s;w)[⇔]ψ̃∗(s,−ς;w) = N(s;w)ψ∗(s,−ς;w)

1.5 Introduction of spinors JA
′
ς lς (s;w), JA′ς

lς (s;w) and relations between J̃(s, ς;w), Ĵ(s, ς;w)

Def. 1.5.1.

JA
′
ς lς (s;w) := Γ

2s−1︷ ︸︸ ︷
BςCς · · ·
lς

(s− 1
2 ;w)JA

′
ςBςCς · · ·︸ ︷︷ ︸

2s

(s;w)⇔ J̃(s, ς;w) = [Iw+1 ⊗ Γ̄(s− 1
2 ;w)]Ĵ(s, ς;w)

m m

JA′ς
lς (s;w) = ΓlςBςCς · · ·︸ ︷︷ ︸

2s−1

(s− 1
2 ;w)JA′ς

2s︷ ︸︸ ︷
BςCς · · ·(s;w)⇔ J̃∗(s,−ς;w) = [Iw+1 ⊗ Γ̄(s− 1

2 ;w)]Ĵ∗(s,−ς;w)

Cor. 1.5.1.

JA
′
ςBςCς · · ·︸ ︷︷ ︸

2s

(s;w) = 1
(2s−1)!J

A′ς (BςCς · · · )︸ ︷︷ ︸
2s

(s;w) = ΓlςBςCς · · ·︸ ︷︷ ︸
2s−1

(s− 1
2 ;w)JA

′
ς lς (s;w)[⇔]Ĵ(s, ς;w) = [Iw+1 ⊗ Γ(s− 1

2 ;w)]J̃(s, ς;w)

[m] [m]

JA′ς

2s︷ ︸︸ ︷
BςCς · · ·(s;w) = 1

(2s−1)!JA′ς

2s︷ ︸︸ ︷
(BςCς · · · )(s;w) = Γ

2s−1︷ ︸︸ ︷
BςCς · · ·
lς

(s− 1
2 ;w)JA′ς

lς (s;w)[⇔]Ĵ∗(s,−ς;w) = [Iw+1 ⊗ Γ(s− 1
2 ;w)]J̃∗(s,−ς;w)

1.6 Introduction of spinors JA
′
ςBςCςDς ··· and relations between Ĵ (n), Ĵ(n, ς)

Cor. 1.6.1.

JA
′
ςBςCςDς · · ·︸ ︷︷ ︸

2n−1

:= ( iς√
2
)nς(σε,−iςε)aA′ςBς

n−1︷ ︸︸ ︷
σβςCςDς · · · Jaβς · · ·︸ ︷︷ ︸

n

[⇔]Ĵ(n, ς) =

n︷ ︸︸ ︷
S+
em(ς)⊗ S+

em(±ς) · · · Ĵ (n)

[m] [m]

Jaβς · · ·︸ ︷︷ ︸
n

= ( iς√
2
)nς(εσ,−iςε)aA′ς

Bς

n−1︷ ︸︸ ︷
σCςDςβς

· · · JA′ςBςCςDς · · ·︸ ︷︷ ︸
2n−1

[⇔]Ĵ (n) =

n︷ ︸︸ ︷
Sem(ς)⊗ Sem(±ς) · · · Ĵ(n, ς)

[m]

Cor. 1.6.2.
JA′ς

2n−1︷ ︸︸ ︷
BςCςDς · · · := ( iς√

2
)nς(εσ,−iςε)aA′ς

Bς

n−1︷ ︸︸ ︷
σCςDςβς

· · · J
n︷ ︸︸ ︷

aβς · · ·[⇔]Ĵ∗(n,−ς) =

n︷ ︸︸ ︷
STem(ς)⊗ STem(±ς) · · · Ĵ (n)

[m] [m]

J

n︷ ︸︸ ︷
aβς · · · = ( iς√

2
)nς(σε,−iςε)aA′ςBς

n−1︷ ︸︸ ︷
σβςCςDς · · · JA′ς

2n−1︷ ︸︸ ︷
BςCςDς · · ·[⇔]Ĵ (n) =

n︷ ︸︸ ︷
S∗em(ς)⊗ S∗em(±ς) · · · Ĵ∗(n,−ς)

1.7 Definition of ψαςβς ···(n), ψαςβς ···(n),Ψ(n, ς), Ψ̂(n, ς)

Def. 1.7.1. Ψ̂(n, ς) ≺ ψας ⊗ βς ⊗ · · ·︸ ︷︷ ︸
n

(n)⇔ Ψ̂∗(n,−ς) ≺ ψ
n︷ ︸︸ ︷

ας ⊗ βς ⊗ · · ·(n)
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Def. 1.7.2.

ψαςβς · · ·︸ ︷︷ ︸
n

(n) := Γkςαςβς · · ·︸ ︷︷ ︸
n

(n)ψkς (n)⇒ ψkς (n) = Γ

n︷ ︸︸ ︷
αςβς · · ·
kς

(n)ψαςβς · · ·︸ ︷︷ ︸
n

(n)

m m

ψ

n︷ ︸︸ ︷
αςβς · · ·(n) := Γ

n︷ ︸︸ ︷
αςβς · · ·
kς

(n)ψkς (n)⇒ ψkς (n) = Γkςαςβς · · ·︸ ︷︷ ︸
n

(n)ψ

n︷ ︸︸ ︷
αςβς · · ·(n)

Cor. 1.7.1.

ψαςβς · · ·︸ ︷︷ ︸
n

(n) = Γ

2n︷ ︸︸ ︷
AςBς · · ·
αςβς · · ·︸ ︷︷ ︸

n

(n)ψAςBς · · ·︸ ︷︷ ︸
2n

(n)[⇔] 1
(2n)!ψ(AςBς · · · )︸ ︷︷ ︸

2n

(n) = Γ

n︷ ︸︸ ︷
αςβς · · ·
AςBς · · ·︸ ︷︷ ︸

2n

(n)ψαςβς · · ·︸ ︷︷ ︸
n

(n)

[m] [m]

ψ

n︷ ︸︸ ︷
αςβς · · ·(n) = Γ

n︷ ︸︸ ︷
αςβς · · ·
AςBς · · ·︸ ︷︷ ︸

2n

(n)ψ

2n︷ ︸︸ ︷
AςBς · · ·(n)[⇔] 1

(2n)!ψ

2n︷ ︸︸ ︷
(AςBς · · · )(n) = Γ

2n︷ ︸︸ ︷
AςBς · · ·
αςβς · · ·︸ ︷︷ ︸

n

(n)ψ

n︷ ︸︸ ︷
αςβς · · ·(n)

Cor. 1.7.2.

ψαςβς · · ·︸ ︷︷ ︸
n

(n) = Γ

2n︷ ︸︸ ︷
AςBς · · ·
αςβς · · ·︸ ︷︷ ︸

n

(n)ψAςBς · · ·︸ ︷︷ ︸
2n

(n)[⇔]Ψ̂(n, ς) = [

n︷ ︸︸ ︷
Sem(±ς)⊗ Sem(±ς) · · ·]ψ̂(n, ς)

[m] [m]

ψ

n︷ ︸︸ ︷
αςβς · · ·(n) = Γ

n︷ ︸︸ ︷
αςβς · · ·
AςBς · · ·︸ ︷︷ ︸

2n

(n)ψ

2n︷ ︸︸ ︷
AςBς · · ·(n)[⇔]Ψ̂∗(n,−ς) = [

n︷ ︸︸ ︷
S∗em(∓ς)⊗ S∗em(∓ς) · · ·]ψ̂∗(n,−ς)

Cor. 1.7.3.

ψAςBς · · ·︸ ︷︷ ︸
2n

(n) = 1
(2n)!ψ(AςBς · · · )︸ ︷︷ ︸

2n

(n) = Γ

n︷ ︸︸ ︷
αςβς · · ·
AςBς · · ·︸ ︷︷ ︸

2n

(n)ψαςβς · · ·︸ ︷︷ ︸
n

(n)[⇔]ψ̂(n, ς) = [

n︷ ︸︸ ︷
S+
em(±ς)⊗ S+

em(±ς) · · ·]Ψ̂(n, ς)

[m] [m]

ψ

2n︷ ︸︸ ︷
AςBς · · ·(n) = 1

(2n)!ψ

2n︷ ︸︸ ︷
(AςBς · · · )(n) = Γ

2n︷ ︸︸ ︷
AςBς · · ·
αςβς · · ·︸ ︷︷ ︸

n

(n)ψ

n︷ ︸︸ ︷
αςβς · · ·(n)[⇔]ψ̂∗(n,−ς) = [

n︷ ︸︸ ︷
STem(∓ς)⊗ STem(∓ς) · · ·]Ψ̂∗(n,−ς)

Cor. 1.7.4. ψAςBς · · ·︸ ︷︷ ︸
2n

(n) = 1
(2n)!ψ(AςBς · · · )︸ ︷︷ ︸

2n

(n)[⇔]ψ

n︷ ︸︸ ︷
αςβς · · ·(n) = 1

n!ψ

n︷ ︸︸ ︷
(αςβς · · · )(n), δαςβςψ

n︷ ︸︸ ︷
αςβς · · ·(n) = 0

1.8 Introduction of spinors JA
′
ςBςCςDς ··· and relations between Ĵ (n), Ĵ(n, ς)

Cor. 1.8.1.

ψAςBςCςDς · · ·︸ ︷︷ ︸
2n

:= ( iς√
2
)n

n︷ ︸︸ ︷
σαςAςBςσ

βς
CςDς

· · ·ψαςβς · · ·︸ ︷︷ ︸
n

[⇔]ψ̂(n, ς) =

n︷ ︸︸ ︷
S+
em(±ς)⊗ S+

em(±ς) · · · Ψ̂(n)

[m] [m]

ψαςβς · · ·︸ ︷︷ ︸
n

= ( iς√
2
)n

n︷ ︸︸ ︷
σAςBςας σCςDςβς

· · ·ψAςBςCςDς · · ·︸ ︷︷ ︸
2n

[⇔]Ψ̂(n) =

n︷ ︸︸ ︷
Sem(±ς)⊗ Sem(±ς) · · · ψ̂(n, ς)

[m]

Cor. 1.8.2.
ψ

2n︷ ︸︸ ︷
AςBςCςDς · · · := ( iς√

2
)n

n︷ ︸︸ ︷
σAςBςας σCςDςβς

· · ·ψ
n︷ ︸︸ ︷

αςβς · · ·[⇔]ψ̂∗(n,−ς) =

n︷ ︸︸ ︷
STem(∓ς)⊗ STem(∓ς) · · · Ψ̂(n)

[m] [m]

ψ

n︷ ︸︸ ︷
αςβς · · · = ( iς√

2
)n

n︷ ︸︸ ︷
σαςAςBςσ

βς
CςDς

· · ·ψ
2n︷ ︸︸ ︷

AςBςCςDς · · ·[⇔]Ψ̂(n) =

n︷ ︸︸ ︷
S∗em(∓ς)⊗ S∗em(∓ς) · · · ψ̂∗(n,−ς)
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2 Analysis of full symmetry conditions
2.1 Analysis of full symmetry conditions for field quantity

Def. 2.1.1.

ψAςBςCςDς · · ·︸ ︷︷ ︸
2n

Zς := ( iς√
2
)n(

n︷ ︸︸ ︷
σαςAςBςσ

βς
CςDς

· · ·)ψαςβς · · ·︸ ︷︷ ︸
n

Zς ⇔ ψ

2n︷ ︸︸ ︷
AςBςCςDς · · ·Zς = ( iς√

2
)n(

n︷ ︸︸ ︷
σAςBςας σCςDςβς

· · ·)ψ
n︷ ︸︸ ︷

αςβς · · ·Zς

[⇓] [⇓]

Cor. 2.1.1.

ψαςβς · · ·︸ ︷︷ ︸
n

Zς = ( iς√
2
)n(

n︷ ︸︸ ︷
σAςBςας σCςDςβς

· · ·)ψAςBςCςDς · · ·︸ ︷︷ ︸
2n

Zς [⇔]ψ

n︷ ︸︸ ︷
αςβς · · ·Zς = ( iς√

2
)n(

n︷ ︸︸ ︷
σαςAςBςσ

βς
CςDς

· · ·)ψ
2n︷ ︸︸ ︷

AςBςCςDς · · ·Zς

Cor. 2.1.2. ψAςBςCςDς · · ·︸ ︷︷ ︸
2n

Zς is fully symmetric in () and between () for (AςBς), (CςDς), · · ·

⇔ ψαςβς · · ·︸ ︷︷ ︸
n

Zς = 1
n!ψ(αςβς · · · )︸ ︷︷ ︸

n

Zς

Cor. 2.1.3. ψ

2n︷ ︸︸ ︷
AςBςCςDς · · ·Zς is fully symmetric in () and between () for (AςBς), (CςDς), · · ·

⇔ ψ

n︷ ︸︸ ︷
αςβς · · ·Zς = 1

n!ψ

n︷ ︸︸ ︷
(αςβς · · · )Zς

Cor. 2.1.4. ψAςBςCςDς · · ·︸ ︷︷ ︸
2n

Zς = ψAςCςBςDς · · ·︸ ︷︷ ︸
2n

Zς ⇔ δαςβςψαςβς · · ·︸ ︷︷ ︸
n

Zς = 0

[m] [m]

Cor. 2.1.5. ψ

2n︷ ︸︸ ︷
AςBςCςDς · · ·Zς = ψ

2n︷ ︸︸ ︷
AςCςBςDς · · ·Zς ⇔ δαςβςψ

n︷ ︸︸ ︷
αςβς · · ·Zς = 0

Proof: ψAςBςCςDς · · ·︸ ︷︷ ︸
2n

Zς = ψAςCςBςDς · · ·︸ ︷︷ ︸
2n

Zς

⇔ εBςCςψAςBςCςDς · · ·︸ ︷︷ ︸
2n

Zς = 0

⇔ εBςCς (

n︷ ︸︸ ︷
σαςAςBςσ

βς
CςDς

· · ·)ψαςβς · · ·︸ ︷︷ ︸
n

Zς = 0

⇔ εBςCςσαςAςBςσ
βς
CςDς

ψαςβς · · ·︸ ︷︷ ︸
n

Zς = 0

⇔ σαςAς
CςσβςCς

Dςψαςβς · · ·︸ ︷︷ ︸
n

Zς = 0

⇔ σαςσβςψαςβς · · ·︸ ︷︷ ︸
n

Zς = 0

⇔ δαςβςψαςβς · · ·︸ ︷︷ ︸
n

Zς = 0

Cor. 2.1.6. ψAςBςCςDς · · ·︸ ︷︷ ︸
2n

Zς = ψAςZςCςDς · · ·︸ ︷︷ ︸
2n

Bς ⇔ σαςψαςβς · · ·︸ ︷︷ ︸
n

[Zς ] = 0

[m] [m]

Cor. 2.1.7. ψ

2n︷ ︸︸ ︷
AςBςCςDς · · ·Zς = ψ

2n︷ ︸︸ ︷
AςZςCςDς · · ·Bς ⇔ σ∗αςψ

n︷ ︸︸ ︷
αςβς · · ·[Zς ] = 0

Proof: ψAςBςCςDς · · ·︸ ︷︷ ︸
2n

Zς = ψAςZςCςDς · · ·︸ ︷︷ ︸
2n

Bς

⇔ εBςZςψAςBςCςDς · · ·︸ ︷︷ ︸
2n

Zς = 0

⇔ εBςZς (

n︷ ︸︸ ︷
σαςAςBςσ

βς
CςDς

· · ·)ψαςβς · · ·︸ ︷︷ ︸
n

Zς = 0

⇔ εBςZςσαςAςBςψαςβς · · ·︸ ︷︷ ︸
n

Zς = 0
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⇔ σαςAς
Zςψαςβς · · ·︸ ︷︷ ︸

n

Zς = 0

⇔ σαςψαςβς · · ·︸ ︷︷ ︸
n

[Zς ] = 0

Cor. 2.1.8. ψAςBςCςDς · · ·︸ ︷︷ ︸
2n

Zς = 1
(2n)!ψ(AςBςCςDς · · · )︸ ︷︷ ︸

2n

Zς ⇔ ψαςβς · · ·︸ ︷︷ ︸
n

Zς = 1
n!ψ(αςβς · · · )︸ ︷︷ ︸

n

Zς , δ
αςβςψαςβς · · ·︸ ︷︷ ︸

n

Zς = 0

[m] [m]

Cor. 2.1.9. ψ

2n︷ ︸︸ ︷
AςBςCςDς · · ·Zς = 1

(2n)!ψ

2n︷ ︸︸ ︷
(AςBςCςDς · · · )Zς ⇔ ψ

n︷ ︸︸ ︷
αςβς · · ·Zς = 1

n!ψ

n︷ ︸︸ ︷
(αςβς · · · )Zς , δαςβςψ

n︷ ︸︸ ︷
αςβς · · ·Zς = 0

Cor. 2.1.10. ψAςBςCςDς · · ·Zς︸ ︷︷ ︸
2n+1

= 1
(2n+1)!ψ(AςBςCςDς · · ·Zς)︸ ︷︷ ︸

2n+1

⇔


ψαςβς · · ·︸ ︷︷ ︸

n

Zς = 1
n!ψ(αςβς · · · )︸ ︷︷ ︸

n

Zς

δαςβςψαςβς · · ·︸ ︷︷ ︸
n

Zς = 0, σαςψαςβς · · ·︸ ︷︷ ︸
n

[Zς ] = 0

[m] [m]

Cor. 2.1.11. ψ

2n+1︷ ︸︸ ︷
AςBςCςDς · · ·Zς = 1

(2n+1)!ψ

2n+1︷ ︸︸ ︷
(AςBςCςDς · · ·Zς) ⇔


ψ

n︷ ︸︸ ︷
αςβς · · ·Zς = 1

n!ψ

n︷ ︸︸ ︷
(αςβς · · · )Zς

δαςβςψ

n︷ ︸︸ ︷
αςβς · · ·Zς = 0, σαςψ

n︷ ︸︸ ︷
αςβς · · ·[Zς ] = 0

2.2 Analysis of full symmetry conditions for source quantity

Def. 2.2.1. JA
′
ςBςCςDς · · ·︸ ︷︷ ︸

2n

Zς := ( iς√
2
)nς[

n︷ ︸︸ ︷
(σε,−iςε)aA

′
ς
Bςσ

βς
CςDς

· · ·]Jaβς · · ·︸ ︷︷ ︸
n

Zς

Cor. 2.2.1. Jaβς · · ·︸ ︷︷ ︸
n

Zς = ( iς√
2
)nς[

n︷ ︸︸ ︷
(εσ,−iςε)aA′ς

BςσCςDςβς
· · ·]JA′ςBςCςDς · · ·︸ ︷︷ ︸

2n

Zς

Cor. 2.2.2. JA
′
ςBςCςDς · · ·︸ ︷︷ ︸

2n

Zς is fully symmetric in () and between () for (CςDς), (EςFς), · · ·

⇔ Jaβς · · ·︸ ︷︷ ︸
n

Zς = 1
(n−1)!Ja(βς · · · )︸ ︷︷ ︸

n

Zς

Cor. 2.2.3. JA′ς

2n︷ ︸︸ ︷
BςCςDς · · ·Zς is fully symmetric in () and between () for (CςDς), (EςFς), · · ·

⇔ J

n︷ ︸︸ ︷
aβς · · ·Zς = 1

(n−1)!J

n︷ ︸︸ ︷
a(βς · · · )Zς

Cor. 2.2.4. JA
′
ςBςCςDς · · ·︸ ︷︷ ︸

2n

Zς = JA
′
ςCςBςDς · · ·︸ ︷︷ ︸

2n

Zς ⇔ (σ,−iς)aσβςJaβς · · ·︸ ︷︷ ︸
n

Zς = 0

[m] [m]

Cor. 2.2.5. JA′ς

2n︷ ︸︸ ︷
BςCςDς · · ·Zς = JA′ς

2n︷ ︸︸ ︷
CςBςDς · · ·Zς ⇔ (σ,−iς)aσβςJ

n︷ ︸︸ ︷
aβς · · ·Zς = 0

Proof: JA
′
ςBςCςDς · · ·︸ ︷︷ ︸

2n

Zς = JA
′
ςCςBςDς · · ·︸ ︷︷ ︸

2n

Zς

⇔ εBςCςJA
′
ςBςCςDς · · ·︸ ︷︷ ︸

2n

Zς = 0

⇔ εBςCς [

n︷ ︸︸ ︷
(σε,−iςε)aA

′
ς
Bςσ

βς
CςDς

· · ·]Jaβς · · ·︸ ︷︷ ︸
n

Zς = 0

⇔ εBςCς (σε,−iςε)aA′ςBςσ
βς
CςDς

Jaβς · · ·︸ ︷︷ ︸
n

Zς = 0

⇔ (σ,−iς)aA′ςCςσβςCςDςJaβς · · ·︸ ︷︷ ︸
n

Zς = 0

⇔ (σ,−iς)aσβςJaβς · · ·︸ ︷︷ ︸
n

Zς = 0

99



Chapter5 Constant Invariant Tensor and Representation Transformation Shui-Rong Shi

Cor. 2.2.6. JA
′
ςBςCςDς · · ·︸ ︷︷ ︸

2n

Zς = JA
′
ςZςCςDς · · ·︸ ︷︷ ︸

2n

Bς ⇔ (σ,−iς)aJaβς · · ·︸ ︷︷ ︸
n

[Zς ] = 0

[m] [m]

Cor. 2.2.7. JA′ς

2n︷ ︸︸ ︷
BςCςDς · · ·Zς = JA′ς

2n︷ ︸︸ ︷
ZςCςDς · · ·Bς ⇔ (σ∗, iς)aJ

n︷ ︸︸ ︷
aβς · · ·[Zς ] = 0

Proof: JA
′
ςBςCςDς · · ·︸ ︷︷ ︸

2n

Zς = JA
′
ςZςCςDς · · ·︸ ︷︷ ︸

2n

Bς

⇔ εBςZςJA
′
ςBςCςDς · · ·︸ ︷︷ ︸

2n

Zς = 0

⇔ εBςZς [

n︷ ︸︸ ︷
(σε,−iςε)aA

′
ς
Bςσ

βς
CςDς

· · ·]Jaβς · · ·︸ ︷︷ ︸
n

Zς = 0

⇔ εBςZς (σε,−iςε)aA′ςBςJaβς · · ·︸ ︷︷ ︸
n

Zς = 0

⇔ (σ,−iς)aA′ςZςJaβς · · ·︸ ︷︷ ︸
n

Zς = 0

⇔ (σ,−iς)aJaβς · · ·︸ ︷︷ ︸
n

[Zς ] = 0

Cor. 2.2.8. JA
′
ςBςCςDς · · ·︸ ︷︷ ︸

2n−1

Zς = 1
(2n−1)!J

A′ς (BςCςDς · · · )︸ ︷︷ ︸
2n−1

Zς ⇔


Jaβς · · ·︸ ︷︷ ︸

n

Zς = 1
(n−1)!Ja(βς · · · )︸ ︷︷ ︸

n

Zς

(σ,−iς)aσβςJaβς · · ·︸ ︷︷ ︸
n

Zς = 0

[m] [m]

Cor. 2.2.9. JA′ς

2n−1︷ ︸︸ ︷
BςCςDς · · ·Zς = 1

(2n−1)!JA′ς

2n−1︷ ︸︸ ︷
(BςCςDς · · · )Zς ⇔


J

n︷ ︸︸ ︷
aβς · · ·Zς = 1

(n−1)!J

n︷ ︸︸ ︷
a(βς · · · )Zς

(σ,−iς)aσβςJ
n︷ ︸︸ ︷

aβς · · ·Zς = 0

Cor. 2.2.10. JA
′
ςBςCςDς · · ·Zς︸ ︷︷ ︸

2n

= 1
(2n)!J

A′ς (BςCςDς · · ·Zς)︸ ︷︷ ︸
2n

⇔


Jaβς · · ·︸ ︷︷ ︸

n

Zς = 1
(n−1)!Ja(βς · · · )︸ ︷︷ ︸

n

Zς

(σ,−iς)aσβςJaβς · · ·︸ ︷︷ ︸
n

Zς = 0, (σ,−iς)aJaβς · · ·︸ ︷︷ ︸
n

[Zς ] = 0

[m] [m]

Cor. 2.2.11. JA′ς

2n︷ ︸︸ ︷
BςCςDς · · ·Zς = 1

(2n)!JA′ς

2n︷ ︸︸ ︷
(BςCςDς · · ·Zς) ⇔


J

n︷ ︸︸ ︷
aβς · · ·Zς = 1

(n−1)!J

n︷ ︸︸ ︷
a(βς · · · )Zς

(σ,−iς)aσβςJ
n︷ ︸︸ ︷

aβς · · ·Zς = 0, (σ∗, iς)aJ

n︷ ︸︸ ︷
aβς · · ·[Zς ] = 0

3 Fully symmetric spinor and representation transform of electromagnetic field
3.1 Fully symmetric spinor ψAςBς of electromagnetic field

Def. 3.1.1. ψAςBς = ψBςAς ⇔ ψ̂(1, ς) = Sexψ̂(1, ς)

Def. 3.1.2. Ψ̂(1, ς) = Ψ̃(1, ς) := [ψxς , ψyς , ψzς , 0]T , ψ̂(1, ς) = ψ̃(1, ς) := [ψ1ς1ς , ψ1ς2ς , ψ1ς2ς , ψ2ς2ς ]
T

Def. 3.1.3. ψας � Ψ(1, ς) := [ψxς , ψyς , ψzς ]
T , ψ(1, ς) := [ψ1ς1ς ,

√
C1

2ψ1ς2ς , ψ2ς2ς ]
T

3.2 Relations between ψ(1, ς), ψ̂(1, ς)

Cor. 3.2.1.


ψkς (1) = ΓAςBςkς

(1)ψAςBς [⇔]ψ(1, ς) = Γ̄( 3
2 )ψ̂(1, ς)

[m] [m]

ψkς (1) = ΓkςAςBς (1)ψAςBς [⇔]ψ∗(1,−ς) = Γ̄( 3
2 )ψ̂∗(1,−ς)

[m]

Cor. 3.2.2.


ψAςBς = ΓkςAςBς (1)ψkς (1)[⇔]ψ̂(1, ς) = Γ( 3

2 )ψ(1, ς)

[m] [m]

ψAςBς = ΓAςBςkς
(1)ψkς (1)[⇔]ψ̂∗(1,−ς) = Γ(3

2 )ψ∗(1,−ς)
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3.3 Relations between ψ̃(1, ς), ψ̂(1, ς)

Cor. 3.3.1. ψ̃(1, ς) = ψ̂(1, ς)

3.4 Relations between ψ(1, ς), ψ̃(1, ς)

Cor. 3.4.1.


ψkς (1) = NAςBς

kς
(1)ψAςBς [⇔]ψ(1, ς) = N̄(1)ψ̃(1, ς)

[m] [m]

ψkς (1) = Nkς
AςBς

(1)ψAςBς [⇔]ψ∗(1,−ς) = N̄(1)ψ̃∗(1,−ς)

[m]

Cor. 3.4.2.


ψAςBς = Nkς

AςBς
(1)ψkς (1)[⇔]ψ̃(1, ς) = N(1)ψ(1, ς)

[m] [m]

ψAςBς = NAςBς
kς

(1)ψkς (1)[⇔]ψ̃∗(1,−ς) = N(1)ψ∗(1,−ς)

3.5 Representation transform matrix is a constant invariant tensor

Def. 3.5.1. JA′ςAς := −iς√
2

(σ, iς)aAςA′ςJa ⇔ Ja = iς√
2
(σ,−iς)A

′
ςAς

a JA′ςAς

Cor. 3.5.1. Ja = i√
2
(εσ,−iςε)aA′ς

BςJA
′
ςBς

Proof: Ja = iς√
2
(σ,−iς)A

′
ςAς

a JA′ςAς = iς√
2
(σ,−iς)A

′
ςAς

a (−ςεA′ςB′ς )J
B′ςAς = i√

2
(εσ,−iςε)aA′ς

BςJA
′
ςBς

Cor. 3.5.2.


i√
2
(εσ,−iςε)aA′ς⊗

Bς � Sem(ς) = 1√
2

[ i 0 0 −i
−1 0 0 −1
0 −i −i 0
0 −ς ς 0

]
i√
2
(σε,−iςε)aA′ς⊗Bς � S∗em(ς) = 1√

2

[ −i 0 0 i
−1 0 0 −1
0 i i 0
0 −ς ς 0

]

Cor. 3.5.3.

{
iς√
2
σAςBςας = i√

2
[εσ]AςBςας → i√

2
(εσ,−iςε)Aς⊗Bςας � Sem(ς)

iς√
2
σαςAςBς = i√

2
[σε]AςBςας → i√

2
(σε,−iςε)αςAςBς � S

∗
em(ς)

Cor. 3.5.4.


Γας

kς (1) � Sm(1) = 1√
2

[
i 0 −i
−1 0 −1

0 −i
√

2 0

]
Γkς

ας (1) � S+
m(1) = 1√

2

[
−i −1 0

0 0 i
√

2
i −1 0

] {
Γας kς (1) � S∗m(1)

Γkςας (1) � STm(1)

Cor. 3.5.5. Sem(ς) = 1√
2

[ i 0 0 −i
−1 0 0 −1
0 −i −i 0
0 −ς ς 0

]
, S+
em(ς) = 1√

2

[−i −1 0 0
0 0 i −ς
0 0 i ς
i −1 0 0

]
, Sem(ς)S+

em(ς) = S+
em(ς)Sem(ς) = I4

Cor. 3.5.6. Sm(1) = 1√
2

[
i 0 −i
−1 0 −1

0 −i
√

2 0

]
, S+
m(1) = 1√

2

[
−i −1 0

0 0 i
√

2
i −1 0

]
, Sm(1)S+

m(1) = S+
m(1)Sm(1) = I3

3.6 Spinor relations of electromagnetic field and representation transformation

Cor. 3.6.1.
ψας = iς√

2
σAςBςας ψAςBς [⇔]Ψ̂(1, ς) = Sem(±ς)ψ̂(1, ς)

[m] [m]

ψAςBς = iς√
2
σαςAςBςψας [⇔]ψ̂(1, ς) = S+

em(±ς)Ψ̂(1, ς)

[⇔]


ψας = iς√

2
σαςAςBςψ

AςBς [⇔]Ψ̂∗(1,−ς) = S∗em(∓ς)ψ̂∗(1,−ς)
[m] [m]

ψAςBς = iς√
2
σAςBςας ψας [⇔]ψ̂∗(1,−ς) = STem(∓ς)Ψ̂∗(1,−ς)

[m]

Cor. 3.6.2.
ψας = Γkςας (1)ψkς [⇔]Ψ(1, ς) = Sm(1)ψ(1, ς)

[m] [m]

ψkς = Γαςkς (1)ψας [⇔]ψ(1, ς) = S+
m(1)Ψ(1, ς)

[⇔]


ψας = Γαςkς (1)ψkς [⇔]Ψ∗(1,−ς) = S∗m(1)ψ∗(1,−ς)

[m] [m]

ψkς = Γkςας (1)ψας [⇔]ψ∗(1,−ς) = STm(1)Ψ∗(1,−ς)

3.7 Spinor relations of electromagnetic field source and representation transformation

Cor. 3.7.1. J̃(1, ς) = Ĵ(1, ς) = (J1′ς 1ς , J
2′ς 1ς , J

1′ς 2ς , J
2′ς 2ς )

Cor. 3.7.2.


Ja = i√

2
(εσ,−iςε)aA′ς

BςJA
′
ςBς [⇔]J̃ (1) = Sem(ς)Ĵ(1, ς)

[m] [m]

JA
′
ςBς = i√

2
(σε,−iςε)aA′ςBςJa[⇔]Ĵ(1, ς) = S+

em(ς)Ĵ (1)
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[m]

Cor. 3.7.3.


Ja = i√

2
(σε,−iςε)aA′ςBςJA′ς

Bς [⇔]Ĵ (1) = S∗em(ς)Ĵ∗(1,−ς)
[m] [m]

JA
′
ςBς = i√

2
(εσ,−iςε)aA′ς

BςJa[⇔]Ĵ∗(1,−ς) = STem(ς)Ĵ (1)

Cor. 3.7.4.

Ψ(1, ς) ∼ e(iω+ςε)·γ ⇔ Ψ̃(1, ς) ∼ e(iω+ςε)·R ⇔ ψ̃(1, ς) ∼ e(iω+ςε)· 12σ ⊗ e(iω+ςε)· 12σ ⇔ ψ(1, ς) ∼ e(iω+ςε)·σ(1)

4 Fully symmetric spinor and representation transformation of gravitational field
4.1 Fully symmetric condition of gravitational field

Cor. 4.1.1. ψAςBςCςDς = 1
4!ψ(AςBςCςDς) ⇔ ψαςβς = 1

2!ψ(αςβς), δ
αςβςψαςβς = 0

Cor. 4.1.2. JA
′
ςBςCςDς = 1

3!J
A′ς (BςCςDς) ⇔ (σ,−iς)aσβςJaβς = 0

4.2 Fully symmetric spinor of gravitational field

Def. 4.2.1. ψαςβς = Cαςβς , ψAςBςCςDς = CAςBςCςDς

Def. 4.2.2. ψAςBςCςDς = ψBςAς ⇔ ψ̂(2, ς) = Sexψ̂(2, ς)

Def. 4.2.3. Ψ̂(2, ς) ≡ [ψxςxς , ψyςxς , ψzςxς , 0, |ψxςyς , ψyςyς , ψzςyς , 0, |ψxςzς , ψyςzς , ψzςzς , 0, |0, 0, 0, 0]T

Def. 4.2.4. ψ̂(2, ς) ≡ [ψ1ς1ς1ς1ς , ψ1ς1ς1ς2ς , ψ1ς1ς1ς2ς , ψ1ς1ς2ς2ς , |ψ1ς1ς1ς2ς , ψ1ς1ς2ς2ς , ψ1ς1ς2ς2ς , ψ1ς2ς2ς2ς , |
ψ1ς1ς1ς2ς , ψ1ς1ς2ς2ς , ψ1ς1ς2ς2ς , ψ1ς2ς2ς2ς , |ψ1ς1ς2ς2ς , ψ1ς2ς2ς2ς , ψ1ς2ς2ς2ς , ψ2ς2ς2ς2ς ]

T

Def. 4.2.5. Ψ(2, ς) ≡ [ψxςxς , ψyςxς , ψzςxς , ψyςyς , ψzςyς ]
T

Def. 4.2.6. ψ(2, ς) := [ψ1ς1ς1ς1ς ,
√
C1

4ψ1ς1ς1ς2ς ,
√
C2

4ψ1ς1ς2ς2ς ,
√
C3

4ψ1ς2ς2ς2ς , ψ2ς2ς2ς2ς ]
T

Def. 4.2.7. ¯̄ψ(2, ς) := [ψ1ς1ς1ς1ς , ψ1ς1ς1ς2ς , ψ1ς1ς2ς2ς , ψ1ς2ς2ς2ς , ψ2ς2ς2ς2ς ]
T

Def. 4.2.8. Ψ̃(2, ς) ≡ [ψxςxς , ψyςxς , ψzςxς , 0, |ψxςyς , ψyςyς , ψzςyς , 0]T

Def. 4.2.9. C̃(2, ς) ≡ [Cxςxς , Cyςxς , Czςxς , 0, |Cxςyς , Cyςyς , Czςyς , 0]T

Def. 4.2.10.

ψ̃(2, ς) := [(ψ1ς1ς1ς1ς , ψ1ς1ς1ς2ς ),
√
C1

3 (ψ1ς1ς1ς2ς , ψ1ς1ς2ς2ς ),
√
C2

3 (ψ1ς1ς2ς2ς , ψ1ς2ς2ς2ς ), (ψ1ς2ς2ς2ς , ψ2ς2ς2ς2ς )]
T

Def. 4.2.11.

ψ̄(2, ς) := [(ψ1ς1ς1ς1ς , ψ1ς1ς1ς2ς ), (ψ1ς1ς1ς2ς , ψ1ς1ς2ς2ς ), (ψ1ς1ς2ς2ς , ψ1ς2ς2ς2ς ), (ψ1ς2ς2ς2ς , ψ2ς2ς2ς2ς )]
T

4.3 Relations between ψ(2, ς), ψ̂(2, ς)

Cor. 4.3.1.


ψkς (2) = ΓAςBςCςDςkς

(2)ψAςBςCςDς [⇔]ψ(2, ς) = Γ̄( 5
2 )ψ̂(2, ς)

[m] [m]

ψkς (2) = ΓkςAςBςCςDς (2)ψAςBςCςDς [⇔]ψ∗(2,−ς) = Γ̄( 5
2 )ψ̂∗(2,−ς)

[m]

Cor. 4.3.2.


ψAςBςCςDς = ΓkςAςBςCςDς (2)ψkς (2)[⇔]ψ̂(2, ς) = Γ(5

2 )ψ(2, ς)

[m] [m]

ψAςBςCςDς = ΓAςBςCςDςkς
(2)ψkς (2)[⇔]ψ̂∗(2,−ς) = Γ(5

2 )ψ∗(2,−ς)

4.4 Relations between ψ̃(2, ς), ψ̂(2, ς)

Def. 4.4.1.


ψAς lς (2) := ΓBςCςDςlς

( 3
2 )ψAςBςCςDς ⇔ ψ̃(2, ς) = [Iw+1 ⊗ Γ̄(2)]ψ̂(2, ς)

m m
ψAς lς (2) = ΓlςBςCςDς (

3
2 )ψAςBςCςDς ⇔ ψ̃∗(2,−ς) = [Iw+1 ⊗ Γ̄(2)]ψ̂∗(2,−ς)

[m]

Cor. 4.4.1.


ψAςBςCςDς = ΓlςBςCςDς (

3
2 )ψAς lς (2)[⇔]ψ̂(2, ς) = [Iw+1 ⊗ Γ(2)]ψ̃(2, ς)

[m] [m]

ψAςBςCςDς = ΓBςCςDςlς
( 3

2 )ψAς lς (2)[⇔]ψ̂∗(2,−ς) = [Iw+1 ⊗ Γ(2)]ψ̃∗(2,−ς)
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4.5 Relations between ψ(2, ς), ψ̃(2, ς)

Cor. 4.5.1.


ψkς (2) = NAς lς

kς
(2)ψAς lς (2)[⇔]ψ(2, ς) = N̄(2)ψ̃(2, ς)

[m] [m]

ψkς (2) = Nkς
Aς lς

(2)ψAς lς (2)[⇔]ψ∗(2,−ς) = N̄(2)ψ̃∗(2,−ς)

[m]

Cor. 4.5.2.


ψAς lς (2) = Nkς

Aς lς
(2)ψkς (2)[⇔]ψ̃(2, ς) = N(2)ψ(2, ς)

[m] [m]

ψAς lς (2) = NAς lς
kς

(2)ψkς (2)[⇔]ψ̃∗(2,−ς) = N(2)ψ∗(2,−ς)

4.6 Spinor relations of gravitational field source and representation transformation

Cor. 4.6.1.


ψαςβς = ( iς√

2
)2σAςBςας σCςDςβς

ψAςBςCςDς [⇔]Ψ̂(2, ς) = Sem(±ς)⊗ Sem(±ς)ψ̂(2, ς)

[m] [m]

ψAςBςCςDς = ( iς√
2
)2σαςAςBςσ

βς
CςDς

ψαςβς [⇔]ψ̂(2, ς) = S+
em(±ς)⊗ S+

em(±ς)Ψ̂(2, ς)

[m]

Cor. 4.6.2.


ψαςβς = ( iς√

2
)2σαςAςBςσ

βς
CςDς

ψAςBςCςDς [⇔]Ψ̂∗(2,−ς) = S∗em(∓ς)⊗ S∗em(∓ς)ψ̂∗(2,−ς)
[m] [m]

ψAςBςCςDς = ( iς√
2
)2σAςBςας σCςDςβς

ψαςβς [⇔]ψ̂∗(2,−ς) = STem(∓ς)⊗ STem(∓ς)Ψ̂∗(2,−ς)

4.7 Spinor relations of gravitational field source and representation transformation

Def. 4.7.1. Ĵ (2, ς) ≡ [Jxxς , Jyxς , Jzxς , Jπxς , |Jxyς , Jyyς , Jzyς , Jπyς , |Jxzς , Jyzς , Jzzς , Jπzς , |0, 0, 0, 0]T

Def. 4.7.2. Ĵ(2, ς) ≡ [J1′ς 1ς1ς1ς , J
2′ς 1ς1ς1ς , J

1′ς 2ς1ς1ς , J
2′ς 2ς1ς1ς , |J1′ς 1ς2ς1ς , J

2′ς 1ς2ς1ς , J
1′ς 2ς2ς1ς , J

2′ς 2ς2ς1ς , |
J1′ς 1ς1ς2ς , J

2′ς 1ς1ς2ς , J
1′ς 2ς1ς2ς , J

2′ς 2ς1ς2ς , |J1′ς 1ς2ς2ς , J
2′ς 1ς2ς2ς , J

1′ς 2ς2ς2ς , J
2′ς 2ς2ς2ς , ]

T

Def. 4.7.3. J̃ (2, ς) ≡ [Jxxς , Jyxς , Jzxς , Jπxς , |Jxyς , Jyyς , Jzyς , Jπyς ]T

Def. 4.7.4.

J̃(2, ς) := [(J1′ς 1ς1ς1ς , J
2′ς 1ς1ς1ς ),

√
C1

3 (J1′ς 1ς1ς2ς , J
2′ς 1ς1ς2ς ),

√
C2

3 (J1′ς 1ς2ς2ς , J
2′ς 1ς2ς2ς ), (J

1′ς 2ς2ς2ς , J
2′ς 2ς2ς2ς )]

T

Def. 4.7.5.

J̄(2, ς) := [(J1′ς 1ς1ς1ς , J
2′ς 1ς1ς1ς ), (J

1′ς 1ς1ς2ς , J
2′ς 1ς1ς2ς ), (J

1′ς 1ς2ς2ς , J
2′ς 1ς2ς2ς ), (J

1′ς 2ς2ς2ς , J
2′ς 2ς2ς2ς )]

T

Cor. 4.7.1.


Jaβς = ( iς√

2
)2ς(εσ,−iςε)aA′ς

BςσCςDςβς
JA
′
ςBςCςDς [⇔]Ĵ (2) = Sem(ς)⊗ Sem(±ς)Ĵ(2, ς)

[m] [m]

JA
′
ςBςCςDς = ( iς√

2
)2ς(σε,−iςε)aA′ςBςσ

βς
CςDς

Jaβς [⇔]Ĵ(2, ς) = S+
em(ς)⊗ S+

em(±ς)Ĵ (2)

[m]

Cor. 4.7.2.


Jaβς = ( iς√

2
)2ς(σε,−iςε)aA′ςBςσ

βς
CςDς

JA′ς
BςCςDς [⇔]Ĵ (2) = S∗em(ς)⊗ S∗em(±ς)Ĵ∗(2,−ς)

[m] [m]

JA′ς
BςCςDς = ( iς√

2
)2ς(εσ,−iςε)aA′ς

BςσCςDςβς
Jaβς [⇔]Ĵ∗(2,−ς) = STem(ς)⊗ STem(±ς)Ĵ (2)

4.8 Relations between representation transformations

Cor. 4.8.1. Ψ̂(2, ς) = Sem(±ς)⊗ Sem(±ς)ψ̂(2, ς)[⇔]Ψ̃(2, ς) = Sem(±ς)⊗ Sem( 1
2 )ψ̄(2, ς)[⇔]Ψ(2, ς) = Sm(2)̄̄ψ(2, ς)

Cor. 4.8.2. Ĵ (2) = Sem(ς)⊗ Sem(±ς)Ĵ(2, ς)[⇔]J̃ (2) = Sem(ς)⊗ Sem( 1
2 )J̄(2, ς)

Cor. 4.8.3. Sem( 1
2 ) = 1√

2

[
−i i
1 1

]
, S+
em( 1

2 ) = 1√
2

[
i 1
−i 1

]
4.9 Pure virtual similarity transformation

Def. 4.9.1. Ψ(2, ς) ≡ [ψxςxς , ψyςxς , ψzςxς , ψyςyς , ψzςyς ]
T

Cor. 4.9.1. Ψ(2, ς) = Sm(2)̄̄ψ(2, ς)
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Sm(2) = − 1
2


−1 0 2 0 −1
−i 0 0 0 i
0 2 0 −2 0
1 0 2 0 1
0 2i 0 2i 0

 , S−m(2) = − 1
2


−1 2i 0 1 0
0 0 1 0 −i
1 0 0 1 0
0 0 −1 0 −i
−1 −2i 0 1 0

 (5.1a)

Gm = Sm(2)τ(2)S−m(2) Sm(2)S−m(2) = S−m(2)Sm(2) = I (5.1b)

Gm = {


0 0 0 0 0
0 0 −i 0 0
0 i 0 0 0
0 0 0 0 −2i
i 0 0 2i 0

 ,


0 0 2i 0 0
0 0 0 0 i
−2i 0 0 −i 0

0 0 0 0 0
0 −i 0 0 0

 ,


0 −2i 0 0 0
i 0 0 −i 0
0 0 0 0 −i
0 2i 0 0 0
0 0 i 0 0

} (5.1c)

Cor. 4.9.2.


[Gm,−2iς]a∂aΨ = 0

∂xΨ1 + ∂yΨ2 + ∂zΨ3 = 0

∂xΨ2 + ∂yΨ4 + ∂zΨ5 = 0

∂xΨ3 + ∂yΨ5 − ∂z(Ψ1 + Ψ4) = 0

⇔

{
[Gm,−2iς]a∂aΨ = 0

∇ · ~ψβς = 0

4.10 Pure virtual representation transformation

Cor. 4.10.1. Ψim(2, ς) ≡ −
√

2[ψyςxς ,− 1
2 (ψxςxς − ψyςyς ), ψzςyς , ςψzςxς ,

√
3

2 (ψxςxς + ψyςyς )]T

Cor. 4.10.2. Ψim(2, ς) = Sim(2, ς)ψ(2, ς)

Sim(2, ς) = 1√
2


i 0 0 0 −i
−1 0 0 0 −1
0 −i 0 −i 0
0 −ς 0 ς 0

0 0 −
√

2 0 0

 , S+
im(2, ς) = 1√

2


−i −1 0 0 0
0 0 i −ς 0

0 0 0 0 −
√

2
0 0 i ς 0
i −1 0 0 0

 (5.2)

Gim(ς) = Sim(2, ς)σ(2)S+
im(2, ς) Sim(2, ς)S+

im(2, ς) = S+
im(2, ς)Sim(2, ς) = I (5.3)

Gim(ς) = {


0 0 0 −iς 0
0 0 −i 0 0

0 i 0 0 i
√

3
iς 0 0 0 0

0 0 −i
√

3 0 0

 ,


0 0 i 0 0
0 0 0 −iς 0
−i 0 0 0 0

0 iς 0 0 −iς
√

3

0 0 0 iς
√

3 0

 ,


0 −2i 0 0 0
2i 0 0 0 0
0 0 0 iς 0
0 0 −iς 0 0
0 0 0 0 0

} (5.4)

Gim(+) = {


0 0 0 −i 0
0 0 −i 0 0

0 i 0 0 i
√

3
i 0 0 0 0

0 0 −i
√

3 0 0

 ,


0 0 i 0 0
0 0 0 −i 0
−i 0 0 0 0

0 i 0 0 −i
√

3

0 0 0 i
√

3 0

 ,


0 −2i 0 0 0
2i 0 0 0 0
0 0 0 i 0
0 0 −i 0 0
0 0 0 0 0

} (5.5)

Cor. 4.10.3.

ς∂πΨ1 = 1
2∂yΨ3 − ∂zΨ2 − 1

2∂xΨ4

ς∂πΨ2 = ∂zΨ1 − 1
2∂xΨ3 − 1

2∂yΨ4

ς∂πΨ3 = − 1
2∂yΨ1 + 1

2∂zΨ4 + ∂x( 1
2Ψ2 +

√
3

2 Ψ5)

ς∂πΨ4 = 1
2∂xΨ1 − 1

2∂zΨ3 + ∂y( 1
2Ψ2 −

√
3

2 Ψ5)

ς∂πΨ5 = −
√

3
2 ∂xΨ3 +

√
3

2 ∂yΨ4

⇔ [Gim(+),−2iς]a∂aΨ = 0


∂x(−Ψ3 + 1√

3
Ψ5) + ∂yΨ1 + ∂zΨ4 = 0

∂xΨ1 + ∂y(Ψ2 + 1√
3
Ψ5) + ∂zΨ3 = 0

∂xΨ4 + ∂yΨ3 − 2√
3
∂zΨ5 = 0

⇔ ∇ · ~ψβς = 0

5 Relations between various field quantities of s-spin particles
5.1 Identical representation transform relations between ψ̂(s, ς;w), ψ̃(s, ς;w), ψ(s, ς;w)

Cor. 5.1.1.{
ψ̂(s, ς;w) ≡ Γ(s;w)ψ(s, ς;w)

ψ(s, ς;w) ≡ Γ̄(s;w)ψ̂(s, ς;w)

{
ψ̃(s, ς;w) ≡ N(s;w)ψ(s, ς;w)

ψ(s, ς;w) ≡ N̄(s;w)ψ̃(s, ς;w)
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Cor. 5.1.2.{
ψ̂(s, ς;w) ≡ Γ(s;w)Γ̄(s;w)ψ̂(s, ς;w)

ψ(s, ς;w) ≡ Γ̄(s;w)Γ(s;w)ψ(s, ς;w)

{
ψ̃(s, ς;w) ≡ N(s;w)N̄(s;w)ψ̃(s, ς;w)

ψ(s, ς;w) ≡ N̄(s;w)N(s;w)ψ(s, ς;w)

Cor. 5.1.3.{
ψ̂(s, ς;w) ≡ [Iw+1 ⊗ Γ(s− 1

2 ;w)]ψ̃(s, ς;w)

ψ̃(s, ς;w) ≡ [Iw+1 ⊗ Γ̄(s− 1
2 ;w)]ψ̂(s, ς;w)

Cor. 5.1.4.{
ψ̂(s, ς;w) ≡ [Iw+1 ⊗ Γ(s− 1

2 ;w)][Iw+1 ⊗ Γ̄(s− 1
2 ;w)]ψ̂(s, ς;w)

ψ̃(s, ς;w) ≡ [Iw+1 ⊗ Γ̄(s− 1
2 ;w)][Iw+1 ⊗ Γ(s− 1

2 ;w)]ψ̃(s, ς;w)

5.2 Identical representation transform relations between source spinors Ĵ(s, ς;w), J̃(s, ς;w)

Cor. 5.2.1.{
Ĵ(s, ς;w) ≡ [Iw+1 ⊗ Γ(s− 1

2 ;w)]J̃(s, ς;w)

J̃(s, ς;w) ≡ [Iw+1 ⊗ Γ̄(s− 1
2 ;w)]Ĵ(s, ς;w)

{
Ĵ(s, ς;w) ≡ [Iw+1 ⊗ Γ(s− 1

2 ;w)][Iw+1 ⊗ Γ̄(s− 1
2 ;w)]Ĵ(s, ς;w)

J̃(s, ς;w) ≡ [Iw+1 ⊗ Γ̄(s− 1
2 ;w)][Iw+1 ⊗ Γ(s− 1

2 ;w)]J̃(s, ς;w)

5.3 Transformation relations between various field quantities of s-spin particles

Thm. 5.3.1. ψ(s, ς) ∼ e(iω+ςε)·σ(s) ⇔ ψ̂(s, ς) ∼ e(iω+ςε)·Ω̄(s) ⇔ ψ̃(s, ς) ∼ e(iω+ςε)·[σ(
1
2 )⊗I+I⊗σ(s− 1

2 )]

Proof: ψ′(s, ς;w)

= Γ̄(s;w)ψ̂′(s, ς;w)

= Γ̄(s;w)e
i
2ϑ

abΩab(s;w)ψ̂(s, ς;w)

= Γ̄(s;w)e
i
2ϑ

abΩab(s;w)Γ(s;w)ψ(s, ς;w)

= e
i
2ϑ

abΓ̄(s;w)Ωab(s;w)Γ(s;w)ψ(s, ς;w)

= e
i
2ϑ

abSab(s,ς;w)ψ(s, ς;w)

Proof: ψ̃′(s, ς;w)

= [Iw+1 ⊗ Γ̄(s− 1
2 ;w)]ψ̂′(s, ς;w)

= [Iw+1 ⊗ Γ̄(s− 1
2 ;w)]e

i
2ϑ

abΩab(s;w)ψ̂(s, ς;w)

= [Iw+1 ⊗ Γ̄(s− 1
2 ;w)]e

i
2ϑ

abΩab(s;w)[Iw+1 ⊗ Γ(s− 1
2 ;w)]ψ̃(s, ς;w)

= e
i
2ϑ

ab[Iw+1⊗Γ̄(s− 1
2 ;w)]Ωab(s;w)[Iw+1⊗Γ̄(s− 1

2 ;w)]ψ̃(s, ς;w)

= e
i
2ϑ

ab[Sab⊗I42s−1+Iw+1⊗Sab(ς;s−
1
2 )]ψ̃(s, ς;w)

Proof: ψ′(s, ς;w) = N̄(s;w)ψ̃′(s, ς;w)

= N̄(s;w)e
i
2ϑ

ab[Sab⊗I42s−1+Iw+1⊗Sab(ς;s−
1
2 )]ψ̃(s, ς;w)

Proof: N̄(s;w)[Sab ⊗ I42s−1 + Iw+1 ⊗ Sab(ς; s− 1
2 )]N(s;w) = Sab(s, ς;w)

N̄(s;w)[Sab ⊗ I42s−1 ]N(s;w) = 1
2sSab(s, ς;w)

N̄(s;w)[Iw+1 ⊗ Sab(e, ς; s− 1
2 )]N(s;w) = (1− 1

2s )Sab(s, ς;w)

5.4 Synchronous representation transformation

Cor. 5.4.1. σ′ = SσS+ = ckσk
⇔ σ′(s;w) = [Γ̄(s;w)(S ⊗ S ⊗ · · ⊗S)Γ(s;w)]σ(s;w)[Γ̄(s;w)(S ⊗ S ⊗ · · ⊗S)Γ(s;w)]+ = ckσk(s;w)

Proof: σ′ = SσS+ ⇔ σ′(s;w) = ckσk(s;w) = ckσk
⇔ (S ⊗ S ⊗ · · ⊗S)Ω(s;w)(S+ ⊗ S+ ⊗ · · ⊗S+)Γ(s;w) = Γ(s;w)σ′(s;w)
⇔ (S ⊗ S ⊗ · · ⊗S)Ω(s;w)Γ(s;w)Γ̄(s;w)(S+ ⊗ S+ ⊗ · · ⊗S+)Γ(s;w) = Γ(s;w)σ′(s;w)
⇔ σ′(s;w) = Γ̄(s;w)(S ⊗ S ⊗ · · ⊗S)Γ(s;w)σ(s;w)Γ̄(s;w)(S+ ⊗ S+ ⊗ · · ⊗S+)Γ(s;w)
⇔ σ′(s;w) = [Γ̄(s;w)(S ⊗ S ⊗ · · ⊗S)Γ(s;w)]σ(s;w)[Γ̄(s;w)(S ⊗ S ⊗ · · ⊗S)Γ(s;w)]+

⇔ σ′ = SσS+ = ckσk ⇔ σ′(s;w) = S′σ(s;w)S′+ = ckσk(s;w), S′ = [Γ̄(s;w)(S ⊗ S ⊗ · · ⊗S)Γ(s;w)]
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6 Summary of common matrices
6.1 A non hermitian representation of spin matrix

Starting from the Lorentz transformation property of the fully symmetric two component Weyl spin
tensor [5], a special representation of the spin matrix can be obtained.

τ(s)=( 1
2


0 2s 0 0 0
1 0 2s−1 0 0
0 2 0 · · · 0
0 0 · · · 0 1
0 0 0 2s 0

, i2


0−2s 0 0 0
1 0 −(2s−1) 0 0
0 2 0 · · · 0
0 0 · · · 0 −1
0 0 0 2s 0

,

s 0 0 0 0
0 s−1 0 0 0
0 0 · · · 0 0
0 0 0 −(s−1) 0
0 0 0 0 −s

) (5.6a)

σ(s) = S(s)τ(s)S−1(s), [τας (s), τβς (s)] = iεαςβς
γς τγς (s), s = 1

2 , 1,
3
2 , 2,

5
2 , · · · (5.6b)

τ2(s) = s(s+ 1) (5.6c)

τας (s) ≺ ταςAςBς (s), ας ∼ e
(iω+ςε)·γ ,Aς ∼ e(iω+ςε)·τ(s),Bς ∼ e−(iω+ςε)·τT (s) (5.6d)

The metric tensor corresponding to this spin matrix: ε(s)ε̄(s) = ε̄(s)ε(s) = I

εAςBς (s) � ε(s) =

 0 0 0 0 (−1)0C0
n

0 0 0 (−1)1C1
n 0

0 0 (−1)2C2
n 0 0

0 ··· 0 0 0
(−1)nCnn 0 0 0 0

 , C−kn ≡ (Ckn)
−1

(5.7a)

ε̄AςBς (s) � ε̄(s) =


0 0 0 0 (−1)nC−0

n

0 0 0 (−1)n−1C−1
n 0

0 0 (−1)n−2C−2
n 0 0

0 ··· 0 0 0
(−1)0C−nn 0 0 0 0

 (5.7b)

ε(s) = ST (s)ε(s)S(s), ε̄(s) = S−T (s)ε̄(s)S−1(s), ε̄(s) = (−1)2sS2T (s)ε(s)S2(s) (5.7c)

S(s) =


√
C0

2s 0 0 0 0

0
√
C1

2s 0 0 0

0 0
√
C2

2s 0 0

0 0 0 ··· 0

0 0 0 0
√
C2s

2s

 ,S−1(s) =


√
C−0

2s 0 0 0 0

0
√
C−1

2s 0 0 0

0 0
√
C−2

2s 0 0
0 0 0 ··· 0

0 0 0 0
√
C−2s

2s

 (5.7d)

6.2 σ cyclic order representation transform matrix

Cor. 6.2.1.

Sc(
1
2 ) = 1√

2

[
i 1
i −1

]
, S+
c ( 1

2 ) = 1√
2

[
−i −i
1 −1

]
, Sc(

1
2 )S+

c ( 1
2 ) = S+

c ( 1
2 )Sc(

1
2 ) = I, Sc(

1
2 ) = kei

π
4 σy(

1
2 )ei

π
4 σz(

1
2 )

Cor. 6.2.2. Sc(
1
2 ) = eiϕe−i

π
2 σy(

1
2 )e−i

π
2 σz(

1
2 ), Sc(

1
2 ) = e−iϕei

π
2 σz(

1
2 )ei

π
2 σy(

1
2 )

Cor. 6.2.3. Sc(
1
2 )(σx, σy, σz)S

+
c ( 1

2 ) = (σy, σz, σx), S+
c ( 1

2 )(σx, σy, σz)Sc(
1
2 ) = (σz, σx, σy)

Cor. 6.2.4. Sem( 1
2 ) = 1√

2

[
−i i
1 1

]
, S+
em( 1

2 ) = 1√
2

[
i 1
−i 1

]
, Sem( 1

2 )S+
em( 1

2 ) = S+
em( 1

2 )Sem( 1
2 ) = I

Cor. 6.2.5. Sem( 1
2 )(σx, σy, σz)S

+
em( 1

2 ) = (−σz,−σx, σy)

Cor. 6.2.6. Sxy(σx, σy, σz)S
+
xy = (−σy, σx, σz), Sxy =

[
1 0
0 −i

]
, S+
xy =

[
1 0
0 i

]
6.3 σ(s) cyclic order representation transform matrix

Cor. 6.3.1. σας (s) = [e(iω+ςε)·γ ]ας βςe
(iω+ςε)·σ(s)σβς (s)e−(iω+ςε)·σ(s), σας kς

lς (s) is a constant invariant tensor.

[⇓]

Cor. 6.3.2. Sc(s) = eiϕe−i
π
2 σy(s)e−i

π
2 σz(s), S+

c (s) = e−iϕei
π
2 σz(s)ei

π
2 σy(s)

Cor. 6.3.3. S+
c (s)[σx(s), σy(s), σz(s)]Sc(s) = [σz(s), σx(s), σy(s)]

Cor. 6.3.4. S+
c (s)[σx(s), σy(s), σz(s)]Sc(s) = [σz(s), σx(s), σy(s)]

Cor. 6.3.5. [σx(s), σy(s), σz(s)] ' [êx, êy, êz]
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6.4 Electromagnetic pure virtual representation transform matrix and exchange matrix

Cor. 6.4.1. Sem(ς) = 1√
2

[ i 0 0 −i
−1 0 0 −1
0 −i −i 0
0 −ς ς 0

]
, S+
em(ς) = 1√

2

[−i −1 0 0
0 0 i −ς
0 0 i ς
i −1 0 0

]
, Sem(ς)S+

em(ς) = S+
em(ς)Sem(ς) = I4

Cor. 6.4.2. Sem(ς) = 1√
2

[ i 0 0 −i
−1 0 0 −1
0 −i −i 0
0 −ς ς 0

]
, STem(ς) = 1√

2

[ i −1 0 0
0 0 −i −ς
0 0 −i ς
−i −1 0 0

]
, STem(ς)Sem(ς) =

[
0 0 0 1
0 0 −1 0
0 −1 0 0
1 0 0 0

]
= −σy ⊗ σy

Cor. 6.4.3. Sm(1) = 1√
2

[
i 0 −i
−1 0 −1

0 −i
√

2 0

]
, S+
m(1) = 1√

2

[
−i −1 0

0 0 i
√

2
i −1 0

]
, Sm(1)S+

m(1) = S+
m(1)Sm(1) = I3

Cor. 6.4.4. Sex =

[
1 0 0 0
0 0 1 0
0 1 0 0
0 0 0 1

]
, S2
ex = I, Sem(ς)Sex = Sem(−ς), SexS+

em(ς) = S+
em(−ς)

Cor. 6.4.5. (σ ⊗ I) = Sex(I ⊗ σ)Sex, (I ⊗ σ) = Sex(σ ⊗ I)Sex

Cor. 6.4.6. σ−ς = Sem(ς)(σ ⊗ I)S+
em(ς), σ+ς = Sem(ς)(I ⊗ σ)S+

em(ς), γ = Sm(1)σ(1)S−m(1)

6.5 Gravitational pure virtual representation transformation

Def. 6.5.1. Ψim(2, ς) := Sim(2, ς)ψ(2, ς)

Cor. 6.5.1. Ψim(2, ς) = −
√

2[ψyςxς ,− 1
2 (ψxςxς − ψyςyς ), ψzςyς , ςψzςxς ,

√
3

2 (ψxςxς + ψyςyς )]T

Sim(2, ς) = 1√
2


i 0 0 0 −i
−1 0 0 0 −1
0 −i 0 −i 0
0 −ς 0 ς 0

0 0 −
√

2 0 0

 , S+
im(2, ς) = 1√

2


−i −1 0 0 0
0 0 i −ς 0

0 0 0 0 −
√

2
0 0 i ς 0
i −1 0 0 0

 (5.8)

Gim(ς) = Sim(2, ς)σ(2)S+
im(2, ς) Sim(2, ς)S+

im(2, ς) = S+
im(2, ς)Sim(2, ς) = I (5.9)

Gim(ς) = {


0 0 0 −iς 0
0 0 −i 0 0

0 i 0 0 i
√

3
iς 0 0 0 0

0 0 −i
√

3 0 0

 ,


0 0 i 0 0
0 0 0 −iς 0
−i 0 0 0 0

0 iς 0 0 −iς
√

3

0 0 0 iς
√

3 0

 ,


0 −2i 0 0 0
2i 0 0 0 0
0 0 0 iς 0
0 0 −iς 0 0
0 0 0 0 0

} (5.10)

6.6 Gravitational pure virtual similarity transform matrix

Def. 6.6.1. Ψ(2, ς) ≡ [ψxςxς , ψyςxς , ψzςxς , ψyςyς , ψzςyς ]
T

Cor. 6.6.1. Ψ(2, ς) = Sm(2)̄̄ψ(2, ς)

Sm(2) = − 1
2


−1 0 2 0 −1
−i 0 0 0 i
0 2 0 −2 0
1 0 2 0 1
0 2i 0 2i 0

 , S−m(2) = − 1
2


−1 2i 0 1 0
0 0 1 0 −i
1 0 0 1 0
0 0 −1 0 −i
−1 −2i 0 1 0

 (5.11a)

Gm = Sm(2)τ(2)S−m(2) Sm(2)S−m(2) = S−m(2)Sm(2) = I (5.11b)

Gm = {


0 0 0 0 0
0 0 −i 0 0
0 i 0 0 0
0 0 0 0 −2i
i 0 0 2i 0

 ,


0 0 2i 0 0
0 0 0 0 i
−2i 0 0 −i 0

0 0 0 0 0
0 −i 0 0 0

 ,


0 −2i 0 0 0
i 0 0 −i 0
0 0 0 0 −i
0 2i 0 0 0
0 0 i 0 0

} (5.11c)

6.7 Conditional matrix for fully symmetric spinor

T (s) =


1 0 0 0 0
0 τ 0 0 0
0 0 · · · 0 0
0 0 0 τ 0
0 0 0 0 1

 , 2s− 1τ, τ = 1
2

[
1 1
1 1

]
, τn = τ, Tn(s) = T (s) (5.12a)

Fully symmetric spinor condition : ψ̃ = T (s)ψ̃(Similar to Majorana and Weyl condition [4, 5]). (5.12b)
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1 Using constant invariant tensors to define various spinors of electromagnetic field [7]

1.1 Classical description of electromagnetic field strength

Electromagnetic tensor:Fab =


0 Bz −By −iEx
−Bz 0 Bx −iEy
By −Bx 0 −iEz
iEx iEy iEz 0

 ,Dual tensor: ∗ Fab =


0 −iEz iEy Bx
iEz 0 −iEx By
−iEy iEx 0 Bz
−Bx −By −Bz 0


(6.1)

1.2 Complex vector description of electromagnetic field strength

The first definition, it is adopted in this chapter. As follows.

Def. 1.2.1. The first definition ψας := i
2σ

ab
ςαςFab = iς(E − iςB)ας = (iςE +B)ας

The second definition, it will be used in the subsequent chapters on the separate quantization of
electromagnetic fields. As follows.

Def. 1.2.2. The second definition Ψας := ς
2
√

2
σabςαςFab = 1√

2
(E − iςB)ας

The third definition will be used in the subsequent chapter on B-G quantization. As follows.

Def. 1.2.3. The third definition ψας := − 1
2
√

2
σabςαςFab = − ς√

2
(E − iςB)ας

In the future, there will be time to unify them all into the second definition. The later Penrose and
B-G quantization commutation rules are defined by using the third definition.
1.3 Basic properties of electromagnetic field strength

Cor. 1.3.1. 1
2 (Fab − ς ∗ Fab) = i

2σ
ας
ςabψας

Proof: Fab = −Fba
⇔ Fab = 1

2SabcdF
cd, ∗Fab := 1

2εabcdF
cd

⇔ Fab − ς ∗ Fab = 1
2 (Sabcd − ςεabcd)F cd

⇔ Fab − ς ∗ Fab = − 1
2σ

ας
ςabσςαςcdF

cd

⇔ Fab − ς ∗ Fab = iσαςςabψας
⇔ 1

2 (Fab − ς ∗ Fab) = i
2σ

ας
ςabψας

Cor. 1.3.2. ψας = i
2σ

ab
ςας

1
2 (Fab − ς ∗ Fab)

Cor. 1.3.3. ψας = − i
2 ςσ

ab
ςας ∗ Fab

Cor. 1.3.4. σabςας (Fab + ς ∗ Fab) = 0

Cor. 1.3.5. Fab − ς ∗ Fab = − 1
4σ

ας
ςabσ

cd
ςας (Fcd − ς ∗ Fcd)

Cor. 1.3.6. Fab = i
2 (σα

′

−abψα′ + σα+abψα), ∗Fab = i
2 (σα

′

−abψα′ − σα+abψα)

Proof: Fab − ς ∗ Fab = iσαςςabψας
⇔ Fab − ∗Fab = iσα+abψα, Fab + ∗Fab = iσα

′

−abψα′

⇔ Fab = i
2 (σα

′

−abψα′ + σα+abψα), ∗Fab = i
2 (σα

′

−abψα′ − σα+abψα)

⇔ Fab = i
2 (σα

′

−abψα′ + σα+abψα)

⇔ ∗Fab = i
2 (σα

′

−abψα′ − σα+abψα)

Cor. 1.3.7. Fab = −Fba ⇔ Fab = i
2 (σα

′

−abψα′ + σα+abψα)
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1.4 1
2 -spinor description of electromagnetic field strength [1, 2]

Def. 1.4.1. 1
2 -spinor tensor of electromagnetic field ψAςBς := iς√

2
σαςAςBςψας = iς√

2
SabAςBςFab

Cor. 1.4.1. ψAςBς = iς√
2
σαςAςBςψας ⇔ ψας = iς√

2
σAςBςας ψAςBς

Cor. 1.4.2. ψAςBς = ψBςAς

Cor. 1.4.3. ψAςBς = −i√
2
SabAςBς ∗ Fab

Cor. 1.4.4. 1
2 (Fab − ς ∗ Fab) = iς√

2
Sab

AςBςψAςBς ⇔ ψAςBς = iς√
2
SabAςBς

1
2 (Fab − ς ∗ Fab)

Cor. 1.4.5. Fab − ς ∗ Fab = − 1
2Sab

AςBςScdAςBς (Fcd − ς ∗ Fcd)

Cor. 1.4.6. Fab = iς√
2
(Sab

A′B′ψA′B′ + Sab
ABψAB), ∗Fab = iς√

2
(Sab

A′B′ψA′B′ − SabABψAB)

Cor. 1.4.7. Fab = −Fba ⇔ Fab = iς√
2
(Sab

A′B′ψA′B′ + Sab
ABψAB)

combine corollaries (1.3.6),(1.274), (1.275), I can get the Penrose correspondence notation [1, 2]

Cor. 1.4.8. Fab
P
= 1√

2
(ψA′B′εAB + ψABεA′B′), ∗Fab

P
= 1√

2
(ψA′B′εAB − ψABεA′B′)

1.5 1-spinor description of electromagnetic field strength

Def. 1.5.1. 1-spinor description of electromagnetic field
ψkς (1) := ΓAςBςkς

(1)ψAςBς = Γαςkς (1)ψας , ψ
kς (1) := ΓkςAςBς (1)ψAςBς = Γkςας (1)ψας

Cor. 1.5.1. ψAςBς = ΓkςAςBς (1)ψkς (1), ψας = Γkςας (1)ψkς (1)

Cor. 1.5.2. ψAςBς = ΓAςBςkς
(1)ψkς (1), ψας = Γαςkς (1)ψkς (1)

From corollary (1.246) to get [Γkςας (1)]∗ ' Γαςkς (1)

Cor. 1.5.3. ΓAςBςkς
(1) ' ΓkςAςBς (1) � {

[
1 0
0 0

]
, 1√

2

[
0 1
1 0

]
,
[

0 0
0 1

]
} = { 1

2 (σz + I), 1√
2
σx,

1
2 (−σz + I)}

Combine the above formula and (1.246) to get:

Cor. 1.5.4. Γkςας (1) � 1√
2

[
i −1 0

0 0 −i
√

2
−i −1 0

]
,Γας kς (1) � 1√

2

[
−i 0 i
−1 0 −1

0 i
√

2 0

]
1.6 1

2 -spinor description of electromagnetic field source [1, 2]

Def. 1.6.1. 1
2 -spinor tensor of electromagnetic source

JAςA′ς := −iς√
2

(σ, iς)aAςA′ςJa, J
A′ςAς := iς√

2
(σ,−iς)A

′
ςAς

a Ja

Penrose notation: Ja
P
= JAA′ , J

a P
= JA

′A

2 Several equivalent expressions of electromagnetic field equation
2.1 Standard description of electromagnetic field gauge theory

Fuv = ∂uAv − ∂vAu (6.2)

Gauge transformation:{
ψ → U(θ)ψ,U(θ) = eigθ, ψWith charge g

Au → U(θ)AuU
−1(θ) + i

g [∂uU(θ)]U−1(θ) = Au − ∂uθ
(6.3)

Cor. 2.1.1. Duψ → UDuψ,Du = ∂u + igAu

Proof: Duψ = (∂u + igAu)ψ → [∂u + UigAuU
−1 − (∂uU)U−1](Uψ)

⇔ Duψ → [∂u(Uψ) + UigAuψ − (∂uU)ψ]
⇔ Duψ → U(∂u + igAu)ψ
⇔ Duψ → UDuψ,Du = ∂u + igAu

Cor. 2.1.2. Fuv → UFuvU
−1 = Fuv

Cor. 2.1.3. DwFuv → UDwFuvU
−1 = DwFuv, Dw = ∂w + ig[Aw, ] = ∂w
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2.2 Classical form of electromagnetic field equation{
∇ · ~E = ρ,∇× ~E = −∂t ~B
∇ · ~B = 0,∇× ~B = ~J + ∂t ~E

⇔

{
∂aFab = −Jb, ∂a ∗ Fab ≡ 0

Fab = ∂aAb − ∂bAa
(6.4)

2.3 Complex vector expression of electromagnetic field equation

Complex vector tensor form:

Thm. 2.3.1. ∂aFab = −Jb ⇔ (σ−ς ,−iς)abας∂aΨ̃ας = iJb;Fab = ∂aAb − ∂bAa, Ψ̃ας =
[
ψας=

i
2σ

ας
ςabF

ab

0

]
Proof: ∂aFab = −Jb
⇔ ∂aFab = −Jb, ∂a ∗ Fab ≡ 0
⇔ ∂a(Fab − ς ∗ Fab) = −Jb
⇔ ∂a(iσαςςabψας ) = −Jb, ας = 1, 2, 3

⇔ ∂a[(σς ,−iς)ας |abΨ̃ας ] = iJb, ας = 1, 2, 3, 4

⇔ ∂a[(σ−ς ,−iς)a|bας Ψ̃ας ] = iJb, ας = 1, 2, 3, 4

⇔ (σ−ς ,−iς)a|bας∂aΨ̃ας = iJb, ας = 1, 2, 3, 4

⇔ (σ−ς ,−iς)abας∂aΨ̃ας = iJb, ας = 1, 2, 3, 4

Complex vector matrix form:

Cor. 2.3.1. (σ−ς ,−iς)abας∂aΨ̃ας = iJb ⇔ (σ−ς ,−iς)a∂aΨ̃(1, ς) = iJ

Representation transformation:

Cor. 2.3.2. (σ−ς ,−iς)a∂aΨ̃(1, ς) = iJ ⇔ (σ ⊗ I,−iς)a∂aψ̃(1, ς) = iJ̃(1, ς)

2.4 1
2 -spinor expression of electromagnetic field equation

1
2 -spinor Penrose abstract index form [1, 2]

Thm. 2.4.1. (σ−ς ,−iς)abας∂aΨ̃ας = iJb ⇔ ∇A
′
ςAςψAςBς = −ς√

2
JA
′
ςBς ,∇A

′
ςAς = iς√

2
(σ,−iς)A

′
ςAς

a ∂a

Proof: (σ−ς ,−iς)abας∂aΨ̃ας = iJb
⇔ ∂a(iσαςςabψας ) = −Jb
⇔ ∂a(iσαςςab ·

iς√
2
σAςBςας ψAςBς ) = −Jb

⇔ iSab
AςBς∂aψAςBς = −ς√

2
Jb

⇔ ( ς2δabε
AςBς + iSab

AςBς )∂aψAςBς = −ς√
2
Jb

⇔ iς√
2
(σ,−iς)A

′
ςAς

a εA′ςB′ς ·
iς√
2
(σ,−iς)B

′
ςBς

b ∂aψAςBς = −1√
2
Jb

⇔ iς√
2
(σ,−iς)A

′
ςAς

a εA′ςB′ς∂
aψAςBς = −1√

2
Jb · −iς√2

(σ, iς)bB′ςBς

⇔ iς√
2
(σ,−iς)A

′
ςAς

a ∂aψAςBς = −ς√
2
ςεA

′
ςB
′
ςJB′ςBς

⇔ ∇A′ςAςψAςBς = −ς√
2
JA
′
ςBς ,∇A

′
ςAς = iς√

2
(σ,−iς)A

′
ςAς

a ∂a

1
2 -spinor tensor form:

Cor. 2.4.1. ∇A′ςAςψAςBς = −ς√
2
JA
′
ςBς ⇔ (σ,−iς)A

′
ςAς

a ∂aψAςBς = iJA
′
ςBς

1
2 -spinor matrix form:

Cor. 2.4.2. (σ,−iς)A
′
ςAς

a ∂aψAςBς = iJA
′
ςBς ⇔ (σ ⊗ I,−iς)a∂aψ̃(1, ς) = iJ̃(1, ς)

1
2 -spinor square matrix form:

Cor. 2.4.3. (σ,−iς)A
′
ςAς

a ∂aψAςBς = iJA
′
ςBς ⇔ (σ,−iς)a∂a[ψ] = i[J ]

1
2 -spinor tensor expression form:(Proof for later.)

Cor. 2.4.4. (σ,−iς)A
′
ςAς

a DaψAςBς = iJA
′
ςBς ⇔ [∂a + iSab(1, ς)∂

b]kς
lςψlς (1, ς) = Jakς (1, ς)

Cor. 2.4.5.

{
∂aFab = −Jb
∂a ∗ Fab ≡ 0

⇔ [∂a + iSab(1, ς)∂
b]kς

lςψlς (1, ς) = Jakς (1, ς)
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2.5 Conjecture

Thm. 2.5.1. ∂a ∗ Fab = 0⇔ Fab = ∂aAb − ∂bAa ⇔ ∂a ∗ Fab ≡ 0

Thm. 2.5.2. ∂aFab = −Jb, ∂a ∗ Fab = 0⇔ ∂aFab = −Jb, Fab = ∂aAb − ∂bAa

2.6 Spin tensor expression form of electromagnetic field equation [7]

Spin tensor matrix of electromagnetic field: Sab = iσαςςabγας �

[
0 γz −γy −ςγx
−γz 0 γx −ςγy
γy −γx 0 −ςγz
ςγx ςγy ςγz 0

]
(6.5)

Thm. 2.6.1. (∂a + iSab∂
b)βς γςψ

γς (1, ς) = −iσβςςabJb, Sab = iσαςςabγας ⇔ (σ−ς ,−iς)a∂aΨ̃(1, ς) = iJ

An intuitive proof method is as follows:

Proof: (∂a + iSab∂
b)βς γςψ

γς = −iσβςςabJb, Sab = iσαςςabγας

⇔


(∂x + iγz∂y − iγy∂z − iςγx∂π)βς γςψ

γς = −iσβςςxbJb

(∂y + iγx∂z − iγz∂x − iςγy∂π)βς γςψ
γς = −iσβςςybJb

(∂z + iγy∂x − iγx∂y − iςγz∂π)βς γςψ
γς = −iσβςςzbJb

(∂π + iςγx∂x + iςγy∂y + iςγz∂z)
βς
γςψ

γς = −iσβςςπbJb

⇔



 ∂x ∂y ∂z

−∂y ∂x −ς∂π
−∂z ς∂π ∂x


ψxςψyς

ψzς

 =

 ςJπJz
−Jy

 ,
 ∂y −∂x ς∂π

∂x ∂y ∂z

−ς∂π −∂z ∂y


ψxςψyς

ψzς

 =

−JzςJπ

Jx


 ∂z −ς∂π −∂x
ς∂π ∂z −∂y
∂x ∂y ∂z


ψxςψyς

ψzς

 =

 Jy

−Jx

ςJπ

 , i∂πΨ(1, ς) = ςγ · ∇Ψ(1, ς)− iς ~J

⇔

{
i∂πΨ(1, ς) = iς∇×Ψ(1, ς)− iς ~J
∇ ·Ψ(1, ς) = ςJπ

⇔

{
i∂πΨ(1, ς) = ςγ · ∇Ψ(1, ς)− iς ~J
∇ ·Ψ(1, ς) = ςJπ

⇔ (σ−ς ,−iς)a∂aΨ̃(1, ς) = iJ

Another more analytical and abstract proof is as follows:

Proof: (∂a + iSab∂
b)βς γςψ

γς = −iσβςςabJb, Sab = iσαςςabγας
⇔ σβςςa

cσςγςcb∂
bψγς = −iσβςςabJb

⇔ σβςςacσ
cb
ςγς∂bψ

γς = −iσβςςabJb

⇔ σςadβς
σβςςacσ

cb
ςγς∂bψ

γς = −iσςadβς
σβςςabJ

b

⇔ σdbςγς∂bψ
γς = −iJd

⇔ σabςας∂aψ
ας = iJb, ας = 1, 2, 3

⇔ (σ−ς ,−iς)abας∂aΨ̃ας = iJb, ας = 1, 2, 3, 4

This equation (3.3.2) is completely equivalent to the electromagnetic field equation. It is just the spin
tensor expression of the electromagnetic field equation.

Lem. 2.6.1. Jβςa = −iσβςςabJb ⇔


Jzςy = −Jyςz = −ςJxςπ = Jx

Jxςz = −Jzςx = −ςJyςπ = Jy

Jyςx = −Jxςy = −ςJzςπ = Jz

Jxςx = Jyςy = Jzzς = ςJπ

Expand and then we can prove it by expanding. The above spin equation is about special source terms,
so what happens to general source terms? Please look at the following theorem.

Thm. 2.6.2. (∂a + iSab∂
b)βς γςψ

γς = Jβςa , Sab = iσαςςabγας ⇔ (σ−ς ,−iς)a∂aΨ̃(1, ς) = iJ, Jβςa = −iσβςςabJb

Proof: (∂a + iSab∂
b)βς γςψ

γς = Jβςa , Sab = iσαςςabγας

⇔


(∂x + iγz∂y − iγy∂z − iςγx∂π)βς γςψ

γς = Jxβς

(∂y + iγx∂z − iγz∂x − iςγy∂π)βς γςψ
γς = Jβςy

(∂z + iγy∂x − iγx∂y − iςγz∂π)βς γςψ
γς = Jzβς

(∂π + iςγx∂x + iςγy∂y + iςγz∂z)
βς
γςψ

γς = Jβςπ
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⇔



 ∂x ∂y ∂z

−∂y ∂x −ς∂π
−∂z ς∂π ∂x


ψxςψyς

ψzς

 =

JxςxJyςx
Jzςx

⇔

∇ ·Ψ(1, ς) = Jxςx
[∇×Ψ(1, ς)]zς − ς∂πψzς (1, ς) = Jyςx
−[∇×Ψ(1, ς)]yς + ς∂πψ

yς (1, ς) = Jzςx ∂y −∂x ς∂π

∂x ∂y ∂z

−ς∂π −∂z ∂y


ψxςψyς

ψzς

 =

JxςyJyςy
Jzςy

⇔

−[∇×Ψ(1, ς)]zς + ς∂πψ

zς (1, ς) = Jxςy
∇ ·Ψ(1, ς) = Jyςy
[∇×Ψ(1, ς)]xς − ς∂πψxς (1, ς) = Jzςy ∂z −ς∂π −∂x

ς∂π ∂z −∂y
∂x ∂y ∂z


ψxςψyς

ψzς

 =

JxςzJyςz
Jzςz

⇔


[∇×Ψ(1, ς)]yς − ς∂πψyς (1, ς) = Jxςz
−[∇×Ψ(1, ς)]xς + ς∂πψ

xς (1, ς) = Jyςz
∇ ·Ψ(1, ς) = Jzςz

∂πΨ(1, ς) + iςγ · ∇ψ = Jπ ⇔ ∂πΨ(1, ς)− ς∇×Ψ(1, ς) = Jπ

⇔



Jzςy = −Jyςz = −ςJxςπ := Jx

Jxςz = −Jzςx = −ςJyςπ := Jy

Jyςx = −Jxςy = −ςJzςπ := Jz

Jxςx = Jyςy = Jzzς := ςJπ

∂πΨ(1, ς)− ς∇×Ψ(1, ς) = i ~J

∇ ·Ψ(1, ς) = −iJπ

⇔ (σ−ς ,−iς)a∂aΨ̃(1, ς) = iJ, Jβςa = −iσβςςabJb

Another more analytical and abstract proof is as follows:

Thm. 2.6.3. (∂a + iSab∂
b)βς γςψ

γς = Jβςa , Sab = iσαςςabγας ⇔ Jβςa = σβςςabσ
bc
ςγς∂cψ

γς

Proof: (∂a + iSab∂
b)βς γςψ

γς = Jβςa , Sab = iσαςςabγας
⇔ σβςςa

cσςγςcb∂
bψγς = Jβςa

⇔ Jβςa = σβςςabσ
bc
ςας∂cψ

ας

⇔


Jzςy = −Jyςz = −ςJxςπ = iσxbςας∂bψ

ας

Jxςz = −Jzςx = −ςJyςπ = iσybςας∂bψ
ας

Jyςx = −Jxςy = −ςJzςπ = iσzbςας∂bψ
ας

Jxςx = Jyςy = Jzςz = iςσπbςας∂bψ
ας

This theorem indicates that the source term of this spin equation is limited and not arbitrary. Only
the source term case described in the previous theorem has a solution, while the other cases have no
solution.

Cor. 2.6.1. (∂a + iSab∂
b)βς γςψ

γς = Jβςa , Sab = iσαςςabγας have solutions.⇔ Jβςa = −iσβςςabJb,∃Jb

2.7 Classical separated form of electromagnetic field equation

Cor. 2.7.1. (σ−ς ,−iς)a∂aΨ̃(1, ς) = iJ ⇔ (γ,−iς)a∂aΨ(1, ς) = i ~J, iς∇ ·Ψ(1, ς) = iJπ

Cor. 2.7.2. S := 1√
2

√2 0 0 0

0
√

1
√

1 0

0 0 0
√

2

0 −ς
√

1 ς
√

1 0



Cor. 2.7.3. 1√
2

√2 0 0 0

0
√

1
√

1 0

0 0 0
√

2

0 −ς
√

1 ς
√

1 0

[ 0 1 0 0
1 0 0 0
0 0 0 1
0 0 1 0

]
1√
2

√2 0 0 0

0
√

1 0 −ς
√

1

0
√

1 0 ς
√

1

0 0
√

2 0

 = 1√
2

[
0 1 0 −ς
1 0 1 0
0 1 0 ς
−ς 0 ς 0

]

Cor. 2.7.4. 1√
2

√2 0 0 0

0
√

1
√

1 0

0 0 0
√

2

0 −ς
√

1 ς
√

1 0

 i [ 0 −1 0 0
1 0 0 0
0 0 0 −1
0 0 1 0

]
1√
2

√2 0 0 0

0
√

1 0 −ς
√

1

0
√

1 0 ς
√

1

0 0
√

2 0

 = i√
2

[ 0 −1 0 ς
1 0 −1 0
0 1 0 ς
−ς 0 −ς 0

]

Cor. 2.7.5. 1√
2

√2 0 0 0

0
√

1
√

1 0

0 0 0
√

2

0 −ς
√

1 ς
√

1 0

[ 1 0 0 0
0 −1 0 0
0 0 1 0
0 0 0 −1

]
1√
2

√2 0 0 0

0
√

1 0 −ς
√

1

0
√

1 0 ς
√

1

0 0
√

2 0

 =

[
1 0 0 0
0 0 0 ς
0 0 −1 0
0 ς 0 0

]
Cor. 2.7.6.

(σ ⊗ I,−iς)a∂aψ̃(1, ς) = iJ̃(1, ς)
S⇔

{
[σ(1),−iς]a∂aψ(1, ς) = iN̄(1)J̃(1, ς)

iς∇ · Sm(1)ψ(1, ς) = iJπ


[
N̄(1)J̃(1,ς)

Jπ

]
= SJ̃(1, ς)[

ψ(1,ς)
0

]
= Sψ̃(1, ς)
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Cor. 2.7.7. Sm(1) = 1√
2

[
i 0 −i
−1 0 −1

0 −i
√

2 0

]
, S+
m(1) = 1√

2

[
−i −1 0

0 0 i
√

2
i −1 0

]
, Sm(1)S+

m(1) = S+
m(1)Sm(1) = I3

Cor. 2.7.8.

{
[σ(1),−iς]a∂aψ(1, ς) = iN̄(1)J̃(1, ς)

iς∇ · Sm(1)ψ(1, ς) = iJπ

Sm(1)⇔

{
(γ,−iς)a∂aΨ(1, ς) = i ~J, ~J = Sm(1)N̄(1)J̃(1, ς)

iς∇ ·Ψ(1, ς) = iJπ,Ψ(1, ς) = Sm(1)N̄(1)ψ̃(1, ς)
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Chapter7 New Expressions of Yang-Mills Field Equation

1 Using constant invariant tensors to define various spinors of Yang-Mills field [7]

1.1 Classical description of Yang-Mills field strength

Yang-Mills tensor:Fσab =


0 Bσz −Bσy −iEσx
−Bσz 0 Bσx −iEσy
Bσy −Bσx 0 −iEσz
iEσx iEσy iEσz 0

 ,Dual tensor: ∗ Fσab =


0 −iEσz iEσy Bσx
iEσz 0 −iEσx Bσy
−iEσy iEσx 0 Bσz
−Bσx −Bσy −Bσz 0


(7.1)

1.2 Complex vector description of Yang-Mills field strength

Def. 1.2.1. Yang-Mills complex vector ψσας := i
2σ

ab
ςαςF

σ
ab = iς(E − iςB)σας = (iςE +B)σας

Cor. 1.2.1. 1
2 (Fσab − ς ∗ Fσab) = i

2σ
ας
ςabψ

σ
ας

Proof: Fσab = −Fσba
⇔ Fσab = 1

2SabcdF
cd, ∗Fσab := 1

2εabcdF
cd

⇔ Fσab − ς ∗ Fσab = 1
2 (Sabcd − ςεabcd)F cd

⇔ Fσab − ς ∗ Fσab = − 1
2σ

ας
ςabσςαςcdF

cd

⇔ Fσab − ς ∗ Fσab = iσαςςabψ
σ
ας

⇔ 1
2 (Fσab − ς ∗ Fσab) = i

2σ
ας
ςabψ

σ
ας

Cor. 1.2.2. ψσας = i
2σ

ab
ςας

1
2 (Fσab − ς ∗ Fσab)

Cor. 1.2.3. ψσας = − i
2 ςσ

ab
ςας ∗ F

σ
ab

Cor. 1.2.4. σabςας (F
σ
ab + ς ∗ Fσab) = 0

Cor. 1.2.5. Fσab − ς ∗ Fσab = − 1
4σ

ας
ςabσ

cd
ςας (F

σ
cd − ς ∗ Fσcd)

Cor. 1.2.6. Fσab = i
2 (σα

′

−abψ
σ
α′ + σα+abψ

σ
α), ∗Fσab = i

2 (σα
′

−abψ
σ
α′ − σα+abψσα)

Proof: Fσab − ς ∗ Fσab = iσαςςabψ
σ
ας

⇔ Fσab − ∗Fσab = iσα+abψ
σ
α, F

σ
ab + ∗Fσab = iσα

′

−abψ
σ
α′

⇔ Fσab = i
2 (σα

′

−abψ
σ
α′ + σα+abψ

σ
α), ∗Fσab = i

2 (σα
′

−abψ
σ
α′ − σα+abψσα)

⇔ Fσab = i
2 (σα

′

−abψ
σ
α′ + σα+abψ

σ
α)

⇔ ∗Fσab = i
2 (σα

′

−abψ
σ
α′ − σα+abψσα)

Cor. 1.2.7. Fσab = −Fσba ⇔ Fσab = i
2 (σα

′

−abψ
σ
α′ + σα+abψ

σ
α)

1.3 1
2 -spinor description of Yang-Mills field strength [1, 2]

Def. 1.3.1. 1
2 -spinor tensor of Yang-Mills field ψσAςBς := iς√

2
σαςAςBςψ

σ
ας = iς√

2
SabAςBςF

σ
ab

Cor. 1.3.1. ψσAςBς = iς√
2
σαςAςBςψ

σ
ας ⇔ ψσας = iς√

2
σAςBςας ψσAςBς

Cor. 1.3.2. ψσAςBς = ψσBςAς

Cor. 1.3.3. ψσAςBς = −i√
2
SabAςBς ∗ Fσab

Cor. 1.3.4. 1
2 (Fσab − ς ∗ Fσab) = iς√

2
Sab

AςBςψσAςBς ⇔ ψσAςBς = iς√
2
SabAςBς

1
2 (Fσab − ς ∗ Fσab)

Cor. 1.3.5. Fσab − ς ∗ Fσab = − 1
2Sab

AςBςScdAςBς (F
σ
cd − ς ∗ Fσcd)

Cor. 1.3.6. Fσab = iς√
2
(Sab

A′B′ψσA′B′ + Sab
ABψσAB), ∗Fσab = iς√

2
(Sab

A′B′ψσA′B′ − SabABψσAB)
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Cor. 1.3.7. Fσab = −Fσba ⇔ Fσab = iς√
2
(Sab

A′B′ψσA′B′ + Sab
ABψσAB)

Combine corollaries 1.3.6 and (1.274), (1.275), I can get the Penrose correspondence notation [1, 2]

Cor. 1.3.8. Fσab
P
= 1√

2
(ψσA′B′εAB + ψσABεA′B′), ∗Fσab

P
= 1√

2
(ψσA′B′εAB − ψσABεA′B′)

1.4 1-spinor description of Yang-Mills field strength

Def. 1.4.1. 1-spinor description of Yang-Mills field ψσkς (1) := ΓAςBςkς
(1)ψσAςBς = Γαςkς (1)ψσας

Cor. 1.4.1. ψσAςBς = ΓkςAςBς (1)ψσkς (1), ψσας = Γkςας (1)ψσkς (1)

1.5 1
2 -spinor description of Yang-Mills field source [1, 2]

Def. 1.5.1. 1
2 -spinor tensor of Yang-Mills source

JA
′
ςAςσ := iς√

2
(σ,−iς)A

′
ςAς

a Jaσ, JσAςA′ς := −iς√
2

(σ, iς)aAςA′ςJ
σ
a

Penrose notation: Jaσ
P
= JA

′Aσ, Ja
P
= JσAA′

2 Several equivalent expressions of Yang-Mills field equation
2.1 Standard description of Yang-Mills theory{
FσuvTσ = ∂uA

σ
vTσ − ∂vAσuTσ + ig[AτuTτ , A

ρ
vTρ]

[Tτ , Tρ] = ifστρTσ, c
σTσ = 0⇔ cσ = 0

(7.2)

Gauge transformation:{
ψ → U(θ)ψ,U(θ) = eigθ

σTσ , ψ with YangMills charge g

AσuTσ → U(θ)AσuTσU
−1(θ) + i

g [∂uU(θ)]U−1(θ)
(7.3)

Cor. 2.1.1. Duψ → UDuψ,Du = ∂u + igAσuTσ

Proof: Duψ = (∂u + igAσuTσ)ψ → [∂u + UigAσuTσU
−1 − (∂uU)U−1](Uψ)

⇔ Duψ → [∂u(Uψ) + UigAσuTσψ − (∂uU)ψ]
⇔ Duψ → U(∂u + igAσuTσ)ψ
⇔ Duψ → UDuψ,Du = ∂u + igAσuTσ

Lem. 2.1.1. ∂u(U−1) = −U−1∂u(U)U−1

Proof: ∂u(UU−1) = ∂u(I)
⇔ ∂u(U)U−1 + U∂u(U−1) = 0
⇔ U∂u(U−1) = −∂u(U)U−1

⇔ ∂u(U−1) = −U−1∂u(U)U−1

Cor. 2.1.2. FσuvTσ → UFσuvTσU
−1

Proof: FσuvTσ = ∂uA
σ
vTσ − ∂vAσuTσ + ig[AρuTρ, A

τ
vTτ ]

→ ∂u[UAσvTσU
−1 + i

g (∂vU)U−1]− ∂v[UAσuTσU−1 + i
g (∂uU)U−1]

+ ig[UAρuTρU
−1 + i

g (∂uU)U−1, UAτvTτU
−1 + i

g (∂vU)U−1]

⇔ FσuvTσ → U(∂uA
σ
vTσ − ∂vAσuTσ + ig[AρuTρ, A

τ
vTτ ])U−1

⇔ FσuvTσ → UFσuvTσU
−1

Cor. 2.1.3. DwF
σ
uvTσ → UDwF

σ
uvTσU

−1, Dw = ∇w + ig[AσwTσ, ]

Proof: DwF
σ
uvTσ = ∂wF

σ
uvTσ + ig[AρwTρ, F

τ
uvTτ ]

→ ∂w(UFσuvTσU
−1) + ig[UAρwTρU

−1 + i
g (∂wU)U−1, UF τuvTτU

−1]

⇔ DwF
σ
uvTσ → U(∂wF

σ
uvTσ + ig[AρwTρ, F

τ
uvTτ ])U−1

⇔ DwF
σ
uvTσ → UDwF

σ
uvTσU

−1

Cor. 2.1.4. DwF
σ
uv = ∇wFσuv − gfσρτAρwF τuv

Cor. 2.1.5. DwF
σ
uv = ∇wFσuv + igAρw(−ifρστ )F τuv

Cor. 2.1.6. DwFuv = [∇w + igAρw(−ifρ)]Fuv, Dw = ∇w + igAρw(−ifρ)
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2.2 Component form of Yang-Mills equation

Cor. 2.2.1. FσuvTσ = ∂uA
σ
vTσ − ∂vAσuTσ + ig[AρuTρ, A

τ
vTτ ]⇔ Fσuv = ∂uA

σ
v − ∂vAσu − gfσρτAρuAτv

Cor. 2.2.2.

FσuvTσ = (∂u + igAρuTρ)A
σ
vTσ − (∂v + igAρvTρ)A

σ
uTσ ⇔ Fuv = [∂u + 1

2 igA
ρ
u(−ifρ)]Av − [∂v + 1

2 igA
ρ
v(−ifρ)]Au

Cor. 2.2.3. Gauge transformation: δψ = igθσTσψ, δAu = igθρ(−ifρ)Au − ∂uθ

Cor. 2.2.4. δFuv = igθρ(−ifρ)Fuv

2.3 Frame description of Yang-Mills equation

Def. 2.3.1. Fσab := euae
v
bF

σ
uv, A

σ
a := euaA

σ
u

Frame description of Yang-Mills equation

DaFσab = −Jσb , Da ∗ Fσab ≡ 0 (7.4)

2.4 Classical separated form of Yang-Mills field equation{
∇d · ~Eσ = ρσ,∇d × ~Eσ = −Dt

~Bσ

∇d · ~Bσ = 0,∇d × ~Bσ = ~Jσ +Dt
~Eσ

⇔ DaFσab = −Jσb , Da ∗ Fσab ≡ 0 (7.5)

2.5 Complex vector expression of Yang-Mills field equation

Complex vector tensor form:

Thm. 2.5.1. DaFσab = −Jσb ⇔ (σ−ς ,−iς)abαςDaΨ̃αςσ = iJσb ;Fσab = DaAb −DbAa, Ψ̃
αςσ =

[
ψαςσ=

i
2σ

ας
ςabF

abσ

0

]
Proof: DaFσab = −Jσb
⇔ DaFσab = −Jσb , Da ∗ Fσab ≡ 0
⇔ Da(Fσab − ς ∗ Fσab) = −Jσb
⇔ Da(iσαςςabψ

σ
ας ) = −Jbσ, ας = 1, 2, 3

⇔ Da[(σς ,−iς)ας |abΨ̃αςσ] = iJσb , ας = 1, 2, 3, 4

⇔ Da[(σ−ς ,−iς)a|bας Ψ̃σ
ας ] = iJσb , ας = 1, 2, 3, 4

⇔ (σ−ς ,−iς)abαςDaΨ̃αςσ = iJσb , ας = 1, 2, 3, 4

Complex vector matrix form:

Cor. 2.5.1. (σ−ς ,−iς)abαςDaΨ̃αςσ = iJσb ⇔ (σ−ς ,−iς)aDaΨ̃σ(1, ς) = iJσ

Representation transformation:

Cor. 2.5.2. (σ−ς ,−iς)aDaΨ̃σ(1, ς) = iJσ ⇔ (σ ⊗ I,−iς)aDaΨ̃σ(1, ς) = iJ̃σ(1, ς)

2.6 1
2 -spinor expression of Yang-Mills field equation

1
2 -spinor Penrose abstract index form [1, 2]

Thm. 2.6.1. (σ−ς ,−iς)abαςDaΨ̃αςσ = iJσb ⇔ ∇
A′ςAς
d ψσAςBς = −ς√

2
JA
′
ςBς

σ,∇A
′
ςAς

d = iς√
2
(σ,−iς)A

′
ςAς

a Da

Proof: (σ−ς ,−iς)abαςDaΨ̃αςσ = iJσb
⇔ Da(iσαςςabψ

σ
ας ) = −Jσb

⇔ Da(iσαςςab ·
iς√
2
σAςBςας ψσAςBς ) = −Jσb

⇔ iSab
AςBςDaψσAςBς = −ς√

2
Jσb

⇔ ( ς2δabε
AςBς + iSab

AςBς )DaψσAςBς = −ς√
2
Jσb

⇔ iς√
2
(σ,−iς)A

′
ςAς

a εA′ςB′ς ·
iς√
2
(σ,−iς)B

′
ςBς

b DaψσAςBς = −1√
2
Jσb

⇔ iς√
2
(σ,−iς)A

′
ςAς

a εA′ςB′ςD
aψσAςBς = −1√

2
Jσb · −iς√2

(σ, iς)bB′ςBς

⇔ iς√
2
(σ,−iς)A

′
ςAς

a DaψσAςBς = −ς√
2
ςεA

′
ςB
′
ςJB′ςBς

⇔ ∇A
′
ςAς

d ψσAςBς = −ς√
2
JA
′
ςBς

σ,∇A
′
ςAς

d = iς√
2
(σ,−iς)A

′
ςAς

a Da

1
2 -spinor tensor form:

Cor. 2.6.1. ∇A
′
ςAς

d ψσAςBς = −ς√
2
JA
′
ςBς

σ ⇔ (σ,−iς)A
′
ςAς

a Daψ
σ
AςBς

= iJA
′
ςBς

σ

1
2 -spinor matrix form:
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Cor. 2.6.2. (σ,−iς)A
′
ςAς

a Daψ
σ
AςBς

= iJA
′
ςBς

σ ⇔ (σ ⊗ I,−iς)aDaΨ̃σ(1, ς) = iJ̃σ(1, ς)

1
2 -spinor square matrix form:

Cor. 2.6.3. (σ,−iς)A
′
ςAς

a Daψ
σ
AςBς

= iJA
′
ςBς

σ ⇔ (σ,−iς)aDa[ψ]σ = i[J ]σ

1
2 -spinor tensor expression form:(Proof for later.)

Cor. 2.6.4. (σ,−iς)A
′
ςAς

a DaψσAςBς = iJA
′
ςBς

σ ⇔ [∂a + iSab(1, ς)∂
b]kς

lςψσlς (1, ς) = Jσakς (1, ς)

Cor. 2.6.5.

{
∂aFσab = −Jσb
∂a ∗ Fσab ≡ 0

⇔ [∂a + iSab(1, ς)∂
b]kς

lςψσlς (1, ς) = Jσakς (1, ς)

2.7 Conjecture

Thm. 2.7.1. Da ∗ Fσab = 0⇔ Fσab = DaAb −DbAa ⇔ Da ∗ Fσab ≡ 0

Thm. 2.7.2. DaFσab = −Jσb , Da ∗ Fσab = 0⇔ DaFσab = −Jσb , Fσab = DaAb −DbAa

2.8 Spinor tensor expression form of Yang-Mills field equation [7]

Spinor tensor matrix of Yang-Mills field: Sab = iσαςςabγας �

[
0 γz −γy −ςγx
−γz 0 γx −ςγy
γy −γx 0 −ςγz
ςγx ςγy ςγz 0

]
(7.6)

Thm. 2.8.1. (Da + iSabD
b)βς γςψ

γςσ(1, ς) = −iσβςςabJbσ, Sab = iσαςςabγας ⇔ (σ−ς ,−iς)aDaΨ̃σ(1, ς) = iJσ

An intuitive proof method is as follows:

Proof: (Da + iSabD
b)βς γςψ

γςσ = −iσβςςabJbσ, Sab = iσαςςabγας

⇔


(Dx + iγzDy − iγyDz − iςγxDπ)βς γςψ

γςσ = −iσβςςxbJbσ

(Dy + iγxDz − iγzDx − iςγyDπ)βς γςψ
γςσ = −iσβςςybJbσ

(Dz + iγyDx − iγxDy − iςγzDπ)βς γςψ
γςσ = −iσβςςzbJbσ

(Dπ + iςγxDx + iςγyDy + iςγzDz)
βς
γςψ

γςσ = −iσβςςπbJbσ

⇔



 Dx Dy Dz

−Dy Dx −ςDπ

−Dz ςDπ Dx


ψxςσψyςσ

ψzςσ

 =

 ςJπσJzσ

−Jyσ

 ,
 Dy −Dx ςDπ

Dx Dy Dz

−ςDπ −Dz Dy


ψxςσψyςσ

ψzςσ

 =

−JzσςJπσ

Jxσ


 Dz −ςDπ −Dx

ςDπ Dz −Dy

Dx Dy Dz


ψxςσψyςσ

ψzςσ

 =

 Jyσ

−Jxσ

ςJπσ

 , iDπΨσ(1, ς) = ςγ · ∇dΨσ(1, ς)− iς ~Jσ

⇔

{
iDπΨσ(1, ς) = iς∇d ×Ψσ(1, ς)− iς ~Jσ

∇d ·Ψσ(1, ς) = ςJπσ

⇔

{
iDπΨσ(1, ς) = ςγ · ∇dΨσ(1, ς)− iς ~Jσ

∇d ·Ψσ(1, ς) = ςJπσ

⇔ (σ−ς ,−iς)aDaΨ̃σ(1, ς) = iJ

Another more analytical and abstract proof is as follows:

Proof: (Da + iSabD
b)βς γςψ

γςσ = −iσβςςabJbσ, Sab = iσαςςabγας
⇔ σβςςa

cσςγςcbD
bψγςσ = −iσβςςabJbσ

⇔ σβςςacσ
cb
ςγςDbψ

γςσ = −iσβςςabJbσ

⇔ σςadβς
σβςςacσ

cb
ςγςDbψ

γςσ = −iσςadβς
σβςςabJ

bσ

⇔ σdbςγςDbψ
γςσ = −iJdσ

⇔ σabςαςDaψ
αςσ = iJbσ, ας = 1, 2, 3

⇔ (σ−ς ,−iς)abαςDaΨ̃αςσ = iJσb , ας = 1, 2, 3, 4

This equation (3.3.2) is completely equivalent to the Yang-Mills field equation. It is just the spin tensor
expression of the Yang-Mills field equation.

Lem. 2.8.1. Jβςσa = −iσβςςabJbσ ⇔


Jzςσy = −Jyςσz = −ςJxςσπ = Jxσ

Jxςσz = −Jzςσx = −ςJyςσπ = Jyσ

Jyςσx = −Jxςσy = −ςJzςσπ = Jzσ

Jxςσx = Jyςσy = Jzςσz = ςJπσ
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Expand and then we can prove it by expanding. The above spin equation is about special source terms,
so what happens to general source terms? Please look at the following theorem.

Thm. 2.8.2. (Da + iSabD
b)βς γςψ

γςσ = Jβςσa , Sab = iσαςςabγας ⇔ (σ−ς ,−iς)aDaΨ̃σ(1, ς) = iJσ, Jβςσa = −iσβςςabJbσ

Proof: (Da + iSabD
b)βς γςψ

γςσ = Jβςσa , Sab = iσαςςabγας

⇔


(Dx + iγzDy − iγyDz − iςγxDπ)βς γςψ

γςσ = Jβςσx

(Dy + iγxDz − iγzDx − iςγyDπ)βς γςψ
γςσ = Jβςσy

(Dz + iγyDx − iγxDy − iςγzDπ)βς γςψ
γςσ = Jβςσz

(Dπ + iςγxDx + iςγyDy + iςγzDz)
βς
γςψ

γςσ = Jβςσπ

⇔



 Dx Dy Dz

−Dy Dx −ςDπ

−Dz ςDπ Dx


ψxςσψyςσ

ψzςσ

 =

Jxςσx

Jyςσx
Jzςσx

⇔

∇d ·Ψσ(1, ς) = Jxςσx

[∇d ×Ψσ(1, ς)]zςσ − ςDπψ
zςσ(1, ς) = Jyςσx

−[∇d ×Ψσ(1, ς)]yςσ + ςDπψ
yςσ(1, ς) = Jzςσx Dy −Dx ςDπ

Dx Dy Dz

−ςDπ −Dz Dy


ψxςσψyςσ

ψzςσ

 =

Jxςσy

Jyςσy
Jzςσy

⇔

−[∇d ×Ψσ(1, ς)]zςσ + ςDπψ

zςσ(1, ς) = Jxςσy

∇d ·Ψσ(1, ς) = Jyςσy
[∇d ×Ψσ(1, ς)]xςσ − ςDπψ

xςσ(1, ς) = Jzςσy Dz −ςDπ −Dx

ςDπ Dz −Dy

Dx Dy Dz


ψxςσψyςσ

ψzςσ

 =

Jxςσz

Jyςσz
Jzςσz

⇔


[∇d ×Ψσ(1, ς)]yςσ − ςDπψ
yςσ(1, ς) = Jxςσz

−[∇d ×Ψσ(1, ς)]xςσ + ςDπψ
xςσ(1, ς) = Jyςσz

∇d ·Ψσ(1, ς) = Jzςσz
DπΨσ(1, ς) + iςγ · ∇dψσ = Jσπ ⇔ DπΨσ(1, ς)− ς∇d ×Ψσ(1, ς) = Jσπ

⇔



Jzςσy = −Jyςσz = −ςJxςσπ := Jxσ

Jxςσz = −Jzςσx = −ςJyςσπ := Jyσ

Jyςσx = −Jxςσy = −ςJzςσπ := Jzσ

Jxςσx = Jyςσy = Jzςσz := ςJπσ

DπΨσ(1, ς)− ς∇d ×Ψσ(1, ς) = i ~Jσ

∇d ·Ψσ(1, ς) = −iJπσ

⇔ (σ−ς ,−iς)aDaΨ̃σ(1, ς) = iJσ, Jβςσa = −iσβςςabJbσ

Another more analytical and abstract proof is as follows:

Thm. 2.8.3. (Da + iSabD
b)βς γςψ

γςσ = Jβςσa , Sab = iσαςςabγας ⇔ Jβςσa = σβςςabσ
bc
ςγςDcψ

γςσ

Proof: (Da + iSabD
b)βς γςψ

γςσ = Jβςσa , Sab = iσαςςabγας
⇔ σβςςa

cσςγςcbD
bψγςσ = Jβςσa

⇔ Jβςσa = σβςςabσ
bc
ςαςDcψ

αςσ

⇔


Jzςσy = −Jyςσz = −ςJxςσπ = iσxbςαςDbψ

αςσ

Jxςσz = −Jzςσx = −ςJyςσπ = iσybςαςDbψ
αςσ

Jyςσx = −Jxςσy = −ςJzςσπ = iσzbςαςDbψ
αςσ

Jxςσx = Jyςσy = Jzςσz = iςσπbςαςDbψ
αςσ

This theorem indicates that the source term of this spin equation is limited and not arbitrary. Only
the source term case described in the previous theorem has a solution, while the other cases have no
solution.

Cor. 2.8.1. (Da + iSabD
b)βς γςψ

γςσ = Jβςσa , Sab = iσαςςabγας have solutions.⇔ Jβςσa = −iσβςςabJbσ,∃Jbσ

2.9 Classical separated form of Yang-Mills field equation

Cor. 2.9.1. (σ−ς ,−iς)aDaΨ̃σ(1, ς) = iJσ ⇔ (γ,−iς)aDaΨσ(1, ς) = i ~Jσ,∇d ·Ψσ(1, ς) = ςJσπς
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1 Various descriptions of physical quantities of gravitational field [11–14]

1.1 Classical description of physical quantities of gravitational field [11–14]

1.1.1 Curvature tensor of gravitational field

Symmetrical properties of curvature tensor:

Antisymmetry: Rabcd = −Rbacd, Rabcd = −Rabdc (8.1)

Symmetry: Rabcd = Rcdab (8.2)

Cyclic symmetry: Rabcd +Radbc +Racdb = 0 (8.3)

1.1.2 Ricci tensor and scalar curvature of gravitational field

Def. 1.1.1. Ricci tensor Rab := gcdR
cadb, Ra∗b := gcdR

ca(∗db) ≡ 0,Scalar curvature R := gabR
ab = Rab

ab

Cor. 1.1.1. Rabcd +Radbc +Racdb = 0⇒ Ra∗b = 0

Proof: Rabcd +Radbc +Racdb = 0
⇒ εebcd(R

abcd +Radbc +Racdb) = 0
⇒ εebcdR

abcd + εedbcR
adbc + εecdbR

acdb = 0
⇒ 3εebcdR

abcd = 0
⇒ gcdR

ca(∗db) = 0
⇒ Ra∗b = 0

1.1.3 Weyl tensor of gravitational field

Def. 1.1.2. Cabcd := Rabcd + 1
2g
a[dRc]b + 1

2g
b[cRd]a + 1

6g
a[cgd]bR

Symmetrical properties of Weyl tensor:

Antisymmetry: Cabcd = −Cbacd, Cabcd = −Cabdc (8.4)

Symmetry: Cabcd = Ccdab (8.5)

Cyclic symmetry: Cabcd + Cadbc + Cacdb = 0 (8.6)

Cor. 1.1.2. Rabcd = Cabcd − 1
2g
a[dRc]b − 1

2g
b[cRd]a − 1

6g
a[cgd]bR

Cor. 1.1.3. Cab = gcdC
cadb = 0, Ca∗b = gcdC

ca(∗db) = 0

1.2 Yang-Mills description of physical quantities in gravitational field [6]

1.2.1 Yang-Mills description of gravitational field curvature tensor

Def. 1.2.1. Gravitational field YM curvature tensor: F abας := i
2σ

ας
ςcdR

abcd

Following the reasoning of the electromagnetic field situation, there are completely similar conclusions.

Cor. 1.2.1. 1
2 [Rabcd − ςRab(∗cd)] = i

2σ
cd
ςαςF

abας

Cor. 1.2.2. F abας = − iς2 σ
ας
ςcdR

ab(∗cd)

Cor. 1.2.3. σαςςcd[R
abcd + ςRab(∗cd)] = 0

Cor. 1.2.4. F abας = i
2σ

ας
ςcd

1
2 [Rabcd − ςRab(∗cd)]

Cor. 1.2.5. Rabcd − ςRab(∗cd) = − 1
4σ

cd
ςαςσ

ας
ςef (Rabef − ςRab(∗ef))

Cor. 1.2.6. Rabcd = i
2 (σcd−α′F

abα′ + σcd+αF
abα), Rab(∗cd) = i

2 (σcd−α′F
abα′ − σcd+αF abα)

Unlike electromagnetic field, gravitational field has the following different conclusions.
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Cor. 1.2.7. Rab = − i
2 (Fα

′
σ−α′ + Fασ+α)ab, 0 = Ra∗b = − i

2 (Fα
′
σ−α′ − Fασ+α)ab

Cor. 1.2.8. Rab = −i(Fα′σ−α′)ab = −i(Fασ+α)ab, Fα
′
σ−α′ = Fασ+α

Cor. 1.2.9. Rab = −i(Fαςσςας )ab, Fα
′
ςσ−ςα′ς = Fαςσςας

Cor. 1.2.10. R = iσabςαςFab
ας

1.2.2 Yang-Mills ddescription of gravitational field Weyl tensor

Def. 1.2.2. gravitational field YM Weyl tensor Cabας := i
2σ

ας
ςcdC

abcd

Following the reasoning of the curvature tensor situation, there are completely similar conclusions.

Cor. 1.2.11. 1
2 [Cabcd − ςCab(∗cd)] = i

2σ
cd
ςαςC

abας

Cor. 1.2.12. Cabας = − iς2 σ
ας
ςcdC

ab(∗cd)

Cor. 1.2.13. σαςςcd[C
abcd + ςCab(∗cd)] = 0

Cor. 1.2.14. Cabας = i
2σ

ας
ςcd

1
2 [Cabcd − ςCab(∗cd)]

Cor. 1.2.15. Cabcd − ςCab(∗cd) = − 1
4σ

cd
ςαςσ

ας
ςef (Cabef − ςCab(∗ef))

Cor. 1.2.16. Cabcd = i
2 (σcd−α′C

abα′ + σcd+αC
abα), Cab(∗cd) = i

2 (σcd−α′C
abα′ − σcd+αCabα)

Unlike the curvature tensor case, the Weyl tensor has the following different conclusions.

Cor. 1.2.17. 0 = Cab = − i
2 (Fα

′
σ−α′ + Fασ+α)ab, 0 = Ca∗b = − i

2 (Fα
′
σ−α′ − Fασ+α)ab

Cor. 1.2.18. Cα
′
σ−α′ = Cασ+α = 0, Cα

′
ςσ−ςα′ς = Cαςσςας = 0

Cor. 1.2.19. C = iσabςαςC
ας
ab = 0

The relation between curvature tensor and Weyl tensor:

Cor. 1.2.20.

Rabcd = Cabcd − 1
2g
a[dRc]b − 1

2g
b[cRd]a − 1

6g
a[cgd]bR⇒ F abας = Cabας + i

2σ
αςa
ς c

Rcb − i
2σ

αςb
ς cR

ca − i
6σ

αςab
ς R

Cor. 1.2.21. Cabας = F abας − 1
2 (σ

αςc[a
ς σ

b]d
ςβς

+ 1
3σ

αςab
ς σcdςβς )F

βς
cd

1.3 Ashtekar gauge representation of gravitational field curvature tensor [34]

1.3.1 Preparation

X,Y are real four dimensional vectors or tensors in an orthogonal frame.

Lem. 1.3.1. X∗a′ς = ηaςa′ςXaς , X
∗
a′ςb
′
ς

= ηaςa′ς η
bς
b′ς
Xaςbς , X

∗
a′ςb
′
ςc
′
ς

= ηaςa′ς η
bς
b′ς
ηcςc′ςXaςbςcς · · ·

Lem. 1.3.2. X∗a′ςY
∗a′ς = XaςY

aς , X∗a′ςb′ςY
∗a′ςb

′
ς = XaςbςY

aςbς , X∗a′ςb′ςc′ςY
∗a′ςb

′
ςc
′
ς = XaςbςcςY

aςbςcς , · · ·

1.3.2 Ashtekar gauge representation of gravitational field curvature tensor [34]

Gravitational field curvature tensor Ruv
cd = ∂uω

cd
v − ∂vωcdu + ωce[uωv]e

d (8.7)

Def. 1.3.1. Introduce Ashtekar variable [34]Aαςu := i
2σ

ας
ςcdω

cd
u

Cor. 1.3.1. [Aαςu ]∗ = A
∗α′ς
u′ = ηuu′A

α′ς
u

Proof: [Aαςu ]∗ = i
2σ

α′ς
ςc′d′ω

∗
u′
c′d′ = ηuu′

i
2σ

α′ς
−ςcdω

cd
u = ηuu′A

α′ς
u

Cor. 1.3.2. [Fαςuv ]∗ = F
∗α′ς
u′v′ = ηuu′η

v
v′F

α′ς
uv

Proof: [Fαςuv ]∗ = F
∗α′ς
u′v′ = i

2σ
α′ς
ςc′d′R

∗
u′v′

c′d′ = i
2η
u
u′η

v
v′σ

α′ς
−ςcdRuv

cd = ηuu′η
v
v′F

α′ς
uv

Cor. 1.3.3. ωce[uωv]e
d = − i

2 (εα
′
ς β′ςγ

′
ς
σcd−ςα′ςA

β′ς
u A

γ′ς
v + εας βςγςσ

cd
ςαςA

βς
u A

γς
v )
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Proof: ωce[uωv]e
d = ωceu ωve

d − ωcev ωued

⇔ ωce[uωv]e
d = δef

i
2 (σce−ςα′ςA

α′ς
u + σceςαςA

ας
u ) i2 (σfd−ςβ′ς

A
β′ς
v + σfdςβςA

βς
v )

− δef i2 (σce−ςα′ςA
α′ς
v + σceςαςA

ας
v ) i2 (σfd−ςβ′ς

A
β′ς
u + σfdςβςA

βς
u )

⇔ ωce[uωv]e
d = − 1

4δef (σce−ς[α′ς
σfd−ςβ′ς ]

A
α′ς
u A

β′ς
v + σceς[αςσ

fd
−ςβ′ς ]

Aαςu A
β′ς
v

+ σce−ς[α′ς
σfdςβς ]A

α′ς
u Aβςv + σceς[αςσ

fd
ςβς ]

Aαςu A
βς
v )

⇔ ωce[uωv]e
d = − 1

4 (2iεα′ςβ′ς
γ′ςσcd−ςγ′ςA

α′ς
u A

β′ς
v + 0 + 0 + 2iεαςβς

γςσcdςγςA
ας
u A

βς
v )

⇔ ωce[uωv]e
d = − i

2 (εα′ςβ′ς
γ′ςσcd−ςγ′ςA

α′ς
u A

β′ς
v + εαςβς

γςσcdςγςA
ας
u A

βς
v )

⇔ ωce[uωv]e
d = − i

2 (εα
′
ς β′ςγ

′
ς
σcd−ςα′ςA

β′ς
u A

γ′ς
v + εας βςγςσ

cd
ςαςA

βς
u A

γς
v )

Cor. 1.3.4. Ruv
cd = ∂uω

cd
v − ∂vωcdu + ωce[uωv]e

d ⇔

{
Fαςuv = ∂uA

ας
v − ∂vAαςu − εας βςγςAβςu Aγςv

F
α′ς
uv = ∂uA

α′ς
v − ∂vA

α′ς
u − εα

′
ς β′ςγ

′
ς
A
β′ς
u A

γ′ς
v

Proof: Ruv
cd = ∂uω

cd
v − ∂vωcdu + ωce[uωv]e

d

⇔ Ruv
cd = i

2 (σcd−ςα′ς∂uA
α′ς
v + σcdςας∂uA

ας
v )− i

2 (σcd−ςα′ς∂vA
α′ς
u + σcdςας∂vA

ας
u )

− i
2 (εα

′
ς β′ςγ

′
ς
σcd−ςα′ςA

β′ς
u A

γ′ς
v + εας βςγςσ

cd
ςαςA

βς
u A

γς
v )

⇔ i
2 (σcd−ςα′ςF

α′ς
uv + σcdςαςF

ας
uv ) = i

2σ
cd
−ςα′ς (∂[uAv]

α′ς − εα′ς β′ςγ′ςA
β′ς
u A

γ′ς
v ) + i

2σ
cd
ςας (∂[uAv]

ας − εας βςγςAβςu Aγςv )

⇔

{
Fαςuv = ∂uA

ας
v − ∂vAαςu − εας βςγςAβςu Aγςv

F
α′ς
uv = ∂uA

α′ς
v − ∂vA

α′ς
u − εα

′
ς β′ςγ

′
ς
A
β′ς
u A

γ′ς
v

Cor. 1.3.5. i
2σ

ας
ςcdω

ce
[uωv]e

d = −εας βςγςAβςu Aγςv

Proof: ωce[uωv]e
d = − i

2 (εα
′
ς β′ςγ

′
ς
σcd−ςα′ςA

β′ς
u A

γ′ς
v + εας βςγςσ

cd
ςαςA

βς
u A

γς
v )

⇒ i
2σ

ρς
ςcdω

ce
[uωv]e

d = 1
4σ

ρς
ςcd(εα′ςβ′ς

γ′ςσcd−ςγ′ςA
α′ς
u A

β′ς
v + εαςβς

γςσcdςγςA
ας
u A

βς
v )

⇔ i
2σ

ρς
ςcdω

ce
[uωv]e

d = 0− εαςβς γς δρς γςAαςu Aβςv
⇔ i

2σ
ας
ςcdω

ce
[uωv]e

d = −εας βςγςAβςu Aγςv

Cor. 1.3.6. Fαςuv = ∂uA
ας
v − ∂vAαςu − εας βςγςAβςu Aγςv ⇔ F

α′ς
uv = ∂uA

α′ς
v − ∂vA

α′ς
u − εα

′
ς β′ςγ

′
ς
A
β′ς
u A

γ′ς
v

Proof: Fαςuv = ∂uA
ας
v − ∂vAαςu − εας βςγςAβςu Aγςv

⇔ [Fαςuv ]∗ = F
∗α′ς
u′v′ = ∂u′A

∗α′ς
v′ − ∂v′A

∗α′ς
u′ − εα

′
ς β′ςγ

′
ς
A
∗β′ς
u′ A

∗γ′ς
v′

⇔ F
∗α′ς
u′v′ = ηuu′η

v
v′(∂uA

α′ς
v − ∂vA

α′ς
u − εα

′
ς β′ςγ

′
ς
A
β′ς
u A

γ′ς
v )

⇔ ηuu′η
v
v′F

α′ς
uv = ηuu′η

v
v′(∂uA

α′ς
v − ∂vA

α′ς
u − εα

′
ς β′ςγ

′
ς
A
β′ς
u A

γ′ς
v )

⇔ F
α′ς
uv = ∂uA

α′ς
v − ∂vA

α′ς
u − εα

′
ς β′ςγ

′
ς
A
β′ς
u A

γ′ς
v

Cor. 1.3.7. Ruv
cd = ∂uω

cd
v − ∂vωcdu + ωce[uωv]e

d ⇔ Fαςuv = ∂uA
ας
v − ∂vAαςu − εας βςγςAβςu Aγςv

Cor. 1.3.8. Ruv
cd = ∂uω

cd
v − ∂vωcdu + ωce[uωv]e

d ⇔ F
α′ς
uv = ∂uA

α′ς
v − ∂vA

α′ς
u − εα

′
ς β′ςγ

′
ς
A
β′ς
u A

γ′ς
v

1.4 Complex tensor description of physical quantities in gravitational field

1.4.1 Complex tensor of gravitational field

Def. 1.4.1.

{
Curvature complex tensor ψαςβκ := i

2σ
ας
ςabF

abβκ = i
2σ

ας
ςab

i
2σ

βκ
κcdR

abcd

Weyl complex tensor Cαςβκ := i
2σ

ας
ςabC

abβκ = i
2σ

ας
ςab

i
2σ

βκ
κcdC

abcd

Cor. 1.4.1. ψαςβκ = Cαςβκ − 1
2 ςκσ

ας
ςacσ

βκc
κ bR

ab + 1
3 ςκδςκδ

αςβκR

Proof: ψαςβκ := 1
2σ

ας
ςabF

abβκ

⇒ ψαςβκ = i
2σ

ας
ςab(C

abβκ + i
2σ

βκa
κ cR

cb − i
2σ

βκb
κ cR

ca − i
6σ

βκab
κ R)

⇒ ψαςβκ = Cαςβκ + 1
2σ

ας
ςabσ

βκb
κ cR

ca − 1
3δςκδ

αςβκR

⇒ ψαςβκ = Cαςβκ + 1
2σ

ας
ςacσ

βκc
κ bR

ab − 1
3δςκδ

αςβκR

Cor. 1.4.2. ψαςβς = Cαςβς + 1
2σ

ας
ςacσ

βςc
ς b

Rab − 1
3δ
αςβςR

Cor. 1.4.3. ψαςβς = Cαςβς + 1
6δ
αςβςR
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Proof: ψαςβς = Cαςβς + 1
2σ

ας
ςacσ

βςc
ς b

Rab − 1
3δ
αςβςR

⇔ ψαςβς = Cαςβς + 1
2 (δαςβς δab + iεαςβςγςσ

γς
ςab)R

ab − 1
3δ
αςβςR

⇔ ψαςβς = Cαςβς + 1
6δ
αςβςR

Cor. 1.4.4. 1
2 (F abβκ − ς ∗ F abβκ) = i

2σ
ab
ςαςψ

αςβκ

Cor. 1.4.5. ψαςβκ = i
2σ

ας
ςab

1
2 (F abβκ − ς ∗ F abβκ)

Cor. 1.4.6. ψαςβκ = − i
2 ςσ

ας
ςab ∗ F abβκ

Cor. 1.4.7. σαςςab(F
abβκ + ς ∗ F abβκ) = 0

Cor. 1.4.8. F abβκ − ς ∗ F abβκ = − 1
4σ

ab
ςαςσ

ας
ςcd(F

cdβκ − ς ∗ F cdβκ)

Cor. 1.4.9. F abβκ = i
2 (σab−α′ψ

α′βκ + σab+αψ
αβκ), ∗F abβκ = i

2 (σab−α′ψ
α′βκ − σab+αψ

αβκ)

Cor. 1.4.10. ψαςβκ = − 1
4σ

ας
ςabσ

βκ
κcdR

abcd = 1
4κσ

ας
ςabσ

βκ
κcdR

ab(∗cd) = 1
4 ςσ

ας
ςabσ

βκ
κcdR

(∗ab)(∗cd) = − 1
4 ςκσ

ας
ςabσ

βκ
κcdR

(∗ab)cd

1.4.2 Properties of gravitational field complex tensor ψαςβκ

Cor. 1.4.11. ψαςβκ = ψβκας

Proof: Rabcd = Rcdab

⇒ − 1
4σ

ας
ςabσ

βκ
κcdR

abcd = − 1
4σ

ας
ςabσ

βκ
κcdR

cdab

⇒ ψαςβκ = ψβκας

Cor. 1.4.12. ψxςxς + ψyςyς + ψzςzς = 1
2R

Proof: σαςςabσςαςcd = −(Sabcd − ςεabcd)
⇒ − 1

4σ
ας
ςabσςαςcdR

abcd = 1
4 (Sabcd − ςεabcd)Rabcd

⇒ − 1
4σ

ας
ςabσςαςcdR

abcd = 1
2 (Rab

ab − ςR∗abab)
⇒ ψxςxς + ψyςyς + ψzςzς = 1

2 (Rab
ab − ςR∗abab)

⇒ ψxςxς + ψyςyς + ψzςzς = 1
2R

Cor. 1.4.13. Cαςβς = ψαςβς − 1
3δ
αςβςψγς γς

Cor. 1.4.14. ψα
′
ςβ
′
κ = (ψαςβκ)∗

Proof: ψαςβκ = − 1
4σ

ας
ςabσ

βκ
κcdR

abcd

⇔ (ψαςβκ)∗ = − 1
4 (σαςςabσ

βκ
κcdR

abcd)∗ = − 1
4σ

α′ς
ςa′b′σ

β′κ
κc′d′η

a′

a η
b′

b η
c′

c η
d′

d R
abcd

⇔ (ψαςβκ)∗ = − 1
4σ

α′ς
−ςabσ

β′κ
−κcdR

abcd

⇔ ψα
′
ςβ
′
κ = (ψαςβκ)∗

1.4.3 Expansion of gravitational field curvature tensor

Cor. 1.4.15. Rabcd = − 1
4 (σab−α′σ

cd
−β′ψ

α′β′ + σab+ασ
cd
−β′ψ

αβ′ + σab−α′σ
cd
+βψ

α′β + σab+ασ
cd
+βψ

αβ)

Proof: Rabcd = i
2 (σcd−β′F

abβ′ + σcd+βF
abβ)

⇔ Rabcd = − 1
4 [σcd−β′(σ

ab
−α′ψ

α′β′ + σab+αψ
αβ′) + σcd+β(σab−α′ψ

α′β + σab+αψ
αβ)]

⇔ Rabcd = − 1
4 (σab−α′σ

cd
−β′ψ

α′β′ + σab+ασ
cd
−β′ψ

αβ′ + σab−α′σ
cd
+βψ

α′β + σab+ασ
cd
+βψ

αβ)

Cor. 1.4.16. Rab(∗cd) = − 1
4 (σab−α′σ

cd
−β′ψ

α′β′ + σab+ασ
cd
−β′ψ

αβ′ − σab−α′σcd+βψα
′β − σab+ασ

cd
+βψ

αβ)

Cor. 1.4.17. R(∗ab)cd = − 1
4 (σab−α′σ

cd
−β′ψ

α′β′ − σab+ασ
cd
−β′ψ

αβ′ + σab−α′σ
cd
+βψ

α′β − σab+ασ
cd
+βψ

αβ)

Cor. 1.4.18. R(∗ab)(∗cd) = − 1
4 (σab−α′σ

cd
−β′ψ

α′β′ − σab+ασ
cd
−β′ψ

αβ′ − σab−α′σcd+βψα
′β + σab+ασ

cd
+βψ

αβ)

Cor. 1.4.19. Rab = 1
4δ
abR+ 1

2 (σ+ασ−β′)
abψαβ

′
= 1

4δ
abR− δcdSacABSdbC′D′ψABC

′D′

Proof: Rab = 1
4 (σ−α′σ−β′ψ

α′β′ + σ+ασ−β′ψ
αβ′ + σ−α′σ+βψ

α′β + σ+ασ+βψ
αβ)ab

⇔ Rab = 1
8 ({σ−α′ , σ−β′}ψα

′β′ + 2{σ+α, σ−β′}ψαβ
′
+ {σ+α, σ+β}ψαβ)ab)

⇔ Rab = 1
8 (R+ 4σ+ασ−β′ψ

αβ′ +R)ab

⇔ Rab = 1
4δ
abR+ 1

2 (σ+ασ−β′)
abψαβ

′
= 1

4δ
abR− δcdSacABSdbC′D′ψABC

′D′

Cor. 1.4.20. 1
4 (σα+σ

β′

− )ab(σ+ρσ−σ′)
ab = δαρδ

β′
σ′
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Cor. 1.4.21. ψαςβ
′
ς = 1

2σ
ας
ςacσ

β′ςc
−ς bR

ab = 1
2 (σαςς σ

β′ς
−ς)abR

ab

More general proof, it does not rely on the definition of various quantities.

Cor. 1.4.22. ψαβ
′

= 1
2 (σα+σ

β′

− )abR
ab ⇔ Rab = 1

4δ
abR+ 1

2 (σ+ασ−β′)
abψαβ

′

Proof: ψαβ
′

= 1
2 (σα+σ

β′

− )abR
ab

⇔ 1
2 (σ+ασ−β′)

abψαβ
′

= 1
4 (σ+ασ−β′)

ab(σα+σ
β′

− )cdR
cd

⇔ 1
2 (σ+ασ−β′)

abψαβ
′

= 1
4 (σae+ασ−β′e

b)(σα+cfσ
β′f
− d

)Rcd

⇔ 1
2 (σ+ασ−β′)

a
bψ

αβ′ = 1
4 (σae+ασ

αcf
+ )(σ−β′ebσ

β′

− fd)Rc
d

⇔ 1
2 (σ+ασ−β′)

a
bψ

αβ′ = 1
4 (Saecf − εaecf )(Sebfd + εebfd)Rc

d

⇔ 1
2 (σ+ασ−β′)

a
bψ

αβ′ = 1
4 (2δacδbd + 2δadδb

c − δabδcd)Rcd

⇔ 1
2 (σ+ασ−β′)

a
bψ

αβ′ = 1
4 (4Rab − δabR)

⇔ Rab = 1
4δ
abR+ 1

2 (σ+ασ−β′)
abψαβ

′

Thm. 1.4.1. Rab;b ≡ 1
2R

;a ⇔ (σ+ασ−β′)
abDbψ

αβ′ ≡ 1
2R

;a

Proof: Rab;b ≡ 1
2R

;a

⇔ [ 1
4δ
abR+ 1

2 (σ+ασ−β′)
abψαβ

′
];b ≡ 1

2R
;a

⇔ (σ+ασ−β′)
abDbψ

αβ′ ≡ 1
2R

;a

1.4.4 Synthesis of gravitational field curvature tensor

Cor. 1.4.23. Rabcd +Rab(∗cd) +R(∗ab)cd +R(∗ab)(∗cd) = iσab−α′iσ
cd
−β′ψ

α′β′

Cor. 1.4.24. Rabcd +Rab(∗cd) −R(∗ab)cd −R(∗ab)(∗cd) = iσab+αiσ
cd
−β′ψ

αβ′

Cor. 1.4.25. Rabcd −Rab(∗cd) +R(∗ab)cd −R(∗ab)(∗cd) = iσab−α′iσ
cd
+βψ

α′β

Cor. 1.4.26. Rabcd −Rab(∗cd) −R(∗ab)cd +R(∗ab)(∗cd) = iσab+αiσ
cd
+βψ

αβ

Unified description:

Cor. 1.4.27. Rabcd − κRab(∗cd) − ςR(∗ab)cd + ςκR(∗ab)(∗cd) = iσabςας iσ
cd
κβκ

ψαςβκ

1.4.5 Expansion of gravitational field Weyl tensor

Cor. 1.4.28. 0 = Cab = 1
4δ
abC + 1

2 (σ+ασ−β′)
abCαβ

′ ⇒ Cαβ
′

= 0, Cα
′β = 0

Cor. 1.4.29. Cabcd = − 1
4 (σab−α′σ

cd
−β′C

α′β′ + σab+ασ
cd
+βC

αβ), Cα
′β′ = (Cαβ)∗

Cor. 1.4.30. C(∗ab)cd = Cab(∗cd), Cabcd = C(∗ab)(∗cd)

1.4.6 Complex tensor description of gravitational field source

Def. 1.4.2. Gravitational field source spinor Jαςa := i
2σ

ας
ςcdJa

cd

Following the reasoning of the electromagnetic field situation, there are completely similar conclusions.

Cor. 1.4.31. [Jαςa ]∗ = J
∗α′ς
a′ = ηaa′J

α′ς
a

Cor. 1.4.32. 1
2 (Ja

cd − ς ∗ Jacd) = i
2σ

cd
ςαςJ

ας
a

Cor. 1.4.33. Jαςa = − i
2 ςσ

ας
ςcd ∗ Ja

cd

Cor. 1.4.34. σαςςcd(Ja
cd + ς ∗ Jacd) = 0

Cor. 1.4.35. Jαςa = i
2 ςσ

ας
ςcd

1
2 (Ja

cd − ς ∗ Jacd)

Cor. 1.4.36. Ja
cd − ς ∗ Jacd = − 1

4σ
cd
ςαςσ

ας
ςef (Ja

ef − ς ∗ Jaef )

Cor. 1.4.37. Ja
cd = i

2 (σcd−α′J
α′

a + σcd+αJ
α
a ), ∗Jacd = i

2 (σcd−α′J
α′

a − σcd+αJαa )

Cor. 1.4.38. Ja
cd = −Jadc ⇔ Ja

cd = i
2 (σcd−α′J

α′

a + σcd+αJ
ας
a )
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1.5 1
2 -spinor description of physical quantities in gravitational field [1, 2]

1.5.1 Curvature spinor of gravitational field [1, 2]

Def. 1.5.1. gravitational curvature spinor:
ψAςBςCκDκ := iς√

2
σAςBςας

iκ√
2
σCκDκβκ

ψαςβκ = iς√
2
Sab

AςBς iκ√
2
σCκDκβκ

F abβκ = iς√
2
Sab

AςBς iκ√
2
Scd

CκDκRabcd

Cor. 1.5.1. ψαςβκ = iς√
2
σαςAςBς

iκ√
2
σβκCκDκψ

AςBςCκDκ

Cor. 1.5.2. ψAςBςCςDς = CAςBςCςDς + 1
12 (εAςCςεBςDς − εAςDςεCςBς )R

Proof: ψαςβς = Cαςβς + 1
6δ
αςβςR

⇔ ψAςBςCςDς = CAςBςCςDς − 1
12σ

AςBς
ας σCςDςβς

δαςβςR

⇔ ψAςBςCςDς = CAςBςCςDς − 1
12σ

AςBς
ας σαςCςDςR

⇔ ψAςBςCςDς = CAςBςCςDς + 1
12 (εAςCςεBςDς − εAςDςεCςBς )R

Cor. 1.5.3. ψαςβκ = ψβκας ⇔ ψAςBςCκDκ = ψBςAςCκDκ , ψAςBςCκDκ = ψAςBςDκCκ , ψAςBςCκDκ = ψCκDκAςBς

Cor. 1.5.4. ψαςβς = ψβςας ⇔



ψ1ς1ς1ς1ς

ψ1ς1ς1ς2ς = ψ1ς1ς2ς1ς = ψ1ς2ς1ς1ς = ψ2ς1ς1ς1ς

ψ1ς1ς2ς2ς = ψ2ς2ς1ς1ς , ψ1ς2ς1ς2ς = ψ1ς2ς2ς1ς = ψ2ς1ς1ς2ς = ψ2ς1ς2ς1ς

ψ1ς2ς2ς2ς = ψ2ς1ς2ς2ς = ψ2ς2ς1ς2ς = ψ2ς2ς2ς1ς

ψ2ς2ς2ς2ς

Cor. 1.5.5. ψAςBςAςBς = (−ς)εAςCς (−ς)εBςDςψAςBςCςDς = 2(ψ1ς2ς1ς2ς − ψ1ς1ς2ς2ς )

Cor. 1.5.6. ψAςBςAςBς = δαςβςψ
αςβς = 1

2R

Proof: ψAςBςCκDκ := iς√
2
σAςBςας

iκ√
2
σCκDκβκ

ψαςβκ

⇒ ψAςBςAςBς = − 1
2σ

AςBς
ας σβςAςBςψ

αςβς

⇒ ψAςBςAςBς = δαςβςψ
αςβς

Cor. 1.5.7. CAςBςCςDς = ψAςBςCςDς − 1
6 (εAςCςεBςDς − εAςDςεCςBς )ψEςFςEςFς

Cor. 1.5.8. ψ1ς2ς1ς2ς − ψ1ς1ς2ς2ς = 1
4R

Cor. 1.5.9. ψAςBςCςDς is a fully symmetric spinor.⇔ ψαςβς is an traceless symmetric tensor, i.eψαςβς = ψβςας , ψxςxς+
ψyςyς + ψzςzς = 0

1.5.2 Constraints for YM curvature tensor Fαςab of gravitational field

Thm. 1.5.1.

{
ψαςβς = ψβςας

ψxςxς + ψyςyς + ψzςzς = 1
2R

⇔


F yςyz − ςF yςxπ = F xςzx − ςF xςyπ
F zςzx − ςF zςyπ = F yςxy − ςF yςzπ
F xςxy − ςF xςzπ = F zςyz − ςF zςxπ
F xςyz − ςF xςxπ + F yςzx − ςF yςyπ + F zςxy − ςF zςzπ = R

Proof: ψxςyς = ψyςxς

⇔ σxςςcdF
cdyς = σyςςcdF

cdxς

⇔ F yςyz − ςF yςxπ = F xςzx − ςF xςyπ

Proof: ψyςzς = ψzςyς

⇔ σyςςcdF
cdzς = σzςςcdF

cdyς

⇔ F zςzx − ςF zςyπ = F yςxy − ςF yςzπ

Proof: ψzςxς = ψxςzς

⇔ σzςςcdF
cdxς = σxςςcdF

cdzς

⇔ F xςxy − ςF xςzπ = F zςyz − ςF zςxπ

Proof: ψxςxς + ψyςyς + ψzςzς = 1
2R

⇔ i
2 [σxςςcdF

cdxς + σyςςcdF
cdyς + σzςςcdF

cdzς ] = 1
2R

⇔ F xςyz − ςF xςxπ + F yςzx − ςF yςyπ + F zςxy − ςF zςzπ = R
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1.5.3 Constraints for Ashtekar variable Aαςu of gravitational field

Thm. 1.5.2.



F yςyz − ςF yςxπ = F xςzx − ςF xςyπ
F zςzx − ςF zςyπ = F yςxy − ςF yςzπ
F xςxy − ςF xςzπ = F zςyz − ςF zςxπ
F xςyz − ςF xςxπ + F yςzx − ςF yςyπ
+F zςxy − ςF zςzπ = R

⇔



Fαςuv = ∂uA
ας
v − ∂vAαςu − εας βςγςAβςu Aγςv

(∂yA
yς
z − ∂zAyςy −A

[zς
y A

xς ]
z )− ς(∂xAyςπ − ∂πAyςx −A

[zς
x A

xς ]
π )

= (∂zA
xς
x − ∂xAxςz −A

[yς
z A

zς ]
x )− ς(∂yAxςπ − ∂πAxςy −A

[yς
y A

zς ]
π )

(∂zA
zς
x − ∂xAzςz −A

[xς
z A

yς ]
x )− ς(∂yAzςπ − ∂πAzςy −A

[xς
y A

yς ]
π )

= (∂xA
yς
y − ∂yAyςx −A

[zς
x A

xς ]
y )− ς(∂zAyςπ − ∂πAyςz −A

[zς
z A

xς ]
π )

(∂xA
xς
y − ∂yAxςx −A

[yς
x A

zς ]
y )− ς(∂zAxςπ − ∂πAxςz −A

[yς
z A

zς ]
π )

= (∂yA
zς
z − ∂zAzςy −A

[xς
y A

yς ]
z )− ς(∂xAzςπ − ∂πAzςx −A

[xς
x A

yς ]
π )

(∂yA
xς
z − ∂zAxςy −A

[yς
y A

zς ]
z )− ς(∂xAxςπ − ∂πAxςx −A

[yς
x A

zς ]
π )

+(∂zA
yς
x − ∂xAyςz −A

[zς
z A

xς ]
x )− ς(∂yAyςπ − ∂πAyςy −A

[zς
y A

xς ]
π )

+(∂xA
zς
y − ∂yAzςx −A

[xς
x A

yς ]
y )− ς(∂zAzςπ − ∂πAzςz −A

[xς
z A

yς ]
π ) = R

Guage conditions for Ashtekar variable Aαςu of gravitational field: ∂uAαςu = 0, Aαςπ = 0
1.5.4 Weyl spinor of gravitational field [1, 2]

Def. 1.5.2. Gravitational Weyl spinor:
CAςBςCκDκ := iς√

2
σAςBςας

iκ√
2
σCκDκβκ

Cαςβκ = iς√
2
Sab

AςBς iκ√
2
σCκDκβκ

Cabβκ = iς√
2
Sab

AςBς iκ√
2
Scd

CκDκCabcd

Cor. 1.5.10. Cαςβκ = iς√
2
σαςAςBς

iκ√
2
σβκCκDκC

AςBςCκDκ

Cor. 1.5.11. C = 0

Cor. 1.5.12. Cαβ
′

= 0, Cα
′β = 0⇔ CABC

′D′ = 0, CA
′B′CD = 0

Cor. 1.5.13. Cαςβκ = Cβκας ⇔ CAςBςCκDκ = CBςAςCκDκ , CAςBςCκDκ = CAςBςDκCκ , CAςBςCκDκ = CCκDκAςBς

Cor. 1.5.14. Cαςβς = Cβςας ⇔



C1ς1ς1ς1ς

C1ς1ς1ς2ς = C1ς1ς2ς1ς = C1ς2ς1ς1ς = C2ς1ς1ς1ς

C1ς1ς2ς2ς = C2ς2ς1ς1ς , C1ς2ς1ς2ς = C1ς2ς2ς1ς = C2ς1ς1ς2ς = C2ς1ς2ς1ς

C1ς2ς2ς2ς = C2ς1ς2ς2ς = C2ς2ς1ς2ς = C2ς2ς2ς1ς

C2ς2ς2ς2ς

Cor. 1.5.15. CAςBςAςBς = (−ς)εAςCς (−ς)εBςDςCAςBςCςDς = 2(C1ς2ς1ς2ς − C1ς1ς2ς2ς )

Cor. 1.5.16. CAςBςAςBς = δαςβςC
αςβς = 0

Cor. 1.5.17. C1ς2ς1ς2ς − C1ς1ς2ς2ς = 0

Cor. 1.5.18. δαςβςC
αςβς = 0⇔ σαςσβςC

αςβς = 0⇔ (σ,−iς)αςσβς C̃αςβς = 0

Cor. 1.5.19. Cαςβς = Cβςας , Cxςxς + Cyςyς + Czςzς = 0

Cor. 1.5.20. CAςBςCςDς is a fully symmetric spinor.

1.5.5 Weyl 2-spinor of gravitational field

Def. 1.5.3. Ckς := ΓkςAςBςCςDς (2)CAςBςCςDς , Ckς := ΓAςBςCςDςkς
(2)CAςBςCςDς

Cor. 1.5.21. CAςBςCςDς = ΓAςBςCςDςkς
(2)Ckς , CAςBςCςDς = ΓkςAςBςCςDς (2)Ckς

Cor. 1.5.22. Cαςβς = Γαςβςkς
(2)Ckς , Ckς = Γkςαςβς (2)Cαςβς

1.5.6 Vector-spinor description of gravitational field source [1, 2]

Def. 1.5.4. Gravitational source vector-spinor JAςBςa := iς√
2
σAςBςας Jαςa = iς√

2
Scd

AςBςJa
cd

Following the reasoning of the electromagnetic field situation, there are completely similar conclusions.

Cor. 1.5.23. JAςBςa = JBςAςa

Cor. 1.5.24. JAςBςa := iς√
2
σAςBςας Jαςa ⇔ Jαςa = iς√

2
σαςAςBςJ

AςBς
a

Cor. 1.5.25. 1
2 (Ja

cd − ς ∗ Jacd) = iς√
2
ScdAςBςJ

AςBς
a ⇔ JAςBςa = iς√

2
Scd

AςBς 1
2 (Ja

cd − ς ∗ Jacd)

Cor. 1.5.26. JAςBςa = −i√
2
Scd

AςBς ∗ Jacd

Cor. 1.5.27. Ja
cd − ς ∗ Jacd = − 1

2S
cd
AςBςSef

AςBς (Ja
ef − ς ∗ Jaef )

Cor. 1.5.28. Ja
cd = i√

2
(ScdA

′B′JaA′B′ + ScdABJa
AB), ∗Jacd = i√

2
(ScdA

′B′JaA′B′ − ScdABJaAB)

Cor. 1.5.29. Ja
cd = −Jadc ⇔ Ja

cd = i√
2
(ScdA

′B′JaA′B′ + ScdABJa
AB)
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1.5.7 1
2 -spinor description of gravitational field source [1, 2]

Def. 1.5.5. Gravitational source spinor JA′ς
BςCκDκ := ςεBςAς −iς√

2
(σ, iς)aAςA′ςJ

CκDκ
a

Cor. 1.5.30. JA′ς
BςCκDκ = ςεBςAς −iς√

2
(σ, iς)aAςA′ς

iκ√
2
σCκDκακ Jαςa = ςεBςAς −iς√

2
(σ, iς)aAςA′ς

iκ√
2
Scd

CκDκJa
cd

Cor. 1.5.31. Ja
CκDκ = iς√

2
(σ,−iς)A

′
ςAς

a (−ς)εAςBςJA′ς
BςCκDκ

Cor. 1.5.32. JA′ς
BςCκDκ = JA′ς

BςDκCκ

Cor. 1.5.33. JA′ς
BςCςDς = ς

2ε
BςAς (σ, iς)aAςA′ςσ

CςDς
ας Jαςa = ς

2ε
BςAς (σ, iς)aAςA′ςScd

CςDςJa
cd

Cor. 1.5.34. Jαςa = iς√
2
(σ,−iς)A

′
ςAς

a (−ς)εAςBς iς√2
σαςCςDςJA′ς

BςCςDς = ς
2 (σ,−iς)A

′
ςAς

a εAςBςσ
ας
CςDς

JA′ς
BςCςDς

Cor. 1.5.35. JA′ς
BςCςDς = JA′ς

BςDςCς ⇔


J1′ς

1ς1ς1ς

J1′ς
1ς1ς2ς = J1′ς

1ς2ς1ς , J1′ς
2ς1ς2ς = J1′ς

2ς2ς1ς

J2′ς
1ς1ς2ς = J2′ς

1ς2ς1ς , J2′ς
2ς1ς2ς = J2′ς

2ς2ς1ς

J2′ς
2ς2ς2ς

Cor. 1.5.36. JA′ς
1ς2ςDς = JA′ς

2ς1ςDς ⇔

{
ςJxςπ = Jzςy − Jyςz , ςJyςπ = Jxςz − Jzςx , ςJzςπ = Jyςx − Jxςy
Jxςx + Jyςy + Jzςz = 0

Proof: JA′ς
1ς2ςDς = JA′ς

2ς1ςDς

⇔ ς
2ε

1ςAς (σ, iς)aAςA′ςσ
2ςDς
ας Jαςa = ς

2ε
2ςAς (σ, iς)aAςA′ςσ

1ςDς
ας Jαςa

⇔ ε1ς2ς (σ, iς)a2ςA′ςσ
2ςDς
ας Jαςa = ε2ς1ς (σ, iς)a1ςA′ςσ

1ςDς
ας Jαςa

⇔ (σ, iς)a2ςA′ςσ
Dς2ς
ας Jαςa = −(σ, iς)a1ςA′ςσ

Dς1ς
ας Jαςa

⇔ [σDς1ςας (σ, iς)a1ςA′ς + σDς2ςας (σ, iς)a2ςA′ς ]J
ας
a = 0

⇔ σDςAςας (σ, iς)aAςA′ςJ
ας
a = 0

⇔ σαςDς
Aς (σ, iς)aAςA′ςJ

ας
a = 0

⇔ σας (σ, iς)
aJαςa = 0

⇔ (σ, iς)TaσTαςJ
ας
a = 0

⇔ σy(σ, iς)Taσyσyσ
T
αςσyJ

ας
a = 0

⇔ (σ,−iς)aσαςJαςa = 0
⇔ (Jxςx + Jyςy + Jzςz )I + i(−ςJxςπ + Jzςy − Jyςz )σx + i(−ςJyςπ + Jxςz − Jzςx )σy + i(−ςJzςπ + Jyςx − Jxςy )σz = 0

⇔

{
ςJxςπ = Jzςy − Jyςz , ςJyςπ = Jxςz − Jzςx , ςJzςπ = Jyςx − Jxςy
Jxςx + Jyςy + Jzςz = 0

Cor. 1.5.37. [(σ,−iς)aσας ]Jαςa = 0⇔

{
ςJxςπ = Jzςy − Jyςz , ςJyςπ = Jxςz − Jzςx , ςJzςπ = Jyςx − Jxςy
Jxςx + Jyςy + Jzςz = 0

Cor. 1.5.38. JA′ς
BςCςDς is fully symmetric for indices BςCςDς .⇔ [(σ,−iς)aσας ]Jαςa = 0

Cor. 1.5.39. JA′ς
BςCςDς is fully symmetric for indices BςCςDς .⇔ [(σ,−iς)aScd( 1

2 , ς)]Ja
cd = 0

2 Various expressions of Bianchi identities for gravitational field
2.1 Classical expressions of gravitational field equation

2.1.1 Bianchi identities for torsionless gravitational field [11–14]

Bianchi identity: Rabcd;e +Rabde;c +Rabec;d ≡ 0 (8.8)

Cor. 2.1.1. Rabcd;e +Rabde;c +Rabec;d ≡ 0⇒ R(∗ab)cd
;a ≡ 0

Proof: Rabcd;e +Rabde;c +Rabec;d ≡ 0
⇒ εfcde(R

abcd;e +Rabde;c +Rabec;d) ≡ 0
⇒ 3εfcdeR

abcd;e ≡ 0
⇒ Rab(∗cd)

;d ≡ 0
⇒ R(∗ab)cd

;a ≡ 0

Cor. 2.1.2. Rabcd;e +Rabde;c +Rabec;d ≡ 0⇒ Rabcd;a ≡ −Rb[c;d]
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Proof: Rabcd;e +Rabde;c +Rabec;d ≡ 0
⇒ Rabcd;a −Rbd;c +Rbc;d ≡ 0
⇒ Rabcd;a = Rbd;c −Rbc;d
⇒ Rcdba;a ≡ Rb[c;d]

⇒ Rabcd;a ≡ −Rb[c;d]

Cor. 2.1.3. Rabcd;e +Rabde;c +Rabec;d ≡ 0⇒ (Rab − 1
2g
abR);b ≡ 0

Proof: Rabcd;e +Rabde;c +Rabec;d ≡ 0
⇒ Rabcd;a ≡ −Rb[c;d]

⇒ Rac;a ≡ R;c −Rac;a
⇒ Rac;a ≡ 1

2R
;c

⇒ (Rab − 1
2g
abR);b ≡ 0

2.1.2 Classical form of gravitational field equation{
Rabcd;e +Rabde;c +Rabec;d ≡ 0

Rab − 1
2g
abR+ Λgab = −8πGT ab

⇔

{
Rabcd;a ≡ −Rb[c;d], R(∗ab)cd

;a ≡ 0, (Rab − 1
2g
abR);b ≡ 0

Rab − 1
2g
abR+ Λgab = −8πGT ab

(8.9)

2.2 Yang-Mills Form of Bianchi identity for gravitational field

2.2.1 Yang-Mills gauge theory explanation of gravity [46–49]

Def. 2.2.1. θας (ς) := i
2σ

ας
ςabϑ

ab = −i(iω + ςε)ας

Cor. 2.2.1. i
2ϑ

abSab(s, ς) = iθαςσας (s) = (iω + ςε) · σ(s), i2ωu
abSab(s, ς) = iAαςu σας (s)

Linear independence:

Lem. 2.2.1. ccdScd = 0⇔ ccd = 0

Lem. 2.2.2. [ωu
cd( i2Scd), ωv

ef ( i2Sef )] = ω[u
ceωv]e

d( i2Scd)

Proof: [ωu
cdiScd, ωv

ef iSef ] = ωu
cdωv

ef [iScd, iSef ]
⇔ [ωu

cdiScd, ωv
ef iSef ] = ωu

cdωv
ef [δcf iSde − δceiSdf + δdeiScf − δdf iSce]

⇔ [ωu
cdiScd, ωv

ef iSef ] = 4ωu
ceωve

diScd
⇔ [ωu

cdiScd, ωv
ef iSef ] = 2ω[u

ceωv]e
diScd

⇔ [ωu
cd( i2Scd), ωv

ef ( i2Sef )] = ω[u
ceωv]e

d( i2Scd)

Cor. 2.2.2. Ruv
cd = ∂uωv

cd − ∂vωucd + ω[u
ceωv]e

d

⇔ Ruv
cd( i2Scd) = ∂uωv

cd( i2Scd)− ∂vωu
cd( i2Scd) + [ωu

cd( i2Scd), ωv
ef ( i2Sef )]

Cor. 2.2.3. Ruv
cd = ∂uωv

cd − ∂vωucd + ω[u
ceωv]e

d

⇔ Ruv
<cd> = ∂uωv

<cd> − ∂vωu<cd> + [ωu
<cd>, ωv

<ef>]

Cor. 2.2.4. Ruv
cd = ∂uωv

cd − ∂vωucd + ω[u
ceωv]e

d

⇔ Ruv
cd i

2Scd(s, ς) = ∂uωv
cd i

2Scd(s, ς)− ∂vωu
cd i

2Scd(s, ς) + [ωu
cd i

2Scd(s, ς), ωv
ef i

2Sef (s, ς)]

Cor. 2.2.5. Ruv
cd = ∂uωv

cd − ∂vωucd + ω[u
ceωv]e

d

⇔ Fαςuv σας (s) = ∂uA
ας
v σας (s)− ∂vAαςu σας (s) + i[Aβςu σβς (s), A

γς
v σγς (s)]

Cor. 2.2.6. i
2ωu

abSab(s, ς)→ U(θ) i2ωu
abSab(s, ς)U

−1(θ) + [∂uU(θ)]U−1(θ)
⇔ Aαςu σας (s)→ U(θ)Aαςu σας (s)U

−1(θ)− i[∂uU(θ)]U−1(θ)

Cor. 2.2.7. i[Sab(s, ς), Scd(s, ς)] = δadSbc(s, ς)− δacSbd(s, ς) + δbcSad(s, ς)− δbdSac(s, ς)
⇔ [σας (s), σβς (s)] = iεαςβς

γςσγς (s)

Proof: i[Sab(s, ς), Scd(s, ς)] = δadSbc(s, ς)− δacSbd(s, ς) + δbcSad(s, ς)− δbdSac(s, ς)
⇔ 1

16σ
ab
ςαςσ

cd
ςβς

[iSab(s, ς), iScd(s, ς)] = 1
16σ

ab
ςαςσ

cd
ςβς

[δadiSbc(s, ς)− δaciSbd(s, ς) + δbciSad(s, ς)− δbdiSac(s, ς)]
⇔ [σας (s), σβς (s)] = 1

16σ
ab
ςαςσ

cd
ςβς

[δadiSbc(s, ς)− δaciSbd(s, ς) + δbciSad(s, ς)− δbdiSac(s, ς)]
⇔ [σας (s), σβς (s)] = 1

4σ
ab
ςαςσ

cd
ςβς
δadiSbc(s, ς)

⇔ [σας (s), σβς (s)] = 1
4 [δαςβς δ

bc + iεαςβς
γςσςγς

bc(s)]iSbc(s, ς)
⇔ [σας (s), σβς (s)] = iεαςβς

γςσγς (s)
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2.2.2 Yang-Mills component form of Bianchi identity for gravitational field

Cor. 2.2.8. Rabcd;e +Rabde;c +Rabec;d ≡ 0⇒

{
Rabcd;a ≡ −Rb[c;d]

R(∗ab)cd
;a ≡ 0

Lem. 2.2.3. DaFαςab = −Jαςb ⇔ DaF
α′ς
ab = −Jα

′
ς

b

Proof: DaFαςab = −Jαςb
⇔ (DaFαςab )∗ = −(Jαςb )∗

⇔ ηa
′

c D
c(ηaa′η

b
b′F

α′ς
ab ) = −ηbb′J

α′ς
b

⇔ ηbb′D
a(F

α′ς
ab ) = −ηbb′J

α′ς
b

⇔ Da(F
α′ς
ab ) = −Jα

′
ς

b

Lem. 2.2.4. Da ∗ Fαςab ≡ 0⇔ Da ∗ Fα
′
ς

ab ≡ 0

Proof: Da ∗ Fαςab ≡ 0
⇔ (Da ∗ Fαςab )∗ ≡ 0

⇔ ηa
′

c D
c(ηaa′η

b
b′ ∗ F

α′ς
ab ) ≡ 0

⇔ ηbb′D
a ∗ Fα

′
ς

ab ≡ 0

⇔ Da ∗ Fα
′
ς

ab ≡ 0

Thm. 2.2.1.

{
Rabcd;a ≡ −Rb[c;d]

R(∗ab)cd
;a ≡ 0

⇔

{
DaFαςab ≡ −J

ας
b , Jbας := i

2σ
ας
ςcdR

b[c;d]

Da ∗ Fαςab ≡ 0

Proof:

{
Rabcd;a ≡ −Rb[c;d]

R(∗ab)cd
;a ≡ 0

⇔

{
Rab

cd;a ≡ −Rb[c;d]

R∗ab
cd;a ≡ 0

⇔

{
i
2 (σ−ςα′ς

cdF
α′ς
ab + σcdςαςF

ας
ab );a ≡ − i

2 (σ−ςα′ς
cdJ

α′ς
b + σcdςαςJ

ας
b )

i
2 (σ−ςα′ς

cd ∗ Fα
′
ς

ab + σcdςας ∗ F
ας
ab );a ≡ 0

⇔

{
DaFαςab ≡ −J

ας
b , DaF

α′ς
ab ≡ −J

ας
b

Da ∗ Fαςab ≡ 0, Da ∗ Fα
′
ς

ab ≡ 0

⇔

{
DaFαςab ≡ −J

ας
b , Jbας = i

2σ
ας
ςcdR

b[c;d]

Da ∗ Fαςab ≡ 0

Thm. 2.2.2.

{
DaFαςab ≡ −J

ας
b

Da ∗ Fαςab ≡ 0
⇔

{
∇uFuvας − εας βςγςAβςu Fuvγς ≡ −Jvας
∇uF ∗uvας − εας βςγςAβςu F ∗uvγς ≡ 0

2.2.3 Matrix description of Yang-Mills theory of Bianchi identity

1. General matrix description of Yang-Mills theory of Bianchi identity:
Ruv

cd i
2Scd = ∂uωv

cd i
2Scd − ∂vωu

cd i
2Scd + [ωu

cd i
2Scd, ωv

ef i
2Sef ]

i[Sab, Scd] = δadSbc − δacSbd + δbcSad − δbdSac
cabSab = 0, cab = −cba ⇔ cab = 0

(8.10)

Gauge transformation:{
ψ → U(θ)ψ,U(θ) = e

i
2ϑ

abSab

i
2ωu

abSab → U(θ) i2ωu
abSabU

−1(θ)− [∂uU(θ)]U−1(θ)
(8.11)

Cor. 2.2.9. Duψ → U(θ)Duψ,Du = ∂u + i
2ωu

cdScd

Cor. 2.2.10. Ruv
cd i

2Scd → U(θ)Ruv
cd i

2ScdU
−1(θ)

Cor. 2.2.11. DwRuv
cd i

2Scd → U(θ)DwRuv
cd i

2ScdU
−1(θ), Dw = ∇w + [ i2ωw

cdScd, ]

The guage equation form of the Bianchi identity:

Cor. 2.2.12.

{
∇uRuvcd i2Scd + [ i2ωu

cdScd, R
uvcd i

2Scd] = 0

∇uR(∗uv)cd i
2Scd + [ i2ωu

cdScd, R
(∗uv)cd i

2Scd] ≡ 0

Guage equation:
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Cor. 2.2.13.

{
∇uRuv<cd> + [ωu

<cd>, Ruv<cd>] ≡ −Ru<c;d>

∇uR∗uv<cd> + [ωu
<cd>, R∗uv<cd>] ≡ 0

⇔

{
Rabcd;a ≡ −Rb[c;d]

R(∗ab)cd
;a ≡ 0

2. Special matrix description of Yang-Mills theory of Bianchi identity:
Ruv

cd i
2Scd(s, ς) = ∂uωv

cd i
2Scd(s, ς)− ∂vωu

cd i
2Scd(s, ς) + [ωu

cd i
2Scd(s, ς), ωv

ef i
2Sef (s, ς)]

i[Sab(s, ς), Scd(s, ς)] = δadSbc(s, ς)− δacSbd(s, ς) + δbcSad(s, ς)− δbdSac(s, ς)
cabiSab(s, ς) = 0, cab = −cba ⇔ cab = 0

(8.12)

Gauge transformation:{
ψ(s, ς)→ U(θ)ψ(s, ς), U(θ) = e

i
2ϑ

abSab(s,ς)

i
2ωu

abSab(s, ς)→ U(θ) i2ωu
abSab(s, ς)U

−1(θ)− [∂uU(θ)]U−1(θ)
(8.13)

Cor. 2.2.14. Duψ(s, ς)→ U(θ)Duψ(s, ς), Du = ∂u + i
2ωu

cdScd(s, ς)

Cor. 2.2.15. Ruv
cd i

2Scd(s, ς)→ U(θ)Ruv
cd i

2Scd(s, ς)U
−1(θ)

Cor. 2.2.16. DwRuv
cd i

2Scd(s, ς)→ UDwRuv
cd i

2Scd(s, ς)U
−1, Dw = ∇w + [ i2ωw

cdScd(s, ς), ]

The guage equation form of the Bianchi identity:

Cor. 2.2.17.

{
∇uRuvcd i2Scd(s, ς) + [ i2ωu

cdScd(s, ς), R
uvcd i

2Scd(s, ς)] ≡ −R
v[c;d] i

2Scd(s, ς)

∇uR(∗uv)cd i
2Scd(s, ς) + [ i2ωu

cdScd(s, ς), R
(∗uv)cd i

2Scd(s, ς)] ≡ 0

⇔

{
∇uFuvας − εας βςγςAβςu Fuvγς ≡ −Jvας
∇uF ∗uvας − εας βςγςAβςu F ∗uvγς ≡ 0

3. Standard matrix description of Yang-Mills theory of Bianchi identity:{
Fαςuv σας (s) = ∂uA

ας
v σας (s)− ∂vAαςu σας (s) + i[Aβςu σβς (s), A

γς
v σγς (s)]

[σβς (s), σγς (s)] = iεβςγς
αςσας (s), c

αςσας (s) = 0⇔ cας = 0
(8.14)

Gauge transformation:{
ψ(s, ς)→ U(θ)ψ(s, ς), U(θ) = eiθ

αςσας (s) = e
i
2ϑ

abSab(s,ς) = e(iω+ςε)·σ(s)

Aαςu σας (s)→ U(θ)Aαςu σας (s)U
−1(θ) + i[∂uU(θ)]U−1(θ)

(8.15)

The above is just the standard Yang-Mills theory with g = 1 and T = σ(s). Therefore, there are similar
conclusions as follows.

Cor. 2.2.18. Duψ(s, ς)→ U(θ)Duψ(s, ς), Du = ∂u + iAαςu σας (s) = ∂u + i
2ωu

cdScd(s, ς)

Cor. 2.2.19. Fαςuv σας (s)→ U(θ)Fαςuv σας (s)U
−1(θ)

Cor. 2.2.20. DwF
ας
uv σας (s)→ UDwF

ας
uv σας (s)U

−1, Dw = ∇w + [iAw
αςσας (s), ]

The guage equation form of the Bianchi identity:

Cor. 2.2.21.{
∇uFuvαςσας (s) + [iAαςu σας (s), F

uvβςσβς (s)] ≡ −Jvαςσας (s)
∇uF ∗uvαςσας (s) + [iAαςu σας (s), F

∗uvβςσβς (s)] ≡ 0
⇔

{
∇uFuvας − εας βςγςAβςu Fuvγς ≡ −Jvας
∇uF ∗uvας − εας βςγςAβςu F ∗uvγς ≡ 0

Matrix description of Yang-Mills theory of Bianchi identity:

Cor. 2.2.22.{
∇uFuv + i[Au, F

uv] ≡ −Jv, Au := Aαςu σας (s)

∇uF ∗uv + i[Au, F
∗uv] ≡ 0, Fuv := Fuvαςσας (s)

⇔

{
DaFαςab ≡ −J

ας
b

Da ∗ Fαςab ≡ 0
⇔

{
Rabcd;a ≡ −Rb[c;d]

R(∗ab)cd
;a ≡ 0

2.2.4 Component description of Yang-Mills theory of gravitational field

Thm. 2.2.3. Aαςu σας (s)→ U(θ)Aαςu σας (s)U
−1(θ) + i[∂uU(θ)]U−1(θ)

⇔ δAαςu = iθβς (−iεβςας γς )Aγςu − ∂uθας
⇔ δAu = iθαςγαςAu − ∂uθ

Proof: Aαςu σας (s)→ U(θ)Aαςu σας (s)U
−1(θ) + i[∂uU(θ)]U−1(θ)

⇔

Thm. 2.2.4. δAαςu = εας βςγςθ
βςAγςu − ∂uθας ⇔ δωu

ab = ϑacωu
cb − ωuacϑcb − ∂uϑab
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Proof: δAαςu = iθβς (−iεβςας γς )Aγςu − ∂uθας
⇔ Aαςu σας (s)→ U(θ)Aαςu σας (s)U

−1(θ) + i[∂uU(θ)]U−1(θ)
⇔ [− 1

2ωu
abiSab(s, ς)]→ U(θ)[− 1

2ωu
abiSab(s, ς)]U

−1(θ) + [∂uU(θ)]U−1(θ)

⇔ [ i2ωu
abSab(s, ς)]→ U(θ)[ i2ωu

abSab(s, ς)]U
−1(θ)− [∂uU(θ)]U−1(θ)

⇔ [ i2ωu
abSab(s, ς)]→ 1

2 (ωu
ab − ∂uϑab)iSab(s, ς) + 1

4ϑ
abωu

cd[iSab(s, ς), iScd(s, ς)]

⇔ [ i2ωu
abSab(s, ς)]→ 1

2 (ωu
ab − ∂uϑab)iSab(s, ς) + 1

2 (ϑacωu
cb − ωuacϑcb)iSab(s, ς)

⇔ ωu
ab → ωu

ab + ϑacωu
cb − ωuacϑcb − ∂uϑab

⇔ δωu
ab = ϑacωu

cb − ωuacϑcb − ∂uϑab

Cor. 2.2.23. Gauge transformation:

{
δψ(s, ς) = iθαςσας (s)ψ(s, ς)

δAαςu = iθβς (−iεβςας γς )Aγςu − ∂uθας

Cor. 2.2.24. δFαςuv = iθβς (−iεβςας γς )F γςuv , δF
[ας ]
uv = iθβςγβςF

[ας ]
uv = (iω + ςε) · γF [ας ]

uv

Cor. 2.2.25. δωabu = i
2 (σab−ςα′ς δA

α′ς
u + σabςας δA

ας
u )

2.2.5 Similar electromagnetic field equation form of Bianchi identity{
∇d · ~Eβκ ≡ ρβκ ,∇d × ~Eβκ ≡ −Dt

~Bβκ

∇d · ~Bβκ ≡ 0,∇d × ~Bβκ ≡ ~Jβκ +Dt
~Eβκ

⇔

{
DuF βκuv ≡ −Jβκv
Du ∗ F βκuv ≡ 0

(8.16)

Cor. 2.2.26. F βκuv = ∂uA
βκ
v − ∂vAβκu − εβκγκδκAγκu Aδκv ⇔ Da ∗ F βκab ≡ 0;F βκab = euae

v
bF

βκ
uv

2.3 Complex vector expression of Bianchi identity

Complex vector tensor form:

Thm. 2.3.1. DaF βκab ≡ −J
βκ
b ⇔ (σ−ς ,−iς)abαςDaΨ̃αςβκ ≡ iJβκb ;F βκab = euae

v
bF

βκ
uv , Ψ̃

αςβκ =
[
ψαςβκ=

i
2σ

ας
ςabF

abβκ

0

]
Proof: DaF βκab ≡ −J

βκ
b

⇔ DaF βκab ≡ −J
βκ
b , Da ∗ F βκab ≡ 0

⇔ Da(F βκab − ς ∗ F
βκ
ab ) ≡ −Jβκb

⇔ Da(iσαςςabψ
βκ
ας ) ≡ −Jbβκ , ας = 1, 2, 3

⇔ Da[(σς ,−iς)ας |abΨ̃αςβκ ] ≡ iJβκb , ας = 1, 2, 3, 4

⇔ Da[(σ−ς ,−iς)a|bας Ψ̃βκ
ας ] ≡ iJ

βκ
b , ας = 1, 2, 3, 4

⇔ (σ−ς ,−iς)abαςDaΨ̃αςβκ ≡ iJβκb , ας = 1, 2, 3, 4

Complex vector matrix form:

Cor. 2.3.1. (σ−ς ,−iς)abαςDaΨ̃αςβκ ≡ iJβκb ⇔ (σ−ς ,−iς)aDaΨ̃βκ(1, ς) ≡ iJβκ

Complex vector square matrix form:

Cor. 2.3.2. (σ−ς ,−iς)abαςDaΨ̃αςβκ ≡ iJβκb ⇔ (σ−ς ,−iς)aDa[Ψ̃(1, ς)] ≡ i[J ]

Representation transformation:

Cor. 2.3.3. (σ−ς ,−iς)aDaΨ̃βκ(1, ς) ≡ iJβκ ⇔ (σ ⊗ I,−iς)aDaψ̃
βκ(1, ς) ≡ iJ̃βκ(1, ς)

Cor. 2.3.4. (σ−ς ,−iς)aDaΨ̃βκ(1, ς) ≡ iJβκ ⇔ (σ ⊗ I,−iς)aDa[ψ̃(1, ς)] ≡ i[J̃ ]

2.4 1
2 -spinor expression of Bianchi identity [1, 2]

1
2 -spinor Penrose abstract index form:

Thm. 2.4.1. (σ−ς ,−iς)abαςDaΨ̃αςβκ ≡ iJβκb ⇔ ∇
A′ςAς
d ψβκAςBς ≡

−ς√
2
JA
′
ςBς

βκ ,∇A
′
ςAς

d = iς√
2
(σ,−iς)A

′
ςAς

a Da

Proof: (σ−ς ,−iς)abαςDaΨ̃αςβκ ≡ iJβκb
⇔ Da(iσαςςabψ

βκ
ας ) ≡ −Jβκb

⇔ Da(iσαςςab ·
iς√
2
σAςBςας ψβκAςBς ) ≡ −J

βκ
b

⇔ iSab
AςBςDaψβκAςBς ≡

−ς√
2
Jβκb

⇔ ( ς2δabε
AςBς + iSab

AςBς )DaψβκAςBς ≡
−ς√

2
Jβκb

⇔ iς√
2
(σ,−iς)A

′
ςAς

a εA′ςB′ς ·
iς√
2
(σ,−iς)B

′
ςBς

b DaψβκAςBς ≡
−1√

2
Jβκb
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⇔ iς√
2
(σ,−iς)A

′
ςAς

a εA′ςB′ςD
aψβκAςBς ≡

−1√
2
Jβκb ·

−iς√
2

(σ, iς)bB′ςBς

⇔ iς√
2
(σ,−iς)A

′
ςAς

a DaψβκAςBς ≡
−ς√

2
ςεA

′
ςB
′
ςJB′ςBς

⇔ ∇A
′
ςAς

d ψβκAςBς ≡
−ς√

2
JA
′
ςBς

βκ ,∇A
′
ςAς

d ≡ iς√
2
(σ,−iς)A

′
ςAς

a Da

1
2 -spinor tensor form:

Cor. 2.4.1. ∇A
′
ςAς

d ψβκAςBς ≡
−ς√

2
JA
′
ςBς

βκ ⇔ (σ,−iς)A
′
ςAς

a DaψβκAςBς ≡ iJ
A′ςBς

βκ

1
2 -spinor matrix form:

Cor. 2.4.2. (σ,−iς)A
′
ςAς

a DaψβκAςBς ≡ iJ
A′ςBς

βκ ⇔ (σ ⊗ I,−iς)aDaψ̃βκ(1, ς) ≡ iJ̃βκ(1, ς)

1
2 -spinor square matrix form:

Cor. 2.4.3. (σ,−iς)A
′
ςAς

a DaψβκAςBς ≡ iJ
A′ςBς

βκ ⇔ (σ,−iς)aDa[ψ]βκ ≡ i[J ]βκ

2.5 Full 1
2 -spinor expression of Bianchi identity

Cor. 2.5.1. ∇A
′
ςAς

d ψβκAςBς ≡
−ς√

2
JA
′
ςBς

βκ ⇔ ∇A
′
ςAς

d ψAςBςCκDκ ≡ −ς√2
JA
′
ςBςCκDκ

Cor. 2.5.2. ∇A
′
ςAς

d ψβςAςBς ≡
−ς√

2
JA
′
ςBς

βς ⇔ ∇A
′
ςAς

d ψAςBςCςDς ≡ −ς√2
JA
′
ςBςCςDς

Cor. 2.5.3. ∇A
′
ςAς

d ψβκAςBς ≡
−ς√

2
JA
′
ςBς

βκ ⇔ (σ,−iς)A
′
ςAς

a DaψAςBςCκDκ ≡ iJA
′
ςBςCκDκ

Cor. 2.5.4. ∇A
′
ςAς

d ψβςAςBς ≡
−ς√

2
JA
′
ςBς

βς ⇔ (σ,−iς)A
′
ςAς

a DaψAςBςCςDς ≡ iJA
′
ςBςCςDς

The proof of the following three corollaries will be left to the future.

Cor. 2.5.5. (σ,−iς)A
′
ςAς

a DaψAςBςCςDς ≡ iJA
′
ςBςCςDς , R = 0⇔ [2Da + iSab(2, ς)D

b]kς
lςψlς (2, ς) = Jakς (2, ς)

Cor. 2.5.6.

{
Rabcd;a ≡ −Rb[c;d]

R(∗ab)cd
;a ≡ 0, R = 0

⇔ [2Da + iSab(2, ς)D
b]kς

lςψlς (2, ς) = Jakς (2, ς)

Cor. 2.5.7.

{
(σ−ς ,−iς)abαςDaΨ̃αςβς ≡ iJβςb
ψαςβς = ψβςας , ψας

ας = 0, (σ,−iς)aσβςJβςa = 0
⇔ (σ ⊗ I4,−iς)aDaψ̃(2, ς) = iJ̃(2, ς)

2.6 Conjecture

Thm. 2.6.1. Da ∗ F βκab = 0⇔ F βκab ⇔ Da ∗ F βκab ≡ 0

Thm. 2.6.2. DaF βκab = −Jβκb , Da ∗ F βκab = 0⇔ DaF βκab = −Jβκb , F βκab

2.7 Spin tensor expression of bianchi identity [7]

Gravitational field Spin tensor matrix:Sab = iσαςςabγας �

[
0 γz −γy −ςγx
−γz 0 γx −ςγy
γy −γx 0 −ςγz
ςγx ςγy ςγz 0

]
(8.17)

Thm. 2.7.1. (Da + iSabD
b)βς γςψ

γςδκ(1, ς) ≡ −iσβςςabJbδκ , Sab = iσαςςabγας ⇔ (σ−ς ,−iς)aDaΨ̃δκ(1, ς) ≡ iJδκ

An intuitive proof method is as follows:

Proof: (Da + iSabD
b)βς γςψ

γςδκ ≡ −iσβςςabJbδκ , Sab = iσαςςabγας

⇔


(Dx + iγzDy − iγyDz − iςγxDπ)βς γςψ

γςδκ ≡ −iσβςςxbJbδκ
(Dy + iγxDz − iγzDx − iςγyDπ)βς γςψ

γςδκ ≡ −iσβςςybJbδκ

(Dz + iγyDx − iγxDy − iςγzDπ)βς γςψ
γςδκ ≡ −iσβςςzbJbδκ

(Dπ + iςγxDx + iςγyDy + iςγzDz)
βς
γςψ

γςδκ ≡ −iσβςςπbJbδκ

⇔



 Dx Dy Dz

−Dy Dx −ςDπ

−Dz ςDπ Dx


ψxςδκψyςδκ

ψzςδκ

 ≡
 ςJπδκJzδκ

−Jyδκ

 ,
 Dy −Dx ςDπ

Dx Dy Dz

−ςDπ −Dz Dy


ψxςδκψyςδκ

ψzςδκ

 ≡
−JzδκςJπδκ

Jxδκ


 Dz −ςDπ −Dx

ςDπ Dz −Dy

Dx Dy Dz


ψxςδκψyςδκ

ψzςδκ

 ≡
 Jyδκ

−Jxδκ
ςJπδκ

 , iDπΨδκ(1, ς) ≡ ςγ · ∇dΨδκ(1, ς)− iς ~Jδκ
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⇔

{
iDπΨδκ(1, ς) ≡ iς∇d ×Ψδκ(1, ς)− iς ~Jδκ
∇d ·Ψδκ(1, ς) ≡ ςJπδκ

⇔

{
iDπΨδκ(1, ς) ≡ ςγ · ∇dΨδκ(1, ς)− iς ~Jδκ
∇d ·Ψδκ(1, ς) ≡ ςJπδκ

⇔ (σ−ς ,−iς)aDaΨ̃δκ(1, ς) ≡ iJ

Another more analytical and abstract proof is as follows:

Proof: (Da + iSabD
b)βς γςψ

γςδκ ≡ −iσβςςabJbδκ , Sab = iσαςςabγας
⇔ σβςςa

cσςγςcbD
bψγςδκ ≡ −iσβςςabJbδκ

⇔ σβςςacσ
cb
ςγςDbψ

γςδκ ≡ −iσβςςabJbδκ

⇔ σςadβς
σβςςacσ

cb
ςγςDbψ

γςδκ ≡ −iσςadβς
σβςςabJ

bδκ

⇔ σdbςγςDbψ
γςδκ ≡ −iJdδκ

⇔ σabςαςDaψ
αςδκ ≡ iJbδκ , ας = 1, 2, 3

⇔ (σ−ς ,−iς)abαςDaΨ̃αςδκ ≡ iJδκb , ας = 1, 2, 3, 4

The equation (3.3.2) is just the spin tensor expression of Bianchi identity.

Lem. 2.7.1. Jβςδκa = −iσβςςabJbδκ ⇔


Jzςδκy = −Jyςδκz = −ςJxςδκπ = Jxδκ

Jxςδκz = −Jzςδκx = −ςJyςδκπ = Jyδκ

Jyςδκx = −Jxςδκy = −ςJzςδκπ = Jzδκ

Jxςδκx = Jyςδκy = Jzςδκz = ςJπδκ

Expand and then we can prove it by expanding. The above spin equation is about special source terms,
so what happens to general source terms? Please look at the following theorem.

Thm. 2.7.2.

(Da + iSabD
b)βς γςψ

γςδκ = Jβςδκa , Sab = iσαςςabγας ⇔ (σ−ς ,−iς)aDaΨ̃δκ(1, ς) = iJδκ , Jβςδκa = −iσβςςabJbδκ

Proof: (Da + iSabD
b)βς γςψ

γςδκ = Jβςδκa , Sab = iσαςςabγας

⇔


(Dx + iγzDy − iγyDz − iςγxDπ)βς γςψ

γςδκ = Jβςδκx

(Dy + iγxDz − iγzDx − iςγyDπ)βς γςψ
γςδκ = Jβςδκy

(Dz + iγyDx − iγxDy − iςγzDπ)βς γςψ
γςδκ = Jβςδκz

(Dπ + iςγxDx + iςγyDy + iςγzDz)
βς
γςψ

γςδκ = Jβςδκπ

⇔



 Dx Dy Dz

−Dy Dx −ςDπ

−Dz ςDπ Dx


ψxςδκψyςδκ

ψzςδκ

 =

Jxςδκx

Jyςδκx

Jzςδκx

⇔

∇d ·Ψδκ(1, ς) = Jxςδκx

[∇d ×Ψδκ(1, ς)]zςδκ − ςDπψ
zςδκ(1, ς) = Jyςδκx

−[∇d ×Ψδκ(1, ς)]yςδκ + ςDπψ
yςδκ(1, ς) = Jzςδκx Dy −Dx ςDπ

Dx Dy Dz

−ςDπ −Dz Dy


ψxςδκψyςδκ

ψzςδκ

 =

Jxςδκy

Jyςδκy

Jzςδκy

⇔

−[∇d ×Ψδκ(1, ς)]zςδκ + ςDπψ

zςδκ(1, ς) = Jxςδκy

∇d ·Ψδκ(1, ς) = Jyςδκy

[∇d ×Ψδκ(1, ς)]xςδκ − ςDπψ
xςδκ(1, ς) = Jzςδκy Dz −ςDπ −Dx

ςDπ Dz −Dy

Dx Dy Dz


ψxςδκψyςδκ

ψzςδκ

 =

Jxςδκz

Jyςδκz

Jzςδκz

⇔


[∇d ×Ψδκ(1, ς)]yςδκ − ςDπψ
yςδκ(1, ς) = Jxςδκz

−[∇d ×Ψδκ(1, ς)]xςδκ + ςDπψ
xςδκ(1, ς) = Jyςδκz

∇d ·Ψδκ(1, ς) = Jzςδκz

DπΨδκ(1, ς) + iςγ · ∇dψδκ = Jδκπ ⇔ DπΨδκ(1, ς)− ς∇d ×Ψδκ(1, ς) = Jδκπ

⇔



Jzςδκy = −Jyςδκz = −ςJxςδκπ := Jxδκ

Jxςδκz = −Jzςδκx = −ςJyςδκπ := Jyδκ

Jyςδκx = −Jxςδκy = −ςJzςδκπ := Jzδκ

Jxςδκx = Jyςδκy = Jzςδκz := ςJπδκ

DπΨδκ(1, ς)− ς∇d ×Ψδκ(1, ς) = i ~Jδκ

∇d ·Ψδκ(1, ς) = −iJπδκ

⇔ (σ−ς ,−iς)aDaΨ̃δκ(1, ς) = iJδκ , Jβςδκa = −iσβςςabJbδκ

Another more analytical and abstract proof is as follows:

Thm. 2.7.3. (Da + iSabD
b)βς γςψ

γςδκ = Jβςδκa , Sab = iσαςςabγας ⇔ Jβςδκa = σβςςab(σ
bc
ςγςDcψ

γςδκ)
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Proof: (Da + iSabD
b)βς γςψ

γςδκ = Jβςδκa , Sab = iσαςςabγας
⇔ σβςςa

cσςγςcbD
bψγςδκ = Jβςδκa

⇔ Jβςδκa = σβςςab(σ
bc
ςαςDcψ

αςδκ)

This theorem indicates that the source term of this spin equation is limited and not arbitrary. Only
the source term case described in the previous theorem has a solution, while the other cases have no
solution.

Cor. 2.7.1. (Da + iSabD
b)βς γςψ

γςδκ = Jβςδκa , Sab = iσαςςabγας have solutions.⇔ Jβςδκa = −iσβςςabJbδκ ,∃Jbδκ

2.8 Weyl expression of Bianchi identity

2.8.1 Classical Bianchi identities Satisfied by Weyl tensor of gravitational field [14]

Def. 2.8.1. Cabcd ≡ Rabcd + 1
2g
a[dRc]b + 1

2g
b[cRd]a + 1

6g
a[cgd]bR

Cor. 2.8.1. Rabcd;e +Rabde;c +Rabec;d ≡ 0⇒ Cabcd;a ≡ − 1
2R

b[c;d] + 1
12g

b[cR;d]

Proof: Rabcd;e +Rabde;c +Rabec;d ≡ 0
⇒ Rabcd;a ≡ −Rb[c;d], Rba;a ≡ 1

2R
;b

⇒ Cabcd;a ≡ Rabcd;a + 1
2g
a[dRc]b;a + 1

2g
b[cRd]a

;a + 1
6g
a[cgd]bR;a

⇒ Cabcd;a ≡ −Rb[c;d] + 1
2R

b[c;d] + 1
4g
b[cR;d] − 1

6g
b[cR;d]

⇔ Cabcd;a ≡ − 1
2R

b[c;d] + 1
12g

b[cR;d]

Cor. 2.8.2. C(∗ab)cd ≡ R(∗ab)cd + 1
2ε
abe[cRd]

e + 1
6ε
abcdR

Weyl tensor form of Bianchi identity:

Cor. 2.8.3.

{
Rabcd;a ≡ −Rb[c;d]

R(∗ab)cd
;a ≡ 0

⇔

{
Cabcd;a ≡ −Rb[c;d] + 1

2g
a[dR

c]b
;a + 1

2g
b[cR

d]a
;a + 1

6g
a[cgd]bR;a

C(∗ab)cd
;a ≡ 1

2ε
abe[cRd]

e;a + 1
6ε
abcdR;a

Cor. 2.8.4.

{
Cabcd;a ≡ − 1

2R
b[c;d] + 1

12g
b[cR;d]

C(∗ab)cd
;a ≡ 1

2ε
abe[cRd]

e;a + 1
6ε
abcdR;a

2.8.2 Weyl complex vector expression of Bianchi identity

Def. 2.8.2. C̃αςβς (1, ς) ≡ [Cαςβς , 0βς ]

Thm. 2.8.1. DaF βςab ≡ −J
βς
b ⇔ (σ−ς ,−iς)abαςDaC̃

αςβς ≡ i i2σ
βς
ςcd(R

[c;d]
b − 1

6δ
[c
b R

;d])

Proof: DaF βςab ≡ −J
βς
b

⇔ Da(iσabςαςψ
αςβς ) ≡ −Jbβς , ας = 1, 2, 3

⇔ Da[σabςας (C
αςβς + 1

6δ
αςβςR)] ≡ iJbβς , ας = 1, 2, 3

⇔ Da(σabςαςC
αςβς ) ≡ − 1

2σ
βς
ςcdR

b[c;d] − 1
6σ

ab
ςας δ

αςβςR;a, ας = 1, 2, 3

⇔ Da(σabςαςC
αςβς ) ≡ − 1

2σ
βς
ςcdR

b[c;d] + 1
6σ

βς
ςcdδ

b[cR;d], ας = 1, 2, 3

⇔ (σ−ς ,−iς)abαςDaC̃
αςβς ≡ i i2σ

βς
ςcd(R

[c;d]
b − 1

6δ
[c
b R

;d]), ας = 1, 2, 3, 4

Def. 2.8.3. J̄bcd ≡ Rb[c;d] − 1
6g
b[cR;d], J̄bβς ≡ i

2σ
βς
ςcdJ̄

bcd

2.8.3 Weyl complex vector matrix expression of Bianchi identity

Complex vector matrix form:

Cor. 2.8.5. (σ−ς ,−iς)abαςDaC̃
αςβς ≡ iJ̄βςb ⇔ (σ−ς ,−iς)aDaΨ̃βς (1, ς) ≡ iJβς

Complex vector square matrix form:

Cor. 2.8.6. (σ−ς ,−iς)abαςDaC̃
αςβς ≡ iJ̄βςb ⇔ (σ−ς ,−iς)aDa[C̃(1, ς)] ≡ i[J̄ ]

Representation transformation:

Cor. 2.8.7. (σ−ς ,−iς)aDaC̃
βς (1, ς) ≡ iJ̄βς ⇔ (σ ⊗ I,−iς)aDac̃

βς (1, ς) ≡ i ˜̄Jβς (1, ς)

Cor. 2.8.8. (σ−ς ,−iς)aDaC̃
βς (1, ς) ≡ iJ̄βς ⇔ (σ ⊗ I,−iς)aDa[c̃(1, ς)] ≡ i[ ˜̄J ]
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2.8.4 Weyl spinor expression of Bianchi identity [1, 2]

1
2 -spinor Penrose abstract indix form:

Thm. 2.8.2. (σ−ς ,−iς)abαςDaC̃
αςβς ≡ iJ̄βςb ⇔ ∇

A′ςAς
d CβςAςBς ≡

−ς√
2
J̄A
′
ςBς

βς

1
2 -spinor tensor form:

Cor. 2.8.9. ∇A
′
ςAς

d CβςAςBς ≡
−ς√

2
J̄A
′
ςBς

βς ⇔ (σ,−iς)A
′
ςAς

a DaCβςAςBς ≡ iJ̄
A′ςBς

βς

1
2 -spinor matrix form:

Cor. 2.8.10. (σ,−iς)A
′
ςAς

a DaCβςAςBς ≡ iJ̄
A′ςBς

βς ⇔ (σ ⊗ I,−iς)aDaC̃βς (1, ς) ≡ i ˜̄Jβς (1, ς)

1
2 -spinor square matrix form:

Cor. 2.8.11. (σ,−iς)A
′
ςAς

a DaCβςAςBς ≡ iJ̄
A′ςBς

βς ⇔ (σ,−iς)aDa[C]βς ≡ i[J̄ ]βς

2.8.5 Complete 1
2 -Weyl spinor expression of Bianchi identities

Cor. 2.8.12. ∇A
′
ςAς

d CβςAςBς ≡
−ς√

2
J̄A
′
ςBς

βς ⇔ ∇A
′
ςAς

d CAςBςCςDς ≡ −ς√2
J̄A
′
ςBςCςDς

Cor. 2.8.13. ∇A
′
ςAς

d CβςAςBς ≡
−ς√

2
J̄A
′
ςBς

βς ⇔ (σ,−iς)A
′
ςAς

a DaCAςBςCςDς ≡ iJ̄A
′
ςBςCςDς

2.8.6 Spin tensor Weyl expression of Bianchi identity

Thm. 2.8.3. (Da + iSabD
b)βς γςC

γςδς (1, ς) ≡ −iσβςςabJ̄bδς , Sab = iσαςςabγας ⇔ (σ−ς ,−iς)aDaC̃
δς (1, ς) ≡ iJ̄δς

The equation (2.8.3) is just the spin tensor Weyl expression of Bianchi identity.

Thm. 2.8.4.

(Da + iSabD
b)βς γςC

γςδς = J̄βςδςa , Sab = iσαςςabγας ⇔ (σ−ς ,−iς)aDaC̃
δς (1, ς) = iJ̄δς , J̄βςδςa = −iσβςςabJ̄bδς

This theorem indicates that the source term of this spin equation is limited and not arbitrary. Only
the source term case described in the previous theorem has a solution, while the other cases have no
solution.

Cor. 2.8.14. (Da + iSabD
b)βς γςC

γςδς = J̄βςδςa , Sab = iσαςςabγας ⇔ J̄βςδςa = σβςςab(σ
bc
ςγςDcC

γςδς )

Cor. 2.8.15. (Da + iSabD
b)βς γςC

γςδς = J̄βςδςa , Sab = iσαςςabγας have solutions.⇔ J̄βςδςa = −iσβςςabJ̄bδς ,∃J̄bδς

2.8.7 Full spin tensor Weyl expression of Bianchi identity

Cor. 2.8.16. (σ,−iς)A
′
ςAς

a DaCAςBςCςDς ≡ iJ̄A
′
ςBςCςDς ⇔ [2Da + iSab(2, ς)D

b]kς
lς clς (2, ς) ≡ Jakς (2, ς)

Cor. 2.8.17. (σ,−iς)A
′
ςAς

a DaCAςBςCςDς ≡ iJ̄A
′
ςBςCςDς ⇔ (σ ⊗ I4,−iς)aDac̃(2, ς) ≡ iJ̃(2, ς)

The proof of the above two propositions will be supplemented in subsequent chapters and will be
omitted here.

Cor. 2.8.18. (σ−ς ,−iς)aDaC̃
βς (1, ς) ≡ iJ̄βς ⇔ (σ ⊗ I4,−iς)aDac̃(2, ς) ≡ iJ̃(2, ς)

2.9 Classical separated form of Bianchi identity

Cor. 2.9.1. (σ−ς ,−iς)aDaΨ̃βς (1, ς) = iJβς ⇔ (γ,−iς)aDaΨβς (1, ς) = i ~Jβς , iς∇d ·Ψβς (1, ς) = iJβςπς

Cor. 2.9.2.

{
(σ−ς ,−iς)aDaΨ̃βς (1, ς) = iJβς

ψαςβς = ψβςας , ψας
ας = 0, (σ,−iς)aσβςJβςa = 0

⇔

{
( 1

2Gm,−iς)
aDaΨ(2, ς) = i ~J (2, ς)

iς∇d ·Ψβς (1, ς) = iJβςπς

Cor. 2.9.3.

{
( 1

2Gm,−iς)
aDaΨ(2, ς) = i ~J (2, ς)

iς∇d ·Ψβς (1, ς) = iJβςπς
⇔

{
[ 1
2σ(2),−iς]aDaψ(2, ς) = i ~J(2, ς)

iς∇d ·Ψβς (1, ς) = iJβςπς

Cor. 2.9.4.

{
[σ(s),−isς]aDaψ(s, ς) = is ~J(s, ς)

iς∇d ·Ψlς (1, ς) = iJ lςπς
⇔

{
[ 1
sσ(s),−iς]aDaψ(s, ς) = i ~J(s, ς)

iς∇d ·Ψlς (1, ς) = iJ lςπς
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Cor. 2.9.5.

S = 1√
4



√
4 0 0 0 0 0 0 0

0
√

1
√

3 0 0 0 0 0

0 0 0
√

2
√

2 0 0 0

0 0 0 0 0
√

3
√

1 0

0 0 0 0 0 0 0
√

4

0
√

3/2i −
√

1/2i 0 0 −
√

1/2i
√

3/2i 0

0 −
√

3/2
√

1/2 0 0 −
√

1/2
√

3/2 0

0 0 0 −
√

2i
√

2i 0 0 0

 , S
+ = 1√

4



√
4 0 0 0 0 0 0 0

0
√

1 0 0 0 −
√

3/2i −
√

3/2 0

0
√

3 0 0 0
√

1/2i
√

1/2 0

0 0
√

2 0 0 0 0
√

2i

0 0
√

2 0 0 0 0 −
√

2i

0 0 0
√

3 0
√

1/2i −
√

1/2 0

0 0 0
√

1 0 −
√

3/2i
√

3/2 0

0 0 0 0
√

4 0 0 0


Cor. 2.9.6.

(σ ⊗ I4,−iς)a∂aψ̃(2, ς) = iJ̃(2, ς)
S⇔

{
[σ(2),−iς]a∂aψ(2, ς) = iN̄(2)J̃(2, ς)

iς∇ · Slςm(2)Sim(2,+)ψ(2, ς) = iJ lςπ , J
lς
π � Jπ


[
N̄(2)J̃(2,ς)

Jπ

]
= SJ̃(2, ς)[

ψ(2,ς)
03

]
= Sψ̃(2, ς)

Cor. 2.9.7. Slςim(2) = (

[
0 0 −1 0

1√
3

1 0 0 0 0
0 0 0 1 0

]
,

[
1 0 0 0

1√
3

0 1 0 0 0
0 0 1 0 0

]
,

[ 0 0 0 1 0
0 0 1 0 0

0 0 0 0 − 2√
3

]
)

Cor. 2.9.8.{
[σ(2),−iς]a∂aψ(2, ς) = iN̄(2)J̃(2, ς)

iς∇ · Slςm(2)Sim(2,+)ψ(2, ς) = iJ lςπ

Sim(2,+)⇔

{
( 1

2Gim(+),−iς)a∂aΨ(2, ς) = i ~J (2), ~J (2) = Sim(2,+)N̄(2)J̃(2, ς)

iς∇ · Slςm(2)Ψ(2, ς) = iJ lςπ ,Ψ(2, ς) = Sim(2,+)N̄(2)ψ̃(2, ς)

Cor. 2.9.9.

(σ ⊗ I2s,−iς)a∂aψ̃(s, ς) = iJ̃(s, ς)
S⇔

{
[σ(s),−iς]a∂aψ(s, ς) = iN̄(s)J̃(s, ς)

iς∇ · Slς (s)ψ(s, ς) = iJ lςπ , J
lς
π � Jπ


[
N̄(s)J̃(s,ς)

Jπ

]
= SJ̃(s, ς)[

ψ(s,ς)
0

]
= Sψ̃(s, ς)

2.10 Special similar electromagnetic field expression of Bianchi identity

2.10.1 Dual electromagnetic field expression of Bianchi identity???

Cor. 2.10.1. (σ,−iς)A
′
ςAς

a DaCAςBςCςDς ≡ iJ̄
A′ς
BςCςDς

⇔ (σ,−iς)A
′
ςAς

a DaCAς lς (
3
2 ) ≡ iJ̄A

′
ς

lς
( 3

2 )

Cor. 2.10.2. (σ,−iς)A
′
ςAς

a DaCAς lς (
3
2 ) ≡ iJ̄A

′
ς

lς
( 3

2 )⇔ (σ−ς ⊗ I,−iς)aDaC̃(2, ς) ≡ iJ̃ (2, ς)

The latter equation is formally equivalent to two electromagnetic field equations with both electric
and magnetic charges.It satisfies Lorentz covariant and characterizes a torsion free gravitational field. It
has nothing to do with whether the Einstein equation is established or not. Therefore, some analytical
techniques for electromagnetic fields can be used here. So that we can obtain some properties of
gravity.

Def. 2.10.1. Ω(ς) = (

[
0 0
−σςy σςx

]
,

[
σςy −σςx
0 0

]
,

[
0 −i
i 0

]
)

Cor. 2.10.3. C̃(2, ς) ∼ e(iω+ςε)·R⊗I4+(iω+ςε)·Ω(ς)

Proof: Λ[C̃(2, ς)] = Sem(ς)⊗ Sem( 1
2 )e(iω+ςε)·σ(

1
2 ) ⊗ e(iω+ςε)·σ(

3
2 )S+

em(ς)⊗ S+
em( 1

2 )

= e(iω+ςε)·[R⊗I4+Ω(ς)] = e(iω+ςε)·R⊗I4+(iω+ςε)·Ω(ς)

Cor. 2.10.4. J̃ (2, ς) ∼ e(iω·R−ςε·L)⊗I4+(iω+ςε)·Ω(ς)

Proof: Λ[J̃ (2, ς)] = Sem(ς)⊗ Sem( 1
2 )e(iω−ςε)·σ(

1
2 ) ⊗ e(iω+ςε)·σ(

3
2 )S+

em(ς)⊗ S+
em( 1

2 )

= e(iω·R−ςε·L)⊗I4+(iω+ςε)·Ω(ς)

2.10.2 Special similar electromagnetic field expression of Bianchi identity

Cor. 2.10.5. JA
′
ςBςCςDς is fully symmetric for BςCςDς ⇔ [(σ,−iς)aσας ]Jαςa = 0

Cor. 2.10.6. Xας
l = 0⇔ Xας

a = 0; [(σ,−iς)aσας ]Xας
a = 0, l = x, y, z

Cor. 2.10.7. (σ−ς ,−iς)abαςDaC̃
αςβς ≡ iJ̄βςb ⇔ (γ,−iς)alαςDaC

αςβς ≡ iJ̄βςl
The above covariant equation shows that (γ,−iς)a exhibits some covariance under certain special

circumstances. The general covariant equation is constructed based on the Pauli matrix. But this
equation uses the photon spin matrix to have constructed a complete covariant equation. This is the
first time I have seen such a situation. The reason why this happens is due to the complete symmetry
of the field and source.
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3 Physical Yang-Mills gauge equation for gravitational field
3.1 Einstein equation [11] and Yang-Mills gauge equation for gravitational field

Einstein equation: Rab − 1
2g
abR+ Λgab = −8πGT ab (8.18)

Cor. 3.1.1. Rab − 1
2g
abR+ Λgab = −8πGT ab ⇔ T ab;b = 0

Proof: Rab − 1
2g
abR+ Λgab = −8πGT ab

⇒ (Rab − 1
2g
abR+ Λgab); b = −8πGT ab; b

⇒ 0 = −8πGT ab; b
⇒ T ab;b = 0

Cor. 3.1.2. Rab − 1
2g
abR+ Λgab = −8πGT ab ⇔ Rab = −8πG(T ab − 1

2g
abT ) + Λgab

Proof: Rab − 1
2g
abR+ Λgab = −8πGT ab → R = 8πGT + 4Λ

⇔ Rab − 1
2g
ab(8πGT + 4Λ) + Λgab = −8πGT ab

⇔ Rab = −8πG(T ab − 1
2g
abT ) + Λgab → R = 8πGT + 4Λ

Cor. 3.1.3.

{
Rab − 1

2g
abR+ Λgab = −8πGT ab

Rabcd;a ≡ −Rb[c;d], R(∗ab)cd
;a ≡ 0

⇔

{
Rab − 1

2g
abR+ Λgab = −8πGT ab

Rabcd;a = 8πG(T b[c;d] − 1
2g
b[cT ;d]), R(∗ab)cd

;a ≡ 0

Cor. 3.1.4.


Rabcd;a = −Jbcd

R(∗ab)cd
;a ≡ 0

Jbcd ≡ −8πG(T b[c;d] − 1
2g
b[cT ;d])

⇔


DaFαςab = −Jbας
Da ∗ Fαςab ≡ 0

Jbας ≡ 1
2 ςσ

ας
ςcdJ

bcd, Jbcd ≡ −8πG(T b[c;d] − 1
2g
b[cT ;d])

Cor. 3.1.5.

{
Rab − 1

2g
abR+ Λgab = −8πGT ab

Rabcd;e +Rabde;c +Rabec;d ≡ 0
⇒

{
Rabcd;a = −Jbcd

R(∗ab)cd
;a ≡ 0

⇔

{
DaFαςab = −Jbας
Da ∗ Fαςab ≡ 0

Cor. 3.1.6.

{
DaFαςab = −Jbας
Da ∗ Fαςab ≡ 0

⇔

{
DaF

[ας ]
ab = −Jb[ας ]

Da ∗ F [ας ]
ab ≡ 0

3.2 Spinor expression of Yang-Mills gauge equation for gravitational field

As long as the Einstein equation Rab = −8πG(T ab − 1
2g
abT ) + Λgab is substituted into the source terms of

various representations of the Bianchi identity and the corresponding identity sign is replaced with an
equal sign, various representations of the physical Yang-Mills gauge equation for gravitational field can
be obtained. Formally, it is completely consistent with various expressions of the Bianchi identity and
will not be written repeatedly. In essence, the Yang-Mills gauge equation for gravitational field is only
an identity for gravitational field. It is irrelevant whether the Einstein equation is established or not.
But what really describes physics is the Einstein equation. Only after applying the Einstein equation
to the source term of the gravitational field gauge identity. And the Yang-Mills gauge equation of the
gravitational field truly carries the physical gravitational source term. At this time, the Yang-Mills
gauge equation of the gravitational field became a real physical equation. So this is completely different
from the case of electromagnetic field and Yang-Mills field. The gauge equations for electromagnetic
field and Yang-Mills field are not just identities, but directly describe real physics.
3.3 Self review

In fact, both electromagnetic and gravitational fields can be attributed to the Yang-Mills field case.
When σ is empty, it is an electromagnetic field; When σ = βκ , it is a gravitational field; When σ is
multiple letters, a more general situation can be described. Therefore, the Yang-Mills field is already
a very general case in mathematical form.

4 Equivalent matrix form of Einstein equation of general relativity [11–14]

4.1 Preparation

Cor. 4.1.1. Rab = ς(Fαςσςας )
ab, (Fα

′
ςσ−ςα′ς )

ab = −(Fαςσςας )
ab, Fας ab = Fab

ας , R = −ςσςας abFab
ας

Cor. 4.1.2. Rab = −i(Fαςσςας )ab, Fα
′
ςσ−ςα′ς = Fαςσςας

Cor. 4.1.3. R = iσabςαςFab
ας

Cor. 4.1.4. Rab − 1
2g
abR+ Λgab = −8πGT ab ⇔ Rab = −8πG(T ab − 1

2g
abT ) + Λgab

Def. 4.1.1. T̄ ab := 8πG(T ab − 1
2g
abT )− Λgab, T̄ b ≡ [T̄ b

x , T̄
b
y , T̄

b
z , T̄

b
π ]T

Def. 4.1.2. Fab(2, ς) ≡ [F xςab , F
yς
ab , F

zς
ab , 0ab]

T , Fab(2, ς) ≡ F [ας ]
ab ,R = [R, 0]
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Def. 4.1.3. Au(ς) ≡ [Axςu , A
yς
u , A

zς
u , 0u]T = A

[ας ]
u (ς),Ja(ς) ≡ [Jxςa , Jyςa , J

zς
a , 0a]T = J

[ας ]
a

Cor. 4.1.5. Fαςuv = ∂uA
ας
v − ∂vAαςu − εας βςγςAβςu Aγςv

⇔ Fuv(ς) = ∂uAv(ς)− ∂vAu(ς) + iATu (ς)RAv(ς) = [∂u + i
2A

T
u (ς)R]Av(ς)− [∂v + i

2A
T
v (ς)R]Au(ς)

4.2 Equivalent matrix form of Einstein equation

Cor. 4.2.1. Rab = −8πG(T ab − 1
2g
abT ) + Λgab ⇔ (σ−ς ,−iς)aFab(2, ς) = iT̄ b

Proof: Rab = −8πG(T ab − 1
2g
abT ) + Λgab

⇔ (Fαςσςας )
ab = −iT̄ ab

⇔ (σςαςF
ας )ab = −iT̄ ab

⇔ [(σς ,−iς)αςFας ]ab = −iT̄ ab
⇔ (σς ,−iς)ας acF cbας = −iT̄ b

a

⇔ (σς ,−iς)ας caF cbας = iT̄ b
a

⇔ (σ−ς ,−iς)caαςF cbας = iT̄ b
a

⇔ (σ−ς ,−iς)acαςF abας = iT̄ b
c

⇔ (σ−ς ,−iς)aFab(2, ς) = iT̄ b

Cor. 4.2.2. Rab = 1
4δ
abR+ 1

2 (σςαςσ−ςβ′ς )
abψαςβ

′
ς

Cor. 4.2.3. Rab = −T̄ab ⇔ (σ−ς ,−iς)a ∗ Fab(2, ς) = iςT̄ b − iς
2 δ

bT̄

Proof: Rab = −T̄ab
⇔ iς(Ra

b − 1
2δ
b
aR) = −iς(T̄ b

a − 1
2δ
b
aT̄ )

⇔ iς
2 (2Ra

b − 1
2δ
b
aR− 1

2δ
b
aR) = −iς(T̄ b

a − 1
2δ
b
aT̄ )

⇔ iς
2 (σαςςacσ

β′ςcb
−ς ψβ′ςας − δ

αςβς δbaψαςβς ) = −iς(T̄ b
a − 1

2δ
b
aT̄ )

⇔ σαςςac
iς
2 (σ

β′ςcb
−ς ψβ′ςας − σ

βςcb
ς ψβςας ) = −iς(T̄ b

a − 1
2δ
b
aT̄ )

⇔ σαςςac ∗ F cbας = −iς(T̄ b
a − 1

2δ
b
aT̄ )

⇔ (σς ,−iς)ας ac ∗ F cbας = −iς(T̄ b
a − 1

2δ
b
aT̄ )

⇔ (σς ,−iς)ας ca ∗ F cbας = iς(T̄ b
a − 1

2δ
b
aT̄ )

⇔ (σ−ς ,−iς)caας ∗ F cbας = iς(T̄ b
a − 1

2δ
b
aT̄ )

⇔ (σ−ς ,−iς)acας ∗ F abας = iς(T̄ b
c − 1

2δ
b
cT̄ )

⇔ (σ−ς ,−iς)a ∗ Fab(2, ς) = iςT̄ b − iς
2 δ

bT̄

Cor. 4.2.4. (σ−ς ,−iς)aFab(2, ς) = iT̄ b ⇔ (σ−ς ,−iς)a ∗ Fab(2, ς) = iςT̄ b − iς
2 δ

bT̄

Self comment: Here is a wonderful and concise pair of spinor equations that are all equivalent to
Einstein’s equation, which is very interesting.

Cor. 4.2.5.

{
DaFαςab ≡ −Jbας
Da ∗ Fαςab ≡ 0

⇔

{
DaFab(2, ς) ≡ −J̄ b(ς)
Da ∗ Fab(2, ς) ≡ 0

Cor. 4.2.6.

{
Rab − 1

2g
abR+ Λgab = −8πGT ab

Rabcd;a ≡ −Rb[c;d], R(∗ab)cd
;a ≡ 0

⇔

{
Einstein equation: (σ−ς ,−iς)aFab(2, ς) = −iT̄ b

Bianchi identity: DaFab(2, ς) ≡ −J̄ b(ς), Da ∗ Fab(2, ς) ≡ 0

Cor. 4.2.7. (σ−ς ,−iς)aFab(2, ς) = iT̄ b, (σ−ς ,−iς)aAa(ς) = 0(Gauge condition)
⇔ (σ−ς ,−iς)aeuaevb [∂u + iATu (ς)R]Av(ς) = iT̄b, (σ−ς ,−iς)aAa(ς) = 0

4.3 New Form of spin tensor equivalent to Einstein equation with lower first derivative

Cor. 4.3.1. Rab = −8πG(T ab − 1
2g
abT ) + Λgab ⇔ [δab + iSab(γ, ς)]F

bc(2, ς) = −iσ[βς ]
ςab T̄

bc

Cor. 4.3.2. Rab = −8πG(T ab − 1
2g
abT ) + Λgab ⇔ [δab + iSab(γ, ς)] ∗ F bc(2, ς) = −iςσ[βς ]

ςab (T̄ bc − 1
2δ
bcT̄ )
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1 Using constant invariant tensors to define various spinors of gravitino field [7]

1.1 Field strength description of gravitino theory

Def. 1.1.1. Fuv(
3
2 , ς) := Duψv(ς)−Dvψu(ς)

Cor. 1.1.1. Fuv(
3
2 , ς) = (∂u + i

2σαςA
ας
u )ψv(ς)− (∂v + i

2σαςA
ας
v )ψu(ς)

Proof: Fuv(
3
2 , ς) := Duψv(ς)−Dvψu(ς)

= [∂uψv(ς) + Γλuvψλ(ς) + i
2A

ας
u σαςψv(ς)]− [∂vψu(ς) + Γλvuψλ(ς) + i

2A
ας
v σαςψu(ς)]

= ∂uψv(ς)− ∂vψu(ς) + i
2σας [A

ας
u ψv(ς)−Aαςv ψu(ς)]

= (∂u + i
2σαςA

ας
u )ψv(ς)− (∂v + i

2σαςA
ας
v )ψu(ς)

Cor. 1.1.2. δψu(ς) = iθαςσας (
1
2 )ψu(ς), δFuv(

3
2 , ς) = iθαςσας (

1
2 )Fuv(

3
2 , ς)

Comparison with gravitational field:

Cor. 1.1.3. Fuv(2, ς) = (∂u + i
2γαςA

ας
u )ψv(ς)− (∂v + i

2γαςA
ας
v )ψu(ς)

Proof: Fuv(2, ς) := D̃uAv(ς)− D̃vAu(ς)
= [∂uAv(ς) + ΓλuvAλ(ς) + i

2A
ας
u γαςAv(ς)]− [∂vAu(ς) + ΓλvuAλ(ς) + i

2A
ας
v γαςAu(ς)]

= ∂uAv(ς)− ∂vAu(ς) + i
2γας [A

ας
u Av(ς)−Aαςv Au(ς)]

= (∂u + i
2γαςA

ας
u )Av(ς)− (∂v + i

2γαςA
ας
v )Au(ς)

Cor. 1.1.4. Fuv(2, ς) = (∂u + i
2γαςA

ας
u )Av(ς)− (∂v + i

2γαςA
ας
v )Au(ς)⇔ Fαςuv = ∂uA

ας
v − ∂vAαςu − εας βςγςAβςu Aγςv

Cor. 1.1.5. δAu(ς) = iθαςγαςAu − ∂uθ, δFuv(2, ς) = iθαςγαςFuv(2, ς)

1.2 Classical description of gravitino field strength

FZκab =


0 BZκz −BZκy −iEZκx

−BZκz 0 BZκx −iEZκy
BZκy −BZκx 0 −iEZκz
iEZκx iEZκy iEZκz 0

 , ∗FZκab =


0 −iEZκz iEZκy BZκx

iEZκz 0 −iEZκx BZκy
−iEZκy iEZκx 0 BZκz
−BZκx −BZκy −BZκz 0

 (9.1)

(σ, iς)a(σ,−iς)bF ab( 3
2 , ς) = 0, (σ, iς)a(σ,−iς)b ∗ F ab( 3

2 , ς) = 0 (9.2)

1.3 Complex vector description of gravitino field strength

Def. 1.3.1. Gravitino field complex vector ψZκας := i
2σ

ab
ςαςF

Zκ
ab = iς(E − iςB)Zκας = (iςE +B)Zκας

Cor. 1.3.1. 1
2 (FZκab − ς ∗ F

Zκ
ab ) = i

2σ
ας
ςabψ

Zκ
ας

Proof: FZκab = −FZκba
⇔ FZκab = 1

2SabcdF
cd, ∗FZκab := 1

2εabcdF
cd

⇔ FZκab − ς ∗ F
Zκ
ab = 1

2 (Sabcd − ςεabcd)F cd

⇔ FZκab − ς ∗ F
Zκ
ab = − 1

2σ
ας
ςabσςαςcdF

cd

⇔ FZκab − ς ∗ F
Zκ
ab = iσαςςabψ

Zκ
ας

⇔ 1
2 (FZκab − ς ∗ F

Zκ
ab ) = i

2σ
ας
ςabψ

Zκ
ας

Cor. 1.3.2. ψZκας = i
2σ

ab
ςας

1
2 (FZκab − ς ∗ F

Zκ
ab )

Cor. 1.3.3. ψZκας = − i
2 ςσ

ab
ςας ∗ F

Zκ
ab

Cor. 1.3.4. σabςας (F
Zκ
ab + ς ∗ FZκab ) = 0

Cor. 1.3.5. FZκab − ς ∗ F
Zκ
ab = − 1

4σ
ας
ςabσ

cd
ςας (F

Zκ
cd − ς ∗ F

Zκ
cd )
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Cor. 1.3.6. FZκab = i
2 (σα

′

−abψ
Zκ
α′ + σα+abψ

Zκ
α ), ∗FZκab = i

2 (σα
′

−abψ
Zκ
α′ − σα+abψZκα )

Proof: FZκab − ς ∗ F
Zκ
ab = iσαςςabψ

Zκ
ας

⇔ FZκab − ∗F
Zκ
ab = iσα+abψ

Zκ
α , FZκab + ∗FZκab = iσα

′

−abψ
Zκ
α′

⇔ FZκab = i
2 (σα

′

−abψ
Zκ
α′ + σα+abψ

Zκ
α ), ∗FZκab = i

2 (σα
′

−abψ
Zκ
α′ − σα+abψZκα )

⇔ FZκab = i
2 (σα

′

−abψ
Zκ
α′ + σα+abψ

Zκ
α )

⇔ ∗FZκab = i
2 (σα

′

−abψ
Zκ
α′ − σα+abψZκα )

Cor. 1.3.7. FZκab = −FZκba ⇔ FZκab = i
2 (σα

′

−abψ
Zκ
α′ + σα+abψ

Zκ
α )

Cor. 1.3.8. (σ, iς)a(σ,−iς)bF ab(ς) = 0⇔ σαςψ
ας [Zς ] = 0

1.4 1
2 -spinor description of gravitino field strength [1, 2]

Def. 1.4.1. 1
2 -spinor tensor of gravitino field ψZκAςBς := iς√

2
σαςAςBςψ

Zκ
ας = iς√

2
SabAςBςF

Zκ
ab

Cor. 1.4.1. ψZκAςBς = iς√
2
σαςAςBςψ

Zκ
ας ⇔ ψZκας = iς√

2
σAςBςας ψZκAςBς

Cor. 1.4.2. ψZκAςBς = ψZκBςAς

Cor. 1.4.3. ψZκAςBς = −i√
2
SabAςBς ∗ F

Zκ
ab

Cor. 1.4.4. 1
2 (FZκab − ς ∗ F

Zκ
ab ) = iς√

2
Sab

AςBςψZκAςBς ⇔ ψZκAςBς = iς√
2
SabAςBς

1
2 (FZκab − ς ∗ F

Zκ
ab )

Cor. 1.4.5. FZκab − ς ∗ F
Zκ
ab = − 1

2Sab
AςBςScdAςBς (F

Zκ
cd − ς ∗ F

Zκ
cd )

Cor. 1.4.6. FZκab = iς√
2
(Sab

A′B′ψZκA′B′ + Sab
ABψZκAB), ∗FZκab = iς√

2
(Sab

A′B′ψZκA′B′ − SabABψ
Zκ
AB)

Cor. 1.4.7. FZκab = −FZκba ⇔ FZκab = iς√
2
(Sab

A′B′ψZκA′B′ + Sab
ABψZκAB)

combine corollaries (1.3.6) and (1.274), (1.275), I can get the Penrose correspondence notation [1, 2]

Cor. 1.4.8. FZκab
P
= 1√

2
(ψZκA′B′εAB + ψZκABεA′B′), ∗F

Zκ
ab

P
= 1√

2
(ψZκA′B′εAB − ψ

Zκ
ABεA′B′)

Cor. 1.4.9. (σ, iς)a(σ,−iς)bF ab(ς) = 0⇔ σαςψ
ας [Zς ] = 0⇔ ψAςBςCς = 1

3!ψ(AςBςCς)

1.5 1-spinor description of gravitino field strength

Def. 1.5.1. 1-spinor description of gravitino field ψZκkς (1) := ΓAςBςkς
(1)ψZκAςBς = Γαςkς (1)ψZκας

Cor. 1.5.1. ψZκAςBς = ΓkςAςBς (1)ψZκkς (1), ψZκας = Γkςας (1)ψZκkς (1)

1.6 1
2 -spinor description of gravitino field source [1, 2]

Def. 1.6.1. 1
2 -spinor tensor of gravitino source

JA
′
ςAςZκ := iς√

2
(σ,−iς)A

′
ςAς

a JaZκ , JZκAςA′ς := −iς√
2

(σ, iς)aAςA′ςJ
Zκ
a

Penrose notation: JaZκ
P
= JA

′AZκ , JZκa
P
= JZκAA′

1.7 Proof of symmetry conditions for gravitino field

Cor. 1.7.1. ψAςBςCς = ψAςCςBς ⇔ (σ, iς)a(σ,−iς)bF ab(ς) = 0

Proof: ψAςBςCς = ψAςCςBς

⇔ εBςCςψ
AςBςCς = 0

⇔ − 1√
2
ςεBςCς iSab

AςBςF abCς = 0

⇔ εBςCς iSab
Aς
Dς ε̄

DςBςF abCς = 0

⇔ iSab
Aς
Dς δ

Dς
CςF

abCς = 0

⇔ iSab
Aς
CςF

abCς = 0

⇔ 1
4 (σ, iς)[a(σ,−iς)b]F ab[Cς ] = 0

⇔ (σ, iς)a(σ,−iς)bF ab[Cς ] = 0
⇔ (σ, iς)a(σ,−iς)bF ab( 3

2 , ς) = 0

Cor. 1.7.2. ψAςBςCς = 1
3!ψ(AςBςCς) ⇔ (σ, iς)a(σ,−iς)bF ab( 3

2 , ς) = 0⇔ (σ, iς)a(σ,−iς)b ∗ F ab( 3
2 , ς) = 0

Cor. 1.7.3. JA′ς
BςCς = JA′ς

CςBς ⇔ (σ,−iς)aJa(ς) = 0
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Proof: JA′ς
BςCς = JA′ς

CςBς

⇔ εBςCςJA′ς
BςCς = 0

⇔ εBςCς
1√
2
(σ,−iς)aA′ςAς ε̄

AςBςJa
Cς = 0

⇔ (σ,−iς)aA′ςAς δ
Aς
CςJa

Cς = 0

⇔ (σ,−iς)aA′ςCςJa
Cς = 0

⇔ (σ,−iς)aJa[Cς ] = 0
⇔ (σ,−iς)aJa(ς) = 0

2 Equivalent expressions of Penrose type gravitino field equation in flat space-time
2.1 Frame description of gravitino equation

Def. 2.1.1. FZκab := euae
v
bF

Zκ
uv , ψ

Zκ
a := euaψ

Zκ
u

Frame description of gravitino equation:

∂aFZκab = −JZκb , ∂a ∗ FZκab ≡ 0 (9.3)

2.2 Classical description of gravitino field equation{
∇ · ~EZκ = ρZκ ,∇× ~EZκ = −∂t ~BZκ
∇ · ~BZκ = 0,∇× ~BZκ = ~JZκ + ∂t ~E

Zκ
⇔ ∂aFZκab = −JZκb , ∂a ∗ FZκab ≡ 0 (9.4)

2.3 Complex vector representation of gravitino field equation

Complex vector tensor form:

Thm. 2.3.1. ∂aFZκab = −JZκb ⇔ (σ−ς ,−iς)abας∂aΨ̃αςσ = iJZκb ;FZκab = ∂aAb − ∂bAa, Ψ̃αςσ =
[
ψαςσ=

i
2σ

ας
ςabF

abσ

0

]
Proof: ∂aFZκab = −JZκb
⇔ ∂aFZκab = −JZκb , ∂a ∗ FZκab ≡ 0

⇔ ∂a(FZκab − ς ∗ F
Zκ
ab ) = −JZκb

⇔ ∂a(iσαςςabψ
Zκ
ας ) = −Jbσ, ας = 1, 2, 3

⇔ ∂a[(σς ,−iς)ας |abΨ̃αςσ] = iJZκb , ας = 1, 2, 3, 4

⇔ ∂a[(σ−ς ,−iς)a|bας Ψ̃Zκ
ας ] = iJZκb , ας = 1, 2, 3, 4

⇔ (σ−ς ,−iς)abας∂aΨ̃αςσ = iJZκb , ας = 1, 2, 3, 4

Complex vector matrix form:

Cor. 2.3.1. (σ−ς ,−iς)abας∂aΨ̃αςσ = iJZκb ⇔ (σ−ς ,−iς)a∂aΨ̃Zκ(1, ς) = iJZκ

Representation transformation:

Cor. 2.3.2. (σ−ς ,−iς)a∂aΨ̃Zκ(1, ς) = iJZκ ⇔ (σ ⊗ I,−iς)a∂aΨ̃Zκ(1, ς) = iJ̃Zκ(1, ς)

2.4 1
2 -spinor description of gravitino field strength [1, 2]

1
2 -spinor Penrose abstract index form:

Thm. 2.4.1. (σ−ς ,−iς)abας∂aΨ̃αςσ = iJZκb ⇔ ∇A′ςAςψZκAςBς = −ς√
2
JA
′
ςBς

σ,∇A′ςAς = iς√
2
(σ,−iς)A

′
ςAς

a ∂a

Proof: (σ−ς ,−iς)abας∂aΨ̃αςσ = iJZκb
⇔ ∂a(iσαςςabψ

Zκ
ας ) = −JZκb

⇔ ∂a(iσαςςab ·
iς√
2
σAςBςας ψZκAςBς ) = −JZκb

⇔ iSab
AςBς∂aψZκAςBς = −ς√

2
JZκb

⇔ ( ς2δabε
AςBς + iSab

AςBς )∂aψZκAςBς = −ς√
2
JZκb

⇔ iς√
2
(σ,−iς)A

′
ςAς

a εA′ςB′ς ·
iς√
2
(σ,−iς)B

′
ςBς

b ∂aψZκAςBς = −1√
2
JZκb

⇔ iς√
2
(σ,−iς)A

′
ςAς

a εA′ςB′ς∂
aψZκAςBς = −1√

2
JZκb ·

−iς√
2

(σ, iς)bB′ςBς

⇔ iς√
2
(σ,−iς)A

′
ςAς

a ∂aψZκAςBς = −ς√
2
ςεA

′
ςB
′
ςJB′ςBς

⇔ ∇A′ςAςψZκAςBς = −ς√
2
JA
′
ςBς

σ,∇A′ςAς = iς√
2
(σ,−iς)A

′
ςAς

a ∂a

1
2 -spinor tensor form:
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Cor. 2.4.1. ∇A′ςAςψZκAςBς = −ς√
2
JA
′
ςBς

Zκ ⇔ (σ,−iς)A
′
ςAς

a ∂aψ
Zκ
AςBς

= iJA
′
ςBς

Zκ

1
2 -spinor matrix form:

Cor. 2.4.2. (σ,−iς)A
′
ςAς

a ∂aψ
Zκ
AςBς

= iJA
′
ςBς

Zκ ⇔ (σ ⊗ I,−iς)a∂aΨ̃Zκ(1, ς) = iJ̃Zκ(1, ς)

1
2 -spinor square matrix form:

Cor. 2.4.3. (σ,−iς)A
′
ςAς

a ∂aψ
Zκ
AςBς

= iJA
′
ςBς

Zκ ⇔ (σ,−iς)a∂a[ψ]Zκ = i[J ]Zκ

2.5 Full 1
2 -spinor expression of gravitino field

Cor. 2.5.1. ∇A′ςAςψZςAςBς = −ς√
2
JA
′
ςBς

Zς ⇔ ∇A′ςAς∂aψAςBςCς = −ς√
2
JA
′
ςBςCς

Cor. 2.5.2. ∇A′ςAςψZςAςBς = −ς√
2
JA
′
ςBς

Zς ⇔ (σ,−iς)A
′
ςAς

a ∂aψAςBςCς = iJA
′
ςBςCς

2.6 Fully symmetric equation (generalized covariant extension)

Cor. 2.6.1.{
(σ,−iς)A

′
ςAς

a DaψAςBςCς = iJA
′
ςBςCς

ψAςBςCς = 1
3!ψ(AςBςCς), J

A′ςBςCς = 1
2!J

A′ς (BςCς)

⇔

{
DaFab

[Cς ] = −Jb[Cς ], Da ∗ Fab[Cς ] ≡ 0

(σ, iς)a(σ,−iς)bF ab[Cς ] = 0, (σ,−iς)aJa[Cς ] = 0

The proof of the following two corollaries will be left to the future.

Cor. 2.6.2.{
(σ,−iς)A

′
ςAς

a DaψAςBςCς = iJA
′
ςBςCς

ψAςBςCς = 1
3!ψ(AςBςCς), J

A′ςBςCς = 1
2!J

A′ς (BςCς)

⇔ [ 3
2Da + iSab(

3
2 , ς)D

b]kς
lς ( 3

2 , ς)ψlς = Jakς ( 3
2 , ς)

Cor. 2.6.3.{
DaFab

[Cς ] = −Jb[Cς ], Da ∗ Fab[Cς ] ≡ 0

(σ, iς)a(σ,−iς)bF ab[Cς ] = 0, (σ,−iς)aJa[Cς ] = 0
⇔ [ 3

2Da + iSab(
3
2 , ς)D

b]kς
lς ( 3

2 , ς)ψlς = Jakς ( 3
2 , ς)

2.7 Conjecture

Thm. 2.7.1. ∂a ∗ FZκab = 0⇔ FZκab = ∂aA
Zκ
b − ∂bAZκa ⇔ ∂a ∗ FZκab ≡ 0

Thm. 2.7.2. ∂aFZκab = −JZκb , ∂a ∗ FZκab = 0⇔ ∂aFZκab = −JZκb , FZκab = ∂aA
Zκ
b − ∂bAZκa

2.8 Spin tensor expression of gravitino field [7]

Spin tensor matrix of gravitino field: Sab = iσαςςabγας �

[
0 γz −γy −ςγx
−γz 0 γx −ςγy
γy −γx 0 −ςγz
ςγx ςγy ςγz 0

]
(9.5)

Thm. 2.8.1. (∂a + iSab∂
b)βς γςψ

γςZκ(1, ς) = −iσβςςabJbZκ , Sab = iσαςςabγας ⇔ (σ−ς ,−iς)a∂aΨ̃Zκ(1, ς) = iJZκ

An intuitive proof method is as follows:

Proof: (∂a + iSab∂
b)βς γςψ

γςZκ = −iσβςςabJbZκ , Sab = iσαςςabγας

⇔


(∂x + iγz∂y − iγy∂z − iςγx∂π)βς γςψ

γςZκ = −iσβςςxbJbZκ
(∂y + iγx∂z − iγz∂x − iςγy∂π)βς γςψ

γςZκ = −iσβςςybJbZκ

(∂z + iγy∂x − iγx∂y − iςγz∂π)βς γςψ
γςZκ = −iσβςςzbJbZκ

(∂π + iςγx∂x + iςγy∂y + iςγz∂z)
βς
γςψ

γςZκ = −iσβςςπbJbZκ

⇔



 ∂x ∂y ∂z

−∂y ∂x −ς∂π
−∂z ς∂π ∂x


ψxςZκψyςZκ

ψzςZκ

 =

 ςJπZκJzZκ

−JyZκ

 ,
 ∂y −∂x ς∂π

∂x ∂y ∂z

−ς∂π −∂z ∂y


ψxςZκψyςZκ

ψzςZκ

 =

−JzZκςJπZκ

JxZκ


 ∂z −ς∂π −∂x
ς∂π ∂z −∂y
∂x ∂y ∂z


ψxςZκψyςZκ

ψzςZκ

 =

 JyZκ

−JxZκ
ςJπZκ

 , i∂πΨZκ(1, ς) = ςγ · ∇ΨZκ(1, ς)− iς ~JZκ

⇔

{
i∂πΨZκ(1, ς) = iς∇×ΨZκ(1, ς)− iς ~JZκ
∇ ·ΨZκ(1, ς) = ςJπZκ

⇔

{
i∂πΨZκ(1, ς) = ςγ · ∇ΨZκ(1, ς)− iς ~JZκ
∇ ·ΨZκ(1, ς) = ςJπZκ

⇔ (σ−ς ,−iς)a∂aΨ̃Zκ(1, ς) = iJZκ
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Another more analytical and abstract proof is as follows:

Proof: (∂a + iSab∂
b)βς γςψ

γςZκ = −iσβςςabJbZκ , Sab = iσαςςabγας
⇔ σβςςa

cσςγςcb∂
bψγςZκ = −iσβςςabJbZκ

⇔ σβςςacσ
cb
ςγς∂bψ

γςZκ = −iσβςςabJbZκ

⇔ σςadβς
σβςςacσ

cb
ςγς∂bψ

γςZκ = −iσςadβς
σβςςabJ

bZκ

⇔ σdbςγς∂bψ
γςZκ = −iJdZκ

⇔ σabςας∂aψ
αςZκ = iJbZκ , ας = 1, 2, 3

⇔ (σ−ς ,−iς)abας∂aΨ̃αςZκ = iJZκb , ας = 1, 2, 3, 4

The equation (3.3.2) is completely equivalent to gravitino field equation. It is just the spin tensor
expression of gravitino field equation.

Lem. 2.8.1. JβςZκa = −iσβςςabJbZκ ⇔


JzςZκy = −JyςZκz = −ςJxςZκπ = JxZκ

JxςZκz = −JzςZκx = −ςJyςZκπ = JyZκ

JyςZκx = −JxςZκy = −ςJzςZκπ = JzZκ

JxςZκx = JyςZκy = JzςZκz = ςJπZκ

Expand and then we can prove it by expanding. The above spin equation is about special source terms,
so what happens to general source terms? Please look at the following theorem.

Thm. 2.8.2. (∂a + iSab∂
b)βς γςψ

γςZκ = JβςZκa , Sab = iσαςςabγας ⇔ (σ−ς ,−iς)a∂aΨ̃Zκ(1, ς) = iJZκ , JβςZκa = −iσβςςabJbZκ

Proof: (∂a + iSab∂
b)βς γςψ

γςZκ = JβςZκa , Sab = iσαςςabγας

⇔


(∂x + iγz∂y − iγy∂z − iςγx∂π)βς γςψ

γςZκ = JβςZκx

(∂y + iγx∂z − iγz∂x − iςγy∂π)βς γςψ
γςZκ = JβςZκy

(∂z + iγy∂x − iγx∂y − iςγz∂π)βς γςψ
γςZκ = JβςZκz

(∂π + iςγx∂x + iςγy∂y + iςγz∂z)
βς
γςψ

γςZκ = JβςZκπ

⇔



 ∂x ∂y ∂z

−∂y ∂x −ς∂π
−∂z ς∂π ∂x


ψxςZκψyςZκ

ψzςZκ

 =

JxςZκx

JyςZκx

JzςZκx

⇔

∇ ·ΨZκ(1, ς) = JxςZκx

[∇×ΨZκ(1, ς)]zςZκ − ς∂πψzςZκ(1, ς) = JyςZκx

−[∇×ΨZκ(1, ς)]yςZκ + ς∂πψ
yςZκ(1, ς) = JzςZκx ∂y −∂x ς∂π

∂x ∂y ∂z

−ς∂π −∂z ∂y


ψxςZκψyςZκ

ψzςZκ

 =

JxςZκy

JyςZκy

JzςZκy

⇔

−[∇×ΨZκ(1, ς)]zςZκ + ς∂πψ

zςZκ(1, ς) = JxςZκy

∇ ·ΨZκ(1, ς) = JyςZκy

[∇×ΨZκ(1, ς)]xςZκ − ς∂πψxςZκ(1, ς) = JzςZκy ∂z −ς∂π −∂x
ς∂π ∂z −∂y
∂x ∂y ∂z


ψxςZκψyςZκ

ψzςZκ

 =

JxςZκz

JyςZκz

JzςZκz

⇔


[∇×ΨZκ(1, ς)]yςZκ − ς∂πψyςZκ(1, ς) = JxςZκz

−[∇×ΨZκ(1, ς)]xςZκ + ς∂πψ
xςZκ(1, ς) = JyςZκz

∇ ·ΨZκ(1, ς) = JzςZκz

∂πΨZκ(1, ς) + iςγ · ∇ψZκ = JZκπ ⇔ ∂πΨZκ(1, ς)− ς∇×ΨZκ(1, ς) = JZκπ

⇔



JzςZκy = −JyςZκz = −ςJxςZκπ := JxZκ

JxςZκz = −JzςZκx = −ςJyςZκπ := JyZκ

JyςZκx = −JxςZκy = −ςJzςZκπ := JzZκ

JxςZκx = JyςZκy = JzςZκz := ςJπZκ

∂πΨZκ(1, ς)− ς∇×ΨZκ(1, ς) = i ~JZκ

∇ ·ΨZκ(1, ς) = −iJπZκ

⇔ (σ−ς ,−iς)a∂aΨ̃Zκ(1, ς) = iJZκ , JβςZκa = −iσβςςabJbZκ

Another more analytical and abstract proof is as follows:

Thm. 2.8.3. (∂a + iSab∂
b)βς γςψ

γςZκ = JβςZκa , Sab = iσαςςabγας ⇔ JβςZκa = σβςςabσ
bc
ςγς∂cψ

γςZκ

Proof: (∂a + iSab∂
b)βς γςψ

γςZκ = JβςZκa , Sab = iσαςςabγας
⇔ σβςςa

cσςγςcb∂
bψγςZκ = JβςZκa

⇔ JβςZκa = σβςςabσ
bc
ςας∂cψ

αςZκ

⇔


JzςZκy = −JyςZκz = −ςJxςZκπ = iσxbςας∂bψ

αςZκ

JxςZκz = −JzςZκx = −ςJyςZκπ = iσybςας∂bψ
αςZκ

JyςZκx = −JxςZκy = −ςJzςZκπ = iσzbςας∂bψ
αςZκ

JxςZκx = JyςZκy = JzςZκz = iςσπbςας∂bψ
αςZκ
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This theorem indicates that the source term of this spin equation is limited and not arbitrary. Only
the source term case described in the previous theorem has a solution, while the other cases have no
solution.

Cor. 2.8.1. (∂a + iSab∂
b)βς γςψ

γςZκ = JβςZκa , Sab = iσαςςabγας have solutions.⇔ JβςZκa = −iσβςςabJbZκ ,∃JbZκ

3 Analysis of Rarita-Schwinger equation [17]

3.1 Preparation

Rarita-Schwinger lagrangian LRS = −ψ̄aεabcdγ5(ς)γd(ς)[Db + 1
2mγ

b(ς)]ψc(e, ς)

Lem. 3.1.1. εabcdγ5(ς)γd(ς)[Db + 1
2mγ

b(ς)]ψc(e, ς) = 0
⇔ γa(ς)[γb(ς)D

b −m][γc(ς)ψ
c(e, ς)] + [γb(ς)D

b +m]ψa(e, ς)− γa(ς)Dcψ
c(e, ς)−Da[γc(ς)ψ

c(e, ς)] = 0

Proof: εabcdγ5(ς)γd(ς)[Db + 1
2mγ

b(ς)]ψc(e, ς) = 0
⇔ εabcdγ5(ς)γd(ς)Dbψc(e, ς) + 1

2mεabcdγ5(ς)γc(ς)γd(ς)ψb(e, ς) = 0
Using the formula: εabcdγ5(ς)γd(ς) = 2iSab(e, ς)γc(ς)− γ[a(ς)δb]c, εabcdS

cd(e, ς) = −2γ5(ς)iSab(e, ς)

⇔ [2iSab(e, ς)γc(ς)− γ[a(ς)δb]c]D
bψc(e, ς)−mγ5(ς)iSab(e, ς)ψ

b(e, ς) = 0

⇔ γa(ς)[γb(ς)D
b −m][γc(ς)ψ

c(e, ς)] + [γb(ς)D
b +m]ψa(e, ς)− γa(ς)Dcψ

c(e, ς)−Da[γc(ς)ψ
c(e, ς)] = 0

Lem. 3.1.2. εabcdγ5(ς)γd(ς)[Db + 1
2mγ

b(ς)]ψc(e, ς) = 0

⇒

{
m[γa(ς)Da][γb(ς)ψ

b(e, ς)]−m[Daψa(e, ς)] = 0

2[γa(ς)Da][γb(ς)ψ
b(e, ς)]− 2[Daψa(e, ς)]− 3m[γa(ς)ψa(e, ς)] = 0

Proof: εabcdγ5(ς)γd(ς)[Db + 1
2mγ

b(ς)]ψc(e, ς) = 0
⇔ γa(ς)[γb(ς)D

b −m][γc(ς)ψ
c(e, ς)] + [γb(ς)D

b +m]ψa(e, ς)− γa(ς)Dcψ
c(e, ς)−Da[γc(ς)ψ

c(e, ς)] = 0

⇒


[γa(ς)Da][γb(ς)D

b −m][γc(ς)ψ
c(e, ς)] + [γb(ς)D

b +m][Daψa(e, ς)]− [γa(ς)Da]Dcψ
c(e, ς)

−DaDa[γc(ς)ψ
c(e, ς)] = 0

4[γb(ς)D
b −m][γc(ς)ψ

c(e, ς)] + [γb(ς)D
b +m][γa(ς)ψa(e, ς)]− 4Dcψ

c(e, ς)− [γa(ς)Da][γc(ς)ψ
c(e, ς)] = 0

⇔

{
m[γa(ς)Da][γb(ς)ψ

b(e, ς)]−m[Daψa(e, ς)] = 0

2[γa(ς)Da][γb(ς)ψ
b(e, ς)]− 2[Daψa(e, ς)]− 3m[γa(ς)ψa(e, ς)] = 0

⇔ γa(ς)ψa(e, ς) = 0, Daψ
a(e, ς) = 0

Lem. 3.1.3.

{
m[γa(ς)Da][γb(ς)ψ

b(e, ς)]−m[Daψa(e, ς)] = 0

2[γa(ς)Da][γb(ς)ψ
b(e, ς)]− 2[Daψa(e, ς)]− 3m[γa(ς)ψa(e, ς)] = 0

⇔

{
γa(ς)ψa(e, ς) = 0, Daψ

a(e, ς) = 0,m 6= 0

Daψ
a(e, ς) = [γa(ς)Da][γb(ς)ψ

b(e, ς)] = 0,m = 0

3.2 Equivalent form of Rarita-Schwinger equation with mass

Cor. 3.2.1. εabcdγ5(ς)γd(ς)[Db + 1
2mγ

b(ς)]ψc(e, ς) = 0,m 6= 0
⇔ [γb(ς)D

b +m]ψa(e, ς) = 0, γa(ς)ψa(e, ς) = 0, Daψ
a(e, ς) = 0,m 6= 0

Proof: εabcdγ5(ς)γd(ς)[Db + 1
2mγ

b(ς)]ψc(e, ς) = 0
⇔ γa(ς)[γb(ς)D

b −m][γc(ς)ψ
c(e, ς)] + [γb(ς)D

b +m]ψa(ς)− γa(ς)Dcψ
c(e, ς)−Da[γc(ς)ψ

c(e, ς)] = 0
⇔ [γb(ς)D

b +m]ψa(e, ς) = 0, γa(ς)ψa(e, ς) = 0, Daψ
a(e, ς) = 0

Cor. 3.2.2. [γb(ς)D
b +m]ψa(e, ς) = 0, γa(ς)ψa(e, ς) = 0, Daψ

a(e, ς) = 0,m 6= 0
⇔ [γb(ς)D

b +m]ψa(e, ς) = 0, γa(ς)ψa(e, ς) = 0,m 6= 0

Important conclusions:

Thm. 3.2.1. εabcdγ5(ς)γd(ς)[Db + 1
2mγ

b(ς)]ψc(e, ς) = 0⇔ [γb(ς)D
b +m]ψa(e, ς) = 0, γa(ς)ψa(e, ς) = 0;m 6= 0

3.3 Equivalent form of Rarita-Schwinger equation without mass

Cor. 3.3.1. εabcdγ5(ς)γd(ς)Dbψc(e, ς) = 0⇔ γb(ς)[D
bψa(e, ς)−Daψb(e, ς)] = 0, Daψ

a(e, ς) = [γa(ς)Da][γb(ς)ψ
b(e, ς)]

Proof: εabcdγ5(ς)γd(ς)Dbψc(e, ς) = 0
⇔ γa(ς)[γb(ς)D

b][γc(ς)ψ
c(e, ς)] + [γb(ς)D

b]ψa(ς)− γa(ς)Dcψ
c(e, ς)−Da[γc(ς)ψ

c(e, ς)] = 0
⇔ γb(ς)[D

bψa(e, ς)−Daψb(e, ς)] = 0, Daψ
a(e, ς) = [γa(ς)Da][γb(ς)ψ

b(e, ς)]

Cor. 3.3.2. γb(ς)[D
bψa(e, ς)−Daψb(e, ς)] = 0⇒ Daψ

a(e, ς) = [γa(ς)Da][γb(ς)ψ
b(e, ς)],
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Cor. 3.3.3. γb(ς)[D
bψa(e, ς)−Daψb(e, ς)] = 0

⇒ [γb(ς)D
b]ψa(e, ς) = Da[γb(ς)ψ

b(e, ς)]
⇒ γa(ς)γb(ς)D

bψa(e, ς) = [γa(ς)Da][γb(ς)ψ
b(e, ς)]

⇒ [2δab − γb(ς)γa(ς)]Dbψa(e, ς) = [γa(ς)Da][γb(ς)ψ
b(e, ς)]

⇒ Daψ
a(e, ς) = [γa(ς)Da][γb(ς)ψ

b(e, ς)],

Cor. 3.3.4. γb(ς)[D
bψa(e, ς)−Daψb(e, ς)] = 0, Daψ

a(e, ς) = [γa(ς)Da][γb(ς)ψ
b(e, ς)]

⇔ γb(ς)[D
bψa(e, ς)−Daψb(e, ς)] = 0

Cor. 3.3.5. εabcdγ5(ς)γd(ς)Dbψc(e, ς) = 0⇔ γb(ς)[D
bψa(e, ς)−Daψb(e, ς)] = 0

Important conclusions:

Thm. 3.3.1. εabcdγ5(ς)γd(ς)Dbψc(e, ς) = 0⇔ γa(ς)F ab(e, ς) = 0, F ab(e, ς) ≡ Daψb(e, ς)−Dbψa(e, ς)

Cor. 3.3.6. εabcdγ5(ς)γd(ς)Dbψc(e, ς) = 0, γa(ς)ψa(e, ς) = 0()
⇔ γb(ς)D

bψa(e, ς) = 0, γa(ς)ψa(e, ς) = 0

3.4 Equivalent form of Weyl Type R-S equation

Cor. 3.4.1. εabcd(σ,−iς)dDbψc(ς) = 0⇔ (σ,−iς)b[Dbψa(ς)−Daψb(ς)] = 0, Daψ
a(ς) = [(σ, iς)aD

a][(σ,−iς)bψb(ς)]

Cor. 3.4.2. (σ,−iς)b[Dbψa(ς)−Daψb(ς)] = 0⇒ Daψ
a(ς) = [(σ, iς)aD

a][(σ,−iς)bψb(ς)]

Cor. 3.4.3. εabcd(σ,−iς)dDbψc(ς) = 0⇔ (σ,−iς)b[Dbψa(ς)−Daψb(ς)] = 0

Important conclusions:

Thm. 3.4.1. εabcd(σ,−iς)dDbψc(ς) = 0⇔ (σ,−iς)aF ab( 3
2 , ς) = 0, F ab( 3

2 , ς) := Daψb(ς)−Dbψa(ς)

Cor. 3.4.4. Fuv(
3
2 , ς) ≡ Duψv(ς)−Dvψu(ς)⇔ Fuv(

3
2 , ς) = (∂u + i

2σαςA
ας
u )ψv(ς)− (∂v + i

2σαςA
ας
v )ψu(ς)

Cor. 3.4.5. εabcd(σ,−iς)dDbψc(ς) = 0, (σ,−iς)aψa(ς) = 0⇔ (σ,−iς)bDbψa(ς) = 0, (σ,−iς)aψa(ς) = 0

3.5 Equivalent spin tensor form with lower first derivative for Weyl Type R-S equation

Cor. 3.5.1. εabcd(σ,−iς)dDbψc(ς) = 0⇔ [ 1
2δab + iSab(ς)]F

bc( 3
2 , ς) = 0, F bc( 3

2 , ς) ≡ D
bψc(ς)−Dcψb(ς)

4 Comparison between equations
4.1 Comparison between Weyl type and Penrose type gravitino equation

Weyl type R-S equation: (σ,−iς)aF ab( 3
2 , ς) = 0↔ Penrose type R-S equation: ∂aF

ab( 3
2 , ς) = −Jb(ς)

(9.6)

Fuv(
3
2 , ς) ≡ (∂u + i

2A
ας
u σας )ψv(ς)− (∂v + i

2A
ας
v σας )ψu(ς) (9.7)

Formally it is equivalent to (σ,−iς)a ↔ ∂a. The gravitational field case and the gravitino case are also
very similar in form.
4.2 Comparison between Einstein equation and gauge equation of gravitational field

Einstein equation of gravitational field: (σ−ς ,−iς)aFab(2, ς) = ςT̄ b ↔ Gauge equation of gravitational field: DaFab(2, ς) = −J b(ς)
(9.8)

Fuv(2, ς) = (∂u + i
2A

ας
u Rας )Av(ς)− (∂v + i

2A
ας
v Rας )Au(ς) (9.9)

Formally it is equivalent to (σ−ς ,−iς)a ↔ Da
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1 Description of spin vector Wa

1.1 Definition of spin vectors Wa,Wa(s, ς)

s-spin tensor matrix: S(ab)(s, ς) =

 0 σz(s) −σy(s) −ςσx(s)
−σz(s) 0 σx(s) −ςσy(s)
σy(s) −σx(s) 0 −ςσz(s)
ςσx(s) ςσy(s) ςσz(s) 0

 (10.1)

Def. 1.1.1. Wa := −i ∗Mabp
b = −i

2 εabcdM
bcpd

Def. 1.1.2. Wa(s, ς) := −i ∗Mab(s, ς)p
b,Mab(s, ς) = Lab + Sab(s, ς)

Pro. 1.1.1. Wap
a = 0,Wa(s, ς)pa = 0

The above shows that the spin vector is orthogonal to momentum and has only three independent
components.

Pro. 1.1.2. ∗Labpb = 0

Proof: ∗Labpb = 1
2εabcd(x

cpd − xdpc)pb = εabcdx
cpdpb = εabcdx

cpbpd = 0

The above shows Orbital angular momentum has no contribution to the spin vector, so the following
conclusions are obtained.

Cor. 1.1.1.

{
Wa = −i ∗ Sabpb

Wa(s, ς) = −i ∗ Sab(s, ς)pb = iςSab(s, ς)p
b

1.2 Properties of spin vector Wa(s, ς)

Pro. 1.2.1. Wa(s, ς)W a(s, ς) = m2s(s+ 1),m2 = −papa

Proof: Wa(s, ς)W a(s, ς) = [iςSab(s, ς)p
b][iςSac(s, ς)pc]

⇔Wa(s, ς)W a(s, ς) = −paSca(s, ς)Scb(s, ς)pb
⇔Wa(s, ς)W a(s, ς) = paSac(s, ς)S

c
b(s, ς)p

b

⇔Wa(s, ς)W a(s, ς) = −pas(s+ 1)δabp
b

⇔Wa(s, ς)W a(s, ς) = −s(s+ 1)pap
a

⇔Wa(s, ς)W a(s, ς) = m2s(s+ 1),m2 = −papa

Using property of the constant tensor Sab, the following general conclusions can be proved.

Pro. 1.2.2. WaW
a = m2s(s+ 1),m2 = −papa 6= 0

Proof: WaW
a = [−i ∗ Sabpb][−i ∗ Sabpb]

= −[∗Sab(0, 0, 0, im)b][∗Sab(0, 0, 0, im)b]
= −[∗Saπip][∗Saπip]
= m2 ∗ Saπ ∗ Saπ
= −m2(S2

xy + S2
yz + S2

zx)
= m2s(s+ 1)

Pro. 1.2.3. WaW
a = p2s(s+ 1)− p2(S2

xπ + S2
yπ + S2

xy),m2 = −papa = 0

Proof: WaW
a = [−i ∗ Sabpb][−i ∗ Sabpb]

= −[∗Sab(0, 0, p, ip)b][∗Sab(0, 0, p, ip)b]
= −[∗Sazp][∗Sazp]− [∗Saπip][∗Saπip]
= −p2 ∗ Saz ∗ Saz − p2 ∗ Saπ ∗ Saπ
= p2(S2

xπ + S2
yπ + S2

xy)− p2(S2
xy + S2

yz + S2
zx)

= p2s(s+ 1)− p2(S2
xπ + S2

yπ + S2
xy)
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Pro. 1.2.4. Wa(s, ς)W a(s, ς) = 0,m2 = −papa = 0

Pro. 1.2.5. [Wa(s, ς),Wb(s, ς)] = ς[Wa(s, ς)pb −Wb(s, ς)pa]−m2Sab(s, ς)

Pro. 1.2.6. ~W (s, ς) = −iςσ(s)× ~p− iσ(s)pπ,Wπ(s, ς) = iσ(s) · ~p

Pro. 1.2.7. ~W (s, ς)× ~W (s, ς) = ς ~W (s, ς)× ~p+ im2σ(s)

Pro. 1.2.8. [σ(s), iς]aW
a(s, ς) = −is(s+ 1)pπ

1.3 Properties of spin vector Wa(s, ς) in a special coordinate system

Properties of Wa(s, ς) for massive particles in the follow-up coordinate system:

Pro. 1.3.1. ~W (s, ς) = mσ(s),Wπ(s, ς) = 0 for ~p = 0

Properties of Wa(s, ς) for massless particles in the motional direction coordinate system:

Pro. 1.3.2.

{
Wx(s, ς) = [σx(s)− iςσy(s)]p,Wy(s, ς) = [σy(s) + iςσx(s)]p

Wz(s, ς) = σz(s)p,Wπ(s, ς) = iσz(s)p
for

{
m = 0, px = py = 0

pz = −ipπ = p > 0

Cor. 1.3.1. [Mab, pcp
c] = 0, [Lab, pcp

c] = 0, [Sab, pcp
c] = 0, [pa, pcp

c] = 0, [pa,Wb] = 0

1.4 Commutative relation of spin vector Wa(s, ς) and pa, Sab(s, ς)

Commutative relation:
i[Sab(s, ς), Scd(s, ς)] = gadSbc(s, ς)− gacSbd(s, ς) + gbcSad(s, ς)− gbdSac(s, ς)
[Wa(s, ς),Wb(s, ς)] = ς[Wa(s, ς)pb +Wb(s, ς)pa + iSab(s, ς)pcp

c]

[Wa(s, ς), Sbc(s, ς)] = gacWb(s, ς)− gabWc(s, ς)− iSac(s, ς)pb + iSab(s, ς)pc

[pa,Wb(s, ς)] = 0, [pa, Sbc(s, ς)] = 0, [pa, pb] = 0

(10.2)

1.5 Casimir operators of Poincare group with massive particles [8]

Pro. 1.5.1. Wa(s, ς)W a(s, ς) = m2s(s+ 1), pap
a = −m2, paW

a(s, ς) = 0

1.6 Casimir operators of Poincare group with massless particles [8]

Pro. 1.6.1. Wa(s, ς)W a(s, ς) = 0, pap
a = 0, paW

a(s, ς) = 0

1.7 Unified description of spin tensor Sab(s, ς)

Sab(s, ς) is suitable for any component form.

tr[Sab(s, ς)Scd(s, ς)] = − 2
3s(s+ 1

2 )(s+ 1)σαςςabσςαςcd (10.3)

tr[Sab(s,−ς)Scd(s,−ς)] = − 2
3s(s+ 1

2 )(s+ 1)σ
α′ς
−ςabσ−ςα′ςcd (10.4)

Sac(s, ς)S
c
b(s, ς) = −s(s+ 1)δab, Sac(s,−ς)Scb(s,−ς) = −s(s+ 1)δab (10.5)

σ2(s) = 1
4Sab(s, ς)S

ab(s, ς) = 1
4Sab(s,−ς)S

ab(s,−ς) = s(s+ 1) (10.6)

2 Construction of spin equation
2.1 A new particle equation directly constructed by spin quantities

The following particle equation is directly constructed from the spin quantity:

[(s+ φ)Da + iSabD
b]ψ = Ja (10.7)

ψ is the particle state spinor, s is the particle spin, Sab is the particle spin tensor, φ is a scalar field, Ja
is the spinor source and Da is the covariant derivative.
2.2 Properties of the new particle equation

s-spin matrix: Sab(s, ς) = iσαςςabσας (s) �

 0 σz(s) −σy(s) −ςσx(s)
−σz(s) 0 σx(s) −ςσy(s)
σy(s) −σx(s) 0 −ςσz(s)
ςσx(s) ςσy(s) ςσz(s) 0


Thm. 2.2.1. [(s+ φ)∂a + iSab(s, ς)∂

b]ψ = 0⇒ φ = 0 or φ = −(2s+ 1) or σ(s) · ∇ψ = 0, ∂πψ = 0

Proof: [(s+ φ)∂a + iSab(s, ς)∂
b]ψ = 0

⇔


[(s+ φ)∂x + iσz(s)∂y − iσy(s)∂z − iςσx(s)∂π]ψ = 0

[(s+ φ)∂y + iσx(s)∂z − iσz(s)∂x − iςσy(s)∂π]ψ = 0

[(s+ φ)∂z + iσy(s)∂x − iσx(s)∂y − iςσz(s)∂π]ψ = 0

[(s+ φ)∂π + iςσx(s)∂x + iςσy(s)∂y + iςσz(s)∂z]ψ = 0
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⇒

{
[(s+ 1 + φ)σ(s) · ∇ − iςσ2(s)∂π]ψ = 0

[(s+ φ)∂π + iςσ · ∇]ψ = 0

⇔

{
σ(s) · ∇ψ = iς(s+ φ)∂πψ

[(s+ φ)(s+ 1 + φ)− s(s+ 1)]∂πψ = 0

⇔ φ = 0 or φ = −(2s+ 1) or σ(s) · ∇ψ = 0, ∂πψ = 0

Thm. 2.2.2. [s∂a + iSab∂
b]ψ = 0⇒ ∂a∂

aψ = 0

Proof: [s∂a + iSab∂
b]ψ = 0

⇒ ∂a[s∂a + iSab∂
b]ψ = 0

⇔ [s∂a∂
a + iSab∂

a∂b]ψ = 0
⇔ [s∂a∂

a + 0]ψ = 0
⇔ ∂a∂

aψ = 0

This equation describes massless particles.

Thm. 2.2.3.

{
When φ 6= 0, [(s+ φ)∂a + iSab(s, ς)∂

b]ψ(s, ς) = 0 has no plane wave solutions.

When φ = 0, [(s+ φ)∂a + iSab(s, ς)∂
b]ψ(s, ς) = 0 has plane wave solutions.

Proof: Because this equation describes massless particles, the particle motion direction can always
be selected as z, at this time pa = (0, 0, p, ip), then

[(s+ φ)pa + iSab(s, ς)p
b]ψ(s, ς) = 0

⇔


[(s+ φ)px + iσz(s)py − iσy(s)pz − iςσx(s)pπ]ψ(s, ς) = 0

[(s+ φ)py + iσx(s)pz − iσz(s)px − iςσy(s)pπ]ψ(s, ς) = 0

[(s+ φ)pz + iσy(s)px − iσx(s)py − iςσz(s)pπ]ψ(s, ς) = 0

[(s+ φ)pπ + iςσx(s)px + iςσy(s)py + iςσz(s)pz]ψ(s, ς) = 0

⇔


[−iσy(s)pz − iςσx(s)pπ]ψ(s, ς) = 0

[iσx(s)pz − iςσy(s)pπ]ψ(s, ς) = 0

[(s+ φ)pz − iςσz(s)pπ]ψ(s, ς) = 0

[(s+ φ)pπ + iςσz(s)pz]ψ(s, ς) = 0

⇔

{
[σx(s)− iςσy(s)]pψ(s, ς) = 0⇔ ψm(s, ς) = 0,m = s− 1, · · · ,−(s− 1), ςs

[(s+ φ) + ςσz(s)]pψ(s, ς) = 0

⇔

{
ψm(s, ς) = 0,m = s− 1, · · · ,−(s− 1), ςs

φψ−ςs(s, ς) = 0

⇔


When φ 6= 0, ψ(s, ς) = 0, that is, all spin components are zero.

When φ = 0, ψ(s, ς) = [1
2 (ς − 1)ψs, 0, · · · , 0, 1

2 (ς + 1)ψ−s]
T eip·x

That is, − ςs− spin component may not be zero and the remaining components are all zero.

⇔

{
When φ 6= 0, [(s+ φ)∂a + iSab(s, ς)∂

b]ψ(s, ς) = 0 has no plane wave solutions.

When φ = 0, [(s+ φ)∂a + iSab(s, ς)∂
b]ψ(s, ς) = 0 has plane wave solutions.

That is, φ in this equation has a similar switching effect.

Cor. 2.2.1. [s∂a + iSab(s, ς)∂
b]ψ(s, ς) = 0 has plane wave solutions:

ψ(s, ς) = [1
2 (ς − 1)ψs, 0, · · · , 0, 1

2 (ς + 1)ψ−s]
T eip·x

2.3 Definition of spin equation

Def. 2.3.1. [sDa + iSabD
b]ψ = Ja is called Spin Equation.

Cor. 2.3.1. (sδab + iSab)D
bψ = Ja

2.4 An equivalent expression of spin equation

Cor. 2.4.1. [sP̂a + ςŴa(s, ς)]ψ(s, ς) = −iJa(s, ς), P̂a := −i∂a, Ŵa(s, ς) := ςSab(s, ς)∂
b

That is, the switch spin equation can be regarded as an equation determined by the relation between
momentum and spin vector.

Thm. 2.4.1. [s∂a + iSab(s, ς)∂
b]ψ = 0⇔ [sςp̂a + Ŵa(s, ς)]ψ(s, ς) = 0⇔ Ŵa(s, ς)ψ(s, ς) = −sςp̂aψ(s, ς)
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2.5 Definition of switch spin equation

Def. 2.5.1. [(s+ φ)Da + iSabD
b]ψ = Ja is called Switch Spin Equation, φ is called switch type scalar field.

Cor. 2.5.1. [(s+ φ)δab + iSab]D
bψ = Ja

2.6 An equivalent expression of switch spin equation

Cor. 2.6.1. [(s+ φ)p̂a + ςŴa(s, ς)]ψ(s, ς) = −iJa(s, ς)

That is, the spin equation can be regarded as an equation determined by the relation between momen-
tum and spin vector.

3 Spin equations of various particles
3.1 Neutrino [5] spin equation

Neutrino spin matrix: Sab(ς) = i
2σ

ας
ςabσας �

1
2

[
0 σz −σy −ςσx
−σz 0 σx −ςσy
σy −σx 0 −ςσz
ςσx ςσy ςσz 0

]
(10.8)

Thm. 3.1.1. [ 1
2Da + iSab(ς)D

b]ψ( 1
2 , ς) = 0⇔ (σ,−iς)aDaψ( 1

2 , ς) = 0

3.2 Electron [4] spin equation in any N+1 dimensional space-time

Electron spin equation in n=N+1 dimensional space-time:

Thm. 3.2.1. [ 1
2 (Da +mγa) + iSabD

b]ψ = 0, Sab = − i
4 [γa, γb]⇔ (γaDa +m)ψ = 0

Proof: [ 1
2 (Da +mγa) + iSabD

b]ψ = 0, Sab = − i
4 [γa, γb]

⇔ [(2iSab + δab)D
b + γam]ψ = 0, Sab = − i

4 [γa, γb]
⇔ [ 1

2 ([γa, γb] + {γa, γb})Db + γam]ψ = 0
⇔ γa(γbD

b +m)ψ = 0
⇔ (γaD

a +m)ψ = 0
⇔ (γaDa +m)ψ = 0

Electron spin equation in four dimensional space-time:

Cor. 3.2.1. { 1
2 [Da +mγa(ς)] + iSab(e, ς)D

b}ψ(e, ς) = 0⇔ [γa(ς)Da +m]ψ(e, ς) = 0

3.3 Spin equation of Yang-Mills field [6]

Thm. 3.3.1. (Da + iSabD
b)βς γςΨ

γςσ(1, ς) = −iσβςςabJbσ, Sab = iσαςςabγας
⇔ (σ−ς ,−iς)aDaψ̃

σ(1, ς) = iJ̃ σ(1, ς)

Thm. 3.3.2. (Da + iSabD
b)βς γςψ

γςσ(1, ς) = −iσβςςabJbσ, Sab = iσαςςabγας ⇔ (σ−ς ,−iς)aDaψ̃
σ(1, ς) = iJσ

3.4 Spin equation of s-spin particle: fully symmetric Penrose equation [1, 2]

3.4.1 s-spin equation

s-spin matrix: Sab(s, ς) = iσαςςabσας (s) �

 0 σz(s) −σy(s) −ςσx(s)
−σz(s) 0 σx(s) −ςσy(s)
σy(s) −σx(s) 0 −ςσz(s)
ςσx(s) ςσy(s) ςσz(s) 0

 (10.9)

Thm. 3.4.1.



∇A′ςAςψAςBςCς · · ·︸ ︷︷ ︸
2s

= −ς√
2
JA
′
ς
BςCς · · ·︸ ︷︷ ︸

2s−1

ψAςBςCς · · ·︸ ︷︷ ︸
2s

= 1
(2s)!ψ(AςBςCς · · · )︸ ︷︷ ︸

2s

JA
′
ς
BςCς · · ·︸ ︷︷ ︸

2s−1

= 1
(2s−1)!J

A′ς
(BςCς · · · )︸ ︷︷ ︸

2s−1

⇔ [sDa + iSab(s, ς)D
b]ψ(s, ς) = −

√
2ςsZ̄a(s, ς)J̃(s)

Proof: ∇A′ςAςψAςBςCς · · ·︸ ︷︷ ︸
2s

= −ς√
2
JA
′
ς
BςCς · · ·︸ ︷︷ ︸

2s−1

, ψAςBςCς · · ·︸ ︷︷ ︸
2s

= 1
(2s)!ψ(AςBςCς · · · )︸ ︷︷ ︸

2s

, JA
′
ς
BςCς · · ·︸ ︷︷ ︸

2s−1

= 1
(2s−1)!J

A′ς
(BςCς · · · )︸ ︷︷ ︸

2s−1

⇔ (σ,−iς)A
′
ςAς
a DaψAςBςCς · · ·︸ ︷︷ ︸

2s

= iJA
′
ς
BςCς · · ·︸ ︷︷ ︸

2s−1

⇔ (σ,−iς)A
′
ςAς
a ΓkςAςBςCς · · ·︸ ︷︷ ︸

2s

(s)Daψkς (s) = iJA
′
ς
BςCς · · ·︸ ︷︷ ︸

2s−1

⇔ (σ,−iς)A
′
ςAς
a Nkς

Aς lς
(s)ΓlςBςCς · · ·︸ ︷︷ ︸

2s−1

(s− 1
2 )Daψkς (s) = iJA

′
ς
BςCς · · ·︸ ︷︷ ︸

2s−1

⇔ (σ,−iς)A
′
ςAς
a Nkς

Aς lς
(s)Daψkς (s) = iJA

′
ς lς (s− 1

2 )

⇔ NZς lς
jς

(s)(σ, iς)aZςA′ς (σ,−iς)
A′ςAς
b Nkς

Aς lς
(s)Dbψkς (s) = iNZς lς

jς
(s)(σ, iς)aZςA′ςJ

A′ς lς (s− 1
2 )
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⇔ NZς lς
jς

(s)[δabδZς
Aς + 2iSabZς

Aς ( 1
2 , ς)]N

kς
Aς lς

(s)Dbψkς (s) = iNZς lς
jς

(s)(σ, iς)aZςA′ςJ
A′ς lς (s− 1

2 )

⇔ [sδabδjς
kς + iSabjς

kς (s, ς)]Dbψkς (s) = is(σ, iς)aAςA′ςN
Aς lς
jς

(s)JA
′
ς lς (s− 1

2 )

⇔ [sδabδjς
kς + iSabjς

kς (s, ς)]Dbψkς (s) = isδab(σ, iς)
b
AςA

′
ς
Γ

2s︷ ︸︸ ︷
AςBςCς · · ·
jς

(s)JA
′
ς
BςCς · · ·︸ ︷︷ ︸

2s−1

⇔ [sδabδjς
kς + iSabjς

kς (s, ς)]Dbψkς (s) = −
√

2ςsZalςA′ςjς (s, ς)J
A′ς lς (s− 1

2 )

⇔ [sDa + iSab(s, ς)D
b]ψ(s, ς) = −

√
2ςsZ̄a(s, ς)J̃(s), ψ(s, ς) ≺ ψkς (s), J̃(s) ≺ JA′ς lς (s− 1

2 )

From the above, it can be seen that the s-spin equation is the spin tensor expression of the fully
symmetric Penrose equation.

Cor. 3.4.1. (σ ⊗ I22s−1 ,−iς)aDaψ̂(s, ς) = iĴ(s, ς)⇔ (σ ⊗ I2s,−iς)aDaψ̃(s, ς) = iJ̃(s, ς)

Proof: (σ ⊗ I22s−1 ,−iς)aDaψ̂(s, ς) = iĴ(s, ς)
⇔ (σ ⊗ I22s−1 ,−iς)aΓ(s)Daψ(s, ς) = i[I ⊗ Γ(s− 1

2 )]J̃(s, ς)

⇔ (σ ⊗ I22s−1 ,−iς)a[Iw+1 ⊗ Γ(s− 1
2 )]N(s)Daψ(s, ς) = i[I ⊗ Γ(s− 1

2 )]J̃(s, ς)

⇔ [Iw+1 ⊗ Γ(s− 1
2 )](σ ⊗ I2s,−iς)aN(s)Daψ(s, ς) = i[I ⊗ Γ(s− 1

2 )]J̃(s, ς)

⇔ (σ ⊗ I2s,−iς)aDaψ̃(s, ς) = iJ̃(s, ς)

Cor. 3.4.2. [sDa + iSab(s, ς)D
b]ψ(s, ς) = −

√
2ςsZ̄a(s, ς)J̃(s)⇔ (σ ⊗ I2s,−iς)aDaψ̃(s, ς) = iJ̃(s, ς)

Proof: [sDa + iSab(s, ς)D
b]ψ(s, ς) = −

√
2ςsZ̄a(s, ς)J̃(s, ς)

⇔ [sδabI2s+1 + iSab(s, ς)]D
bψ(s, ς) = −

√
2ςsZ̄a(s, ς)J̃(s, ς)

⇔ 2sZ̄a(s, ς)Zb(s, ς)D
bψ(s, ς) = −

√
2ςsZ̄a(s, ς)J̃(s, ς)

⇔ Zb(s, ς)D
bψ(s, ς) = −ς√

2
J̃(s, ς)

⇔ (σ ⊗ I2s,−iς)aDaψ̃(s, ς) = iJ̃(s, ς)

Cor. 3.4.3.
(σ,−iς)A

′
ςAς

a DaψAςBςCς · · ·︸ ︷︷ ︸
2s

= iJA
′
ςBςCς · · ·︸ ︷︷ ︸

2s−1

ψAςBςCς · · ·︸ ︷︷ ︸
2s

= 1
(2s)!ψ(AςBςCς · · · )︸ ︷︷ ︸

2s

, JA
′
ςBςCς · · ·︸ ︷︷ ︸

2s−1

= 1
(2s−1)!J

A′ςBςCς · · ·︸ ︷︷ ︸
2s−1

⇔ (σ ⊗ I2s,−iς)aDaψ̃(s, ς) = iJ̃(s, ς)

Cor. 3.4.4. [sDa + iSab(s, ς)D
b]ψ(s, ς) = Ja(s, ς)⇒ Ja(s, ς) = 2s

2s+1 Z̄a(s, ς)Zb(s, ς)Jb(s, ς)

Proof: [sDa + iSab(s, ς)D
b]ψ(s, ς) = Ja(s, ς)

⇔ 2sZ̄a(s, ς)Zb(s, ς)D
bψ(s, ς) = Ja(s, ς)

⇒ Zb(s, ς)D
bψ(s, ς) = 1

2s+1Z
a(s, ς)Ja(s, ς)

⇒ 2sZ̄a(s, ς)Zb(s, ς)D
bψ(s, ς) = 1

2s+12sZ̄a(s, ς)Zb(s, ς)Jb(s, ς)
⇒ Ja(s, ς) = 2s

2s+1 Z̄a(s, ς)Zb(s, ς)Jb(s, ς)

Cor. 3.4.5. [sDa + iSab(s, ς)D
b]ψ(s, ς) = Ja(s, ς)⇔ Ja(s, ς) 6= 2s

2s+1 Z̄a(s, ς)Zb(s, ς)Jb(s, ς)

3.4.2 Equivalence between different order spin equations (It needs to be improved).

Thm. 3.4.2. [sDa + iSab(s, ς)D
b]ψ(s, ς) = −

√
2ςsZ̄a(s, ς)J̃(s, ς)

⇔ [(s− l)Da + iSab(s− l, ς)Db]ψ

2l︷ ︸︸ ︷
AςBς · · ·(s− l, ς) = −

√
2ςsZ̄a(s− l, ς)J̃

2l︷ ︸︸ ︷
AςBς · · ·(s− l, ς)

l = 0, 1
2 , 1, · · · , s+ Symmetry condition.

3.4.3 Properties of source Ja(s, ς)

Cor. 3.4.6. Ja(s, ς) = 2s
2s+1 Z̄a(s, ς)Zb(s, ς)Jb(s, ς)⇔ ∃J̃(s, ς), Ja(s, ς) = −

√
2ςsZ̄a(s, ς)J̃(s, ς)

Cor. 3.4.7. Ja(s, ς) = 2s
2s+1 Z̄a(s, ς)Zb(s, ς)Jb(s, ς)⇔ Ja(s, ς) = 1

s+1 iSab(s, ς)J
b(s, ς)

Cor. 3.4.8. Ja(s, ς) = 1
s+1 iSab(s, ς)J

b(s, ς)⇔

{
(s+ 1)J = −iσ(s)× J− iςσ(s)Jπ
σ(s) · J + iς(s+ 1)Jπ = 0

Pro. 3.4.1. σ(s) · [σ(s)× J] = iσ(s) · J

Cor. 3.4.9. (s+ 1)J = −iσ(s)× J− iςσ(s)Jπ ⇒ σ(s) · J + iς(s+ 1)Jπ = 0

Cor. 3.4.10. Ja(s, ς) = 1
s+1 iSab(s, ς)J

b(s, ς)⇔ (s+ 1)J = −iσ(s)× J− iςσ(s)Jπ
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3.4.4 Helicity of massless s-spin particles

Def. 3.4.1. Helicity of massless s-spin particles: P(s) := σ(s)·~p
|~p|

Cor. 3.4.11. [s∂a + iSab(s, ς)∂
b]ψ(s, ς) = 0⇒ [σ(s),−isς]a∂aϕ(s, ς) = 0, ∂a∂aϕ(s, ς) = 0

Cor. 3.4.12.

{
(~p 2 − E2)ψ(s, ς) = 0

σ(s) · ~pψ(s, ς) = −sςEψ(s, ς)
⇒P(s)ψ(s, ς) = σ(s)·~p

|~p | ψ(s, ς) =

{
−sςψ(s, ς), E = |~p |
sςψ(s, ς), E = −|~p |

From the above, the eigenvalue of the helicity of a massless s-spin particle can only be ±s and no other
values.
3.5 Spin equation of s-spin particles in even dimensional space-time

Penrose equation with full symmetry in even dimensional space-time [1, 2]??
3.5.1 s-spin equation in even dimensional space-time

Lem. 3.5.1. ?(Γ,−iς)A
′
ςAς
a (Γ, iς)a

BςB
′
ς

= 2δAςBς δ
A′ς
B′ς

Lem. 3.5.2. (Γ,−iς)A
′
ςAς
a Nkς

Aς lς
(s;n)NBςmς

kς
(s;n)(Γ, iς)a

BςB
′
ς

= 2(1 + n
2s )δ

A′ς
B′ς
δmςlς

Thm. 3.5.1.



∇A′ςAςψAςBςCς · · ·︸ ︷︷ ︸
2s

= −ς√
2
JA
′
ς
BςCς · · ·︸ ︷︷ ︸

2s−1

ψAςBςCς · · ·︸ ︷︷ ︸
2s

= 1
(2s)!ψ(AςBςCς · · · )︸ ︷︷ ︸

2s

JA
′
ς
BςCς · · ·︸ ︷︷ ︸

2s−1

= 1
(2s−1)!J

A′ς
(BςCς · · · )︸ ︷︷ ︸

2s−1

⇔ [sDa + iSab(s, ς;n)Db]ψ(s, ς;n) = −
√

2ςsZ̄a(s, ς)J̃(s;n)

Proof: ∇A′ςAςψAςBςCς · · ·︸ ︷︷ ︸
2s

= −ς√
2
JA
′
ς
BςCς · · ·︸ ︷︷ ︸

2s−1

, ψAςBςCς · · ·︸ ︷︷ ︸
2s

= 1
(2s)!ψ(AςBςCς · · · )︸ ︷︷ ︸

2s

, JA
′
ς
BςCς · · ·︸ ︷︷ ︸

2s−1

= 1
(2s−1)!J

A′ς
(BςCς · · · )︸ ︷︷ ︸

2s−1

⇔ (Γ,−iς)A
′
ςAς
a DaψAςBςCς · · ·︸ ︷︷ ︸

2s

= iJA
′
ς
BςCς · · ·︸ ︷︷ ︸

2s−1

⇔ (Γ,−iς)A
′
ςAς
a ΓkςAςBςCς · · ·︸ ︷︷ ︸

2s

(s;n)Daψkς (s;n) = iJA
′
ς
BςCς · · ·︸ ︷︷ ︸

2s−1

⇔ (Γ,−iς)A
′
ςAς
a Nkς

Aς lς
(s;n)ΓlςBςCς · · ·︸ ︷︷ ︸

2s−1

(s− 1
2 ;n)Daψkς (s;n) = iJA

′
ς
BςCς · · ·︸ ︷︷ ︸

2s−1

⇔ (Γ,−iς)A
′
ςAς
a Nkς

Aς lς
(s;n)Daψkς (s;n) = iJA

′
ς lς (s− 1

2 ;n)

⇔ NZς lς
jς

(s;n)(Γ, iς)aZςA′ς
(Γ,−iς)A

′
ςAς

b Nkς
Aς lς

(s;n)Dbψkς (s;n) = iNZς lς
jς

(s;n)(Γ, iς)aZςA′ς
JA
′
ς lς (s− 1

2 ;n)

⇔ NZς lς
jς

(s;n)[δabδZς
Aς + 2iSabZς

Aς ( 1
2 , ς)]N

kς
Aς lς

(s;n)Dbψkς (s;n) = iNZς lς
jς

(s;n)(Γ, iς)aZςA′ςJ
A′ς lς (s− 1

2 ;n)

⇔ [sδabδjς
kς + iSabjς

kς (s, ς)]Dbψkς (s;n) = is(Γ, iς)aAςA′ςN
Aς lς
jς

(s;n)JA
′
ς lς (s− 1

2 ;n)

⇔ [sδabδjς
kς + iSabjς

kς (s, ς)]Dbψkς (s;n) = isδab(Γ, iς)
b
AςA

′
ς
Γ

2s︷ ︸︸ ︷
AςBςCς · · ·
jς

(s;n)JA
′
ς
BςCς · · ·︸ ︷︷ ︸

2s−1

⇔ [sδabδjς
kς + iSabjς

kς (s, ς)]Dbψkς (s;n) = −
√

2ςsZalςA′ςjς (s, ς;n)JA
′
ς lς (s− 1

2 ;n)

⇔

{
[sDa + iSab(s, ς;n)Db]ψ(s, ς;n) = −

√
2ςsZ̄a(s, ς;n)J̃(s;n)

ψ(s, ς) ≺ ψkς (s;n), J̃(s;n) ≺ JA′ς lς (s− 1
2 ;n)

From the above, it can be seen that the s-spin equation is the spin tensor expression of the fully
symmetric Penrose equation.
3.6 Generalized spin equation

Thm. 3.6.1. (σ〈w〉 ⊗ I(w+1)2s−1 ,−iς)aDaψ̂(s, ς;w) = iĴ(s, ς;w)

⇔ (σ〈w〉 ⊗ IC2s−1
2s−1+w

,−iς)aDaψ̃(s, ς;w) = iJ̃(s, ς;w)

Proof: (σ〈w〉 ⊗ I(w+1)2s−1 ,−iς)aDaψ̂(s, ς;w) = iĴ(s, ς;w)

⇔ (σ〈w〉 ⊗ I(w+1)2s−1 ,−iς)aΓ(s;w)Daψ(s, ς;w) = i[Iw+1 ⊗ Γ(s− 1
2 ;w)]J̃(s, ς;w)

⇔ (σ〈w〉 ⊗ I(w+1)2s−1 ,−iς)a[Iw+1 ⊗ Γ(s− 1
2 ;w)]N(s;w)Daψ(s, ς;w) = i[Iw+1 ⊗ Γ(s− 1

2 ;w)]J̃(s, ς;w)

⇔ [Iw+1 ⊗ Γ(s− 1
2 ;w)](σ〈w〉 ⊗ IC2s−1

2s−1+w
,−iς)aN(s;w)Daψ(s, ς;w) = i[Iw+1 ⊗ Γ(s− 1

2 ;w)]J̃(s, ς;w)

⇔ (σ〈w〉 ⊗ IC2s−1
2s−1+w

,−iς)aDaψ̃(s, ς;w) = iJ̃(s, ς;w)
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Thm. 3.6.2. (σ〈w〉 ⊗ I(w+1)2s−1 ,−iς)aDaψ̂(s, ς;w) = iĴ(s, ς;w)

⇒

{
[sDa + iSab(s, ς;w)Db]ψ(s, ς;w) = isN̄(s;w)(σ〈w〉 ⊗ IC2s−1

2s−1+w
, iς)aJ̃(s, ς;w)

[σ(s;w),−isς]aDaψ(s, ς;w) = isN̄(s;w)J̃(s, ς;w)

Proof: (σ〈w〉 ⊗ IC2s−1
2s−1+w

,−iς)bDbψ̃(s, ς;w) = iJ̃(s, ς;w)

⇒ N̄(s;w)(σ〈w〉⊗ IC2s−1
2s−1+w

, iς)a(σ〈w〉⊗ IC2s−1
2s−1+w

,−iς)bN(s;w)Dbψ(s, ς;w) = iN̄(s;w)(σ〈w〉⊗ IC2s−1
2s−1+w

, iς)aJ̃(s, ς;w)

⇔ N̄(s;w)[δab + 2iSab(
1
2 , ς;w)⊗ IC2s−1

2s−1+w
]N(s;w)Dbψ(s, ς;w) = iN̄(s;w)(σ〈w〉 ⊗ IC2s−1

2s−1+w
, iς)aJ̃(s, ς;w)

⇔ [δab + i
sSab(s, ς;w)]Dbψ(s, ς;w) = iN̄(s;w)(σ〈w〉 ⊗ IC2s−1

2s−1+w
, iς)aJ̃(s, ς;w)

⇔ [sDa + iSab(s, ς;w)Db]ψ(s, ς;w) = isN̄(s;w)(σ〈w〉 ⊗ IC2s−1
2s−1+w

, iς)aJ̃(s, ς;w)

Proof: (σ〈w〉 ⊗ IC2s−1
2s−1+w

,−iς)aDaψ̃(s, ς;w) = iJ̃(s, ς;w)

⇒ N̄(s;w)(σ〈w〉 ⊗ IC2s−1
2s−1+w

,−iς)aN(s;w)Daψ(s, ς;w) = iN̄(s;w)J̃(s, ς;w)

⇔ [ 1
sσ(s;w),−iς]aDaψ(s, ς;w) = iN̄(s;w)J̃(s, ς;w)

⇔ [σ(s;w),−isς]aDaψ(s, ς;w) = isN̄(s;w)J̃(s, ς;w)

4 Switch spin equation
4.1 Neutrino switch spin equation

Thm. 4.1.1. [( 1
2 + φ)Da + iSab(ς)D

b]ψ( 1
2 , ς) = 0

⇔


(σ,−iς)aDaψ( 1

2 , ς) = 0, φ = 0

σxDxψ( 1
2 , ς) = σyDyψ( 1

2 , ς) = σzDzψ( 1
2 , ς) = −iςDπψ( 1

2 , ς), φ = −2

ψ( 1
2 , ς) = constant solutions, φ 6= 0,−2

Proof: [( 1
2 + φ)Da + iSab(ς)D

b]ψ( 1
2 , ς) = 0

⇔ [ 1
2Da + iSab(ς)D

b]ψ( 1
2 , ς) = −φDaψ( 1

2 , ς)
⇔ σa[ 1

2Da + iSab(ς)D
b]ψ( 1

2 , ς) = −(σ,−iς)aφDaψ( 1
2 , ς)

⇔ (σ,−iς)bDbψ( 1
2 , ς) = −2φ(σ,−iς)aDaψ( 1

2 , ς)
⇔ (σ,−iς)aDaψ( 1

2 , ς) = −2φσxDxψ( 1
2 , ς) = −2φσyDyψ( 1

2 , ς) = −2φσzDzψ( 1
2 , ς) = −2φ(−iς)Dπψ( 1

2 , ς)

⇔


(σ,−iς)aDaψ( 1

2 , ς) = 0, φ = 0

σxDxψ( 1
2 , ς) = σyDyψ( 1

2 , ς) = σzDzψ( 1
2 , ς) = −iςDπψ( 1

2 , ς), φ = −2

Daψ( 1
2 , ς) = 0, φ 6= 0,−2

Cor. 4.1.1. [( 1
2 + φ)∂a + iSab(ς)∂

b]ψ( 1
2 , ς) = 0

⇔


(σ,−iς)a∂aψ( 1

2 , ς) = 0, φ = 0

σx∂xψ( 1
2 , ς) = σy∂yψ( 1

2 , ς) = σz∂zψ( 1
2 , ς) = −iς∂πψ( 1

2 , ς), φ = −2

ψ( 1
2 , ς) = constant solutions, φ 6= 0,−2

Cor. 4.1.2. σx∂xψ( 1
2 , ς) = σy∂yψ( 1

2 , ς) = σz∂zψ( 1
2 , ς) = −iς∂πψ( 1

2 , ς)

⇒ ψ( 1
2 , ς) = ω0 + (xσx + yσy + zσz + iςπ)π0 ⇔ ψAς (

1
2 , ς) = ωAς + xa(σ, iς)aAςA′ςπ

A′ς

⇔ (σ∗, iς)aA′ς(Aς
∂aωBς) = 0

The above conclusion is the projection relation of Penrose torsion [2, 3].
4.2 Switch spin equation of electromagnetic field without sources

Thm. 4.2.1. [(1 + φ)Da + iSabD
b]βς γςΨ

γς (1, ς) = 0, Sab = iσαςςabγας

⇔


(σ−ς ,−iς)aDaψ̃(1, ς) = 0, φ = 0{
−DyΨzς = DzΨyς = ςDπΨxς ,−DzΨxς = DxΨzς = ςDπΨyς

−DxΨyς = DyΨxς = ςDπΨzς , DxΨxς = DyΨyς = DzΨzς

, φ = −3

DaΨbς = 0, φ 6= 0,−3

Proof: [(1 + φ)Da + iSabD
b]βς γςΨ

γς (1, ς) = 0, Sab = iσαςςabγας
⇔ (Da + iSabD

b)βς γςΨ
γς (1, ς) = −φDaΨβς (1, ς)

⇔ (σ−ς ,−iς)aDaψ̃(1, ς) = iJ̃ (1, ς),−φDaΨβς (1, ς) = −iσβςςabJb

⇔


(σ−ς ,−iς)aDaψ̃(1, ς) = 0, φ = 0{
−DyΨzς = DzΨyς = ςDπΨxς ,−DzΨxς = DxΨzς = ςDπΨyς

−DxΨyς = DyΨxς = ςDπΨzς , DxΨxς = DyΨyς = DzΨzς

, φ = −3

DaΨbς = 0, φ 6= 0,−3
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Cor. 4.2.1. [(1 + φ)∂a + iSab∂
b]βς γςΨ

γς (1, ς) = 0, Sab = iσαςςabγας

⇔


(σ−ς ,−iς)a∂aψ̃(1, ς) = 0, φ = 0{
−∂yΨzς = ∂zΨyς = ς∂πΨxς ,−∂zΨxς = ∂xΨzς = ς∂πΨyς

−∂xΨyς = ∂yΨxς = ς∂πΨzς , ∂xΨxς = ∂yΨyς = ∂zΨzς

, φ = −3

Ψας = constant solutions, φ 6= 0,−3

Cor. 4.2.2.

{
−∂yΨzς = ∂zΨyς = ς∂πΨxς ,−∂zΨxς = ∂xΨzς = ς∂πΨyς

−∂xΨyς = ∂yΨxς = ς∂πΨzς , ∂xΨxς = ∂yΨyς = ∂zΨzς

⇒ Ψας (1, ς) = xaσαςςabC
b

4.3 Vector field spin equation and switch spin equation in any N+1 dimensional space-time

Vector field spin equation in any N+1 dimensional space-time.

Thm. 4.3.1. (Daδcd + SabcdD
b)Ad = Xac ⇔ Xab = DaAb −DbAa + δabDcA

c

Proof: (Daδcd + SabcdD
b)Ad = Xac

⇔ [Daδcd + (δacδbd − δadδbc)Db]Ad = Xac

⇔ DaAc + δacDbA
b −DcAa = Xac

⇔ DaAb −DbAa + δabDcA
c = Xab

⇔ Xab = DaAb −DbAa + δabDcA
c

Cor. 4.3.1. (Daδcd + SabcdD
b)Ad = 0⇔ DaAb −DbAa = 0, DaA

a = 0

Cor. 4.3.2. (∂aδcd + Sabcd∂
b)Ad = 0⇔ ∂aAb − ∂bAa = 0, ∂aA

a = 0⇔ ∂a∂aφ = 0, Aa = ∂aφ

Vector field switch spin equation without sources in any N+1 dimensional space-time.

Cor. 4.3.3. [(1 + φ)Daδcd + Sabcd∂
b]Ad = 0⇔


DaAb −DbAa = 0, DaA

a = 0, φ = 0

DaAb +DbAa = 0, φ = −2

DaAb6=a = 0, DxAx = DyAy = DzAz = DπAπ, φ = −4

DaAb = 0, φ 6= 0,−2,−4

Proof: [(1 + φ)Daδcd + SabcdD
b]Ad = 0

⇔ (Daδcd + SabcdD
b)Ad = −φDaAc

⇔ −φDaAb = DaAb −DbAa + δabDcA
c

⇔ −φDaAa = DcA
c,−φ(DaAb6=a +DbAa 6=b) = 0, (2 + φ)(DaAb −DbAa) = 0

⇔

{
−φDaAa = DcA

c, (4 + φ)DaA
a = 0

−φ(DaAb 6=a +DbAa6=b) = 0, (2 + φ)(DaAb −DbAa) = 0

⇔


DaAb −DbAa = 0, DaA

a = 0, φ = 0

DaAb +DbAa = 0, φ = −2

DaAb6=a = 0, DxAx = DyAy = DzAz = DπAπ, φ = −4

DaAb = 0, φ 6= 0,−2,−4

Cor. 4.3.4. [(1 + φ)∂aδcd + Sabcd∂
b]Ad = 0⇔


∂aAb − ∂bAa = 0, ∂aA

a = 0, φ = 0

∂aAb + ∂bAa = 0, φ = −2

∂aAb6=a = 0, ∂xAx = ∂yAy = ∂zAz = ∂πAπ, φ = −4

Aa = constant solutions, φ 6= 0,−2,−4

Cor. 4.3.5. ∂aAb 6=a = 0, ∂xAx = ∂yAy = ∂zAz = ∂πAπ ⇒ Aa = kxa

4.4 The source of scalar field in any N+1 dimensional space-time

The source of scalar field:

Cor. 4.4.1. (∂aδcd + Sabcd∂
b)∂dφ = m2φδac ⇔ (∂a∂a −m2)φ = 0

Proof: (∂aδcd + Sabcd∂
b)∂dφ = m2φδac

⇔ [∂aδcd + (δacδbd − δadδbc)∂b]∂dφ = m2φδac
⇔ (∂b∂b −m2)δacφ = 0
⇔ (∂a∂a −m2)φ = 0
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4.5 Switch electron spin equation in any N+1 dimensional space-time

Switch electron spin equation in any N+1 dimensional space-time.

Thm. 4.5.1. [( 1
2 + φ)(Da +mγa) + iSabD

b]ψ = 0, Sab = − i
4 [γa, γb]⇔ (γaDa +m)ψ = −2φγbDbψ

Proof: [( 1
2 + φ)(Da +mγa) + iSabD

b]ψ = 0, Sab = − i
4 [γa, γb]

⇔ [ 1
2 (Da +mγa) + iSabD

b]ψ = −φDaψ, Sab = − i
4 [γa, γb]

⇔ [(2iSab + δab)Db + γam]ψ = −2φDaψ, Sab = − i
4 [γa, γb]

⇔ [ 1
2 ([γa, γb] + {γa, γb})Db + γam]ψ = −2φDaψ

⇔ γa(γbD
b +m)ψ = −2φDaψ

⇔ (γbD
b +m)ψ = −2φγaDaψ

⇔ (γaDa +m)ψ = −2φγbDbψ

Cor. 4.5.1. (γaDa +m)ψ = −2φγbDbψ, φ 6= 0

⇔


ψ = 0, φ = −n2 ,m 6= 0

γ1Dx1ψ = γ2Dx2ψ = · · · = γnDxnψ = −(n+ 2φ)−1mψ,φ 6= −n2 ,m 6= 0

γ1Dx1ψ = γ2Dx2ψ = · · · = γnDxnψ, φ = −n2 ,m = 0

γ1Dx1
ψ = γ2Dx2

ψ = · · · = γnDxnψ = 0, φ 6= −n2 ,m = 0

Cor. 4.5.2. (γaDa +m)ψ = −2φγbDbψ, φ 6= 0⇒


ψ = 0, φ = −n2 ,m 6= 0

ψ = 0, φ 6= −n2 ,m 6= 0

ψ = xaγaλ, φ = −n2 ,m = 0

ψ = constant solutions, φ 6= −n2 ,m = 0

4.6 Switch spin equation for s-spin particles without sources

Cor. 4.6.1. [(s+ φ)Da + iSab(s, ς)D
b]ψ(s, ς) = Ja(s, ς)⇒ (2s+ 1 + φ)Za(s, ς)Daψ(s, ς) = Za(s, ς)Ja(s, ς)

Proof: [(s+ φ)Da + iSab(s, ς)D
b]ψ(s, ς) = Ja(s, ς)

⇔ [sDa + iSab(s, ς)D
b]ψ(s, ς) = Ja(s, ς)− φDaψ(s, ς)

⇔ 2sZ̄a(s, ς)Zb(s, ς)D
bψ(s, ς) = Ja(s, ς)− φDaψ(s, ς)

⇒ Zb(s, ς)D
bψ(s, ς) = Za(s, ς)Ja(s, ς)− φ

2s+1Z
a(s, ς)Daψ(s, ς)

⇒ (2s+ 1 + φ)Za(s, ς)Daψ(s, ς) = Za(s, ς)Ja(s, ς)

Cor. 4.6.2. [(s+ φ)Da + iSab(s, ς)D
b]ψ(s, ς) = 0⇒ (2s+ 1 + φ)Za(s, ς)Daψ(s, ς) = 0

Proof: [(s+ φ)Da + iSab(s, ς)D
b]ψ(s, ς) = 0

⇔ [sDa + iSab(s, ς)D
b]ψ(s, ς) = −φDaψ(s, ς)

⇔ 2sZ̄a(s, ς)Zb(s, ς)D
bψ(s, ς) = −φDaψ(s, ς)

⇒ Zb(s, ς)D
bψ(s, ς) = −φ

2s+1Z
a(s, ς)Daψ(s, ς)

⇒ (2s+ 1 + φ)Za(s, ς)Daψ(s, ς) = 0

Cor. 4.6.3. [(s+ φ)Da + iSab(s, ς)D
b]ψ(s, ς) = 0⇔


(σ ⊗ I2s,−iς)aDaψ̃(s, ς) = 0, φ = 0

Daψ(s, ς) = Z̄a(s, ς)J̃(s, ς), φ = −(2s+ 1)

Daψ(s, ς) = 0, φ 6= 0,−(2s+ 1)

Cor. 4.6.4. [−(s+ 1)Da + iSab(s, ς)D
b]ψ(s, ς) = 0⇔ Daψ(s, ς) = Z̄a(s, ς)J̃(s, ς),∀J̃(s, ς)

Cor. 4.6.5. [−(s+ 1)∂a + iSab(s, ς)∂
b]ψ(s, ς) = 0⇐ ψ(s, ς) = xaZ̄a(s, ς)J̃(s, ς)

Cor. 4.6.6. [(s+ φ)∂a + iSab(s, ς)∂
b]ψ(s, ς) = 0

⇒



When φ = 0, (σ ⊗ I2s,−iς)a∂aψ̃(s, ς) = 0 has plane wave solutions that characterize the solution of particles.

When φ = −(2s+ 1), ψ(s, ς) = xaZ̄a(s, ς)J̃(s, ς)

has no plane wave solutions that degenerate into a solution representing space-time.

When φ 6= 0,−(2s+ 1), ψ(s, ς) = constant solutions

Only a constant solution that degenerates into a solution representing the void.
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5 New form of spin equation with lower first derivative
5.1 New form of s-spin equation with lower first derivative

Def. 5.1.1. Spin equation with lower first derivative: [sδab + iSab(s, ς)]ψ
bc(s, ς) = −

√
2ςsZ̄a(s, ς)J̃c(s, ς)

Thm. 5.1.1. [sδab + iSab(s, ς)]ψ
bc(s, ς) = −

√
2ςsZ̄a(s, ς)J̃c(s, ς)⇔ (σ ⊗ I2s,−iς)aψ̃ab(s, ς) = iJ̃b(s, ς)

Proof: [sδabI2s+1 + iSab(s, ς)]ψ
bc(s, ς) = −

√
2ςsZ̄a(s, ς)J̃c(s, ς)

⇔ 2sZ̄a(s, ς)Zb(s, ς)ψ
bc(s, ς) = −

√
2ςsZ̄a(s, ς)J̃c(s, ς)

⇔ Zb(s, ς)ψbc(s, ς) = −ς√
2
J̃c(s, ς)

⇔ (σ ⊗ I2s,−iς)aψ̃ab(s, ς) = iJ̃b(s, ς)

5.2 1
2 -spin equation with lower first derivative: gravitino equation

Spin s = 1
2 cases: That is the matrix form of Weyl gravitino equation.

Cor. 5.2.1. εabcd(σ,−iς)dDbψc(ς) = 0⇔ (σ,−iς)aψab(ς) = 0, ψab(ς) ≡ Daψb(ς)−Dbψa(ς)

Cor. 5.2.2. εabcd(σ,−iς)dDbψc(ς) = 0⇔ [ 1
2δab + iSab(ς)]ψ

bc(ς) = 0, ψbc(ς) ≡ Dbψc(ς)−Dcψb(ς)

5.3 1-spin equation with lower first derivative: Einstein equation

Spin s = 1 cases: That is the matrix form of Einstein equation.

Cor. 5.3.1. Rab = −8πG(T ab − 1
2g
abT ) + Λgab ⇔ (σ−ς ,−iς)aFab(ς) = iT̄ b

Cor. 5.3.2. Rab = −8πG(T ab − 1
2g
abT ) + Λgab ⇔ (σ ⊗ I,−iς)aψ̃ab(1, ς) = iJ̃b

ψ̃bc(1, ς) = S+
em(ς)Fbc(ς), J̃c = S+

em(ς)T̄ c

Cor. 5.3.3. Rab = −8πG(T ab − 1
2g
abT ) + Λgab ⇔ [δab + iSab(1, ς)]ψ

bc(1, ς) = −
√

2ςZ̄a(1, ς)J̃c(1, ς)

ψbc(1, ς) = N̄(1)S+
em(ς)Fbc(ς), J̃c = S+

em(ς)T̄ c

From the above corollary, the following corollary can be directly obtained through representation
transformation, but it can also be proved in the following manner.

Cor. 5.3.4. Rab = −8πG(T ab − 1
2g
abT ) + Λgab ⇔ [δab + iSab(γ, ς)]F

bc(2, ς) = −iσ[βς ]
ςab T̄

bc

5.4 New form of switch spin equation with lower first derivative

Def. 5.4.1. Switch spin equation with lower first derivative: [(s+ φ)δab + iSab(s, ς)]ψ
bc(s, ς) = Jac(s, ς)

Cor. 5.4.1. [(s+ φ)δab + iSab(s, ς)]ψ
bc(s, ς) = 0⇒ (2s+ 1 + φ)Za(s, ς)ψab(s, ς) = 0

Proof: [(s+ φ)δab + iSab(s, ς)]ψ
bc(s, ς) = 0

⇔ [sδab + iSab(s, ς)]ψ
bc(s, ς) = −φψac(s, ς)

⇔ 2sZ̄a(s, ς)Zb(s, ς)ψ
bc(s, ς) = −φψac(s, ς)

⇒ Zb(s, ς)ψ
bc(s, ς) = −φ

2s+1Z
a(s, ς)ψa

c(s, ς)

⇒ (2s+ 1 + φ)Za(s, ς)ψab(s, ς) = 0

Cor. 5.4.2. [(s+ φ)δab + iSab(s, ς)]ψ
bc(s, ς) = 0⇔


Za(s, ς)ψab(s, ς) = 0, φ = 0

ψab(s, ς) = Z̄a(s, ς)J̃b(s, ς), φ = −(2s+ 1)

ψab(s, ς) = 0, φ 6= 0,−(2s+ 1)

Cor. 5.4.3.

{
[−(s+ 1)δab + iSab(s, ς)]ψ

bc(s, ς) = 0

ψab(s, ς) + ψba(s, ς) = 0
⇔

{
ψab(s, ς) = Z̄a(s, ς)J̃b(s, ς)

Z̄a(s, ς)J̃b(s, ς) + Z̄b(s, ς)J̃a(s, ς) = 0

5.5 Comparison of two spin equations

Spin equation with lower first derivative:
[sδab + iSab(s, ς)]ψ

bc(s, ς) = −
√

2ςZ̄a(s, ς)J̃c(s, ς)⇔ (σ ⊗ I2s,−iς)aψ̃ab(s, ς) = iJ̃b(s, ς)
Spin equation:
[sδab + iSab(s, ς)]D

bψ(s, ς) = −
√

2ςZ̄a(s, ς)J̃(s, ς)⇔ (σ ⊗ I2s,−iς)aDaψ̃(s, ς) = iJ̃(s, ς)
5.6 Comparison of two switch spin equations

Switch spin equation with lower first derivative:
[(s+ φ)δab + iSab(s, ς)]ψ

bc(s, ς) = −
√

2ςZ̄a(s, ς)J̃c(s, ς)
Switch spin equation:
[(s+ φ)δab + iSab(s, ς)]D

bψ(s, ς) = −
√

2ςZ̄a(s, ς)J̃(s, ς)
5.7 Guess: a new physical equation

Cor. 5.7.1. Za(s, ς)Daψ(s, ς)−m2Ã(s, ς) = J̃(s, ς), ψ(s, ς) = Z̄a(s, ς)DaÃ(s, ς)

Equation after introducing guage condition:

Cor. 5.7.2. Za(s, ς)Daψ(s, ς)−m2Ã(s, ς) = J̃(s, ς), N(s)ψ(s, ς) = (σ ⊗ I2s, iς)aDaÃ(s, ς)
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1 Restatement of fully symmetric Penrose equation with arbitrary spin [1, 2]

1.1 Integral spinor equivalent form of fully symmetric Penrose equation with arbitrary spin

Thm. 1.1.1.



(σ,−iς)A
′
ςAς

a DaψAςBςCς · · ·︸ ︷︷ ︸
2n

Zς = iJA
′
ςBςCς · · ·︸ ︷︷ ︸

2n−1

Zς

ψAςBςCς · · ·︸ ︷︷ ︸
2n

Zς = 1
(2n)!ψ(AςBςCς · · · )︸ ︷︷ ︸

2n

Zς

JA
′
ςBςCς · · ·︸ ︷︷ ︸

2n−1

Zς = 1
(2n−1)!J

A′ςBςCς · · ·︸ ︷︷ ︸
2n−1

Zς

⇔



σαςςabD
aψαςβς · · ·︸ ︷︷ ︸

n

Zς = iJbβςγς · · ·︸ ︷︷ ︸
n

Zς

ψαςβς · · ·︸ ︷︷ ︸
n

Zς = 1
n!ψ(αςβς · · · )︸ ︷︷ ︸

n

Zς

Jbβςγς · · ·︸ ︷︷ ︸
n

Zς = 1
(n−1)!Jb(βςγς · · · )︸ ︷︷ ︸

n

Zς

δαςβςψαςβς · · ·︸ ︷︷ ︸
n

Zς = 0, (σ,−iς)aσαςJaαςβς · · ·︸ ︷︷ ︸
n

Zς = 0

σαςψαςβς · · ·︸ ︷︷ ︸
n

[Zς ] = 0, (σ,−iς)aJaαςβς · · ·︸ ︷︷ ︸
n

[Zς ] = 0

Thm. 1.1.2.



(σ,−iς)A
′
ςAς

a DaψAςBςCς · · ·︸ ︷︷ ︸
2n

Zς = iJA
′
ςBςCς · · ·︸ ︷︷ ︸

2n−1

Zς

ψAςBςCς · · ·︸ ︷︷ ︸
2n

Zς = 1
(2n)!ψ(AςBςCς · · · )︸ ︷︷ ︸

2n

Zς

JA
′
ςBςCς · · ·︸ ︷︷ ︸

2n−1

Zς = 1
(2n−1)!J

A′ςBςCς · · ·︸ ︷︷ ︸
2n−1

Zς

⇔



(σ−ς ,−iς)abαςDaΨαςβς · · ·︸ ︷︷ ︸
n

Zς = iJbβςγς · · ·︸ ︷︷ ︸
n

Zς

Ψαςβς · · ·︸ ︷︷ ︸
n

Zς = 1
n!Ψ(αςβς · · · )︸ ︷︷ ︸

n

Zς

Jbβςγς · · ·︸ ︷︷ ︸
n

Zς = 1
(n−1)!Jb(βςγς · · · )︸ ︷︷ ︸

n

Zς

δαςβςΨαςβς · · ·︸ ︷︷ ︸
n

Zς = 0, (σ,−iς)a(σ, iς)αςJaαςβς · · ·︸ ︷︷ ︸
n

Zς = 0

(σ,−iς)αςΨαςβς · · ·︸ ︷︷ ︸
n

[Zς ] = 0, (σ,−iς)aJaαςβς · · ·︸ ︷︷ ︸
n

[Zς ] = 0

Thm. 1.1.3.

(σ,−iς)A
′
ςAς

a DaψAςBςCς · · ·︸ ︷︷ ︸
2n

= iJA
′
ςBςCς · · ·︸ ︷︷ ︸

2n−1

ψAςBςCς · · ·︸ ︷︷ ︸
2n

= 1
(2n)!ψ(AςBςCς · · · )︸ ︷︷ ︸

2n

JA
′
ςBςCς · · ·︸ ︷︷ ︸

2n−1

= 1
(2n−1)!J

A′ςBςCς · · ·︸ ︷︷ ︸
2n−1

⇔



σαςςabD
aψαςβς · · ·︸ ︷︷ ︸

n

= iJbβςγς · · ·︸ ︷︷ ︸
n

ψαςβς · · ·︸ ︷︷ ︸
n

= 1
n!ψ(αςβς · · · )︸ ︷︷ ︸

n

, Jbβςγς · · ·︸ ︷︷ ︸
n

= 1
(n−1)!Jb(βςγς · · · )︸ ︷︷ ︸

n

δαςβςψαςβς · · ·︸ ︷︷ ︸
n

= 0, (σ,−iς)aσαςJaαςβς · · ·︸ ︷︷ ︸
n

= 0

Thm. 1.1.4.

(σ,−iς)A
′
ςAς

a DaψAςBςCς · · ·︸ ︷︷ ︸
2n

= iJA
′
ςBςCς · · ·︸ ︷︷ ︸

2n−1

ψAςBςCς · · ·︸ ︷︷ ︸
2n

= 1
(2n)!ψ(AςBςCς · · · )︸ ︷︷ ︸

2n

JA
′
ςBςCς · · ·︸ ︷︷ ︸

2n−1

= 1
(2n−1)!J

A′ςBςCς · · ·︸ ︷︷ ︸
2n−1

⇔



(σ−ς ,−iς)abαςDaΨαςβς · · ·︸ ︷︷ ︸
n

= iJbβςγς · · ·︸ ︷︷ ︸
n

Ψαςβς · · ·︸ ︷︷ ︸
n

= 1
n!Ψ(αςβς · · · )︸ ︷︷ ︸

n

, Jbβςγς · · ·︸ ︷︷ ︸
n

= 1
(n−1)!Jb(βςγς · · · )︸ ︷︷ ︸

n

δαςβςΨαςβς · · ·︸ ︷︷ ︸
n

= 0, (σ,−iς)a(σ, iς)αςJaαςβς · · ·︸ ︷︷ ︸
n

= 0

1.2 Matrix equivalent form of fully symmetric Penrose equation with arbitrary spin

Thm. 1.2.1.
(σ,−iς)A

′
ςAς

a DaψAςBςCς · · ·︸ ︷︷ ︸
2n

= iJA
′
ςBςCς · · ·︸ ︷︷ ︸

2n−1

ψAςBςCς · · ·︸ ︷︷ ︸
2n

= 1
(2n)!ψ(AςBςCς · · · )︸ ︷︷ ︸

2n

, JA
′
ςBςCς · · ·︸ ︷︷ ︸

2n−1

= 1
(2n−1)!J

A′ςBςCς · · ·︸ ︷︷ ︸
2n−1

⇔ (σ ⊗ I22s−1 ,−iς)aDaψ̂(s, ς) = iĴ(s, ς)

The above theorem can be obtained by rewriting components into a matrix.

Thm. 1.2.2. (σ ⊗ I22s−1 ,−iς)aDaψ̂(s, ς) = iĴ(s, ς)⇔ (σ ⊗ I2s,−iς)aDaψ̃(s, ς) = iJ̃(s, ς)
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The above theorem can be obtained by expanding, removing redundant equations and sorting them
out.

Cor. 1.2.1.
(σ,−iς)A

′
ςAς

a DaψAςBςCς · · ·︸ ︷︷ ︸
2n

= iJA
′
ςBςCς · · ·︸ ︷︷ ︸

2n−1

ψAςBςCς · · ·︸ ︷︷ ︸
2n

= 1
(2n)!ψ(AςBςCς · · · )︸ ︷︷ ︸

2n

, JA
′
ςBςCς · · ·︸ ︷︷ ︸

2n−1

= 1
(2n−1)!J

A′ςBςCς · · ·︸ ︷︷ ︸
2n−1

⇔ (σ ⊗ I2s,−iς)aDaψ̃(s, ς) = iJ̃(s, ς)

Thm. 1.2.3. (σ ⊗ I22n−1 ,−iς)aDaψ̂(n, ς) = iĴ(n, ς)⇔ (σ−ς ⊗ I4n−1 ,−iς)aDaΨ̂(n, ς) = iĴ (n, ς)

The above theorem can be obtained by making a representation transformation.

Thm. 1.2.4. (σ ⊗ I2n,−iς)aDaψ̃(n, ς) = iJ̃(n, ς)⇔ (σ−ς ⊗ In,−iς)aDaΨ̃(n, ς) = iJ̃ (n, ς)

For n = 1, 2, the above theorem can be obtained by making a representation transformation. For n > 2,
it needs to be proved later.
1.3 Spin equation equivalent form of fully symmetric Penrose equation with arbitrary spin

Thm. 1.3.1.



(σ,−iς)A
′
ςAς

a DaψAςBςCς · · ·︸ ︷︷ ︸
2s

= iJA
′
ςBςCς · · ·︸ ︷︷ ︸

2s−1

ψAςBςCς · · ·︸ ︷︷ ︸
2s

= 1
(2s)!ψ(AςBςCς · · · )︸ ︷︷ ︸

2s

JA
′
ς
BςCς · · ·︸ ︷︷ ︸

2s−1

= 1
(2s−1)!J

A′ς
(BςCς · · · )︸ ︷︷ ︸

2s−1

⇔ [sDa + iSab(s, ς)D
b]ψ(s, ς) = −

√
2ςsZ̄a(s, ς)J̃(s)

2 Restatement of torsion equation
2.1 Penrose torsion equation [2, 3]

∇A′ς(AςωBςCςDς · · · )︸ ︷︷ ︸
2s

(s) = 0,∇A′ς(AςωBς)(
1
2 ) = 0 (11.1)

Cor. 2.1.1. ∇A′ς(AςωBςCςDς · · · )︸ ︷︷ ︸
2s

(s) = 0⇔ (σ∗, iς)aA′ς(Aς
∂aωBςCςDς · · · )︸ ︷︷ ︸

2s

(s) = 0

Cor. 2.1.2. ∇A′ς(AςωBςCςDς · · · )︸ ︷︷ ︸
2s

(s) = 0⇔ (σ∗, iς)aA′ς(Aς
ΓkςBςCςDς · · ·︸ ︷︷ ︸

2s

)(s)∂aωkς (s) = 0

2.2 Equivalent form of similar torsion equation

∇A′ς(AςωBς)CςDς · · ·︸ ︷︷ ︸
2s

(s) = 0, ωBςCςDς · · ·︸ ︷︷ ︸
2s

(s) = 1
(2s)!ω(BςCςDς · · · )︸ ︷︷ ︸

2s

(s) (11.2)

Cor. 2.2.1. ∇A′ς(AςωBς)CςDς · · ·︸ ︷︷ ︸
2s

(s) = 0, ωBςCςDς · · ·︸ ︷︷ ︸
2s

(s) = 1
(2s)!ω(BςCςDς · · · )︸ ︷︷ ︸

2s

(s)⇔ ∇A′ς (AςN
kς
Bς )lς

(s)ωkς (s) = 0

Cor. 2.2.2. ∇A′ς (Aς
Nkς
Bς )lς

(s)ωkς (s) = 0⇔ (σ∗, iς)aA′ς(Aς
Nkς
Bς)lς

(s)∂aψkς (s) = 0

Cor. 2.2.3. ∇A′ς (Aς
Nkς
Bς )lς

(s)ωkς (s) = 0⇔ [−(s+ 1)∂a + iSab(s, ς)∂
b]ψ(s) = 0

Proof: ∇A′ς (Aς
Nkς
Bς )lς

(s)ωkς (s) = 0

⇔ ∂aωkς (s) = (σ, iς)aAςA′ςN
Aς lς
kς

(s)̊π
A′ς
lς

(s),∀π̊A
′
ς

lς
(s)

⇔ ∂aωkς (s) = (σ, iς)aAςA′ςN
Aς lς
kς

(s)̊π
A′ς
lς

(s), π̊
A′ς
lς

(s) = s
2s+1N

kς
Aς lς

(s)(σ,−iς)A
′
ςAς
a ∂aωkς (s)

⇔ ∂aωkς (s) = (σ, iς)aAςA′ςN
Aς lς
kς

(s) s
2s+1N

mς
Bς lς

(s)(σ,−iς)A
′
ςBς

b ∂bωmς (s)

⇔ (2s+ 1)∂aωkς (s) = NAς lς
kς

(s)s(δabδAς
Bς + 2iSabAς

Bς )Nmς
Bς lς

(s)∂bωmς (s)

⇔ (s+ 1)∂aωkς (s) = iSabkς
mς (s)∂bωmς (s)

⇔ [−(s+ 1)∂a + iSab(s, ς)∂
b]ω(s, ς) = 0

Cor. 2.2.4. ∇A′ς(AςωBς)(
1
2 ) = 0⇔ [− 3

2∂a + iSab(
1
2 , ς)∂

b]ω( 1
2 ) = 0

2.3 Solution of similar torsion equation

Cor. 2.3.1. ∇A′ς(AςN
kς
Bς)lς

(s)ωkς (s) = 0⇔ ωkς (s) = ω̊kς (s) + xa(σ, iς)aAςA′ςN
Aς lς
kς

(s)̊π
A′ς
lς

(s)

Cor. 2.3.2. ∇A′ς(AςωBς)(
1
2 ) = 0⇔ ωAς (

1
2 ) = ω̊Aς (

1
2 ) + xa(σ, iς)aAςA′ς π̊

A′ς ( 1
2 )
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2.4 Relation between switch spin equation and similar torsion equation

Cor. 2.4.1.

[(s+φ)∂a+iSab(s, ς)∂
b]ψ(s, ς) = 0⇒


Particles solution: (σ ⊗ I2s,−iς)a∂aψ̃(s, ς) = 0, φ = 0

similar torsion solution: ψ(s, ς) = ψ̊0(s, ς) + xaZ̄a(s, ς)J̃0(s, ς), φ = −(2s+ 1)

Vacuum solution: ψ(s, ς) = constant, φ 6= 0,−(2s+ 1)
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Chapter12 Analysis of Bargmann-Wigner equation

1 Bargmann-Wigner equation
1.1 Bargmann-Wigner equation [16]

[γa(ς)Da +m]κς
λςψλςµς · ·ζς︸ ︷︷ ︸

2s

= Jκςµς · ·ζς︸ ︷︷ ︸
2s

;ψλςµς · ·ζς︸ ︷︷ ︸
2s

, Jκςµς · ·ζς︸ ︷︷ ︸
2s

are fully symmetric except κς . (12.1)

2 Complete expansion of second order matrices
2.1 Complete Pauli basis of second order matrices

Complete Pauli basis of second order matrices: Γa(ς) = {σ, iς}

Pro. 2.1.1. xaΓa(ς) = 0⇒ xa = 0

Proof: xaΓa(ς) = 0
⇒ xa(σ, iς)a = 0
⇒ {xa(σ, iς)a, (σ,−iς)b} = 0
⇒ xa(2δab) = 0
⇒ xa = 0

Cor. 2.1.1. xaΓa(ς) = 0⇔ xa = 0

Pro. 2.1.2. X = 1
2 tr[Γ

a(−ς)X]Γa(ς),∀X ∈ second order matrices

Proof: X = X11

[
1 0
0 0

]
+X12

[
0 1
0 0

]
+X21

[
0 0
1 0

]
+X22

[
0 0
0 1

]
,∀X ∈ second order matrices

⇔ X = 1
2 [X11(I + σz) +X12(σx + iσy) +X21(σx − iσy) +X22(I − σz)],∀X ∈ second order matrices

⇔ X = 1
2 (X12 +X21)σx + i

2 (X12 −X21)σy + 1
2 (X11 −X22)σz − iς 1

2 (X11 +X22)iςI, ∀X ∈ second order matrices
⇔ X = 1

2 tr[Γ
a(−ς)X]Γa(ς),∀X ∈ second order matrices

Cor. 2.1.2. X = xaΓa(ς), xa = tr[Γa(−ς)X],∀X ∈ second order matrices

Complete basis properties of second order matrices:

Orthogonality: Γa(−ς)Γa(ς) = I, tr[Γa(−ς)Γb(ς)] = 2δab (12.2)

Linear independence: xaΓa(ς) = 0⇔ xa = 0 (12.3)

Completeness: X = xaΓa,∀X ∈ second order matrices (12.4)

Expand Uniqueness: X = xaΓa ⇔ xa = 1
2 tr[Γa(−ς)X],∀X ∈ second order matrices (12.5)

2.2 Symmetric and antisymmetric basis expansion of second order matrices

Symmetric and antisymmetric basis of second order matrices: Γa(ς)ε = {σ, iς}ε, [Γa(ς)ε]T = {σ,−iς}ε, σε
is a symmetric basis. iςε is an antisymmetric basis.

Pro. 2.2.1. xaΓa(ς)ε = 0⇔ xa = 0

Pro. 2.2.2. X = 1
2 tr[ε̄Γ

a(−ς)X]Γa(ς)ε, ∀X ∈ second order matrices

Proof: Xε̄ = 1
2 tr[Γ

a(−ς)Xε̄]Γa(ς),∀X ∈ second order matrices
⇔ X = 1

2 tr[Γ
a(−ς)Xε̄]Γa(ς)ε,∀X ∈ second order matrices

⇔ X = 1
2 tr[εε̄Γ

a(−ς)Xε̄]Γa(ς)ε, ∀X ∈ second order matrices
⇔ X = 1

2 tr[ε̄Γ
a(−ς)X]Γa(ς)ε,∀X ∈ second order matrices
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3 Complete expansion of fourth order matrices
3.1 Double Pauli basis expansions of fourth order matrices

Pro. 3.1.1. X = 1
4 tr[Γ

a(−ς)⊗ Γb(−ς)X]Γa(ς)⊗ Γb(ς),∀X

Proof: X = 1
2

[
tr[Γa(−ς)X11]Γa(ς) tr[Γa(−ς)X12]Γa(ς)
tr[Γa(−ς)X21]Γa(ς) tr[Γa(−ς)X22]Γa(ς)

]
,∀X

⇔ X = 1
2Γa(ς)⊗

[
tr[Γa(−ς)X11] tr[Γa(−ς)X12]
tr[Γa(−ς)X21] tr[Γa(−ς)X22]

]
,∀X

⇔ X = 1
4 tr{Γ

b(−ς)
[
tr[Γa(−ς)X11] tr[Γa(−ς)X12]
tr[Γa(−ς)X21] tr[Γa(−ς)X22]

]
}Γa(ς)⊗ Γb(ς),∀X

⇔ X = 1
4 tr[Γ

a(−ς)⊗ Γb(−ς)X]Γa(ς)⊗ Γb(ς),∀X

Cor. 3.1.1. tr{Γb(−ς)
[
tr[Γa(−ς)X11] tr[Γa(−ς)X12]
tr[Γa(−ς)X21] tr[Γa(−ς)X22]

]
} = tr[Γa(−ς)⊗ Γb(−ς)X]

3.2 Charge conjugation matrix C [4, 9]

Def. 3.2.1. C̄γa(ς)C = −γTa (ς), CT = −C,C+ = C̄

Cor. 3.2.1. γa(ς)C = [γa(ς)C]T

Proof: γa(ς)C = CC̄γa(ς)C = −CγTa (ς) = CT γTa (ς) = [γa(ς)C]T

Cor. 3.2.2. C̄γa(ς) = [C̄γa(ς)]T

Proof: C̄γa(ς) = C̄γa(ς)CC̄ = −γTa (ς)C̄ = −[C∗γa(ς)]T = [C̄γa(ς)]T

Cor. 3.2.3. Sab(e, ς)C = [Sab(e, ς)C]T

Proof: Sab(e, ς)C = − i
4 [γa(ς)γb(ς)− γb(ς)γa(ς)]C

= − i
4 [CC̄γa(ς)CC̄γb(ς)C − CC̄γb(ς)CC̄γa(ς)C]

= − i
4C[γTa (ς)γTb (ς)− γTb (ς)γTa (ς)] = −− i

4C
T [γb(ς)γa(ς)− γa(ς)γb(ς)]

T

= CTSTab(e, ς) = [Sab(e, ς)C]T

Cor. 3.2.4. C̄Sab(e, ς) = [C̄Sab(e, ς)]
T

Proof: C̄Sab(e, ς) = − i
4 C̄[γa(ς)γb(ς)− γb(ς)γa(ς)]

= − i
4 [C̄γa(ς)CC̄γb(ς)CC̄ − C̄γb(ς)CC̄γa(ς)CC̄]

= − i
4 [γTa (ς)γTb (ς)− γTb (ς)γTa (ς)]C̄ = i

4 [γb(ς)γa(ς)− γa(ς)γb(ς)]
T C̄T

= STab(e, ς)C̄
T = [C̄Sab(e, ς)]

T

Cor. 3.2.5. C̄γ5(ς)C = γT5 (ς)

Proof: C̄γ5(ς)C = C̄γx(ς)γy(ς)γz(ς)γπ(ς)C
= C̄γx(ς)CC̄γy(ς)CC̄γz(ς)CC̄γπ(ς)C
= γTx (ς)γTy (ς)γTz (ς)γTπ (ς) = [γπ(ς)γz(ς)γy(ς)γx(ς)]T = γT5 (ς)

Cor. 3.2.6. C = −CT , C̄ = −C̄T ,

Cor. 3.2.7. γ5(ς)C = −[γ5(ς)C]T , C̄γ5(ς) = −[C̄γ5(ς)]T

Cor. 3.2.8. γ5(ς)γa(ς)C = −[γ5(ς)γa(ς)C]T

Proof: γ5(ς)γa(ς)C = CC̄γ5(ς)CC̄γa(ς)C = −CγT5 (ς)γTa (ς)
= CT γT5 (ς)γTa (ς) = [γa(ς)γ5(ς)C]T = −[γ5(ς)γa(ς)C]T

Cor. 3.2.9. C̄γ5(ς)γa(ς) = −[C̄γ5(ς)γa(ς)]T

Proof: C̄γ5(ς)γa(ς) = C̄γ5(ς)CC̄γa(ς)CC̄ = −γT5 (ς)γTa (ς)C̄
= γT5 (ς)γTa (ς)C̄T = [C̄γa(ς)γ5(ς)]T = −[C̄γ5(ς)γa(ς)]T

Summary:
Symmetric basis: γa(ς)C = [γa(ς)C]T , C̄γa(ς) = [C̄γa(ς)]T , Sab(e, ς)C = [Sab(e, ς)C]T , C̄Sab(e, ς) = [C̄Sab(e, ς)]

T

Antisymmetric basis: C = −CT , C̄ = −C̄T , γ5(ς)C = −[γ5(ς)C]T , , C̄γ5(ς) = −[C̄γ5(ς)]T ,
γ5(ς)γa(ς)C = −[γ5(ς)γa(ς)C]T , C̄γ5(ς)γa(ς) = −[C̄γ5(ς)γa(ς)]T
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3.3 Dirac matrix under special representation [4, 9]

Take the Dirac matrix under special representation: [γa(ς), γ5(ς)] = [(σ ⊗ σy, ςI ⊗ σx), ςI ⊗ σz]
Detailed expansion:
[γa(ς), γ5(ς)] = [(σx ⊗ σy, σy ⊗ σy, σz ⊗ σy, ςI ⊗ σx), ςI ⊗ σz]
[γa(ς), γ5(ς)]γ5(ς) = −iς[(σx ⊗ σx, σy ⊗ σx, σz ⊗ σx, ςI ⊗ σy), iςI ⊗ I]

Sab(e, ς) = − i
4 [γa(ς), γb(ς)] = 1

2


0 σz ⊗ I −σy ⊗ I −ςσx ⊗ σz

−σz ⊗ I 0 σx ⊗ I −ςσy ⊗ σz
σy ⊗ I −σx ⊗ I 0 −ςσz ⊗ σz
ςσx ⊗ σz ςσy ⊗ σz ςσz ⊗ σz 0


Charge conjugate matrix under special representation: C = γy(ς)γπ(ς)
3.4 Dirac basis expansion of fourth order matrices [4, 9]

Dirac complete basis expansion of fourth order matrices:
ΓA(ς) = [γa(ς), 2Sab(e, ς),−I4,−iγa(ς)γ5(ς),−γ5(ς)]

Pro. 3.4.1. X = [imγa(ς)Aa + Sab(e, ς)F
ab]− [I4φ+ imγa(ς)γ5(ς)Aa + γ5(ς)Φ],∀X{

φ = − 1
4 trX

Φ = − 1
4 tr[γ

5(ς)X]
,

{
imAa = 1

4 tr[γ
a(ς)X]

imAa = 1
4 tr[γ

a(ς)γ5(ς)X]
, F ab = 1

2 tr[S
ab(e, ς)X]

Proof: X = 1
4 tr[Γ

a(−ς)⊗ Γb(−ς)X]Γa(ς)⊗ Γb(ς),∀X
⇔ X = [imγa(ς)Aa − iSab(e, ς)F ab]− [I4φ+ imγa(ς)γ5(ς)Aa + γ5(ς)Φ],∀X{
imAi = iς

4 tr[Γ
i(−ς)⊗ Γx(−ς)X] = 1

4 tr[γ
i(ς)γ5(ς)X]

imAπ = i
4 tr[Γ

π(−ς)⊗ Γx(−ς)X] = 1
4 tr[γ

π(ς)X]{
imAi = 1

4 tr[Γ
i(−ς)⊗ Γy(−ς)X] = 1

4 tr[γ
i(ς)X]

imAπ = ς
4 tr[Γ

π(−ς)⊗ Γy(−ς)X] = 1
4 tr[γ

π(ς)γ5(ς)X]{
F iπ = −Fπi = − ς

4 tr[Γ
i(−ς)⊗ Γz(−ς)X] = − i

2 tr[S
iπ(e, ς)X]

Φ = − i
4 tr[Γ

π(−ς)⊗ Γz(−ς)X] = − 1
4 tr[γ

5(ς)X]
F yz = −F zy = iς

4 tr[Γ
x(−ς)⊗ Γπ(−ς)X] = − i

2 tr[S
yz(e, ς)X]

F zx = −F xz = iς
4 tr[Γ

y(−ς)⊗ Γπ(−ς)X] = − i
2 tr[S

zx(e, ς)X]

F xy = −F yx = iς
4 tr[Γ

z(−ς)⊗ Γπ(−ς)X] = − i
2 tr[S

xy(e, ς)X]

φ = 1
4 tr[Γ

π(−ς)⊗ Γπ(−ς)X] = − 1
4 trX

⇔ X = [imγa(ς)Aa + Sab(e, ς)F
ab]− [I4φ+ imγa(ς)γ5(ς)Aa + γ5(ς)Φ],∀X{

φ = − 1
4 trX

Φ = − 1
4 tr[γ

5(ς)X]
,

{
imAa = 1

4 tr[γ
a(ς)X]

imAa = 1
4 tr[γ

a(ς)γ5(ς)X]
, F ab = 1

2 tr[S
ab(e, ς)X]

Cor. 3.4.1. X = [imγa(ς)Aa + Sab(e, ς)F
ab]− [I4φ+ imγa(ς)γ5(ς)Aa + γ5(ς)Φ],∀X

⇔ X = [imγa(ς)Aa + Sab(e, ς)F
ab]− [I4φ+ imγa(ς)γ5(ς)Aa + γ5(ς)Φ],∀X{

φ = − 1
4 trX

Φ = − 1
4 tr[γ

5(ς)X]
,

{
imAa = 1

4 tr[γ
a(ς)X]

imAa = 1
4 tr[γ

a(ς)γ5(ς)X]
, F ab = 1

2 tr[S
ab(e, ς)X]

3.5 Symmetric and antisymmetric basis expansion of fourth order matrices

Symmetric and antisymmetric basis of fourth order matrices:
ΓA(ς) = [γa(ς), 2Sab(e, ς), | − I4,−iγa(ς)γ5(ς),−γ5(ς)]C

Pro. 3.5.1. X = [imγa(ς)CAa + Sab(e, ς)CF
ab]− [Cφ+ imγa(ς)γ5(ς)CAa + γ5(ς)CΦ],∀X

F ab = 1
2 tr[C̄S

ab(e, ς)X],

{
imAa = 1

4 tr[C̄γ
a(ς)X]

imAa = − 1
4 tr[C̄γ

a(ς)γ5(ς)X]
,

{
φ = − 1

4 tr[C̄X]

Φ = − 1
4 tr[C̄γ

5(ς)X]

Proof: XC̄ = 1
4 tr[Γ

a(−ς)⊗ Γb(−ς)XC̄]Γa(ς)⊗ Γb(ς),∀X
⇔ XC̄ = [imγa(ς)Aa + Sab(e, ς)F

ab]− [φ+ imγa(ς)γ5(ς)Aa + γ5(ς)Φ]{
φ = − 1

4 tr[XC̄]

Φ = − 1
4 tr[γ

5(ς)XC̄]
,

{
imAa = 1

4 tr[γ
a(ς)XC̄]

imAa = 1
4 tr[γ

a(ς)γ5(ς)XC̄]
, F ab = 1

2 tr[S
ab(e, ς)XC̄]

⇔ X = [imγa(ς)CAa + Sab(e, ς)CF
ab]− [Cφ+ imγa(ς)γ5(ς)CAa + γ5(ς)CΦ]

F ab = 1
2 tr[C̄S

ab(e, ς)X],

{
imAa = 1

4 tr[C̄γ
a(ς)X]

imAa = 1
4 tr[C̄γ

a(ς)γ5(ς)X]
,

{
φ = − 1

4 tr[C̄X]

Φ = − 1
4 tr[C̄γ

5(ς)X]
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Cor. 3.5.1. X = [imγa(ς)CAa − iSab(e, ς)CF ab]− [Cφ+ imγa(ς)γ5(ς)CAa + γ5(ς)CΦ],∀X
⇔ X = [imγa(ς)CAa − iSab(e, ς)CF ab]− [Cφ+ imγa(ς)γ5(ς)CAa + γ5(ς)CΦ],∀X

iF ab = 1
2 tr[C̄S

ab(e, ς)X],

{
imAa = 1

4 tr[C̄γ
a(ς)X]

imAa = 1
4 tr[C̄γ

a(ς)γ5(ς)X]
,

{
φ = − 1

4 tr[C̄X]

Φ = − 1
4 tr[C̄γ

5(ς)X]

3.6 Expansion of symmetric fourth order matrix

Symmetric basis of fourth order matrix:
ΓA(ς) = [γa(ς), 2Sab(e, ς)]C, C̄γa(ς)C = −γTa (ς), CT = C̄ = −C,C+(ς) = C̄

Pro. 3.6.1. G = imγa(ς)CAa + Sab(e, ς)CF
ab, G = GT , F ab = tr[C̄Sab(e, ς)G], imAa = 1

4 tr[C̄γ
a(ς)G]

Proof: G = [imγa(ς)CAa + Sab(e, ς)CF
ab]− [Cφ+ imγa(ς)γ5(ς)CAa + γ5(ς)CΦ]

F ab = 1
2 tr[C̄S

ab(e, ς)G], G = GT ,

{
imAa = 1

4 tr[C̄γ
a(ς)G]

imAa = 1
4 tr[C̄γ

a(ς)γ5(ς)G] = 0
,

{
φ = − 1

4 tr[C̄G] = 0

Φ = − 1
4 tr[C̄γ

5(ς)G] = 0

⇔ G = imγa(ς)CAa + Sab(e, ς)CF
ab, G = GT , F ab = 1

2 tr[C̄S
ab(e, ς)G], imAa = 1

4 tr[C̄γ
a(ς)G]

4 1-spin Bargmann-Wigner equation [16]

4.1 Analysis of 1-spin Bargmann-Wigner equation with mass

Lem. 4.1.1. [γc(ς)Dc +m][imγa(ς)CAa
σ + Sab(e, ς)CFab

σ] = J[κςµς ]
σ,

⇔

{
i(DbFab

σ +m2Aa
σ) = 1

4 tr[C̄γa(ς)J[κςµς ]
σ],m[Fab

σ − (DaAb
σ −DbAa

σ)] = 1
2 tr[C̄S

ab(e, ς)J[κςµς ]
σ]

imDaAa
σ = 1

4 tr[C̄J[κςµς ]
σ], 0 = 1

4 tr[C̄γ
5(ς)J[κςµς ]

σ], iDb∗Fabσ = 1
4 tr[C̄γ

a(ς)γ5(ς)J[κςµς ]
σ]

Proof: [γc(ς)Dc +m][imγa(ς)CAa
σ + Sab(e, ς)CFab

σ] = J[κςµς ]
σ,

⇔ imγc(ς)γa(ς)DcAa
σ + γc(ς)Sab(e, ς)DcFab

σ + im2γa(ς)Aa
σ +mSab(e, ς)Fab

σ = J[κςµς ]
σC̄

⇔ im[δca + 2iSca(e, ς)]DcAa
σ − i

2 [εabcdγ5(ς)γd(ς)− γ[aδb]c]DcFab
σ

+ im2γa(ς)Aa
σ +mSab(e, ς)Fab

σ = J[κςµς ]
σC̄,

⇔ im[DaAa
σ + 2iSab(e, ς)DaAb

σ]− i
2 [εabcdγ5(ς)γd(ς)− γ[aδb]c]DcFab

σ

+ im2γa(ς)Aa
σ +mSab(e, ς)Fab

σ = J[κςµς ]
σC̄

⇔ i(DbFab
σ +m2Aa

σ)γa(ς)C +m[Fab
σ − (DaAb

σ −DbAa
σ)]Sab(e, ς)C

+ imDaAa
σC + iDb∗Fabσγ5(ς)γa(ς)C = J[κςµς ]

σ

⇔

{
i(DbFab

σ +m2Aa
σ) = 1

4 tr[C̄γa(ς)J[κςµς ]
σ],m[Fab

σ − (DaAb
σ −DbAa

σ)] = 1
2 tr[C̄S

ab(e, ς)J[κςµς ]
σ]

imDaAa
σ = 1

4 tr[C̄J[κςµς ]
σ], 0 = 1

4 tr[C̄γ
5(ς)J[κςµς ]

σ], iDb∗Fabσ = 1
4 tr[C̄γ

a(ς)γ5(ς)J[κςµς ]
σ]

Lem. 4.1.2.


i(DbFab

σ +m2Aa
σ) = 1

4 tr[C̄γa(ς)J[κςµς ]
σ]

im[Fab
σ − (DaAb

σ −DbAa
σ)] = 1

2 tr[C̄S
ab(e, ς)J[κςµς ]

σ] = 0

imDaAa
σ = 1

4 tr[C̄J[κςµς ]
σ] = 0, 0 = 1

4 tr[C̄γ
5(ς)J[κςµς ]

σ]

iDb∗Fabσ = 1
4 tr[C̄γ

a(ς)γ5(ς)J[κςµς ]
σ] = 0

⇔

{
DbFab

σ +m2Aa
σ = Ja

σ, Db∗Fabσ = 0, Fab
σ = DaAb

σ −DbAa
σ, DaAa

σ = 0

J[κςµς ]
σ = −iJaσγa(ς)C

Proof:


i(DbFab

σ +m2Aa
σ) = 1

4 tr[C̄γa(ς)J[κςµς ]
σ]

im[Fab
σ − (DaAb

σ −DbAa
σ)] = 1

2 tr[C̄S
ab(e, ς)J[κςµς ]

σ] = 0

imDaAa
σ = 1

4 tr[C̄J[κςµς ]
σ] = 0, 0 = 1

4 tr[C̄γ
5(ς)J[κςµς ]

σ]

iDb∗Fabσ = 1
4 tr[C̄γ

a(ς)γ5(ς)J[κςµς ]
σ] = 0

⇔


i(DbFab

σ +m2Aa
σ) = 1

4 tr[C̄γa(ς)J[κςµς ]
σ], Db∗Fabσ = 0, Fab

σ = DaAb
σ −DbAa

σ, DaAa
σ = 0

J[κςµς ]
σ =

[
0 J [1ς2ς ]σ

J [2ς1ς ]σ 0

]
, 1

4 tr[C̄γ
a(ς)γ5(ς)J[κςµς ]

σ] = 0

⇔

i(D
bFab

σ +m2Aa
σ) = 1

4 tr[C̄γa(ς)J[κςµς ]
σ], J[κςµς ]

σ =

[
0 Ja

σΓa(ς)ε̄

Ja
σΓa(−ς)ε̄ 0

]
Db∗Fabσ = 0, Fab

σ = DaAb
σ −DbAa

σ, DaAa
σ = 0

⇔

{
DbFab

σ +m2Aa
σ = Ja

σ, Db∗Fabσ = 0, Fab
σ = DaAb

σ −DbAa
σ, DaAa

σ = 0

J[κςµς ]
σ = −iJaσγa(ς)C

Cor. 4.1.1. [γc(ς)Dc +m][imγa(ς)CAa
σ + Sab(e, ς)CFab

σ] = −iJaσγa(ς)C
⇔ DbFab

σ +m2Aa
σ = −Jaσ, Db∗Fabσ = 0, Fab

σ = DaAb
σ −DbAa

σ, DaAa
σ = 0
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Cor. 4.1.2. [γc(ς)Dc +m][imγa(ς)CAa
σ + Sab(e, ς)CFab

σ] = −iJaσγa(ς)C

⇔

{
[γc(ς)Dc +m][imγa(ς)C − 2Sab(e, ς)CDb]Aa

σ = −iJaσγa(ς)C

Fab
σ = DaAb

σ −DbAa
σ

Cor. 4.1.3.

{
[γc(ς)Dc +m][imγa(ς)C − 2Sab(e, ς)CDb]Aa

σ = −iJaσγa(ς)C

Fab
σ = DaAb

σ −DbAa
σ

⇔ DbFab
σ +m2Aa

σ = −Jaσ, Db∗Fabσ = 0, Fab
σ = DaAb

σ −DbAa
σ, DaAa

σ = 0

Cor. 4.1.4.

{
[γc(ς)∂c +m][imγa(ς)C − 2Sab(e, ς)C∂b]Aa

σ = −iJaσγa(ς)C

Fab
σ = ∂aAb

σ − ∂bAaσ

⇔ ∂bFab
σ +m2Aa

σ = −Jaσ, Fabσ = ∂aAb
σ − ∂bAaσ, ∂aJaσ = 0

Cor. 4.1.5.

{
[γc(ς)Dc +m]ψ[λςµς ]

σ = −iJaσγa(ς)C

ψ[λςµς ]
σ = imγa(ς)CAa

σ + Sab(e, ς)CFab
σ ⇔


[γc(ς)Dc +m]ψ[λςµς ]

σ = −iJaσγa(ς)C

ψ[λςµς ]
σ = [imγa(ς)C − 2Sab(e, ς)CDb]Aa

σ

Fab
σ = DaAb

σ −DbAa
σ

Cor. 4.1.6.

{
[γc(ς)Dc +m]ψ[λςµς ]

σ = −iJaσγa(ς)C

ψλςµς
σ = ψµςλς

σ
⇔

{
[γc(ς)Dc +m]ψ[λςµς ]

σ = −iJaσγa(ς)C

ψ[λςµς ]
σ = [imγa(ς)C − 2Sab(e, ς)CDb]Aa

σ

Cor. 4.1.7.

{
[γc(ς)Dc +m]ψ[λςµς ]

σ = −iJaσγa(ς)C

ψλςµς
σ = ψµςλς

σ

⇔

{
DbFab

σ +m2Aa
σ = −Jaσ, Db∗Fabσ = 0, Fab

σ = DaAb
σ −DbAa

σ, DaAa
σ = 0

ψ[λςµς ]
σ = [imγa(ς)C − 2Sab(e, ς)CDb]Aa

σ

Cor. 4.1.8.

{
[γc(ς)∂c +m]ψ[λςµς ]

σ = −iJaσγa(ς)C

ψλςµς
σ = ψµςλς

σ

⇔

{
∂bFab

σ +m2Aa
σ = −Jaσ, ∂aJaσ = 0, Fab

σ = ∂aAb
σ − ∂bAaσ

ψ[λςµς ]
σ = [imγa(ς)C − 2Sab(e, ς)C∂b]Aa

σ

4.2 1-spin Bargmann-Wigner equation with mass

Thm. 4.2.1.

{
[γc(ς)∂c +m]ψ[λς ]µς

σ = −iJaσγa(ς)C

ψλςµς
σ = ψµςλς

σ
⇔


(−∂b∂b +m2)Aa

σ = −Jaσ

∂aAa
σ = 0, ∂aJa

σ = 0

ψλςµς
σ = [imγa(ς)C − 2Sab(e, ς)C∂b]λςµςAa

σ

4.3 Analysis of 1-spin Bargmann-Wigner equation without mass

Lem. 4.3.1. [γc(ς)Dc +m][imγa(ς)CAa
σ + Sab(e, ς)CFab

σ] = J[κςµς ]
σ,

⇔

{
i(DbFab

σ +m2Aa
σ) = 1

4 tr[C̄γa(ς)J[κςµς ]
σ],m[Fab

σ − (DaAb
σ −DbAa

σ)] = 1
2 tr[C̄S

ab(e, ς)J[κςµς ]
σ]

imDaAa
σ = 1

4 tr[C̄J[κςµς ]
σ], 0 = 1

4 tr[C̄γ
5(ς)J[κςµς ]

σ], iDb∗Fabσ = 1
4 tr[C̄γ

a(ς)γ5(ς)J[κςµς ]
σ]

Proof: γc(ς)Dc[imγ
a(ς)CAa

σ + Sab(e, ς)CFab
σ] = J[κςµς ]

σ

⇔ imγc(ς)γa(ς)DcAa
σ + γc(ς)Sab(e, ς)DcFab

σ = J[κςµς ]
σC̄

⇔ im[δca + 2iSca(e, ς)]DcAa
σ − i

2 [εabcdγ5(ς)γd(ς)− γ[aδb]c]DcFab
σ = J[κςµς ]

σC̄

⇔ im[DaAa
σ + 2iSab(e, ς)DaAb

σ]− i
2 [εabcdγ5(ς)γd(ς)− γ[aδb]c]DcFab

σ = J[κςµς ]
σC̄

⇔ iDbFab
σγa(ς)C + im[(DaAb

σ −DbAa
σ)]Sab(e, ς)C + imDaAa

σC + iDb∗Fabσγ5(ς)γa(ς)C = J[κςµς ]
σ

⇔

{
iDbFab

σ = 1
4 tr[C̄γa(ς)J[κςµς ]

σ],−m(DaAb
σ −DbAa

σ) = 1
2 tr[C̄S

ab(e, ς)J[κςµς ]
σ]

imDaAa
σ = 1

4 tr[C̄J[κςµς ]
σ], 0 = 1

4 tr[C̄γ
5(ς)J[κςµς ]

σ], iDb∗Fabσ = 1
4 tr[C̄γ

a(ς)γ5(ς)J[κςµς ]
σ]

4.4 1-spin Bargmann-Wigner equation without mass

Cor. 4.4.1. γc(ς)Dc[imγ
a(ς)CAa

σ + Sab(e, ς)CFab
σ] = −iJaσγa(ς)C

⇔ DbFab
σ = −Jaσ, Db∗Fabσ = 0, DaAb

σ −DbAa
σ = 0, DaAa

σ = 0

Proof: γc(ς)Dc[imγ
a(ς)CAa

σ + Sab(e, ς)CFab
σ] = −iJaσγa(ς)C

⇔ iDbFab
σγa(ς)C −m(DaAb

σ −DbAa
σ)Sab(e, ς)C + imDaAa

σC + iDb∗Fabσγ5(ς)γa(ς)C = −iJaσγa(ς)C
⇔ DbFab

σ = −Jaσ, Db∗Fabσ = 0, DaAb
σ −DbAa

σ = 0, DaAa
σ = 0

Cor. 4.4.2. γc(ς)∂c[imγ
a(ς)CAa + Sab(e, ς)CFab] = −iJaγa(ς)C

⇔ ∂bFab = −Ja, ∂b ∗ Fab = 0, ∂a∂aφ = 0, Aa = ∂aφ
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In massless case due to complete independence of Fab
σ, Aa

σ, it is unable to obtain more concise and
meaningful conclusions. And there are redundant equations that appear to be sloppy and not concise
enough. It can’t be naturally generalized to the high spin case.Therefore, Bargmann Wigner equation
seems not suitable for describing massless particles, but Penrose spinor equation [1, 2](Spin Equation)
is more suitable for describing massless particles.

5 3
2
, 2-spin Bargmann-Wigner equation [16]

5.1 Analysis of 3
2 -spin Bargmann-Wigner equation with mass

Cor. 5.1.1. ψλςµςης
σ = [imγa(ς)C − 2Sab(e, ς)CDb]λςµςAaης

σ tr[C̄ψλς [µςης ]
σ] = 0

⇒ [imγa(ς)− 2Sab(e, ς)Db]Aa[ης ]
σ = 0

Cor. 5.1.2. ψλςµςης
σ = [imγa(ς)C − 2Sab(e, ς)CDb]λςµςAaης

σ tr[C̄γ5(ς)ψλς [µςης ]
σ] = 0

⇒ [imγa(ς) + 2Sab(e, ς)Db]Aa[ης ]
σ = 0

Cor. 5.1.3. ψλςµςης
σ = [imγa(ς)C − 2Sab(e, ς)CDb]λςµςAaης

σ tr[C̄γa(ς)γ5(ς)ψλς [µςης ]
σ] = 0,

⇒ [imγa(ς)γc(ς) + 2Sab(e, ς)γc(ς)Db]Aa[ης ]
σ = 0

Cor. 5.1.4.

{
ψλςµςης

σ = [imγa(ς)C − 2Sab(e, ς)CDb]λςµςAaης
σ

tr[C̄ψλς [µςης ]
σ] = 0, tr[C̄γ5(ς)ψλς [µςης ]

σ] = 0

⇔

{
ψλςµςης

σ = [imγa(ς)C − 2Sab(e, ς)CDb]λςµςAaης
σ

γa(ς)Aa[ης ]
σ = 0, DaAa[ης ]

σ = 0

Cor. 5.1.5. ψλςµςης
σ = ψλςηςµς

σ

⇔ tr[C̄ψλς [µςης ]
σ] = 0, tr[C̄γ5(ς)ψλς [µςης ]

σ] = 0, tr[C̄γa(ς)γ5(ς)ψλς [µςης ]
σ] = 0

Cor. 5.1.6.

{
ψλςµςης

σ = [imγa(ς)C − 2Sab(e, ς)CDb]λςµςAaης
σ

ψλςµςης
σ = ψλςηςµς

σ

⇔

{
ψλςµςης

σ = [imγa(ς)C − 2Sab(e, ς)CDb]λςµςAaης
σ

[γb(ς)Db +m]Aa[ης ]
σ = 0, γa(ς)Aa[ης ]

σ = 0

Cor. 5.1.7.

{
Aaηςξς

σ = [imγb(ς)C − 2Sbz(e, ς)C∂z]ηςξςAab
σ

γa(ς)Aa[ης ]ξς
σ = 0

⇔

{
Aaηςξς

σ = [imγb(ς)C − 2Sbz(e, ς)C∂z]ηςξςAab
σ

δabAab
σ = 0, Aab

σ = Aba
σ, ∂aAab

σ = 0

Proof: Aaηςξς
σ = [imγb(ς)C − 2Sbz(e, ς)C∂z]ηςξςAab

σ, γa(ς)Aa[ης ]ξς
σ = 0

⇔

{
Aaηςξς

σ = [imγb(ς)C − 2Sbz(e, ς)C∂z]ηςξςAab
σ

im[δab + 2iSab(e, ς)]Aab
σ − iγd(ς)γ5(ς)εabzd∂zAab

σ + iγz(ς)(δab∂zAab
σ − ∂aAazσ) = 0

⇔

{
Aaηςξς

σ = [imγb(ς)C − 2Sbz(e, ς)C∂z]ηςξςAab
σ

δabAab
σ = 0, Aab

σ −Abaσ = 0, (ς)εabzd∂zAab
σ = 0, (δab∂zAab

σ − ∂aAazσ) = 0

⇔

{
Aaηςξς

σ = [imγb(ς)C − 2Sbz(e, ς)C∂z]ηςξςAab
σ

δabAab
σ = 0, Aab

σ = Aba
σ, ∂aAab

σ = 0

5.2 3
2 -spin Bargmann-Wigner equation with mass in curved space-time

Lem. 5.2.1. [γb(ς)Db +m]Aa[ης ]
σ = 0, γa(ς)Aa[ης ]

σ = 0⇒ DaAa[ης ]
σ = 0

Proof: [γb(ς)Db +m]Aa[ης ]
σ = 0, γa(ς)Aa[ης ]

σ = 0

⇒ γa(ς)[γb(ς)Db +m]Aa[ης ]
σ = 0, γa(ς)Aa[ης ]

σ = 0

⇒ γa(ς)γb(ς)DbAa[ης ]
σ = 0, γa(ς)Aa[ης ]

σ = 0

⇒ [γa(ς)γb(ς) + γb(ς)γa(ς)− γb(ς)γa(ς)]DbAa[ης ]
σ = 0, γa(ς)Aa[ης ]

σ = 0

⇒ 2δabDbAa[ης ]
σ − γb(ς)Db[γ

a(ς)Aa[ης ]
σ] = 0, γa(ς)Aa[ης ]

σ = 0
⇒ DaAa[ης ]

σ = 0

Lem. 5.2.2. [γb(ς)∂b +m]Aa[ης ]
σ = 0⇒ (∂b∂

b −m2)Aa[ης ]
σ = 0

Proof: [γb(ς)∂b +m]Aa[ης ]
σ = 0

⇒ [γb(ς)∂b −m][γb(ς)∂b +m]Aa[ης ]
σ = 0

⇒ [γb(ς)γc(ς)∂b∂c −m2]Aa[ης ]
σ = 0

⇒ {[δbc + 2iSab(e, ς)]∂b∂c −m2}Aa[ης ]
σ = 0

⇒ (∂b∂
b −m2)Aa[ης ]

σ = 0
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Thm. 5.2.1.

{
[γa(ς)Da +m]κς

λςψ[λςµς ]ης
σ = −iJaης

σγa(ς)C

ψλςµςης
σ full symmetric except σ

⇔


ψλςµςης

σ = [imγa(ς)C − 2Sab(e, ς)CDb]λςµςAaης
σ

DbFabης
σ +m2Aaης

σ = −Jaης
σ, Db∗Fabης

σ = 0, Fabης
σ = DaAbης

σ −DbAaης
σ

[γb(ς)Db +m]Aa[ης ]
σ = 0, γa(ς)Aa[ης ]

σ = 0

Proof: [γa(ς)Da +m]κς
λςψ[λςµς ]ης

σ = −iJaης
σγa(ς)C,ψλςµςης

σ full symmetric except σ

⇔

{
[γa(ς)Da +m]κς

λςψλςµςης
σ = −iJaης

σγa(ς)C,ψλςµςης
σ = ψµςλςης

σ

tr[C̄γa(ς)γ5(ς)ψλς [µςης ]
σ] = 0, tr[C̄ψλς [µςης ]

σ] = 0, tr[C̄γ5(ς)ψλς [µςης ]
σ] = 0

⇔

{
[γa(ς)Da +m]κς

λςψλςµςης
σ = −iJaης

σγa(ς)C,ψλςµςης
σ = [imγa(ς)C − 2Sab(e, ς)CDb]λςµςAaης

σ

tr[C̄γa(ς)γ5(ς)ψλς [µςης ]
σ] = 0, tr[C̄ψλς [µςης ]

σ] = 0, tr[C̄γ5(ς)ψλς [µςης ]
σ] = 0

⇔

{
[γa(ς)Da +m]κς

λςψλςµςης
σ = −iJaης

σγa(ς)C,ψλςµςης
σ = [imγa(ς)C − 2Sab(e, ς)CDb]λςµςAaης

σ

[γb(ς)Db +m]Aa[ης ]
σ = 0, γa(ς)Aa[ης ]

σ = 0, DaAa[ης ]
σ = 0

⇔


ψλςµςης

σ = [imγa(ς)C − 2Sab(e, ς)CDb]λςµςAaης
σ

DbFabης
σ +m2Aaης

σ = −Jaης
σ, Db∗Fabης

σ = 0, Fabης
σ = DaAbης

σ −DbAaης
σ, DaAaης

σ = 0

[γb(ς)Db +m]Aa[ης ]
σ = 0, γa(ς)Aa[ης ]

σ = 0, DaAa[ης ]
σ = 0

⇔


ψλςµςης

σ = [imγa(ς)C − 2Sab(e, ς)CDb]λςµςAaης
σ

DbFabης
σ +m2Aaης

σ = −Jaης
σ, Db∗Fabης

σ = 0, Fabης
σ = DaAbης

σ −DbAaης
σ

[γb(ς)Db +m]Aa[ης ]
σ = 0, γa(ς)Aa[ης ]

σ = 0, γa(ς)Ja[ης ]
σ = 0

In curved space-time, the equation can’t be further simplified, so more concise and meaningful
conclusions can’t be obtained.
5.3 Source item requirements for 3

2 -spin B-W equation with mass in flat space-time???

Thm. 5.3.1.

{
[γa(ς)∂a +m]κς

λςψ[λςµς ]ης
σ = −iJaης

σγa(ς)C

ψλςµςης
σ full symmetric except σ

⇔


ψλςµςης

σ = [imγa(ς)C − 2Sab(e, ς)C∂b]λςµςAaης
σ

∂bFabης
σ +m2Aaης

σ = 0, Jaης
σ = 0, Fabης

σ = ∂aAbης
σ − ∂bAaης

σ

[γb(ς)∂b +m]Aa[ης ]
σ = 0, γa(ς)Aa[ης ]

σ = 0

Proof:

{
[γa(ς)∂a +m]κς

λςψ[λςµς ]ης
σ = −iJaης

σγa(ς)C

ψλςµςης
σ full symmetric except σ

⇔


ψλςµςης

σ = [imγa(ς)C − 2Sab(e, ς)C∂b]λςµςAaης
σ

∂bFabης
σ +m2Aaης

σ = −Jaης
σ, ∂b∗Fabης

σ = 0, Fabης
σ = ∂aAbης

σ − ∂bAaης
σ

[γb(ς)∂b +m]Aa[ης ]
σ = 0, γa(ς)Aa[ης ]

σ = 0

⇔


ψλςµςης

σ = [imγa(ς)C − 2Sab(e, ς)C∂b]λςµςAaης
σ

∂bFabης
σ +m2Aaης

σ = −Jaης
σ, Fabης

σ = ∂aAbης
σ − ∂bAaης

σ

[γb(ς)∂b +m]Aa[ης ]
σ = 0, γa(ς)Aa[ης ]

σ = 0, ∂aAa[ης ]
σ = 0

⇔


ψλςµςης

σ = [imγa(ς)C − 2Sab(e, ς)C∂b]λςµςAaης
σ

∂bFabης
σ +m2Aaης

σ = 0, Jaης
σ = 0, Fabης

σ = ∂aAbης
σ − ∂bAaης

σ

[γb(ς)∂b +m]Aa[ης ]
σ = 0, γa(ς)Aa[ης ]

σ = 0

Compared to the curved space-time case, the equation has been further simplified in flat space-time.
More concise and meaningful conclusions have been obtained. The self consistency of the equation itself
also automatically requires that the source term must be zero.(???)
5.4 3

2 -spin Bargmann-Wigner equation [19] with mass in flat space-time

Thm. 5.4.1.

{
[γa(ς)∂a +m]ψ[λς ]µςης

σ = 0

ψλςµςης
σ full symmetric except σ

⇔

{
[γb(ς)∂b +m]Aa[ης ]

σ = 0, γa(ς)Aa[ης ]
σ = 0

ψλςµςης
σ = [imγa(ς)C − 2Sab(e, ς)C∂b]λςµςAaης

σ

Proof:

{
[γa(ς)∂a +m]ψ[λς ]µςης

σ = 0

ψλςµςης
σ full symmetric except σ

⇔


[γa(ς)∂a +m]ψ[λς ]µςης

σ = 0

ψλςµςης
σ = ψµςλςης

σ

ψλςµςης
σ = ψλςηςµς

σ
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⇔


(−∂b∂b +m2)Aaης

σ = 0, ∂aAaης
σ = 0

ψλςµςης
σ = [imγa(ς)C − 2Sab(e, ς)C∂b]λςµςAaης

σ

ψλςµςης
σ = ψλςηςµς

σ

⇔


(−∂b∂b +m2)Aaης

σ = 0, ∂aAaης
σ = 0

ψλςµςης
σ = [imγa(ς)C − 2Sab(e, ς)C∂b]λςµςAaης

σ

[γb(ς)∂b +m]Aa[ης ]
σ = 0, γa(ς)Aa[ης ]

σ = 0

⇔

{
[γb(ς)∂b +m]Aa[ης ]

σ = 0, γa(ς)Aa[ης ]
σ = 0

ψλςµςης
σ = [imγa(ς)C − 2Sab(e, ς)C∂b]λςµςAaης

σ

5.5 2-spin Bargmann-Wigner equation with mass in flat space-time

Thm. 5.5.1.

{
[γa(ς)∂a +m]ψ[λς ]µςηςξς

σ = 0

ψλςµςηςξς
σ full symmetric except σ

⇔

{
(−∂d∂d +m2)Aab

σ = 0, δabAab
σ = 0, Aab

σ = Aba
σ, ∂aAab

σ = 0

ψλςµςηςξς
σ = [imγa(ς)C − 2Sac(e, ς)C∂c]λςµς [imγ

b(ς)C − 2Sbd(e, ς)C∂d]ηςξςAab
σ

Proof:

{
[γa(ς)∂a +m]ψ[λς ]µςηςξς

σ = 0

ψλςµςηςξς
σ full symmetric except σ

⇔


[γa(ς)∂a +m]ψ[λς ]µςηςξς

σ = 0

ψλςµςηςξς
σ full symmetric except ξς

σ.

ψλςµςηςξς
σ = ψλςµςξςης

σ

⇔


[γb(ς)∂b +m]Aa[ης ]ξς

σ = 0, γa(ς)Aa[ης ]ξς
σ = 0

ψλςµςηςξς
σ = [imγa(ς)C − 2Sab(e, ς)C∂b]λςµςAaηςξς

σ

ψλςµςηςξς
σ = ψλςµςξςης

σ

⇔


[γb(ς)∂b +m]Aa[ης ]ξς

σ = 0, Aaηςξς
σ = Aaξςης

σ

γa(ς)Aa[ης ]ξς
σ = 0

ψλςµςηςξς
σ = [imγa(ς)C − 2Sab(e, ς)C∂b]λςµςAaηςξς

σ

⇔


(−∂d∂d +m2)Aab

σ = 0, ∂bAab
σ = 0

Aaηςξς
σ = [imγb(ς)C − 2Sbz(e, ς)C∂z]ηςξςAab

σ

γa(ς)Aa[ης ]ξς
σ = 0

ψλςµςηςξς
σ = [imγa(ς)C − 2Sab(e, ς)C∂b]λςµςAaηςξς

σ

⇔


(−∂d∂d +m2)Aab

σ = 0, ∂bAab
σ = 0

Aaηςξς
σ = [imγb(ς)C − 2Sbz(e, ς)C∂z]ηςξςAab

σ

δabAab
σ = 0, Aab

σ = Aba
σ, ∂aAab

σ = 0

ψλςµςηςξς
σ = [imγa(ς)C − 2Sab(e, ς)C∂b]λςµςAaηςξς

σ

⇔

{
(−∂d∂d +m2)Aab

σ = 0, δabAab
σ = 0, Aab

σ = Aba
σ, ∂aAab

σ = 0

ψλςµςηςξς
σ = [imγa(ς)C − 2Sab(e, ς)C∂b]λςµς [imγ

b(ς)C − 2Sbz(e, ς)C∂z]ηςξςAab
σ

Cor. 5.5.1.

{
[γa(ς)∂a +m]κς

λςXaλςµςX
b
ηςξς

Aab
σ = 0

XaλςµςX
b
ηςξς

Aab
σ = XaλςηςX

b
µςξς

Aab
σ ⇔

{
(−∂d∂d +m2)Aab

σ = 0

δabAab
σ = 0, Aab

σ = Aba
σ, ∂aAab

σ = 0

Cor. 5.5.2. XaλςµςX
b
ηςξς

Aab = XaµςηςX
b
λςξς

Aab ⇔???

6 Arbitrary spin particles Bargmann-Wigner equation in flat space-time
6.1 n-spin Bargmann-Wigner equation [16, 20,21] with mass in flat space-time

Def. 6.1.1. Xa := [imγa(ς)− 2Sab(e, ς)∂
b]C,Xa := [imγa(ς)− 2Sab(e, ς)∂b]C

Thm. 6.1.1.


[γa(ς)∂a +m]ψ[λς ]µςηςξς · ·ζς︸ ︷︷ ︸

2n

σ = 0

ψ[λς ]µςηςξς · ·ζς︸ ︷︷ ︸
2n

σ full symmetric except σ
⇔



(−∂d∂d +m2)Aabc · ·︸ ︷︷ ︸
n

σ = 0

Aabc · ·︸ ︷︷ ︸
n

σ full symmetric except σ

δabAabc · ·︸ ︷︷ ︸
n

σ = 0, ∂aAabc · ·︸ ︷︷ ︸
n

σ = 0

ψλςµςηςξς · ·ζς︸ ︷︷ ︸
2n

σ =

n︷ ︸︸ ︷
XaλςµςX

b
ηςξς · ·Aabc · ·︸ ︷︷ ︸

n

σ
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Cor. 6.1.1.


[γa(ς)∂a +m]

n︷ ︸︸ ︷
XaλςµςX

b
ηςξς · ·Aabc · ·︸ ︷︷ ︸

n

σ = 0⇔ (−∂d∂d +m2)Aabc · ·︸ ︷︷ ︸
n

σ = 0

Aabc · ·︸ ︷︷ ︸
n

σ = 1
n!A{abc · ·}︸ ︷︷ ︸

n

σ, δabAabc · ·︸ ︷︷ ︸
n

σ = 0, ∂aAabc · ·︸ ︷︷ ︸
n

σ = 0

6.2 n+ 1
2 -spin Bargmann-Wigner equation with mass [16, 17,20] in flat space-time

Thm. 6.2.1.


[γa(ς)∂a +m]ψ[λς ]µςηςξς · ·ζς︸ ︷︷ ︸

2n+1

σ = 0

ψ[λς ]µςηςξς · ·ζς︸ ︷︷ ︸
2n+1

σ full symmetric except σ
⇔



[γd(ς)∂d +m]Aabc · ·︸ ︷︷ ︸
n

[ζς ]
σ = 0

Aabc · ·︸ ︷︷ ︸
n

[ζς ]
σ fully symmetric except ζς

σ

δabAabc · ·︸ ︷︷ ︸
n

[ζς ]
σ = 0, γa(ς)Aabc · ·︸ ︷︷ ︸

n

[ζς ]
σ = 0

ψλςµςηςξς · ·ζς︸ ︷︷ ︸
2n+1

σ =

n︷ ︸︸ ︷
XaλςµςX

b
ηςξς · ·Aabc · ·︸ ︷︷ ︸

n

[ζς ]
σ

Cor. 6.2.1.


[γa(ς)∂a +m]

n︷ ︸︸ ︷
XaλςµςX

b
ηςξς · ·Aabc · ·︸ ︷︷ ︸

n

[ζς ]
σ = 0⇔ [γd(ς)∂d +m]Aabc · ·︸ ︷︷ ︸

n

[ζς ]
σ = 0

Aabc · ·︸ ︷︷ ︸
n

[ζς ]
σ = 1

n!A{abc · ·}︸ ︷︷ ︸
n

[ζς ]
σ, δabAabc · ·︸ ︷︷ ︸

n

[ζς ]
σ = 0, γa(ς)Aabc · ·︸ ︷︷ ︸

n

[ζς ]
σ = 0

Using mathematical induction and the reasoning techniques of s = 3
2 and s = 2 can easily and strictly

prove the above two theorems. Let’s begin to prove them.
6.3 Strictly prove the above two theorems by using mathematical induction

Proof: Use mathematical induction to prove the above two theorems together.
Step 1: When s = 1/2, the following is established:

{
[γa(ς)∂a +m]ψ[λς ]

σ = 0

ψλς
σ full symmetric except σ

⇔



[γd(ς)∂d +m]Aab · ·︸ ︷︷ ︸
0

[λς ]
σ = 0, Aab · ·︸ ︷︷ ︸

0

ης
σ fully symmetric except λς

σ

δabAab · ·︸ ︷︷ ︸
0

[λς ]
σ = 0, γa(ς)Aab · ·︸ ︷︷ ︸

0

[λς ]
σ = 0

ψλς
σ = Aab · ·︸ ︷︷ ︸

0

λς
σ

Step 2: When s = n− 1/2, the following is established.


[γa(ς)∂a +m]ψ[λς ]µς · ·ης︸ ︷︷ ︸

2n−1

σ = 0

ψλςµς · ·ης︸ ︷︷ ︸
2n−1

σ full symmetric except σ
⇔



[γd(ς)∂d +m]Aab · ·︸ ︷︷ ︸
n−1

[ης ]
σ = 0, Aab · ·︸ ︷︷ ︸

n−1

ης
σ fully symmetric except ης

σ

δabAab · ·︸ ︷︷ ︸
n−1

[ης ]
σ = 0, γa(ς)Aab · ·︸ ︷︷ ︸

n−1

[ης ]
σ = 0

ψλςµς · ·ης︸ ︷︷ ︸
2n−1

σ =

n−1︷ ︸︸ ︷
Xaλςµς · ·Aa · ·︸︷︷︸

n−1

ης
σ

Step 3: When s = n,

1


[γa(ς)∂a +m]ψ[λς ]µς · ·ηςξς︸ ︷︷ ︸

2n

σ = 0

ψλςµς · ·ηςξς︸ ︷︷ ︸
2n

σ full symmetric except σ

⇔


[γa(ς)∂a +m]ψ[λς ]µς · ·ηςξς︸ ︷︷ ︸

2n

σ = 0, ψλςµς · ·ηςξς︸ ︷︷ ︸
2n

σ full symmetric except ξς
σ.

ψλςµς · ·ηςξς︸ ︷︷ ︸
2n

σ = ψλςµς · ·ξςης︸ ︷︷ ︸
2n

σ

⇔



[γd(ς)∂d +m]Aab · ·︸ ︷︷ ︸
n−1

[ης ]ξς
σ = 0, Aab · ·︸ ︷︷ ︸

n−1

ηςξς
σ fully symmetric except ηςξς

σ

δabAab · ·︸ ︷︷ ︸
n−1

[ης ]ξς
σ = 0, γa(ς)Aab · ·︸ ︷︷ ︸

n−1

[ης ]ξς
σ = 0

ψλςµς · ·ηςξς︸ ︷︷ ︸
2n

σ =

n−1︷ ︸︸ ︷
Xaλςµς · ·Aa · ·︸︷︷︸

n−1

ηςξς
σ, ψλςµς · ·ηςξς︸ ︷︷ ︸

2n

σ = ψλςµς · ·ξςης︸ ︷︷ ︸
2n

σ
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⇔



[γd(ς)∂d +m]Aab · ·︸ ︷︷ ︸
n−1

[ης ]ξς
σ = 0, Aab · ·︸ ︷︷ ︸

n−1

ηςξς
σ fully symmetric except ηςξς

σ

δabAab · ·︸ ︷︷ ︸
n−1

[ης ]ξς
σ = 0, γa(ς)Aab · ·︸ ︷︷ ︸

n−1

[ης ]ξς
σ = 0

Aab · ·︸ ︷︷ ︸
n−1

ηςξς
σ = Aab · ·︸ ︷︷ ︸

n−1

ξςης
σ, ψλςµς · ·ηςξς︸ ︷︷ ︸

2n

σ =

n−1︷ ︸︸ ︷
Xaλςµς · ·Aa · ·︸︷︷︸

n−1

ηςξς
σ

⇔



(−∂d∂d +m2)Aab · ·c︸ ︷︷ ︸
n

σ = 0, Aab · ·︸ ︷︷ ︸
n−1

ηςξς
σ fully symmetric except ηςξς

σ

δabAab · ·︸ ︷︷ ︸
n−1

[ης ]ξς
σ = 0, γa(ς)Aab · ·︸ ︷︷ ︸

n−1

[ης ]ξς
σ = 0, ∂cAab · ·c︸ ︷︷ ︸

n

σ = 0

Aab · ·︸ ︷︷ ︸
n−1

ηςξς
σ = XcηςξςAab · ·c︸ ︷︷ ︸

n

σ, ψλςµς · ·ηςξς︸ ︷︷ ︸
2n

σ =

n−1︷ ︸︸ ︷
Xaλςµς · ·Aa · ·︸︷︷︸

n−1

ηςξς
σ

⇔



(−∂d∂d +m2)Aab · ·c︸ ︷︷ ︸
n

σ = 0, ∂cAab · ·c︸ ︷︷ ︸
n

σ = 0, Aab · ·︸ ︷︷ ︸
n−1

ηςξς
σ fully symmetric except ηςξς

σ

δabAab · ·c︸ ︷︷ ︸
n

σ = 0, Aab · ·c︸ ︷︷ ︸
n

σ = Acb · ·a︸ ︷︷ ︸
n

σ, ∂aAab · ·c︸ ︷︷ ︸
n

σ = 0

Aab · ·︸ ︷︷ ︸
n−1

ηςξς
σ = XcηςξςAab · ·c︸ ︷︷ ︸

n

σ, ψλςµς · ·ηςξς︸ ︷︷ ︸
2n

σ =

n−1︷ ︸︸ ︷
Xaλςµς · ·Aa · ·︸︷︷︸

n−1

ηςξς
σ

⇔



(−∂d∂d +m2)Aab · ·c︸ ︷︷ ︸
n

σ = 0, Aab · ·c︸ ︷︷ ︸
n

σ fully symmetric except σ

δabAab · ·c︸ ︷︷ ︸
n

σ = 0, ∂aAab · ·c︸ ︷︷ ︸
n

σ = 0

ψλςµς · ·ηςξς︸ ︷︷ ︸
2n

σ =

n︷ ︸︸ ︷
Xaλςµς · ·X

c
ηςξς Aa · ·c︸ ︷︷ ︸

n

σ

Step 4: When s = n+ 1/2,

2


[γa(ς)∂a +m]ψ[λς ]µς · ·ηςξςζς︸ ︷︷ ︸

2n+1

σ = 0

ψλςµς · ·ηςξςζς︸ ︷︷ ︸
2n+1

σ full symmetric except σ

⇔


[γa(ς)∂a +m]ψ[λς ]µς · ·ηςξςζς︸ ︷︷ ︸

2n+1

σ = 0, ψλςµς · ·ηςξςζς︸ ︷︷ ︸
2n+1

σ fully symmetric except ζς
σ

ψλςµς · ·ηςξςζς︸ ︷︷ ︸
2n+1

σ = ψλςµς · ·ηςζςξς︸ ︷︷ ︸
2n+1

σ

⇔



(−∂d∂d +m2)Aab · ·c︸ ︷︷ ︸
n

ζς
σ = 0, Aab · ·c︸ ︷︷ ︸

n

ζς
σ fully symmetric except ζς

σ

δabAab · ·c︸ ︷︷ ︸
n

ζς
σ = 0, ∂aAab · ·c︸ ︷︷ ︸

n

ζς
σ = 0, ψλςµς · ·ηςξςζς︸ ︷︷ ︸

2n+1

σ =

n︷ ︸︸ ︷
Xaλςµς · ·X

c
ηςξς Aa · ·c︸ ︷︷ ︸

n

ζς
σ

ψλςµς · ·ηςξςζς︸ ︷︷ ︸
2n+1

σ = ψλςµς · ·ηςζςξς︸ ︷︷ ︸
2n+1

σ

⇔



(−∂d∂d +m2)Aab · ·c︸ ︷︷ ︸
n

ζς
σ = 0, Aab · ·c︸ ︷︷ ︸

n

ζς
σ fully symmetric except ζς

σ

δabAab · ·c︸ ︷︷ ︸
n

ζς
σ = 0, ∂aAab · ·c︸ ︷︷ ︸

n

ζς
σ = 0, ψλςµς · ·ηςξςζς︸ ︷︷ ︸

2n+1

σ =

n︷ ︸︸ ︷
Xaλςµς · ·X

c
ηςξς Aa · ·c︸ ︷︷ ︸

n

ζς
σ

[γd(ς)∂d +m]Aab · ·c︸ ︷︷ ︸
n

[ζς ]
σ = 0, γa(ς)Aab · ·c︸ ︷︷ ︸

n

[ζς ]
σ = 0

⇔



[γd(ς)∂d +m]Aab · ·c︸ ︷︷ ︸
n

[ζς ]
σ = 0, Aab · ·c︸ ︷︷ ︸

n

ζς
σ fully symmetric except ζς

σ

δabAab · ·c︸ ︷︷ ︸
n

ζς
σ = 0, γa(ς)Aab · ·c︸ ︷︷ ︸

n

[ζς ]
σ = 0

ψλςµς · ·ηςξςζς︸ ︷︷ ︸
2n+1

σ =

n︷ ︸︸ ︷
Xaλςµς · ·X

c
ηςξς Aa · ·c︸ ︷︷ ︸

n

ζς
σ

This step proves that when s = n and s = n+ 1/2, the proposition is established.
Step 5: Based on the above inductive reasoning, the proposition is established and proved simultaneously.
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6.4 Review of s-spin Bargmann-Wigner equation with mass

From the above, it can be seen that Bargmann Wigner equation is equivalent to Rarita Schwinger
equation in semi integer spin case [17] and is equivalent to Klein Gordon equation in integer spin
case [21] in a flat space-time. It reveals the profound and rich physical connotation of Bargmann
Wigner equation. However, if we consider the general source term, we can’t obtain this equivalent
result. Only a source term that meets certain conditions can be established. And only the spins with
s = 1

2 and s = 1 can have a source term. For a spin with s = 3
2 or more, the intrinsic self consistency

of the equation requires that the source term must be zero. In addition in curved space-time due to
the existence of the generalized covariant derivative term, this equivalent conclusion no longer holds.
This situation is not as good as the properties of Penrose spinor equation or the spin equation. In
general, Penrose spinor equation or spin equation is more suitable for describing massless particles,
while Bargmann Wigner equation is more suitable for describing massive particles.
6.5 Bargmann-Wigner spin equation form

Reduce a pair of vector indices:(On the right is Penrose notation, denoted by
P
=.)

iς√
2

(σ,−iς)A
′
ςAς

a δab
−iς√

2
(σ, iς)bBςB′ς = δAςBς δ

A′ς
B′ς

δab
P
= δABδ

A′

B′ (12.6)

iς√
2

(σ,−iς)A
′
ςAς

a δab
iς√

2
(σ,−iς)B

′
ςBς

b = εABεA
′B′ δab

P
= εABεA

′B′ (12.7)

−iς√
2

(σ, iς)aAςA′ς δab
−iς√

2
(σ, iς)bBςB′ς = εAςBςεA′ςB′ς δab

P
= εABεA′B′ (12.8)

Lem. 6.5.1. γaλς
µς

=
[

0 −i(σ,iς)a
i(σ,−iς)a 0

]
=

[
0aAςBς −i(σ,iς)a

AςB′ς

i(σ,−iς)
A′ςBς
a 0

A′ςB
′
ς

a

]
6.6 Bargmann-Wigner spin equation form

Def. 6.6.1.

{
Sabjς

kς (e, s) := 2sNλς lς
jς

(s, 3)Sabλς
µς (e, ς)Nkς

µς lς
(s, 3)

Zakςρς lς
(s, 3) := γaρς

λςNkς
λς lς

(s, 3), Z̄ρς lςajς
(s, 3) := Nλς lς

jς
(s, 3)γaλς

ρς

Lem. 6.6.1. Z̄ρς lςajς
(s, 3)Zbkςρς lς

(s, 3) = 1
s [sδa

bδjς
kς + iSa

b
jς
kς (e, s)]

Proof: Z̄ρς lςajς
(s, 3)Zbkςρς lς

(s, 3)

= Nλς lς
jς

(s, 3)γaλς
ρςγbρς

µςNkς
µς lς

(s, 3)

= Nλς lς
jς

(s, 3)(γaγ
b)λς

µςNkς
µς lς

(s, 3)

= Nλς lς
jς

(s, 3)[δa
b + 2iSa

b(e, ς)]λς
µςNkς

µς lς
(s, 3)

= δa
bδjς

kς +Nλς lς
jς

(s, 3)2iSa
b
λς
µς (e, ς)Nkς

µς lς
(s, 3)

= 1
s [sδa

bδjς
kς + iSa

b
jς
kς (e, s)]

Proof: Zakςρ′ς l
′
ς
(s, 3)Z̄ρς lςakς

(s, 3)

= γaρ′ς
λ′ςNkς

λ′ς l
′
ς
(s, 3)Nλς lς

kς
(s, 3)γaλς

ρς

= γaρ′ς
λ′ςγaλς

ρςNkς
λ′ς l
′
ς
(s, 3)Nλς lς

kς
(s, 3)

Thm. 6.6.1. (γa∂a +m)ρς
λςψλςµςης · ·︸ ︷︷ ︸

2s

= 0⇒

{
[γa(s)∂a + sm]ψ(e, s) = 0

[s∂a + iSab(e, s)∂
b]ψ(e, s) = −mγa(s)ψ(e, s)

Proof: (γa∂a +m)ρς
λςψλςµςηςξς · ·︸ ︷︷ ︸

2s

= 0

⇔ (γa∂a +m)ρς
λςΓkςλςµςης · ·︸ ︷︷ ︸

2s

(s, 3)ψkς (e, s) = 0

⇔ (γa∂a +m)ρς
λςNkς

λς lς
(s, 3)Γlςµςης · ·︸ ︷︷ ︸

2s−1

(s− 1
2 , 3)ψkς (e, s) = 0

⇔ (γa∂a +m)ρς
λςNkς

λς lς
(s, 3)ψkς (e, s) = 0

⇒ Nρς lς
jς

(s, 3)(γa∂a +m)ρς
λςNkς

λς lς
(s, 3)ψkς (e, s) = 0

⇔ [γa(s)∂a + sm]jς
kςψkς (e, s) = 0

⇔ [γa(s)∂a + sm]ψ(e, s) = 0
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Proof: (γa∂a +m)ρς
λςψλςµςηςξς · ·︸ ︷︷ ︸

2s

= 0

⇔ (γa∂a +m)ρς
λςΓkςλςµςης · ·︸ ︷︷ ︸

2s

(s, 3)ψkς (e, s) = 0

⇔ (γa∂a +m)ρς
λςNkς

λς lς
(s, 3)Γlςµςης · ·︸ ︷︷ ︸

2s−1

(s− 1
2 , 3)ψkς (e, s) = 0

⇔ (γa∂a +m)ρς
λςNkς

λς lς
(s, 3)ψkς (e, s) = 0

⇔ γaρς
λςNkς

λς lς
(s, 3)∂aψkς (e, s) = −mNkς

ρς lς
(s, 3)ψkς (e, s)

⇔ Zakςρς lς
(s, 3)∂aψkς (e, s) = −mNkς

ρς lς
(s, 3)ψkς (e, s)

⇒ Z̄ρς lςajς
(s, 3)Zbkςρς lς

(s, 3)∂bψkς (e, s) = −mZ̄ρς lςajς
(s, 3)Nkς

ρς lς
(s, 3)ψkς (e, s)

⇔ [sδabδjς
kς + iSabjς

kς (e, s)]∂bψkς (e, s) = −smZ̄ρς lςajς
(s, 3)Nkς

ρς lς
(s, 3)ψkς (e, s)

⇔ [s∂a + iSab(e, s)∂
b]jς

kςψkς (e, s) = −smZ̄ρς lςajς
(s, 3)Nkς

ρς lς
(s, 3)ψkς (e, s)

⇔ [s∂a + iSab(e, s)∂
b]ψ(e, s) = −mγa(s)ψ(e, s)

Cor. 6.6.1.

{
[γa(s)∂a + sm]ψ(e, s) = 0

[s∂a + iSab(e, s)∂
b]ψ(e, s) = −mγa(s)ψ(e, s)

⇔

{
[γa(s)∂a + sm]ψ(e, s) = 0
1
sγa(s)γb(s)∂

bψ(e, s) = [sδab + iSab(e, s)]∂
bψ(e, s)

7 Antisymmetric Dirac equation [4]

7.1 Analysis of antisymmetric Dirac equation with mass

Thm. 7.1.1. [γc(ς)∂c +m]F[λςµς ] = J, Fλςµς = −Fµςλς

⇔

{
[−2mSab(e, ς)∂

aAb − γa(ς)(im2Aa + ∂aΦ)]C + [m(Φ + i∂aA
a) +mγ5(ς)φ− γa(ς)γ5(ς)∂aφ]C = −γ5(ς)J

F = −[φ+ imγa(ς)γ5(ς)Aa + γ5(ς)Φ]C

Proof: [γa(ς)∂a +m]F[λςµς ] = J, Fλςµς = −Fµςλς

⇔

{
[γb(ς)∂b +m]F[λςµς ] = J

F = −[φ+ imγa(ς)γ5(ς)Aa + γ5(ς)Φ]C

⇔

{
[γb(ς)∂b +m][Cφ+ imγa(ς)γ5(ς)CAa + γ5(ς)CΦ] = −J
F = −[φ+ imγa(ς)γ5(ς)Aa + γ5(ς)Φ]C

⇔

{
[γb(ς)∂b +m][φ+ imγa(ς)γ5(ς)Aa + γ5(ς)Φ] = −JC̄
F = −[φ+ imγa(ς)γ5(ς)Aa + γ5(ς)Φ]C

⇔

{
mφ+ γa(ς)∂aφ+ imγa(ς)γb(ς)γ5(ς)∂aAb + γa(ς)γ5(ς)(im2Aa + ∂aΦ) +mγ5(ς)Φ = −JC̄
F = −[φ+ imγa(ς)γ5(ς)Aa + γ5(ς)Φ]C

⇔

{
mφ+ γa(ς)∂aφ− 2mSab(e, ς)γ5(ς)∂aAb + γa(ς)γ5(ς)(im2Aa + ∂aΦ) +mγ5(ς)(Φ + i∂aA

a) = −JC̄
F = −[φ+ imγa(ς)γ5(ς)Aa + γ5(ς)Φ]C

⇔

{
mγ5(ς)φ− γa(ς)γ5(ς)∂aφ− 2mSab(e, ς)∂

aAb − γa(ς)(im2Aa + ∂aΦ) +m(Φ + i∂aA
a) = −γ5(ς)JC̄

F = −[φ+ imγa(ς)γ5(ς)Aa + γ5(ς)Φ]C

⇔

{
[−2mSab(e, ς)∂

aAb − γa(ς)(im2Aa + ∂aΦ)]C + [m(Φ + i∂aA
a) +mγ5(ς)φ− γa(ς)γ5(ς)∂aφ]C = −γ5(ς)J

F = −[φ+ imγa(ς)γ5(ς)Aa + γ5(ς)Φ]C

7.2 Analysis of antisymmetric Dirac equation without mass

Thm. 7.2.1. γc(ς)∂cF[λςµς ] = J, Fλςµς = −Fµςλς

⇔

{
[−2mSab(e, ς)∂

aAb − γa(ς)∂aΦ]C + [im∂aA
a − γa(ς)γ5(ς)∂aφ]C = −γ5(ς)J

F = −[φ+ imγa(ς)γ5(ς)Aa + γ5(ς)Φ]C

Proof: γa(ς)∂aF[λςµς ] = J, Fλςµς = −Fµςλς

⇔

{
γb(ς)∂bF[λςµς ] = J

F = −[φ+ imγa(ς)γ5(ς)Aa + γ5(ς)Φ]C

⇔

{
γb(ς)∂b[Cφ+ imγa(ς)γ5(ς)CAa + γ5(ς)CΦ] = −J
F = −[φ+ imγa(ς)γ5(ς)Aa + γ5(ς)Φ]C

⇔

{
γb(ς)∂b[φ+ imγa(ς)γ5(ς)Aa + γ5(ς)Φ] = −JC̄
F = −[φ+ imγa(ς)γ5(ς)Aa + γ5(ς)Φ]C
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⇔

{
γa(ς)∂aφ+ imγa(ς)γb(ς)γ5(ς)∂aAb + γa(ς)γ5(ς)∂aΦ = −JC̄
F = −[φ+ imγa(ς)γ5(ς)Aa + γ5(ς)Φ]C

⇔

{
γa(ς)∂aφ− 2mSab(e, ς)γ5(ς)∂aAb + γa(ς)γ5(ς)∂aΦ + imγ5(ς)∂aA

a = −JC̄
F = −[φ+ imγa(ς)γ5(ς)Aa + γ5(ς)Φ]C

⇔

{
−γa(ς)γ5(ς)∂aφ− 2mSab(e, ς)∂

aAb − γa(ς)∂aΦ + im∂aA
a = −γ5(ς)JC̄

F = −[φ+ imγa(ς)γ5(ς)Aa + γ5(ς)Φ]C

⇔

{
[−2mSab(e, ς)∂

aAb − γa(ς)∂aΦ]C + [im∂aA
a − γa(ς)γ5(ς)∂aφ]C = −γ5(ς)J

F = −[φ+ imγa(ς)γ5(ς)Aa + γ5(ς)Φ]C

7.3 Massive pseudoscalar field equation

Thm. 7.3.1.

{
[γa(ς)∂a +m]F[λςµς ] = j

mγ5(ς)C

Fλςµς = −Fµςλς
⇔

{
(−∂a∂a +m2)Φ = −j
F = 1

m [γa(ς)∂a −m]γ5(ς)CΦ

Proof:

{
[γa(ς)∂a +m]F[λςµς ] = j

mγ5(ς)C

Fλςµς = −Fµςλς

⇔

{
[−2mSab(e, ς)∂

aAb − γa(ς)(im2Aa + ∂aΦ)]C + [m(Φ + i∂aA
a) +mγ5(ς)φ− γa(ς)γ5(ς)∂aφ]C = − j

mC

F = −[φ+ imγa(ς)γ5(ς)Aa + γ5(ς)Φ]C

⇔


∂aAb = ∂bAa, (im2Aa + ∂aΦ) = 0, φ = 0, ∂aφ = 0

m2(Φ + i∂aA
a) = −j

F = −[φ+ imγa(ς)γ5(ς)Aa + γ5(ς)Φ]C

⇔


(−∂a∂a +m2)Φ = −j
Aa = im−2∂aΦ, φ = 0

F = 1
m [γa(ς)∂a −m]γ5(ς)CΦ

⇔

{
(−∂a∂a +m2)Φ = −j
F = 1

m [γa(ς)∂a −m]γ5(ς)CΦ

Cor. 7.3.1. [γa(ς)∂a +m][γa(ς)∂a −m]γ5(ς)CΦ = jγ5(ς)C ⇔ (−∂a∂a +m2)Φ = −j

7.4 Massless pseudoscalar field equation

Cor. 7.4.1. γa(ς)∂a[γb(ς)∂bγ5(ς)CΦ] = jγ5(ς)C ⇔ γa(ς)∂a[γb(ς)∂bCΦ] = jC ⇔ ∂a∂aΦ = j

Cor. 7.4.2. γa(ς)∂a[γ5(ς)CΦ] = γa(ς)γ5(ς)CJa ⇔ γa(ς)∂a[CΦ] = γa(ς)CJa ⇔ ∂aΦ = Ja

7.5 Massive pseudovector field equation

Thm. 7.5.1.

{
[γa(ς)∂a +m]F[λςµς ] = iγa(ς)γ5(ς)CJa

Fλςµς = −Fµςλς
⇔

{
(−∂b∂b +m2)Aa = −Ja, ∂aAb = ∂bAa

F = i[∂a −mγa(ς)]γ5(ς)CAa

Proof:

{
[γa(ς)∂a +m]F[λςµς ] = iγa(ς)γ5(ς)CJa

Fλςµς = −Fµςλς

⇔

{
[−2mSab(e, ς)∂

aAb − γa(ς)(im2Aa + ∂aΦ)]C + [m(Φ + i∂aA
a) +mγ5(ς)φ− γa(ς)γ5(ς)∂aφ]C = iγa(ς)CJa

F = −[φ+ imγa(ς)γ5(ς)Aa + γ5(ς)Φ]C

⇔


∂aAb = ∂bAa,Φ = −i∂aAa, φ = 0, ∂aφ = 0

(im2Aa + ∂aΦ) = −iJa

F = −[φ+ imγa(ς)γ5(ς)Aa + γ5(ς)Φ]C

⇔


(−∂b∂b +m2)Aa = −Ja

∂aAb = ∂bAa,Φ = −i∂aAa, φ = 0

F = i[∂a −mγa(ς)]γ5(ς)CAa

⇔

{
(−∂b∂b +m2)Aa = −Ja, ∂aAb = ∂bAa

F = i[∂a −mγa(ς)]γ5(ς)CAa

Cor. 7.5.1. [γb(ς)∂
b +m][∂a −mγa(ς)]γ5(ς)CAa = γa(ς)γ5(ς)CJa ⇔ (−∂b∂b +m2)Aa = −Ja, ∂aAb = ∂bAa
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Proof: [γb(ς)∂
b +m][∂a −mγa(ς)]γ5(ς)CAa = γa(ς)γ5(ς)CJa

⇔ −2mSab(e, ς)∂
aAb − iγa(ς)(m2Aa − ∂a∂bAb) = iγa(ς)Ja

⇔ −∂a∂bAb +m2Aa = −Ja, ∂aAb = ∂bAa

⇔ (−∂b∂b +m2)Aa = −Ja, ∂aAb = ∂bAa

7.6 Massless pseudovector field equation

Cor. 7.6.1. γb(ς)∂
b[∂a −mγa(ς)]γ5(ς)CAa = γa(ς)γ5(ς)CJa ⇔ ∂b∂bA

a = Ja, ∂aAb = ∂bAa, ∂aA
a = 0

Proof: γb(ς)∂
b[∂a −mγa(ς)]γ5(ς)CAa = γa(ς)γ5(ς)CJa

⇔ [−2mSab(e, ς)∂
aAb + iγa(ς)∂a∂bA

b] + im∂aA
a = iγa(ς)Ja

⇔ ∂a∂bA
b = Ja, ∂aAb = ∂bAa, ∂aA

a = 0
⇔ ∂b∂bA

a = Ja, ∂aAb = ∂bAa, ∂aA
a = 0

Cor. 7.6.2. γa(ς)∂a[γ5(ς)C∂bA
b] = γa(ς)γ5(ς)CJa ⇔ γa(ς)∂a[C∂bA

b] = γa(ς)CJa ⇔ ∂a∂bA
b = Ja

Cor. 7.6.3. γb(ς)∂
b[γa(ς)γ5(ς)CAa] = γ5(ς)[jC + JabSab(e, ς)]

⇔ γb(ς)∂
b[γa(ς)CAa] = jC + JabSab(e, ς)

⇔ ∂aAb − ∂bAa = Jab, ∂aA
a = j
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Chapter13 Advanced Representation Transformation Technology

Self comment: In this chapter, I have made a further in-depth study of representation transformation.
Through various complex representation transformation techniques, some useful conclusions have been
obtained. It is very useful for studying the Lorentz transformation of various spin particles.

1 Advanced representation transformation technology
1.1 Representation transformation and constant invariant tensors

Thm. 1.1.1. ψ′ = Sψ ⇒ Λ(ψ′) = SΛ(ψ)S−1 ⇔ S = Λ(ψ′)SΛ−1(ψ)⇔ S−1 = Λ(ψ)S−1Λ−1(ψ′)

Therefore, the representation transformation is a second order constant invariant tensor. The compo-
nent form is as follows:

Cor. 1.1.1. ψ′α
′

= Sα
′
αψ

α, ψα = S−1α
α′ψ

α′

1.2 Introduction of representation transformation matrix S̃(s) and constant matrix Σ(s)

1.2.1 Introduction of representation transformation matrix S̃(s)

Def. 1.2.1. S̃(s) :=
[
N̄(s)

X̄(s)

]
, S̃+(s) = [N(s), X(s)]

Cor. 1.2.1.

{
S̃+(s)S̃(s) = I4s ⇔ N(s)N̄(s) +X(s)X̄(s) = I4s

S̃(s)S̃+(s) = I4s ⇔ N̄(s)N(s) = I2s+1, X̄(s)X(s) = I2s−1, N̄(s)X(s) = 0, X̄(s)N(s) = 0

Cor. 1.2.2.

S̃(s)[σ( 1
2 )⊗ I2s + I ⊗ σ(s− 1

2 )] =
[
σ(s) 0

0 σ(s−1)

]
S̃(s)

[σ( 1
2 )⊗ I2s + I ⊗ σ(s− 1

2 )]S̃+(s) = S̃+(s)
[
σ(s) 0

0 σ(s−1)

]
Cor. 1.2.3. S̃(s)[σ( 1

2 )⊗ I2s + I ⊗ σ(s− 1
2 )]S̃+(s) =

[
σ(s) 0

0 σ(s−1)

]

Cor. 1.2.4. S̃(s) = 1√
2s



√
2s 0 0 0 0 0 0 0 0 0

0
√

1
√

2s−1 0 0 0 0 0 0 0

0 0 0
√

2
√

2s−2 0 0 0 0 0
0 0 0 0 0 ··· ··· 0 0 0
0 0 0 0 0 0 0

√
2s−1

√
1 0

0 0 0 0 0 0 0 0 0
√

2s

0 −
√

2s−1
√

1 0 0 0 0 0 0 0

0 0 0 −
√

2s−2
√

2 0 0 0 0 0
0 0 0 0 0 ··· ··· 0 0 0
0 0 0 0 0 0 0 −

√
1
√

2s−1 0


=

[
N1ς (s)tN2ς (s)√

1− 1
2s ·N̄2ς (s− 1

2 )t[−N̄1ς (s− 1
2 )]

]

Cor. 1.2.5. S̃+(s) = 1√
2s



√
2s 0 0 0 0 0 0 0 0 0

0
√

1 0 0 0 0 −
√

2s−1 0 0 0

0
√

2s−1 0 0 0 0
√

1 0 0 0

0 0
√

2 0 0 0 0 −
√

2s−2 0 0

0 0
√

2s−2 0 0 0 0
√

2 0 0
0 0 0 ··· 0 0 0 0 ··· 0
0 0 0 ··· 0 0 0 0 ··· 0
0 0 0 0

√
2s−1 0 0 0 0 −

√
1

0 0 0 0
√

1 0 0 0 0
√

2s−1

0 0 0 0 0
√

2s 0 0 0 0


1.2.2 Several concrete representations of representation transformation matrix S̃(s)

Cor. 1.2.6.

S̃( 1
2 , 1, ··) =

[√
1 0

0
√

1

]
, 1√

2

√2 0 0 0

0
√

1
√

1 0

0 0 0
√

2

0 −
√

1
√

1 0

 , 1√
3


√

3 0 0 0 0 0

0
√

1
√

2 0 0 0

0 0 0
√

2
√

1 0

0 0 0 0 0
√

3

0 −
√

2
√

1 0 0 0

0 0 0 −
√

1
√

2 0

 , 1√
4



√
4 0 0 0 0 0 0 0

0
√

1
√

3 0 0 0 0 0

0 0 0
√

2
√

2 0 0 0

0 0 0 0 0
√

3
√

1 0

0 0 0 0 0 0 0
√

4

0 −
√

3
√

1 0 0 0 0 0

0 0 0 −
√

2
√

2 0 0 0

0 0 0 0 0 −
√

1
√

3 0

 , · · ·
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Cor. 1.2.7.

S̃+( 1
2 , 1, ··) =

[√
1 0

0
√

1

]
, 1√

2

√2 0 0 0

0
√

1 0 −
√

1

0
√

1 0
√

1

0 0
√

2 0

 , 1√
3


√

3 0 0 0 0 0

0
√

1 0 0 −
√

2 0

0
√

2 0 0
√

1 0

0 0
√

2 0 0 −
√

1

0 0
√

1 0 0
√

2

0 0 0
√

3 0 0

 , 1√
4



√
4 0 0 0 0 0 0 0

0
√

1 0 0 0 −
√

3 0 0

0
√

3 0 0 0
√

1 0 0

0 0
√

2 0 0 0 −
√

2 0

0 0
√

2 0 0 0
√

2 0

0 0 0
√

3 0 0 0 −
√

1

0 0 0
√

1 0 0 0
√

3

0 0 0 0
√

4 0 0 0

 , · · ·

1.2.3 Introduction and concrete representations of constant matrix O(s)

Def. 1.2.2.

{
XAς lς
mς (s)σαςAς

Bς ( 1
2 )Nnς

Bς lς
(s) := 1

2sO
ας
lς
nς (s)⇔ XAς (s)σαςAς

Bς ( 1
2 )N̄Bς (s) = 1

2sO(s)

X̄(s)σ( 1
2 )⊗ I2sN(s) = 1

2sO(s)⇔ N̄(s)σ( 1
2 )⊗ I2sX(s) = 1

2sO
+(s)

Thm. 1.2.1.

{
O+(s) ·O(s) = s(2s− 1)I2s+1, O(s) ·O+(s) = s(2s+ 1)I2s−1

O(s) · σ(s) = σ(s− 1) ·O(s), σ(s) ·O+(s) = O+(s) · σ(s− 1)

Proof: S̃(s)σ( 1
2 )⊗ I2sS̃+(s) · S̃(s)σ( 1

2 )⊗ I2sS̃+(s) = 1
2s

[
σ(s) O+(s)
O(s) −σ(s−1)

]
· 1

2s

[
σ(s) O+(s)
O(s) −σ(s−1)

]
⇔ 3

4 = 1
4s2

[
σ2(s) +O+(s) ·O(s) σ(s) ·O+(s)−O+(s) · σ(s− 1)

O(s) · σ(s)− σ(s− 1) ·O(s) O(s) ·O+(s) + σ2(s− 1)

]
⇔

{
O+(s) ·O(s) = s(2s− 1)I2s+1, O(s) ·O+(s) = s(2s+ 1)I2s−1

O(s) · σ(s) = σ(s− 1) ·O(s), σ(s) ·O+(s) = O+(s) · σ(s− 1)

Cor. 1.2.8. Ox(s) = −
√
s(s− 1

2 )[N̄1ς (s− 1
2 )N̄1ς (s)− N̄2ς (s− 1

2 )N̄2ς (s)]

= 1
2

−
√

2s·(2s−1) 0
√

2·1 0 0 0

0 −
√

(2s−1)·(2s−2) 0
√

3·2 0 0

0 0 ··· 0 ··· 0

0 0 0 −
√

2·1 0
√

2s·(2s−1)


Cor. 1.2.9. Oy(s) = −i

√
s(s− 1

2 )[N̄1ς (s− 1
2 )N̄1ς (s) + N̄2ς (s− 1

2 )N̄2ς (s)]

= i
2

−
√

2s·(2s−1) 0 −
√

2·1 0 0 0

0 −
√

(2s−1)·(2s−2) 0 −
√

3·2 0 0

0 0 ··· 0 ··· 0

0 0 0 −
√

2·1 0 −
√

2s·(2s−1)


Cor. 1.2.10. Oz(s) =

√
s(s− 1

2 )[N̄1ς (s− 1
2 )N̄2ς (s) + N̄2ς (s− 1

2 )N̄1ς (s)]

=

 0
√

1·(2s−1) 0 0 0 0

0 0
√

2·(2s−2) 0 0 0

0 0 0 ··· 0 0

0 0 0 0
√

(2s−1)·1 0

 , N̄1ς (s− 1
2 )N̄2ς (s) = N̄2ς (s− 1

2 )N̄1ς (s)

Cor. 1.2.11. O(2) = 1
2

[
−
√

4·3 0
√

2·1 0 0

0 −
√

3·2 0
√

3·2 0

0 0 −
√

2·1 0
√

4·3

]
, i2

[
−
√

4·3 0 −
√

2·1 0 0

0 −
√

3·2 0 −
√

3·2 0

0 0 −
√

2·1 0 −
√

4·3

]
,

[
0
√

1·3 0 0 0

0 0
√

2·2 0 0

0 0 0
√

3·1 0

]
1.2.4 Introduction and concrete representations of constant matrix Σ(s)

Def. 1.2.3. Σ(s) := S̃(s)σ( 1
2 )⊗ I2sS̃+(s) = 1

2s

[
σ(s) O+(s)
O(s) −σ(s−1)

]
, S̃(s) =

[
N̄(s)

X̄(s)

]
Cor. 1.2.12. Σ(1) = 1

4{

 0
√

1·2 0 −
√

2·1√
1·2 0

√
2·1 0

0
√

2·1 0
√

2·1
−
√

2·1 0
√

2·1 0

 , i
 0 −

√
1·2 0

√
2·1√

1·2 0 −
√

2·1 0

0
√

2·1 0
√

2·1
−
√

2·1 0 −
√

2·1 0

 ,[ 2 0 0 0
0 0 0 2

√
1·1

0 0 −2 0

0 2
√

1·1 0 0

]
}

Cor. 1.2.13. O(1) = 1
2{
[
−
√

2·1 0
√

2·1
]
, i
[
−
√

2·1 0 −
√

2·1
]
,
[

0 2
√

1·1 0
]
}

Cor. 1.2.14. Σ( 3
2 )

= 1
6{


0

√
1·3 0 0 −

√
3·2 0√

1·3 0
√

2·2 0 0 −
√

2·1
0

√
2·2 0

√
3·1

√
2·1 0

0 0
√

3·1 0 0
√

3·2
−
√

3·2 0
√

2·1 0 0 −
√

1·1
0 −

√
2·1 0

√
3·2 −

√
1·1 0

 , i


0 −
√

1·3 0 0
√

3·2 0√
1·3 0 −

√
2·2 0 0

√
2·1

0
√

2·2 0 −
√

3·1
√

2·1 0

0 0
√

3·1 0 0
√

3·2
−
√

3·2 0 −
√

2·1 0 0
√

1·1
0 −

√
2·1 0 −

√
3·2 −

√
1·1 0

 ,


3 0 0 0 0 0
0 1 0 0 2

√
1·2 0

0 0 −1 0 0 2
√

2·1
0 0 0 3 0 0
0 2
√

1·2 0 0 −1 0

0 0 2
√

2·1 0 0 1

}
Cor. 1.2.15.

Σ(2) = 1
8{


0

√
1·4 0 0 0 −

√
4·3 0 0√

1·4 0
√

2·3 0 0 0 −
√

3·2 0

0
√

2·3 0
√

3·2 0
√

2·1 0 −
√

2·1
0 0

√
3·2 0

√
4·1 0

√
3·2 0

0 0 0
√

4·1 0 0 0
√

4·3
−
√

4·3 0
√

2·1 0 0 0 −
√

1·2 0

0 −
√

3·2 0
√

3·2 0 −
√

1·2 0 −
√

2·1
0 0 −

√
2·1 0

√
4·3 0 −

√
2·1 0

 , i


0 −
√

1·4 0 0 0
√

4·3 0 0√
1·4 0 −

√
2·3 0 0 0

√
3·2 0

0
√

2·3 0 −
√

3·2 0
√

2·1 0
√

2·1
0 0

√
3·2 0 −

√
4·1 0

√
3·2 0

0 0 0
√

4·1 0 0 0
√

4·3
−
√

4·3 0 −
√

2·1 0 0 0
√

1·2 0

0 −
√

3·2 0 −
√

3·2 0 −
√

1·2 0
√

2·1
0 0 −

√
2·1 0 −

√
4·3 0 −

√
2·1 0
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,


4 0 0 0 0 0 0 0
0 2 0 0 0 2

√
1·3 0 0

0 0 0 0 0 0 2
√

2·2 0

0 0 0 −2 0 0 0 2
√

3·1
0 0 0 0 −4 0 0 0

0 2
√

1·3 0 0 0 −2 0 0

0 0 2
√

2·2 0 0 0 0 0

0 0 0 2
√

3·1 0 0 0 2

}

1.2.5 Equivalent separated equation for massless particles

Thm. 1.2.2. (σ ⊗ I2s,−iς)a∂aψ̃(s, ς) = iJ̃(s, ς)⇔

{
[ 1
sσ(s),−iς]a∂aψ(s, ς) = iN̄(s)J̃(s, ς)

1
sO(s) · ∇ψ(s, ς) = iX̄(s)J̃(s, ς)

Cor. 1.2.16. ψ(s, ς) = N̄(s)ψ̃(s, ς), 02s−1 = X̄(s)ψ̃(s, ς)

1.3 Introduction of representation transformation matrix Ŝ(s)

Def. 1.3.1. Ŝ(s) =
[
S̃(s) 0

0 I4s−4s

]
I ⊗ Ŝ(s− 1

2 ), S̃(s) =
[
N̄(s)

X̄(s)

]

Cor. 1.3.1. Ŝ(s = 1
2 , 1,

3
2 , 2, · · · ) = I,

[
N̄(1)

X̄(1)

]
,

 N̄(
3
2 )[I⊗N̄(1)]

X̄(
3
2 )[I⊗N̄(1)]

I⊗X̄(1)

 ,

N̄(2)[I⊗[N̄(

3
2 )[I⊗N̄(1)]]]

X̄(2)[I⊗[N̄(
3
2 )[I⊗N̄(1)]]]

I⊗[X̄(
3
2 )[I⊗N̄(1)]]

I⊗I⊗X̄(1)

 , · · ·

Cor. 1.3.2. Ŝ(s = 1
2 , 1,

3
2 , 2, · · · ) = I,

[
N̄(1)[I⊗Γ̄(

1
2 )]

X̄(1)[I⊗Γ̄(
1
2 )]

]
,

 N̄(
3
2 )[I⊗Γ̄(1)]

X̄(
3
2 )[I⊗Γ̄(1)]

I⊗[X̄(1)[I⊗Γ̄(
1
2 )]]

 ,


N̄(2)[I⊗Γ̄(
3
2 )]

X̄(2)[I⊗Γ̄(
3
2 )]

I⊗[X̄(
3
2 )[I⊗Γ̄(1)]

I⊗I⊗[X̄(1)[I⊗Γ̄(
1
2 )]]

 , · · ·

Cor. 1.3.3. Ŝ(s = 1
2 , 1,

3
2 , 2, · · · ) = I,

[
Γ̄(1)

X̄(1)[I⊗Γ̄(
1
2 )]

]
,

 Γ̄(
3
2 )

X̄(
3
2 )[I⊗Γ̄(1)]

I⊗[X̄(1)[I⊗Γ̄(
1
2 )]]

 ,


Γ̄(2)

X̄(2)[I⊗Γ̄(
3
2 )]

I⊗[X̄(
3
2 )[I⊗Γ̄(1)]

I⊗I⊗[X̄(1)[I⊗Γ̄(
1
2 )]]

 , · · ·

Cor. 1.3.4. Ŝ(s) =


Γ̄(s)

X̄(s)[I⊗Γ̄(s− 1
2 )]

I⊗[X̄(s− 1
2 )[I⊗Γ̄(s− 3

2 )]]
···

(I⊗)2s−3[X̄(
3
2 )[I⊗Γ̄(1)]]

(I⊗)2s−2[X̄(1)[I⊗Γ̄(
1
2 )]]

 , Ŝ(s)Ŝ+(s) = Ŝ+(s)Ŝ(s) = I4s

Cor. 1.3.5. Ŝ+(s) = [Γ(s), [I ⊗ Γ(s)]X(s− 1
2 ), I ⊗ [[I ⊗ Γ(s− 1

2 )]X(s− 3
2 )], · · · , I ⊗ · · · I ⊗ [[I ⊗ Γ( 1

2 )]X(1)]]

Cor. 1.3.6. Γ̄(s)Γ(s) = I2s+1, Γ̄(s) · I4k ⊗ {[I ⊗ Γ(s− 1
2 − k)]X(s− k)} = 0; k = 0, 1

2 , 1, · · · , s− 1

Cor. 1.3.7. Ŝ(s)[σ( 1
2 )⊗ I22s−1 ]Ŝ+(s) = 1

2s

[
σ(s) O+(s) 0
O(s) −σ(s−1) 0

0 0 2sσ⊗I(22s−1−2s)

]
1.3.1 Several specific representations of representation transformation matrix Ŝ(s)

Cor. 1.3.8. Ŝ( 1
2 ) = I, Ŝ+( 1

2 ) = I

Cor. 1.3.9. Ŝ(1) = 1√
2

√2 0 0 0

0
√

1
√

1 0

0 0 0
√

2

0 −
√

1
√

1 0

 , Ŝ+(1) = 1√
2

√2 0 0 0

0
√

1 0 −
√

1

0
√

1 0
√

1

0 0
√

2 0



Cor. 1.3.10. Ŝ( 3
2 ) = 1√

6



√
6 0 0 0 0 0 0 0

0
√

2
√

2 0
√

2 0 0 0

0 0 0
√

2 0
√

2
√

2 0

0 0 0 0 0 0 0
√

6

0 −
√

4
√

1 0
√

1 0 0 0

0 0 0 −
√

1 0 −
√

1
√

4 0

0 0 −
√

3 0
√

3 0 0 0

0 0 0 −
√

3 0
√

3 0 0

 , Ŝ+( 3
2 ) = 1√

6



√
6 0 0 0 0 0 0 0

0
√

2 0 0 −
√

4 0 0 0

0
√

2 0 0
√

1 0 −
√

3 0

0 0
√

2 0 0 −
√

1 0 −
√

3

0
√

2 0 0
√

1 0
√

3 0

0 0
√

2 0 0 −
√

1 0
√

3

0 0
√

2 0 0
√

4 0 0

0 0 0
√

6 0 0 0 0
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Cor. 1.3.11. Ŝ(2) = 1√
12



√
12 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0
√

3
√

3 0
√

3 0 0 0
√

3 0 0 0 0 0 0 0

0 0 0
√

2 0
√

2
√

2 0 0
√

2
√

2 0
√

2 0 0 0

0 0 0 0 0 0 0
√

3 0 0 0
√

3 0
√

3
√

3 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
√

12

0 −
√

9
√

1 0
√

1 0 0 0
√

1 0 0 0 0 0 0 0

0 0 0 −
√

2 0 −
√

2
√

2 0 0 −
√

2
√

2 0
√

2 0 0 0

0 0 0 0 0 0 0 −
√

1 0 0 0 −
√

1 0 −
√

1
√

9 0

0 0 −
√

8 0
√

2 0 0 0
√

2 0 0 0 0 0 0 0

0 0 0 −
√

8 0
√

2 0 0 0
√

2 0 0 0 0 0 0

0 0 0 0 0 0 −
√

2 0 0 0 −
√

2 0
√

8 0 0 0

0 0 0 0 0 0 0 −
√

2 0 0 0 −
√

2 0
√

8 0 0

0 0 0 0 −
√

6 0 0 0
√

6 0 0 0 0 0 0 0

0 0 0 0 0 −
√

6 0 0 0
√

6 0 0 0 0 0 0

0 0 0 0 0 0 −
√

6 0 0 0
√

6 0 0 0 0 0

0 0 0 0 0 0 0 −
√

6 0 0 0
√

6 0 0 0 0



Cor. 1.3.12. Ŝ+(2) = 1√
12



√
12 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0
√

3 0 0 0 −
√

9 0 0 0 0 0 0 0 0 0 0

0
√

3 0 0 0
√

1 0 0 −
√

8 0 0 0 0 0 0 0

0 0
√

2 0 0 0 −
√

2 0 0 −
√

8 0 0 0 0 0 0

0
√

3 0 0 0
√

1 0 0
√

2 0 0 0 −
√

6 0 0 0

0 0
√

2 0 0 0 −
√

2 0 0
√

2 0 0 0 −
√

6 0 0

0 0
√

2 0 0 0
√

2 0 0 0 −
√

2 0 0 0 −
√

6 0

0 0 0
√

3 0 0 0 −
√

1 0 0 0 −
√

2 0 0 0 −
√

6

0
√

3 0 0 0
√

1 0 0
√

2 0 0 0
√

6 0 0 0

0 0
√

2 0 0 0 −
√

2 0 0
√

2 0 0 0
√

6 0 0

0 0
√

2 0 0 0
√

2 0 0 0 −
√

2 0 0 0
√

6 0

0 0 0
√

3 0 0 0 −
√

1 0 0 0 −
√

2 0 0 0
√

6

0 0
√

2 0 0 0
√

2 0 0 0
√

8 0 0 0 0 0

0 0 0
√

3 0 0 0 −
√

1 0 0 0
√

8 0 0 0 0

0 0 0
√

3 0 0 0
√

9 0 0 0 0 0 0 0 0

0 0 0 0
√

12 0 0 0 0 0 0 0 0 0 0 0


Cor. 1.3.13. X̄(s = 1, 3

2 , 2)Γ̄(s = 1, 3
2 , 2, · · · )

= 1√
2

[
0 −
√

1
√

1 0
]
, 1√

6

[
0 −2 1 0 1 0 0 0
0 0 0 −1 0 −1 2 0

]
, 1√

12

[
0 −3

√
1 0

√
1 0 0 0

√
1 0 0 0 0 0 0 0

0 0 0 −
√

2 0 −
√

2
√

2 0 0 −
√

2
√

2 0
√

2 0 0 0

0 0 0 0 0 0 0 −
√

1 0 0 0 −
√

1 0 −
√

1 3 0

]
1.4 An important theorem and its proof on representation transformation matrix Ŝ(s)

Def. 1.4.1. π(s, s′) := Ω(s′)⊗ I2(s−s′)−1 + I4s′ ⊗ σ(s− s′ − 1); s′ ≥ 0, s− s′ ≥ 1

Lem. 1.4.1. Ŝ(s)Ω(s = 1, 3
2 , 2)Ŝ+(s) =

[
σ(1) 0

0 σ(0)

]
,

 σ(
3
2 ) 0 0

0 σ(
1
2 ) 0

0 0 σ(
1
2 )

 ,

σ(2) 0 0 0

0 σ(1) 0 0

0 0 σ(
1
2 )⊗I+I⊗σ(

1
2 ) 0

0 0 0 σ(
1
2 )⊗I+I⊗σ(

1
2 )


Thm. 1.4.1.

Ŝ(s)Ω(s) =


σ(s) 0 0 0 0 0

0 π(s,0) 0 0 0 0

0 0 π(s,
1
2 ) 0 0 0

0 0 0 ··· 0 0

0 0 0 0 π(s,s− 3
2 ) 0

0 0 0 0 0 π(s,s−1)

 Ŝ(s)[⇔]Ω(s)Ŝ+(s) = Ŝ+(s)


σ(s) 0 0 0 0 0

0 π(s,0) 0 0 0 0

0 0 π(s,
1
2 ) 0 0 0

0 0 0 ··· 0 0

0 0 0 0 π(s,s− 3
2 ) 0

0 0 0 0 0 π(s,s−1)


Proof: Use mathematical induction to prove this theorem.

Step 1: When s′ = 1, the following is established: Ŝ(1)Ω(1) =
[
σ(1) 0

0 σ(0)

]
Ŝ(1)

Step 2: Assume when s′ = s− 1
2 , the following is established:

Ŝ(s− 1
2 )Ω(s− 1

2 ) =


σ(s− 1

2 ) 0 0 0 0 0

0 π(s− 1
2 ,0) 0 0 0 0

0 0 π(s− 1
2 ,

1
2 ) 0 0 0

0 0 0 ··· 0 0

0 0 0 0 π(s− 1
2 ,s−

1
2−

3
2 ) 0

0 0 0 0 0 π(s− 1
2 ,s−

1
2−1)

 Ŝ(s− 1
2 )

Step 3: When s′ = s, Ŝ(s)Ω(s) =
[
S̃(s) 0

0 I4s−4s

]
[I ⊗ Ŝ(s− 1

2 )][σ( 1
2 )⊗ I22s−1 + I ⊗ Ω(s− 1

2 )]

=
[
S̃(s) 0

0 I4s−4s

]
{σ( 1

2 )⊗ [I22s−1 Ŝ(s)] + {I ⊗ [Ŝ(s− 1
2 )Ω(s− 1

2 )]}}

=
[
S̃(s) 0

0 I4s−4s

]
[σ( 1

2 )⊗ I22s−1 + I ⊗


σ(s− 1

2 ) 0 0 0 0 0

0 π(s− 1
2 ,0) 0 0 0 0

0 0 π(s− 1
2 ,

1
2 ) 0 0 0

0 0 0 ··· 0 0

0 0 0 0 π(s− 1
2 ,s−

1
2−

3
2 ) 0

0 0 0 0 0 π(s− 1
2 ,s−

1
2−1)

][I ⊗ Ŝ(s− 1
2 )]
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=
[
S̃(s) 0

0 I4s−4s

]
[


σ(

1
2 )⊗I2s+I⊗σ(s− 1

2 ) 0 0 0 0 0

0 π(s,
1
2 ) 0 0 0 0

0 0 π(s,
3
2 ) 0 0 0

0 0 0 ··· 0 0

0 0 0 0 π(s,s− 3
2 ) 0

0 0 0 0 0 π(s,s−1)

][I ⊗ Ŝ(s− 1
2 )]

=


S̃(s)[σ(

1
2 )⊗I2s+I⊗σ(s− 1

2 )] 0 0 0 0 0

0 π(s,
1
2 ) 0 0 0 0

0 0 π(s,
3
2 ) 0 0 0

0 0 0 ··· 0 0

0 0 0 0 π(s,s− 3
2 ) 0

0 0 0 0 0 π(s,s−1)

 [I ⊗ Ŝ(s− 1
2 )]

=


σ(s) 0 0 0 0 0

0 π(s,0) 0 0 0 0

0 0 π(s,
1
2 ) 0 0 0

0 0 0 ··· 0 0

0 0 0 0 π(s,s− 3
2 ) 0

0 0 0 0 0 π(s,s−1)

[ S̃(s) 0
0 I4s−4s

]
[I ⊗ Ŝ(s− 1

2 )]

=


σ(s) 0 0 0 0 0

0 π(s,0) 0 0 0 0

0 0 π(s,
1
2 ) 0 0 0

0 0 0 ··· 0 0

0 0 0 0 π(s,s− 3
2 ) 0

0 0 0 0 0 π(s,s−1)

 Ŝ(s)

This step proves that when s′ = s it is established.
Step 4: Based on the above inductive reasoning, the proposition is established and the theorem is proved.

Cor. 1.4.1. Ŝ(s)Ω(s)Ŝ+(s) =


σ(s) 0 0 0 0 0

0 π(s,0) 0 0 0 0

0 0 π(s,
1
2 ) 0 0 0

0 0 0 ··· 0 0

0 0 0 0 π(s,s− 3
2 ) 0

0 0 0 0 0 π(s,s−1)


Finally, the above conclusion has been strictly proved, and the previous complex properties of some
constant invariant tensors can be easily obtained, as follows:

Cor. 1.4.2.{
Γ̄(s)Ω(s) = σ(s)Γ̄(s),Ω(s)Γ(s) = Γ(s)σ(s)

X̄(s)[I ⊗ Γ̄(s− 1
2 )]Ω(s) = σ(s− 1)X̄(s)[I ⊗ Γ̄(s− 1

2 )],Ω(s)[I ⊗ Γ(s− 1
2 )]X(s) = [I ⊗ Γ(s− 1

2 )]X(s)σ(s− 1)

Cor. 1.4.3.{
I4s−1 ⊗ {X̄(1)[I ⊗ Γ̄( 1

2 )]}Ω(s) = Ω(s− 1)I4s−1 ⊗ {X̄(1)[I ⊗ Γ̄( 1
2 )]}

Ω(s)I4s−1 ⊗ {[I ⊗ Γ( 1
2 )]X(1)} = I4s−1 ⊗ {[I ⊗ Γ( 1

2 )]X(1)}Ω(s− 1)

Cor. 1.4.4.{
I4k ⊗ {X̄(s− k)[I ⊗ Γ̄(s− 1

2 − k)]}Ω(s) = π(s, k)I4k ⊗ {X̄(s− k)[I ⊗ Γ̄(s− 1
2 − k)]}

Ω(s)I4k ⊗ {[I ⊗ Γ(s− 1
2 − k)]X(s− k)} = I4k ⊗ {[I ⊗ Γ(s− 1

2 − k)]X(s− k)}π(s, k)

Cor. 1.4.5.
σ(s) = Γ̄(s)Ω(s)Γ(s)

σ(s− 1) = X̄(s)[I ⊗ Γ̄(s− 1
2 )]Ω(s)[I ⊗ Γ(s− 1

2 )]X(s)

Ω(s− 1) = I4s−1 ⊗ {X̄(1)[I ⊗ Γ̄( 1
2 )]}Ω(s)I4s−1 ⊗ {[I ⊗ Γ( 1

2 )]X(1)}
π(s, k) = I4k ⊗ {X̄(s− k)[I ⊗ Γ̄(s− 1

2 − k)]}Ω(s)I4k ⊗ {[I ⊗ Γ(s− 1
2 − k)]X(s− k)}

1.5 Representation transformation of constant matrix π(s, s′)

Cor. 1.5.1. π(s, s′) = Ω(s′ − 1
2 )⊗ I4(s−s′)−2 + I22s′−1 ⊗ [σ( 1

2 )⊗ I2(s−s′)−1 + I ⊗ σ(s− s′ − 1)]

Proof: π(s, s′) := Ω(s′)⊗ I2(s−s′)−1 + I4s′ ⊗ σ(s− s′ − 1)

= [Ω(s′ − 1
2 )⊗ I + I22s′−1 ⊗ σ( 1

2 )]⊗ I2(s−s′)−1 + I4s′ ⊗ σ(s− s′ − 1)

= Ω(s′ − 1
2 )⊗ I4(s−s′)−2 + I22s′−1 ⊗ [σ( 1

2 )⊗ I2(s−s′)−1 + I ⊗ σ(s− s′ − 1)]

Cor. 1.5.2. [I22s′−1 ⊗ S̃(s− s′ − 1
2 )]π(s, s′) =

[
π(s,s′− 1

2 ) 0

0 π(s−1,s′− 1
2 )

]
[I22s′−1 ⊗ S̃(s− s′ − 1

2 )]; s′ ≥ 1
2 , s− s

′ ≥ 3
2

Proof: [I22s′−1 ⊗ S̃(s− s′ − 1
2 )]π(s, s′)

= [I22s′−1 ⊗ S̃(s− s′ − 1
2 )]{Ω(s′ − 1

2 )⊗ I4(s−s′)−2 + I22s′−1 ⊗ [σ( 1
2 )⊗ I2(s−s′)−1 + I ⊗ σ(s− s′ − 1)]}
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= {Ω(s′ − 1
2 )⊗ I4(s−s′)−2 + I22s′−1 ⊗

[
σ(s−s′− 1

2 ) 0

0 σ(s−s′− 3
2 )

]
}[I22s′−1 ⊗ S̃(s− s′ − 1

2 )]

=

[
Ω(s′− 1

2 )⊗I2(s−s′)+I22s′−1⊗σ(s−s′− 1
2 ) 0

0 Ω(s′− 1
2 )⊗I2(s−s′)−2+I

22s′−1⊗σ(s−s′− 3
2 )

]
[I22s′−1 ⊗ S̃(s− s′ − 1

2 )]

=

[
π(s,s′− 1

2 ) 0

0 π(s−1,s′− 1
2 )

]
[I22s′−1 ⊗ S̃(s− s′ − 1

2 )]

Using the above reasoning and iterating repeatedly, the following corollary can be obtained.

Cor. 1.5.3. I22s′−2 ⊗ {
[
S̃(s−s′) 0

0 S̃(s−s′−1)

]
[I ⊗ S̃(s− s′ − 1

2 )]}π(s, s′); s′ ≥ 1, s− s′ ≥ 2

=

 π(s,s′−1) 0 0 0

0 π(s−1,s′−1) 0 0

0 0 π(s−1,s′−1) 0

0 0 0 π(s−2,s′−1)

 I22s′−2 ⊗ {
[
S̃(s−s′) 0

0 S̃(s−s′−1)

]
[I ⊗ S̃(s− s′ − 1

2 )]}

Cor. 1.5.4.

I22s′−3 ⊗ {


 S̃(s−s′+ 1

2 ) 0

0 S̃(s−s′− 1
2 )

[I⊗S̃(s−s′)] 0

0

 S̃(s−s′− 1
2 ) 0

0 S̃(s−s′− 3
2 )

[I⊗S̃(s−s′−1)]

 [I ⊗ I ⊗ S̃(s− s′ − 1
2 )]}π(s, s′)

=



 π(s,s′− 3
2 ) 0

0 π(s−1,s′− 3
2 )

 0 0 0

0

 π(s−1,s′− 3
2 ) 0

0 π(s−2,s′− 3
2 )

 0 0

0 0

 π(s−1,s′− 3
2 ) 0

0 π(s−2,s′− 3
2 )

 0

0 0 0

 π(s−2,s′− 3
2 ) 0

0 π(s−3,s′− 3
2 )





I22s′−3 ⊗ {


 S̃(s−s′+ 1

2 ) 0

0 S̃(s−s′− 1
2 )

[I⊗S̃(s−s′)] 0

0

 S̃(s−s′− 1
2 ) 0

0 S̃(s−s′− 3
2 )

[I⊗S̃(s−s′−1)]

 [I ⊗ I ⊗ S̃(s− s′ − 1
2 )]}

; s′ ≥ 3
2 , s− s

′ ≥ 5
2

1.6 General form of representation transformation for constant matrix π(s, s′)

Cor. 1.6.1. {I22s′−1 ⊗
[

[I20⊗N̄(s−s′− 1
2 )]

[I20⊗X̄(s−s′− 1
2 )]

]
}π(s, s′) = [π(s, s′ − 1

2 )⊕ π(s− 1, s′ − 1
2 )]{I22s′−1 ⊗

[
[I20⊗N̄(s−s′− 1

2 )]

[I20⊗X̄(s−s′− 1
2 )]

]
}

; s′ ≥ 1
2 , s− s

′ ≥ 3
2

Cor. 1.6.2. {I22s′−2 ⊗


[I20 N̄(s−s′)][I21⊗N̄(s−s′− 1

2 )]

[I20 X̄(s−s′)][I21⊗N̄(s−s′− 1
2 )]

[I20 N̄(s−s′−1)][I21⊗X̄(s−s′− 1
2 )]

[I20 X̄(s−s′−1)][I21⊗X̄(s−s′− 1
2 )]

}π(s, s′); s′ ≥ 1, s− s′ ≥ 2

= {[π(s, s′ − 1)⊕ π(s− 1, s′ − 1)]⊕ [π(s− 1, s′ − 1)⊕ π(s− 2, s′ − 1)]}{I22s′−2 ⊗


[I20 N̄(s−s′)][I21⊗N̄(s−s′− 1

2 )]

[I20 X̄(s−s′)][I21⊗N̄(s−s′− 1
2 )]

[I20 N̄(s−s′−1)][I21⊗X̄(s−s′− 1
2 )]

[I20 X̄(s−s′−1)][I21⊗X̄(s−s′− 1
2 )]

}
Cor. 1.6.3.

{I22s′−3 ⊗



[I20⊗N̄(s−s′+ 1
2 )][I21⊗N̄(s−s′)][I22⊗N̄(s−s′− 1

2 )]

[I20⊗X̄(s−s′+ 1
2 )][I21⊗N̄(s−s′)][I22⊗N̄(s−s′− 1

2 )]

[I20⊗N̄(s−s′− 1
2 )][I21⊗X̄(s−s′)][I22⊗N̄(s−s′− 1

2 )]

[I20⊗X̄(s−s′− 1
2 )][I21⊗X̄(s−s′)][I22⊗N̄(s−s′− 1

2 )]

[I20⊗N̄(s−s′− 1
2 )][I21⊗N̄(s−s′−1)][I22⊗X̄(s−s′− 1

2 )]

[I20⊗X̄(s−s′− 1
2 )][I21⊗N̄(s−s′−1)][I22⊗X̄(s−s′− 1

2 )]

[I20⊗N̄(s−s′− 3
2 )][I21⊗X̄(s−s′−1)][I22⊗X̄(s−s′− 1

2 )]

[I20⊗X̄(s−s′− 3
2 )][I21⊗X̄(s−s′−1)][I22⊗X̄(s−s′− 1

2 )]


}π(s, s′); s′ ≥ 3

2 , s− s
′ ≥ 5

2

= {[π(s, s′ − 3
2 )⊕ π(s− 1, s′ − 3

2 )]⊕ [π(s− 1, s′ − 3
2 )⊕ π(s− 2, s′ − 3

2 )]⊗ I ⊕ [π(s− 2, s′ − 3
2 )⊕ π(s− 3, s′ − 3

2 )]}
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{I22s′−3 ⊗



[I20⊗N̄(s−s′+ 1
2 )][I21⊗N̄(s−s′)][I22⊗N̄(s−s′− 1

2 )]

[I20⊗X̄(s−s′+ 1
2 )][I21⊗N̄(s−s′)][I22⊗N̄(s−s′− 1

2 )]

[I20⊗N̄(s−s′− 1
2 )][I21⊗X̄(s−s′)][I22⊗N̄(s−s′− 1

2 )]

[I20⊗X̄(s−s′− 1
2 )][I21⊗X̄(s−s′)][I22⊗N̄(s−s′− 1

2 )]

[I20⊗N̄(s−s′− 1
2 )][I21⊗N̄(s−s′−1)][I22⊗X̄(s−s′− 1

2 )]

[I20⊗X̄(s−s′− 1
2 )][I21⊗N̄(s−s′−1)][I22⊗X̄(s−s′− 1

2 )]

[I20⊗N̄(s−s′− 3
2 )][I21⊗X̄(s−s′−1)][I22⊗X̄(s−s′− 1

2 )]

[I20⊗X̄(s−s′− 3
2 )][I21⊗X̄(s−s′−1)][I22⊗X̄(s−s′− 1

2 )]


}

Cor. 1.6.4. s′ ≥ l+1
2 , s− s′ ≥ l+3

2

{I22s′−l−1 ⊗



[I20⊗N̄(s−s′− 1
2 +

l
2 )][I21⊗N̄(s−s′+ l−2

2 )]··[I
2l−1⊗N̄(s−s′)][I

2l
⊗N̄(s−s′− 1

2 )]

[I20⊗X̄(s−s′− 1
2 +

l
2 )][I21⊗N̄(s−s′+ l−2

2 )]··[I
2l−1⊗N̄(s−s′)][I

2l
⊗N̄(s−s′− 1

2 )]

[I20⊗N̄(s−s′− 1
2 +

l−2
2 )][I21⊗X̄(s−s′+ l−2

2 )]··[I
2l−1⊗N̄(s−s′)][I

2l
⊗N̄(s−s′− 1

2 )]

[I20⊗X̄(s−s′− 1
2 +

l−2
2 )][I21⊗X̄(s−s′+ l−2

2 )]··[I
2l−1⊗N̄(s−s′)][I

2l
⊗N̄(s−s′− 1

2 )]
······

[I20⊗N̄(s−s′− 1
2−

l−2
2 )][I21⊗N̄(s−s′− l2 )]··[I

2l−1⊗X̄(s−s′−1)][I
2l
⊗X̄(s−s′− 1

2 )]

[I20⊗X̄(s−s′− 1
2−

l−2
2 )][I21⊗N̄(s−s′− l2 )]··[I

2l−1⊗X̄(s−s′−1)][I
2l
⊗X̄(s−s′− 1

2 )]

[I20⊗N̄(s−s′− 1
2−

l
2 )][I21⊗X̄(s−s′− l2 )]··[I

2l−1⊗X̄(s−s′−1)][I
2l
⊗X̄(s−s′− 1

2 )]

[I20⊗X̄(s−s′− 1
2−

l
2 )][I21⊗X̄(s−s′− l2 )]··[I

2l−1⊗X̄(s−s′−1)][I
2l
⊗X̄(s−s′− 1

2 )]


}π(s, s′)

= {[π(s, s′− l+1
2 )⊕π(s−1, s′− l+1

2 )]⊕ [π(s−1, s′− l+1
2 )⊕π(s−2, s′− l+1

2 )]⊗I⊕ [π(s−l, s′− l+1
2 )⊕π(s−l−1, s′− l+1

2 )]}

{I22s′−l−1 ⊗



[I20⊗N̄(s−s′− 1
2 +

l
2 )][I21⊗N̄(s−s′+ l−2

2 )]··[I
2l−1⊗N̄(s−s′)][I

2l
⊗N̄(s−s′− 1

2 )]

[I20⊗X̄(s−s′− 1
2 +

l
2 )][I21⊗N̄(s−s′+ l−2

2 )]··[I
2l−1⊗N̄(s−s′)][I

2l
⊗N̄(s−s′− 1

2 )]

[I20⊗N̄(s−s′− 1
2 +

l−2
2 )][I21⊗X̄(s−s′+ l−2

2 )]··[I
2l−1⊗N̄(s−s′)][I

2l
⊗N̄(s−s′− 1

2 )]

[I20⊗X̄(s−s′− 1
2 +

l−2
2 )][I21⊗X̄(s−s′+ l−2

2 )]··[I
2l−1⊗N̄(s−s′)][I

2l
⊗N̄(s−s′− 1

2 )]
······

[I20⊗N̄(s−s′− 1
2−

l−2
2 )][I21⊗N̄(s−s′− l2 )]··[I

2l−1⊗X̄(s−s′−1)][I
2l
⊗X̄(s−s′− 1

2 )]

[I20⊗X̄(s−s′− 1
2−

l−2
2 )][I21⊗N̄(s−s′− l2 )]··[I

2l−1⊗X̄(s−s′−1)][I
2l
⊗X̄(s−s′− 1

2 )]

[I20⊗N̄(s−s′− 1
2−

l
2 )][I21⊗X̄(s−s′− l2 )]··[I

2l−1⊗X̄(s−s′−1)][I
2l
⊗X̄(s−s′− 1

2 )]

[I20⊗X̄(s−s′− 1
2−

l
2 )][I21⊗X̄(s−s′− l2 )]··[I

2l−1⊗X̄(s−s′−1)][I
2l
⊗X̄(s−s′− 1

2 )]


}

1.7 Introduction and properties of representation transformation matrix S(s)

Cor. 1.7.1. Ŝ(s) =


Γ̄(s)

X̄(s)[I⊗Γ̄(s− 1
2 )]

I⊗[X̄(s− 1
2 )[I⊗Γ̄(s−1)]]
···

(I⊗)2s−3[X̄(
3
2 )[I⊗Γ̄(1)]]

(I⊗)2s−2[X̄(1)[I⊗Γ̄(
1
2 )]]

 =


S̃(s)I⊗Γ̄(s− 1

2 )

I⊗[X̄(s− 1
2 )[I⊗Γ̄(s−1)]]
···

(I⊗)2s−3[X̄(
3
2 )[I⊗Γ̄(1)]]

(I⊗)2s−2[X̄(1)[I⊗Γ̄(
1
2 )]]



Cor. 1.7.2. S(s) =


I⊗Γ̄(s− 1

2 )

I⊗[X̄(s− 1
2 )[I⊗Γ̄(s−1)]]
···

(I⊗)2s−3[X̄(
3
2 )[I⊗Γ̄(1)]]

(I⊗)2s−2[X̄(1)[I⊗Γ̄(
1
2 )]]

 = I ⊗ Ŝ(s− 1
2 ), S(s)S+(s) = S+(s)S(s) = I4s

Cor. 1.7.3. S(s)Ω(s)S+(s) =
σ(

1
2 )⊗I2s+I⊗σ(s− 1

2 ) 0 0 0 0 0

0 Ω(
1
2 )⊗I2s−2+I⊗σ(s− 3

2 ) 0 0 0 0

0 0 Ω(1)⊗I2s−3+[I⊗]2σ(s−2) 0 0 0
0 0 0 ··· 0 0

0 0 0 0 Ω(s− 3
2 )⊗I2+[I⊗]2s−1σ(

1
2 ) 0

0 0 0 0 0 Ω(s−1)+[I⊗]2s−2σ(0)


Def. 1.7.1. π(s, s′) := Ω(s′)⊗ I2(s−s′)−1 + I4s′ ⊗ σ(s− s′ − 1); s′ ≥ 0, s− s′ ≥ 1

Cor. 1.7.4. S(s)(σ( 1
2 )⊗ I22s−1)S+(s) = σ( 1

2 )⊗ I22s−1

Cor. 1.7.5. (σ ⊗ I22s−1 ,−iς)a∂aϕ̂(s, ς) = iK̂(s, ς)⇔ (σ ⊗ I22s−1 ,−iς)a∂aS(s)ϕ̂(s, ς) = iS(s)K̂(s, ς)

Cor. 1.7.6. (σ ⊗ I22s−1 ,−iς)a∂aψ̂(s, ς) = iĴ(s, ς)⇔

{
(σ ⊗ I2s,−iς)a∂aψ̃(s, ς) = iJ̃(s, ς)

(σ ⊗ I22s−1−2s,−iς)a∂ao(s, ς) = io(s, ς)

Cor. 1.7.7. (σ ⊗ I22s−1 ,−iς)a∂aψ̂(s, ς) = iĴ(s, ς)⇔ (σ ⊗ I2s,−iς)a∂aψ̃(s, ς) = iJ̃(s, ς)
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1.8 Representation transformation of graviton

Cor. 1.8.1. Ŝ0(2) =



N̄(2)[I⊗Γ̄(
3
2 )]

X̄(2)[I⊗Γ̄(
3
2 )]

N̄(1){I⊗[X̄(
3
2 )[I⊗Γ̄(1)]}

X̄(1){I⊗[X̄(
3
2 )[I⊗Γ̄(1)]}

N̄(1){I⊗I⊗[X̄(1)[I⊗Γ̄(
1
2 )]]}

X̄(1){I⊗I⊗[X̄(1)[I⊗Γ̄(
1
2 )]]}


=

 S̃(2)[I⊗Γ̄(
3
2 )]

S̃(1){I⊗[X̄(
3
2 )[I⊗Γ̄(1)]}

S̃(1){I⊗I⊗[X̄(1)[I⊗Γ̄(
1
2 )]]}

 =

[
S̃(2) 0 0

0 S̃(1) 0

0 0 S̃(1)

]
[I ⊗ Ŝ( 3

2 )]

Thm. 1.8.1. Ŝ0(2)Ω(2)Ŝ+
0 (2) =


σ(2) 0 0 0 0 0

0 σ(1) 0 0 0 0
0 0 σ(1) 0 0 0
0 0 0 σ(0) 0 0
0 0 0 0 σ(1) 0
0 0 0 0 0 σ(0)

 , Ŝ0(s)[σ( 1
2 )⊗ I8]Ŝ+

0 (s) =

[
Σ(2) 0 0

0 Σ(1) 0
0 0 Σ(1)

]

Cor. 1.8.2. [σ ⊗ I8,−iς]a∂aϕ̂(2, ς) = iK̂(2, ς)⇔


[2Σ(2),−iς]a∂aϕ̃(2, ς) = iK̃(2, ς)

[2Σ(1),−iς]a∂aϕ̃(1, ς) = iK̃(1, ς)

[2Σ(1′),−iς]a∂aϕ̃(1′, ς) = iK̃(1′, ς)

Thm. 1.8.2. S0(2) =



N̄(2)[I⊗Γ̄(
3
2 )]

X̄(2)[I⊗Γ̄(
3
2 )]

N̄(1){I⊗[X̄(
3
2 )[I⊗Γ̄(1)]}

N̄(1){I⊗I⊗[X̄(1)[I⊗Γ̄(
1
2 )]]}

X̄(1){I⊗[X̄(
3
2 )[I⊗Γ̄(1)]}

X̄(1){I⊗I⊗[X̄(1)[I⊗Γ̄(
1
2 )]]}


, S0(2)Ω(2)S+

0 (2) =


σ(2) 0 0 0 0 0

0 σ(1) 0 0 0 0
0 0 σ(1) 0 0 0
0 0 0 σ(1) 0 0
0 0 0 0 σ(0) 0
0 0 0 0 0 σ(0)



1.9 In-depth analysis of constant matrix π(s, s′)

Cor. 1.9.1.

π(s, 0) := σ(s− 1), s ≥ 1;π(1, 0) = 0

π(s, 1
2 ) := σ( 1

2 )⊗ I2(s−1) + I ⊗ σ(s− 1− 1
2 ), s ≥ 3

2 ;π( 3
2 ,

1
2 ) = σ( 1

2 ), π(2, 1
2 ) = π(2, 1) = Ω(1)

π(s, s− 1) := Ω(s− 1), s ≥ 1

π(s, s′) := φ, s− s′ ≤ 1
2

Ω(s) = π(s+ 1, s) = π(s+ 1, s− 1
2 ), s ≥ 1

2

Cor. 1.9.2. Ω(s) = π(s+ 1, s) = π(s+ 1, s− 1
2 ), s ≥ 1

2
→ [π(s+ 1, s− 1)⊕ π(s, s− 1)], s ≥ 1
→ [π(s+ 1, s− 3

2 )⊕ π(s, s− 3
2 )]⊕ [π(s, s− 3

2 )], s ≥ 3
2

→ [π(s+ 1, s− 2)⊕ π(s, s− 2)]⊕ [π(s, s− 2)⊕ π(s− 1, s− 2)]2, s ≥ 2
→ [π(s+ 1, s− 5

2 )⊕ π(s, s− 5
2 )]⊕ [π(s, s− 5

2 )⊕ π(s− 1, s− 5
2 )]3 ⊕ [π(s− 1, s− 5

2 )]2, s ≥ 5
2

→ [π(s+ 1, s− 3)⊕ π(s, s− 3)]⊕ [π(s, s− 3)⊕ π(s− 1, s− 3)]4 ⊕ [π(s− 1, s− 3)⊕ π(s− 2, s− 3)]5, s ≥ 3
→ · · · · · ·

Self comment: As long as the above method is followed, any Ω(s) can be concretely decomposed into
the direct sum of multiple single spin states through representation transformation. In principle, this
problem has been completely solved. In practical application, some calculations need to be made
to explicitly write out the concrete representation transformation for use. At the same time, it is
also constructively proved that Ω(s)is indeed composed entirely of single spin states and there is no
redundant components. Ω(s) does not contain both Bose and Fermi spin states, but rather represents
a Bose or Fermi multiple state. And it traverses high and low boson or Fermi spin states. Generally,
except for the highest spin state, other spin states have multiple redundant states.
1.10 Multiple state spin equation

Def. 1.10.1. [(S+
√

[SΩ(s)S+]2 + 1
4S −

1
2 )∂a + iSab(Ω(s), ς)∂b]Ψ(x) = 0, ∂a∂aΨ(x) = 0;

Ω(s)× Ω(s) = iΩ(s), SΩ(s)S+ = σ(s)⊕ σ(s− 1)⊕ · · · ⊕ σ( 1
2 )|σ(0)

Cor. 1.10.1.
{S̃+(s)[sI2s+1 ⊕ (s− 1)I2s−1]S̃(s)∂a + iSab(π(s+ 1, 1

2 ), ς)∂b}Ψ(x) = 0, ∂a∂aΨ(x) = 0

{[s− 1 +N(s)N̄(s)]∂a + iSab(π(s+ 1, 1
2 ), ς)∂b}Ψ(x) = 0, ∂a∂aΨ(x) = 0

{[s−X(s)X̄(s)]∂a + iSab(π(s+ 1, 1
2 ), ς)∂b}Ψ(x) = 0, ∂a∂aΨ(x) = 0
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1.11 Representation transformation property 1 for 2-spin

Cor. 1.11.1.

S(1⊗ 1) = 1√
6



√
6 0 0 0 0 0 0 0 0

0
√

3 0
√

3 0 0 0 0 0

0 0
√

1 0
√

4 0
√

1 0 0

0 0 0 0 0
√

3 0
√

3 0

0 0 0 0 0 0 0 0
√

6

0 −
√

3 0
√

3 0 0 0 0 0

0 0 −
√

3 0 0 0
√

3 0 0

0 0 0 0 0 −
√

3 0
√

3 0

0 0
√

2 0 −
√

2 0
√

2 0 0


, S+(1⊗ 1) = 1√

6



√
6 0 0 0 0 0 0 0 0

0
√

3 0 0 0 −
√

3 0 0 0

0 0
√

1 0 0 0 −
√

3 0
√

2

0
√

3 0 0 0
√

3 0 0 0

0 0
√

4 0 0 0 0 0 −
√

2

0 0 0
√

3 0 0 0 −
√

3 0

0 0
√

1 0 0 0
√

3 0
√

2

0 0 0
√

3 0 0 0
√

3 0

0 0 0 0
√

6 0 0 0 0


Cor. 1.11.2. 1√

3
[I3 ⊗

[
−
√

2 −1

−1
√

2

]
][σ(1)⊗ I] 1√

3
[I3 ⊗

[
−
√

2 −1

−1
√

2

]
] = σ(1)⊗ I

Thm. 1.11.1. S(1⊗ 1)[σ(1)⊗ I3 + I3 ⊗ σ(1)]S+(1⊗ 1) =

[
σ(2) 0 0

0 σ(1) 0
0 0 σ(0)

]

Cor. 1.11.3. 1√
6


√

6 0 0 0 0 0 0 0 0

0
√

3 0
√

3 0 0 0 0 0

0 0
√

1 0
√

4 0
√

1 0 0

0 0 0 0 0
√

3 0
√

3 0

0 0 0 0 0 0 0 0
√

6

 [σ(1)⊗ I3 + I3 ⊗ σ(1)] 1√
6



√
6 0 0 0 0

0
√

3 0 0 0

0 0
√

1 0 0

0
√

3 0 0 0

0 0
√

4 0 0

0 0 0
√

3 0

0 0
√

1 0 0

0 0 0
√

3 0

0 0 0 0
√

6


= σ(2)

Cor. 1.11.4. 1√
6

[
0 −
√

3 0
√

3 0 0 0 0 0

0 0 −
√

3 0 0 0
√

3 0 0

0 0 0 0 0 −
√

3 0
√

3 0

]
[σ(1)⊗ I3 + I3 ⊗ σ(1)] 1√

6


0 0 0
−
√

3 0 0

0 −
√

3 0√
3 0 0

0 0 0
0 0 −

√
3

0
√

3 0

0 0
√

3
0 0 0

 = σ(1)

Cor. 1.11.5. 1√
6

[
0 0
√

2 0 −
√

2 0
√

2 0 0
]

[σ(1)⊗ I3 + I3 ⊗ σ(1)] 1√
6


0
0√
2

0
−
√

2
0√
2

0
0

 = σ(0)

1.12 Representation transformation property 2 for 2-spin

Thm. 1.12.1. S(1⊗ 1)[σ(1)⊗ I3]S+(1⊗ 1) = 1
2

 σ(2)
1√
3
O+(2) 0

1√
3
O(2) σ(1)

2√
3

0+(2)

0
2√
3

0(2) σ(0)

 , 0(2) = {
[
−1 0 1

]
, i
[
−1 0 −1

]
,
[

0
√

2 0
]
}

1.13 More general representation transformation properties (guess)

Def. 1.13.1. S(s1 ⊗ s2 · · · ⊗ sn)[σ(s1)⊗ I∗ + I2s1+1 ⊗ σ(s2)⊗ I∗ + · · · ]S+(s1 ⊗ s2 · · · ⊗ sn) =?

Cor. 1.13.1. S̃(s) := S[ 1
2 ⊗ (s− 1

2 )], Ŝ(s)? := S[( 1
2 )1 ⊗ ( 1

2 )2 · · · ⊗ ( 1
2 )2s]

2 Physical application of advanced representation transformation
2.1 General new coupling theory

2.1.1 New coupling theory for s-spin particles

Cor. 2.1.1.
(σ ⊗ I2s,−iς)a∂aϕ(s, ς) = iJ(s, ς)

ψ(s, ς) = N̄(s)ϕ(s, ς)

ψ(s− 1, ς) = X̄(s)ϕ(s, ς)

S(s)⇔

{
[ 1
sσ(s),−iς]a∂aψ(s, ς) = − 1

sO
+(s) · ∇ψ(s− 1, ς) + iN̄(s)J(s, ς)

[ 1
sσ(s− 1), iς]a∂aψ(s− 1, ς) = 1

sO(s) · ∇ψ(s, ς)− iX̄(s)J(s, ς)

Cor. 2.1.2.
(σ ⊗ I2s,−iς)a∂aϕ(s, ς) = iJ(s, ς)

ψ(s, ς) = N̄(s)ϕ(s, ς) = 0

ψ(s− 1, ς) = X̄(s)ϕ(s, ς)

S(s)⇔

{
1
sO

+(s) · ∇ψ(s− 1, ς) = iN̄(s)J(s, ς)

[ 1
sσ(s− 1), iς]a∂aψ(s− 1, ς) = −iX̄(s)J(s, ς)

Cor. 2.1.3.
(σ ⊗ I2s,−iς)a∂aϕ(s, ς) = iJ(s, ς)

ψ(s, ς) = N̄(s)ϕ(s, ς)

ψ(s− 1, ς) = X̄(s)ϕ(s, ς) = 0

S(s)⇔

{
[ 1
sσ(s),−iς]a∂aψ(s, ς) = iN̄(s)J(s, ς)

1
sO(s) · ∇ψ(s, ς) = iX̄(s)J(s, ς)
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2.1.2 New coupling theory for s-spin particles with lower first derivatives

Cor. 2.1.4.
(σ ⊗ I4,−iς)aϕab(s, ς) = iJ(s, ς)

ψ(s, ς) = N̄(s)ϕ(s, ς)

ψ(s− 1, ς) = X̄(s)ϕ(s, ς)

S(s)⇔

{
[ 1
sσ(s),−iς]aψab(s, ς) = − 1

sO
+
i (s)ψib(s− 1, ς) + iN̄(s)J(s, ς)

[ 1
sσ(s− 1), iς]aψ

ab(s− 1, ς) = 1
sOi(s)ψ

ib(s, ς)− iX̄(s)J(s, ς)

Cor. 2.1.5.
(σ ⊗ I4,−iς)aϕab(s, ς) = iJ(s, ς)

ψ(s, ς) = N̄(s)ϕ(s, ς) = 0

ψ(s− 1, ς) = X̄(s)ϕ(s, ς)

S(s)⇔

{
1
sO

+
i (s)ψib(s− 1, ς) = iN̄(s)J(s, ς)

[ 1
sσ(s− 1), iς]aψ

ab(s− 1, ς) = −iX̄(s)J(s, ς)

Cor. 2.1.6.
(σ ⊗ I4,−iς)aϕab(s, ς) = iJ(s, ς)

ψ(s, ς) = N̄(s)ϕ(s, ς)

ψ(s− 1, ς) = X̄(s)ϕ(s, ς) = 0

S(s)⇔

{
[ 1
sσ(s),−iς]aψab(s, ς) = iN̄(s)J(s, ς)

1
sOi(s)ψ

ib(s, ς) = iX̄(s)J(s, ς)

2.2 Concrete new coupling theory

2.2.1 New coupling theory for gravitino and neutrino

Cor. 2.2.1.
[ 2
3σ( 3

2 ),−iς]a∂aψ( 3
2 , ς) = − 2

3O
+( 3

2 ) · ∇ψ( 1
2 , ς)

[− 2
3σ( 1

2 ),−iς]a∂aψ( 1
2 , ς) = − 2

3O( 3
2 ) · ∇ψ( 3

2 , ς)

[2σ( 1
2 ),−iς]a∂aψ( 1

2 , ς) = 0

⇔


iς∂πψ( 1

2 , ς) = 1
2O( 3

2 ) · ∇ψ( 3
2 , ς)

iς∂πψ( 3
2 , ς) = 2

3σ( 3
2 ) · ∇ψ( 3

2 , ς) + 2
3O

+( 3
2 ) · ∇ψ( 1

2 , ς)

4σ( 1
2 ) · ∇ψ( 1

2 , ς)−O( 3
2 ) · ∇ψ( 3

2 , ς) = 0

2.2.2 New coupling theory for Graviton, photon and scalar field

Cor. 2.2.2.
[ 1
2σ(2),−iς]a∂aψ(2, ς) = − 1

2O
+(2) · ∇ψ(1, ς) + iN̄(2)J(2, ς)

[− 1
2σ(1),−iς]a∂aψ(1, ς) = − 1

2O(2) · ∇ψ(2, ς) + iX̄(2)J(2, ς)

[σ(1),−iς]a∂aψ(1, ς) = −O+(1) · ∇φ+ iN̄(1)J(1, ς)

[−σ(0),−iς]a∂aφ = −O(1) · ∇ψ(1, ς) + iX̄(1)J(1, ς)

Cor. 2.2.3.
[ 1
2σ(2),−iς]a∂aψ(2, ς) = − 1

2O
+(2) · ∇ψ(1, ς)

[− 1
2σ(1),−iς]a∂aψ(1, ς) = − 1

2O(2) · ∇ψ(2, ς)

[σ(1),−iς]a∂aψ(1, ς) = −O+(1) · ∇φ
[−σ(0),−iς]a∂aφ = −O(1) · ∇ψ(1, ς)

⇔


iς∂πφ = O(1) · ∇ψ(1, ς)

iς∂πψ(1, ς) = 1
3O

+(1) · ∇φ+ 1
3O(2) · ∇ψ(2, ς)

iς∂πψ(2, ς) = 1
2σ(2) · ∇ψ(2, ς) + 1

2O
+(2) · ∇ψ(1, ς)

2O+(1) · ∇φ+ 3σ(1) · ∇ψ(1, ς)−O(2) · ∇ψ(2, ς) = 0

2.2.3 Spin equation of new coupling theory for graviton, photon and scalar field

Cor. 2.2.4. {∂a + iSab[σ(1), ς]∂b} ⊗ I3ψ(1⊗ 1, ς) = 0

⇔


{2∂a + iSab[σ(2), ς]∂b}ψ(2, ς) + iSab[

1√
3
O+(2), ς]∂bψ(1, ς) = 0

iSab[
1√
3
O(2), ς]∂bψ(2, ς) + {2∂a + iSab[σ(1), ς]∂b}ψ(1, ς) + iSab[

2√
3
0+(2), ς]∂bψ(0, ς) = 0

iSab[
2√
3
0(2), ς]∂bψ(1, ς) + {2∂a + iSab[σ(0), ς]∂b}ψ(0, ς) = 0

2.2.4 A theory of bound photons

Cor. 2.2.5. No plane wave solution (Z-axis){
(σ ⊗ I4,−iς)a∂aϕ(2, ς) = 0

ψ(2, ς) = 0
⇔

{
O+(2) · ∇ψ(1, ς) = 0

[σ(1), 2iς]a∂aψ(1, ς) = 0
⇔

{
O+(2)S+

m(1) · ∇Ψ(1, ς) = 0

(γ, 2iς)a∂aΨ(1, ς) = 0

2.2.5 A generalized new theory of gravity

Cor. 2.2.6.
(σ ⊗ I4,−iς)aϕab(2, ς) = iJ(2, ς)

ψ(2, ς) = N̄(2)ϕ(2, ς)

ψ(1, ς) = X̄(2)ϕ(2, ς)

S(2)⇔

{
[ 1
2σ(2),−iς]aψab(2, ς) = − 1

2O
+
i (2)ψib(1, ς) + iN̄(2)J(2, ς)

[ 1
2σ(1), iς]aψ

ab(1, ς) = 1
2Oi(2)ψib(2, ς)− iX̄(2)J(2, ς)
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1 Lorentz group representation in 3+1 dimensional space-time [8, 12]

1.1 Poincare group representation [8]

Commutative relations of Poincare group generators Mab, pa:

Mab = Lab + Sab, Lab = xapb − xbpa, gab = δab (14.1){
[Mab,Mcd] = −i(gadMbc − gacMbd + gbcMad − gbdMac)

[Mab, pc] = −i(gbcpa − gacpb), [pa, pb] = 0
(14.2)

Commutative relations of Poincare group generators Lab, Sab, pa:{
[Lab, Lcd] = −i(gadLbc − gacLbd + gbcLad − gbdLac)
[Lab, pc] = −i(gbcpa − gacpb), [pa, pb] = 0

(14.3)

[Sab, Scd] = −i(gadSbc − gacSbd + gbcSad − gbdSac) (14.4)

[Sab, Lcd] = 0, [Sab, pc] = 0 (14.5)

1.2 Extracting vectors ~X, ~Y ,~a,~b from spin tensors

Def. 1.2.1. Xi ≡ 1
2ε
ijkSjk, Yi ≡ Sπi, ai ≡ 1

2 (Xi + Yi), bi ≡ 1
2 (Xi − Yi), gab := δab

Pro. 1.2.1. εijkεlmn = δilδjmδkn + δinδjlδkm + δimδjnδkl − δilδjnδkm − δimδjlδkn − δinδjmδkl
εijkε

k
lm = δilδjm − δimδjl, εijkεjkl = 2δil

Cor. 1.2.1. Xi = 1
2ε
ijkSjk ⇔ Sij = εijkX

k

1.3 Positive proof of propositions for Lorentz group representation relation

Thm. 1.3.1. i[Sab, Scd] = gadSbc − gacSbd + gbcSad − gbdSac ⇒ [Xi, X l] = iεilkX
k

Proof: [Xi, X l] = [ 1
2ε
ijkSjk,

1
2ε
lmnSmn]

= 1
4ε
ijkεlmn[Sjk, Smn]

= −i 1
4ε
ijkεlmn(gjnSkm − gjmSkn + gkmSjn − gknSjm)

= −i 1
4ε
ijkεlmn(2gjnSkm + 2gkmSjn)

= − i
2 (εijkεlmjSkm − εijkεlnkSjn)

= − i
2 (εikjεlnkSjn − εijkεlnkSjn)

= iεijkεlnkSjn
= (δilδjn − δinδjl)Sjn
= iSil = iεilkX

k

Thm. 1.3.2. i[Sab, Scd] = gadSbc − gacSbd + gbcSad − gbdSac ⇒ [Yi, Yj ] = iεij
kXk

Proof: [Yi, Yj ] = [Sπi, Sπj ]
= [Siπ, Sjπ]
= −i(giπSπj − gijSππ + gπjSiπ − gππSij)
= iSij = iεij

kXk

Thm. 1.3.3. i[Sab, Scd] = gadSbc − gacSbd + gbcSad − gbdSac ⇒ [Xi, Yl] = iεil
k
Yk

Proof: [Xi, Yl] = [1
2ε
ijkSjk, Sπl]

= − 1
2ε
ijk[Sjk, Slπ]

= i
2ε
ijk(gjπSkl − gjlSkπ + gklSjπ − gkπSjl)

= i
2ε
ijk(−gjlSkπ + gklSjπ)

= iεijkgklSjπ = iεil
k
Yk

Cor. 1.3.1. i[Sab, Scd] = gadSbc − gacSbd + gbcSad − gbdSac
⇒ [Xi, Xj ] = iεij

kXk, [Yi, Yj ] = iεij
kXk, [Xi, Yj ] = i[Yi, Yj ] = iεij

kYk
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1.4 Reverse proof of propositions for Lorentz group representation relation

Thm. 1.4.1. [Xi, X l] = iεilkX
k ⇒ i[Sij , Slm] = gimSjl − gilSjm + gjlSim − gjmSil

Proof: i[Sij , Slm] = i[εijkX
k, εlmnX

n]
= iεijkεlmn[Xk, Xn] = −εijkεlmnεknhXh = −εijkεlmnSkn
= −(δilδjmδkn + δinδjlδkm + δimδjnδkl − δilδjnδkm − δimδjlδkn − δinδjmδkl)Skn
= −(δinδjlδkm + δimδjnδkl − δilδjnδkm − δinδjmδkl)Skn
= −(δjlSmi + δimS

lj − δilSmj − δjmSli)
= δimSjl − δilSjm + δjlSim − δjmSil
= gimSjl − gilSjm + gjlSim − gjmSil

Thm. 1.4.2. [Xi, Yj ] = iεij
kYk ⇒ i[Sij , Sπl] = gilSjπ − giπSjl + gjπSil − gjlSiπ

Proof: i[Sij , Sπl] = i[εijkX
k, Yl]

= iεijk[Xk, Y l] = −εijkεklmY m
= −(δilδjm − δimδjl)Sπm = δilSjπ − δjlSiπ
= δilSjπ − δiπSjl + δjπSil − δjlSiπ
= gilSjπ − giπSjl + gjπSil − gjlSiπ

Thm. 1.4.3. [Yi, Yj ] = iεij
kXk ⇒ i[Sπi, Sπj ] = gπjSiπ − gππSij + giπSπj − gijSππ

Proof: i[Sπi, Sπj ] = i[Yi, Yj ]
= −εijkXk = −Sij
= δπjSiπ − δππSij + δiπSπj − δijSππ
= gπjSiπ − gππSij + giπSπj − gijSππ

Cor. 1.4.1. [Xi, Xj ] = iεij
kXk, [Yi, Yj ] = iεij

kXk, [Xi, Yj ] = i[Yi, Yj ] = iεij
kYk

⇒ i[Sab, Scd] = gadSbc − gacSbd + gbcSad − gbdSac

1.5 Comprehensive conclusion of propositions for Lorentz group representation relation

Cor. 1.5.1. i[Sab, Scd] = gadSbc − gacSbd + gbcSad − gbdSac
⇔ [Xi, Xj ] = iεij

kXk, [Yi, Yj ] = iεij
kXk, [Xi, Yj ] = i[Yi, Yj ] = iεij

kYk

Cor. 1.5.2. [Xi, Xj ] = iεij
kXk, [Yi, Yj ] = iεij

kXk, [Xi, Yj ] = i[Yi, Yj ] = iεij
kYk

⇔ ~X × ~X = i ~X, ~Y × ~Y = i ~X, ~X × ~Y = i~Y , [Xi, Yi] = 0

⇔ ~a× ~a = i~a,~b×~b = i~b, [ai, bj ] = 0

Cor. 1.5.3. i[Sab, Scd] = gadSbc − gacSbd + gbcSad − gbdSac ⇔ ~a× ~a = i~a,~b×~b = i~b, [ai, bj ] = 0

Lorentz state transformation decomposition:

Cor. 1.5.4. e
i
2 ε
abSab = eiω·

~X+ε·~Y = e(iω+ε)·~ae(iω−ε)·~b

2 Relativistic Lorentz boost transformation of a single particle
2.1 Lorentz transformation of coordinates [22–24]

Convention: The speed of O is ~v, v 6= 1 in O′. The speed of O′ is −~v in O. The benefit of this convention
is that it can visually describe moving particles. The general form of the relativistic Lorentz boost
transformation of coordinates and their coordinate differentials:

Def. 2.1.1.

{
∇′ = ∇− γv~v∂t + (γv − 1)~v/v2(~v · ∇)

∂t′ = γv(∂t − ~v · ∇), γv ≡ (1− v2)−
1
2

Def. 2.1.2.

{
~r′ = ~r + γv~vt+ (γv − 1)(~v · ~r)~v/v2

t′ = γv(t+ ~v · ~r), γv ≡ (1− v2)−
1
2

{
d~r′ = d~r + γv~vdt+ (γv − 1)(~v · d~r)~v/v2

dt′ = γv(dt+ ~v · d~r)

The above transformation is an important foundation for the entire theory of special relativity, and
another important transformation is the vector rotation transformation.

Cor. 2.1.1. ~r′
2
− t′2 = ~r2 − t2 = invariant, d~r′

2
− dt′2 = d~r2 − dt2 = invariant

Def. 2.1.3. L~v :=

[
1 0 0 −iγvvx
0 1 0 −iγvvy
0 0 1 −iγvvz

iγvvx iγvvy iγvvz γv

]
+ γv−1

v2

[
vxvx vxvy vxvz 0
vyvx vyvy vyvz 0
vzvx vzvy vzvz 0

0 0 0 0

]
, L~vL−~v = L−~vL~v = I
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Cor. 2.1.2. L~v

[
~0
i

]
= e−ln[γv(1+v)]v̂·L

[
~0
i

]
=

[
γv~v
iγv

]
, L~v

[
~0
im

]
= e−ln[γv(1+v)]v̂·L

[
~0
im

]
=

[
~p
iE

]
Lem. 2.1.1. (~v ·R)2 + (~v · L)2 = ~v2

Cor. 2.1.3.

L~v = e−ln[γv(1+v)]v̂·L = 1− γv(~v · L) + γv−1
v2 (~v · L)2 = γv(1− ~v · L)− γv−1

v2 (~v ·R)2, L~vL−~v = L−~vL~v = I

Cor. 2.1.4. X ′ = L~vdX,X ≡
[
~r
it

]
, X ′ ≡

[
~r′

it′

]
; dX ′ = L~vdX, dX ≡

[
d~r
idt

]
, dX ′ ≡

[
d~r′

idt′

]
2.2 Velocity synthesis formula

Cor. 2.2.1. ~u′ = [~u+ γv~v + (γv − 1)(~v · ~u)~v/v2]/[γv(1 + ~v · ~u)]

Cor. 2.2.2. 1− ~u′2 = (1−~u2)(1−~v2)
(1+~v·~u)2

Cor. 2.2.3.

{
γu′~u

′ = γu~u+ γv~vγu + (γv − 1)[~v · (γu~u)]~v/v2

γu′ = γv[γu + ~v · (γu~u)]
⇔
[
γu′ ~u′

iγu′

]
= L~v

[
γu~u
iγu

]
2.3 Lorentz boost transformation of four momentum particles with mass

Massive particles: m0 6= 0, u 6= 1, u′ 6= 1

Def. 2.3.1. E ≡ m0(1− u2)−
1
2 , E′ ≡ m0(1− u′2)−

1
2 , ~p ≡ E~u, ~p′ ≡ E′~u′

The following Lorentz boost transformation of energy and momentum can be derived from the Lorentz
boost transformation of coordinates.

Cor. 2.3.1.

{
~p′ = ~p+ γvE~v + (γv − 1)(~v · ~p)~v/v2

E′ = γv(E + ~v · ~p)
⇔
[
~p′

iE′

]
= L~v

[
~p
iE

]
Cor. 2.3.2. ~p′

2
− E′2 = ~p2 − E2 = −m2

0 = invariant

2.4 Temperature lorentz transform conjecture between different velocity reference frames

Ass. 2.4.1.
Kinetic energy of motion system - translational kinetic energy of particle system = E′k − E′k0 =

∑
i

(γvEi −m0)− (γv − 1)
∑
i

Ei = 3
2NkBT

′

Kinetic energy of a stationary system - translational kinetic energy of particle system = Ek − Ek0 =
∑
i

(Ei −m0)− 0 = 3
2NkBT

⇒

T ′ = T

2.5 Lorentz boost transformation of four momentum for massless particles

massless particles: m0 = 0, u = 1, u′ = 1

Def. 2.5.1. ~p ≡ E~u, ~p′ ≡ E′~u′

Starting from the Lorentz push transformation of coordinates for massless particles, it is not strictly
possible to derive the Lorentz push transformation of energy and momentum. But it can be obtained
by making the mass infinitely close to zero.{
~p′ = ~p+ γvE~v + (γv − 1)(~v · ~p)~v/v2

E′ = γv(E + ~v · ~p)
,

[
~p′

iE′

]
= L~v

[
~p
iE

]
(14.6)

Cor. 2.5.1. ~p′
2
− E′2 = ~p2 − E2 = 0 = invariant

2.6 Lorentz boost transformation of a single particle external force

Def. 2.6.1. ~F ≡ dp
dt ,

~F ′ ≡ dp′

dt′ ,
~f ≡ ~F√

1−u2
, ~f ′ ≡ ~F ′√

1−u′2

Cor. 2.6.1. ~a′ = [~a+ (γv − 1)(~v · ~a)~v/v2]/[γ2
v(1 + ~v · ~u)2]− [~u+ γv~v + (γv − 1)(~v · ~u)~v/v2](~v · ~a)/[γ2

v(1 + ~v · ~u)3]

Cor. 2.6.2. ~F ′ = [~F + γv(~u · ~F )~v + (γv − 1)(~v · ~F )~v/v2]/[γv(1 + ~v · ~u)]

Cor. 2.6.3. ~u′ · ~F ′ = γv(~u · ~F + ~v · ~F )/[γv(1 + ~v · ~u)] = ~v+~u
1+~v·~u · ~F

Cor. 2.6.4.

{
~f ′ = ~f + γv(~u · ~f)~v + (γv − 1)(~v · ~f)~v/v2

~u′ · ~f ′ = γv(~u · ~f + ~v · ~f) = γv(~u+ ~v) · ~f
⇔

[
~f ′

i~u′ · ~f ′

]
= L~v

[
~f

i~u · ~f

]

Cor. 2.6.5. ~f ′
2
− (~u′ · ~f ′)2 = ~f2 − (~u · ~f)2 = invariant
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2.7 General relativity transformation hypothesis of single particle external force

Def. 2.7.1. ~a ≡ d~u
dt ,

~a′ ≡ d~u′

dt′ , ~g ≡
d~v
dt

Def. 2.7.2.

~a′ = [~a+ (γv − 1)(~v · ~a)~v/v2]/[γ2
v(1 + ~v · ~u)2]− [~u+ γv~v + (γv − 1)(~v · ~u)~v/v2](~v · ~a)/[γ2

v(1 + ~v · ~u)3]+

[γv~g + (γv − 1)(~g · ~u)~v/v2 + (γv − 1)(~v · ~u)~g/v2 − 2(γv − 1)(~v · ~u)(~v · ~g)~v/v4 + γ3
v(~v · ~g)(~v · ~u)~v/v2]/[γ2

v(1 + ~v · ~u)2]

−[~u+ γv~v + (γv − 1)(~v · ~u)~v/v2][(~g · ~u) + γ2
v(1 + ~v · ~u)(~v · ~g)]/[γ2

v(1 + ~v · ~u)3]
~F ′ = [~F + γv(~u · ~F )~v + (γv − 1)(~v · ~F )~v/v2

+γvE~g + γ3
v(~v · ~g)E~v + (γv − 1)(~g · ~p)~v/v2 + (γv − 1)(~v · ~p)~g/v2

+γ3
v(~v · ~g)(~v · ~p)~v/v2 − 2(γv − 1)(~v · ~g)(~v · ~p)~v/v4]/[γv(1 + ~v · ~u)]

3 Relativistic Lorentz transformation of multiparticle particle system
3.1 Lorentz boost transformation of multiparticle particle system
~P (v) =

∑
i

[~pi + γvEi~v + (γv − 1)(~v · ~pi)~v/v2]

H(~v) =
∑
i

γv(Ei + ~v · ~pi)
⇔
[
~P (v)
iH(~v)

]
=
∑
i

L~v

[
~pi
iEi

]
= L~v

 ∑i ~pi
i
∑
i

Ei

 (14.7)

3.2 Lorentz boost transformation of particle system in different velocity reference frames

Lorentz boost transformation between particle systems in different velocity reference frames:
~u′ = [~u+ γv~v + (γv − 1)(~v · ~u)~v/v2]/[γv(1 + ~v · ~u)]
~P (~u′) = ~P (~u) + γvH(~u)~v + (γv − 1)[~v · ~P (~u)]~v/v2

H(~u′) = γv[H(~u) + ~v · ~P (~u)]

⇔



[
γu′ ~u′

iγu′

]
= L~v

[
γu~u

iγu

]
[
~P (u′)

iH(~u′)

]
= L~v

[
~P (u)

iH(~u)

] (14.8)

Cor. 3.2.1. ~P 2(~u′)−H2(~u′) = ~P 2(~u)−H2(~u) = −M2
0 = invariant

Lorentz boost transformation of external forces between particle systems with different centroid ve-
locities:

Def. 3.2.1. ~f(~u) ≡ ~F (~u)√
1−u2

, ~f ′(~u′) ≡ ~F ′(~u′)√
1−u′2 ,

~f(~u) = dP (~u)
dτ , ~f ′(~u′) = dP ′(~u′)

dτ

Lem. 3.2.1.
dH(~u)
dτ ≡ ~u · dP (~u)

dτ

Cor. 3.2.2.

{
~f ′(~u′) = ~f(~u) + γv[~u · ~f(~u)]~v + (γv − 1)[~v · ~f(~u)]~v/v2

~u′ · ~f ′(~u′) = γv[~u · ~f(~u) + ~v · ~f(~u)] = γv(~u+ ~v) · ~f(~u)
⇔

[
~f ′(~u′)

i~u′ · ~f ′(~u′)

]
= L~v

[
~f(~u)

i~u · ~f(~u)

]

Cor. 3.2.3. ~f ′
2
(~u′)− [~u′ · ~f ′(~u′)]2 = ~f2(~u)− [~u · ~f(~u)]2 = invariant

3.3 Moving particle system boost transform to static particle system

Lem. 3.3.1. |
∑
i

~pi/
∑
i

Ei| ≤ 1,The equal sign exists and only if ~pi = Ei~1 is established.

Def. 3.3.1. Moving particle system: |
∑
i

~pi/
∑
i

Ei| 6= 0,Static particle system: |
∑
i

~pi/
∑
i

Ei| = 0

Lorentz boost transformation from a massive moving particle system to a static particle system:

~v = −
∑
i

~pi/
∑
i

Ei 6= ~1⇒


~P (~v) =

∑
i

[~pi + γvEi~v + (γv − 1)(~v · ~pi)~v/v2] = 0

M0 = H(~v) =
∑
i

γv(Ei + ~v · ~pi) =
∑
i

Ei/γv
(14.9)

3.4 Static particle system boost transform to moving particle system

Static particle system boost transform to moving particle system:

∑
i

~pi/
∑
i

Ei = 0⇒


H(~v) = γv

∑
i

Ei = M,M ≡ γvM0,M0 ≡
∑
i

Ei

~P (~v) = γv~v
∑
i

Ei = M~v
(14.10)

The physical meaning of the above relationship is: You can equate a particle system to a particle.
When the particle system moves, it can be equivalent to the motion of a particle. And it conforms
to the laws of relativity just like particles. When the massive center of the particle system is static,
the total energy of the particle system is just the equivalent static mass of the particle system. The
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total energy of the moving particle system is just the equivalent relativistic moving mass. Therefore,
a particle system can be completely equivalent to a particle. And conversely, a fundamental particle
can also be considered to be a particle system. The difficulty is whether there is such a conclusion for
the system of particles with interaction? Can we apply a constraint to the interaction and obtain new
physics based on this clue?
3.5 Lorentz boost transformation of unidirectional multiphoton system

Lorentz boost transformation of unidirectional multiphoton system:

~pi = Ei~1, ~1′ = [~1 + γv~v + (γv − 1)(~v ·~1)~v/v2]/[γv(1 + ~v ·~1)] (14.11)

⇒


~P (~v) =

∑
i

[Ei~1 + γvEi~v + (γv − 1)(~v ·~1)Ei~v/v
2] =

∑
i

γvEi(1 + ~v ·~1)~1′

H(~v) =
∑
i

γvEi(1 + ~v ·~1)

~P 2(~v)−H2(~v) = −M2
0 ,M0 =

∑
i

Ei
√

1− 1′2 = 0

(14.12)

3.6 Universal static mass formula for particle systems

Based on the above conclusions, the following universal static mass formula can be obtained.

M0 =
∑
i

Ei

√
1− (

∑
i

~pi/
∑
i

Ei)2 =

√
(
∑
i

Ei)2 − (
∑
i

~pi)2 =

√∑
i,j

(EiEj − ~pi · ~pj) (14.13)

Mass formula for simplified marking: M0 =
√∑

(EiEj − ~pi · ~pj)
3.7 Lorentz boost transform hypothesis for potential energy of interacting particle system

Lorentz boost transform hypothesis for potential energy of interacting particle system:
~P (~0) = (

∑
k

~pk/
∑
k

Ek) 1
2

∑
i6=j

Vij

H(~0) = 1
2

∑
i 6=j

Vij
(14.14)

Lorentz boost transformation for the potential energy of interacting particle system:
~P (~v) = ~P (~0) + γvH(~0)~v + (γv − 1)[~v · ~P (~0)]~v/v2 =

∑
i6=j

Vij∑
k

2Ek

∑
i

[~pi + γvEi~v + (γv − 1)(~v · ~pi)~v/v2]

H(~v) = γv[H(~0) + ~v · ~P (~0)] =

∑
i6=j

Vij∑
k

2Ek

∑
i

γv(Ei + ~v · ~pi)

~P 2(~v)−H2(~v) = ~P 2(~0)−H2(~0) = −M2
V 0

(14.15)

Lorentz boost transformation for the potential energy of interacting particle system:

~v = −
∑
i

~pi/
∑
i

Ei 6= ~1⇒


~P (~v) = ~0

H(~v) =
∑
i 6=j

Vij
√

1− v2 ≡MV 0
(14.16)

The mass formula for the potential energy of the interacting particle system:

MV 0 = ( 1
2

∑
i 6=j

Vij)
√∑

i,j

(EiEj − ~pi · ~pj)/
∑
i,j

(EiEj)

3.8 Lorentz boost transformation of multi particles interacting particle system

Lorentz boost transformation of interacting particle system:

Cor. 3.8.1.


~P (v) = 1∑

k

2Ek
(
∑
k

2Ek +
∑
i 6=j

Vij)
∑
i

[~pi + γvEi~v + (γv − 1)(~v · ~pi)~v/v2]

H(~v) = 1∑
k

2Ek
(
∑
k

2Ek +
∑
i 6=j

Vij)
∑
i

γv(Ei + ~v · ~pi)

Proof:
~P (v) =

∑
i

[~pi + γvEi~v + (γv − 1)(~v · ~pi)~v/v2] + 1
2

∑
i,j

{Vij(
∑
k

~pk/
∑
k

Ek) + γvVij~v + (γv − 1)[~v · (Vij
∑
k

~pk/
∑
k

Ek)]~v/v2}

= 1∑
k

2Ek
{
∑
k

2Ek
∑
i

[~pi + γvEi~v + (γv − 1)(~v · ~pi)~v/v2] +
∑
i 6=j

Vij
∑
k

{~pk + γvEk~v + (γv − 1)[~v · (~pk)]~v/v2}}

= 1∑
k

2Ek
(
∑
k

2Ek +
∑
i 6=j

Vij)
∑
i

[~pi + γvEi~v + (γv − 1)(~v · ~pi)~v/v2]

H(~v) =
∑
i

γv(Ei + ~v · ~pi) + 1
2

∑
i,j

γv[Vij + ~v · (Vij
∑
k

~pk/
∑
k

Ek)] = 1∑
k

2Ek
(
∑
k

2Ek +
∑
i 6=j

Vij)
∑
i

γv(Ei + ~v · ~pi)
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Lorentz boost transform from interacting moving particle system to static particle system:

~v = −
∑
i

~pi/
∑
i

Ei 6= ~1⇒


~P (~v) = ~0

H(~v) = (
∑
k

Ek + 1
2

∑
i 6=j

Vij)
√

1− v2 ≡M0
(14.17)

The mass formula of the interacting particle system:

M0 = (
∑
i

Ei + 1
2

∑
i 6=j

Vij)
√∑

i,j

(EiEj − ~pi · ~pj)/
∑
i,j

(EiEj)

3.9 Lorentz boost transform of interact particle system with different centroid velocity

Lorentz boost transformation between interacting particle systems:
~u′ = [~u+ γv~v + (γv − 1)(~v · ~u)~v/v2]/[γv(1 + ~v · ~u)]

H(~u′) = γv[H(~u) + ~v · ~P (~u)]
~P (~u′) = ~P (~u) + γvH(~u)~v + (γv − 1)[~v · ~P (~u)]~v/v2

~P 2(~u′)−H2(~u′) = ~P 2(~u)−H2(~u) = −M2
0

(14.18)

Lorentz boost transformation of external force between interacting particle systems:{
~f ′(~u′) = ~f(~u) + γv[~u · ~f(~u)]~v + (γv − 1)[~v · ~f(~u)]~v/v2

~u′ · ~f ′(~u′) = γv[~u · ~f(~u) + ~v · ~f(~u)] = γv(~u+ ~v) · ~f(~u)
(14.19)

3.10 Universal static mass formula for interacting particle systems

Based on the above conclusions, the following universal static mass formula can be obtained.

M0 = (
∑
i

Ei + 1
2

∑
i 6=j

Vij)
√∑

i,j

(EiEj − ~pi · ~pj)/
∑
i,j

(EiEj)

3.11 Universal static mass formula for hydrogen atoms (centroid system)???

M0 =
[
√
M2+~p2

M+
√
m2+~p2

m+V (~rM ,~rm)]
√

(
√
M2+~p2

M+
√
m2+~p2

m)2−(~pM+~pm)2

√
M2+~p2

M+
√
m2+~p2

m

M0 = [M +m+ V (~rM0, ~rm0)]

M +m = [
√
M2 + ~p2 +

√
m2 + ~p2 + V (~rM , ~rm)]

V (~rM , ~rm) = M +m− (
√
M2 + ~p2 +

√
m2 + ~p2)

4 Lorentz boost transformation of various spinors
4.1 Lorentz transformation law of antisymmetric tensor and electromagnetic spinor [22–24]

Lorentz transformation law of angular momentum tensor and electromagnetic tensor of a single particle:

Thm. 4.1.1.
F ab = −F ba, F ′ = L~vFL

T
~v , F =

[
0 Bz −By −iEx
−Bz 0 Bx −iEy
By −Bx 0 −iEz
iEx iEy iEz 0

]

F ′ = γv

 0 (Bz+~v×~E)z −(By+~v×~E)y −i(~E−~v× ~B)x

−(Bz+~v×~E)z 0 (Bx+~v×~E)x −i(~E−~v× ~B)y

(By+~v×~E)y −(Bx+~v×~E)x 0 −i(~E−~v× ~B)z

i(~E−~v× ~B)x i(~E−~v× ~B)y i(~E−~v× ~B)z 0

− γv−1
v2

 0 (~v· ~B)vz −(~v· ~B)vy −i(~v·~E)vx

−(~v· ~B)vz 0 (~v· ~B)vx −i(~v·~E)vy

(~v· ~B)vy −(~v· ~B)vx 0 −i(~v·~E)vz

i(~v·~E)vx i(~v·~E)vy i(~v·~E)vz 0


Proof:

L~vF = (

[
1 0 0 −iγvvx
0 1 0 −iγvvy
0 0 1 −iγvvz

iγvvx iγvvy iγvvz γv

]
+ γv−1

v2

[
vxvx vxvy vxvz 0
vyvx vyvy vyvz 0
vzvx vzvy vzvz 0

0 0 0 0

]
)

[
0 Bz −By −iEx
−Bz 0 Bx −iEy
By −Bx 0 −iEz
iEx iEy iEz 0

]

=

 γvvxEx Bz+γvvxEy −By+γvvxEz −iEx
−Bz+γvvyEx γvvyEy Bx+γvvyEz −iEy
By+γvvzEx −Bx+γvvzEy γvvzEz −iEz
iγv(~E−~v× ~B)x iγv(~E−~v× ~B)y iγv(~E−~v× ~B)z γv~v·~E

+ γv−1
v2

−vx(~v× ~B)x −vx(~v× ~B)y −vx(~v× ~B)z −ivx~v·~E
−vy(~v× ~B)x −vy(~v× ~B)y −vy(~v× ~B)z −ivy~v·~E
−vz(~v× ~B)x −vz(~v× ~B)y −vz(~v× ~B)z −ivz~v·~E

0 0 0 0


F ′ = L~vFL

T
~v

= (

 γvvxEx Bz+γvvxEy −By+γvvxEz −iEx
−Bz+γvvyEx γvvyEy Bx+γvvyEz −iEy
By+γvvzEx −Bx+γvvzEy γvvzEz −iEz
iγv(~E−~v× ~B)x iγv(~E−~v× ~B)y iγv(~E−~v× ~B)z γv~v·~E

+ γv−1
v2

−vx(~v× ~B)x −vx(~v× ~B)y −vx(~v× ~B)z −ivx~v·~E
−vy(~v× ~B)x −vy(~v× ~B)y −vy(~v× ~B)z −ivy~v·~E
−vz(~v× ~B)x −vz(~v× ~B)y −vz(~v× ~B)z −ivz~v·~E

0 0 0 0

)

(

[
1 0 0 iγvvx
0 1 0 iγvvy
0 0 1 iγvvz

−iγvvx −iγvvy −iγvvz γv

]
+ γv−1

v2

[
vxvx vxvy vxvz 0
vyvx vyvy vyvz 0
vzvx vzvy vzvz 0

0 0 0 0

]
)

=

 0 Bz+γv(~v×~E)z −By−γv(~v×~E)y iγ2
vvx~v·~E−iγv(~E−~v× ~B)x

−Bz−γv(~v×~E)z 0 Bx+γv(~v×~E)x iγ2
vvy~v·~E−iγv(~E−~v× ~B)y

By+γv(~v×~E)y −Bx−γv(~v×~E)x 0 iγ2
vvz~v·~E−iγv(~E−~v× ~B)z

−iγ2
vvx~v·~E+iγv(~E−~v× ~B)x −iγ2

vvy~v·~E+iγv(~E−~v× ~B)y −iγ2
vvz~v·~E+iγv(~E−~v× ~B)z γ2

v~v·(~v× ~B)=0
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+ γv−1
v2

 vx(~v× ~B)x+γvvxvx~v·~E vy(~v× ~B)x+γvvxvy~v·~E vz(~v× ~B)x+γvvxvz~v·~E 0

vx(~v× ~B)y+γvvyvx~v·~E vy(~v× ~B)y+γvvyvy~v·~E vz(~v× ~B)y+γvvyvz~v·~E 0

vx(~v× ~B)z+γvvzvx~v·~E vy(~v× ~B)z+γvvzvy~v·~E vz(~v× ~B)z+γvvzvz~v·~E 0

iγvvx~v·~E iγvvy~v·~E iγvvz~v·~E 0


+ γv−1

v2

−vx(~v× ~B)x−γvvxvx~v·~E −vx(~v× ~B)y−γvvxvy~v·~E −vx(~v× ~B)z−γvvxvz~v·~E −iγvvx~v·~E
−vy(~v× ~B)x−γvvyvx~v·~E −vy(~v× ~B)y−γvvyvy~v·~E −vy(~v× ~B)z−γvvyvz~v·~E −iγvvy~v·~E
−vz(~v× ~B)x−γvvzvx~v·~E −vz(~v× ~B)y−γvvzvy~v·~E −vz(~v× ~B)z−γvvzvz~v·~E −iγvvz~v·~E

0 0 0 0


+ (γv−1

v2 )2

[
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0

]

=

 0 Bz+γv(~v×~E)z −By−γv(~v×~E)y iγ2
vvx~v·~E−iγv(~E−~v× ~B)x

−Bz−γv(~v×~E)z 0 Bx+γv(~v×~E)x iγ2
vvy~v·~E−iγv(~E−~v× ~B)y

By+γv(~v×~E)y −Bx−γv(~v×~E)x 0 iγ2
vvz~v·~E−iγv(~E−~v× ~B)z

−iγ2
vvx~v·~E+iγv(~E−~v× ~B)x −iγ2

vvy~v·~E+iγv(~E−~v× ~B)y −iγ2
vvz~v·~E+iγv(~E−~v× ~B)z γ2

v~v·(~v× ~B)=0


− γv−1

v2

 0 ~v×(~v× ~B)z −~v×(~v× ~B)y iγvvx~v·~E
−~v×(~v× ~B)z 0 ~v×(~v× ~B)x iγvvy~v·~E
~v×(~v× ~B)y −~v×(~v× ~B)x 0 iγvvz~v·~E
−iγvvx~v·~E −iγvvy~v·~E −iγvvz~v·~E 0


= γv

 0 (Bz+~v×~E)z −(By+~v×~E)y −i(~E−~v× ~B)x

−(Bz+~v×~E)z 0 (Bx+~v×~E)x −i(~E−~v× ~B)y

(By+~v×~E)y −(Bx+~v×~E)x 0 −i(~E−~v× ~B)z

i(~E−~v× ~B)x i(~E−~v× ~B)y i(~E−~v× ~B)z 0

− γv−1
v2

 0 (~v· ~B)vz −(~v· ~B)vy −i(~v·~E)vx

−(~v· ~B)vz 0 (~v· ~B)vx −i(~v·~E)vy

(~v· ~B)vy −(~v· ~B)vx 0 −i(~v·~E)vz

i(~v·~E)vx i(~v·~E)vy i(~v·~E)vz 0


Cor. 4.1.1. ~E′ = γv( ~E − ~v × ~B)− (γv − 1)(~v · ~E)~v/v2, ~B′ = γv( ~B + ~v × ~E)− (γv − 1)(~v · ~B)~v/v2

Cor. 4.1.2. ~ϕ′ς = γv(~ϕς − iς~v × ~ϕς)− (γv − 1)(~v · ~ϕς)~v/v2, ψας := i
2σ

ας
ςabF

ab = −iς( ~E − iς ~B) := ~ϕς

Cor. 4.1.3. ~ϕ′ς = Rς~v ~ϕς , Rς~v ≡ γv − ςγv
[

0 −ivz ivy
ivz 0 −ivx
−ivy ivx 0

]
− γv−1

v2

[ vxvx vxvy vxvz
vyvx vyvy vyvz
vzvx vzvy vzvz

]
Cor. 4.1.4. Rς~v = 1− ςγv~v · γ + γv−1

v2 (~v · γ)2, Rς~vR−ς~v = R−ς~vRς~v = I

4.2 Angular momentum transformation law

Pro. 4.2.1. Mab = xapb − xbpa,M ′ = L~vMLT~v ,
~J = ~B = ~r × ~p, ~W = ~E = t~p− ~rE

Pro. 4.2.2. Mab = xapb − xbpa,M ′ = L~vMLT~v ,
~J = ~B = ~r × ~p, ~W = ~E = r~p− ~rE

Cor. 4.2.1.

{
~W ′ = γv( ~W − ~v × ~J)− (γv − 1)(~v · ~W )~v/v2

~J ′ = γv( ~J + ~v × ~W )− (γv − 1)(~v · ~J)~v/v2

4.3 Guessing spinor transformation law from photon spinor transformation Law

Cor. 4.3.1.

{
~ϕ′ς = γv(~ϕς − iς~v × ~ϕς)− (γv − 1)(~v · ~ϕς)~v/v2

(~ϕς , 0) = Sem(κ)ψς ⊗ ψς → ~ϕς = 1√
2
(ψ2
ς1 − ψ2

ς2, iψ
2
ς1 + iψ2

ς2,−2ψς1ψς2)

Cor. 4.3.2. Λ(ψ2
ς1, ψ

2
ς2, ψς1ψς2) = 1

2

[
1 −i 0
−1 −i 0
0 0 −1

]
(γv − ςγv

[
0 −ivz ivy
ivz 0 −ivx
−ivy ivx 0

]
− γv−1

v2

[ vxvx vxvy vxvz
vyvx vyvy vyvz
vzvx vzvy vzvz

]
)
[

1 −1 0
i i 0
0 0 −2

]
Guessing+Reasoning:

Cor. 4.3.3. Λ(ψ2
ς1, ψ

2
ς2, ψς1ψς2) =

[
(γ+1−ςγvz)2/[2(γ+1)] [γ(vx−ivy)]2/[2(γ+1)] −iςvy
[γ(vx+ivy)]2/[2(γ+1)] (γ+1+ςγvz)2/[2(γ+1)] iςvx

iςvy −iςvx 1

]
⇐ Λς~v(ψς1, ψς2) = 1√

2(γ+1)

[
γ+1−ςγvz −γς(vx−ivy)
−ςγ(vx+ivy) γ+1+ςγvz

]
= 1√

2(γ+1)
(1 + γ − ςγ~v · σ)

4.4 Derive photon spinor transformation law from spinor transformation Law

Cor. 4.4.1. Λς~v ⊗ Λς~v = γ+1
2 −

1
2 ςγ~v · (σ ⊗ I + I ⊗ σ) + γv−1

2v2 (~v · σ)⊗ (~v · σ)

Cor. 4.4.2. Rς~v = Sem(κ)Λς~v ⊗ Λς~vS
+
em(κ) = γv+1

2 − ςγv~v ·R+ γv−1
2v2 (~v · σ+)(~v · σ−)

= 1− ςγv~v ·R+ γv−1
v2 (~v ·R)2 =

[ γv 0 0 0
0 γv 0 0
0 0 γv 0
0 0 0 1

]
− ςγv

[
0 −ivz ivy 0
ivz 0 −ivx 0
−ivy ivx 0 0

0 0 0 0

]
− γv−1

v2

[
vxvx vxvy vxvz 0
vyvx vyvy vyvz 0
vzvx vzvy vzvz 0

0 0 0 0

]

Cor. 4.4.3. (~v · σ+)(~v · σ−) = −2

[
vxvx vxvy vxvz 0
vyvx vyvy vyvz 0
vzvx vzvy vzvz 0

0 0 0 0

]
+ v2

[
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 −1

]

Cor. 4.4.4. (~v ·R)2 = −

[
vxvx vxvy vxvz 0
vyvx vyvy vyvz 0
vzvx vzvy vzvz 0

0 0 0 0

]
+ v2

[
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 0

]
, (~v · γ)2 = −

[ vxvx vxvy vxvz
vyvx vyvy vyvz
vzvx vzvy vzvz

]
+ v2

Cor. 4.4.5. (~v · σ+)(~v · σ−) = 2(~v ·R)2 − v2
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4.5 Derive vector transformation law from spinor transformation Law

Def. 4.5.1. L~v ≡

[
1 0 0 −iγvvx
0 1 0 −iγvvy
0 0 1 −iγvvz

iγvvx iγvvy iγvvz γv

]
+ γv−1

v2

[
vxvx vxvy vxvz 0
vyvx vyvy vyvz 0
vzvx vzvy vzvz 0

0 0 0 0

]
= γv(1− ~v · L)− γv−1

v2 (~v ·R)2

Cor. 4.5.1.

Λς~v ⊗ Λ−ς~v = 1
2(γv+1) (1 + γv − ςγv~v · σ)⊗ (1 + γv + ςγv~v · σ) = γv+1

2 − 1
2 ςγv~v · (σ ⊗ I − I ⊗ σ)− γv−1

2v2 (~v · σ)⊗ (~v · σ)

Cor. 4.5.2.

L−κς~v = Sem(κ)Λς~v ⊗ Λ−ς~vS
+
em(κ) = γv+1

2 + κςγv~v · L− γv−1
2v2 (~v · σ+)(~v · σ−) = γv(1 + κς~v · L)− γv−1

v2 (~v ·R)2

4.6 Summary of Lorentz boost transformation

Lorentz boost transformation of spinor:

Cor. 4.6.1. Λς~v = e−
1
2 ςln[γv(1+v)]v̂·σ = 1√

2(γv+1)
(1 + γv − ςγv~v · σ), ε ∼ −v,Aς ∼ e(iω+ςε)·σ(s)

Lorentz boost transformation of Dirac spinor:

Cor. 4.6.2. Dς~v = e−
1
2 ςln[γv(1+v)]v̂·σ⊗σz = 1√

2(γv+1)
(1 + γv − ςγv~v · σ ⊗ σz), Dς~v = Λς~v ⊕ Λ−ς~v

Lorentz boost transformation of vector:

Cor. 4.6.3. L−κς~v = γv(1 + κς~v · L)− γv−1
v2 (~v ·R)2, L−κς~v = Sem(κ)Λς~v ⊗ Λ−ς~vS

+
em(κ)

Lorentz boost transformation of electromagnetic spinor and angular momentum:

Cor. 4.6.4. Rς~v = 1− ςγv~v ·R+ γv−1
v2 (~v ·R)2, Rς~v = Sem(κ)Λς~v ⊗ Λς~vS

+
em(κ)

Lorentz boost transformation of s-spinor:

Cor. 4.6.5. Λς~v(s) = P̄(s+ 1
2 )

2s︷ ︸︸ ︷
Λς~v ⊗ · · · ⊗ Λς~v P(s+ 1

2 ),Λς~v = 1√
2(γv+1)

(1 + γv − ςγv~v · σ)

5 Polynomial representation of Lorentz transformation for various spin particles
The above method is tedious, intuitive, and speculative. Below, a more analytical, rigorous, organized,
systematic analysis and derivation method will be used. It will get a more general and universal
conclusion.
5.1 Mathematical preparation

5.1.1 Definition

Def. 5.1.1. e(s, n, σ) ≡ (

n−1︷ ︸︸ ︷
I ⊗ · · · ⊗ I⊗σ

2s−n︷ ︸︸ ︷
⊗I ⊗ · · · ⊗ I)

Def. 5.1.2. Ω̂(s) ≡ Ω̂(s, 1, σ) ≡
2s∑
n=1

e(s, n, σ),Ω(s) ≡ 1
2 Ω̂(s, 1, σ)

Ω̂(s, 1, ~ϑ · σ) ≡
2s∑
n=1

e(s, n, ~ϑ · σ) = ~ϑ · Ω̂(s, 1, σ)

Ω̂(s, 2, ~ϑ · σ) ≡ 1
2!

1,2s∑
i 6=j

e(s, i, ~ϑ · σ)e(s, j, ~ϑ · σ)

Ω̂(s, n, ~ϑ · σ) ≡ 1
n!

1,2s∑
i1 6=i2···6=in

e(s, i1, ~ϑ · σ)e(s, i2, ~ϑ · σ) · · · e(s, in, ~ϑ · σ),

5.1.2 Important properties

Pro. 5.1.1. Ω̂(s, 2, ~ϑ · σ) = 1
2 Ω̂2(s, 1, ~ϑ · σ)− s~ϑ2

Pro. 5.1.2. Ω̂(s ≤ 2, n, ~ϑ · σ) = 1
n! Ω̂

n(s, 1, ~ϑ · σ)u(n− 1)

− 1
n! (

2sCn−2
2s−1

Cn−2
2s

)[C2
n(n− 2)!]~ϑ2Ω̂(s, n− 2, ~ϑ · σ)u(n− 2)− 1

n! (
2sCn−3

2s−1

Cn−2
2s

)[C3
n(n− 3)!]~ϑ2Ω̂(s, n− 2, ~ϑ · σ)u(n− 3) + · · ·

= 1
n! Ω̂

n(s, 1, ~ϑ · σ)u(n− 1)− [s− 1
2 (n− 2)]~ϑ2Ω̂(s, n− 2, ~ϑ · σ)u(n− 2)− 1

6 (n− 2)~ϑ2Ω̂(s, n− 2, ~ϑ · σ)u(n− 3)− 5
3
~ϑ4δn,4

5.1.3 Properties of Lorentz generator matrix [22]

Pro. 5.1.3. ~ϑ2 = 0⇒ (~ϑ · σ)2 = 0, (~ϑ · γ)2 = 0, (~ϑ ·R)2 = 0, (~ϑ · L)2 = 0

Pro. 5.1.4. ~ϑ2 = 0⇒ [~ϑ · (σ ⊗ I + I ⊗ σ)]2 = 0, (~ϑ · σ)⊗ (~ϑ · σ) = 0

Pro. 5.1.5. ~ϑ2 = 0⇒ [~ϑ · (σ ⊗ I ⊗ I + I ⊗ σ ⊗ I + I ⊗ I ⊗ σ)]2 = 0

Pro. 5.1.6. ~ϑ2 = 0⇒ [~ϑ · Ω̂(s)]2 = 0, [~ϑ · Ω(s)]2 = 0, [~ϑ · σ(s)]2 = 0

Pro. 5.1.7. ~ϑ2 = 1⇒ (~ϑ · σ)3 = ~ϑ · σ, (~ϑ · γ)3 = ~ϑ · γ, (~ϑ ·R)3 = ~ϑ ·R, (~ϑ · L)3 = ~ϑ · L
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5.2 Polynomial expansion method

Thm. 5.2.1. (a1 + a2 + · · ·+ am)n =
∑

(
∑
k

ik)=n

n!
i1!i2!···im!a

i1
1 a

i2
2 · · · aimm

Def. 5.2.1. < k1, k2, · · · , km >=
∑
ak1
i1
ak2
i2
· · · akmim

i1 6= i2 6= · · · 6= im, k1 ≥ k2 ≥ · · · ≥ km ≥ 1, k1 + k2 + · · ·+ km = n

Def. 5.2.2. < k1, k2, · · · , kl >:= P−lm

P l(1,··· ,m)∑
i1i2···il=

ak1
i1
ak2
i2
· · · aklil

i1 6= i2 6= · · · 6= il, k1 ≥ k2 ≥ · · · ≥ kl ≥ 1, k1 + k2 + · · ·+ kl = n

Def. 5.2.3. < (n1; l1), (n2; l2), · · · , (nk; lk) >:=<

l1︷ ︸︸ ︷
n1, · · · , n1,

l2︷ ︸︸ ︷
n2, · · · , n2, · · · ,

lk︷ ︸︸ ︷
nk, · · · , nk >

n1 > n2 > · · · > nk; l1, l2, · · · , lk ≥ 1; l1 + l2 + · · ·+ lk ≤ m;n1l1 + n2l2 + · · ·+ nklk = n

Ass. 5.2.1.

(a1 + a2 + · · ·+ am)n =
∑

i1··+im=n

n!
i1!i2!···im!a

i1
1 a

i2
2 · · · aimm

=
∑

n!
(n1!)l1 (n2!)l2 ···(nk!)lk

Cl1mC
l2
m−l1 · · ·C

lk
m−(l1+···+lk−1) < (n1; l1), (n2; l2), · · · , (nk; lk) >

(a1 + a2 + · · ·+ am)n =
∑

i1··+im=n

n!
i1!i2!···im!a

i1
1 a

i2
2 · · · aimm

=
∑

n!
(n1!)l1 (n2!)l2 ···(nk!)lk

m!
l1!l2!···lk!(m−l1−···−lk)! < (n1; l1), (n2; l2), · · · , (nk; lk) >

5.2.1 Example: Binomial expansion

Pro. 5.2.1. (a1 + a2)2 =
∑

2!
i1!i2!a

i1
1 a

i2
2

= 2!
2!0! (a

2
1a

0
2 + a0

1a
2
2) + 2!

1!1! (a
1
1a

1
2)

= 2!
2!0!

2!
1!1! < 2, 0 > + 2!

1!1!
2!
2! < 1, 1 >,< 2, 0 >:= 1!1!

2! (a2
1a

0
2 + a0

1a
2
2), < 1, 1 >:= 2!

2! (a
1
1a

1
2)

= 2 < 2, 0 > +2 < 1, 1 >

Pro. 5.2.2. (a1 + a2)3 =
∑

3!
i1!i2!a

i1
1 a

i2
2

= 3!
3!0!

2!
1!1! < 3, 0 > + 3!

2!1!
2!

1!1! < 2, 1 >,< 3, 0 >:= 1!
2! (a

3
1a

0
2 + a0

1a
3
2), < 2, 1 >:= 1!1!

2! (a2
1a

1
2 + a1

1a
2
2)

= 2 < 3, 0 > +6 < 2, 1 >

Pro. 5.2.3. (a1 + a2)4 =
∑

4!
i1!i2!a

i1
1 a

i2
2

= 4!
4!0!

2!
1!1! < 4, 0 > + 4!

3!1!
2!

1!1! < 3, 1 > + 4!
2!2!

2!
2! < 2, 2 >

= 2 < 4, 0 > +8 < 3, 1 > +6 < 2, 2 >

5.2.2 Example: Trinomial expansion

Pro. 5.2.4. (a1 + a2 + a3)2 =
∑

2!
i1!i2!i3!a

i1
1 a

i2
2 a

i3
3

= 2!
2!0!0!

3!
1!2! < 2, 0, 0 > + 2!

1!1!0!
3!

2!1! < 1, 1, 0 >
= 3 < 2, 0, 0 > +6 < 1, 1, 0 >

Pro. 5.2.5. (a1 + a2 + a3)3 =
∑

3!
i1!i2!i3!a

i1
1 a

i2
2 a

i3
3

= 3!
3!0!0!

3!
1!2! < 3, 0, 0 > + 3!

2!1!0!
3!

1!1!1! < 2, 1, 0 > + 3!
1!1!1!

3!
3! < 1, 1, 1 >

= 3 < 3, 0, 0 > +18 < 2, 1, 0 > +6 < 1, 1, 1 >

Pro. 5.2.6. (a1 + a2 + a3)4 =
∑

4!
i1!i2!i3!a

i1
1 a

i2
2 a

i3
3

= 4!
4!0!0!

3!
1!2! < 4, 0, 0 > + 4!

3!1!0!
3!

1!1!1! < 3, 1, 0 > + 4!
2!2!0!

3!
2!1! < 2, 2, 0 > + 4!

2!1!1!
3!

1!2! < 2, 1, 1 >
= 3 < 4, 0, 0 > +24 < 3, 1, 0 > +18 < 2, 2, 0 > +36 < 2, 1, 1 >

5.2.3 Example: Quadrennial expansion

Pro. 5.2.7. (a1 + a2 + a3 + a4)2 =
∑

2!
i1!i2!i3!i4!a

i1
1 a

i2
2 a

i3
3 a

i4
4

= 2!
2!0!0!0!

4!
1!3! < 2, 0, 0, 0 > + 2!

1!1!0!0!
4!

2!2! < 1, 1, 0, 0 >
= 4 < 2, 0, 0, 0 > +12 < 1, 1, 0, 0 >

Pro. 5.2.8. (a1 + a2 + a3 + a4)3 =
∑

3!
i1!i2!i3!i4!a

i1
1 a

i2
2 a

i3
3 a

i4
4

= 3!
3!0!0!0!

4!
1!3! < 3, 0, 0, 0 > + 3!

2!1!0!0!
4!

1!1!2! < 2, 1, 0, 0 > + 3!
1!1!1!0!

4!
3!1! < 1, 1, 1, 0 >

= 4 < 3, 0, 0, 0 > +36 < 2, 1, 0, 0 > +24 < 1, 1, 1, 0 >

Pro. 5.2.9. (a1 + a2 + a3 + a4)4 =
∑

4!
i1!i2!i3!i4!a

i1
1 a

i2
2 a

i3
3 a

i4
4

= 4!
4!0!0!0!

4!
1!3! < 4, 0, 0, 0 > + 4!

3!1!0!0!
4!

1!1!2! < 3, 1, 0, 0 > + 4!
2!2!0!0!

4!
2!2! < 2, 2, 0, 0 >

+ 4!
2!1!1!0!

4!
1!2!1! < 2, 1, 1, 0 > + 4!

1!1!1!1!
4!
4! < 1, 1, 1, 1 >

= 4 < 4, 0, 0, 0 > +48 < 3, 1, 0, 0 > +36 < 2, 2 > +144 < 2, 1, 1, 0 > +24 < 1, 1, 1, 1 >
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Pro. 5.2.10. (a1 + a2 + a3 + a4)5 =
∑

5!
i1!i2!i3!i4!a

i1
1 a

i2
2 a

i3
3 a

i4
4

= 5!
5!0!0!0!

4!
1!3! < 5, 0, 0, 0 > + 5!

4!1!0!0!
4!

1!1!2! < 4, 1, 0, 0 > + 5!
3!2!0!0!

4!
1!1!2! < 3, 2, 0, 0 >

+ 5!
3!1!1!0!

4!
1!2!1! < 3, 1, 1, 0 > + 5!

2!2!1!0!
4!

2!1!1! < 2, 2, 1, 0 > + 5!
2!1!1!1!

4!
1!3! < 2, 1, 1, 1 >

= 4 < 5, 0, 0, 0 > +60 < 4, 1, 0, 0 > +120 < 3, 2, 0, 0 > +240 < 3, 1, 1, 0 > +360 < 2, 2, 1, 0 > +240 < 2, 1, 1, 1 >

5.2.4 Example: Quinomial expansion

Thm. 5.2.2. (a1 + a2 + · · ·+ am)n

=
∑

n!
(n1!)l1 (n2!)l2 ···(nk!)lk

m!
l1!l2!···lk!(m−l1−···−lk)! < (n1; l1), (n2; l2), · · · , (nk; lk) >

Pro. 5.2.11. (a1 + a2 + a3 + a4 + a5)2 =
∑

2!
i1!i2!i3!i4!i5!a

i1
1 a

i2
2 a

i3
3 a

i4
4 a

i5
5

= 2!
2!0!4

5!
1!4! < 2, 0, 0, 0, 0 > + 2!

1!20!3
5!

2!3! < 1, 1, 0, 0, 0 >
= 5 < 2, 0, 0, 0 > +20 < 1, 1, 0, 0, 0 >

Pro. 5.2.12. (a1 + a2 + a3 + a4 + a5)3 =
∑

3!
i1!i2!i3!i4!i5!a

i1
1 a

i2
2 a

i3
3 a

i4
4 a

i5
5

= 3!
3!0!4

5!
1!4! < 3, 0, 0, 0, 0 > + 3!

2!1!0!3
5!

1!1!3! < 2, 1, 0, 0, 0 > + 3!
1!30!2

5!
3!2! < 1, 1, 1, 0 >

= 5 < 3, 0, 0, 0, 0 > +60 < 2, 1, 0, 0, 0 > +60 < 1, 1, 1, 0, 0 >

Pro. 5.2.13. (a1 + a2 + a3 + a4 + a5)4 =
∑

4!
i1!i2!i3!i4!i5!a

i1
1 a

i2
2 a

i3
3 a

i4
4 a

i5
5

= 4!
4!0!4

5!
1!4! < 4, 0, 0, 0, 0 > + 4!

3!1!0!3
5!

1!1!3! < 3, 1, 0, 0, 0 > + 4!
2!20!3

5!
2!3! < 2, 2, 0, 0, 0 >

+ 4!
2!1!20!2

5!
1!2!2! < 2, 1, 1, 0, 0 > + 4!

1!40!
5!

4!1! < 1, 1, 1, 1, 0 >
= 5 < 4, 0, 0, 0, 0 > +80 < 3, 1, 0, 0, 0 > +60 < 2, 2, 0 > +360 < 2, 1, 1, 0, 0 > +120 < 1, 1, 1, 1, 0 >

Pro. 5.2.14. (a1 + a2 + a3 + a4 + a5)5 =
∑

5!
i1!i2!i3!i4!i5!a

i1
1 a

i2
2 a

i3
3 a

i4
4 a

i5
5

= 5!
5!0!4

5!
1!4! < 5, 0, 0, 0, 0 > + 5!

4!1!0!3
5!

1!1!3! < 4, 1, 0, 0, 0 > + 5!
3!2!0!3

5!
1!1!3! < 3, 2, 0, 0, 0 >

+ 5!
3!1!20!2

5!
1!2!2! < 3, 1, 1, 0, 0 > + 5!

2!21!0!2
5!

2!1!2! < 2, 2, 1, 0, 0 > + 5!
2!1!30!

5!
1!3!1! < 2, 1, 1, 1, 0 > + 5!

1!5
5!
5! < 1, 1, 1, 1, 1 >

= 5 < 5, 0, 0, 0, 0 > +100 < 4, 1, 0, 0, 0 > +200 < 3, 2, 0, 0, 0 > +600 < 3, 1, 1, 0, 0 > +900 < 2, 2, 1, 0, 0 > +1200 <
2, 1, 1, 1, 0 > +120 < 1, 1, 1, 1, 1 >

5.3 Polynomial expansion under normalization constraints

5.3.1 Binomial expansion under normalization constraints

Def. 5.3.1. [ai, aj ] = 0, a2
i = 1, < 1, 0 >= 1

2 (a1 + a2)

Pro. 5.3.1. (a1 + a2)2 = 2 < 2, 0 > +2 < 1, 1 >= 2 < 0, 0 > +2 < 1, 1 >= 2 + 2 < 1, 1 >

Cor. 5.3.1. < 1, 1 >= 1
2 (a1 + a2)2 − 1

Pro. 5.3.2. (a1 + a2)3 = 2 < 3, 0 > +6 < 2, 1 >= 2 < 1, 0 > +6 < 0, 1 >= 8 < 1, 0 >

Cor. 5.3.2. (a1 + a2)3 = 4(a1 + a2), 23 = 4 · 21, 03 = 4 · 01

Cor. 5.3.3. [ 1
2 (a1 + a2)]3 = [ 1

2 (a1 + a2)]

Pro. 5.3.3.

(a1 + a2)4 = 2 < 4, 0 > +8 < 3, 1 > +6 < 2, 2 >= 2 < 0, 0 > +8 < 1, 1 > +6 < 0, 0 >= 8 + 8 < 1, 1 >

Cor. 5.3.4. (a1 + a2)4 = 4(a1 + a2)2

5.3.2 Trinomial expansion under normalization constraints

Def. 5.3.2. [ai, aj ] = 0, a2
i = 1, < 1, 0, 0 >= 1

3 (a1 + a2 + a3)

Cor. 5.3.5. 3!
1!2! < 1, 0, 0 >= (a1 + a2 + a3)

Pro. 5.3.4. (a1 + a2 + a3)2 = 3 < 2, 0, 0 > +6 < 1, 1, 0 >= 3 < 0, 0, 0 > +6 < 1, 1, 0 >= 3 + 6 < 1, 1, 0 >

Cor. 5.3.6. 3!
2!1! < 1, 1, 0 >= 1

2 (a1 + a2 + a3)2 − 3
2

Pro. 5.3.5. (a1 + a2 + a3)3 = 3 < 3, 0, 0 > +18 < 2, 1, 0 > +6 < 1, 1, 1 >
= 3 < 1, 0, 0 > +18 < 0, 1, 0 > +6 < 1, 1, 1 >= 21 < 1, 0, 0 > +6 < 1, 1, 1 >

Cor. 5.3.7. 3!
3! < 1, 1, 1 >= 1

6 (a1 + a2 + a3)3 − 7
6 (a1 + a2 + a3)

Pro. 5.3.6. (a1 + a2 + a3)4 = 3 < 4, 0, 0 > +24 < 3, 1, 0 > +18 < 2, 2, 0, 0 > +36 < 2, 1, 1 >
= 3 < 0, 0, 0 > +24 < 1, 1, 0 > +18 < 0, 0, 0 > +36 < 0, 1, 1 >= 21 + 60 < 1, 1, 0 >

Cor. 5.3.8. (a1 + a2 + a3)4 = 10(a1 + a2 + a3)2 − 9, 34 = 10 · 32 − 9, 14 = 10 · 12 − 9

Cor. 5.3.9. [ 1
2 (a1 + a2 + a3)]4 = 5

2 [ 1
2 (a1 + a2 + a3)]2 − 9

16
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5.3.3 Quadrennial expansion under normalization constraints

Def. 5.3.3. [ai, aj ] = 0, a2
i = 1, < 1, 0, 0, 0 >= 1

4 (a1 + a2 + a3 + a4)

Cor. 5.3.10. 4!
1!3! < 1, 0, 0, 0 >= (a1 + a2 + a3 + a4)

Pro. 5.3.7. (a1 + a2 + a3 + a4)2 = 4 < 2, 0, 0, 0 > +12 < 1, 1, 0, 0 >= 4 < 0, 0, 0, 0 > +12 < 1, 1, 0, 0 >= 4 + 12 <
1, 1, 0, 0 >

Cor. 5.3.11. 4!
2!2! < 1, 1, 0, 0 >= 1

2 (a1 + a2 + a3 + a4)2 − 2

Pro. 5.3.8. (a1 + a2 + a3 + a4)3 = 4 < 3, 0, 0, 0 > +36 < 2, 1, 0, 0 > +24 < 1, 1, 1, 0 >
= 4 < 1, 0, 0, 0 > +36 < 0, 1, 0, 0 > +24 < 1, 1, 1, 0 >= 40 < 1, 0, 0, 0 > +24 < 1, 1, 1, 0 >

Cor. 5.3.12. 4!
3!1! < 1, 1, 1, 0 >= 1

6 (a1 + a2 + a3 + a4)3 − 5
3 (a1 + a2 + a3 + a4)

Pro. 5.3.9. (a1 + a2 + a3 + a4)4 = 4 < 4, 0, 0, 0 > +48 < 3, 1, 0, 0 > +36 < 2, 2, 0, 0 > +144 < 2, 1, 1, 0 > +24 <
1, 1, 1, 1 >
= 4 < 0, 0, 0, 0 > +48 < 1, 1, 0, 0 > +36 < 0, 0, 0, 0 > +144 < 0, 1, 1, 0 > +24 < 1, 1, 1, 1 >= 40 + 192 < 1, 1 > +24 <
1, 1, 1, 1 >

Cor. 5.3.13. 4!
4! < 1, 1, 1, 1 >= 1

24 (a1 + a2 + a3 + a4)4 − 2
3 (a1 + a2 + a3 + a4)2 + 1

Pro. 5.3.10. (a1 + a2 + a3 + a4)5

= 4 < 5, 0, 0, 0 > +60 < 4, 1, 0, 0 > +120 < 3, 2, 0, 0 > +240 < 3, 1, 1, 0 > +360 < 2, 2, 1, 0 > +240 < 2, 1, 1, 1 >=
4 < 1, 0, 0, 0 > +60 < 0, 1, 0, 0 > +120 < 1, 0, 0, 0 > +240 < 1, 1, 1, 0 > +360 < 0, 0, 1, 0 > +240 < 0, 1, 1, 1 >= 544 <
1, 0, 0, 0 > +480 < 1, 1, 1, 0 >

Pro. 5.3.11. (a1 + a2 + a3 + a4)5 = 20(a1 + a2 + a3 + a4)3 − 64(a1 + a2 + a3 + a4)
45 = 20 · 43 − 64 · 41, 25 = 20 · 23 − 64 · 21, 05 = 20 · 03 − 64 · 01

Cor. 5.3.14. [ 1
2 (a1 + a2 + a3 + a4)]5 = 5[ 1

2 (a1 + a2 + a3 + a4)]3 − 4[ 1
2 (a1 + a2 + a3 + a4)]

5.3.4 Example of symbol simplification: quinomial expansion

Def. 5.3.4. [ai, aj ] = 0, a2
i = 1, < 1, 04 >= 1

5 (a1 + a2 + a3 + a4 + a5)

Cor. 5.3.15. 5!
1!4! < 1, 04 >= (a1 + a2 + a3 + a4 + a5)

Pro. 5.3.12. (a1 + a2 + a3 + · · ·+ a5)2 =
∑

2!
i1!i2!i3!i4!i5!a

i1
1 a

i2
2 a

i3
3 a

i4
4 a

i5
5

= 2!
2!

5!
1!4! < 2, 04 > + 2!

1!1!
5!

2!3! < 12, 03 >
= 5 < 2, 04 > +5(5− 1) < 12, 03 >
1
= 5 + 2! < 12, 03 >+

Cor. 5.3.16. < 12, 03 >+= 1
2! [< 1, 04 >

2
+ −5]

Pro. 5.3.13. (a1 + a2 + a3 + · · ·+ a5)3 =
∑

3!
i1!i2!i3!i4!i5!a

i1
1 a

i2
2 a

i3
3 a

i4
4 a

i5
5

= 3!
3!

5!
1!4! < 3, 04 > + 3!

2!1!
5!

1!1!3! < 2, 1, 03 > + 3!
1!1!1!

5!
3!2! < 13, 02 >

= 5 < 3, 04 > +60 < 2, 1, 03 > +60 < 13, 02 >
1
= 65 < 1, 04 > +60 < 13, 02 >
1
= 13 < 1, 04 >+ +3! < 13, 02 >+

Cor. 5.3.17. < 13, 02 >+= 1
3! [< 1, 04 >

3
+ −13 < 1, 04 >+]

Pro. 5.3.14. (a1 + a2 + a3 + · · ·+ a5)4 =
∑

4!
i1!i2!i3!i4!i5!a

i1
1 a

i2
2 a

i3
3 a

i4
4 a

i5
5

= 4!
4!

5!
1!4! < 4, 04 > + 4!

3!1!
5!

1!1!3! < 3, 1, 03 > + 4!
2!2!

5!
2!3! < 22, 03 >

+ 4!
2!1!1!

5!
1!2!2! < 2, 12, 02 > + 4!

1!1!1!1!
5!

4!1! < 14, 0 >
= 5 < 4, 04 > +80 < 3, 1, 03 > +60 < 22, 03 > +360 < 2, 12, 02 > +120 < 14, 0 >
1
= 65 + 440 < 12, 03 > +120 < 14, 0 >
1
= 65 + 44 < 12, 03 >+ +4! < 14, 0 >+

Cor. 5.3.18. < 14, 0 >+= 1
4! [< 1, 04 >

4
+ −22 < 1, 04 >

2
+ +45]

Pro. 5.3.15. (a1 + a2 + a3 + · · ·+ a5)5 =
∑

5!
i1!i2!i3!i4!i5!a

i1
1 a

i2
2 a

i3
3 a

i4
4 a

i5
5

= 5!
5!

5!
1!4! < 5, 04 > + 5!

4!1!
5!

1!1!3! < 4, 1, 03 > + 5!
3!2!

5!
1!1!3! < 3, 2, 03 >

+ 5!
3!1!1!

5!
1!2!2! < 3, 12, 02 > + 5!

2!2!1!
5!

2!1!2! < 22, 1, 02 >

+ 5!
2!1!1!1!

5!
1!3!1! < 2, 13, 0 > + 5!

1!1!1!1!1!
5!
5! < 15 >
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= 5 < 5, 04 > +100 < 4, 1, 03 > +200 < 3, 2, 03 > +600 < 3, 12, 02 > +900 < 22, 1, 02 > +1200 < 2, 13, 0 > +120 <
15 >
1
= 1205 < 1, 04 > +1800 < 13, 02 > +120 < 15 >
1
= 241 < 1, 04 >+ +180 < 13, 02 >+ +5! < 15 >+

Cor. 5.3.19. < 15 >+= 1
5! [< 1, 04 >

5
+ −30 < 1, 04 >

3
+ +149 < 1, 04 >+]

Pro. 5.3.16. (a1 + a2 + a3 + · · ·+ a5)6 =
∑

6!
i1!i2!i3!i4!i5!a

i1
1 a

i2
2 a

i3
3 a

i4
4 a

i5
5

= 6!
6!

5!
1!4! < 6, 04 > + 6!

5!1!
5!

1!1!3! < 5, 1, 03 > + 6!
4!2!

5!
1!1!3! < 4, 2, 03 > + 6!

4!1!1!
5!

1!2!2! < 4, 12, 02 >

+ 6!
3!3!

5!
2!3! < 32, 03 > + 6!

3!2!1!
5!

1!1!1!2! < 3, 2, 1, 02 > + 6!
3!1!1!1!

5!
1!3!1! < 3, 13, 0 >

+ 6!
2!2!2!

5!
3!2! < 23, 02 > + 6!

2!2!1!1!
5!

2!2!1! < 22, 12, 0 > + 6!
2!1!1!1!1!

5!
1!4!0! < 2, 14 >

= 5 + 120 < 12, 03 > +300 + 900 < 12, 03 >
+ 200 < 12, 03 > +3600 < 12, 03 > +2400 < 14, 0 >
+ 900 + 5400 < 12, 03 > +1800 < 14, 0 >
= 1205 + 10220 < 12, 03 > +4200 < 14, 0 >
= 1205 + 10220 1

C2
5
< 12, 03 >+ +4200 1

C4
5
< 14, 0 >+

= 1205 + 1022 < 12, 03 >+ +840 < 14, 0 >+

= 1205 + 1022 1
2! [< 1, 04 >

2
+ −5] + 840 1

4! [< 1, 04 >
4
+ −22 < 1, 04 >

2
+ +45]

Cor. 5.3.20.

< 1, 04 >
6
+= 35 < 1, 04 >

4
+ −259 < 1, 04 >

2
+ +225

56 = 35 · 54 − 259 · 52 + 225
36 = 35 · 34 − 259 · 32 + 225
16 = 35 · 14 − 259 · 12 + 225
< 1, 05 >

7
+= 56 < 1, 05 >

5
+ −784 < 1, 05 >

3
+ +2304 < 1, 05 >

1
+

5.3.5 Example: m-term expansion (further simplify symbol)

Pro. 5.3.17. (a1 + a2 + a3 + · · ·+ am)2 =
∑

2!
i1!i2!···im!a

i1
1 a

i2
2 · · · aimm

= 2!
2!

m!
1!(m−1)! < 2 > + 2!

1!1!
m!

2!(m−2)! < 1, 1 >

= m < 2 > +m(m− 1) < 1, 1 >
1
= m+m(m− 1) < 1, 1 >

1
= m+ 2! < 1, 1 >+

Cor. 5.3.21. < 1, 1 >+= 1
2! [Ω̂

2(m)−m]

Pro. 5.3.18. (a1 + a2 + a3 + · · ·+ am)3 =
∑

3!
i1!i2!···im!a

i1
1 a

i2
2 · · · aimm

= 3!
3!

m!
1!(m−1)! < 3 > + 3!

2!1!
m!

1!1!(m−2)! < 2, 1 > + 3!
1!1!1!

m!
3!(m−3)! < 1, 1, 1 >

= m < 3 > +3m(m− 1) < 2, 1 > +m(m− 1)(m− 2) < 1, 1, 1 >
1
= [m+ 3m(m− 1)] < 1 > +m(m− 1)(m− 2) < 1, 1, 1 >
1
= (3m− 2) < 1 >+ +3! < 1, 1, 1 >+

Cor. 5.3.22. < 1, 1, 1 >+= 1
3! [Ω̂

3(m)− (3m− 2)Ω̂(m)]

Pro. 5.3.19. (a1 + a2 + a3 + · · ·+ am)4 =
∑

4!
i1!i2!···im!a

i1
1 a

i2
2 · · · aimm

= 4!
4!

m!
1!(m−1)! < 4 > + 4!

3!1!
m!

1!1!(m−2)! < 3, 1 > + 4!
2!2!

m!
2!(m−2)! < 2, 2 >

+ 4!
2!1!1!

m!
1!2!(m−3)! < 2, 1, 1 > + 4!

1!1!1!1!
m!

4!(m−4)! < 1, 1, 1, 1 >

= m < 4 > +4m(m− 1) < 3, 1 > +3m(m− 1) < 2, 2 >
+ 6m(m− 1)(m− 2) < 2, 1, 1 > +m(m− 1)(m− 2)(m− 3) < 1, 1, 1, 1 >
1
= [m+ 3m(m− 1)] + [4m(m− 1) + 6m(m− 1)(m− 2)] < 1, 1 > +m(m− 1)(m− 2)(m− 3) < 1, 1, 1, 1 >
1
= m(3m− 2) + 4(3m− 4) < 1, 1 >+ +4! < 1, 1, 1, 1 >+

Cor. 5.3.23. < 1, 1, 1, 1 >+= 1
4! [Ω̂

4(m)− 2(3m− 4)Ω̂2(m) + 3m(m− 2)]

Pro. 5.3.20. (a1 + a2 + a3 + · · ·+ am)5 =
∑

5!
i1!i2!···im!a

i1
1 a

i2
2 · · · aimm

= 5!
5!

m!
1!(m−1)! < 5 > + 5!

4!1!
m!

1!1!(m−2)! < 4, 1 > + 5!
3!2!

m!
1!1!(m−2)! < 3, 2 >

+ 5!
3!1!1!

m!
1!2!(m−3)! < 3, 1, 1 > + 5!

2!2!1!
m!

2!1!(m−3)! < 2, 2, 1 >

+ 5!
2!1!1!1!

m!
1!3!(m−4)! < 2, 1, 1, 1 > + 5!

1!1!1!1!1!
m!

5!(m−5)! < 1, 1, 1, 1, 1 >

= m < 5 > +5m(m− 1) < 4, 1 > +10m(m− 1) < 3, 2 >
+ 10m(m− 1)(m− 2) < 3, 1, 1 > +15m(m− 1)(m− 2) < 2, 2, 1 >
+ 10m(m− 1)(m− 2)(m− 3) < 2, 1, 1, 1 > +m(m− 1)(m− 2)(m− 3)(m− 4) < 1, 1, 1, 1, 1 >
1
= m[1 + 15(m− 1)2] < 1 > +10m(m− 1)(m− 2)2 < 1, 1, 1 >
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+m(m− 1)(m− 2)(m− 3)(m− 4) < 1, 1, 1, 1, 1 >
1
= [1 + 15(m− 1)2] < 1 >+ +3!10(m− 2) < 1, 1, 1 >+ +5! < 1, 1, 1, 1, 1 >+

Cor. 5.3.24. < 1, 1, 1, 1, 1 >+= 1
5! [Ω̂

5(m)− 10(m− 2)Ω̂3(m) + (15m2 − 50m+ 24)Ω̂(m)]

5.3.6 Discussion

Cor. 5.3.25.

< 1, 0m−1 >+= 1
1! < 1, 0m−1 >+' C1

m

< 12, 0m−2 >+= 1
2! [< 1, 0m−1 >

2
+ −m] ' C2

m

< 13, 0m−3 >+= 1
3! [< 1, 0m−1 >

3
+ −(3m− 2) < 1, 0m−1 >+] ' C3

m

< 14, 0m−4 >+= 1
4! [< 1, 0m−1 >

4
+ −2(3m− 4) < 1, 0m−1 >

2
+ +3m(m− 2)] ' C4

m

< 15, 0m−5 >+= 1
5! [< 1, 0m−1 >

5
+ −10(m− 2) < 1, 0m−1 >

3
+ +(15m2 − 50m+ 24) < 1, 0m−1 >+] ' C5

m

Cor. 5.3.26.

< 1, 0m−1 >+= 1
1! [C

0
1 < 1, 0m−1 >+ −(C2

1m− 2C3
1 )] ' C1

m

< 12, 0m−2 >+= 1
2! [C

0
2 < 1, 0m−1 >

2
+ −(C2

2m− 2C3
2 )] ' C2

m

< 13, 0m−3 >+= 1
3! [C

0
3 < 1, 0m−1 >

3
+ −(C2

3m− 2C3
3 ) < 1, 0m−1 >+] ' C3

m

< 14, 0m−4 >+= 1
4! [C

0
4 < 1, 0m−1 >

4
+ −(C2

4m− 2C3
4 ) < 1, 0m−1 >

2
+ +3m(m− 2)] ' C4

m

< 15, 0m−5 >+= 1
5! [C

0
5 < 1, 0m−1 >

5
+ −(C2

5m− 2C3
5 ) < 1, 0m−1 >

3
+ +(15m2 − 50m+ 24) < 1, 0m−1 >+] ' C5

m

General formula???, This is a difficult problem to overcome in the next step. Let’s put it down first, 2022.10.5

Pro. 5.3.21.

<>1
+= 01

< 1 >2
+= 12 < 1 >+

< 1, 0 >3
+= 22 < 1, 0 >1

+

< 1, 02 >
4
+= C2

5 < 1, 02 >
2
+ −(1232)

< 1, 03 >
5
+= C3

6 < 1, 03 >
3
+ −(2242) < 1, 03 >

1
+

< 1, 04 >
6
+= C4

7 < 1, 04 >
4
+ −259 < 1, 04 >

2
+ +(1 · 3 · 5)2

< 1, 05 >
7
+= C5

8 < 1, 05 >
5
+ −784 < 1, 05 >

3
+ +(2 · 4 · 6)2 < 1, 05 >

1
+

< 1, 06 >
8
+= C6

9 < 1, 06 >
6
+ −1974 < 1, 06 >

4
+ +12916 < 1, 06 >

2
+ −(1 · 3 · 5 · 7)2

< 1, 07 >
9
+= C7

10 < 1, 07 >
7
+ − < 1, 07 >

5
+ + < 1, 07 >

3
+ −(2 · 4 · 6 · 8)2 < 1, 07 >

1
+

1974 = 1232 + 3252 + 5272 + 7212 + 1252 + 3272, 12916 = 325272 + 527212 + 123252 + 123272

Pro. 5.3.22.

<>1
+= 01

< 1 >2
+= 12 < 1 >+

< 1, 0 >3
+= 22 < 1, 0 >1

+

< 1, 02 >
4
+= (12 + 32) < 1, 02 >

2
+ −(1232)

< 1, 03 >
5
+= (22 + 42) < 1, 03 >

3
+ −(2242) < 1, 03 >

1
+

< 1, 04 >
6
+= (12 + 32 + 52) < 1, 04 >

4
+ −(1232 + 3252 + 5212) < 1, 04 >

2
+ +(123252)

< 1, 05 >
7
+= (22 + 42 + 62) < 1, 05 >

5
+ −(2242 + 4262 + 6222) < 1, 05 >

3
+ +(224262) < 1, 05 >

1
+

< 1, 06 >
8
+= C1

{12,32,52,72} < 1, 06 >
6
+ −C2

{12,32,52,72} < 1, 06 >
4
+ +C3

{12,32,52,72} < 1, 06 >
2
+ −C4

{12,32,52,72}
< 1, 07 >

9
+= C1

{22,42,62,82} < 1, 07 >
7
+ −C2

{22,42,62,82} < 1, 07 >
5
+ +C3

{22,42,62,82} < 1, 07 >
3
+ −C4

{22,42,62,82} < 1, 07 >
1
+

< 1, 0m−1 >
m+1
+ =

[(m+1)/2]∑
i=1

(−1)i−1Ci{m2,(m−2)2,··· ,(m%2)2} < 1, 0m−1 >
m+1−2i
+

Thm. 5.3.1.
[(m+1)/2]∑

i=0

(−1)iCi{m2,(m−2)2,··· ,(m%2)2} < 1, 0m−1 >
m+1−2i
+ = 0

5.4 Natural number splitting

Def. 5.4.1. < n− l, (l) >:=< n− l,≥ (l) >

Cor. 5.4.1. (n) = {< n >,< n−1, (1) >,< n−2, (2) >, · · · , < 2, (n−2) >,< 1, (n−1) >}Unlimited relevance makes it difficult to obtain a general formula.

Cor. 5.4.2.
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(1) = {< 1 >}
(2) = {< 2 >;< 1, (1) >} = {< 2 >;< 1, 1 >}
(3) = {< 3 >;< 2, (1) >;< 1, (2) >} = {< 3 >;< 2, 1 >;< 1, 1, 1 >}
(4) = {< 4 >;< 3, (1) >;< 2, (2) >;< 1, (3) >} = {< 4 >,< 3, 1 >;< 2, 2 >,< 2, 1, 1 >;< 1, 1, 1, 1 >}
(5) = {< 5 >;< 4, (1) >;< 3, (2) >;< 2, (3) >;< 1, (4) >}
= {< 5 >;< 4, 1 >;< 3, 2 >,< 3, 1, 1 >;< 2, 2, 1 >,< 2, 1, 1, 1 >;< 1, 1, 1, 1, 1 >}
(6) = {< 6 >;< 5, (1) >;< 4, (2) >;< 3, (3) >;< 2, (4) >;< 1, (5) >}
= {< 6 >;< 5, 1 >;< 4, 2 >,< 4, 1, 1 >;

< 3, 3 >,< 3, 2, 1 >,< 3, 1, 1, 1 >;< 2, 2, 2 >,< 2, 2, 1, 1 >,< 2, 1, 1, 1, 1 >;< 1, 1, 1, 1, 1, 1 >}
(7) = {< 7 >;< 6, (1) >;< 5, (2) >;< 4, (3) >;< 3, (4) >;< 2, (5) >;< 1, (6) >}
= {< 7 >;< 6, 1 >;< 5, 2 >,< 5, 1, 1 >;< 4, 3 >,< 4, 2, 1 >,< 4, 1, 1, 1 >

;< 3, 3, 1 >,< 3, 2, 2 >,< 3, 2, 1, 1 >,< 3, 1, 1, 1, 1 >

;< 2, 2, 2, 1 >,< 2, 2, 1, 1, 1 >,< 2, 1, 1, 1, 1, 1 >;< 1, 1, 1, 1, 1, 1, 1 >}
· · ·

5.4.1 Conjecture of natural numbers splitting for polynomial theorem

Ass. 5.4.1.

(
m∑
i=1

ai)
n =

∑
i1··+im=n

n!
i1!i2!···im!a

i1
1 a

i2
2 · · · aimm =

∑
n!

(n1!)l1 ···(nk!)lk
m!

l1!···lk!(m−l1−···−lk)! < (n1; l1), · · · , (nk; lk) >

5.5 Polynomial expansion with square zero constraints

5.5.1 Binomial expansion with square zero constraints

Def. 5.5.1. [ai, aj ] = 0, a2
i = 0, < 1, 0 >= 1

2 (a1 + a2)

Pro. 5.5.1. (a1 + a2)2 = 2 < 2, 0 > +2 < 1, 1 >= 2 < 1, 1 >

Cor. 5.5.1. < 1, 1 >= 1
2 (a1 + a2)2

Pro. 5.5.2. (a1 + a2)3 = 2 < 3, 0 > +6 < 2, 1 >= 0

Pro. 5.5.3. (a1 + a2)4 = 2 < 4, 0 > +8 < 3, 1 > +6 < 2, 2 >= 0

5.5.2 Trinomial expansion under square zero constraints

Def. 5.5.2. [ai, aj ] = 0, a2
i = 0, < 1, 0, 0 >= 1

3 (a1 + a2 + a3)

Cor. 5.5.2. 3!
1!2! < 1, 0, 0 >= (a1 + a2 + a3)

Pro. 5.5.4. (a1 + a2 + a3)2 = 3 < 2, 0, 0 > +6 < 1, 1, 0 >= 6 < 1, 1, 0 >

Cor. 5.5.3. 3!
2!1! < 1, 1, 0 >= 1

2 (a1 + a2 + a3)2

Pro. 5.5.5. (a1 + a2 + a3)3 = 3 < 3, 0, 0 > +18 < 2, 1, 0 > +6 < 1, 1, 1 >= 6 < 1, 1, 1 >

Cor. 5.5.4. 3!
3! < 1, 1, 1 >= 1

6 (a1 + a2 + a3)3

Pro. 5.5.6. (a1 + a2 + a3)4 = 3 < 4, 0, 0 > +24 < 3, 1, 0 > +18 < 2, 2, 0, 0 > +36 < 2, 1, 1 >= 0

5.5.3 Quadrennial expansion with square zero constraints

Def. 5.5.3. [ai, aj ] = 0, a2
i = 0, < 1, 0, 0, 0 >= 1

4 (a1 + a2 + a3 + a4)

Cor. 5.5.5. 4!
1!3! < 1, 0, 0, 0 >= (a1 + a2 + a3 + a4)

Pro. 5.5.7. (a1 + a2 + a3 + a4)2 = 4 < 2, 0, 0, 0 > +12 < 1, 1, 0, 0 >= 12 < 1, 1, 0, 0 >

Cor. 5.5.6. 4!
2!2! < 1, 1, 0, 0 >= 1

2 (a1 + a2 + a3 + a4)2

Pro. 5.5.8. (a1 + a2 + a3 + a4)3 = 4 < 3, 0, 0, 0 > +36 < 2, 1, 0, 0 > +24 < 1, 1, 1, 0 >= 24 < 1, 1, 1, 0 >

Cor. 5.5.7. 4!
3!1! < 1, 1, 1, 0 >= 1

6 (a1 + a2 + a3 + a4)3

Pro. 5.5.9. (a1 + a2 + a3 + a4)4 = 4 < 4, 0, 0, 0 > +48 < 3, 1, 0, 0 > +36 < 2, 2, 0, 0 > +144 < 2, 1, 1, 0 > +24 <
1, 1, 1, 1 >= 24 < 1, 1, 1, 1 >

Cor. 5.5.8. 4!
4! < 1, 1, 1, 1 >= 1

24 (a1 + a2 + a3 + a4)4

Pro. 5.5.10. (a1 + a2 + a3 + a4)5 = 4 < 5, 0, 0, 0 > +60 < 4, 1, 0, 0 > +120 < 3, 2, 0, 0 > +240 < 3, 1, 1, 0 > +360 <
2, 2, 1, 0 > +240 < 2, 1, 1, 1 >= 0
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5.6 More concrete and direct solution

5.6.1 two-D properties

Pro. 5.6.1. (~ϑ · σ)⊗ (~ϑ · σ) = 1
2 [~ϑ · (σ ⊗ I + I ⊗ σ)]2 − ~ϑ2

Pro. 5.6.2. (~ϑ · σ)⊗ (−~ϑ∗ · σ) + (−~ϑ∗ · σ)⊗ (~ϑ · σ) = [~ϑ · σ ⊗ I + (−~ϑ∗) · I ⊗ σ]2 − ~ϑ2 − (−~ϑ∗) · (−~ϑ∗)

Pro. 5.6.3. (~ϑ · σ)⊗ (~ϑ · σ)⊗ I + (~ϑ · σ)⊗ I ⊗ (~ϑ · σ) + I ⊗ (~ϑ · σ)⊗ (~ϑ · σ)

= 1
2 [~ϑ · (σ ⊗ I ⊗ I + I ⊗ σ ⊗ I + I ⊗ I ⊗ σ)]2 − 3

2
~ϑ2

Pro. 5.6.4. (~ϑ · σ)⊗ (~ϑ · σ)⊗ I ⊗ I + (~ϑ · σ)⊗ I ⊗ (~ϑ · σ)⊗ I + I ⊗ (~ϑ · σ)⊗ I ⊗ (~ϑ · σ)

+ I ⊗ (~ϑ · σ)⊗ (~ϑ · σ)⊗ I + I ⊗ (~ϑ · σ)⊗ I ⊗ (~ϑ · σ) + I ⊗ I ⊗ (~ϑ · σ)⊗ (~ϑ · σ)

= 1
2 [~ϑ · (σ ⊗ I ⊗ I ⊗ I + I ⊗ σ ⊗ I ⊗ I + I ⊗ I ⊗ σ ⊗ I + I ⊗ I ⊗ I ⊗ σ]2 − 2~ϑ2

5.6.2 three-D properties

Pro. 5.6.5. (~ϑ · σ)⊗ (~ϑ · σ)⊗ (~ϑ · σ)

= 1
6 [~ϑ · (σ ⊗ I ⊗ I + I ⊗ σ ⊗ I + I ⊗ I ⊗ σ)]3 − 7

6
~ϑ2[~ϑ · (σ ⊗ I ⊗ I + I ⊗ σ ⊗ I + I ⊗ I ⊗ σ)]

5.6.3 four-D properties

Pro. 5.6.6. (~ϑ ·σ)⊗(~ϑ ·σ)⊗(~ϑ ·σ)⊗I+(~ϑ ·σ)⊗(~ϑ ·σ)⊗I⊗(~ϑ ·σ)+(~ϑ ·σ)⊗I⊗(~ϑ ·σ)⊗(~ϑ ·σ)+I⊗(~ϑ ·σ)⊗(~ϑ ·σ)⊗(~ϑ ·σ)

= 1
6 [~ϑ · (σ ⊗ I ⊗ I ⊗ I + I ⊗ σ ⊗ I ⊗ I + I ⊗ I ⊗ σ ⊗ I + I ⊗ I ⊗ I ⊗ σ)]3

− 5
3
~ϑ2[~ϑ · (σ ⊗ I ⊗ I ⊗ I + I ⊗ σ ⊗ I ⊗ I + I ⊗ I ⊗ σ ⊗ I + I ⊗ I ⊗ I ⊗ σ)]

Pro. 5.6.7. (~ϑ · σ)⊗ (~ϑ · σ)⊗ (~ϑ · σ)⊗ (~ϑ · σ)

= 1
24 [~ϑ · (σ ⊗ I ⊗ I ⊗ I + I ⊗ σ ⊗ I ⊗ I + I ⊗ I ⊗ σ ⊗ I + I ⊗ I ⊗ I ⊗ σ)]4

− 2
3
~ϑ2[~ϑ · (σ ⊗ I ⊗ I ⊗ I + I ⊗ σ ⊗ I ⊗ I + I ⊗ I ⊗ σ ⊗ I + I ⊗ I ⊗ I ⊗ σ)]2 + ~ϑ4

5.7 Lorentz transformation of neutrino spinors

5.7.1 Mathematical preparation

Def. 5.7.1. coshθ := eθ+e−θ

2 ∼ cosθ, sinhθ := eθ−e−θ
2 ∼ isinθ, tanhθ = sinhθ

coshθ ∼ itanθ
Pro. 5.7.1.

cosh2 − sinh2θ = 1
cosh(−θ) = coshθ, sinh(−θ) = −sinhθ
Pro. 5.7.2.

cosh(α+ β) = coshαcoshβ + sinhαsinhβ
cosh(α− β) = coshαcoshβ − sinhαsinhβ
sinh(α+ β) = sinhαcoshβ + coshαsinhβ
sinh(α− β) = sinhαcoshβ − coshαsinhβ
Pro. 5.7.3.

coshα+ coshβ = 2coshα+β
2 coshα−β2

coshα− coshβ = 2sinhα+β
2 sinhα−β2

sinhα+ sinhβ = 2sinhα+β
2 coshα−β2

sinhα− sinhβ = 2coshα+β
2 sinhα−β2

Pro. 5.7.4.

cosh(2α) = 2cosh2α− 1, sinh(2α) = 2sinhαcoshα
cosh2 α

2 = coshα+1
2 , sinh2 α

2 = coshα−1
2

5.7.2 Lorentz transformation of neutrino spinors

Cor. 5.7.1.

e
~ϑ·σ2 = cosh 1

2

√
~ϑ2 +

sinh
1
2

√
~ϑ2

√
~ϑ2

~ϑ · σ, ~ϑ2 6= 0

e
~ϑ·σ2 = 1 + ~ϑ · σ2 , ~ϑ

2 = 0, ~ϑ = i~ω + ς~ε

Def. 5.7.2. v := |~v|, c := cosh 1
2

√
~ϑ2, s :=

sinh
1
2

√
~ϑ2

√
~ϑ2

, c2 − s2~ϑ2 ≡ 1

Cor. 5.7.2. e
~ϑ·σ(

1
2 ) = cosh 1

2

√
~ϑ2 +

sinh
1
2

√
~ϑ2

√
~ϑ2

~ϑ · σ ≡ c+ s~ϑ · σ

Cor. 5.7.3. Λς~v = e−ςln[γv(1+v)]v̂·σ(
1
2 ) = 1√

2(γv+1)
(1 + γv − ςγv~v · σ), c = (1+γv)√

2(γv+1)
, s = − ςγv√

2(γv+1)

Cor. 5.7.4. Λς~v = e−ςln[γv(1+v)]v̂·σ(
1
2 ) = 1√

2(γv+1)
[1 + γv − 2ςγvvv̂ · σ( 1

2 )]
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5.7.3 Lorentz transformation of electron spinor

Cor. 5.7.5. Dς~v = e−ςln[γv(1+v)]v̂·( i2~γγ4) = 1√
2(γv+1)

[1 + γv − iςγv~v · ~γγ4]

5.8 Polynomial representation of Lorentz transformation for photon spinors

5.8.1 Polynomial representation of general Lorentz transformation for photon spinors

Thm. 5.8.1. e
~ϑ·Ω(1) = 1 + sinh

√
~ϑ2√

~ϑ2
[~ϑ · Ω(1)] + cosh

√
~ϑ2−1

~ϑ2
[~ϑ · Ω(1)]2

Proof: e
~ϑ·Ω(1) = (c+ s~ϑ · σ)⊗ (c+ s~ϑ · σ)

= c2 + cs[~ϑ · Ω̂(1)] + s2[Ω̂(1, 2, ~ϑ · σ)]

= c2 + cs[~ϑ · Ω̂(1)] + s2{ 1
2 [~ϑ · Ω̂(1)]2 − ~ϑ2}

= (c2 − s2~ϑ2) + cs[~ϑ · Ω̂(1)] + 1
2s

2[~ϑ · Ω̂(1)]2

= 1 + 2cs[~ϑ · Ω(1)] + 2s2[~ϑ · Ω(1)]2

= 1 + sinh
√
~ϑ2√

~ϑ2
[~ϑ · Ω(1)] + cosh

√
~ϑ2−1

~ϑ2
[~ϑ · Ω(1)]2

Cor. 5.8.1.



e
~ϑ·Ω(1) = 1 + sinh

√
~ϑ2√

~ϑ2
[~ϑ · Ω(1)] + cosh

√
~ϑ2−1

~ϑ2
[~ϑ · Ω(1)]2

e
~ϑ·σ(1) = 1 + sinh

√
~ϑ2√

~ϑ2
[~ϑ · σ(1)] + cosh

√
~ϑ2−1

~ϑ2
[~ϑ · σ(1)]2

e
~ϑ·R = 1 + sinh

√
~ϑ2√

~ϑ2
(~ϑ ·R) + cosh

√
~ϑ2−1

~ϑ2
(~ϑ ·R)2

e
~ϑ·γ = 1 + sinh

√
~ϑ2√

~ϑ2
(~ϑ · γ) + cosh

√
~ϑ2−1

~ϑ2
(~ϑ · γ)2

5.8.2 Polynomial representation of Lorentz boost transformation for photon spinors

Cor. 5.8.2. ε = ln[γv(1 + v)]⇔ sinhε = γvv ⇔ coshε = γv, sinhε = γvv

Cor. 5.8.3. Rς~v =


e−ςln[γv(1+v)]v̂·Ω(1) = 1− ςγvv[v̂ · Ω(1)] + (γv − 1)[v̂ · Ω(1)]2

e−ςln[γv(1+v)]v̂·σ(1) = 1− ςγvv[v̂ · σ(1)] + (γv − 1)[v̂ · σ(1)]2

e−ςln[γv(1+v)]v̂·R = 1− ςγvv(v̂ ·R) + (γv − 1)(v̂ ·R)2

e−ςln[γv(1+v)]v̂·γ = 1− ςγvv(v̂ · γ) + (γv − 1)(v̂ · γ)2

5.9 Polynomial representation of Lorentz transformation for gravitino spinors

5.9.1 Polynomial representation of general Lorentz transformation for gravitino spinors

Thm. 5.9.1. e
~ϑ·Ω(

3
2 ) = cosh 1

2

√
~ϑ2(1− 1

2sinh
2 1

2

√
~ϑ2) + 2

sinh
1
2

√
~ϑ2

√
~ϑ2

[1− 1
6sinh

2 1
2

√
~ϑ2][~ϑ · Ω( 3

2 )]

+ 2cosh 1
2

√
~ϑ2(

sinh
1
2

√
~ϑ2

√
~ϑ2

)2[~ϑ · Ω( 3
2 )]2 + 4

3 (
sinh

1
2

√
~ϑ2

√
~ϑ2

)3[~ϑ · Ω( 3
2 )]3

Proof: e
~ϑ·Ω(

3
2 ) = (c+ s~ϑ · σ)⊗ (c+ s~ϑ · σ)⊗ (c+ s~ϑ · σ)

= c3 + c2s[~ϑ · Ω̂( 3
2 )] + cs2[Ω̂( 3

2 , 2,
~ϑ · σ)] + s3[Ω̂( 3

2 , 3,
~ϑ · σ)]

= c3 + c2s[~ϑ · Ω̂( 3
2 )] + cs2{ 1

2 [~ϑ · Ω̂( 3
2 )]2 − 3

2
~ϑ2}+ s3{ 1

6 [~ϑ · Ω̂( 3
2 )]3 − 7

6
~ϑ2[~ϑ · Ω̂( 3

2 )]}
= c(c2 − 3

2s
2~ϑ2) + s(c2 − 7

6s
2~ϑ2)[~ϑ · Ω̂(s)] + 1

2cs
2[~ϑ · Ω̂( 3

2 )]2 + 1
6cs

3[~ϑ · Ω̂( 3
2 )]3

= c(1− 1
2s

2~ϑ2) + s(1− 1
6s

2~ϑ2)[~ϑ · Ω̂( 3
2 )] + 1

2cs
2[~ϑ · Ω̂( 3

2 )]2 + 1
6cs

3[~ϑ · Ω̂( 3
2 )]3

= c(1− 1
2s

2~ϑ2) + 2s(1− 1
6s

2~ϑ2)[~ϑ · Ω( 3
2 )] + 2cs2[~ϑ · Ω( 3

2 )]2 + 4
3cs

3[~ϑ · Ω( 3
2 )]3

= cosh 1
2

√
~ϑ2(1− 1

2sinh
2 1

2

√
~ϑ2) + 2

sinh
1
2

√
~ϑ2

√
~ϑ2

[1− 1
6sinh

2 1
2

√
~ϑ2][~ϑ · Ω( 3

2 )]

+ 2cosh 1
2

√
~ϑ2(

sinh
1
2

√
~ϑ2

√
~ϑ2

)2[~ϑ · Ω( 3
2 )]2 + 4

3 (
sinh

1
2

√
~ϑ2

√
~ϑ2

)3[~ϑ · Ω( 3
2 )]3

Cor. 5.9.1. e
~ϑ·[σ(

1
2 )⊗I3+I⊗σ(1)]

= cosh 1
2

√
~ϑ2(1− 1

2sinh
2 1

2

√
~ϑ2) + 2

sinh
1
2

√
~ϑ2

√
~ϑ2

[1− 1
6sinh

2 1
2

√
~ϑ2]{~ϑ · [σ( 1

2 )⊗ I3 + I ⊗ σ(1)]}

+ 2cosh 1
2

√
~ϑ2(

sinh
1
2

√
~ϑ2

√
~ϑ2

)2{~ϑ · [σ( 1
2 )⊗ I3 + I ⊗ σ(1)]}2 + 4

3 (
sinh

1
2

√
~ϑ2

√
~ϑ2

)3{~ϑ · [σ( 1
2 )⊗ I3 + I ⊗ σ(1)]}3
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Cor. 5.9.2. e
~ϑ·σ(

3
2 ) = cosh 1

2

√
~ϑ2(1− 1

2sinh
2 1

2

√
~ϑ2) + 2

sinh
1
2

√
~ϑ2

√
~ϑ2

[1− 1
6sinh

2 1
2

√
~ϑ2][~ϑ · σ( 3

2 )]

+ 2cosh 1
2

√
~ϑ2(

sinh
1
2

√
~ϑ2

√
~ϑ2

)2[~ϑ · σ( 3
2 )]2 + 4

3 (
sinh

1
2

√
~ϑ2

√
~ϑ2

)3[~ϑ · σ( 3
2 )]3

5.9.2 Polynomial representation of Lorentz boost transformation for gravitino spinors

Cor. 5.9.3. e−ςln[γv(1+v)]v̂·Ω(
3
2 ) = (γv+1)√

2(γv+1)
(1− γv−1

4 )− 2ςγvv√
2(γv+1)

(1− γv−1
12 )[v̂ · Ω( 3

2 )]

+
γ2
v−1√

2(γv+1)
[v̂ · Ω( 3

2 )]2 − 1
3

2ςγvv(γv−1)√
2(γv+1)

[v̂ · Ω( 3
2 )]3

Cor. 5.9.4.

Λς~v(
3
2 ) =

e−ςln[γv(1+v)]v̂·Ω(
3
2 ) = 1√

2(γv+1)
[1 + γv − 2ςγv~v · Ω( 3

2 )] + γv−1√
2(γv+1)

[1 + γv − 2
3 ςγv~v · Ω( 3

2 )]{[v̂ · Ω( 3
2 )]2 − 1

4}

e−ςln[γv(1+v)]v̂·σ(
3
2 ) = 1√

2(γv+1)
[1 + γv − 2ςγv~v · σ( 3

2 )] + γv−1√
2(γv+1)

[1 + γv − 2
3 ςγv~v · σ( 3

2 )]{[v̂ · σ( 3
2 )]2 − 1

4}

5.10 Polynomial representation of Lorentz transformation for graviton spinors

5.10.1 Polynomial representation of general Lorentz transformation for graviton spinors

Thm. 5.10.1. e
~ϑ·Ω(2) = 1 + ( sinh

√
~ϑ2√

~ϑ2
)(1− 2

3sinh
2 1

2

√
~ϑ2)[~ϑ · Ω(2)] + 2(

sinh
1
2

√
~ϑ2

√
~ϑ2

)2(1− 1
3sinh

2 1
2

√
~ϑ2)[~ϑ · Ω(2)]2

+ 2
3 ( sinh

√
~ϑ2√

~ϑ2
)(
sinh

1
2

√
~ϑ2

√
~ϑ2

)2[~ϑ · Ω(2)]3 + 2
3 (
sinh

1
2

√
~ϑ2

√
~ϑ2

)4[~ϑ · Ω(2)]4

Proof: e
~ϑ·Ω(2) = (c+ s~ϑ · σ)⊗ (c+ s~ϑ · σ)⊗ (c+ s~ϑ · σ)⊗ (c+ s~ϑ · σ)

= c4 + c3s[~ϑ · Ω̂(2)] + c2s2[Ω̂(2, 2, ~ϑ · σ)] + cs3[Ω̂(2, 3, ~ϑ · σ)] + s4[Ω̂(2, 4, ~ϑ · σ)]

= c4 + c3s[~ϑ · Ω̂(2)] + c2s2{ 1
2 [~ϑ · Ω̂(2)]2 − 2~ϑ2}

+ cs3{ 1
6 [~ϑ · Ω̂(2)]3 − 5

3
~ϑ2[~ϑ · Ω̂(2)]}+ s4{ 1

24 [~ϑ · Ω̂(2)]4 − 2
3
~ϑ2[~ϑ · Ω̂(2)]2 + ~ϑ4}

= (c2 − s2~ϑ2)2 + cs(c2 − 5
3s

2~ϑ2)[~ϑ · Ω̂(2)] + 1
2s

2(c2 − 4
3s

2~ϑ2)[~ϑ · Ω̂(2)]2 + 1
6cs

3[~ϑ · Ω̂(2)]3 + 1
24s

4[~ϑ · Ω̂(2)]4

= 1 + cs(1− 2
3s

2~ϑ2)[~ϑ · Ω̂(2)] + 1
2s

2(1− 1
3s

2~ϑ2)[~ϑ · Ω̂(2)]2 + 1
6cs

3[~ϑ · Ω̂(2)]3 + 1
24s

4[~ϑ · Ω̂(2)]4

= 1 + 2cs(1− 2
3s

2~ϑ2)[~ϑ · Ω(2)] + 2s2(1− 1
3s

2~ϑ2)[~ϑ · Ω(2)]2 + 4
3cs

3[~ϑ · Ω(2)]3 + 2
3s

4[~ϑ · Ω(2)]4

= 1 + ( sinh
√
~ϑ2√

~ϑ2
)(1− 2

3sinh
2 1

2

√
~ϑ2)[~ϑ · Ω(2)] + 2(

sinh
1
2

√
~ϑ2

√
~ϑ2

)2(1− 1
3sinh

2 1
2

√
~ϑ2)[~ϑ · Ω(2)]2

+ 2
3 ( sinh

√
~ϑ2√

~ϑ2
)(
sinh

1
2

√
~ϑ2

√
~ϑ2

)2[~ϑ · Ω(2)]3 + 2
3 (
sinh

1
2

√
~ϑ2

√
~ϑ2

)4[~ϑ · Ω(2)]4

Cor. 5.10.1. e
~ϑ·[σ(

1
2 )⊗I4+I⊗σ(

3
2 )] = 1 + ( sinh

√
~ϑ2√

~ϑ2
)(1− 2

3sinh
2 1

2

√
~ϑ2){~ϑ · [σ( 1

2 )⊗ I4 + I ⊗ σ( 3
2 )]}

+ 2(
sinh

1
2

√
~ϑ2

√
~ϑ2

)2(1− 1
3sinh

2 1
2

√
~ϑ2){~ϑ · [σ( 1

2 )⊗ I4 + I ⊗ σ( 3
2 )]}2

+ 2
3 ( sinh

√
~ϑ2√

~ϑ2
)(
sinh

1
2

√
~ϑ2

√
~ϑ2

)2{~ϑ · [σ( 1
2 )⊗ I4 + I ⊗ σ( 3

2 )]}3 + 2
3 (
sinh

1
2

√
~ϑ2

√
~ϑ2

)4{~ϑ · [σ( 1
2 )⊗ I4 + I ⊗ σ( 3

2 )]}4

Cor. 5.10.2. e
~ϑ·σ(2) = 1 + ( sinh

√
~ϑ2√

~ϑ2
)(1− 2

3sinh
2 1

2

√
~ϑ2)[~ϑ · σ(2)] + 2(

sinh
1
2

√
~ϑ2

√
~ϑ2

)2(1− 1
3sinh

2 1
2

√
~ϑ2)[~ϑ · σ(2)]2

+ 2
3 ( sinh

√
~ϑ2√

~ϑ2
)(
sinh

1
2

√
~ϑ2

√
~ϑ2

)2[~ϑ · σ(2)]3 + 2
3 (
sinh

1
2

√
~ϑ2

√
~ϑ2

)4[~ϑ · σ(2)]4

Cor. 5.10.3. e
~ϑ·Gm = 1 + ( sinh

√
~ϑ2√

~ϑ2
)(1− 2

3sinh
2 1

2

√
~ϑ2)[~ϑ ·Gm] + 2(

sinh
1
2

√
~ϑ2

√
~ϑ2

)2(1− 1
3sinh

2 1
2

√
~ϑ2)[~ϑ ·Gm]2

+ 2
3 ( sinh

√
~ϑ2√

~ϑ2
)(
sinh

1
2

√
~ϑ2

√
~ϑ2

)2[~ϑ ·Gm]3 + 2
3 (
sinh

1
2

√
~ϑ2

√
~ϑ2

)4[~ϑ ·Gm]4

5.10.2 Polynomial representation of Lorentz boost transformation for graviton spinors

Cor. 5.10.4. e−ςln[γv(1+v)]v̂·Ω(2) = 1− ςγv(1− γv−1
3 )[~v · Ω(2)] + γv−1

v2 (1− γv−1
6 )[~v · Ω(2)]2

− 1
3
ςγv(γv−1)

v2 [~v · Ω(2)]3 + 1
6

(γv−1)2

v4 [~v · Ω(2)]4

Cor. 5.10.5.

Λς~v(2) =


e−ςln[γv(1+v)]v̂·Ω(2) = 1− ςγvv[v̂ · Ω(2)] + (γv − 1)[v̂ · Ω(2)]2

+ 1
3 (γv − 1){−ςγvv[v̂ · Ω(2)] + 1

2 (γv − 1)[v̂ · Ω(2)]2}{[v̂ · Ω(2)]2 − 1}
e−ςln[γv(1+v)]v̂·σ(2) = 1− ςγvv[v̂ · σ(2)] + (γv − 1)[v̂ · σ(2)]2

+ 1
3 (γv − 1){−ςγvv[v̂ · σ(2)] + 1

2 (γv − 1)[v̂ · σ(2)]2}{[v̂ · σ(2)]2 − 1}
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Cor. 5.10.6. Rς~v(2) = e−ςln[γv(1+v)]v̂·Gm = 1− ςγvv[v̂ ·Gm] + (γv − 1)[v̂ ·Gm]2

+ 1
3 (γv − 1){−ςγvv[v̂ ·Gm] + 1

2 (γv − 1)[v̂ ·Gm]2}{[v̂ ·Gm]2 − 1}

5.11 Unified polynomial representation of s-spinor Lorentz transformation

Cor. 5.11.1. e
~ϑ·Ω(s) =

2s︷ ︸︸ ︷
e
~ϑ·σ(

1
2 ) ⊗ · · · ⊗ e

~ϑ·σ(
1
2 )

Cor. 5.11.2.

e
~ϑ·σ(s) = Γ̄(s)e

~ϑ·Ω(s)Γ(s)

e
~ϑ·σ(s−1) = X̄(s)[I ⊗ Γ̄(s− 1

2 )]e
~ϑ·Ω(s)[I ⊗ Γ(s− 1

2 )]X(s)

e
~ϑ·[σ 1

2⊗I2s+I⊗σ(s− 1
2 )] = [I ⊗ Γ̄(s− 1

2 )]e
~ϑ·Ω(s)[I ⊗ Γ(s− 1

2 )]

e
~ϑ·Ω(s−1) = I4s−1 ⊗ {X̄(1)[I ⊗ Γ̄( 1

2 )]}e~ϑ·Ω(s)I4s−1 ⊗ {[I ⊗ Γ( 1
2 )]X(1)}

e
~ϑ·π(s,k) = I4k ⊗ {X̄(s− k)[I ⊗ Γ̄(s− k − 1

2 )]}e~ϑ·Ω(s)I4k ⊗ {[I ⊗ Γ(s− k − 1
2 )]X(s− k)}

Cor. 5.11.3.

[~ϑ · Ω(s)]2s+1 =
[s+1/2]∑
k=1

Xk(s)[~ϑ · Ω(s)]2s+1−2k, [~ϑ · σ(s)]2s+1 =
[s+1/2]∑
k=1

Xk(s)[~ϑ · σ(s)]2s+1−2k

[~ϑ · Ω(s− 1)]2s+1 =
[s+1/2]∑
k=1

Xk(s)[~ϑ · Ω(s− 1)]2s+1−2k, [~ϑ · σ(s− 1)]2s+1 =
[s+1/2]∑
k=1

Xk(s)[~ϑ · σ(s− 1)]2s+1−2k

[~ϑ · Ω(s− 2)]2s+1 =
[s+1/2]∑
k=1

Xk(s)[~ϑ · Ω(s− 2)]2s+1−2k, [~ϑ · σ(s− 2)]2s+1 =
[s+1/2]∑
k=1

Xk(s)[~ϑ · σ(s− 2)]2s+1−2k

· · ·

[~ϑ · Ω( 1
2 |0)]2s+1 =

[s+1/2]∑
k=1

Xk(s)[~ϑ · Ω( 1
2 |0)]2s+1−2k, [~ϑ · σ( 1

2 |0)]2s+1 =
[s+1/2]∑
k=1

Xk(s)[~ϑ · σ( 1
2 |0)]2s+1−2k

Cor. 5.11.4.

e
~ϑ·Ω(s) =

2s∑
k=0

Ak(s)[~ϑ · Ω(s)]k, e
~ϑ·σ(s) =

2s∑
k=0

Ak(s)[~ϑ · σ(s)]k

e
~ϑ·Ω(s−1) =

2s∑
k=0

Ak(s)[~ϑ · Ω(s− 1)]k, e
~ϑ·σ(s−1) =

2s∑
k=0

Ak(s)[~ϑ · σ(s− 1)]k

e
~ϑ·Ω(s−2) =

2s∑
k=0

Ak(s)[~ϑ · Ω(s− 2)]k, e
~ϑ·σ(s−2) =

2s∑
k=0

Ak(s)[~ϑ · σ(s− 2)]k

· · ·

e
~ϑ·Ω(

1
2 |0) =

2s∑
k=0

Ak(s)[~ϑ · Ω( 1
2 |0)]k, e

~ϑ·σ(
1
2 |0) =

2s∑
k=0

Ak(s)[~ϑ · σ( 1
2 |0)]k

That is, roughly speaking, the following statement is essentially the meaning of the above inference,
and the conclusion in this section is strictly proven.

Cor. 5.11.5.{
e
~ϑ·Ω(n), e

~ϑ·Ω(n−1), · · · , e~ϑ·Ω(1), e
~ϑ·Ω(0)

e
~ϑ·σ(n), e

~ϑ·σ(n−1), · · · , e~ϑ·σ(1), e
~ϑ·σ(0)

expansion coefficient = e
~ϑ·Ω(n)expansion coefficiente

~ϑ·Ω(n+
1
2 ), e

~ϑ·Ω(n− 1
2 ), · · · , e~ϑ·Ω(

3
2 ), e

~ϑ·Ω(
1
2 )

e
~ϑ·σ(n+

1
2 ), e

~ϑ·σ(n− 1
2 ), · · · , e~ϑ·σ(

3
2 ), e

~ϑ·σ(
1
2 )

expansion coefficient = e
~ϑ·Ω(n+

1
2 )expansion coefficient

Cor. 5.11.6. ei2πω̂·σ(s) = (−1)2s

Cor. 5.11.7. ~ϑ2 = 0

⇒ [~ϑ · Ω(s)]2s+1 = 0, e
~ϑ·Ω(s) =

2s∑
n=0

1
n! [
~ϑ · Ω(s)]n ⇒ [~ϑ · σ(s)]2s+1 = 0, e

~ϑ·σ(s) =
2s∑
n=0

1
n! [
~ϑ · σ(s)]n

Ass. 5.11.1. e
~ϑ·σ(s)|~ϑ2=0 =< e

~ϑ·σ(s) >~ϑ2→0???

5.12 Polynomial representation of Lorentz boost transformation for s-spinor???

Cor. 5.12.1. Rς~v(n) = e−ςln[γv(1+v)]v̂·σ(n) =
2n∑
k=0

fk(v)[v̂ · σ(n)]k

⇒


Rς~v(l) = e−ςln[γv(1+v)]v̂·σ(l) =

2n∑
k=0

fk(v)[v̂ · σ(l)]k, f0(v) = 1, 0 ≤ l ≤ n

Rς~v(l + 1
2 ) = e−ςln[γv(1+v)]v̂·σ(l) =

2n∑
k=0

fk( v2 )[2v̂ · σ(l + 1
2 )]k =

2n∑
k=0

2kfk( v2 )[v̂ · σ(l + 1
2 )]k, 0 ≤ l + 1

2 ≤ n
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Cor. 5.12.2. Rς~v(n+ 1
2 ) = e−ςln[γv(1+v)]v̂·σ(n+

1
2 ) =

2n+1∑
k=0

gk(v)[v̂ · σ(n+ 1
2 )]k

⇒


Rς~v(l) = e−ςln[γv(1+v)]v̂·σ(l) =

2n+1∑
k=0

gk(2v)[ 1
2 v̂ · σ(l)]k =

2n+1∑
k=0

2−kgk(2v)[v̂ · σ(l)]k, f0(v) = 1, 0 ≤ l ≤ n+ 1
2

Rς~v(l + 1
2 ) = e−ςln[γv(1+v)]v̂·σ(l+

1
2 ) =

2n+1∑
k=0

gk(v)[v̂ · σ(l + 1
2 )]k, 0 ≤ l + 1

2 ≤ n+ 1
2

5.13 Polynomial representation of Lorentz transformation for vectors

Cor. 5.13.1. Λ(1, ε) = (c+ sε · σ)⊗ (c− sε · σ)
= c2 + cs[ε · (σ ⊗ I − I ⊗ σ)]− s2[ε · ()2]
= c2 + cs[ε · (σ ⊗ I − I ⊗ σ)]− s2{ 1

2 [ε · Ω̂(1)]2 − ε · ε}
= (c2 + s2ε · ε) + cs[ε · (σ ⊗ I − I ⊗ σ)]− 1

2s
2[ε · Ω̂(1)]2

= (c2 + s2ε · ε) + 2cs[ε · 1
2 (σ ⊗ I − I ⊗ σ)]− 2s2[ε · Ω(1)]2

= cosh
√
ε · ε+ sinh

√
ε·ε√

ε·ε [ε · 1
2 (σ ⊗ I − I ⊗ σ)]− cosh

√
ε·ε−1

ε·ε [ε · Ω(1)]2

Cor. 5.13.2. L(ε) = eε·L = cosh
√
ε · ε+ sinh

√
ε·ε√

ε·ε ε · L− cosh
√
ε·ε−1

ε·ε (ε ·R)2

Cor. 5.13.3. Λ(1, ~ϑ) = (c+ s~ϑ · σ)⊗ (c∗ − s∗~ϑ∗ · σ)

= cc∗ + c∗s~ϑ · σ ⊗ I − cs∗~ϑ∗ · I ⊗ σ − ss∗[(~ϑ · σ)⊗ (~ϑ∗ · σ)], ~ϑ = ε+ iω

Cor. 5.13.4. L(1, ~ϑ) = e(iω·R+ε·L) = (c+ s~ϑ · σ+)(c∗ − s∗~ϑ∗ · σ−)

= cc∗ + c∗s(~ϑ · σ+)− cs∗(~ϑ∗ · σ−)− ss∗(~ϑ · σ+)(~ϑ∗ · σ−)

= cc∗ + (c∗s~ϑ− cs∗~ϑ∗) ·R+ (c∗s~ϑ+ cs∗~ϑ∗) · L− ss∗[~ϑ · (R+ L)][~ϑ∗ · (R− L)]

Cor. 5.13.5. Λ(1, iω) = (c+ isω · σ)⊗ (c+ isω · σ)
= c2 + cs[iω · (σ ⊗ I + I ⊗ σ)] + s2[iω · ()2]
= c2 + cs[iω · (σ ⊗ I + I ⊗ σ)] + s2{ 1

2 [iω · Ω̂(1)]2 − iω · iω}
= c2 + cs[iω · (σ ⊗ I + I ⊗ σ)] + s2{ 1

2 [iω · Ω̂(1)]2 − iω · iω}
= 1 + sinh

√
iω·iω√

iω·iω [iω · 1
2 (σ ⊗ I + I ⊗ σ)] + cosh

√
iω·iω−1

iω·iω [iω · Ω(1)]2

= 1 + i sinh
√
ω·ω√

ω·ω [ω · 1
2 (σ ⊗ I + I ⊗ σ)] + cos

√
ω·ω−1
ω·ω [ω · Ω(1)]2

Cor. 5.13.6. R(iω) = L(iω) = eiω·R = 1 + i sin
√
ω·ω√

ω·ω (ω ·R) + cos
√
ω·ω−1
ω·ω (ω ·R)2

Cor. 5.13.7. R3(iω) = L3(iω) = eiω·γ = 1 + i sin
√
ω·ω√

ω·ω (ω · γ) + cos
√
ω·ω−1
ω·ω (ω · γ)2

5.14 Electromagnetic field of arbitrary moving charge [22]

5.14.1 Spatial coordinates and delay potential

Cor. 5.14.1. ~r′ = ~r + γv~vr + (γv − 1)(~v · ~r)~v/v2 ⇒ r′ = γv(r + ~v · ~r)

Cor. 5.14.2. ~r′ = ~r + γv~vr + (γv − 1)(~v · ~r)~v/v2 ⇒ r̂′ = [r̂ + γv~v + (γv − 1)(~v · r̂)~v/v2]/[γv(1 + ~v · r̂)]

Cor. 5.14.3. ~r′ = ~r + γv~vr + (γv − 1)(~v · ~r)~v/v2 ⇔

{
~r′ = ~r + γv~vr + (γv − 1)(~v · ~r)~v/v2

r′ = γv(r + ~v · ~r), ~r′
2
− r′2 = ~r2 − r2 = 0

Cor. 5.14.4.

{
~r = ~r0 + γv~vr0 + (γv − 1)(~v · ~r0)~v/v2

r = γv(r0 + ~v · ~r0)

{
~A = ~A0 + γv~vφ0 + (γv − 1)(~v · ~A0)~v/v2 = eγv~v

4πε0r0
= e~v

4πε0(r−~v·~r)
φ = γv(φ0 + ~v · ~A0) = eγv

4πε0r0
= e

4πε0(r−~v·~r)

5.14.2 Partial derivative analysis

Cor. 5.14.5. t = t′ +R(t′), R(t′) =
√

[x′(t′)− x]2 + [y′(t′)− y]2 + [z′(t′)− z]2

Cor. 5.14.6. ∂x means: t, y, z are fixed and unchanging, x changes, x and t′ satisfy relation t = t′ +R(t′)

⇒

{
∂x = ∂t′

∂x
∂t′

0 = ∂t′

∂x
+ ∂R(t′)

∂t′
∂t′

∂x

⇒


∂R(t′)
∂t′

= −
~v(t′)·~R(t′)− ∂x∂t′

Rx(t′)

R(t′) = −1

∂t′

∂x
= − R̂x(t′)

1−~v(t′)·R̂(t′)
, ∂x = − R̂x(t′)

1−~v(t′)·R̂(t′)
∂t′ |x

⇒

~v(t′) · ∂t′ ~R(t′) = − 1−~v(t′)·R̂(t′)

R̂x(t′)
vx − v2(t′)

~v(t′) · ∂x ~R(t′) = vx + v2(t′)R̂x(t′)

1−~v(t′)·R̂(t′)
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Cor. 5.14.7. ∂y means: t, z, x are fixed and unchanging, y changes, y and t′ satisfy relation t = t′ +R(t′)

⇒

{
∂y = ∂t′

∂y
∂t′

0 = ∂t′

∂y
+ ∂R(t′)

∂t′
∂t′

∂y

⇒


∂R(t′)
∂t′

= −
~v(t′)·~R(t′)− ∂y∂t′

Ry(t′)

R(t′) = −1

∂t′

∂y
= − R̂y(t′)

1−~v(t′)·R̂(t′)
, ∂y = − R̂y(t′)

1−~v(t′)·R̂(t′)
∂t′ |y

⇒

~v(t′) · ∂t′ ~R(t′) = − 1−~v(t′)·R̂(t′)

R̂y(t′)
vy − v2(t′)

~v(t′) · ∂y ~R(t′) = vy +
v2(t′)R̂y(t′)

1−~v(t′)·R̂(t′)

Cor. 5.14.8. ∂z means: t, x, y are fixed and unchanging, z changes, z and t′ satisfy relation t = t′ +R(t′)

⇒

{
∂z = ∂t′

∂z
∂t′

0 = ∂t′

∂z
+ ∂R(t′)

∂t′
∂t′

∂z

⇒


∂R(t′)
∂t′

= −
~v(t′)·~R(t′)− ∂z∂t′

Rz(t′)

R(t′) = −1

∂t′

∂z
= − R̂z(t′)

1−~v(t′)·R̂(t′)
, ∂z = − R̂z(t′)

1−~v(t′)·R̂(t′)
∂t′ |z

⇒

~v(t′) · ∂t′ ~R(t′) = − 1−~v(t′)·R̂(t′)

R̂z(t′)
vz − v2(t′)

~v(t′) · ∂z ~R(t′) = vz + v2(t′)R̂z(t′)

1−~v(t′)·R̂(t′)

Cor. 5.14.9. ∂t means: x, y, z are fixed and unchanging, t changes, t and t′ satisfy relation t = t′ +R(t′)

⇒

{
∂t = ∂t′

∂t
∂t′

1 = ∂t′

∂t
+ ∂R(t′)

∂t′
∂t′

∂t

⇒


∂t′

∂t
= 1

1−~v(t′)·R̂(t′)
, ∂t = 1

1−~v(t′)·R̂(t′)
∂t′ |t

∂R(t′)
∂t′

= −~v(t′)·~R(t′)
R(t′)

⇒

{
~v(t′) · ∂t′ ~R(t′) = −v2(t′)

~v(t′) · ∂t ~R(t′) = − v2(t′)

1−~v(t′)·R̂(t′)

Cor. 5.14.10.

 ~A(t, ~r) = e~v(t′)

4πε0[R(t′)−~v·~R(t′)]

φ(t, ~r) = e

4πε0[R(t′)−~v(t′)·~R(t′)]

Cor. 5.14.11.

 ~E(t, ~r) = −∇φ(t, ~r)− ∂t ~A(t, ~r) = e[~R(t′)−R(t′)~v(t′)]

4πε0γ2
v [R(t′)−~v(t′)·~R(t′)]3

+ e~R(t′)×[~R(t′)−R(t′)~v(t′)]×~̇v(t′)

4πε0[R(t′)−~v(t′)·~R(t′)]3

~B(t, ~r) = ∇× ~A(t, ~r) =
~R(t′)×~E(t,~r)

R(t′)

Cor. 5.14.12.

 ~E(t, ~r) = e

4πε0γ2
v [R(t′)−~v(t′)·~R(t′)]3

{ 1
γ2
v
[~R(t′)−R(t′)~v(t′)] + ~R(t′)× [~R(t′)−R(t′)~v(t′)]× ~̇v(t′)}

~B(t, ~r) =
~R(t′)×~E(t,~r)

R(t′) , t = t′ +R(t′), R(t′) =
√

[x′(t′)− x]2 + [y′(t′)− y]2 + [z′(t′)− z]2

5.14.3 Comparison with photon energy momentum and delay vector

Cor. 5.14.13.

{
~p′ = ~p+ γv~vp+ (γv − 1)(~v · ~p)~v/v2

p′ = γv(p+ ~v · ~p), ~p′
2
− p′2 = ~p2

0 − p2
0 = 0

{
~r′ = ~r + γv~vr + (γv − 1)(~v · ~r)~v/v2

r′ = γv(r + ~v · ~r), ~r′
2
− r′2 = ~r2 − r2 = 0

5.15 Transformation law of spin vector [22]

Cor. 5.15.1.

{
~S(~v) = ~s+ (γv − 1)(~v · ~s)~v/v2

S0(~v) = γv(~v · ~s)
⇒ ~v · ~S(~v) = γv~v · ~s = S0(~v)

Cor. 5.15.2.

{
~S(~v) = ~s+ (γv − 1)(~v · ~s)~v/v2

S0(~v) = γv(~v · ~s)
⇔

{
~S(~v) = ~s+ (γv − 1)(~v · ~s)~v/v2

~v · ~S(~v) = γv(~v · ~s)

Cor. 5.15.3.


~u′ = [~u+ γv~v + (γv − 1)(~v · ~u)~v/v2]/[γv(1 + ~v · ~u)]
~S(~u′) = ~S(~u) + γv~v[~u · ~S(~u)] + (γv − 1)[~v · ~S(~u)]~v/v2

~u′ · ~S(~u′) = γv[~u · ~S(~u) + ~v · ~S(~u)]

⇔
[

~S(~u′)

i~u′ · ~S(~u′)

]
= L~v

[
~S(~u)

i~u · ~S(~u)

]

The transformation law of spin is similar to that of force.
5.16 Angular momentum transformation law of massless particles

Cor. 5.16.1. ~r′ = ~r + γv~vr + (γv − 1)(~v · ~r)~v/v2 ⇒ r′ = γv(r + ~v · ~r)

Cor. 5.16.2. ~p′ = ~p+ γv~vp+ (γv − 1)(~v · ~p)~v/v2 ⇒ p′ = γv(p+ ~v · ~p)

Cor. 5.16.3. Mab = rapb − rbpa =

 0 (~r×~p)z −(~r×~p)y −i(rpx−xp)
−(~r×~p)z 0 (~r×~p)x −i(rpy−yp)
(~r×~p)y −(~r×~p)x 0 −i(rpz−zp)

i(xp−rpx) i(yp−rpy) i(zp−rpz) 0


Cor. 5.16.4. ~J = ~r × ~p, ~W = r~p− p~r
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5.17 Angular momentum transformation law of particle system

Cor. 5.17.1. Mab = rapb − rbpa =

 0 (~r×~p)z −(~r×~p)y −i(rpx−xp)
−(~r×~p)z 0 (~r×~p)x −i(rpy−yp)
(~r×~p)y −(~r×~p)x 0 −i(rpz−zp)

i(xp−rpx) i(yp−rpy) i(zp−rpz) 0


Cor. 5.17.2. ~J =

∑
i

(~ri × ~pi), ~W =
∑
i

(ri~pi − pi~ri)

Cor. 5.17.3. ~u′ = [~u+ γv~v + (γv − 1)(~v · ~u)~v/v2]/[γv(1 + ~v · ~u)]

Neutrino spin:

Cor. 5.17.4. s(ν) =
∫
ν+(~0)σyσν(~0)dx4

Photon spin:

Cor. 5.17.5. s(γ) = Ψ(~0)T γΨ(~0)

Electron spin

Cor. 5.17.6. s(e) = ψ̄(~0)γeψ(~0)

5.18 Wigner little group [35]

5.18.1 Little group of particles with mass

Cor. 5.18.1. L~v∀Λ[SO(3)]

[
~0
im

]
=

[
γm~v
iγm

]
=

[
~p
iE

]
Cor. 5.18.2. Lp ≡ L~v∀Λ[SO(3)]

Cor. 5.18.3. Lpp0 = p, LΛpp0 = Λp = ΛLpp0

Cor. 5.18.4. p0 = L−1
ΛpΛLpp0

Cor. 5.18.5. W (Λ, p) ≡ L−1
ΛpΛLp = ∀Λ[SO(3)]

5.18.2 Little group of particles without mass

Cor. 5.18.6. Λ∀Λ[E(2)]


0
0
p0

ip0

 =

[
~p
ip

]

Cor. 5.18.7. Lp ≡ Λ∀Λ[E(2)]

Cor. 5.18.8. Lppstd =

[
~p
ip

]
, LΛppstd = Λ

[
~p
ip

]
= ΛLppstd

Cor. 5.18.9. pstd = L−1
ΛpΛLppstd

Cor. 5.18.10. W (Λ, p) ≡ L−1
ΛpΛLp = ∀Λ[E(2)]
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Chapter15 Mathematical Analysis of Helicity

Self comment: In order to further study the physics of various spin particles, I developed a mathemat-
ical analysis method of helicity in this chapter. It provides a powerful mathematical tool for studying
various spin particles.

1 Spatial rotation transformation of unit vector
1.1 Spatial rotation transformation of 1-spin spinor

Pro. 1.1.1. e
~ϑ·Ω̄(1) = 1 + sinh

√
~ϑ2√

~ϑ2
[~ϑ · Ω̄(1)] + cosh

√
~ϑ2−1

~ϑ2
[~ϑ · Ω̄(1)]2

⇒ ei~ω·γ = 1 + iω̂ · γsinω + (iω̂ · γ)2(1− cosω), ω := |~ω|

Cor. 1.1.1. ei~ω·γ = 1 + sinω

[
0 ω̂z −ω̂y
−ω̂z 0 ω̂x
ω̂y −ω̂x 0

]
+ (1− cosω)

[
ω̂2
x−1 ω̂xω̂y ω̂xω̂z
ω̂yω̂x ω̂

2
y−1 ω̂yω̂z

ω̂zω̂x ω̂zω̂y ω̂
2
z−1

]
Cor. 1.1.2. ei~ω·σ(1) = 1 + iω̂ · σ(1)sinω + [iω̂ · σ(1)]2(1− cosω)

1.2 Spatial rotation transformation of unit vector p̂

Def. 1.2.1. ω̂+ := 1√
2
(ω̂x + iω̂y), ω̂− := 1√

2
(ω̂x − iω̂y), p̂+ := 1√

2
(p̂x + ip̂y), p̂− := 1√

2
(p̂x − ip̂y)

Thm. 1.2.1. p̂ = exp{i (γ×p̂)z√
1−p̂2

z

arccosp̂z}
[

0
0
1

]
, 0 ≤ arccosp̂z ≤ π

Proof: p̂ = ei~ω·γ
[

0
0
1

]
=
[

0
0
1

]
+ sinω

[
−ω̂y
ω̂x
0

]
+ (1− cosω)

[
ω̂xω̂z
ω̂yω̂z
ω̂2
z−1

]

⇔


p̂x = −ω̂ysinω + ω̂xω̂z(1− cosω)

p̂y = ω̂xsinω + ω̂yω̂z(1− cosω)

p̂z = 1 + (ω̂2
z − 1)(1− cosω)

ω̂z=0⇒


p̂x = −ω̂ysinω
p̂y = ω̂xsinω

p̂z = cosω

⇐


ω̂x =

p̂y√
1−p̂2

z

ω̂y = −p̂x√
1−p̂2

z

ω̂z = 0, 0 ≤ ω = arccosp̂z ≤ π
⇒ p̂ = exp{i (γ×p̂)z√

1−p̂2
z

arccosp̂z}
[

0
0
1

]
, 0 ≤ arccosp̂z ≤ π

Pro. 1.2.1.


ω̂ · γ ω̂z=0

= γxω̂x + γyω̂y =
γxp̂y−γy p̂x√

1−p̂2
z

= (γ×p̂)z√
1−p̂2

z

~ω · γ ω̂z=0
= (γ×p̂)z√

1−p̂2
z

arccosp̂z, 0 ≤ arccosp̂z ≤ π

Pro. 1.2.2. ei~ω·γ
ω̂z=0

= exp{i (γ×p̂)z√
1−p̂2

z

arccosp̂z} = 1 + i(γ × p̂)z − (γ × p̂)2
z/(1 + p̂z), 0 ≤ arccosp̂z ≤ π

1.3 Wigner SO(2) little group

Pro. 1.3.1. p̂ = eiωzγz
[

0
0
1

]
=
[

0
0
1

]
1.4 Spatial rotation transformation of unit vector p̂ [24]

Cor. 1.4.1. p̂′ = [p̂+ γv~v + (γv − 1)(~v · p̂)~v/v2]/[γv(1 + ~v · p̂)]

Cor. 1.4.2. p̂ = [
[

0
0
1

]
+ γv~v + (γv − 1)(~v ·

[
0
0
1

]
)~v/v2]/[γv(1 + ~v ·

[
0
0
1

]
)] = [1 + i(γ × p̂)z − (γ × p̂)2

z/(1 + p̂z)]
[

0
0
1

]
Cor. 1.4.3. e−ςln[γv(1+v)]v̂·σ(s), exp{i [σ(s)×p̂]z√

1−p̂2
z

arccosp̂z}

2 Analysis of helicity eigenfunctions σ(1
2
) · p̂

2.1 Concrete solution of helicity σ( 1
2 ) · p̂ [36] eigenfunctions

Def. 2.1.1. σ( 1
2 ) · p̂λ(p̂, h) = hλ(p̂, h), h = − 1

2 ,
1
2

Cor. 2.1.1. e
~ϑ·σ2 = cosh 1

2

√
~ϑ2 +

sinh
1
2

√
~ϑ2

√
~ϑ2

~ϑ · σ ⇒ ei~ω·
σ
2 = cos 1

2ω + iω̂ · σsin 1
2ω = (1+p̂z)+i(σ×p̂)z√

2(1+p̂z)
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Cor. 2.1.2. iω̂ · σ = i{
[

0 ω̂x
ω̂x 0

]
+

[
0 −iω̂y
iω̂y 0

]
+

[
ω̂z 0
0 −ω̂z

]
} = i

[
ω̂z

√
2ω̂−√

2ω̂+ −ω̂z

]
ω̂z=0

= i
√

2

[
0 ω̂−
ω̂+ 0

]

Cor. 2.1.3. ei~ω·
σ
2
ω̂z=0

= cos 1
2ω + iω̂ · σsin 1

2ω =

[
cos 1

2ω i
√

2ω̂−sin
1
2ω

i
√

2ω̂+sin
1
2ω cos 1

2ω

]

Cor. 2.1.4.



λ(p̂, 1
2 ) = ei~ω·σ(

1
2 )

[
1

0

]
=

[
cos 1

2ω

i
√

2ω̂+sin
1
2ω

]
= 1√

1+p̂z

[
1√
2
(1 + p̂z)

p̂+

]
, λ(−p̂, 1

2 ) = − p̂+√
p̂+p̂−

λ(p̂,− 1
2 )

λ(p̂,− 1
2 ) = ei~ω·σ(

1
2 )

[
0

1

]
=

[
i
√

2ω̂−sin
1
2ω

cos 1
2ω

]
= 1√

1+p̂z

[
−p̂−

1√
2
(1 + p̂z)

]
, λ(−p̂,− 1

2 ) = p̂−√
p̂+p̂−

λ(p̂, 1
2 )

λ(p̂, 1
2 ) = iσyλ

∗(p̂,− 1
2 ), λ(p̂,− 1

2 ) = −iσyλ∗(p̂, 1
2 )

Cor. 2.1.5.


λ(p̂, 1

2 )λ+(p̂, 1
2 ) = 1

2 (σ · p̂+ I) = 1
2 (σ,−i)ap̂a, p̂a := (p̂, i)

λ(p̂,− 1
2 )λ+(p̂,− 1

2 ) = − 1
2 (σ · p̂− I) = − 1

2 (σ, i)ap̂a

λ(p̂, 1
2 )λ+(p̂,− 1

2 ) = 1
2 (σ · p̂+ I)iσy = 1

2 (σ, i)ap̂aiσy

λ(p̂,− 1
2 )λ+(p̂, 1

2 ) = − 1
2 (σ · p̂+ I)iσy = − 1

2 (σ, i)ap̂aiσy

2.2 Orthogonality and completeness of helicity σ( 1
2 ) · p̂ eigenfunctions

Cor. 2.2.1. λ+(p̂, h)λ(p̂, h′) = δhh′ ,
− 1

2∑
h=

1
2

λ(p̂, h)λ+(p̂, h) = 1,
− 1

2∑
h=

1
2

hλ(p̂, h)λ+(p̂, h) = σ( 1
2 ) · p̂

2.3 Raising and lowering operator of helicity σ( 1
2 ) · p̂ eigenfunctions

Thm. 2.3.1.
ei~ω·

σ
2 σxe

−i~ω·σ2 = σx − p̂x (σ·p̂+σz)
(1+p̂z)

ei~ω·
σ
2 σye

−i~ω·σ2 = σy − p̂y (σ·p̂+σz)
(1+p̂z)

ei~ω·
σ
2 σze

−i~ω·σ2 = σ · p̂

Proof: ei~ω·
σ
2 σxe

−i~ω·σ2 = (e−i~ω·γ)x
kσk

=
(1+p̂z)+i(σxp̂y−σy p̂x)√

2(1+p̂z)
σx

(1+p̂z)−i(σxp̂y−σy p̂x)√
2(1+p̂z)

=
(1+p̂z)+i(σxp̂y−σy p̂x)√

2(1+p̂z)

(1+p̂z)−i(σxp̂y+σy p̂x)√
2(1+p̂z)

σx

=
(1+p̂z)2−2i(1+p̂z)σy p̂x+(σxp̂y−σy p̂x)(σxp̂y+σy p̂x)

2(1+p̂z) σx

=
(1+p̂z)2−2i(1+p̂z)σy p̂x+p̂2

y−p̂
2
x+2iσz p̂xp̂y

2(1+p̂z) σx

=
2(1+p̂z)−2i(1+p̂z)σy p̂x−2p̂2

x+2iσz p̂xp̂y
2(1+p̂z) σx

=
(1+p̂z)(σx−p̂xσz)−p̂x(p̂xσx+p̂yσy)

(1+p̂z)

= σx+p̂zσx−p̂xσz−p̂x(σ·p̂)
(1+p̂z)

= σx − p̂x (σ·p̂+σz)
(1+p̂z)

=
σx−(σ×p̂)y−p̂x(σ·p̂)

(1+p̂z)

Proof: ei~ω·
σ
2 σye

−i~ω·σ2 = (e−i~ω·γ)y
kσk

=
(1+p̂z)+i(σxp̂y−σy p̂x)√

2(1+p̂z)
σy

(1+p̂z)−i(σxp̂y−σy p̂x)√
2(1+p̂z)

=
(1+p̂z)+i(σxp̂y−σy p̂x)√

2(1+p̂z)

(1+p̂z)+i(σxp̂y+σy p̂x)√
2(1+p̂z)

σy

=
(1+p̂z)2+2i(1+p̂z)σxp̂y−(σxp̂y−σy p̂x)(σxp̂y+σy p̂x)

2(1+p̂z) σy

=
(1+p̂z)2+2i(1+p̂z)σxp̂y+p̂2

x−p̂
2
y−2iσz p̂xp̂y

2(1+p̂z) σy

=
2(1+p̂z)+2i(1+p̂z)σxp̂y−2p̂2

y−2iσz p̂xp̂y
2(1+p̂z) σy

=
(1+p̂z)(σy−p̂yσz)−p̂y(p̂xσx+p̂yσy)

(1+p̂z)

=
σy+p̂zσy−p̂yσz−p̂y(σ·p̂)

(1+p̂z)

= σy − p̂y (σ·p̂+σz)
(1+p̂z)

=
σy+(σ×p̂)x−p̂y(σ·p̂)

(1+p̂z)
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Proof: ei~ω·
σ
2 σze

−i~ω·σ2 = (e−i~ω·γ)z
kσk

=
(1+p̂z)+i(σxp̂y−σy p̂x)√

2(1+p̂z)
σz

(1+p̂z)−i(σxp̂y−σy p̂x)√
2(1+p̂z)

=
(1+p̂z)+i(σxp̂y−σy p̂x)√

2(1+p̂z)

(1+p̂z)+i(σxp̂y−σy p̂x)√
2(1+p̂z)

σz

=
(1+p̂z)2+2i(1+p̂z)(σxp̂y−σy p̂x)−(σxp̂y−σy p̂x)2

2(1+p̂z) σz

=
(1+p̂z)2+2i(1+p̂z)(σxp̂y−σy p̂x)−(p̂2

x+p̂2
y)

2(1+p̂z) σz
= [p̂z + i(σxp̂y − σyp̂x)]σz
= σ · p̂

Cor. 2.3.1.
ei~ω·

σ
2 (σx + iσy)e−i~ω·

σ
2 = (σx + iσy)− (p̂x+ip̂y)

(1+p̂z) (σ · p̂+ σz)

ei~ω·
σ
2 (σx − iσy)e−i~ω·

σ
2 = (σx − iσy)− (p̂x−ip̂y)

(1+p̂z) (σ · p̂+ σz)

ei~ω·
σ
2 σze

−i~ω·σ2 = σ · p̂

Cor. 2.3.2.
{[σx( 1

2 ) + iσy( 1
2 )]− (p̂x+ip̂y)

(1+p̂z) [σ( 1
2 ) · p̂+ σz(

1
2 )]}λ(p̂, 1

2 ) = 0

{[σx( 1
2 ) + iσy( 1

2 )]− (p̂x+ip̂y)
(1+p̂z) [σ( 1

2 ) · p̂+ σz(
1
2 )]}λ(p̂,− 1

2 ) = λ(p̂, 1
2 )

{[σx( 1
2 )− iσy( 1

2 )]− (p̂x−ip̂y)
(1+p̂z) [σ( 1

2 ) · p̂+ σz(
1
2 )]}λ(p̂, 1

2 ) = λ(p̂,− 1
2 )

{[σx( 1
2 )− iσy( 1

2 )]− (p̂x−ip̂y)
(1+p̂z) [σ( 1

2 ) · p̂+ σz(
1
2 )]}λ(p̂,− 1

2 ) = 0

2.4 Basic properties of helicity σ( 1
2 ) · p̂ eigenfunctions

Pro. 2.4.1. λ∗(p̂,− ς
2 ) ≡ −iςσyλ(p̂, ς2 ), λ+(p̂,− ς

2 ) ≡ iςλT (p̂, ς2 )σy

2.5 Complicated properties of helicity σ( 1
2 ) · p̂ eigenfunctions

Pro. 2.5.1. λ+(p̂,− ς
2 )(σ,−iς)aλ(p̂,− ς

2 ) = −ςp̂a, λT (p̂, ς2 )σy(σ,−iς)aλ(p̂,− ς
2 ) = ip̂a

Pro. 2.5.2. λ+(p̂,− ς
2 )(σ,−iς)aλ(p̂, ς2 ) =


p̂xp̂z−iςp̂y
p̂x−iςp̂y
p̂y p̂z+iςp̂x
p̂x−iςp̂y
−p̂x−iςp̂y

0

 , λT (p̂, ς2 )(σ, 1)λ(p̂, ς2 ) =


ςp̂x+ip̂y

0
ςp̂xp̂z−ip̂y
p̂x−iςp̂y
p̂x−iςp̂y p̂z
p̂x−iςp̂y



Pro. 2.5.3. λ+(p̂,− ς
2 )σiλ(p̂, ς2 ) =


p̂xp̂z−iςp̂y
p̂x−iςp̂y
p̂y p̂z+iςp̂x
p̂x−iςp̂y
−p̂x−iςp̂y

 =


p̂xp̂z−iςp̂yδxx+iςp̂xδxy−δxz

p̂x−iςp̂y
p̂y p̂z−iςp̂yδyx+iςp̂xδyy−δyz

p̂x−iςp̂y
p̂z p̂z−iςp̂yδyx+iςp̂xδyy−δzz

p̂x−iςp̂y

 =
(p̂ip̂z−δiz)−iς(p̂yδix−p̂xδiy)

p̂x−iςp̂y

Pro. 2.5.4. λT (p̂, ς2 )(σ, 1)λ(p̂,− ς
2 ) =

[
p̂z
−iς
−p̂x
ip̂y

]

Pro. 2.5.5. λ(p̂,− ς
2 )λT (p̂,− ς

2 ) =

[
− 1√

2
p̂− −

1
2 (ς−p̂z)

1
2 (ς+p̂z)

1√
2
p̂+

]

Pro. 2.5.6. λ(p̂,− ς
2 )λT (p̂, ς2 ) =

[
− 1√

2
p̂− −

1
2 (ς−p̂z)

1
2 (ς+p̂z)

1√
2
p̂+

]
= i

2 (σ · p̂− ςI)σy = i
2 (σ, iς)ap̂aσy

Pro. 2.5.7. λ(p̂,− ς
2 )λ+(p̂,− ς

2 ) = − ς
2 (σ, iς)ap̂a, λ(p̂,− ς

2 )λT (p̂, ς2 ) = i
2 (σ, iς)ap̂aσy

Pro. 2.5.8.

{
λ(p̂, 1

2 )λ+(p̂, 1
2 ) + λ(p̂,− 1

2 )λ+(p̂,− 1
2 ) = I, λ(p̂, 1

2 )λ+(p̂, 1
2 )− λ(p̂,− 1

2 )λ+(p̂,− 1
2 ) = σ · p̂

λ(p̂, 1
2 )λT (p̂,− 1

2 )− λ(p̂,− 1
2 )λT (p̂, 1

2 ) = iσy, λ(p̂, 1
2 )λT (p̂,− 1

2 ) + λ(p̂,− 1
2 )λT (p̂, 1

2 ) = iσ · p̂σy

2.6 Derivative properties of helicity σ( 1
2 ) · p̂ eigenfunctions

2.6.1 Basic derivative properties

Cor. 2.6.1.

∂̃ip = p̂i

∂̃ip̂j =
p2δij−pipj

p3 =
δij−p̂ip̂j

p

∂̃ip̂+ =
1√
2

(δix+iδiy)−p̂ip̂+

p , ∂̃ip̂− =
1√
2

(δix−iδiy)−p̂ip̂−
p

∂̃i
p̂+

p̂−
=

ip̂xδiy−ip̂yδix
pp̂2
−

, ∂̃i
p̂−
p̂+

=
−ip̂xδiy+ip̂yδix

pp̂2
+

∂̃i
p̂+√
p̂+p̂−

= p̂−√
p̂+p̂−

ip̂xδiy−ip̂yδix
2pp̂2
−

, ∂̃i
p̂−√
p̂+p̂−

= p̂+√
p̂+p̂−

−ip̂xδiy+ip̂yδix
2pp̂2

+
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2.6.2 Derivative properties 1 of helicity σ( 1
2 ) · p̂ eigenfunctions

Cor. 2.6.2. ∂̃iλ(p̂, 1
2 ) = − δiz+p̂i(2+p̂z)

2p(1+p̂z) λ(p̂, 1
2 ) + 1√

2p
√

1+p̂z

[
δiz + p̂i
δix + iδiy

]
= 1

2p
√

1+p̂z
3

[ 1√
2
(1 + p̂z)(δiz − p̂ip̂z)

−p̂+(δiz − p̂ip̂z) +
√

2(1 + p̂z)[(δix − p̂ip̂x) + i(δiy − p̂ip̂y)]

]
Proof: ∂̃iλ(p̂, 1

2 ) = ∂̃i
1√

1+p̂z

[ 1√
2
(1 + p̂z)

p̂+

]
+ 1√

1+p̂z
∂̃i

[ 1√
2
(1 + p̂z)

p̂+

]
= −δiz+p̂ip̂z

2p
√

1+p̂z
3

[ 1√
2
(1 + p̂z)

p̂+

]
+ 1

p
√

1+p̂z

[
1√
2
(δiz − p̂ip̂z)

1√
2
(δix + iδiy)− p̂ip̂+

]

= 1

2p
√

1+p̂z
3 {
[
− 1√

2
(1 + p̂z)(δiz − p̂ip̂z)
−p̂+(δiz − p̂ip̂z)

]
+

[
1√
2
(δiz − p̂ip̂z)2(1 + p̂z)

[ 1√
2
(δix + iδiy)− p̂ip̂+]2(1 + p̂z)

]
}

= 1

2p
√

1+p̂z
3

[
1√
2
(1 + p̂z)(δiz − p̂ip̂z)

−p̂+(δiz − p̂ip̂z) + 2(1 + p̂z)[
1√
2
(δix + iδiy)− p̂ip̂+]

]
= 1

2p
√

1+p̂z
3

[ 1√
2
(1 + p̂z)(δiz − p̂ip̂z)

−p̂+(δiz − p̂ip̂z) +
√

2(1 + p̂z)[(δix − p̂ip̂x) + i(δiy − p̂ip̂y)]

]
= 1

2
√

1+p̂z
3

[
1√
2
(1 + p̂z)∂̃ip̂z

−p̂+∂̃ip̂z + 2(1 + p̂z)∂̃ip̂+

]

= 1
2
√

1+p̂z

[
1√
2
∂̃ip̂z

− p̂+

1+p̂z
∂̃ip̂z + 2∂̃ip̂+

]

Proof: ∂̃iλ(p̂, 1
2 ) = −δiz+p̂ip̂z

2p(1+p̂z) λ(p̂, 1
2 ) + 1

p
√

1+p̂z

[
1√
2
(δiz − p̂ip̂z)

1√
2
(δix + iδiy)− p̂ip̂+

]
= −δiz+p̂ip̂z

2p(1+p̂z) λ(p̂, 1
2 ) + 1√

2p
√

1+p̂z

[
δiz + p̂i
δix + iδiy

]
− p̂i

p
√

1+p̂z

[ 1√
2
(1 + p̂z)

p̂+

]
= [−δiz+p̂ip̂z

2p(1+p̂z) −
p̂i
p ]λ(p̂, 1

2 ) + 1√
2p
√

1+p̂z

[
δiz + p̂i
δix + iδiy

]
= − δiz+p̂i(2+p̂z)

2p(1+p̂z) λ(p̂, 1
2 ) + 1√

2p
√

1+p̂z

[
δiz + p̂i
δix + iδiy

]
Cor. 2.6.3. ∂̃iλ(p̂,− 1

2 ) = − δiz+p̂i(2+p̂z)
2p(1+p̂z) λ(p̂,− 1

2 ) + 1√
2p
√

1+p̂z

[
−δix + iδiy
δiz + p̂i

]
= 1

2p
√

1+p̂z
3

[
p̂−(δiz − p̂ip̂z)−

√
2(1 + p̂z)[(δix − p̂ip̂x)− i(δiy − p̂ip̂y)]

1√
2
(1 + p̂z)(δiz − p̂ip̂z)

]
Proof: ∂̃iλ(p̂,− 1

2 ) = −iσy∂̃iλ∗(p̂, 1
2 )

= − δiz+p̂i(2+p̂z)
2p(1+p̂z) [−iσyλ∗(p̂, 1

2 )] +
−iσy√

2p
√

1+p̂z

[
δiz + p̂i
δix − iδiy

]
=

−iσy
2p
√

1+p̂z
3

[ 1√
2
(1 + p̂z)(δiz − p̂ip̂z)

−p̂−(δiz − p̂ip̂z) +
√

2(1 + p̂z)[(δix − p̂ip̂x)− i(δiy − p̂ip̂y)]

]
= − δiz+p̂i(2+p̂z)

2p(1+p̂z) λ(p̂,− 1
2 ) + 1√

2p
√

1+p̂z

[
−δix + iδiy
δiz + p̂i

]
= 1

2p
√

1+p̂z
3

[
p̂−(δiz − p̂ip̂z)−

√
2(1 + p̂z)[(δix − p̂ip̂x)− i(δiy − p̂ip̂y)]

1√
2
(1 + p̂z)(δiz − p̂ip̂z)

]
2.6.3 Derivative properties 2 of helicity σ( 1

2 ) · p̂ eigenfunctions

Cor. 2.6.4.

{
λ+(p̂, 1

2 )∂̃kλ(p̂, 1
2 ) = [λ+(p̂,− 1

2 )∂̃kλ(p̂,− 1
2 )]∗, λ+(p̂,− 1

2 )∂̃kλ(p̂,− 1
2 ) = [λ+(p̂, 1

2 )∂̃kλ(p̂, 1
2 )]∗

λ+(p̂, 1
2 )∂̃kλ(p̂,− 1

2 ) = −[λ+(p̂,− 1
2 )∂̃kλ(p̂, 1

2 )]∗, λ+(p̂,− 1
2 )∂̃kλ(p̂, 1

2 ) = −[λ+(p̂, 1
2 )∂̃kλ(p̂,− 1

2 )]∗

Pro. 2.6.1.



λ+(p̂, 1
2 )∂̃kλ(p̂, 1

2 ) = λ+(p̂, 1
2 )

[σk(
1
2 ),σz(

1
2 )]

p(1+p̂z) λ(p̂, 1
2 ) =

−ip̂yδkx+ip̂xδky
2p(1+p̂z)

λ+(p̂,− 1
2 )∂̃kλ(p̂,− 1

2 ) = λ+(p̂,− 1
2 )

[σk(
1
2 ),σz(

1
2 )]

p(1+p̂z) λ(p̂,− 1
2 ) = −−ip̂yδkx+ip̂xδky

2p(1+p̂z)

λ+(−p̂, 1
2 )∂̃kλ(−p̂, 1

2 ) = −λ+(−p̂, 1
2 )

[σk(
1
2 ),σz(

1
2 )]

p(1−p̂z) λ(−p̂, 1
2 ) =

−ip̂yδkx+ip̂xδky
2p(1−p̂z)

λ+(−p̂,− 1
2 )∂̃kλ(−p̂,− 1

2 ) = −λ+(−p̂,− 1
2 )

[σk(
1
2 ),σz(

1
2 )]

p(1−p̂z) λ(−p̂,− 1
2 ) = −−ip̂yδkx+ip̂xδky

2p(1−p̂z)

λ+(p̂, h)∂zλ(p̂, h) = 0
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Proof: λ+(p̂,− 1
2 )∂̃iλ(p̂,− 1

2 )

= 1
2p(1+p̂z)2

[
−p̂+

1√
2
(1 + p̂z)

]T [
p̂−(δiz − p̂ip̂z)−

√
2(1 + p̂z)[(δix − p̂ip̂x)− i(δiy − p̂ip̂y)]

1√
2
(1 + p̂z)(δiz − p̂ip̂z)

]
= λ+(p̂,− 1

2 )
[σi(

1
2 ),σz(

1
2 )]

p(1+p̂z) λ(p̂,− 1
2 ) = (

ip̂y
2p ,

−ip̂x
2p , 0) =

−ip̂yδkx+ip̂xδky
2p(1+p̂z)

Proof: λ+(p̂, 1
2 )∂̃iλ(p̂, 1

2 )

= 1
2p(1+p̂z)2

[ 1√
2
(1 + p̂z)

p̂−

]T [ 1√
2
(1 + p̂z)(δiz − p̂ip̂z)

−p̂+(δiz − p̂ip̂z) +
√

2(1 + p̂z)[(δix − p̂ip̂x) + i(δiy − p̂ip̂y)]

]
= λ+(p̂, 1

2 )
[σi(

1
2 ),σz(

1
2 )]

p(1+p̂z) λ(p̂, 1
2 ) = (

−ip̂y
2p , ip̂x2p , 0) = −−ip̂yδkx+ip̂xδky

2p(1+p̂z)

2.6.4 Derivative properties 3 of helicity σ( 1
2 ) · p̂ eigenfunctions

Pro. 2.6.2.



λ+(p̂, 1
2 )∂̃iλ(p̂,− 1

2 ) =
√

2p̂−p̂i+
√

2p̂−δiz−(1+p̂z)(δix−iδiy)
2p(1+p̂z)

λ+(p̂,− 1
2 )∂̃iλ(p̂, 1

2 ) =
−
√

2p̂+p̂i−
√

2p̂+δiz+(1+p̂z)(δix+iδiy)
2p(1+p̂z)

λ+(−p̂,− 1
2 )∂̃iλ(p̂,− 1

2 ) = p̂+√
p̂+p̂−

√
2p̂−p̂i+

√
2p̂−δiz−(1+p̂z)(δix−iδiy)

2p(1+p̂z)

λ+(−p̂, 1
2 )∂̃iλ(p̂, 1

2 ) = − p̂−√
p̂+p̂−

−
√

2p̂+p̂i−
√

2p̂+δiz+(1+p̂z)(δix+iδiy)
2p(1+p̂z)

Proof: λ+(p̂,− 1
2 )∂̃iλ(p̂, 1

2 )

= 1
2p(1+p̂z)2

[
−p̂+

1√
2
(1 + p̂z)

]T [ 1√
2
(1 + p̂z)(δiz − p̂ip̂z)

−p̂+(δiz − p̂ip̂z) +
√

2(1 + p̂z)[(δix − p̂ip̂x) + i(δiy − p̂ip̂y)]

]
= 1

2p(1+p̂z)2

[
−p̂+

1√
2
(1 + p̂z)

]T [ 1√
2
(1 + p̂z)(δiz − p̂ip̂z)

−p̂+(δiz − p̂ip̂z) +
√

2(1 + p̂z)[(δix + iδiy)−
√

2p̂ip̂+]

]
= 1

2p(1+p̂z)2

[
−p̂+

1√
2
(1 + p̂z)

]T [ 1√
2
(1 + p̂z)(δiz − p̂ip̂z)

−p̂+δiz − 2p̂ip̂+ − p̂+p̂ip̂z +
√

2(1 + p̂z)(δix + iδiy)

]
= 1

2p(1+p̂z)2

[
1√
2
(1 + p̂z)

1√
2
(1 + p̂z)

]T [
−p̂+δiz + p̂+p̂ip̂z

−p̂+δiz − 2p̂ip̂+ − p̂+p̂ip̂z +
√

2(1 + p̂z)(δix + iδiy)

]
=
−
√

2p̂+p̂i−
√

2p̂+δiz+(1+p̂z)(δix+iδiy)
2p(1+p̂z)

Proof: λ+(p̂, 1
2 )∂̃iλ(p̂,− 1

2 )

= 1
2p(1+p̂z)2

[ 1√
2
(1 + p̂z)

p̂−

]T [
p̂−(δiz − p̂ip̂z)−

√
2(1 + p̂z)[(δix − p̂ip̂x)− i(δiy − p̂ip̂y)]

1√
2
(1 + p̂z)(δiz − p̂ip̂z)

]
= 1

2p(1+p̂z)2

[ 1√
2
(1 + p̂z)

p̂−

]T [
p̂−(δiz − p̂ip̂z)−

√
2(1 + p̂z)[(δix − iδiy)−

√
2p̂ip̂−]

1√
2
(1 + p̂z)(δiz − p̂ip̂z)

]
= 1

2p(1+p̂z)2

[ 1√
2
(1 + p̂z)

p̂−

]T [
p̂−δiz + 2p̂ip̂− + p̂ip̂−p̂z −

√
2(1 + p̂z)(δix − iδiy)

1√
2
(1 + p̂z)(δiz − p̂ip̂z)

]
= 1

2p(1+p̂z)2

[
1√
2
(1 + p̂z)

1√
2
(1 + p̂z)

]T [
p̂−δiz + 2p̂ip̂− + p̂ip̂−p̂z −

√
2(1 + p̂z)(δix − iδiy)

p̂−δiz − p̂ip̂−p̂z

]
=
√

2p̂−p̂i+
√

2p̂−δiz−(1+p̂z)(δix−iδiy)
p(1+p̂z)

2.6.5 Derivative properties 4 of helicity σ( 1
2 ) · p̂ eigenfunctions

Cor. 2.6.5. λ+(p̂, h)λ(p̂, h′) = δhh′ ,
− 1

2∑
h=

1
2

λ(p̂, h)λ+(p̂, h) = 1,
− 1

2∑
h=

1
2

λ+(p̂, h)∂̃kλ(p̂, h) = 0

Cor. 2.6.6. (σ, iς)aAςA′ςpa = −2ς|~p|λAς (p̂,− ς
2 )λ+

A′ς
(p̂,− ς

2 )

Proof: (σ, iς)aAςA′ςpa

= (σ · ~p)AςBς [λBς (p̂,− ς
2 )λ+

A′ς
(p̂,− ς

2 ) + λBς (p̂, ς)λ
+
A′ς

(p̂, ς)]− ς|~p|[λAς (p̂,− ς
2 )λ+

A′ς
(p̂,− ς

2 ) + λAς (p̂, ς)λ
+
A′ς

(p̂, ς)]

= [−ς|~p|λAς (p̂,− ς
2 )λ+

A′ς
(p̂,− ς

2 ) + ς|~p|λAς (p̂, ς)λ+
A′ς

(p̂, ς)]− ς|~p|[λAς (p̂,− ς
2 )λ+

A′ς
(p̂,− ς

2 ) + λAς (p̂, ς)λ
+
A′ς

(p̂, ς)]

= −2ς|~p|λAς (p̂,− ς
2 )λ+

A′ς
(p̂,− ς

2 )

Cor. 2.6.7. λAς (p̂, h)λ+
A′ς

(p̂, h) = hσkAςA′ς p̂k + 1
2δAςA′ς
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Cor. 2.6.8. ei~ω·
σ
2 = cos 1

2ω + iω̂ · σsin 1
2ω

= 1√
2
[p+ pz + i(σxpy − σypx][p2 + ppz]

−1/2

= 1√
2
[1 + p̂z + i(σ × p̂)z][1 + p̂z]

−1/2

Cor. 2.6.9. ∂ze
i~ω·σ2 =

√
1+p̂z√

2p
[1− p̂z − i(σ × p̂)z], e−i~ω·

σ
2 ∂ze

i~ω·σ2 = −i
p (σ × p̂)z

Cor. 2.6.10. λ+(p̂, h)∂zλ(p̂, h) = 0

2.6.6 Summary of derivative properties of helicity σ( 1
2 ) · p̂ eigenfunctions

Pro. 2.6.3.


λ+(p̂, 1

2 )∂̃kλ(p̂, 1
2 ) = 1

2
−ip̂yδkx+ip̂xδky

p(1+p̂z)

λ+(p̂, 1
2 )∂̃iλ(p̂,− 1

2 ) =
(p̂i+δiz)(p̂x−ip̂y)−(1+p̂z)(δix−iδiy)

2p(1+p̂z)

λ+(p̂,− 1
2 )∂̃iλ(p̂, 1

2 ) = − (p̂i+δiz)(p̂x+ip̂y)−(1+p̂z)(δix+iδiy)
2p(1+p̂z)

λ+(p̂,− 1
2 )∂̃kλ(p̂,− 1

2 ) = − 1
2
−ip̂yδkx+ip̂xδky

p(1+p̂z)

2.7 Continued exploration 1 of derivative properties of helicity σ( 1
2 ) · p̂ eigenfunctions???

Cor. 2.7.1. σj(
1
2 )∂̃iλ(p̂, 1

2 ) = − δiz+p̂i(2+p̂z)
2p(1+p̂z) σjλ(p̂, 1

2 ) + 1√
2p
√

1+p̂z
σj

[
δiz + p̂i
δix + iδiy

]
Proof: λ+(p̂, 1

2 )σj(
1
2 )∂̃iλ(p̂, 1

2 )

= − δiz+p̂i(2+p̂z)
2p(1+p̂z) λ+(p̂, 1

2 )σj(
1
2 )λ(p̂, 1

2 ) + 1√
2p
√

1+p̂z
λ+(p̂, 1

2 )σj(
1
2 )

[
δiz + p̂i
δix + iδiy

]
= − δiz p̂j+p̂ip̂j(2+p̂z)

4p(1+p̂z) + 1
4p(1+p̂z)

[
1 + p̂z
p̂x − ip̂y

]T
σj

[
δiz + p̂i
δix + iδiy

]
Proof: λ+(p̂, 1

2 )[σi(
1
2 )∂̃j − σj( 1

2 )∂̃i]λ(p̂, 1
2 )

=
δiz p̂j−δjz p̂i

4p(1+p̂z) + 1
4p(1+p̂z)

[
1 + p̂z
p̂x − ip̂y

]T
(σi

[
δjz + p̂j
δjx + iδjy

]
− σj

[
δiz + p̂i
δix + iδiy

]
)

2.8 Continued exploration 2 of derivative properties of helicity σ( 1
2 ) · p̂ eigenfunctions???

Cor. 2.8.1. σj(
1
2 )∂̃iλ(p̂, 1

2 ) = − δiz+p̂i(2+p̂z)
2p(1+p̂z) σjλ(p̂, 1

2 ) + 1√
2p
√

1+p̂z
σj

[
δiz + p̂i
δix + iδiy

]
Proof: λ+(p̂,− 1

2 )σj(
1
2 )∂̃iλ(p̂, 1

2 )

= − δiz+p̂i(2+p̂z)
2p(1+p̂z) λ+(p̂,− 1

2 )σj(
1
2 )λ(p̂, 1

2 ) + 1√
2p
√

1+p̂z
λ+(p̂,− 1

2 )σj(
1
2 )

[
δiz + p̂i
δix + iδiy

]
= − δiz+p̂i(2+p̂z)

4p(1+p̂z)
(p̂j p̂z−δjz)−i(p̂yδjx−p̂xδjy)

p̂x−ip̂y + 1
4p(1+p̂z)

[
−p̂x − ip̂y

1 + p̂z

]T
σj

[
δiz + p̂i
δix + iδiy

]

Pro. 2.8.1. λ+(p̂,− ς
2 )σiλ(p̂, ς2 ) =


p̂xp̂z−iςp̂y
p̂x−iςp̂y
p̂y p̂z+iςp̂x
p̂x−iςp̂y
−p̂x−iςp̂y

 =


p̂xp̂z−iςp̂yδxx+iςp̂xδxy−δxz

p̂x−iςp̂y
p̂y p̂z−iςp̂yδyx+iςp̂xδyy−δyz

p̂x−iςp̂y
p̂z p̂z−iςp̂yδyx+iςp̂xδyy−δzz

p̂x−iςp̂y

 =
(p̂ip̂z−δiz)−iς(p̂yδix−p̂xδiy)

p̂x−iςp̂y

Proof: λ+(p̂, 1
2 )[σi(

1
2 )∂̃j − σj( 1

2 )∂̃i]λ(p̂, 1
2 )

=
δiz p̂j−δjz p̂i

4p(1+p̂z) + 1
4p(1+p̂z)

[
1 + p̂z
p̂x − ip̂y

]T
(σi

[
δjz + p̂j
δjx + iδjy

]
− σj

[
δiz + p̂i
δix + iδiy

]
)

3 Analysis of helicity σ(1) · p̂ eigenfunctions
3.1 Concrete solution I of helicity σ(1) · p̂ eigenfunctions

Cor. 3.1.1. σ(1) · p̂λ(p̂, h; 1) = hλ(p̂, h; 1), h = −1, 0, 1

Cor. 3.1.2. iω̂ · σ(1) = i{ 1√
2

[
0 ω̂x 0
ω̂x 0 ω̂x
0 ω̂x 0

]
+ i√

2

[
0 −ω̂y 0
ω̂y 0 −ω̂y
0 ω̂y 0

]
+
[
ω̂z 0 0
0 0 0
0 0 −ω̂z

]
} = i

 ω̂z
1√
2

(ω̂x−iω̂y) 0

1√
2

(ω̂x+iω̂y) 0
1√
2

(ω̂x−iω̂y)

0
1√
2

(ω̂x+iω̂y) −ω̂z


Cor. 3.1.3. iω̂ · σ(1) = i

[
ω̂z ω̂− 0
ω̂+ 0 ω̂−
0 ω̂+ −ω̂z

]
ω̂z=0

= i

[
0 ω̂− 0
ω̂+ 0 ω̂−
0 ω̂+ 0

]
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Cor. 3.1.4. [iω̂ · σ(1)]2 = −
[
ω̂z ω̂− 0
ω̂+ 0 ω̂−
0 ω̂+ −ω̂z

]2

= −

 1
2 (ω̂2

z+1) ω̂zω̂− ω̂2
−

ω̂zω̂+ 2ω̂+ω̂− −ω̂zω̂−
ω̂2

+ −ω̂zω̂+
1
2 (ω̂2

z+1)

 ω̂z=0
= −

[ 1
2 0 ω̂2

−
0 1 0

ω̂2
+ 0

1
2

]

Cor. 3.1.5. ei~ω·σ(1) ω̂z=0
= 1 + iω̂ · σ(1)sinω + [iω̂ · σ(1)]2(1− cosω) = 1 + isinω

[
0 ω̂− 0
ω̂+ 0 ω̂−
0 ω̂+ 0

]
− (1− cosω)

[ 1
2 0 ω̂2

−
0 1 0

ω̂2
+ 0

1
2

]

Cor. 3.1.6. ei~ω·σ(1) ω̂z=0
= 1 + isinω

[
0 ω̂− 0
ω̂+ 0 ω̂−
0 ω̂+ 0

]
− (1− cosω)

[ 1
2 0 ω̂2

−
0 1 0

ω̂2
+ 0

1
2

]
=

 1
2 (1+cosω) iω̂−sinω −ω̂2

−(1−cosω)

iω̂+sinω cosω iω̂−sinω

−ω̂2
+(1−cosω) iω̂+sinω

1
2 (1+cosω)


Cor. 3.1.7. ei~ω·σ(1) = exp{i [σ(1)×p̂]z√

1−p̂2
z

arccosp̂z} = 1 + i[σ(1)× p̂]z − [σ(1)× p̂]2z/(1 + p̂z), 0 ≤ arccosp̂z ≤ π

Cor. 3.1.8. σ(1) · p̂ = ei~ω·σ(1)σz(1)e−i~ω·σ(1)

Cor. 3.1.9.

λ(p̂, 1; 1) = ei~ω·σ(1)
[

1
0
0

]
=

[
1
2 (1+cosω)

iω̂+sinω

−ω̂2
+(1−cosω)

]
=

[
1
2 (1+p̂z)

p̂+

p̂2
+/(1+p̂z)

]
= 1

p̂−

 1
2 p̂−(1+p̂z)

p̂+p̂−
1
2 p̂+(1−p̂z)

 , λ(−p̂, 1; 1) = p̂+

p̂−
λ(p̂,−1; 1)

λ(p̂, 0; 1) = ei~ω·σ(1)
[

0
1
0

]
=
[
iω̂−sinω
cosω

iω̂+sinω

]
=

[
−p̂−
p̂z
p̂+

]
, λ(−p̂, 0; 1) = −λ(p̂, 0; 1)

λ(p̂,−1; 1) = ei~ω·σ(1)
[

0
0
1

]
=

[
−ω̂2
−(1−cosω)

iω̂−sinω
1
2 (1+cosω)

]
=

[
p̂2
−/(1+p̂z)

−p̂−
1
2 (1+p̂z)

]
= 1

p̂+

 1
2 p̂−(1−p̂z)

−p̂+p̂−
1
2 p̂+(1+p̂z)

 , λ(−p̂,−1; 1) = p̂−
p̂+
λ(p̂, 1; 1)

3.2 Concrete solution II of helicity σ(1) · p̂ eigenfunctions

Thm. 3.2.1. λ(p̂, h; 1) =
√
C1−h

2 Γ̄(1)

1+h︷ ︸︸ ︷
λ(p̂, 1

2 )⊗ · · ⊗λ(p̂, 1
2 )⊗

1−h︷ ︸︸ ︷
λ(p̂,− 1

2 )⊗ · · ⊗λ(p̂,− 1
2 )

3.3 Verification of orthogonality and completeness of helicity σ(1) · p̂ eigenfunctions

Cor. 3.3.1. λ+(p̂, h; 1)λ(p̂, h′; 1) = δhh′

Cor. 3.3.2. λ(p̂, 1; 1)λ+(p̂, 1; 1) = 1
2

 1
2 (1+cosω)2 −iω̂−sinω(1+cosω) −ω̂2

−sin
2ω

iω̂+sinω(1+cosω) sin2ω −iω̂−sinω(1−cosω)

−ω̂2
+sin

2ω iω̂+sinω(1−cosω)
1
2 (1−cosω)2



Cor. 3.3.3. λ(p̂, 0; 1)λ+(p̂, 0; 1) =

 1
2 sin

2ω iω̂−sinωcosω ω̂2
−sin

2ω

−iω̂+sinωcosω cos2ω −iω̂−sinωcosω
ω̂2

+sin
2ω iω̂+sinωcosω

1
2 sin

2ω



Cor. 3.3.4. λ(p̂,−1; 1)λ+(p̂,−1; 1) = 1
2

 1
2 (1−cosω)2 iω̂−sinω(1−cosω) −ω̂2

−sin
2ω

−iω̂+sinω(1−cosω) sin2ω iω̂−sinω(1+cosω)

−ω̂2
+sin

2ω −iω̂+sinω(1+cosω)
1
2 (1+cosω)2


Cor. 3.3.5.

−1∑
h=1

λ(p̂, h; 1)λ+(p̂, h; 1) = 1

Cor. 3.3.6. λας (p̂,−ς; 1)λ+
α′ς

(p̂,−ς; 1) = 1
2 [(−1)h(2− |h|)[S+

m(1)p̂p̂TSm(1)]AςA′ς + hσk(1)AςA′ς p̂k + |h|δAςA′ς ]

3.4 Orthogonality and completeness of helicity σ(1) · p̂ eigenfunctions

Cor. 3.4.1. λ+(p̂, h; 1)λ(p̂, h′; 1) = δhh′ ,
−1∑
h=1

λ(p̂, h; 1)λ+(p̂, h; 1) = 1,
−1∑
h=1

hλ(p̂, h; 1)λ+(p̂, h; 1) = σ(1) · p̂

3.5 Properties of helicity σ(1) · p̂ eigenfunctions derivative

Cor. 3.5.1. λ(p̂, 1
2 ) = 1√

1+p̂z

[ 1√
2
(1 + p̂z)

p̂+

]
, λ(−p̂, 1

2 ) = 1√
1+p̂z

[
−p̂−

1√
2
(1 + p̂z)

]
Lem. 3.5.1. λ(p̂, 1; 1) = Γ̄(1)λ(p̂, 1

2 )⊗ λ(p̂, 1
2 )

Thm. 3.5.1. ∂̃iλ(p̂, 1; 1) = − δiz+p̂i(2+p̂z)
p(1+p̂z) λ(p̂, 1; 1) + 1

p(1+p̂z)

 (δiz + p̂i)(1 + p̂z)
1√
2
[(δix + iδiy)(1 + p̂z) + (δiz + p̂i)(p̂x + ip̂y)]

(δix + iδiy)(p̂x + ip̂y)
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Proof: ∂̃iλ(p̂, 1; 1) = Γ̄(1)[∂̃iλ(p̂, 1
2 )⊗ λ(p̂, 1

2 ) + λ(p̂, 1
2 )⊗ ∂̃iλ(p̂, 1

2 )]

= − δiz+p̂i(2+p̂z)
p(1+p̂z) λ(p̂, 1; 1) + 1√

2p
√

1+p̂z
Γ̄(1)[

[
δiz + p̂i
δix + iδiy

]
⊗ λ(p̂, 1

2 ) + λ(p̂, 1
2 )⊗

[
δiz + p̂i
δix + iδiy

]
]

= − δiz+p̂i(2+p̂z)
p(1+p̂z) λ(p̂, 1; 1) +

√
2

p
√

1+p̂z
Γ̄(1)

[
δiz + p̂i
δix + iδiy

]
⊗ λ(p̂, 1

2 )

= − δiz+p̂i(2+p̂z)
p(1+p̂z) λ(p̂, 1; 1) + 1

p(1+p̂z) Γ̄(1)

[
δiz + p̂i
δix + iδiy

]
⊗
[

1 + p̂z
p̂x + ip̂y

]

= − δiz+p̂i(2+p̂z)
p(1+p̂z) λ(p̂, 1; 1) + 1

p(1+p̂z)
1√
2

[√
2 0 0 0

0
√

1
√

1 0

0 0 0
√

2

]
(δiz + p̂i)(1 + p̂z)

(δix + iδiy)(1 + p̂z)
(δiz + p̂i)(p̂x + ip̂y)

(δix + iδiy)(p̂x + ip̂y)


= − δiz+p̂i(2+p̂z)

p(1+p̂z) λ(p̂, 1; 1) + 1
p(1+p̂z)

 (δiz + p̂i)(1 + p̂z)
1√
2
[(δix + iδiy)(1 + p̂z) + (δiz + p̂i)(p̂x + ip̂y)]

(δix + iδiy)(p̂x + ip̂y)


Cor. 3.5.2. λ+(p̂,−1; 1)∂̃iλ(p̂, 1; 1) = 0

Proof: λ+(p̂,−1; 1)∂̃iλ(p̂, 1; 1)

= 0 + 1
p̂−

 1
2 p̂+(1−p̂z)

−p̂+p̂−
1
2 p̂−(1+p̂z)

T 1
p(1+p̂z)

 (δiz + p̂i)(1 + p̂z)
1√
2
[(δix + iδiy)(1 + p̂z) + (δiz + p̂i)(p̂x + ip̂y)]

(δix + iδiy)(p̂x + ip̂y)


= 1

2pp̂−(1+p̂z)

[
p̂+(1−p̂z)
−2p̂+p̂−
p̂−(1+p̂z)

]T  (δiz + p̂i)(1 + p̂z)
1√
2
[(δix + iδiy)(1 + p̂z) + (δiz + p̂i)(p̂x + ip̂y)]

(δix + iδiy)(p̂x + ip̂y)


= 1

2pp̂−(1+p̂z)

[
1
1
1

]T  2p̂+p̂−p̂+(δiz + p̂i)

−
√

2p̂+p̂−[(δix + iδiy)(1 + p̂z) + (δiz + p̂i)(p̂x + ip̂y)]√
2p̂+p̂−(1 + p̂z)(δix + iδiy)


= p̂+√

2p(1+p̂z)

[
1
1
1

]T  (p̂x + ip̂y)(δiz + p̂i)
−[(δix + iδiy)(1 + p̂z) + (δiz + p̂i)(p̂x + ip̂y)]

(1 + p̂z)(δix + iδiy)


= 0

Cor. 3.5.3. λ+(p̂, 1; 1)∂̃kλ(p̂, 1; 1) =
−ip̂yδkx+ip̂xδky

p(1+p̂z)

Proof: λ+(p̂, 1; 1)∂̃iλ(p̂, 1; 1)

= − δiz+p̂i(2+p̂z)
p(1+p̂z) + 1

p̂+

 1
2 p̂+(1+p̂z)

p̂+p̂−
1
2 p̂−(1−p̂z)

T 1
p(1+p̂z)

 (δiz + p̂i)(1 + p̂z)
1√
2
[(δix + iδiy)(1 + p̂z) + (δiz + p̂i)(p̂x + ip̂y)]

(δix + iδiy)(p̂x + ip̂y)


= − δiz+p̂i(2+p̂z)

p(1+p̂z) + 1
pp̂+(1+p̂z)

[
1
1
1

]T  1
2 p̂+(1 + p̂z)(δiz + p̂i)(1 + p̂z)

1√
2
p̂+p̂−[(δix + iδiy)(1 + p̂z) + (δiz + p̂i)(p̂x + ip̂y)]

1
2 p̂−(1− p̂z)(δix + iδiy)(p̂x + ip̂y)


= − δiz+p̂i(2+p̂z)

p(1+p̂z) + 1
2p(1+p̂z)

[
1
1
1

]T  (δiz + p̂i)(1 + p̂z)
2

(p̂x − ip̂y)[(δix + iδiy)(1 + p̂z) + (δiz + p̂i)(p̂x + ip̂y)]
(p̂x − ip̂y)(1− p̂z)(δix + iδiy)


= − δiz+p̂i(2+p̂z)

p(1+p̂z) + 1
2p(1+p̂z)

[
1
1
1

]T  (δiz + p̂i)(1 + p̂z)
2

(p̂x − ip̂y)(δix + iδiy)(1 + p̂z) + (δiz + p̂i)(1− p̂2
z)]

(p̂x − ip̂y)(1− p̂z)(δix + iδiy)


= − δiz+p̂i(2+p̂z)

p(1+p̂z) + 1
p(1+p̂z)

[
1
1
1

]T  (δiz + p̂i)(1 + p̂z)
0

(p̂x − ip̂y)(δix + iδiy)


=

(p̂x−ip̂y)(δix+iδiy)+δiz p̂z−p̂i
p(1+p̂z) =

−ip̂yδix+ip̂xδiy
p(1+p̂z)
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3.6 Summary of helicity σ(1) · p̂ eigenfunctions derivative properties

Cor. 3.6.1.

λ+(p̂, 1; 1)∂̃kλ(p̂, 1; 1) =
−ip̂yδkx+ip̂xδky

p(1+p̂z)

λ+(p̂, 1; 1)∂̃kλ(p̂, 0; 1) =
√

2p̂−p̂k+
√

2p̂−δkz−(1+p̂z)(δkx−iδky)√
2p(1+p̂z)

λ+(p̂, 1; 1)∂̃kλ(p̂,−1; 1) = 0

λ+(p̂, 0; 1)∂̃kλ(p̂, 0; 1) = 0

λ+(p̂,−1; 1)∂̃kλ(p̂, 1; 1) = 0

λ+(p̂,−1; 1)∂̃kλ(p̂, 0; 1) = −
√

2p̂+p̂k+
√

2p̂+δkz−(1+p̂z)(δkx+iδky)√
2p(1+p̂z)

λ+(p̂,−1; 1)∂̃kλ(p̂,−1; 1) = −−ip̂yδkx+ip̂xδky
p(1+p̂z)

4 Analysis of helicity γ · p̂ eigenfunctions
4.1 Helicity γ · p̂ eigenfunctions

Cor. 4.1.1. Sm(1) = 1√
2

[
i 0 −i
−1 0 −1

0 −i
√

2 0

]
, S+
m(1) = 1√

2

[
−i −1 0

0 0 i
√

2
i −1 0

]
, Sm(1)S+

m(1) = S+
m(1)Sm(1) = I3

Cor. 4.1.2.



λ(p̂, 1; 1) = ei~ω·σ(1)
[

1
0
0

]
=

[
1
2 (1+cosω)

iω̂+sinω

−ω̂2
+(1−cosω)

]
=

[
1
2 (1+p̂z)

p̂+

p̂2
+/(1+p̂z)

]
= 1

p̂−

 1
2 p̂−(1+p̂z)

p̂+p̂−
1
2 p̂+(1−p̂z)

 , λ(−p̂, 1; 1) = p̂+

p̂−
λ(p̂,−1; 1)

λ(p̂, 0; 1) = ei~ω·σ(1)
[

0
1
0

]
=
[
iω̂−sinω
cosω

iω̂+sinω

]
=

[
−p̂−
p̂z
p̂+

]
, λ(−p̂, 0; 1) = −λ(p̂, 0; 1)

λ(p̂,−1; 1) = ei~ω·σ(1)
[

0
0
1

]
=

[
−ω̂2
−(1−cosω)

iω̂−sinω
1
2 (1+cosω)

]
=

[
p̂2
−/(1+p̂z)

−p̂−
1
2 (1+p̂z)

]
= 1

p̂+

 1
2 p̂−(1−p̂z)

−p̂+p̂−
1
2 p̂+(1+p̂z)

 , λ(−p̂,−1; 1) = p̂−
p̂+
λ(p̂, 1; 1)

Cor. 4.1.3. γ · p̂λm(p̂, h; 1) = hλm(p̂, h; 1), λm(p̂, h; 1) = Sm(1)λ(p̂, h; 1), h = −1, 0, 1

Cor. 4.1.4.



λm(p̂, 1; 1) = Sm(1)λ(p̂, 1; 1) = ei~ω·γ 1√
2

[
i
−1
0

]
= 1

2p̂−

[
i(p̂xp̂z−ip̂y)
−1(p̂x−ip̂y p̂z)
−2i(p̂+p̂−)

]
, λm(−p̂, 1; 1) = p̂+

p̂−
λm(p̂,−1; 1)

λm(p̂, 0; 1) = Sm(1)λ(p̂, 0; 1) = ei~ω·γ
[

0
0
−i

]
= −i

[
p̂x
p̂y
p̂z

]
= −ip̂, λm(−p̂, 0; 1) = −λm(p̂, 0; 1)

λm(p̂,−1; 1) = Sm(1)λ(p̂,−1; 1) = ei~ω·γ 1√
2

[ −i
−1
0

]
= 1

2p̂+

[ −i(p̂xp̂z+ip̂y)
−1(p̂x+ip̂y p̂z)

2i(p̂+p̂−)

]
, λm(−p̂,−1; 1) = p̂−

p̂+
λm(p̂, 1; 1)

Cor. 4.1.5. γ · p̂ = ei~ω·γγze
−i~ω·γ

Lem. 4.1.1. λ+
m(−p̂, 1; 1)

[
−p̂z
−i
p̂x

]
= 0, λ+

m(−p̂, 1; 1)

[
i
−p̂z
p̂y

]
= 0, λ+

m(−p̂,−1; 1)

[
−p̂z
i
p̂x

]
= 0, λ+

m(−p̂,−1; 1)

[
−i
−p̂z
p̂y

]
= 0

Cor. 4.1.6.



λm(p̂, 1; 1) = 1
2p̂−
{−ip̂x

[
−p̂z
−i
p̂x

]
− ip̂y

[
i
−p̂z
p̂y

]
}

λm(p̂, 0; 1) = −i
[
p̂x
p̂y
p̂z

]
= −ip̂

λm(p̂,−1; 1) = 1
2p̂+
{ip̂x

[
−p̂z
i
p̂x

]
+ ip̂y

[
−i
−p̂z
p̂y

]
}

Cor. 4.1.7.


λm(

[
0
0
1

]
, 1; 1) = 1√

2

[
i
−1
0

]
λm(

[
0
0
1

]
, 0; 1) =

[
0
0
−i

]
λm(

[
0
0
1

]
,−1; 1) = 1√

2

[ −i
−1
0

]
4.2 Basic properties of helicity γ · p̂ eigenfunctions

Cor. 4.2.1. λm(p̂,−1; 1) = λ∗m(p̂, 1; 1), λm(p̂, 0; 1) = −λ∗m(p̂, 0; 1), λm(p̂, 1; 1) = λ∗m(p̂,−1; 1)

Cor. 4.2.2.
λm(p̂,−1; 1)× λm(p̂, 0; 1) = −λm(p̂,−1; 1), λm(p̂, 0; 1)× λm(p̂, 1; 1) = −λm(p̂, 1; 1), λm(p̂, 1; 1)× λm(p̂,−1; 1) = λm(p̂, 0; 1),

λm(p̂, ς; 1) · λm(p̂, ς; 1) = 0, λm(p̂, 0; 1) · λm(p̂, ς; 1) = 0, λm(p̂, h; 1)× λm(p̂, h; 1) = 0

λm(p̂, 0; 1) · λm(p̂, 0; 1) = −1, λm(p̂, ς; 1) · λm(p̂,−ς; 1) = 1

4.3 Orthogonality and completeness ofhelicity γ · p̂ eigenfunctions

Cor. 4.3.1. λ+
m(p̂, h)λm(p̂, h′) = δhh′ ,

−1∑
h=1

λm(p̂, h)λ+
m(p̂, h) = 1,

−1∑
h=1

hλm(p̂, h)λ+
m(p̂, h) = γ · p̂
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4.4 Complex properties of helicity γ · p̂ eigenfunctions

Cor. 4.4.1.



γλm(p̂, 1; 1) = 1
2p̂−

γ

[
i(p̂xp̂z−ip̂y)
−1(p̂x−ip̂y p̂z)
−2i(p̂+p̂−)

]
= 1

2p̂−
{
[

0
−2(p̂+p̂−)
−i(p̂x−ip̂y p̂z)

]
,

[
2(p̂+p̂−)

0
(p̂xp̂z−ip̂y)

]
,

[
i(p̂x−ip̂y p̂z)
−1(p̂xp̂z−ip̂y)

0

]
}

γλm(p̂, 0; 1) = −iγ
[
p̂x
p̂y
p̂z

]
= {
[

0
−p̂z
p̂y

]
,
[ p̂z

0
−p̂x

]
,

[
−p̂y
p̂x
0

]
}

γλm(p̂,−1; 1) = 1
2p̂+

γ

[ −i(p̂xp̂z+ip̂y)
−1(p̂x+ip̂y p̂z)

2i(p̂+p̂−)

]
= 1

2p̂+
{
[

0
2(p̂+p̂−)

−i(p̂x+ip̂y p̂z)

]
,

[
−2(p̂+p̂−)

0
−(p̂xp̂z+ip̂y)

]
,

[
i(p̂x−ip̂y p̂z)
1(p̂xp̂z+ip̂y)

0

]
}

Cor. 4.4.2.


λ+
m(p̂, 1; 1)γλm(p̂, 1; 1) = {p̂x, p̂y, p̂z} = 1 · p̂
λ+
m(p̂, 0; 1)γλm(p̂, 0; 1) = {0, 0, 0} = 0 · p̂
λ+
m(p̂,−1; 1)γλm(p̂,−1; 1) = {−p̂x,−p̂y,−p̂z} = −1 · p̂


λ+
m(−p̂, 1; 1)γλm(p̂, 1; 1) = 0

λ+
m(−p̂, 0; 1)γλm(p̂, 0; 1) = 0

λ+
m(−p̂,−1; 1)γλm(p̂,−1; 1) = 0

Cor. 4.4.3. λ+
m(p̂, h)γλm(p̂, h) = h{p̂x, p̂y, p̂z} = hp̂, λ+

m(−p̂, h)γλm(p̂, h) = 0, λ+
m(p̂,−h)γλm(p̂, h) = 0

Cor. 4.4.4. σabαςα′ςpapb = −2|~p|2λmας (p̂,−ς; 1)λ+
mα′ς

(p̂,−ς; 1)

Proof: σabαςα′ςpapb

= pαςpα′ς + ςγkαςα′ςpk|~p| − δαςα′ς |~p|
2

= pαςpα′ς + ς|~p|γkας βςpkδβςα′ς − δαςα′ς |~p|
2

= λmας (p̂, 0; 1)λ+
mα′ς

(p̂, 0; 1)|~p|2 + ς|~p|γkας βςpk
−1∑
h=1

λmβς (p̂, h)λ+
mα′ς

(p̂, h)− δαςα′ς |~p|
2

= λmας (p̂, 0; 1)λ+
mα′ς

(p̂, 0; 1)|~p|2 + ς|~p|[ς|~p|λmβς (p̂, ς; 1)λ+
mα′ς

(p̂, ς; 1)− ς|~p|λmβς (p̂,−ς; 1)λ+
mα′ς

(p̂,−ς; 1)]− δαςα′ς |~p|
2

= |~p|2
−1∑
h=1

λmας (p̂, h)λ+
mα′ς

(p̂, h)− δαςα′ς |~p|
2 − 2|~p|2λmας (p̂,−ς; 1)λ+

mα′ς
(p̂,−ς; 1)

= −2|~p|2λmας (p̂,−ς; 1)λ+
mα′ς

(p̂,−ς; 1)

Cor. 4.4.5. λmας (p̂, h)λ+
mα′ς

(p̂, h) = 1
2 [(−1)h(2− |h|)p̂ας p̂α′ς + hγkαςα′ς p̂k + |h|δαςα′ς ]

Cor. 4.4.6.


λmας (p̂, 1; 1)λ+

mα′ς
(p̂, 1; 1) = 1

2 (−p̂ας p̂α′ς + γkαςα′ς p̂k + δαςα′ς )

λmας (p̂, 0; 1)λ+
mα′ς

(p̂, 0; 1) = p̂ας p̂α′ς
λmας (p̂,−1; 1)λ+

mα′ς
(p̂,−1; 1) = 1

2 (−p̂ας p̂α′ς − γ
k
αςα′ς

p̂k + δαςα′ς )

4.5 Derivative properties 1 of helicity γ · p̂ eigenfunctions

Lem. 4.5.1. λ+
m(−p̂, 1; 1)

[
−p̂z
−i
p̂x

]
= 0, λ+

m(−p̂, 1; 1)

[
i
−p̂z
p̂y

]
= 0, λ+

m(−p̂,−1; 1)

[
−p̂z
i
p̂x

]
= 0, λ+

m(−p̂,−1; 1)

[
−i
−p̂z
p̂y

]
= 0

Lem. 4.5.2.



∂̃kλm(p̂, 1; 1) = 1
2p−

−ip̂x(p̂kp̂z−δkz)+iδkx(p̂z−
p̂xp̂z−ip̂y
p̂x−ip̂y )+δky(1−

p̂xp̂z−ip̂y
p̂x−ip̂y )

−ip̂y(p̂kp̂z−δkz)−δkx(1−
p̂x−ip̂y p̂z
p̂x−ip̂y )+iδky(p̂z−

p̂x−ip̂y p̂z
p̂x−ip̂y )

ip̂k(p̂2
x+p̂2

y)−i(p̂x−ip̂y)(δkx+iδky)


∂̃kλm(p̂,−1; 1) = 1

2p+

 ip̂x(p̂kp̂z−δkz)−iδkx(p̂z−
p̂xp̂z+ip̂y
p̂x+ip̂y

)+δky(1−
p̂xp̂z+ip̂y
p̂x+ip̂y

)

+ip̂y(p̂kp̂z−δkz)−δkx(1−
p̂x+ip̂y p̂z
p̂x+ip̂y

)−iδky(p̂z−
p̂x+ip̂y p̂z
p̂x+ip̂y

)

−ip̂k(p̂2
x+p̂2

y)+i(p̂x+ip̂y)(δkx−iδky)


Proof: ∂̃kλm(p̂, 1; 1) = ∂̃k

1
2pp−

[
i(pxpz−ippy)
−1(ppx−ipypz)
−2i(p+p−)

]
= (2pp−∂̃k

1
2pp−

) 1
2pp−

[
i(pxpz−ippy)
−1(ppx−ipypz)
−2i(p+p−)

]
+ 1

2pp−
∂̃k

[
i(pxpz−ippy)
−1(ppx−ipypz)
−2i(p+p−)

]
= − 1

2p−
[2p̂kp̂− +

√
2(δkx − iδky)]λm(p̂, 1; 1) + 1

2p−

[
i(δkxp̂z+p̂xδkz−iδky−ip̂kp̂y)

−1(p̂kp̂x+δkx−iδky p̂z−ip̂yδkz)

−2i(p̂xδkx+p̂yδky)

]
= − 1

2p−
[2p̂kp̂− +

√
2(δkx − iδky)] 1

2p̂−

[
i(p̂xp̂z−ip̂y)
−1(p̂x−ip̂y p̂z)
−2i(p̂+p̂−)

]
+ 1

2p−

[
i(δkxp̂z+p̂xδkz−iδky−ip̂kp̂y)

−1(p̂kp̂x+δkx−iδky p̂z−ip̂yδkz)

−2i(p̂xδkx+p̂yδky)

]
= − 1

2p−
[p̂k + 1√

2p̂−
(δkx − iδky)]

[
i(p̂xp̂z−ip̂y)
−1(p̂x−ip̂y p̂z)
−2i(p̂+p̂−)

]
+ 1

2p−

[
i(δkxp̂z+p̂xδkz−iδky−ip̂kp̂y)

−1(p̂kp̂x+δkx−iδky p̂z−ip̂yδkz)

−2i(p̂xδkx+p̂yδky)

]

= 1
2p−

−ip̂x(p̂kp̂z−δkz)+iδkx(p̂z−
p̂xp̂z−ip̂y
p̂x−ip̂y )+δky(1−

p̂xp̂z−ip̂y
p̂x−ip̂y )

−ip̂y(p̂kp̂z−δkz)−δkx(1−
p̂x−ip̂y p̂z
p̂x−ip̂y )+iδky(p̂z−

p̂x−ip̂y p̂z
p̂x−ip̂y )

ip̂k(p̂2
x+p̂2

y)−i(p̂x−ip̂y)(δkx+iδky)
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Cor. 4.5.1.



∂̃xλm(p̂,−ς; 1) = 1
2p+ς
{iςp̂xp̂z

[
p̂x
p̂y
p̂z

]
+ iς

[
−p̂z
iς
p̂x

]
−
√

2λm(p̂,−ς; 1)}

∂̃yλm(p̂,−ς; 1) = 1
2p+
{iςp̂yp̂z

[
p̂x
p̂y
p̂z

]
+ iς

[
−iς
−p̂z
p̂y

]
− iς
√

2λm(p̂,−ς; 1)}

∂̃zλm(p̂,−ς; 1) = −iςp−ς
[
p̂x
p̂y
p̂z

]

Cor. 4.5.2. λ+
m(p̂,−ς; 1) = 1

2p̂−ς

[
iς(p̂xp̂z−iςp̂y)
−1(p̂x−iςp̂y p̂z)
−2iς(p̂+p̂−)

]
, λm(p̂,−ς; 1) = 1

2p̂+ς

[−iς(p̂xp̂z+iςp̂y)
−1(p̂x+iςp̂y p̂z)

2iς(p̂+p̂−)

]
Cor. 4.5.3. λ+

m(p̂,−ς; 1)∂̃xλm(p̂,−ς; 1) =
iςp̂y

p(1+p̂z) , λ
+
m(p̂,−ς; 1)∂̃yλm(p̂,−ς; 1) = −iςp̂x

p(1+p̂z) , λ
+
m(p̂,−ς; 1)∂̃zλm(p̂,−ς; 1) =

0
λ+
m(p̂,−ς; 1)p̂ · ∇̃λm(p̂,−ς; 1) = 0

Cor. 4.5.4.



λ+
m(p̂, 1; 1)∂̃kλm(p̂, 1; 1) =

−ip̂yδkx+ip̂xδky
p(1+p̂z)

λ+
m(p̂,−1; 1)∂̃kλm(p̂,−1; 1) = −−ip̂yδkx+ip̂xδky

p(1+p̂z)

λ+
m(p̂, 0; 1)∂̃kλm(p̂, 0; 1) = 0

λ+
m(p̂,−1; 1)∂̃kλm(p̂, 1; 1) = 0

λ+
m(p̂, 1; 1)∂̃kλm(p̂,−1; 1) = 0

4.6 Derivative properties 2 helicity γ · p̂ eigenfunctions?

Cor. 4.6.1.



(γy∂̃z − γz∂̃y)λm(p̂,−ς; 1) = ς
2p+ς
{p̂xp̂z p̂−

[
−p̂z
iς
p̂x

]
+ i
√

2γzλm(p̂,−ς; 1)}

(γz∂̃x − γx∂̃z)λm(p̂,−ς; 1) = ς
2p+ς
{p̂yp̂z p̂−

[
−iς
−p̂z
p̂y

]
− ς
√

2γzλm(p̂,−ς; 1)}

(γx∂̃y − γy∂̃x)λm(p̂,−ς; 1) = ς
2p+ς
{p̂z p̂z p̂+

[
p̂x
p̂y
p̂z

]
− i
√

2(γx + iςγy)λm(p̂,−ς; 1)}

Cor. 4.6.2.


λ+
m(p̂,−ς; 1)(γx∂̃y − γy∂̃x)λm(p̂,−ς; 1) = ip̂z

p(1+p̂z) + i
p(1+p̂z)

λ+
m(p̂,−ς; 1)(γy∂̃z − γz∂̃y)λm(p̂,−ς; 1) = ip̂x

p(1+p̂z)

λ+
m(p̂,−ς; 1)(γz∂̃x − γx∂̃z)λm(−p̂,−ς; 1) =

ip̂y
p(1+p̂z)

Cor. 4.6.3. λ+
m(−p̂,−ς; 1)(γi∂̃j − γj ∂̃i)λm(p̂,−ς; 1) = 0, λ+

m(p̂,−ς; 1)(γi∂̃j − γj ∂̃i)λm(−p̂,−ς; 1) = 0

Cor. 4.6.4.
{
∂̃kλm(p̂, 1; 1)|p̂z→1 = 0

5 Analysis of helicity σ(2) · p̂ eigenfunctions
5.1 Spin-2 Lorentz transformation eiω·σ(2)

Cor. 5.1.1. σ(2) = ( 1√
2

 0
√

2 0 0 0√
2 0

√
3 0 0

0
√

3 0
√

3 0

0 0
√

3 0
√

2

0 0 0
√

2 0

 , i√
2

 0 −
√

2 0 0 0√
2 0 −

√
3 0 0

0
√

3 0 −
√

3 0

0 0
√

3 0 −
√

2

0 0 0
√

2 0

 ,[ 2 0 0 0 0
0 1 0 0 0
0 0 0 0 0
0 0 0 −1 0
0 0 0 0 −2

]
)

Cor. 5.1.2. σ(2) · p̂λ(p̂, h) = hλ(p̂, s), h = −2,−1, 0, 1, 2

Cor. 5.1.3. e
~ϑ·Ω̄(2) = 1 + ( sinh

√
~ϑ2√

~ϑ2
)(1− 2

3sinh
2 1

2

√
~ϑ2)[~ϑ · Ω̄(2)] + 2(

sinh
1
2

√
~ϑ2

√
~ϑ2

)2(1− 1
3sinh

2 1
2

√
~ϑ2)[~ϑ · Ω̄(2)]2

+ 2
3 ( sinh

√
~ϑ2√

~ϑ2
)(
sinh

1
2

√
~ϑ2

√
~ϑ2

)2[~ϑ · Ω̄(2)]3 + 2
3 (
sinh

1
2

√
~ϑ2

√
~ϑ2

)4[~ϑ · Ω̄(2)]4

Cor. 5.1.4. eiω·σ(2) = 1 + isinω(1 + 2
3sin

2 ω
2 )[ω̂ · σ(2)]− 2sin2 ω

2 (1 + 1
3sin

2 ω
2 )[ω̂ · σ(2)]2 − 2

3 isinωsin
2 ω

2 [ω̂ · σ(2)]3

+ 2
3sin

4 ω
2 [ω̂ · σ(2)]4

Cor. 5.1.5.

eiω·σ(2) = 1 + isinω[ω̂ · σ(2)]− 2sin2 ω
2 [ω̂ · σ(2)]2 + 2

3sin
2 ω

2 [isinω[ω̂ · σ(2)]− sin2 ω
2 [ω̂ · σ(2)]2][1− [ω̂ · σ(2)]2]

Cor. 5.1.6.

eiω·σ(1) = 1 + isinω[ω̂ · σ(1)]− 2sin2 ω
2 [ω̂ · σ(1)]2 + 2

3sin
2 ω

2 [isinω[ω̂ · σ(1)]− sin2 ω
2 [ω̂ · σ(1)]2][1− [ω̂ · σ(1)]2]

= 1 + iω̂ · σ(1)sinω + (1− cosω)[iω̂ · σ(1)]2

Cor. 5.1.7.

eiω·σ = 1 + isinω(ω̂ · σ)− 2sin2 ω
2 (ω̂ · σ)2 + 2

3sin
2 ω

2 [isinω(ω̂ · σ)− sin2 ω
2 (ω̂ · σ)2][1− (ω̂ · σ)2] = cosω + isinω(ω̂ · σ)
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Cor. 5.1.8. eiω·σ(2) = 1 + isinω[ω̂ · σ(2)]− (1− cosω)[ω̂ · σ(2)]2 + 1
6 (1− cosω)[2isinω[ω̂ · σ(2)]

− (1− cosω)[ω̂ · σ(2)]2][1− [ω̂ · σ(2)]2]

Cor. 5.1.9. eiω·σ(2) = 1 + [iσ(2)× p̂]z +
[iσ(2)×p̂]2z

1+p̂z
+ 1

6 [2[iσ(2)× p̂]z +
[iσ(2)×p̂]2z

1+p̂z
][(1− p̂z) +

[iσ(2)×p̂]2z
1+p̂z

]

Cor. 5.1.10. σ(2) · p̂ = ei~ω·σ(2)σz(2)e−i~ω·σ(2)

5.2 Concrete solution I of helicity σ(2) · p̂ eigenfunctions

Cor. 5.2.1.

[iσ(2)× p̂]z =


0 −

√
2p̂− 0 0 0√

2p̂+ 0 −
√

3p̂− 0 0

0
√

3p̂+ 0 −
√

3p̂− 0

0 0
√

3p̂+ 0 −
√

2p̂−

0 0 0
√

2p̂+ 0

 , [iσ(2)× p̂]2z =


−2p̂+p̂− 0

√
6p̂2
− 0 0

0 −5p̂+p̂− 0 3p̂2
− 0

√
6p̂2

+ 0 −6p̂+p̂− 0
√

6p̂2
−

0 3p̂2
+ 0 −5p̂+p̂− 0

0 0
√

6p̂2
+ 0 −2p̂+p̂−



Cor. 5.2.2. [iσ(2)× p̂]4z =


10p̂2

+p̂
2
− 0 −8

√
6p̂+p̂

3
− 0 6p̂4

−

0 34p̂2
+p̂

2
− 0 −30p̂+p̂

3
− 0

−8
√

6p̂3
+p̂− 0 48p̂2

+p̂
2
− 0 −8

√
6p̂+p̂

3
−

0 −30p̂3
+p̂− 0 34p̂2

+p̂
2
− 0

6p̂4
+ 0 −8

√
6p̂3

+p̂− 0 10p̂2
+p̂

2
−



Cor. 5.2.3. [iσ(2)× p̂]z +
[iσ(2)×p̂]2z

1+p̂z
= 1

1+p̂z


−2p̂+p̂− −

√
2p̂−(1+p̂z)

√
6p̂2
− 0 0

√
2p̂+(1+p̂z) −5p̂+p̂− −

√
3p̂−(1+p̂z) 3p̂2

− 0
√

6p̂2
+

√
3p̂+(1+p̂z) −6p̂+p̂− −

√
3p̂−(1+p̂z)

√
6p̂2
−

0 −3p̂2
+

√
3p̂+(1+p̂z) −5p̂+p̂− −

√
2p̂−(1+p̂z)

0 0
√

6p̂2
+

√
2p̂+(1+p̂z) −2p̂+p̂−


Cor. 5.2.4.

1
6 [2[iσ(2)× p̂]z +

[iσ(2)×p̂]2z
1+p̂z

] = 1
6

1
1+p̂z


−2p̂+p̂− −2

√
2p̂−(1+p̂z)

√
6p̂2
− 0 0

2
√

2p̂+(1+p̂z) −5p̂+p̂− −2
√

3p̂−(1+p̂z) −3p̂2
− 0

√
6p̂2

+ 2
√

3p̂+(1+p̂z) −6p̂+p̂− −2
√

3p̂−(1+p̂z)
√

6p̂2
−

0 3p̂2
+ 2

√
3p̂+(1+p̂z) −5p̂+p̂− −2

√
2p̂−(1+p̂z)

0 0
√

6p̂2
+ 2

√
2p̂+(1+p̂z) −2p̂+p̂−



Cor. 5.2.5. [(1− p̂z) +
[iσ(2)×p̂]2z

1+p̂z
] = 1

1+p̂z


0 0

√
6p̂2
− 0 0

0 −3p̂+p̂− 0 3p̂2
− 0

√
6p̂2

+ 0 −4p̂+p̂− 0
√

6p̂2
−

0 3p̂2
+ 0 −3p̂+p̂− 0

0 0
√

6p̂2
+ 0 0


Cor. 5.2.6. 1

6 [2[iσ(2)× p̂]z +
[iσ(2)×p̂]2z

1+p̂z
][(1− p̂z) +

[iσ(2)×p̂]2z
1+p̂z

]

= 1
(1+p̂z)2


p̂2

+p̂
2
−

√
2p̂+p̂

2
−(1+p̂z) −

√
6p̂+p̂

3
− −2

√
2p̂3
−(1+p̂z) p̂4

−

−
√

2p̂2
+p̂−(1+p̂z) 4p̂2

+p̂
2
− 2

√
3p̂+p̂

2
−(1+p̂z) −4p̂+p̂

3
− −

√
2p̂3
−(1+p̂z)

−
√

6p̂3
+p̂− −2

√
3p̂2

+p̂−(1+p̂z) 6p̂2
+p̂

2
− 2

√
3p̂+p̂

2
−(1+p̂z) −

√
6p̂+p̂

3
−√

2p̂3
+(1+p̂z) −4p̂3

+p̂− −2
√

3p̂2
+p̂−(1+p̂z) 4p̂2

+p̂
2
−

√
2p̂+p̂

2
−(1+p̂z)

p̂4
+

√
2p̂3

+(1+p̂z) −
√

6p̂3
+p̂− −

√
2p̂2

+p̂−(1+p̂z) p̂2
+p̂

2
−


Cor. 5.2.7. eiω·σ(2) ωz=0

= 1 + [iσ(2)× p̂]z +
[iσ(2)×p̂]2z

1+p̂z
+ 1

6 [2[iσ(2)× p̂]z +
[iσ(2)×p̂]2z

1+p̂z
][(1− p̂z) +

[iσ(2)×p̂]2z
1+p̂z

]

=



1
4 (1+p̂z)2 − 1√

2
p̂−(1+p̂z)

√
6

2 p̂2
− −

√
2p̂3
−/(1+p̂z) p̂4

−/(1+p̂z)2

1√
2
p̂+(1+p̂z)

1
2 (1+p̂z)(2p̂z−1) −

√
3p̂−p̂z p̂

2
−(2p̂z+1)/(1+p̂z) −

√
2p̂3
−/(1+p̂z)

√
6

2 p̂2
+

√
3p̂+p̂z

1
2 (3p̂2

z−1) −
√

3p̂−p̂z

√
6

2 p̂2
−

√
2p̂3

+/(1+p̂z) p̂2
+(2p̂z+1)/(1+p̂z)

√
3p̂+p̂z

1
2 (1+p̂z)(2p̂z−1) − 1√

2
p̂−(1+p̂z)

p̂4
+/(1+p̂z)2

√
2p̂3

+/(1+p̂z)

√
6

2 p̂2
+

1√
2
p̂+(1+p̂z)

1
4 (1+p̂z)2



Cor. 5.2.8. e−iω·σ(2) ωz=0
=



1
4 (1+p̂z)2 1√

2
p̂−(1+p̂z)

√
6

2 p̂2
−

√
2p̂3
−/(1+p̂z) p̂4

−/(1+p̂z)2

− 1√
2
p̂+(1+p̂z)

1
2 (1+p̂z)(2p̂z−1)

√
3p̂−p̂z p̂2

−(2p̂z+1)/(1+p̂z)
√

2p̂3
−/(1+p̂z)

√
6

2 p̂2
+ −

√
3p̂+p̂z

1
2 (3p̂2

z−1)
√

3p̂−p̂z

√
6

2 p̂2
−

−
√

2p̂3
+/(1+p̂z) p̂2

+(2p̂z+1)/(1+p̂z) −
√

3p̂+p̂z
1
2 (1+p̂z)(2p̂z−1)

1√
2
p̂−(1+p̂z)

p̂4
+/(1+p̂z)2 −

√
2p̂3

+/(1+p̂z)

√
6

2 p̂2
+ − 1√

2
p̂+(1+p̂z)

1
4 (1+p̂z)2
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5.3 Helicity σ(2) · p̂ eigenfunctions

Cor. 5.3.1.

λ(p̂, 2; 2) :=


1
4 (1+p̂z)2

1√
2
p̂+(1+p̂z)
√

6
2 p̂2

+√
2p̂3

+/(1+p̂z)

p̂4
+/(1+p̂z)2

 , λ(p̂,−2; 2) :=


p̂4
−/(1+p̂z)2

−
√

2p̂3
−/(1+p̂z)
√

6
2 p̂2
−

− 1√
2
p̂−(1+p̂z)

1
4 (1+p̂z)2

 ,


λ(p̂, 2; 2) =
p̂2

+

p̂2
−
λ(−p̂,−2)

λ(−p̂, 2; 2) =
p̂2

+

p̂2
−
λ(p̂,−2)

λ(p̂,−2; 2) =
p̂2
−
p̂2

+
λ(−p̂, 2)

λ(−p̂,−2; 2) =
p̂2
−
p̂2

+
λ(p̂, 2)

Cor. 5.3.2.

λ(p̂, 1; 2) :=


− 1√

2
p̂−(1+p̂z)

1
2 (1+p̂z)(2p̂z−1)
√

3p̂+p̂z
p̂2

+(2p̂z+1)/(1+p̂z)
√

2p̂3
+/(1+p̂z)

 , λ(p̂,−1; 2) :=


−
√

2p̂3
−/(1+p̂z)

p̂2
−(2p̂z+1)/(1+p̂z)

−
√

3p̂−p̂z
1
2 (1+p̂z)(2p̂z−1)

1√
2
p̂+(1+p̂z)

 ,

λ(p̂, 1; 2) = − p̂+

p̂−
λ(−p̂,−1; 2)

λ(−p̂, 1; 2) = − p̂+

p̂−
λ(p̂,−1; 2)

λ(p̂,−1; 2) = − p̂−p̂+
λ(−p̂, 1; 2)

λ(−p̂,−1; 2) = − p̂−p̂+
λ(p̂, 1; 2)

Cor. 5.3.3.

λ(p̂, 0; 2) :=


√

6
2 p̂2
−

−
√

3p̂−p̂z
1
2 (3p̂2

z−1)
√

3p̂+p̂z√
6

2 p̂2
+

 ,
{
λ(p̂, 0; 2) = λ(−p̂, 0; 2)

λ(−p̂, 0; 2) = λ(p̂, 0; 2)

Cor. 5.3.4.

λ(p̂, 2; 2)λ+(p̂, 2; 2) =


1
4 (1+p̂z)2

1√
2
p̂+(1+p̂z)
√

6
2 p̂2

+√
2p̂3

+/(1+p̂z)

p̂4
+/(1+p̂z)2

 =


1
16 (1+p̂z)4

√
2

8 p̂−(1+p̂z)3

√
6

8 p̂2
−(1+p̂z)2

√
2

4 p̂3
−(1+p̂z)

1
4 p̂

4
−

0
1
2 p̂+p̂−(1+p̂z)2

√
3

2 p̂+p̂
2
−(1+p̂z) p̂+p̂

3
−

√
2

2 p̂+p̂
4
−/(1+p̂z)

0 0 0 0 0
0 0 0 0 0
0 0 0 0 0


5.4 Concrete solution II of helicity σ(2) · p̂ eigenfunctions

Thm. 5.4.1. λ(p̂, h; 2) =
√
C2−h

4 Γ̄( 5
2 )

2+h︷ ︸︸ ︷
λ(p̂, 1

2 )⊗ · · ⊗λ(p̂, 1
2 )⊗

2−h︷ ︸︸ ︷
λ(p̂,− 1

2 )⊗ · · ⊗λ(p̂,− 1
2 )

5.5 Orthogonality and completeness of helicity σ(2) · p̂ eigenfunctions

Cor. 5.5.1. λ+(p̂, h; 2)λ(p̂, h′; 2) = δhh′ ,
−2∑
h=2

λ(p̂, h; 2)λ+(p̂, h; 2) = 1,
−2∑
h=2

hλ(p̂, h; 2)λ+(p̂, h; 2) = σ(2) · p̂

5.6 Summary of derivative properties of helicity σ(2) · p̂ eigenfunctions

Cor. 5.6.1.

λ+(p̂, 2; 2)∂̃kλ(p̂, 2; 2) = 2
−ip̂yδkx+ip̂xδky

p(1+p̂z)

λ+(p̂, 1; 2)∂̃kλ(p̂, 1; 2) =
−ip̂yδkx+ip̂xδky

p(1+p̂z)

λ+(p̂, 0; 2)∂̃kλ(p̂, 0; 2) = 0

λ+(p̂,−1; 2)∂̃kλ(p̂,−1; 2) = −−ip̂yδkx+ip̂xδky
p(1+p̂z)

λ+(p̂,−2; 2)∂̃kλ(p̂,−2; 2) = −2
−ip̂yδkx+ip̂xδky

p(1+p̂z)



λ+(p̂,−2; 2)∂̃kλ(p̂, 2; 2) = 0

λ+(p̂,−1; 2)∂̃kλ(p̂, 1; 2) = 0

λ+(p̂, 0; 2)∂̃kλ(p̂, 0; 2) = 0

λ+(p̂, 1; 2)∂̃kλ(p̂,−1; 2) = 0

λ+(p̂, 2; 2)∂̃kλ(p̂,−2; 2) = 0

Cor. 5.6.2.

λ+(p̂, 2; 2)∂̃kλ(p̂, 2; 2) = 2
−ip̂yδkx+ip̂xδky

p(1+p̂z)

λ+(p̂, 1; 2)∂̃kλ(p̂, 2; 2)

= − (p̂i+δiz)(p̂x+ip̂y)−(1+p̂z)(δix+iδiy)
p(1+p̂z)

λ+(p̂, 0; 2)∂̃kλ(p̂, 2; 2) = 0

λ+(p̂,−1; 2)∂̃kλ(p̂, 2; 2) = 0

λ+(p̂,−2; 2)∂̃kλ(p̂, 2; 2) = 0



λ+(p̂, 2; 2)∂̃kλ(p̂, 1; 2) =
(p̂i+δiz)(p̂x−ip̂y)−(1+p̂z)(δix−iδiy)

p(1+p̂z)

λ+(p̂, 1; 2)∂̃kλ(p̂, 1; 2) =
−ip̂yδkx+ip̂xδky

p(1+p̂z)

λ+(p̂, 0; 2)∂̃kλ(p̂, 1; 2) = −
√

6
2

(p̂i+δiz)(p̂x+ip̂y)−(1+p̂z)(δix+iδiy)
p(1+p̂z)

λ+(p̂,−1; 2)∂̃kλ(p̂, 1; 2) = 0

λ+(p̂,−2; 2)∂̃kλ(p̂, 1; 2) = 0

Cor. 5.6.3.

λ+(p̂, 2; 2)∂̃kλ(p̂, 0; 2) = 0

λ+(p̂, 1; 2)∂̃kλ(p̂, 0; 2) =
√

6
2

(p̂i+δiz)(p̂x−ip̂y)−(1+p̂z)(δix−iδiy)
p(1+p̂z)

λ+(p̂, 0; 2)∂̃kλ(p̂, 0; 2) = 0

λ+(p̂,−1; 2)∂̃kλ(p̂, 0; 2) = −
√

6
2

(p̂i+δiz)(p̂x+ip̂y)−(1+p̂z)(δix+iδiy)
p(1+p̂z)

λ+(p̂,−2; 2)∂̃kλ(p̂, 0; 2) = 0
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Cor. 5.6.4.

λ+(p̂, 2; 2)∂̃kλ(p̂,−1; 2) = 0

λ+(p̂, 1; 2)∂̃kλ(p̂,−1; 2) = 0

λ+(p̂, 0; 2)∂̃kλ(p̂,−1; 2) =
√

6
2

(p̂i+δiz)(p̂x−ip̂y)−(1+p̂z)(δix−iδiy)
p(1+p̂z)

λ+(p̂,−1; 2)∂̃kλ(p̂,−1; 2) = −−ip̂yδkx+ip̂xδky
p(1+p̂z)

λ+(p̂,−2; 2)∂̃kλ(p̂,−1; 2) = − (p̂i+δiz)(p̂x+ip̂y)−(1+p̂z)(δix+iδiy)
p(1+p̂z)



λ+(p̂, 2; 2)∂̃kλ(p̂,−2; 2) = 0

λ+(p̂, 1; 2)∂̃kλ(p̂,−2; 2) = 0

λ+(p̂, 0; 2)∂̃kλ(p̂,−2; 2) = 0

λ+(p̂,−1; 2)∂̃kλ(p̂,−2; 2)

=
(p̂i+δiz)(p̂x−ip̂y)−(1+p̂z)(δix−iδiy)

p(1+p̂z)

λ+(p̂,−2; 2)∂̃kλ(p̂,−2; 2) = −2
−ip̂yδkx+ip̂xδky

p(1+p̂z)

6 Analysis of helicity σ(s) · p̂ eigenfunctions
6.1 Definition of helicity σ(s) · p̂ eigenfunctions

Def. 6.1.1. σ(s) · p̂λ(p̂, h; s) = hλ(p̂, h; s), h = −s, ··, s

6.2 Helicity σ(s) · p̂ z-direction eigenfunctions

Def. 6.2.1. σ(s) ·
[

0
0
1

]
λ(
[

0
0
1

]
, h; s) = hλ(

[
0
0
1

]
, h; s)

Cor. 6.2.1. λ(
[

0
0
1

]
, s; s) =

[
1
0
··
0
0

]
, λ(
[

0
0
1

]
, s− 1; s) =

[
0
1
··
0
0

]
, ··, λ(

[
0
0
1

]
,−s+ 1; s) =

[
0
0
··
1
0

]
, λ(
[

0
0
1

]
,−s; s) =

[
0
0
··
0
1

]
Cor. 6.2.2.

λ(eiωzγz
[

0
0
1

]
, s; s) = eisωz

[
1
0
··
0
0

]
, λ(eiωzγz

[
0
0
1

]
, s− 1; s) = ei(s−1)ωz

[
0
1
··
0
0

]
, ··, λ(eiωzγz

[
0
0
1

]
,−s; s) = e−isωz

[
0
0
··
0
1

]
Cor. 6.2.3.

λ(eεz·Lz
[

0
0
1
i

]
, s; s) = esεz

[
1
0
··
0
0

]
, λ(eεz·Lz

[
0
0
1

]
, s− 1; s) = e(s−1)εz

[
0
1
··
0
0

]
, ··, λ(eεz·Lz

[
0
0
1

]
,−s; s) = e−sεz

[
0
0
··
0
1

]
6.3 Helicity σ(s) · p̂ general eigenfunctions

Pro. 6.3.1.


ω̂ · σ(s)

ω̂z=0
= σx(s)ω̂x + σy(s)ω̂y =

σx(s)p̂y−σy(s)p̂x√
1−p̂2

z

= [σ(s)×p̂]z√
1−p̂2

z

~ω · σ(s)
ω̂z=0

= [σ(s)×p̂]z√
1−p̂2

z

arccosp̂z

Pro. 6.3.2. ei~ω·σ(s) ω̂z=0
= exp{i [σ(s)×p̂]z√

1−p̂2
z

arccosp̂z}

Thm. 6.3.1. λ(p̂, h; s) = exp{i [σ(s)×p̂]z√
1−p̂2

z

arccosp̂z}λ(
[

0
0
1

]
, h; s)

Proof: σ(s) ·
[

0
0
1

]
λ(
[

0
0
1

]
, h; s) = hλ(

[
0
0
1

]
, h; s)

⇔ exp{−i [σ(s)×p̂]z√
1−p̂2

z

arccosp̂z}σ(s) · exp{i [γ×p̂]z√
1−p̂2

z

arccosp̂z}
[

0
0
1

]
exp{i [σ(s)×p̂]z√

1−p̂2
z

arccosp̂z}λ(
[

0
0
1

]
, h; s) = hλ(

[
0
0
1

]
, h; s)

⇔ σ(s) · p̂exp{i [σ(s)×p̂]z√
1−p̂2

z

arccosp̂z}λ(
[

0
0
1

]
, h; s) = hexp{i [σ(s)×p̂]z√

1−p̂2
z

arccosp̂z}λ(
[

0
0
1

]
, h; s)

⇒ λ(p̂, h; s) = exp{i [σ(s)×p̂]z√
1−p̂2

z

arccosp̂z}λ(
[

0
0
1

]
, h; s)

6.4 Orthogonality and completeness of helicity σ(s) · p̂ eigenfunctions

Cor. 6.4.1. λ+(p̂, h; s)λ(p̂, h′; s) = δhh′ ,
−s∑
h=s

λ(p̂, h; s)λ+(p̂, h; s) = 1,
−s∑
h=s

hλ(p̂, h; s)λ+(p̂, h; s) = σ(s) · p̂

The above three corollaries can be easily proven.
6.5 Guess on properties of spin Lorentz transformation(It still needs to be tightened.)

Ass. 6.5.1.

exp{−iπ
[σ(s)×p̂]z√

1−p̂2
z

} = ( p̂−√
p̂+p̂−

)2σz(s)ε(s) = (−1)2sε+(s)( p̂+√
p̂+p̂−

)2σz(s)

exp{iπ [σ(s)×p̂]z√
1−p̂2

z

} = ε+(s)( p̂+√
p̂+p̂−

)2σz(s) = (−1)2s( p̂−√
p̂+p̂−

)2σz(s)ε(s)
, ei2πω̂·σ(s) = (−1)2s

Cor. 6.5.1. λ(−p̂, h; s) = (−1)s+h( p̂+√
p̂+p̂−

)2hλ(p̂,−h; s) = (−1)s+h( p̂−√
p̂+p̂−

)−2hλ(p̂,−h; s)

Proof: λ(−p̂, h; s)

= exp{−i [σ(s)×p̂]z√
1−p̂2

z

arccos(−p̂z)}λ(
[

0
0
1

]
, h; s)

= exp{i [σ(s)×p̂]z√
1−p̂2

z

arccosp̂z}exp{−iπ [σ(s)×p̂]z√
1−p̂2

z

}λ(
[

0
0
1

]
, h; s)

= (−1)s+h( p̂+√
p̂+p̂−

)2hλ(p̂,−h; s)
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6.6 Properties of helicity σ(s) · p̂ eigenfunctions

Lem. 6.6.1. λ+(
[

0
0
1

]
, h; s)σ(s)λ(

[
0
0
1

]
, h; s) = h

[
0
0
1

]
Thm. 6.6.1. λ+(p̂, h; s)σ(s)λ(p̂, h; s) = hp̂, h = −s, ··, s

Proof: λ+(p̂, h; s)σk(s)λ(p̂, h; s)

= λ+(
[

0
0
1

]
, h; s)e−i~ω·σ(s)σk(s)ei~ω·σ(s)λ(

[
0
0
1

]
, h; s)

= λ+(
[

0
0
1

]
, h; s)e−i~ω·σ(s)[ei~ω·γ |klei~ω·σ(s)σl(s)e

−i~ω·σ(s)]ei~ω·σ(s)λ(
[

0
0
1

]
, h; s)

= ei~ω·γ |klλ+(
[

0
0
1

]
, h; s)σl(s)λ(

[
0
0
1

]
, h; s)

= h{ei~ω·γ
[

0
0
1

]
}k = hp̂k

Proof: λ+(p̂, h; s)σi(s)σj(s)λ(p̂, h; s)

= λ+(
[

0
0
1

]
, h; s)e−i~ω·σ(s)σi(s)σj(s)e

i~ω·σ(s)λ(
[

0
0
1

]
, h; s)

= λ+(
[

0
0
1

]
, h; s)e−i~ω·σ(s)[ei~ω·γ |ikei~ω·σ(s)σk(s)e−i~ω·σ(s)][ei~ω·γ |j lei~ω·σ(s)σl(s)e

−i~ω·σ(s)]ei~ω·σ(s)λ(
[

0
0
1

]
, h; s)

= ei~ω·γ |ikei~ω·γ |j lλ+(
[

0
0
1

]
, h; s)σk(s)σl(s)λ(

[
0
0
1

]
, h; s)

= ei~ω·γ |ikei~ω·γ |j lλ+(
[

0
0
1

]
, h; s)σk(s)

∑
h′

[λ(
[

0
0
1

]
, h′; s)λ+(

[
0
0
1

]
, h′; s)]σl(s)λ(

[
0
0
1

]
, h; s)

= ei~ω·γ |ikei~ω·γ |j lλ+(
[

0
0
1

]
, h; s)

σk(s)[λ(
[

0
0
1

]
, h− 1; s)λ+(

[
0
0
1

]
, h− 1; s) + λ(

[
0
0
1

]
, h; s)λ+(

[
0
0
1

]
, h; s) + λ(

[
0
0
1

]
, h+ 1; s)λ+(

[
0
0
1

]
, h+ 1; s)]σl(s)

λ(
[

0
0
1

]
, h; s)

? = h2p̂ip̂j

Proof: λ+(
[

0
0
1

]
, s; s)σk(s)λ(

[
0
0
1

]
, s− 1; s)

=

[
1
0
··
0
0

]+

σk(s)

[
0
1
··
0
0

]
= 1

2

[ √
2s

−i
√

2s
0

]
k

Proof: λ+(p̂, ςs; s)σi(s)σj(s)λ(p̂, ςs; s)

= ei~ω·γ |ikei~ω·γ |j lλ+(
[

0
0
1

]
, ςs; s)σk(s)[λ(

[
0
0
1

]
, ς(s− 1); s)λ+(

[
0
0
1

]
, ς(s− 1); s)

+ λ(
[

0
0
1

]
, ςs; s)λ+(

[
0
0
1

]
, ςs; s)]σl(s)λ(

[
0
0
1

]
, ςs; s)

= s2p̂ip̂j + s
2 (δij − p̂ip̂j + iςεij

kp̂k)
= s2p̂ip̂j − s

2σ
ab
ij p̂ap̂b

Proof: λ+(p̂, ςs; s)σi(s)σj(s)λ(p̂,−ςs; s), s ≥ 3
2

= ei~ω·γ |ikei~ω·γ |j lλ+(
[

0
0
1

]
, ςs; s)σk(s)[λ(

[
0
0
1

]
, ς(s− 1); s)λ+(

[
0
0
1

]
, ς(s− 1); s)

+ λ(
[

0
0
1

]
, ςs; s)λ+(

[
0
0
1

]
, ςs; s)]σl(s)λ(

[
0
0
1

]
,−ςs; s)

= 0

Proof: λ+(p̂,−ςs; s)σi(s)σj(s)[σ(s) · p̂]nλ(p̂,−ςs; s) = (−ς)nsns2p̂ip̂j + (−ς)nsn s2 (δij − p̂ip̂j + iςεij
kp̂k)

Cor. 6.6.1. σabαςα′ςpapb = pαςpα′ς − δαςα′ς |~p|
2 − iςεkαςα′ςpk|~p|

Cor. 6.6.2. λ+(p̂, h; s)[σ(s), ih]aλ(p̂, h; s) = h(p̂, i)a = hp̂a, h = −s, ··, s

Lem. 6.6.2. λ+(
[

0
0
1

]
, h; s)σ(s)λ(

[
0
0
1

]
, h′; s) = 0, |h− h′| ≥ 2

Thm. 6.6.2. λ+(p̂, h; s)σ(s)λ(p̂, h′; s) = 0, h, h′ = −s, ··, s; |h− h′| ≥ 2

Proof: λ+(p̂, h; s)σk(s)λ(p̂, h′; s)

= λ+(
[

0
0
1

]
, h; s)e−i~ω·σ(s)σk(s)ei~ω·σ(s)λ(

[
0
0
1

]
, h′; s)

= λ+(
[

0
0
1

]
, h; s)e−i~ω·σ(s)[ei~ω·γ |klei~ω·σ(s)σl(s)e

−i~ω·σ(s)]ei~ω·σ(s)λ(
[

0
0
1

]
, h′; s)

= ei~ω·γ |klλ+(
[

0
0
1

]
, h; s)σl(s)λ(

[
0
0
1

]
, h′; s), |h− h′| ≥ 2
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= ei~ω·γ |kl · 0
= 0

6.7 Eigenstate λ(p̂,−sς) of spin vector operators

Def. 6.7.1. λ(p̂,−sς) := λ(p̂,−sς; s)

Thm. 6.7.1. [s

[
0
0
1
i

]
a

+ iSab(s, ς)

[
0
0
1
i

]b
]λ(
[

0
0
1

]
,−sς) ≡ 0[⇔][sp̂a + iSab(s, ς)p̂

b]λ(p̂,−sς) ≡ 0

Thm. 6.7.2. [sp̂a + iSab(s, ς)p̂
b]λ(p̂,−sς) = 0[⇔]

{
Wa(p̂, ς; s)λ(p̂,−sς) = −sςp̂aλ(p̂,−sς)
Wa(p̂, ς; s) := −i ∗ Sab(s, ς)p̂b = iςSab(s, ς)p̂

b

Pro. 6.7.1. Wa(p̂, ς; s) = (Ŵ (p̂, ς; s), iσ(s) · p̂), Ŵ (p̂, ς; s) = σ(s)− iςσ(s)× p̂

Cor. 6.7.1. Ŵ (p̂, ς; s)λ(p̂,−sς) = −sςp̂λ(p̂,−sς)[⇒]σ(s) · p̂λ(p̂,−sς) = −sςλ(p̂,−sς)

Cor. 6.7.2. Ŵ (p̂, ς; s)λ(p̂,−sς) = −sςp̂λ(p̂,−sς)[⇔]Wa(p̂, ς; s)λ(p̂,−sς) = −sςp̂aλ(p̂,−sς)

λ(p̂,−sς) is a common eigenstate of helicity operator, 4D spin vector operator and spin vector operator.
Essentially, the spin vector operator already fully encompasses the first two operators. So λ(p̂,−sς)
is essentially just the eigenstate of the spin vector operator Ŵ (p̂, ς; s). The other two are just its
deductions. And λ(p̂,−sς) is just the eigenstate of a massless particle.
6.8 Properties of eigenstate λ(p̂,−sς) of spin vector operators

Pro. 6.8.1. σ(s)× p̂ = [σ(s), iσ(s) · p̂]

Pro. 6.8.2. [spa + iSab(s, ς)p
b]λ(p̂,−sς) = 0[⇔]

{
[σ(s)− iςσ(s)× p̂]λ(p̂,−sς) = −sςp̂λ(p̂,−sς)
σ(s) · p̂λ(p̂,−sς) = −sςλ(p̂,−sς)

Pro. 6.8.3. [spa + iSab(s, ς)p
b]λ(p̂,−sς) = 0[⇔]σ( 1

2 )⊗ I2s · p̂
[
λ(p̂,−sς)

02s−1

]
= − 1

2 ς
[
λ(p̂,−sς)

02s−1

]

Pro. 6.8.4.


[spa + iSab(s, ς)p

b]λ(p̂,−sς) = 0[⇔]− ς[σ(s) · p̂+ ς(s− 1)]σ(s)λ(p̂,−sς) = −sςp̂λ(p̂,−sς)
[m] [⇓]

[σ(s)− iςσ(s)× p̂]λ(p̂,−sς) = −sςp̂λ(p̂,−sς)[⇒][σ(s) · p̂]nλ(p̂,−sς) = (−sς)nλ(p̂,−sς)

Cor. 6.8.1. [spa + iSab(s, ς)p
b]λ(p̂,−sς) = 0[⇔][σ(s) · p̂]σ(s)λ(p̂,−sς) = [sp̂− ς(s− 1)σ(s)]λ(p̂,−sς)

[⇔][σ(s) · p̂]nσ(s)λ(p̂,−sς) = {(−ς)n−1s[sn − (s− 1)n]p̂+ (−ς)n(s− 1)nσ(s)}λ(p̂,−sς)

Proof:

[σ(s) · p̂]σ(s)λ(p̂,−sς) = [e1p̂+ d1σ(s)]λ(p̂,−sς), e1 = s, d1 = −ς(s− 1)
· ·
[σ(s) · p̂]n−1σ(s)λ(p̂,−sς) = [en−1p̂+ dn−1σ(s)]λ(p̂,−sς)
[σ(s) · p̂]nσ(s)λ(p̂,−sς) = [enp̂+ dnσ(s)]λ(p̂,−sς)
· ·
[σ(s) · p̂]nσ(s)λ(p̂,−sς)
= [σ(s) · p̂][en−1p̂+ dn−1σ(s)]λ(p̂,−sς) = [(−sςen−1 + dn−1

1 e1)p̂+ dn−1d1σ(s)]λ(p̂,−sς)
en = −sςen−1 + dn−1

1 e1

dn = dn−1d1

e1 = s, d1 = −ς(s− 1)

⇔

{
en = (−ς)n−1s[sn − (s− 1)n]

dn = dn1 = (−ς)n(s− 1)n

[σ(s) · p̂]nσ(s)λ(p̂,−sς) = {(−ς)n−1s[sn − (s− 1)n]p̂+ (−ς)n(s− 1)nσ(s)}λ(p̂,−sς)

Cor. 6.8.2. λ+(p̂,−sς)σi(s)[σ(s) · p̂]nσj(s)λ(p̂,−sς)
= λ+(p̂,−sς)σi(s){(−ς)n−1s[sn − (s− 1)n]p̂j + (−ς)n(s− 1)nσj(s)}λ(p̂,−sς)
= (−ς)ns2[sn − (s− 1)n]p̂ip̂j + (−ς)n(s− 1)nλ+(p̂,−sς)σi(s)σj(s)λ(p̂,−sς)
= (−ς)ns2[sn − (s− 1)n]p̂ip̂j + (−ς)n(s− 1)n[s2p̂ip̂j + s

2 (δij − p̂ip̂j − iςεijkp̂k)]
= (−ς)ns2snp̂ip̂j + (−ς)n(s− 1)n[ s2 (δij − p̂ip̂j − iςεijkp̂k)]

Cor. 6.8.3. λ+(p̂,−sς)[σ(s) · p̂]nσ(s)λ(p̂,−sς) = (−ςs)n+1p̂ = λ+(p̂,−sς)σ(s)[σ(s) · p̂]nλ(p̂,−sς)
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6.9 Helicity σ(s) · p̂ eigenstate λ(p̂, h; s) decompose into 1
2 -spin eigenstates

Thm. 6.9.1. λ(p̂, h; s) =
√
Cs−h2s Γ̄(s)

s+h︷ ︸︸ ︷
λ(p̂, 1

2 )⊗ · · ⊗λ(p̂, 1
2 )⊗

s−h︷ ︸︸ ︷
λ(p̂,− 1

2 )⊗ · · ⊗λ(p̂,− 1
2 )

Proof: λ(p̂, h; s) = ei~ω·σ(s)λ(
[

0
0
1

]
, h; s)

= ei~ω·Γ̄(s)Ω̄(s)Γ(s)λ(
[

0
0
1

]
, h; s)

= Γ̄(s)ei~ω·Ω̄(s)Γ(s)λ(
[

0
0
1

]
, h; s)

= Γ̄(s)ei~ω·Ω̄(s)Γ(s)
√
Cs−h2s Γ̄(s)

s+h︷ ︸︸ ︷[
1
0

]
⊗ · ·

[
1
0

]
⊗

s−h︷ ︸︸ ︷[
0
1

]
⊗ · · ⊗

[
0
1

]
=
√
Cs−h2s Γ̄(s)Γ(s)Γ̄(s)ei~ω·Ω̄(s)

s+h︷ ︸︸ ︷[
1
0

]
⊗ · ·

[
1
0

]
⊗

s−h︷ ︸︸ ︷[
0
1

]
⊗ · · ⊗

[
0
1

]
=
√
Cs−h2s Γ̄(s)ei~ω·Ω̄(s)

s+h︷ ︸︸ ︷[
1
0

]
⊗ · ·

[
1
0

]
⊗

s−h︷ ︸︸ ︷[
0
1

]
⊗ · · ⊗

[
0
1

]
=
√
Cs−h2s Γ̄(s)

s+h︷ ︸︸ ︷
ei~ω·σ(

1
2 )
[

1
0

]
⊗ · · ei~ω·σ(

1
2 )
[

1
0

]
⊗

s−h︷ ︸︸ ︷
ei~ω·σ(

1
2 )
[

0
1

]
⊗ · · ⊗ei~ω·σ(

1
2 )
[

0
1

]
=
√
Cs−h2s Γ̄(s)

s+h︷ ︸︸ ︷
λ(p̂, 1

2 )⊗ · · ⊗λ(p̂, 1
2 )⊗

s−h︷ ︸︸ ︷
λ(p̂,− 1

2 )⊗ · · ⊗λ(p̂,− 1
2 )

Thm. 6.9.2. λ(−p̂, h; s) = (−1)s+h( p̂+√
p̂+p̂−

)2hλ(p̂,−h; s)

Proof: λ(−p̂, h; s) =
√
Cs−h2s Γ̄(s)

s+h︷ ︸︸ ︷
λ(−p̂, 1

2 )⊗ · · ⊗λ(−p̂, 1
2 )⊗

s−h︷ ︸︸ ︷
λ(−p̂,− 1

2 )⊗ · · ⊗λ(−p̂,− 1
2 )

= (− p̂+√
p̂+p̂−

)s+h( p̂−√
p̂+p̂−

)s−h
√
Cs−h2s Γ̄(s)

s+h︷ ︸︸ ︷
λ(p̂,− 1

2 )⊗ · · ⊗λ(p̂,− 1
2 )⊗

s−h︷ ︸︸ ︷
λ(p̂, 1

2 )⊗ · · ⊗λ(p̂, 1
2 )

= (− p̂+√
p̂+p̂−

)s+h( p̂−√
p̂+p̂−

)s−h
√
Cs+h2s Γ̄(s)

s−h︷ ︸︸ ︷
λ(p̂, 1

2 )⊗ · · ⊗λ(p̂, 1
2 )⊗

s+h︷ ︸︸ ︷
λ(p̂,− 1

2 )⊗ · · ⊗λ(p̂,− 1
2 )

= (− p̂+√
p̂+p̂−

)s+h( p̂−√
p̂+p̂−

)s−hλ(p̂,−h; s)

= (−1)s+h( p̂+√
p̂+p̂−

)2hλ(p̂,−h; s)

Cor. 6.9.1. λ(−p̂,−h; s) = (−1)s−h( p̂−√
p̂+p̂−

)2hλ(p̂, h; s)

Cor. 6.9.2.
λkς (p̂, h; s) =

√
Cs−h2s Γ

2s︷ ︸︸ ︷
AςBς · ·CςDς · ·
kς

(s)

s+h︷ ︸︸ ︷
λAς (p̂,

1
2 )λBς (p̂,

1
2 ) · · ⊗

s−h︷ ︸︸ ︷
λCς (p̂,− 1

2 )λDς (p̂,− 1
2 ) · ·

1
(2s)!

s+h︷ ︸︸ ︷
λ{Aς (p̂,

1
2 )λBς (p̂,

1
2 ) · · ⊗

s−h︷ ︸︸ ︷
λCς (p̂,− 1

2 )λDς (p̂,− 1
2 ) · ·} =

√
Ch−s2s ΓkςAςBς · ·CςDς · ·︸ ︷︷ ︸

2s

(s)λkς (p̂, h; s)

Cor. 6.9.3.
λkς (p̂,−sς) = Γ

2s︷ ︸︸ ︷
AςBςCς · ·
kς

(s)

2s︷ ︸︸ ︷
λAς (p̂,− ς

2 )λBς (p̂,− ς
2 )λCς (p̂,− ς

2 ) · ·
ΓkςAςBςCς · ·︸ ︷︷ ︸

2s

(s)λkς (p̂,−sς) = λAς (p̂,− ς
2 )λBς (p̂,− ς

2 )λCς (p̂,− ς
2 ) · ·︸ ︷︷ ︸

2s

Cor. 6.9.4.
λ(p̂,−sς) = Γ̄(s)

2s︷ ︸︸ ︷
λ(p̂,− ς

2 )⊗ · · ⊗λ(p̂,− ς
2 )

Γ(s)λ(p̂,−sς) =

2s︷ ︸︸ ︷
λ(p̂,− ς

2 )⊗ · · ⊗λ(p̂,− ς
2 )

Thm. 6.9.3. λkς (p̂,−ςh; s)λ+
k′ς

(p̂,−ςh; s) = (− i
2 )2h2sCs−h2s (− iς√

2
)s+h( iς√

2
)s−h

Γ

2s︷ ︸︸ ︷
AςBςCς · ·
kς

(s)Γ

2s︷ ︸︸ ︷
A
′
ςB
′
ςC
′
ς · ·

k′ς
(s)

s+h︷ ︸︸ ︷
(σ, iς)aAςA′ς · ·(σ, iς)

b
BςB′ς

s−h︷ ︸︸ ︷
(σ,−iς)cCςC′ς · ·(σ,−iς)

d
DςD′ς

p̂a · ·p̂bp̂c · ·p̂d
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Proof: λ(p̂,−ςh; s)λ+(p̂,−ςh; s) = Cs−h2s Γ̄(s)

s+h︷ ︸︸ ︷
λ(p̂,− ς

2 )⊗ · · ⊗λ(p̂,− ς
2 )⊗

s−h︷ ︸︸ ︷
λ(p̂, ς2 )⊗ · · ⊗λ(p̂, ς2 )

s+h︷ ︸︸ ︷
λ+(p̂,− ς

2 )⊗ · · ⊗λ+(p̂,− ς
2 )⊗

s−h︷ ︸︸ ︷
λ+(p̂, ς2 )⊗ · · ⊗λ+(p̂, ς2 ) Γ(s)

= Cs−h2s Γ̄(s)
s+h︷ ︸︸ ︷

λ(p̂,− ς
2 )λ+(p̂,− ς

2 )⊗ · · ⊗λ(p̂,− ς
2 )λ+(p̂,− ς

2 )⊗
s−h︷ ︸︸ ︷

λ(p̂, ς2 )λ+(p̂, ς2 )⊗ · · ⊗λ(p̂, ς2 )λ+(p̂, ς2 ) Γ(s)

= (− ς
2 )2hCs−h2s Γ̄(s)

s+h︷ ︸︸ ︷
(σ, iς)ap̂a ⊗ · · ⊗(σ, iς)bp̂b⊗

s−h︷ ︸︸ ︷
(σ,−iς)cp̂c ⊗ · · ⊗(σ,−iς)dp̂d Γ(s)

= (− ς
2 )2hCs−h2s Γ̄(s)

s+h︷ ︸︸ ︷
(σ, iς)a ⊗ · · ⊗(σ, iς)b⊗

s−h︷ ︸︸ ︷
(σ,−iς)c ⊗ · · ⊗(σ,−iς)d Γ(s)p̂a · ·p̂bp̂c · ·p̂d

= (− i
2 )2h2sCs−h2s (− iς√

2
)s+h( iς√

2
)s−h

Γ

2s︷ ︸︸ ︷
AςBςCς · ·
kς

(s)Γ

2s︷ ︸︸ ︷
A
′
ςB
′
ςC
′
ς · ·

k′ς
(s)

s+h︷ ︸︸ ︷
(σ, iς)aAςA′ς · ·(σ, iς)

b
BςB′ς

s−h︷ ︸︸ ︷
(σ,−iς)cCςC′ς · ·(σ,−iς)

d
DςD′ς

p̂a · ·p̂bp̂c · ·p̂d

6.10 Properties of helicity σ(s) · p̂ eigenfunctions derivative

Thm. 6.10.1. λ(p̂, h; s)∂̃kλ(p̂, h; s) = Cs−h2s h
−ip̂yδkx+ip̂xδky

p(1+p̂z) , λ(−p̂, h; s)∂̃kλ(−p̂, h; s) = Cs−h2s h
−ip̂yδkx+ip̂xδky

p(1−p̂z)

Cor. 6.10.1.

λ+(p̂, h′; s)∂̃kλ(p̂, h; s) =
√
Cs−h

′

2s Cs−h2s [(h′ + h)
−ip̂yδkx+ip̂xδky

2p(1+p̂z) + (h′ − h)
√

2p̂+p̂i+
√

2p̂+δiz−(1+p̂z)(δix+iδiy)
2p(1+p̂z) ], h′ ≤ h

λ+(p̂, h′; s)∂̃kλ(p̂, h; s) =
√
Cs−h

′

2s Cs−h2s [(h′ + h)
−ip̂yδkx+ip̂xδky

2p(1+p̂z) + (h′ − h)
√

2p̂−p̂i+
√

2p̂−δiz−(1+p̂z)(δix−iδiy)
2p(1+p̂z) , h′ ≥ h

λ+(−p̂,−h′; s)∂̃kλ(p̂, h; s)

= (−1)s−h
′
( p̂−√

p̂+p̂−
)2h′
√
Cs−h

′

2s Cs−h2s [(h′ + h)
−ip̂yδkx+ip̂xδky

2p(1+p̂z) + (h′ − h)
√

2p̂+p̂i+
√

2p̂+δiz−(1+p̂z)(δix+iδiy)
2p(1+p̂z) ], h′ ≤ h

λ+(−p̂,−h′; s)∂̃kλ(p̂, h; s)

= (−1)s−h
′
( p̂−√

p̂+p̂−
)2h′
√
Cs−h

′

2s Cs−h2s [(h′ + h)
−ip̂yδkx+ip̂xδky

2p(1+p̂z) + (h′ − h)
√

2p̂−p̂i+
√

2p̂−δiz−(1+p̂z)(δix−iδiy)
2p(1+p̂z) , h′ ≥ h

6.11 General solution 1 of helicity σ(s) · p̂ eigenfunctions derivative

Lem. 6.11.1. λ(p̂, s; s) = Γ̄(s)

2s︷ ︸︸ ︷
λ(p̂, 1

2 )⊗ · · ⊗λ(p̂, 1
2 ), λ(p̂,−s; s) = Γ̄(s)

2s︷ ︸︸ ︷
λ(p̂,− 1

2 )⊗ · · ⊗λ(p̂,− 1
2 )

Thm. 6.11.1. λ+(p̂,−ςs; s)∂̃kλ(p̂,−ςs; s) = 2sλ+(p̂,− ς
2 )∂̃kλ(p̂,− ς

2 )

Proof: λ+(p̂,−ςs; s)∂̃kλ(p̂,−ςs; s)

=

2s︷ ︸︸ ︷
λ+(p̂,− ς

2 )⊗ · · ⊗λ+(p̂,− ς
2 ) Γ(s)Γ̄(s)∂̃k

2s︷ ︸︸ ︷
λ(p̂,− ς

2 )⊗ · · ⊗λ(p̂,− ς
2 )

= 2s

2s︷ ︸︸ ︷
λ+(p̂,− ς

2 )⊗ · · ⊗λ+(p̂,− ς
2 ) Γ(s)Γ̄(s)

2s︷ ︸︸ ︷
∂̃kλ(p̂,− ς

2 )⊗ · · ⊗λ(p̂,− ς
2 )

= 2s

2s︷ ︸︸ ︷
λ+(p̂,− ς

2 )⊗ · · ⊗λ+(p̂,− ς
2 )

2s︷ ︸︸ ︷
∂̃kλ(p̂,− ς

2 )⊗ · · ⊗λ(p̂,− ς
2 )

= 2s

2s︷ ︸︸ ︷
λ+(p̂,− ς

2 )∂̃kλ(p̂,− ς
2 )⊗ · · ⊗λ+(p̂,− ς

2 )λ(p̂,− ς
2 )

= 2sλ+(p̂,− ς
2 )∂̃kλ(p̂,− ς

2 )

Thm. 6.11.2. λ+(p̂,−s; s)∂̃kλ(p̂, s; s) = 0[⇔]λ+(p̂, s; s)∂̃kλ(p̂,−s; s) = 0; s ≥ 1

Proof: λ+(p̂,−ςs; s)∂̃kλ(p̂, ςs; s); s ≥ 1

=

2s︷ ︸︸ ︷
λ+(p̂,− ς

2 )⊗ · · ⊗λ+(p̂,− ς
2 ) Γ(s)Γ̄(s)∂̃k

2s︷ ︸︸ ︷
λ(p̂, ς2 )⊗ · · ⊗λ(p̂, ς2 )

= 2s

2s︷ ︸︸ ︷
λ+(p̂,− ς

2 )⊗ · · ⊗λ+(p̂,− ς
2 ) Γ(s)Γ̄(s)

2s︷ ︸︸ ︷
∂̃kλ(p̂, ς2 )⊗ · · ⊗λ(p̂, ς2 )

= 2s

2s︷ ︸︸ ︷
λ+(p̂,− ς

2 )⊗ · · ⊗λ+(p̂,− ς
2 )

2s︷ ︸︸ ︷
∂̃kλ(p̂, ς2 )⊗ · · ⊗λ(p̂, ς2 )

= 2s

2s︷ ︸︸ ︷
λ+(p̂,− ς

2 )∂̃kλ(p̂, ς2 )⊗ · · ⊗λ+(p̂,− ς
2 )λ(p̂, ς2 )

= 0
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Proof: λ+(p̂,−ςs; s)λ(p̂, ςs; s) = 0, λ+(p̂,−ςs; s)∂̃kλ(p̂, ςs; s) = 0
⇔ ∂̃k[λ+(p̂,−ςs; s)λ(p̂, ςs; s)] = 0, λ+(p̂,−ςs; s)∂̃kλ(p̂, ςs; s) = 0
⇔ ∂̃kλ

+(p̂,−ςs; s)λ(p̂, ςs; s) + λ+(p̂,−ςs; s)∂̃kλ(p̂, ςs; s) = 0, λ+(p̂,−ςs; s)∂̃kλ(p̂, ςs; s) = 0
⇒ ∂̃kλ

+(p̂,−ςs; s)λ(p̂, ςs; s) = 0
⇔ [∂̃kλ

+(p̂,−ςs; s)λ(p̂, ςs; s)]+ = 0
⇔ λ+(p̂, ςs; s)∂̃kλ(p̂,−ςs; s) = 0

6.12 General solution 2 of helicity σ(s) · p̂ eigenfunctions derivative

Lem. 6.12.1. λ(p̂, h; s) =
√
Cs−h2s Γ̄(s)

s+h︷ ︸︸ ︷
λ(p̂, 1

2 )⊗ · · ⊗λ(p̂, 1
2 )⊗

s−h︷ ︸︸ ︷
λ(p̂,− 1

2 )⊗ · · ⊗λ(p̂,− 1
2 )

Thm. 6.12.1. λ+(p̂, h; s)∂̃kλ(p̂, h; s) = 2hλ+(p̂, 1
2 )∂̃kλ(p̂, 1

2 )

Proof: λ+(p̂, h; s)∂̃kλ(p̂, h; s)

= [
√
Cs−h2s Γ̄(s)

s+h︷ ︸︸ ︷
λ(p̂, 1

2 )⊗ · · ⊗λ(p̂, 1
2 )⊗

s−h︷ ︸︸ ︷
λ(p̂,− 1

2 )⊗ · · ⊗λ(p̂,− 1
2 )]+

∂̃k

√
Cs−h2s Γ̄(s)

s+h︷ ︸︸ ︷
λ(p̂, 1

2 )⊗ · · ⊗λ(p̂, 1
2 )⊗

s−h︷ ︸︸ ︷
λ(p̂,− 1

2 )⊗ · · ⊗λ(p̂,− 1
2 )

= Cs−h2s

s+h︷ ︸︸ ︷
λ+(p̂, 1

2 )⊗ · · ⊗λ+(p̂, 1
2 )⊗

s−h︷ ︸︸ ︷
λ+(p̂,− 1

2 )⊗ · · ⊗λ+(p̂,− 1
2 ) Γ(s)Γ̄(s)

[(s+ h)

s+h︷ ︸︸ ︷
∂̃kλ(p̂, 1

2 )⊗ · · ⊗λ(p̂, 1
2 )⊗

s−h︷ ︸︸ ︷
λ(p̂,− 1

2 )⊗ · · ⊗λ(p̂,− 1
2 ) +(s− h)

s+h︷ ︸︸ ︷
λ(p̂, 1

2 )⊗ · · ⊗λ(p̂, 1
2 )⊗

s−h︷ ︸︸ ︷
∂̃kλ(p̂,− 1

2 )⊗ · · ⊗λ(p̂,− 1
2 )]

= (s+ h)

s+h︷ ︸︸ ︷
λ+(p̂, 1

2 )∂̃kλ(p̂, 1
2 )⊗ · · ⊗λ+(p̂, 1

2 )λ(p̂, 1
2 )⊗

s−h︷ ︸︸ ︷
λ+(p̂,− 1

2 )λ(p̂,− 1
2 )⊗ · · ⊗λ+(p̂,− 1

2 )λ(p̂,− 1
2 )

+ (s− h)

s+h︷ ︸︸ ︷
λ+(p̂, 1

2 )λ(p̂, 1
2 )⊗ · · ⊗λ+(p̂, 1

2 )λ(p̂, 1
2 )⊗

s−h︷ ︸︸ ︷
λ+(p̂,− 1

2 )∂̃kλ(p̂,− 1
2 )⊗ · · ⊗λ+(p̂,− 1

2 )λ(p̂,− 1
2 )

= (s+ h)λ+(p̂, 1
2 )∂̃kλ(p̂, 1

2 ) + (s− h)λ+(p̂,− 1
2 )∂̃kλ(p̂,− 1

2 )

= 2hλ+(p̂, 1
2 )∂̃kλ(p̂, 1

2 )

Thm. 6.12.2. λ+(p̂,−h; s)∂̃kλ(p̂, h; s) = 0, |h| ≥ 1

Proof: λ+(p̂,−h; s)∂̃kλ(p̂, h; s)

= [
√
Cs+h2s Γ̄(s)

s−h︷ ︸︸ ︷
λ(p̂, 1

2 )⊗ · · ⊗λ(p̂, 1
2 )⊗

s+h︷ ︸︸ ︷
λ(p̂,− 1

2 )⊗ · · ⊗λ(p̂,− 1
2 )]+

∂̃k

√
Cs−h2s Γ̄(s)

s+h︷ ︸︸ ︷
λ(p̂, 1

2 )⊗ · · ⊗λ(p̂, 1
2 )⊗

s−h︷ ︸︸ ︷
λ(p̂,− 1

2 )⊗ · · ⊗λ(p̂,− 1
2 )

= Cs−h2s

s−h︷ ︸︸ ︷
λ+(p̂, 1

2 )⊗ · · ⊗λ+(p̂, 1
2 )⊗

s+h︷ ︸︸ ︷
λ+(p̂,− 1

2 )⊗ · · ⊗λ+(p̂,− 1
2 ) Γ(s)Γ̄(s)

[(s+ h)

s+h︷ ︸︸ ︷
∂̃kλ(p̂, 1

2 )⊗ · · ⊗λ(p̂, 1
2 )⊗

s−h︷ ︸︸ ︷
λ(p̂,− 1

2 )⊗ · · ⊗λ(p̂,− 1
2 ) +(s− h)

s+h︷ ︸︸ ︷
λ(p̂, 1

2 )⊗ · · ⊗λ(p̂, 1
2 )⊗

s−h︷ ︸︸ ︷
∂̃kλ(p̂,− 1

2 )⊗ · · ⊗λ(p̂,− 1
2 )]

= 0 + 0 = 0

Thm. 6.12.3. λ+(p̂, 0;n)∂̃kλ(p̂, 0;n) = 0

Proof: λ+(p̂, 0;n)∂̃kλ(p̂, 0;n)

= [
√
Cn2nΓ̄(n)

n︷ ︸︸ ︷
λ(p̂, 1

2 )⊗ · · ⊗λ(p̂, 1
2 )⊗

n︷ ︸︸ ︷
λ(p̂,− 1

2 )⊗ · · ⊗λ(p̂,− 1
2 )]+

∂̃k
√
Cn2nΓ̄(s)

n︷ ︸︸ ︷
λ(p̂, 1

2 )⊗ · · ⊗λ(p̂, 1
2 )⊗

n︷ ︸︸ ︷
λ(p̂,− 1

2 )⊗ · · ⊗λ(p̂,− 1
2 )

= Cn2n

n︷ ︸︸ ︷
λ+(p̂, 1

2 )⊗ · · ⊗λ+(p̂, 1
2 )⊗

n︷ ︸︸ ︷
λ+(p̂,− 1

2 )⊗ · · ⊗λ+(p̂,− 1
2 ) Γ(s)Γ̄(s)

[n

n︷ ︸︸ ︷
∂̃kλ(p̂, 1

2 )⊗ · · ⊗λ(p̂, 1
2 )⊗

n︷ ︸︸ ︷
λ(p̂,− 1

2 )⊗ · · ⊗λ(p̂,− 1
2 ) +n

n︷ ︸︸ ︷
λ(p̂, 1

2 )⊗ · · ⊗λ(p̂, 1
2 )⊗

n︷ ︸︸ ︷
∂̃kλ(p̂,− 1

2 )⊗ · · ⊗λ(p̂,− 1
2 )]

= n[

n︷ ︸︸ ︷
λ+(p̂, 1

2 )∂̃kλ(p̂, 1
2 )⊗ · · ⊗λ+(p̂, 1

2 )λ(p̂, 1
2 )⊗

n︷ ︸︸ ︷
λ+(p̂,− 1

2 )λ(p̂,− 1
2 )⊗ · · ⊗λ+(p̂,− 1

2 )λ(p̂,− 1
2 )

+

n︷ ︸︸ ︷
λ+(p̂, 1

2 )λ(p̂, 1
2 )⊗ · · ⊗λ+(p̂, 1

2 )λ(p̂, 1
2 )⊗

n︷ ︸︸ ︷
λ+(p̂,− 1

2 )∂̃kλ(p̂,− 1
2 )⊗ · · ⊗λ+(p̂,− 1

2 )λ(p̂,− 1
2 )]

= nλ+(p̂, 1
2 )∂̃kλ(p̂, 1

2 ) + nλ+(p̂,− 1
2 )∂̃kλ(p̂,− 1

2 )
= 0
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Thm. 6.12.4. λ+(p̂,− 1
2 ;n+ 1

2 )∂̃kλ(p̂, 1
2 ;n+ 1

2 ) = (n+ 1)λ+(p̂,− 1
2 )∂̃kλ(p̂, 1

2 )

Proof: λ+(p̂,− 1
2 ;n+ 1

2 )∂̃kλ(p̂, 1
2 ;n+ 1

2 )

= [
√
Cn2n+1Γ̄(n+ 1

2 )

n︷ ︸︸ ︷
λ(p̂, 1

2 )⊗ · · ⊗λ(p̂, 1
2 )⊗

n+1︷ ︸︸ ︷
λ(p̂,− 1

2 )⊗ · · ⊗λ(p̂,− 1
2 )]+

∂̃k
√
Cn2n+1Γ̄(s)

n+1︷ ︸︸ ︷
λ(p̂, 1

2 )⊗ · · ⊗λ(p̂, 1
2 )⊗

n︷ ︸︸ ︷
λ(p̂,− 1

2 )⊗ · · ⊗λ(p̂,− 1
2 )

= Cn2n+1

n︷ ︸︸ ︷
λ+(p̂, 1

2 )⊗ · · ⊗λ+(p̂, 1
2 )⊗

n+1︷ ︸︸ ︷
λ+(p̂,− 1

2 )⊗ · · ⊗λ+(p̂,− 1
2 ) Γ(s)Γ̄(s)

[(n+ 1)

n+1︷ ︸︸ ︷
∂̃kλ(p̂, 1

2 )⊗ · · ⊗λ(p̂, 1
2 )⊗

n︷ ︸︸ ︷
λ(p̂,− 1

2 )⊗ · · ⊗λ(p̂,− 1
2 ) +n

n+1︷ ︸︸ ︷
λ(p̂, 1

2 )⊗ · · ⊗λ(p̂, 1
2 )⊗

n︷ ︸︸ ︷
∂̃kλ(p̂,− 1

2 )⊗ · · ⊗λ(p̂,− 1
2 )]

= (n+ 1)[

n+1︷ ︸︸ ︷
λ+(p̂,− 1

2 )∂̃kλ(p̂, 1
2 )⊗ · · ⊗λ+(p̂, 1

2 )λ(p̂, 1
2 )⊗

n︷ ︸︸ ︷
λ+(p̂,− 1

2 )λ(p̂,− 1
2 )⊗ · · ⊗λ+(p̂,− 1

2 )λ(p̂,− 1
2 ) +0

= (n+ 1)λ+(p̂,− 1
2 )∂̃kλ(p̂, 1

2 )

Thm. 6.12.5. λ+(p̂, 1
2 ;n+ 1

2 )∂̃kλ(p̂,− 1
2 ;n+ 1

2 ) = (n+ 1)λ+(p̂, 1
2 )∂̃kλ(p̂,− 1

2 )

Proof: λ+(p̂, 1
2 ;n+ 1

2 )∂̃kλ(p̂,− 1
2 ;n+ 1

2 )

= [
√
Cn2n+1Γ̄(n+ 1

2 )

n+1︷ ︸︸ ︷
λ(p̂, 1

2 )⊗ · · ⊗λ(p̂, 1
2 )⊗

n︷ ︸︸ ︷
λ(p̂,− 1

2 )⊗ · · ⊗λ(p̂,− 1
2 )]+

∂̃k
√
Cn2n+1Γ̄(s)

n︷ ︸︸ ︷
λ(p̂, 1

2 )⊗ · · ⊗λ(p̂, 1
2 )⊗

n+1︷ ︸︸ ︷
λ(p̂,− 1

2 )⊗ · · ⊗λ(p̂,− 1
2 )

= Cn2n+1

n+1︷ ︸︸ ︷
λ+(p̂, 1

2 )⊗ · · ⊗λ+(p̂, 1
2 )⊗

n︷ ︸︸ ︷
λ+(p̂,− 1

2 )⊗ · · ⊗λ+(p̂,− 1
2 ) Γ(s)Γ̄(s)

[n

n︷ ︸︸ ︷
∂̃kλ(p̂, 1

2 )⊗ · · ⊗λ(p̂, 1
2 )⊗

n+1︷ ︸︸ ︷
λ(p̂,− 1

2 )⊗ · · ⊗λ(p̂,− 1
2 ) +(n+ 1)

n︷ ︸︸ ︷
λ(p̂, 1

2 )⊗ · · ⊗λ(p̂, 1
2 )⊗

n+1︷ ︸︸ ︷
∂̃kλ(p̂,− 1

2 )⊗ · · ⊗λ(p̂,− 1
2 )]

= 0 + (n+ 1)

n︷ ︸︸ ︷
λ+(p̂, 1

2 )λ(p̂, 1
2 )⊗ · · ⊗λ+(p̂, 1

2 )λ(p̂, 1
2 )⊗

n+1︷ ︸︸ ︷
λ+(p̂, 1

2 )∂̃kλ(p̂,− 1
2 )⊗ · · ⊗λ+(p̂,− 1

2 )λ(p̂,− 1
2 )]

= (n+ 1)λ+(p̂, 1
2 )∂̃kλ(p̂,− 1

2 )

6.13 General solution 3 of helicity σ(s) · p̂ eigenfunctions derivative

Thm. 6.13.1. λ+(p̂, h′; s)∂̃kλ(p̂, h; s) = 0, |h′ − h| ≥ 2

Proof: λ+(p̂, h′; s)∂̃kλ(p̂, h; s)

= [
√
Cs−h

′

2s Γ̄(s)

s+h′︷ ︸︸ ︷
λ(p̂, 1

2 )⊗ · · ⊗λ(p̂, 1
2 )⊗

s−h′︷ ︸︸ ︷
λ(p̂,− 1

2 )⊗ · · ⊗λ(p̂,− 1
2 )]+

∂̃k

√
Cs−h2s Γ̄(s)

s+h︷ ︸︸ ︷
λ(p̂, 1

2 )⊗ · · ⊗λ(p̂, 1
2 )⊗

s−h︷ ︸︸ ︷
λ(p̂,− 1

2 )⊗ · · ⊗λ(p̂,− 1
2 )

=
√
Cs−h

′

2s

√
Cs−h2s

s+h′︷ ︸︸ ︷
λ+(p̂, 1

2 )⊗ · · ⊗λ+(p̂, 1
2 )⊗

s−h′︷ ︸︸ ︷
λ+(p̂,− 1

2 )⊗ · · ⊗λ+(p̂,− 1
2 ) Γ(s)Γ̄(s)

[(s+ h)

s+h︷ ︸︸ ︷
∂̃kλ(p̂, 1

2 )⊗ · · ⊗λ(p̂, 1
2 )⊗

s−h︷ ︸︸ ︷
λ(p̂,− 1

2 )⊗ · · ⊗λ(p̂,− 1
2 ) +(s− h)

s+h︷ ︸︸ ︷
λ(p̂, 1

2 )⊗ · · ⊗λ(p̂, 1
2 )⊗

s−h︷ ︸︸ ︷
∂̃kλ(p̂,− 1

2 )⊗ · · ⊗λ(p̂,− 1
2 )]

= 0 + 0 = 0

Thm. 6.13.2. λ+(p̂, h′; s)∂̃kλ(p̂, h; s) =
√

(s+ h′)(s− h)λ+(p̂, 1
2 )∂̃kλ(p̂,− 1

2 ), h′ − h = 1

Proof: λ+(p̂, h′; s)∂̃kλ(p̂, h; s)

= [
√
Cs−h

′

2s Γ̄(s)

s+h′︷ ︸︸ ︷
λ(p̂, 1

2 )⊗ · · ⊗λ(p̂, 1
2 )⊗

s−h′︷ ︸︸ ︷
λ(p̂,− 1

2 )⊗ · · ⊗λ(p̂,− 1
2 )]+

∂̃k

√
Cs−h2s Γ̄(s)

s+h︷ ︸︸ ︷
λ(p̂, 1

2 )⊗ · · ⊗λ(p̂, 1
2 )⊗

s−h︷ ︸︸ ︷
λ(p̂,− 1

2 )⊗ · · ⊗λ(p̂,− 1
2 )

=
√
Cs−h

′

2s

√
Cs−h2s

s+h′︷ ︸︸ ︷
λ+(p̂, 1

2 )⊗ · · ⊗λ+(p̂, 1
2 )⊗

s−h′︷ ︸︸ ︷
λ+(p̂,− 1

2 )⊗ · · ⊗λ+(p̂,− 1
2 ) Γ(s)Γ̄(s)

[(s+ h)

s+h︷ ︸︸ ︷
∂̃kλ(p̂, 1

2 )⊗ · · ⊗λ(p̂, 1
2 )⊗

s−h︷ ︸︸ ︷
λ(p̂,− 1

2 )⊗ · · ⊗λ(p̂,− 1
2 ) +(s− h)

s+h︷ ︸︸ ︷
λ(p̂, 1

2 )⊗ · · ⊗λ(p̂, 1
2 )⊗

s−h︷ ︸︸ ︷
∂̃kλ(p̂,− 1

2 )⊗ · · ⊗λ(p̂,− 1
2 )]
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=
√
Cs−h

′

2s

√
Cs−h2s

s+h′︷ ︸︸ ︷
λ+(p̂, 1

2 )⊗ · · ⊗λ+(p̂, 1
2 )⊗

s−h′︷ ︸︸ ︷
λ+(p̂,− 1

2 )⊗ · · ⊗λ+(p̂,− 1
2 ) Γ(s)Γ̄(s)

(s− h)

s+h︷ ︸︸ ︷
λ(p̂, 1

2 )⊗ · · ⊗λ(p̂, 1
2 )⊗

s−h︷ ︸︸ ︷
∂̃kλ(p̂,− 1

2 )⊗ · · ⊗λ(p̂,− 1
2 )

=
√
Cs−h

′

2s

√
Cs−h2s (Cs−h

′

2s )−1(s−h)

s+h︷ ︸︸ ︷
λ+(p̂, 1

2 )λ(p̂, 1
2 )⊗ · · ⊗λ+(p̂, 1

2 )λ(p̂, 1
2 )⊗

s−h︷ ︸︸ ︷
λ+(p̂, 1

2 )∂̃kλ(p̂,− 1
2 )⊗ · · ⊗λ+(p̂,− 1

2 )λ(p̂,− 1
2 )

=
√

(s+ h′)(s− h)λ+(p̂, 1
2 )∂̃kλ(p̂,− 1

2 )

Thm. 6.13.3. λ+(p̂, h′; s)∂̃kλ(p̂, h; s) =
√

(s− h′)(s+ h)λ+(p̂,− 1
2 )∂̃kλ(p̂, 1

2 ), h′ − h = −1

Proof: λ+(p̂, h′; s)∂̃kλ(p̂, h; s)

= [
√
Cs−h

′

2s Γ̄(s)

s+h′︷ ︸︸ ︷
λ(p̂, 1

2 )⊗ · · ⊗λ(p̂, 1
2 )⊗

s−h′︷ ︸︸ ︷
λ(p̂,− 1

2 )⊗ · · ⊗λ(p̂,− 1
2 )]+

∂̃k

√
Cs−h2s Γ̄(s)

s+h︷ ︸︸ ︷
λ(p̂, 1

2 )⊗ · · ⊗λ(p̂, 1
2 )⊗

s−h︷ ︸︸ ︷
λ(p̂,− 1

2 )⊗ · · ⊗λ(p̂,− 1
2 )

=
√
Cs−h

′

2s

√
Cs−h2s

s+h′︷ ︸︸ ︷
λ+(p̂, 1

2 )⊗ · · ⊗λ+(p̂, 1
2 )⊗

s−h′︷ ︸︸ ︷
λ+(p̂,− 1

2 )⊗ · · ⊗λ+(p̂,− 1
2 ) Γ(s)Γ̄(s)

[(s+ h)

s+h︷ ︸︸ ︷
∂̃kλ(p̂, 1

2 )⊗ · · ⊗λ(p̂, 1
2 )⊗

s−h︷ ︸︸ ︷
λ(p̂,− 1

2 )⊗ · · ⊗λ(p̂,− 1
2 ) +(s− h)

s+h︷ ︸︸ ︷
λ(p̂, 1

2 )⊗ · · ⊗λ(p̂, 1
2 )⊗

s−h︷ ︸︸ ︷
∂̃kλ(p̂,− 1

2 )⊗ · · ⊗λ(p̂,− 1
2 )]

=
√
Cs−h

′

2s

√
Cs−h2s

s+h′︷ ︸︸ ︷
λ+(p̂, 1

2 )⊗ · · ⊗λ+(p̂, 1
2 )⊗

s−h′︷ ︸︸ ︷
λ+(p̂,− 1

2 )⊗ · · ⊗λ+(p̂,− 1
2 ) Γ(s)Γ̄(s)

(s+ h)

s+h︷ ︸︸ ︷
∂̃kλ(p̂, 1

2 )⊗ · · ⊗λ(p̂, 1
2 )⊗

s−h︷ ︸︸ ︷
λ(p̂,− 1

2 )⊗ · · ⊗λ(p̂,− 1
2 )

=
√
Cs−h

′

2s

√
Cs−h2s (Cs−h

′

2s )−1(s+ h)
s+h︷ ︸︸ ︷

λ+(p̂,− 1
2 )∂̃kλ(p̂, 1

2 )⊗ · · ⊗λ+(p̂, 1
2 )λ(p̂, 1

2 )⊗
s−h︷ ︸︸ ︷

λ+(p̂,− 1
2 )λ(p̂,− 1

2 )⊗ · · ⊗λ+(p̂,− 1
2 )λ(p̂,− 1

2 )

=
√

(s− h′)(s+ h)λ+(p̂,− 1
2 )∂̃kλ(p̂, 1

2 )

6.14 Summary of helicity σ(s) · p̂ eigenfunctions derivative properties

Thm. 6.14.1.
λ+(p̂, h; s)∂̃kλ(p̂, h; s) = 2hλ+(p̂, 1

2 )∂̃kλ(p̂, 1
2 ) = h

−ip̂yδkx+ip̂xδky
p(1+p̂z)

λ+(p̂, h′; s)∂̃kλ(p̂, h; s) =
√

(s+ ςh′)(s− ςh)λ+(p̂, ς2 )∂̃kλ(p̂,− ς
2 )

= ς
√

(s+ ςh′)(s− ςh)
(p̂i+δiz)(p̂x−iςp̂y)−(1+p̂z)(δix−iςδiy)

2p(1+p̂z) , h′ − h = ς

λ+(p̂, h′; s)∂̃kλ(p̂, h; s) = 0, |h′ − h| ≥ 2

6.15 General solution IV of helicity σ(s) · p̂ eigenfunctions derivative

Lem. 6.15.1. Γ(s;w)Γ̄(s;w)Ω(s;w)Γ(s;w) = Ω(s;w)Γ(s;w)

Thm. 6.15.1. λ+(p̂, ςs; s)σ(s)∂̃kλ(p̂,−ςs; s) = 0, s ≥ 3
2

Proof: λ+(p̂, ςs; s)σ(s)∂̃kλ(p̂,−ςs; s)

=

2s︷ ︸︸ ︷
λ+(p̂, ς2 )⊗ · · ⊗λ+(p̂, ς2 ) Γ(s)[Γ̄(s)Ω(s)Γ(s)]Γ̄(s)∂̃k

2s︷ ︸︸ ︷
λ(p̂,− ς

2 )⊗ · · ⊗λ(p̂,− ς
2 )

= 2s

2s︷ ︸︸ ︷
λ+(p̂, ς2 )⊗ · · ⊗λ+(p̂, ς2 ) Γ(s)Γ̄(s)Ω(s)Γ(s)Γ̄(s)

2s︷ ︸︸ ︷
∂̃kλ(p̂,− ς

2 )⊗ · · ⊗λ(p̂,− ς
2 )

= 2s

2s︷ ︸︸ ︷
λ+(p̂, ς2 )⊗ · · ⊗λ+(p̂, ς2 ) Γ(s)Γ̄(s)Ω(s)

2s︷ ︸︸ ︷
∂̃kλ(p̂,− ς

2 )⊗ · · ⊗λ(p̂,− ς
2 )

= 2s

2s︷ ︸︸ ︷
λ+(p̂, ς2 )⊗ · · ⊗λ+(p̂, ς2 ) Ω(s)

2s︷ ︸︸ ︷
∂̃kλ(p̂,− ς

2 )⊗ · · ⊗λ(p̂,− ς
2 )

= 0

Cor. 6.15.1. λ+(p̂, ςs; s)[σi(s)∂̃j − σj(s)∂̃i]λ(p̂,−ςs; s) = 0, s ≥ 3
2

Thm. 6.15.2. λ+(p̂,−1; 1)σ(s)∂̃kλ(p̂, 1; 1) = 0
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Proof: λ+(p̂,−1; s)σ(s)∂̃kλ(p̂, 1; 1)
= λ+(p̂,− 1

2 )⊗ λ+(p̂,− 1
2 )Γ(1)Γ̄(1)Ω(1)Γ(1)Γ̄(1)∂̃k[λ(p̂, 1

2 )⊗ λ(p̂, 1
2 )]

= 2sλ+(p̂,− 1
2 )⊗ λ+(p̂,− 1

2 )Γ(1)Γ̄(1)Ω(1)Γ(1)Γ̄(1)∂̃kλ(p̂, 1
2 )⊗ λ(p̂, 1

2 )

= 2λ+(p̂,− 1
2 )⊗ λ+(p̂,− 1

2 )Γ(1)Γ̄(1)Ω(1)∂̃kλ(p̂, 1
2 )⊗ λ(p̂, 1

2 )

= 2λ+(p̂,− 1
2 )⊗ λ+(p̂,− 1

2 )Ω(1)∂̃kλ(p̂, 1
2 )⊗ λ(p̂, 1

2 )

= λ+(p̂,− 1
2 )⊗ λ+(p̂,− 1

2 )(σ ⊗ I + I ⊗ σ)∂̃kλ(p̂, 1
2 )⊗ λ(p̂, 1

2 )

= [λ+(p̂,− 1
2 )∂̃kλ(p̂, 1

2 )][λ+(p̂,− 1
2 )σλ(p̂, 1

2 )]

Pro. 6.15.1.

λ+(p̂,− 1
2 )∂̃iλ(p̂, 1

2 ) = − (p̂i+δiz)(p̂x+ip̂y)−(1+p̂z)(δix+iδiy)
2p(1+p̂z)

= −


p̂x(p̂x+ip̂y)−(1+p̂z)

2p(1+p̂z)
p̂y(p̂x+ip̂y)−i(1+p̂z)

2p(1+p̂z)
(1+p̂z)(p̂x+ip̂y)

2p(1+p̂z)

 = − 1
2p(1+p̂z) [(p̂x + ip̂y)p̂+

[ −(1+p̂z)
−i(1+p̂z)
(p̂x+ip̂y)

]
]

λ+(p̂,− 1
2 )(σ,−iς)aλ(p̂, 1

2 ) =


p̂xp̂z−ip̂y
p̂x−ip̂y
p̂y p̂z+ip̂x
p̂x−ip̂y
p̂z p̂z−1
p̂x−ip̂y

0

 = 1
p̂x−ip̂y (p̂z p̂+

[
−ip̂y
ip̂x
−1
0

]
)

Cor. 6.15.2. λ+(p̂,−1; 1)[σi(1)∂̃j − σj(1)∂̃i]λ(p̂, 1; 1)

= [λ+(p̂,− 1
2 )∂̃jλ(p̂, 1

2 )][λ+(p̂,− 1
2 )σiλ(p̂, 1

2 )]− [λ+(p̂,− 1
2 )∂̃iλ(p̂, 1

2 )][λ+(p̂,− 1
2 )σjλ(p̂, 1

2 )]
= 0

Cor. 6.15.3. λ+(p̂, ςs; s)[σi(s)∂̃j − σj(s)∂̃i]λ(p̂,−ςs; s) = 0, s ≥ 1

6.16 Special case: 1-spin eigenstate λ(p̂, h; 1) decomposes into 1
2 -spin eigenstates

Lem. 6.16.1.


Γας

kς (1) � Sm(1) = 1√
2

[
i 0 −i
−1 0 −1

0 −i
√

2 0

]
Γkς

ας (1) � S+
m(1) = 1√

2

[
−i −1 0

0 0 i
√

2
i −1 0

] {
Γας kς (1) � S∗m(1)

Γkςας (1) � STm(1)

Lem. 6.16.2. [Sm(1)Γ̄(1)]ας
Aς⊗Bς = 1√

2

[
i 0 0 −i
−1 0 0 −1
0 −i −i 0

]
, [Sm(1)Γ̄(1)]ας

AςBς = − 1√
2
σyσ = iς√

2
σAςBςας

Thm. 6.16.1. λ(p̂, h; 1) =
√
C1−h

2 Γ̄(1)

1+h︷ ︸︸ ︷
λ(p̂, 1

2 )⊗ · · ⊗λ(p̂, 1
2 )⊗

1−h︷ ︸︸ ︷
λ(p̂,− 1

2 )⊗ · · ⊗λ(p̂,− 1
2 )

Cor. 6.16.1.

{
λ(p̂,−ς; 1) = Γ̄(1)λ(p̂,− ς

2 )⊗ λ(p̂,− ς
2 ) = λT (p̂,− ς

2 )Γλ(p̂,− ς
2 )

λ(p̂, 0; 1) =
√
C1

2 Γ̄(1)λ(p̂, ς2 )⊗ λ(p̂,− ς
2 ) =

√
C1

2λ
T (p̂, ς2 )Γλ(p̂,− ς

2 )

Cor. 6.16.2.

{
λm(p̂,−ς; 1) = Sm(1)Γ̄(1)λ(p̂,− ς

2 )⊗ λ(p̂,− ς
2 ) = − 1√

2
λT (p̂,− ς

2 )σyσλ(p̂,− ς
2 )

λm(p̂, 0; 1) =
√
C1

2Sm(1)Γ̄(1)λ(p̂, ς2 )⊗ λ(p̂,− ς
2 ) = −λT (p̂, ς2 )σyσλ(p̂,− ς

2 )

Cor. 6.16.3.

{
λkς (p̂,−ς; 1) = ΓAςBςkς

λAς (p̂,− ς
2 )λBς (p̂,− ς

2 )

λkς (p̂, 0; 1) =
√
C1

2ΓAςBςkς
λAς (p̂,

ς
2 )λBς (p̂,− ς

2 )

Cor. 6.16.4.

{
λmας (p̂,−ς; 1) = iς√

2
σAςBςας λAς (p̂,− ς

2 )λBς (p̂,− ς
2 ) = − 1√

2
(σyσ)AςBςας λAς (p̂,− ς

2 )λBς (p̂,− ς
2 )

λmας (p̂, 0; 1) =
√
C1

2
iς√
2
σAςBςας λAς (p̂,

ς
2 )λBς (p̂,− ς

2 ) = −(σyσ)AςBςας λAς (p̂,
ς
2 )λBς (p̂,− ς

2 )

6.17 Raising and lowering of helicity

Def. 6.17.1.
Q̂(p̂, s) := exp{i [σ(s)×p̂]z√

1−p̂2
z

arccosp̂z}Q̂exp{−i [σ(s)×p̂]z√
1−p̂2

z

arccosp̂z}, Q̂(s) :=

[
0 0 0 0 1
1 0 0 0 0
0 1 0 0 0
0 0 ·· 0 0
0 0 0 1 0

]
(2s+1)×(2s+1)

Q̂+(p̂, s) := exp{i [σ(s)×p̂]z√
1−p̂2

z

arccosp̂z}Q̂+(s)exp{−i [σ(s)×p̂]z√
1−p̂2

z

arccosp̂z}, Q̂+(s) :=

[
0 1 0 0 0
0 0 1 0 0
0 0 0 ·· 0
0 0 0 0 1
1 0 0 0 0

]
(2s+1)×(2s+1)

Cor. 6.17.1. Q̂(p̂, s)Q̂+(p̂, s) = Q̂+(p̂, s)Q̂(p̂, s) = Q̂(s)Q̂+(s) = Q̂+(s)Q̂(s) = 1
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Cor. 6.17.2.Q̂(s)λ(
[

0
0
1

]
, h; s) = λ(

[
0
0
1

]
, h− 1; s), Q̂(s)λ(

[
0
0
1

]
,−s; s) = λ(

[
0
0
1

]
, s; s), h = s, s− 1, ··,−(s− 1)

Q̂+(s)λ(
[

0
0
1

]
, h; s) = λ(

[
0
0
1

]
, h+ 1; s), Q̂+(s)λ(

[
0
0
1

]
, s; s) = λ(

[
0
0
1

]
,−s; s), h = −s,−(s− 1), ··, s− 1

Cor. 6.17.3.{
Q̂(p̂, s)λ(p̂, h; s) = λ(p̂, h− 1; s), Q̂(p̂, s)λ(p̂,−s; s) = λ(p̂, s; s), h = s, s− 1, ··,−(s− 1)

Q̂+(p̂, s)λ(p̂, h; s) = λ(p̂, h+ 1; s), Q̂+(p̂, s)λ(p̂, s; s) = λ(p̂,−s; s), h = −s,−(s− 1), ··, s− 1

Cor. 6.17.4.
σ(s) · p̂Q̂(p̂, s)λ(p̂, h; s) = (h− 1)λ(p̂, h− 1; s), Q̂(p̂, s)σ(s) · p̂λ(p̂, h; s) = hλ(p̂, h− 1; s)

σ(s) · p̂Q̂(p̂, s)λ(p̂,−s; s) = sλ(p̂, s; s), Q̂(p̂, s)σ(s) · p̂λ(p̂,−s; s) = −sλ(p̂, s; s)

h = −(s− 1), ··, s− 1, s

Cor. 6.17.5.
σ(s) · p̂Q̂+(p̂, s)λ(p̂, h; s) = (h+ 1)λ(p̂, h+ 1; s), Q̂+(p̂, s)σ(s) · p̂λ(p̂, h; s) = hλ(p̂, h+ 1; s)

σ(s) · p̂Q̂+(p̂, s)λ(p̂, s; s) = −sλ(p̂,−s; s), Q̂+(p̂, s)σ(s) · p̂λ(p̂, s; s) = sλ(p̂,−s; s)
h = −s,−(s− 1), ··, s− 1

Cor. 6.17.6.
[σ(s) · p̂, Q̂(p̂, s)]λ(p̂, h; s) = −Q̂(p̂, s)λ(p̂, h; s), [σ(s) · p̂, Q̂(p̂, s)]λ(p̂,−s; s) = 2sQ̂(p̂, s)λ(p̂,−s; s)
{σ(s) · p̂, Q̂(p̂, s)}λ(p̂, h; s) = (2h− 1)Q̂(p̂, s)λ(p̂, h; s), {σ(s) · p̂, Q̂(p̂, s)}λ(p̂,−s; s) = 0

h = −(s− 1), ··, s− 1, s

Cor. 6.17.7.
[σ(s) · p̂, Q̂+(p̂, s)]λ(p̂, h; s) = Q̂+(p̂, s)λ(p̂, h; s), [σ(s) · p̂, Q̂+(p̂, s)]λ(p̂, s; s) = −2Q̂+(p̂, s)λ(p̂, s; s)

{σ(s) · p̂, Q̂+(p̂, s)}λ(p̂, h; s) = (2h+ 1)Q̂+(p̂, s)λ(p̂, h; s), {σ(s) · p̂, Q̂+(p̂, s)}λ(p̂, s; s) = 0

h = −s,−(s− 1), ··, s− 1

6.18 Arithmetization of helicity eigenfunctions–New mathematical tools

Def. 6.18.1. λ(Ô, h; s) := λ(p̂, h; s)|p̂→Ô, Ô := −i∇√
−∇2

Cor. 6.18.1. λ(Ô, h; s) = exp{i [σ(s)×Ô]z√
1−Ô2

z

arccosÔz}λ(
[

0
0
1

]
, h; s)

Cor. 6.18.2. σ(s) · Ôλ(Ô, h; s) = hλ(Ô, s; s), h = −s, ··, s

Cor. 6.18.3. λ+(Ô, h; s)λ(Ô, h′; s) = δhh′ ,
−s∑
h=s

λ(Ô, h; s)λ+(Ô, h; s) = 1

Cor. 6.18.4. λ(−Ô, h; s) = (−1)s+|h|( Ô+

Ô−
)hλ(Ô,−h; s)

Cor. 6.18.5. λ+(Ô, h; s)σ(s)λ(Ô, h; s) = hÔ, h = −s, ··, s

Cor. 6.18.6. λ+(−Ô, h; s)σ(s)λ(Ô, h; s) = 0, λ+(Ô,−h; s)σ(s)λ(Ô, h; s) = 0, h = −s, ··, s

Cor. 6.18.7.


Γ

2s︷ ︸︸ ︷
abc · ·
kςk′ς

(s)

2s︷ ︸︸ ︷
p̂ap̂bp̂c · · = (i

√
2)2sλkς (p̂,−sς)λ+

k′ς
(p̂,−sς)

Γ

2s︷ ︸︸ ︷
abc · ·
kςk′ς

(s)

2s︷ ︸︸ ︷
∂̂a∂̂b∂̂c · · = (i

√
2)2sλkς (Ô,−sς)λ+

k′ς
(Ô,−sς)

Cor. 6.18.8. ∂̃k{ [σ(s)×p̂]z√
1−p̂2

z

arccosp̂z}

= −{ [σ(s)×p̂]z
1−p̂2

z
}∂̃kp̂z + { [σ(s)×p̂]z p̂z

(1−p̂2
z)3/2 arccosp̂z}∂̃kp̂z + {arccosp̂z√

1−p̂2
z

}∂̃k[σ(s)× p̂]z

7 Analytical continuation of helicity σ(s) · p̂(It still needs to be tightened.)
7.1 Analysis of helicity σ( 1

2 ) · p̂, p̂ ∈ C eigenfunctions

Def. 7.1.1. λ̃T (p̂, 1
2 ) := −iλT (p̂,− 1

2 )σy, λ̃
T (p̂,− 1

2 ) := iλT (p̂, 1
2 )σy, p̂ = ~p√

~p·~p
∈ C

Cor. 7.1.1. λ(p̂, 1
2 ) = 1√

1+p̂z

[ 1√
2
(1 + p̂z)

p̂+

]
, λ(p̂,− 1

2 ) = 1√
1+p̂z

[
−p̂−

1√
2
(1 + p̂z)

]
, p̂2 = 1, p̂ ∈ C

Cor. 7.1.2. [σ( 1
2 ) · p̂]λ(p̂, 1

2 ) = 1
2λ(p̂, 1

2 ), [σ( 1
2 ) · p̂]λ(p̂,− 1

2 ) = − 1
2λ(p̂, 1

2 ), p̂2 = 1, p̂ ∈ C
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Pro. 7.1.1. λ̃T (p̂, 1
2 ) = λ+(p̂, 1

2 ), λ̃T (p̂,− 1
2 ) = λ+(p̂,− 1

2 ), p̂ ∈ R

Cor. 7.1.3. λ̃T (p̂, h)λ(p̂, h′) = δhh′ ,
− 1

2∑
h=

1
2

λ(p̂, h)λ̃T (p̂, h) = 1,
− 1

2∑
h=

1
2

hλ(p̂, h)λ̃T (p̂, h) = σ( 1
2 ) · p̂, p̂ ∈ C

7.2 Analysis of helicity σ(s) · p̂, p̂ ∈ C eigenfunctions

Def. 7.2.1. λ(p̂, h; s) :=
√
Cs−h2s Γ̄(s)

s+h︷ ︸︸ ︷
λ(p̂, 1

2 )⊗ · · ⊗λ(p̂, 1
2 )⊗

s−h︷ ︸︸ ︷
λ(p̂,− 1

2 )⊗ · · ⊗λ(p̂,− 1
2 ), p̂ ∈ C

Def. 7.2.2.

λ̃T (p̂, h; s) := (−1)h
√
Cs−h2s

s+h︷ ︸︸ ︷
λT (p̂, 1

2 )σy ⊗ · · ⊗λT (p̂, 1
2 )σy ⊗

s−h︷ ︸︸ ︷
λT (p̂,− 1

2 )σy ⊗ · · ⊗λT (p̂,− 1
2 )σy Γ(s), p̂ ∈ C

Cor. 7.2.1. [σ(s) · p̂]λ(p̂, h; s) = hλ(p̂, h; s), p̂2 = 1, p̂ ∈ C

Pro. 7.2.1. λ̃T (p̂, h; s) = λ+(p̂, h; s), p̂ ∈ R

Cor. 7.2.2. λ̃T (p̂, h; s)λ(p̂, h′; s) = δhh′ ,
−s∑
h=s

λ(p̂, h; s)λ̃T (p̂, h; s) = 1,
−s∑
h=s

hλ(p̂, h; s)λ̃T (p̂, h; s) = σ(s) · p̂, p̂ ∈ C

7.3 Miscellaneous analysis of helicity σ(s) · p̂, p̂ ∈ C
Thm. 7.3.1. ∂̃iλ(p̂, 1; 1) = 1

p(1+p̂z){−[δiz + p̂i(2 + p̂z)]λ(p̂, 1; 1) + [(δiz + p̂i)(1 + p̂z) + (p̂x − ip̂y)(δix + iδiy)]λ(p̂, 1; 1)

+

 (δiz + p̂i)(1 + p̂z)
1√
2
[(δix + iδiy)(1 + p̂z) + (δiz + p̂i)(p̂x + ip̂y)]

(δix + iδiy)(p̂x + ip̂y)

− [(δiz + p̂i)(1 + p̂z) + (p̂x − ip̂y)(δix + iδiy)]λ(p̂, 1; 1)}

= 1
p(1+p̂z){(−ip̂yδix + ip̂xδiy)λ(p̂, 1; 1)

+

 (δiz + p̂i)(1 + p̂z)
1√
2
[(δix + iδiy)(1 + p̂z) + (δiz + p̂i)(p̂x + ip̂y)]

(δix + iδiy)(p̂x + ip̂y)


− [(δiz + p̂i)(1 + p̂z) + (p̂x − ip̂y)(δix + iδiy)] 1

p̂−

 1
2 p̂−(1+p̂z)

p̂+p̂−
1
2 p̂+(1−p̂z)

}
= 1

p(1+p̂z){(−ip̂yδix + ip̂xδiy)λ(p̂, 1; 1)

+

 (δiz + p̂i)(1 + p̂z)
1√
2
[(δix + iδiy)(1 + p̂z) + (δiz + p̂i)(p̂x + ip̂y)]

(δix + iδiy)(p̂x + ip̂y)


− (δiz + p̂i)(1 + p̂z)

1
p̂−

 1
2 p̂−(1+p̂z)

p̂+p̂−
1
2 p̂+(1−p̂z)

−√2(δix + iδiy)

 1
2 p̂−(1+p̂z)

p̂+p̂−
1
2 p̂+(1−p̂z)

}
= 1

p(1+p̂z){(−ip̂yδix + ip̂xδiy)λ(p̂, 1; 1)

+

 1
2 (δiz + p̂i)(1− p̂z)2

1√
2
[(δix + iδiy)(1 + p̂z) + (δiz + p̂i)(p̂x + ip̂y)]

(δix + iδiy)(p̂x + ip̂y)


− (δiz + p̂i)(1 + p̂z)

1
p̂−

 1
2 p̂−(1+p̂z)

p̂+p̂−
1
2 p̂+(1−p̂z)

−√2(δix + iδiy)

 1
2 p̂−(1+p̂z)

p̂+p̂−
1
2 p̂+(1−p̂z)

}
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Self comment: In order to further study the physical content of general spin particles, I have inde-
pendently developed the following mathematical analysis of spin algebra in this chapter. It provides
another new mathematical tool for studying various spin particles.

1 Basic algebraic properties of spin unit vector operator
1.1 Basic operator rules for σ(s), ~p

Pro. 1.1.1.

{
σ(s)× ~p = [σ(s), iσ(s) · ~p] = i{σ(s)[σ(s) · ~p]− [σ(s) · ~p]σ(s)}
~p× σ(s) = −[σ(s), iσ(s) · ~p] = i{[σ(s) · ~p]σ(s)− σ(s)[σ(s) · ~p]}

Pro. 1.1.2.

{
σ(s)× ~p = −~p× σ(s)

σ(s)× σ(s) = iσ(s)

{
σ(s) · ~p = ~p · σ(s)

σ2(s) = s(s+ 1)


[σ(s)× ~p] · ~p = 0

σ(s) · [σ(s)× ~p] = iσ(s) · ~p
[~p× σ(s)] · σ(s) = iσ(s) · ~p

Pro. 1.1.3.



[σ(s)× ~p]× ~p = [σ(s) · ~p]~p− σ(s)(~p · ~p)
σ(s)× [σ(s)× ~p] = [σ(s) · ~p]σ(s)− σ2(s)~p

[~p× σ(s)]× σ(s) = σ(s)[σ(s) · ~p]− σ2(s)~p

σ(s)× {σ(s)× [σ(s)× ~p]} = σ(s)× {[σ(s) · ~p]σ(s)} − σ(s)× ~pσ2(s)

σ(s)× {σ(s)× [σ(s)× ~p]} = σ(s)× {[σ(s) · ~p]σ(s)} − σ(s)× ~pσ2(s)

Pro. 1.1.4.

{
i2k−1p̂ · {σ(s)× {σ(s)[×p̂|]2k−1}} = i{[σ(s) · p̂]2 − σ2(s)}
i2kp̂ · {σ(s)× {σ(s)[×p̂|]2k}} = iσ(s) · p̂

Pro. 1.1.5.


{[σ(s)× ~p]× ~p} · ~p = 0

{σ(s)× [σ(s)× ~p]} · σ(s) = 0

σ(s) · {[~p× σ(s)]× σ(s)} = 0


~p · {[σ(s)× ~p]× ~p} = 0

σ(s) · {σ(s)× [σ(s)× ~p]} = −σ(s) · ~p
{[~p× σ(s)]× σ(s)} · σ(s) = −σ(s) · ~p

Pro. 1.1.6.



{[σ(s)× ~p]× ~p} · σ(s) = [σ(s) · ~p]2 − σ2(s)~p2

σ(s) · {[σ(s)× ~p]× ~p} = [σ(s) · ~p]2 − σ2(s)~p2

{σ(s)× [σ(s)× ~p]} · ~p = [σ(s) · ~p]2 − σ2(s)~p2

~p · {[~p× σ(s)]× σ(s)} = [σ(s) · ~p]2 − σ2(s)~p2

−[σ(s)× ~p] · [σ(s)× ~p] = [σ(s) · ~p]2 − σ2(s)~p2

Pro. 1.1.7.


[σ(s)× ~p]× [σ(s)× ~p] = i[σ(s) · ~p]~p = i{[σ(s)× ~p]× ~p+ σ(s)}
{[σ(s)× ~p]× [σ(s)× ~p]} · ~p = i[σ(s) · ~p]~p2

σ(s) · {[σ(s)× ~p]× [σ(s)× ~p]} = i[σ(s) · ~p]2

{[σ(s)× ~p]× [σ(s)× ~p]} · σ(s) = i[σ(s) · ~p]2

Pro. 1.1.8.


[σ(s)× ~p]× {[σ(s)× ~p]× [σ(s)× ~p]} = i{[σ(s)× ~p]× ~p}[σ(s) · ~p]
{[σ(s)× ~p]× [σ(s)× ~p]} × [σ(s)× ~p] = −i[σ(s) · ~p]{[σ(s)× ~p]× ~p}
[σ(s)× ~p] · {[σ(s)× ~p]× [σ(s)× ~p]} = 0

{[σ(s)× ~p]× [σ(s)× ~p]} · [σ(s)× ~p] = 0

Pro. 1.1.9.

{
[σ(s)× ~p]× [σ(s)× ~p] = i[σ(s) · ~p]~p = i{[σ(s)× ~p]× ~p+ σ(s)}
[σ(s)× ~p]× {[σ(s)× ~p]× [σ(s)× ~p]} = i{[σ(s)× ~p]× ~p}[σ(s) · ~p]

Pro. 1.1.10.


{[σ(s)× p̂]× p̂} × ~p = −σ(s)× p̂
σ(s)× [σ(s)× ~p] = [σ(s) · ~p]σ(s)− σ2(s)~p

[~p× σ(s)]× σ(s) = σ(s)[σ(s) · ~p]− σ2(s)~p
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Pro. 1.1.11.

{
{p̂} × p̂ = {~p; 0̂} × p̂ = {~p; 0̂}||
{σ(s)} × p̂ = {σ(s);σ(s)× p̂} × p̂ = · · · = {σ(s);±σ(s)× p̂,±[σ(s)× p̂]× p̂}||

Pro. 1.1.12.

{
{σ(s)} × σ(s) = · · · = {±σ(s),±iσ(s)}||
{p̂} × σ(s) = {p̂; p̂× σ(s)} × σ(s) = · · ·

Pro. 1.1.13. {σ[σ · p̂]} × σ = −2ip̂

1.2 Classification of spin unit vector operator cross multiplication algebras

Pro. 1.2.1.
[p̂× |]np̂ = p̂[| × p̂]n = ~0

< p̂;×p̂ >=< p̂; p̂× >≺ ({p̂,~0},×)

Meet closure; Satisfying commutative and associative laws; There are zero elements but no unit elements.

Pro. 1.2.2.
[σ(s)× |]nσ(s) = σ(s)[| × σ(s)]n = inσ(s)

< σ(s);×σ(s) >=< σ(s);σ(s)× >≺ ({i0σ(s), i1σ(s), i2σ(s), i3σ(s)},×)

Meet closure; Satisfying commutative and associative laws; There are no zero elements and unit elements.

Pro. 1.2.3.
σ(s)[| × p̂]n = i−n{1 : iσ(s)× p̂, 2 : −{[σ(s) · p̂]p̂− σ(s)}}
< σ(s);×p̂ >≺ ({σ(s),±σ(s)× p̂,±{[σ(s) · p̂]p̂− σ(s)}},×p̂)
Meet closure; Not satisfying commutative and associative laws; There are no zero elements and unit elements.

Pro. 1.2.4.
[p̂× |]nσ(s) = in{1 : −ip̂× σ(s), 2 : −{[σ(s) · p̂]p̂− σ(s)}}
< σ(s); p̂× >≺ ({σ(s),±p̂× σ(s),±{[σ(s) · p̂]p̂− σ(s)}}, p̂×)

Meet closure; Not satisfying commutative and associative laws; There are no zero elements and unit elements.

Pro. 1.2.5.
p̂[| × σ(s)]n = in{an[σ(s) · p̂]σ(s) + bnσ(s)[σ(s) · p̂]− cnσ2(s)p̂}
< p̂;×σ(s) >≺ (in{an[σ(s) · p̂]σ(s) + bnσ(s)[σ(s) · p̂]− cnσ2(s)p̂|n ≥ 0},×σ(s))

Meet closure; Not satisfying commutative and associative laws; There are no zero elements and unit elements.

Pro. 1.2.6.
[σ(s)× |]np̂ = in{anσ(s)[σ(s) · p̂] + bn[σ(s) · p̂]σ(s)− cnσ2(s)p̂}
< p̂;σ(s)× >≺ (in{anσ(s)[σ(s) · p̂] + bn[σ(s) · p̂]σ(s)− cnσ2(s)p̂|n ≥ 0}, σ(s)×)

Meet closure; Not satisfying commutative and associative laws; There are no zero elements and unit elements.

Pro. 1.2.7.{
< σ(s)× p̂;σ(s)× p̂× >,Meet closure; Not satisfying commutative and associative laws; There are no zero elements and unit elements.

Maximum algebra of spin unit vector: Infinite discrete algebra

Pro. 1.2.8.

< σ(s), p̂;× >,Meet closure; Not satisfying commutative and associative laws; There are zero elements but no unit elements.

< σ(s), p̂;× >=
2s∑

i,j,k=0

aij [σ(s) · p̂]iσ(s)[σ(s) · p̂]j + bkp̂[σ(s) · p̂]k

Linear independence:
2s∑

i,j,k=0

aijh
i+j+1 + bkh

k = 0, h = s, s− 1, · · · ,−(s− 1),−s

Scalar product algebra of spin unit vector: Finite discrete algebra

Pro. 1.2.9.
< σ(s) · p̂; · >,Meet closure; Satisfying commutative and associative laws; There are no zero elements and unit elements.

< σ(s) · p̂; · >=
2s∑
k=0

ck[σ(s) · p̂]k

Linear independence:
2s∑
k=0

ckh
k = 0, h = s, s− 1, · · · ,−(s− 1),−s

Using 2s+1 spin helicity functions is expected to solve the linear independence problem of the above
two algebras. And completeness can be proven.
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2 Basic expansion
2.1 Two types of expansions of σ(s)[| × p̂]n and in[p̂× |]nσ(s)

2.1.1 Simple expansion and general term formula of inσ(s)[| × p̂]n and in[p̂× |]nσ(s)

Pro. 2.1.1. σ(s)[×p̂|]1 = σ(s)× p̂ σ(s)[×p̂|]2 = [σ(s) · p̂]p̂− σ(s) σ(s)[×p̂|]3 = −σ(s)× p̂

Thm. 2.1.1.

inσ(s)[| × p̂]n =

{
iσ(s)× p̂, n = 2k − 1

σ(s)− [σ(s) · p̂]p̂, n = 2k
, in[p̂× |]nσ(s) =

{
ip̂× σ(s), n = 2k − 1

σ(s)− [σ(s) · p̂]p̂, n = 2k
, k ≥ 1

Cor. 2.1.1. σ(s)[| × p̂]n = (−1)n[p̂× |]nσ(s)

Cor. 2.1.2. inσ(s) · {σ(s)[| × p̂]n} = in{[p̂× |]nσ(s)} · σ(s) =

{
−σ(s) · p̂, n = 2k − 1

−{[σ(s) · p̂]2 − σ2(s)}, n = 2k
, k ≥ 1

Cor. 2.1.3. inσ(s) · {σ(s)[| × p̂]n} = in{[p̂× |]nσ(s)} · σ(s) = −{[σ(s) · p̂]2−n%2 − (1− n%2)σ2(s)}, n ≥ 1

Cor. 2.1.4. inσ(s)[| × p̂]n| · p̂ = inp̂ · |[p̂× |]nσ(s) = 0, n ≥ 1

Cor. 2.1.5.{
σ(s)[×p̂|]2k−1 = (−1)k+1σ(s)× p̂
σ(s)[×p̂|]2k = (−1)k+1{[σ(s) · p̂]p̂− σ(s)}

⇒

{
i2k−1ip̂ · {σ(s)× {σ(s)[×p̂|]2k−1}} = −{[σ(s) · p̂]2 − σ2(s)}
i2kip̂ · {σ(s)× {σ(s)[×p̂|]2k}} = −σ(s) · p̂

2.1.2 Similar binomial expansion of σ(s)[| × p̂]n and in[p̂× |]nσ(s)

Pro. 2.1.2. σ(s)× p̂ = [σ(s), iσ(s) · p̂] = i{σ(s)[σ(s) · p̂]− [σ(s) · p̂]σ(s)} = i{σ(s)A+Bσ(s)}

Pro. 2.1.3. σ(s)× p̂| × p̂ = i2{σ(s)[σ(s) · p̂]2 − 2[σ(s) · p̂]σ(s)[σ(s) · p̂] + [σ(s) · p̂]2σ(s)}
= i2[σ(s)A2 + 2Bσ(s)A+B2σ(s)] ' i2[σ

1
2 (s)A+Bσ

1
2 (s)]2B[]A

Thm. 2.1.2. σ(s)[| × p̂]n = in
n∑
k=0

Ckn[−σ(s) · p̂]kσ(s)[σ(s) · p̂]n−k, n ≥ 1

Proof: Using mathematical induction to prove:

Step 1: When i = 1, the following is established. σ(s)[| × p̂]1 = i1
1∑
k=0

Ck1 [−σ(s) · p̂]kσ(s)[σ(s) · p̂]1−k

Step 2: Assume when i = n, the following is established. σ(s)[| × p̂]n = in
n∑
k=0

Ckn[−σ(s) · p̂]kσ(s)[σ(s) · p̂]n−k

Step 3: when i = n+ 1,
σ(s)[| × p̂]n+1 = σ(s)[| × p̂]n| × p̂
= in

n∑
k=0

Ckn[−σ(s) · p̂]k[σ(s)× p̂][σ(s) · p̂]n−k

= in+1
n∑
k=0

Ckn[−σ(s) · p̂]k{σ(s)[σ(s) · p̂]− [σ(s) · p̂]σ(s)}[σ(s) · p̂]n−k

= in+1
n∑
k=0

Ckn[−σ(s) · p̂]kσ(s)[σ(s) · p̂]n+1−k + in+1
n∑
k=0

Ckn[−σ(s) · p̂]k+1σ(s)[σ(s) · p̂]n−k

= in+1
n∑
k=0

Ckn[−σ(s) · p̂]kσ(s)[σ(s) · p̂]n+1−k + in+1
n+1∑
k=1

Ck−1
n [−σ(s) · p̂]kσ(s)[σ(s) · p̂]n+1−k

= in+1
n+1∑
k=0

Ckn[−σ(s) · p̂]kσ(s)[σ(s) · p̂]n+1−k + in+1
n+1∑
k=0

Ck−1
n [−σ(s) · p̂]kσ(s)[σ(s) · p̂]n+1−k

= in+1
n+1∑
k=0

(Ckn + Ck−1
n )[−σ(s) · p̂]kσ(s)[σ(s) · p̂]n+1−k

= in+1
n+1∑
k=0

Ckn+1[−σ(s) · p̂]kσ(s)[σ(s) · p̂]n+1−k

This step proves that when i = n+ 1, it is established.
Step 4: Reasoning according to the above inductive method, the proposition is established and the theorem is proved.

Cor. 2.1.6.


inσ(s)[| × p̂]n =

n∑
k=0

Ckn[σ(s) · p̂]kσ(s)[−σ(s) · p̂]n−k, n ≥ 0

in[p̂× |]nσ(s) =
n∑
k=0

Ckn[−σ(s) · p̂]n−kσ(s)[σ(s) · p̂]k, n ≥ 0
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2.2 Recursive formula for σ(s) · p̂]nσ(s) and σ(s)[σ(s) · p̂]n

Thm. 2.2.1.
[σ(s) · p̂]nσ(s) = inσ(s)[| × p̂]n −

n−1∑
k=0

Ckn[σ(s) · p̂]kσ(s)[−σ(s) · p̂]n−k, n ≥ 0

σ(s)[σ(s) · p̂]n = in[p̂× |]nσ(s)−
n−1∑
k=0

Ckn[−σ(s) · p̂]n−kσ(s)[σ(s) · p̂]k, n ≥ 0

Cor. 2.2.1.
σα(s)[σ(s) · p̂]nσα(s) = inσ(s) · {σ(s)[| × p̂]n} −

n−1∑
k=0

Cknσ
α(s)[σ(s) · p̂]kσα(s)[−σ(s) · p̂]n−k, n ≥ 0

σα(s)[σ(s) · p̂]nσα(s) = in{[p̂× |]nσ(s)} · σ(s)−
n−1∑
k=0

Ckn[−σ(s) · p̂]n−kσα(s)[σ(s) · p̂]kσα(s), n ≥ 0

Cor. 2.2.2.
σ(s)× {[σ(s) · p̂]nσ(s)} = inσ(s)× {σ(s)[| × p̂]n} −

n−1∑
k=0

Cknσ(s)× {[σ(s) · p̂]kσ(s)}[−σ(s) · p̂]n−k, n ≥ 0

{σ(s)[σ(s) · p̂]n} × σ(s) = in{[p̂× |]nσ(s)} × σ(s)−
n−1∑
k=0

Ckn[−σ(s) · p̂]n−k{σ(s)[σ(s) · p̂]k} × σ(s), n ≥ 0

Cor. 2.2.3. X(n) = O(n)−
n−1∑
k=0

CknX(k)[−σ(s) · p̂]n−k, n ≥ 0

2.3 General term formula for i−n[σ(s)× |]np̂ and i−np̂[| × σ(s)]n

2.3.1 General term formula for i−n[σ(s)× |]np̂
Pro. 2.3.1.

i−0[σ(s)× |]0p̂ = p̂

i−1[σ(s)× |]1p̂ = {σ(s)[σ(s) · p̂]− [σ(s) · p̂]σ(s)}
i−2[σ(s)× |]2p̂ = −[σ(s) · p̂]σ(s) + σ2(s)p̂

i−3[σ(s)× |]3p̂ = −[1− σ2(s)]σ(s)[σ(s) · p̂]− [1 + σ2(s)][σ(s) · p̂]σ(s) + σ2(s)p̂

i−4[σ(s)× |]4p̂ = −[2− σ2(s)]σ(s)[σ(s) · p̂]− [1 + 2σ2(s)][σ(s) · p̂]σ(s) + [1 + σ2(s)]σ2(s)p̂

i−5[σ(s)× |]5p̂ = −[3− σ4(s)]σ(s)[σ(s) · p̂]− [1 + 3σ2(s) + σ4(s)][σ(s) · p̂]σ(s) + [1 + 2σ2(s)]σ2(s)p̂

Pro. 2.3.2.
p̂ · |[σ(s)× |]2p̂ = [σ(s) · p̂]2 − σ2(s)

p̂ · |[σ(s)× |]3p̂ = 2i[σ(s) · p̂]2 − iσ2(s)

p̂ · |[σ(s)× |]4p̂ = i2[3 + σ2(s)][σ(s) · p̂]2 − i2[1 + σ2(s)]σ2(s)

Lem. 2.3.1. −(2s+ 1) = [(s+ 1)4 − (−s)4]− 2[(s+ 1)3 − (−s)3]

Thm. 2.3.1.
i−n[σ(s)× |]np̂ = anσ(s)[σ(s) · p̂] + bn[σ(s) · p̂]σ(s)− cnσ2(s)p̂

an = [(s+1)n+2−(−s)n+2]−2[(s+1)n+1−(−s)n+1]+(2s+1)
s(2s+1)(s+1)

bn = − (s+1)n−(−s)n
2s+1 , cn = − (s+1)n−1−(−s)n−1

2s+1 , n ≥ 0

Proof: Using mathematical induction to prove:
Step 1: When i = 0, the following is established.{
i−0[σ(s)× |]0p̂ = a0σ(s)[σ(s) · p̂] + b0[σ(s) · p̂]σ(s)− c0σ2(s)p̂

a0 = 0, b0 = 0, c0 = −σ−2(s)

Step 2: Assume when i = n, the following is established.
i−n[σ(s)× |]np̂ = anσ(s)[σ(s) · p̂] + bn[σ(s) · p̂]σ(s)− cnσ2(s)p̂
Step 3: When i = n+ 1,
i−(n+1)[σ(s)× |]n+1p̂
= anσ(s)[σ(s) · p̂]− ibnσ(s)× |[σ(s) · p̂]σ(s) + icnσ(s)× σ2(s)p̂
= anσ(s)[σ(s) · p̂] + bn{σ(s)[σ(s) · p̂] + [σ(s) · p̂]σ(s)− σ2(s)p̂} − cn{σ(s)[σ(s) · p̂]− [σ(s) · p̂]σ(s)}σ2(s)
= (an + bn − cnσ2(s))σ(s)[σ(s) · p̂] + (bn + cnσ

2(s))[σ(s) · p̂]σ(s)− bnσ2(s)p̂
= an+1σ(s)[σ(s) · p̂] + bn+1[σ(s) · p̂]σ(s)− cn+1σ

2(s)p̂
This step proves that when i = n+ 1, it is established.
Step 4: The following recursive relationship is obtained.{
an+1 = an + bn − cnσ2(s), bn+1 = bn + cnσ

2(s), cn+1 = bn

a0 = 0, b0 = 0, c0 = −σ−2(s); a1 = 1, b1 = −1, c1 = 0
⇒
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an = [(s+1)n+2−(−s)n+2]−2[(s+1)n+1−(−s)n+1]+(2s+1)

s(2s+1)(s+1)

bn = − (s+1)n−(−s)n
2s+1 , cn = − (s+1)n−1−(−s)n−1

2s+1 , n ≥ 0
Step 5: Based on the above inductive reasoning, the proposition is established, and the theorem is proved.

Cor. 2.3.1.{
i−n[σ(s)× |]np̂ = anσ(s)[σ(s) · p̂] + bn[σ(s) · p̂]σ(s)− bn−1σ

2(s)p̂, n ≥ 0

an = [(s+1)n+2−(−s)n+2]−2[(s+1)n+1−(−s)n+1]+(2s+1)
s(2s+1)(s+1) , bn = − (s+1)n−(−s)n

2s+1

Cor. 2.3.2.{
i−np̂ · {[σ(s)× |]np̂} = −kn[σ(s) · p̂]2 + bn−1σ

2(s), n ≥ 0

kn = −(an + bn) = (s+1)n+1−(−s)n+1−(2s+1)
s(2s+1)(s+1) , bn−1 = − (s+1)n−1−(−s)n−1

2s+1

2.3.2 General term formula for i−np̂[| × σ(s)]n

Thm. 2.3.2.


i−np̂[| × σ(s)]n = an[σ(s) · p̂]σ(s) + bnσ(s)[σ(s) · p̂]− cnσ2(s)p̂

an = [(s+1)n+2−(−s)n+2]−2[(s+1)n+1−(−s)n+1]+(2s+1)
s(2s+1)(s+1)

bn = − (s+1)n−(−s)n
2s+1 , cn = − (s+1)n−1−(−s)n−1

2s+1 , n ≥ 0

Proof: Using mathematical induction to prove:
Step 1: When i = 0, the following is established.{
i−0p̂[| × σ(s)]0 = a0[σ(s) · p̂]σ(s) + b0σ(s)[σ(s) · p̂]− c0σ2(s)p̂

a0 = 0, b0 = 0, c0 = −σ−2(s)

Step 2: Assume when i = n, the following is established.
i−np̂[| × σ(s)]n = an[σ(s) · p̂]σ(s) + bnσ(s)[σ(s) · p̂]− cnσ2(s)p̂
Step 3: When i = n+ 1,
i−(n+1)p̂[| × σ(s)]n+1

= an[σ(s) · p̂]σ(s)− ibnσ(s)[σ(s) · p̂]| × σ(s) + icnp̂× σ(s)σ2(s)
= an[σ(s) · p̂]σ(s) + bn{[σ(s) · p̂]σ(s) + σ(s)[σ(s) · p̂]− σ2(s)p̂} − cn{[σ(s) · p̂]σ(s)− σ(s)[σ(s) · p̂]}σ2(s)
= (an + bn − cnσ2(s))[σ(s) · p̂]σ(s) + (bn + cnσ

2(s))σ(s)[σ(s) · p̂]− bnσ2(s)p̂
= an+1[σ(s) · p̂]σ(s) + bn+1σ(s)[σ(s) · p̂]− cn+1σ

2(s)p̂
This step proves that when i = n+ 1, it is established.
Step 4: The following recursive relationship is obtained.{
an+1 = an + bn − cnσ2(s), bn+1 = bn + cnσ

2(s), cn+1 = bn

a0 = 0, b0 = 0, c0 = −σ−2(s); a1 = 1, b1 = −1, c1 = 0
⇒{
an = [(s+1)n+2−(−s)n+2]−2[(s+1)n+1−(−s)n+1]+(2s+1)

s(2s+1)(s+1)

bn = − (s+1)n−(−s)n
2s+1 , cn = − (s+1)n−1−(−s)n−1

2s+1 , n ≥ 0
Step 5: Based on the above inductive reasoning, the proposition is established, and the theorem is proved.

Cor. 2.3.3.

{
i−np̂[| × σ(s)]n = an[σ(s) · p̂]σ(s) + bnσ(s)[σ(s) · p̂]− bn−1σ

2(s)p̂, n ≥ 0

an = [(s+1)n+2−(−s)n+2]−2[(s+1)n+1−(−s)n+1]+(2s+1)
s(2s+1)(s+1) , bn = − (s+1)n−(−s)n

2s+1

Cor. 2.3.4.{
i−n{p̂[| × σ(s)]n} · p̂ = −kn[σ(s) · p̂]2 + bn−1σ

2(s), n ≥ 0

kn = −(an + bn) = (s+1)n+1−(−s)n+1−(2s+1)
s(2s+1)(s+1) , bn−1 = − (s+1)n−1−(−s)n−1

2s+1

Cor. 2.3.5. p̂ · {[σ(s)× |]np̂} = {p̂[| × σ(s)]n} · p̂, n ≥ 0

2.3.3 Parameters summary

Cor. 2.3.6.

{
an+1 = an + bn − cnσ2(s), bn+1 = bn + cnσ

2(s), cn+1 = bn

a0 = 0, b0 = 0, c0 = −σ−2(s); a1 = 1, b1 = −1, c1 = 0; a2 = 0, b2 = −1, c2 = −1

⇒

{
an = [(s+1)n+2−(−s)n+2]−2[(s+1)n+1−(−s)n+1]+(2s+1)

s(2s+1)(s+1) , bn = − (s+1)n−(−s)n
2s+1 , cn = − (s+1)n−1−(−s)n−1

2s+1

kn = −(an + bn) = (s+1)n+1−(−s)n+1−(2s+1)
s(2s+1)(s+1) , cn − (an + bn) = (s+1)n−(−s)n−(2s+1)

s(2s+1)(s+1) , n ≥ 0

⇒

{
σ2(s)an = −bn+2 + 2bn+1 + 1, σ2(s)kn = −bn+1 − 1, cn = bn−1, kn+1 = kn − bn
bn = − (s+1)n−(−s)n

2s+1 , σ2(s)(cn − an − bn) = −bn − 1, n ≥ 0
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2.3.4 Parameters generalization

Thm. 2.3.3. bn+1 = bn + bn−1σ
2(s), b0 = 0, b−1 = −σ−2(s)⇔ bn = − (s+1)n−(−s)n

2s+1 ;n ∈ Z

Proof: bn+1 = bn + bn−1σ
2(s), b0 = 0, b−1 = −σ−2(s);n ∈ Z

⇔ bn+1 + sbn = (s+ 1)(bn + sbn−1), b0 = 0, b−1 = −σ−2(s);n ∈ Z
⇔ bn + sbn−1 = (s+ 1)n(b0 + sb−1), b0 = 0, b−1 = −σ−2(s);n ∈ Z
⇔ bn + sbn−1 = −(s+ 1)n−1, b0 = 0, b−1 = −σ−2(s);n ∈ Z

⇔



bn − (−s)bn−1 = −(s+ 1)n−1(−s)0

(−s)bn−1 − (−s)2bn−2 = −(s+ 1)n−2(−s)
(−s)2bn−2 − (−s)3bn−3 = −(s+ 1)n−3(−s)2

· · · · ··
(−s)n−1b1 − (−s)nb0 = −(s+ 1)0(−s)n−1

(−s)nb0 − (−s)n+1b−1 = −(s+ 1)−1(−s)n

(−s)n+1b−1 − (−s)n+2b−2 = −(s+ 1)−2(−s)n+1

· · · · ··
(−s)n−l−2bl+2 − (−s)n−l−1bl+1 = −(s+ 1)l+1(−s)n−l−2

(−s)n−l−1bl+1 − (−s)n−lbl = −(s+ 1)l(−s)n−l−1

, b0 = 0, b−1 = −σ−2(s);n ≥ 0, l ≤ −1

⇔


bn − (−s)nb0 = −(s+ 1)n−1

n−1∑
i=0

( −ss+1 )i

(−s)nb0 − (−s)n−lbl = −(s+ 1)n−1( −ss+1 )n
−l−1∑
i=0

( −ss+1 )i
, b0 = 0;n ≥ 1, l ≤ −1

⇔


bn − (−s)nb0 = −(s+ 1)n−1

n−1∑
i=0

( −ss+1 )i

(−s)lb0 − bl = − (−s)l
s+1

−l−1∑
i=0

( −ss+1 )i
, b0 = 0;n ≥ 1, l ≤ −1

⇔ bn = − (s+1)n−(−s)n
2s+1 , bl = − (s+1)l−(−s)l

2s+1 , b0 = 0;n ≥ 1, l ≤ −1

⇔ bn = − (s+1)n−(−s)n
2s+1 ;n ∈ Z

Thm. 2.3.4.{
an+1 = an + bn − bn−1σ

2(s), a0 = 0

bn = − (s+1)n−(−s)n
2s+1

⇔

{
an = [(s+1)n+2−(−s)n+2]−2[(s+1)n+1−(−s)n+1]+(2s+1)

s(2s+1)(s+1)

bn = − (s+1)n−(−s)n
2s+1

;n ∈ Z

Proof:

{
an+1 = an + bn − bn−1σ

2(s), a0 = 0

bn = − (s+1)n−(−s)n
2s+1

;n ∈ Z

⇔

{
an+1 = an + bn − bn−1σ

2(s), bn+1 = bn + bn−1σ
2(s)

a0 = 0, b0 = 0, b−1 = −σ−2(s)
;n ∈ Z

⇔

{
(an+1 + bn+1)− (an + bn) = bn, bn+1 = bn + bn−1σ

2(s)

a0 + b0 = 0, b0 = 0, b−1 = −σ−2(s)
;n ∈ Z

⇔

an =
n−1∑
i=0

bi − bn, al =
0∑
i=l

bi − bl;n ≥ 1, l ≤ 0

bn+1 = bn + bn−1σ
2(s), b0 = 0, b−1 = −σ−2(s);n ∈ Z

⇔

an =
n−1∑
i=0

bi − bn, al = −
0∑
i=l

bi − bl;n ≥ 1, l ≤ 0

bn = − (s+1)n−(−s)n
2s+1 ;n ∈ Z

⇔


an = −

n−1∑
i=0

(s+1)i−(−s)i
2s+1 + (s+1)n−(−s)n

2s+1 ;n ≥ 1

al =
0∑
i=l

(s+1)i−(−s)i
2s+1 + (s+1)l−(−s)l

2s+1 ; l ≤ 0

bn = − (s+1)n−(−s)n
2s+1 ;n ∈ Z
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⇔



an = −
n−1∑
i=0

(s+1)i

2s+1 +
n−1∑
i=0

(−s)i
2s+1 + (s+1)n−(−s)n

2s+1 = [(s+1)n+2−(−s)n+2]−2[(s+1)n+1−(−s)n+1]+(2s+1)
s(2s+1)(s+1) ;n ≥ 1

al =
0∑
i=l

(s+1)i

2s+1 −
0∑
i=l

(−s)i
2s+1 + (s+1)l−(−s)l

2s+1 = 1
2s+1

1−(
1
s+1 )−l+1

1− 1
s+1

− 1
2s+1

1−(
1
−s )−l+1

1− 1
−s

+ (s+1)l−(−s)l
2s+1

= s+1−(s+1)l

s(2s+1) − s+(−s)l
(2s+1)(s+1) + (s+1)l−(−s)l

2s+1 = (s+1)2−(s+1)l+1

s(2s+1)(s+1) − s2−(−s)l+1

s(2s+1)(s+1) + s(s+1)l+1+(s+1)(−s)l+1

s(2s+1)(s+1)

= [(s+1)l+2−(−s)l+2]−2[(s+1)l+1−(−s)l+1]+(2s+1)
s(2s+1)(s+1) ; l ≤ 0

bn = − (s+1)n−(−s)n
2s+1 ;n ∈ Z

⇔

{
an = [(s+1)n+2−(−s)n+2]−2[(s+1)n+1−(−s)n+1]+(2s+1)

s(2s+1)(s+1)

bn = − (s+1)n−(−s)n
2s+1

;n ∈ Z

⇔

{
σ2(s)an = −bn+2 + 2bn+1 + 1

bn = − (s+1)n−(−s)n
2s+1

;n ∈ Z

⇔

{
σ2(s)an = −bn+2 + 2bn+1 + 1

bn+1 = bn + bn−1σ
2(s), b0 = 0, b−1 = −σ−2(s)

;n ∈ Z

Cor. 2.3.7.
an+1 = an + bn − bn−1σ

2(s)

bn+1 = bn + bn−1σ
2(s)

a0 = 0, b0 = 0, b−1 = −σ−2(s)

⇔


σ2(s)an = −bn+2 + 2bn+1 + 1

bn+1 = bn + bn−1σ
2(s)

b0 = 0, b−1 = −σ−2(s)

;n ∈ Z

2.3.5 General term formula for il−n{[σ(s)× |]np̂}[| × p̂]l

Cor. 2.3.8.


il−n{[σ(s)× |]np̂}[| × p̂]l = ani

lσ(s)[| × p̂]l[σ(s) · p̂] + bn[σ(s) · p̂]ilσ(s)[| × p̂]l

=

{
−anσ(s)[σ(s) · p̂]2 + (an − bn)[σ(s) · p̂]σ(s)[σ(s) · p̂] + bn[σ(s) · p̂]2σ(s), l = 2k − 1

−(an + bn)[σ(s) · p̂]2p̂+ anσ(s)[σ(s) · p̂] + bn[σ(s) · p̂]σ(s), l = 2k

an = [(s+1)n+2−(−s)n+2]−2[(s+1)n+1−(−s)n+1]+(2s+1)
s(2s+1)(s+1) , bn = − (s+1)n−(−s)n

2s+1 , n ≥ 0, l ≥ 1

Cor. 2.3.9.

i
l−n{[σ(s)× |]np̂}[| × p̂]l| · σ(s) =

{
(2an + bn)[σ(s) · p̂]2 − anσ2(s), l = 2k − 1

−(an + bn)[σ(s) · p̂]3 + [(an + bn)σ2(s)− an][σ(s) · p̂], l = 2k

an = [(s+1)n+2−(−s)n+2]−2[(s+1)n+1−(−s)n+1]+(2s+1)
s(2s+1)(s+1) , bn = − (s+1)n−(−s)n

2s+1 , n ≥ 0, l ≥ 1

Cor. 2.3.10.

i
l−nσ(s) · |{[σ(s)× |]np̂}[| × p̂]l =

{
−(an + 2bn)[σ(s) · p̂]2 + bnσ

2(s), l = 2k − 1

−(an + bn)[σ(s) · p̂]3 + [(an + bn)σ2(s)− bn][σ(s) · p̂], l = 2k

an = [(s+1)n+2−(−s)n+2]−2[(s+1)n+1−(−s)n+1]+(2s+1)
s(2s+1)(s+1) , bn = − (s+1)n−(−s)n

2s+1 , n ≥ 0, l ≥ 1

Cor. 2.3.11. il−np̂ · |{[σ(s)× |]np̂}[| × p̂]l = 0, n ≥ 0, l ≥ 1

2.3.6 General term formula for il−n[p̂× |]l{p̂[| × σ(s)]n}

Cor. 2.3.12.


il−n[p̂× |]l{p̂[| × σ(s)]n} = an[σ(s) · p̂]il[p̂× |]lσ(s) + bni

l[p̂× |]lσ(s)[σ(s) · p̂]− cnσ2(s)p̂

=

{
−an[σ(s) · p̂]2σ(s) + (an − bn)[σ(s) · p̂]σ(s)[σ(s) · p̂] + bnσ(s)[σ(s) · p̂]2, l = 2k − 1

−(an + bn)[σ(s) · p̂]2p̂+ an[σ(s) · p̂]σ(s) + bnσ(s)[σ(s) · p̂], l = 2k

an = [(s+1)n+2−(−s)n+2]−2[(s+1)n+1−(−s)n+1]+(2s+1)
s(2s+1)(s+1) , bn = − (s+1)n−(−s)n

2s+1 , n ≥ 0, l ≥ 1

Cor. 2.3.13.

i
l−nσ(s) · |[p̂× |]l{p̂[| × σ(s)]n} =

{
(2an + bn)[σ(s) · p̂]2 − anσ2(s), l = 2k − 1

−(an + bn)[σ(s) · p̂]3 + [(an + bn)σ2(s)− an][σ(s) · p̂], l = 2k

an = [(s+1)n+2−(−s)n+2]−2[(s+1)n+1−(−s)n+1]+(2s+1)
s(2s+1)(s+1) , bn = − (s+1)n−(−s)n

2s+1 , n ≥ 0, l ≥ 1

Cor. 2.3.14.

i
l−n[p̂× |]l{p̂[| × σ(s)]n}| · σ(s) =

{
−(an + 2bn)[σ(s) · p̂]2 + bnσ

2(s), l = 2k − 1

−(an + bn)[σ(s) · p̂]3 + [(an + bn)σ2(s)− bn][σ(s) · p̂], l = 2k

an = [(s+1)n+2−(−s)n+2]−2[(s+1)n+1−(−s)n+1]+(2s+1)
s(2s+1)(s+1) , bn = − (s+1)n−(−s)n

2s+1 , n ≥ 0, l ≥ 1

Cor. 2.3.15. il−np̂ · |[p̂× |]l{p̂[| × σ(s)]n} = 0, n ≥ 0, l ≥ 1

Cor. 2.3.16.

{
il−n{[σ(s)× |]np̂}[| × p̂]l| · σ(s) = il−nσ(s) · |[p̂× |]l{p̂[| × σ(s)]n}
il−nσ(s) · |{[σ(s)× |]np̂}[| × p̂]l = il−n[p̂× |]l{p̂[| × σ(s)]n}| · σ(s)
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3 General term formulas for two kinds of basic spin composite operators
3.1 General term formula for σα(s)[σ(s) · p̂]nσα(s)

3.1.1 Probing and guessing of general term formula for σα(s)[σ(s) · p̂]nσα(s)

Cor. 3.1.1.

σ(s) · {[σ(s) · p̂]nσ(s)} = −{[σ(s) · p̂]2−n%2 − (1− n%2)σ2(s)} −
n−1∑
k=0

Ckn{σ(s) · {[σ(s) · p̂]kσ(s)}}[−σ(s) · p̂]n−k

Pro. 3.1.1.

σ(s) · {[σ(s) · p̂]0σ(s)} = σ2(s)

σ(s) · {[σ(s) · p̂]1σ(s)} = [σ2(s)− 1][σ(s) · p̂]
σ(s) · {[σ(s) · p̂]2σ(s)} = [σ2(s)− 3][σ(s) · p̂]2 + σ2(s)

σ(s) · {[σ(s) · p̂]3σ(s)} = [σ2(s)− 6][σ(s) · p̂]3 + [3σ2(s)− 1]σ(s) · p̂
σ(s) · {[σ(s) · p̂]4σ(s)} = [σ2(s)− 10][σ(s) · p̂]4 + [6σ2(s)− 5][σ(s) · p̂]2 + σ2(s)

σ(s) · {[σ(s) · p̂]5σ(s)} = [σ2(s)− 15][σ(s) · p̂]5 + [10σ2(s)− 15][σ(s) · p̂]3 + [5σ2(s)− 1][σ(s) · p̂]
σ(s) · {[σ(s) · p̂]6σ(s)} = [σ2(s)− 21][σ(s) · p̂]6 + [15σ2(s)− 35][σ(s) · p̂]4 + [15σ2(s)− 7][σ(s) · p̂]2 + σ2(s)

σ(s) · {[σ(s) · p̂]7σ(s)} = [σ2(s)− 28][σ(s) · p̂]7 + [21σ2(s)− 70][σ(s) · p̂]5 + [35σ2(s)− 28][σ(s) · p̂]2 + [7σ2(s)− 1][σ(s) · p̂]

Proof: σ(s) · {[σ(s) · p̂]4σ(s)}

= −{[σ(s) · p̂]2 − σ2(s)} −
3∑
k=0

Ck4 {σ(s) · {[σ(s) · p̂]kσ(s)}}[−σ(s) · p̂]4−k

= −{[σ(s) · p̂]2 − σ2(s)} − σ2(s)[σ(s) · p̂]4 −
3∑
k=1

Ck4 {σ(s) · {[σ(s) · p̂]kσ(s)}}[−σ(s) · p̂]4−k

= −{[σ(s) · p̂]2 − σ2(s)} − C0
4σ

2(s)[σ(s) · p̂]4 + C1
4 [σ2(s)− 1][σ(s) · p̂]4 −

3∑
k=2

Ck4 {σ(s) · {[σ(s) · p̂]kσ(s)}}[−σ(s) · p̂]4−k

= −{[σ(s) · p̂]2 − σ2(s)} − C0
4σ

2(s)[σ(s) · p̂]4 + C1
4 [σ2(s)− 1][σ(s) · p̂]4 − C2

4{[σ2(s)− 3][σ(s) · p̂]2 + σ2(s)}[σ(s) · p̂]2

−
3∑
k=3

Ck4 {σ(s) · {[σ(s) · p̂]kσ(s)}}[−σ(s) · p̂]4−k

= −{[σ(s) · p̂]2 − σ2(s)} − C0
4σ

2(s)[σ(s) · p̂]4 + C1
4 [σ2(s)− 1][σ(s) · p̂]4 − C2

4{[σ2(s)− 3][σ(s) · p̂]2 + σ2(s)}[σ(s) · p̂]2
+ C3

4{[σ2(s)− 6][σ(s) · p̂]3 + [3σ2(s)− 1]σ(s) · p̂}[σ(s) · p̂]
= [σ2(s)− 10][σ(s) · p̂]4 + [6σ2(s)− 5][σ(s) · p̂]2 + σ2(s)

Proof: σ(s) · {[σ(s) · p̂]5σ(s)}
= −[σ(s) · p̂] + C0

5σ
2(s)[σ(s) · p̂]5 − C1

5 [σ2(s)− 1][σ(s) · p̂]5 + C2
5{[σ2(s)− 3][σ(s) · p̂]2 + σ2(s)}[σ(s) · p̂]3

− C3
5{[σ2(s)− 6][σ(s) · p̂]3 + [3σ2(s)− 1]σ(s) · p̂}[σ(s) · p̂]2

+ C4
5{[σ2(s)− 10][σ(s) · p̂]4 + [6σ2(s)− 5][σ(s) · p̂]2 + σ2(s)}[σ(s) · p̂]

= [σ2(s)− 15][σ(s) · p̂]5 + [10σ2(s)− 15][σ(s) · p̂]3 + [5σ2(s)− 1][σ(s) · p̂]

Proof: σ(s) · {[σ(s) · p̂]6σ(s)}
= −{[σ(s) · p̂]2 − σ2(s)} − C0

6σ
2(s)[σ(s) · p̂]6 + C1

6 [σ2(s)− 1][σ(s) · p̂]6
− C2

6{[σ2(s)− 3][σ(s) · p̂]2 + σ2(s)}[σ(s) · p̂]4
+ C3

6{[σ2(s)− 6][σ(s) · p̂]3 + [3σ2(s)− 1]σ(s) · p̂}[σ(s) · p̂]3
− C4

6{[σ2(s)− 10][σ(s) · p̂]4 + [6σ2(s)− 5][σ(s) · p̂]2 + σ2(s)}[σ(s) · p̂]2
+ C5

6{[σ2(s)− 15][σ(s) · p̂]5 + [10σ2(s)− 15][σ(s) · p̂]3 + [5σ2(s)− 1][σ(s) · p̂]}[σ(s) · p̂]
= [σ2(s)− 21][σ(s) · p̂]6 + [15σ2(s)− 35][σ(s) · p̂]4 + [15σ2(s)− 7][σ(s) · p̂]2 + σ2(s)

Proof: σ(s) · {[σ(s) · p̂]7σ(s)}
= −[σ(s) · p̂] + C0

7σ
2(s)[σ(s) · p̂]7 − C1

7 [σ2(s)− 1][σ(s) · p̂]7
+ C2

7{[σ2(s)− 3][σ(s) · p̂]2 + σ2(s)}[σ(s) · p̂]5
− C3

7{[σ2(s)− 6][σ(s) · p̂]3 + [3σ2(s)− 1]σ(s) · p̂}[σ(s) · p̂]4
+ C4

7{[σ2(s)− 10][σ(s) · p̂]4 + [6σ2(s)− 5][σ(s) · p̂]2 + σ2(s)}[σ(s) · p̂]3
− C5

7{[σ2(s)− 15][σ(s) · p̂]5 + [10σ2(s)− 15][σ(s) · p̂]3 + [5σ2(s)− 1][σ(s) · p̂]}[σ(s) · p̂]2
+ C6

7{[σ2(s)− 21][σ(s) · p̂]6 + [15σ2(s)− 35][σ(s) · p̂]4 + [15σ2(s)− 7][σ(s) · p̂]2 + σ2(s)}[σ(s) · p̂]
= [σ2(s)− 28][σ(s) · p̂]7 + [21σ2(s)− 70][σ(s) · p̂]5 + [35σ2(s)− 28][σ(s) · p̂]2 + [7σ2(s)− 1][σ(s) · p̂]

Rearranged to:
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Pro. 3.1.2.

σ(s) · {[σ(s) · p̂]0σ(s)} = σ2(s)

σ(s) · {[σ(s) · p̂]1σ(s)} = [σ2(s)− C2
2 ][σ(s) · p̂]

σ(s) · {[σ(s) · p̂]2σ(s)} = [σ2(s)− C2
3 ][σ(s) · p̂]2 + C2

2σ
2(s)

σ(s) · {[σ(s) · p̂]3σ(s)} = [σ2(s)− C2
4 ][σ(s) · p̂]3 + [C2

3σ
2(s)− C4

4 ]σ(s) · p̂
σ(s) · {[σ(s) · p̂]4σ(s)} = [σ2(s)− C2

5 ][σ(s) · p̂]4 + [C2
4σ

2(s)− C4
5 ][σ(s) · p̂]2 + C4

4σ
2(s)

σ(s) · {[σ(s) · p̂]5σ(s)} = [σ2(s)− C2
6 ][σ(s) · p̂]5 + [C2

5σ
2(s)− C4

6 ][σ(s) · p̂]3 + [C4
5σ

2(s)− C6
6 ][σ(s) · p̂]

σ(s) · {[σ(s) · p̂]6σ(s)} = [σ2(s)− C2
7 ][σ(s) · p̂]6 + [C2

6σ
2(s)− C4

7 ][σ(s) · p̂]4 + [C4
6σ

2(s)− C6
7 ][σ(s) · p̂]2 + C6

6σ
2(s)

σ(s) · {[σ(s) · p̂]7σ(s)} = [σ2(s)− C2
8 ][σ(s) · p̂]7 + [C2

7σ
2(s)− C4

8 ][σ(s) · p̂]5 + [C4
7σ

2(s)− C6
8 ][σ(s) · p̂]3 + [C6

7σ
2(s)− C8

8 ][σ(s) · p̂]

Ass. 3.1.1. σ(s) · {[σ(s) · p̂]nσ(s)} = [C0
nσ

2(s)− C2
n+1][σ(s) · p̂]n + [C2

nσ
2(s)− C4

n+1][σ(s) · p̂]n−2

+ [C4
nσ

2(s)− C6
n+1][σ(s) · p̂]n−4 + [C6

nσ
2(s)− C8

n+1][σ(s) · p̂]n−6 + [C8
nσ

2(s)− C10
n+1][σ(s) · p̂]n−8 + · · ·

Ass. 3.1.2. σα(s)[σ(s) · p̂]nσα(s) =
[n/2]∑
k=0

[C2k
n σ2(s)− C2(k+1)

n+1 ][σ(s) · p̂]n−2k, n ≥ 0

3.1.2 Lemma and proof of general term formula for σα(s)[σ(s) · p̂]nσα(s)

Lem. 3.1.1.
n∑
l=0

[l/2]∑
k=0

A(k, l) =
[n/2]∑
k=0

n∑
l=2k

A(k, l)

Lem. 3.1.2.
n∑

l=2k

(−1)n−lCln+1C
2k
l = C2k

n+1

Proof:
n∑

l=2k

(−1)n−lCln+1C
2k
l = C2k

n+1

⇔
n−2k∑
l=0

(−1)lCn−ln+1C
2k
n−l = C2k

n+1

⇔
n−2k∑
l=0

(−1)l 1
(l+1)!(n−l−2k)! = 1

(n+1−2k)!

⇔
n−2k∑
l=0

(−1)l (n+1−2k)!
(l+1)!(n−l−2k)! = 1

⇔
n−2k∑
l=0

(−1)lCl+1
n+1−2k = 1

⇔
n+1−2k∑
l=0

(−1)lCln+1−2k = 0

⇔ [1 + (−1)]n+1−2k = 0

Lem. 3.1.3.
n∑

l=2k

(−1)n−lCln+1C
2(k+1)
l+1 = C

2(k+1)
n+2 , k < (n− 1)/2

Proof:
n∑

l=2k

(−1)n−lCln+1C
2(k+1)
l+1 = C

2(k+1)
n+2 , k < (n− 1)/2

⇔
n∑

l=2k+1

(−1)n−lCln+1C
2(k+1)
l+1 = C

2(k+1)
n+2

⇔
n−1−2k∑
l=0

(−1)lCn−ln+1C
2(k+1)
n+1−l = C

2(k+1)
n+2

⇔
n−1−2k∑
l=0

(−1)l n+1−l
(l+1)!(n−l−1−2k)! = n+2

(n−2k)!

⇔
n−1−2k∑
l=0

(−1)l (n+1−l)(n−2k)!
(l+1)!(n−l−1−2k)! = n+ 2

⇔
n−1−2k∑
l=0

(−1)l(n+ 1− l)Cl+1
n−2k = n+ 2

⇔
n−1−2k∑
l=0

(−1)l+1(l + 1)Cl+1
n−2k = (n+ 2)

n−2k∑
l=0

(−1)lCln−2k

⇔
n−1−2k∑
l=0

(−1)l+1(l + 1)Cl+1
n−2k = 0

⇔
n−2k∑
l=1

(−1)llCln−2k = 0
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⇔ (n− 2k)
n−2k∑
l=1

(−1)lCl−1
n−1−2k = 0

⇔
n−1−2k∑
l=0

(−1)lCln−1−2k = 0

⇔ [1 + (−1)]n−1−2k = 0

Lem. 3.1.4.
n∑

l=2k

(−1)n−lCln+1C
2(k+1)
l+1 = C

2(k+1)
n+2 − 1, k = (n− 1)/2

Proof:
n∑

l=2k

(−1)n−lCln+1C
2(k+1)
l+1 = C

2(k+1)
n+2 − 1, k = [(n− 1)/2] = (n− 1)/2, n ∈ odd

⇔
n∑

l=2k+1

(−1)n−lCln+1C
2(k+1)
l+1 = C

2(k+1)
n+2 − 1

Lem. 3.1.5.
[(n+1)/2]∑
k=0

[C2k
n+1σ

2(s)− C2(k+1)
n+2 ][σ(s) · p̂]n+1−2k

= −[σ(s) · p̂]2−(n+1)%2 − [1− (n+ 1)%2]σ2(s) +
[n/2]∑
k=0

n∑
l=2k

(−1)n−lCln+1[C2k
l σ2(s)− C2(k+1)

l+1 ][σ(s) · p̂]n+1−2k

Proof:
[n/2]∑
k=0

n∑
l=2k

(−1)n−lCln+1[C2k
l σ2(s)− C2(k+1)

l+1 ][σ(s) · p̂]n+1−2k

=
[n/2]∑
k=0

[C2k
n+1σ

2(s)− C2(k+1)
n+2 ][σ(s) · p̂]n+1−2k + [σ(s) · p̂]2−(n+1)%2

=
[(n+1)/2]∑
k=0

[C2k
n+1σ

2(s)− C2(k+1)
n+2 ][σ(s) · p̂]n+1−2k + [σ(s) · p̂]2−(n+1)%2 + [1− (n+ 1)%2]σ2(s)

3.1.3 Mathematical induction proof of general term formula for σα(s)[σ(s) · p̂]nσα(s)

Thm. 3.1.1. σα(s)[σ(s) · p̂]nσα(s) =
[n/2]∑
k=0

[C2k
n σ2(s)− C2(k+1)

n+1 ][σ(s) · p̂]n−2k, n ≥ 0

Proof:

Use mathematical induction to prove this theorem.
Step 1: When i = 0, the following is established.

σα(s)[σ(s) · p̂]0σα(s) =
[0/2]∑
k=0

[C2k
0 σ2(s)− C2(k+1)

0+1 ][σ(s) · p̂]0−2k

Step 2: Assume when i <= n, the following is established.

σα(s)[σ(s) · p̂]iσα(s) =
[i/2]∑
k=0

[C2k
i σ2(s)− C2(k+1)

i+1 ][σ(s) · p̂]i−2k, 0 ≤ i ≤ n

Step 3: When i = n+ 1, σ(s) · {[σ(s) · p̂]n+1σ(s)}
= −{[σ(s) · p̂]2−(n+1)%2 − [1− (n+ 1)%2]σ2(s)} −

n∑
l=0

Cln+1{σ(s) · {[σ(s) · p̂]lσ(s)}}[−σ(s) · p̂]n+1−l

= −{[σ(s) · p̂]2−(n+1)%2 − [1− (n+ 1)%2]σ2(s)} −
n∑
l=0

Cln+1

[l/2]∑
k=0

[C2k
l σ2(s)− C2(k+1)

l+1 ][σ(s) · p̂]l−2k[−σ(s) · p̂]n+1−l

= −{[σ(s) · p̂]2−(n+1)%2 − [1− (n+ 1)%2]σ2(s)} −
n∑
l=0

[l/2]∑
k=0

(−1)n+1−lCln+1[C2k
l σ2(s)− C2(k+1)

l+1 ][σ(s) · p̂]n+1−2k

= −{[σ(s) · p̂]2−(n+1)%2 − [1− (n+ 1)%2]σ2(s)}+
[n/2]∑
k=0

n∑
l=2k

(−1)n−lCln+1[C2k
l σ2(s)− C2(k+1)

l+1 ][σ(s) · p̂]n+1−2k

=
[(n+1)/2]∑
k=0

[C2k
n+1σ

2(s)− C2(k+1)
n+2 ][σ(s) · p̂]n+1−2k

This step proves that when i = n+ 1, it is established.
Step 4: Based on the above inductive reasoning, the proposition is established, and the theorem is proved.

3.1.4 Corollaries of general term formula for σα(s)[σ(s) · p̂]nσα(s)

Lem. 3.1.6.
[n/2]∑
k=0

sn−2k[C2k
n σ2(s)− C2(k+1)

n+1 ] = s[sn+1 + (s− 1)n]

Cor. 3.1.2. σα(s)[σ(s) · p̂]nσα(s)λ(p̂,−sς) = s[sn+1 + (s− 1)n][−ς]nλ(p̂,−sς)

Cor. 3.1.3. [ 1
sσ(s) · ∇̂]2ψ = ψ ⇒ σα(s)[σ(s) · ∇̂]nσα(s)ψ = s[sn+1 + (s− 1)n][ 1

sσ(s) · ∇̂]nψ
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3.2 General term formula for i−1σ(s)× {[σ(s) · p̂]nσ(s)}
3.2.1 Probing of general term formula for i−1σ(s)× {[σ(s) · p̂]nσ(s)}

Pro. 3.2.1.

{
σ(s)× p̂ = [σ(s), iσ(s) · p̂] = i{σ(s)[σ(s) · p̂]− [σ(s) · p̂]σ(s)}
p̂× σ(s) = −[σ(s), iσ(s) · p̂] = i{[σ(s) · p̂]σ(s)− σ(s)[σ(s) · p̂]}

Pro. 3.2.2.


inσ(s)[| × p̂]n =

{
iσ(s)× p̂, n = 2k − 1

−{[σ(s) · p̂]p̂− σ(s)}, n = 2k
, k ≥ 1

in[p̂× |]nσ(s) =

{
ip̂× σ(s), n = 2k − 1

−{[σ(s) · p̂]p̂− σ(s)}, n = 2k
, k ≥ 1

Pro. 3.2.3.


inσ(s)× {σ(s)[×p̂|]n} =

{
i{[σ(s) · p̂]σ(s)− σ2(s)p̂}, n = 2k − 1

−[σ(s)× p̂][σ(s) · p̂] + iσ(s), n = 2k
, k ≥ 1

ini−1σ(s)× {σ(s)[| × p̂]n} =

{
[σ(s) · p̂]σ(s)− σ2(s)p̂, n = 2k − 1

−σ(s)[σ(s) · p̂]2 + [σ(s) · p̂]σ(s)[σ(s) · p̂] + σ(s), n = 2k
, k ≥ 1

Cor. 3.2.1.

i−1σ(s)× {[σ(s) · p̂]nσ(s)} = ini−1σ(s)× {σ(s)[| × p̂]n} −
n−1∑
k=0

Ckn{i−1σ(s)× {[σ(s) · p̂]kσ(s)}}[−σ(s) · p̂]n−k

⇒



i−1σ(s)× {[σ(s) · p̂]0σ(s)} = σ(s)

i−1σ(s)× {[σ(s) · p̂]1σ(s)} =

{
[σ(s) · p̂]σ(s)

σ(s)[σ(s) · p̂]− σ2(s)p̂

i−1σ(s)× {[σ(s) · p̂]2σ(s)} =

{
3[σ(s) · p̂]σ(s)[σ(s) · p̂]
−2σ2(s)p̂[σ(s) · p̂] + σ(s)

i−1σ(s)× {[σ(s) · p̂]3σ(s)} =

{
6[σ(s) · p̂]σ(s)[σ(s) · p̂]2 + [σ(s) · p̂]σ(s)

−2σ(s)[σ(s) · p̂]3 − 3σ2(s)p̂[σ(s) · p̂]2 + 3σ(s)[σ(s) · p̂]− σ2(s)p̂

i−1σ(s)× {[σ(s) · p̂]4σ(s)} =

{
[σ(s) · p̂]σ(s){10[σ(s) · p̂]2 + 5}[σ(s) · p̂]
+σ(s){−5[σ(s) · p̂]4 + 5[σ(s) · p̂]2 + 1} − σ2(s)p̂{4[σ(s) · p̂]2 + 4}[σ(s) · p̂]1

Proof:

i−1σ(s)× {[σ(s) · p̂]1σ(s)}
= {[σ(s) · p̂]σ(s)− σ2(s)p̂} − i{σ(s)× σ(s)}[σ(s) · p̂]
= {σ(s) · p̂, σ(s)} − σ2(s)p̂

Proof:

i−1σ(s)× {[σ(s) · p̂]2σ(s)}

= −[σ(s), σ(s) · p̂][σ(s) · p̂] + σ(s) +
1∑
k=0

Ck2 {σ(s)× {[σ(s) · p̂]kσ(s)}}[−σ(s) · p̂]2−k

= −[σ(s), σ(s) · p̂][σ(s) · p̂] + σ(s)− C0
2σ(s)[σ(s) · p̂]2 +

1∑
k=1

Ck2 {iσ(s)× {[σ(s) · p̂]kσ(s)}}[−σ(s) · p̂]2−k

= −[σ(s), σ(s) · p̂][σ(s) · p̂]− σ(s)− C0
2σ(s)[σ(s) · p̂]2 + C1

2 [{σ(s), σ(s) · p̂} − σ2(s)p̂][σ(s) · p̂]
= 3[σ(s) · p̂]σ(s)[σ(s) · p̂]− 2σ2(s)p̂[σ(s) · p̂] + σ(s)

Proof:

i−1σ(s)× {[σ(s) · p̂]3σ(s)}

= −i3iσ(s)× {σ(s)[| × p̂]3}+
2∑
k=0

Ck3 {iσ(s)× {[σ(s) · p̂]kσ(s)}}[−σ(s) · p̂]3−k

= {[σ(s) · p̂]σ(s)− σ2(s)p̂}+ C0
3σ(s)[σ(s) · p̂]3 −

2∑
k=1

Ck3 {iσ(s)× {[σ(s) · p̂]kσ(s)}}[−σ(s) · p̂]3−k

= −{[σ(s) · p̂]σ(s)−σ2(s)p̂}−C0
3σ(s)[σ(s) · p̂]3 +C1

3{−[σ(s) · p̂]σ(s)−σ(s)[σ(s) · p̂] +σ2(s)p̂}[σ(s) · p̂]2 +
2∑
k=2

Ck3 {iσ(s)×

{[σ(s) · p̂]kσ(s)}}[−σ(s) · p̂]3−k
= {[σ(s) · p̂]σ(s)− σ2(s)p̂}+ C0

3σ(s)[σ(s) · p̂]3 + C1
3{−[σ(s) · p̂]σ(s)− σ(s)[σ(s) · p̂] + σ2(s)p̂}[σ(s) · p̂]2

− C2
3{−3[σ(s) · p̂]σ(s)[σ(s) · p̂] + 2σ2(s)p̂[σ(s) · p̂]− σ(s)}[σ(s) · p̂]

= 6[σ(s) · p̂]σ(s)[σ(s) · p̂]2 − 2σ(s)[σ(s) · p̂]3 − 3σ2(s)p̂[σ(s) · p̂]2 + [σ(s) · p̂]σ(s) + 3σ(s)[σ(s) · p̂]− σ2(s)p̂

Proof: i−1σ(s)× {[σ(s) · p̂]4σ(s)}

= i4i−1σ(s)× {σ(s)[| × p̂]4} −
3∑
k=0

Ck4 {i−1σ(s)× {[σ(s) · p̂]kσ(s)}}[−σ(s) · p̂]4−k
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= −σ(s)[σ(s) · p̂]2 + [σ(s) · p̂]σ(s)[σ(s) · p̂] + σ(s)
− C0

4σ(s)[σ(s) · p̂]4
+ C1

4{[σ(s) · p̂]σ(s) + σ(s)[σ(s) · p̂]− σ2(s)p̂}[σ(s) · p̂]3
− C2

4{3[σ(s) · p̂]σ(s)[σ(s) · p̂]− 2σ2(s)p̂[σ(s) · p̂] + σ(s)}[σ(s) · p̂]2
+C3

4{6[σ(s) · p̂]σ(s)[σ(s) · p̂]2 + [σ(s) · p̂]σ(s)− 2σ(s)[σ(s) · p̂]3 − 3σ2(s)p̂[σ(s) · p̂]2 + 3σ(s)[σ(s) · p̂]− σ2(s)p̂}[σ(s) · p̂]1
= [σ(s) · p̂]σ(s){(1 + C3

4 )[σ(s) · p̂] + (C1
4 − 3C2

4 + 6C3
4 )[σ(s) · p̂]3}

+ {(−C0
4 + C1

4 − 2C3
4 )σ(s)}[σ(s) · p̂]4 + {−C1

4 + 2C2
4 − 3C3

4}σ2(s)p̂[σ(s) · p̂]3
+ {−1− C2

4 + 3C3
4}σ(s)[σ(s) · p̂]2

+ {−C3
4}σ2(s)[σ(s) · p̂]1

+ σ(s)
= [σ(s) · p̂]σ(s){(C1

4 + C2
4 )[σ(s) · p̂]2 + (C3

4 + C4
4 )}[σ(s) · p̂] + σ(s){(C0

4 − C2
4 )[σ(s) · p̂]4 + (C2

4 − C4
4 )[σ(s) · p̂]2 + (C4

4 −
C6

4 )} − σ2(s)p̂{C1
4 [σ(s) · p̂]2 + C3

4}[σ(s) · p̂]1
= [σ(s) · p̂]σ(s){10[σ(s) · p̂]2 + 5}[σ(s) · p̂] +σ(s){−5[σ(s) · p̂]4 + 5}[σ(s) · p̂]2 + 1}−σ2(s)p̂{4[σ(s) · p̂]2 + 4}[σ(s) · p̂]1

Cor. 3.2.2.

i−1σ(s)× {[σ(s) · p̂]0σ(s)} = σ(s)

i−1σ(s)× {[σ(s) · p̂]1σ(s)} =


(C1

1 + C2
1 )[σ(s) · p̂]σ(s)

+(C0
1 − C2

1 )σ(s)[σ(s) · p̂]
−C1

1σ
2(s)p̂

i−1σ(s)× {[σ(s) · p̂]2σ(s)} =


(C1

2 + C2
2 )[σ(s) · p̂]σ(s)[σ(s) · p̂]

+(C0
2 − C2

2 )σ(s)[σ(s) · p̂]2 + (C2
2 − C4

2 )σ(s)

−C1
2σ

2(s)p̂[σ(s) · p̂]

i−1σ(s)× {[σ(s) · p̂]3σ(s)} =


[σ(s) · p̂]σ(s){(C1

3 + C2
3 )[σ(s) · p̂]2 + (C3

3 + C4
3 )}

+σ(s){(C0
3 − C2

3 )[σ(s) · p̂]2 + (C2
3 − C4

3 )}[σ(s) · p̂]
−σ2(s)p̂{C1

3 [σ(s) · p̂]2 + C3
3}

i−1σ(s)× {[σ(s) · p̂]4σ(s)} =


[σ(s) · p̂]σ(s){(C1

4 + C2
4 )[σ(s) · p̂]2 + (C3

4 + C4
4 )}[σ(s) · p̂]

+σ(s){(C0
4 − C2

4 )[σ(s) · p̂]4 + (C2
4 − C4

4 )[σ(s) · p̂]2 + (C4
4 − C6

4 )}
−σ2(s)p̂{C1

4 [σ(s) · p̂]2 + C3
4}[σ(s) · p̂]1

Ass. 3.2.1. i−1σ(s)× {[σ(s) · p̂]nσ(s)}, n ≥ 0

= [σ(s) · p̂]σ(s)
[(n−1)/2]∑
k=0

(C2k+1
n + C2k+2

n )[σ(s) · p̂]n−2k−1 + σ(s)
[n/2]∑
k=0

(C2k
n − C2k+2

n )[σ(s) · p̂]n−2k

− σ2(s)p̂
[(n−1)/2]∑
k=0

C2k+1
n [σ(s) · p̂]n−2k−1

3.2.2 Mathematical induction proof of general term formula for i−1σ(s)× {[σ(s) · p̂]nσ(s)}
Thm. 3.2.1. i−1σ(s)× {[σ(s) · p̂]nσ(s)}, n ≥ 0

=
[n/2]∑
k=0

{(C2k+1
n + C2k+2

n )[σ(s) · p̂]σ(s) + (C2k
n − C2k+2

n )σ(s)[σ(s) · p̂]− C2k+1
n σ2(s)p̂}[σ(s) · p̂]n−2k−1

Proof:

Use mathematical induction to prove this theorem.
Step 1: When i = 0, the following is established.

i−1σ(s)×{[σ(s)·p̂]0σ(s)} =
[0/2]∑
k=0

{(C2k+1
0 +C2k+2

0 )[σ(s)·p̂]σ(s)+(C2k
0 −C2k+2

0 )σ(s)[σ(s)·p̂]−C2k+1
0 σ2(s)p̂}[σ(s)·p̂]0−2k−1

Step 2: Assume when 0 ≤ l ≤ n, the following is established.

i−1σ(s)×{[σ(s)·p̂]lσ(s)} =
[l/2]∑
k=0

{(C2k+1
i +C2k+2

i )[σ(s)·p̂]σ(s)+(C2k
i −C

2k+2
i )σ(s)[σ(s)·p̂]−C2k+1

i σ2(s)p̂}[σ(s)·p̂]i−2k−1

Step 3: When i = n+ 1,i−1σ(s)× {[σ(s) · p̂]n+1σ(s)}
= in+1i−1σ(s)× {σ(s)[| × p̂]n+1} −

n∑
l=0

Cln+1{i−1σ(s)× {[σ(s) · p̂]lσ(s)}}[−σ(s) · p̂]n+1−l

= in+1i−1σ(s)× {σ(s)[| × p̂]n+1}

−
n∑
l=0

Cln+1

[l/2]∑
k=0

{(C2k+1
l +C2k+2

l )[σ(s) · p̂]σ(s)+(C2k
l −C

2k+2
l )σ(s)[σ(s) · p̂]−C2k+1

l σ2(s)p̂}[σ(s) · p̂]l−2k−1[−σ(s) · p̂]n+1−l

= in+1i−1σ(s)× {σ(s)[| × p̂]n+1}

+
n∑
l=0

[l/2]∑
k=0

(−1)n−lCln+1{(C2k+1
l + C2k+2

l )[σ(s) · p̂]σ(s) + (C2k
l − C

2k+2
l )σ(s)[σ(s) · p̂]− C2k+1

l σ2(s)p̂}[σ(s) · p̂]n−2k

= in+1i−1σ(s)× {σ(s)[| × p̂]n+1}
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+
[n/2]∑
k=0

n∑
l=2k

(−1)n−lCln+1{(C2k+1
l + C2k+2

l )[σ(s) · p̂]σ(s) + (C2k
l − C

2k+2
l )σ(s)[σ(s) · p̂]− C2k+1

l σ2(s)p̂}[σ(s) · p̂]n−2k

=
[(n+1)/2]∑
k=0

{(C2k+1
n+1 + C2k+2

n+1 )[σ(s) · p̂]σ(s) + (C2k
n+1 − C2k+2

n+1 )σ(s)[σ(s) · p̂]− C2k+1
n+1 σ

2(s)p̂}[σ(s) · p̂]n−2k

This step proves that when i = n+ 1, it is established.
Step 4: Based on the above inductive reasoning, the proposition is established, and the theorem is proved.

3.2.3 Induction proof of general term formula for i−1{σ(s)[σ(s) · p̂]n} × σ(s)

Thm. 3.2.2. i−1{σ(s)[σ(s) · p̂]n} × σ(s), n ≥ 0

= {
[(n−1)/2]∑
k=0

(C2k+1
n + C2k+2

n )[σ(s) · p̂]n−2k−1}σ(s)[σ(s) · p̂] + {
[n/2]∑
k=0

(C2k
n − C2k+2

n )[σ(s) · p̂]n−2k}σ(s)

− {
[(n−1)/2]∑
k=0

C2k+1
n [σ(s) · p̂]n−2k−1}σ2(s)p̂

Thm. 3.2.3. i−1{σ(s)[σ(s) · p̂]n} × σ(s), n ≥ 0

=
[n/2]∑
k=0

[σ(s) · p̂]n−2k−1{(C2k+1
n + C2k+2

n )σ(s)[σ(s) · p̂] + (C2k
n − C2k+2

n )[σ(s) · p̂]σ(s)− C2k+1
n σ2(s)p̂}

Proof:

Use mathematical induction to prove this theorem.
Step 1: When i = 0, the following is established.

i−1{σ(s)[σ(s)·p̂]0}×σ(s) =
[0/2]∑
k=0

[σ(s)·p̂]0−2k−1{(C2k+1
0 +C2k+2

0 )σ(s)[σ(s)·p̂]+(C2k
0 −C2k+2

0 )[σ(s)·p̂]σ(s)−C2k+1
0 σ2(s)p̂}

Step 2: Assume when 0 ≤ l ≤ n, the following is established.

i−1{σ(s)[σ(s)·p̂]l}×σ(s) =
[l/2]∑
k=0

[σ(s)·p̂]i−2k−1{(C2k+1
i +C2k+2

i )σ(s)[σ(s)·p̂]+(C2k
i −C

2k+2
i )[σ(s)·p̂]σ(s)−C2k+1

i σ2(s)p̂}

Step 3: When i = n+ 1,i−1{σ(s)[σ(s)·p̂]n+1}×σ(s) = in+1i−1{[p̂×|]n+1σ(s)}×σ(s)−
n∑
l=0

Cln+1[−σ(s)·p̂]n+1−l{i−1σ(s)[σ(s)·

p̂]l} × σ(s)
= in+1i−1{[p̂× |]n+1σ(s)} × σ(s)

−
n∑
l=0

Cln+1

[l/2]∑
k=0

[−σ(s) · p̂]n+1−l[σ(s) · p̂]l−2k−1{(C2k+1
l +C2k+2

l )σ(s)[σ(s) · p̂]+(C2k
l −C

2k+2
l )[σ(s) · p̂]σ(s)−C2k+1

l σ2(s)p̂}

= in+1i−1{[p̂× |]n+1σ(s)} × σ(s)

+
n∑
l=0

[l/2]∑
k=0

[σ(s) · p̂]n−2k(−1)n−lCln+1{(C2k+1
l + C2k+2

l )σ(s)[σ(s) · p̂] + (C2k
l − C

2k+2
l )[σ(s) · p̂]σ(s)− C2k+1

l σ2(s)p̂}

= in+1i−1{[p̂× |]n+1σ(s)} × σ(s)

+
[n/2]∑
k=0

n∑
l=2k

[σ(s) · p̂]n−2k(−1)n−lCln+1{(C2k+1
l + C2k+2

l )σ(s)[σ(s) · p̂] + (C2k
l − C

2k+2
l )[σ(s) · p̂]σ(s)− C2k+1

l σ2(s)p̂}

=
[(n+1)/2]∑
k=0

[σ(s) · p̂]n−2k{(C2k+1
n+1 + C2k+2

n+1 )σ(s)[σ(s) · p̂] + (C2k
n+1 − C2k+2

n+1 )[σ(s) · p̂]σ(s)− C2k+1
n+1 σ

2(s)p̂}

This step proves that when i = n+ 1, it is established.
Step 4: Based on the above inductive reasoning, the proposition is established, and the theorem is proved.

3.2.4 General term formula for i−1p̂ · |σ(s)× {[σ(s) · p̂]nσ(s)}

Cor. 3.2.3. i−1p̂ · |σ(s)× {[σ(s) · p̂]nσ(s)} =
(n+1)/2∑
k=0

[C2k+1
n+1 − C2k−1

n σ2(s)][σ(s) · p̂]n+1−2k, n ≥ 0

Proof: i−1p̂ · |σ(s)× {[σ(s) · p̂]nσ(s)} = i−1{σ(s)[σ(s) · p̂]n} × σ(s)| · p̂

=
[n/2]∑
k=0

{(C2k+1
n + C2k+2

n )[σ(s) · p̂]2 + (C2k
n − C2k+2

n )[σ(s) · p̂]2 − C2k+1
n σ2(s)}[σ(s) · p̂]n−2k−1

=
[n/2]∑
k=0

{(C2k+1
n + C2k+2

n ) + (C2k
n − C2k+2

n )}[σ(s) · p̂]n+1−2k −
[n/2]∑
k=0

C2k+1
n σ2(s)[σ(s) · p̂]n−1−2k

=
[n/2]∑
k=0

C2k+1
n+1 [σ(s) · p̂]n+1−2k −

[n/2]+1∑
k=1

C2k−1
n σ2(s)[σ(s) · p̂]n+1−2k

=
[(n+1)/2]∑
k=0

C2k+1
n+1 [σ(s) · p̂]n+1−2k −

[(n−1)/2]+1∑
k=0

C2k−1
n σ2(s)[σ(s) · p̂]n+1−2k

=
[(n+1)/2]∑
k=0

[C2k+1
n+1 − C2k−1

n σ2(s)][σ(s) · p̂]n+1−2k
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4 General term formula of complex spin composite operator
4.1 General term formula for i−n[σ(s)× |]n[σ(s) · p̂]σ(s) and i−nσ(s)[σ(s) · p̂][| × σ(s)]n

4.1.1 General term formula for i−n[σ(s)× |]n[σ(s) · p̂]σ(s)

Pro. 4.1.1.

i−0[σ(s)× |]0{[σ(s) · p̂]σ(s)} = [σ(s) · p̂]σ(s)

i−1[σ(s)× |]1{[σ(s) · p̂]σ(s)} = σ(s)[σ(s) · p̂] + [σ(s) · p̂]σ(s)− σ2(s)p̂

i−2[σ(s)× |]2[σ(s) · p̂]σ(s) = [2− σ2(s)]σ(s)[σ(s) · p̂] + [1 + σ2(s)][σ(s) · p̂]σ(s)− σ2(s)p̂

i−3[σ(s)× |]3[σ(s) · p̂]σ(s) = [3− σ2(s)]σ(s)[σ(s) · p̂] + [1 + 2σ2(s)][σ(s) · p̂]σ(s)− [1 + σ2(s)]σ2(s)p̂

i−4[σ(s)× |]4[σ(s) · p̂]σ(s) = [4− σ4(s)]σ(s)[σ(s) · p̂] + [1 + 3σ2(s) + σ4(s)][σ(s) · p̂]σ(s)− [1 + 2σ2(s)]σ2(s)p̂

Pro. 4.1.2.{
i−n[σ(s)× |]n[σ(s) · p̂]σ(s) = σ(s)[σ(s) · p̂]− i−(n+1)[σ(s)× |]n+1p̂

i−np̂ · |[σ(s)× |]n[σ(s) · p̂]σ(s) = [σ(s) · p̂]2 − i−(n+1)p̂ · |[σ(s)× |]n+1p̂

Proof: i−(n+1)[σ(s)× |]n+1p̂
= i−n[σ(s)× |]ni−1σ(s)× p̂
= i−n[σ(s)× |]n{σ(s)[σ(s) · p̂]− [σ(s) · p̂]σ(s)}
= σ(s)[σ(s) · p̂]− i−n[σ(s)× |]n[σ(s) · p̂]σ(s)
⇒ i−n[σ(s)× |]n[σ(s) · p̂]σ(s) = σ(s)[σ(s) · p̂]− i−(n+1)[σ(s)× |]n+1p̂

Cor. 4.1.1.
i−n[σ(s)× |]n[σ(s) · p̂]σ(s) = (1− an+1)σ(s)[σ(s) · p̂]− bn+1[σ(s) · p̂]σ(s) + cn+1σ

2(s)p̂

an+1 = [(s+1)n+3−(−s)n+3]−2[(s+1)n+2−(−s)n+2]+(2s+1)
s(2s+1)(s+1)

bn+1 = − (s+1)n+1−(−s)n+1

2s+1 , cn+1 = − (s+1)n−(−s)n
2s+1 , n ≥ 0

Cor. 4.1.2.{
i−n[σ(s)× |]n[σ(s) · p̂]σ(s) = (1− an+1)σ(s)[σ(s) · p̂]− bn+1[σ(s) · p̂]σ(s) + bnσ

2(s)p̂, n ≥ 0

an+1 = [(s+1)n+3−(−s)n+3]−2[(s+1)n+2−(−s)n+2]+(2s+1)
s(2s+1)(s+1) , bn+1 = − (s+1)n+1−(−s)n+1

2s+1

Cor. 4.1.3.
i−np̂ · |[σ(s)× |]n[σ(s) · p̂]σ(s) = (1− an+1 − bn+1)[σ(s) · p̂]2 + cn+1σ

2(s)p̂

an+1 = [(s+1)n+3−(−s)n+3]−2[(s+1)n+2−(−s)n+2]+(2s+1)
s(2s+1)(s+1)

bn+1 = − (s+1)n+1−(−s)n+1

2s+1 , cn+1 = − (s+1)n−(−s)n
2s+1 , n ≥ 0

Cor. 4.1.4.{
i−np̂ · |[σ(s)× |]n[σ(s) · p̂]σ(s) = (1− an − 2bn)[σ(s) · p̂]2 + bnσ

2(s)p̂

an = [(s+1)n+2−(−s)n+2]−2[(s+1)n+1−(−s)n+1]+(2s+1)
s(2s+1)(s+1) , bn = − (s+1)n−(−s)n

2s+1 , n ≥ 0

Cor. 4.1.5. i−np̂ · |[σ(s)× |]n[σ(s) · p̂]σ(s) = [1 + (s+1)n+2−(−s)n+2−(2s+1)
s(2s+1)(s+1) ][σ(s) · p̂]2 − (s+1)n−(−s)n

2s+1 σ2(s), n ≥ 0

4.1.2 General term formula for i−nσ(s)[σ(s) · p̂][| × σ(s)]n

Pro. 4.1.3.{
i−nσ(s)[σ(s) · p̂][| × σ(s)]n = [σ(s) · p̂]σ(s)− i−(n+1)p̂[| × σ(s)]n+1

i−np̂ · |σ(s)[σ(s) · p̂][| × σ(s)]n = [σ(s) · p̂]2 − i−(n+1)p̂[| × σ(s)]n+1| · p̂

Proof: i−(n+1)p̂[| × σ(s)]n+1

= i−1p̂× σ(s)][| × σ(s)]ni−n

= {[σ(s) · p̂]σ(s)− σ(s)[σ(s) · p̂]}[| × σ(s)]ni−n

= [σ(s) · p̂]σ(s)− i−nσ(s)[σ(s) · p̂][| × σ(s)]n

⇒ i−nσ(s)[σ(s) · p̂][| × σ(s)]n = [σ(s) · p̂]σ(s)− i−(n+1)p̂[| × σ(s)]n+1

Cor. 4.1.6.
i−n[σ(s)× |]n[σ(s) · p̂]σ(s) = (1− an+1)[σ(s) · p̂]σ(s)− bn+1σ(s)[σ(s) · p̂] + cn+1σ

2(s)p̂

an+1 = [(s+1)n+3−(−s)n+3]−2[(s+1)n+2−(−s)n+2]+(2s+1)
s(2s+1)(s+1)

bn+1 = − (s+1)n+1−(−s)n+1

2s+1 , cn+1 = − (s+1)n−(−s)n
2s+1 , n ≥ 0

Cor. 4.1.7.{
i−n[σ(s)× |]n[σ(s) · p̂]σ(s) = (1− an+1)[σ(s) · p̂]σ(s)− bn+1σ(s)[σ(s) · p̂] + bnσ

2(s)p̂, n ≥ 0

an+1 = [(s+1)n+3−(−s)n+3]−2[(s+1)n+2−(−s)n+2]+(2s+1)
s(2s+1)(s+1) , bn+1 = − (s+1)n+1−(−s)n+1

2s+1
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Cor. 4.1.8.
i−np̂ · |σ(s)[σ(s) · p̂][| × σ(s)]n = (1− an+1 − bn+1)[σ(s) · p̂]2 + cn+1σ

2(s)p̂

an+1 = [(s+1)n+3−(−s)n+3]−2[(s+1)n+2−(−s)n+2]+(2s+1)
s(2s+1)(s+1)

bn+1 = − (s+1)n+1−(−s)n+1

2s+1 , cn+1 = − (s+1)n−(−s)n
2s+1 , n ≥ 0

Cor. 4.1.9.{
i−np̂ · |σ(s)[σ(s) · p̂][| × σ(s)]n = (1− an − 2bn)[σ(s) · p̂]2 + bnσ

2(s)p̂

an = [(s+1)n+2−(−s)n+2]−2[(s+1)n+1−(−s)n+1]+(2s+1)
s(2s+1)(s+1) , bn = − (s+1)n−(−s)n

2s+1 , n ≥ 0

Cor. 4.1.10. i−np̂ · |σ(s)[σ(s) · p̂][| × σ(s)]n = [1 + (s+1)n+2−(−s)n+2−(2s+1)
s(2s+1)(s+1) ][σ(s) · p̂]2 − (s+1)n−(−s)n

2s+1 σ2(s), n ≥ 0

Cor. 4.1.11. i−np̂ · |[σ(s)× |]n[σ(s) · p̂]σ(s) = i−np̂ · |σ(s)[σ(s) · p̂][| × σ(s)]n, n ≥ 0

4.2 General term formula for i−n[σ(s)× |]n[σ(s) · p̂]lσ(s) and i−nσ(s)[σ(s) · p̂]l[| × σ(s)]n

4.2.1 General term formula for i−n[σ(s)× |]n[σ(s) · p̂]lσ(s)

Thm. 4.2.1. i−n[σ(s)× |]n{[σ(s) · p̂]lσ(s)}, n ≥ 1, l ≥ 0

=
[l/2]∑
k=0

{[C2k+1
l+1 − C2k+2

l+1 an − C2k+1
l σ2(s)an−1]σ(s)[σ(s) · p̂]− [C2k+2

l+1 bn + C2k+1
l σ2(s)bn−1][σ(s) · p̂]σ(s)

+ [C2k+2
l+1 σ2(s)bn−1 + C2k+1

l σ4(s)bn−2]p̂}[σ(s) · p̂]l−2k−1

Proof: i−n[σ(s)× |]n{[σ(s) · p̂]lσ(s)}
= i−(n−1)[σ(s)× |]n−1i−1σ(s)× {[σ(s) · p̂]lσ(s)}

= i−(n−1)[σ(s)× |]n−1
[l/2]∑
k=0

{(C2k+1
l + C2k+2

l )[σ(s) · p̂]σ(s) + (C2k
l − C

2k+2
l )σ(s)[σ(s) · p̂]− C2k+1

l σ2(s)p̂}

[σ(s) · p̂]l−2k−1

=
[l/2]∑
k=0

{(C2k+1
l + C2k+2

l ){σ(s)[σ(s) · p̂]− i−n[σ(s)× |]np̂}+ (C2k
l − C

2k+2
l )σ(s)[σ(s) · p̂]

− C2k+1
l σ2(s)i−(n−1)[σ(s)× |]n−1p̂}}[σ(s) · p̂]l−2k−1

=
[l/2]∑
k=0

{−C2k+2
l+1 i−n[σ(s)× |]np̂+ C2k+1

l+1 σ(s)[σ(s) · p̂]− C2k+1
l σ2(s)i−(n−1)[σ(s)× |]n−1p̂}[σ(s) · p̂]l−2k−1

=
[l/2]∑
k=0

{−C2k+2
l+1 {anσ(s)[σ(s) · p̂] + bn[σ(s) · p̂]σ(s)− cnσ2(s)p̂}+ C2k+1

l+1 σ(s)[σ(s) · p̂]

− C2k+1
l σ2(s){an−1σ(s)[σ(s) · p̂] + bn−1[σ(s) · p̂]σ(s)− cn−1σ

2(s)p̂}}[σ(s) · p̂]l−2k−1

=
[l/2]∑
k=0

{[−C2k+2
l+1 an − C2k+1

l σ2(s)an−1 + C2k+1
l+1 ]σ(s)[σ(s) · p̂] + [−C2k+2

l+1 bn − C2k+1
l σ2(s)bn−1][σ(s) · p̂]σ(s)

+ [C2k+2
l+1 cn + C2k+1

l σ2(s)cn−1]σ2(s)p̂}[σ(s) · p̂]l−2k−1

=
[l/2]∑
k=0

{[C2k+1
l+1 − C2k+2

l+1 an − C2k+1
l σ2(s)an−1]σ(s)[σ(s) · p̂]− [C2k+2

l+1 bn + C2k+1
l σ2(s)bn−1][σ(s) · p̂]σ(s)

+ [C2k+2
l+1 σ2(s)cn + C2k+1

l σ4(s)cn−1]p̂}[σ(s) · p̂]l−2k−1

=
[l/2]∑
k=0

{[C2k+1
l+1 − C2k+2

l+1 an − C2k+1
l σ2(s)an−1]σ(s)[σ(s) · p̂]− [C2k+2

l+1 bn + C2k+1
l σ2(s)bn−1][σ(s) · p̂]σ(s)

+ [C2k+2
l+1 σ2(s)bn−1 + C2k+1

l σ4(s)bn−2]p̂}[σ(s) · p̂]l−2k−1

Cor. 4.2.1. i−np̂ · |[σ(s)× |]n{[σ(s) · p̂]lσ(s)}, n ≥ 1, l ≥ 0

=
[l/2]∑
k=0

{[C2k+1
l+1 −C

2k+2
l+1 (an+bn)−C2k+1

l σ2(s)(an−1+bn−1)][σ(s)· p̂]2+[C2k+2
l+1 σ2(s)cn+C2k+1

l σ4(s)cn−1]}[σ(s)· p̂]l−2k−1

=
[l/2]∑
k=0

{[C2k+1
l+1 − C2k+2

l+1 (an + bn)− C2k+1
l (1 + bn)][σ(s) · p̂]2 + [C2k+2

l+1 σ2(s)cn + C2k+1
l σ4(s)cn−1]}[σ(s) · p̂]l−2k−1

=
[l/2]∑
k=0

{[C2k
l − C

2k+2
l+1 (an + bn)− C2k+1

l bn][σ(s) · p̂]2 + [C2k+2
l+1 σ2(s)bn−1 + C2k+1

l σ4(s)bn−2]}[σ(s) · p̂]l−2k−1

Cor. 4.2.2. i−np̂ · |[σ(s)× |]n{[σ(s) · p̂]lσ(s)}, n ≥ 1, l ≥ 0

=
[(l+1)/2]∑
k=0

[C2k+1
l kn+1 + C2k+2

l kn + (C2k−1
l bn + C2k

l bn−1)σ2(s) + C2k
l ][σ(s) · p̂]l+1−2k − bn−1σ

2(s)[σ(s) · p̂]l+1

Proof: i−np̂ · |[σ(s)× |]n{[σ(s) · p̂]lσ(s)}, n ≥ 1, l ≥ 0

=
[l/2]∑
k=0

{[C2k+1
l+1 −C

2k+2
l+1 (an+bn)−C2k+1

l σ2(s)(an−1+bn−1)][σ(s)· p̂]2+[C2k+2
l+1 σ2(s)cn+C2k+1

l σ4(s)cn−1]}[σ(s)· p̂]l−2k−1
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=
[(l+1)/2]∑
k=0

[C2k+1
l+1 − C2k+2

l+1 (an + bn)− C2k+1
l σ2(s)(an−1 + bn−1)][σ(s) · p̂]2[σ(s) · p̂]l−2k−1

+
[(l−1)/2]∑
k=0

[C2k+2
l+1 σ2(s)cn + C2k+1

l σ4(s)cn−1][σ(s) · p̂]l−2k−1

=
[(l+1)/2]∑
k=0

[C2k+1
l+1 − C2k+2

l+1 (an + bn)− C2k+1
l σ2(s)(an−1 + bn−1)][σ(s) · p̂]l+1−2k

+
[(l+1)/2]∑
k=1

[C2k
l+1σ

2(s)cn + C2k−1
l σ4(s)cn−1][σ(s) · p̂]l+1−2k

=
[(l+1)/2]∑
k=0

[C2k+1
l+1 − C2k+2

l+1 (an + bn)− C2k+1
l σ2(s)(an−1 + bn−1)][σ(s) · p̂]l+1−2k

+
[(l+1)/2]∑
k=0

[C2k
l+1σ

2(s)cn + C2k−1
l σ4(s)cn−1][σ(s) · p̂]l+1−2k − σ2(s)cn[σ(s) · p̂]l+1

=
[(l+1)/2]∑
k=0

[C2k+1
l+1 − C2k+2

l+1 (an + bn)− C2k+1
l σ2(s)(an−1 + bn−1) + C2k

l+1σ
2(s)cn + C2k−1

l σ4(s)cn−1][σ(s) · p̂]l+1−2k

− σ2(s)cn[σ(s) · p̂]l+1

=
[(l+1)/2]∑
k=0

[C2k+1
l kn+1 + C2k+2

l kn + (C2k−1
l cn+1 + C2k

l cn)σ2(s) + C2k
l ][σ(s) · p̂]l+1−2k − cnσ2(s)[σ(s) · p̂]l+1

=
[(l+1)/2]∑
k=0

[C2k+1
l kn+1 + C2k+2

l kn + (C2k−1
l bn + C2k

l bn−1)σ2(s) + C2k
l ][σ(s) · p̂]l+1−2k − bn−1σ

2(s)[σ(s) · p̂]l+1

Cor. 4.2.3. i−np̂ · |[σ(s)× |]n{[σ(s) · p̂]lσ(s)}, n ≥ 0, l ≥ 0

=
[(l+1)/2]∑
k=0

[C2k+1
l kn+1 + C2k+2

l kn + (C2k−1
l bn + C2k

l bn−1)σ2(s) + C2k
l ][σ(s) · p̂]l+1−2k − bn−1σ

2(s)[σ(s) · p̂]l+1

4.2.2 General term formula for i−nσ(s)[σ(s) · p̂]l[| × σ(s)]n

Thm. 4.2.2. i−nσ(s)[σ(s) · p̂]l[| × σ(s)]n, n ≥ 1, l ≥ 0

=
[l/2]∑
k=0

[σ(s) · p̂]l−2k−1{[C2k+1
l+1 −C

2k+2
l+1 an −C2k+1

l σ2(s)an−1][σ(s) · p̂]σ(s)− [C2k+2
l+1 bn +C2k+1

l σ2(s)bn−1]σ(s)[σ(s) · p̂] +

[C2k+2
l+1 σ2(s)bn−1 + C2k+1

l σ4(s)bn−2]p̂}

Proof: i−nσ(s)[σ(s) · p̂]l[| × σ(s)]n, n ≥ 1, l ≥ 0
= i−(n−1)i−1σ(s)[σ(s) · p̂]l × σ(s)[| × σ(s)]n−1

= i−(n−1)
[l/2]∑
k=0

[σ(s) · p̂]l−2k−1{(C2k+1
l +C2k+2

l )σ(s)[σ(s) · p̂] + (C2k
l −C

2k+2
l )[σ(s) · p̂]σ(s)−C2k+1

l σ2(s)p̂}[| × σ(s)]n−1

=
[l/2]∑
k=0

[σ(s) · p̂]l−2k−1{(C2k+1
l + C2k+2

l ){[σ(s) · p̂]σ(s)− i−np̂[| × σ(s)]n}+ (C2k
l − C

2k+2
l )[σ(s) · p̂]σ(s)

− C2k+1
l σ2(s)i−(n−1)p̂[| × σ(s)]n−1}}

=
[l/2]∑
k=0

[σ(s) · p̂]l−2k−1{−C2k+2
l+1 i−np̂[| × σ(s)]n + C2k+1

l+1 [σ(s) · p̂]σ(s)− C2k+1
l σ2(s)i−(n−1)p̂[| × σ(s)]n−1}

=
[l/2]∑
k=0

[σ(s) · p̂]l−2k−1{−C2k+2
l+1 {an[σ(s) · p̂]σ(s) + bnσ(s)[σ(s) · p̂]− cnσ2(s)p̂}+ C2k+1

l+1 [σ(s) · p̂]σ(s)

− C2k+1
l σ2(s){an−1[σ(s) · p̂]σ(s) + bn−1σ(s)[σ(s) · p̂]− cn−1σ

2(s)p̂}}

=
[l/2]∑
k=0

[σ(s) · p̂]l−2k−1{[C2k+1
l+1 −C

2k+2
l+1 an −C2k+1

l σ2(s)an−1][σ(s) · p̂]σ(s)− [C2k+2
l+1 bn +C2k+1

l σ2(s)bn−1]σ(s)[σ(s) · p̂] +

[C2k+2
l+1 σ2(s)cn + C2k+1

l σ4(s)cn−1]p̂}

=
[l/2]∑
k=0

[σ(s) · p̂]l−2k−1{[C2k+1
l+1 −C

2k+2
l+1 an −C2k+1

l σ2(s)an−1][σ(s) · p̂]σ(s)− [C2k+2
l+1 bn +C2k+1

l σ2(s)bn−1]σ(s)[σ(s) · p̂] +

[C2k+2
l+1 σ2(s)bn−1 + C2k+1

l σ4(s)bn−2]p̂}

Cor. 4.2.4. i−np̂ · |σ(s)[σ(s) · p̂]l[| × σ(s)]n, n ≥ 1, l ≥ 0

=
[l/2]∑
k=0

{[C2k+1
l+1 −C

2k+2
l+1 (an+bn)−C2k+1

l σ2(s)(an−1+bn−1)][σ(s)· p̂]2+[C2k+2
l+1 σ2(s)cn+C2k+1

l σ4(s)cn−1]}[σ(s)· p̂]l−2k−1

=
[l/2]∑
k=0

{[C2k+1
l+1 − C2k+2

l+1 (an + bn)− C2k+1
l (1 + bn)][σ(s) · p̂]2 + [C2k+2

l+1 σ2(s)cn + C2k+1
l σ4(s)cn−1]}[σ(s) · p̂]l−2k−1

=
[l/2]∑
k=0

{[C2k
l − C

2k+2
l+1 (an + bn)− C2k+1

l bn][σ(s) · p̂]2 + [C2k+2
l+1 σ2(s)bn−1 + C2k+1

l σ4(s)bn−2]}[σ(s) · p̂]l−2k−1
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Cor. 4.2.5. i−np̂ · |σ(s)[σ(s) · p̂]l[| × σ(s)]n, n ≥ 0, l ≥ 0

=
[(l+1)/2]∑
k=0

[C2k+1
l kn+1 + C2k+2

l kn + (C2k−1
l bn + C2k

l bn−1)σ2(s) + C2k
l ][σ(s) · p̂]l+1−2k − bn−1σ

2(s)[σ(s) · p̂]l+1

Cor. 4.2.6. i−np̂ · |[σ(s)× |]n{[σ(s) · p̂]lσ(s)} = i−np̂ · |σ(s)[σ(s) · p̂]l[| × σ(s)]n, n ≥ 0, l ≥ 0

4.2.3 General term formula for i−nσ(s) · |[σ(s)× |]n{[σ(s) · p̂]lσ(s)}, i−n{σ(s)[σ(s) · p̂]l}[| × σ(s)]n| · σ(s)

Thm. 4.2.3. i−nσ(s) · |[σ(s)× |]n{[σ(s) · p̂]lσ(s)} = i−n{σ(s)[σ(s) · p̂]l}[| × σ(s)]n| · σ(s)

=
[l/2]∑
k=0

[C2k
l σ2(s)− C2k+2

l+1 ][σ(s) · p̂]l−2k, n ≥ 1, l ≥ 0

Proof: i−nσ(s) · |[σ(s)× |]n{[σ(s) · p̂]lσ(s)} = i−n{σ(s)[σ(s) · p̂]l}[| × σ(s)]n| · σ(s), n ≥ 1, l ≥ 0

=
[l/2]∑
k=0

{[C2k+1
l+1 − C2k+2

l+1 an − C2k+1
l σ2(s)an−1]σ2(s)[σ(s) · p̂]− [C2k+2

l+1 bn + C2k+1
l σ2(s)bn−1]σ(s) · [σ(s) · p̂]σ(s)

+ [C2k+2
l+1 σ2(s)bn−1 + C2k+1

l σ4(s)bn−2][σ(s) · p̂]}[σ(s) · p̂]l−2k−1

=
[l/2]∑
k=0

{[C2k+1
l+1 − C2k+2

l+1 an − C2k+1
l σ2(s)an−1]σ2(s)[σ(s) · p̂]− [C2k+2

l+1 bn + C2k+1
l σ2(s)bn−1][σ2(s)− 1][σ(s) · p̂]

+ [C2k+2
l+1 σ2(s)bn−1 + C2k+1

l σ4(s)bn−2][σ(s) · p̂]}[σ(s) · p̂]l−2k−1

=
[l/2]∑
k=0

{[C2k+1
l+1 − C2k+2

l+1 an − C2k+1
l σ2(s)an−1 − C2k+2

l+1 bn − C2k+1
l σ2(s)bn−1]σ2(s)

+ [C2k+2
l+1 bn + C2k+1

l σ2(s)bn−1] + [C2k+2
l+1 σ2(s)bn−1 + C2k+1

l σ4(s)bn−2]}[σ(s) · p̂]l−2k

=
[l/2]∑
k=0

{[C2k+1
l+1 + C2k+2

l+1 kn + C2k+1
l σ2(s)kn−1]σ2(s) + [C2k+2

l+1 bn+1 + C2k+1
l σ2(s)bn]}[σ(s) · p̂]l−2k

=
[l/2]∑
k=0

{[C2k+1
l+1 − C2k+2

l+1 σ−2(s)(bn+1 + 1)− C2k+1
l (bn + 1)]σ2(s) + [C2k+2

l+1 bn+1 + C2k+1
l σ2(s)bn]}[σ(s) · p̂]l−2k

=
[l/2]∑
k=0

[C2k
l σ2(s)− C2k+2

l+1 ][σ(s) · p̂]l−2k

Cor. 4.2.7. i−nσ(s) · |[σ(s)× |]n{[σ(s) · p̂]lσ(s)} = i−n{σ(s)[σ(s) · p̂]l}[| × σ(s)]n| · σ(s) = σ(s) · [σ(s) · p̂]lσ(s)

=
[l/2]∑
k=0

[C2k
l σ2(s)− C2k+2

l+1 ][σ(s) · p̂]l−2k, n ≥ 0, l ≥ 0

4.2.4 General term formula for i−n[σ(s)× |]n{[σ(s) · p̂]lσ(s)}| · σ(s), i−nσ(s) · |{σ(s)[σ(s) · p̂]l}[| × σ(s)]n

Thm. 4.2.4. i−n[σ(s)× |]n{[σ(s) · p̂]lσ(s)}| · σ(s) = i−nσ(s) · |{σ(s)[σ(s) · p̂]l}[| × σ(s)]n

=
[l/2]∑
k=0

[C2k
l σ2(s)− C2k+2

l+2 + C2k+2
l+1 (an − bn) + C2k+1

l σ2(s)(an−1 − bn−1)][σ(s) · p̂]l−2k, n ≥ 1, l ≥ 0

Proof: i−n[σ(s)× |]n{[σ(s) · p̂]lσ(s)}| · σ(s) = i−nσ(s) · |{σ(s)[σ(s) · p̂]l}[| × σ(s)]n, n ≥ 1, l ≥ 0

=
[l/2]∑
k=0

{[C2k+1
l+1 − C2k+2

l+1 an − C2k+1
l σ2(s)an−1]σ(s)[σ(s) · p̂] · σ(s)− [C2k+2

l+1 bn + C2k+1
l σ2(s)bn−1][σ(s) · p̂]σ2(s)

+ [C2k+2
l+1 σ2(s)bn−1 + C2k+1

l σ4(s)bn−2][σ(s) · p̂]}[σ(s) · p̂]l−2k−1

=
[l/2]∑
k=0

{[C2k+1
l+1 − C2k+2

l+1 an − C2k+1
l σ2(s)an−1][σ2(s)− 1][σ(s) · p̂]− [C2k+2

l+1 bn + C2k+1
l σ2(s)bn−1]σ2(s)[σ(s) · p̂]

+ [C2k+2
l+1 σ2(s)bn−1 + C2k+1

l σ4(s)bn−2][σ(s) · p̂]}[σ(s) · p̂]l−2k−1

=
[l/2]∑
k=0

{[C2k+1
l+1 − C2k+2

l+1 an − C2k+1
l σ2(s)an−1 − C2k+2

l+1 bn − C2k+1
l σ2(s)bn−1]σ2(s)

+ [−C2k+1
l+1 + C2k+2

l+1 an + C2k+1
l σ2(s)an−1] + [C2k+2

l+1 σ2(s)bn−1 + C2k+1
l σ4(s)bn−2]}[σ(s) · p̂]l−2k

=
[l/2]∑
k=0

{[C2k+1
l+1 + C2k+2

l+1 kn + C2k+1
l σ2(s)kn−1]σ2(s) + [C2k+2

l+1 bn+1 + C2k+1
l σ2(s)bn]

+ [−C2k+1
l+1 + C2k+2

l+1 (an − bn) + C2k+1
l σ2(s)(an−1 − bn−1)]}[σ(s) · p̂]l−2k

=
[l/2]∑
k=0

{[C2k+1
l+1 − C2k+2

l+1 σ−2(s)(bn+1 + 1)− C2k+1
l (bn + 1)]σ2(s) + [C2k+2

l+1 bn+1 + C2k+1
l σ2(s)bn]

+ [−C2k+1
l+1 + C2k+2

l+1 (an − bn) + C2k+1
l σ2(s)(an−1 − bn−1)]}[σ(s) · p̂]l−2k

=
[l/2]∑
k=0

{C2k
l σ2(s)− C2k+2

l+1 + [−C2k+1
l+1 + C2k+2

l+1 (an − bn) + C2k+1
l σ2(s)(an−1 − bn−1)]}[σ(s) · p̂]l−2k

=
[l/2]∑
k=0

[C2k
l σ2(s)− C2k+2

l+2 + C2k+2
l+1 (an − bn) + C2k+1

l σ2(s)(an−1 − bn−1)][σ(s) · p̂]l−2k

243



Chapter16 Mathematical Analysis of Spin Algebra Shui-Rong Shi

5 Another independent method for solving general term formula
5.1 Another method for solving general term formula of i−1p̂ · {σ(s)× {[σ(s) · p̂]nσ(s)}}
5.1.1 Probing and guessing of general term formula for i−1p̂ · {σ(s)× {[σ(s) · p̂]nσ(s)}}
Def. 5.1.1. A(1, n) := i−1p̂ · {σ(s)× {[σ(s) · p̂]nσ(s)}}, A(1, 0) = σ(s) · p̂

Cor. 5.1.1.{
σ(s)[×p̂|]2k−1 = (−1)k+1σ(s)× p̂
σ(s)[×p̂|]2k = (−1)k+1[σ(s) · p̂]p̂− σ(s)

⇒

{
i2k−1i−1p̂ · {σ(s)× {σ(s)[×p̂|]2k−1}} = {[σ(s) · p̂]2 − σ2(s)}
i2ki−1p̂ · {σ(s)× {σ(s)[×p̂|]2k}} = σ(s) · p̂

Cor. 5.1.2. i−1p̂ · {σ(s)× {[σ(s) · p̂]nσ(s)}}

= i−1inp̂ · {σ(s)× {σ(s)[| × p̂]n}} −
n−1∑
k=0

Ckni
−1p̂ · {σ(s)× {[σ(s) · p̂]kσ(s)}}[−σ(s) · p̂]n−k

Cor. 5.1.3. A(1, n) = {[σ(s) · p̂]1+n%2 − (n%2)σ2(s)} −
n−1∑
k=0

CknA(1, k)[−σ(s) · p̂]n−k, A(1, 0) = −σ(s) · p̂

Pro. 5.1.1.



A(1, 0) = 1[σ(s) · p̂]
A(1, 1) = 2[σ(s) · p̂]2 − σ2(s)

A(1, 2) = 3[σ(s) · p̂]3 − [2σ2(s)− 1][σ(s) · p̂]
A(1, 3) = 4[σ(s) · p̂]4 − [3σ2(s)− 4][σ(s) · p̂]2 − σ2(s)

A(1, 4) = 5[σ(s) · p̂]5 − [4σ2(s)− 10][σ(s) · p̂]3 − [4σ2(s)− 1][σ(s) · p̂]1

A(1, 5) = 6[σ(s) · p̂]6 − [5σ2(s)− 20][σ(s) · p̂]4 − [10σ2(s)− 6][σ(s) · p̂]2 − σ2(s)

Proof: −A(1, 1)
= −{[σ(s) · p̂]2 − σ2(s)}+ C0

1A(1, 0)[σ(s) · p̂]
= −2[σ(s) · p̂]2 + σ2(s)

Proof: −A(1, 2)

= −[σ(s) · p̂]−
1∑
k=0

Ck2A(1, k)[−σ(s) · p̂]2−k

= −[σ(s) · p̂]− C0
2A(1, 0)[σ(s) · p̂]2 −

1∑
k=1

Ck2A(1, k)[−σ(s) · p̂]2−k

= −[σ(s) · p̂] + C0
2 [σ(s) · p̂]3 + C1

2A1(1)[σ(s) · p̂]
= −[σ(s) · p̂] + C0

2 [σ(s) · p̂]3 + C1
2{−2[σ(s) · p̂]2 + σ2(s)}[σ(s) · p̂]

= −3[σ(s) · p̂]3 + [2σ2(s)− 1][σ(s) · p̂]

Proof: −A(1, 3)
= −{[σ(s) · p̂]2 − σ2(s)}+ C0

3 [−σ(s) · p̂][σ(s) · p̂]3
− C1

3{−2[σ(s) · p̂]2 + σ2(s)}[σ(s) · p̂]2
+ C2

3{−3[σ(s) · p̂]3 + [2σ2(s)− 1][σ(s) · p̂]}[σ(s) · p̂]1
= −4[σ(s) · p̂]4 + [3σ2(s)− 4][σ(s) · p̂]2 + σ2(s)

Proof: −A(1, 4)
= −[σ(s) · p̂]− C0

4 [−σ(s) · p̂][σ(s) · p̂]4
+ C1

4{−2[σ(s) · p̂]2 + σ2(s)}[σ(s) · p̂]3
− C2

4{−3[σ(s) · p̂]3 + [2σ2(s)− 1][σ(s) · p̂]}[σ(s) · p̂]2
+ C3

4{−4[σ(s) · p̂]4 + [3σ2(s)− 4][σ(s) · p̂]2 + σ2(s)}[σ(s) · p̂]1
= −5[σ(s) · p̂]5 + [4σ2(s)− 10][σ(s) · p̂]3 + [4σ2(s)− 1][σ(s) · p̂]1

Proof: −A(1, 5)
= −{[σ(s) · p̂]2 − σ2(s)}+ C0

5 [−σ(s) · p̂][σ(s) · p̂]5
− C1

5{−2[σ(s) · p̂]2 + σ2(s)}[σ(s) · p̂]4
+ C2

5{−3[σ(s) · p̂]3 + [2σ2(s)− 1][σ(s) · p̂]}[σ(s) · p̂]3
− C3

5{−4[σ(s) · p̂]4 + [3σ2(s)− 4][σ(s) · p̂]2 + σ2(s)}[σ(s) · p̂]2
+ C4

5{−5[σ(s) · p̂]5 + [4σ2(s)− 10][σ(s) · p̂]3 + [4σ2(s)− 1][σ(s) · p̂]1}[σ(s) · p̂]1
= −6[σ(s) · p̂]6 + [5σ2(s)− 20][σ(s) · p̂]4 + [10σ2(s)− 6][σ(s) · p̂]2 + σ2(s)

Reorganize to get:
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Pro. 5.1.2.



A(1, 0) = C1
1 [σ(s) · p̂]

A(1, 1) = C1
2 [σ(s) · p̂]2 − C1

1σ
2(s)

A(1, 2) = C1
3 [σ(s) · p̂]3 − [C1

2σ
2(s)− C3

3 ][σ(s) · p̂]
A(1, 3) = C1

4 [σ(s) · p̂]4 − [C1
3σ

2(s)− C3
4 ][σ(s) · p̂]2 − C3

3σ
2(s)

A(1, 4) = C1
5 [σ(s) · p̂]5 − [C1

4σ
2(s)− C3

5 ][σ(s) · p̂]3 − [C3
4σ

2(s)− C5
5 ][σ(s) · p̂]1

A(1, 5) = C1
6 [σ(s) · p̂]6 − [C1

5σ
2(s)− C3

6 ][σ(s) · p̂]4 − [C3
5σ

2(s)− C5
6 ][σ(s) · p̂]2 − C5

5σ
2(s)

Ass. 5.1.1. A(1, n) = C1
n+1[σ(s) · p̂]n+1 − [C1

nσ
2(s)− C3

n+1][σ(s) · p̂]n−1 − [C3
nσ

2(s)− C5
n+1][σ(s) · p̂]n−3 + · · ·

Ass. 5.1.2. i−1p̂ · {σ(s)× {[σ(s) · p̂]nσ(s)}} =
[(n+1)/2]∑
k=0

[C2k+1
n+1 − C2k−1

n σ2(s)][σ(s) · p̂]n+1−2k, n ≥ 0

The following strictly proves the above conjecture by using mathematical induction.
5.1.2 Relevant lemmas of general term formula for i−1p̂ · {σ(s)× {[σ(s) · p̂]nσ(s)}}

Cor. 5.1.4. A(1, n) = {[σ(s) · p̂]1+n%2 − (n%2)σ2(s)} −
n−1∑
l=0

ClnA(1, l)[−σ(s) · p̂]n−l, A(1, 0) = −σ(s) · p̂

Lem. 5.1.1.
n∑
l=0

[(l+1)/2]∑
k=0

A(k, l) =
[(n+1)/2]∑
k=0

n∑
l=2k−1|0

A(k, l)

Lem. 5.1.2.
n∑

l=2k−1|0
(−1)n−lCln+1C

2k−1
l = C2k−1

n+1

Lem. 5.1.3.
n∑
l=r

(−1)n−lCln+1C
r
l = Crn+1

Proof:
n∑
l=r

(−1)n−lCln+1C
r
l = Crn+1

⇔
n−r∑
l=0

(−1)lCn−ln+1C
r
n−l = Crn+1

⇔
n−r∑
l=0

(−1)l 1
(l+1)!(n−l−r)! = 1

(n+1−r)!

⇔
n−r∑
l=0

(−1)l (n+1−r)!
(l+1)!(n−l−r)! = 1

⇔
n−r∑
l=0

(−1)lCl+1
n+1−r = 1

⇔
n+1−r∑
l=0

(−1)lCln+1−r = 0

⇔ [1 + (−1)]n+1−r = 0

Cor. 5.1.5.
n∑

l=2k−1

(−1)n−lCln+1C
2k−1
l = C2k−1

n+1 , k ≥ 0

Lem. 5.1.4.


n∑
l=r

(−1)n−lCln+1C
r+2
l+1 = Cr+2

n+2, r < n− 1

n∑
l=r

(−1)n−lCln+1C
r+2
l+1 = Cr+2

n+2 − 1, r = n− 1

Proof:
n∑
l=r

(−1)n−lCln+1C
r+2
l+1 = Cr+2

n+2, r < n− 1

⇔
n∑

l=r+1

(−1)n−lCln+1C
r+2
l+1 = Cr+2

n+2

⇔
n−1−r∑
l=0

(−1)lCn−ln+1C
r+2
n+1−l = Cr+2

n+2

⇔
n−1−r∑
l=0

(−1)l n+1−l
(l+1)!(n−l−1−r)! = n+2

(n−r)!

⇔
n−1−r∑
l=0

(−1)l (n+1−l)(n−r)!
(l+1)!(n−l−1−r)! = n+ 2

⇔
n−1−r∑
l=0

(−1)l(n+ 1− l)Cl+1
n−r = n+ 2
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⇔
n−1−r∑
l=0

(−1)l+1(l + 1)Cl+1
n−r = (n+ 2)

n−r∑
l=0

(−1)lCln−r

⇔
n−1−r∑
l=0

(−1)l+1(l + 1)Cl+1
n−r = 0

⇔
n−r∑
l=1

(−1)llCln−r = 0

⇔ (n− r)
n−r∑
l=1

(−1)lCl−1
n−1−r = 0

⇔
n−1−r∑
l=0

(−1)lCln−1−r = 0

⇔ [1 + (−1)]n−1−r = 0

Proof:
n∑
l=r

(−1)n−lCln+1C
r+2
l+1 = Cr+2

n+2, r < n− 1

⇔
n∑

l=r+1

(−1)n−lCln+1C
r+2
l+1 = Cr+2

n+2

⇔
n−1−r∑
l=0

(−1)lCn−ln+1C
r+2
n+1−l = Cr+2

n+2

⇔
n−1−r∑
l=0

(−1)l n+1−l
(l+1)!(n−l−1−r)! = n+2

(n−r)!

⇔
n−1−r∑
l=0

(−1)l (n+1−l)(n−r)!
(l+1)!(n−l−1−r)! = n+ 2

⇔
n−1−r∑
l=0

(−1)l(n+ 1− l)Cl+1
n−r = n+ 2

⇔
n−1−r∑
l=0

(−1)l+1(l + 1)Cl+1
n−r = (n+ 2)

n−r∑
l=0

(−1)lCln−r

⇔
n−1−r∑
l=0

(−1)l+1(l + 1)Cl+1
n−r = 0

⇔
n−r∑
l=1

(−1)llCln−r = 0

⇔ (n− r)
n−r∑
l=1

(−1)lCl−1
n−1−r = 0

⇔
n−1−r∑
l=0

(−1)lCln−1−r = 0

⇔ [1 + (−1)]n−1−r = 0

Proof:
n∑
l=r

(−1)n−lCln+1C
r+2
l+1 = Cr+2

n+2 − 1, r = n− 1

⇔
n∑

l=r+1

(−1)n−lCln+1C
r+2
l+1 = Cr+2

n+2 − 1

Cor. 5.1.6.


n∑

l=2k−1

(−1)n−lCln+1C
2k+1
l+1 = C2k+1

n+2 , 2k − 1 < n− 1

n∑
l=2k−1

(−1)n−lCln+1C
2k+1
l+1 = C2k+1

n+2 − 1, 2k − 1 = n− 1

Lem. 5.1.5.

{[σ(s) · p̂]1+(n+1)%2 − (n+ 1)%2σ2(s)} −
[(n+1)/2]∑
k=0

[σ(s) · p̂]n+2−2k
n∑

l=2k−1|0
(−1)n−lCln+1[C2k−1

l σ2(s)− C2k+1
l+1 ]

=
[(n+2)/2]∑
k=0

[C2k+1
n+2 − C

2k−1
n+1 σ2(s)][σ(s) · p̂]n+2−2k

5.1.3 Mathematical induction proof of general term formula for i−1p̂ · {σ(s)× {[σ(s) · p̂]nσ(s)}}

Thm. 5.1.1. A(1, n) =
[(n+1)/2]∑
k=0

[C2k+1
n+1 − C2k−1

n σ2(s)][σ(s) · p̂]n+1−2k, n ≥ 0

Proof: A(1, n+ 1) = {[σ(s) · p̂]1+(n+1)%2 − (n+ 1)%2σ2(s)} −
n∑
l=0

Cln+1A(1, l)[−σ(s) · p̂]n+1−l

= {[σ(s) · p̂]1+(n+1)%2 − (n+ 1)%2σ2(s)} −
n∑
l=0

Cln+1

[(l+1)/2]∑
k=0

[C2k+1
l+1 − C2k−1

l σ2(s)][σ(s) · p̂]l+1−2k[−σ(s) · p̂]n+1−l
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= {[σ(s) · p̂]1+(n+1)%2 − (n+ 1)%2σ2(s)} −
n∑
l=0

[(l+1)/2]∑
k=0

(−1)n+1−lCln+1[C2k+1
l+1 − C2k−1

l σ2(s)][σ(s) · p̂]n+2−2k

= {[σ(s) · p̂]1+(n+1)%2 − (n+ 1)%2σ2(s)} −
[(n+1)/2]∑
k=0

n∑
l=2k−1|0

(−1)n+1−lCln+1[C2k+1
l+1 − C2k−1

l σ2(s)][σ(s) · p̂]n+2−2k

= {[σ(s) · p̂]1+(n+1)%2 − (n+ 1)%2σ2(s)} −
[(n+1)/2]∑
k=0

[σ(s) · p̂]n+2−2k
n∑

l=2k−1|0
(−1)n−lCln+1[C2k−1

l σ2(s)− C2k+1
l+1 ]

=
[(n+1)/2]∑
k=0

[C2k+1
n+1 − C2k−1

n σ2(s)][σ(s) · p̂]n+1−2k

5.2 Another solution method for i−np̂ · |[σ(s)× |]n[σ(s) · p̂]lσ(s), i−np̂ · |σ(s)[σ(s) · p̂]l[| × σ(s)]n

5.2.1 General term formula for i−np̂ · |[σ(s)× |]n[σ(s) · p̂]lσ(s)

Def. 5.2.1. AL(n, l) := i−np̂ · |[σ(s)× |]n[σ(s) · p̂]lσ(s), AL(n, 0) = σ(s) · p̂

Cor. 5.2.1.

i−np̂ · |[σ(s)× |]n[σ(s) · p̂]lσ(s) = i−nilp̂ · |[σ(s)× |]nσ(s)[| × p̂]l −
l−1∑
k=0

Ckl i
−np̂ · |[σ(s)× |]n[σ(s) · p̂]kσ(s)[−σ(s) · p̂]l−k

Cor. 5.2.2.
i−np̂ · |[σ(s)× |]ni2k−1σ(s)[×p̂|]2k−1

= −i−(n+1)p̂ · |[σ(s)× |]nσ(s)× p̂ = −(an+1 + bn+1)[σ(s) · p̂]2 + cn+1σ
2(s)

i−np̂ · |[σ(s)× |]ni2kσ(s)[×p̂|]2k

= −i−np̂ · |[σ(s)× |]n{[σ(s) · p̂]p̂− σ(s)} = −(an + bn)[σ(s) · p̂]3 + [cnσ
2(s) + 1][σ(s) · p̂]

Cor. 5.2.3.

il−n[σ(s)× |]nσ(s)[| × p̂]l =


−an+1σ(s)[σ(s) · p̂]− bn+1[σ(s) · p̂]σ(s) + cn+1σ

2(s)p̂, l = 2k − 1

−anσ(s)[σ(s) · p̂]2 − bn[σ(s) · p̂]σ(s)[σ(s) · p̂] + cnσ
2(s)p̂[σ(s) · p̂] + σ(s), l = 2k

i−n[σ(s)× |]np̂ = anσ(s)[σ(s) · p̂] + bn[σ(s) · p̂]σ(s)− cnσ2(s)p̂

Cor. 5.2.4.

il−np̂ · |[σ(s)× |]nσ(s)[| × p̂]l =

{
−(an+1 + bn+1)[σ(s) · p̂]2 + cn+1σ

2(s), l = 2k − 1

−(an + bn)[σ(s) · p̂]3 + [1 + cnσ
2(s)][σ(s) · p̂], l = 2k

Thm. 5.2.1.


AL(n, l) = il−np̂ · |[σ(s)× |]nσ(s)[| × p̂]l −

l−1∑
k=0

Ckl AL(n, k)[−σ(s) · p̂]l−k, AL(n, 0) = σ(s) · p̂

il−np̂ · |[σ(s)× |]nσ(s)[| × p̂]l =

{
kn+1[σ(s) · p̂]2 + cn+1σ

2(s), l = 2k − 1; kn = −(an + bn)

kn[σ(s) · p̂]3 + [1 + cnσ
2(s)][σ(s) · p̂], l = 2k

Cor. 5.2.5.

AL(n, 0) = C0
0σ(s) · p̂

AL(n, 1) = (C1
1kn+1 + C0

1 )[σ(s) · p̂]2 + C1
1cn+1σ

2(s), kn+1 = −(an+1 + bn+1)

AL(n, 2) = [C1
2kn+1 + C2

2kn + C0
2 ][σ(s) · p̂]3 + [(C1

2cn+1 + C2
2cn)σ2(s) + C2

2 ][σ(s) · p̂]
AL(n, 3) = [C1

3kn+1 + C2
3kn + C0

3 ][σ(s) · p̂]4 + [C3
3kn+1 + (C1

3cn+1 + C2
3cn)σ2(s) + C2

3 ][σ(s) · p̂]2

+C3
3cn+1σ

2(s)

AL(n, 4) = [C1
4kn+1 + C2

4kn + C0
4 ][σ(s) · p̂]5 + [C3

4kn+1 + C4
4kn + (C1

4cn+1 + C2
4cn)σ2(s) + C2

4 ][σ(s) · p̂]3

+[(C3
4cn+1 + C4

4cn)σ2(s) + C4
4 ][σ(s) · p̂]1

Proof: AL(n, 1) = kn+1[σ(s) · p̂]2 + cn+1σ
2(s) + C0

1AL(n, 0)[σ(s) · p̂]1
= (C1

1kn+1 + C0
1 )[σ(s) · p̂]2 + C1

1cn+1σ
2(s)

Proof: AL(n, 2) = kn[σ(s) · p̂]3 + [1 + cnσ
2(s)][σ(s) · p̂]− C0

2AL(n, 0)[σ(s) · p̂]2 + C1
2AL(n, 1)[σ(s) · p̂]

= [C1
2kn+1 + C2

2kn + C0
2 ][σ(s) · p̂]3 + [(C1

2cn+1 + C2
2cn)σ2(s) + C2

2 ][σ(s) · p̂]

Proof: AL(n, 3) = kn+1[σ(s) · p̂]2 + cn+1σ
2(s)

+ C0
3AL(n, 0)[σ(s) · p̂]3 − C1

3AL(n, 1)[σ(s) · p̂]2 + C2
3AL(n, 2)[σ(s) · p̂]1

= kn+1[σ(s) · p̂]2 + cn+1σ
2(s)

+ C0
3 [σ(s) · p̂]4 − C1

3{(C1
1kn+1 + C0

1 )[σ(s) · p̂]2 + C1
1cn+1σ

2(s)}[σ(s) · p̂]2
+ C2

3{[C1
2kn+1 + C2

2kn + C0
2 ][σ(s) · p̂]3 + [(C1

2cn+1 + C2
2cn)σ2(s) + C2

2 ][σ(s) · p̂]}[σ(s) · p̂]1
= [C1

3kn+1 + C2
3kn + C0

3 ][σ(s) · p̂]4 + [C3
3kn+1 + (C1

3cn+1 + C2
3cn)σ2(s) + C2

3 ][σ(s) · p̂]2 + C3
3cn+1σ

2(s)
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Proof: AL(n, 4) = (kn − 1)[σ(s) · p̂]3 + [1 + cnσ
2(s)][σ(s) · p̂]

− C0
4AL(n, 0)[σ(s) · p̂]4 + C1

4AL(n, 1)[σ(s) · p̂]3 − C2
4AL(n, 2)[σ(s) · p̂]2 + C3

4AL(n, 3)[σ(s) · p̂]1
= [C1

4kn+1 + C2
4kn + C0

4 ][σ(s) · p̂]5 + [C3
4kn+1 + C3

3kn + (C1
4cn+1 + C2

4cn)σ2(s) + C2
4 ][σ(s) · p̂]3

+ [(C3
4cn+1 + C4

4cn)σ2(s) + C4
4 ][σ(s) · p̂]1

Thm. 5.2.2.
AL(n, l) = i−np̂ · |[σ(s)× |]n[σ(s) · p̂]lσ(s)

=
[(l+1)/2]∑
k=0

[C2k+1
l kn+1 + C2k+2

l kn + (C2k−1
l cn+1 + C2k

l cn)σ2(s) + C2k
l ][σ(s) · p̂]l+1−2k − cnσ2(s)[σ(s) · p̂]l+1

kn = −(an + bn) = (s+1)n+1−(−s)n+1−(2s+1)
s(2s+1)(s+1) , cn = − (s+1)n−1−(−s)n−1

2s+1 , n ≥ 0, l ≥ 0

Cor. 5.2.6.
AL(n, l) = i−np̂ · |[σ(s)× |]n[σ(s) · p̂]lσ(s)

=
[(l+1)/2]∑
k=0

[C2k+1
l kn+1 + C2k+2

l kn + (C2k−1
l bn + C2k

l bn−1)σ2(s) + C2k
l ][σ(s) · p̂]l+1−2k − bn−1σ

2(s)[σ(s) · p̂]l+1

kn = −(an + bn) = (s+1)n+1−(−s)n+1−(2s+1)
s(2s+1)(s+1) , bn = − (s+1)n−(−s)n

2s+1 , n ≥ 0, l ≥ 0

The above theorem can be strictly proved by using mathematical induction, and supplement it when
I have time.
5.2.2 General term formula for i−np̂ · |σ(s)[σ(s) · p̂]l[| × σ(s)]n

Def. 5.2.2. AR(n, l) := i−np̂ · |σ(s)[σ(s) · p̂]l[| × σ(s)]n, AR(n, 0) = σ(s) · p̂

Pro. 5.2.1. σ(s)[σ(s) · p̂]l = il[p̂× |]lσ(s)−
l−1∑
k=0

Ckn[−σ(s) · p̂]l−kσ(s)[σ(s) · p̂]k

Cor. 5.2.7.

i−np̂ · |σ(s)[σ(s) · p̂]l[| × σ(s)]n = il−np̂ · |[p̂× |]lσ(s)[| × σ(s)]n −
l−1∑
k=0

Ckn[−σ(s) · p̂]l−ki−np̂ · |σ(s)[σ(s) · p̂]k[| × σ(s)]n

Cor. 5.2.8.

il−n[p̂× |]lσ(s)[| × σ(s)]n =


−an+1[σ(s) · p̂]σ(s)− bn+1σ(s)[σ(s) · p̂] + cn+1σ

2(s)p̂, l = 2k − 1

−an[σ(s) · p̂]2σ(s)− bn[σ(s) · p̂]σ(s)[σ(s) · p̂] + cnσ
2(s)p̂[σ(s) · p̂] + σ(s), l = 2k

i−np̂[| × σ(s)]n = an[σ(s) · p̂]σ(s) + bnσ(s)[σ(s) · p̂]− cnσ2(s)p̂

Cor. 5.2.9.

il−np̂ · |[p̂× |]lσ(s)[| × σ(s)]n =

{
−(an+1 + bn+1)[σ(s) · p̂]2 + cn+1σ

2(s), l = 2k − 1

−(an + bn)[σ(s) · p̂]3 + [1 + cnσ
2(s)][σ(s) · p̂], l = 2k

Thm. 5.2.3.


AR(n, l) = il−np̂ · |[p̂× |]lσ(s)[| × σ(s)]n −

l−1∑
k=0

Ckn[−σ(s) · p̂]l−kAR(n, k), AR(n, 0) = σ(s) · p̂

il−np̂ · |[p̂× |]lσ(s)[| × σ(s)]n =

{
kn+1[σ(s) · p̂]2 + cn+1σ

2(s), l = 2k − 1; kn = −(an + bn)

kn[σ(s) · p̂]3 + [1 + cnσ
2(s)][σ(s) · p̂], l = 2k

It is completely equivalent to the discrete equation and initial conditions in the previous section, so it
has the same solution as the following.

Thm. 5.2.4.
AR(n, l) = i−np̂ · |σ(s)[σ(s) · p̂]l[| × σ(s)]n

=
[(l+1)/2]∑
k=0

[C2k+1
l kn+1 + C2k+2

l kn + (C2k−1
l cn+1 + C2k

l cn)σ2(s) + C2k
l ][σ(s) · p̂]l+1−2k − cnσ2(s)[σ(s) · p̂]l+1

kn = −(an + bn) = (s+1)n+1−(−s)n+1−(2s+1)
s(2s+1)(s+1) , cn = − (s+1)n−1−(−s)n−1

2s+1 , n ≥ 0, l ≥ 0

Cor. 5.2.10.
AR(n, l) = i−np̂ · |σ(s)[σ(s) · p̂]l[| × σ(s)]n

=
[(l+1)/2]∑
k=0

[C2k+1
l kn+1 + C2k+2

l kn + (C2k−1
l bn + C2k

l bn−1)σ2(s) + C2k
l ][σ(s) · p̂]l+1−2k − bn−1σ

2(s)[σ(s) · p̂]l+1

kn = −(an + bn) = (s+1)n+1−(−s)n+1−(2s+1)
s(2s+1)(s+1) , bn = − (s+1)n−(−s)n

2s+1 , n ≥ 0, l ≥ 0

Cor. 5.2.11. AL(n, l) = AR(n, l), p̂ · |[σ(s)× |]n[σ(s) · p̂]lσ(s) = p̂ · |σ(s)[σ(s) · p̂]l[| × σ(s)]n, n ≥ 0
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6 Summary of various general term formulas
6.1 Summary of basic general term formulas

Thm. 6.1.1.
inσ(s)[| × p̂]n =

n∑
k=0

Ckn[σ(s) · p̂]kσ(s)[−σ(s) · p̂]n−k, n ≥ 0 =

{
iσ(s)× p̂, n = 2k − 1, k ≥ 1

σ(s)− [σ(s) · p̂]p̂, n = 2k

in[p̂× |]nσ(s) =
n∑
k=0

Ckn[−σ(s) · p̂]n−kσ(s)[σ(s) · p̂]k, n ≥ 0 =

{
ip̂× σ(s), n = 2k − 1, k ≥ 1

σ(s)− [σ(s) · p̂]p̂, n = 2k

Thm. 6.1.2.
i−n[σ(s)× |]np̂ = anσ(s)[σ(s) · p̂] + bn[σ(s) · p̂]σ(s)− bn−1σ

2(s)p̂, n ≥ 0

i−np̂[| × σ(s)]n = an[σ(s) · p̂]σ(s) + bnσ(s)[σ(s) · p̂]− bn−1σ
2(s)p̂, n ≥ 0

an = [(s+1)n+2−(−s)n+2]−2[(s+1)n+1−(−s)n+1]+(2s+1)
s(2s+1)(s+1) , bn = − (s+1)n−(−s)n

2s+1

Thm. 6.1.3.
[σ(s) · p̂]nσ(s) = inσ(s)[| × p̂]n −

n−1∑
k=0

Ckn[σ(s) · p̂]kσ(s)[−σ(s) · p̂]n−k, n ≥ 0

σ(s)[σ(s) · p̂]n = in[p̂× |]nσ(s)−
n−1∑
k=0

Ckn[−σ(s) · p̂]n−kσ(s)[σ(s) · p̂]k, n ≥ 0

6.2 Summary of general term formulas for basic cross multiplication type

Thm. 6.2.1.

i−1σ(s)× {[σ(s) · p̂]nσ(s)}, n ≥ 0

=
[n/2]∑
k=0

{(C2k+1
n + C2k+2

n )[σ(s) · p̂]σ(s) + (C2k
n − C2k+2

n )σ(s)[σ(s) · p̂]− C2k+1
n σ2(s)p̂}[σ(s) · p̂]n−2k−1

i−1{σ(s)[σ(s) · p̂]n} × σ(s), n ≥ 0

=
[n/2]∑
k=0

[σ(s) · p̂]n−2k−1{(C2k+1
n + C2k+2

n )σ(s)[σ(s) · p̂] + (C2k
n − C2k+2

n )[σ(s) · p̂]σ(s)− C2k+1
n σ2(s)p̂}

6.3 Summary of basic extended general term formulas for cross multiplication type

Thm. 6.3.1.

i−n[σ(s)× |]n{[σ(s) · p̂]lσ(s)}, n ≥ 1, l ≥ 0

=
[l/2]∑
k=0

{[C2k+1
l+1 − C2k+2

l+1 an − C2k+1
l σ2(s)an−1]σ(s)[σ(s) · p̂]− [C2k+2

l+1 bn + C2k+1
l σ2(s)bn−1][σ(s) · p̂]σ(s)

+[C2k+2
l+1 σ2(s)bn−1 + C2k+1

l σ4(s)bn−2]p̂}[σ(s) · p̂]l−2k−1

i−nσ(s)[σ(s) · p̂]l[| × σ(s)]n, n ≥ 1, l ≥ 0

=
[l/2]∑
k=0

[σ(s) · p̂]l−2k−1{[C2k+1
l+1 − C2k+2

l+1 an − C2k+1
l σ2(s)an−1][σ(s) · p̂]σ(s)

−[C2k+2
l+1 bn + C2k+1

l σ2(s)bn−1]σ(s)[σ(s) · p̂] + [C2k+2
l+1 σ2(s)bn−1 + C2k+1

l σ4(s)bn−2]p̂}

6.4 Summary of basic general term formulas for scalar product type

Thm. 6.4.1. σ(s) · [σ(s) · p̂]nσ(s) = σ(s)[σ(s) · p̂]n · σ(s) =
[n/2]∑
k=0

[C2k
n σ2(s)− C2k+2

n+1 ][σ(s) · p̂]n−2k, n ≥ 0

6.5 Summary of basic extended general term formulas for scalar product type

Thm. 6.5.1. inσ(s)[| × p̂]n| · p̂ = inp̂ · |[p̂× |]nσ(s) = 0, n ≥ 1

Thm. 6.5.2.{
i−np̂ · {[σ(s)× |]np̂} = i−n{p̂[| × σ(s)]n} · p̂ = −kn[σ(s) · p̂]2 + bn−1σ

2(s)

kn = −(an + bn) = (s+1)n+1−(−s)n+1−(2s+1)
s(2s+1)(s+1) , bn−1 = − (s+1)n−1−(−s)n−1

2s+1 , n ≥ 0

Thm. 6.5.3.
AL(n, l) = i−np̂ · |[σ(s)× |]n[σ(s) · p̂]lσ(s) = i−np̂ · |σ(s)[σ(s) · p̂]l[| × σ(s)]n = AR(n, l)

=
[(l+1)/2]∑
k=0

[C2k+1
l kn+1 + C2k+2

l kn + (C2k−1
l bn + C2k

l bn−1)σ2(s) + C2k
l ][σ(s) · p̂]l+1−2k − bn−1σ

2(s)[σ(s) · p̂]l+1

kn = −(an + bn) = (s+1)n+1−(−s)n+1−(2s+1)
s(2s+1)(s+1) , bn = − (s+1)n−(−s)n

2s+1 , n ≥ 0, l ≥ 0

Thm. 6.5.4.
i−nσ(s) · |[σ(s)× |]n{[σ(s) · p̂]lσ(s)} = i−n{σ(s)[σ(s) · p̂]l}[| × σ(s)]n| · σ(s)

= σ(s) · [σ(s) · p̂]lσ(s) =
[l/2]∑
k=0

[C2k
l σ2(s)− C2k+2

l+1 ][σ(s) · p̂]l−2k, n ≥ 0, l ≥ 0
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6.6 Discussion on more general various general term formulas

By using the above basic general term formulas, it is relatively easy to strictly derive more and more
complex general term formulas. There are no longer difficulties in deriving in principle.

7 Special general term formulas
7.1 A special general term formula

Pro. 7.1.1.

{
p̂ · {σ(s)× {[σ(s) · p̂]1σ(s)}} = 2i[σ(s) · p̂]2 − iσ2(s)

p̂ · {σ(s)× {[σ(s) · p̂]2σ(s)}} = 3i[σ(s) · p̂]2 − i[σ2(s)− 1][σ(s) · p̂]

Thm. 7.1.1. [σ(s) · p̂]p̂ = −i[σ(s)× p̂]× [σ(s)× p̂] = σ(s)− σ(s)[σ(s) · p̂]2 − [σ(s) · p̂]2σ(s) + 2[σ(s) · p̂]σ(s)[σ(s) · p̂]

Proof: [σ(s) · p̂]p̂ = −i[σ(s)× p̂]× [σ(s)× p̂]
= iσ(s)× |[σ(s) · p̂]σ(s)[σ(s) · p̂] + [σ(s) · p̂]iσ(s)[σ(s) · p̂]| × σ(s)
− iσ(s)× |[σ(s) · p̂]2σ(s) + [σ(s) · p̂]σ(s)[σ(s) · p̂]
= {−[σ(s) · p̂]σ(s)− σ(s)[σ(s) · p̂] + σ2(s)p̂}[σ(s) · p̂] + [σ(s) · p̂]{−[σ(s) · p̂]σ(s)− σ(s)[σ(s) · p̂] + σ2(s)p̂}
+ 3[σ(s) · p̂]σ(s)[σ(s) · p̂]− 2σ2(s)p̂[σ(s) · p̂] + σ(s) + [σ(s) · p̂]σ(s)[σ(s) · p̂]
= −{[σ(s) · p̂]σ(s) + σ(s)[σ(s) · p̂]− σ2(s)p̂}[σ(s) · p̂]− [σ(s) · p̂]{[σ(s) · p̂]σ(s) + σ(s)[σ(s) · p̂]− σ2(s)p̂}
+ 3[σ(s) · p̂]σ(s)[σ(s) · p̂]− 2σ2(s)p̂[σ(s) · p̂] + σ(s) + [σ(s) · p̂]σ(s)[σ(s) · p̂]
= σ(s)− σ(s)[σ(s) · p̂]2 − [σ(s) · p̂]2σ(s) + 2[σ(s) · p̂]σ(s)[σ(s) · p̂]

7.2 Deduction of the special general term formula

Cor. 7.2.1. [1− (h− h′)2]λ+(p̂, h; s)σ(s)λ(p̂, h′; s) = δhh′hp̂

Proof: λ+(p̂, h; s)[σ(s) · p̂]p̂λ(p̂, h′; s)
= λ+(p̂, h; s){σ(s)− σ(s)[σ(s) · p̂]2 − [σ(s) · p̂]2σ(s) + 2[σ(s) · p̂]σ(s)[σ(s) · p̂]}λ(p̂, h′; s)
⇔ [1− (h− h′)2]λ+(p̂, h; s)σ(s)λ(p̂, h′; s) = δhh′hp̂

Cor. 7.2.2. [σ(s) · p̂]np̂i1 p̂i2 · ·p̂in =
{σi1(s)− σi1(s)[σ(s) · p̂]2 − [σ(s) · p̂]2σi1(s) + 2[σ(s) · p̂]σi1(s)[σ(s) · p̂]}
{σi2(s)− σi2(s)[σ(s) · p̂]2 − [σ(s) · p̂]2σi2(s) + 2[σ(s) · p̂]σi2(s)[σ(s) · p̂]}
· · · · · ·
{σin(s)− σin(s)[σ(s) · p̂]2 − [σ(s) · p̂]2σin(s) + 2[σ(s) · p̂]σin(s)[σ(s) · p̂]}

Cor. 7.2.3. [σ · p̂]np̂i1 p̂i2 · ·p̂in = {−σi1 + 2[σ · p̂]σi1 [σ · p̂]}{−σi2 + 2[σ · p̂]σi2 [σ · p̂]} · ·{−σin + 2[σ · p̂]σin [σ(s) · p̂]}

Cor. 7.2.4. 1
4 p̂ip̂j

= { 1
4σi + 1

4 [σ · p̂]σi[σ · p̂]}{ 1
4σj + 1

4 [σ · p̂]σj [σ · p̂]}
= 1

16{σiσj + [σ · p̂]σi[σ · p̂]σj + σi[σ · p̂]σj [σ · p̂] + [σ · p̂]σiσj [σ · p̂]}

Proof: λ+(p̂, h; s)[σ(s) · p̂]np̂i1 p̂i2 · ·p̂inλ(p̂, h′; s)
= λ+(p̂, h; s)
{σi1(s)− σi1(s)[σ(s) · p̂]2 − [σ(s) · p̂]2σi1(s) + 2[σ(s) · p̂]σi1(s)[σ(s) · p̂]}
{σi2(s)− σi2(s)[σ(s) · p̂]2 − [σ(s) · p̂]2σi2(s) + 2[σ(s) · p̂]σi2(s)[σ(s) · p̂]}λ(p̂, h′; s)
· · · · · ·
{σin(s)− σin(s)[σ(s) · p̂]2 − [σ(s) · p̂]2σin(s) + 2[σ(s) · p̂]σin(s)[σ(s) · p̂]}
λ(p̂, h′; s)
= λ+(p̂, h; s)
{σi1(s)− σi1(s)[σ(s) · p̂]2 − [σ(s) · p̂]2σi1(s) + 2[σ(s) · p̂]σi1(s)[σ(s) · p̂]}λ(p̂, h′; s)
−s∑
h1=s

λ(p̂, h1; s)λ+(p̂, h1; s)

{σi2(s)− σi2(s)[σ(s) · p̂]2 − [σ(s) · p̂]2σi2(s) + 2[σ(s) · p̂]σi2(s)[σ(s) · p̂]}
−s∑
h2=s

λ(p̂, h2; s)λ+(p̂, h2; s)

· · · · · ·
{σin(s)− σin(s)[σ(s) · p̂]2 − [σ(s) · p̂]2σin(s) + 2[σ(s) · p̂]σin(s)[σ(s) · p̂]}
λ(p̂, h′; s)

Thm. 7.2.1. [σ(s) · p̂]p̂
= σ(s)[σ(s) · p̂]2 − [σ(s) · p̂]2σ(s) + 2[σ(s) · p̂]σ(s)[σ(s) · p̂]

= σ(s)−
2∑
k=0

Ck2 [−σ(s) · p̂]kσ(s)[σ(s) · p̂]2−k
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Cor. 7.2.5. [σ(s) · p̂]np̂i1 p̂i2 · ·p̂in =

{σi1(s)−
2∑
k=0

Ck2 [−σ(s) · p̂]kσi1(s)[σ(s) · p̂]2−k}

{σi2(s)−
2∑
k=0

Ck2 [−σ(s) · p̂]kσi2(s)[σ(s) · p̂]2−k}
· · · · · ·
{σin(s)−

2∑
k=0

Ck2 [−σ(s) · p̂]kσin(s)[σ(s) · p̂]2−k}

Cor. 7.2.6. λ+(p̂,−sς)σi(s)[σ(s) · p̂]nσj(s)λ(p̂,−sς) = (−ς)ns2snp̂ip̂j + (−ς)n(s− 1)n[ s2 (δij − p̂ip̂j − iςεijkp̂k)]

Cor. 7.2.7. λ+(p̂, h; s)σi(s)[σ(s) · p̂]nσj(s)λ(p̂, h′; s) =???

8 Lower order expansion of [σ(s) · p̂]2s+1

8.1 Lower order expansion conjecture of [σ(s) · p̂]2s+1

Ass. 8.1.1. [σ(s) · p̂]2s+1 =
[s+

1
2 ]∑

k=1

Xk(s)[σ(s) · p̂]2s+1−2k

The above conjecture can be fully proved through the natural number splitting conjecture of the
polynomial theorem. Let it go for a moment, and I’ll do it later when I have time.
8.2 Strict proof of lower order expansion coefficients equation for [σ(s) · p̂]2s+1

Thm. 8.2.1. [σ(s) · p̂]2s+1 =
[s+

1
2 ]∑

k=1

Xk(s)[σ(s) · p̂]2s+1−2k ⇒ h2s+1 =
[s+

1
2 ]∑

k=1

Xk(s)h2s+1−2k, h = s, (s− 1), · · · , 1|2

Proof: [σ(s) · p̂]2s+1 =
[s+

1
2 ]∑

k=1

Xk(s)[σ(s) · p̂]2s+1−2k

⇒ λ+(s, h)[σ(s) · p̂]2s+1λ(s, h) =
[s+

1
2 ]∑

k=1

Xk(s)λ+(s, h)[σ(s) · p̂]2s+1−2kλ(s, h), h = s, (s− 1), · · · ,−(s− 1),−s

⇒ h2s+1 =
[s+

1
2 ]∑

k=1

Xk(s)h2s+1−2k, h = s, (s− 1), · · · ,−(s− 1),−s

⇒ h2s+1 =
[s+

1
2 ]∑

k=1

Xk(s)h2s+1−2k, h = s, (s− 1), · · · , 1
2 |1

Thm. 8.2.2. [σ(n− 1
2 ) · p̂]2n =

n−1∑
k=0

X̄k(n− 1
2 )[σ(n− 1

2 ) · p̂]2k, [σ(n) · p̂]2n+1 =
n−1∑
k=0

X̄k(n)[σ(n) · p̂]2k+1

8.3 Solution for low order expansion of [σ(s) · p̂]2s+1

Def. 8.3.1.

{
Ck{a1,a2,··· ,an} := Multiply k ai according to combination rule and add up all product terms

C0
{a1,a2,··· ,an} := 1

Cor. 8.3.1. Ck{11,12,··· ,1n} = Ckn

Ass. 8.3.1.

 (2n−1)2n−2 (2n−1)2n−4 ··· (2n−1)2 (2n−1)0

(2n−3)2n−2 (2n−3)2n−4 ··· (2n−3)2 (2n−3)0

··· ··· ··· ··· ···
32n−2 32n−4 ··· 32 30

12n−2 12n−4 ··· 12 10

Y (n− 1
2 ) =

 (2n−1)2n

(2n−3)2n

···
32n

12n

 , Y (n− 1
2 ) =


(−1)0[C1

{12,32,··· ,(2n−1)2}]

(−1)1[C2
{12,32,··· ,(2n−1)2}]

···
(−1)n−2[Cn−1

{12,32,··· ,(2n−1)2}
]

(−1)n−1[Cn{12,32,··· ,(2n−1)2}]




(n− 1
2 )2n−2 (n− 1

2 )2n−4 ··· (n− 1
2 )2 (n− 1

2 )0

(n− 3
2 )2n−2 (n− 3

2 )2n−4 ··· (n− 3
2 )2 (n− 3

2 )0

··· ··· ··· ··· ···
(
3
2 )2n−2 (

3
2 )2n−4 ··· (

3
2 )2 (

3
2 )0

(
1
2 )2n−2 (

1
2 )2n−4 ··· (

1
2 )2 (

1
2 )0

X(n− 1
2 ) =


(n− 1

2 )2n

(n− 3
2 )2n

···
(
3
2 )2n

(
1
2 )2n

 , X(n− 1
2 ) = −


(−4)−1[C1

{12,32,··· ,(2n−1)2}]

(−4)−2[C2
{12,32,··· ,(2n−1)2}]

···
(−4)−(n−1)[Cn−1

{12,32,··· ,(2n−1)2}
]

(−4)−n[Cn{12,32,··· ,(2n−1)2}]




(n− 1
2 )0 (n− 1

2 )2 ··· (n− 1
2 )2n−4 (n− 1

2 )2n−2

(n− 3
2 )0 (n− 3

2 )2 ··· (n− 3
2 )2n−4 (n− 3

2 )2n−2

··· ··· ··· ··· ···
(
3
2 )0 (

3
2 )2 ··· (

3
2 )2n−4 (

3
2 )2n−2

(
1
2 )0 (

1
2 )2 ··· (

1
2 )2n−4 (

1
2 )2n−2

 X̄(n− 1
2 ) =


(n− 1

2 )2n

(n− 3
2 )2n

···
(
3
2 )2n

(
1
2 )2n

 , X̄(n− 1
2 ) = −


(−4)−n[Cn{12,32,··· ,(2n−1)2}]

(−4)−(n−1)[Cn−1

{12,32,··· ,(2n−1)2}
]

···
(−4)−2[C2

{12,32,··· ,(2n−1)2}]

(−4)−1[C1
{12,32,··· ,(2n−1)2}]
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Ass. 8.3.2.

 (2n)2n−2 (2n)2n−4 ··· (2n)2 (2n)0

(2n−2)2n−2 (2n−2)2n−4 ··· (2n−2)2 (2n−2)0

··· ··· ··· ··· ···
42n−2 42n−4 ··· 42 40

22n−2 22n−4 ··· 22 20

Y (n) =

 (2n)2n

(2n−2)2n

···
42n

22n

 , Y (n) =


(−1)0[C1

{22,42,··· ,(2n)2}]

(−1)1[C2
{22,42,··· ,(2n)2}]

···
(−1)n−2[Cn−1

{22,42,··· ,(2n)2}
]

(−1)n−1[Cn{22,42,··· ,(2n)2}]


 n2n−2 n2n−4 ··· n2 n0

(n−1)2n−2 (n−1)2n−4 ··· (n−1)2 (n−1)0

··· ··· ··· ··· ···
22n−2 22n−4 ··· 22 20

12n−2 12n−4 ··· 12 10

X(n) =

 n2n

(n−1)2n

···
22n

12n

 , X(n) = −


(−4)−1[C1

{22,42,··· ,(2n)2}]

(−4)−2[C2
{22,42,··· ,(2n)2}]

···
(−4)−(n−1)[Cn−1

{22,42,··· ,(2n)2}
]

(−4)−n[Cn{22,42,··· ,(2n)2}]


 n0 n2 ··· n2n−4 n2n−2

(n−1)0 (n−1)2 ··· (n−1)2n−4 (n−1)2n−2

··· ··· ··· ··· ···
20 22 ··· 22n−4 22n−2

10 12 ··· 12n−4 12n−2

 X̄(n) =

 n2n

(n−1)2n

···
22n

12n

 , X̄(n) = −


(−4)−n[Cn{22,42,··· ,(2n)2}]

(−4)−(n−1)[Cn−1

{22,42,··· ,(2n)2}
]

···
(−4)−2[C2

{22,42,··· ,(2n)2}]

(−4)−1[C1
{22,42,··· ,(2n)2}]



Cor. 8.3.2.



X(n− 1
2 ) =

 (4)−1Y1(n− 1
2 )

(4)−2Y2(n− 1
2 )

···
(4)−nYn(n− 1

2 )

 , X(n) =

[
(4)−1Y1(n)

(4)−2Y2(n)
···

(4)−nYn(n)

]

Y (n− 1
2 ) =

 (4)1X1(n− 1
2 )

(4)2X2(n− 1
2 )

···
(4)nXn(n− 1

2 )

 , Y (n) =

[
(4)1X1(n)

(4)2X2(n)
···

(4)nXn(n)

]

Cor. 8.3.3.


[σ(s) · p̂]2s+1 =

[s+
1
2 ]∑

k=1

Xk(s)[σ(s) · p̂]2s+1−2k =
[s+

1
2 ]∑

k=1

4−kYk(s)[σ(s) · p̂]2s+1−2k

Ω2s+1(s) =
[s+

1
2 ]∑

k=1

Yk(s)Ω2s+1−2k(s) =
[s+

1
2 ]∑

k=1

4kXk(s)Ω2s+1−2k(s), [σ(s) · p̂]↔ 1
2Ω(s)

Ass. 8.3.3.


(n− 1

2 )0 (n− 1
2 )2 ··· (n− 1

2 )2n−4 (n− 1
2 )2n−2

(n− 3
2 )0 (n− 3

2 )2 ··· (n− 3
2 )2n−4 (n− 3

2 )2n−2

··· ··· ··· ··· ···
(
3
2 )0 (

3
2 )2 ··· (

3
2 )2n−4 (

3
2 )2n−2

(
1
2 )0 (

1
2 )2 ··· (

1
2 )2n−4 (

1
2 )2n−2

 X̄(n− 1
2 ) =


(n− 1

2 )2n

(n− 3
2 )2n

···
(
3
2 )2n

(
1
2 )2n

 , X̄(n− 1
2 ) = −


(−4)−n[Cn{12,32,··· ,(2n−1)2}]

(−4)−(n−1)[Cn−1

{12,32,··· ,(2n−1)2}
]

···
(−4)−2[C2

{12,32,··· ,(2n−1)2}]

(−4)−1[C1
{12,32,··· ,(2n−1)2}]


 n0 n2 ··· n2n−4 n2n−2

(n−1)0 (n−1)2 ··· (n−1)2n−4 (n−1)2n−2

··· ··· ··· ··· ···
20 22 ··· 22n−4 22n−2

10 12 ··· 12n−4 12n−2

 X̄(n) =

 n2n

(n−1)2n

···
22n

12n

 , X̄(n) = −


(−4)−n[Cn{22,42,··· ,(2n)2}]

(−4)−(n−1)[Cn−1

{22,42,··· ,(2n)2}
]

···
(−4)−2[C2

{22,42,··· ,(2n)2}]

(−4)−1[C1
{22,42,··· ,(2n)2}]




s0 s2 ··· s
2[s−

1
2 ]

(s−1)0 (s−1)2 ··· (s−1)
2[s−

1
2 ]

··· ··· ··· ···

(
1
2 |1)0 (

1
2 |1)2 ··· (

1
2 |1)

2[s−
1
2 ]

 X̄(s) =


s
2[s+

1
2 ]

(s−1)
2[s+

1
2 ]

···

(
1
2 |1)

2[s+
1
2 ]

 , X̄(s) = −


(−4)

−[s+
1
2 ]

[C
[s+

1
2 ]

{(1|2)2,··· ,(2s−2)2,(2s)2}
]

(−4)
−[s−

1
2 ]

[C
[s−

1
2 ]

{(1|2)2,··· ,(2s−2)2,(2s)2}
]

···
(−4)−2[C2

{(1|2)2,··· ,(2s−2)2,(2s)2}]

(−4)−1[C1
{(1|2)2,··· ,(2s−2)2,(2s)2}]



Ass. 8.3.4.


[σ(s) · p̂]2s+1 = −

[s+
1
2 ]∑

k=1

(−4)−kCk{(1|2)2,··· ,(2s−2)2,(2s)2}[σ(s) · p̂]2s+1−2k

Ω2s+1(s) = −
[s+

1
2 ]∑

k=1

(−1)kCk{(1|2)2,··· ,(2s−2)2,(2s)2}Ω
2s+1−2k(s)

Ass. 8.3.5.



[s+
1
2 ]∑

k=0

(−4)−kCk{(1|2)2,··· ,(2s−2)2,(2s)2}[σ(s) · p̂]2s+1−2k = 0

[s+
1
2 ]∑

k=0

(−1)kCk{(1|2)2,··· ,(2s−2)2,(2s)2}Ω
2s+1−2k(s) = 0

[s+
1
2 ]∑

k=0

(−4h2)−kCk{(1|2)2,··· ,(2s−2)2,(2s)2} = 0, h = s, (s− 1), · · · , 1
2 |1

8.4 Properties of Ck{a1,a2,··· ,an}

Pro. 8.4.1. Ck{a1,a2,··· ,an} = C1
{a1}C

k−1
{a2,··· ,an} + C0

{a1}C
k
{a2,··· ,an}
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Pro. 8.4.2. Ck{a1,a2,··· ,an} = C2
{a1,a2}C

k−2
{a3,··· ,an} + C1

{a1,a2}C
k−1
{a3,··· ,an}) + C0

{a1,a2}C
k
{a3,··· ,an}

Pro. 8.4.3. Ck{a1,a2,··· ,an} =
l∑
i=0

Ci{a1,a2,··· ,al}C
k−i
{al+1,··· ,an}

Pro. 8.4.4. Ci0{a1,a2,··· ,al0}
=

l1∑
i1=0

l2∑
i2=0

Ci2{a1,a2,··· ,al2}
Ci1−i2{al2+1,··· ,al1}

Ci0−i1{al1+1,··· ,al0}

Pro. 8.4.5. Ci0{a1,a2,··· ,al0}
=

l1∑
i1=0

l2∑
i2=0

· · ·
l3∑
i3=0

Ci3{a1,a2,··· ,al3}
Ci2−i3{al3+1,a2,··· ,al2}

Ci1−i2{al2+1,··· ,al1}
Ci0−i1{al1+1,··· ,al0}

Pro. 8.4.6. Ci0{a1,a2,··· ,al0}
=

l1∑
i1=0

l2∑
i2=0

· · ·
lr∑
ir=0

Cir{a1,a2,··· ,alr}
· · ·Ci2−i3{al3+1,a2,··· ,al2}

Ci1−i2{al2+1,··· ,al1}
Ci0−i1{al1+1,··· ,al0}

8.5 Special case verification of low order expansions of [σ(s) · p̂]2s+1

Def. 8.5.1. a2
i = 1

Pro. 8.5.1. (a1)2 = 1, [σ( 1
2 ) · p̂]4 = 1

4

Pro. 8.5.2. (a1 + a2)3 = 4(a1 + a2), [σ(1) · p̂]3 = [σ(1) · p̂]

Cor. 8.5.1.[
32 30

12 10

]
Y =

[
34

14

]
⇔ Y = 1

8

[
10 −12

−30 32

] [
34

14

]
=
[

10
−9

]
=
[

12+32

−1232

]
Pro. 8.5.3. (a1 + a2 + a3)4 = 10(a1 + a2 + a3)2 − 9, [σ( 3

2 ) · p̂]4 = 5
2 [σ( 3

2 ) · p̂]2 − 9
16

Cor. 8.5.2.[
42 40

22 20

]
Y =

[
44

24

]
⇔ Y = 1

12

[
20 22

−40 42

] [
44

24

]
=
[

20
−64

]
=
[

22+42

−2242

]
Pro. 8.5.4. (a1 + a2 + a3 + a4)5 = 20(a1 + a2 + a3 + a4)3 − 64(a1 + a2 + a3 + a4), [σ(2) · p̂]5 = 5[σ(2) · p̂]3 − 4[σ(2) · p̂]

Cor. 8.5.3.[
54 52 50

34 32 30

14 12 10

]
Y =

[
56

36

16

]
⇔ Y = 1

384

[
1 −3 2
−10 78 −68

9 −75 450

] [
56

36

16

]
=
[

35
−259
225

]
=

[
12+32+52

−(1232+3252+5212)

123252

]

Pro. 8.5.5.

{
(a1 + a2 + · ·+a5)6 = 35(a1 + a2 + · ·+a5)4 − 259(a1 + a2 + · ·+a5)2 + 225

[σ( 5
2 ) · p̂]6 = 35

4 [σ( 5
2 ) · p̂]4 − 259

16 [σ( 5
2 ) · p̂]2 + 225

64

Cor. 8.5.4.[
64 62 60

44 42 40

24 22 20

]
Y =

[
66

46

26

]
⇔ Y = 1

7680

[
12 −32 20
−240 1280 −1040
768 −4608 11520

] [
66

46

26

]
=
[

56
−784
482

]
=

[
22+42+62

−(2242+4262+6222)

224262

]

Pro. 8.5.6.

{
(a1 + a2 + · ·+a6)7 = 56(a1 + a2 + · ·+a5)5 − 784(a1 + a2 + · ·+a5)3 + 2304(a1 + a2 + · ·+a5)

[σ(3) · p̂]7 = 14[σ(3) · p̂]5 − 49[σ(3) · p̂]3 + 36[σ(3) · p̂]

Cor. 8.5.5.[
32 30

12 10

]−1

= 1
8

[
10 −30

−12 32

]
,
[

42 40

22 20

]−1

= 1
12

[
20 −40

−22 42

]
[

54 52 50

34 32 30

14 12 10

]−1

= 1
384

[
1 −3 2
−10 78 −68

9 −75 450

]
,

[
64 62 60

44 42 40

24 22 20

]−1

= 1
7680

[
12 −32 20
−240 1280 −1040
768 −4608 11520

]
Pro. 8.5.7. (a1 + a2 + · ·+a7)8 = 84(a1 + a2 + · ·+a5)6 − 1974(a1 + a2 + · ·+a5)4 + 12916(a1 + a2 + · ·+a5)2 − 11025
84 = C6

9 = 12 + 32 + 52 + 72, 1974 = 1232 + 3252 + 5272 + 7212 + 1252 + 3272

12916 = 325272 + 527212 + 123252 + 123272, 11025 = 12325272

[σ( 7
2 ) · p̂]8 = 21[σ( 7

2 ) · p̂]6 − 987
8 [σ( 7

2 ) · p̂]4 + 3229
16 [σ( 7

2 ) · p̂]2 − 11025
256

Pro. 8.5.8. (a1 + a2 + · ·+a8)9

= 120(a1 + a2 + · ·+a8)7 − 4368(a1 + a2 + · ·+a8)5 + 52480(a1 + a2 + · ·+a8)3 − 147456(a1 + a2 + · ·+a8)
120 = C7

10 = 22 + 42 + 62 + 82, 4368 = 2242 + 4262 + 6282 + 8222 + 2262 + 4282

52480 = 426282 + 628222 + 224262 + 224282, 147456 = 22426282

[σ(4) · p̂]9 = 30[σ(4) · p̂]7 − 273[σ(4) · p̂]5 + 820[σ(4) · p̂]3 − 576[σ(4) · p̂]
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8.6 A more rigorous proof of lower order expansion coefficients equation for [σ(s) · p̂]2s+1

Thm. 8.6.1. [σ(s) · p̂]2s+1 =
2s∑
k=0

Bk(s)[σ(s) · p̂]k ⇒ h2s+1 =
2s∑
k=0

Bk(s)hk, h = s, (s− 1), · · · ,−(s− 1),−s

Proof: [σ(s) · p̂]2s+1 =
2s∑
k=0

Bk(s)[σ(s) · p̂]k

⇒ λ+(s, h)[σ(s) · p̂]2s+1λ(s, h) =
2s∑
k=0

Bk(s)λ+(s, h)[σ(s) · p̂]kλ(s, h), h = s, (s− 1), · · · ,−(s− 1),−s

⇒ h2s+1 =
2s∑
k=0

Bk(s)hk, h = s, (s− 1), · · · ,−(s− 1),−s

⇒

 s0 s1 ··· s2s−1 s2s

(s−1)0 (s−1)1 ··· (s−1)2s−1 (s−1)2s

··· ··· ··· ··· ···
(1−s)0 (1−s)1 ··· (1−s)2s−1 (1−s)2s

(−s)0 (−s)1 ··· (−s)2s−1 (−s)2s

 B0(s)
B1(s)
···

B2s−1(s)
B2s(s)

 =

 (s)2s+1

(s−1)2s+1

···
(1−s)2s+1

(−s)2s+1


⇒ h2s+1 =

2s∑
k=0

Bk(s)hk, h = s, (s− 1), · · · ,−(s− 1),−s

⇒

 B0(s)
B1(s)
···

B2s−1(s)
B2s(s)

 =

 s0 s1 ··· s2s−1 s2s

(s−1)0 (s−1)1 ··· (s−1)2s−1 (s−1)2s

··· ··· ··· ··· ···
(1−s)0 (1−s)1 ··· (1−s)2s−1 (1−s)2s

(−s)0 (−s)1 ··· (−s)2s−1 (−s)2s

−1  (s)2s+1

(s−1)2s+1

···
(1−s)2s+1

(−s)2s+1


It can be verified that the above s = 1

2 , 1,
3
2 , 2 solutions are correct, and the following are more concrete

solutions.

Thm. 8.6.2. [σ(s) · p̂]2s+1 = − 1
2

2s∑
k=0

[1− (−1)2s−k](− 1
4 )[s+

1
2 ]−[

k
2 ][C

[s+
1
2 ]−[

k
2 ]

{(1|2)2,··· ,(2s−2)2,(2s)2}][σ(s) · p̂]k

Proof:

 s0 s1 ··· s2s−1 s2s

(s−1)0 (s−1)1 ··· (s−1)2s−1 (s−1)2s

··· ··· ··· ··· ···
(1−s)0 (1−s)1 ··· (1−s)2s−1 (1−s)2s

(−s)0 (−s)1 ··· (−s)2s−1 (−s)2s

 B0(s)
B1(s)
···

B2s−1(s)
B2s(s)

 =

 (s)2s+1

(s−1)2s+1

···
(1−s)2s+1

(−s)2s+1


⇔ 1

2

[
1 0 ··· 0 1
0 1 ··· 1 0
··· ··· ··· ··· ···
0 1 ··· −1 0
1 0 ··· 0 −1

] s0 s1 ··· s2s−1 s2s

(s−1)0 (s−1)1 ··· (s−1)2s−1 (s−1)2s

··· ··· ··· ··· ···
(1−s)0 (1−s)1 ··· (1−s)2s−1 (1−s)2s

(−s)0 (−s)1 ··· (−s)2s−1 (−s)2s

 B0(s)
B1(s)
···

B2s−1(s)
B2s(s)

 = 1
2

[
1 0 ··· 0 1
0 1 ··· 1 0
··· ··· ··· ··· ···
0 1 ··· −1 0
1 0 ··· 0 −1

] (s)2s+1

(s−1)2s+1

···
(1−s)2s+1

(−s)2s+1



⇔


s0 0 s2 0 ··· 1

2 [1+(−1)2s]s2s

(s−1)0 0 (s−1)2 0 ··· 1
2 [1+(−1)2s](s−1)2s

··· ··· ··· ··· ··· ···
0 (s−1)1 0 (s−1)3 ··· 1

2 [1−(−1)2s](s−1)2s

0 s1 0 s3 ··· 1
2 [1−(−1)2s]s2s


 B0(s)

B1(s)
···

B2s−1(s)
B2s(s)

 =


1
2 [1+(−1)2s+1]s2s+1

1
2 [1+(−1)2s+1](s−1)2s+1

···
1
2 [1−(−1)2s+1](s−1)2s+1

1
2 [1−(−1)2s+1]s2s+1



⇔


s0 s2 ··· s2[s] 0 0 ··· 0

(s−1)0 (s−1)2 ··· (s−1)2[s] 0 0 ··· 0
··· ··· ··· ··· ··· ··· ··· ···

0 0 ··· 0 (s−1)1 (s−1)3 ··· (s−1)
2[s−

1
2 ]+1

0 0 ··· 0 s1 s3 ··· s
2[s−

1
2 ]+1




B0(s)
B2(s)
···

B2[s](s)

B1(s)
B3(s)
···

B2[s−1/2]+1(s)

 =


1
2 [1+(−1)2s+1]s2s+1

1
2 [1+(−1)2s+1](s−1)2s+1

···
1
2 [1−(−1)2s+1](s−1)2s+1

1
2 [1−(−1)2s+1]s2s+1



⇔




n0 n2 ··· n2n 0 0 ··· 0

(n−1)0 (n−1)2 ··· (n−1)2n 0 0 ··· 0
··· ··· ··· ··· ··· ··· ··· ···
10 12 ··· 12n 0 0 ··· 0

00=1 02 ··· 02n 01 03 ··· 02n−1

0 0 ··· 0 11 13 ··· 12n−1

··· ··· ··· ··· ··· ··· ··· ···
0 0 ··· 0 (n−1)1 (n−1)3 ··· (n−1)2n−1

0 0 ··· 0 n1 n3 ··· n2n−1




B0(n)
B2(n)
···

B2n(n)
B1(n)
B3(n)
···

B2n−1(s)

 =


0
0
···
0

02n+1

12n+1

···
(n−1)2n+1

n2n+1




(n− 1
2 )0 (n− 1

2 )2 ··· (n− 1
2 )2n−2 0 0 ··· 0

(n− 3
2 )0 (n− 3

2 )2 ··· (n− 3
2 )2n−2 0 0 ··· 0

··· ··· ··· ··· ··· ··· ··· ···
(
1
2 )0 (

1
2 )2 ··· (

1
2 )2n−2 0 0 ··· 0

0 0 ··· 0 (
1
2 )1 (

1
2 )3 ··· (

1
2 )2n−1

··· ··· ··· ··· ··· ··· ··· ···
0 0 ··· 0 (n− 3

2 )1 (n− 3
2 )3 ··· (n− 3

2 )2n−1

0 0 ··· 0 (n− 1
2 )1 (n− 1

2 )3 ··· (n− 1
2 )2n−1





B0(n− 1
2 )

B2(n− 1
2 )

···
B2n−2(n− 1

2 )

B1(n− 1
2 )

B3(n− 1
2 )

···
B2n−1(n− 1

2 )


=


(n− 1

2 )2n

(n− 3
2 )2n

···
(
1
2 )2n

0
···
0
0
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⇔




(n− 1

2 )0 (n− 1
2 )2 ··· (n− 1

2 )2n−2

(n− 3
2 )0 (n− 3

2 )2 ··· (n− 3
2 )2n−2

··· ··· ··· ··· ···
(
3
2 )0 (

3
2 )2 ··· (

3
2 )2n−2

(
1
2 )0 (

1
2 )2 ··· (

1
2 )2n−2




B0(n− 1
2 )

B2(n− 1
2 )

···
B2n−4(n− 1

2 )

B2n−2(n− 1
2 )

 =


(n− 1

2 )2n

(n− 3
2 )2n

···
(
3
2 )2n

(
1
2 )2n


 n0 n2 ··· n2n−2

(n−1)0 (n−1)2 ··· (n−1)2n−2

··· ··· ··· ···
20 22 ··· 22n−2

10 12 ··· 12n−2

 B1(n)
B3(n)
···

B2n−3(s)
B2n−1(s)

 =

 n2n

(n−1)2n

···
22n

12n




B0(n− 1
2 )

B1(n− 1
2 )

B2(n− 1
2 )

B3(n− 1
2 )

···
B2n−1(n− 1

2 )

B2n(n− 1
2 )


= −



(−4)−n[Cn{12,32,··· ,(2n−1)2}]

0
(−4)−(n−1)[Cn−1

{12,32,··· ,(2n−1)2}
]

0
···

(−4)−2[C2
{12,32,··· ,(2n−1)2}]

0
(−4)−1[C1

{12,32,··· ,(2n−1)2}]

0


,



B0(n)
B1(n)
B2(n)
B3(n)
···

B2n−3(n)
B2n−2(n)
B2n−1(n)
B2n(n)

 = −



0
(−4)−n[Cn{22,42,··· ,(2n)2}]

0
(−4)−(n−1)[Cn−1

{22,42,··· ,(2n)2}
]

0
···

(−4)−2[C2
{22,42,··· ,(2n)2}]

0
(−4)−1[C1

{22,42,··· ,(2n)2}]

0



⇔


B0(s)
B1(s)
···

Bk(s)
···

B2s−1(s)
B2s(s)

 = − 1
2



[1−(−1)2s](−4)
−[s+

1
2 ]

[C
[s+

1
2 ]

{(1|2)2,··· ,(2s−2)2,(2s)2}
]

[1−(−1)2s−1]](−4)
−[s+

1
2 ]

[C
[s+

1
2 ]

{(1|2)2,··· ,(2s−2)2,(2s)2}
]

···

[1−(−1)2s−k](−4)
[
k
2 ]−[s+

1
2 ]

[C
[s+

1
2 ]−[

k
2 ]

{(1|2)2,··· ,(2s−2)2,(2s)2}
]

···
[1−(−1)1](−4)−1[C1

{(1|2)2,··· ,(2s−2)2,(2s)2}]

[1−(−1)0](−4)−1[C1
{(1|2)2,··· ,(2s−2)2,(2s)2}]


⇒ [σ(s) · p̂]2s+1 = − 1

2

2s∑
k=0

[1− (−1)2s−k](− 1
4 )[s+

1
2 ]−[

k
2 ][C

[s+
1
2 ]−[

k
2 ]

{(1|2)2,··· ,(2s−2)2,(2s)2}][σ(s) · p̂]k

8.7 Low order expansion coefficients of [σ(s) · ~p]2s+1+m

Pro. 8.7.1. [σ(s) · p̂]2s+1 =
[s+

1
2 ]∑

k=1

Xk(s)[σ(s) · p̂]2s+1−2k, n := [s+ 1
2 ]

Pro. 8.7.2. [σ(s) · p̂]2s+2 =
n∑
k=1

Xk(s)[σ(s) · p̂]2s+2−2k

Pro. 8.7.3. [σ(s) · p̂]2s+3 =
n∑
k=1

Xk(s)[σ(s) · p̂]2s+3−2k

= X1(s)[σ(s) · p̂]2s+1 +
n−1∑
k=1

Xk+1(s)[σ(s) · p̂]2s+1−2k

=
n∑
k=1

X1(s)Xk(s)[σ(s) · p̂]2s+1−2k +
n−1∑
k=1

Xk+1(s)[σ(s) · p̂]2s+1−2k

=
n∑
k=1

[X1(s)Xk(s) +Xk+1(s)][σ(s) · p̂]2s+1−2k

Pro. 8.7.4. [σ(s) · p̂]2n+5

=
n∑
k=1

[X1(s)Xk(s) +Xk+1(s)][σ(s) · p̂]2s+3−2k

= [X2
1 (s) +X2(s)][σ(s) · p̂]2s+1 +

n∑
k=1

[X1(s)Xk+1(s) +Xk+2(s)][σ(s) · p̂]2s+3−2k

=
[s+

1
2 ]∑

k=1

[X2
1 (s) +X2(s)]Xk(s)[σ(s) · p̂]2s+1−2k +

n∑
k=1

[X1(s)Xk+1(s) +Xk+2(s)][σ(s) · p̂]2s+1−2k

=
n∑
k=1

{[X2
1 (s) +X2(s)]Xk(s) +X1(s)Xk+1(s) +Xk+2(s)}[σ(s) · p̂]2s+1−2k

Pro. 8.7.5. [σ(s) · p̂]2n+7

=
n∑
k=1

[σ(s) · p̂]2s+1−2k

{[X3
1 (s) + 2X1(s)X2(s) +X3(s)]Xk(s) + [X2

1 (s) +X2(s)]Xk+1(s) +X1(s)Xk+2(s) +Xk+3(n)}

Pro. 8.7.6. [σ(s) · p̂]2n+9

=
n∑
k=1

[σ(s) · p̂]2s+1−2k

{[X4
1 (s) + 3X2

1 (s)X2(s) + 2X1(s)X3(s) +X2
2 (s) +X4(s)]Xk(s)

+ [X3
1 (s) + 2X1(s)X2(s) +X3(s)]Xk+1(s) + [X2

1 (s) +X2(s)]Xk+2(s) +X1(s)Xk+3(s) +Xk+4(n)}

255



Chapter16 Mathematical Analysis of Spin Algebra Shui-Rong Shi

Pro. 8.7.7. [σ(s) · p̂]2s+1+2m

=
n∑
k=1

m∑
l=0

{(l + 1−m)Xm−l
1 (s) +

=m−l∑
n∑
i=1

iri

n∑
i=1

ri[X
r1
1 (s)Xr1

2 (s) · ·Xrn
n (s)]}u(n− k − l)Xk+l(s)[σ(s) · p̂]2s+1−2k

=
n∑
k=1

m|(n−k)∑
l=0

{(l + 1−m)Xm−l
1 (s) +

=m−l∑
n∑
i=1

iri

n∑
i=1

ri[X
r1
1 (s)Xr1

2 (s) · ·Xrn
n (s)]}Xk+l(s)[σ(s) · p̂]2s+1−2k

Pro. 8.7.8. [σ(s) · ~p]2s+1+2m

=
n∑
k=1

m|(n−k)∑
l=0

{(l + 1−m)Xm−l
1 (s) +

=m−l∑
n∑
j=1

jrj

n∑
i=1

ri[X
r1
1 (s)Xr1

2 (s) · ·Xrn
n (s)]}Xk+l(s)(~p

2)k+m[σ(s) · ~p]2s+1−2k

Pro. 8.7.9. [σ(s) · ~p]2s+2+2m

=
n∑
k=1

m|(n−k)∑
l=0

{(l + 1−m)Xm−l
1 (s) +

=m−l∑
n∑
j=1

jrj

n∑
i=1

ri[X
r1
1 (s)Xr1

2 (s) · ·Xrn
n (s)]}Xk+l(s)(~p

2)k+m[σ(s) · ~p]2s+2−2k

Pro. 8.7.10. [σ( 1
2 ) · ~p]2+2m = X1+m

1 ( 1
2 )(~p2)1+m[σ( 1

2 ) · ~p]0, [σ( 1
2 ) · ~p]3+2m = X1+m

1 ( 1
2 )(~p2)1+m[σ( 1

2 ) · ~p]1

Pro. 8.7.11. [σ(1) · ~p]3+2m = X1+m
1 (1)(~p2)1+m[σ(1) · ~p]1, [σ(1) · ~p]4+2m = X1+m

1 (1)(~p2)1+m[σ(1) · ~p]2

9 Polynomial expansion of e
~ϑ·σ(s)

9.1 Solution for polynomial expansion coefficients of e
~ϑ·σ(s)(solved in principle)

Thm. 9.1.1. e
~ϑ·σ(s) =

2s∑
k=0

Ak(s)[~ϑ · σ(s)]k, ~ϑ =
√
~ϑ2ϑ̂, ϑ̂2 = 1⇒ eh

√
~ϑ2

=
2s∑
k=0

Ak(s)[h
√
~ϑ2]k, h = s, · · · ,−s

Proof: e
~ϑ·σ(s) =

2s∑
k=0

Ak(s)[~ϑ·σ(s)]k, ~ϑ =
√
~ϑ2ϑ̂, ϑ̂2 = 1(

√
~ϑ2 There are ± two values, either of which can be taken, and the conclusion is the same.)

⇒ λ̃T (s, h)e
~ϑ·σ(s)λ(s, h) =

2s∑
k=0

Ak(s)λ̃T (s, h)[~ϑ · σ(s)]kλ(s, h), h = s, · · · ,−s

⇒ eh
√
~ϑ2

=
2s∑
k=0

Ak(s)[h
√
~ϑ2]k, h = s, · · · ,−s

⇒

 s0 s1 ··· s2s−1 s2s

(s−1)0 (s−1)1 ··· (s−1)2s−1 (s−1)2s

··· ··· ··· ··· ···
(1−s)0 (1−s)1 ··· (1−s)2s−1 (1−s)2s

(−s)0 (−s)1 ··· (−s)2s−1 (−s)2s




(
√
~ϑ2)0A0(s)

(
√
~ϑ2)1A1(s)
···

(
√
~ϑ2)2s−1A2s−1(s)

(
√
~ϑ2)2sA2s(s)

 =


es
√
~ϑ2

e(s−1)
√
~ϑ2

···
e(1−s)

√
~ϑ2

e(−s)
√
~ϑ2



⇒

 A0(s)
A1(s)
···

A2s−1(s)
A2s(s)

 =


(
√
~ϑ2)−0 0 ··· 0 0

0 (
√
~ϑ2)−1 ··· 0 0

··· ··· ··· ··· ···
0 0 ··· (

√
~ϑ2)1−2s 0

0 0 ··· 0 (
√
~ϑ2)−2s


 s0 s1 ··· s2s−1 s2s

(s−1)0 (s−1)1 ··· (s−1)2s−1 (s−1)2s

··· ··· ··· ··· ···
(1−s)0 (1−s)1 ··· (1−s)2s−1 (1−s)2s

(−s)0 (−s)1 ··· (−s)2s−1 (−s)2s

−1


es
√
~ϑ2

e(s−1)
√
~ϑ2

···
e(1−s)

√
~ϑ2

e(−s)
√
~ϑ2


It can be verified that the above s = 1

2 , 1,
3
2 , 2 solutions are correct.

9.2 Key I of solving polynomial expansion coefficients

Cor. 9.2.1.

[
(
1
2 )0 (

1
2 )1

(− 1
2 )0 (− 1

2 )1

]−1

= 1
2

[
1 1
2 −2

]
Cor. 9.2.2.

[
10 11 12

00 01 02

(−1)0 (−1)1 (−1)2

]−1

= 1
2!

[
0 2 0
1 0 −1
1 −2 1

]

Cor. 9.2.3.


(
3
2 )0 (

3
2 )1 (

3
2 )2 (

3
2 )3

(
1
2 )0 (

1
2 )1 (

1
2 )2 (

1
2 )3

(− 1
2 )0 (− 1

2 )1 (− 1
2 )2 (− 1

2 )3

(− 3
2 )0 (− 3

2 )1 (− 3
2 )2 (− 3

2 )3


−1

= 1
48

[−3 27 27 −3
−2 18 −18 2
12 −12 −12 12
8 −8 8 −8

]
=


− 1

16
9
16

9
16 − 1

16

− 1
24

9
24 −

9
24

1
24

1
4 − 1

4 −
1
4

1
4

1
6 − 1

6
1
6 − 1

6



Cor. 9.2.4.

 20 21 22 23 24

10 11 12 13 14

00 01 02 03 04

(−1)0 (−1)1 (−1)2 (−1)3 (−1)4

(−2)0 (−2)1 (−2)2 (−2)3 (−2)4


−1

= 1
4!

[ 0 0 24 0 0
−2 16 0 −16 2
−1 16 −30 16 −1
2 −4 0 4 −2
1 −4 6 −4 1

]
=


0 0 1 0 0

− 1
12

2
3 0 − 2

3
1
12

− 1
24

2
3 − 5

4
2
3 − 1

24
1
12 − 1

6 0
1
6 − 1

12
1
24 − 1

6
1
4 − 1

6
1
24
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Cor. 9.2.5.



(
5
2 )0 (

5
2 )1 (

5
2 )2 (

5
2 )3 (

5
2 )4 (

5
2 )5

(
3
2 )0 (

3
2 )1 (

3
2 )2 (

3
2 )3 (

3
2 )4 (

3
2 )5

(
1
2 )0 (

1
2 )1 (

1
2 )2 (

1
2 )3 (

1
2 )4 (

1
2 )5

(− 1
2 )0 (− 1

2 )1 (− 1
2 )2 (− 1

2 )3 (− 1
2 )4 (− 1

2 )5

(− 3
2 )0 (− 3

2 )1 (− 3
2 )2 (− 3

2 )3 (− 3
2 )4 (− 3

2 )5

(− 5
2 )0 (− 5

2 )1 (− 5
2 )2 (− 5

2 )3 (− 5
2 )4 (− 5

2 )5



−1

= 1
96


9
8 −

75
8

225
4

225
4 − 75

8
9
8

9
20 −

25
4

225
2 − 225

2
25
4 − 9

20
−5 39 −34 −34 39 −5
−2 26 −68 68 −26 2
2 −6 4 4 −6 2
4
5 −4 −8 8 4 − 4

5


Thm. 9.2.1. s0 s1 ··· s2s−1 s2s

(s−1)0 (s−1)1 ··· (s−1)2s−1 (s−1)2s

··· ··· ··· ··· ···
(1−s)0 (1−s)1 ··· (1−s)2s−1 (1−s)2s

(−s)0 (−s)1 ··· (−s)2s−1 (−s)2s

−1

=?

 s0 s2 ··· s2[s+1/2]

(s−1)0 (s−1)2 ··· (s−1)2[s+1/2]

··· ··· ··· ···
(1−s)0 (1−s)2 ··· (1−s)2[s+1/2]

(−s)0 (−s)2 ··· (−s)2[s+1/2]


−1

=?

 s1 s3 ··· s2[s+1/2]−1

(s−1)1 (s−1)3 ··· (s−1)2[s+1/2]−1

··· ··· ··· ···
(1−s)1 (1−s)3 ··· (1−s)2[s+1/2]−1

(−s)1 (−s)3 ··· (−s)2[s+1/2]−1


−1

=?

Cor. 9.2.6.
[

s0 s2

(s−1)0 (s−1)2

]−1

= − 1
2s−1

[
(s−1)2 −s2
−1 1

]
Cor. 9.2.7. det

[
s0 s2

(s−1)0 (s−1)2

]
= −(2s− 1),det

[
s0 s2 s4

(s−1)0 (s−1)2 (s−1)4

(s−2)0 (s−2)2 (s−2)4

]
= −2(2s− 1)(2s− 2)(2s− 3)

det

 s0 s2 s4 s6

(s−1)0 (s−1)2 (s−1)4 (s−1)6

(s−2)0 (s−2)2 (s−2)4 (s−2)6

(s−3)0 (s−3)2 (s−3)4 (s−3)6

 = 12(2s− 3)(2s− 1)(2s− 2)(2s− 3)(2s− 4)(2s− 5)

Cor. 9.2.8.[
s0 s2 s4

(s−1)0 (s−1)2 (s−1)4

(s−2)0 (s−2)2 (s−2)4

]−1

= − 1
2(2s−1)(2s−2)(2s−3)

[
−(s−1)2(s−2)2(2s−3) s2(s−2)22(2s−2) −s2(s−1)2(2s−1)

[(s−1)2+(s−2)2](2s−3) −[s2+(s−2)2]2(2s−2) [s2+(s−1)2](2s−1)
−(2s−3) 2(2s−2) −(2s−1)

]
Cor. 9.2.9.[

sk sk+2 sk+4

(s−1)k (s−1)k+2 (s−1)k+4

(s−2)k (s−2)k+2 (s−2)k+4

]−1

=

[
s0 s2 s4

(s−1)0 (s−1)2 (s−1)4

(s−2)0 (s−2)2 (s−2)4

]−1 [
s−k 0 0

0 (s−1)−k 0

0 0 (s−2)−k

]
Cor. 9.2.10. s0 s2 s4 s6

(s−1)0 (s−1)2 (s−1)4 (s−1)6

(s−2)0 (s−2)2 (s−2)4 (s−2)6

(s−3)0 (s−3)2 (s−3)4 (s−3)6

−1

= 1
12(2s−3)(2s−1)(2s−2)(2s−3)(2s−4)(2s−5)[

−2(s−1)2(s−2)2(s−3)2(2s−3)(2s−4)(2s−5), 6s2(s−2)2(s−3)2(2s−2)(2s−3)(2s−5), −6s2(s−1)2(s−3)2(2s−1)(2s−3)(2s−4), 2s2(s−1)2(s−2)2(2s−1)(2s−2)(2s−3)
]

9.3 Key II of solving polynomial expansion coefficients

Cor. 9.3.1.


30 31 32 33 34 35 36

20 21 22 23 24 25 26

10 11 12 13 14 15 16

00 01 02 03 04 05 06

(−1)0 (−1)1 (−1)2 (−1)3 (−1)4 (−1)5 (−1)6

(−2)0 (−2)1 (−2)2 (−2)3 (−2)4 (−2)5 (−2)6

(−3)0 (−3)1 (−3)2 (−3)3 (−3)4 (−3)5 (−3)6


−1

=



0 0 0 1 0 0 0
1
60 − 9

60
3
4 0 − 3

4
9
60 − 1

60
1
80 − 7

60
41
48 − 3

2
41
48 − 7

60
1
80

− 1
48

1
6 − 13

48 0
13
48 − 1

6
1
48

− 1
72

1
8 − 3

8
19
36 − 3

8
1
8 − 1

72
1

240 − 1
60

1
48 0 − 1

48
1
60 − 1

240
1

720 −
1

120
1
48 − 1

36
1
48 − 1

120
1

720


Proof:

=


30 31 32 33 34 35 36

20 21 22 23 24 25 26

10 11 12 13 14 15 16

00 01 02 03 04 05 06

(−1)0 (−1)1 (−1)2 (−1)3 (−1)4 (−1)5 (−1)6

(−2)0 (−2)1 (−2)2 (−2)3 (−2)4 (−2)5 (−2)6

(−3)0 (−3)1 (−3)2 (−3)3 (−3)4 (−3)5 (−3)6




1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1

 =


30 31 32 33 34 35 36

20 21 22 23 24 25 26

10 11 12 13 14 15 16

00 01 02 03 04 05 06

2∗10 0 2∗12 0 2∗14 0 2∗16

2∗20 0 2∗22 0 2∗24 0 2∗26

2∗30 0 2∗32 0 2∗34 0 2∗36




1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 1 0 1 0 0
0 1 0 0 0 1 0
1 0 0 0 0 0 1



=


30 31 32 33 34 35 36

20 21 22 23 24 25 26

10 11 12 13 14 15 16

00 01 02 03 04 05 06

10 0 12 0 14 0 16

20 0 22 0 24 0 26

30 0 32 0 34 0 36




1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0

0 0
1
2 0

1
2 0 0

0
1
2 0 0 0

1
2 0

1
2 0 0 0 0 0

1
2

 =


0 31 0 33 0 35 0
0 21 0 23 0 25 0
0 11 0 13 0 15 0
1 0 0 0 0 0 0
10 0 12 0 14 0 16

20 0 22 0 24 0 26

30 0 32 0 34 0 36





1
2 0 0 0 0 0 − 1

2

0
1
2 0 0 0 − 1

2 0

0 0
1
2 0 − 1

2 0 0

0 0 0 1 0 0 0

0 0
1
2 0

1
2 0 0

0
1
2 0 0 0

1
2 0

1
2 0 0 0 0 0

1
2



=


0 31 0 33 0 35 0
0 21 0 23 0 25 0
0 1 0 1 0 1 0
1 0 0 0 0 0 0
0 0 1 0 1 0 1
0 0 22 0 24 0 26

0 0 32 0 34 0 36





1
2 0 0 0 0 0 − 1

2

0
1
2 0 0 0 − 1

2 0

0 0
1
2 0 − 1

2 0 0

0 0 0 1 0 0 0

0 0
1
2 −1

1
2 0 0

0
1
2 0 −1 0

1
2 0

1
2 0 0 −1 0 0

1
2


=


0 0 0 33−31 0 35−31 0
0 0 0 23−21 0 25−21 0
0 1 0 1 0 1 0
1 0 0 0 0 0 0
0 0 1 0 1 0 1
0 0 0 0 24−22 0 26−22

0 0 0 0 34−32 0 36−32





1
2 0 − 3

2 0
3
2 0 − 1

2

0
1
2 −1 0 1 − 1

2 0

0 0
1
2 0 − 1

2 0 0

0 0 0 1 0 0 0

0 0
1
2 −1

1
2 0 0

0
1
2 −2 3 −2

1
2 0

1
2 0 − 9

2 8 − 9
2 0

1
2


257



Chapter16 Mathematical Analysis of Spin Algebra Shui-Rong Shi

=


0 0 0 33−31 0 35−31 0
0 0 0 23−21 0 25−21 0
0 1 0 1 0 1 0
1 0 0 0 0 0 0
0 0 1 0 1 0 1
0 0 0 0 23−21 0 25−21

0 0 0 0 33−31 0 35−31





1
2 0 − 3

2 0
3
2 0 − 1

2

0
1
2 −1 0 1 − 1

2 0

0 0
1
2 0 − 1

2 0 0

0 0 0 1 0 0 0

0 0
1
2 −1

1
2 0 0

0
1
4 −1

3
2 −1

1
4 0

1
6 0 − 3

2
8
3 −

3
2 0

1
6


=


0 0 0 24 0 240 0
0 0 0 6 0 30 0
0 1 0 1 0 1 0
1 0 0 0 0 0 0
0 0 1 0 1 0 1
0 0 0 0 6 0 30
0 0 0 0 24 0 240




1
2 0 − 3

2 0
3
2 0 − 1

2

0
1
2 −1 0 1 − 1

2 0

0 0
1
2 0 − 1

2 0 0

0 0 0 1 0 0 0

0 0
1
2 −1

1
2 0 0

0
1
4 −1

3
2 −1

1
4 0

1
6 0 − 3

2
8
3 −

3
2 0

1
6



=


0 0 0 1 0 10 0
0 0 0 1 0 5 0
0 1 0 1 0 1 0
1 0 0 0 0 0 0
0 0 1 0 1 0 1
0 0 0 0 1 0 5
0 0 0 0 1 0 10




1
48 0 − 1

16 0
1
16 0 − 1

48

0
1
12 −

1
6 0

1
6 − 1

12 0

0 0
1
2 0 − 1

2 0 0

0 0 0 1 0 0 0

0 0
1
2 −1

1
2 0 0

0
1
24 −

1
6

1
4 − 1

6
1
24 0

1
144 0 − 1

16
1
9 −

1
16 0

1
144


=


0 0 0 0 0 5 0
0 0 0 1 0 5 0
0 1 0 1 0 1 0
1 0 0 0 0 0 0
0 0 1 0 1 0 1
0 0 0 0 1 0 5
0 0 0 0 0 0 5




1
48 −

1
12

5
48 0 − 5

48
1
12 − 1

48

0
1
12 − 1

6 0
1
6 − 1

12 0

0 0
1
2 0 − 1

2 0 0

0 0 0 1 0 0 0

0 0
1
2 −1

1
2 0 0

0
1
24 − 1

6
1
4 − 1

6
1
24 0

1
144 −

1
24

5
48 −

5
36

5
48 − 1

24
1

144



=


0 0 0 0 0 5 0
0 0 0 1 0 5 0
0 1 0 1 0 1 0
1 0 0 0 0 0 0
0 0 1 0 1 0 1
0 0 0 0 1 0 5
0 0 0 0 0 0 5




1
48 − 1

12
5
48 0 − 5

48
1
12 − 1

48

0
1
12 − 1

6 0
1
6 − 1

12 0

0 0
1
2 0 − 1

2 0 0

0 0 0 1 0 0 0

0 0
1
2 −1

1
2 0 0

− 1
144

1
12 − 13

48
7
18 − 13

48
1
12 − 1

144
1

144 − 1
24

5
48 − 5

36
5
48 − 1

24
1

144


=


0 0 0 0 0 5 0
0 0 0 1 0 0 0
0 1 0 1 0 1 0
1 0 0 0 0 0 0
0 0 1 0 1 0 1
0 0 0 0 1 0 0
0 0 0 0 0 0 5




1
48 − 1

12
5
48 0 − 5

48
1
12 − 1

48

− 1
48

1
6 − 13

48 0
13
48 − 1

6
1
48

0 0
1
2 0 − 1

2 0 0

0 0 0 1 0 0 0

0 0
1
2 −1

1
2 0 0

− 1
72

1
8 − 3

8
19
36 − 3

8
1
8 − 1

72
1

144 −
1
24

5
48 − 5

36
5
48 − 1

24
1

144



=


0 0 0 0 0 1 0
0 0 0 1 0 0 0
0 1 0 1 0 1 0
1 0 0 0 0 0 0
0 0 1 0 1 0 1
0 0 0 0 1 0 0
0 0 0 0 0 0 1




1
240 − 1

60
1
48 0 − 1

48
1
60 − 1

240

− 1
48

1
6 − 13

48 0
13
48 − 1

6
1
48

0 0
1
2 0 − 1

2 0 0

0 0 0 1 0 0 0

0 0
1
2 −1

1
2 0 0

− 1
72

1
8 − 3

8
19
36 − 3

8
1
8 − 1

72
1

720 −
1

120
1
48 − 1

36
1
48 − 1

120
1

720


=


0 0 0 0 0 1 0
0 0 0 1 0 0 0
0 1 0 0 0 0 0
1 0 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 0 1




1
240 − 1

60
1
48 0 − 1

48
1
60 − 1

240

− 1
48

1
6 − 13

48 0
13
48 − 1

6
1
48

1
60 − 9

60
3
4 0 − 3

4
9
60 − 1

60
0 0 0 1 0 0 0
1
80 − 7

60
41
48 − 3

2
41
48 − 7

60
1
80

− 1
72

1
8 − 3

8
19
36 − 3

8
1
8 − 1

72
1

720 −
1

120
1
48 − 1

36
1
48 − 1

120
1

720



=


1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1




0 0 0 1 0 0 0
1
60 − 9

60
3
4 0 − 3

4
9
60 − 1

60
1
80 − 7

60
41
48 − 3

2
41
48 − 7

60
1
80

− 1
48

1
6 − 13

48 0
13
48 − 1

6
1
48

− 1
72

1
8 − 3

8
19
36 − 3

8
1
8 − 1

72
1

240 − 1
60

1
48 0 − 1

48
1
60 − 1

240
1

720 −
1

120
1
48 − 1

36
1
48 − 1

120
1

720


Proof:

=



n0 n1 n2 n3 n4 n5 n6 n7 n8 ·· ·· n2n−1 n2n

·· ·· ·· ·· ·· ·· ·· ·· ·· ·· ·· ·· ··
40 41 42 43 44 45 46 47 48 ·· ·· 42n−1 42n

30 31 32 33 34 35 36 37 38 ·· ·· 32n−1 32n

20 21 22 23 24 25 26 27 28 ·· ·· 22n−1 22n

10 11 12 13 14 15 16 17 18 ·· ·· 12n−1 12n

00 01 02 03 04 05 06 07 08 ·· ·· 02n−1 02n

(−1)0 (−1)1 (−1)2 (−1)3 (−1)4 (−1)5 (−1)6 (−1)7 (−1)8 ·· ·· (−1)2n−1 (−1)2n

(−2)0 (−2)1 (−2)2 (−2)3 (−2)4 (−2)5 (−2)6 (−2)7 (−2)8 ·· ·· (−2)2n−1 (−2)2n

(−3)0 (−3)1 (−3)2 (−3)3 (−3)4 (−3)5 (−3)6 (−3)7 (−3)8 ·· ·· (−3)2n−1 (−3)2n

(−4)0 (−4)1 (−4)2 (−4)3 (−4)4 (−4)5 (−4)6 (−4)7 (−4)8 ·· ·· (−4)2n−1 (−4)2n

·· ·· ·· ·· ·· ·· ·· ·· ·· ·· ·· ·· ··
(−n)0 (−n)1 (−n)2 (−n)3 (−n)4 (−n)5 (−n)6 (−n)7 (−n)8 ·· ·· (−n)2n−1 (−n)2n





1 ·· 0 0 0 0 0 0 0 0 0 ·· 0
·· ·· ·· ·· ·· ·· ·· ·· ·· ·· ·· ·· ··
0 ·· 1 0 0 0 0 0 0 0 0 ·· 0
0 ·· 0 1 0 0 0 0 0 0 0 ·· 0
0 ·· 0 0 1 0 0 0 0 0 0 ·· 0
0 ·· 0 0 0 1 0 0 0 0 0 ·· 0
0 ·· 0 0 0 0 1 0 0 0 0 ·· 0
0 ·· 0 0 0 0 0 1 0 0 0 ·· 0
0 ·· 0 0 0 0 0 0 1 0 0 ·· 0
0 ·· 0 0 0 0 0 0 0 1 0 ·· 0
0 ·· 0 0 0 0 0 0 0 0 1 ·· 0
·· ·· ·· ·· ·· ·· ·· ·· ·· ·· ·· ·· ··
0 ·· 0 0 0 0 0 0 0 0 0 ·· 1



=



n0 n1 n2 n3 n4 n5 n6 n7 n8 ·· ·· n2n−1 n2n

·· ·· ·· ·· ·· ·· ·· ·· ·· ·· ·· ·· ··
40 41 42 43 44 45 46 47 48 ·· ·· 42n−1 42n

30 31 32 33 34 35 36 37 38 ·· ·· 32n−1 32n

20 21 22 23 24 25 26 27 28 ·· ·· 22n−1 22n

10 11 12 13 14 15 16 17 18 ·· ·· 12n−1 12n

00 01 02 03 04 05 06 07 08 ·· ·· 02n−1 02n

10 0 12 0 14 0 16 0 18 ·· ·· 0 12n

20 0 22 0 24 0 26 0 28 ·· ·· 0 22n

30 0 32 0 34 0 36 0 38 ·· ·· 0 32n

40 0 42 0 44 0 46 0 48 ·· ·· 0 42n

·· ·· ·· ·· ·· ·· ·· ·· ·· ·· ·· ·· ··
n0 0 n2 0 n4 0 n6 0 n8 ·· ·· 0 n2n





1 ·· 0 0 0 0 0 0 0 0 0 ·· 0
·· ·· ·· ·· ·· ·· ·· ·· ·· ·· ·· ·· ··
0 ·· 1 0 0 0 0 0 0 0 0 ·· 0
0 ·· 0 1 0 0 0 0 0 0 0 ·· 0
0 ·· 0 0 1 0 0 0 0 0 0 ·· 0
0 ·· 0 0 0 1 0 0 0 0 0 ·· 0
0 ·· 0 0 0 0 1 0 0 0 0 ·· 0

0 ·· 0 0 0
1
2 0

1
2 0 0 0 ·· 0

0 ·· 0 0
1
2 0 0 0

1
2 0 0 ·· 0

0 ·· 0
1
2 0 0 0 0 0

1
2 0 ·· 0

0 ·· 1
2 0 0 0 0 0 0 0

1
2 ·· 0

·· ·· ·· ·· ·· ·· ·· ·· ·· ·· ·· ·· ··
1
2 ·· 0 0 0 0 0 0 0 0 0 ·· 1

2
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=



0 n1 0 n3 0 n5 0 n7 0 ·· ·· n2n−1 0
·· ·· ·· ·· ·· ·· ·· ·· ·· ·· ·· ·· ··
0 41 0 43 0 45 0 47 0 ·· ·· 42n−1 0
0 31 0 33 0 35 0 37 0 ·· ·· 32n−1 0
0 21 0 23 0 25 0 27 0 ·· ·· 22n−1 0
0 11 0 13 0 15 0 17 0 ·· ·· 12n−1 0
00 01 02 03 04 05 06 07 08 ·· ·· 02n−1 02n

10 0 12 0 14 0 16 0 18 ·· ·· 0 12n

20 0 22 0 24 0 26 0 28 ·· ·· 0 22n

30 0 32 0 34 0 36 0 38 ·· ·· 0 32n

40 0 42 0 44 0 46 0 48 ·· ·· 0 42n

·· ·· ·· ·· ·· ·· ·· ·· ·· ·· ·· ·· ··
n0 0 n2 0 n4 0 n6 0 n8 ·· ·· 0 n2n





1
2 ·· 0 0 0 0 0 0 0 0 0 ·· − 1

2·· ·· ·· ·· ·· ·· ·· ·· ·· ·· ·· ·· ··
0 ·· 1

2 0 0 0 0 0 0 0 − 1
2 ·· 0

0 ·· 0
1
2 0 0 0 0 0 − 1

2 0 ·· 0

0 ·· 0 0
1
2 0 0 0 − 1

2 0 0 ·· 0

0 ·· 0 0 0
1
2 0 − 1

2 0 0 0 ·· 0

0 ·· 0 0 0 0 1 0 0 0 0 ·· 0

0 ·· 0 0 0
1
2 0

1
2 0 0 0 ·· 0

0 ·· 0 0
1
2 0 0 0

1
2 0 0 ·· 0

0 ·· 0
1
2 0 0 0 0 0

1
2 0 ·· 0

0 ·· 1
2 0 0 0 0 0 0 0

1
2 ·· 0

·· ·· ·· ·· ·· ·· ·· ·· ·· ·· ·· ·· ··
1
2 ·· 0 0 0 0 0 0 0 0 0 ·· 1

2



=



0 n1 0 n3 0 n5 0 n7 0 ·· ·· n2n−1 0
·· ·· ·· ·· ·· ·· ·· ·· ·· ·· ·· ·· ··
0 41 0 43 0 45 0 47 0 ·· ·· 42n−1 0
0 31 0 33 0 35 0 37 0 ·· ·· 32n−1 0
0 21 0 23 0 25 0 27 0 ·· ·· 22n−1 0
0 11 0 13 0 15 0 17 0 ·· ·· 12n−1 0
1 0 0 0 0 0 0 0 0 ·· ·· 0 0
0 0 12 0 14 0 16 0 18 ·· ·· 0 12n

0 0 22 0 24 0 26 0 28 ·· ·· 0 22n

0 0 32 0 34 0 36 0 38 ·· ·· 0 32n

0 0 42 0 44 0 46 0 48 ·· ·· 0 42n

·· ·· ·· ·· ·· ·· ·· ·· ·· ·· ·· ·· ··
0 0 n2 0 n4 0 n6 0 n8 ·· ·· 0 n2n





1
2 ·· 0 0 0 0 0 0 0 0 0 ·· − 1

2·· ·· ·· ·· ·· ·· ·· ·· ·· ·· ·· ·· ··
0 ·· 1

2 0 0 0 0 0 0 0 − 1
2 ·· 0

0 ·· 0
1
2 0 0 0 0 0 − 1

2 0 ·· 0

0 ·· 0 0
1
2 0 0 0 − 1

2 0 0 ·· 0

0 ·· 0 0 0
1
2 0 − 1

2 0 0 0 ·· 0

0 ·· 0 0 0 0 1 0 0 0 0 ·· 0

0 ·· 0 0 0
1
2 −1

1
2 0 0 0 ·· 0

0 ·· 0 0
1
2 0 −1 0

1
2 0 0 ·· 0

0 ·· 0
1
2 0 0 −1 0 0

1
2 0 ·· 0

0 ·· 1
2 0 0 0 −1 0 0 0

1
2 ·· 0

·· ·· ·· ·· ·· ·· ·· ·· ·· ·· ·· ·· ··
1
2 ·· 0 0 0 0 −1 0 0 0 0 ·· 1

2



=



1 0 0 0 0 0 0 0 0 ·· ·· 0 0
0 n1 0 n3 0 n5 0 n7 0 ·· ·· n2n−1 0
·· ·· ·· ·· ·· ·· ·· ·· ·· ·· ·· ·· ··
0 41 0 43 0 45 0 47 0 ·· ·· 42n−1 0
0 31 0 33 0 35 0 37 0 ·· ·· 32n−1 0
0 21 0 23 0 25 0 27 0 ·· ·· 22n−1 0
0 11 0 13 0 15 0 17 0 ·· ·· 12n−1 0
0 0 11 0 13 0 15 0 17 ·· ·· 0 12n−1

0 0 21 0 23 0 25 0 27 ·· ·· 0 22n−1

0 0 31 0 33 0 35 0 37 ·· ·· 0 32n−1

0 0 41 0 43 0 45 0 47 ·· ·· 0 42n−1

·· ·· ·· ·· ·· ·· ·· ·· ·· ·· ·· ·· ··
0 0 n1 0 n3 0 n5 0 n7 ·· ·· 0 n2n−1





0 ·· 0 0 0 0 1 0 0 0 0 ·· 0
1
2 ·· 0 0 0 0 0 0 0 0 0 ·· − 1

2·· ·· ·· ·· ·· ·· ·· ·· ·· ·· ·· ·· ··
0 ·· 1

2 0 0 0 0 0 0 0 − 1
2 ·· 0

0 ·· 0
1
2 0 0 0 0 0 − 1

2 0 ·· 0

0 ·· 0 0
1
2 0 0 0 − 1

2 0 0 ·· 0

0 ·· 0 0 0
1
2 0 − 1

2 0 0 0 ·· 0

0 ·· 0 0 0
1

2·1 −
1
1

1
2·1 0 0 0 ·· 0

0 ·· 0 0
1

2·2 0 − 1
2 0

1
2·2 0 0 ·· 0

0 ·· 0
1

2·3 0 0 − 1
3 0 0

1
2·3 0 ·· 0

0 ·· 1
2·4 0 0 0 − 1

4 0 0 0
1

2·4 ·· 0
·· ·· ·· ·· ·· ·· ·· ·· ·· ·· ·· ·· ··
1

2·n ·· 0 0 0 0 − 1
n 0 0 0 0 ·· 1

2·n


=

1 0 0 0 0 0 0 0 0 ·· ·· 0 0
0 0 0 n3−n113 0 n5−n115 0 n7−n117 0 ·· ·· n2n−1−n112n−1 0
·· ·· ·· ·· ·· ·· ·· ·· ·· ·· ·· ·· ··
0 0 0 43−4113 0 45−4115 0 47−4117 0 ·· ·· 42n−1−4112n−1 0
0 0 0 33−3113 0 35−3115 0 37−3117 0 ·· ·· 32n−1−3112n−1 0
0 0 0 23−2113 0 25−2115 0 27−2117 0 ·· ·· 22n−1−2112n−1 0
0 11 0 13 0 15 0 17 0 ·· ·· 12n−1 0
0 0 11 0 13 0 15 0 17 ·· ·· 0 12n−1

0 0 0 0 23−2113 0 25−2115 0 27−2117 ·· ·· 0 22n−1−2112n−1

0 0 0 0 33−3113 0 35−3115 0 37−3117 ·· ·· 0 32n−1−3112n−1

0 0 0 0 43−4113 0 45−4115 0 47−4117 ·· ·· 0 42n−1−4112n−1

·· ·· ·· ·· ·· ·· ·· ·· ·· ·· ·· ·· ··
0 0 n1 0 n3−n113 0 n5−n115 0 n7−n117 ·· ·· 0 n2n−1−n112n−1




0 ·· 0 0 0 0 1 0 0 0 0 ·· 0
1
2 ·· 0 0 0 −n

1

2 0
n1

2 0 0 0 ·· − 1
2·· ·· ·· ·· ·· ·· ·· ·· ·· ·· ·· ·· ··

0 ·· 1
2 0 0 − 41

2 0
41

2 0 0 − 1
2 ·· 0

0 ·· 0
1
2 0 − 31

2 0
31

2 0 − 1
2 0 ·· 0

0 ·· 0 0
1
2 − 21

2 0
21

2 − 1
2 0 0 ·· 0

0 ·· 0 0 0
1
2 0 − 1

2 0 0 0 ·· 0

0 ·· 0 0 0
1

2·1 − 1
1

1
2·1 0 0 0 ·· 0

0 ·· 0 0
1

2·2 −
21

2 21− 1
2 −

21

2
1

2·2 0 0 ·· 0

0 ·· 0
1

2·3 0 − 31

2 31− 1
3 −

31

2 0
1

2·3 0 ·· 0

0 ·· 1
2·4 0 0 − 41

2 41− 1
4 −

41

2 0 0
1

2·4 ·· 0
·· ·· ·· ·· ·· ·· ·· ·· ·· ·· ·· ·· ··
1

2·n ·· 0 0 0 −n
1

2 n1− 1
n −

n1

2 0 0 0 ·· 1
2·n
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10 Isomorphism of lower order expansion coefficients for [σ(s) · p̂]2s+1

10.1 An important recursive relationship

Lem. 10.1.1. [σ(s) · p̂]2s+3 =
n∑
k=1

[X1(s)Xk(s) +Xk+1(s)][σ(s) · p̂]2s+1−2k

Thm. 10.1.1.

[σ(s− 1) · p̂]2s+1 =
[s+1/2]∑
k=1

Xk(s)[σ(s− 1) · p̂]2s+1−2k ⇔ Xk+1(s) = Xk+1(s− 1)− s2Xk(s− 1)

; [σ(s) · p̂]2s+1 =
[s+1/2]∑
k=1

Xk(s)[σ(s) · p̂]2s+1−2k, X1(s) = 1
4C

3
2s+2, X[s+1/2](s− 1) := 0, k = 1, ··, [s− 1/2]

Proof: [σ(s− 1) · p̂]2s+1 =
[s+1/2]∑
k=1

Xk(s)[σ(s− 1) · p̂]2s+1−2k

⇔ [σ(s− 1) · p̂]2s+1 = X1(s)[σ(s− 1) · p̂]2s−1 +
[s+1/2]∑
k=2

Xk(s)[σ(s− 1) · p̂]2s+1−2k

⇔ [σ(s− 1) · p̂]2s+1 = X1(s)[σ(s− 1) · p̂]2s−1 +
[s−1/2]∑
k=1

Xk+1(s)[σ(s− 1) · p̂]2s−1−2k

⇔
[s−1/2]∑
k=1

Xk+1(s)[σ(s− 1) · p̂]2s−1−2k = [σ(s− 1) · p̂]2s+1 −X1(s)[σ(s− 1) · p̂]2s−1

⇔
[s−1/2]∑
k=1

Xk+1(s)[σ(s− 1) · p̂]2s−1−2k

=
[s−1/2]∑
k=1

[X1(s− 1)Xk(s− 1) +Xk+1(s− 1)][σ(s− 1) · p̂]2s−1−2k −X1(s)
[s−1/2]∑
k=1

Xk(s− 1)[σ(s− 1) · p̂]2s−1−2k

⇔
[s−1/2]∑
k=1

Xk+1(s)[σ(s− 1) · p̂]2s−1−2k

= [X1(s− 1)−X1(s)]
[s−1/2]∑
k=1

Xk(s− 1)[σ(s− 1) · p̂]2s−1−2k +
[s−1/2]∑
k=1

Xk+1(s− 1)[σ(s− 1) · p̂]2s−1−2k

⇔ Xk+1(s) = [X1(s− 1)−X1(s)]Xk(s− 1) +Xk+1(s− 1), k = 1, ··, [s− 1/2]
⇔ Xk+1(s) = Xk+1(s− 1)− s2Xk(s− 1), k = 1, ··, [s− 1/2]

Thm. 10.1.2.

{
Xk+1(n+ 1) = Xk+1(n)− (n+ 1)2Xk(n)

X1(n+ 1) = 1
4C

3
2n+4, Xn+1(n) := 0, k = 1, ··, n

⇒

{
Xk(n) = −(−1)kCk{12,22,··· ,n2}
k = 1, ··, n

Proof: Use mathematical induction to prove this theorem.
Step 1: When i = n, the fllowing is established.
X1(1) = −(−1)1C1

{12}
Step 2: Assume when i = n, the fllowing is established.
Xk(n) = −(−1)kCk{12,22,··· ,n2}, k = 1, ··, n
Step 3: When i = n+ 1,
Xk+1(n+ 1) = Xk+1(n)− (n+ 1)2Xk(n) = −(−1)k+1Ck+1

{12,22,··· ,n2} + (n+ 1)2(−1)kCk{12,22,··· ,n2}, k = 1, ··, n
⇔ Xk+1(n+ 1) = −(−1)k+1[Ck+1

{12,22,··· ,n2} + (n+ 1)2Ck{12,22,··· ,n2}], k = 1, ··, n
⇔ Xk+1(n+ 1) = −(−1)k+1Ck+1

{12,22,··· ,n2,(n+1)2}, k = 1, ··, n
⇒ Xk(n+ 1) = −(−1)kCk+1

{12,22,··· ,n2,(n+1)2}, k = 1, ··, n+ 1

This step proves that when i = n+ 1, it is established.
Step 4: Based on the above inductive reasoning, the proposition is established, and the theorem is proved.

Thm. 10.1.3.{
Xk+1(n+ 1

2 ) = Xk+1(n− 1
2 )− (n+ 1

2 )2Xk(n− 1
2 )

X1(n+ 1
2 ) = 1

4C
3
2n+3, Xn+1(n− 1

2 ) := 0, k = 1, ··, n− 1
⇒

{
Xk(n− 1

2 ) = −(−1)kCk{(1/2)2,··· ,(n−1/2)2}
k = 1, ··, n

Proof: Use mathematical induction to prove this theorem.
Step 1: When i = n, the fllowing is established.
X1( 1

2 ) = −(−1)1C1
{(1/2)2}

Step 2: Assume when i = n, the fllowing is established.
Xk(n− 1

2 ) = −(−1)kCk{(1/2)2,··· ,(n−1/2)2}, k = 1, ··, n
Step 3: When i = n+ 1,
Xk+1(n+ 1

2 ) = Xk+1(n− 1
2 )− (n+ 1

2 )2Xk(n− 1
2 )

= −(−1)k+1Ck+1
{(1/2)2,··· ,(n−1/2)2} + (n+ 1)2(−1)kCk{(1/2)2,··· ,(n−1/2)2}, k = 1, ··, n
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⇔ Xk+1(n+ 1
2 ) = −(−1)k+1[Ck+1

{(1/2)2,··· ,(n−1/2)2} + (n+ 1
2 )2Ck{(1/2)2,··· ,(n−1/2)2}], k = 1, ··, n

⇔ Xk+1(n+ 1
2 ) = −(−1)k+1Ck+1

{(1/2)2,··· ,(n−1/2)2,(n+1/2)2}, k = 1, ··, n
⇒ Xk(n+ 1

2 ) = −(−1)kCk+1
{(1/2)2,··· ,(n−1/2)2,(n+1/2)2}, k = 1, ··, n+ 1

This step proves that when i = n+ 1, it is established.
Step 4: Based on the above inductive reasoning, the proposition is established, and the theorem is proved.

Cor. 10.1.1.

{
Xk+1(s) = Xk+1(s− 1)− s2Xk(s− 1)

X1(s) = 1
4C

3
2s+2, X[s+1/2](s− 1) := 0, k = 1, ··, [s− 1]

⇔

{
Xk(s) = (−1)k+1Ck{(1/2|1)2,··· ,s2}
k = 1, ··, [s+ 1

2 ]

Cor. 10.1.2. Xk(s) = (−1)k+1Ck{(1/2|1)2,··· ,s2}, k = 1, ··, [s+ 1
2 ][⇔]X(s) = −

 (−4)−1[C1
{(1|2)2,··· ,(2s)2}]

(−4)−2[C2
{(1|2)2,··· ,(2s)2}]

···
(−4)−[s+1/2][C

[s+1/2]

{(1|2)2,··· ,(2s)2}
]


Cor. 10.1.3.

[σ(s− 1) · p̂]2s+1 =
[s+1/2]∑
k=1

Xk(s)[σ(s− 1) · p̂]2s+1−2k

[σ(s) · p̂]2s+1 :=
[s+1/2]∑
k=1

Xk(s)[σ(s) · p̂]2s+1−2k, X1(s) := 1
4C

3
2s+2

⇔

{
Xk(s) = (−1)k+1Ck{(1/2|1)2,··· ,s2}
k = 1, ··, [s+ 1

2 ]

Cor. 10.1.4. [σ(s) · p̂]2s+1 :=
[s+1/2]∑
k=1

Xk(s)[σ(s) · p̂]2s+1−2k, X1(s) := 1
4C

3
2s+2 ⇔

{
Xk(s) = (−1)k+1Ck{(1/2|1)2,··· ,s2}
k = 1, ··, [s+ 1

2 ]

10.2 Isomorphism of expansion coefficients for [σ(s) · p̂]2s+1

Def. 10.2.1. Xk(s) := (−1)k+1Ck{(1/2|1)2,··· ,s2}, k = 1, 2, ··, [s− 1]

Lem. 10.2.1. z2s−1 =
[s−1/2]∑
k=1

Xk(s− 1)z2s−1−2k ⇒ z2s+1 =
[s−1/2]∑
k=1

[X1(s− 1)Xk(s− 1) +Xk+1(s− 1)]z2s−1−2k

Proof: z2s+1 =
[s−1/2]∑
k=1

Xk(s− 1)z2s+1−2k

= X1(s− 1)z2s−1 +
[s−3/2]∑
k=1

Xk+1(s− 1)z2s−1−2k

=
[s−1/2]∑
k=1

X1(s− 1)Xk(s− 1)z2s−1−2k +
[s−3/2]∑
k=1

Xk+1(s− 1)z2s−1−2k

=
[s−1/2]∑
k=1

[X1(s− 1)Xk(s− 1) +Xk+1(s− 1)]z2s−1−2k

Thm. 10.2.1. z2s−1 =
[s−1/2]∑
k=1

Xk(s− 1)z2s−1−2k ⇒ z2s+1 =
[s+1/2]∑
k=1

Xk(s)z2s+1−2k

Proof: Xk+1(s) = Xk+1(s− 1)− s2Xk(s− 1), k = 1, ··, [s− 1]
⇔ Xk+1(s) = [X1(s− 1)−X1(s)]Xk(s− 1) +Xk+1(s− 1), k = 1, ··, [s− 1]

⇒
[s−1/2]∑
k=1

Xk+1(s)z2s−1−2k = [X1(s− 1)−X1(s)]
[s−1/2]∑
k=1

Xk(s− 1)z2s−1−2k +
[s−3/2]∑
k=1

Xk+1(s− 1)z2s−1−2k

⇔ z2s+1 = X1(s)z2s−1 +
[s−1/2]∑
k=1

Xk+1(s)z2s−1−2k

⇔ z2s+1 = X1(s)z2s−1 +
[s+1/2]∑
k=2

Xk(s)z2s+1−2k

⇔ z2s+1 =
[s+1/2]∑
k=1

Xk(s)z2s+1−2k

Cor. 10.2.1. z2s+1 =
[s+1/2]∑
k=1

Xk(s)z2s+1−2k ⇒ z2(s+l)+1 =
[(s+l)+1/2]∑

k=1

Xk(s+ l)z2(s+l)+1−2k, l ≥ 0

Cor. 10.2.2.


[σ( 1

2 ) · p̂]2 = 1
4 ⇒ [σ( 1

2 ) · p̂]2n =
n∑
k=1

Xk(n− 1
2 )[σ( 1

2 ) · p̂]2n−2k, n ≥ 1

[σ(1) · p̂]3 = [σ(1) · p̂]⇒ [σ(1) · p̂]2n+1 =
n∑
k=1

Xk(n)[σ(1) · p̂]2n+1−2k, n ≥ 1

[2σ( 1
2 ) · p̂]3 = [2σ( 1

2 ) · p̂]⇒ [2σ( 1
2 ) · p̂]2n+1 =

n∑
k=1

Xk(n)[2σ( 1
2 ) · p̂]2n+1−2k, n ≥ 1
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Cor. 10.2.3.


( 1

2 )2 = 1
4 ⇒ ( 1

2 )2n =
n∑
k=1

Xk(n− 1
2 )( 1

2 )2n−2k, n ≥ 1⇔
n∑
k=1

4kXk(n− 1
2 ) = 1, n ≥ 1

13 = 1⇒ 12n+1 =
n∑
k=1

Xk(n)12n+1−2k, n ≥ 1⇔
n∑
k=1

Xk(n) = 1, n ≥ 1

10.3 Isomorphism of expansion coefficients for [σ(s) · p̂]2s+2

Def. 10.3.1. Xk(s) := (−1)k+1Ck{(1/2|1)2,··· ,s2}, k = 1, 2, ··, [s− 1]

Lem. 10.3.1. z2s =
[s−1/2]∑
k=1

Xk(s− 1)z2s−2k ⇒ z2s+2 =
[s−1/2]∑
k=1

[X1(s− 1)Xk(s− 1) +Xk+1(s− 1)]z2s−2k

Proof: z2s+2 =
[s−1/2]∑
k=1

Xk(s− 1)z2s+2−2k

= X1(s− 1)z2s +
[s−3/2]∑
k=1

Xk+1(s− 1)z2s−2k

=
[s−1/2]∑
k=1

X1(s− 1)Xk(s− 1)z2s−2k +
[s−3/2]∑
k=1

Xk+1(s− 1)z2s−2k

=
[s−1/2]∑
k=1

[X1(s− 1)Xk(s− 1) +Xk+1(s− 1)]z2s−2k

Thm. 10.3.1. z2s =
[s−1/2]∑
k=1

Xk(s− 1)z2s−2k ⇒ z2s+2 =
[s+1/2]∑
k=1

Xk(s)z2s+2−2k

Proof: Xk+1(s) = Xk+1(s− 1)− s2Xk(s− 1), k = 1, ··, [s− 1/2]
⇔ Xk+1(s) = [X1(s− 1)−X1(s)]Xk(s− 1) +Xk+1(s− 1), k = 1, ··, [s− 1/2]

⇒
[s−1/2]∑
k=1

Xk+1(s)z2s−2k = [X1(s− 1)−X1(s)]
[s−1/2]∑
k=1

Xk(s− 1)z2s−2k +
[s−3/2]∑
k=1

Xk+1(s− 1)z2s−2k

⇔ z2s+2 = X1(s)z2s +
[s−1/2]∑
k=1

Xk+1(s)z2s−2k

⇔ z2s+2 = X1(s)z2s +
[s+1/2]∑
k=2

Xk(s)z2s+2−2k

⇔ z2s+2 =
[s+1/2]∑
k=1

Xk(s)z2s+2−2k

Cor. 10.3.1. z2s+2 =
[s+1/2]∑
k=1

Xk(s)z2s+2−2k ⇒ z2(s+l)+2 =
[(s+l)+1/2]∑

k=1

Xk(s+ l)z2(s+l)+2−2k, l ≥ 0

Cor. 10.3.2.



[σ( 1
2 ) · p̂]3 = 1

4 [σ( 1
2 ) · p̂]⇒ [σ( 1

2 ) · p̂]2n+1 =
n∑
k=1

Xk(n− 1
2 )[σ( 1

2 ) · p̂]2n+1−2k, n ≥ 1

[ 1
2σ(1) · p̂]3 = 1

4 [ 1
2σ(1) · p̂]⇒ [ 1

2σ(1) · p̂]2n+1 =
n∑
k=1

Xk(n− 1
2 )[ 1

2σ(1) · p̂]2n+1−2k, n ≥ 1

[σ(1) · p̂]4 = [σ(1) · p̂]2 ⇒ [σ(1) · p̂]2n+2 =
n∑
k=1

Xk(n)[σ(1) · p̂]2n+2−2k, n ≥ 1

[2σ( 1
2 ) · p̂]4 = [2σ( 1

2 ) · p̂]2 ⇒ [2σ( 1
2 ) · p̂]2n+2 =

n∑
k=1

Xk(n)[2σ( 1
2 ) · p̂]2n+2−2k, n ≥ 1

11 Isomorphism of lower order expansion coefficients for e
~ϑ·σ(s)

11.1 An important theorem and its corollaries

Thm. 11.1.1.

z2s+1 =
[s+1/2]∑
k=1

Xk(s)z2s+1−2k ⇔


z2s+1 =

[s+1/2]∑
k=1

Xk(s)z2s+1−2k

zl =
2s∑
k=0

c(l, k; s)zk, l ≥ 2s+ 1

⇒


eρz =

2s∑
k=0

Ak(s)(ρz)k

Ak(s) := 1
k! +

+∞∑
l=2s+1

ρl−k

l! c(l, k; s)

Proof: z2s+1 =
[s+1/2]∑
k=1

Xk(s)z2s+1−2k, zl =
2s∑
k=0

c(l, k; s)zk, l ≥ 2s+ 1

⇒ eρz =
+∞∑
k=0

ρk

k! z
k

=
2s∑
k=0

ρk

k! z
k +

+∞∑
k=2s+1

ρk

k! z
k
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=
2s∑
k=0

ρk

k! z
k +

+∞∑
l=2s+1

ρl

l!

2s∑
k=0

c(l, k; s)zk

=
2s∑
k=0

[ρ
k

k! +
+∞∑

l=2s+1

ρl

l! c(l, k; s)]zk

=
2s∑
k=0

Ak(s)(ρz)k, Ak(s) := 1
k! +

+∞∑
l=2s+1

ρl−k

l! c(l, k; s)

Thm. 11.1.2. z2s+1 =
[s+1/2]∑
k=1

Xk(s)z2s+1−2k ⇒ eρz =
2(s+l)∑
k=0

Ak(s+ l)(ρz)k =
+∞∑
k=0

1
k! (ρz)

k

11.2 An important conjecture and its corollaries

Ass. 11.2.1. [σ(s) · p̂]2s+1 =
[s+1/2]∑
k=1

Xk(s)[σ(s) · p̂]2s+1−2k

Cor. 11.2.1. [σ(s− l) · p̂]2s+1 =
[s+1/2]∑
k=1

Xk(s)[σ(s− l) · p̂]2s+1−2k, l = 0, 1, · · · , [s+ 1/2]

Cor. 11.2.2. e
~ϑ·σ(s−l) =

2s∑
k=0

Ak(s)[~ϑ · σ(s− l)]k, l = 0, 1, · · · , [s+ 1/2]

11.3 Conjecture corollary: Relationship between polynomial expansion coefficients of e
~ϑ·σ(n− 1

2 )

Thm. 11.3.1. e
~ϑ·σ(

1
2 ) =

2n−1∑
k=0

Ak(n− 1
2 )[~ϑ · σ( 1

2 )]k

Cor. 11.3.1.


e

1
2

√
~ϑ2

=
2n−1∑
k=0

Ak(n− 1
2 )

2k
[
√
~ϑ2]k

e−
1
2

√
~ϑ2

=
2n−1∑
k=0

Ak(n− 1
2 )

2k
[−
√
~ϑ2]k

⇔


cosh

√
~ϑ2

2 =
n−1∑
i=0

A2i(n−
1
2 )

22i [
√
~ϑ2]2i

sinh

√
~ϑ2

2 =
n−1∑
i=0

A2i+1(n− 1
2 )

22i+1 [
√
~ϑ2]2i+1

11.4 Conjecture corollary: Relationship between polynomial expansion coefficients of e
~ϑ·σ(n)

Thm. 11.4.1. e
~ϑ·σ(1) =

2n∑
k=0

Ak(n)[~ϑ · σ(1)]k, e
~ϑ·σ =

2s∑
k=0

Ak(n)(~ϑ · σ)k

Cor. 11.4.1.


e
√
~ϑ2

=
2n∑
k=0

Ak(n)[
√
~ϑ2]k

A0(n) = 1

e−
√
~ϑ2

=
2n∑
k=0

Ak(n)[−
√
~ϑ2]k

⇔


cosh

√
~ϑ2 =

n∑
i=0

A2i(n)[
√
~ϑ2]2i

A0(n) = 1

sinh
√
~ϑ2 =

n−1∑
i=0

A2i+1(n)[
√
~ϑ2]2i+1

Cor. 11.4.2.


e
√
~ϑ2

=
2n∑
k=0

Ak(n)[
√
~ϑ2]k

e−
√
~ϑ2

=
2n∑
k=0

Ak(n)[−
√
~ϑ2]k

⇔


cosh

√
~ϑ2 =

n∑
i=0

A2i(n)[
√
~ϑ2]2i

sinh
√
~ϑ2 =

n−1∑
i=0

A2i+1(n)[
√
~ϑ2]2i+1

11.5 Equality of Taylor expansion coefficients for e
~ϑ·σ(s)

Thm. 11.5.1. lim
s→+∞

Ak(s) = 1
k! , e

~ϑ·σ(s) =
+∞∑
k=0

1
k! [
~ϑ · σ(s)]k

11.6 Sorting out the reasoning process

First of all, there is the following conjecture: It can be proved by using polynomial expansion theorem
and natural number splitting method. However, only in the lower order case it has strictly proved,
and the general case is still a conjecture. This conjecture has not been strictly proved and others can
be strictly proved.

Ass. 11.6.1. [σ(s) · p̂]2s+1 =
[s+1/2]∑
k=1

Xk(s)[σ(s) · p̂]2s+1−2k

With the above conjectures, one is that Xk(s) can be directly obtained through linear algebraic
methods. However, it is only strictly solved in the lower order case. And in general, it is still guessed.
The other is to strictly obtain the recurrence relationship through the above reasoning. And the
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coefficients can be completely and strictly solved. The following two corollaries of isomorphism: One
is that it can be completely inferred from the above conjectures and coefficients. Second, it can be
inferred from advanced representation transformation technology. However, the coefficients cannot be
derived concretely.

Cor. 11.6.1. [σ(s− l) · p̂]2s+1 =
[s+1/2]∑
k=1

Xk(s)[σ(s− l) · p̂]2s+1−2k, l = 0, 1, · · · , [s+ 1/2]

Cor. 11.6.2. e
~ϑ·σ(s−l) =

2s∑
k=0

Ak(s)[~ϑ · σ(s− l)]k, l = 0, 1, · · · , [s+ 1/2]
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Chapter17 Quasidifferential Operators and Matrix Continuous Products

1 Establishment of new mathematical tools
1.1 Introduction of special quasidifferential operators

Plane wave solution hypothesis: Assume that all plane wave solutions satisfying the massless particle
physics equation do not contain zero frequency solutions. Therefore, the constant solution is not a
plane wave solution of the massless particle equation. And it should be treated separately.

Def. 1.1.1. f(~r, t) :=
∫
~p6=0

f(~p, t)ei~p·~rd3~p

Def. 1.1.2.

{
1√

m2−∇2
f(~r, t) := 1

(2π)3

∫
1
E f(~p, t)ei~p·~rd3~p, ∀f(~r, t)

√
m2 −∇2f(~r, t) := 1

(2π)3

∫
Ef(~p, t)ei~p·~rd3~p, ∀f(~r, t)

√
m2 −∇2 ←→ E =

√
m2 + ~p2

Def. 1.1.3.

{
1√
−∇2

f(~r, t) := 1
(2π)3

∫
1
|~p|f(~p, t)ei~p·~rd3~p, ∀f(~r, t)

√
−∇2f(~r, t) := 1

(2π)3

∫
|~p|f(~p, t)ei~p·~rd3~p, ∀f(~r, t)

√
−∇2 ←→ |~p|

1.2 Basic properties of special quasidifferential operators with mass

Pro. 1.2.1.


(
√
m2 −∇2)2 = m2 −∇2, ( 1√

m2−∇2
)2 = 1

m2−∇2√
m2 −∇2 1√

m2−∇2
= 1√

m2−∇2

√
m2 −∇2 = 1

[
√
m2 −∇2]∗ =

√
m2 −∇2, [ 1√

m2−∇2
]∗ = 1√

m2−∇2

Proof: (
√
m2 −∇2)∗f(~r, t)

= [
√
m2 −∇2f∗(~r, t)]∗

= [ 1
(2π)3

∫ √
m2 + ~p2f∗(−p̂, t)ei~p·~rd3~p]∗

= 1
(2π)3

∫ √
m2 + ~p2f(−p̂, t)e−i~p·~rd3~p

= 1
(2π)3

∫ √
m2 + ~p2f(~p, t)ei~p·~rd3~p

=
√
m2 −∇2f(~r, t)

Proof: ( 1√
m2−∇2

)∗f(~r, t)

= [ 1√
m2−∇2

f∗(~r, t)]∗

= [ 1
(2π)3

∫
1√

m2+~p2
f∗(−p̂, t)ei~p·~rd3~p]∗

= 1
(2π)3

∫
1√

m2+~p2
f(−p̂, t)e−i~p·~rd3~p

= 1
(2π)3

∫
1√

m2+~p2
f(~p, t)ei~p·~rd3~p

= 1√
m2−∇2

f(~r, t)

Pro. 1.2.2. (
√
m2 −∇2)nf(~r, t) =

∫ √
m2 + ~p2

n
f(~p, t)ei~p·~rd3~p, n ∈ Z

Pro. 1.2.3.
∫ √

m2 −∇2f(~r, t)d3~r = mf(~p = 0, t),
∫

1√
m2−∇2

f(~r, t)d3~r = 1
mf(~p = 0, t)

Pro. 1.2.4. (
√
m2 −∇2)nf(~r, t) =

∫ √
m2 + ~p2

n
f(~p, t)ei~p·~rd3~p, n ∈ Z

Pro. 1.2.5.
∫
f(~r, t)(

√
m2 −∇2)ng(~r, t)d3~r =

∫
[(
√
m2 −∇2)nf(~r, t)]g(~r, t)d3~r

Proof:
∫
f(~r, t)(

√
m2 −∇2)ng(~r, t)d3~r

= 1
(2π)3

∫
f(~p′, t)ei~p

′·~rd3~p′ 1
(2π)3

∫ √
m2 + ~p2

n
g(~p, t)ei~p·~rd3~pd3~r

= 1
(2π)3

∫ √
m2 + ~p2

n
f(~p′, t)g(~p, t)δ3(~p′ + ~p)d3~p′d3~p

= 1
(2π)3

∫ √
m2 + ~p2

n
f(−p̂, t)g(~p, t)d3~p
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Proof:
∫

[(
√
m2 −∇2)nf(~r, t)]g(~r, t)d3~r

= 1
(2π)3

∫ √
m2 + ~p′2

n
f(~p′, t)ei~p

′·~rd3~p′ 1
(2π)3

∫
g(~p, t)ei~p·~rd3~pd3~r

= 1
(2π)3

∫ √
m2 + ~p′2

n
f(~p′, t)g(~p, t)δ3(~p′ + ~p)d3~p′d3~p

= 1
(2π)3

∫ √
m2 + ~p2

n
f(−p̂, t)g(~p, t)d3~p

Pro. 1.2.6. (
√
m2 −∇2)nδ3(~r) = 1

(2π)3

∫ √
m2 + ~p2

n
ei~p·~rd3~p = (

√
m2 −∇2)nδ3(−~r)

Pro. 1.2.7.
∫
f(~r′, t)(

√
−∇′2)nδ3(~r − ~r′)d3~r′ = (

√
m2 −∇2)nf(~r, t)

1.3 Basic properties of special quasidifferential operators without mass

Pro. 1.3.1.


(
√
−∇2)2 = −∇2, ( 1√

−∇2
)2 = 1

−∇2√
−∇2 1√

−∇2
= 1√

−∇2

√
−∇2 = 1

[
√
−∇2]∗ =

√
−∇2, [ 1√

−∇2
]∗ = 1√

−∇2

Proof: (
√
−∇2)∗f(~r, t)

= [
√
−∇2f∗(~r, t)]∗

= [ 1
(2π)3

∫
|~p|f∗(−p̂, t)ei~p·~rd3~p]∗

= 1
(2π)3

∫
|~p|f(−p̂, t)e−i~p·~rd3~p

= 1
(2π)3

∫
|~p|f(~p, t)ei~p·~rd3~p

=
√
−∇2f(~r, t)

Proof: ( 1√
−∇2

)∗f(~r, t)

= [ 1√
−∇2

f∗(~r, t)]∗

= [ 1
(2π)3

∫
1
|~p|f

∗(−p̂, t)ei~p·~rd3~p]∗

= 1
(2π)3

∫
1
|~p|f(−p̂, t)e−i~p·~rd3~p

= 1
(2π)3

∫
1
|~p|f(~p, t)ei~p·~rd3~p

= 1√
−∇2

f(~r, t)

Pro. 1.3.2. (
√
−∇2)nf(~r, t) =

∫
|~p|nf(~p, t)ei~p·~rd3~p, n ∈ Z

Pro. 1.3.3.
∫ √
−∇2f(~r, t)d3~r = 0,

∫
1√
−∇2

f(~r, t)d3~r =

Pro. 1.3.4. (
√
−∇2)nf(~r, t) =

∫
|~p|nf(~p, t)ei~p·~rd3~p, n ∈ Z

Pro. 1.3.5.
∫
f(~r, t)(

√
−∇2)ng(~r, t)d3~r =

∫
[(
√
−∇2)nf(~r, t)]g(~r, t)d3~r

Proof:
∫
f(~r, t)(

√
−∇2)ng(~r, t)d3~r

= 1
(2π)3

∫
f(~p′, t)ei~p

′·~rd3~p′ 1
(2π)3

∫
|~p|ng(~p, t)ei~p·~rd3~pd3~r

= 1
(2π)3

∫
|~p|nf(~p′, t)g(~p, t)δ3(~p′ + ~p)d3~p′d3~p

= 1
(2π)3

∫
|~p|nf(−p̂, t)g(~p, t)d3~p

Proof:
∫

[(
√
−∇2)nf(~r, t)]g(~r, t)d3~r

= 1
(2π)3

∫
|~p′|nf(~p′, t)ei~p

′·~rd3~p′ 1
(2π)3

∫
g(~p, t)ei~p·~rd3~pd3~r

= 1
(2π)3

∫
|~p′|nf(~p′, t)g(~p, t)δ3(~p′ + ~p)d3~p′d3~p

= 1
(2π)3

∫
|~p|nf(−p̂, t)g(~p, t)d3~p

Pro. 1.3.6. (
√
−∇2)nδ3(~r) = 1

(2π)3

∫
|~p|nei~p·~rd3~p = (

√
−∇2)nδ3(−~r)

Pro. 1.3.7.
∫
f(~r′, t)(

√
−∇′2)nδ3(~r − ~r′)d3~r′ = (

√
−∇2)nf(~r, t)

2 Matrices continuous multiplication trace in four dimensional space-time
2.1 Properties of spin matrices continuous multiplication trace tr[σα1(s) · · ·σαn(s)]

Cor. 2.1.1.

tr[σα′ς (s)] = 0, tr[σας (s)] = 0

tr[σα′ς (s)σβ′ς (s)] = 2
3s(s+ 1

2 )(s+ 1)δα′ςβ′ς , tr[σ
ας (s)σβς (s)] = 2

3s(s+ 1
2 )(s+ 1)δαςβς
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2.2 Properties of Pauli matrices continuous multiplication trace tr[σα1 · · ·σαn ]

Def. 2.2.1. Aα1···αn := tr[σα1
· · ·σαn ]

Pro. 2.2.1.

Aα1
= 0

Aα1α2 = 2δα1α2

Aα1α2α3 = 2iεα1α2α3

Aα1α2α3α4 = 2[δα1α2δα3α4 − Sα1α2α3α4 ]
Aα1α2α3α4

= 2[δα1α2
δα3α4

− δα1α3
δα2α4

+ δα1α4
δα2α3

]
Aα1···α5

= 2i[εα1α2α3
δα4α5

− εα1α2α4
δα3α5

+ εα1α2α5
δα3α4

+ εα3α4α5
δα1α2

]

Thm. 2.2.1. Aα1···αn = iεα1α2
αAαα3···αn + δα1α2Aα3···αn

2.3 General properties of Dirac matrices continuous multiplication trace tr[γa1
· · · γan ]

Def. 2.3.1. Ba1···an := tr[γa1
· · · γan ], B5

a1···an := tr[γ5γa1
· · · γan ]

Pro. 2.3.1.

Ba1
= 0, B5

a1
= 0

Ba1a2 = 4δa1a2 , B
5
a1a2

= 0

Thm. 2.3.1.{
Ba1···an = εa1a2a3

aB5
aa4···an + δa1a2

Ba3···an + δa3[a2
Ba1]a4···an

B5
a1···an = εa1a2a3

aBaa4···an + δa1a2
B5
a3···an + δa3[a2

B5
a1]a4···an

2.4 Concrete properties of Dirac matrices continuous multiplication trace tr[γa(ς)γb(ς) · · · ]

tr[γa(ς)] = 0 tr[γa(ς)γb(ς)γc(ς)] = 0 tr[γa(ς)γb(ς)γc(ς)γd(ς)γe(ς)] = 0 (17.1)

tr[γ5(ς)γa(ς)] = 0 tr[γ5(ς)γa(ς)γb(ς)γc(ς)] = 0 tr[γ5(ς)γa(ς)γb(ς)γc(ς)γd(ς)γe(ς)] = 0 (17.2)

tr[γ5(ς)] = 0 tr[γa(ς)γb(ς)γc(ς)γd(ς)γe(ς)] = 0 tr[γ5(ς)γa(ς)γb(ς)γc(ς)γd(ς)γe(ς)] = 0 (17.3)

tr[Sab(e, ς)] = 0 tr[γc(ς)Sab(e, ς)] = 0 tr[γ5(ς)γa(ς)γb(ς)] = 0 (17.4)

tr[γ5(ς)Sab(e, ς)] = 0 tr[γ5(ς)γc(ς)Sab(e, ς)] = 0 tr[γ5(ς)γa(ς)γb(ς)γc(ς)] = 0 (17.5)

tr[γa(ς)γb(ς)] = 4δab tr[γa(ς)γb(ς)γc(ς)γd(ς)] = 4[δabδcd − δa[cδd]b] (17.6)

tr[γ5(ς)γa(ς)γb(ς)] = 0 tr[γ5(ς)γa(ς)γb(ς)γc(ς)γd(ς)] = 4εabcd (17.7)

tr[Sab(e, ς)Scd(e, ς)] = Sabcd = δacδdb − δadδcb tr[γ5Sab(e, ς)Scd(e, ς)] = −εabcd (17.8)

tr[γa(ς)γb(ς)Scd(e, ς)] = 2iSabcd tr[γ5γa(ς)γb(ς)Scd(e, ς)] = −2iεabcd (17.9)

tr[Sab(e, ς)γc(ς)γd(ς)] = 2iSabcd tr[γ5Sab(e, ς)γc(ς)γd(ς)] = −2iεabcd (17.10)

tr[γa(ς)γb(ς)γc(ς)γd(ς)Sef (e, ς)] = 2i{δabScdef + δcdSabef + δa[cSd]bef − δb[cSd]aef} (17.11)

tr[γ5(ς)γa(ς)γb(ς)γc(ς)γd(ς)Sef (e, ς)] = −2i{δabεcdef + δcdεabef + δa[cεd]bef − δb[cεd]aef} (17.12)

tr[γa(ς)γb(ς)γc(ς)γd(ς)γe(ς)γf (ς)] = 4{(δabδcd − Sabcd)δef − (δabScdef + δcdSabef + δa[cSd]bef − δb[cSd]aef )} (17.13)

tr[γ5(ς)γa(ς)γb(ς)γc(ς)γd(ς)γe(ς)γf (ς)] = 4{εabcdδef + δabεcdef + δcdεabef + δa[cεd]bef − δb[cεd]aef} (17.14)

tr[γa(ς)Sbc(e, ς)γd(ς)Sef (e, ς)] = δabScdef + δcdSabef + δa[cSd]bef − δb[cSd]aef − δbcSadef (17.15)

tr[γ5(ς)γa(ς)Sbc(e, ς)γd(ς)Sef (e, ς)] = δbcεadef − {δabεcdef + δcdεabef + δa[cεd]bef − δb[cεd]aef} (17.16)

tr[γa(ς)Sbc(e, ς)γd(ς)Sef (e, ς)] = δadSbcef + δa[bSc]def + δd[bSc]aef (17.17)

tr[γ5(ς)γa(ς)Sbc(e, ς)γd(ς)Sef (e, ς)] = −{δadεbcef + δa[bεc]def + δd[bεc]aef} (17.18)

3 Dirac matrices continuous multiplication trace in n=N+1 dimensional space-time
3.1 First conjecture of Dirac matrices continuous multiplication trace in n=N+1-D

Def. 3.1.1.
1
2! 〈δabγ[cγd],

4!
1!1!|2!2! 〉 := 1

2! (δabγ[cγd] − δacγ[bγd] + δadγ[bγc] + γ[aγb]δcd − γ[aγc]δbd + γ[aγd]δbc)
1
0! 〈δabδcd,

4!
2!|2!2! 〉 := 1

0! (δabδcd − δacδbd + δadδbc)
1
1! 〈δabγc,

3!
1!1!|2!1! 〉 := 1

1! (δabγc + δbcγa − δacγb)
1
0! 〈δab,

2!
1!|2! 〉 := 1

0!δab
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Pro. 3.1.1.
〈δabγ[cγd],

4!
1!1!|2!2! 〉 = 1

2! (〈δ{ab}γ[cγd],
4!

1!1!|2!2! 〉+ 〈δ[ab]γ[cγd],
4!

1!1!|2!2! 〉)
〈δabδcd, 4!

2!|2!2! 〉 = 1
2! (〈δ{ab}δcd,

4!
2!|2!2! 〉+ 〈δ[ab]δcd, 4!

2!|2!2! 〉)
〈δabγc, 3!

1!1!|2!1! 〉 = 1
2! (〈δ{ab}γc,

3!
1!1!|2!1! 〉+ 〈δ[ab]γc, 3!

1!1!|2!1! 〉)
〈δab, 2!

1!|2! 〉 = 1
2! (〈δ{ab},

2!
1!|2! 〉+ 〈δ[ab], 2!

1!|2! 〉)

Ass. 3.1.1.

γa = 1
1!γa

γaγb = 1
2!γ[aγb] + 1

0! 〈δab,
2!

1!|2! 〉
γaγbγc = 1

3!γ[aγbγc] + 1
1! 〈δabγc,

3!
1!1!|2!1! 〉

γaγbγcγd = 1
4!γ[aγbγcγd] + 1

2! 〈δabγ[cγd],
4!

1!1!|2!2! 〉+ 1
0! 〈δabδcd,

4!
2!|2!2! 〉

γaγbγcγdγe = 1
5!γ[aγbγcγdγe] + 1

3! 〈δabγ[cγdγe],
5!

1!1!|2!3! 〉+ 1
1! 〈δadδbcγe,

5!
2!1!|2!2!1! 〉

γaγbγcγdγeγf = 1
6!γ[aγbγcγdγeγf ] + 1

4! 〈δabγ[cγdγeγf ],
6!

1!1!|2!4! 〉+ 1
2! 〈δabδcdγ[eγf ],

6!
2!1!|2!2!2! 〉+ 1

0! 〈δabδcdδef ,
6!

3!|2!2!2! 〉
γaγbγcγdγeγfγg = 1

7!γ[aγbγcγdγeγfγg] + 1
5! 〈δabγ[cγdγeγfγg],

7!
1!1!|2!5! 〉+ 1

3! 〈δabδcdγ[eγfγg],
7!

2!1!|2!2!3! 〉
+ 1

1! 〈δabδcdδefγg,
7!

3!1!|2!2!2!1! 〉
γaγbγcγdγeγfγgγh = 1

8!γ[aγbγcγdγeγfγgγh] + 1
6! 〈δabγ[cγdγeγfγgγh],

8!
1!1!|2!6! 〉

+ 1
4! 〈δabδcdγ[eγfγgγh],

8!
2!1!|2!2!4! 〉+ 1

2! 〈δabδcdδefγ[gγh],
8!

3!1!|2!2!2!2! 〉+ 1
0! 〈δabδcdδefδgh,

8!
4!|2!2!2!2! 〉

· · ·

Prop. 3.1.1.

γa = 1
1!γa

γ{aγb} = 〈{δab, 2!
1!|2!}〉 = δ{ab}

γ{aγbγc} = 〈{δabγc, 3!
1!1!|2!1!}〉 = δ{abγc}

γ{aγbγcγd} = 〈{δabδcd, 4!
2!|2!2!}〉 = δ{abδcd}

γ{aγbγcγdγe} = 〈{δadδbcγe, 5!
2!1!|2!2!1!}〉 = δ{adδbcγe}

γ{aγbγcγdγeγf} = 〈{δabδcdδef , 6!
3!|2!2!2!}〉 = δ{abδcdδef}

γ{aγbγcγdγeγfγg} = 〈{δabδcdδefγg, 7!
3!1!|2!2!2!1!}〉 = δ{abδcdδefγg}

γ{aγbγcγdγeγfγgγh} = 〈{δabδcdδefδgh, 8!
4!|2!2!2!2!}〉 = δ{abδcdδefδgh}

· · ·

3.2 Second conjecture of Dirac matrices continuous multiplication trace in n=N+1-D

It is easy to derive the second guess from the first guess, but it is somewhat difficult to conversely
derive it. But in essence, they can be derived from each other, so the two conjectures are equivalent.

Pro. 3.2.1.

γa = 1
1!γa

1
1!γaγb = 1

2!γ[aγb] + 1
0!δab

1
2!γaγ[bγc] = 1

3!γ[aγbγc] + 1
1!δa[bγc],

1
2!γ[aγb]γc = 1

3!γ[aγbγc] + 1
1!γ[aδb]c

1
3!γaγ[bγcγd] = 1

4!γ[aγbγcγd] + 1
2!δa[bγcγd],

1
3!γ[aγbγc]γd = 1

4!γ[aγbγcγd] + 1
2!γ[aγbδc]d

1
4!γaγ[bγcγdγe] = 1

5!γ[aγbγcγdγe] + 1
3!δa[bγcγdγe],

1
4!γ[aγbγcγd]γe = 1

5!γ[aγbγcγdγe] + 1
3!γ[aγbγcδd]e

1
5!γaγ[bγcγdγe]γf = 1

6!γ[aγbγcγdγeγf ] + 1
4!δa[bγcγdγeγf ],

1
5!γ[aγbγcγd]γeγf = 1

6!γ[aγbγcγdγeγf ] + 1
4!γ[aγbγcγdδe]f

Ass. 3.2.1.{
1

(l−1)!γa1
γ[a2
· ·γal−1

γal] = 1
l!γ[a1

γa2
· ·γal−1

γal] + 1
(l−2)!δa1[a2

γa3
· ·γal]

1
(l−1)!γ[a1

γa2 · ·γal−1]γal = 1
l!γ[a1

γa2 · ·γal−1
γal] + 1

(l−2)!γ[a1
· ·γal−2

δal−1]al

Prop. 3.2.1. 1
(l−2)!γa1γa2γ[a3

· ·γal−1
γal] = 1

l!γ[a1
γa2 · ·γal−1

γal] + 1
(l−2)!δa1[a2

γa3 · ·γal] + 1
(l−3)!γa1δa2[a3

γa4 · ·γal]

Proof: 1
(l−1)!γa1

γ[a2
· ·γal−1

γal] = 1
l!γ[a1

γa2
· ·γal−1

γal] + 1
(l−2)!δa1[a2

γa3
· ·γal]

⇒ γa1 [ 1
(l−2)!γa2γ[a3

· ·γal−1
γal] − 1

(l−3)!δa2[a3
γa4 · ·γal]] = 1

l!γ[a1
γa2 · ·γal−1

γal] + 1
(l−2)!δa1[a2

γa3 · ·γal]
⇔ 1

(l−2)!γa1γa2γ[a3
· ·γal−1

γal] = 1
l!γ[a1

γa2 · ·γal−1
γal] + 1

(l−2)!δa1[a2
γa3 · ·γal] + 1

(l−3)!γa1δa2[a3
γa4 · ·γal]

⇔ 1
(l−2)!γa1γa2γ[a3

· ·γal−1
γal] = 1

l!γ[a1
γa2
· ·γal−1

γal] + 1
(l−2)!δa1[a2

γa3
· ·γal] + 1

(l−3)!γa1δa2[a3
γa4
· ·γal]

Prop. 3.2.2. 1
(l−k)!γa1

· ·γakγ[ak+1
· ·γal−1

γal]

= 1
l!γ[a1

γa2
· ·γal−1

γal] + 1
(l−2)!δa1[a2

γa3
· ·γal] + 1

(l−3)!γa1
δa2[a3

γa4
· ·γal] + · ·+ 1

(l−k−1)!γa1
· ·γak−1

δak[ak+1
γak+2

· ·γal]
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Prop. 3.2.3.{
1
4!γ[aγbγcγd]γe = 1

5!γ[aγbγcγdγe] + 1
3!γ[aγbγcδd]e

γaγbγcγd = 1
4!γ[aγbγcγd] + 1

2! 〈δabγ[cγd],
4!

1!1!|2!2! 〉+ 1
0! 〈δabδcd,

4!
2!|2!2! 〉

⇒ γaγbγcγdγe = 1
5!γ[aγbγcγdγe] + 1

3! 〈δabγ[cγdγe],
5!

1!1!|2!3! 〉+ 1
1! 〈δadδbcγe,

5!
2!1!|2!2!1! 〉

Proof: γaγbγcγdγe
= 1

4!γ[aγbγcγd]γe + 1
2! (δabγ[cγd] − δacγ[bγd] + δadγ[bγc] + γ[aγb]δcd − γ[aγc]δbd + γ[aγd]δbc)γe

+ 1
0! (δabδcd − δacδbd + δadδbc)γe

= 1
5!γ[aγbγcγdγe] + 1

3!γ[aγbγcδd]e

+ 1
2! (δabγ[cγd] − δacγ[bγd] + δadγ[bγc] + γ[aγb]δcd − γ[aγc]δbd + γ[aγd]δbc)γe

+ 1
0! (δabδcd − δacδbd + δadδbc)γe

= 1
5!γ[aγbγcγdγe] + 1

3!γ[aγbγcδd]e

+ δab(
1
3!γ[cγdγe] + 1

1!γ[cδd]e)− δac( 1
3!γ[bγdγe] + 1

1!γ[bδd]e) + δad(
1
3!γ[bγcγe] + 1

1!γ[bδc]e) + ( 1
3!γ[aγbγe] + 1

1!γ[aδb]e)δcd
− ( 1

3!γ[aγcγe] + 1
1!γ[aδc]e)δbd + ( 1

3!γ[aγdγe] + 1
1!γ[aδd]e)δbc + 1

0! (δabδcd − δacδbd + δadδbc)γe
= 1

5!γ[aγbγcγdγe]
+ 1

3! (γ[aγbγc]δde − γ[bγcγd]δae + γ[cγdγa]δbe − γ[dγaγb]δce)

+ 1
3! (δabγ[cγdγe] − δacγ[bγdγe] + δadγ[bγcγe] + γ[aγbγe]δcd)− γ[aγcγe]δbd + γ[aγdγe]δbc

+ 1
1! (δabγ[cδd]e − δacγ[bδd]e + δadγ[bδc]e + γ[aδb]eδcd − γ[aδc]eδbd + γ[aδd]eδbc) + 1

1! (δabδcd − δacδbd + δadδbc)γe
= 1

5!γ[aγbγcγdγe]
+ 1

3! [(δabγ[cγdγe] − δacγ[bγdγe] + δadγ[bγcγe] − δaeγ[bγcγd])
+ (δbcγ[aγdγe] − δbdγ[aγcγe] + γ[cγdγa]δbe) + (δcdγ[aγbγe] − δceγ[dγaγb]) + (δdeγ[aγbγc])]

+ 1
1! [(δbeδcd − δbdδce + δbcδde)γa + (−δacδde + δadδce − δaeδcd)γb

+ (δabδde − δadδbe + δaeδbd)γc + (−δabδce + δacδbe − δaeδbc)γd + (δabδcd − δacδbd + δadδbc)γe]
= 1

5!γ[aγbγcγdγe] + 1
3! 〈δabγ[cγdγe], C

3
5 〉+ 〈 1

1!δadδbcγe, C
1
5C

2
4/2!〉

= 1
5!γ[aγbγcγdγe] + 1

3! 〈δabγ[cγdγe],
5!

1!1!|2!3! 〉+ 〈 1
1!δadδbcγe,

5!
2!1!|2!2!1! 〉

3.3 Verification for conjecture of Dirac matrices continuous multiplication trace in n=N+1-D

Ass. 3.3.1.

γa = 1
1!γa

γaγb = 1
2!γ[aγb] + 1

0!δab

γaγbγc = 1
3!γ[aγbγc] + 1

1! (δabγc + δbcγa − δacγb)
γaγbγcγd = 1

4!γ[aγbγcγd] + 1
2! (δabγ[cγd] + ··) + 1

0! (δabδcd − δacδbd + δadδbc)

γaγbγcγdγe = 1
5!γ[aγbγcγdγe] + 1

3! (δabγ[cγdγe] + ··) + 1
1! (δabδcdγe + ··)

γaγbγcγdγeγf = 1
6!γ[aγbγcγdγeγf ] + 1

4! (δabγ[cγdγeγf ] + ··) + 1
2! (δabδcdγ[eγf ] + ··) + 1

0! (δabδcdδef + ··)
γaγbγcγdγeγfγg = 1

7!γ[aγbγcγdγeγfγg] + 1
5! (δabγ[cγdγeγfγg] + ··) + 1

3! (δabδcdγ[eγfγg] + ··) + 1
1! (δabδcdδefγg + ··)

· · ·

Proof: γaγb = 1
2!γ[aγb] + 1

0!δab
⇔ γa1

γa2
= 1

2!γ[a1
γa2] + 1

0!δa1a2

⇒ γa1γa2γa′1γa′2 = ( 1
2!γ

[a1γa2] + 1
0!δ

a1a2)( 1
2!γ[a′1

γa′2] + 1
0!δa′1a′2)

⇒ tr{γa1γa2γa′1γa′2} = 2
[
n
2 ]

(1!)2

2! δ
[a1

[a′1
δ
a2]
a′2] + 2

[
n
2 ]

(1!)2

0! δa1a2δa′1a′2 = 2[
n
2 ](1!)2( 1

2!δ
[a1

[a′1
δ
a2]
a′2] + 1

0!δ
a1a2δa′1a′2)

Proof: γaγbγc
= 1

2 (γaγbγc − γaγcγb + 2γaδbc)
= 1

4 (γaγbγc − γbγaγc + γcγaγb − γaγcγb + 2δabγc − 2δacγb + 4γaδbc)
= 1

8 (γaγ[bγc] + γbγ[cγa] + γcγ[aγb] + 6δabγc − 6δacγb + 6γaδbc + 2γaγbγc)

⇔ γaγbγc = 1
3!γ[aγbγc] + (δabγc + δbcγa − δacγb)

⇔ γaγbγc = 1
3!γ[aγbγc] + (δa[bγc] + γaδbc)

Proof: γaγbγc = 1
3!γ[aγbγc] + (δa[bγc] + γaδbc)⇒

{
γaγ[bγc] = 1

3γ[aγbγc] + 2δa[bγc]

γ[aγb]γc = 1
3γ[aγbγc] + 2γ[aδb]c

Proof:

{
γaγ[bγc] = 1

3γ[aγbγc] + 2δa[bγc]

γ[aγb]γc = 1
3γ[aγbγc] + 2γ[aδb]c

⇒ γa1γ[a2γa3]γ[a′1
γa′2]γa′3 = ( 1

3γ
[a1γa2γa3] + 2δa1[a2γa3])( 1

3γ[a′1
γa′2γa′3] + 2γ[a′1

δa′2]a′3
)

⇒ tr{γa1γ[a2γa3]γ[a′1
γa′2]γa′3}
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= 2
[
n
2 ]

(2!)2

3! δ
[a1

[a′1
δa2

a′2
δ
a3]
a′3] + 4tr{δa1[a2γa3]γ[a′1

δa′2]a′3
}

= 2
[
n
2 ]

(2!)2

3! δ
[a1

[a′1
δa2

a′2
δ
a3]
a′3] + 2

[
n
2 ]

(2!)2

1! δa1[a2δ
a3]
[a′1
δa′2]a′3

= 2[
n
2 ](2!)2( 1

3!δ
[a1

[a′1
δa2

a′2
δ
a3]
a′3] + 1

1!δ
a1[a2δ

a3]
[a′1
δa′2]a′3

)

Proof: γaγbγcγd = 1
3!γaγ[bγcγd] + γa(δb[cγd] + γbδcd)

= 1
3!γa(γbγ[cγd] + γcγ[dγb] + γdγ[bγc]) + γa(δb[cγd] + γbδcd)

= 1
3!2 [(γaγb − γbγa)γ[cγd] + (γaγc − γcγa)γ[dγb] + (γaγd − γdγa)γ[bγc])]

+ 1
3! (δabγ[cγd] + δacγ[dγb] + δadγ[bγc]) + γa(δb[cγd] + γbδcd)

= 1
3!2γaγ[bγcγd] − 1

3!2 (γbγaγ[cγd] + γcγaγ[dγb] + γdγaγ[bγc])

+ 1
3! (δabγ[cγd] + δacγ[dγb] + δadγ[bγc]) + γa(δb[cγd] + γbδcd)

= 1
3!3!γaγ[bγcγd] − 1

3! [γb(
1
3!γ[aγcγd] + δa[cγd]) + γc(

1
3!γ[aγdγb] + δa[dγb]) + γd(

1
3!γ[aγbγc] + δa[bγc])]

+ 1
3!3γaγ[bγcγd] + 1

3! (δabγ[cγd] + δacγ[dγb] + δadγ[bγc]) + γa(δb[cγd] + γbδcd)

= 1
3!3!γ[aγbγcγd] − 1

3! (γbδa[cγd] + γcδa[dγb] + γdδa[bγc])

+ 1
3!3γaγ[bγcγd] + 1

3! (δabγ[cγd] + δacγ[dγb] + δadγ[bγc]) + γa(δb[cγd] + γbδcd)

= 1
3!3!γ[aγbγcγd] + 1

3 (δabγ[cγd] + δacγ[dγb] + δadγ[bγc]) + 2
3γa(δb[cγd] + γbδcd) + 1

3γaγbγcγd
= 1

3!3!γ[aγbγcγd] + 1
3 (δabγ[cγd] + δacγ[dγb] + δadγ[bγc]) + 1

3 (γ[aγb]δcd + γ[cγa]δbd + γ[aγd]δbc)

+ 2
3 (δabδcd − δacδbd + δadδbc) + 1

3γaγbγcγd
⇔ γaγbγcγd = 1

4!γ[aγbγcγd] + 1
2! (δabγ[cγd] + δacγ[dγb] + δadγ[bγc] + γ[aγb]δcd + γ[cγa]δbd + γ[aγd]δbc)

+ (δabδcd − δacδbd + δadδbc)
⇔ γaγbγcγd = 1

4!γ[aγbγcγd] + 1
2! (δabγ[cγd] + ··) + (δabδcd − δacδbd + δadδbc)

Proof: γaγbγcγd = 1
4!γ[aγbγcγd] + 1

2! (δabγ[cγd] + δacγ[dγb] + δadγ[bγc] + γ[aγb]δcd + γ[cγa]δbd + γ[aγd]δbc)
+ (δabδcd − δacδbd + δadδbc)

⇒

{
γaγ[bγcγd] = 1

4γ[aγbγcγd] + 3δa[bγcγd]

γ[aγbγc]γd = 1
4γ[aγbγcγd] + 3γ[aγbδc]d

Proof:{
γaγ[bγcγd] = 1

4γ[aγbγcγd] + 3δa[bγcγd]

γ[aγbγc]γd = 1
4γ[aγbγcγd] + 3γ[aγbδc]d

⇒ γa1γ[a2
γa3γa4]γ[a′1

γa′2γa′3]γa′4 = ( 1
4γ[a1

γa2γa3γa4] + 3δa1[a2
γa3γa4])(

1
4γ[a′1

γa′2γa′3γa′4] + 3γ[a′1
γa′2δa′3]a′4

)

⇒ tr{γa1γ[a2γa3γa4]γ[a′1
γa′2γa′3]γa′4} = ( 1

4γ
[a1γa2γa3γa4] + 3δa1[a2γa3γa4])( 1

4γ[a′1
γa′2γa′3γa′4] + 3γ[a′1

γa′2δa′3]a′4
)

= 2
[
n
2 ]

(3!)2

4! δ
[a1

[a′1
δa2

a′2
δa3

a′3
δ
a4]
a′4] + 9tr{δa1[a2γa3γa4]γ[a′1

γa′2δa′3]a′4
}

= 2
[
n
2 ]

(3!)2

4! δ
[a1

[a′1
δa2

a′2
δa3

a′3
δ
a4]
a′4] + 9

4 tr{δ
a1[a2γ[a3γa4]]γ[[a′1

γa′2]δa′3]a′4
}

= 2
[
n
2 ]

(3!)2

4! δ
[a1

[a′1
δa2

a′2
δa3

a′3
δ
a4]
a′4] + 9 2

[
n
2 ]

2! δ
a1[a2δ

[a3

[[a′1
δ
a4]]
a′2] δa′3]a′4

= 2
[
n
2 ]

(3!)2

4! δ
[a1

[a′1
δa2

a′2
δa3

a′3
δ
a4]
a′4] + 2

[
n
2 ]

(3!)2

2! δa1[a2δa3

[a′1
δ
a4]
a′2
δa′3]a′4

= 2[
n
2 ](3!)2( 1

4!δ
[a1

[a′1
δa2

a′2
δa3

a′3
δ
a4]
a′4] + 1

2!δ
a1[a2δa3

[a′1
δ
a4]
a′2
δa′3]a′4

)

Self comment: The above Dirac matrix continuous product expansion is based on the specific calculation
results of the previous items. And then it is summed up and reasonably guessed out. Essentially, it
has not been strictly proven, and there will be time to supplement it later. Although the above can be
written strictly, concretely, and completely step by step, the writing method is not compact enough.
It is not easy to conveniently use. We must think of a good way to express it, and then we can use it
conveniently.
3.4 Concrete calculation of Dirac matrices continuous multiplication trace in n=N+1-D

Lem. 3.4.1. γa1
γa2

γa3
γa4

constant terms
= δa1a2

δa3a4
− δa1a3

δa2a4
+ δa1a4

δa2a3

= δa1a2δa3a4 − δa1[a3
δa4]a2

= δa1a2δa3a4 + δa2[a3
δa4]a1

Lem. 3.4.2. γa1
γa2

γa3
γa4

γa5
γa6

constant terms
= δa1a2

(δa3a4
δa5a6

− δa3a5
δa4a6

+ δa3a6
δa4a5

)− δa1a3
(δa2a4

δa5a6
− δa2a5

δa4a6
+ δa2a6

δa4a5
)

+ δa1a4(δa2a3δa5a6 − δa2a5δa3a6 + δa2a6δa3a5)− δa1a5(δa2a3δa4a6 − δa2a4δa3a6 + δa2a6δa3a4)
+ δa1a6(δa2a3δa4a5 − δa2a4δa3a5 + δa2a5δa3a4)
= δa1a2

(δa3a4
δa5a6

− δa3[a5
δa6]a4

)− δa1a3
(δa2a4

δa5a6
− δa2[a5

δa6]a4
)
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+ δa1a4(δa2a3δa5a6 − δa2[a5
δa6]a3

)− δa1a5(δa2a3δa4a6 − δa2[a4
δa6]a3

)
+ δa1a6

(δa2a3
δa4a5

− δa2[a4
δa5]a3

)

Lem. 3.4.3. γa1
γa2

γa3
γa4

γa5
γa6

γa7
γa8

constant terms
= δa1a2(δa3a4δa5a6 − δa3a5δa4a6 + δa3a6δa4a5)δa7a8 + · · −δa1a3(δa2a4δa5a6 − δa2a5δa4a6 + δa2a6δa4a5)δa7a8 + · ·
+ δa1a4(δa2a3δa5a6 − δa2a5δa3a6 + δa2a6δa3a5)δa7a8 + · · −δa1a5(δa2a3δa4a6 − δa2a4δa3a6 + δa2a6δa3a4)δa7a8 + · ·
+ δa1a6(δa2a3δa4a5 − δa2a4δa3a5 + δa2a5δa3a4)δa7a8 + · · −δa1a7(δa2a3δa4a5 − δa2a4δa3a5 + δa2a5δa3a4)δa6a8 + · ·
+ δa1a8(δa2a3δa4a5 − δa2a4δa3a5 + δa2a5δa3a4)δa6a7 + · ·
= δa1a2

[δa3a4
(δa5a6

δa7a8
− δa5a7

δa6a8
+ δa5a8

δa6a7
)− δa3a5

(δa4a6
δa7a8

− δa4a7
δa6a8

+ δa4a8
δa6a7

)
+ δa3a6

(δa4a5
δa7a8

− δa4a7
δa5a8

+ δa4a8
δa5a7

)]
− δa1a3 [δa2a4(δa5a6δa7a8 − δa5a7δa6a8 + δa5a8δa6a7)− δa2a5(δa4a6δa7a8 − δa4a7δa6a8 + δa4a8δa6a7)
+ δa2a6(δa4a5δa7a8 − δa4a7δa5a8 + δa4a8δa5a7)]
+ δa1a4

[δa2a3
(δa5a6

δa7a8
− δa5a7

δa6a8
+ δa5a8

δa6a7
)− δa2a5

(δa3a6
δa7a8

− δa3a7
δa6a8

+ δa3a8
δa6a7

)
+ δa2a6

(δa3a5
δa7a8

− δa3a7
δa5a8

+ δa3a8
δa5a7

)]
− δa1a5 [δa2a3(δa4a6δa7a8 − δa4a7δa6a8 + δa4a8δa6a7)− δa2a4(δa3a6δa7a8 − δa3a7δa6a8 + δa3a8δa6a7)
+ δa2a6(δa3a4δa7a8 − δa3a7δa4a8 + δa3a8δa4a7 ]
+ δa1a6

[δa2a3
(δa4a5

δa7a8
− δa4a7

δa5a8
+ δa4a8

δa5a7
)− δa2a4

(δa3a5
δa7a8

− δa3a7
δa5a8

+ δa3a8
δa5a7

)
+ δa2a5

(δa3a4
δa7a8

− δa3a7
δa4a8

+ δa3a8
δa4a7

)]
− δa1a7 [δa2a3(δa4a5δa6a8 − δa4a6δa5a8 + δa4a8δa5a6)− δa2a4(δa3a5δa6a8 − δa3a6δa5a8 + δa3a8δa5a6)
+ δa2a5(δa3a4δa6a8 − δa3a6δa4a8 + δa3a8δa4a6 ]
+ δa1a8

[δa2a3
(δa4a5

δa6a7
− δa4a6

δa5a7
+ δa4a7

δa5a6
)− δa2a4

(δa3a5
δa6a7

− δa3a6
δa5a7

+ δa3a7
δa5a6

)
+ δa2a5

(δa3a4
δa6a7

− δa3a6
δa4a7

+ δa3a7
δa4a6

)]

Although the above can also be written strictly, concretely and completely step by step. The writing
method is not compact and concise. It is not convenient for use. We must think of a good way to
express it in order to use it conveniently.
3.5 Conjecture of Dirac matrices continuous multiplication trace in n=N+1-D

(Can be established through construction)

Ass. 3.5.1. tr{ 1
l!γ[a1

· ·γal]} = 0, l ≤ [n/2](2− n%2)

Ass. 3.5.2. tr{ 1
1!γ

b1 1
1!γa1} = 2[

n
2 ]δb1a1

tr{ 1
2!γ

[b1γb2] 1
2!γ[a1

γa2]} = −2[
n
2 ]δb1[a1

δb2a2], tr{
1
3!γ

[b1 · ·γb3] 1
3!γ[a1

· ·γa3]} = −2[
n
2 ]δb1[a1

· ·δb3a3]

tr{ 1
4!γ

[b1 · ·γb4] 1
4!γ[a1

· ·γa4]} = 2[
n
2 ]δb1[a1

· ·δb4a4], tr{
1
5!γ

[b1 · ·γb5] 1
5!γ[a1

· ·γa5]} = 2[
n
2 ]δb1[a1

· ·δb5a5]
· · ·
tr{ 1

l!γ
[a1γa2γa3γa4 · ·γal−1γal] 1

l!γ[b1γb2γb3γb4 · ·γbl−1
γbl]} = il(l−1) 2

[
n
2 ]

l! δ
[a1

[b1
δa2

b2
δa3

b3
δa4

b4
· ·δal−1

bl−1
δ
al]
bl]

tr{ 1
l!γ

[a1γa2γa3γa4 · ·γal−1γal]γ0 1
l!γ[b1γb2γb3γb4 · ·γbl−1

γbl]γ0} = il(l+1) 2
[
n
2 ]

l! η
[a1

[b1
ηa2

b2
ηa3

b3
ηa4

b4
· ·ηal−1

bl−1
η
al]
bl]

Ass. 3.5.3.

tr{( 1
l!γ

[a1γa2γa3γa4 · ·γal−1γal])+ 1
l!γ[b1γb2γb3γb4 · ·γbl−1

γbl]} = 2
[
n
2 ]

l! δ
[a1

[b1
δa2

b2
δa3

b3
δa4

b4
· ·δal−1

bl−1
δ
al]
bl]

tr{( 1
l!γ

[a1γa2γa3γa4 · ·γal−1γal])+γ0 1
l!γ[b1γb2γb3γb4 · ·γbl−1

γbl]γ0} = 2
[
n
2 ]

l! η
[a1

[b1
ηa2

b2
ηa3

b3
ηa4

b4
· ·ηal−1

bl−1
η
al]
bl]

tr{( 1
l!γ

[a1γa2γa3γa4 · ·γal−1γal]γ0)+ 1
l!γ[b1γb2γb3γb4 · ·γbl−1

γbl]γ0} = 2
[
n
2 ]

l! δ
[a1

[b1
δa2

b2
δa3

b3
δa4

b4
· ·δal−1

bl−1
δ
al]
bl]

Ass. 3.5.4.

tr{ 1
l!γ

[a1γa2γa3γa4 · ·γal−1γal] 1
l′!γ[b1γb2γb3γb4 · ·γbl′−1

γbl′ ]} = il(l−1) 2
[
n
2 ]

l! δ
[a1

[b1
δa2

b2
δa3

b3
δa4

b4
· ·δal−1

bl−1
δ
al]
bl]
δll′

tr{ 1
l!γ

[a1γa2γa3γa4 · ·γal−1γal]γ0 1
l′!γ[b1γb2γb3γb4 · ·γbl′−1

γbl′ ]γ0} = il(l+1) 2
[
n
2 ]

l! η
[a1

[b1
ηa2

b2
ηa3

b3
ηa4

b4
· ·ηal−1

bl−1
η
al]
bl]
δll′

Ass. 3.5.5.
[n/2](2−n%2)∑

l=0

{( 1
l!γ

[a1γa2γa3γa4 · ·γal−1γal])+
λ
µ( 1
l!γ[a1

γa2γa3γa4 · ·γal−1
γal])η

ξ} = 4[
n
2 ]δλ

ξδη
µ

3.6 Relational conjecture of Dirac matrices continuous multiplication trace in n=N+1-D

Ass. 3.6.1.

tr{γ[a1γa2 · ·γal−1]γalγ[a′1
γa′2 · ·γa′l−1]γa′l} = il(l−1)2[

n
2 ][(l − 1)!]2{ 1

l!δ
[a1

[a′1
δa2

a′2
· ·δal]a′l]

− 1
(l−2)!δ

[a1

[a′1
· ·δal−2]

a′l−2]δ
al−1]alδa′l−1]a′l

}

tr{γ[a1 · ·γal−1]γalγ0γ[a′1
· ·γa′l−1]γa′lγ0} = il(l+1)2[

n
2 ][(l − 1)!]2{ 1

l!η
[a1

[a′1
ηa2

a′2
· ·ηal]a′l]

− 1
(l−2)!η

[a1

[a′1
· ·ηal−2

a′l−2
δal−1]alδa′l−1]a′l

}

Ass. 3.6.2.

tr{γa1γ[a2 · ·γal−1γal]γa′1γ[a′2
· ·γa′l−1

γa′l]} = il(l−1)2[
n
2 ][(l − 1)!]2{ 1

l!δ
[a1

[a′1
δa2

a′2
· ·δal]a′l]

− 1
(l−2)!δ

a1[a2δa′1[a′2
δa3

a′3
· ·δal]a′l]

}

tr{γ0γa1γ[a2 · ·γal]γ0γa′1γ[a′2
· ·γa′l]} = il(l+1)2[

n
2 ][(l − 1)!]2{ 1

l!δ
[a1

[a′1
δa2

a′2
· ·δal]a′l]

− 1
(l−2)!δ

a1[a2δa′1[a′2
δa3

a′3
· ·δal]a′l]

}
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Ass. 3.6.3.

tr{γa1γ[a2 · ·γal−1γal]γ[a′1
γa′2 · ·γa′l−1]γa′l} = il(l−1)2[

n
2 ][(l − 1)!]2{ 1

l!δ
[a1

[a′1
δa2

a′2
· ·δal]a′l]

− 1
(l−2)!δ

a1[a2δa3

[a′1
· ·δal]a′l−2

δa′l−1]a′l
}

tr{γ0γa1γ[a2 · ·γal−1γal]γ0γ[a′1
γa′2 · ·γa′l−1]γa′l} = il(l+1)2[

n
2 ][(l − 1)!]2{ 1

l!η
[a1

[a′1
· ·ηal]a′l]

− 1
(l−2)!δ

a1[a2ηa3

[a′1
· ·ηal]a′l−2

δa′l−1]a′l
}

Ass. 3.6.4.

tr{γ[a1γa2 · ·γal−1]γalγa′1γ[a′2
· ·γa′l−1

γa′l]} = il(l−1)2[
n
2 ][(l − 1)!]2{ 1

l!δ
[a1

[a′1
δa2

a′2
· ·δal]a′l]

− 1
(l−2)!δa′1[a′2

δ
[a1

a′3
· ·δal−2

a′l]
δal−1]al}

tr{γ0γa1γ[a2 · ·γal−1γal]γ0γ[a′1
γa′2 · ·γa′l−1]γa′l} = il(l+1)2[

n
2 ][(l − 1)!]2{ 1

l!η
[a1

[a′1
· ·ηal]a′l]

− 1
(l−2)!δa′1[a′2

η
[a1

a′3
· ·ηal−2

a′l]
δal−1]al}

Self comment: The above Dirac matrix continuous multiplication trace formula was proved through
the conjecture of Dirac matrix continuous multiplication expansion, and in essence it has not been
strictly proved.

4 Properties of product sum for δ functions in N+1 dimensional space-time
4.1 Indices monotonic cyclic summation rule of product sum for δ functions in n=N+1-D

Lem. 4.1.1.

1
2

a∑
b

{δa1a2δ
[a3

[b1
δ
a4]
b2] δb3b4} =

a∑
b

{δa1a2δ
[a3

b1
δ
a4]
b2
δb3b4} =

a∑
b

{δa1a2δa3

[b1
δa4

b2]δb3b4}

= 1
2 (δa1[a2δa3

[b1
δ
a4]
b2
δb3]b4 + δa1[a2δa3

[b1
δ
a4]
b4] δb2b3 − δ

a1[a2δa3

[b1
δ
a4]
b3] δb2b4 + δa1[a2δa3

[b3
δ
a4]
b4] δb1b2)

+ 1
2 (δa2a3δ

[a1

[b1
δ
a4]
b2
δb3]b4 + δa2a3δ

[a1

[b1
δ
a4]
b4] δb2b3 − δ

a2a3δ
[a1

[b1
δ
a4]
b3] δb2b4 + δa2a3δ

[a1

[b3
δ
a4]
b4] δb1b2)

− 1
2 (δa2a4δ

[a1

[b1
δ
a3]
b2
δb3]b4 + δa2a4δ

[a1

[b1
δ
a3]
b4] δb2b3 − δ

a2a4δ
[a1

[b1
δ
a3]
b3] δb2b4 + δa2a4δ

[a1

[b3
δ
a3]
b4] δb1b2)

+ 1
2 (δa3a4δ

[a1

[b1
δ
a2]
b2
δb3]b4 + δa3a4δ

[a1

[b1
δ
a2]
b4] δb2b3 − δ

a3a4δ
[a1

[b1
δ
a2]
b3] δb2b4 + δa3a4δ

[a1

[b3
δ
a2]
b4] δb1b2)

Lem. 4.1.2.

∑
ab

{δa1a2δb1b2} = δa1a2δb1b2 − δ
a1

[b1
δa2

b2],
∑
a
{δa1a2

δa3a4
} = δa1a2

δa3a4
− δa1[a3

δa4]a2

a∑
b

{δa1a2δa3a4δb1b2δb3b4} = (δa1a2δa3a4 − δa1[a3δa4]a2)(δb1b2δb3b4 − δb1[b3δb4]b2)∑
ab

{δa1a2δa3a4δb1b2δb3b4} = 1
0!

a∑
b

{δa1a2δa3a4δb1b2δb3b4}+ 1
2!

a∑
b

{δa1a2δ
[a3

[b1
δ
a4]
b2] δb3b4}+ 1

4!δ
[a1

[b1
δa2

b2
δa3

b3
δ
a4]
b4]

Lem. 4.1.3. γa1γa2γa3γa4γa5γa6γa7γa8γb1γb2γb3γb4γb5γb6γb7γb8

= · · ·+ 1
0!

a∑
b

{δa1a2δa3a4δa5a6δa7a8δb1b2δb3b4δb5b6δb7b8}+ 1
2!

a∑
b

{δa1a2δa3a4δa5a6δ
[a7

[b1
δ
a8]
b2] δb3b4δb5b6δb7b8}

+ 1
4!

a∑
b

{δa1a2δa3a4δ
[a5

[b1
δa6

b2
δa7

b3
δ
a8]
b4] δb5b6δb7b8}+ 1

6!

a∑
b

{δa1a2δ
[a3

[b1
δa4

b2
δa5

b3
δa6

b4
δa7

b5
δ
a8]
b6] δb7b8}+ 1

8!δ
[a1

[b1
δa2

b2
δa3

b3
δa4

b4
δa5

b5
δa6

b6
δa7

b7
δ
a8]
b8]

Lem. 4.1.4. γa1γa2γa3γa4 · ·γa2l−3γa2l−2γa2l−1γa2lγb1γb2γb3γb4 · ·γb2l−3
γb2l−2

γb2l−1
γb2l

= · · ·
+ 1

0!

a∑
b

{δa1a2δa3a4 · ·δa2l−3a2l−2δa2l−1a2lδb1b2δb3b4 · ·δb2l−3b2l−2
δb2l−1b2l}

+ 1
2!

a∑
b

{δa1a2δa3a4 · ·δa2l−3a2l−2δ
[a2l−1

[b1
δ
a2l]
b2] δb3b4 · ·δb2l−3b2l−2

δb2l−1b2l}

+ 1
4!

a∑
b

{δa1a2δa3a4 · ·δ[a2l−3

[b1
δ
a2l−2

b2
δ
a2l−1

b3
δ
a2l]
b4] · ·δb2l−3b2l−2

δb2l−1b2l}+ · ·

+ 1
(2l−2)!

a∑
b

{δa1a2δ
[a3

[b1
δa4

b2
δa5

b3
δa6

b4
· ·δa2l−3

b2l−5
δ
a2l−2

b2l−4
δ
a2l−1

b2l−3
δ
a2l]
b2l−2]δb2l−1b2l}

+ 1
(2l)!δ

[a1

[b1
δa2

b2
δa3

b3
δa4

b4
· ·δa2l−3

b2l−3
δ
a2l−2

b2l−2
δ
a2l−1

b2l−1
δ
a2l]
b2l]

Lem. 4.1.5. γa1γa2γa3γa4 · ·γa2l−3γa2l−2γa2l−1γa2lγa2l+1γb1γb2γb3γb4 · ·γb2l−3
γb2l−2

γb2l−1
γb2lγ

b2l+1

= · · ·
+ 1

1!

a∑
b

{δa1a2δa3a4 · ·δa2l−3a2l−2δa2l−1a2lδ
a2l+1

b1
δb2b3δb4b5 · ·δb2l−2b2l−1

δb2lb2l+1
}

+ 1
3!

a∑
b

{δa1a2δa3a4 · ·δa2l−3a2l−2δ
[a2l−1

[b1
δa2l

b2
δ
a2l+1]
b3] δb4b5 · ·δb2l−2b2l−1

δb2lb2l+1
}

+ 1
5!

a∑
b

{δa1a2δa3a4 · ·δ[a2l−3

[b1
δ
a2l−2

b2
δ
a2l−1

b3
δa2l

b4
δ
a2l+1]
b5] · ·δb2l−2b2l−1

δb2lb2l+1
}+ · ·

+ 1
(2l−1)!

a∑
b

{δa1a2δ
[a3

[b1
δa4

b2
δa5

b3
δa6

b4
· ·δa2l−1

b2l−3
δa2l

b2l−2
δ
a2l+1]
b2l−1] δb2lb2l+1

}

+ 1
(2l+1)!δ

[a1

[b1
δa2

b2
δa3

b3
δa4

b4
· ·δa2l−3

b2l−3
δ
a2l−2

b2l−2
δ
a2l−1

b2l−1
δa2l

b2l
δ
a2l+1]
b2l+1]

Lem. 4.1.6. γa1γa2γa3γa4 · ·γa2l−3
γa2l−2

γa2l−1
γa2l

γb1γb2γb3γb4 · ·γb2l−3
γb2l−2

γb2l−1
γb2l

= · · ·
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+ 1
0!

a∑
b

{δa1a2δa3a4 · ·δa2l−3a2l−2
δa2l−1a2l

δb1b2δb3b4 · ·δb2l−3b2l−2
δb2l−1b2l}

+ 1
2!

a∑
b

{δa1a2δa3a4 · ·δa2l−3a2l−2
δ[a2l−1〈b1δa2l]b2〉δb3b4 · ·δb2l−3b2l−2

δb2l−1b2l}

+ 1
4!

a∑
b

{δa1a2δa3a4 · ·δ[a2l−3〈b1δa2l−2b2δa2l−1b3δa2l]b4〉 · ·δb2l−3b2l−2
δb2l−1b2l}+ · ·

+ 1
(2l−2)!

a∑
b

{δa1a2δ[a3〈b1δa4b2δa5b3δa6b4 · ·δa2l−3b2l−5
δa2l−2b2l−4

δa2l−1b2l−3
δa2l]b2l−2〉δb2l−1b2l}

+ 1
(2l)!δ[a1〈b1δa2b2δa3b3δa4b4 · ·δa2l−3b2l−3

δa2l−2b2l−2
δa2l−1b2l−1

δa2l]b2l〉

Lem. 4.1.7. γa1γa2γa3γa4 · ·γa2l−3
γa2l−2

γa2l−1
γa2l

γa2l+1
γb1γb2γb3γb4 · ·γb2l−3

γb2l−2
γb2l−1

γb2lγb2l+1

= · · ·
+ 1

1!

a∑
b

{δa1a2
δa3a4

· ·δa2l−3a2l−2
δa2l−1a2l

δa2l+1b1δb2b3δb4b5 · ·δb2l−2b2l−1
δb2lb2l+1

}

+ 1
3!

a∑
b

{δa1a2
δa3a4

· ·δa2l−3a2l−2
δ[a2l−1〈b1δa2lb2δa2l+1]b3〉δb4b5 · ·δb2l−2b2l−1

δb2lb2l+1
}

+ 1
5!

a∑
b

{δa1a2δa3a4 · ·δ[a2l−3〈b1δa2l−2b2δa2l−1b3δa2lb4δa2l+1]b5〉 · ·δb2l−2b2l−1
δb2lb2l+1

}+ · ·

+ 1
(2l−1)!

a∑
b

{δa1a2δ[a3〈b1δa4b2δa5b3δa6b4 · ·δa2l−1b2l−3
δa2lb2l−2

δa2l+1]b2l−1〉δb2lb2l+1
}

+ 1
(2l+1)!δ[a1〈b1δa2b2δa3b3δa4b4 · ·δa2l−3b2l−3

δa2l−2b2l−2
δa2l−1b2l−1

δa2lb2lδa2l+1]b2l+1〉

Although the above method of writing has become more compact, it can be strictly, concretely, and
completely written step by step. However, it is still not concise enough to be easily used. We must
think of a better way to express it for conveniently using.
4.2 Expansion and contraction of fully symmetric tensors with w + 1 order

Pro. 4.2.1. A(a1a2a3a4··a2s) = Aa1(a2a3a4··a2s) +Aa2(a1a3a4··a2s) +Aa3(a1a2a4··a2s) + ··

Pro. 4.2.2. A(a1a2a3a4··a2s) = 〈A(a1··al){al+1··a2s},
(2s)!

l!(2s−l)! 〉
= 〈A(a1 · ·al1︸ ︷︷ ︸

l1

)(al1+1 · ·al1+l2︸ ︷︷ ︸
l2

)··(al1+··+ln−1+1 · ·al1+··+ln︸ ︷︷ ︸
ln

),
(2s)!

l1!l2!··ln! 〉, l1 + l2 + · ·+ln = 2s

Pro. 4.2.3. ΓkςA1ςA2ς ··A2sς
(s;w)ΓB1ςB2ς ··B2sς

kς
(s;w) = 1

(2s)!δ
(B1ς

A1ς
δB2ς

A2ς
· ·δB2sς)

A2sς
= 1

(2s)!δ
B1ς

(A1ς
δB2ς

A2ς
· ·δB2sς

A2sς)

Pro. 4.2.4. δb1(a1
δb2a2

δb3a3
· ·δb2sa2s)

= δb1a1
δb2(a2

δb3a3
· ·δb2sa2s)

+ δb1a2
δb2(a1

δb3a3
· ·δb2sa2s)

+ δb1a3
δb2(a1

δb3a2
· ·δb2sa2s)

+ ··

Pro. 4.2.5. δa1

b1
δb1(a1

δb2a2
δb3a3
· ·δb2sa2s)

= (2s+ w)δb2(a2
δb3a3
· ·δb2sa2s)

Proof: δa1

b1
δb1(a1

δb2a2
δb3a3
· ·δb2sa2s)

= δa1

b1
δb1a1

δb2(a2
δb3a3
· ·δb2sa2s)

+ δa1

b1
δb1a2

δb2(a1
δb3a3
· ·δb2sa2s)

+ δa1

b1
δb1a3

δb2(a1
δb3a2
· ·δb2sa2s)

+ · ·
= nδb2(a2

δb3a3
· ·δb2sa2s)

+ δb2(a2
δb3a3
· ·δb2sa2s)

+ δb2(a3
δb3a2
· ·δb2sa2s)

+ · ·
= (2s+ w)δb2(a2

δb3a3
· ·δb2sa2s)

Pro. 4.2.6.
δa1

b1
δb1(a1

δb2a2
δb3a3
· ·δb2sa2s)

= 1!C1
2s+wδ

b2
(a2
δb3a3
· ·δb2sa2s)

, δa1

b1
δa2

b2
δb1(a1

δb2a2
δb3a3
· ·δb2sa2s)

= 2!C2
2s+wδ

b3
(a3
δb4a4
· ·δb2sa2s)

δa1

b1
δa2

b2
δa3

b3
δb1(a1

δb2a2
δb3a3
· ·δb2sa2s)

= 3!C3
2s+wδ

b4
(a4
· ·δb2sa2s)

· · · · · ·
δa1

b1
δa2

b2
· ·δa2s−1

b2s−1
δb1(a1

δb2a2
δb3a3
· ·δb2sa2s)

= (2s− 1)!C2s−1
2s+wδ

b2s
a2s
, δa1

b1
δa2

b2
· ·δa2s

b2s
δb1(a1

δb2a2
δb3a3
· ·δb2sa2s)

= (2s)!C2s
2s+w

Pro. 4.2.7.
δb1(a1

δb2a2
· ·δb2sa2s)

δa2s

b2s
= 1!C1

2s+wδ
b1
(a1
δb2a2
· ·δb2s−1

a2s−1), δb1(a1
δb2a2
· ·δb2sa2s)

δ
a2s−1

b2s−1
δa2s

b2s
= 2!C2

2s+wδ
b1
(a1
δb2a2
· ·δb2s−2

a2s−2)

δb1(a1
δb2a2

δb3a3
· ·δb2sa2s)

δ
a2s−2

b2s−2
· ·δa2s

b2s
= 3!C3

2s+wδ
b1
(a1
δb2a2
· ·δb2s−3

a2s−3) · · · · · ·
δb1(a1

δb2a2
δb3a3
· ·δb2sa2s)

δ
a2s−1

b2s−1
· ·δa2

b2
δa1

b1
= (2s− 1)!C2s−1

2s+wδ
b2s
a2s
, δb1(a1

δb2a2
δb3a3
· ·δb2sa2s)

δa2s

b2s
· ·δa2

b2
δa1

b1
= (2s)!C2s

2s+w

4.3 Expansion and contraction of antisymmetric tensors in n=N+1 dimensional space-time

Pro. 4.3.1. A[a1a2a3a4··an] = Aa1[a2a3a4··an] −Aa2[a1a3a4··an] +Aa3[a1a2a4··an] + ··

Pro. 4.3.2. A[a1a2a3a4··a2s] = 〈A[a1··al][al+1··a2s],
(2s)!

l!(2s−l)! 〉
= 〈A[a1 · ·al1︸ ︷︷ ︸

l1

][al1+1 · ·al1+l2︸ ︷︷ ︸
l2

]··[al1+··+ln−1+1 · ·al1+··+ln︸ ︷︷ ︸
ln

],
(2s)!

l1!l2!··ln! 〉, l1 + l2 + · ·+ln = 2s
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Pro. 4.3.3. εa1a2··anε
b1b2··bn = δ

[b1
a1 δ

b2
a2
· ·δbn]

an = δb1[a1
δb2a2
· ·δbnan]

Pro. 4.3.4. δb1[a1
δb2a2

δb3a3
· ·δbnan] = δb1a1

δb2[a2
δb3a3
· ·δbnan] − δ

b1
a2
δb2[a1

δb3a3
· ·δbnan] + δb1a3

δb2[a1
δb3a2
· ·δbnan] + ··

Pro. 4.3.5. δa1

b1
δb1[a1

δb2a2
δb3a3
· ·δbnan] = δb2[a2

δb3a3
· ·δbnan]

Proof: δa1

b1
δb1[a1

δb2a2
δb3a3
· ·δbnan]

= δa1

b1
δb1a1

δb2[a2
δb3a3
· ·δbnan] − δ

a1

b1
δb1a2

δb2[a1
δb3a3
· ·δbnan] + δa1

b1
δb1a3

δb2[a1
δb3a2
· ·δbnan] + · ·

= nδb2[a2
δb3a3
· ·δbnan] − δ

b2
[a2
δb3a3
· ·δbnan] + δb2[a3

δb3a2
· ·δbnan] + · ·

= δb2[a2
δb3a3
· ·δbnan]

Pro. 4.3.6.
δa1

b1
δb1[a1

δb2a2
δb3a3
· ·δbnan] = 1!δb2[a2

δb3a3
· ·δbnan], δa1

b1
δa2

b2
δb1[a1

δb2a2
δb3a3
· ·δbnan] = 2!δb3[a3

δb4a4
· ·δbnan]

δa1

b1
δa2

b2
δa3

b3
δb1[a1

δb2a2
δb3a3
· ·δbnan] = 3!δb4[a4

· ·δbnan] · · · · · ·
δa1

b1
δa2

b2
· ·δan−1

bn−1
δb1[a1

δb2a2
δb3a3
· ·δbnan] = (n− 1)!δbnan , δa1

b1
δa2

b2
· ·δanbn δ

b1
[a1
δb2a2

δb3a3
· ·δbnan] = n!

Pro. 4.3.7.
δb1(a1

δb2a2
· ·δbnan]δ

an
bn

= 1!δb1[a1
δb2a2
· ·δbn−1

an−1], δb1(a1
δb2a2
· ·δbnan]δ

an−1

bn−1
δanbn = 2!δb1[a1

δb2a2
· ·δbn−2

an−2]

δb1(a1
δb2a2

δb3a3
· ·δbnan]δ

an−2

bn−2
· ·δanbn = 3!δb1[a1

δb2a2
· ·δbn−3

an−3] · · · · · ·
δb1[a1

δb2a2
δb3a3
· ·δbnan]δ

an
bn
· ·δa2

b2
= (n− 1)!δb1a1

, δb1[a1
δb2a2

δb3a3
· ·δbnan]δ

an
bn
· ·δa2

b2
δa1

b1
= n!

5 Q product in n=N+1 dimensional space-time
5.1 Concrete calculation of product in n=N+1 dimensional space-time

Def. 5.1.1. K := (m− γa∂a)γ0, K̃ := CKT C̄ = −γ0(m+ γa∂
a), Q := (m− γa∂a), Q̃ := (m+ γa∂

a)

Pro. 5.1.1. Γ0Q = Q̃Γ0, QΓ0 = Γ0Q̃; Γ0QΓ0 = Q̃,Γ0Q̃Γ0 = Q

Pro. 5.1.2.


γa1

Qγa′1Q̃ = −Γ0γa1
Q̃Γ0γa′1Q̃ = −γa1

Γ0Q̃γa′1Γ0Q̃

γa1
Qγa′1Q̃ = −γa1

QΓ0γa′1QΓ0 = γa1
Qγa′1Γ0QΓ0

γa1
Qγa′1Q̃ · ·γalQγa′lQ̃ = (−1)lγa1

Γ0Q̃γa′1Γ0Q̃ · ·γalΓ0Q̃γa′lΓ0Q̃

γa1
Qγa′1Q̃ · ·γalQγa′lQ̃ = (−1)l−1γa1

Qγa′1Γ0Qγa2
Γ0Qγa′2Γ0Q · ·γalΓ0Qγa′lΓ0QΓ0

Pro. 5.1.3.


tr(γa1

Qγa′1Q̃) = −tr(Γ0γa1
Q̃Γ0γa′1Q̃) = −tr(γa1

Γ0Q̃γa′1Γ0Q̃)

tr(γa1
Qγa′1Q̃) = −tr(Γ0γa1

QΓ0γa′1Q) = −tr(γa1
Γ0Qγa′1Γ0Q)

tr(γa1
Qγa′1Q̃ · ·γalQγa′lQ̃) = (−1)ltr(γa1

Γ0Q̃γa′1Γ0Q̃ · ·γalΓ0Q̃γa′lΓ0Q̃)

tr(γa1Qγa′1Q̃ · ·γalQγa′lQ̃) = (−1)ltr(γa1Γ0Qγa′1Γ0Q · ·γalΓ0Qγa′lΓ0Q)

Pro. 5.1.4.


tr[γaQγa′Q̃] = 8(m2δaa′ − ∂a∂a′) = 8m2(δaa′ − ∂a∂a′

m2 )

tr[γaΓ0Q̃γa′Γ0Q̃] = −8(m2δaa′ − ∂a∂a′) = −8m2(δaa′ − ∂a∂a′
m2 )

tr[γaΓ0Qγa′Γ0Q] = −8(m2δaa′ − ∂a∂a′) = −8m2(δaa′ − ∂a∂a′
m2 )

Pro. 5.1.5.

{
tr[γaQ̃γa′Q̃] = tr[γaQγa′Q] = 8∂a∂a′

tr[γaΓ0Qγa′Γ0Q̃] = tr[γaΓ0Q̃γa′Γ0Q̃] = −8∂a∂a′

Proof: tr[γaQγa′Q̃] = tr[γa(m− γa1
∂a1)γa′(m+ γa2

∂a2)]
= m2tr(γaγa′)− tr(γaγa1

γa′γa2
)∂a1∂a2

= 4m2δaa′ − 4(δaa1
δa′a2

− δaa′δa1a2
+ δaa2

δa1a′)∂
a1∂a2

= 4m2δaa′ − 4(2∂a∂a′ − δaa′m2)
= 8(m2δaa′ − ∂a∂a′)

Proof: tr[γaQ̃γa′Q̃] = tr[γa(m+ γa1
∂a1)γa′(m+ γa2

∂a2)]
= m2tr(γaγa′) + tr(γaγa1

γa′γa2
)∂a1∂a2

= 4m2δaa′ + 4(δaa1δa′a2 − δaa′δa1a2 + δaa2δa1a′)∂
a1∂a2

= 4m2δaa′ + 4(2∂a∂a′ − δaa′m2)
= 8∂a∂a′

Proof: tr[γaQγa′Q] = tr[γa(m− γa1
∂a1)γa′(m− γa2

∂a2)]
= m2tr(γaγa′) + tr(γaγa1γa′γa2)∂a1∂a2

= 4m2δaa′ + 4(δaa1δa′a2 − δaa′δa1a2 + δaa2δa1a′)∂
a1∂a2

= 4m2δaa′ + 4(2∂a∂a′ − δaa′m2)
= 8∂a∂a′
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The potential commutation rule can be calculated from the field commutation rule through the Q
product. n principle, it can be used to strictly prove the Behrends-Frontsdal conjecture formula. But
it is very cumbersome and difficult to use. In fact, it is still difficult to prove the Behrends-Frontsdal
conjecture formula.
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1 Fourier analysis technique and plane wave solutions expansion [37]

1.1 Fourier expansion of wave function

Basic idea: The wave function is completely and uniquely expanded according to Fourier analysis. The
equations and constraints are considered as conditions for selecting wave functions. The final result is
a complete plane wave solutions that conforms to the equations and constraints.

Def. 1.1.1. k ≡ (~k, iE), x ≡ (~r, it), d4x ≡ d3~rdt, ωk ≡
√
~k2 +m2 > 0, pa(ωk) ≡ (~k, iωk)a

Def. 1.1.2.
+∞∫

~r=−∞
≡

+∞∫
rx=−∞

+∞∫
ry=−∞

+∞∫
rz=−∞

,
+∞∫

x=−∞
≡

+∞∫
rx=−∞

+∞∫
ry=−∞

+∞∫
rz=−∞

+∞∫
t=−∞

Def. 1.1.3.
+∞∫

~k=−∞
≡

+∞∫
px=−∞

+∞∫
py=−∞

+∞∫
pz=−∞

,
+∞∫

k=−∞
≡

+∞∫
px=−∞

+∞∫
py=−∞

+∞∫
pz=−∞

+∞∫
E=−∞

Fourier expansion of the wave function:

φ(~r, t) =
1

(2π)3/2

+∞∫
~k=−∞

+∞∫
E=−∞

Φ(~k,E)ei(
~k·~r−Et)d3~kdE,Φ(~k,E) =

1

(2π)3/2

+∞∫
~r=−∞

+∞∫
t=−∞

φ(~r, t)e−i(
~k·~r−Et)d3~rdt

The Fourier expansion compact form of the wave function:

φ(x) =
1

(2π)3/2

+∞∫
k=−∞

Φ(k)eik·xd4k ⇔ Φ(k) =
1

(2π)3/2

+∞∫
x=−∞

φ(x)e−ik·xd4x (18.1)

1.2 Fourier expansion of wave function and Lorentz covariance

Def. 1.2.1. Φ(k) ≡ 1
(2π)3/2

+∞∫
x=−∞

φ(x)e−ik·xd4x,Φ′(k′) ≡ 1
(2π)3/2

+∞∫
x′=−∞

φ′(x′)e−ik
′·x′d4x′

The above two expressions are mathematically just two arbitrary definitions. It can have arbitrary
mathematical meanings, but it can be given explicit physical meanings. Think of the former as an
expression in the reference system O and the latter as an expression in the reference system O′.
Specifically, consider x as the expression of space-time coordinates in the reference system O. Consider
k as an expression of four dimensional momentum in the reference system O. Consider φ(x) as an
expression of the space-time wave function in the reference system O. Consider Φ(k) as an expression
of the momentum phase spatial wave function in the reference system O. consider x′ as the expression
of space-time coordinates in the reference system O′. Consider k′ as an expression of four dimensional
momentum in the reference system O′. Consider φ(x′) as an expression of the space-time wave function
in the reference system O′. Consider Φ(k′) as an expression of the momentum phase spatial wave
function in the reference system O′. The physical quantity in the reference system O′ is associated
with the corresponding physical quantity in the reference system O through the Lorentz transformation.
In this connection, k · x, d4x are represented as scalars. ,φ(x),Φ(k) are represented as covariates.

Thm. 1.2.1. φ′(eεx) = e
i
2 ε
abSabφ(x)⇔ Φ′(eεk) = e

i
2 ε
abSabΦ(k)

Proof: φ′(eεx) = e
i
2 ε
abSabφ(x)

⇔ i
(2π)3/2

+∞∫
x=−∞

φ′(eεx)e−ik·xd4x = i
(2π)3/2

+∞∫
x=−∞

e
i
2 ε
abSabφ(x)e−ik·xd4x

⇔ i
(2π)3/2

+∞∫
e−εx′=−∞

φ′(x′)e−ike
−ε·x′d4x′ = e

i
2 ε
abSabΦ(k)

⇔ i
(2π)3/2

+∞∫
x′=−∞

φ′(x′)e−ike
−ε·x′d4x′ = e

i
2 ε
abSabΦ(k)

⇔ Φ′(eεk) = e
i
2 ε
abSabΦ(k)
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The above theorem shows: If the spatiotemporal wave function is a covariate, then its Fourier ex-
pansion coefficients are all covariates of the same type, and vice versa. The above conclusion is math-

ematically equivalent to make a variable substitution x′ = eεx, k′ = eεk, and meet Φ′(eεx) = e
i
2 ε
abSabΦ(x).

This transformation is just the Lorentz transformation.
1.3 Lorentz covariance of special functions

Cor. 1.3.1.
+∞∫

~k=−∞

1
ωd

3~k =
+∞∫

~k=−∞

+∞∫
E=−∞

1
2ω [δ(E−ω) + δ(E+ω)]d3~kdE =

+∞∫
~k=−∞

+∞∫
E=−∞

δ(E2−ω2)d3~kdE(It’s a scalar.)

Get an important mathematical skill: 1
ωd

3~k = δ(E2 − ω2)d3~kdE is a scalar. Is there a more intuitive
proof?

Cor. 1.3.2.
+∞∫

~k=−∞

1
2ωd

3~k =
+∞∫

~k=−∞

+∞∫
E=−∞

1
2ω δ(E − ω)d3~kdE =

+∞∫
~k=−∞

+∞∫
E=0

δ(E2 − ω2)d3~kdE(It’s a scalar.)

Cor. 1.3.3.
+∞∫

~k=−∞

1
2ωd

3~k =
+∞∫

~k=−∞

+∞∫
E=−∞

1
2ω δ(E + ω)d3~kdE =

+∞∫
~k=−∞

0∫
E=−∞

δ(E2 − ω2)d3~kdE(It’s a scalar.)

Cor. 1.3.4. δ(E2 − ω2) = 1
2ω [δ(E − ω) + δ(E + ω)]

Cor. 1.3.5. δ(E2 − ω2)U(E) = 1
2ω δ(E − ω), δ(E2 − ω2)U(−E) = 1

2ω δ(E + ω)

Cor. 1.3.6. δ(E2 − ω2)U(E − ω) = 1
2ω δ(E − ω), δ(E2 − ω2)U(−E − ω) = 1

2ω δ(E + ω)

Cor. 1.3.7. δ(−kaka −m2)It’s a scalar.

Cor. 1.3.8. 1
ω δ(E − ω), 1

ω δ(E + ω)It’s a scalar.

Cor. 1.3.9. δ4(k′ − k), δ4(x′ − x)It’s a scalar.

Cor. 1.3.10. d4k, d4x, 1
ωd

3~kIt’s a scalar.

2 Particle conservation covariates
2.1 Conservation equations and conserved covariates of current sources

Cor. 2.1.1. Q =
+∞∫

~r=−∞
ρ(~r, t0)d3~r, ∂aJ

a(~r, t) = 0⇒ Q =
+∞∫

~r=−∞

+∞∫
t=−∞

∂a[Ja(~r, t)U(t− t0)]d3~rdt

Proof: Q =
+∞∫

~r=−∞
ρ(~r, t0)d3~r =

+∞∫
~r=−∞

+∞∫
t=−∞

ρ(~r, t)δ(t− t0)d3~rdt

=
+∞∫

~r=−∞

+∞∫
t=−∞

ρ(~r, t)∂tU(t− t0)d3~rdt =
+∞∫

~r=−∞

+∞∫
t=−∞

Ja(~r, t)∂aU(t− t0)d3~rdt

∂aJ
a(~r,t)=0
=

+∞∫
~r=−∞

+∞∫
t=−∞

∂a[Ja(~r, t)U(t− t0)]d3~rdt

Cor. 2.1.2. P a =
+∞∫

~r=−∞
T a0(~r, t0)d3~r, ∂bT

ab(~r, t) = 0⇒ P a =
+∞∫

~r=−∞

+∞∫
t=−∞

∂b[T
ab(~r, t)U(t− t0)]d3~rdt,

Proof: P a =
+∞∫

~r=−∞
T a0(~r, t0)d3~r =

+∞∫
~r=−∞

+∞∫
t=−∞

T a0(~r, t)δ(t− t0)d3~rdt

=
+∞∫

~r=−∞

+∞∫
t=−∞

T a0(~r, t)∂tU(t− t0)d3~rdt =
+∞∫

~r=−∞

+∞∫
t=−∞

T ab(~r, t)∂bU(t− t0)d3~rdt

∂bT
ab(~r,t)=0

=
+∞∫

~r=−∞

+∞∫
t=−∞

∂b[T
ab(~r, t)U(t− t0)]d3~rdt,

Cor. 2.1.3. Mab =
+∞∫

~r=−∞
Jab0(~r, t0)d3~r, ∂cJ

abc(~r, t) = 0⇒Mab =
+∞∫

~r=−∞

+∞∫
t=−∞

∂c[J
abc(~r, t)U(t− t0)]d3~rdt

Proof: Mab =
+∞∫

~r=−∞
Jab0(~r, t0)d3~r =

+∞∫
~r=−∞

+∞∫
t=−∞

Jab0(~r, t)δ(t− t0)d3~rdt

=
+∞∫

~r=−∞

+∞∫
t=−∞

Jab0(~r, t)∂tU(t− t0)d3~rdt =
+∞∫

~r=−∞

+∞∫
t=−∞

Jabc(~r, t)∂cU(t− t0)d3~rdt

∂cJ
abc(~r,t)=0

=
+∞∫

~r=−∞

+∞∫
t=−∞

∂c[J
abc(~r, t)U(t− t0)]d3~rdt
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Math Skills: I only provide key skills here and not provide a complete proof. In Weinberg’s book,
using the conservation equation of current sources, the property of physical functions being zero at
infinite distance in space, and the invariance of physical time under Lorentz transformation, Lorentz
covariance of Q,P a,Mab can be proved from the above proposition.

3 Non relativistic particle
3.1 Plane wave solutions of complex scalar field equations

Complex scalar field equation: (∂a∂
a −m2)φ(~r, t) = 0⇔ (∇2 − ∂2

t −m2)φ(~r, t) = 0 (18.2)

Thm. 3.1.1. (∂a∂
a −m2)φ(~r, t) = 0⇔ φ(~r, t) = 1

(2π)3/2

+∞∫
~k=−∞

1
2ωk

[a(~k, ωk)ei(
~k·~r−ωkt) + a(−~k,−ωk)e−i(

~k·~r−ωkt)]d3~k

Proof: (∂a∂
a −m2)φ(~r, t) = 0⇒ 1

(2π)3/2

+∞∫
~k=−∞

+∞∫
E=−∞

φ(~k,E)(−~k2 + E2 −m2)ei(
~k·~r−Et)d3~kdE = 0

⇔ φ(~k,E)(E2 − ~k2 −m2) = 0⇔ φ(~k,E) = a(~k,E)δ(E2 − ~k2 −m2) + φ0(~k,E)δE2,~k2+m2

⇒ φ(~r, t) = 1
(2π)3/2

+∞∫
~k=−∞

+∞∫
E=−∞

[a(~k,E)δ(E2 − ~k2 −m2) + φ0(~k,E)δE2,~k2+m2 ]ei(
~k·~r−Et)d3~kdE

⇔ φ(~r, t) = 1
(2π)3/2

+∞∫
~k=−∞

+∞∫
E=−∞

a(~k,E)δ(E2 − ~k2 −m2)ei(
~k·~r−Et)d3~kdE,Apparent Lorentz covariant

⇔ φ(~r, t) = 1
(2π)3/2

+∞∫
~k=−∞

+∞∫
E=−∞

1
2ωk

a(~k,E)[δ(E − ωk) + δ(E + ωk)]ei(
~k·~r−Et)d3~kdE

⇔ φ(~r, t) = 1
(2π)3/2

+∞∫
~k=−∞

+∞∫
E=−∞

1
2ωk

a(~k,E)[δ(E − ωk) + δ(E + ωk)]ei(
~k·~r−Et)d3~kdE

⇔ φ(~r, t) = 1
(2π)3/2

+∞∫
~k=−∞

1
2ωk

[a(~k, ωk)ei(
~k·~r−ωkt) + a(~k,−ωk)ei(

~k·~r+ωkt)]d3~k

⇔ φ(~r, t) = 1
(2π)3/2

+∞∫
~k=−∞

1
2ωk

[a(~k, ωk)ei(
~k·~r−ωkt) + a(−~k,−ωk)e−i(

~k·~r−ωkt)]d3~k

Here, a different approach is used than in ordinary books. Four-dimensional rather than three-
dimensional Fourier expansion is used. Clearly showing the physical concepts of particles in and out
of the shell. Lorentz covariance is also evident in it, and includes a new algebraic solution for Dirac
function solutions. In the process of proof, we also saw the decomposition of positive and negative
energy solutions. And the negative energy solution can be understood in two meanings: one is to
understand the negative energy solution as a negative mass particle, and the other is to understand
the negative energy solution as a positive mass particle. However, the negative energy solution should
be understood as a reflected wave and the positive energy solution should be understood as an incident
wave.

Cor. 3.1.1. a′(eε[~k,E])δ(E2 − ~k2 −m2) = e
i
2 ε
abSaba(~k,E)δ(E2 − ~k2 −m2)

⇒ a′(eε[~k, ωk]) = e
i
2 ε
abSaba(~k, ωk), a′(eε[~k,−ωk]) = e

i
2 ε
abSaba(~k,−ωk)

Cor. 3.1.2. a(~k,E)δ(E2 − ~k2 −m2) = 1
2ωk

a(~k,E)[δ(E − ωk) + δ(E + ωk)], |~k| << m

≈ 1

2(m+
~k2

2m )
[a(~k,m+

~k2

2m )δ(E −m− ~k2

2m ) + a(~k,−m− ~k2

2m )δ(E +m+
~k2

2m )]

Cor. 3.1.3. φ(~r, t) ≈ 1
(2π)3/2

+∞∫
~k=−∞

1

2(m+
~k2

2m )
[a(~k,m+

~k2

2m )ei(
~k·~r− ~k2

2m t)e−imt + a(−~k,−m− ~k2

2m )e−i(
~k·~r− ~k2

2m t)eimt]d3~k

From the above, it can be seen that under the non relativistic limit, the plane wave solutions of a
complex scalar field is divided into two non relativistic positive and negative particles. They can exist
simultaneously. This can be analyzed further. Can we prove that the positive and negative energy
solutions are independently conserved?
3.2 Two non relativistic branches of complex scalar field equation

Thm. 3.2.1. (∂a∂
a −m2)φ(~r, t) = 0⇒ Two branches:

{
Positive energy solution:( 1

2m∇
2 + i∂t)φ+(~r, t) = 0

Negative energy solution:( 1
2m∇

2 − i∂t)φ−(~r, t) = 0

Thm. 3.2.2.

Positive energy solution: (i∂t + 1
2m∇

2)φ(~r, t) = 0⇔ Negative energy solution: (−i∂t + 1
2m∇

2)φ∗(~r, t) = 0
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3.3 Action of positive energy solution for Schrodinger equation and its Poisson bracket

Cor. 3.3.1. Lagrangian density: L = 1
2 [iφ∗(~r, t)∂tφ(~r, t)− iφ(~r, t)∂tφ

∗(~r, t)− 1
m∇φ

∗(~r, t) · ∇φ(~r, t)]
Lagrangian density: L = iφ∗(~r, t)∂tφ(~r, t) + 1

2mφ
∗(~r, t)∇2φ(~r, t)

Motion equation: (i∂t + 1
2m∇

2)φ(~r, t) = 0

Cor. 3.3.2. Canonical Variable: π(~r, t) = ∂L
∂φ̇

= iφ∗(~r, t)

Cor. 3.3.3. Hamiltonian density: H = ∂L
∂φ̇
φ̇−L = − 1

2mφ
∗(~r, t)∇2φ(~r, t) = i

2mπ(~r, t)∇2φ(~r, t)

Cor. 3.3.4. Momentum density: P = −∂L
∂φ̇
∇φ = −iφ∗(~r, t)∇φ(~r, t) = −π(~r, t)∇φ(~r, t)

Cor. 3.3.5. Lagrangian density: LH = π(~r, t)∂tφ(~r, t)− i
2mπ(~r, t)∇2φ(~r, t)

The basic relationship between canonical variables:

Cor. 3.3.6. {φ(~r′, t), φ(~r, t)}p = 0, {π(~r′, t), π(~r, t)}p = 0, {φ(~r′, t), π(~r, t)}p = δ3(~r′ − ~r)

Hamiltonian motion equation:

Cor. 3.3.7.

{
φ̇(~r, t) = i

2m∇
2φ(~r, t) = {φ(~r, t), H}p

π̇(~r, t) = − i
2m∇

2π(~r, t) = {π(~r, t), H}p

Probability flow conservation equation and conservation charge:

Cor. 3.3.8. i∂t[φ
∗(~r, t)φ(~r, t)] + 1

2m∇ · [φ
∗(~r, t)∇φ(~r, t)− φ(~r, t)∇φ∗(~r, t)] = 0

⇒ Q̇ = 0, Q =
+∞∫

~r=−∞
φ∗(~r, t)φ(~r, t)d3~r ∈ R

The existence of the above conserved quantities indicates the conservation of total probability.
Probability interpretation has a mathematical foundation. But there can also be other explanations,
such as electric charge. This is the connection and difference between mathematics and physics. There
are several reasonable physical explanations for a clear mathematical conclusion.
3.4 Plane wave solutions for positive energy Schrodinger equation

The positive energy solution branch of Schrodinger equation:

Thm. 3.4.1. (i∂t + 1
2m∇

2)φ(~r, t) = 0⇔ φ(~r, t) = 1
(2π)3/2

+∞∫
~k=−∞

a(~k,
~k2

2m )ei(
~k·~r− ~k2

2m t)d3~k

Proof: (i∂t + 1
2m∇

2)φ(~r, t) = 0⇒ 1
(2π)3/2

+∞∫
~k=−∞

+∞∫
E=−∞

φ(~k,E)(E − ~k2

2m )ei(
~k·~r−Et)d3~kdE = 0

⇔ φ(~k,E)(E − ~k2

2m ) = 0⇔ φ(~k,E) = a(~k,E)δ(E − ~k2

2m ) + φ0(~k,E)δ
E,

~k2

2m

⇒ φ(~r, t) = 1
(2π)3/2

+∞∫
~k=−∞

+∞∫
E=−∞

[a(~k,E)δ(E − ~k2

2m ) + φ0(~k,E)δ
E,

~k2

2m

]ei(
~k·~r−Et)d3~kdE

⇔ φ(~r, t) = 1
(2π)3/2

+∞∫
~k=−∞

+∞∫
E=−∞

a(~k,E)δ(E − ~k2

2m )ei(
~k·~r−Et)d3~kdE

⇔ φ(~r, t) = 1
(2π)3/2

+∞∫
~k=−∞

a(~k,
~k2

2m )ei(
~k·~r− ~k2

2m t)d3~k

⇔ a(~k) ≡ a(~k,
~k2

2m ) = 1
(2π)3/2

+∞∫
~r=−∞

φ(~r, t)e−i(
~k·~r− ~k2

2m t)d3~r

Cor. 3.4.1. φ(−~r,−t) = 1
(2π)3/2

+∞∫
~k=−∞

a(~k)e−i(
~k·~r− ~k2

2m t)d3~k

Cor. 3.4.2. H =
+∞∫

~k=−∞

~k2

2ma
∗(~k)a(~k)d3~k, ~P =

+∞∫
~k=−∞

~ka∗(~k)a(~k)d3~k,Q =
+∞∫

~k=−∞
a∗(~k)a(~k)d3~k
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3.5 Action of negative energy solution for Schrodinger equation and its Poisson bracket

Cor. 3.5.1. Lagrangian density: L = 1
2 [−iφ∗(~r, t)∂tφ(~r, t) + iφ(~r, t)∂tφ

∗(~r, t)− 1
m∇φ

∗(~r, t) · ∇φ(~r, t)]
Lagrangian density: L = −iφ∗(~r, t)∂tφ(~r, t) + 1

2mφ
∗(~r, t)∇2φ(~r, t)

Motion equation: (−i∂t + 1
2m∇

2)φ(~r, t) = 0

Cor. 3.5.2. Canonical Variable: π(~r, t) = ∂L
∂φ̇

= −iφ∗(~r, t)

Cor. 3.5.3. Hamiltonian density: H = ∂L
∂φ̇
φ̇−L = − 1

2mφ
∗(~r, t)∇2φ(~r, t) = − i

2mπ(~r, t)∇2φ(~r, t)

Cor. 3.5.4. Momentum density: P = −∂L
∂φ̇
∇φ = iφ∗(~r, t)∇φ(~r, t) = −π(~r, t)∇φ(~r, t)

Cor. 3.5.5. Lagrangian density: LH = π(~r, t)∂tφ(~r, t) + i
2mπ(~r, t)∇2φ(~r, t)

The basic relationship between canonical variables:

Cor. 3.5.6. {φ(~r′, t), φ(~r, t)}p = 0, {π(~r′, t), π(~r, t)}p = 0, {φ(~r′, t), π(~r, t)}p = δ3(~r′ − ~r)

Hamiltonian motion equation:

Cor. 3.5.7.

{
φ̇(~r, t) = − i

2m∇
2φ(~r, t) = {φ(~r, t), H}p

π̇(~r, t) = i
2m∇

2π(~r, t) = {π(~r, t), H}p

Probability flow conservation equation and conservation charge:

Cor. 3.5.8. −i∂t[φ∗(~r, t)φ(~r, t)] + 1
2m∇ · [φ

∗(~r, t)∇φ(~r, t)− φ(~r, t)∇φ∗(~r, t)] = 0

⇒ Q̇ = 0, Q =
+∞∫

~r=−∞
φ∗(~r, t)φ(~r, t)d3~r ∈ R

The existence of the above conserved quantities indicates the conservation of total probability.
Probability interpretation has a mathematical foundation. But there can also be other explanations,
such as electric charge. This is the connection and difference between mathematics and physics. There
are several reasonable physical explanations for a clear mathematical conclusion.
3.6 Plane wave solutions for negative energy Schrodinger equation

The negative energy solution branch of Schrodinger equation:

Thm. 3.6.1. (−i∂t + 1
2m∇

2)φ(~r, t) = 0⇔ φ(~r, t) = 1
(2π)3/2

+∞∫
~k=−∞

a(−~k,− ~k2

2m )e−i(
~k·~r− ~k2

2m t)d3~k

Proof: (−i∂t + 1
2m∇

2)φ(~r, t) = 0⇒ 1
(2π)3/2

+∞∫
~k=−∞

+∞∫
E=−∞

φ(~k,E)(E +
~k2

2m )ei(
~k·~r−Et)d3~kdE = 0

⇔ φ(~k,E)(E +
~k2

2m ) = 0⇔ φ(~k,E) = a(~k,E)δ(E +
~k2

2m ) + φ0(~k,E)δ
E,− ~k2

2m

⇒ φ(~r, t) = 1
(2π)3/2

+∞∫
~k=−∞

+∞∫
E=−∞

[a(~k,E)δ(E +
~k2

2m ) + φ0(~k,E)δ
E,− ~k2

2m

]ei(
~k·~r−Et)d3~kdE

⇔ φ(~r, t) = 1
(2π)3/2

+∞∫
~k=−∞

+∞∫
E=−∞

a(~k,E)δ(E +
~k2

2m )ei(
~k·~r−Et)d3~kdE

⇔ φ(~r, t) = 1
(2π)3/2

+∞∫
~k=−∞

a(~k,− ~k2

2m )ei(
~k·~r+ ~k2

2m t)d3~k

⇔ φ(~r, t) = 1
(2π)3/2

+∞∫
~k=−∞

a(−~k,− ~k2

2m )e−i(
~k·~r− ~k2

2m t)d3~k

⇔ a(~k) ≡ a(−~k,− ~k2

2m ) = 1
(2π)3/2

+∞∫
~r=−∞

φ(~r, t)ei(
~k·~r− ~k2

2m t)d3~r

Cor. 3.6.1. H =
+∞∫

~k=−∞

~k2

2ma
∗(~k)a(~k)d3~k, ~P =

+∞∫
~k=−∞

~ka∗(~k)a(~k)d3~k,Q =
+∞∫

~k=−∞
a∗(~k)a(~k)d3~k

From the above, under the non relativistic limit, the positive and negative energy branchs for
Schrodinger equation both describe a non relativistic particle. They can’t describe two positive and
negative particles simultaneously. If they appear in the same equation, they become zero. It makes
no sense. And the conjugate solution of a positive energy branch is the solution of a negative energy
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branch, and vice versa. The conjugation of positive particle characterizes an antiparticle. In addition
from the proof of the above two theorems, it can be seen that the two branches can been uniformly
expressed only by assuming that m can take a positive or negative value. Then the negative energy
branch is same as a positive energy branch in form. m > 0 describes a positive branch, and m < 0
describes a negative branch. There are two understandings on negative energy solutions, one describe
particles with a negative mass, and the other describe particles with a positive mass. Quantized
solution with a negative mass is equivalent to positive energy solution.

4 Quadratic quantization of ± energy solutions for Schrodinger equation
4.1 Discussion on quadratic quantization of ± energy solutions for Schrodinger equation

Cor. 4.1.1. H =
+∞∫

~k=−∞

~k2

2ma
+(~k)a(~k)d3~k, ~P =

+∞∫
~k=−∞

~ka+(~k)a(~k)d3~k,Q = N̂ =
+∞∫

~k=−∞
a+(~k)a(~k)d3~k

The above relationships do not rely on commutative or anti commutative relations, nor do rely on
positive or negative energy solutions.

Def. 4.1.1. Quantum equation: i∂t|Ψ >= H|Ψ >, |Ψ > is a quantum wave function.

Cor. 4.1.2. −i∇|Ψ >= ~P |Ψ >

Understanding in terms of commutators: Describe non relativistic bosons.

Cor. 4.1.3.


[φ(~r′, t), φ(~r, t)] = 0

[φ+(~r′, t), φ+(~r, t)] = 0

[φ(~r′, t), φ+(~r, t)] = δ3(~r′ − ~r)
⇔


[a(~k′), a(~k)] = 0

[a+(~k′), a+(~k)] = 0

[a(~k′), a+(~k)] = δ3(~k′ − ~k)

Understanding in terms of anti commutators: Describe non relativistic fermions.

Cor. 4.1.4.


{φ(~r′, t), φ(~r, t)} = 0

{φ+(~r′, t), φ+(~r, t)} = 0

{φ(~r′, t), φ+(~r, t)} = δ3(~r′ − ~r)
⇔


{a(~k′), a(~k)} = 0

{a+(~k′), a+(~k)} = 0

{a(~k′), a+(~k)} = δ3(~k′ − ~k)

4.2 Quantum description of particles

Def. 4.2.1. N̂ =
+∞∫

~k=−∞
a+(~k)a(~k)d3~k, P a =

+∞∫
~k=−∞

kaa+(~k)a(~k)d3~k

Def. 4.2.2. If |0 > 6= 0, a(~k)|0 >= 0,∀~k, then |0 > is in a vacuum state or ground state.

Cor. 4.2.1. N̂ |0 >= 0

Proof: a(~k)|0 >= 0,∀~k ⇒ a+(~k)a(~k)|0 >= 0,∀~k ⇒
+∞∫

~k=−∞
a+(~k)a(~k)|0 > d3~k = 0

⇒
+∞∫

~k=−∞
a+(~k)a(~k)d3~k|0 >= 0⇒ N̂ |0 >= 0

Cor. 4.2.2. [< 0|0 >] > 0,normalization: < 0|0 >= 1

5 Quantum description of bosons
5.1 Basic commutative relation of bosons

Def. 5.1.1. [a(~k′), a(~k)] = 0, [a+(~k′), a+(~k)] = 0, [a(~k′), a+(~k)] = δ3(~k′ − ~k)

Def. 5.1.2. N̂(k) ≡ a+(~k)a(~k), ka ≡ (~k, iωk), ωk ≡
~k2

2m

5.2 Particle number operator properties of bosons

Cor. 5.2.1. [N̂ , a(~k)] = −a(~k)

Proof: [N̂ , a(~k)] =
+∞∫

~k′=−∞
[a+(~k′)a(~k′)a(~k)− a(~k)a+(~k′)a(~k′)]d3~k′

=
+∞∫

~k′=−∞
[a+(~k′)a(~k)a(~k′)− a(~k)a+(~k′)a(~k′)]d3~k′

=
+∞∫

~k′=−∞
[a+(~k′), a(~k)]a(~k′)d3~k′

=
+∞∫

~k′=−∞
−δ3(~k′ − ~k)a(~k′)d3~k′ = −a(~k)

281



Chapter18 Quantization of Non Relativistic Particles Shui-Rong Shi

Cor. 5.2.2. [N̂ , a(~k)] = −a(~k)⇔ [N̂ , a+(~k)] = a+(~k)

Cor. 5.2.3. [N̂ , a+(~k)a(~k)] = 0,∀~k

Proof: [N̂ , a+(~k)a(~k)] = N̂a+(~k)a(~k)− a+(~k)a(~k)N̂

= N̂a+(~k)a(~k)− a+(~k)N̂a(~k) + a+(~k)N̂a(~k)− a+(~k)a(~k)N̂

= [N̂ , a+(~k)]a(~k) + a+(~k)[N̂ , a(~k)] = a+(~k)a(~k)− a+(~k)a(~k) = 0

The following conclusions can be proved by mathematical induction.

Cor. 5.2.4. [N̂ , an(~k)] = −nan(~k), [N̂ , a+n(~k)] = na+n(~k)

Cor. 5.2.5. [N̂ ,
∞∏
i=1

a+ni(~ki)] = (
∞∑
i=1

ni)
∞∏
i=1

a+ni(~ki)

Cor. 5.2.6. [N̂ , a+n(~k)an(~k)] = 0, [N̂ , an(~k)a+n(~k)] = 0, [N̂ , N̂n(k)] = 0, [N̂ , [a(~k)a+(~k)]n] = 0

5.3 Energy and momentum operator properties of bosons

Cor. 5.3.1. [P a, a(~k)] = −kaa(~k)

Proof: [P a, a(~k)] =
+∞∫

~k′=−∞
k′a[a+(~k′)a(~k′)a(~k)− a(~k)a+(~k′)a(~k′)]d3~k′

=
+∞∫

~k′=−∞
k′a[a+(~k′)a(~k)a(~k′)− a(~k)a+(~k′)a(~k′)]d3~k′

=
+∞∫

~k′=−∞
k′a[a+(~k′), a(~k)]a(~k′)d3~k′

=
+∞∫

~k′=−∞
−k′aδ3(~k′ − ~k)a(~k′)d3~k′ = −~kaa(~k)

Cor. 5.3.2. [P a, a(~k)] = −kaa(~k)⇔ [P a, a+(~k)] = ~kaa+(~k)

Cor. 5.3.3. [P a, a+(~k)a(~k)] = 0,∀~k

Proof: [P a, a+(~k)a(~k)] = P aa+(~k)a(~k)− a+(~k)a(~k)P a

= P aa+(~k)a(~k)− a+(~k)P aa(~k) + a+(~k)P aa(~k)− a+(~k)a(~k)P a

= [P a, a+(~k)]a(~k) + a+(~k)[P a, a(~k)] = kaa+(~k)a(~k)− kaa+(~k)a(~k) = 0

The following conclusions can be proved by mathematical induction.

Cor. 5.3.4. [P a, an(~k)] = −nkaa(~k)⇔ [P a, a+n(~k)] = nkaa+n(~k)

Cor. 5.3.5. [P a,
∞∏
i=1

a+ni(~ki)] = (
∞∑
i=1

nik
a
i )
∞∏
i=1

a+ni(~ki)

Cor. 5.3.6. [P a, N̂ ] = 0

5.4 General construction of boson solutions

Def. 5.4.1. a(~k, t) ≡ a(k)e−i(
~k·~r− ~k2

2m t), a+(k, t) ≡ a+(k)ei(
~k·~r− ~k2

2m t)

Cor. 5.4.1. ȧ(~k, t) = i[H, a(~k, t)], ȧ+(~k, t) = i[H, a+(~k, t)]

Thm. 5.4.1. i∂t|Ψ >= H|Ψ >⇒ i∂t[a(~k, t)|Ψ >] = Ha(~k, t)|Ψ >

Thm. 5.4.2. i∂t|Ψ >= H|Ψ >⇒ i∂t[a
+(~k, t)|Ψ >] = Ha+(~k, t)|Ψ >

5.5 Construction I of boson quantum states

Cor. 5.5.1. i∂t|0 >= H|0 >⇒ i∂t[
∞∏
i=1

a+ni(~ki, t)|0 >] = H
∞∏
i=1

a+ni(~ki, t)|0 >,ni = 0, 1, 2, · · · ,∞

Def. 5.5.1. |n1, n2, · · · , n∞ >≡
∞∏
i=1

a+ni(~ki)|0 >,ni = 0, 1, 2, · · · ,∞

Def. 5.5.2. |n1, n2, · · · , n∞, t >≡
∞∏
i=1

a+ni(~ki, t)|0 >= exp{i
∞∑
i=1

ni(~ki · ~r −
~k2
i

2m t)}|n1, n2, · · · , n∞ >
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The meaning of this quantum state is as follows: every mathematical point in the momentum space ~ki
corresponds to an energy level. This energy level is filled with ni particles with mass m and momentum
~ki. There are infinite similar energy levels. Because the total number of physical particles is limited,
the number of particles at many energy levels is zero. This quantum state represents a distribution of
multiple particles in the momentum space, and the total number of particles in each quantum state is
variable. It is a common eigenstate of particle number operators and energy momentum operators.

Cor. 5.5.2.


N̂ |n1, n2, · · · , n∞, t >=

∞∑
i=1

ni|n1, n2, · · · , n∞, t >

H|n1, n2, · · · , n∞, t >=
∞∑
i=1

ni
~k2
i

2m |n1, n2, · · · , n∞, t >

~P |n1, n2, · · · , n∞, t >=
∞∑
i=1

ni~ki|n1, n2, · · · , n∞, t >

Cor. 5.5.3. φ(−~r,−t) = 1
(2π)3/2

+∞∫
~k=−∞

a(~k)e−i(
~k·~r− ~k2

2m t)d3~k, φ+(−~r,−t) = 1
(2π)3/2

+∞∫
~k=−∞

a+(~k)ei(
~k·~r− ~k2

2m t)d3~k

Cor. 5.5.4. i∂t|Ψ >= H|Ψ >⇒ i∂t[φ̂(−~r,−t)|Ψ >] = H[φ̂(−~r,−t)|Ψ >]

Cor. 5.5.5. i∂t|Ψ >= H|Ψ >⇒ i∂t[φ̂
+(−~r,−t)|Ψ >] = H[φ̂+(−~r,−t)|Ψ >]

5.6 Construction II of boson quantum states

Def. 5.6.1.

|n >= [n!
+∞∫

~k=−∞
|F (~k1,~k2, · · · ,~kn)|2dn~k]−

1
2

+∞∫
~k=−∞

dn~kF (~k1,~k2, · · · ,~kn)a+(~k1)a+(~k2) · · · a+(~kn)|0 >

F (~k1,~k2, · · · ,~kn) Fully symmetric for bosons and fully antisymmetric for fermions.

Def. 5.6.2. |n, t >= exp{i
n∑
i=1

(~ki · ~r −
~k2
i

2m t)}|n >

The meaning of this quantum state is as follows: n particles filled into a mixed momentum state of
all possible distributions in momentum space. The total number of particles in this quantum state is
fixed. The momentum of each particle may take any value. It is an eigenstate of the particle number
operator, but not an eigenstate of the energy momentum operator.

Cor. 5.6.1. i∂t|0 >= H|0 >⇒ i∂t|n, t >= H|n, t >

Cor. 5.6.2. N̂ |n >= n|n >, N̂ |n, t >= n|n, t >,< n|n >= 1

5.7 Correspondence between boson coordinate space and momentum space

Cor. 5.7.1. [P a, a(~k)] = −kaa(~k)⇔ [P a, φ(~r, t)] = i∂aφ(~r, t)

Cor. 5.7.2. [P a, a+(~k)] = kaa+(~k)⇔ [P a, φ+(~r, t)] = −i∂aφ+(~r, t)

5.8 Existence of boson quantum states

Cor. 5.8.1. < 0|0 >= 1⇒ |0 > 6= 0

Cor. 5.8.2. an(~k)a+n(~k) = a+n(~k)an(~k) + n!δn(0), n ≥ 1

Cor. 5.8.3.
∞∏
i=1

ani(~ki)
∞∏
i=1

a+ni(~ki) =
∞∏

i=1,ni≥1

[a+ni(~k)ani(~k) + ni!δ
ni(0)]

Cor. 5.8.4.
∞∏
i=1

ani(~ki)
∞∏
i=1

a+ni(~ki)|0 >=
∞∏

i=1,ni≥1

ni!δ
ni(0)|0 > 6= 0,∀~k1 6= ~k2 6= · · · 6= ~kn

6 Quantum description of fermions
6.1 Basic commutative relation of fermions

Def. 6.1.1. {a(~k′), a(~k)} = 0, {a+(~k′), a+(~k)} = 0, {a(~k′), a+(~k)} = δ3(~k′ − ~k)

Cor. 6.1.1. a(~k′)a(~k) = 0, a+(~k′)a+(~k) = 0
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6.2 Particle number operator properties of fermions

Cor. 6.2.1. [N̂ , a(~k)] = −a(~k)

Proof: [N̂ , a(~k)] =
+∞∫

~k′=−∞
[a+(~k′)a(~k′)a(~k)− a(~k)a+(~k′)a(~k′)]d3~k′

=
+∞∫

~k′=−∞
[−a+(~k′)a(~k)a(~k′)− a(~k)a+(~k′)a(~k′)]d3~k′

=
+∞∫

~k′=−∞
−{a+(~k′), a(~k)}a(~k′)d3~k′

=
+∞∫

~k′=−∞
−δ3(~k′ − ~k)a(~k′)d3~k′ = −a(~k)

Cor. 6.2.2. [N̂ , a(~k)] = −a(~k)⇔ [N̂ , a+(~k)] = a+(~k)

Cor. 6.2.3. [N̂ , a+(~k)a(~k)] = 0,∀~k

Proof: [N̂ , a+(~k)a(~k)] = N̂a+(~k)a(~k)− a+(~k)a(~k)N̂

= N̂a+(~k)a(~k)− a+(~k)N̂a(~k) + a+(~k)N̂a(~k)− a+(~k)a(~k)N̂

= [N̂ , a+(~k)]a(~k) + a+(~k)[N̂ , a(~k)] = a+(~k)a(~k)− a+(~k)a(~k) = 0

The following conclusions can be proved by mathematical induction.

Cor. 6.2.4. N̂a+(~k1)a+(~k2) · · · a+(~kn)|0 >= na+(~k1)a+(~k2) · · · a+(~kn)|0 >,∀~k1 6= ~k2 6= · · · 6= ~kn

Cor. 6.2.5. N̂a+(~k1)a+(~k2) · · · a+(~kn)|0 >= na+(~k1)a+(~k2) · · · a+(~kn)|0 >,∀~k1
~k2 · · ·~kn

Cor. 6.2.6. [N̂ , an(~k)] = −nan(~k), [N̂ , a+n(~k)] = na+n(~k), n = 0, 1

Cor. 6.2.7. [N̂ ,
∞∏
i=1

a+ni(~ki)] = (
∞∑
i=1

ni)
∞∏
i=1

a+ni(~ki), ni = 0, 1

Cor. 6.2.8. [N̂ , a+n(~k)an(~k)] = 0, [N̂ , an(~k)a+n(~k)] = 0, [N̂ , N̂n(k)] = 0, [N̂ , [a(~k)a+(~k)]n] = 0

6.3 Existence of fermion quantum states

Cor. 6.3.1. < 0|0 >= 1⇒ |0 > 6= 0

Cor. 6.3.2. a(~k)a+(~k) = −a+(~k)a(~k) + δ(0), n = 0, 1

Cor. 6.3.3.
∞∏
i=1

ani(~ki)
∞∏
i=1

a+ni(~ki) =
∞∏

i=1,ni=1

[a+ni(~k)ani(~k) + ni!δ
ni(0)]

Cor. 6.3.4.
∞∏
i=1

ani(~ki)
∞∏
i=1

a+ni(~ki)|0 >= ±
∞∏

i=1,ni=1

ni!δ
ni(0)|0 > 6= 0,∀~k1 6= ~k2 6= · · · 6= ~kn

Cor. 6.3.5. a+(~k1)a+(~k2) · · · a+(~kn)|0 > 6= 0,∀~k1 6= ~k2 6= · · · 6= ~kn

6.4 Occupancy representation

Def. 6.4.1. |n1n2 · · ·nk · · · >= |n1 > ⊗|n2 > ⊗ · · · ⊗ |nk > ⊗ · · · , < n1n2 · · ·nk · · · | = |n1n2 · · ·nk · · · >+

Cor. 6.4.1. |n1n2 · · ·nk · · · >= 1
n1!n2!···nk!··· (a

+
1 )n1 ⊗ (a+

2 )n2 · · · ⊗ (a+
k )nk · · · |0102 · · · 0k · · · >

Cor. 6.4.2. Orthogonality: < n′1n
′
2 · · ·n′k · · · |n1n2 · · ·nk · · · >= δn′1, n1δn

′
2, n2 · · · δn′k, nk · · ·

Cor. 6.4.3. Completeness:
∑
|n1n2 · · ·nk · · · >< n1n2 · · ·nk · · · | = 1,

∑
|nk >< nk| = 1
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Chapter19 Quantization of Majorana Particle and Neutrino

Self comment: Because most books on quantum field theory do not discuss the quantization of Majorana
particles and neutrinos in detail and I have never found the corresponding content. In order to
make up for this shortcoming, I decided to derive calculations by myself. In this chapter, I first give
the quantization of Dirac particles by using Lorentz push transformation. And then I give detailed
quantization details of Majorana particles and neutrinos.

1 Application of Lorentz boost transform: Solving plane waves of Dirac equation [25, 26]

1.1 Lorentz boost transformation of Dirac equation under general representation

Dirac equation:

Def. 1.1.1. (γa∂a +m)ψ = 0, γapa = γ · ~p+ γ4iE,E =
√
~p2 +m2 > 0

Dirac spinor boost transformation:

Cor. 1.1.1. D~v = e−ln[γv(1+v)]v̂·( i2~γγ4) = 1+γv−iγv~v·~γγ4√
2(γv+1)

= E+m−i~p·~γγ4√
2m(E+m)

= m−iγapaγ4√
2m(E+m)

Properties of Dirac spinor Lorentz boost transformation factor:

Pro. 1.1.1. (m− iγapaγ4)+ = (m− iγapaγ4)

Pro. 1.1.2. (m− iγapaγ4)+γ4(m− iγapaγ4) = 2m(E +m)γ4

Pro. 1.1.3. (E +m+ i~p · ~γγ4)(E +m− i~p · ~γγ4) = 2m(E +m)

Pro. 1.1.4. (m− iγapaγ4)+(m− iγapaγ4) = 2(E +m)(E − i~p · ~γγ4)

Pro. 1.1.5. (m+ iγapaγ4)+(m− iγapaγ4) = 2m2 − 2E(E − i~p · ~γγ4)

1.2 Static and kinematic solutions of Dirac equation under general representation

Static electron solution:

Cor. 1.2.1. ∂t0ψ(~0) = −imγ4ψ(~0)⇔ ψ(~0) = e−iγ4mt0ψ0,∀ψ0

Momentum ~p electron solution:

Cor. 1.2.2. ψ(~p) = m−iγapaγ4√
2m(E+m)

eiγ4(~p·~r−Et)ψp =
√

E+m
2m (1− i~p·~γγ4

E+m )eiγ4(~p·~r−Et)ψp, ψ̄(~p)ψ(~p) = ψ̄pψp

1.3 Dirac Lorentz boost transform and plane wave solutions under special representation

1.3.1 Lorentz boost transformation of Dirac equation under special representation

Special representation: (γa, γ5) := [(σ ⊗ σy, ςI ⊗ σz),−ςI ⊗ σx]

Cor. 1.3.1. γapa = i
[
ςE −σ·~p
σ·~p −ςE

]
, E =

√
~p2 +m2 > 0

Cor. 1.3.2. Sy = 1√
2

[
1 −1
1 1

]
Sy(σx, σy, σz)S

+
y = (−σz, σy, σx), S+

y (σx, σy, σz)Sy = (σz, σy,−σx)
I ⊗ Sy[(σ ⊗ σy, ςI ⊗ σz),−ςI ⊗ σx]I ⊗ S+

y = [(σ ⊗ σy, ςI ⊗ σx), ςI ⊗ σz]
I ⊗ S+

y [(σ ⊗ σy, ςI ⊗ σx), ςI ⊗ σx]I ⊗ Sy = [(σ ⊗ σy, ςI ⊗ σz),−ςI ⊗ σx]

Dirac spinor boost transformation:

Cor. 1.3.3. D~v = m−iγapaγ4√
2m(E+m)

= E+m+ς~p·σ⊗σx√
2m(E+m)

= 1√
2m(E+m)

[
E+m ςσ·~p
ςσ·~p E+m

]
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1.3.2 Static and kinematic solutions of Dirac equation under special representation

Dirac equation:

Def. 1.3.1. (γa∂a +m)ψ = 0, γa = (σ ⊗ σy, ςI ⊗ σz)

Static electron solution:

Cor. 1.3.4. ∂t0ψ(~0) = −imγ4ψ(~0)⇔ ψ(~0) = e−iγ4mt0ψ0 =

[
ξ0e
−iςmt0

η0e
iςmt0

]
,∀ξ0, η0

Momentum ~p electron solution:

Cor. 1.3.5.

ψ(~p) =
√

E+m
2m (1− i~p·~γγ4

E+m )eiγ4(~p·~r−Et)ψp =
√

E+m
2m [

[
ξ(~p)

ςσ·~p
E+mξ(~p)

]
eiς(~p·~r−Et) +

[
ςσ·~p
E+mη(~p)

η(~p)

]
e−iς(~p·~r−Et)],∀ξ(~p), η(~p)

1.3.3 ~p plane wave solutions of Dirac equation along z-axis under special representation

~p-momentum plane wave solutions of Dirac equation expanded by z-spin eigenstates:

Cor. 1.3.6.

ψ(~p) = E+m+ς~p·σ⊗σx√
2m(E+m)

{[aς(~p, 1
2 )

[
1
0
0
0

]
+ aς(~p,− 1

2 )

[
0
1
0
0

]
]eiς(~p·~r−Et) + [b+ς (~p, 1

2 )

[
0
0
1
0

]
+ b+ς (~p,− 1

2 )

[
0
0
0
1

]
]e−iς(~p·~r−Et)}

Cor. 1.3.7. ψ(~p) =
∑
h

[aς(~p, h)uς(~p, h)eiς(~p·~r−Et)+b+ς (~p, h)vς(~p, h)e−iς(~p·~r−Et)](It also holds true under general representation.)

1.3.4 Spin basis of Dirac equation under special representation

Def. 1.3.2. ξ+ = η+ :=

[
1
0

]
, ξ− = η− :=

[
0
1

]
Four spin bases

Def. 1.3.3. uς(~p,
1
2 ) ≡ E+m+ς~p·σ⊗σx√

2m(E+m)

[
1
0
0
0

]
= m−iςγapa√

2m(E+m)

[
1
0
0
0

]
=
√

E+m
2m

[
ξ+

ςσ·~p
E+mξ+

]

Def. 1.3.4. uς(~p,− 1
2 ) = E+m+ς~p·σ⊗σx√

2m(E+m)

[
0
1
0
0

]
= m−iςγapa√

2m(E+m)

[
0
1
0
0

]
=
√

E+m
2m

[
ξ−

ςσ·~p
E+mξ−

]

Def. 1.3.5. vς(~p,
1
2 ) = E+m+ς~p·σ⊗σx√

2m(E+m)

[
0
0
1
0

]
= m+iςγapa√

2m(E+m)

[
0
0
1
0

]
=
√

E+m
2m

[
ςσ·~p
E+mη+

η+

]

Def. 1.3.6. vς(~p,− 1
2 ) = E+m+ς~p·σ⊗σx√

2m(E+m)

[
0
0
0
1

]
= m+iςγapa√

2m(E+m)

[
0
0
0
1

]
=
√

E+m
2m

[
ςσ·~p
E+mη−
η−

]
Cor. 1.3.8. uς(~p, h) ≡ −ςγ5vς(~p, h), uς(~p, h) ≡ iγ2γ4γ5uς(~p,−h), vς(~p, h) ≡ iγ2γ4γ5vς(~p,−h)

Cor. 1.3.9. (E +m+ ς~p · σ ⊗ σx)
[
I 0
0 0

]
(E +m+ ς~p · σ ⊗ σx)+ςI ⊗ σz = (E +m)(ςm− iγapa)

Cor. 1.3.10. (E +m+ ς~p · σ ⊗ σx)
[

0 0
0 I

]
(E +m+ ς~p · σ ⊗ σx)+ςI ⊗ σz = (E +m)(−ςm− iγapa)

1.3.5 Spin basis properties of Dirac equation under general representation

Cor. 1.3.11. uς(~p, h) = −ςγ5vς(~p, h), vς(~p, h) = −ςγ5uς(~p, h), h = − 1
2 ,

1
2

Cor. 1.3.12. ūς(~p, h)uς(~p, h
′) = ςδhh′ , v̄ς(~p, h)vς(~p, h

′) = −ςδhh′ , ūς(~p, h)vς(~p, h
′) = 0, v̄ς(~p, h)uς(~p, h

′) = 0

Cor. 1.3.13. u+
ς (~p, h)uς(~p, h

′) = E
mδhh′ , v

+
ς (~p, h)vς(~p, h

′) = E
mδhh′ , u

+
ς (~p, h)vς(−~p, h′) = 0, v+

ς (~p, h)uς(−~p, h′) = 0

Cor. 1.3.14.
∑
h

uς(~p, h)ūς(~p, h) = ςm−iγapa
2m ,

∑
h

vς(~p, h)v̄ς(~p, h) = −ςm−iγapa
2m

Cor. 1.3.15.



∑
h

uς(~p, h)ūς(~p, h)− vς(~p, h)v̄ς(~p, h)] = ς∑
h

uς(~p, h)ūς(~p, h) + vς(~p, h)v̄ς(~p, h)] = −iγapa
m∑

h

uς(~p, h)u+
ς (~p, h) + vς(−~p, h)v+

ς (−~p, h)] = E
m
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1.4 Plane wave solutions of Dirac equation under general representation

Cor. 1.4.1. ψ(~r, t) = 1
(2π)3/2

+∞∫
~p=−∞

∑
h

[aς(~p, h)
√

m
E uς(~p, h)eiς(~p·~r−Et) + b+ς (~p, h)

√
m
E vς(~p, h)e−iς(~p·~r−Et)]d3~p

Cor. 1.4.2. ψ+(~r, t) = 1
(2π)3/2

+∞∫
~p=−∞

∑
h

[a+
ς (~p, h)

√
m
E u

+
ς (~p, h)e−iς(~p·~r−Et) + bς(~p, h)

√
m
E v

+
ς (~p, h)eiς(~p·~r−Et)]d3~p

Cor. 1.4.3.
aς(~p, h) = 1

(2π)3/2

+∞∫
~p=−∞

√
m
E u

+
ς (~p, h)ψ(~r, t)e−iς(~p·~r−Et)d3~r = 1

(2π)3/2

+∞∫
~p=−∞

√
m
E u

+λς (~p, h)ψλς (~r, t)e
−iς(~p·~r−Et)d3~r

b+ς (~p, h) = 1
(2π)3/2

+∞∫
~p=−∞

√
m
E v

+
ς (~p, h)ψ(~r, t)eiς(~p·~r−Et)d3~r = 1

(2π)3/2

+∞∫
~p=−∞

√
m
E v

+λς (~p, h)ψλς (~r, t)e
iς(~p·~r−Et)d3~r

Cor. 1.4.4.
a+
ς (~p, h) = 1

(2π)3/2

+∞∫
~p=−∞

√
m
E u

λ′ς (~p, h)ψ+
λ′ς

(~r, t)eiς(~p·~r−Et)d3~r

bς(~p, h) = 1
(2π)3/2

+∞∫
~p=−∞

√
m
E v

λ′ς (~p, h)ψ+
λ′ς

(~r, t)e−iς(~p·~r−Et)d3~r

1.5 Spin basis and its properties of Dirac equation under general representation

Def. 1.5.1. ã(~p, h) :=

{
aς(~p, h), ς = 1

b+ς (~p, h), ς = −1
, b̃(~p, h) :=

{
bς(~p, h), ς = 1

a+
ς (~p, h), ς = −1

Def. 1.5.2. u(~p, h) :=

{
u+(~p, h), ς = 1

v−(~p, h), ς = −1
, v(~p, h) :=

{
v+(~p, h), ς = 1

u−(~p, h), ς = −1

Cor. 1.5.1.

ψ(~r, t) = 1
(2π)3/2

+∞∫
~p=−∞

∑
h

[ã(~p, h)
√

m
E u(~p, h)ei(~p·~r−Et) + b̃+(~p, h)

√
m
E v(~p, h)e−i(~p·~r−Et)]d3~p

ã(~p, h) = 1
(2π)3/2

+∞∫
~p=−∞

√
m
E u

+(~p, h)ψ(~r, t)e−i(~p·~r−Et)d3~r

b̃+(~p, h) = 1
(2π)3/2

+∞∫
~p=−∞

√
m
E v

+(~p, h)ψ(~r, t)ei(~p·~r−Et)d3~r

Properties between spin bases (It also holds true under general representation.):

Cor. 1.5.2. ū(~p, h)u(~p, h′) = δhh′ , v̄(~p, h)v(~p, h′) = −δhh′ , ū(~p, h)v(~p, h′) = 0, v̄(~p, h)u(~p, h′) = 0

Cor. 1.5.3. u+(~p, h)u(~p, h′) = E
mδhh′ , v

+(~p, h)v(~p, h′) = E
mδhh′ , u

+(~p, h)v(−~p, h′) = 0, v+(~p, h)u(−~p, h′) = 0

Cor. 1.5.4.
∑
h

u(~p, h)ū(~p, h) = m−iγapa
2m ,

∑
h

v(~p, h)v̄(~p, h) = −m−iγapa
2m

Cor. 1.5.5.



∑
h

u(~p, h)ū(~p, h)− v(~p, h)v̄(~p, h)] = 1∑
h

u(~p, h)ū(~p, h) + v(~p, h)v̄(~p, h)] = −iγapa
m∑

h

u(~p, h)u+(~p, h) + v(−~p, h)v+(−~p, h)] = E
m

1.6 Isochronous quantization of Dirac equation under general representation

Cor. 1.6.1.


{ψλς (~r, t), ψ+

λ′ς
(~r′, t)} = δλςλ′ς δ

3(~r − ~r′)
{ψλς (~r, t), ψλ′ς (~r

′, t)} = 0

{ψ+
λς

(~r, t), ψ+
λ′ς

(~r′, t)} = 0

⇔


{aς(~p, h), a+

ς (~p′, h′)} = δhh′δ
3(~p− ~p′)

{aς(~p, h), aς(~p
′, h′)} = 0

{a+
ς (~p, h), a+

ς (~p′, h′)} = 0

Proof: {ψλς (~r, t), ψ+
λ′ς

(~r′, t)}

= 1
(2π)3

+∞∫
~p,~p′=−∞

m
E

∑
h,h′

[uςλς (~p, h)u∗ςλ′ς (~p
′, h′)eiς(~p·~r−Et−~p

′·~r′+E′t){aς(~p, h), a+
ς (~p′, h′)}

+ vςλς (~p, h)v∗ςλ′ς (~p
′, h′)e−iς(~p·~r−Et−~p

′·~r′+E′t){b+ς (~p, h), bς(~p
′, h′)}]d3~pd3~p′

= 1
(2π)3

+∞∫
~p,~p′=−∞

m
E

∑
h,h′

[uςλς (~p, h)u∗ςλ′ς (~p
′, h′)eiς(~p·~r−Et−~p

′·~r′+E′t)δhh′δ
3(~p− ~p′)
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+ vςλς (~p, h)v∗ςλ′ς (~p
′, h′)e−iς(~p·~r−Et−~p

′·~r′+E′t)δhh′δ
3(~p− ~p′)]d3~pd3~p′

= 1
(2π)3

+∞∫
~p=−∞

m
E

∑
h

[uςλς (~p, h)u∗ςλ′ς (~p, h)eiς~p·(~r−~r
′) + vςλς (~p, h)v∗ςλ′ς (~p, h)e−iς~p·(~r−~r

′)]d3~p

= 1
(2π)3

+∞∫
~p=−∞

m
E

∑
h

[uςλς (~p, h)u∗ςλ′ς (~p, h) + vςλς (−~p, h)v∗ςλ′ς (−~p, h)]eiς~p·(~r−~r
′)d3~p

= δλςλ′ς
1

(2π)3

+∞∫
~p=−∞

eiς~p·(~r−~r
′)d3~p

= δλςλ′ς δ
3(~r − ~r′)

Proof: {aς(~p, h), a+
ς (~p′, h′)}

= 1
(2π)3

m
E

+∞∫
~r,~r′=−∞

u∗λς (~p, h)uλ
′
ς (~p′, h′){ψλς (~r, t), ψ+

λ′ς
(~r′, t)}e−iς(~p·~r−Et)eiς(~p′·~r′−E′t)d3~rd3~r′

= 1
(2π)3

m
E

+∞∫
~r,~r′=−∞

u∗λς (~p, h)uλ
′
ς (~p′, h′)δλςλ′ς

δ3(~r − ~r′)e−iς(~p·~r−Et)eiς(~p′·~r′−E′t)d3~rd3~r′

= m
E u
∗
λς

(~p, h)uλς (~p′, h′)e−iς(E
′t−Et) 1

(2π)3

+∞∫
~r=−∞

eiς(~p
′−~p)·~r′d3~r

= m
E u

+
ς (~p, h)uς(~p

′, h′)e−iς(E
′t−Et)δ3(~p− ~p′)

= δhh′δ
3(~p− ~p′)

Cor. 1.6.2.


: Pu :=:

∫
−iψ+∂uψdr

3 :
ς=1
=
∫ ∑

h

pu[a+
ς (~p, h)aς(~p, h) + b+ς (~p, h)bς(~p, h)]d3~p

: Q :=:
∫
ψ+ψdr3 :=

∫ ∑
h

[a+
ς (~p, h)aς(~p, h)− b+ς (~p, h)bς(~p, h)]d3~p

ς=1
= 0

1.7 Covariant anticommutative rule of Dirac equation under general representation

Cor. 1.7.1.


ψλς (x) = 1

(2π)3/2

+∞∫
~p=−∞

∑
h

[aς(~p, h)
√

m
E uςλς (~p, h)eiςpx + b+ς (~p, h)

√
m
E vςλς (~p, h)e−iςpx]d3~p

ψ̄λ′ς (x) = 1
(2π)3/2

+∞∫
~p=−∞

∑
h

[a+
ς (~p, h)

√
m
E ūςλ′ς (~p, h)e−iςpx + bς(~p, h)

√
m
E v̄ςλ′ς (~p, h)eiςpx]d3~p

Cor. 1.7.2. {ψλς (x), ψ̄λ′ς (x
′)} = i(m− γa∂a)λςλ′ς∆(x− x′)

Proof: {ψλς (x), ψ̄λ′ς (x
′)} = 1

(2π)3

∫ ∑
h,h′

√
m
E

√
m
E′

[{aς(~p, h), a+
ς (~p′, h′)}uςλς (~p, h)ūςλ′ς (~p

′, h′)eiς(px−p
′x′) + {b+ς (~p, h), bς(~p

′, h′)}vςλς (~p, h)v̄ςλ′ς (~p
′, h′)e−iς(px−p

′x′)]d3~pd3~p′

= 1
(2π)3

∫ ∑
h,h′

√
m
E

√
m
E′ δhh′δ

3(~p− ~p′)[uςλς (~p, h)ūςλ′ς (~p
′, h′)eiς(px−p

′x′) + vςλς (~p, h)v̄ςλ′ς (~p
′, h′)e−iς(px−p

′x′)]d3~pd3~p′

= 1
(2π)3

∫ ∑
h

m
E [uςλς (~p, h)ūςλ′ς (~p, h)eiςp(x−x

′) + vςλς (~p, h)v̄ςλ′ς (~p, h)e−iςp(x−x
′)]d3~p

= 1
(2π)3

∫
m
E [

(ςm−iγapa)λςλ′ς
2m eiςp(x−x

′) +
(−ςm−iγapa)λςλ′ς

2m e−iςp(x−x
′)]d3~p

= 1
(2π)3

∫
1

2E [(ςm− iγapa)λςλ′ςe
iςp(x−x′) + (−ςm− iγapa)λςλ′ςe

−iςp(x−x′)]d3~p

= 1
(2π)3

∫
1

2E [ς(m− γa∂a)λςλ′ςe
iςp(x−x′) − ς(m− γa∂a)λςλ′ςe

−iςp(x−x′)]d3~p

= i(m− γa∂a)λςλ′ς∆(x− x′)

Cor. 1.7.3. {ψλς (x), ψ̄λ′ς (x
′)} = i(m− γa∂a)λςλ′ς∆(x− x′)⇔ {ψλς (x), ψ+

λ′ς
(x′)} = i[(m− γa∂a)γ4]λςλ′ς∆(x− x′)

Cor. 1.7.4. {ψλς (~r, t), ψ̄λ′ς (~r
′, t)} = γ4

λςλ′ς
δ3(~r − ~r′)⇔ {ψλς (~r, t), ψ+

λ′ς
(~r′, t)} = δλςλ′ς δ

3(~r − ~r′)

1.8 Conserved charge of Dirac equation under general representation

Cor. 1.8.1. Q =
∫
ψ+ψdr3 =

∫ ∑
h

[a+
ς (~p, h)aς(~p, h) + bς(~p, h)b+ς (~p, h)]d3~p

Proof: Q =
∫
ψ+ψdr3

= 1
(2π)3

∫ ∑
h,h′

[a+
ς (~p, h)

√
m
E u

+
ς (~p, h)e−iς(~p·~r−Et) + bς(~p, h)

√
m
E v

+
ς (~p, h)eiς(~p·~r−Et)]

[aς(~p
′, h′)

√
m
E′uς(~p

′, h′)eiς(~p
′·~r−E′t) + b+ς (~p′, h′)

√
m
E′ vς(~p

′, h′)e−iς(~p
′·~r−E′t)]d3~p′d3~pdr3

=
∫ ∑
h,h′

m
E [a+

ς (~p, h)aς(~p, h
′)u+

ς (~p, h)uς(~p, h
′) + bς(~p, h)b+ς (~p, h′)v+

ς (~p, h)vς(~p, h
′)]δ3(~p− ~p′)d3~p′d3~p

=
∫ ∑
h,h′

m
E [a+

ς (~p, h)aς(~p, h
′)u+

ς (~p, h)uς(~p, h
′) + bς(~p, h)b+ς (~p, h′)v+

ς (~p, h)vς(~p, h
′)]d3~p

=
∫ ∑

h

[a+
ς (~p, h)aς(~p, h) + bς(~p, h)b+ς (~p, h)]d3~p
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Cor. 1.8.2. H = i
∫
ψ+∂tψdr

3 = ς
∫ ∑

h

E(~p)[a+
ς (~p, h)aς(~p, h)− bς(~p, h)b+ς (~p, h)]d3~p

Proof: H = i
∫
ψ+∂tψdr

3

= i 1
(2π)3

∫ ∑
h,h′

[a+
ς (~p, h)

√
m
E u

+
ς (~p, h)e−iς(~p·~r−Et) + bς(~p, h)

√
m
E v

+
ς (~p, h)eiς(~p·~r−Et)]

(−iςE′)[aς(~p′, h′)
√

m
E′uς(~p

′, h′)eiς(~p
′·~r−E′t) − b+ς (~p′, h′)

√
m
E′ vς(~p

′, h′)e−iς(~p
′·~r−E′t)]d3~p′d3~pdr3

= −i
∫ ∑
h,h′

m
E (−iςE′)[a+

ς (~p, h)aς(~p, h
′)u+

ς (~p, h)uς(~p, h
′)− bς(~p, h)b+ς (~p, h′)v+

ς (~p, h)vς(~p, h
′)]δ3(~p− ~p′)d3~p′d3~p

= −i
∫ ∑
h,h′

m
E (−iςE′)[a+

ς (~p, h)aς(~p, h
′)u+

ς (~p, h)uς(~p, h
′)− bς(~p, h)b+ς (~p, h′)v+

ς (~p, h)vς(~p, h
′)]d3~p

= ς
∫ ∑

h

E(~p)[a+
ς (~p, h)aς(~p, h)− bς(~p, h)b+ς (~p, h)]d3~p

Cor. 1.8.3. ~P = −i
∫
ψ+∇ψdr3 = ς

∫ ∑
h

~p[a+
ς (~p, h)aς(~p, h)− bς(~p, h)b+ς (~p, h)]d3~p

Proof: ~P = −i
∫
ψ+∇ψdr3

= −i 1
(2π)3

∫ ∑
h,h′

[a+
ς (~p, h)

√
m
E u

+
ς (~p, h)e−iς(~p·~r−Et) + bς(~p, h)

√
m
E v

+
ς (~p, h)eiς(~p·~r−Et)]

(iς~p′)[aς(~p
′, h′)

√
m
E′uς(~p

′, h′)eiς(~p
′·~r−E′t) − b+ς (~p′, h′)

√
m
E′ vς(~p

′, h′)e−iς(~p
′·~r−E′t)]d3~p′d3~pdr3

= −i
∫ ∑
h,h′

m
E (iς~p′)[a+

ς (~p, h)aς(~p, h
′)u+

ς (~p, h)uς(~p, h
′)− bς(~p, h)b+ς (~p, h′)v+

ς (~p, h)vς(~p, h
′)]δ3(~p− ~p′)d3~p′d3~p

= −i
∫ ∑
h,h′

m
E (iς~p)[a+

ς (~p, h)aς(~p, h
′)u+

ς (~p, h)uς(~p, h
′)− bς(~p, h)b+ς (~p, h′)v+

ς (~p, h)vς(~p, h
′)]d3~p

= ς
∫ ∑

h

~p[a+
ς (~p, h)aς(~p, h)− bς(~p, h)b+ς (~p, h)]d3~p

Cor. 1.8.4. Pu = −i
∫
ψ+∂uψdr

3 = ς
∫ ∑

h

pu[a+
ς (~p, h)aς(~p, h)− bς(~p, h)b+ς (~p, h)]d3~p

Proof: Pu = −i
∫
ψ+∂uψdr

3

= i 1
(2π)3

∫ ∑
h,h′

[a+
ς (~p, h)

√
m
E u

+
ς (~p, h)e−iς(~p·~r−Et) + bς(~p, h)

√
m
E v

+
ς (~p, h)eiς(~p·~r−Et)]

(iςp′u)[aς(~p
′, h′)

√
m
E′uς(~p

′, h′)eiς(~p
′·~r−E′t) − b+ς (~p′, h′)

√
m
E′ vς(~p

′, h′)e−iς(~p
′·~r−E′t)]d3~p′d3~pdr3

= −i
∫ ∑
h,h′

m
E (iςp′u)[a+

ς (~p, h)aς(~p, h
′)u+

ς (~p, h)uς(~p, h
′)− bς(~p, h)b+ς (~p, h′)v+

ς (~p, h)vς(~p, h
′)]δ3(~p− ~p′)d3~p′d3~p

= −i
∫ ∑
h,h′

m
E (iςp′u)[a+

ς (~p, h)aς(~p, h
′)u+

ς (~p, h)uς(~p, h
′)− bς(~p, h)b+ς (~p, h′)v+

ς (~p, h)vς(~p, h
′)]d3~p

= ς
∫ ∑

h

pu[a+
ς (~p, h)aς(~p, h)− bς(~p, h)b+ς (~p, h)]d3~p

2 Plane wave solutions and quantization of Majorana equation under real representation
2.1 Strictly solving plane wave solutions of Majorana equation under real representation [25]

2.1.1 Relations between Majorana single momentum solutions under two representations

Majorana equations under real representation and Dirac representation:

Def. 2.1.1.

{
(γas ∂a +m)ψs = 0, γas = (σ−ςσςy, ςσςz), ψ

∗
s = ψs

(γa∂a +m)ψ = 0, γa = (σ ⊗ σy, ςI ⊗ σz), ψ∗ = −e2iθσy ⊗ σyψ, STem(ς)Sem(ς) = −σy ⊗ σy

Cor. 2.1.1.

{
ψs(~p) := eiθSem(ς)ψ(~p), ψs(~p) = ψ∗s (~p)

ψs(~0) := eiθSem(ς)ψ(~0), ψs(~0) = ψ∗s (~0)
Sem(ς) = 1√

2

[ i 0 0 −i
−1 0 0 −1
0 −i −i 0
0 −ς ς 0

]
Cor. 2.1.2. ψs(~p) = ψ∗s (~p)⇔ ψ∗(~p) = −e2iθσy ⊗ σyψ(~p)

Cor. 2.1.3. ψ(~0) =

[
ξ0e
−iςmt0

η0e
iςmt0

]
;ψ∗(~0) = −e2iθσy ⊗ σyψ(~0)⇔ η0 = −ie−2iθσyξ

∗
0 ⇔ ψ(~0) =

[
ξ0e
−iςmt0

−ie−2iθσyξ
∗
0e
iςmt0

]

Cor. 2.1.4. ψ(~0) =

[
ξe−iςmt0

−ie−2iθσyξ
∗eiςmt0

]
⇔ ψs(~0) = 1√

2

 i(eiθξ1e
−iςmt0−e−iθξ∗1e

iςmt0 )

−(eiθξ1e
−iςmt0+e−iθξ∗1e

iςmt0 )

−i(eiθξ2e−iςmt0−e−iθξ∗2e
iςmt0 )

−ς(eiθξ2e−iςmt0+e−iθξ∗2e
iςmt0 )

 ∈ R; ξ =

[
ξ1
ξ2

]

Cor. 2.1.5.


ψ(~p) = E+m+ς~p·σ⊗σx√

2m(E+m)
ψ(~0) = E+m+ς~p·σ⊗σx√

2m(E+m)

[
ξ0e

iς(~p·~r−Et)

−ie−2iθσyξ
∗
0e
−iς(~p·~r−Et)

]
ψs(~p) =

m−iγas paγs4√
2m(E+m)

ψs(~0) =
m−iγas paγs4√

2m(E+m)
eiγs4(~p·~r−Et)ψs0 = ψ∗s (~p), ψs0 = eiθSem(ς)ψ0
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2.1.2 Concrete single momentum solutions of Majorana equation under Dirac representation

Cor. 2.1.6. ψ(~p) =
∑
h

[aς(~p, h)uς(~p, h)eiς(~p·~r−Et) − e−2iθσy ⊗ σya+
ς (~p, h)u∗ς (~p, h)e−iς(~p·~r−Et)]

Proof: ψ(~p) = E+m+ς~p·σ⊗σx√
2m(E+m)

ψ(~0) = E+m+ς~p·σ⊗σx√
2m(E+m)

{[aς(~p, 1
2 )

[
1
0
0
0

]
+ aς(~p,− 1

2 )

[
0
1
0
0

]
]eiς(~p·~r−Et) + [−e−2iθa+

ς (~p,− 1
2 )

[
0
0
1
0

]
+ e−2iθa+

ς (~p, 1
2 )

[
0
0
0
1

]
]e−iς(~p·~r−Et)}

= [aς(~p,
1
2 )uς(~p,

1
2 ) + aς(~p,− 1

2 )uς(~p,− 1
2 )]eiς(~p·~r−Et) + e−2iθ[−a+

ς (~p,− 1
2 )vς(~p,

1
2 ) + a+

ς (~p, 1
2 )vς(~p,− 1

2 )]e−iς(~p·~r−Et)

=
∑
h

[aς(~p, h)uς(~p, h)eiς(~p·~r−Et) − e−2iθσy ⊗ σya+
ς (~p, h)u∗(~p, h)e−iς(~p·~r−Et)]

=
∑
h

[aς(~p, h)uς(~p, h)eiς(~p·~r−Et) + [eiθSem(ς)]+[eiθSem(ς)]∗a+
ς (~p, h)u∗(~p, h)e−iς(~p·~r−Et)]

Cor. 2.1.7.

u∗(~p, h) = (−1)s+
1
2σy ⊗ σyvς(~p,−h)

v∗(~p, h) = (−1)h−
1
2σy ⊗ σyuς(~p,−h)

Cor. 2.1.8. ψ+(~p) =
[a+
ς (~p, 1

2 )u+
ς (~p, 1

2 ) + a+
ς (~p,− 1

2 )u+
ς (~p,− 1

2 )]e−iς(~p·~r−Et) + e2iθ[−aς(~p,− 1
2 )v+

ς (~p, 1
2 ) + aς(~p,

1
2 )v+

ς (~p,− 1
2 )]eiς(~p·~r−Et)

2.1.3 Concrete single momentum solutions of Majorana equation under real representation

Cor. 2.1.9. ψs(~p) =
∑
h

[aς(~p, h)us(~p, h)eiς(~p·~r−Et) + a+
ς (~p, h)u∗s(~p, h)e−iς(~p·~r−Et)]

Proof: ψs(~p) =
m−iγas paγs4√

2m(E+m)
ψs(~0) = eiθSem(ς)ψ(~p)

= eiθSem(ς)[aς(~p,
1
2 )uς(~p,

1
2 )+aς(~p,− 1

2 )uς(~p,− 1
2 )]eiς(~p·~r−Et)+e−2iθ[−a+

ς (~p,− 1
2 )vς(~p,

1
2 )+a+

ς (~p, 1
2 )vς(~p,− 1

2 )]e−iς(~p·~r−Et)

= [aς(~p,
1
2 )us(~p,

1
2 ) + aς(~p,− 1

2 )us(~p,− 1
2 )]eiς(~p·~r−Et) + e−2iθ[−a+

ς (~p,− 1
2 )vs(~p,

1
2 ) + a+

ς (~p, 1
2 )vs(~p,− 1

2 )]e−iς(~p·~r−Et)

=
m−iγas paγs4√

2m(E+m)
{[aς(~p, 1

2 )eiθ
[

i
−1
0
0

]
+ aς(~p,− 1

2 )eiθ
[

0
0
−i
−ς

]
]eiς(~p·~r−Et) + e−iθ[−a+

ς (~p,− 1
2 )

[
0
0
−i
ς

]
+ a+

ς (~p, 1
2 )

[ −i
−1
0
0

]
]e−iς(~p·~r−Et)}

=
∑
h

[aς(~p, h)us(~p, h)eiς(~p·~r−Et) + a+
ς (~p, h)u∗s(~p, h)e−iς(~p·~r−Et)]

Cor. 2.1.10. ψ+
s (~p) =

∑
h

[a+
ς (~p, h)u+

s (~p, h)e−iς(~p·~r−Et) + aς(~p, h)uTs (~p, h)eiς(~p·~r−Et)]

Cor. 2.1.11. ψ̄s(~p) =
∑
h

[a+
ς (~p, h)ūs(~p, h)e−iς(~p·~r−Et) − aς(~p, h)ū∗s(~p, h)eiς(~p·~r−Et)]

Cor. 2.1.12.



us(~p,
1
2 ) = eiθSem(ς)uς(~p,

1
2 ) =

m−iγas paγs4√
2m(E+m)

eiθ
[

i
−1
0
0

]
= e2iθv∗s (~p,− 1

2 )

us(~p,− 1
2 ) = eiθSem(ς)uς(~p,− 1

2 ) =
m−iγas paγs4√

2m(E+m)
eiθ
[

0
0
−i
−ς

]
= −e2iθv∗s (~p, 1

2 )

vs(~p,
1
2 ) = eiθSem(ς)vς(~p,

1
2 ) =

m−iγas paγs4√
2m(E+m)

eiθ
[

0
0
−i
ς

]
= −e2iθu∗s(~p,− 1

2 )

vs(~p,− 1
2 ) = eiθSem(ς)vς(~p,− 1

2 ) =
m−iγas paγs4√

2m(E+m)
eiθ
[

0
0
−i
ς

]
= e2iθu∗s(~p,

1
2 )

Cor. 2.1.13.

u∗s(~p, h) = (−1)h−
1
2 e−2iθvs(~p,−h)

v∗s (~p, h) = (−1)s+
1
2 e2iθus(~p,−h)

2.1.4 Relations between single momentum solutions of Majorana and neutrino equation

Cor. 2.1.14.

(γa∂a +m)ψ(~p) = 0, γa = (σ ⊗ σy, ςI ⊗ σz), ψ∗(~p) = −e2iθσy ⊗ σyψ(~p)

ψ(~p) = 1√
2m(E+m)

[
(E +m)ξ0e

iς(~p·~r−Et) − ς~p · σ(ie−2iθσyξ
∗
0)e−iς(~p·~r−Et)

−(E +m)(ie−2iθσyξ
∗
0)e−iς(~p·~r−Et) + ς~p · σξ0eiς(~p·~r−Et)

]
=

[
λ(~p)

−ie−2iθσyλ
∗(~p)

]
[m]

Cor. 2.1.15.

(σ,−iς)a∂aν(~p)−me−2iθσyν
∗(~p) = 0

ν(~p) = 1√
2
[λ(~p) + ie−2iθσyλ

∗(~p)] = E+m−ς~p·σ√
2m(E+m)

1√
2
(ξ0e

iς(~p·~r−Et) + ie−2iθσyξ
∗
0e
−iς(~p·~r−Et))

[m]
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Cor. 2.1.16.

(σ, iς)a∂
a[−ie−2iθσyν

∗(~p)]−me−2iθσy[−ie−2iθσyν
∗(~p)]∗ = 0

− ie−2iθσyν
∗(~p) = 1√

2
[λ(~p)− ie−2iθσyλ

∗(~p)] = E+m+ς~p·σ√
2m(E+m)

1√
2
(ξ0e

iς(~p·~r−Et) − ie−2iθσyξ
∗
0e
−iς(~p·~r−Et))

Plane wave solutions expanded by helicity:

Cor. 2.1.17. ψ(~p) = [a(p,+)

[
λ(p,+)

ς
√

E−m
E+mλ(p,+)

]
+ a(p,−)

[
λ(p,−)

−ς
√

E−m
E+mλ(p,−)

]
]eiς(~p·~r−Et)

+ [b(p,+)

[
ς
√

E−m
E+mλ(p,+)

λ(p,+)

]
+ b(p,−)

[
−ς
√

E−m
E+mλ(p,−)

λ(p,−)

]
]e−iς(~p·~r−Et), σ·~p|~p| λ(+) = λ(+), σ·~p|~p| λ(−) = −λ(−)

2.1.5 Construct plane wave solutions from Dirac equation with special representation [25]

Cor. 2.1.18. (γa∂a +m)ψ(~p) = 0, γa = (σ ⊗ σy, ςI ⊗ σz), ψ∗(~p) = −e2iθσy ⊗ σyψ(~p)

Cor. 2.1.19. λ(~p) = ψ1(~p) = 1√
2m(E+m)

[(E +m)ξ0e
iς(~p·~r−Et) − iςe−2iθσ · ~pσyξ∗0e−iς(~p·~r−Et)]

Cor. 2.1.20. ψ(~p) =

[
λ(~p)

−iσye−2iθλ∗(~p)

]
, ψs(~p) = Sem(ς)

[
eiθλ(~p)

−iσy[eiθλ(~p)]∗

]
, ν(~p) = 1√

2
[λ(~p) + ie−2iθσyλ

∗(~p)]

2.1.6 Construct plane wave solutions from neutrino equation

Cor. 2.1.21. (σ,−iς)a∂aν(~p)−me−2iθσyν
∗(~p) = 0

Cor. 2.1.22. ν(~p) = E+m−ς~p·σ√
2m(E+m)

1√
2
(ξ0e

iς(~p·~r−Et) + ie−2iθσyξ
∗
0e
−iς(~p·~r−Et))

Cor. 2.1.23. ψ(~p) = 1√
2

[
ν(~p)− ie−2iθσyν

∗(~p)
−ν(~p)− ie−2iθσyν

∗(~p)

]
, ψs(~p) = 1√

2
Sem(ς)

[
eiθν(~p)− iσy[eiθν(~p)]∗

−eiθν(~p)− iσy[eiθν(~p)]∗

]
2.2 Properties of spin basis of Majorana equation under real representation

Majorana equation: (γas ∂a +m)ψ = 0, γas = (σ−ςσςy, ςσςz), ψ
∗
s = ψs

Properties of two spin bases under real representation:

Pro. 2.2.1. ūs(~p, h)us(~p, h
′) = ςδhh′ , ūs(~p, h)u∗s(~p, h

′) = 0

Pro. 2.2.2.
∑
h

us(~p, h)ūs(~p, h) =
ςm−iγas pa

2m

Pro. 2.2.3.


∑
h

us(~p, h)ūs(~p, h)− [
∑
h

us(~p, h)ūs(~p, h)]∗ = ς∑
h

us(~p, h)ūs(~p, h) + [
∑
h

us(~p, h)ūs(~p, h)]∗ = −iγapa
m

Pro. 2.2.4. u+
s (~p, h)us(~p, h

′) = E
mδhh′ , u

+
s (~p, h)u∗s(−~p, h′) = 0

Pro. 2.2.5.
∑
h

us(~p, h)u+
s (~p, h) + [

∑
h

us(−~p, h)u+
s (−~p, h)]∗ = E

m

2.3 Plane wave solutions of Majorana equation under real representation

Cor. 2.3.1. ψ(~r, t) = 1
(2π)3/2

+∞∫
~p=−∞

∑
h

[aς(~p, h)
√

m
E us(~p, h)eiς(~p·~r−Et) + a+

ς (~p, h)
√

m
E u
∗
s(~p, h)e−iς(~p·~r−Et)]d3~p

Cor. 2.3.2. ∇ψ(~r, t) = iς 1
(2π)3/2

+∞∫
~p=−∞

~p
∑
h

[aς(~p, h)
√

m
E us(~p, h)eiς(~p·~r−Et) − a+

ς (~p, h)
√

m
E u
∗
s(~p, h)e−iς(~p·~r−Et)]d3~p

Cor. 2.3.3. ψ∗(~r, t) = ψ(~r, t)

Cor. 2.3.4.
aς(~p, h) = 1

(2π)3/2

+∞∫
~p=−∞

√
m
E u

+
s (~p, h)ψ(~r, t)e−iς(~p·~r−Et)d3~r = 1

(2π)3/2

+∞∫
~p=−∞

√
m
E u
∗
sλς

(~p, h)ψλς (~r, t)e−iς(~p·~r−Et)d3~r

a+
ς (~p, h) = 1

(2π)3/2

+∞∫
~p=−∞

√
m
E u

T
s (~p, h)ψ(~r, t)eiς(~p·~r−Et)d3~r = 1

(2π)3/2

+∞∫
~p=−∞

√
m
E usλς (~p, h)ψλς (~r, t)eiς(~p·~r−Et)d3~r
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2.4 Conserved charge of Majorana equation under real representation

Majorana action: L = − 1
2

∫
ψ̄(γas ∂a +m)ψdr3 , Majorana hamiltonian: H = 1

2

∫
ψ̄(γs · ∇+m)ψdr3

Cor. 2.4.1. ψ̄(~r, t) = 1
(2π)3/2

+∞∫
~p=−∞

∑
h

[a+
ς (~p, h)

√
m
E ūs(~p, h)e−iς(~p·~r−Et) − aς(~p, h)

√
m
E ū
∗
s(~p, h)eiς(~p·~r−Et)]d3~p

Cor. 2.4.2. H = i
∫
ψ+∂tψdr

3 =
∫ ∑

h

ςE[a+
ς (~p, h)aς(~p, h)− aς(~p, h)a+

ς (~p, h)]d3~p

Proof: H =
∫

[ψ̄(γs · ∇) +m]ψ]dr3 = i
∫
ψ+∂tψdr

3

=
∫ ∑
h,h′

m
E [a+

ς (~p, h)aς(~p, h
′)ūs(~p, h)(m+ iςγs · ~p)us(~p, h′)− aς(~p, h)a+

ς (~p, h′)ū∗s(~p, h)(m− iςγs · ~p)u∗s(~p, h′)]d3~p

=
∫ ∑
h,h′

m
E [a+

ς (~p, h)aς(~p, h
′)ūs(~p, h){2mς[

∑
s′′
u∗(~p, s′′)ū∗(~p, s′′)] + ςEγ4

s}us(~p, h′)

− aς(~p, h)a+
ς (~p, h′)ū∗s(~p, h){2mς[

∑
s′′
uς(~p, s

′′)ūς(~p, s
′′)]− ςEγ4

s}u∗s(~p, h′)]d3~p

=
∫ ∑
h,h′

m
E [a+

ς (~p, h)aς(~p, h
′)u+

s (~p, h)ςEus(~p, h
′)− aς(~p, h)a+

ς (~p, h′)uTs (~p, h)ςEu∗s(~p, h
′)]d3~p

=
∫ ∑

h

ςE[a+
ς (~p, h)aς(~p, h)− aς(~p, h)a+

ς (~p, h)]d3~p

Cor. 2.4.3. ~P =
∫
−iψ+∇ψdr3 =

∫ ∑
h

ς~p[a+
ς (~p, h)aς(~p, h)− aς(~p, h)a+

ς (~p, h)]d3~p

Proof: ~P =
∫
−iψ+∇ψdr3

= −i 1
(2π)3

∫ ∑
h,h′

[a+
ς (~p, h)

√
m
E u

+
s (~p, h)e−iς(~p·~r−Et) + aς(~p, h)

√
m
E u

T
s (~p, h)eiς(~p·~r−Et)](iς~p)

[aς(~p
′, h′)

√
m
E′us′(~p

′, h′)eiς(~p
′·~r−E′t) − a+

ς (~p′, h′)
√

m
E u
∗
s′(~p
′, h′)e−iς(~p

′·~r−E′t)]d3~p′d3~pdr3

= −i
∫ ∑
h,h′

m
E [a+

ς (~p, h)aς(~p, h
′)u+

s (~p, h)(iς~p)us(~p, h
′)− aς(~p, h)a+

ς (~p, h′)uTs (~p, h)(iς~p)u∗s(~p, h
′)]δ3(~p− ~p′)d3~p′d3~p

= −i
∫ ∑
h,h′

m
E [a+

ς (~p, h)aς(~p, h
′)u+

s (~p, h)(iς~p)us(~p, h
′)− aς(~p, h)a+

ς (~p, h′)uTs (~p, h)(iς~p)u∗s(~p, h
′)]d3~p

=
∫ ∑

h

ς~p[a+
ς (~p, h)aς(~p, h)− aς(~p, h)a+

ς (~p, h)]d3~p

Cor. 2.4.4. Q =
∫
ψ+ψdr3 =

∫ ∑
h

[a+
ς (~p, h)aς(~p, h) + aς(~p, h)a+

ς (~p, h)]d3~p

Proof: Q =
∫
ψ+ψdr3

= 1
(2π)3

∫ ∑
h,h′

[a+
ς (~p, h)

√
m
E u

+
s (~p, h)e−iς(~p·~r−Et) + aς(~p, h)

√
m
E u

T
s (~p, h)eiς(~p·~r−Et)]

[aς(~p
′, h′)

√
m
E′us′(~p

′, h′)eiς(~p
′·~r−E′t) + a+

ς (~p′, h′)
√

m
E u
∗
s′(~p
′, h′)e−iς(~p

′·~r−E′t)]d3~p′d3~pdr3

=
∫ ∑
h,h′

m
E [a+

ς (~p, h)aς(~p, h
′)u+

s (~p, h)us(~p, h
′) + aς(~p, h)a+

ς (~p, h′)uTs (~p, h)u∗s(~p, h
′)]δ3(~p− ~p′)d3~p′d3~p

=
∫ ∑
h,h′

m
E [a+

ς (~p, h)aς(~p, h
′)u+

s (~p, h)us(~p, h
′) + aς(~p, h)a+

ς (~p, h′)uTs (~p, h)(iς~p)u∗s(~p, h
′)]d3~p

=
∫ ∑

h

[a+
ς (~p, h)aς(~p, h) + aς(~p, h)a+

ς (~p, h)]d3~p

Cor. 2.4.5. L = − 1
2

∫
ψ̄(γas ∂a +m)ψdr3 = 0

2.5 Quantization of Majorana equation under real representation

By using the above conclusions and properties, the following commutative relations can be obtained:

Cor. 2.5.1.

{
{ψλς (~r, t), ψµς (~r′, t)} = δλςµς δ

3(~r − ~r′)
ψ∗(~r, t) = ψ(~r, t)

⇔


{aς(~p, h), a+

ς (~p′, h′)} = δhh′δ
3(~p− ~p′)

{aς(~p, h), aς(~p
′, h′)} = 0

{a+
ς (~p, h), a+

ς (~p′, h′)} = 0

Cor. 2.5.2.


: H :=: 1

2

∫
iψ+∂tψdr

3 :=: 1
2

∫
[ψ̄(γs · ∇) +m]ψ]dr3 :

ς=1
=
∫ ∑

h

E(p)a+
ς (~p, h)aς(~p, h)d3~p

: ~P :=: 1
2

∫
−iψ+∇ψdr3 :

ς=1
=
∫ ∑

h

~pa+
ς (~p, h)aς(~p, h)d3~p

Cor. 2.5.3.


: Pu :=: 1

2

∫
−iψ+∂uψdr

3 :
ς=1
=
∫ ∑

h

pua
+
ς (~p, h)aς(~p, h)d3~p

: Q :=:
∫
ψ+ψdr3 :=

∫ ∑
h

0a+
ς (~p, h)aς(~p, h)d3~p

ς=1
= 0

Cor. 2.5.4. [Pu, Pv] = 0, [Q,Pu] = 0
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3 Quantization of Majorana equation under arbitrary representation
3.1 Properties of Majorana equation spin basis under arbitrary representation

Majorana equation under arbitrary representation: (γa∂a+m)ψ = 0, ψs = Sψ, ψ∗ = STSψ, γa = S+(σ−ςσ+ςy, ςσ+ςz)S
Properties between two spin bases under arbitrary representation:

Pro. 3.1.1. ūς(~p, h)uς(~p, h
′) = ςδhh′ , ūς(~p, h)(S+S∗)u∗(~p, h′) = 0

Pro. 3.1.2.
∑
h

uς(~p, h)ūς(~p, h) = ςm−iγapa
2m

Pro. 3.1.3.


∑
h

uς(~p, h)ūς(~p, h)− [
∑
h

uς(~p, h)ūς(~p, h)]∗ = ς∑
h

uς(~p, h)ūς(~p, h) + [
∑
h

uς(~p, h)ūς(~p, h)]∗ = −iγapa
m

Pro. 3.1.4. u+
ς (~p, h)uς(~p, h

′) = E
mδhh′ , u

+
ς (~p, h)(S+S∗)u∗(−~p, h′) = 0

Pro. 3.1.5.
∑
h

uς(~p, h)u+
ς (~p, h) + [

∑
h

uς(−~p, h)u+
ς (−~p, h)]∗ = E

m

3.2 Plane wave solutions of Majorana equation under arbitrary representation

Cor. 3.2.1.

ψ(~r, t) = 1
(2π)3/2

+∞∫
~p=−∞

∑
h

[aς(~p, h)
√

m
E uς(~p, h)eiς(~p·~r−Et) + S+S∗a+

ς (~p, h)
√

m
E u
∗(~p, h)e−iς(~p·~r−Et)]d3~p

Cor. 3.2.2.

∇ψ(~r, t) = iς 1
(2π)3/2

+∞∫
~p=−∞

~p
∑
h

[aς(~p, h)
√

m
E uς(~p, h)eiς(~p·~r−Et) − S+S∗a+

ς (~p, h)
√

m
E u
∗(~p, h)e−iς(~p·~r−Et)]d3~p

Cor. 3.2.3. ψ∗(~r, t) = STSψ(~r, t)

Cor. 3.2.4.
aς(~p, h) = 1

(2π)3/2

+∞∫
~p=−∞

√
m
E u

+
ς (~p, h)ψ(~r, t)e−iς(~p·~r−Et)d3~r = 1

(2π)3/2

+∞∫
~p=−∞

√
m
E u

+λς (~p, h)ψλς (~r, t)e
−iς(~p·~r−Et)d3~r

a+
ς (~p, h) = 1

(2π)3/2

+∞∫
~p=−∞

√
m
E u

T
ς (~p, h)ψ∗(~r, t)eiς(~p·~r−Et)d3~r = 1

(2π)3/2

+∞∫
~p=−∞

√
m
E u

λ′ς
ς (~p, h)ψ+

λ′ς
(~r, t)eiς(~p·~r−Et)d3~r

3.3 Quantization of Majorana equation under arbitrary representation

Cor. 3.3.1.

{
{ψλς (~r, t), ψ+

λ′ς
(~r′, t)} = δλςλ′ς δ

3(~r − ~r′)
ψ∗(~r, t) = STSψ(~r, t)

⇔


{aς(~p, h), a+

ς (~p′, h′)} = δhh′δ
3(~p− ~p′)

{aς(~p, h), aς(~p
′, h′)} = 0

{a+
ς (~p, h), a+

ς (~p′, h′)} = 0

Cor. 3.3.2. L = − 1
2

∫
ψ̄(γas ∂a +m)ψdr3 = 0

Cor. 3.3.3.


: H :=: 1

2

∫
iψ+∂tψdr

3 :=: 1
2

∫
[ψ̄(γs · ∇) +m]ψ]dr3 :

ς=1
=
∫ ∑

h

E(p)a+
ς (~p, h)aς(~p, h)d3~p

: ~P :=: 1
2

∫
−iψ+∇ψdr3 :

ς=1
=
∫ ∑

h

~pa+
ς (~p, h)aς(~p, h)d3~p

Cor. 3.3.4.


: Pu :=: 1

2

∫
−iψ+∂uψdr

3 :
ς=1
=
∫ ∑

h

pua
+
ς (~p, h)aς(~p, h)d3~p

: Q :=:
∫
ψ+ψdr3 :=

∫ ∑
h

0a+
ς (~p, h)aς(~p, h)d3~p

ς=1
= 0

Cor. 3.3.5. [Pu, Pv] = 0, [Q,Pu] = 0

Under the representation transformation, the annihilation production operator and its commutation
relationship are scalar and invariant. The system energy momentum operator and the conserved
charge are also scalars and invariants. The wave function operator and its commutation relationship
are representational covariates.

4 Equivalence between Majorana equation and massive neutrino equation
4.1 Equivalent anticommutative relations of Majorana and massive neutrino equation

Anticommutative relation of Majorana equation under Dirac representation:

Cor. 4.1.1.

{
{ψλς (~r, t), ψ+

λ′ς
(~r′, t)} = δλςλ′ς δ

3(~r − ~r′)
ψ∗(~r, t) = −e2iθσy ⊗ σyψ(~r, t)

⇔


{aς(~p, h), a+

ς (~p′, h′)} = δhh′δ
3(~p− ~p′)

{aς(~p, h), aς(~p
′, h′)} = 0

{a+
ς (~p, h), a+

ς (~p′, h′)} = 0
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Cor. 4.1.2. ψ∗(~r, t) = −e2iθσy ⊗ σyψ(~r, t)⇔ ψ(~r, t) = 1√
2

[
ν(~r, t)− ie−2iθσyν

∗(~r, t)
−ν(~r, t)− ie−2iθσyν

∗(~r, t)

]
Equivalent transformation of canonical anticommutative relation for Majorana equation and massive
neutrino equation:

Cor. 4.1.3.


{ψλς (~r, t), ψ+

λ′ς
(~r′, t)} = δλςλ′ς δ

3(~r − ~r′)

ψ(~r, t) = 1√
2

[
ν(~r, t)− ie−2iθσyν

∗(~r, t)

−ν(~r, t)− ie−2iθσyν
∗(~r, t)

]
⇔


{νAς (~r, t), ν+

A′ς
(~r′, t)} = δAςA′ς δ

3(~r − ~r′)
{νAς (~r, t), νBς (~r′, t)} = 0

{ν+
A′ς

(~r, t), ν+
B′ς

(~r′, t)} = 0

Proof:
{ψλς (~r, t), ψ+

λ′ς
(~r′, t)} = δλςλ′ς δ

3(~r − ~r′)

ψ(~r, t) = 1√
2

[
ν(~r, t)− ie−2iθσyν

∗(~r, t)

−ν(~r, t)− ie−2iθσyν
∗(~r, t)

]
⇔

1
2{νAς (~r, t)− e

−2iθ(εν)∗Aς (~r, t), ν
∗
A′ς

(~r′, t)− e2iθ(εν)A′ς (~r
′, t)} = δAςA′ς δ

3(~r − ~r′)
1
2{νAς (~r, t)− e

−2iθ(εν)∗Aς (~r, t),−ν
∗
A′ς

(~r′, t)− e2iθ(εν)A′ς (~r
′, t)} = 0

1
2{−νAς (~r, t)− e

−2iθ(εν)∗Aς (~r, t), ν
∗
A′ς

(~r′, t)− e2iθ(εν)A′ς (~r
′, t)} = 0

1
2{−νAς (~r, t)− e

−2iθ(εν)∗Aς (~r, t),−ν
∗
A′ς

(~r′, t)− e2iθ(εν)A′ς (~r
′, t)} = δAςA′ς δ

3(~r − ~r′)
⇔
{νAς (~r, t)− e−2iθ(εν)∗Aς (~r, t), ν

∗
A′ς

(~r′, t)} = δAςA′ς δ
3(~r − ~r′)

{νAς (~r, t)− e−2iθ(εν)∗Aς (~r, t),−e
2iθ(εν)A′ς (~r

′, t)} = δAςA′ς δ
3(~r − ~r′)

{−νAς (~r, t)− e−2iθ(εν)∗Aς (~r, t),−e
2iθ(εν)A′ς (~r

′, t)} = δAςA′ς δ
3(~r − ~r′)

{νAς (~r, t) + e−2iθ(εν)∗Aς (~r, t), ν
∗
A′ς

(~r′, t)} = δAςA′ς δ
3(~r − ~r′)

⇔
{νAς (~r, t), ν∗A′ς (~r

′, t)} = δAςA′ς δ
3(~r − ~r′)

{νAς (~r, t), (εν)A′ς (~r
′, t)} = 0

{(εν)∗Aς (~r, t), (εν)A′ς (~r
′, t)} = δAςA′ς δ

3(~r − ~r′)
{(εν)∗Aς (~r, t), ν

∗
A′ς

(~r′, t)} = 0
⇔
{νAς (~r, t), ν+

A′ς
(~r′, t)} = δAςA′ς δ

3(~r − ~r′)
{νAς (~r, t), νBς (~r′, t)} = 0

{ν+
A′ς

(~r, t), ν+
B′ς

(~r′, t)} = 0

Cor. 4.1.4.


{νAς (~r, t), ν+

A′ς
(~r′, t)} = δAςA′ς δ

3(~r − ~r′)
{νAς (~r, t), νBς (~r′, t)} = 0

{ν+
A′ς

(~r, t), ν+
B′ς

(~r′, t)} = 0

⇔


{aς(~p, h), a+

ς (~p′, h′)} = δhh′δ
3(~r − ~r′)

{aς(~p, h), aς(~p
′, h′)} = 0

{a+
ς (~p, h), a+

ς (~p′, h′)} = 0

4.2 Majorana and neutrino actions under Dirac representation

Majorana lagrangian: L = − 1
2

∫
ψ̄(γa∂a +m)ψdr3 , Majorana hamiltonian: H = 1

2

∫
ψ̄(γ · ∇+m)ψdr3

Cor. 4.2.1. γa∂a =
[
ς∂π −iσ·∇
iσ·∇ −ς∂π

]
, γ4γa∂a =

[
∂π −iςσ·∇

−iςσ·∇ ∂π

]
, γa = (σ ⊗ σy, ςI ⊗ σz)

Cor. 4.2.2. ψ̄(~r, t)ψ(~r, t) = ς{ν+(~r, t)[−ie−2iθσyν
∗(~r, t)] + [ie2iθνT (~r, t)σy]ν(~r, t)}

Proof: ψ̄(~r, t)ψ(~r, t) = ψ+(~r, t)γ4ψ(~r, t)

= 1
2 ς
[
ν+(~r, t) + ie2iθνT (~r, t)σy,−ν+(~r, t) + ie2iθνT (~r, t)σy

] [ν(~r, t)− ie−2iθσyν
∗(~r, t)

ν(~r, t) + ie−2iθσyν
∗(~r, t)

]
= 1

2 ς{[ν
+(~r, t) + ie2iθνT (~r, t)σy][ν(~r, t)− ie−2iθσyν

∗(~r, t)]− [ν+(~r, t)− ie2iθνT (~r, t)σy][ν(~r, t) + ie−2iθσyν
∗(~r, t)]}

= ς{ν+(~r, t)[−ie−2iθσyν
∗(~r, t)] + [ie2iθνT (~r, t)σy]ν(~r, t)}

Cor. 4.2.3. ψ̄(~r, t)γa∂aψ(~r, t) = iς[ν+(~r, t)(σ,−iς)a∂aν(~r, t)− νT (~r, t)(σ, iς)a∂aν
∗(~r, t)]

Proof: ψ̄(~r, t)γa∂aψ(~r, t) = ψ+(~r, t)γ4γa∂aψ(~r, t)

= 1
2

[
ν+(~r, t) + ie2iθνT (~r, t)σy,−ν+(~r, t) + ie2iθνT (~r, t)σy

] [
∂π −iςσ·∇

−iςσ·∇ ∂π

] [ ν(~r, t)− ie−2iθσyν
∗(~r, t)

−ν(~r, t)− ie−2iθσyν
∗(~r, t)

]
= 1

2

[
ν+(~r, t) + ie2iθνT (~r, t)σy,−ν+(~r, t) + ie2iθνT (~r, t)σy

]
∂π

[
ν(~r, t)− ie−2iθσyν

∗(~r, t)
−ν(~r, t)− ie−2iθσyν

∗(~r, t)

]
+ 1

2

[
ν+(~r, t) + ie2iθνT (~r, t)σy,−ν+(~r, t) + ie2iθνT (~r, t)σy

]
(−iςσ · ∇)

[
−ν(~r, t)− ie−2iθσyν

∗(~r, t)
ν(~r, t)− ie−2iθσyν

∗(~r, t)

]
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= 1
2{[ν

+(~r, t) + ie2iθνT (~r, t)σy]∂π[ν(~r, t)− ie−2iθσyν
∗(~r, t)]

+ [ν+(~r, t)− ie2iθνT (~r, t)σy]∂π[ν(~r, t) + ie−2iθσyν
∗(~r, t)]}

+ 1
2{[ν

+(~r, t) + ie2iθνT (~r, t)σy](iςσ · ∇)[ν(~r, t) + ie−2iθσyν
∗(~r, t)]

+ [ν+(~r, t)− ie2iθνT (~r, t)σy](iςσ · ∇)[ν(~r, t)− ie−2iθσyν
∗(~r, t)]}

= [ν+(~r, t)∂πν(~r, t) + νT (~r, t)∂πν
∗(~r, t)] + [ν+(~r, t)(iςσ · ∇)ν(~r, t)− νT (~r, t)σy(iςσ · ∇)σyν

∗(~r, t)]
= iς[ν+(~r, t)(σ,−iς)a∂aν(~r, t)− νT (~r, t)σy(σ, iς)a∂aσyν

∗(~r, t)]

Neutrino lagrangian:

Cor. 4.2.4. L = − 1
2

∫
ψ̄(~r, t)(γa∂a +m)ψ(~r, t)

= − 1
2 iς
∫
ν+(~r, t)[(σ,−iς)a∂aν(~r, t)−me−2iθσyν

∗(~r, t)]− νT (~r, t)[(−σ∗, iς)a∂aν∗(~r, t)−me2iθσyν(~r, t)]

Proof: L = − 1
2

∫
ψ̄(~r, t)(γa∂a +m)ψ(~r, t)

= − 1
2

∫
iς[ν+(~r, t)(σ,−iς)a∂aν(~r, t)− νT (~r, t)σy(σ, iς)a∂aσyν

∗(~r, t)]
+miς{ν+(~r, t)[−e−2iθσyν

∗(~r, t)] + [e2iθνT (~r, t)σy]ν(~r, t)}
= − 1

2 iς
∫
ν+(~r, t)[(σ,−iς)a∂aν(~r, t)−me−2iθσyν

∗(~r, t)]− νT (~r, t)σy[(σ, iς)a∂aσyν
∗(~r, t) +me2iθσy[σyν

∗(~r, t)]∗]
= − 1

2 iς
∫
ν+(~r, t)[(σ,−iς)a∂aν(~r, t)−me−2iθσyν

∗(~r, t)]− νT (~r, t)[(−σ∗, iς)a∂aν∗(~r, t)−me2iθσyν(~r, t)]

Neutrino hamiltonian:

Cor. 4.2.5. H = 1
2

∫
ψ̄(γ · ∇+m)ψdr3

= iς 1
2

∫
[ν+(~r, t)σ · ∇ν(~r, t) + νT (~r, t)σ∗ · ∇ν∗(~r, t)]−m[e−2iθν+(~r, t)σyν

∗(~r, t)− e2iθνT (~r, t)σyν(~r, t)]dr3

Neutrino charge:

Cor. 4.2.6. Q =
∫
ψ+ψdr3 =

∫
ν+(~r, t)ν(~r, t) + νT (~r, t)ν∗(~r, t)dr3 '

∫
ν+(~r, t)ν(~r, t) + νT (~r, t)ν∗(~r, t)dr3

Energy and momentum of neutrino:

Cor. 4.2.7. Pu = −i
∫
ψ+∂uψdr

3 = −i
∫
ν+(~r, t)∂uν(~r, t) + νT (~r, t)∂uν

∗(~r, t)dr3

Cor. 4.2.8. [Pu, Pv] = 0, [Q,Pu] = 0

5 Plane wave solutions and direct quantization of massive neutrino equation [38]

5.1 Properties of spin basis for massive neutrino equation

Cor. 5.1.1. (σ,−iς)a∂aν(x)−me−2iθσyν
∗(x) = 0

Cor. 5.1.2.


η(~p, 1

2 ) := E+m−ς~p·σ√
2m(E+m)

[
1

0

]
= u1(~p, 1

2 )− u2(~p, 1
2 )

η(~p,− 1
2 ) := E+m−ς~p·σ√

2m(E+m)

[
0

1

]
= u1(~p,− 1

2 )− u2(~p,− 1
2 )

Cor. 5.1.3. η(~p, h) = u1(~p, h)− u2(~p, h), η+(~p, h)η(−~p, h′) = δhh′ , η
T (~p, h)η∗(−~p, h′) = δhh′

Cor. 5.1.4.


∑
h

η(~p, h)η+(~p, h) = E−ςσ·~p
m = −ς(σ,iς)apa

m∑
h

(−1)h−
1
2 η(~p, h)η+(~p, h) = iσy

Cor. 5.1.5.



∑
h

[η(~p, h)η+(~p, h) + η(−~p, h)η+(−~p, h)] = 2E
m∑

h

[η∗(~p, h)ηT (~p, h) + η∗(−~p, h)ηT (−~p, h)] = 2E
m∑

h

(−1)h−
1
2 [η(~p, h)ηT (~p,−h) + η(−~p,−h)ηT (−~p, h)] = 0∑

h

(−1)h−
1
2 [η∗(~p, h)η+(~p,−h) + η∗(−~p,−h)η+(−~p, h)] = 0

Cor. 5.1.6. η+(~p, h)η(~p′, h′) = −(−1)h+h′ηT (−~p,−h)η∗(−~p′,−h′)

Cor. 5.1.7.

{
η+(~p, h)η(~p, h′)− (−1)h+h′ηT (~p,−h)η∗(~p,−h′) = 2E

m δhh′

η+(~p, h)η(~p, h′) + η+(−~p, h)η(−~p, h′) = 2E
m δhh′

Cor. 5.1.8.

{
η+(~p, h)η(−~p, h′)− (−1)h+h′ηT (~p,−h)η∗(−~p,−h′) = 0

η+(~p, h)η(−~p, h′)− η+(−~p, h)η(~p, h′) = 0

Cor. 5.1.9.

{
η+(~p, h)η(−~p,−h′)− (−1)h

′−hηT (~p,−h)η∗(−~p, h′) = 0

η+(~p, h)η(−~p,−h′)− η+(−~p, h)η(~p,−h′) = 0

295



Chapter19 Quantization of Majorana Particle and Neutrino Shui-Rong Shi

5.2 Obtain plane wave solutions of massive neutrino equation from Majorana equation

Cor. 5.2.1. ν(~r, t) = 1
(2π)3/2

∫ √
m
2E

∑
h

E+m−ς~p·σ√
2m(E+m)

[aς(~p, h)ξ(h)eiς(~p·~r−Et) + a+
ς (~p, h)ie−2iθσyξ(h)e−iς(~p·~r−Et)]d3~p

Cor. 5.2.2. ν(~r, t) = 1
(2π)3/2

∫ √
m
2E

∑
h

[aς(~p, h)η(~p, h)eiς(~p·~r−Et) + (−1)h−
1
2 e−2iθa+

ς (~p, h)η(~p,−h)e−iς(~p·~r−Et)]d3~p

Cor. 5.2.3. aς(~p, h) = 1
(2π)3/2

+∞∫
~p=−∞

√
m
E u

+
ς (~p, h)ψ(~r, t)e−iς(~p·~r−Et)d3~r

⇔ aς(~p, h) = 1
(2π)3/2

√
E

2m

∫
[η+(~p, h)ν(~r, t)− (−1)h−

1
2 e−2iθηT (~p,−h)ν∗(~r, t)]e−iς(~p·~r−Et)d3~r

Proof: aς(~p, h) = 1
(2π)3/2

+∞∫
~p=−∞

√
m
E u

+
ς (~p, h)ψ(~r, t)e−iς(~p·~r−Et)d3~r

= 1
(2π)3/2

+∞∫
~p=−∞

√
m
E

[
u+

1 (~p, h), u+
2 (~p, h)

]
1√
2

[
ν(~r, t)− ie−2iθσyν

∗(~r, t)
−ν(~r, t)− ie−2iθσyν

∗(~r, t)

]
e−iς(~p·~r−Et)d3~r

= 1
(2π)3/2

∫ √
m
2E [η+(~p, h)ν(~r, t)− ie−2iθη+(−~p, h)σyν

∗(~r, t)]e−iς(~p·~r−Et)d3~r

= 1
(2π)3/2

∫ √
m
2E [η+(~p, h)ν(~r, t)− (−1)h−

1
2 e−2iθηT (~p,−h)ν∗(~r, t)]e−iς(~p·~r−Et)d3~r

5.3 Direct verification of above plane wave solutions and quantization conditions

Cor. 5.3.1. aς(~p, h) = 1
(2π)3/2

√
E

2m

∫
[η+(~p, h)ν(~r, t)− (−1)h−

1
2 e−2iθηT (~p,−h)ν∗(~r, t)]e−iς(~p·~r−Et)d3~r

Proof: 1
(2π)3/2

√
m
2E

∫
[η+(~p, h)ν(~r, t)− (−1)h−

1
2 e−2iθη+(−~p,−h)ν∗(~r, t)]e−iς(~p·~r−Et)d3~r

= 1
(2π)3

√
m
2E

∫
d3~rd3~p′

√
m

2E′∑
h′
η+(~p, h)[aς(~p

′, h′)η(~p′, h′)eiς(~p
′·~r−E′t) + (−1)h

′− 1
2 e−2iθa+

ς (~p′, h′)η(~p′,−h′)e−iς(~p′·~r−E′t)]e−iς(~p·~r−Et)

− (−1)h−
1
2 e−2iθηT (~p,−h)[a+

ς (~p′, h′)η∗(~p′, h′)e−iς(~p
′·~r−E′t) + (−1)h

′− 1
2 e2iθaς(~p

′, h′)η∗(~p′,−h′)eiς(~p′·~r−E′t)]e−iς(~p·~r−Et)

=
√

m
2E

∫ √
m

2E′

∑
h′

[aς(~p
′, h′)η+(~p, h)η(~p′, h′)δ3(~p− ~p′) + (−1)h−

1
2 e−2iθa+

ς (~p′, h′)η+(~p, h)η(~p′,−h′)δ3(~p+ ~p′)e2iςEt]

− (−1)h
′− 1

2 e−2iθa+
ς (~p′, h′)ηT (~p,−h)η∗(~p′, h′)δ3(~p+ ~p′)e2iςEt − (−1)h+h′aς(~p

′, h′)ηT (~p,−h)η∗(~p′,−h′)δ3(~p− ~p′)]d3~p′

= m
2E

∑
h′

[aς(~p, h
′)η+(~p, h)η(~p, h′) + (−1)h−

1
2 e−2iθa+(−~p, h′)η+(~p, h)η(−~p,−h′)e2iςEt]

− (−1)h
′− 1

2 e−2iθa+(−~p, h′)ηT (~p,−h)η∗(−~p, h′)e2iςEt − (−1)h+h′aς(~p, h
′)ηT (~p,−h)η∗(~p,−h′)]

= m
2E

∑
h′

[aς(~p, h
′)[η+(~p, h)η(~p, h′)− (−1)h+h′ηT (~p,−h)η∗(~p,−h′)]

+ (−1)h−
1
2 e2iςEte−2iθa+(−~p, h′)[η+(~p, h)η(−~p,−h′)− (−1)h

′−hηT (~p,−h)η∗(−~p, h′)]
= aς(~p, h)

Cor. 5.3.2. a+
ς (~p, h) = 1

(2π)3/2

√
E

2m

∫
[ηT (~p, h)ν∗(~r, t)− (−1)h−

1
2 e2iθη+(~p,−h)ν(~r, t)]eiς(~p·~r−Et)d3~r

By using the above two coefficient expansions, it is easy to directly derive the following canonical
commutative relation.

Cor. 5.3.3.


{νAς (~r, t), ν+

A′ς
(~r′, t)} = δAςA′ς δ

3(~r − ~r′)
{νAς (~r, t), νA′ς (~r

′, t)} = 0

{ν+
A′ς

(~r, t), ν+
B′ς

(~r′, t)} = 0

⇒


{aς(~p, h), a+

ς (~p′, h′)} = δhh′δ
3(~p− ~p′)

{aς(~p, h), aς(~p
′, h′)} = 0

{a+
ς (~p, h), a+

ς (~p′, h′)} = 0

Now, in turn, we can directly derive the following canonical commutative relation by using the wave
function expansion.

Cor. 5.3.4.


{aς(~p, h), a+

ς (~p′, h′)} = δhh′δ
3(~p− ~p′)

{aς(~p, h), aς(~p
′, h′)} = 0

{a+
ς (~p, h), a+

ς (~p′, h′)} = 0

⇒

{
{νAς (x), ν+

A′ς
(x′)} = −ς(σ, iς)a∂a∆(x− x′)

{νAς (~r, t), ν+
A′ς

(~r′, t)} = δAςA′ς δ
3(~r − ~r′)

Proof:

{νAς (x), ν+
A′ς

(x′)}

= 1
(2π)3

∫
m
2E

∑
h,h′
{[aς(~p, h)ηAς (~p, h)eiς(~p·~r−Et) + e−2iθa+

ς (~p, h)(−1)h−
1
2 ηAς (~p,−h)e−iς(~p·~r−Et)],
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[a+
ς (~p′, h′)η+

A′ς
(~p′, h′)e−iς(~p

′·~r′−E′t′) + e2iθaς(~p
′, h′)(−1)h

′− 1
2 η+

A′ς
(~p′,−h′)eiς(~p′·~r′−E′t′)]}d3~p′d3~p

= 1
(2π)3

∫
m
2E

∑
h,h′

[ηAς (~p, h)η+
A′ς

(~p′, h′)]{aς(~p, h), a+
ς (~p′, h′)}[eiς(~p·~r−Et)e−iς(~p′·~r′−E′t′)]

+ ηAς (~p,−h)η+
A′ς

(~p′,−h′)(−1)h−
1
2 {a+

ς (~p, h), aς(~p
′, h)}(−1)h

′− 1
2 [e−iς(~p·~r−Et)eiς(~p

′·~r′−E′t′)]d3~p′d3~p

= 1
(2π)3

∫
m
2E

∑
h,h′

[ηAς (~p, h)η+
A′ς

(~p′, h′)]δhh′δ
3(~p− ~p′)[eiς(~p·~r−Et)e−iς(~p′·~r′−E′t′)]

+ ηAς (~p,−h)η+
A′ς

(~p′,−h′)(−1)h−
1
2 δhh′δ

3(~p− ~p′)(−1)h
′− 1

2 [e−iς(~p·~r−Et)eiς(~p
′·~r′−E′t′)]d3~p′d3~p

= 1
(2π)3

∫
m
2E

∑
h

ηAς (~p, h)η+
A′ς

(~p, h)eiςp·(x−x
′) + ηAς (~p,−h)η+

A′ς
(~p,−h)e−iςp·(x−x

′)d3~p

= 1
(2π)3

∫
m
2E

∑
h

ηAς (~p, h)η+
A′ς

(~p, h)[eiςp·(x−x
′) + e−iςp·(x−x

′)]d3~p

= 1
(2π)3

∫
m
2E
−ς(σ,iς)apa

m [eiςp·(x−x
′) + e−iςp·(x−x

′)]d3~p

= −(σ, iς)a∂a
−i

(2π)3

∫
1

2E [eiςp·(x−x
′) − e−iςp·(x−x′)]d3~p = −ς(σ, iς)a∂a∆(x− x′)

Proof:

{νAς (~r, t), ν+
A′ς

(~r′, t)}

= 1
(2π)3

∫
m
2E

∑
h,h′
{[aς(~p, h)ηAς (~p, h)eiς(~p·~r−Et) + e−2iθa+

ς (~p, h)(−1)h−
1
2 ηAς (~p,−h)e−iς(~p·~r−Et)],

[a+
ς (~p′, h′)η+

A′ς
(~p′, h′)e−iς(~p

′·~r′−E′t) + e2iθaς(~p
′, h′)(−1)h

′− 1
2 η+

A′ς
(~p′,−h′)eiς(~p′·~r′−E′t)]}d3~p′d3~p

= 1
(2π)3

∫
m
2E

∑
h,h′

[ηAς (~p, h)η+
A′ς

(~p′, h′)]{aς(~p, h), a+
ς (~p′, h′)}[eiς(~p·~r−Et)e−iς(~p′·~r′−E′t)]

+ ηAς (~p,−h)η+
A′ς

(~p′,−h′)(−1)h−
1
2 {a+

ς (~p, h), aς(~p
′, h)}(−1)h

′− 1
2 [e−iς(~p·~r−Et)eiς(~p

′·~r′−E′t)]d3~p′d3~p

= 1
(2π)3

∫
m
2E

∑
h,h′

[ηAς (~p, h)η+
A′ς

(~p′, h′)]δhh′δ
3(~p− ~p′)[eiς(~p·~r−Et)e−iς(~p′·~r′−E′t)]

+ ηAς (~p,−h)η+
A′ς

(~p′,−h′)(−1)h−
1
2 δhh′δ

3(~p− ~p′)(−1)h
′− 1

2 [e−iς(~p·~r−Et)eiς(~p
′·~r′−E′t)]d3~p′d3~p

= 1
(2π)3

∫
m
2E

∑
h

ηAς (~p, h)η+
A′ς

(~p, h)eiς~p·(~r−~r
′) + ηAς (~p,−h)η+

A′ς
(~p,−h)e−iς~p·(~r−~r

′)d3~p

= 1
(2π)3

∫
m
2E

∑
h

ηAς (~p, h)η+
A′ς

(~p, h)eiς~p·(~r−~r
′) + ηAς (−~p, h)η+

A′ς
(−~p, h)eiς~p·(~r−~r

′)d3~p

= 1
(2π)3

∫
m
2E

∑
h

[ηAς (~p, h)η+
A′ς

(~p, h) + ηAς (−~p, h)η+
A′ς

(−~p, h)]eiς~p·(~r−~r
′)d3~p

= 1
(2π)3

∫
m
2E

∑
h

[η(~p, h)η+(~p, h) + η(−~p, h)η+(−~p, h)]AςA′ςe
iς~p·(~r−~r′)d3~p

= δAςA′ς δ
3(~r − ~r′)

Cor. 5.3.5.


{aς(~p, h), a+

ς (~p′, h′)} = δhh′δ
3(~p− ~p′)

{aς(~p, h), aς(~p
′, h′)} = 0

{a+
ς (~p, h), a+

ς (~p′, h′)} = 0

⇒


{νAς (x), νBς (x

′)} = iςme−2iθεAςBς∆(x− x′)
{ν+
A′ς

(x), ν+
B′ς

(x′)} = −iςme2iθεA′ςB′ς∆(x− x′)
{νAς (~r, t), νBς (~r′, t)} = 0

{ν+
A′ς

(~r, t), ν+
B′ς

(~r′, t)} = 0

Proof:

{νAς (x), νBς (x
′)}

= 1
(2π)3

∫
m
2E

∑
h,h′
{[aς(~p, h)ηAς (~p, h)eiς(~p·~r−Et) + e−2iθa+

ς (~p, h)(−1)h−
1
2 ηAς (~p,−h)e−iς(~p·~r−Et)],

[aς(~p
′, h′)ηBς (~p

′, h′)eiς(~p
′·~r′−E′t′) + e−2iθa+

ς (~p′, h′)(−1)h
′− 1

2 ηBς (~p
′,−h′)e−iς(~p′·~r′−E′t′)]}d3~p′d3~p

= 1
(2π)3

∫
m
2E

∑
h,h′

(−1)h
′− 1

2 e−2iθ[ηAς (~p, h)ηBς (~p
′,−h′)]{aς(~p, h), a+

ς (~p′, h′)}[eiς(~p·~r−Et)e−iς(~p′·~r′−E′t′)]

+ (−1)h−
1
2 e−2iθηAς (~p,−h)ηBς (~p

′, h′){a+
ς (~p, h), aς(~p

′, h)}[e−iς(~p·~r−Et)eiς(~p′·~r′−E′t′)]d3~p′d3~p

= 1
(2π)3

∫
m
2E

∑
h,h′

(−1)h
′− 1

2 e−2iθ[ηAς (~p, h)ηBς (~p
′,−h′)]δhh′δ3(~p− ~p′)[eiς(~p·~r−Et)e−iς(~p′·~r′−E′t′)]

+ (−1)h−
1
2 e−2iθηAς (~p,−h)ηBς (~p

′, h′)δhh′δ
3(~p− ~p′)[e−iς(~p·~r−Et)eiς(~p′·~r′−E′t′)]d3~p′d3~p

= 1
(2π)3

∫
m
2E e

−2iθ
∑
h

(−1)h−
1
2 [ηAς (~p, h)ηBς (~p,−h)]eiςp·(x−x

′) + (−1)h−
1
2 ηAς (~p,−h)ηBς (~p, h)e−iςp·(x−x

′)d3~p

= 1
(2π)3

∫
m
E e
−2iθ

∑
h

[hηAς (~p, h)ηBς (~p,−h)][eiςp·(x−x
′) − e−iςp·(x−x′)]d3~p

= iςmεAςBςe
−2iθ −iς

(2π)3

∫
1

2E [eiςp·(x−x
′) − e−iςp·(x−x′)]d3~p

= iςme−2iθεAςBς∆(x− x′)
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Proof:

{νAς (~r, t), νBς (~r′, t)}
= 1

(2π)3

∫
m
2E

∑
h,h′
{[aς(~p, h)ηAς (~p, h)eiς(~p·~r−Et) + e−2iθa+

ς (~p, h)(−1)h−
1
2 ηAς (~p,−h)e−iς(~p·~r−Et)],

[aς(~p
′, h′)ηBς (~p

′, h′)eiς(~p
′·~r′−E′t) + e−2iθa+

ς (~p′, h′)(−1)h
′− 1

2 ηBς (~p
′,−h′)e−iς(~p′·~r′−E′t)]}d3~p′d3~p

= 1
(2π)3

∫
m
2E

∑
h,h′

(−1)h
′− 1

2 e−2iθ[ηAς (~p, h)ηBς (~p
′,−h′)]{aς(~p, h), a+

ς (~p′, h′)}[eiς(~p·~r−Et)e−iς(~p′·~r′−E′t)]

+ (−1)h−
1
2 e−2iθηAς (~p,−h)ηBς (~p

′, h′){a+
ς (~p, h), aς(~p

′, h)}[e−iς(~p·~r−Et)eiς(~p′·~r′−E′t)]d3~p′d3~p

= 1
(2π)3

∫
m
2E

∑
h,h′

(−1)h
′− 1

2 e−2iθ[ηAς (~p, h)ηBς (~p
′,−h′)]δhh′δ3(~p− ~p′)[eiς(~p·~r−Et)e−iς(~p′·~r′−E′t)]

+ (−1)h−
1
2 e−2iθηAς (~p,−h)ηBς (~p

′, h′)δhh′δ
3(~p− ~p′)[e−iς(~p·~r−Et)eiς(~p′·~r′−E′t)]d3~p′d3~p

= 1
(2π)3

∫
m
2E e

−2iθ
∑
h

(−1)h−
1
2 [ηAς (~p, h)ηBς (~p,−h)]eiς~p·(~r−~r

′) + (−1)h−
1
2 ηAς (~p,−h)ηBς (~p, h)e−iς~p·(~r−~r

′)d3~p

= 1
(2π)3

∫
m
2E e

−2iθeiς~p·(~r−~r
′)
∑
h

(−1)h−
1
2 [ηAς (~p, h)ηBς (~p,−h) + ηAς (−~p,−h)ηBς (−~p, h)]d3~p

= 0

5.4 Summary of anticommutative rules for massive neutrino equation

Cor. 5.4.1.
{aς(~p, h), a+

ς (~p′, h′)} = δhh′δ
3(~p− ~p′)

{aς(~p, h), aς(~p
′, h′)} = 0

{a+
ς (~p, h), a+

ς (~p′, h′)} = 0

⇔


{ψsλς (x), ψsλ′ς (x

′)} = i[(m− γas ∂a)γ4
s ]λςλ′ς∆(x− x′)

{ψsλς (~r, t), ψsλ′ς (~r
′, t)} = δλςλ′ς δ

3(~r − ~r′)
ψ∗s (~r, t) = ψs(~r, t)

Cor. 5.4.2.
{aς(~p, h), a+

ς (~p′, h′)} = δhh′δ
3(~p− ~p′)

{aς(~p, h), aς(~p
′, h′)} = 0

{a+
ς (~p, h), a+

ς (~p′, h′)} = 0

⇔


{ψλς (x), ψ+

λ′ς
(x′)} = i[(m− γa∂a)γ4]λςλ′ς∆(x− x′)

{ψλς (~r, t), ψ+
λ′ς

(~r′, t)} = δλςλ′ς δ
3(~r − ~r′)

ψ∗(~r, t) = −e2iθσy ⊗ σyψ(~r, t)

Cor. 5.4.3.
{aς(~p, h), a+

ς (~p′, h′)} = δhh′δ
3(~p− ~p′)

{aς(~p, h), aς(~p
′, h′)} = 0

{a+
ς (~p, h), a+

ς (~p′, h′)} = 0

⇔


{νAς (x), ν+

A′ς
(x′)} = −ς(σ, iς)aAςA′ς∂a∆(x− x′)

{νAς (x), νBς (x
′)} = iςme−2iθεAςBς∆(x− x′)

{ν+
A′ς

(x), ν+
B′ς

(x′)} = −iςme2iθεA′ςB′ς∆(x− x′)

Cor. 5.4.4.
{aς(~p, h), a+

ς (~p′, h′)} = δhh′δ
3(~p− ~p′)

{aς(~p, h), aς(~p
′, h′)} = 0

{a+
ς (~p, h), a+

ς (~p′, h′)} = 0

⇔


{νAς (~r, t), ν+

A′ς
(~r′, t)} = δAςA′ς δ

3(~r − ~r′)
{νAς (~r, t), νBς (~r′, t)} = 0

{ν+
A′ς

(~r, t), ν+
B′ς

(~r′, t)} = 0

5.5 Summary of three equivalent descriptions for massive neutrino equation

5.5.1 Construct plane wave solutions from massive neutrino equation

Cor. 5.5.1.{
(σ,−iς)a∂aν(x)−me−2iθσyν

∗(x) = 0

ψ(x) = 1√
2

[
ν(x)−ie−2iθσyν

∗(x)

−ν(x)−ie−2iθσyν
∗(x)

] ⇔


(γa∂a +m)ψ(x) = 0, γa = (σ ⊗ σy, ςI ⊗ σz)
ψ∗(x) = −e2iθσy ⊗ σyψ(x)

ν(x) = 1√
2
[ψ1(x) + ie−2iθσyψ

∗
1(x)]

ν(x) = 1
(2π)3/2

∫
E+m−ς~p·σ√

2m(E+m)

1√
2
(ξ0e

iςp·x + ie−2iθσyξ
∗
0e
−iςp·x)d3~p

ψ(x) = 1
(2π)3/2

∫
E+m+ς~p·σ⊗σx√

2m(E+m)

[
ξ0e

iςp·x

−ie−2iθσyξ
∗
0e
−iςp·x

]
d3~p = 1

(2π)3/2

∫  (E+m)ξ0e
iςp·x−ς~p·σ(ie−2iθσyξ

∗
0 )e−iςp·x√

2m(E+m)

−(E+m)(ie−2iθσyξ
∗
0 )e−iςp·x+ς~p·σξ0eiςp·x√

2m(E+m)

 d3~p

ξ0 = a(~p, 1
2 )
[

1
0

]
+ a(~p,− 1

2 )
[

0
1

]
ξ0 = a(~p,− ς

2 )λ(p̂,− ς
2 ) + a(~p, ς2 )λ(p̂, ς2 )

6 Plane wave solutions and preliminary quantization of massless neutrino equation
(The following chapters will expand in detail.)
6.1 Plane wave solutions of massless neutrino equation

Cor. 6.1.1. (σ,−iς)a∂aν(~r, t) = 0

Cor. 6.1.2. νAς (~r, t) =
∫
~p6=0

1
2 (1− ς σ·~p|~p| )[ξ(~p)e

iς(~p·~r−Et) + η(~p)e−iς(~p·~r−Et)]d3~p

=
∫
~p6=0

λ(p,−ς)[a+(~p)eiς(~p·~r−Et) + a+
−(~p)e−iς(~p·~r−Et)]d3~p, σ·~p|~p| λ(p,−ς) = −ςλ(p,−ς)
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Cor. 6.1.3. ∇ν(~r, t) =
∫
~p6=0

iς~pλ(p,−ς)[a+(~p)eiς(~p·~r−Et) − a+
−(~p)e−iς(~p·~r−Et)]d3~p

Cor. 6.1.4. ν+(~r, t) =
∫
~p6=0

λ+(p,−ς)[a+
+(~p)e−iς(~p·~r−Et) + a−(~p)eiς(~p·~r−Et)]d3~p

Cor. 6.1.5. a+(~p) =
∫
λ+(p,−ς)ν(~r, t)e−iς(~p·~r−Et)d3~r, a+

−(~p) =
∫
λ+(p,−ς)ν(~r, t)eiς(~p·~r−Et)d3~r

Cor. 6.1.6.
L = −iς

∫
ν+(~r, t)(σ,−iς)a∂aν(~r, t)d3~r = 0

H = i
∫
ν+(~r, t)∂tν(~r, t)d3~r = iς

∫
ν+(~r, t)σ · ∇ν(~r, t)d3~r = ς

∫
E(~p)[a+

+(~p)a+(~p)− a−(~p)a+
−(~p)]d3~p

~P = −i
∫
ν+(~r, t)∇ν(~r, t)d3~r = ς

∫
~p[a+

+(~p)a+(~p)− a−(~p)a+
−(~p)]d3~p

Q = ς
∫
ν+(~r, t)ν(~r, t)d3~r = ς

∫
[a+

+(~p)a+(~p) + a−(~p)a+
−(~p)]d3~p

Proof:

H = iς
∫
ν+(~r, t)σ · ∇ν(~r, t)d3~r = i

∫
ν+(~r, t)∂tν(~r, t)d3~r

= iς
∫
d3~rd3~pd3~p′

iςλ+(~p,−ς)[a+
+(~p)e−iς(~p·~r−Et) + a−(~p)eiς(~p·~r−Et)]σ · ~p′λ(~p′,−ς)[a+(~p′)eiς(~p

′·~r−E′t) − a+
−(~p′)e−iς(~p

′·~r−E′t)]
= ς

∫
E(~p)[a+

+(~p)a+(~p)− a−(~p)a+
−(~p)]d3~p

Proof:
~P = −i

∫
ν+(~r, t)∇ν(~r, t)d3~r

= −i
∫
d3~rd3~pd3~p′

iς~p′λ+(~p,−ς)λ(~p′,−ς)[a+
+(~p)e−iς(~p·~r−Et) + a−(~p)eiς(~p·~r−Et)][a+(~p′)eiς(~p

′·~r−E′t) − a+
−(~p′)e−iς(~p

′·~r−E′t)]
= ς

∫
~p[a+

+(~p)a+(~p)− a−(~p)a+
−(~p)]d3~p

Proof:

Q = ς
∫
ν+(~r, t)ν(~r, t)d3~r

= ς
∫
λ+(~p,−ς)λ(~p′,−ς)[a+

+(~p)e−iς(~p·~r−Et) + a−(~p)eiς(~p·~r−Et)][a+(~p′)eiς(~p
′·~r−E′t) + a+

−(~p′)e−iς(~p
′·~r−E′t)]d3~rd3~pd3~p′

= ς
∫

[a+
+(~p)a+(~p) + a−(~p)a+

−(~p)]d3~p

6.2 Quantization of massless neutrino equation

Cor. 6.2.1.


{νAς (~r, t), ν+

A′ς
(~r′, t)} = δAςA′ς δ

3(~r − ~r′)
{νAς (~r, t), νA′ς (~r

′, t)} = 0

{ν+
Aς

(~r, t), ν+
A′ς

(~r′, t)} = 0

⇔


{as(~p), a+

s′(~p
′)} = δhh′δ

3(~p− ~p′)
{as(~p), as′(~p′)} = 0

{a+
s (~p), a+

s′(~p
′)} = 0

Cor. 6.2.2.

{
: Pu :

ς=1
=
∫
pu[a+

+(~p)a+(~p) + a+
−(~p)a−(~p)]d3~p

: Q :
ς=1
=
∫

[a+
+(~p)a+(~p)− a+

−(~p)a−(~p)]d3~p

Cor. 6.2.3. Sa = εabcdSbcPd = ςPa

6.3 From neutrino Weyl equation come back to Dirac representation

Cor. 6.3.1.

(σ,−iς)a∂aν(~r, t)−me−2iθσyν
∗(~r, t) = 0⇔ (γa∂a +m)

[
ν(~r, t)

−ie−2iθσyν
∗(~r, t)

]
= 0, γa := (σ ⊗ σy, ςI ⊗ σx)

Cor. 6.3.2. (σ,−iς)a∂aν(~r, t) = 0⇔ γa∂a

[
ν(~r, t)

−ie−2iθσyν
∗(~r, t)

]
= 0, (γa, γ5) := [(σ ⊗ σy, ςI ⊗ σx), ςI ⊗ σz]

Cor. 6.3.3. σx = 1√
2

[
1 −1
1 1

]
σz

1√
2

[
1 1
−1 1

]
, σy = 1√

2

[
1 −1
1 1

]
σy

1√
2

[
1 1
−1 1

]

Cor. 6.3.4. γa∂a

[
ν(~r, t)

0

]
= 0, (γa, γ5) := [(σ ⊗ σy, ςI ⊗ σx), ςI ⊗ σz],

Cor. 6.3.5.


γa∂aψM (~r, t) = 0, ψM (~r, t) = −e−2iθσy ⊗ σyψ∗M (~r, t) =

[
ν(~r, t)

−ie−2iθσyν
∗(~r, t)

]

γa∂aψW (~r, t) = 0, ψW (~r, t) = ςγ5ψW (~r, t) =

[
ν(~r, t)

0

]
; (γa, γ5) := [(σ ⊗ σy, ςI ⊗ σx), ςI ⊗ σz]
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7 Plane wave solutions and alternative quantization schemes for s-spin equation
7.1 Plane wave solutions of s-spin equation

Thm. 7.1.1. [s∂a + iSab(s, ς)∂
b]ψ(~r, t) = 0, Sab(s, ς) = iσαςςabσας (s)

Cor. 7.1.1.

ψ(~r, t) =
∫
~p6=0

λ(p,−sς)[η(~p,−sς)eiς(~p·~r−Et) + d+(~p,−sς)e−iς(~p·~r−Et)]d3~p, σ(s)·~p
|~p| λ(p,−sς) = −sςλ(p,−sς)

7.2 Energy momentum operator of s-spin equation

Def. 7.2.1. H := iς
s

∫
ψ+(~r, t)σ(s) · ∇ψ(~r, t)d3~r ~P := −i

∫
ψ+(~r, t)∇ψ(~r, t)d3~r

7.3 Quantum Lorentz invariance of s-spin equation

Cor. 7.3.1. [ψA(~r, t), H] = i ςsσ(s) · ∇ψA(~r, t)

Proof: [ψA(~r, t), H]
= [ψA(~r, t), i

∫
ψ+
B(~r′, t) ςsσ(s) · ∇′δBCψC(~r′, t)d3~r′]

= i
∫

[ψA(~r, t), ψ+
B(~r′, t) ςsσ(s) · ∇′δBCψC(~r′, t)]d3~r′

= i
∫
{ψA(~r, t), ψ+

B(~r′, t)} ςsσ(s) · ∇′δBCψC(~r′, t)d3~r′| = i
∫

[ψA(~r, t), ψ+
B(~r′, t)] ςsσ(s) · ∇′δBCψC(~r′, t)d3~r′

= i
∫
δABδ

3(~r − ~r′) ςsσ(s) · ∇′δBCψC(~r′, t)d3~r′

= i ςsσ(s) · ∇ψA(~r, t)

Cor. 7.3.2. [ψA(~r, t), ~P ] = −i∇ψA(~r, t)

Proof: [ψA(~r, t), ~P ]
= [ψA(~r, t),−i

∫
ψ+
B(~r′, t)∇δBCψC(~r′, t)d3~r′]

= −i
∫

[ψA(~r, t), ψ+
B(~r′, t)∇δBCψC(~r′, t)]d3~r′

= −i
∫
{ψA(~r, t), ψ+

B(~r′, t)}∇δBCψC(~r′, t)d3~r′| = −i
∫

[ψA(~r, t), ψ+
B(~r′, t)]∇δBCψC(~r′, t)d3~r′

= −i
∫
δABδ

3(~r − ~r′)∇δBCψC(~r′, t)d3~r′

= −i∇ψA(~r, t)

Cor. 7.3.3. [σ(s),−isς]a∂aψ(~r, t) = 0⇔ −i∂aψ(~r, t) = [ψ(~r, t), Pa];


[ψA(~r, t), ψ+

B(~r′, t)]± = δABδ
3(~r − ~r′)

[ψA(~r, t), ψB(~r′, t)]± = 0

[ψ+
A(~r, t), ψ+

B(~r′, t)]± = 0

7.4 Self consistency of s-spin equation and quantum Lorentz invariance

Cor. 7.4.1. [s∂a + iSab(s, ς)∂
b]ψ(~r, t) = 0

s=
1
2⇔ −i∂aψ(~r, t) = [ψ(~r, t), Pa];


{ψA(~r, t), ψ+

B(~r′, t)} = δABδ
3(~r − ~r′)

{ψA(~r, t), ψB(~r′, t)} = 0

{ψ+
A(~r, t), ψ+

B(~r′, t)} = 0

This scheme is self consistent only when the spin is 1
2 . So only neutrino can be quantized according to

this scheme. Other spin particles cannot be quantized in this way, so they are excluded.

300



Chapter20 Scalar Field Covariant Quantization Scheme

1 Classical canonical quantization scheme for scalar field [25, 26,37,38]

1.1 Classical description of real scalar field

1.1.1 Lagrangian density and Hamiltonian density of real scalar fields

Pro. 1.1.1. Lagrangian density: L = − 1
2∂aφ∂

aφ− 1
2m

2φ2

Pro. 1.1.2. Energy momentum tensor density: T ab = i ∂L
∂(∂bφ)∂

aφ− igabL , T aπ = (P, iH )a, ∂bT
ab = 0

Pro. 1.1.3. Hamiltonian density: H = ∂L
∂φ̇
φ̇−L = 1

2 [φ̇2(~r, t) +∇φ(~r, t) · ∇φ(~r, t) +m2φ2(~r, t)]

Pro. 1.1.4. Momentum density: P = −∂L
∂φ̇
∇φ = −φ̇∇φ

1.1.2 Lagrangian density and equation of motion for real scalar field

Pro. 1.1.5. Lagrangian density: L = − 1
2∂aφ(~r, t)∂aφ(~r, t)− 1

2m
2φ2(~r, t), φ(~r, t) = φ∗(~r, t)

Pro. 1.1.6. Equation of motion: (∂a∂
a −m2)φ(~r, t) = 0, φ(~r, t) = φ∗(~r, t)

1.1.3 Hamiltonian description of real scalar field

Pro. 1.1.7. H = 1
2 [π2(~r, t) + ∂iφ(~r, t)∂iφ(~r, t) +m2φ2(~r, t)], π(~r, t) = φ̇(~r, t), φ(~r, t) = φ∗(~r, t)

Pro. 1.1.8. L = π(~r, t)φ̇(~r, t)− 1
2 [π2(~r, t) + ∂iφ(~r, t)∂iφ(~r, t) +m2φ2(~r, t)], π(~r, t) = φ̇(~r, t), φ(~r, t) = φ∗(~r, t)

Pro. 1.1.9. commutative relation:

{
{φ(~r, t), π(~r, t)}p
π̇(~r, t) = ∇2φ(~r, t)−m2φ(~r, t) = {π(~r, t), H}p

Pro. 1.1.10. φ(~k,E)(E2 − ~k2 −m2) = 0⇔ φ(~k,E) = a(~k,E)δ(E2 − ~k2 −m2) + φ0(~k,E)δE2,~k2+m2

Pro. 1.1.11. Equation of motion:

{
φ̇(~r, t) = π(~r, t) = {φ(~r, t), H}p
π̇(~r, t) = ∇2φ(~r, t)−m2φ(~r, t) = {π(~r, t), H}p

1.1.4 Plane wave solutions of real scalar field equation [37]

Real scalar field equation: (∂a∂
a −m2)φ(~r, t) = 0, φ(~r, t) = φ∗(~r, t) (20.1)

Thm. 1.1.1. (∂a∂
a −m2)φ(~r, t) = 0, φ(~r, t) = φ∗(~r, t)

⇔ φ(~r, t) = 1
(2π)3/2

+∞∫
~k=−∞

1
2ωk

[a(~k, ωk)ei(
~k·~r−ωkt) + a∗(~k, ωk)e−i(

~k·~r−ωkt)]d3~k

Proof: (∂a∂
a −m2)φ(~r, t) = 0, φ(~r, t) = φ∗(~r, t)

⇔ φ(~r, t) = 1
(2π)3/2

+∞∫
~k=−∞

1
2ωk

[a(~k, ωk)ei(
~k·~r−ωkt) + a(−~k,−ωk)e−i(

~k·~r−ωkt)]d3~k, φ(~r, t) = φ∗(~r, t)

⇔ φ(~r, t) = 1
(2π)3/2

+∞∫
~k=−∞

1
2ωk

[a(~k, ωk)ei(
~k·~r−ωkt) + a∗(~k, ωk)e−i(

~k·~r−ωkt)]d3~k, a(−~k,−ωk) = a∗(~k, ωk)

Cor. 1.1.1. φ+(~r, t) = 1
(2π)3/2

+∞∫
~k=−∞

1
2ωk

a(~k, ωk)ei(
~k·~r−ωkt)d3~k, φ−(~r, t) = 1

(2π)3/2

+∞∫
~k=−∞

1
2ωk

a∗(~k, ωk)e−i(
~k·~r−ωkt)d3~k
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1.2 Quantum description of real scalar field equation

1.2.1 Cannoical commutative relation of real scalar field equation

Thm. 1.2.1. φ(~r, t) = 1
(2π)3/2

+∞∫
~k=−∞

1
2ωk

[a(~k, ωk)ei(
~k·~r−ωkt) + a+(~k, ωk)e−i(

~k·~r−ωkt)]d3~k

⇔


a(~k, ωk) = 1

(2π)3/2

+∞∫
p=−∞

[iφ̇(~r, t) + ωkφ(~r, t)]e−i(
~k·~r−ωkt)d3~r

a+(~k, ωk) = 1
(2π)3/2

+∞∫
p=−∞

[−iφ̇(~r, t) + ωkφ(~r, t)]ei(
~k·~r−ωkt)d3~r

Proof: φ(~r, t) = 1
(2π)3/2

+∞∫
~k=−∞

1
2ωk

[a(~k, ωk)ei(
~k·~r−ωkt) + a+(~k, ωk)e−i(

~k·~r−ωkt)]d3~k

⇔


φ(~r, t) = 1

(2π)3/2

+∞∫
~k=−∞

1
2ωk

[a(~k, ωk)ei(
~k·~r−ωkt) + a+(~k, ωk)e−i(

~k·~r−ωkt)]d3~k

φ̇(~r, t) = 1
(2π)3/2

+∞∫
~k=−∞

−i
2 [a(~k, ωk)ei(

~k·~r−ωkt) − a+(~k, ωk)e−i(
~k·~r−ωkt)]d3~k

⇔


1

(2π)3/2

+∞∫
p=−∞

φ(~r, t)e−i(
~k·~r−ωkt)d3~r = 1

2ωk
[a(~k, ωk) + a+(−~k, ωk)e2iωkt]

1
(2π)3/2

+∞∫
p=−∞

φ̇(~r, t)e−i(
~k·~r−ωkt)d3~r = −i

2 [a(~k, ωk)− a+(−~k, ωk)e2iωkt]

⇔


a(~k, ωk) = 1

(2π)3/2

+∞∫
p=−∞

[iφ̇(~r, t) + ωkφ(~r, t)]e−i(
~k·~r−ωkt)d3~r

a+(~k, ωk) = 1
(2π)3/2

+∞∫
p=−∞

[−iφ̇(~r, t) + ωkφ(~r, t)]ei(
~k·~r−ωkt)d3~r

From the above theorem, it can be proved that the regular commutative relation of the following real
scalar particles is obtained.

Cor. 1.2.1.


[φ(~r′, t), φ(~r, t)] = 0

[φ̇(~r′, t), φ̇(~r, t)] = 0

[φ(~r′, t), φ̇(~r, t)] = iδ3(~r′ − ~r)
⇔


[a(~k′, ω′k), a(~k, ωk)] = 0

[a+(~k′, ω′k), a+(~k, ωk)] = 0

[a(~k′, ω′k), a+(~k, ωk)] = 2ωkδ
3(~k′ − ~k)

Def. 1.2.1. a(k) ≡ 1√
2ωk

a(~k, ωk), a+(k) ≡ 1√
2ωk

a+(~k, ωk)

Cor. 1.2.2. [a(k′), a(k)] = 0, [a+(k′), a+(k)] = 0, [a(k′), a+(k)] = δ3(~k′ − ~k)

1.2.2 Energy operator and momentum operator of real scalar field equation

Cor. 1.2.3. H =
+∞∫

~k=−∞
ωkN̂(k)d3~k + E(0), H+ = H

Proof: H =
+∞∫

~r=−∞

1
2 [φ̇2(~r, t) +∇φ(~r, t) · ∇φ(~r, t) +m2φ2(~r, t)]d3~r

= 1
4

+∞∫
~k=−∞

[a(~k, ωk)a+(~k, ωk) + a+(~k, ωk)a(~k, ωk)]d3~k

= 1
2

+∞∫
~k=−∞

ωk[a(k)a+(k) + a+(k)a(k)]d3~k =
+∞∫

~k=−∞
ωk[a+(k)a(k) + 1

2δ
3(0)]d3~k

=
+∞∫

~k=−∞
ωkN̂(k)d3~k + E(0)

Cor. 1.2.4. P =
+∞∫

~k=−∞

~kN̂(k)d3~k, P+ = P

Proof: P =
+∞∫

~k=−∞
−φ̇(~r, t)∇φ(~r, t)d3~r

=
+∞∫

~k=−∞

1
4ωk

~k[a(~k, ωk)a+(~k, ωk) + a+(~k, ωk)a(~k, ωk)]d3~k
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= 1
2

+∞∫
~k=−∞

~k[a(k)a+(k) + a+(k)a(k)]d3~k =
+∞∫

~k=−∞

~k[a+(k)a(k) + 1
2δ

3(0)]d3~k

=
+∞∫

~k=−∞

~ka+(k)a(k)d3~k =
+∞∫

~k=−∞

~kN̂(k)d3~k

Cor. 1.2.5. L(t) = − 1
4

+∞∫
~k=−∞

[a(~k, ωk)a(−~k, ωk)e−2iωkt + a+(~k, ωk)a+(−~k, ωk)e2iωkt]d3~k

1.2.3 Summary of quantum theory for real scalar particles

Cor. 1.2.6.



φ(~r, t) = 1
(2π)3/2

+∞∫
~k=−∞

1
2ωk

[a(~k, ωk)ei(
~k·~r−ωkt) + a+(~k, ωk)e−i(

~k·~r−ωkt)]d3~k

φ̇(~r, t) = 1
(2π)3/2

+∞∫
~k=−∞

−i
2 [a(~k, ωk)ei(

~k·~r−ωkt) − a+(~k, ωk)e−i(
~k·~r−ωkt)]d3~k

∇φ(~r, t) = 1
(2π)3/2

+∞∫
~k=−∞

i
2ωk

~k[a(~k, ωk)ei(
~k·~r−ωkt) − a+(~k, ωk)e−i(

~k·~r−ωkt)]d3~k

Cor. 1.2.7. H =
+∞∫

~k=−∞
ωkN̂(k)d3~k + E(0), ~P =

+∞∫
~k=−∞

~kN̂(k)d3~k, P a = (~P , iH)a, Ṗ a = 0

Cor. 1.2.8. [Pa, φ(~r, t)] = i∂aφ(~r, t)⇔ ∂aφ(~r, t) = i[φ(~r, t), Pa]

Cor. 1.2.9. φ̇(~r, t) = −i[φ(~r, t), H],
˙̇
φ(~r, t) = −i[φ̇(~r, t), H]

Cor. 1.2.10. φ̇(~r, t) = −i[φ(~r, t), H]⇔ ωka(~k, ωk) = [a(~k, ωk), H]⇔ ωka
+(~k, ωk) = −[a+(~k, ωk), H]

Proof: φ̇(~r, t) = −i[φ(~r, t), H]

⇔ 1
(2π)3/2

+∞∫
~k=−∞

−i
2 [a(~k, ωk)ei(

~k·~r−ωkt) − a+(~k, ωk)e−i(
~k·~r−ωkt)]d3~k

= −i
(2π)3/2

+∞∫
~k=−∞

1
2ωk
{[a(~k, ωk), H]ei(

~k·~r−ωkt) + [a+(~k, ωk), H]e−i(
~k·~r−ωkt)}d3~k

⇔ ωka(~k, ωk) = [a(~k, ωk), H]⇔ ωka
+(~k, ωk) = −[a+(~k, ωk), H]

Cor. 1.2.11. φ̇(~r, t) = −i[φ(~r, t), H]⇔ a(~k, ωk) = [a(~k, ωk), H]⇔ ωka
+(~k, ωk) = −[a+(~k, ωk), H]

Def. 1.2.2. a(k, t) ≡ a(k)e−iωkt

Cor. 1.2.12. φ̇(~r, t) = −i[φ(~r, t), H]⇔ ȧ(k, t) = −i[a(k, t), H], ȧ+(k, t) = −i[a+(k, t), H]

Cor. 1.2.13.

{
φ̇(~r, t) = π(~r, t) = {φ(~r, t), H}p̂ = −i[φ(~r, t), H]

π̇(~r, t) = ∇2φ(~r, t)−m2φ(~r, t) = {π(~r, t), H}p̂ = −i[φ̇(~r, t), H]

For a boson field, the equation of motion in classical theory is identical to the operator equation
in quantum theory in form. But the physical meaning is different. The former can be regarded as
the classical limit or quantum average of the latter. he equations of motion in classical theory can
be written in Poisson bracket form, but cannot be written in commutator form.(Actually, it is zero,
which is inconsistent with the equation of motion.)he operator equation of quantum theory can be
written in either Poisson bracket form or the commutator form. That is, Poisson brackets in the form
of operators are equivalent to commutators.
1.3 Quantum theory of complex scalar particles

1.3.1 Plane wave solutions of complex scalar field equation [37]

complex scalar field equation: (∂a∂
a −m2)φ(~r, t) = 0⇔ (∇2 − ∂2

t −m2)φ(~r, t) = 0 (20.2)

Thm. 1.3.1. (∂a∂
a −m2)φ(~r, t) = 0⇔ φ(~r, t) = 1

(2π)3/2

+∞∫
~k=−∞

1
2ωk

[a(~k, ωk)ei(
~k·~r−ωkt) + a(−~k,−ωk)e−i(

~k·~r−ωkt)]d3~k
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Proof: (∂a∂
a −m2)φ(~r, t) = 0⇒ 1

(2π)3/2

+∞∫
~k=−∞

+∞∫
E=−∞

φ(~k,E)(−~k2 + E2 −m2)ei(
~k·~r−Et)d3~kdE = 0

⇔ φ(~k,E)(E2 − ~k2 −m2) = 0⇔ φ(~k,E) = a(~k,E)δ(E2 − ~k2 −m2) + φ0(~k,E)δE2,~k2+m2

⇒ φ(~r, t) = 1
(2π)3/2

+∞∫
~k=−∞

+∞∫
E=−∞

[a(~k,E)δ(E2 − ~k2 −m2) + φ0(~k,E)δE2,~k2+m2 ]ei(
~k·~r−Et)d3~kdE

⇔ φ(~r, t) = 1
(2π)3/2

+∞∫
~k=−∞

+∞∫
E=−∞

a(~k,E)δ(E2 − ~k2 −m2)ei(
~k·~r−Et)d3~kdE,Apparent Lorentz covariant.

⇔ φ(~r, t) = 1
(2π)3/2

+∞∫
~k=−∞

+∞∫
E=−∞

1
2ωk

a(~k,E)[δ(E − ωk) + δ(E + ωk)]ei(
~k·~r−Et)d3~kdE

⇔ φ(~r, t) = 1
(2π)3/2

+∞∫
~k=−∞

+∞∫
E=−∞

1
2ωk

a(~k,E)[δ(E − ωk) + δ(E + ωk)]ei(
~k·~r−Et)d3~kdE

⇔ φ(~r, t) = 1
(2π)3/2

+∞∫
~k=−∞

1
2ωk

[a(~k, ωk)ei(
~k·~r−ωkt) + a(~k,−ωk)ei(

~k·~r+ωkt)]d3~k

⇔ φ(~r, t) = 1
(2π)3/2

+∞∫
~k=−∞

1
2ωk

[a(~k, ωk)ei(
~k·~r−ωkt) + a(−~k,−ωk)e−i(

~k·~r−ωkt)]d3~k

Here, a different approach is used than in ordinary books. Four-dimensional rather than three-
dimensional Fourier expansion is used. Clearly show the physical concepts of particles in and out of
the shell. Lorentz covariance is also evident in it. And it includes a new algebraic solution on the
Dirac function. In the process of proof, we also saw the decomposition of positive and negative energy
solutions. And the negative energy solution can be understood in two meanings: one is to understand
the negative energy solution as a negative mass particle, and the other is still to understand the
negative energy solution as a positive mass particle. However, the negative energy solution should be
understand as a reflected wave, the positive energy solution should be understood as an incident wave.

Cor. 1.3.1. a′(eε[~k,E])δ(E2 − ~k2 −m2) = e
1
2 ε
abSaba(~k,E)δ(E2 − ~k2 −m2)

⇒ a′(eε[~k, ωk]) = e
1
2 ε
abSaba(~k, ωk), a′(eε[~k,−ωk]) = e

1
2 ε
abSaba(~k,−ωk)

Cor. 1.3.2. a(~k,E)δ(E2 − ~k2 −m2) = 1
2ωk

a(~k,E)[δ(E − ωk) + δ(E + ωk)], |~k| << m

≈ 1

2(m+
~k2

2m )
[a(~k,m+

~k2

2m )δ(E −m− ~k2

2m ) + a(~k,−m− ~k2

2m )δ(E +m+
~k2

2m )]

Cor. 1.3.3. φ(~r, t) ≈ 1
(2π)3/2

+K∫
~k=−K

1

2(m+
~k2

2m )
[a(~k,m+

~k2

2m )ei(
~k·~r− ~k2

2m t)e−imt + a(−~k,−m− ~k2

2m )e−i(
~k·~r− ~k2

2m t)eimt]d3~k

From the above, Under the non relativistic limit, the plane wave solution of a complex scalar field
is divided into two non relativistic positive and negative particles. They can exist simultaneously.
This can be analyzed further. Can we prove that the positive and negative energy solutions are
independently conserved?
1.3.2 Basic commutative relation of complex scalar field in coordinate space

Complex scalar field can be regard as the addition of two real scalar field equations. The difference is
that there is an internal SO (2) symmetry at this time, so it can carry a conserved charge.

Def. 1.3.1. φ(~r, t) = 1√
2
[φ1(~r, t) + iφ2(~r, t)], φ+(~r, t) = 1√

2
[φ1(~r, t)− iφ2(~r, t)]

Cor. 1.3.4.


[φ1(~r′, t), φ1(~r, t)] = 0

[φ̇1(~r′, t), φ̇1(~r, t)] = 0

[φ1(~r′, t), φ̇1(~r, t)] = iδ3(~r′ − ~r)
,


[φ2(~r′, t), φ2(~r, t)] = 0

[φ̇2(~r′, t), φ̇2(~r, t)] = 0

[φ2(~r′, t), φ̇2(~r, t)] = iδ3(~r′ − ~r)
,


[φ1(~r′, t), φ2(~r, t)] = 0

[φ̇1(~r′, t), φ̇2(~r, t)] = 0

[φ1(~r′, t), φ̇2(~r, t)] = 0

Cor. 1.3.5.


[φ(~r′, t), φ(~r, t)] = 0

[φ̇(~r′, t), φ̇(~r, t)] = 0

[φ(~r′, t), φ̇(~r, t)] = 0

,


[φ+(~r′, t), φ+(~r, t)] = 0

[φ̇+(~r′, t), φ̇+(~r, t)] = 0

[φ+(~r′, t), φ̇+(~r, t)] = 0

,


[φ(~r′, t), φ+(~r, t)] = 0

[φ̇(~r′, t), φ̇+(~r, t)] = 0

[φ(~r′, t), φ̇+(~r, t)] = iδ3(~r′ − ~r)

1.3.3 Basic commutative relation of complex scalar field in momentum space

Def. 1.3.2. a(k) = 1√
2
[a1(k) + ia2(k)], b(k) = 1√

2
[a1(k)− ia2(k)],
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Cor. 1.3.6.


[a1(k′), a1(k)] = 0, [a+

1 (k′), a+
1 (k)] = 0, [a1(k′), a+

1 (k)] = δ3(~k′ − ~k)

[a2(k′), a2(k)] = 0, [a+
2 (k′), a+

2 (k)] = 0, [a2(k′), a+
2 (k)] = δ3(~k′ − ~k)

[a1(k′), a2(k)] = 0, [a+
1 (k′), a+

2 (k)] = 0, [a1(k′), a+
2 (k)] = 0

Cor. 1.3.7.


[a(k′), a(k)] = 0, [a+(k′), a+(k)] = 0, [a(k′), a+(k)] = δ3(~k′ − ~k)

[b(k′), b(k)] = 0, [b+(k′), b+(k)] = 0, [b(k′), b+(k)] = δ3(~k′ − ~k)

[a(k′), b(k)] = 0, [a+(k′), b+(k)] = 0, [a(k′), b+(k)] = 0

1.3.4 Conserved charge of complex scalar field

Cor. 1.3.8. Q =
+∞∫

~k=−∞
[a+(k)a(k)− b+(k)b(k)]d3~k =

+∞∫
~k=−∞

[N̂+(k)− N̂−(k)]d3~k

Proof: Q =
+∞∫

~r=−∞
[φ1(~r, t)φ̇2(~r, t)− φ2(~r, t)φ̇1(~r, t)]d3~r

⇔ Q =
+∞∫

~k=−∞

i
2ωk

[a1(~k, ωk)a+
2 (~k, ωk)− a2(~k, ωk)a+

1 (~k, ωk)]d3~k

⇔ Q =
+∞∫

~k=−∞
i[a1(k)a+

2 (k)− a2(k)a+
1 (k)]d3~k

⇔ Q =
+∞∫

~k=−∞
[a+(k)a(k)− b+(k)b(k)]d3~k =

+∞∫
~k=−∞

[N̂+(k)− N̂−(k)]d3~k

Cor. 1.3.9. [Q,φ(~r, t)] = −φ(~r, t), [Q,φ+(~r, t)] = φ+(~r, t),

1.3.5 Energy momentum operator of complex scalar field

Cor. 1.3.10. P a =
+∞∫

~k=−∞
ka[N̂+(k) + N̂−(k)]d3~k, [P a, φ(~r, t)] = i∂aφ(~r, t)

Cor. 1.3.11. [Q,P a] = 0, [N̂ , P a] = 0, [N̂ ,Q] = 0

2 Covariant quantization scheme for scalar field [25, 26,37,38]

2.1 Conserved charge of scalar field

Cor. 2.1.1.

H =
∫

1
2 [φ̇+(~r, t)φ̇(~r, t) + ∂iφ

+(~r, t)∂iφ(~r, t) +m2φ+(~r, t)φ(~r, t)]d3~r

=
∫

1
2 [φ̇(~r, t)φ̇(~r, t) + ∂iφ(~r, t)∂iφ(~r, t) +m2φ(~r, t)φ(~r, t)]d3~r

=
∫

1
2 [φ̇(~r, t)φ̇(~r, t)− φ(~r, t)∂i∂

iφ(~r, t) +m2φ(~r, t)φ(~r, t)]d3~r

=
∫

1
2 [φ̇(~r, t)φ̇(~r, t)− φ(~r, t)∂2

t φ(~r, t)]d3~r

=
∫
{φ̇(~r, t)φ̇(~r, t)− ∂t[φ̇(~r, t)φ(~r, t)]}d3~r

Cor. 2.1.2. P = −
∫
φ̇(~r, t)∇φ(~r, t)d3~r

Cor. 2.1.3. Mij = −
∫
φ̇(~r, t)(xi∂j − xj∂i)φ(~r, t)d3~r

2.2 Scalar field equation and its plane wave solutions

Def. 2.2.1. (∂a∂
a −m2)φσ(~r, t) = 0, φσ(~r, t) = φ+

σ (~r, t)

Cor. 2.2.1. φ(~r, t) = 1
(2π)3/2

+∞∫
~p=−∞

1√
2E

[aσ(~p, 0)ei(~p·~r−Et) + a+
σ (~p, 0)e−i(~p·~r−Et)]d3~p

⇔


√

2Eaσ(~p, 0) = 1
(2π)3/2

+∞∫
p=−∞

[Eφσ(~r, t) + iφ̇σ(~r, t)]e−i(~p·~r−Et)d3~r

√
2Ea+

σ (~p, 0) = 1
(2π)3/2

+∞∫
p=−∞

[Eφσ(~r, t)− iφ̇σ(~r, t)]ei(~p·~r−Et)d3~r

Cor. 2.2.2. ∂tφ(~r, t) = 1
(2π)3/2

+∞∫
~p=−∞

−iE√
2E

[aσ(~p, 0)ei(~p·~r−Et) − a+
σ (~p, 0)e−i(~p·~r−Et)]d3~p

Cor. 2.2.3. ∂iφ(~r, t) = 1
(2π)3/2

+∞∫
~p=−∞

ipi√
2E

[aσ(~p, 0)ei(~p·~r−Et) − a+
σ (~p, 0)e−i(~p·~r−Et)]d3~p
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2.3 General covariant commutation rules of scalar field in mathematics

Thm. 2.3.1.{
[aσ(~p, 0), a+

σ′(~p
′, 0)]± = δσδσσ′δ

3(~p− ~p′)
[aσ(~p, 0), aσ′(~p

′, 0)]± = 0, [a+
σ (~p, 0), a+

σ′(~p
′, 0)]± = 0

⇒ [φσ(x), φσ′(x
′)]± = iδσσ′∆(x− x′)

Proof: [φ
(+)
σ (x), φ

+(+)
σ′ (x′)]± = [φ

(+)
σ (x), φ

(−)
σ′ (x′)]±

= 1
(2π)3

∫
[ 1√

2E
aσ(~p, 0)eipx, 1√

2E′
p′
a+
σ′(~p

′, 0)e−ip
′x′ ]±d

3~pd3~p′

= 1
(2π)3

∫
1√
2E

1√
2E′

p′
[aσ(~p, 0), a+

σ′(~p
′, 0)]±e

ipxe−ip
′x′d3~pd3~p′

= 1
(2π)3

∫
1√
2E

1√
2E′

p′
δσδσσ′δ

3(~p− ~p′)eipxe−ip′x′d3~pd3~p′

= iδσδσσ′
−i

(2π)3

∫
1

2E e
ip(x−x′)d3~p

= iδσδσσ′∆
(+)(x− x′)

Proof: [φ
(−)
σ (x), φ

+(−)
σ′ (x′)]± = [φ

(−)
σ (x), φ

(+)
σ′ (x′)]±

= 1
(2π)3

∫
[ 1√

2E
a+
σ (~p, 0)e−ipx, 1√

2E′
p′
aσ′(~p

′, 0)eip
′x′ ]±d

3~pd3~p′

= 1
(2π)3

∫
1√
2E

1√
2E′

p′
[a+
σ (~p, 0), aσ′(~p

′, 0)]±e
−ipxeip

′x′d3~pd3~p′

= ± 1
(2π)3

∫
1√
2E

1√
2E′

p′
δσδσσ′δ

3(~p− ~p′)e−ipxeip′x′d3~pd3~p′

= −± iδσδσσ′ i
(2π)3

∫
1

2E e
−ip(x−x′)d3~p

= −± iδσδσσ′∆(−)(x− x′)

Proof:

[φσ(x), φσ′(x
′)]± = 1

(2π)3

∫
[ 1√

2E
[aσ(~p, 0)eipx + a+

σ (~p, 0)e−ipx, 1√
2E′

p′
[aσ′(~p

′, 0)eip
′x′ + a+

σ′(~p
′, 0)e−ip

′x′ ]±d
3~pd3~p′

= 1
(2π)3

∫
1√
2E

1√
2E′

p′
{[aσ(~p, 0), a+

σ′(~p
′, 0)]±e

ipxe−ip
′x′ + [a+

σ (~p, 0), aσ′(~p
′, 0)]±e

−ipxeip
′x′}d3~pd3~p′

= 1
(2π)3

∫
1√
2E

1√
2E′

p′
[δσδσσ′δ

3(~p− ~p′)eipxe−ip′x′ ± δσδσσ′δ3(~p− ~p′)e−ipxeip′x′ ]d3~pd3~p′

= iδσδσσ′
−i

(2π)3

∫
1

2E [eip(x−x
′) ± e−ip(x−x′)]d3~p

= iδσδσσ′ [∆
(+)(x− x′)−±∆(−)(x− x′)]

= iδσδσσ′ [(1± 1)∆(+)(x− x′)−±∆(x− x′)]

From the above formula, only when 1±1 = 0 the micro causality can be satisfied. Only when δσ ≥ 0, the
probability nonnegativity is satisfied. Therefore, among various covariant commutative or anticom-
mutative schemes in mathematics, there is only one physically reasonable scheme: That is, δσ = 1.(If
equality between scalar fields is required, then if it is not 1, it can be uniformly normalized.) And it
satisfies the commutative relation. here are actually two other types. That is δσ = 0. And it satisfies
the commutative or anticommutative relation, which is just the classic case.
2.4 Covariant commutation rules of physical scalar field

Thm. 2.4.1.

{
[aσ(~p, 0), a+

σ′(~p
′, 0)] = δσσ′δ

3(~p− ~p′)
[aσ(~p, 0), aσ′(~p

′, 0)] = 0, [a+
σ (~p, 0), a+

σ′(~p
′, 0)] = 0

⇒ [φσ(x), φσ′(x
′)] = iδσσ′∆(x− x′)

Proof:

[φσ(x), φσ′(x
′)] = 1

(2π)3

∫
[ 1√

2E
[aσ(~p, 0)eipx + a+

σ (~p, 0)e−ipx, 1√
2E′

p′
[aσ′(~p

′, 0)eip
′x′ + a+

σ′(~p
′, 0)e−ip

′x′ ]d3~pd3~p′

= 1
(2π)3

∫
1√
2E

1√
2E′

p′
{[aσ(~p, 0), a+

σ′(~p
′, 0)]eipxe−ip

′x′ + [a+
σ (~p, 0), aσ′(~p

′, 0)]e−ipxeip
′x′}d3~pd3~p′

= 1
(2π)3

∫
1√
2E

1√
2E′

p′
{δσσ′δ3(~p− ~p′)eipxe−ip′x′ − δσσ′δ3(~p− ~p′)e−ipxeip′x′}d3~pd3~p′

= iδσσ′
−i

(2π)3

∫
1

2E [eip(x−x
′) − e−ip(x−x′)]d3~p

= iδσσ′∆(x− x′)

2.5 Isochronous commutation rules of scalar field

Cor. 2.5.1. [φσ(x), φσ′(x
′)] = iδσσ′∆(x− x′)⇒

{
[φσ(~r, t), φ̇σ′(~r

′, t)] = iδσσ′δ
3(~r − ~r′)

[φσ(~r, t), φσ′(~r
′, t)] = 0, [φ̇σ(~r, t), φ̇σ′(~r

′, t)] = 0

Cor. 2.5.2.{
[φσ(~r, t), φ̇σ′(~r

′, t)] = iδσσ′δ
3(~r − ~r′)

[φσ(~r, t), φσ′(~r
′, t)] = 0, [φ̇σ(~r, t), φ̇σ′(~r

′, t)] = 0
⇒

{
[aσ(~p, 0), a+

σ′(~p
′, 0)] = δσσ′δ

3(~p− ~p′)
[aσ(~p, 0), aσ′(~p

′, 0)] = 0, [a+
σ (~p, 0), a+

σ′(~p
′, 0)] = 0
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Proof: [aσ(~p, 0), a+
σ′(~p

′, 0)]

= 1
(2π)3

∫
1√
2E

1√
2E′

p′
{[Eφσ(~r, t),−iφ̇(~r′, t)] + [iφ̇(~r, t), E′p′φσ′(~r

′, t)]}e−i(~p·~r−E
′
p′ t)ei(~p

′·~r′−E′
p′ t)d3~rd3~r′

= 1
(2π)3

∫
1√
2E

1√
2E′

p′
{Eδσσ′δ3(~r − ~r′) + E′p′δσσ′δ

3(~r − ~r′)}e−i(~p·~r−E
′
p′ t)ei(~p

′·~r′−E′
p′ t)d3~rd3~r′

= 1
(2π)3

∫
δσσ′

1√
2E

1√
2E′

p′
(E + E′p′)e

−i(~p−~p′·~reiE
′
p′ te−iE

′
p′ td3~r

= δσσ′
1√
2E

1√
2E′

p′
(E + E′p′)δ

3(~p− ~p′)eiE
′
p′ te−iE

′
p′ t

= δσσ′δ
3(~p− ~p′)

Proof: [aσ(~p, 0), aσ′(~p
′, 0)]

= 1
(2π)3

∫
1√
2E

1√
2E′

p′
{[Eφσ(~r, t),−iφ̇(~r′, t)] + [−iφ̇(~r, t), E′p′φσ′(~r

′, t)]}e−i(~p·~r−E
′
p′ t)e−i(~p

′·~r′−E′
p′ t)d3~rd3~r′

= 1
(2π)3

∫
1√
2E

1√
2E′

p′
{Eδσσ′δ3(~r − ~r′)− E′p′δσσ′δ3(~r − ~r′)}e−i(~p·~r−E

′
p′ t)e−i(~p

′·~r′−E′
p′ t)d3~rd3~r′

= 1
(2π)3

∫
δσσ′

1√
2E

1√
2E′

p′
(E − E′p′)e−i(~p+~p

′)·~reiE
′
p′ te−iE

′
p′ td3~r

= δσσ′
1√
2E

1√
2E′

p′
(E − E′p′)δ3(~p+ ~p′)eiE

′
p′ teiE

′
p′ t

= 0

2.6 Summary of scalar field commutation rules

The proof in the above sections exactly forms a logical closed-loop, so it has the following properties.

Cor. 2.6.1.

{
[aσ(~p, 0), a+

σ′(~p
′, 0)] = δσσ′δ

3(~p− ~p′)
[aσ(~p, 0), aσ′(~p

′, 0)] = 0, [a+
σ (~p, 0), a+

σ′(~p
′, 0)] = 0

⇔

{
[aσ(~p), a+

σ′(~p
′)] = δσσ′δ

3(~p− ~p′)
[aσ(~p), aσ′(~p

′)] = 0, [a+
σ (~p), a+

σ′(~p
′)] = 0

m m

Cor. 2.6.2.

{
[φσ(~r, t), φ̇σ′(~r

′, t)] = iδσσ′δ
3(~r − ~r′)

[φσ(~r, t), φσ′(~r
′, t)] = 0, [φ̇σ(~r, t), φ̇σ′(~r

′, t)] = 0
⇔ [φσ(x), φσ′(x

′)] = iδσσ′∆(x− x′)

2.7 Single complex scalar field equation and its plane wave solutions

Def. 2.7.1. (∂a∂
a −m2)φ(~r, t) = 0

Cor. 2.7.1. φ(~r, t) = 1
(2π)3/2

+∞∫
~p=−∞

1√
2E

[b1(~p, 0)ei(~p·~r−Et) + b+2 (~p, 0)e−i(~p·~r−Et)]d3~p

⇔


√

2Eb1(~p, 0) = 1
(2π)3/2

+∞∫
p=−∞

[Eφ(~r, t) + iφ̇(~r, t)]e−i(~p·~r−Et)d3~r

√
2Eb+2 (~p, 0) = 1

(2π)3/2

+∞∫
p=−∞

[Eφ(~r, t)− iφ̇(~r, t)]ei(~p·~r−Et)d3~r

2.8 Commutation rules of single complex scalar field

Cor. 2.8.1.


[bσ(~p, 0), b+σ (~p′, 0)] = δσσ′δ

3(~p− ~p′)
[bσ(~p, 0), bσ(~p′, 0)] = 0, [b+σ (~p, 0), b+σ (~p′, 0)] = 0

b1(~p, 0) = 1√
2
[a1(~p, 0) + ia2(~p, 0)]

b2(~p, 0) = 1√
2
[a1(~p, 0)− ia2(~p, 0)]

⇔


[bσ(~p), b+σ′(~p

′)] = δσσ′δ
3(~p− ~p′)

[bσ(~p), bσ(~p′)] = 0, [b+σ (~p), b+σ (~p′)] = 0

b1(~p) = 1√
2
[a1(~p) + ia2(~p)]

b2(~p) = 1√
2
[a1(~p)− ia2(~p)]

m m

Cor. 2.8.2.


[aσ(~p, 0), a+

σ′(~p
′, 0)] = δσσ′δ

3(~p− ~p′)
[aσ(~p, 0), aσ′(~p

′, 0)] = 0

[a+
σ (~p, 0), a+

σ′(~p
′, 0)] = 0

⇔


[aσ(~p), a+

σ′(~p
′)] = δσσ′δ

3(~p− ~p′)
[aσ(~p), aσ′(~p

′)] = 0

[a+
σ (~p), a+

σ′(~p
′)] = 0

m m

Cor. 2.8.3.


[φσ(~r, t), φ̇σ′(~r

′, t)] = iδσσ′δ
3(~r − ~r′)

[φσ(~r, t), φσ′(~r
′, t)] = 0

[φ̇σ(~r, t)φ̇σ′(~r
′, t)] = 0

⇔


[φσ(x), φσ′(x

′)] = iδσσ′∆(x− x′)
φ1(x) = 1√

2
[φ(x) + φ+(x)]

φ2(x) = 1
i
√

2
[φ(x)− φ+(x)]

m m
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Cor. 2.8.4.


[φ(~r, t), φ̇+(~r′, t)] = iδ3(~r − ~r′)
[φ(~r, t), φ(~r′, t)] = 0, [φ+(~r, t), φ+(~r′, t)] = 0

[φ̇(~r, t), φ̇(~r′, t)] = 0, [φ̇+(~r, t), φ̇+(~r′, t)] = 0

[φ(~r, t), φ+(~r′, t)] = 0, [φ̇(~r, t), φ̇+(~r′, t)] = 0

⇔


[φ(x), φ+(x′)] = i∆(x− x′)
[φ(x), φ(x′)] = 0, [φ+(x), φ+(x′)] = 0

φ(x) = 1√
2
[φ1(x) + iφ2(x)]

φ+(x) = 1√
2
[φ1(x)− iφ2(x)]

m m

Cor. 2.8.5.


[ψ(~r, t), ψ̇+(~r′, t)] = 2iδ3(~r − ~r′)
[ψ(~r, t), ψ(~r′, t)] = 0, [ψ+(~r, t), ψ+(~r′, t)] = 0

[ψ̇(~r, t), ψ̇(~r′, t)] = 0, [ψ̇+(~r, t), ψ̇+(~r′, t)] = 0

[ψ(~r, t), ψ+(~r′, t)] = 0, [ψ̇(~r, t), ψ̇+(~r′, t)] = 0

⇔


[ψ(x), ψ+(x′)] = 2i∆(x− x′)
[ψ(x), ψ(x′)] = 0, [ψ+(x), ψ+(x′)] = 0

ψ(x) = φ1(x) + iφ2(x)

ψ+(x) = φ1(x)− iφ2(x)

2.9 Causal function of massless scalar field

Def. 2.9.1.


∆(+)(x) := −i

(2π)3

∫
1

2|~p|e
ip·xd3~p, i∆(+)(~r, 0)↔ 1

2|~p|
∆(−)(x) := − −i

(2π)3

∫
1

2|~p|e
−ip·xd3~p,∆(−)(x) = −∆(+)(−x)

∆(x) := −i
(2π)3

∫
1

2|~p| [e
ip·x − e−ip·x}d3~p,∆(x) = ∆(+)(x) + ∆(−)(x)

Pro. 2.9.1.


∆∗(x) = ∆(x),∆(−x) = −∆(x), (∇2 − ∂2

t )∆(x) = 0

∂t∆(x)|t=0 = −δ3(~r), ∂k∂t∆(x)|t=0 = ∂t∂k∆(x)|t=0 = −∂kδ3(~r)

∂k∆(x)|t=0 = 0, ∂k∂l∆(x)|t=0 = 0, ∂2
t ∆(x)|t=0 = 0

Pro. 2.9.2. ∆(x− x′) := −i
(2π)3

∫
1

2|~p| [e
ip·(x−x′) − e−ip·(x−x′)}d3~p

∂u∆(x− x′) = −∂′u∆(x− x′)
∇∆(x− x′) = −∇′∆(x− x′)
∂π∆(x− x′) = −∂′π∆(x− x′)


(
√
−∇2)n∆(x− x′) = (

√
−∇′2)n∆(x− x′)

1
(
√
−∇2)n

∆(x− x′) = 1
(
√
−∇′2)n

∆(x− x′)
∂2n
π ∆(x− x′) = ∂′2nπ ∆(x− x′)

2.10 Commutation function, causality function and Feynman propagator of scalar field

Def. 2.10.1.
∆(x) = ∆(+)(x) + ∆(−)(x) = ∆ret(x)−∆adv(x)

∆(l)(x) = i[∆(−)(x)−∆(+)(x)]

∆F (x) = 〈Tϕ(x)ϕ(x′)〉0 = i∆(c)(x− x′)


∆(c)(x) = θ(t)∆(+)(x)− θ(−t)∆(−)(x)

∆ret(x) = θ(t)∆(x) = ∆(c)(x) + ∆(−)(x)

∆adv(x) = −θ(−t)∆(x) = ∆(c)(x)−∆(+)(x)

Cor. 2.10.1.
(∂a∂

a −m2)∆(x) = 0

(∂a∂
a −m2)∆(+)(x) = 0

(∂a∂
a −m2)∆(−)(x) = 0

(∂a∂
a −m2)∆(l)(x) = 0


(∂a∂

a −m2)∆(c)(x) = δ4(x)

(∂a∂
a −m2)∆ret(x) = δ4(x)

(∂a∂
a −m2)∆adv(x) = δ4(x)

(∂a∂
a −m2)∆F (x) = iδ4(x)

3 Extraction of various operators from scalar field
3.1 Extraction of energy and momentum operators for scalar field

Cor. 3.1.1.

H = 1
2

∫ ∑
σ
E[a+(~p, 0)a(~p, 0) + a(~p, 0)a+(~p, 0)]d3~p = 1

2

∫ ∑
σ

[∇φσ(~r, t)]2 + φ̇2
σ(~r, t) +m2φ2

σ(~r, t)]d3~r

~P = 1
2

∫ ∑
σ
~p[a+

σ (~p, 0)aσ(~p, 0) + aσ(~p, 0)a+
σ (~p, 0)]d3~p =

∫ ∑
σ
−φ̇σ(~r, t)∇φσ(~r, t)d3~r

Proof: H = 1
2

∫ ∑
σ
E[a+

σ (~p, 0)aσ(~p, 0) + aσ(~p, 0)a+
σ (~p, 0)]d3~p

= 1
2

1
(2π)3

∫ ∑
σ

1
2{[Eφσ(~r, t)− iφ̇σ(~r, t)][Eφσ(~r′, t) + iφ̇σ(~r′, t)]ei~p·(~r−~r

′)

+ [Eφσ(~r, t) + iφ̇σ(~r, t)][Eφσ(~r′, t)− iφ̇σ(~r′, t)]e−i~p·(~r−~r
′)}d3~pd3~rd3~r′

= 1
4

1
(2π)3

∫ ∑
σ
{[E2

pφσ(~r, t)φσ(~r′, t) + φ̇σ(~r, t)φ̇σ(~r′, t)][ei~p·(~r−~r
′) + e−i~p·(~r−~r

′)]

+ iE[φσ(~r, t)φ̇σ(~r′, t)− φ̇σ(~r, t)φσ(~r′, t)][ei~p·(~r−~r
′) − e−i~p·(~r−~r′)]}d3~pd3~rd3~r′

= 1
4

1
(2π)3

∫ ∑
σ
{[m2φσ(~r, t)φσ(~r′, t) + φ̇σ(~r, t)φ̇σ(~r′, t)][ei~p·(~r−~r

′) + e−i~p·(~r−~r
′)]

− φσ(~r, t)φσ(~r′, t)∇2[ei~p·(~r−~r
′) + e−i~p·(~r−~r

′)] + 0}d3~pd3~rd3~r′

= 1
4

1
(2π)3

∫ ∑
σ
{[m2φσ(~r, t)φσ(~r′, t) + φ̇σ(~r, t)φ̇σ(~r′, t)]δ3(~r − ~r′)− φσ(~r, t)φσ(~r′, t)∇2δ3(~r − ~r′)}d3~rd3~r′

= 1
2

∫ ∑
σ

[−∇2φσ(~r, t)φσ(~r, t) + φ̇2
σ(~r, t) +m2φ2

σ(~r, t)]d3~r
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= 1
2

∫ ∑
σ

[−∂i[∂iφσ(~r, t)φσ(~r, t)] + [∇φσ(~r, t)]2 + φ̇2
σ(~r, t) +m2φ2

σ(~r, t)]d3~r

= 1
2

∫ ∑
σ

[∇φσ(~r, t)]2 + φ̇2
σ(~r, t) +m2φ2

σ(~r, t)]d3~r

Proof: ~P = 1
2

∫ ∑
σ
~p[a+

σ (~p, 0)aσ(~p, 0) + aσ(~p, 0)a+
σ (~p, 0)]d3~p

= 1
2

1
(2π)3

∫ ∑
σ

~p
2E {[Eφσ(~r, t)− iφ̇σ(~r, t)][Eφσ(~r′, t) + iφ̇σ(~r′, t)]ei~p·(~r−~r

′)

+ [Eφσ(~r, t) + iφ̇σ(~r, t)][Eφσ(~r′, t)− iφ̇σ(~r′, t)]e−i~p·(~r−~r
′)}d3~pd3~rd3~r′

= 1
4

1
(2π)3

∫ ∑
σ

~p
E {[E

2
pφσ(~r, t)φσ(~r′, t) + φ̇σ(~r, t)φ̇σ(~r′, t)][ei~p·(~r−~r

′) + e−i~p·(~r−~r
′)]

+ iE[φσ(~r, t)φ̇σ(~r′, t)− φ̇σ(~r, t)φσ(~r′, t)][ei~p·(~r−~r
′) − e−i~p·(~r−~r′)]}d3~pd3~rd3~r′

= 1
4

1
(2π)3

∫ ∑
σ
i~p[φσ(~r, t)φ̇σ(~r′, t)− φ̇σ(~r, t)φσ(~r′, t)][ei~p·(~r−~r

′) − e−i~p·(~r−~r′)]d3~pd3~rd3~r′

= 1
2

1
(2π)3

∫ ∑
σ
i~p[φσ(~r, t)φ̇σ(~r′, t)− φ̇σ(~r, t)φσ(~r′, t)]ei~p·(~r−~r

′)d3~pd3~rd3~r′

= 1
2

1
(2π)3

∫ ∑
σ

[φσ(~r, t)φ̇σ(~r′, t)− φ̇σ(~r, t)φσ(~r′, t)]∇ei~p·(~r−~r′)d3~pd3~rd3~r′

= 1
2

∫ ∑
σ

[φσ(~r, t)φ̇σ(~r′, t)− φ̇σ(~r, t)φσ(~r′, t)]∇δ3(~r − ~r′)d3~rd3~r′

= 1
2

∫ ∑
σ

[−∇φσ(~r, t)φ̇σ(~r, t) +∇φ̇σ(~r, t)φσ(~r, t)]d3~r

=
∫ ∑

σ
−φ̇σ(~r, t)∇φσ(~r, t)d3~r + 1

2

∫ ∑
σ
∇[φ̇σ(~r, t)φσ(~r, t)]d3~r

=
∫ ∑

σ
−φ̇σ(~r, t)∇φσ(~r, t)d3~r

3.2 Extraction of spin operator and particle number operator for scalar field

Cor. 3.2.1. Ŝ = 1
2

∫ ∑
σ
E[a+

σ (~p, 0)aσ(~p, 0)− aσ(~p, 0)a+
σ (~p, 0)]d3~p = i

2

∫ ∑
σ

[φσ(~r, t), φ̇σ(~r, t)]d3~r

Proof: Ŝ = 1
2

∫ ∑
σ
E[a+

σ (~p, 0)aσ(~p, 0)− aσ(~p, 0)a+
σ (~p, 0)]d3~p

= 1
2

1
(2π)3

∫ ∑
σ

1
2E {[Eφσ(~r, t)− iφ̇σ(~r, t)][Eφσ(~r′, t) + iφ̇σ(~r′, t)]ei~p·(~r−~r

′)

− [Eφσ(~r, t) + iφ̇σ(~r, t)][Eφσ(~r′, t)− iφ̇σ(~r′, t)]e−i~p·(~r−~r
′)}d3~pd3~rd3~r′

= 1
4

1
(2π)3

∫ ∑
σ

1
E {[E

2
pφσ(~r, t)φσ(~r′, t) + φ̇σ(~r, t)φ̇σ(~r′, t)][ei~p·(~r−~r

′) − e−i~p·(~r−~r′)]

+ iE[φσ(~r, t)φ̇σ(~r′, t)− φ̇σ(~r, t)φσ(~r′, t)][ei~p·(~r−~r
′) + e−i~p·(~r−~r

′)]}d3~pd3~rd3~r′

= 1
4

1
(2π)3

∫ ∑
σ
i[φσ(~r, t)φ̇σ(~r′, t)− φ̇σ(~r, t)φσ(~r′, t)][ei~p·(~r−~r

′) + e−i~p·(~r−~r
′)]d3~pd3~rd3~r′

= 1
2

∫ ∑
σ
i[φσ(~r, t)φ̇σ(~r′, t)− φ̇σ(~r, t)φσ(~r′, t)]δ3(~r − ~r′)d3~rd3~r′

= i
2

∫ ∑
σ

[φσ(~r, t), φ̇σ(~r, t)]d3~r

Cor. 3.2.2. N̂ = 1
2

∫ ∑
σ
E[a+

σ (~p, 0)aσ(~p, 0) + aσ(~p, 0)a+
σ (~p, 0)]d3~p

= 1
2

∫ ∑
σ

1√
m2−∇2

[∇φσ(~r, t)]2 + φ̇2
σ(~r, t) +m2φ2

σ(~r, t)]d3~r

Proof: N̂ = 1
2

∫ ∑
σ
E[a+

σ (~p, 0)aσ(~p, 0) + aσ(~p, 0)a+
σ (~p, 0)]d3~p

= 1
2

1
(2π)3

∫ ∑
σ

1
2E {[Eφσ(~r, t)− iφ̇σ(~r, t)][Eφσ(~r′, t) + iφ̇σ(~r′, t)]ei~p·(~r−~r

′)

+ [Eφσ(~r, t) + iφ̇σ(~r, t)][Eφσ(~r′, t)− iφ̇σ(~r′, t)]e−i~p·(~r−~r
′)}d3~pd3~rd3~r′

= 1
4

1
(2π)3

∫ ∑
σ

1
E {[E

2
pφσ(~r, t)φσ(~r′, t) + φ̇σ(~r, t)φ̇σ(~r′, t)][ei~p·(~r−~r

′) + e−i~p·(~r−~r
′)]

+ iE[φσ(~r, t)φ̇σ(~r′, t)− φ̇σ(~r, t)φσ(~r′, t)][ei~p·(~r−~r
′) − e−i~p·(~r−~r′)]}d3~pd3~rd3~r′

= 1
4

1
(2π)3

∫ ∑
σ

1
E {[m

2φσ(~r, t)φσ(~r′, t) + φ̇σ(~r, t)φ̇σ(~r′, t)][ei~p·(~r−~r
′) + e−i~p·(~r−~r

′)]

− φσ(~r, t)φσ(~r′, t)∇2[ei~p·(~r−~r
′) + e−i~p·(~r−~r

′)] + 0}d3~pd3~rd3~r′

= 1
4

1
(2π)3

∫ ∑
σ

1√
m2−∇2

{[m2φσ(~r, t)φσ(~r′, t) + φ̇σ(~r, t)φ̇σ(~r′, t)]δ3(~r − ~r′)− φσ(~r, t)φσ(~r′, t)∇2δ3(~r − ~r′)}d3~rd3~r′

= 1
2

∫ ∑
σ

1√
m2−∇2

[−∇2φσ(~r, t)φσ(~r, t) + φ̇2
σ(~r, t) +m2φ2

σ(~r, t)]d3~r

= 1
2

∫ ∑
σ

1√
m2−∇2

[−∂i[∂iφσ(~r, t)φσ(~r, t)] + [∇φσ(~r, t)]2 + φ̇2
σ(~r, t) +m2φ2

σ(~r, t)]d3~r

= 1
2

∫ ∑
σ

1√
m2−∇2

[∇φσ(~r, t)]2 + φ̇2
σ(~r, t) +m2φ2

σ(~r, t)]d3~r
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3.3 Extraction of spatial angular momentum operators for scalar field

Thm. 3.3.1. Mij = −
∫ ∑

σ
φ̇σ(~r, t)(ri∂j − rj∂i)φσ(~r, t)d3~r

= − i
2

∫ ∑
σ

[a+
σ (~p, 0)(pi∂̃j − pj ∂̃i)aσ(~p, 0)− aσ(~p, 0)(pi∂̃j − pj ∂̃i)a+

σ (~p, 0)]d3~p

Proof: Mij

= −
∫ ∑

σ
φ̇σ(~r, t)(ri∂j − rj∂i)φσ(~r, t)d3~r

= −
∫ ∑

σ
φ̇σ(~r, t)(ri∂j − rj∂i)φσ(~r, t)d3~r

= − 1
(2π)3

∫
d3~pd3~p′d3~r

∑
σ

−iE′√
2E′

i(ripj−rjpi)√
2E

[aσ(~p′, 0)ei(~p
′·~r−E′t) − a+

σ (~p′, 0)e−i(~p
′·~r−E′t)][aσ(~p, 0)ei(~p·~r−Et) − a+

σ (~p, 0)e−i(~p·~r−Et)]

= − 1
(2π)3

∫
d3~pd3~p′d3~r

∑
σ

E′(ripj−rjpi)
2
√
E′E

[aσ(~p′, 0)aσ(~p, 0)ei[(~p
′+~p)·~r−(E′+E)t] + a+

σ (~p′, 0)a+
σ (~p, 0)e−i[(~p

′+~p)·~r−(E′+E)t]]
−
E′(ripj−rjpi)

2
√
E′E

[aσ(~p′, 0)a+
σ (~p, 0)ei[(~p

′−~p)·~r−(E′−E)t] + a+
σ (~p′, 0)aσ(~p, 0)e−i[(~p

′−~p)·~r−(E′−E)t]]

= − 1
(2π)3

∫
d3~pd3~p′d3~r

∑
σ

−iE′
2
√
E′E

{[aσ(~p′, 0)aσ(~p, 0)e−i(E
′+E)t(pj ∂̃i − pi∂̃j)ei(~p

′+~p)·~r − a+
σ (~p′, 0)a+

σ (~p, 0)ei(E
′+E)t(pj ∂̃i − pi∂̃j)e−i(~p

′+~p)·~r]
+
[aσ(~p′, 0)a+

σ (~p, 0)e−i(E
′−E)t(pj ∂̃i − pi∂̃j)ei(~p

′−~p)·~r − a+
σ (~p′, 0)aσ(~p, 0)ei(E

′−E)t(pj ∂̃i − pi∂̃j)e−i(~p
′−~p)·~r]}

= i
∫
d3~pd3~p′

∑
σ

E′

2
√
E′E

{[aσ(~p′, 0)aσ(~p, 0)e−i(E
′+E)t(pj ∂̃i − pi∂̃j)δ3(~p+ ~p′)− a+

σ (~p′, 0)a+
σ (~p, 0)ei(E

′+E)t(pj ∂̃i − pi∂̃j)δ3(~p+ ~p′)]
+
[aσ(~p′, 0)a+

σ (~p, 0)e−i(E
′−E)t(pj ∂̃i − pi∂̃j)δ3(~p− ~p′)− a+

σ (~p′, 0)aσ(~p, 0)ei(E
′−E)t(pj ∂̃i − pi∂̃j)δ3(~p− ~p′)]}

= i
2

∫
d3~p

∑
σ

{−aσ(~p, 0)
√
Ee−iEt(∂̃i[pjaσ(−~p, 0) 1√

E
e−iEt]− ∂̃j [piaσ(−~p, 0) 1√

E
e−iEt])

+
a+
σ (~p, 0)

√
EeiEt(∂̃i[pja

+
σ (−~p, 0) 1√

E
eiEt]− ∂̃j [pia+

σ (−~p, 0) 1√
E
eiEt])

−
aσ(~p, 0)

√
Ee−iEt(∂̃i[pja

+
σ (~p, 0) 1√

E
eiEt]− ∂̃j [pia+

σ (~p, 0) 1√
E
eiEt])

+
a+
σ (~p, 0)

√
EeiEt(∂̃i[pjaσ(~p, 0) 1√

E
e−iEt]− ∂̃j [piaσ(~p, 0) 1√

E
e−iEt])}

= i
2

∫
d3~p

∑
σ

{−aσ(~p, 0)
√
Ee−iEt(pj ∂̃i − pi∂̃j)[aσ(−~p, 0) 1√

E
e−iEt]) + a+

σ (~p, 0)
√
EeiEt(pj ∂̃i − pi∂̃j)[a+

σ (−~p, 0) 1√
E
eiEt])

− aσ(~p, 0)
√
Ee−iEt(pj ∂̃i − pi∂̃j)[a+

σ (~p, 0) 1√
E
eiEt]) + a+

σ (~p, 0)
√
EeiEt(pj ∂̃i − pi∂̃j)[aσ(~p, 0) 1√

E
e−iEt])}

= i
2

∫
d3~p

∑
σ

{−aσ(~p, 0)e−2iEt(pj ∂̃i − pi∂̃j)aσ(−~p, 0) + a+
σ (~p, 0)e2iEt(pj ∂̃i − pi∂̃j)a+

σ (−~p, 0)

− aσ(~p, 0)(pj ∂̃i − pi∂̃j)a+
σ (~p, 0) + a+

σ (~p, 0)(pj ∂̃i − pi∂̃j)aσ(~p, 0)}
= − i

2

∫
d3~p

∑
σ

[a+
σ (~p, 0)(pi∂̃j − pj ∂̃i)aσ(~p, 0)− aσ(~p, 0)(pi∂̃j − pj ∂̃i)a+

σ (~p, 0)]

Cor. 3.3.1. ∂tφσ(~r, t) = 1
(2π)3/2

+∞∫
~p=−∞

−iE√
2E

[aσ(~p, 0)ei(~p·~r−Et) − a+
σ (~p, 0)e−i(~p·~r−Et)]d3~p

Cor. 3.3.2. (ri∂j − rj∂i)φσ(~r, t) = 1
(2π)3/2

+∞∫
~p=−∞

i(ripj−rjpi)√
2E

[aσ(~p, 0)ei(~p·~r−Et) − a+
σ (~p, 0)e−i(~p·~r−Et)]d3~p

Cor. 3.3.3.

H = 1
2

∫ ∑
σ
E[a+(~p, 0)a(~p, 0) + a(~p, 0)a+(~p, 0)]d3~p = 1

2

∫ ∑
σ

[∇φσ(~r, t)]2 + φ̇2
σ(~r, t) +m2φ2

σ(~r, t)]d3~r

~P = 1
2

∫ ∑
σ
~p[a+

σ (~p, 0)aσ(~p, 0) + aσ(~p, 0)a+
σ (~p, 0)]d3~p =

∫ ∑
σ
−φ̇σ(~r, t)∇φσ(~r, t)d3~r

Thm. 3.3.2. Miπ = i
∫ ∑

σ
{ 1

2ri[∇φσ(~r, t)]2 + φ̇2
σ(~r, t) +m2φ2

σ(~r, t)] + t∂iφ̇σ(~r, t)φσ(~r, t)}d3~r
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3.4 Commutative and anti commutative formulas

Cor. 3.4.1.

{
[A,BC] = [A,B]C +B[A,C], [A,CB] = [A,C]B + C[A,B]

[A,BC] = {A,B}C −B{A,C}, [A,CB] = {A,C}B − C{A,B}

Cor. 3.4.2.

{
[A, {B,C}] = {[A,B], C}+ {B, [A,C]}
[A, [B,C]] = {{A,B}, C} − {B, {A,C}}

3.5 Poincare algebra of scalar field

Cor. 3.5.1.

H = 1
2

∫ ∑
σ

[∇φσ(~r, t)]2 + φ̇2
σ(~r, t) +m2φ2

σ(~r, t)]d3~r

= 1
2

∫ ∑
σ

[φ̇2
σ(~r, t)− φσ(~r, t)∂2

t φσ(~r, t)]d3~r

~P =
∫ ∑

σ
−φ̇σ(~r, t)∇φσ(~r, t)d3~r

Proof: [Pi(t), Pπ(t)]
=
∫ ∑
σ,σ′

[φ̇σ(~r, t)∂iφσ(~r, t), φ̇σ′(~r
′, t)∂πφσ′(~r

′, t)]d3~rd3~r′

=
∫ ∑
σ,σ′

[φ̇σ(~r, t)∂iφσ(~r, t), φ̇σ′(~r
′, t)]∂πφσ′(~r

′, t)] + φ̇σ′(~r
′, t)[φ̇σ(~r, t)∂iφσ(~r, t), ∂πφσ′(~r

′, t)]d3~rd3~r′

=
∫ ∑
σ,σ′

φ̇σ(~r, t)[∂iφσ(~r, t), φ̇σ′(~r
′, t)]∂πφσ′(~r

′, t)] + φ̇σ′(~r
′, t)φ̇σ(~r, t)[∂iφσ(~r, t), ∂πφσ′(~r

′, t)]d3~rd3~r′

=
∫ ∑

σ
φ̇σ(~r, t)∂iδ

3(~r − ~r′)φ̇σ(~r′, t)] + φ̇σ(~r′, t)φ̇σ(~r, t)∂iδ
3(~r − ~r′)d3~rd3~r′

= −
∫ ∑

σ
[∂iφ̇σ(~r, t)φ̇σ(~r, t) + φ̇σ(~r, t)∂iφ̇σ(~r, t)]d3~r

= −
∫ ∑

σ
∂i[φ̇σ(~r, t)φ̇σ(~r′, t)]d3~r = 0

Proof:

=
∫ ∑
σ,σ′

[φ̇σ(~r, t)∂iφσ(~r, t), φσ′(~r
′, t)∂2

t φσ′(~r
′, t)]d3~rd3~r′

=
∫ ∑
σ,σ′

[φ̇σ(~r, t)∂iφσ(~r, t), φσ′(~r
′, t)]∂2

t φσ′(~r
′, t)] + φσ′(~r

′, t)[φ̇σ(~r, t)∂iφσ(~r, t), ∂2
t φσ′(~r

′, t)]d3~rd3~r′

=
∫ ∑
σ,σ′

[φ̇σ(~r, t), φσ′(~r
′, t)]∂iφσ(~r, t)∂2

t φσ′(~r
′, t)] + φσ′(~r

′, t)[φ̇σ(~r, t), ∂2
t φσ′(~r

′, t)]∂iφσ(~r, t)d3~rd3~r′

=
∫ ∑
σ,σ′
−δ3(~r − ~r′)∂iφσ(~r, t)∂2

t φσ′(~r
′, t)]− φσ′(~r′, t)(m2 −∇2)δ3(~r − ~r′)∂iφσ(~r, t)d3~rd3~r′

=
∫ ∑
σ,σ′
−∂iφσ(~r, t)∂2

t φσ′(~r, t)− φσ′(~r, t)(m2 −∇2)∂iφσ(~r, t)d3~r

=
∫ ∑
σ,σ′
−∂iφσ(~r, t)∂2

t φσ′(~r, t)− φσ′(~r, t)∂2
t ∂iφσ(~r, t)d3~r

= −
∫ ∑
σ,σ′

∂i[φσ(~r, t)∂2
t φσ′(~r, t)]d

3~r = 0

Cor. 3.5.2. [Pa(t), Pb(t)] = 0

Proof: [Mij(t), Pπ(t)]

=
∫ ∑
σ,σ′

[φ̇σ(~r, t)(ri∂j − rj∂i)φσ(~r, t), φ̇σ′(~r
′, t)∂πφσ′(~r

′, t)]d3~rd3~r′

=
∫ ∑
σ,σ′

d3~rd3~r′

[φ̇σ(~r, t)(ri∂j − rj∂i)φσ(~r, t), φ̇σ′(~r
′, t)]∂πφσ′(~r

′, t) + φ̇σ′(~r
′, t)[φ̇σ(~r, t)(ri∂j − rj∂i)φσ(~r, t), ∂πφσ′(~r

′, t)]
=
∫ ∑
σ,σ′

d3~rd3~r′

φ̇σ(~r, t)[(ri∂j − rj∂i)φσ(~r, t), φ̇σ′(~r
′, t)]∂πφσ′(~r

′, t) + φ̇σ′(~r
′, t)φ̇σ(~r, t)[(ri∂j − rj∂i)φσ(~r, t), ∂πφσ′(~r

′, t)]
= −i

∫ ∑
σ,σ′

d3~rd3~r′

φ̇σ(~r, t)[(ri∂j − rj∂i)φσ(~r, t), φ̇σ′(~r
′, t)]φ̇σ′(~r

′, t) + φ̇σ′(~r
′, t)φ̇σ(~r, t)[(ri∂j − rj∂i)φσ(~r, t), φ̇σ′(~r

′, t)]

= −i
∫ ∑

σ
φ̇σ(~r, t)(ri∂j − rj∂i)δ3(~r − ~r′)φ̇σ(~r′, t) + φ̇σ(~r′, t)φ̇σ(~r, t)(ri∂j − rj∂i)δ3(~r − ~r′)d3~r

= i
∫ ∑

σ
{∂j [riφ̇σ(~r, t)]− ∂i[rj φ̇σ(~r, t)]}φ̇σ(~r, t) + φ̇σ(~r, t){∂j [riφ̇σ(~r, t)]− ∂i[rj φ̇σ(~r, t)]}d3~r

= i
∫ ∑

σ
{∂j [riφ̇σ(~r, t)]− ∂i[rj φ̇σ(~r, t)]}φ̇σ(~r, t) + φ̇σ(~r, t)[ri∂j − rj∂i]φ̇σ(~r, t)]d3~r

= i
∫ ∑

σ
{∂j [riφ̇σ(~r, t)φ̇σ(~r, t)]− ∂i[rj φ̇σ(~r, t)φ̇σ(~r, t)]}d3~r = 0
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Proof: [Mij(t), Pk(t)]

=
∫ ∑
σ,σ′

[φ̇σ(~r, t)(ri∂j − rj∂i)φσ(~r, t), φ̇σ′(~r
′, t)∂′kφσ′(~r

′, t)]d3~rd3~r′

=
∫ ∑
σ,σ′

d3~rd3~r′

[φ̇σ(~r, t)(ri∂j − rj∂i)φσ(~r, t), φ̇σ′(~r
′, t)]∂′jφσ′(~r

′, t) + φ̇σ′(~r
′, t)[φ̇σ(~r, t)(ri∂j − rj∂i)φσ(~r, t), ∂′kφσ′(~r

′, t)]

=
∫ ∑
σ,σ′

d3~rd3~r′

φ̇σ(~r, t)[(ri∂j − rj∂i)φσ(~r, t), φ̇σ′(~r
′, t)]∂′kφσ′(~r

′, t) + φ̇σ′(~r
′, t)[φ̇σ(~r, t), ∂′kφσ′(~r

′, t)](ri∂j − rj∂i)φσ(~r, t)

= i
∫ ∑
σ,σ′

φ̇σ(~r, t)(ri∂j − rj∂i)δ3(~r − ~r′)∂′kφσ′(~r′, t)− φ̇σ′(~r′, t)∂′kδ3(~r − ~r′)(ri∂j − rj∂i)φσ(~r, t)d3~rd3~r′

= −i
∫ ∑

σ
{∂j [riφ̇σ(~r, t)]− ∂i[rj φ̇σ(~r, t)]}∂kφσ(~r, t)− ∂kφ̇σ(~r, t)(ri∂j − rj∂i)φσ(~r, t)d3~r

= i
∫ ∑

σ
riφ̇σ(~r, t)∂j∂kφσ(~r, t)− rj φ̇σ(~r, t)∂i∂kφσ(~r, t)− φ̇σ(~r, t)∂k(ri∂j − rj∂i)φσ(~r, t)d3~r

= i
∫ ∑

σ
φ̇σ(~r, t)(ri∂j − rj∂i)∂kφσ(~r, t)− φ̇σ(~r, t)∂k(ri∂j − rj∂i)φσ(~r, t)d3~r

= −i
∫ ∑

σ
φ̇σ(~r, t)[−i(ri∂j − rj∂i),−i∂k]φσ(~r, t)d3~r

= −i
∫ ∑

σ
φ̇σ(~r, t)(δik∂j − δjk∂i)φσ(~r, t)d3~r

= −i[Pi(t)δjk − Pj(t)δik]

Proof: [Miπ(t), Pπ(t)]
=
∫ ∑
σ,σ′

[φ̇σ(~r, t)(ri∂π − it∂i)φσ(~r, t), φ̇σ′(~r
′, t)∂πφσ′(~r

′, t)]d3~rd3~r′

=
∫ ∑
σ,σ′

d3~rd3~r′

[φ̇σ(~r, t)(ri∂π − it∂i)φσ(~r, t), φ̇σ′(~r
′, t)]∂πφσ′(~r

′, t) + φ̇σ′(~r
′, t)[φ̇σ(~r, t)(ri∂π − it∂i)φσ(~r, t), ∂πφσ′(~r

′, t)]
= −

∫ ∑
σ,σ′

[φ̇σ(~r, t)(ri∂t + t∂i)φσ(~r, t), φ̇σ′(~r
′, t)]φ̇σ′(~r

′, t) + φ̇σ′(~r
′, t)[φ̇σ(~r, t)(ri∂t + t∂i)φσ(~r, t), φ̇σ′(~r

′, t)]d3~rd3~r′

= −
∫ ∑
σ,σ′

φ̇σ(~r, t)[(ri∂t + t∂i)φσ(~r, t), φ̇σ′(~r
′, t)]φ̇σ′(~r

′, t) + φ̇σ′(~r
′, t)φ̇σ(~r, t)[(ri∂t + t∂i)φσ(~r, t), φ̇σ′(~r

′, t)]d3~rd3~r′

= −
∫ ∑
σ,σ′

φ̇σ(~r, t)t[∂iφσ(~r, t), φ̇σ′(~r
′, t)]φ̇σ′(~r

′, t) + φ̇σ′(~r
′, t)φ̇σ(~r, t)t[∂iφσ(~r, t), φ̇σ′(~r

′, t)]d3~rd3~r′

3.6 Strict proof of Poincare algebra of scalar field

Cor. 3.6.1.


[A,BC] = [A,B]C +B[A,C]

[BC,A] = [B,A]C +B[C,A]

[φσ(~r, t), φ̇σ′(~r
′, t)] = iδσσ′δ

3(~r − ~r′)

Cor. 3.6.2.

Pi =
∫ ∑

σ
−φ̇σ(~r, t)∂iφσ(~r, t)d3~r

Pπ = i
2

∫ ∑
σ

[∇φσ(~r, t)]2 + φ̇2
σ(~r, t) +m2φ2

σ(~r, t)]d3~r

Thm. 3.6.1.

Mij = −
∫ ∑

σ
φ̇σ(~r, t)(ri∂j − rj∂i)φσ(~r, t)d3~r

Miπ = i
∫ ∑

σ
{ 1

2ri[∇φσ(~r, t)]2 + φ̇2
σ(~r, t) +m2φ2

σ(~r, t)] + t∂iφ̇σ(~r, t)φσ(~r, t)}d3~r

= i
∫ ∑

σ
{ 1

2 [−ri∇2φσ(~r, t)φσ(~r, t)− ∂iφσ(~r, t)φσ(~r, t) + riφ̇
2
σ(~r, t) +m2riφ

2
σ(~r, t)] + t∂iφ̇σ(~r, t)φσ(~r, t)}d3~r

= i
∫ ∑

σ
{ 1

2 [−ri∇2φσ(~r, t)φσ(~r, t) + riφ̇
2
σ(~r, t) +m2riφ

2
σ(~r, t)] + t∂iφ̇σ(~r, t)φσ(~r, t)}d3~r

3.6.1 Lemma–Mathematical preparation

Lem. 3.6.1. [φ̇σ(~r, t), [∇′φσ′(~r′, t)]2] = −2iδσσ′∇′φσ′(~r′, t) · ∇′δ3(~r − ~r′)

Proof: [φ̇σ(~r, t), [∇′φσ′(~r′, t)]2]
= 2∇′φσ′(~r′, t)[φ̇σ(~r, t),∇′φσ′(~r′, t)]
= −2iδσσ′∇′φσ′(~r′, t) · ∇′δ3(~r − ~r′)

Lem. 3.6.2. [φ̇σ(~r, t), φ̇2
σ′(~r

′, t)] = 0

Lem. 3.6.3. [φ̇σ(~r, t),m2φ2
σ′(~r

′, t)] = −2im2δσσ′φσ′(~r
′, t)δ3(~r − ~r′)
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Proof: [φ̇σ(~r, t), φ2
σ′(~r

′, t)]

= 2φσ′(~r
′, t)[φ̇σ(~r, t), φσ′(~r

′, t)]
= −2iδσσ′φσ′(~r

′, t)δ3(~r − ~r′)

Lem. 3.6.4. [φ̇σ(~r, t), [∇′φσ′(~r′, t)]2 + φ̇2
σ′(~r

′, t) +m2φ2
σ′(~r

′, t)] = −2iδσσ′ [∇′φσ′(~r′, t) · ∇′ +m2φσ′(~r
′, t)]δ3(~r − ~r′)

Lem. 3.6.5. [φσ(~r, t), [∇′φσ′(~r′, t)]2 + φ̇2
σ′(~r

′, t) +m2φ2
σ′(~r

′, t)] = 2iδσσ′ φ̇σ′(~r
′, t)δ3(~r − ~r′)

Lem. 3.6.6. [∇φσ(~r, t), [∇′φσ′(~r′, t)]2 + φ̇2
σ′(~r

′, t) +m2φ2
σ′(~r

′, t)] = 2iδσσ′ φ̇σ′(~r
′, t)∇δ3(~r − ~r′)

3.6.2 Momentum commutation rules of scalar field

Thm. 3.6.2. [Pa(t), Pb(t)] = 0

Proof: [Pi(t), Pj(t)]

=
∫ ∑
σ,σ′

[φ̇σ(~r, t)∂iφσ(~r, t), φ̇σ′(~r
′, t)∂′jφσ′(~r

′, t)]d3~rd3~r′

=
∫ ∑

σ
[φ̇σ(~r, t)∂iφσ(~r, t), φ̇σ′(~r

′, t)]∂′jφσ′(~r
′, t)] + φ̇σ′(~r

′, t)[φ̇σ(~r, t)∂iφσ(~r, t), ∂′jφσ′(~r
′, t)]d3~rd3~r′

=
∫ ∑

σ
φ̇σ(~r, t)[∂iφσ(~r, t), φ̇σ′(~r

′, t)]∂′jφσ′(~r
′, t)] + φ̇σ′(~r

′, t)[φ̇σ(~r, t), ∂′jφσ′(~r
′, t)]∂iφσ(~r, t)d3~rd3~r′

= i
∫ ∑

σ
φ̇σ(~r, t)∂iδ

3(~r − ~r′)∂′jφσ′(~r′, t)− φ̇σ′(~r′, t)∂′jδ3(~r − ~r′)∂iφσ(~r, t)d3~rd3~r′

= −i
∫ ∑

σ
φ̇σ(~r, t)∂′iδ

3(~r − ~r′)∂′jφσ(~r′, t)− φ̇σ(~r′, t)∂jδ
3(~r − ~r′)∂iφσ(~r, t)d3~rd3~r′

= i
∫ ∑

σ
φ̇σ(~r, t)∂i∂jφσ(~r, t)− φ̇σ(~r, t)∂j∂iφσ(~r, t)d3~r = 0

Proof: [Pi(t), Pπ(t)]
= − i

2

∫ ∑
σ,σ′

[φ̇σ(~r, t)∂iφσ(~r, t), [∇′φσ′(~r′, t)]2 + φ̇2
σ′(~r

′, t) +m2φ2
σ′(~r

′, t)]d3~rd3~r′

= − i
2

∫ ∑
σ,σ′
{[φ̇σ(~r, t), [∇′φσ′(~r′, t)]2 + φ̇2

σ′(~r
′, t) +m2φ2

σ′(~r
′, t)]∂iφσ(~r, t)

+ φ̇σ(~r, t)[∂iφσ(~r, t), [∇′φσ′(~r′, t)]2 + φ̇2
σ′(~r

′, t) +m2φ2
σ′(~r

′, t)]}d3~rd3~r′

= − i
2

∫ ∑
σ,σ′
{[φ̇σ(~r, t), [∇′φσ′(~r′, t)]2 +m2φ2

σ′(~r
′, t)]∂iφσ(~r, t) + φ̇σ(~r, t)[∂iφσ(~r, t), φ̇2

σ′(~r
′, t)]}d3~rd3~r′

= −i
∫ ∑
σ,σ′
{[φ̇σ(~r, t),∇′φσ′(~r′, t)] · ∇′φσ′(~r′, t)∂iφσ(~r, t) + [φ̇σ(~r, t), φσ′(~r

′, t)]m2φσ′(~r
′, t)∂iφσ(~r, t)

+ φ̇σ(~r, t)φ̇σ′(~r
′, t)[∂iφσ(~r, t), φ̇σ′(~r

′, t)]}d3~rd3~r′

= −i
∫ ∑
σ,σ′
{−iδσσ′∇′δ3(~r − ~r′) · ∇′φσ′(~r′, t)∂iφσ(~r, t)− iδσσ′δ3(~r − ~r′)m2φσ′(~r

′, t)∂iφσ(~r, t)

+ φ̇σ(~r, t)φ̇σ′(~r
′, t)iδσσ′∂iδ

3(~r − ~r′)}d3~rd3~r′

=
∫
{∇2φσ(~r, t)∂iφσ(~r, t)−m2φσ(~r, t)∂iφσ(~r, t)− ∂iφ̇σ(~r, t)φ̇σ(~r, t)}d3~r

=
∫
{∇φσ(~r, t)∂i · ∇φσ(~r, t)−m2φσ(~r, t)∂iφσ(~r, t)− ∂iφ̇σ(~r, t)φ̇σ(~r, t)}d3~r

= 1
2

∫
{−∂i[∇φσ(~r, t) · ∇φσ(~r, t)]−m2∂iφ

2
σ(~r, t)− ∂iφ̇2

σ(~r, t)}d3~r

= − 1
2

∫
∂i{[∇φσ(~r, t)]2 +m2φ2

σ(~r, t) + φ̇2
σ(~r, t)}d3~r = 0

3.6.3 Angular momentum commutation rules of scalar field

Proof: [Mij(t),Mkl(t)]

=
∫ ∑
σ,σ′

[φ̇σ(~r, t)(ri∂j − rj∂i)φσ(~r, t), φ̇σ′(~r
′, t)(r′k∂

′
l − r′l∂′k)φσ′(~r

′, t)]d3~rd3~r′

=
∫ ∑
σ,σ′

d3~rd3~r′{[φ̇σ(~r, t)(ri∂j − rj∂i)φσ(~r, t), φ̇σ′(~r
′, t)](r′k∂

′
l − r′l∂′k)φσ′(~r

′, t)

+ φ̇σ′(~r
′, t)[φ̇σ(~r, t)(ri∂j − rj∂i)φσ(~r, t), (r′k∂

′
l − r′l∂′k)φσ′(~r

′, t)]}
=
∫ ∑
σ,σ′

d3~rd3~r′{φ̇σ(~r, t)[(ri∂j − rj∂i)φσ(~r, t), φ̇σ′(~r
′, t)](r′k∂

′
l − r′l∂′k)φσ′(~r

′, t)

+ φ̇σ′(~r
′, t)[φ̇σ(~r, t), (r′k∂

′
l − r′l∂′k)φσ′(~r

′, t)](ri∂j − rj∂i)φσ(~r, t)}
= i
∫ ∑
σ,σ′

d3~rd3~r′

{φ̇σ(~r, t)(ri∂j − rj∂i)δ3(~r − ~r′)(r′k∂′l − r′l∂′k)φσ′(~r
′, t)− φ̇σ′(~r′, t)(r′k∂′l − r′l∂′k)δ3(~r − ~r′)(ri∂j − rj∂i)φσ(~r, t)}

= −i
∫ ∑

σ
d3~r

{{∂j [riφ̇σ(~r, t)]− ∂i[rj φ̇σ(~r, t)]}(rk∂l − rl∂k)φσ(~r, t)− {∂l[rkφ̇σ(~r, t)]− ∂k[rlφ̇σ(~r, t)]}(ri∂j − rj∂i)φσ(~r, t)}
= −i

∫ ∑
σ
φ̇σ(~r, t)[−i(ri∂j − rj∂i),−i(rk∂l − rl∂k)]φσ(~r, t)d3~r

= −i[δilMjk(t)− δikMjl(t) + δjkMil(t)− δjlMik(t)]
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Proof: [Mij(t),Mkπ(t)]

= i
∫ ∑
σ,σ′

[φ̇σ(~r, t)(ri∂j − rj∂i)φσ(~r, t), { 1
2r
′
k[[∇′φσ′(~r′, t)]2 + φ̇2

σ′(~r
′, t) +m2φ2

σ′(~r
′, t)] + t∂′kφ̇σ′(~r

′, t)φσ′(~r
′, t)}]d3~rd3~r′

= i
∫ ∑
σ,σ′

[φ̇σ(~r, t), 1
2r
′
k[[∇′φσ′(~r′, t)]2 +m2φ2

σ′(~r
′, t)] + t∂′kφ̇σ′(~r

′, t)φσ′(~r
′, t)}](ri∂j − rj∂i)φσ(~r, t)

+ φ̇σ(~r, t)[(ri∂j − rj∂i)φσ(~r, t), { 1
2r
′
kφ̇

2
σ′(~r

′, t) + t∂′kφ̇σ′(~r
′, t)φσ′(~r

′, t)}]d3~rd3~r′

=
∫ ∑
σ,σ′

δσσ′ [r
′
k∇′φσ′(~r′, t) · ∇′ +m2r′kφσ′(~r

′, t) + t∂′kφ̇σ′(~r
′, t)]δ3(~r − ~r′)(ri∂j − rj∂i)φσ(~r, t)

− δσσ′ [r′kφ̇σ(~r, t)φ̇σ′(~r
′, t) + tφ̇σ(~r, t)φσ′(~r

′, t)∂′k](ri∂j − rj∂i)δ3(~r − ~r′)d3~rd3~r′

=
∫

[−∂kφσ(~r, t)− rk∇2φσ(~r, t) +m2rkφσ(~r, t) + t∂kφ̇σ(~r, t)](ri∂j − rj∂i)φσ(~r, t)

+ [rk(ri∂j − rj∂i)φ̇σ(~r, t)φ̇σ(~r, t)− t(ri∂j − rj∂i)φ̇σ(~r, t)∂kφσ(~r, t)]d3~r
=
∫

[−∂kφσ(~r, t)− rk∇2φσ(~r, t) +m2rkφσ(~r, t)](ri∂j − rj∂i)φσ(~r, t)

+ rk(ri∂j − rj∂i)φ̇σ(~r, t)φ̇σ(~r, t)d3~r

=
∫

[−∂kφσ(~r, t)− rkφ̇2
σ(~r, t)](ri∂j − rj∂i)φσ(~r, t)

+ rk(ri∂j − rj∂i)φ̇σ(~r, t)φ̇σ(~r, t)d3~r
=
=
∫ ∑

σ
gjk{ 1

2ri[∇φσ(~r, t)]2 + φ̇2
σ(~r, t) +m2φ2

σ(~r, t)] + t∂iφ̇σ(~r, t)φσ(~r, t)}

− gik{ 1
2rj [∇φσ(~r, t)]2 + φ̇2

σ(~r, t) +m2φ2
σ(~r, t)] + t∂j φ̇σ(~r, t)φσ(~r, t)}d3~r

Mab = Lab + Sab, Lab = xapb − xbpa, gab = δab (20.3)
[Mab,Mcd] = −i(gadMbc − gacMbd + gbcMad − gbdMac)

[Mij ,Mkπ] = −i(gjkMiπ − gikMjπ)

[Mab, pc] = −i(gbcpa − gacpb), [pa, pb] = 0

(20.4)

Proof: [Miπ(t),Mjπ(t)]

= −
∫ ∑
σσ′

[{ 1
2ri[[∇φσ(~r, t)]2 + φ̇2

σ(~r, t) +m2φ2
σ(~r, t)] + t∂iφ̇σ(~r, t)φσ(~r, t)}

, { 1
2r
′
j [[∇′φσ′(~r′, t)]2 + φ̇2

σ′(~r
′, t) +m2φ2

σ′(~r
′, t)] + t∂′j φ̇σ′(~r

′, t)φσ′(~r
′, t)}]d3~rd3~r′

= −
∫ ∑
σσ′
{ 1

4rir
′
j [[∇φσ(~r, t)]2 + φ̇2

σ(~r, t) +m2φ2
σ(~r, t), [∇′φσ′(~r′, t)]2 + φ̇2

σ′(~r
′, t) +m2φ2

σ′(~r
′, t)]

+ t2[∂iφ̇σ(~r, t)φσ(~r, t), ∂′j φ̇σ′(~r
′, t)φσ′(~r

′, t)]

+ 1
2rit[[∇φσ(~r, t)]2 + φ̇2

σ(~r, t) +m2φ2
σ(~r, t), ∂′j φ̇σ′(~r

′, t)φσ′(~r
′, t)]

+ 1
2r
′
jt[∂iφ̇σ(~r, t)φσ(~r, t), [∇′φσ′(~r′, t)]2 + φ̇2

σ′(~r
′, t) +m2φ2

σ′(~r
′, t)]}d3~rd3~r′

= −
∫ ∑
σσ′

d3~rd3~r′

{ 1
4rir

′
j [[∇φσ(~r, t)]2 +m2φ2

σ(~r, t), φ̇2
σ′(~r

′, t)]] + 1
4rir

′
j [φ̇

2
σ(~r, t), [∇′φσ′(~r′, t)]2 +m2φ2

σ′(~r
′, t)]

+ t2∂iφ̇σ(~r, t)[φσ(~r, t), ∂′j φ̇σ′(~r
′, t)]φσ′(~r

′, t) + t2∂′j φ̇σ′(~r
′, t)[∂iφ̇σ(~r, t), φσ′(~r

′, t)]φσ(~r, t)

+ 1
2rit[[∇φσ(~r, t)]2 +m2φ2

σ(~r, t), ∂′j φ̇σ′(~r
′, t)]φσ′(~r

′, t) + 1
2rit∂

′
j φ̇σ′(~r

′, t)[φ̇2
σ(~r, t), φσ′(~r

′, t)]

+ 1
2r
′
jt∂iφ̇σ(~r, t)[φσ(~r, t), φ̇2

σ′(~r
′, t)] + 1

2r
′
jt[∂iφ̇σ(~r, t), [∇′φσ′(~r′, t)]2 +m2φ2

σ′(~r
′, t)]φσ(~r, t)}

= −
∫ ∑
σσ′

d3~rd3~r′

{ 1
4rir

′
j [[∇φσ(~r, t)]2 +m2φ2

σ(~r, t), φ̇2
σ′(~r

′, t)]] + 1
4rir

′
j [φ̇

2
σ(~r, t), [∇′φσ′(~r′, t)]2 +m2φ2

σ′(~r
′, t)]

+ t2∂iφ̇σ(~r, t)iδσσ′∂
′
jδ

3(~r − ~r′)φσ′(~r′, t)− t2∂′j φ̇σ′(~r′, t)iδσσ′∂iδ3(~r − ~r′)φσ(~r, t)

+ rit[∇φσ(~r, t) · ∇+m2φσ(~r, t)]iδσσ′∂
′
jδ

3(~r − ~r′)φσ′(~r′, t)− rit∂′j φ̇σ′(~r′, t)φ̇σ(~r, t)iδσσ′δ
3(~r − ~r′)

+ r′jt∂iφ̇σ(~r, t)φ̇σ′(~r
′, t)iδσσ′δ

3(~r − ~r′)− r′jt[∇′φσ′(~r′, t) · ∇′ +m2φσ′(~r
′, t)]iδσσ′∂iδ

3(~r − ~r′)φσ(~r, t)}
= −

∫ ∑
σσ′

d3~rd3~r′

{ 1
4rir

′
j [[∇φσ(~r, t)]2 +m2φ2

σ(~r, t), φ̇2
σ′(~r

′, t)]] + 1
4rir

′
j [φ̇

2
σ(~r, t), [∇′φσ′(~r′, t)]2 +m2φ2

σ′(~r
′, t)]

− it2∂iφ̇σ(~r, t)∂jφσ(~r, t) + it2∂j φ̇σ(~r, t)∂iφσ(~r, t)

− irit[∇φσ(~r, t) · ∇+m2φσ(~r, t)]∂jφσ(~r, t)− irit∂j φ̇σ(~r, t)φ̇σ(~r, t)

+ irjt∂iφ̇σ(~r, t)φ̇σ(~r, t) + irjt[∇φσ(~r, t) · ∇+m2φσ(~r, t)]∂iφσ(~r, t)}
= −

∫ ∑
σσ′

d3~rd3~r′ 14rir
′
j

{[[∇φσ(~r, t)]2 +m2φ2
σ(~r, t), φ̇2

σ′(~r
′, t)]] + [φ̇2

σ(~r, t), [∇′φσ′(~r′, t)]2 +m2φ2
σ′(~r

′, t)]
= −

∫ ∑
σσ′

d3~rd3~r′ 14rir
′
j

{φ̇σ′(~r′, t)[[∇φσ(~r, t)]2 +m2φ2
σ(~r, t), φ̇σ′(~r

′, t)] + [[∇φσ(~r, t)]2 +m2φ2
σ(~r, t), φ̇σ′(~r

′, t)]φ̇σ′(~r
′, t)

+ [φ̇2
σ(~r, t), [∇′φσ′(~r′, t)]2 +m2φ2

σ′(~r
′, t)]
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= −
∫ ∑
σσ′

d3~rd3~r′ 14rir
′
j

{2φ̇σ′(~r′, t)∇φσ(~r, t) · [∇φσ(~r, t), φ̇σ′(~r
′, t)] + 2m2φ̇σ′(~r

′, t)φσ(~r, t)[φσ(~r, t), φ̇σ′(~r
′, t)]

+ 2[∇φσ(~r, t), φ̇σ′(~r
′, t)] · ∇φσ(~r, t)φ̇σ′(~r

′, t) + 2m2[φσ(~r, t), φ̇σ′(~r
′, t)]φσ(~r, t)φ̇σ′(~r

′, t)
+ [φ̇2

σ(~r, t), [∇′φσ′(~r′, t)]2 +m2φ2
σ′(~r

′, t)]
= −

∫ ∑
σσ′

d3~rd3~r′ 14rir
′
j

{2φ̇σ′(~r′, t)∇φσ(~r, t) · iδσσ′∇δ3(~r − ~r′) + 2m2φ̇σ′(~r
′, t)φσ(~r, t)iδσσ′δ

3(~r − ~r′)
+ 2iδσσ′∇δ3(~r − ~r′) · ∇φσ(~r, t)φ̇σ′(~r

′, t) + 2m2iδσσ′δ
3(~r − ~r′)φσ(~r, t)φ̇σ′(~r

′, t)
− 2φ̇σ(~r, t)∇′φσ′(~r′, t) · iδσ′σ∇′δ3(~r′ − ~r)− 2m2φ̇σ(~r, t)φσ′(~r

′, t)iδσ′σδ
3(~r′ − ~r)

− 2iδσ′σ∇′δ3(~r′ − ~r) · ∇′φσ′(~r′, t)φ̇σ(~r, t)− 2m2iδσ′σδ
3(~r′ − ~r)φσ′(~r′, t)φ̇σ(~r, t)

= −
∫ ∑
σσ′

d3~rd3~r′ 14rir
′
j

{2φ̇σ′(~r′, t)∇φσ(~r, t) · iδσσ′∇δ3(~r − ~r′) + 2iδσσ′∇δ3(~r − ~r′) · ∇φσ(~r, t)φ̇σ′(~r
′, t)

− 2φ̇σ(~r, t)∇′φσ′(~r′, t) · iδσ′σ∇′δ3(~r′ − ~r)− 2iδσ′σ∇′δ3(~r′ − ~r) · ∇′φσ′(~r′, t)φ̇σ(~r, t)
= −

∫
d3~rd3~r′ 12

{r′j φ̇σ(~r′, t)ri∇φσ(~r, t) · i∇δ3(~r − ~r′) + i∇δ3(~r − ~r′) · ri∇φσ(~r, t)r′j φ̇σ(~r′, t)

− riφ̇σ(~r, t)r′j∇′φσ(~r′, t) · i∇′δ3(~r′ − ~r)− i∇′δ3(~r′ − ~r) · r′j∇′φσ(~r′, t)riφ̇σ(~r, t)

= −
∫
d3~rd3~r′ i2

{∇[rj φ̇σ(~r, t)]ri · ∇φσ(~r, t) + ri∇φσ(~r, t) · ∇[rj φ̇σ(~r, t)]

−∇[riφ̇σ(~r, t)]rj · ∇φσ(~r, t)− rj∇φσ(~r, t) · ∇[riφ̇σ(~r, t)]
= −

∫
d3~r i2

{φ̇σ(~r, t)(ri∂j − rj∂i)φσ(~r, t) + (ri∂j − rj∂i)φσ(~r, t)φ̇σ(~r, t)

= −i
∫
d3~rφ̇σ(~r, t)(ri∂j − rj∂i)φσ(~r, t)

= iMij(t)
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This chapter mainly derives a new scheme for the covariant quantization of electromagnetic field
strength from the traditional scheme for the quantization of electromagnetic field potential. It mainly
reflects the export process, but does not reflect its integrity. he main purpose is to verify the correctness
of the new covariate program. The following chapters will directly and separately give their complete
field strength covariant quantization schemes under two representations.

1 Gauge potential analysis of electromagnetic field equation [22, 24]

1.1 Gauge potential description of electromagnetic field equation with mass

Thm. 1.1.1.


∇ · ~E = m2φ− ρ,∇× ~E = −∂t ~B
∇ · ~B = 0,∇× ~B = m2 ~A− ~J + ∂t ~E

∇ · ~J + ∂tρ = 0
~E = −∂t ~A−∇φ, ~B = ∇× ~A

⇔


(∇2 − ∂2

t −m2)φ = ρ

(∇2 − ∂2
t −m2) ~A = ~J

∇ · ~A+ ∂tφ = 0
~E = −∂t ~A−∇φ, ~B = ∇× ~A

1.2 General gauge potential description of electromagnetic field equation

Lem. 1.2.1. ∇× (∇× ~A) = ∇(∇ · ~A)−∇2 ~A

Lem. 1.2.2. ∇ · ~B = 0, ~A = ∇× ~B
−∇2 +∇θ ⇔ ~B = ∇× ~A,∇ · ~A = ∇2θ

Positive proof:

Proof: ∇ · ~B = 0, ~A = ∇× ~B
−∇2 +∇θ

⇒ ∇× ~A = ∇×(∇× ~B)
−∇2 +∇×∇θ,∇ · ~A = ∇·(∇× ~B)

−∇2 +∇ · ∇θ
⇒ ∇× ~A = ∇(∇· ~B)−∇2 ~B

−∇2 ,∇ · ~A = ∇2θ

⇒ ~B = ∇× ~A,∇ · ~A = ∇2θ

Reverse proof:

Proof: ~B = ∇× ~A,∇ · ~A = ∇2θ
⇒ ∇× ~B = ∇× (∇× ~A),∇ · ~B = ∇ · (∇× ~A)

⇒ ∇× ~B = ∇(∇ · ~A)−∇2 ~A,∇ · ~B = 0

⇒ ∇ · ~B = 0, ~A = ∇× ~B
−∇2 +∇θ

Thm. 1.2.1.


∇ · ~E = −ρ,∇× ~E = −∂t ~B
∇ · ~B = 0,∇× ~B = − ~J + ∂t ~E

~A = ∇× ~B
−∇2 +∇θ, φ = ∇·~E

−∇2 − ∂tθ
⇔


∇2φ = ρ− ∂t∇2θ,∇ · ~A = ∇2θ

∇2 ~A− ∂2
t
~A = ~J +∇(∂tφ+∇2θ)

~E = −∂t ~A−∇φ, ~B = ∇× ~A

Positive proof:

Proof: ∇2φ = ∇2 ∇·~E
−∇2 −∇2∂tθ = −∇ · ~E −∇2∂tθ = ρ− ∂t∇2θ

Proof: ∇ · ~A = ∇·∇× ~B
−∇2 +∇ · ∇θ = ∇2θ

Proof: ∇2 ~A− ∂2
t
~A = (∇2 − ∂2

t )∇×
~B

−∇2 + (∇2 − ∂2
t )∇θ

= −∇× ~B + ∂t
∇×∂t ~B
∇2 + (∇2 − ∂2

t )∇θ
= −∇× ~B − ∂t∇×∇×

~E
∇2 + (∇2 − ∂2

t )∇θ
= −∇× ~B − ∂t∇(∇·~E)−∇2 ~E

∇2 + (∇2 − ∂2
t )∇θ

= −∇× ~B + ∂t ~E − ∂t∇(∇·~E)
∇2 + (∇2 − ∂2

t )∇θ
= ~J + ∂t∇(φ+ ∂tθ) + (∇2 − ∂2

t )∇θ
= ~J +∇(∂tφ+∇2θ)
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Proof: ∇× ~A = ∇×∇× ~B
−∇2 +∇×∇θ = ∇(∇· ~B)−∇2 ~B

−∇2 = 0−∇2 ~B
−∇2 = ~B

Proof: −∂t ~A−∇φ = ∂t
∇× ~B
∇2 − ∂t∇θ +∇∇·~E∇2 +∇∂tθ

= ∇×∂t ~B
∇2 +∇∇·~E∇2 = −∇×∇×~E∇2 +∇∇·~E∇2

= −∇(∇·~E)−∇2 ~E
∇2 + ∇(∇·~E)

∇2 = ~E

Reverse proof:

Proof: ∇ · ~E = −∇ · ∂t ~A−∇ · ∇φ = −∂t(∇ · ~A)−∇2φ = −∂t∇2θ − ρ+ ∂t∇2θ = −ρ

Proof: ∇× ~E = −∇× ∂t ~A−∇×∇φ = −∂t∇× ~A− 0 = −∂t ~B

Proof: ∇ · ~B = ∇ · ∇ × ~A = 0

Proof: ∇× ~B − ∂t ~E
= ∇×∇× ~A+ ∂2

t
~A+ ∂t∇φ = ∇(∇ · ~A)−∇2 ~A+ ∂2

t
~A+ ∂t∇φ

= ∇(∇2θ)−∇2 ~A+ ∂2
t
~A+∇∂tφ = −∇2 ~A+ ∂2

t
~A+∇(∂tφ+∇2θ)

= − ~J

Proof: ∇×
~B

−∇2 +∇θ = ∇×∇× ~A
−∇2 +∇θ = ∇(∇· ~A)−∇2 ~A

−∇2 +∇θ = ~A+ ∇(∇2θ)
−∇2 +∇θ = ~A

Proof: ∇·
~E

−∇2 − ∂tθ = ∇·(∂t ~A+∇φ)
∇2 − ∂tθ = ∂t(∇· ~A)+∇2φ)

∇2 − ∂tθ = φ+ ∂t∇2θ
∇2 − ∂tθ = φ

Proof is completed.

Cor. 1.2.1.


[∂a + iSab(γ, ς)∂

b]Ψ = −iσ[βς ]
ςab J

b

~A = −iς√
2

∇×(Ψ−Ψ∗)
∇2 +∇θ

φ = − 1√
2

∇·(Ψ+Ψ∗)
∇2 − ∂tθ

⇔


∇2φ = ρ− ∂t∇2θ,∇ · ~A = ∇2θ

∇2 ~A− ∂2
t
~A = ~J +∇(∂tφ+∇2θ)

Ψ = −∂t ~A−∇φ− iς∇× ~A

Cor. 1.2.2. ~A = Ã−∇θ, φ = φ̃+ ∂tθ, Ã := ∇× ~B
−∇2 , φ̃ := ∇·~E

−∇2

When θ = 0, it is the radiation gauge; When θ = ∂tφ
−∇2 , It is the Lorentz gauge.

1.3 Radiation gauge potential description of electromagnetic field equation(θ = 0)

Thm. 1.3.1.


∇ · ~E = −ρ,∇× ~E = −∂t ~B
∇ · ~B = 0,∇× ~B = − ~J + ∂t ~E

Ã = ∇× ~B
−∇2 , φ̃ = ∇·~E

−∇2

⇔


∇2Ã− ∂2

t Ã = ~J + ∂t∇φ̃
∇2φ̃ = ρ,∇ · Ã = 0
~E = −∂tÃ−∇φ̃, ~B = ∇× Ã

Cor. 1.3.1.

{
[∂a + iSab(γ, ς)∂

b]Ψ = −iσ[βς ]
ςab J

b

Ã = −iς√
2

∇×(Ψ−Ψ∗)
∇2 , φ̃ = − 1√

2

∇·(Ψ+Ψ∗)
∇2

⇔


∇2Ã− ∂2

t Ã = ~J + ∂t∇φ̃
∇2φ̃ = ρ,∇ · Ã = 0√

2Ψ = −∂tÃ−∇φ̃− iς∇× Ã

Cor. 1.3.2.

[Ãi(x), Ãj(x
′)] = i(δij − ∂i∂j

∇2 )∆(x− x′)⇒


[Ãi(x), ∂t′Ãj(x

′)] = −i(δij − ∂i∂j
∇2 )∂t∆(x− x′)

[∂tÃi(x), Ãj(x
′)] = i(δij − ∂i∂j

∇2 )∂t∆(x− x′)
[Ãi(x), (∇′ × Ã)j(x

′)] = −iεijk∂k∆(x− x′)
[(∇× Ã)i(x), Ãj(x

′)] = −iεijk∂k∆(x− x′)

Cor. 1.3.3.

[Ãi(x), Ãj(x
′)] = i(δij − ∂i∂j

∇2 )∆(x− x′)⇒


[∂tÃi(x), ∂t′Ãj(x

′)] = −i(δij∇2 − ∂i∂j)∆(x− x′)
[(∇× Ã)i(x), (∇′ × Ã)j(x

′)] = −i(δij∇2 − ∂i∂j)∆(x− x′)
[∂tÃi(x), (∇′ × Ã)j(x

′)] = −iεijk∂k∂t∆(x− x′)
[(∇× Ã)i(x), ∂t′Ãj(x

′)] = iεij
k∂k∂t∆(x− x′)

Thm. 1.3.2.
[Ψας (x),Ψ+

α′ς
(x′)] = iσabαςα′ς∂a∂b∆(x− x′)

[Ψας (x),Ψβς (x
′)] = 0, [Ψ+

α′ς
(x),Ψ+

β′ς
(x′)] = 0

[∂a + iSab(γ, ς)∂
b]Ψ = −iσ[βς ]

ςab J
b

Ã = −iς√
2

∇×(Ψ−Ψ∗)
∇2 , φ̃ = − 1√

2

∇·(Ψ+Ψ∗)
∇2

⇔


[Ãi(x), Ãj(x

′)] = i(δij − ∂i∂j
∇2 )∆(x− x′)

[Ãi(x), φ̃(x′)] = 0, [φ̃(x), φ̃(x′)] = 0

∇2Ã− ∂2
t Ã = ~J + ∂t∇φ̃,∇2φ̃ = ρ,∇ · Ã = 0√

2Ψ = −∂tÃ−∇φ̃− iς∇× Ã

Original detailed proof:(Just one.)
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Proof: [Ãi(x), Ãj(x
′)]

= iς√
2

1
∇2

iς√
2

1
∇′2 [εi

kl∂k[Ψl(x)−Ψ+
l (x)], εj

mn∂′m[Ψn(x′)−Ψ+
n (x′)]]

= −1
2

1
∇2∇′2 εi

klεj
mn∂k∂

′
m[Ψl(x)−Ψ+

l (x),Ψn(x′)−Ψ+
n (x′)]

= 1
2

1
∇2∇′2 εi

klεj
mn∂k∂

′
m{[Ψl(x),Ψ+

n (x′)] + [Ψ+
l (x),Ψn(x′)]}

= 1
2

1
∇2∇′2 εi

klεj
mn∂k∂

′
m[iσabln∂a∂b∆(x− x′)− iσabnl∂′a∂′b∆(x′ − x)]

= − 1
2

1
∇4 εi

klεj
mn∂k∂m[iσabln∂a∂b + iσabnl∂a∂b]∆(x− x′)

= i
2

1
∇4 εi

klεj
mn∂k∂m[(∇2 − ∂2

π)δln − 2∂l∂n]∆(x− x′)
= i

2
1
∇4 εi

klδlnεj
mn∂k∂m(∇2 − ∂2

π)∆(x− x′)
= i 1
∇4 εi

klδlnεj
mn∂k∂m∇2∆(x− x′)

= i 1
∇2 εi

klδlnεj
mn∂k∂m∆(x− x′)

= i 1
∇2 (δijδkm − δki δmj )∂k∂m∆(x− x′)

= i 1
∇2 (δij∇2 − ∂i∂j)∆(x− x′)

= i(δij − ∂i∂j
∇2 )∆(x− x′)

Concise proof:

Proof: [Ãi(x), Ãj(x
′)]

= [ (∇× ~B)i
−∇2 (x),

(∇′× ~B)j
−∇′2 (x′)] = 1

∇2∇′2 [(∇× ~B)i(x), (∇′ × ~B)j(x
′)]

= 1
∇4 i(δij∇2 − ∂i∂j)∇2∆(x− x′) = i(δij − ∂i∂j

∇2 )∆(x− x′)

Proof: [Ãi(x), φ̃(x′)] = [ (∇× ~B)i
−∇2 (x), ∇

′·~E
−∇′2 (x′)] = 1

∇2∇′2 [(∇× ~B)i(x),∇′ · ~E(x′)]

= 1
∇4 [εi

jk∂jBk(x),∇′ · ~E(x′)] = 1
∇4 εi

jk∂j [Bk(x),∇′ · ~E(x′)] = 0

Proof: [φ̃(x), φ̃(x′)] = [∇·
~E

−∇2 (x), ∇
′·~E
−∇′2 (x′)] = 1

∇2∇′2 [∇ · ~E(x),∇′ · ~E(x′)] = 0

Reverse Proof:

Proof: [Ψi(x),Ψ+
j (x′)]

= 1
2 [−∂tÃi(x)− ∂iφ̃(x)− iς(∇× Ã)i(x),−∂t′Ãj(x′)− ∂′j φ̃(x′) + iς(∇′ × Ã)j(x

′)]

= 1
2 [−∂tÃi(x)− iς(∇× Ã)i(x),−∂t′Ãj(x′) + iς(∇′ × Ã)j(x

′)]

= 1
2{[∂tÃi(x), ∂t′Ãj(x

′)] + [(∇× Ã)i(x), (∇′ × Ã)j(x
′)]− iς[∂tÃi(x), (∇′ × Ã)j(x

′)] + iς[(∇× Ã)i(x), ∂t′Ãj(x
′)]}

= −i(δij∇2 − ∂i∂j)∆(x− x′)− ςεijk∂k∂t∆(x− x′)
= iσabij ∂a∂b∆(x− x′)

Proof: [Ψi(x),Ψj(x
′)]

= 1
2 [−∂tÃi(x)− ∂iφ̃(x)− iς(∇× Ã)i(x),−∂t′Ãj(x′)− ∂′j φ̃(x′)− iς(∇′ × Ã)j(x

′)]

= 1
2 [−∂tÃi(x)− iς(∇× Ã)i(x),−∂t′Ãj(x′)− iς(∇′ × Ã)j(x

′)]

= 1
2{[∂tÃi(x), ∂t′Ãj(x

′)]− [(∇× Ã)i(x), (∇′ × Ã)j(x
′)] + iς[∂tÃi(x), (∇′ × Ã)j(x

′)] + iς[(∇× Ã)i(x), ∂t′Ãj(x
′)]}

= 0

Proof: [Ψ+
i (x),Ψ+

j (x′)]

= 1
2 [−∂tÃi(x)− ∂iφ̃(x) + iς(∇× Ã)i(x),−∂t′Ãj(x′)− ∂′j φ̃(x′) + iς(∇′ × Ã)j(x

′)]

= 1
2 [−∂tÃi(x) + iς(∇× Ã)i(x),−∂t′Ãj(x′) + iς(∇′ × Ã)j(x

′)]

= 1
2{[∂tÃi(x), ∂t′Ãj(x

′)]− [(∇× Ã)i(x), (∇′ × Ã)j(x
′)]− iς[∂tÃi(x), (∇′ × Ã)j(x

′)]− iς[(∇× Ã)i(x), ∂t′Ãj(x
′)]}

= 0

Cor. 1.3.4.
[Ãi(x), Ãj(x

′)] = i(δij − ∂i∂j
∇2 )∆(x− x′)

[Ãi(x), φ̃(x′)] = 0, [φ̃(x), φ̃(x′)] = 0√
2Ψ = −∂tÃ−∇φ̃− iς∇× Ã

⇒


[Ãi(x), Ej(x

′)] = i(δij − ∂i∂j
∇2 )∂t∆(x− x′)

[Ei(x), Ãj(x
′)] = −i(δij − ∂i∂j

∇2 )∂t∆(x− x′)
[Ãi(x), Bj(x

′)] = −iεijk∂k∆(x− x′)
[Bi(x), Ãj(x

′)] = −iεijk∂k∆(x− x′)

Proof: [Bi(x), Ãj(x
′)]

= [εi
kl∂kÃl(x), Ãj(x

′)]

= iεi
kl∂k(δlj − ∂l∂j

∇2 )∆(x− x′)
= iεi

kl∂kδlj∆(x− x′)
= −iεijk∂k∆(x− x′)
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Proof: [Ei(x)− iςBi(x), Ãj(x
′)]

= [−i(δij − ∂i∂j
∇2 )∂t − ςεijk∂k]∆(x− x′)

= i ∂t∇2 (∂i∂j − δij∇2 + iςεij
k∂k∂t)∆(x− x′)

= iσabij ∂a∂b
∂t
∇2 ∆(x− x′)

Cor. 1.3.5. σabαςα′ς∂a∂b = ∂ας∂α′ς −
1
2δαςα′ς (∇

2 + ∂2
t ) + iςεkαςα′ς∂k∂t

Cor. 1.3.6.
[Ψας (x),Ψ+

α′ς
(x′)] = iσabαςα′ς∂a∂b∆(x− x′)

[Ψας (x),Ψβς (x
′)] = 0, [Ψ+

α′ς
(x),Ψ+

β′ς
(x′)] = 0

Ã = −iς√
2

∇×(Ψ−Ψ∗)
∇2 , φ̃ = − 1√

2

∇·(Ψ+Ψ∗)
∇2

⇒

{
[Ψi(x), Ãj(x

′)] = i√
2
σabij ∂a∂b

∂t
∇2 ∆(x− x′)

[Ãi(x),Ψj(x
′)] = − i√

2
σabji ∂a∂b

∂t
∇2 ∆(x− x′)

Cor. 1.3.7.
[Ψας (x),Ψ+

α′ς
(x′)] = iσabαςα′ς∂a∂b∆(x− x′)

[Ψας (x),Ψβς (x
′)] = 0, [Ψ+

α′ς
(x),Ψ+

β′ς
(x′)] = 0

[∂a + iSab(γ, ς)∂
b]Ψ = −iσ[βς ]

ςab J
b

Ã = −iς√
2

∇×(Ψ−Ψ∗)
∇2 , φ̃ = − 1√

2

∇·(Ψ+Ψ∗)
∇2

⇒



[φ̃(x), Ã(x′)] = 0, [φ̃(x), φ̃(x′)] = 0

[φ̃(x),Ψ(x′)] = 0, [φ̃(x),Ψ+(x′)] = 0

[Ja(x), Ã(x′)] = 0, [Ja(x), φ̃(x′)] = 0

[Ja(x),Ψ(x′)] = 0, [Ja(x),Ψ+(x′)] = 0

[Ja(x), Jb(x
′)] = 0

It can be seen from the above that the electromagnetic field equation and the radiation gauge potential
equation, constraints, and covariant commutation relations are compatible. And scalar potential φ̃(x)
and source Ja(x) is a c-number relative to the electromagnetic field, not an operator. In this sense we
know that the scalar potential, that is, the electrostatic field cannot be quantized because it is not
even an operator.
1.4 Analysis of commutative relations for general electromagnetic field strength

Thm. 1.4.1.{
[∂a + iSab(γ, ς)∂

b]Ψ(x) = −iσ[βς ]
ςab J

b(x)

Ψ(x) = 1√
2
[ ~E(x)− iς ~B(x)]

⇔

{
∇ · ~E(x) = −ρ(x),∇× ~E(x) = −∂t ~B(x)

∇ · ~B(x) = 0,∇× ~B(x) = − ~J(x) + ∂t ~E(x)

Thm. 1.4.2.
[Ψας (x),Ψ+

α′ς
(x′)] = iσabαςα′ς∂a∂b∆(x− x′)

[Ψας (x),Ψβς (x
′)] = 0, [Ψ+

α′ς
(x),Ψ+

β′ς
(x′)] = 0

Ψ(x) = 1√
2
[ ~E(x)− iς ~B(x)]

⇔


[Ei(x), Ej(x

′)] = −i(δij∇2 − ∂i∂j)∆(x− x′)
[Bi(x), Bj(x

′)] = −i(δij∇2 − ∂i∂j)∆(x− x′)
[Ei(x), Bj(x

′)] = iεij
k∂k∂t∆(x− x′)

[Bi(x), Ej(x
′)] = −iεijk∂k∂t∆(x− x′)

Cor. 1.4.1.


[∇ · ~E(x), ~E(x′)] = 0

[∇ · ~B(x), ~B(x′)] = 0

[∇ · ~E(x), ~B(x′)] = 0

[∇ · ~B(x), ~E(x′)] = 0


[∇ · ~E(x),∇′ · ~E(x′)] = 0

[∇ · ~B(x),∇′ · ~B(x′)] = 0

[∇ · ~E(x),∇′ · ~B(x′)] = 0

[∇ · ~B(x),∇′ · ~E(x′)] = 0

Cor. 1.4.2.


[∂tEi(x)− (∇× ~B)i(x), ~E(x′)] = 0

[∂tEi(x)− (∇× ~B)i(x), ~B(x′)] = 0

[∂tBi(x) + (∇× ~E)i(x), ~E(x′)] = 0

[∂tBi(x) + (∇× ~E)i(x), ~B(x′)] = 0

Cor. 1.4.3.


[Ji(x), ~E(x′)] = 0, [Ji(x), ~B(x′)] = 0

[ρ(x), ~E(x′)] = 0, [ρ(x), ~B(x′)] = 0

[Ja(x), ~E(x′)] = 0, [Ja(x), ~B(x′)] = 0

[Ja(x), Jb(x
′)] = 0

Cor. 1.4.4.


[(∇× ~E)i(x), (∇′ × ~E)j(x

′)] = i(δij∇2 − ∂i∂j)∇2∆(x− x′)
[(∇× ~B)i(x), (∇′ × ~B)j(x

′)] = i(δij∇2 − ∂i∂j)∇2∆(x− x′)
[(∇× ~E)i(x), (∇′ × ~B)j(x

′)] = −iεijk∂k∂t∇2∆(x− x′)
[(∇× ~B)i(x), (∇′ × ~E)j(x

′)] = iεij
k∂k∂t∇2∆(x− x′)

Cor. 1.4.5.


[∂tEi(x), ∂t′Ej(x

′)] = i(δij∇2 − ∂i∂j)∇2∆(x− x′)
[∂tBi(x), ∂t′Bj(x

′)] = i(δij∇2 − ∂i∂j)∇2∆(x− x′)
[∂tEi(x), ∂t′Bj(x

′)] = −iεijk∂k∂t∇2∆(x− x′)
[∂tBi(x), ∂t′Ej(x

′)] = iεij
k∂k∂t∇2∆(x− x′)
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Cor. 1.4.6.


[∂tEi(x), (∇′ × ~B)j(x

′)] = i(δij∇2 − ∂i∂j)∇2∆(x− x′)
[(∇× ~B)i(x), ∂t′Ej(x

′)] = i(δij∇2 − ∂i∂j)∇2∆(x− x′)
[∂tBi(x), (∇′ × ~E)j(x

′)] = −i(δij∇2 − ∂i∂j)∇2∆(x− x′)
[(∇× ~E)i(x), ∂t′Bj(x

′)] = −i(δij∇2 − ∂i∂j)∇2∆(x− x′)

Cor. 1.4.7.


[∂tEi(x), (∇′ × ~E)j(x

′)] = iεij
k∂k∂t∆(x− x′)

[(∇× ~E)i(x), ∂t′Ej(x
′)] = −iεijk∂k∂t∆(x− x′)

[∂tBi(x), (∇′ × ~B)j(x
′)] = iεij

k∂k∂t∆(x− x′)
[(∇× ~B)i(x), ∂t′Bj(x

′)] = −iεijk∂k∂t∆(x− x′)

It can be seen from the above that the general electromagnetic field equations and constraints are
compatible with the covariant commutative relationship. And source Ja(x) is a c-number relative to
the electromagnetic field.
1.5 Lorentz λ-gauge potential description of electromagnetic field equation(θ = ∂tφ

−∇2 )

Which have inherent contradictions.

Thm. 1.5.1.


∇ · ~E = −ρ,∇× ~E = −∂t ~B
∇ · ~B = 0,∇× ~B = − ~J + ∂t ~E

~A = ∇× ~B+∇∂tφ
−∇2 , φ =

∇·~E−∂2
t φ

−∇2

⇔


∇2 ~A− ∂2

t
~A = ~J,∇2φ− ∂2

t φ = ρ

∇ · ~A+ ∂tφ = 0
~E = −∂t ~A−∇φ, ~B = ∇× ~A

Thm. 1.5.2. ???


〈|∇ · ~E = −ρ|〉,∇× ~E = −∂t ~B
∇ · ~B = 0, 〈|∇ × ~B = − ~J + ∂t ~E|〉
~A = ∇× ~B+∇∂tφ

−∇2 , φ =
∇·~E−∂2

t φ
−∇2

⇔


∇ · ~E = −ρ− ∂t(∇ · ~A+ ∂tφ),∇× ~E = −∂t ~B
∇ · ~B = 0,∇× ~B = − ~J + ∂t ~E +∇(∇ · ~A+ ∂tφ)

〈| ~A = ∇× ~B+∇∂tφ
−∇2 |〉, φ =

∇·~E−∂2
t φ

−∇2

⇔


∇2 ~A− ∂2

t
~A = ~J,∇2φ− ∂2

t φ = ρ

〈|∇ · ~A+ ∂tφ|〉 = 0
~E = −∂t ~A−∇φ, ~B = ∇× ~A

Cor. 1.5.1.


[∂a + iSab(γ, ς)∂

b]Ψ = −iσ[βς ]
ςab J

b

~A = −iς√
2

∇×(Ψ−Ψ∗)
∇2 − ∇∂t∇2 φ

φ = − 1√
2

∇·(Ψ+Ψ∗)
∇2 +

∂2
t

∇2φ

⇔


∇2 ~A− ∂2

t
~A = ~J,∇2φ− ∂2

t φ = ρ

∇ · ~A+ ∂tφ = 0√
2Ψ = −∂t ~A−∇φ− iς∇× ~A

Cor. 1.5.2.{
[Aa(x), Ab(x

′)] = i(δab − λ−1
λ

∂a∂b
�+iε )∆(x− x′)

φ = −iA0,
√

2Ψ = −∂t ~A−∇φ− iς∇× ~A
⇒


[Ψας (x),Ψ+

α′ς
(x′)] = iσabαςα′ς∂a∂b∆(x− x′)

[Ψας (x),Ψβς (x
′)] = 0, [Ψ+

α′ς
(x),Ψ+

β′ς
(x′)] = 0

[Ψi(x), φ(x′)] = [Ψ+
i (x), φ(x′)] = i√

2
∂i∆(x− x′)

[φ(x), φ(x′)] = −i(1 + λ−1
λ

∇2

�+iε )∆(x− x′)

Proof: [Ψi(x),Ψj(x
′)]

= 1
2{[−∂tAi(x)− ∂iφ(x)− iς(∇× ~A)i(x),−∂t′Aj(x′)− ∂′jφ(x′)− iς(∇′ × ~A)j(x

′)]

= 1
2 [−∂tAi(x)− iς(∇× ~A)i(x),−∂t′Aj(x′)− iς(∇′ × ~A)j(x

′)]
+ [∂iφ(x), ∂′jφ(x′)] + [∂iφ(x), ∂t′Aj(x

′)] + [∂tAi(x), ∂′jφ(x′)]}
= 1

2{[∂tAi(x), ∂t′Aj(x
′)]− [(∇× ~A)i(x), (∇′ × ~A)j(x

′)] + iς[∂tAi(x), (∇′ × ~A)j(x
′)] + iς[(∇× ~A)i(x), ∂t′Aj(x

′)]
+ [∂iφ(x), ∂′jφ(x′)] + [∂iφ(x), ∂t′Aj(x

′)] + [∂tAi(x), ∂′jφ(x′)]}
= 1

2{[∂tAi(x), ∂t′Aj(x
′)]− [(∇× ~A)i(x), (∇′ × ~A)j(x

′)] + [∂iφ(x), ∂′jφ(x′)] + [∂iφ(x), ∂t′Aj(x
′)] + [∂tAi(x), ∂′jφ(x′)]}

= 1
2{i

λ−1
λ

∂i∂j∇2

�+iε − i∂i∂j + i(1 + λ−1
λ

∇2

�+iε )∂i∂j − iλ−1
λ

∂i∂j∇2

�+iε − i
λ−1
λ

∂i∂j∇2

�+iε }∆(x− x′)
= 0

Proof: [Ψ+
i (x),Ψ+

j (x′)]

= 1
2{[−∂tAi(x)− ∂iφ(x) + iς(∇× ~A)i(x),−∂t′Aj(x′)− ∂′jφ(x′) + iς(∇′ × ~A)j(x

′)]

= 1
2 [−∂tAi(x) + iς(∇× ~A)i(x),−∂t′Aj(x′) + iς(∇′ × ~A)j(x

′)]
+ [∂iφ(x), ∂′jφ(x′)] + [∂iφ(x), ∂t′Aj(x

′)] + [∂tAi(x), ∂′jφ(x′)]}
= 1

2{[∂tAi(x), ∂t′Aj(x
′)]− [(∇× ~A)i(x), (∇′ × ~A)j(x

′)]− iς[∂tAi(x), (∇′ × ~A)j(x
′)]− iς[(∇× ~A)i(x), ∂t′Aj(x

′)]
+ [∂iφ(x), ∂′jφ(x′)] + [∂iφ(x), ∂t′Aj(x

′)] + [∂tAi(x), ∂′jφ(x′)]}
= 1

2{[∂tAi(x), ∂t′Aj(x
′)]− [(∇× ~A)i(x), (∇′ × ~A)j(x

′)] + [∂iφ(x), ∂′jφ(x′)] + [∂iφ(x), ∂t′Aj(x
′)] + [∂tAi(x), ∂′jφ(x′)]}

= 1
2{i

λ−1
λ

∂i∂j∇2

�+iε − i∂i∂j + i(1 + λ−1
λ

∇2

�+iε )∂i∂j − iλ−1
λ

∂i∂j∇2

�+iε − i
λ−1
λ

∂i∂j∇2

�+iε }∆(x− x′)
= 0
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Proof: [Ψi(x),Ψ+
j (x′)]

= 1
2{[−∂tAi(x)− ∂iφ(x)− iς(∇× ~A)i(x),−∂t′Aj(x′)− ∂′jφ(x′) + iς(∇′ × ~A)j(x

′)]

= 1
2 [−∂tAi(x)− iς(∇× ~A)i(x),−∂t′Aj(x′) + iς(∇′ × ~A)j(x

′)]
+ [∂iφ(x), ∂′jφ(x′)] + [∂iφ(x), ∂t′Aj(x

′)] + [∂tAi(x), ∂′jφ(x′)]}
= 1

2{[∂tAi(x), ∂t′Aj(x
′)] + [(∇× ~A)i(x), (∇′ × ~A)j(x

′)]− iς[∂tAi(x), (∇′ × ~A)j(x
′)] + iς[(∇× ~A)i(x), ∂t′Aj(x

′)]
+ [∂iφ(x), ∂′jφ(x′)] + [∂iφ(x), ∂t′Aj(x

′)] + [∂tAi(x), ∂′jφ(x′)]}
= [(∇× ~A)i(x), (∇′ × ~A)j(x

′)]− iς[∂tAi(x), (∇′ × ~A)j(x
′)]

+ 1
2{[∂tAi(x), ∂t′Aj(x

′)]− [(∇× ~A)i(x), (∇′ × ~A)j(x
′)] + iς[∂tAi(x), (∇′ × ~A)j(x

′)] + iς[(∇× ~A)i(x), ∂t′Aj(x
′)]

+ [∂iφ(x), ∂′jφ(x′)] + [∂iφ(x), ∂t′Aj(x
′)] + [∂tAi(x), ∂′jφ(x′)]}

= [(∇× ~A)i(x), (∇′ × ~A)j(x
′)]− iς[∂tAi(x), (∇′ × ~A)j(x

′)]

+ 1
2{[∂tAi(x), ∂t′Aj(x

′)]− [(∇× ~A)i(x), (∇′ × ~A)j(x
′)] + [∂iφ(x), ∂′jφ(x′)] + [∂iφ(x), ∂t′Aj(x

′)] + [∂tAi(x), ∂′jφ(x′)]}
= [(∇× ~A)i(x), (∇′ × ~A)j(x

′)]− iς[∂tAi(x), (∇′ × ~A)j(x
′)]

= −i(δij − ∂i∂j
∇2 )∇2∆(x− x′)− ςεijk∂k∂t∆(x− x′)

= iσabij ∂a∂b∆(x− x′)

Proof: [φ(x), φ(x′)] = −[A0(x), A0(x′)] = −i(1 + λ−1
λ

∇2

�+iε )∆(x− x′)

Proof: [Ψi(x), φ(x′)]

= 1√
2
[−∂tAi(x)− ∂iφ(x)− iς(∇× ~A)i(x), φ(x′)]

= − 1√
2
[∂tAi(x) + ∂iφ(x), φ(x′)]

= − 1√
2
[i∂t

λ−1
λ

∂i∂t
�+iε∆(x− x′)− i∂i(1 + λ−1

λ
∇2

�+iε )∆(x− x′)]
= − i√

2
[λ−1
λ

∂i∇2

�+iε − ∂i(1 + λ−1
λ

∇2

�+iε )]∆(x− x′)
= i√

2
∂i∆(x− x′)

Proof: [Ψ+
i (x), φ(x′)]

= 1√
2
[−∂tAi(x)− ∂iφ(x) + iς(∇× ~A)i(x), φ(x′)]

= − 1√
2
[∂tAi(x) + ∂iφ(x), φ(x′)]

= − 1√
2
[i∂t

λ−1
λ

∂i∂t
�+iε∆(x− x′)− i∂i(1 + λ−1

λ
∇2

�+iε )∆(x− x′)]
= − i√

2
[λ−1
λ

∂i∇2

�+iε − ∂i(1 + λ−1
λ

∇2

�+iε )]∆(x− x′)
= i√

2
∂i∆(x− x′)

Cor. 1.5.3.


[Aa(x), Ab(x

′)] = i(δab − λ−1
λ

∂a∂b
�+iε )∆(x− x′)

∇2 ~A− ∂2
t
~A = ~J,∇2φ− ∂2

t φ = ρ

?∇ · ~A+ ∂tφ = 0?, φ = −iA0√
2Ψ = −∂t ~A−∇φ− iς∇× ~A

⇒



[Ψας (x),Ψ+
α′ς

(x′)] = iσabαςα′ς∂a∂b∆(x− x′)
[Ψας (x),Ψβς (x

′)] = 0, [Ψ+
α′ς

(x),Ψ+
β′ς

(x′)] = 0

[Ψi(x), φ(x′)] = [Ψ+
i (x), φ(x′)] = i√

2
∂i∆(x− x′)

[φ(x), φ(x′)] = −i(1 + λ−1
λ

∇2

�+iε )∆(x− x′)
[∂a + iSab(γ, ς)∂

b]Ψ = −iσ[βς ]
ςab J

b, A0(x) = iφ(x)

~A = −iς√
2

∇×(Ψ−Ψ∗)
∇2 − ∇∂t∇2 φ, φ = − 1√

2

∇·(Ψ+Ψ∗)
∇2 +

∂2
t

∇2φ

Cor. 1.5.4.

[Ψας (x),Ψ+
α′ς

(x′)] = iσabαςα′ς∂a∂b∆(x− x′)
[Ψας (x),Ψβς (x

′)] = 0, [Ψ+
α′ς

(x),Ψ+
β′ς

(x′)] = 0

[Ψi(x), φ(x′)] = [Ψ+
i (x), φ(x′)] = i√

2
∂i∆(x− x′)

[φ(x), φ(x′)] = −i(1 + λ−1
λ

∇2

�+iε )∆(x− x′)
~A = −iς√

2

∇×(Ψ−Ψ∗)
∇2 − ∇∂t∇2 φ, φ = − 1√

2

∇·(Ψ+Ψ∗)
∇2 +

∂2
t

∇2φ

!⇒

{
[Aa(x), Ab(x

′)] = i(δab − λ−1
λ

∂a∂b
�+iε )∆(x− x′)

φ = −iA0

Proof: [Ai(x), Aj(x
′)]

= [−iς√
2

(∇×[Ψ(x)−Ψ∗(x)])i
∇2 − ∂i∂t

∇2 φ(x), −iς√
2

(∇′×[Ψ(x′)−Ψ∗(x′)])j
∇′2 − ∂′j∂t′

∇′2 φ(x′)]

= [−iς√
2

(∇×[Ψ(x)−Ψ∗(x)])i
∇2 , −iς√

2

(∇′×[Ψ(x′)−Ψ∗(x′)])j
∇′2 ] + [∂i∂t∇2 φ(x),

∂′j∂t′

∇′2 φ(x′)]

+ [−iς√
2

(∇×[Ψ(x)−Ψ∗(x)])i
∇2 ,−∂

′
j∂t′

∇′2 φ(x′)] + [−∂i∂t∇2 φ(x), −iς√
2

(∇′×[Ψ(x′)−Ψ∗(x′)])j
∇′2 ]

= [−iς√
2

(∇×[Ψ(x)−Ψ∗(x)])i
∇2 , −iς√

2

(∇′×[Ψ(x′)−Ψ∗(x′)])j
∇′2 ] + [∂i∂t∇2 φ(x),

∂′j∂t′

∇′2 φ(x′)]

= [ (∇× ~B)i
−∇2 ,

(∇′× ~B)j
−∇′2 ] + [∂i∂t∇2 φ(x),

∂′j∂t′

∇′2 φ(x′)]
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= 1
∇2∇′2 [(∇× ~B)i, (∇′ × ~B)j ] + ∂i∂t

∇2

∂′j∂t′

∇′2 [φ(x), φ(x′)]

= 1
∇2∇′2 i(δij∇

2 − ∂i∂j)∇2∆(x− x′)− i∂i∂t∇2

∂′j∂t′

∇′2 (1 + λ−1
λ

∇2

�+iε )∆(x− x′)
= 1
∇2 i(δij∇2 − ∂i∂j)∆(x− x′)− i∂i∂j∇2 (1 + λ−1

λ
∇2

�+iε )∆(x− x′)
= 1
∇2 iδij∇2∆(x− x′)− i∂i∂j∇2 (2 + λ−1

λ
∇2

�+iε )∆(x− x′)
= i(δij − λ−1

λ
∂i∂j
�+iε )∆(x− x′)− 2i

∂i∂j
∇2 ∆(x− x′)

Proof: [Ai(x), φ(x′)]

= [ iς√
2

(∇×[Ψ(x)−Ψ∗(x)])i
∇2 − ∂i∂t

∇2 φ(x), φ(x′)]

= −[∂i∂t∇2 φ(x), φ(x′)]

= i∂i∂t∇2 (1 + λ−1
λ

∇2

�+iε )∆(x− x′)
= iλ−1

λ
∂i∂t
�+iε )∆(x− x′) + i

∂i∂j
∇2 ∆(x− x′)

Cor. 1.5.5. [Ãi(x), φ(x′)] = −i∂i∂t∇2 ∆(x− x′)⇔

{
[Ψi(x), φ(x′)] = i√

2
∂i∆(x− x′)

[Ψ+
i (x), φ(x′)] = i√

2
∂i∆(x− x′)

It can be seen from the above that the constraint conditions of the electromagnetic field equation are
incompatible with the covariant commutative relations. How to reasonably reselect the commutative
relations of the additional introduced φ to solve this problem. Although traditionally, constraints are
not considered as operator equations, rather as a selection of physical states. But this is not natural.
Therefore it is necessary to seek a more reasonable potential covariant scheme.
1.6 Equivalent conversion of two descriptions for Lorentz and radiation gauge potential

1.6.1 Equivalence of two gauge potential equations

Thm. 1.6.1.
∇2Ã− ∂2

t Ã = ~J + ∂t∇φ̃,∇2φ̃ = ρ
~A = Ã−∇ ∂t

∇2φ, φ = φ̃+ ∂t
∂t
∇2φ

~E = −∂tÃ−∇φ̃, ~B = ∇× Ã
⇔


∇2 ~A− ∂2

t
~A = ~J,∇2φ− ∂2

t φ = ρ

Ã = ~A+∇ ∂t
∇2φ, φ̃ = φ− ∂t ∂t∇2φ

~E = −∂t ~A−∇φ, ~B = ∇× ~A

Thm. 1.6.2.
∇2Ã− ∂2

t Ã = ~J + ∂t∇φ̃,∇2φ̃ = ρ

∇ · Ã = 0
~A = Ã−∇ ∂t

∇2φ, φ = φ̃+ ∂t
∂t
∇2φ

~E = −∂tÃ−∇φ̃, ~B = ∇× Ã

⇔


∇2 ~A− ∂2

t
~A = ~J,∇2φ− ∂2

t φ = ρ

∇ · ~A+ ∂tφ = 0

Ã = ~A+∇ ∂t
∇2φ, φ̃ = φ− ∂t ∂t∇2φ

~E = −∂t ~A−∇φ, ~B = ∇× ~A

Thm. 1.6.3.
∇2Ã− ∂2

t Ã = ~J + ∂t∇φ̃,∇2φ̃ = ρ

〈|∇ · Ã|〉 = 0
~A = Ã−∇ ∂t

∇2φ, φ = φ̃+ ∂t
∂t
∇2φ

~E = −∂tÃ−∇φ̃, ~B = ∇× Ã

⇔


∇2 ~A− ∂2

t
~A = ~J,∇2φ− ∂2

t φ = ρ

〈|∇ · ~A+ ∂tφ|〉 = 0

Ã = ~A+∇ ∂t
∇2φ, φ̃ = φ− ∂t ∂t∇2φ

~E = −∂t ~A−∇φ, ~B = ∇× ~A

1.6.2 Equivalence of commutative relations for two gauge potentials

Thm. 1.6.4.


[Ãi(x), Ãj(x

′)] = i(δij − ∂i∂j
∇2 )∆(x− x′)

[Ãi(x), φ̃(x′)] = [φ̃(x), φ̃(x′)] = 0

φ(x) = φ̃(x) + ∂t
∂t
∇2φ(x)

Ai(x) = Ãi(x)− ∂i∂t
∇2 φ(x), A0(x) = iφ(x){

[φ(x), φ(x′)] = −i(1 + λ−1
λ

∇2

�+iε )∆(x− x′)
[Ãi(x), φ(x′)] = −i∂i∂t∇2 ∆(x− x′), [φ̃(x), φ(x′)] = 0

⇔


[Aa(x), Ab(x

′)] = i(δab − λ−1
λ

∂a∂b
�+iε )∆(x− x′)

Ãi(x) = Ai(x) + ∂i∂t
∇2 φ(x)

φ̃(x) = φ(x)− ∂t ∂t∇2φ(x)

φ(x) = −iA0(x)

Proof: [Ai(x), Aj(x
′)]

= [Ãi(x), Ãj(x
′)] + [∂i∂t∇2 φ(x),

∂′j∂
′
t

∇′2 φ(x′)]− [Ãi(x),
∂′j∂
′
t

∇′2 φ(x′)]− [∂i∂t∇2 φ(x), Ãj(x
′)]

= [Ãi(x), Ãj(x
′)] + ∂i∂t

∇2

∂′j∂
′
t

∇′2 [φ(x), φ(x′)]− ∂′j∂
′
t

∇′2 [Ãi(x), φ(x′)]− ∂i∂t
∇2 [φ(x), Ãj(x

′)]

= [Ãi(x), Ãj(x
′)]− i∂i∂t∇2

∂′j∂
′
t

∇′2 (1 + λ−1
λ

∇2

�+iε )∆(x− x′) + i
∂′j∂
′
t

∇′2
∂i∂t
∇2 ∆(x− x′)− i∂i∂t∇2

∂′j∂
′
t

∇′2 ∆(x′ − x)

= [Ãi(x), Ãj(x
′)] + i∂i∂t∇2

∂j∂t
∇2 (1− λ−1

λ
∇2

�+iε )∆(x− x′)
= [Ãi(x), Ãj(x

′)] + i
∂i∂j
∇2 (1− λ−1

λ
∇2

�+iε )∆(x− x′)
= i(δij − λ−1

λ
∂i∂j
�+iε )∆(x− x′)
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Proof: [A0(x), A0(x′)] = −[φ(x), φ(x′)] = i(1 + λ−1
λ

∇2

�+iε )∆(x− x′)

Proof: [Ai(x), A0(x′)] = i[Ai(x), φ(x′)] = i[Ãi(x), φ(x′)] + i[−∂i∂t∇2 φ(x), φ(x′)]

= ∂i∂t
∇2 ∆(x− x′)− ∂i∂t

∇2 (1 + λ−1
λ

∇2

�+iε )∆(x− x′)
= −λ−1

λ
∂i∂t
�+iε∆(x− x′) = i(δiπ − λ−1

λ
∂i∂π
�+iε )∆(x− x′)

Reverse proof:

Proof: [φ(x), φ(x′)] = −[A0(x), A0(x′)] = −i(1 + λ−1
λ

∇2

�+iε )∆(x− x′)

Proof: [Ãi(x), φ(x′)] = [Ai(x), φ(x′)] + [∂i∂t∇2 φ(x), φ(x′)] = −i∂i∂t∇2 ∆(x− x′)

Proof: [φ(x), Ãi(x
′)] = [φ(x), Ai(x

′)] + [φ(x),
∂′i∂t′
∇2 φ(x′)] = −i∂i∂t∇2 ∆(x− x′)

Proof: [Ãi(x), Ãj(x
′)]

= [Ai(x), Aj(x
′)] + [∂i∂t∇2 φ(x),

∂′j∂
′
t

∇′2 φ(x′)] + [Ai(x),
∂′j∂
′
t

∇′2 φ(x′)] + [∂i∂t∇2 φ(x), Aj(x
′)]

= [Ai(x), Aj(x
′)] + ∂i∂t

∇2

∂′j∂
′
t

∇′2 [φ(x), φ(x′)] +
∂′j∂
′
t

∇′2 [Ai(x), φ(x′)] + ∂i∂t
∇2 [φ(x), Aj(x

′)]

= [Ai(x), Aj(x
′)]− i∂i∂t∇2

∂′j∂
′
t

∇′2 (1 + λ−1
λ

∇2

�+iε )∆(x− x′) + i
∂′j∂t′

∇′2
λ−1
λ

∂i∂t
�+iε∆(x− x′)− i∂i∂t∇2

λ−1
λ

∂′j∂t′

�′+iε∆(x′ − x)

= [Ai(x), Aj(x
′)]− i∂i∂j∇2 (1− λ−1

λ
∇2

�+iε )∆(x− x′)
= [Ai(x), Aj(x

′)]− i∂i∂t∇2

∂j∂t
∇2 (1− λ−1

λ
∇2

�+iε )∆(x− x′)
= [Ai(x), Aj(x

′)]− i∂i∂j∇2 (1− λ−1
λ

∇2

�+iε )∆(x− x′)
= i(δij − ∂i∂j

∇2 )∆(x− x′)

1.6.3 Equivalence of two gauge potential equations and joint commutative relations

Cor. 1.6.1.

{
∇2Ã− ∂2

t Ã = ~J + ∂t∇φ̃,∇2φ̃ = ρ
~E = −∂tÃ−∇φ̃, ~B = ∇× Ã
[Ãi(x), Ãj(x

′)] = i(δij − ∂i∂j
∇2 )∆(x− x′)

[Ãi(x), φ̃(x′)] = [φ̃(x), φ̃(x′)] = 0

φ(x) = φ̃(x) + ∂t
∂t
∇2φ(x)

Ai(x) = Ãi(x)− ∂i∂t
∇2 φ(x), A0(x) = iφ(x){

[φ(x), φ(x′)] = −i(1 + λ−1
λ

∇2

�+iε )∆(x− x′)
[Ãi(x), φ(x′)] = −i∂i∂t∇2 ∆(x− x′), [φ̃(x), φ(x′)] = 0

⇔



{
∇2 ~A− ∂2

t
~A = ~J,∇2φ− ∂2

t φ = ρ
~E = −∂t ~A−∇φ, ~B = ∇× ~A
[Aa(x), Ab(x

′)] = i(δab − λ−1
λ

∂a∂b
�+iε )∆(x− x′)

Ãi(x) = Ai(x) + ∂i∂t
∇2 φ(x)

φ̃(x) = φ(x)− ∂t ∂t∇2φ(x)

φ(x) = −iA0(x)

1.6.4 Ncompatibility between guage conditions and commutative relations

Cor. 1.6.2.
∇ · Ã(x) = 0

[Ãi(x), φ(x′)] = −i∂i∂t∇2 ∆(x− x′)
Ai(x) = Ãi(x)− ∂i∂t

∇2 φ(x)

A0(x) = iφ(x)

incompatible.⇔


∂aAa(x) = 0

[Ai(x) + ∂i∂t
∇2 φ(x), φ(x′)] = −i∂i∂t∇2 ∆(x− x′)

Ãi(x) = Ai(x) + ∂i∂t
∇2 φ(x)

φ(x) = −iA0(x)

incompatible.

It can be seen from the above that the guage condition is incompatible with a commutative relation.
Incompatibility essentially stems come from non physical introduction of φ.
1.6.5 Solution to incompatibility between guage conditions and commutative relations

Cor. 1.6.3.


∇2Ã− ∂2

t Ã = ~J + ∂t∇φ̃,∇2φ̃ = ρ
~E = −∂tÃ−∇φ̃, ~B = ∇× Ã
〈|∇ · Ã|〉 = 0
[Ãi(x), Ãj(x

′)] = i(δij − ∂i∂j
∇2 )∆(x− x′)

[Ãi(x), φ̃(x′)] = [φ̃(x), φ̃(x′)] = 0

φ(x) = φ̃(x) + ∂t
∂t
∇2φ(x)

Ai(x) = Ãi(x)− ∂i∂t
∇2 φ(x), A0(x) = iφ(x){

[φ(x), φ(x′)] = −i(1 + λ−1
λ

∇2

�+iε )∆(x− x′)
[Ãi(x), φ(x′)] = −i∂i∂t∇2 ∆(x− x′), [φ̃(x), φ(x′)] = 0

⇔




∇2 ~A− ∂2

t
~A = ~J,∇2φ− ∂2

t φ = ρ
~E = −∂t ~A−∇φ, ~B = ∇× ~A

〈|∇ · ~A+ ∂tφ|〉 = 0
[Aa(x), Ab(x

′)] = i(δab − λ−1
λ

∂a∂b
�+iε )∆(x− x′)

Ãi(x) = Ai(x) + ∂i∂t
∇2 φ(x)

φ̃(x) = φ(x)− ∂t ∂t∇2φ(x)

φ(x) = −iA0(x)

If the gauge condition is no longer viewed as an operator equation, but as a choice of physical states,
the equation and the commutative relations will be completely compatible. And there will be no
contradiction. Where λ = 1 is the Feynman guage, and λ =∞ is the Landau guage.
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2 Electromagnetic field equation under radiation guage
2.1 Radiation gauge potential description of electromagnetic field equation without source

Cor. 2.1.1.
∇ · ~E = 0,∇× ~E = −∂t ~B
∇ · ~B = 0,∇× ~B = ∂t ~E

Ã = ∇× ~B
−∇2 = ∂t ~E

−∇2

⇔

{
∇2Ã− ∂2

t Ã = 0,∇ · Ã = 0
~E = −∂tÃ, ~B = ∇× Ã

⇔

{
∂aFab = 0, Fab = ∂aÃb − ∂bÃa
∇ · Ã = 0, Ã0 = 0

Pro. 2.1.1. Ã(~r, t) = ∂t
−∇2

~E(~r, t)⇔ ~E(~r, t) = −∂tÃ(~r, t)

Pro. 2.1.2. Ã(~r, t) = ∇× ~B(~r,t)
−∇2 ⇔ ~B(~r, t) = ∇× Ã(~r, t)

2.2 Lorentz transformation properties of radiation gauge potential

Def. 2.2.1.

{
∇′ = ∇− γv~v∂t + (γv − 1)~v/v2(~v · ∇)

∂t′ = γv(∂t − ~v · ∇), γv ≡ (1− v2)−
1
2

Cor. 2.2.1. ~E′ = γv( ~E − ~v × ~B)− (γv − 1)(~v · ~E)~v/v2, ~B′ = γv( ~B + ~v × ~E)− (γv − 1)(~v · ~B)~v/v2

Cor. 2.2.2. Ã′ = ∇′× ~B′
−∇′2 = − [∇−γv~v∂t+(γv−1)~v/v2(~v·∇)]×[γv( ~B+~v×~E)−(γv−1)(~v· ~B)~v/v2]

[∇−γv~v∂t+(γv−1)~v/v2(~v·∇)]2 =?

2.3 Analysis and discussion on potential solution of electromagnetic field equation

Def. 2.3.1. ∂aFab = 0, Fab = ∂aAb − ∂bAa

If you get a solution Aa, then Aa + ∂aθ is also another solution. Due to the arbitrariness of θ,
the electromagnetic field equation has infinite sets of potential solutions. But the infinite potential
solutions only correspond to the same solution Fab. If the gauge is fixed, it is equivalent to select a
solution Aa from an infinite number of potential solutions. In this way, there is no redundant potential
solution, and at this time, it can correspond to the field strength solution Fab one by one. Considering
the completeness of the solution, for the complete field strength solution Fab, which can be completely
obtained by an incomplete potential solution Aa. And this incomplete potential solution Aa can also
be completely obtained by a complete field strength solution Fab. At this time, the complete field
strength solution Fab and the incomplete potential solution Aa are one-to-one correspondent. At this
point, the electromagnetic field spin equation is completely equivalent to the electromagnetic field
potential equation with gauge condition.
2.4 Electromagnetic potential and field solutions along z-direction under radiation gauge

Cor. 2.4.1. ∂a∂aÃ = 0,∇ · Ã = 0

⇒ Ã(|~p|
[

0
0
1

]
) = 1

(2π)3/2
−i√
2|~p|
{λm(

[
0
0
1

]
,−1)[a1(~p)eip·x − a+

2 (~p)e−ip·x] + λm(
[

0
0
1

]
, 1)[a2(~p)eip·x − a+

1 (~p)e−ip·x]}

Cor. 2.4.2.
~E(|~p|

[
0
0
1

]
) = 1

(2π)3/2
1√
2|~p|
{|~p|λm(

[
0
0
1

]
,−1)[a1(~p)eip·x + a+

2 (~p)e−ip·x] + |~p|λm(
[

0
0
1

]
, 1)[a2(~p)eip·x + a+

1 (~p)e−ip·x]}

Proof: ~E(|~p|
[

0
0
1

]
) = −∂tÃ(|~p|

[
0
0
1

]
)

= 1
(2π)3/2

1√
2|~p|
{|~p|λm(

[
0
0
1

]
,−1)[a1(~p)eip·x + a+

2 (~p)e−ip·x] + |~p|λm(
[

0
0
1

]
, 1)[a2(~p)eip·x + a+

1 (~p)e−ip·x]}

Cor. 2.4.3.
~B(|~p|

[
0
0
1

]
) = 1

(2π)3/2
−i√
2|~p|
{−|~p|λm(

[
0
0
1

]
,−1)[a1(~p)eip·x + a+

2 (~p)e−ip·x] + |~p|λm(
[

0
0
1

]
, 1)[a2(~p)eip·x + a+

1 (~p)e−ip·x]}

Proof: ~B(|~p|
[

0
0
1

]
) = ∇× Ã(|~p|

[
0
0
1

]
)

= 1
(2π)3/2

−i√
2|~p|
{i~p× λm(

[
0
0
1

]
,−1)[a1(~p)eip·x + a+

2 (~p)e−ip·x] + i~p× λm(
[

0
0
1

]
, 1)[a2(~p)eip·x + a+

1 (~p)e−ip·x]}

= 1
(2π)3/2

−i√
2|~p|
{i|~p|

[
0
0
1

]
× λm(

[
0
0
1

]
,−1)[a1(~p)eip·x + a+

2 (~p)e−ip·x] + i|~p|
[

0
0
1

]
× λm(

[
0
0
1

]
, 1)[a2(~p)eip·x + a+

1 (~p)e−ip·x]}

= 1
(2π)3/2

−i√
2|~p|
{−|~p|λm(

[
0
0
1

]
,−1)[a1(~p)eip·x + a+

2 (~p)e−ip·x] + |~p|λm(
[

0
0
1

]
, 1)[a2(~p)eip·x + a+

1 (~p)e−ip·x]}

Cor. 2.4.4.


1√
2
[ ~E(|~p|

[
0
0
1

]
)− i ~B(|~p|

[
0
0
1

]
)] = 1

(2π)3/2

√
|~p|λm(

[
0
0
1

]
,−1)[a1(~p)eip·x + a+

2 (~p)e−ip·x]

1√
2
[ ~E(|~p|

[
0
0
1

]
) + i ~B(|~p|

[
0
0
1

]
)] = 1

(2π)3/2

√
|~p|λm(

[
0
0
1

]
, 1)[a2(~p)eip·x + a+

1 (~p)e−ip·x]
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2.5 Electromagnetic potential and field general solutions under radiation gauge

Def. 2.5.1.

{
a1(~p,−1) := a1(~p)

a1(~p, 1) := a+
1 (~p)

{
a2(~p,−1) := a2(~p)

a2(~p, 1) := a+
2 (~p)

{
a1(~p,−1) = a+

1 (~p, 1) = a1(~p)

a2(~p,−1) = a+
2 (~p, 1) = a2(~p)

Cor. 2.5.1. ∂a∂aÃ(~r, t) = 0,∇ · Ã(~r, t) = 0
⇒ Ã(~p) = 1

(2π)3/2
−i√
2|~p|
{λm(p̂,−1)[a1(~p)eip·x − a+

2 (~p)e−ip·x] + λm(p̂, 1)[a2(~p)eip·x − a+
1 (~p)e−ip·x]}

Cor. 2.5.2.{
Ψ(~p, 1) = 1√

2
[ ~E(~p)− i ~B(~p)] = 1

(2π)3/2

√
|~p|λm(p̂,−1)[a1(~p)eip·x + a+

2 (~p)e−ip·x]

Ψ(~p,−1) = 1√
2
[ ~E(~p) + i ~B(~p)] = 1

(2π)3/2

√
|~p|λm(p̂, 1)[a2(~p)eip·x + a+

1 (~p)e−ip·x]
Ψ(~p,−1) = Ψ∗(~p, 1)

Cor. 2.5.3.
Ã(~r, t) = 1

(2π)3/2

∫
~p6=0

−i√
2|~p|
{λm(p̂,−1)[a1(~p)eip·x − a+

2 (~p)e−ip·x] + λm(p̂, 1)[a2(~p)eip·x − a+
1 (~p)e−ip·x]}d3~p

Ψ(~r, t) = 1
(2π)3/2

∫
~p6=0

√
|~p|λm(~p,−ς)[a1(~p,−ς)eiςp·x + a+

2 (~p,−ς)e−iςp·x]d3~p

Ã(~r, t) = 1
2
∂t[Ψ(~r,t)+Ψ+(~r,t)]

−∇2 ,Ψ(~r, t) = −∂tÃ(~r, t)− iς∇× Ã(~r, t)

2.6 Detailed analysis of potential solutions under radiation gauge

Cor. 2.6.1.

˙̃A(~r, t)

= −1√
2

1
(2π)3/2

∫
~p6=0

√
|~p|{[λm(p̂,−1)a1(~p) + λm(p̂, 1)a2(~p)]eip·x + [λm(p̂, 1)a+

1 (~p) + λm(p̂,−1)a+
2 (~p)]e−ip·x}d3~p

∇× Ã(~r, t)

= 1√
2

1
(2π)3/2

∫
~p6=0

~p√
|~p|
× {[λm(p̂,−1)a1(~p) + λm(p̂, 1)a2(~p)]eip·x + [λm(p̂, 1)a+

1 (~p) + λm(p̂,−1)a+
2 (~p)]e−ip·x}d3~p

Cor. 2.6.2.

Ã(~r, t) = −i√
2

1
(2π)3/2

∫
~p 6=0

1√
|~p|
{[λm(p̂,−1)a1(~p) + λm(p̂, 1)a2(~p)]eip·x − [λm(p̂, 1)a+

1 (~p) + λm(p̂,−1)a+
2 (~p)]e−ip·x}d3~p

⇔ λm(p̂,−1)a1(~p) + λm(p̂, 1)a2(~p) = 1√
2

1
(2π)3/2

∫
{iÃ(~r, t)

√
|~p| − ˙̃A(~r, t) 1√

|~p|
}e−ip·xd3~r

⇔


a1(~p) = 1√

2
1

(2π)3/2

∫
λ+
m(p̂,−1){iÃ(~r, t)

√
|~p| − ˙̃A(~r, t) 1√

|~p|
}e−ip·xd3~r

a2(~p) = 1√
2

1
(2π)3/2

∫
λ+
m(p̂, 1){iÃ(~r, t)

√
|~p| − ˙̃A(~r, t) 1√

|~p|
}e−ip·xd3~r

Cor. 2.6.3.


a+

1 (~p) = 1√
2

1
(2π)3/2

∫
λTm(p̂,−1){−iÃ(~r, t)

√
|~p| − ˙̃A(~r, t) 1√

|~p|
}eip·xd3~r

a+
2 (~p) = 1√

2
1

(2π)3/2

∫
λTm(p̂, 1){−iÃ(~r, t)

√
|~p| − ˙̃A(~r, t) 1√

|~p|
}eip·xd3~r

3 Commutation rules for electromagnetic potential under radiation guage [25, 26,37,38]

3.1 Commutation rules for electromagnetic potential under radiation gauge

Cor. 3.1.1.

{
[aσ(~p), a+

σ′(~p
′)]± = δσδσσ′δ

3(~p− ~p′)
[aσ(~p), aσ′(~p

′)]± = 0, [a+
σ (~p), a+

σ′(~p
′)]± = 0

⇔



[Ãi(~r, t),
˙̃Aj(~r

′, t)]± = i(1−±1)
2(2π)3

∫
~p6=0

[λmi(p̂,−1)λ+
mj(p̂,−1)δ1 + λmi(p̂, 1)λ+

mj(p̂, 1)δ2]ei~p·(~r−~r
′)d3~p

[Ãi(~r, t), Ãj(~r
′, t)]± = (1±1)

2(2π)3

∫
~p6=0

1
|~p| [λmi(p̂,−1)λ+

mj(p̂,−1)δ1 + λmi(p̂, 1)λ+
mj(p̂, 1)δ2]ei~p·(~r−~r

′)d3~p

[ ˙̃Ai(~r, t),
˙̃Aj(~r

′, t)]± = 1±1
2(2π)3

∫
~p6=0

|~p|[λmi(p̂,−1)λ+
mj(p̂,−1)δ1 + λmi(p̂, 1)λ+

mj(p̂, 1)δ2]ei~p·(~r−~r
′)d3~p

Proof: [Ãi(~r, t),
˙̃Aj(~r

′, t)]±
= i · 1

2(2π)3∫
~p6=0

√
|~p′|√
|~p|
{{[λmi(p̂,−1)λmj(p̂

′, 1)[a1(~p), a+
1 (~p′)]± + λmi(p̂, 1)λmj(p̂

′,−1)[a2(~p), a+
2 (~p′)]±}ei(~p·~r−~p

′·~r′)ei(−Et+E
′t)

− {λmi(p̂, 1)λmj(p̂
′,−1)[a+

1 (~p), a1(~p′)]± + λmi(p̂,−1)λmj(p̂
′, 1)[a+

2 (~p), a2(~p′)]±}e−i(~p·~r−~p
′·~r′)e−i(−Et+E

′t)}d3~pd3~p′

= i
2(2π)3

∫
~p 6=0

δ3(~p− ~p′){[λmi(p̂,−1)λmj(p̂, 1)δ1 + λmi(p̂, 1)λmj(p̂,−1)δ2]ei~p·(~r−~r
′)

−±[λmi(p̂, 1)λmj(p̂,−1)δ1 + λmi(p̂,−1)λmj(p̂, 1)δ2]e−i~p·(~r−~r
′)}d3~pd3~p′

= i
2(2π)3

∫
~p 6=0

{[λmi(p̂,−1)λmj(p̂, 1)δ1 + λmi(p̂, 1)λmj(p̂,−1)δ2]ei~p·(~r−~r
′)
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−±[λmi(p̂, 1)λmj(p̂,−1)δ1 + λmi(p̂,−1)λmj(p̂, 1)δ2]e−i~p·(~r−~r
′)}d3~p

= i
2(2π)3

∫
~p 6=0

{[λmi(p̂,−1)λ+
mj(p̂,−1)δ1 + λmi(p̂, 1)λ+

mj(p̂, 1)δ2]ei~p·(~r−~r
′)

−±[λmi(p̂, 1)λ+
mj(p̂, 1)δ1 + λmi(p̂,−1)λ+

mj(p̂,−1)δ2]e−i~p·(~r−~r
′)}d3~p

= i
2(2π)3

∫
~p 6=0

{[λmi(p̂,−1)λ+
mj(p̂,−1)δ1 + λmi(p̂, 1)λ+

mj(p̂, 1)δ2]ei~p·(~r−~r
′)

−±[λmi(−p̂, 1)λ+
mj(−p̂, 1)δ1 + λmi(−p̂,−1)λ+

mj(−p̂,−1)δ2]ei~p·(~r−~r
′)}d3~p

= i(1−±1)
2(2π)3

∫
~p6=0

[λmi(p̂,−1)λ+
mj(p̂,−1)δ1 + λmi(p̂, 1)λ+

mj(p̂, 1)δ2]ei~p·(~r−~r
′)d3~p

Proof: [Ãi(~r, t), Ãj(~r
′, t)]±

= − 1
2(2π)3

∫
~p6=0

d3~pd3~p′ 1√
|~p||~p′|

{−{[λmi(p̂,−1)λmj(p̂
′, 1)[a1(~p), a+

1 (~p′)]± + λmi(p̂, 1)λmj(p̂
′,−1)[a2(~p), a+

2 (~p′)]±}ei(~p·~r−~p
′·~r′)ei(−Et+E

′t)

− {λmi(p̂, 1)λmj(p̂
′,−1)[a+

1 (~p), a1(~p′)]± + λmi(p̂,−1)λmj(p̂
′, 1)[a+

2 (~p), a2(~p′)]±}e−i(~p·~r−~p
′·~r′)e−i(−Et+E

′t)}
= − 1

2(2π)3

∫
~p6=0

1
|~p|δ

3(~p− ~p′){−[λmi(p̂,−1)λmj(p̂, 1)δ1 + λmi(p̂, 1)λmj(p̂,−1)δ2]ei~p·(~r−~r
′)

−±[λmi(p̂, 1)λmj(p̂,−1)δ1 + λmi(p̂,−1)λmj(p̂, 1)δ2]e−i~p·(~r−~r
′)}d3~pd3~p′

= − 1
2(2π)3

∫
~p6=0

1
|~p|{−[λmi(p̂,−1)λmj(p̂, 1)δ1 + λmi(p̂, 1)λmj(p̂,−1)δ2]ei~p·(~r−~r

′)

−±[λmi(p̂, 1)λmj(p̂,−1)δ1 + λmi(p̂,−1)λmj(p̂, 1)δ2]e−i~p·(~r−~r
′)}d3~p

= − 1
2(2π)3

∫
~p6=0

1
|~p|{−[λmi(p̂,−1)λ+

mj(p̂,−1)δ1 + λmi(p̂, 1)λ+
mj(p̂, 1)δ2]ei~p·(~r−~r

′)

−±[λmi(p̂, 1)λ+
mj(p̂, 1)δ1 + λmi(p̂,−1)λ+

mj(p̂,−1)δ2]e−i~p·(~r−~r
′)}d3~p

= 1
2(2π)3

∫
~p 6=0

1
|~p|{[λmi(p̂,−1)λ+

mj(p̂,−1)δ1 + λmi(p̂, 1)λ+
mj(p̂, 1)δ2]ei~p·(~r−~r

′)

± [λmi(p̂, 1)λ+
mj(p̂, 1)δ1 + λmi(p̂,−1)λ+

mj(p̂,−1)δ2]e−i~p·(~r−~r
′)}d3~p

= 1
2(2π)3

∫
~p 6=0

1
|~p|{[λmi(p̂,−1)λ+

mj(p̂,−1)δ1 + λmi(p̂, 1)λ+
mj(p̂, 1)δ2]ei~p·(~r−~r

′)

± [λmi(−p̂, 1)λ+
mj(−p̂, 1)δ1 + λmi(−p̂,−1)λ+

mj(−p̂,−1)δ2]ei~p·(~r−~r
′)}d3~p

= (1±1)
2(2π)3

∫
~p 6=0

1
|~p| [λmi(p̂,−1)λ+

mj(p̂,−1)δ1 + λmi(p̂, 1)λ+
mj(p̂, 1)δ2]ei~p·(~r−~r

′)d3~p

Proof: [ ˙̃Ai(~r, t),
˙̃Aj(~r

′, t)]±
= 1

2(2π)3

∫
~p 6=0

d3~pd3~p′
√
|~p||~p′|

{{[λmi(p̂,−1)λmj(p̂
′, 1)[a1(~p), a+

1 (~p′)]± + λmi(p̂, 1)λmj(p̂
′,−1)[a2(~p), a+

2 (~p′)]±}ei(~p·~r−~p
′·~r′)ei(−Et+E

′t)

± {λmi(p̂, 1)λmj(p̂
′,−1)[a+

1 (~p), a1(~p′)]± + λmi(p̂,−1)λmj(p̂
′, 1)[a+

2 (~p), a2(~p′)]±}e−i(~p·~r−~p
′·~r′)e−i(−Et+E

′t)}
= 1

2(2π)3

∫
~p 6=0

|~p|δ3(~p− ~p′){[λmi(p̂,−1)λmj(p̂, 1)δ1 + λmi(p̂, 1)λmj(p̂,−1)δ2]ei~p·(~r−~r
′)

± [λmi(p̂, 1)λmj(p̂,−1)δ1 + λmi(p̂,−1)λmj(p̂, 1)δ2]e−i~p·(~r−~r
′)}d3~pd3~p′

= 1
2(2π)3

∫
~p 6=0

|~p|{[λmi(p̂,−1)λmj(p̂, 1)δ1 + λmi(p̂, 1)λmj(p̂,−1)δ2]ei~p·(~r−~r
′)

± [λmi(p̂, 1)λmj(p̂,−1)δ1 + λmi(p̂,−1)λmj(p̂, 1)δ2]e−i~p·(~r−~r
′)}d3~p

= 1
2(2π)3

∫
~p 6=0

|~p|{[λmi(p̂,−1)λ+
mj(p̂,−1)δ1 + λmi(p̂, 1)λ+

mj(p̂, 1)δ2]ei~p·(~r−~r
′)

± [λmi(p̂, 1)λ+
mj(p̂, 1)δ1 + λmi(p̂,−1)λ+

mj(p̂,−1)δ2]e−i~p·(~r−~r
′)}d3~p

= 1
2(2π)3

∫
~p 6=0

|~p|{[λmi(p̂,−1)λ+
mj(p̂,−1)δ1 + λmi(p̂, 1)λ+

mj(p̂, 1)δ2]ei~p·(~r−~r
′)

± [λmi(p̂, 1)λ+
mj(p̂, 1)δ1 + λmi(p̂,−1)λ+

mj(p̂,−1)δ2]e−i~p·(~r−~r
′)}d3~p

= 1
2(2π)3

∫
~p 6=0

|~p|{[λmi(p̂,−1)λ+
mj(p̂,−1)δ1 + λmi(p̂, 1)λ+

mj(p̂, 1)δ2]ei~p·(~r−~r
′)

± [λmi(−p̂, 1)λ+
mj(−p̂, 1)δ1 + λmi(−p̂,−1)λ+

mj(−p̂,−1)δ2]ei~p·(~r−~r
′)}d3~p

= 1±1
2(2π)3

∫
~p 6=0

|~p|[λmi(p̂,−1)λ+
mj(p̂,−1)δ1 + λmi(p̂, 1)λ+

mj(p̂, 1)δ2]ei~p·(~r−~r
′)d3~p

3.2 Commutation rules for complex field strength under radiation gauge

Cor. 3.2.1.


[aσ(~p), a+

σ′(~p
′)]± = δσδσσ′δ

3(~p− ~p′)
[aσ(~p), aσ′(~p

′)]± = 0

[a+
σ (~p), a+

σ′(~p
′)]± = 0

⇔


[aσ(~p,−ς), a+

σ′(~p
′,−ς)]± = ς

0
1δσδσσ′δ

3(~p− ~p′)
[aσ(~p,−ς), aσ′(~p′,−ς)]± = 0

[a+
σ (~p,−ς), a+

σ′(~p
′,−ς)]± = 0
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Cor. 3.2.2.
Ψ(~r, t) = −∂tÃ(~r, t)− iς∇× Ã(~r, t) = 1

(2π)3/2

∫
~p6=0

λm(~p,−ς)
√
|~p|[a1(~p,−ς)eiςp·x + a+

2 (~p,−ς)e−iςp·x]d3~p

Ψ∗(~r, t) = −∂tÃ(~r, t) + iς∇× Ã(~r, t) = 1
(2π)3/2

∫
~p6=0

λ∗m(~p,−ς)
√
|~p|[a+

1 (~p,−ς)e−iςp·x + a2(~p,−ς)eiςp·x]d3~p

Cor. 3.2.3.
[aσ(~p,−ς), a+

σ′(~p
′,−ς)]±

= ς
0
1δσδσσ′δ

3(~p− ~p′)
[aσ(~p,−ς), aσ′(~p′,−ς)]± = 0

[a+
σ (~p,−ς), a+

σ′(~p
′,−ς)]± = 0

⇔



[Ψi(~r, t),Ψ
+
j (~r′, t)]± = 1

(2π)3 ς
0
1∫

~p6=0

|~p|[δ1λmi(~p,−ς)λ+
mj(~p,−ς)± δ2λmi(~p, ς)λ

+
mj(~p, ς)]e

iς~p·(~r−~r′)d3~p

[Ψi(~r, t),Ψj(~r
′, t)]± = 0

[Ψ+
i (~r, t),Ψ+

j (~r′, t)]± = 0

Proof: [Ψi(~r, t),Ψ
+
j (~r′, t)]± = 1

(2π)3

∫
~p,~p′ 6=0

λmi(~p,−ς)λ+
mj(~p

′,−ς)
√
|~p||~p′|

{[a1(~p,−ς), a+
1 (~p′,−ς)]±eiς(~p·~r−~p

′·~r′)ei(−Et+E
′t) + [a+

2 (~p,−ς), a2(~p′,−ς)]±e−iς(~p·~r−~p
′·~r′)e−i(−Et+E

′t)}d3~pd3~p′

= 1
(2π)3 ς

0
1

∫
~p,~p′ 6=0

λmi(~p,−ς)λ+
mj(~p,−ς)|~p|δ3(~p− ~p′)[δ1eiς(~p·~r−~p

′·~r′) ± δ2e−iς(~p·~r−~p
′·~r′)]d3~pd3~p′

= 1
(2π)3 ς

0
1

∫
~p6=0

λmi(~p,−ς)λ+
mj(~p,−ς)|~p|[δ1eiς(~p·~r−~p

′·~r′) ± δ2e−iς(~p·~r−~p
′·~r′)]d3~p

= 1
(2π)3 ς

0
1

∫
~p6=0

λmi(~p,−ς)λ+
mj(~p,−ς)|~p|δ1eiς~p·(~r−~r

′) ± λmi(−~p,−ς)λ+
mj(−~p,−ς)| − ~p|δ2eiς~p·(~r−~r

′)]d3~p

= 1
(2π)3 ς

0
1

∫
~p6=0

|~p|[δ1λmi(~p,−ς)λ+
mj(~p,−ς)± δ2λmi(~p, ς)λ

+
mj(~p, ς)]e

iς~p·(~r−~r′)d3~p

3.3 Homomorphic commutation rules for Ã,Ψ under radiation gauge

3.3.1 Homomorphic commutation rules for Ã,Ψ under radiation gauge

Cor. 3.3.1.
[aσ(~p), a+

σ′(~p
′)]± = κδσσ′δ

3(~p− ~p′)
[aσ(~p), aσ′(~p

′)]± = 0

[a+
σ (~p), a+

σ′(~p
′)]± = 0

⇔


[Ãi(~r, t),

˙̃Aj(~r
′, t)]± = (1−±1)

2 iκ(δij − ∂i∂j
∇2 )δ3(~r − ~r′)

[Ãi(~r, t), Ãj(~r
′, t)]± = (1±1)

2 κ 1√
−∇2

(δij − ∂i∂j
∇2 )δ3(~r − ~r′)

[ ˙̃Ai(~r, t),
˙̃Aj(~r

′, t)]± = (1±1)
2 κ
√
−∇2(δij − ∂i∂j

∇2 )δ3(~r − ~r′)

Proof: [Ãi(~r, t),
˙̃Aj(~r

′, t)]±
= i(1−±1)

2(2π)3

∫
~p6=0

κ[λmi(p̂,−1)λ+
mj(p̂,−1) + λmi(p̂, 1)λ+

mj(p̂, 1)]ei~p·(~r−~r
′)d3~p

= i(1−±1)
2(2π)3

∫
~p6=0

κ[λmi(p̂,−1)λ+
mj(p̂,−1) + λmi(p̂, 1)λ+

mj(p̂, 1)]ei~p·(~r−~r
′)d3~p

= i(1−±1)
2(2π)3

∫
~p6=0

κ[
−1∑
h=1

λmi(p̂, h)λ+
mj(p̂, h)− λmi(p̂, 0)λ+

mj(p̂, 0)]ei~p·(~r−~r
′)d3~p

= i(1−±1)
2(2π)3

∫
~p6=0

κ[δij − λmi(p̂, 0)λ+
mj(p̂, 0)]ei~p·(~r−~r

′)d3~p

= i(1−±1)
2(2π)3

∫
~p6=0

κ(δij − p̂ip̂j)ei~p·(~r−~r
′)d3~p

= i(1−±1)
2(2π)3

∫
~p6=0

κ(δij − pipj
p2 )ei~p·(~r−~r

′)d3~p

= (1−±1)
2 iκ(δij − ∂i∂j

∇2 )δ3(~r − ~r′)

Proof: [Ãi(~r, t), Ãj(~r
′, t)]±

= (1±1)
2(2π)3

∫
~p 6=0

κ 1
|~p| [λmi(p̂,−1)λ+

mj(p̂,−1) + λmi(p̂, 1)λ+
mj(p̂, 1)]ei~p·(~r−~r

′)d3~p

= (1±1)
2(2π)3

∫
~p 6=0

κ 1
|~p| (δij −

pipj
p2 )ei~p·(~r−~r

′)d3~p

= (1±1)
2 κ 1√

−∇2
(δij − ∂i∂j

∇2 )δ3(~r − ~r′)

Proof: [ ˙̃Ai(~r, t),
˙̃Aj(~r

′, t)]±
= (1±1)

2(2π)3

∫
~p 6=0

κ|~p|[λmi(p̂,−1)λ+
mj(p̂,−1) + λmi(p̂, 1)λ+

mj(p̂, 1)]ei~p·(~r−~r
′)d3~p

= (1±1)
2(2π)3

∫
~p 6=0

κ|~p|(δij − pipj
p2 )ei~p·(~r−~r

′)d3~p

= (1±1)
2 κ
√
−∇2(δij − ∂i∂j

∇2 )δ3(~r − ~r′)
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3.3.2 Homomorphic commutative relations of complex field strength under radiation gauge

Cor. 3.3.2.


[aσ(~p), a+

σ′(~p
′)]− = κδσσ′δ

3(~p− ~p′)
[aσ(~p), aσ′(~p

′)]− = 0

[a+
σ (~p), a+

σ′(~p
′)]− = 0

⇔


[Ψi(~r, t),Ψ

+
j (~r′, t)]− = iςκγkijpkδ

3(~r − ~r′)
[Ψi(~r, t),Ψj(~r

′, t)]− = 0

[Ψ+
i (~r, t),Ψ+

j (~r′, t)]− = 0

Proof: [Ψi(~r, t),Ψ
+
j (~r′, t)]−

= 1
(2π)3 ςκ

∫
~p6=0

|~p|[λmi(~p,−ς)λ+
mj(~p,−ς)− λmi(~p, ς)λ

+
mj(~p, ς)]e

iς~p·(~r−~r′)d3~p

= − 1
(2π)3 ςκ

∫
~p6=0

[−ς|~p|λmi(~p,−ς)λ+
mj(~p,−ς)0 · |~p|λmi(~p, 0)λ+

mj(~p, 0) + ς|~p|λmi(~p, ς)λ+
mj(~p, ς)]e

iς~p·(~r−~r′)d3~p

= − 1
(2π)3κ

∫
~p6=0

γkilpk
−1∑
h=1

λml(~p, h)λ+
mj(~p, h)eiς~p·(~r−~r

′)d3~p

= − 1
(2π)3κ

∫
~p6=0

γki
lpkδlje

iς~p·(~r−~r′)d3~p

= − 1
(2π)3κ

∫
~p6=0

γkijpke
iς~p·(~r−~r′)d3~p

= iςκγkijpkδ
3(~r − ~r′)

3.3.3 Homomorphic anticommutative relations of Ψ under radiation gauge

Cor. 3.3.3.


[aσ(~p), a+

σ′(~p
′)]+ = κδσσ′δ

3(~p− ~p′)
[aσ(~p), aσ′(~p

′)]+ = 0

[a+
σ (~p), a+

σ′(~p
′)]+ = 0

⇔


[Ψi(~r, t),Ψ

+
j (~r′, t)]+ = κ

√
−∇2(δij − ∂i∂j

∇2 )δ3(~r − ~r′)
[Ψi(~r, t),Ψj(~r

′, t)]+ = 0

[Ψ+
i (~r, t),Ψ+

j (~r′, t)]+ = 0

Proof: [Ψi(~r, t),Ψ
+
j (~r′, t)]+ = 1

(2π)3κ
∫
~p6=0

|~p|[λmi(~p,−ς)λ+
mj(~p,−ς) + λmi(~p, ς)λ

+
mj(~p, ς)]e

iς~p·(~r−~r′)d3~p

= 1
(2π)3κ

∫
~p6=0

|~p|[
−1∑
h=1

λmi(p̂, h)λ+
mj(p̂, h)− λmi(p̂, 0)λ+

mj(p̂, 0)]eiς~p·(~r−~r
′)d3~p

= 1
(2π)3κ

∫
~p6=0

|~p|(δij − p̂ip̂j)eiς~p·(~r−~r
′)d3~p

= 1
(2π)3κ

∫
~p6=0

|~p|(δij − pipj
p2 )eiς~p·(~r−~r

′)d3~p

= κ
√
−∇2(δij − ∂i∂j

∇2 )δ3(~r − ~r′)

3.4 Heterotypic commutative and anticommutative relations of Ã,Ψ under radiation gauge

3.4.1 Heterotypic commutative and anticommutative relations of Ã under radiation gauge

Cor. 3.4.1.
[aσ(~p), a+

σ′(~p
′)]± = κ(−1)σ+1δσσ′δ

3(~p− ~p′)
[aσ(~p), aσ′(~p

′)]± = 0

[a+
σ (~p), a+

σ′(~p
′)]± = 0

⇔


[Ãi(~r, t),

˙̃Aj(~r
′, t)]± = − (1−±1)

2 κ
γkij∂k√
−∇2

δ3(~r − ~r′)
[Ãi(~r, t), Ãj(~r

′, t)]± = − (1±1)
2 iκ

γkij∂k
∇2 δ3(~r − ~r′)

[ ˙̃Ai(~r, t),
˙̃Aj(~r

′, t)]± = (1±1)
2 iκγkij∂kδ

3(~r − ~r′)

Proof: [Ãi(~r, t),
˙̃Aj(~r

′, t)]±
= i(1−±1)

2(2π)3

∫
~p6=0

κ[λmi(p̂,−1)λ+
mj(p̂,−1)− λmi(p̂, 1)λ+

mj(p̂, 1)]ei~p·(~r−~r
′)d3~p

= −i(1−±1)
2(2π)3

∫
~p6=0

κ[1 · λmi(p̂, 1)λ+
mj(p̂, 1) + 0 · λmi(p̂, 0)λ+

mj(p̂, 0)− 1 · λmi(p̂,−1)λ+
mj(p̂,−1)]ei~p·(~r−~r

′)d3~p

= −i(1−±1)
2(2π)3

∫
~p6=0

κγ
k
i
lpk
|~p|

−1∑
h=1

λml(p̂, h)λ+
mj(p̂, h)ei~p·(~r−~r

′)d3~p

= −i(1−±1)
2(2π)3

∫
~p6=0

κγ
k
i
lpk
|~p| δlje

i~p·(~r−~r′)d3~p

= −i(1−±1)
2(2π)3

∫
~p6=0

κ
γkijpk
|~p| ei~p·(~r−~r

′)d3~p

= − (1−±1)
2 κ

γkij∂k√
−∇2

δ3(~r − ~r′)

Proof: [Ãi(~r, t), Ãj(~r
′, t)]±

= (1±1)
2(2π)3

∫
~p 6=0

1
|~p|κ[λmi(p̂,−1)λ+

mj(p̂,−1)− λmi(p̂, 1)λ+
mj(p̂, 1)δ2]ei~p·(~r−~r

′)d3~p

= − (1±1)
2(2π)3

∫
~p6=0

1
|~p|κ[1 · λmi(p̂, 1)λ+

mj(p̂, 1) + 0 · λmi(p̂, 0)λ+
mj(p̂, 0)− 1 · λmi(p̂,−1)λ+

mj(p̂,−1)]ei~p·(~r−~r
′)d3~p
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= − (1±1)
2(2π)3

∫
~p6=0

1
|~p|κ

γki
lpk
|~p|

−1∑
h=1

λmi(p̂, h)λ+
mj(p̂, h)ei~p·(~r−~r

′)d3~p

= − (1±1)
2(2π)3

∫
~p6=0

1
|~p|κ

γki
lpk
|~p| δlje

i~p·(~r−~r′)d3~p

= − (1±1)
2(2π)3

∫
~p6=0

κ
γkijpk
~p2 ei~p·(~r−~r

′)d3~p

= − (1±1)
2 iκ

γkij∂k
∇2 δ3(~r − ~r′)

Proof: [ ˙̃Ai(~r, t),
˙̃Aj(~r

′, t)]±
= (1±1)

2(2π)3

∫
~p 6=0

|~p|κ[λmi(p̂,−1)λ+
mj(p̂,−1)− λmi(p̂, 1)λ+

mj(p̂, 1)δ2]ei~p·(~r−~r
′)d3~p

= − (1±1)
2(2π)3

∫
~p6=0

|~p|κ[1 · λmi(p̂, 1)λ+
mj(p̂, 1) + 0 · λmi(p̂, 0)λ+

mj(p̂, 0)− 1 · λmi(p̂,−1)λ+
mj(p̂,−1)]ei~p·(~r−~r

′)d3~p

= − (1±1)
2(2π)3

∫
~p6=0

|~p|κγ
k
i
lpk
|~p|

−1∑
h=1

λmi(p̂, h)λ+
mj(p̂, h)ei~p·(~r−~r

′)d3~p

= − (1±1)
2(2π)3

∫
~p6=0

κγki
lpkδlje

i~p·(~r−~r′)d3~p

= − (1±1)
2(2π)3

∫
~p6=0

κγkijpke
i~p·(~r−~r′)d3~p

= (1±1)
2 iκγkij∂kδ

3(~r − ~r′)

3.4.2 Heterotypic commutative relation of complex field strength under radiation gauge

Cor. 3.4.2.
[aσ(~p), a+

σ′(~p
′)]− = κ(−1)σ+1δσσ′δ

3(~p− ~p′)
[aσ(~p), aσ′(~p

′)]− = 0

[a+
σ (~p), a+

σ′(~p
′)]− = 0

⇔


[Ψi(~r, t),Ψ

+
j (~r′, t)]− = ςκ

√
−∇2(δij − ∂i∂j

∇2 )δ3(~r − ~r′)
[Ψi(~r, t),Ψj(~r

′, t)]− = 0

[Ψ+
i (~r, t),Ψ+

j (~r′, t)]− = 0

Proof: [Ψi(~r, t),Ψ
+
j (~r′, t)]− = 1

(2π)3 ςκ
∫
~p 6=0

|~p|[λmi(~p,−ς)λ+
mj(~p,−ς) + λmi(~p, ς)λ

+
mj(~p, ς)]e

iς~p·(~r−~r′)d3~p

= 1
(2π)3 ςκ

∫
~p6=0

|~p|[
−1∑
h=1

λmi(p̂, h)λ+
mj(p̂, h)− λmi(p̂, 0)λ+

mj(p̂, 0)]eiς~p·(~r−~r
′)d3~p

= 1
(2π)3 ςκ

∫
~p6=0

|~p|(δij − p̂ip̂j)eiς~p·(~r−~r
′)d3~p

= 1
(2π)3 ςκ

∫
~p6=0

|~p|(δij − pipj
p2 )eiς~p·(~r−~r

′)d3~p

= ςκ
√
−∇2(δij − ∂i∂j

∇2 )δ3(~r − ~r′)

3.4.3 Heterotypic anticommutative relation of complex field strength under radiation gauge

Cor. 3.4.3.


[aσ(~p), a+

σ′(~p
′)]+ = κ(−1)σ+1δσσ′δ

3(~p− ~p′)
[aσ(~p), aσ′(~p

′)]+ = 0

[a+
σ (~p), a+

σ′(~p
′)]+ = 0

⇔


[Ψi(~r, t),Ψ

+
j (~r′, t)]+ = iκγkij∂kδ

3(~r − ~r′)
[Ψi(~r, t),Ψj(~r

′, t)]+ = 0

[Ψ+
i (~r, t),Ψ+

j (~r′, t)]+ = 0

Proof: [Ψi(~r, t),Ψ
+
j (~r′, t)]+

= 1
(2π)3κ

∫
~p6=0

|~p|[λmi(~p,−ς)λ+
mj(~p,−ς)− λmi(~p, ς)λ

+
mj(~p, ς)]e

iς~p·(~r−~r′)d3~p

= − 1
(2π)3 ςκ

∫
~p6=0

[−ς|~p|λmi(~p,−ς)λ+
mj(~p,−ς)0 · |~p|λmi(~p, 0)λ+

mj(~p, 0) + ς|~p|λmi(~p, ς)λ+
mj(~p, ς)]e

iς~p·(~r−~r′)d3~p

= − 1
(2π)3 ςκ

∫
~p6=0

γkilpk
−1∑
h=1

λml(~p, h)λ+
mj(~p, h)eiς~p·(~r−~r

′)d3~p

= − 1
(2π)3 ςκ

∫
~p6=0

γki
lpkδlje

iς~p·(~r−~r′)d3~p

= − 1
(2π)3 ςκ

∫
~p6=0

γkijpke
iς~p·(~r−~r′)d3~p

= iκγkijpkδ
3(~r − ~r′)

3.5 Analysis on heterotypic anticommutative relations of Ã,Ψ under radiation gauge

According to the electromagnetic field covariant quantization scheme, only δ1 ± δ2 = 0, the micro
causality is satisfied. At the same time only when δ1, δ2 ≥ 0, the probability is just nonnegative.
Therefore, among the eight covariant commutative or anticommutative schemes in mathematics, there
is only one physically reasonable scheme: That is, when δ1 = δ2 = 1, it satisfies the commutative
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relation. There are actually two other options. Namely when δ1 = δ2 = 0, it satisfies the commutative
or anticommutative relation, which is just the classic case.
3.5.1 Homomorphic commutative relations of Ã,Ψ under radiation gauge

Cor. 3.5.1.


[aσ(~p), a+

σ′(~p
′)] = κδσσ′δ

3(~p− ~p′)
[aσ(~p), aσ′(~p

′)] = 0

[a+
σ (~p), a+

σ′(~p
′)] = 0

⇔


[Ãi(~r, t),

˙̃Aj(~r
′, t)] = iκ(δij − ∂i∂j

∇2 )δ3(~r − ~r′)
[Ãi(~r, t), Ãj(~r

′, t)] = 0

[ ˙̃Ai(~r, t),
˙̃Aj(~r

′, t)] = 0

[m] [m]

Cor. 3.5.2.


[aσ(~p,−ς), a+

σ′(~p
′,−ς)] = κςδσσ′δ

3(~p− ~p′)
[aσ(~p,−ς), aσ′(~p′,−ς)] = 0

[a+
σ (~p,−ς), a+

σ′(~p
′,−ς)] = 0

⇔


[Ψi(~r, t),Ψ

+
j (~r′, t)] = iςκγkij∂kδ

3(~r − ~r′)
[Ψi(~r, t),Ψj(~r

′, t)] = 0

[Ψ+
i (~r, t),Ψ+

j (~r′, t)] = 0

When κ = 1, It satisfies both micro causality and non negative probability, so it is physical. When
κ = −1, it satisfies micro causality but violates non negative probability, so it is non physical.
3.5.2 Isomorphic anticommutative relations of Ã,Ψ under radiation gauge

Cor. 3.5.3.
{aσ(~p), a+

σ′(~p
′)} = κδσσ′δ

3(~p− ~p′)
{aσ(~p), aσ′(~p

′)} = 0

{a+
σ (~p), a+

σ′(~p
′)} = 0

⇔


{Ãi(~r, t), ˙̃Aj(~r

′, t)} = 0

{Ãi(~r, t), Ãj(~r′, t)} = κ 1√
−∇2

(δij − ∂i∂j
∇2 )δ3(~r − ~r′)

{ ˙̃Ai(~r, t),
˙̃Aj(~r

′, t)} = κ
√
−∇2(δij − ∂i∂j

∇2 )δ3(~r − ~r′)

[m] [m]

Cor. 3.5.4.
{aσ(~p,−ς), a+

σ′(~p
′,−ς)} = κδσσ′δ

3(~p− ~p′)
{aσ(~p,−ς), aσ′(~p′,−ς)} = 0

{a+
σ (~p,−ς), a+

σ′(~p
′,−ς)} = 0

⇔


{Ψi(~r, t),Ψ

+
j (~r′, t)} = κ

√
−∇2(δij − ∂i∂j

∇2 )δ3(~r − ~r′)
{Ψi(~r, t),Ψj(~r

′, t)} = 0

{Ψ+
i (~r, t),Ψ+

j (~r′, t)} = 0

When κ = 1, it satisfies non negative probability but violates micro causality, so it is non physical.
When κ = −1, it violates both micro causality and non negative probability, so it is non physical.
3.5.3 Heterotypic commutative relations of Ã,Ψ under radiation gauge

Cor. 3.5.5.
[aσ(~p), a+

σ′(~p
′)] = κ(−1)σ+1δσσ′δ

3(~p− ~p′)
[aσ(~p), aσ′(~p

′)] = 0

[a+
σ (~p), a+

σ′(~p
′)] = 0

⇔


[Ãi(~r, t),

˙̃Aj(~r
′, t)] = −κγ

k
ij∂k√
−∇2

δ3(~r − ~r′)
[Ãi(~r, t), Ãj(~r

′, t)] = 0

[ ˙̃Ai(~r, t),
˙̃Aj(~r

′, t)] = 0

[m] [m]

Cor. 3.5.6.
[aσ(~p,−ς), a+

σ′(~p
′,−ς)]

= κς(−1)σ+1δσσ′δ
3(~p− ~p′)

[aσ(~p,−ς), aσ′(~p′,−ς)] = 0

[a+
σ (~p,−ς), a+

σ′(~p
′,−ς)] = 0

⇔


[Ψi(~r, t),Ψ

+
j (~r′, t)] = κς

√
−∇2(δij − ∂i∂j

∇2 )δ3(~r − ~r′)
[Ψi(~r, t),Ψj(~r

′, t)] = 0

[Ψ+
i (~r, t),Ψ+

j (~r′, t)] = 0

Regardless of the value of κ, it violates both microscopic causality and non negative probability. So it
is non physical.
3.5.4 Heterotypic anticommutative relations of Ã,Ψ under radiation gauge

Cor. 3.5.7.
{aσ(~p), a+

σ′(~p
′)} = κ(−1)σ+1δσσ′δ

3(~p− ~p′)
{aσ(~p), aσ′(~p

′)} = 0

{a+
σ (~p), a+

σ′(~p
′)} = 0

⇔


{Ãi(~r, t), ˙̃Aj(~r

′, t)} = 0

{Ãi(~r, t), Ãj(~r′, t)} = −iκγ
k
ij∂k
∇2 δ3(~r − ~r′)

{ ˙̃Ai(~r, t),
˙̃Aj(~r

′, t)} = iκγkij∂kδ
3(~r − ~r′)

[m] [m]

Cor. 3.5.8.
{aσ(~p,−ς), a+

σ′(~p
′,−ς)} = κ(−1)σ+1δσσ′δ

3(~p− ~p′)
{aσ(~p,−ς), aσ′(~p′,−ς)} = 0

{a+
σ (~p,−ς), a+

σ′(~p
′,−ς)} = 0

⇔


{Ψi(~r, t),Ψ

+
j (~r′, t)} = iκγkij∂kδ

3(~r − ~r′)
{Ψi(~r, t),Ψj(~r

′, t)} = 0

{Ψ+
i (~r, t),Ψ+

j (~r′, t)} = 0

Regardless of the value of κ, it satisfies the microscopic causality but violates the non negative proba-
bility. So it is non physical.
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3.6 Summary of commutative relations for physical Ã,Ψ under radiation gauge

Cor. 3.6.1.


[aσ(~p), a+

σ′(~p
′)] = δσσ′δ

3(~p− ~p′)
[aσ(~p), aσ′(~p

′)] = 0

[a+
σ (~p), a+

σ′(~p
′)] = 0

⇔


[Ãi(~r, t),

˙̃Aj(~r
′, t)] = i(δij − ∂i∂j

∇2 )δ3(~r − ~r′)
[Ãi(~r, t), Ãj(~r

′, t)] = 0

[ ˙̃Ai(~r, t),
˙̃Aj(~r

′, t)] = 0

[m] [m]

Cor. 3.6.2.


[aσ(~p,−ς), a+

σ′(~p
′,−ς)] = ςδσσ′δ

3(~p− ~p′)
[aσ(~p,−ς), aσ′(~p′,−ς)] = 0

[a+
σ (~p,−ς), a+

σ′(~p
′,−ς)] = 0

⇔


[Ψi(~r, t),Ψ

+
j (~r′, t)] = iςγkij∂kδ

3(~r − ~r′)
[Ψi(~r, t),Ψj(~r

′, t)] = 0

[Ψ+
i (~r, t),Ψ+

j (~r′, t)] = 0

[m] [m]

Cor. 3.6.3.


[Ψας (x),Ψ+

α′ς
(x′)] = iσabαςα′ς∂a∂b∆(x− x′)

[Ψας (x),Ψβς (x
′)] = 0

[Ψ+
α′ς

(x),Ψ+
β′ς

(x′)] = 0

⇔


[Ψας (~r, t),Ψ

+
α′ς

(~r′, t)] = ςεkαςα′ς∂kδ(~r − ~r
′)

[Ψας (~r, t),Ψβς (~r
′, t)] = 0

[Ψ+
α′ς

(~r, t),Ψ+
β′ς

(~r′, t)] = 0

Electromagnetic field only has the one case. It is to satisfy both micro causality and non negative
probability. It is actually physical and correct.
3.7 Classical anticommutative relations under radiation gauge(Zero mode)

Cor. 3.7.1.


{Ãi(~r, t), ˙̃Aj(~r

′, t)} = κ(δij − ∂i∂j
∇2 )δ3(~r − ~r′)

{Ãi(~r, t), Ãj(~r′, t)} = 0

{ ˙̃Ai(~r, t),
˙̃Aj(~r

′, t)} = 0

Cor. 3.7.2. λm(p̂,−1)a1(~p) + λm(p̂, 1)a2(~p) = 1√
2

1
(2π)3/2

∫
{iÃ(~r, t)

√
|~p| − ˙̃A(~r, t) 1√

|~p|
}e−ip·xd3~r

⇒



a1(~p) = 1√
2

1
(2π)3/2

∫
λ+
m(p̂,−1){iÃ(~r, t)

√
|~p| − ˙̃A(~r, t) 1√

|~p|
}e−ip·xd3~r

a+
1 (~p) = 1√

2
1

(2π)3/2

∫
λTm(p̂,−1){−iÃ(~r, t)

√
|~p| − ˙̃A(~r, t) 1√

|~p|
}eip·xd3~r

a2(~p) = 1√
2

1
(2π)3/2

∫
λ+
m(p̂, 1){iÃ(~r, t)

√
|~p| − ˙̃A(~r, t) 1√

|~p|
}e−ip·xd3~r

a+
2 (~p) = 1√

2
1

(2π)3/2

∫
λTm(p̂, 1){−iÃ(~r, t)

√
|~p| − ˙̃A(~r, t) 1√

|~p|
}eip·xd3~r

Proof: {a1(~p), a+
1 (~p′)}

= 1
2

1
(2π)3

∫
λ+i
m (p̂,−1)λjm(p̂′,−1)[−i

√
|~p|√
|~p′|
{Ãi(~r, t), ˙̃Aj(~r

′, t)}+ i

√
|~p′|√
|~p|
{Ãj(~r′, t), ˙̃Ai(~r, t)}]e−ip·xeip

′·x′d3~rd3~r′

= − i
2

1
(2π)3

∫
λ+i
m (p̂,−1)λjm(p̂′,−1)κ(δij − ∂i∂j

∇2 )δ3(~r − ~r′)[
√
|~p|√
|~p′|
−
√
|~p′|√
|~p|

]e−ip·xeip
′·x′d3~r

= − i
2

1
(2π)3

∫
λ+i
m (p̂′,−1)λjm(p̂,−1)κ(δij − pipj

~p2 )[

√
|~p|√
|~p′|
−
√
|~p′|√
|~p|

]e−ip·xeip
′·xd3~r

= − i
2λ

+i
m (p̂,−1)λjm(p̂,−1)κ(δij − pipj

~p2 )[

√
|~p|√
|~p|
−
√
|~p|√
|~p|

]δ3(~p− ~p′)
= 0

Proof: {a1(~p), a1(~p′)}
= 1

2
1

(2π)3

∫
λ+i
m (p̂,−1)λ+j

m (p̂′,−1)[−i
√
|~p|√
|~p′|
{Ãi(~r, t), ˙̃Aj(~r

′, t)} − i
√
|~p′|√
|~p|
{Ãj(~r′, t), ˙̃Ai(~r, t)}]e−ip·xe−ip

′·x′d3~rd3~r′

= − i
2

1
(2π)3

∫
λ+i
m (p̂,−1)λ+j

m (p̂′,−1)κ(δij − ∂i∂j
∇2 )δ3(~r − ~r′)[

√
|~p|√
|~p′|

+

√
|~p′|√
|~p|

]e−ip·xe−ip
′·x′d3~rd3~r′

= − i
2

1
(2π)3

∫
λ+i
m (p̂,−1)λ+j

m (p̂′,−1)κ(δij −
p′ip
′
j

~p′2 )[

√
|~p|√
|~p′|

+

√
|~p′|√
|~p|

]e−ip·xe−ip
′·xd3~r

= − i
2λ

+i
m (p̂,−1)λ+j

m (−p̂,−1)κ(δij − pipj
~p2 )[

√
|~p|√
|~p|

+

√
|~p|√
|~p|

]δ3(~p+ ~p′)e2iEt

= −iκλ+i
m (p̂,−1)λjm(−p̂, 1)δije

2iEtδ3(~p+ ~p′)

= −iκ p̂+

p̂−
e2iEtδ3(~p+ ~p′)

It produces zero mode, so it is non physical.
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4 Derive new scheme from traditional radiation gauge quantization scheme [25, 26,37,38]

4.1 Obtain isochronous commutative relations of Ψ from traditional Ã case

Cor. 4.1.1. L = − 1
4F

uvFuv ⇒ πi = ∂L
∂̇̃Ai

= ∂tÃi + ∂iφ = −Ei, π4 = 0

From the isochronous commutative relation with canonical variables (Ãi, Ei), the isochronous commu-
tative relation with basic variables (Ψi,Ψ

+
i ) is derived.

Cor. 4.1.2.


[Ãi(~r, t), Ej(~r

′, t)] = −i(δij − ∂i∂j
∇2 )δ3(~r − ~r′)

[Ei(~r, t), Ãj(~r
′, t)] = i(δij − ∂i∂j

∇2 )δ3(~r − ~r′)
[Ãi(~r, t), Ãj(~r

′, t)] = 0

[Ei(~r, t), Ej(~r
′, t)] = 0

⇒


[Ψi(~r, t),Ψ

+
j (~r′, t)] = ςεij

k∂kδ
3(~r − ~r′)

[Ψi(~r, t),Ψj(~r
′, t)] = 0

[Ψ+
i (~r, t),Ψ+

j (~r′, t)] = 0

Proof: [Ψi(~r, t),Ψ
+
j (~r′, t)]

= − 1
2 iςεi

kl∂xk [Ãl(~r, t), Ej(~r
′, t)] + 1

2 iςεj
kl∂x′k [Ei(~r, t), Ãl(~r

′, t)]

= 1
2 ςεij

k(∂xk − ∂x′k)δ3(~r − ~r′)
= ςεij

k∂(xk−x′k)δ
3(~r − ~r′)

= iςγij
k∂kδ

3(~r − ~r′)
= iςγkij∂kδ

3(~r − ~r′)

Proof: [Ψ+
i (~r, t),Ψ+

j (~r′, t)]

= 1
2 iςεi

kl∂xk [Ãl(~r, t), Ej(~r
′, t)] + 1

2 iςεj
kl∂x′k [Ei(~r, t), Ãl(~r

′, t)]

= − 1
2 ςεij

k(∂xk + ∂x′k)δ3(~r − ~r′)
= 0

Proof: [Ψi(~r, t),Ψj(~r
′, t)]

= − 1
2 iςεi

kl∂xk [Ãl(~r, t), Ej(~r
′, t)]− 1

2 iςεj
kl∂x′k [Ei(~r, t), Ãl(~r

′, t)]

= 1
2 ςεij

k(∂xk + ∂x′k)δ3(~r − ~r′)
= 0

4.2 Equivalence between potential and field commutative relations under radiation gauge

Cor. 4.2.1.

{
[Ψας (x),Ψ+

α′ς
(x′)] = iσabαςα′ς∂a∂b∆(x− x′)

[Ψας (x),Ψβς (x
′)] = 0, [Ψ+

α′ς
(x),Ψ+

β′ς
(x′)] = 0

⇔ [Ãi(x), Ãj(x
′)] = i(δij − ∂i∂j

∇2 )∆(x− x′)

Proof: [Ãi(x), Ãj(x
′)]

= 1
2

∂t
−∇2

∂t′
−∇′2 [ψi(x) + ψ+

i (x), ψj(x
′) + ψ+

j (x′)]

= 1
2

∂t
−∇2

∂t′
−∇′2 {[ψi(x), ψ+

j (x′)] + [ψ+
i (x), ψj(x

′)]}
= 1

2
∂t
−∇2

∂t′
−∇′2 {[ψi(x), ψ+

j (x′)]− [ψj(x
′), ψ+

i (x)]}
= 1

2
∂t
−∇2

∂t′
−∇′2 {iσ

ab
ij ∂a∂b∆(x− x′)− [iσabji ∂

′
a∂
′
b∆(x′ − x)]}

= 1
2

∂t
−∇2

−∂t
−∇2 {iσabij ∂a∂b∆(x− x′) + [iσabji ∂a∂b∆(x− x′)]}

= − 1
2
∂2
t

∇4 {−i[ 1
2 (∇2 − ∂2

π)δij − ςεijk∂k∂π − ∂i∂j ]− i[ 1
2 (∇2 − ∂2

π)δji − ςεjik∂k∂π − ∂j∂i]}∆(x− x′)
= i 1
∇2 [ 1

2 (∇2 − ∂2
π)δij − ∂i∂j ]∆(x− x′)

= i 1
∇2 [∇2δij − ∂i∂j ]∆(x− x′)

= i(δij − ∂i∂j
∇2 )∆(x− x′)

Reverse proof:

Proof: [Ãi(x), Ãj(x
′)] = i(δij − ∂i∂j

∇2 )∆(x− x′)
⇒ i[Ψi(x),Ψ+

j (x′)]

= i
2 [−i∂πÃi(x) + iςεi

kl∂kÃl(x),−i∂′πÃj(x′)− iςεjmn∂′mÃn(x′)]

= 1
2 [−∂2

π(δij − ∂i∂j
∇2 )∆(x− x′)− ςεjmn(δin − ∂i∂n

∇2 )∂π∂m∆(x− x′) + ςεi
kl(δlj − ∂l∂j

∇2 )∂k∂π∆(x− x′)
+ εi

kl(δln − ∂l∂n
∇2 )εj

mn∂k∂m∆(x− x′)]
= 1

2 [−∂2
π(δij − ∂i∂j

∇2 )∆(x− x′)− 2ςεij
k∂k∂π∆(x− x′) + (δijδ

km − δmi δkj )∂k∂m∆(x− x′)]
= 1

2 [(−∂2
πδij − ∂i∂j)∆(x− x′)− 2ςεij

k∂k∂π∆(x− x′) + (δij∇2 − ∂i∂j)∆(x− x′)]
= [ 1

2 (∇2 − ∂2
π)δij − ςεijk∂k∂π − ∂i∂j ]∆(x− x′)

= −σabij ∂a∂b∆(x− x′)
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Proof: [Ãi(x), Ãj(x
′)] = −i(δij − ∂i∂j

∇2 )∆(x− x′)
⇒ i[Ψi(x),Ψj(x

′)]

= i
2 [−i∂πÃi(x) + iςεi

kl∂kÃl(x),−i∂′πÃj(x′) + iςεj
mn∂′mÃn(x′)]

= 1
2 [−∂2

π(δij − ∂i∂j
∇2 )∆(x− x′) + ςεj

mn(δin − ∂i∂n
∇2 )∂π∂m∆(x− x′) + ςεi

kl(δlj − ∂l∂j
∇2 )∂k∂π∆(x− x′)

− εikl(δln − ∂l∂n
∇2 )εj

mn∂k∂m∆(x− x′)]
= 1

2 [−∂2
π(δij − ∂i∂j

∇2 )∆(x− x′)− (δijδ
km − δmi δkj )∂k∂m∆(x− x′)]

= 1
2 [(−∂2

πδij − ∂i∂j)∆(x− x′)− (δij∇2 − ∂i∂j)∆(x− x′)]
= − 1

2δij(∇
2 + ∂2

π)∆(x− x′)
= 0

Proof: [Ãi(x), Ãj(x
′)] = −i(δij − ∂i∂j

∇2 )∆(x− x′)
⇒ i[Ψ+

i (x),Ψ+
j (x′)]

= i
2 [−i∂πÃi(x)− iςεikl∂kÃl(x),−i∂′πÃj(x′)− iςεjmn∂′mÃn(x′)]

= 1
2 [−∂2

π(δij − ∂i∂j
∇2 )∆(x− x′)− ςεjmn(δin − ∂i∂n

∇2 )∂π∂m∆(x− x′)− ςεikl(δlj − ∂l∂j
∇2 )∂k∂π∆(x− x′)

− εikl(δln − ∂l∂n
∇2 )εj

mn∂k∂m∆(x− x′)]
= 1

2 [−∂2
π(δij − ∂i∂j

∇2 )∆(x− x′)− (δijδ
km − δmi δkj )∂k∂m∆(x− x′)]

= 1
2 [(−∂2

πδij − ∂i∂j)∆(x− x′)− (δij∇2 − ∂i∂j)∆(x− x′)]
= − 1

2δij(∇
2 + ∂2

π)∆(x− x′)
= 0

Cor. 4.2.2. [Ãi(x), Ãj(x
′)] = i(δij − ∂i∂j

∇2 )∆(x− x′)⇒ [Ãi(~r, t),
˙̃Aj(~r

′, t)] = i(δij − ∂i∂j
∇2 )δ3(x− x′)

4.3 Energy momentum operator expressed by Ψ in traditional quantization scheme

Energy momentum operator expressed as a basic variable (Ψi,Ψ
+
i ).

Cor. 4.3.1.
H = 1

2 ( ~E2 + ~B2) = 1
2 [Ψ+(~r, t)Ψ(~r, t) + ΨT (~r, t)Ψ∗(~r, t)] = 1

2δ
ij{Ψi(~r, t),Ψ

+
j (~r, t)} = Ψ+(~r, t)Ψ(~r, t)

~P = ~E × ~B = − 1
2 ς[Ψ

+(~r, t)γΨ(~r, t)−ΨT (~r, t)γΨ∗(~r, t)] = ς
2γ

ij{Ψi(~r, t),Ψ
+
j (~r, t)}

~M = ~r × ( ~E × ~B) = 1
2 iς[{Ψk(~r, t), xjΨ+

j (~r, t)} − {xiΨi(~r, t),Ψ
+
k (~r, t)}]

Proof: ~M = ~r × ( ~E × ~B)
= 1

2 iςεk
lmxlεm

ij{Ψi(~r, t),Ψ
+
j (~r, t)}

= 1
2 iς(δk

iδlj − δkjδli)xl{Ψi(~r, t),Ψ
+
j (~r, t)}

= 1
2 iς[{Ψk(~r, t), xjΨ+

j (~r, t)} − {xiΨi(~r, t),Ψ
+
k (~r, t)}]

Proof: ~M = ~r × ( ~E × ~B) = ~E(~r · ~B)− (~r · ~E) ~B
= −iςεklmxlεmijΨ+

i (~r, t)Ψj(~r, t)
= −iς(δkiδlj − δkjδli)xlΨ+

i (~r, t)Ψj(~r, t)
= −iς[Ψ+

k (~r, t)xjΨj(~r, t)− xiΨ+
i (~r, t)Ψk(~r, t)]

Cor. 4.3.2.

{
H = 1

2δ
ij
∫
{Ψi(~r, t),Ψ

+
j (~r, t)}d3~r =

∫
Ψ+(~r, t)Ψ(~r, t)d3~r

~P = ς
2γ

ij
∫
{Ψi(~r, t),Ψ

+
j (~r, t)}d3~r, Pa = ς

2 (γ,−iς)ija
∫
{Ψi(~r, t),Ψ

+
j (~r, t)}d3~r

4.4 Motional equation of Ψ operator in traditional quantization schemes

From the operator motional equation with canonical variables (Ãi, Ei), the operator motional equation
with basic variables (Ψi,Ψ

+
i ) is derived.

Cor. 4.4.1.

{
˙̃A(~r, t) = −i[Ã(~r, t), H]

Ė(~r, t) = −i[E(~r, t), H]
⇒

{
Ψ̇(~r, t) = −i[Ψ(~r, t), H]

Ψ̇+(~r, t) = −i[Ψ+(~r, t), H]

4.5 Evolution equation and constraint equation of complex field strength Ψ operator

Cor. 4.5.1.{
[Ψi(~r, t),Ψ

+
j (~r′, t)] = iςγkij∂kδ

3(~r − ~r′)
[Ψi(~r, t),Ψj(~r

′, t)] = 0, [Ψ+
i (~r, t),Ψ+

j (~r′, t)] = 0
⇒

{
[Ψ(~r, t), H] = iςγk∂kΨ(~r, t)

[Ψi(~r, t), Pj ] = −i∂jΨi(~r, t) + iδij∇ ·Ψ(~r, t)

Proof: [Ψi(~r, t), H]
= [Ψi(~r, t),

1
2δ
jl
∫
{Ψj(~r

′, t),Ψ+
l (~r′, t)}d3~r′]

= 1
2δ
jl
∫

[Ψi(~r, t), {Ψj(~r
′, t),Ψ+

l (~r′, t)}]d3~r′

= 1
2δ
jl
∫
{Ψj(~r

′, t), [Ψi(~r, t),Ψ
+
l (~r′, t)]}+ {Ψ+

l (~r′, t), [Ψi(~r, t),Ψj(~r
′, t)]}d3~r′
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= 1
2δ
jl
∫

[{Ψj(~r
′, t), iςγkil∂kδ

3(~r − ~r′)}+ 0]d3~r′

= iςγki
j∂kΨj(~r, t)

� iςγk∂kΨ(~r, t)

Proof: [Ψi(~r, t), ~P ]
= [Ψi(~r, t),

ς
2γ

jl
∫
{Ψj(~r

′, t),Ψ+
l (~r′, t)}d3~r′]

= ς
2γ

jl
∫

[Ψi(~r, t), {Ψj(~r
′, t),Ψ+

l (~r′, t)}]d3~r′

= ς
2γ

jl
∫
{Ψj(~r

′, t), [Ψi(~r, t),Ψ
+
l (~r′, t)]}+ {Ψ+

l (~r′, t), [Ψi(~r, t),Ψj(~r
′, t)]}d3~r′

= ς
2γ

jl
∫

[{Ψj(~r
′, t), iςγkil∂kδ

3(~r − ~r′)}+ 0]d3~r′

= iγjlγkil∂kΨj(~r, t) � −i(γ · ∇)γψ(~r, t)
≺ −i(δnkδji − δniδjk)∂kΨj(~r, t)
= −i∂nΨi(~r, t) + iδni∇ ·Ψ(~r, t)

Cor. 4.5.2. [ψi(~r, t), Pj ] = −i∂jψi(~r, t) + iS+
m(1)ij∇ · [Sm(1)ψ(~r, t)]

Cor. 4.5.3. From this, the coefficients of the energy momentum operator can be uniquely determined.{
(γ,−iς)a∂aΨ(~r, t) = 0

∇ ·Ψ(~r, t) = 0
⇔


Ψ̇(~r, t) = −i[Ψ(~r, t), H]

∂iΨ(~r, t) = i[Ψ(~r, t), Pi]

[Pa,Ψ(~r, t)] = i∂aΨ(~r, t)

;


[Ψi(~r, t),Ψ

+
j (~r′, t)] = iςγkij∂kδ

3(~r − ~r′)
[Ψi(~r, t),Ψj(~r

′, t)] = 0

[Ψ+
i (~r, t),Ψ+

j (~r′, t)] = 0

Cor. 4.5.4.

[∂a + iSab(γ, ς)∂
b]Ψ = 0⇔ [Pa,Ψ(~r, t)] = i∂aΨ(~r, t);

{
[Ψi(~r, t),Ψ

+
j (~r′, t)] = iςγkij∂kδ

3(~r − ~r′)
[Ψi(~r, t),Ψj(~r

′, t)] = 0, [Ψ+
i (~r, t),Ψ+

j (~r′, t)] = 0

Cor. 4.5.5. Electromagnetic field constraints and commutative relations are self consistent.{
[Ψi(~r, t),Ψ

+
j (~r′, t)] = iςγkij∂kδ

3(~r − ~r′)
[Ψi(~r, t),Ψj(~r

′, t)] = 0, [Ψ+
i (~r, t),Ψ+

j (~r′, t)] = 0
⇒

{
∇ ·Ψ(~r, t) = 0

∇ ·Ψ+(~r, t) = 0

Cor. 4.5.6. [Pa,Ψ(~r, t)] = Sab(γ, ς)∂
bΨ(~r, t)

4.6 Quantum scalar product equation of complex field strength Ψ operator

(Is it the most basic?)

Def. 4.6.1. 〈η|Ψ̇(~r, t) + i[Ψ(~r, t), H]|ϕ〉 = 0, 〈η|∇ ·Ψ(~r, t)|ϕ〉 = 0

Def. 4.6.2. 〈η|∂aΨ(~r, t)− i[Ψ(~r, t), Pa]|ϕ〉 = 0⇔ 〈η|[Pa,Ψ(~r, t)]− i∂aΨ(~r, t)|ϕ〉 = 0

It has two solutions, one determined by operator equation Ψ̇(~r, t) = −i[Ψ(~r, t), H],∇·Ψ(~r, t)| = 0. Another
solution is their vacuum states for all physical states: 〈η|Ψ(~r, t)|ϕ〉 = 0. So it is a complete Fourier
expansion solution.
4.7 Fock representation of complex field strength energy momentum operator

Energy momentum operator:

Cor. 4.7.1.


H = 1

2δ
ij
∫
{Ψi(~r, t),Ψ

+
j (~r, t)}d3~r = 1

2

∫
~p 6=0

|~p|[{a1(~p,−ς), a+
1 (~p,−ς)}+ {a2(~p,−ς), a+

2 (~p,−ς)}]d3~p

~P = ς
2γ

ij
∫
{Ψi(~r, t),Ψ

+
j (~r, t)}d3~r = 1

2

∫
~p6=0

~p[{a1(~p,−ς), a+
1 (~p,−ς)}+ {a2(~p,−ς), a+

2 (~p,−ς)}]d3~p

Proof:

H = 1
2δ
ij
∫
{Ψi(~r, t),Ψ

+
j (~r, t)}d3~r

= 1
(2π)3

1
2δ
ij

∫
~p,~p′ 6=0

d3~pd3~p′d3~rλmi(~p,−ς)λ+
mj(~p

′,−ς)

{
√
|~p|[a1(~p,−ς)eiς(~p·~r−Et) + a+

2 (~p,−ς)e−iς(~p·~r−Et)],
√
|~p′|[a+

1 (~p′,−ς)e−iς(~p′·~r−E′t) + a2(~p′,−ς)eiς(~p′·~r−E′t)]}
= 1

2

∫
~p,~p′ 6=0

λ+
m(~p,−ς)λm(~p,−ς)δ3(~p− ~p′)|~p|[{a1(~p,−ς), a+

1 (~p,−ς)}+ {a+
2 (~p,−ς), a2(~p,−ς)}] +

λ+
m(−~p,−ς)λm(~p,−ς)δ3(~p+ ~p′)|~p|[{a1(~p,−ς), d(−~p,−ς)}e−2iςEt + {a+

2 (~p,−ς), c+(−~p,−ς)}e2iςEt]d3~pd3~p′

= 1
2

∫
~p6=0

|~p|[{a1(~p,−ς), a+
1 (~p,−ς)}+ {a+

2 (~p,−ς), a2(~p,−ς)}+ 0]d3~p

= 1
2

∫
~p6=0

|~p|[{a1(~p,−ς), a+
1 (~p,−ς)}+ {a2(~p,−ς), a+

2 (~p,−ς)}]d3~p

Proof:

Pk = ς
2γk

ij
∫
{Ψi(~r, t),Ψ

+
j (~r, t)}d3~r

= 1
(2π)3

ς
2γk

ij
∫

~p,~p′ 6=0

d3~pd3~p′d3~rλmi(~p,−ς)λ+
mj(~p

′,−ς)
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{{
√
|~p|[a1(~p,−ς)eiς(~p·~r−Et) + a+

2 (~p,−ς)e−iς(~p·~r−Et)], {
√
|~p′|[a+

1 (~p′,−ς)e−iς(~p′·~r−E′t) + a2(~p′,−ς)eiς(~p′·~r−E′t)]}
= − ς

2

∫
~p,~p′ 6=0

λ+
m(~p,−ς)γkλm(~p,−ς)|~p|δ3(~p− ~p′)[{a1(~p,−ς), a+

1 (~p,−ς)}+ {a+
2 (~p,−ς), a2(~p,−ς)}] +

λ+
m(−~p,−ς)γkλm(~p,−ς)|~p|δ3(~p+ ~p′)[{a1(~p,−ς), d(−~p,−ς)}e−2iςEt + {a+

2 (~p,−ς), c+(−~p,−ς)}e2iςEt]d3~pd3~p′

= − ς
2

∫
~p6=0

−ς~pk[{a1(~p,−ς), a+
1 (~p,−ς)}+ {a+

2 (~p,−ς), a2(~p,−ς)}] + 0d3~p

= 1
2

∫
~p6=0

~pk[{a1(~p,−ς), a+
1 (~p,−ς)}+ {a2(~p,−ς), a+

2 (~p,−ς)}]d3~p

4.8 Fock commutative relation of complex field strength Ψ operator

Cor. 4.8.1.
[Ψi(~r, t),Ψ

+
j (~r′, t)] = iςγkij∂kδ

3(~r − ~r′)
[Ψi(~r, t),Ψj(~r

′, t)] = 0

[Ψ+
i (~r, t),Ψ+

j (~r′, t)] = 0

⇔


[a1(~p,−ς), a+

1 (~p′,−ς)] = ςδ3(~p− ~p′)
[a2(~p,−ς), a+

2 (~p′,−ς)] = ςδ3(~p− ~p′)
[a1(~p,−ς), a1(~p′,−ς)] = 0, [a2(~p,−ς), a2(~p′,−ς)] = 0

[a1(~p,−ς), a2(~p′,−ς)] = 0, [a1(~p,−ς), a+
2 (~p′,−ς)] = 0

Cor. 4.8.2. [a1(~p,−ς), a+
1 (~p′,−ς)] = ςδ3(~p− ~p′)

Proof: [a1(~p,−ς), a+
1 (~p′,−ς)]

= 1
(2π)3

1√
|~p||~p′|

∫
[λ+i
m (~p,−ς)Ψi(~r, t)e

−iς(~p·~r−Et), λjm(~p′,−ς)Ψ+
j (~r′, t)eiς(~p

′·~r′−E′t)]d3~rd3~r′

= 1
(2π)3

1√
|~p||~p′|

∫
λ+i
m (~p,−ς)λjm(~p′,−ς)[Ψi(~r, t),Ψ

+
j (~r′, t)]e−iς(~p·~r−Et)eiς(~p

′·~r′−E′t)d3~rd3~r′

= iς 1
(2π)3

1√
|~p||~p′|

∫
λ+i
m (~p,−ς)λjm(~p′,−ς)γkij∂kδ3(~r − ~r′)e−iς(~p·~r−Et)eiς(~p′·~r′−E′t)d3~rd3~r′

= iς 1
(2π)3

1√
|~p||~p′|

∫
λ+i
m (~p,−ς)λjm(~p′,−ς)γkijiςp′ke−iς(~p·~r−Et)eiς(~p

′·~r−E′t)d3~r

= − 1
|~p|λ

+i
m (~p,−ς)λjm(~p, h′)γkijpkδ

3(~p− ~p′)

= −λ+
m(~p,−ς)γ

kpk
|~p| λm(~p,−ς)δ3(~p− ~p′)

= ςλ+
m(~p,−ς)λm(~p,−ς)δ3(~p− ~p′)

= ςδ3(~p− ~p′)

Cor. 4.8.3. [a+
2 (~p,−ς), a2(~p′,−ς)] = −ςδ3(~p− ~p′)

Proof: [a+
2 (~p,−ς), a2(~p′,−ς)]

= 1
(2π)3

1√
|~p||~p′|

∫
[λ+i
m (~p,−ς)Ψi(~r, t)e

iς(~p·~r−Et), λjm(~p′,−ς)Ψ+
j (~r′, t)e−iς(~p

′·~r′−E′t)]d3~rd3~r′

= 1
(2π)3

1√
|~p||~p′|

∫
λ+i
m (~p,−ς)λjm(~p′,−ς)[Ψi(~r, t),Ψ

+
j (~r′, t)]eiς(~p·~r−Et)e−iς(~p

′·~r′−E′t)d3~rd3~r′

= iς 1
(2π)3

1√
|~p||~p′|

∫
λ+i
m (~p,−ς)λjm(~p′,−ς)γkij∂kδ3(~r − ~r′)eiς(~p·~r−Et)e−iς(~p′·~r′−E′t)d3~rd3~r′

= iς 1
(2π)3

1√
|~p||~p′|

∫
λ+i
m (~p,−ς)λjm(~p′,−ς)γkij(−iςp′k)eiς(~p·~r−Et)e−iς(~p

′·~r−E′t)d3~r

= 1
|~p|λ

+i
m (~p,−ς)λjm(~p, h′)γkijpkδ

3(~p− ~p′)

= λ+
m(~p,−ς)γ

kpk
|~p| λm(~p, h′)δ3(~p− ~p′)

= −ςλ+
m(~p,−ς)λm(~p, h′)δ3(~p− ~p′)

= −ςδ3(~p− ~p′)

Cor. 4.8.4. [Ψi(~r, t),Ψ
+
j (~r′, t)] = iςγkij∂kδ

3(~r − ~r′)

Proof: [Ψi(~r, t),Ψ
+
j (~r′, t)]

= 1
(2π)3

∫
~p6=0

d3~pd3~p′λmi(~p,−ς)λ+
mj(~p

′,−ς)
√
|~p||~p′|

{[a1(~p,−ς), a+
1 (~p′,−ς)]eiς(~p·~r−Et)e−iς(~p′·~r′−E′t) + [a+

2 (~p,−ς), a2(~p′,−ς)]e−iς(~p·~r−Et)eiς(~p′·~r′−E′t)}
= 1

(2π)3

∫
λmi(~p,−ς)λ+

mj(~p
′,−ς)[ςδ3(~p− ~p′)eiς~p·(~r−~r′) − ςδ3(~p− ~p′)e−iς~p·(~r−~r′)]}d3~pd3~p′

= 1
(2π)3

∫
λmi(~p,−ς)λ+

mj(~p,−ς)ς|~p|[eiς~p·(~r−~r
′) − e−iς~p·(~r−~r′)]}d3~p

= − 1
(2π)3

∫
[(−ς|~p|)λmi(~p,−ς)λ+

mj(~p,−ς) + (ς|~p|)λmi(−~p,−ς)λ+
mj(−~p,−ς)]eiς~p·(~r−~r

′)}d3~p

= − 1
(2π)3

∫
[(−ς|~p|)λmi(~p,−ς)λ+

mj(~p,−ς) + (0|~p|)λmi(~p, ς)λ+
mj(~p, ς) + (ς|~p|)λmi(~p, ς)λ+

mj(~p, ς)]e
iς~p·(~r−~r′)}d3~p

= − 1
(2π)3

∫
γki

lpk
∑
h

λml(~p, h)λ+
mj(~p, h)eiς~p·(~r−~r

′)d3~p

= 1
(2π)3

∫
iςγki

liςpkδlje
iς~p·(~r−~r′)d3~p

= iςγkij∂kδ
3(~r − ~r′)
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4.9 Fock representation of normalized energy momentum operator

Cor. 4.9.1. : H :=
∫ ∑

σ
|~p|a+

σ (~p)aσ(~p)d3~p, : ~P :=
∫ ∑

σ
~pa+
σ (~p)aσ(~p)d3~p, : Pa :=

∫ ∑
σ
paa

+
σ (~p)aσ(~p)d3~p

Cor. 4.9.2. aσ(~p, ς)|ϕ〉 = 0, aσ(~p, 0)|ϕ〉 = 0,∀ϕ ∈ Phys

5 Field scheme of quantum electrodynamics
5.1 Field representation scheme for electromagnetic interaction

Thm. 5.1.1.
[Ψας (x),Ψ+

α′ς
(x′)] = iσabαςα′ς∂a∂b∆(x− x′)

[Ψας (x),Ψβς (x
′)] = 0, [Ψ+

α′ς
(x),Ψ+

β′ς
(x′)] = 0

[∂a + iSab(γ, ς)∂
b]Ψ = −iσ[βς ]

ςab J
b

Ã = −iς√
2

∇×(Ψ−Ψ∗)
∇2 , φ̃ = − 1√

2

∇·(Ψ+Ψ∗)
∇2

⇔


[Ãi(x), Ãj(x

′)] = i(δij − ∂i∂j
∇2 )∆(x− x′)

[Ãi(x), φ̃(x′)] = 0, [φ̃(x), φ̃(x′)] = 0

∇2Ã− ∂2
t Ã = ~J + ∂t∇φ̃,∇2φ̃ = ρ,∇ · Ã = 0√

2Ψ = −∂tÃ−∇φ̃− iς∇× Ã

Cor. 5.1.1. L = −
∫
ψ̄(γa∂a +m)ψdr3, H =

∫
ψ̄(γ · ∇+m)ψdr3

Cor. 5.1.2. L = −
∫
ψ̄[γa(∂a − ieAa) +m]ψdr3 = −

∫
ψ̄(γa∂a +m)ψdr3 +

∫
ieψ̄γaAaψdr

3

Cor. 5.1.3. H =
∫
ψ̄[γ · (∇− ieÃ) + γ4eφ̃+m]ψdr3 =

∫
ψ̄(γ · ∇+m)ψdr3 −

∫
ieψ̄γaAaψdr

3

Cor. 5.1.4. Hi = −Li = −
∫
ieψ̄γaAaψdr

3

= − eς√
2

∫
ψ̄ γ·[∇×(Ψ−Ψ∗)]

∇2 ψdr3 − e√
2

∫
ψ̄ γ

4[∇·(Ψ+Ψ∗)]
∇2 ψdr3 +

∫
ieψ̄ γ

a∂a∂tφ
∇2 ψdr3

Thm. 5.1.2. Hi = −Li = −
∫
ieψ̄γaAaψdr

3

= −ie
∫

ψ̄√
−∇2

(~γ · ∂t ~E) ψ√
−∇2

dr3 + e2
∫

ψ̄γaψ√
−∇2

ψ̄γaψ√
−∇2

dr3 +
∫
∂a[ieψ̄γaψ(∂tφ∇2 )]dr3

Proof: Hi = −Li = −
∫
ieψ̄γaAaψdr

3

= − eς√
2

∫
ψ̄ ~γ·[∇×(Ψ−Ψ∗)]

∇2 ψdr3 − e√
2

∫
ψ̄ γ

4[∇·(Ψ+Ψ∗)]
∇2 ψdr3 +

∫
ieψ̄ γ

a∂a∂tφ
∇2 ψdr3

= ie√
2

∫
ψ̄ ~γ·[∂t(Ψ+Ψ∗)−

√
2 ~J]

∇2 ψdr3 + e
∫
ψ̄ γ

4ρ
∇2 ψdr

3 +
∫
ieψ̄ γ

a∂a∂tφ
∇2 ψdr3

= ie√
2

∫
ψ̄ ~γ·[∂t(Ψ+Ψ∗)]

∇2 ψdr3 − ie
∫
ψ̄γaψ( Ja∇2 )dr3 +

∫
ieψ̄γaψ∂a(∂tφ∇2 )dr3

= ie√
2

∫
ψ̄ ~γ·[∂t(Ψ+Ψ∗)]

∇2 ψdr3 +
∫
Ja 1
∇2 Jadr

3 −
∫
∂a[Ja(∂tφ∇2 )]dr3

= ie√
2

∫
ψ̄ ~γ·[∂t(Ψ+Ψ∗)]

∇2 ψdr3 −
∫

Ja√
−∇2

Ja√
−∇2

dr3 −
∫
∂a[Ja(∂tφ∇2 )]dr3

= ie√
2

∫
ψ̄ ~γ·[∂t(Ψ+Ψ∗)]

∇2 ψdr3 + e2
∫

ψ̄γaψ√
−∇2

ψ̄γaψ√
−∇2

dr3 +
∫
∂a[ieψ̄γaψ(∂tφ∇2 )]dr3

= ie
∫
ψ̄ ∂t(~γ·

~E)
∇2 ψdr3 + e2

∫
ψ̄γaψ√
−∇2

ψ̄γaψ√
−∇2

dr3 +
∫
∂a[ieψ̄γaψ(∂tφ∇2 )]dr3

= −ie
∫

ψ̄√
−∇2

(~γ · ∂t ~E) ψ̄√
−∇2

dr3 + e2
∫

ψ̄γaψ√
−∇2

ψ̄γaψ√
−∇2

dr3 +
∫
∂a[ieψ̄γaψ(∂tφ∇2 )]dr3

The above theorem unifies covariance and non covariance, radiation gauge and Lorentz gauge,
which is very beautiful. In particular, the second term clearly describes the repulsive self interaction
energy between electrons, which is greater than zero. At the same time, it is completely possible
to perform perturbation expansion based on field quantities without using electromagnetic potential
expansion. In this way, the entire deployment process is physical. There are no non physical factors
and independent of guages. Can this avoid infinity? No need for renormalization? Further exploration
is needed. The third item is a full differential term, which can be removed (?). This item is very
delicate and beautiful, and it is the guarantee of Lorentz covariance and the key to unified description.
5.2 S-matrix of field representation for electromagnetic interaction

Cor. 5.2.1. U(t, t0) = 1− i
t∫
t0

Hi(t1)U(t1, t0)dt1, S = U(+∞,−∞) = Texp{−i
+∞∫
−∞

Hi(t)dt}

Cor. 5.2.2. S = U(+∞,−∞) = Texp{−i
+∞∫
−∞

Hi(t)dt}

= Texp{−i
+∞∫
−∞

[−ie ψ̄√
−∇2

(~γ · ∂t ~E) ψ√
−∇2

+ e2 ψ̄γaψ√
−∇2

ψ̄γaψ√
−∇2

]dx4}
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Chapter22 Covariant Quantization Scheme for Massless Particles

1 New covariant quantization program
1.1 New quantization program

1. Firstly, based on constant invariant tensor analysis, we can reasonably guess the covariant commu-
tation rule.
2. According to the principle of micro causality and the elimination of abnormal particles with negative
modes and negative probabilities, a reasonable covariant commutation rule is further determined.
3. According to the obtained covariant commutation rule, the commutation rule of the Fock represen-
tation is further obtained.
4. According to the general Fogg representation of energy and momentum in quantum field theory,
the energy and momentum operators are inversely deduced, and whether they are true energy and
momentum is verified. The spin representation and angular momentum representation are further
determined.
5. According to the energy operator, the quantum operator equation in the same form as the classical
equation is obtained again, and we will verify whether the quantum Poincare algebra is tenable.
6. Consider the interaction, calculate the scattering matrix, and compare with the experiment.
7. Extend to higher dimensional space and extend to string theory.
8. How to replace potential propagator with field propagator.
9. Think of string theory as potential theory, and what is its corresponding field theory?
10. Can we solve the infinite problem?
11. What is the difference between classical plane wave solutions and quantum plane wave solutions?
Is there a significant difference between mode nonexcitation and mode nonexcitation, which may imply
a major discovery in physics?

2 Covariant quantization scheme for massless complex scalar field [25, 26,37,38]

2.1 complex scalar field And its plane wave solutions

Def. 2.1.1. ∂a∂
aψ(~r, t) = 0

Cor. 2.1.1. ψ(~r, t) = 1
(2π)3/2

+∞∫
~p=−∞

|~p|−
1
2λ(p̂, 0)[a1(~p, 0)eip·x + a+

2 (~p, 0)e−ip·x]d3~p

⇔


|~p|−

1
2 a1(~p, 0) = 1

(2π)3/2

+∞∫
p=−∞

λ+(p̂, 0)[φ(~r, t) + i
|~p| φ̇(~r, t)]e−ip·xd3~r

|~p|−
1
2 a+

2 (~p, 0) = 1
(2π)3/2

+∞∫
p=−∞

λ+(p̂, 0)[φ(~r, t)− i
|~p| φ̇(~r, t)]eip·xd3~r

λ(p̂, 0) := 1√
2
,Γ(0) := λ(p̂, 0)λ+(p̂, 0) = 1

2 , λ
+(p̂, 0)λ(p̂, 0) = 1

2

Def. 2.1.2. Define projection operator: P̂ (0) := 2λ(p̂, 0)λ+(p̂, 0) = 1

2.2 Properties of covariant constant invariant tensor Γ(0) for complex scalar field

Def. 2.2.1. λ(p̂, 0) := 1√
2
,Γ(0) := λ(p̂, 0)λ+(p̂, 0) = 1

2 , λ
+(p̂, 0)λ(p̂, 0) = 1

2

2.3 General covariant commutation rules in mathematics for complex scalar field

Thm. 2.3.1.
[aσ(~p, 0), a+

σ′(~p
′, 0)]± = δσδσσ′δ

3(~p− ~p′)
[aσ(~p, 0), aσ′(~p

′, 0)]± = 0

[a+
σ (~p, 0), a+

σ′(~p
′, 0)]± = 0

⇒


[ψ(x), ψ+(x′)]±

= i2Γ(0)[(δ1 ± δ2)∆(+)(x− x′)−±δ2∆(x− x′)]
[ψ(x), ψ(x′)]± = 0

[ψ+(x), ψ+(x′)]± = 0

Proof: [ψ(+)(x), ψ(+)+(x′)]±

= 1
(2π)3

∫
|~p|−

1
2 |~p′|−

1
2λ(p̂, 0)λ+(p̂′, 0)[a1(~p, 0), a+

1 (~p′, 0)]±e
i~p·(x−x′)d3~pd3~p′

= 1
(2π)3

∫
|~p|−1δ1λ(p̂, 0)λ+(p̂, 0)δ3(~p− ~p′)ei~p·(x−x′)d3~pd3~p′
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= 1
(2π)3

∫
|~p|−1δ1λ(p̂, 0)λ+(p̂, 0)ei~p·(x−x

′)d3~p

= i 1
(2π)3

∫
δ1
−i
2|~p|2Γ(0)eip·(x−x

′)d3~p

= iδ12Γ(0)∆(+)(x− x′)

Proof: [ψ(−)(x), ψ(−)+(x′)]±

= 1
(2π)3

∫
|~p|−

1
2 |~p′|−

1
2λ(p̂, 0)λ+(p̂, 0)[a+

2 (~p, 0), a2(~p′, 0)]±e
−i~p·(x−x′)d3~pd3~p′

= ± 1
(2π)3

∫
|~p|−1δ2λ(p̂, 0)λ+(p̂, 0)δ3(~p− ~p′)e−i~p·(x−x′)d3~pd3~p′

= ± 1
(2π)3

∫
|~p|−1δ2λ(p̂, 0)λ+(p̂, 0)e−i~p·(x−x

′)d3~p

= −± i 1
(2π)3

∫
δ2

i
2|~p|2Γ(0)e−ip·(x−x

′)d3~p

= −± iδ22Γ(0)∆(−)(x− x′)

Proof: [ψ(x), ψ+(x′)]±
= [ψ(+)(x), ψ(+)+(x′)]± + [ψ(−)(x), ψ(−)+(x′)]±
= iδ12Γ(0)∆(+)(x− x′)−±iδ22Γ(0)∆(−)(x− x′)
= i2Γ(0)[δ1∆(+)(x− x′)−±δ2∆(−)(x− x′)]
= i2Γ(0)[(δ1 ± δ2)∆(+)(x− x′)−±δ2∆(x− x′)]

From the above, only δ1± δ2 = 0, the micro causality is satisfied. At the same time only when δ1, δ2 ≥ 0,
the probability is just nonnegative. Therefore, among the eight covariant commutative or anticom-
mutative schemes in mathematics, there is only one physically reasonable scheme: That is, when
δ1 = δ2 = 1, it satisfies the commutative relation. There are actually two other options. Namely when
δ1 = δ2 = 0, it satisfies the commutative or anticommutative relation, which is just the classic case.
2.4 Covariant commutation rules for complex scalar field physics

Thm. 2.4.1.
[aσ(~p, 0), a+

σ′(~p
′, 0)] = δσσ′δ

3(~p− ~p′)
[aσ(~p, 0), aσ′(~p

′, 0)] = 0

[a+
σ (~p, 0), a+

σ′(~p
′, 0)] = 0

⇒


[ψ(x), ψ+(x′)] = i2Γ(0)∆(x− x′)
[ψ(x), ψ(x′)] = 0

[ψ+(x), ψ+(x′)] = 0

Cor. 2.4.1.
[aσ(~p, 0), a+

σ′(~p
′, 0)] = δσσ′δ

3(~p− ~p′)
[aσ(~p, 0), aσ′(~p

′, 0)] = 0

[a+
σ (~p, 0), a+

σ′(~p
′, 0)] = 0

⇒


[ψ(+)(x), ψ(+)+(x′)] = i2Γ(0)∆(+)(x− x′)
[ψ(−)(x), ψ(−)+(x′)] = i2Γ(0)∆(−)(x− x′)
[ψ(+)(x), ψ(−)+(x′)] = 0

Cor. 2.4.2.
[ψ(x), ψ+(x′)] = i2Γ(0)∆(x− x′)
[ψ(x), ψ(x′)] = 0

[ψ+(x), ψ+(x′)] = 0

⇒


[ψ(~r, t), ψ+(~r′, t)] = 0

[ψ(~r, t), ψ(~r′, t)] = 0

[ψ+(x), ψ+(~r′, t)] = 0

2.5 Commutation function, causality function and Feynman propagator of complex scalar field

Def. 2.5.1.


∆(+)(x) := −i

(2π)3

∫
1

2|~p|e
ip·xd3~p, i∆(+)(~r, 0)↔ 1

2|~p|
∆(−)(x) := − −i

(2π)3

∫
1

2|~p|e
−ip·xd3~p,∆(−)(x) = −∆(+)(−x)

∆(x) := −i
(2π)3

∫
1

2|~p| [e
ip·x − e−ip·x}d3~p,∆(x) = ∆(+)(x) + ∆(−)(x)

Pro. 2.5.1.


∆∗(x) = ∆(x),∆(−x) = −∆(x), (∇2 − ∂2

t )∆(x) = 0

∂t∆(x)|t=0 = −δ3(~r), ∂k∂t∆(x)|t=0 = ∂t∂k∆(x)|t=0 = −∂kδ3(~r)

∂k∆(x)|t=0 = 0, ∂k∂l∆(x)|t=0 = 0, ∂2
t ∆(x)|t=0 = 0

Pro. 2.5.2. ∆(x− x′) := −i
(2π)3

∫
1

2|~p| [e
ip·(x−x′) − e−ip·(x−x′)}d3~p

∂u∆(x− x′) = −∂′u∆(x− x′)
∇∆(x− x′) = −∇′∆(x− x′)
∂π∆(x− x′) = −∂′π∆(x− x′)


(
√
−∇2)n∆(x− x′) = (

√
−∇′2)n∆(x− x′)

1
(
√
−∇2)n

∆(x− x′) = 1
(
√
−∇′2)n

∆(x− x′)
∂2n
π ∆(x− x′) = ∂′2nπ ∆(x− x′)

Def. 2.5.2.
∆(x) = ∆(+)(x) + ∆(−)(x) = ∆ret(x)−∆adv(x)

∆(l)(x) = i[∆(−)(x)−∆(+)(x)]

∆F (x) = 〈Tϕ(x)ϕ(x′)〉0 = i∆(c)(x) = 1
(2π)4

∫
∆F (p)eipxd4p

∆F (p) = −i
p2−iε
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∆(c)(x) = θ(t)∆(+)(x)− θ(−t)∆(−)(x)

∆ret(x) = θ(t)∆(x) = ∆(c)(x) + ∆(−)(x)

∆adv(x) = −θ(−t)∆(x) = ∆(c)(x)−∆(+)(x)

Cor. 2.5.1.
∂a∂

a∆(x) = 0

∂a∂
a∆(+)(x) = 0

∂a∂
a∆(−)(x) = 0

∂a∂
a∆(l)(x) = 0


∂a∂

a∆(c)(x) = δ4(x)

∂a∂
a∆ret(x) = δ4(x)

∂a∂
a∆adv(x) = δ4(x)

∂a∂
a∆F (x) = iδ4(x)

Cor. 2.5.2. ∆(x)∂tδ(t) = −∂t∆(x)δ(t) = δ4(x)

Proof:
∫
f(t)∆(x)∂tδ(t)dt = −∂t[f(t)∆(x)]|t=0 = f(0)δ3(~r)

Proof:
∫
f(t)∂t∆(x)δ(t)dt = f(t)∂t∆(x)|t=0 = −f(0)δ3(~r)

Cor. 2.5.3. ∂2
t [θ(t)∆(x)] = −δ4(x) + θ(t)∂2

t ∆(x)

Proof: ∂2
t [θ(t)∆(x)]

= ∂t[∂tθ(t)∆(x) + θ(t)∂t∆(x)]
= ∂2

t θ(t)∆(x) + 2∂tθ(t)∂t∆(x) + θ(t)∂2
t ∆(x)

= ∂tδ(t)∆(x) + 2δ(t)∂t∆(x) + θ(t)∂2
t ∆(x)

= δ(t)∂t∆(x) + θ(t)∂2
t ∆(x)

= −δ4(x) + θ(t)∂2
t ∆(x)

Cor. 2.5.4. ∆(x)∂nt δ(t) =
[(n−1)/2]∑

l=0

C2l+1
n ∇2l∂n−2l−1

t δ4(x)

Proof:
∫
f(t)∆(x)∂nt δ(t)dt

= (−1)n∂nt [f(t)∆(x)]t=0 = f(0)δ3(~r)

= (−1)n
n∑
k=0

Ckn∂
n−k
t f(t)∂kt ∆(x)|t=0 = f(0)δ3(~r)

= (−1)n
[(n−1)/2]∑

l=0

C2l+1
n ∂n−2l−1

t f(t)∂2l+1
t ∆(x)|t=0

= (−1)n+1
[(n−1)/2]∑

l=0

C2l+1
n ∂n−2l−1

t f(t)|t=0∇2lδ3(~r)

= (−1)n+1
[(n−1)/2]∑

l=0

C2l+1
n ∇2lδ3(~r)

∫
∂n−2l−1
t f(t)δ(t)dt

=
[(n−1)/2]∑

l=0

C2l+1
n ∇2lδ3(~r)

∫
f(t)∂n−2l−1

t δ(t)dt

=
∫
f(t)

[(n−1)/2]∑
l=0

C2l+1
n ∇2l∂n−2l−1

t δ4(x)dt

Cor. 2.5.5. ∆(x)∂2
t δ(t) = 2∂tδ

4(x)

Cor. 2.5.6. ∆(x)∂3
t δ(t) = 3∂2

t δ
4(x) +∇2δ4(x)

2.6 Extraction of energy and momentum operators in complex scalar field

Cor. 2.6.1. H =
∫
|~p|[a+

1 (~p, 0)a1(~p, 0) + a2(~p, 0)a+
2 (~p, 0)]d3~p

= iς
∫
ψ+(~r, t)σ · ∇ψ(~r, t)d3~r = i

∫
ψ+(~r, t)∂tψ(~r, t)d3~r

Proof: H =
∫
|~p|[a+

1 (~p, 0)a1(~p, 0) + a2(~p, 0)a+
2 (~p, 0)]d3~p

= 1
(2π)3

∫
[λ(p̂, 0)ψ+(~r′, t)eip·x

′
λ+(p̂, 0)ψ(~r, t)e−ip·x + λ(p̂, 0)ψ+(~r′, t)e−ip·x

′
λ+(p̂, 0)ψ(~r, t)eip·x]d3~pd3~rd3~r′

= 1
(2π)3

∫
λ+(p̂, 0)λ(p̂, 0)ψ+(~r′, t)ψ(~r, t)[e−i~p·(~r−~r

′) + ei~p·(~r−~r
′)]d3~pd3~rd3~r′

= 1
(2π)3

∫
ψ+(~r′, t)ψ(~r, t)[e−i~p·(~r−~r

′) + ei~p·(~r−~r
′)]d3~pd3~rd3~r′
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2.7 Poincare symmetry of complex scalar field

Cor. 2.7.1. P̂a(0) =
∫
ψ+(~r, t)P̂aiψ̇(~r, t)d3~r,Mab(n) =

∫
ψ+(~r, t)M̂abiψ̇(~r, t)d3~r

Lem. 2.7.1. [ψ̇kς (~r, t), ψ
+
lς

(~r′, t)] = −iδkς lς δ3(~r − ~r′)

Thm. 2.7.1.

{
[Lab, Lcd] = −i(gadLbc − gacLbd + gbcLad − gbdLac)
[Lab, Pc] = −i(gbcPa − gacPb), [Pa, Pb] = 0

Proof: [Lab, Lcd]
= −

∫
d3~rd3~r′[ψ+(~r, t)(ra∂b − rb∂a)iψ̇(~r, t), ψ+(~r′, t)(r′c∂

′
d − r′d∂′c)iψ̇(~r′, t)]

= δkς lς δk
′
ς l
′
ς

∫
d3~rd3~r′[ψ+

kς
(~r, t)(ra∂b − rb∂a)ψ̇lς (~r, t), ψ

+
k′ς

(~r′, t)(r′c∂
′
d − r′d∂′c)ψ̇l′ς (~r

′, t)]

= δkς lς δk
′
ς l
′
ς

∫
d3~rd3~r′

{ψ+
kς

(~r, t)[(ra∂b − rb∂a)ψ̇lς (~r, t), ψ
+
k′ς

(~r′, t)](r′c∂
′
d − r′d∂′c)ψ̇l′ς (~r

′, t)

+ ψ+
k′ς

(~r′, t)[ψ+
kς

(~r, t), (r′c∂
′
d − r′d∂′c)ψ̇l′ς (~r

′, t)](ra∂b − rb∂a)ψ̇lς (~r, t)}
= −δkς lς δk′ς l′ς

∫
d3~rd3~r′

{ψ+
kς

(~r, t)(ra∂b − rb∂a)(−i)δlςk′ς δ
3(~r − ~r′)(r′c∂′d − r′d∂′c)ψ̇l′ς (~r

′, t)

− ψ+
k′ς

(~r′, t)(r′c∂
′
d − r′d∂′c)(−i)δl′ςkς δ

3(~r′ − ~r)(ra∂b − rb∂a)ψ̇lς (~r, t)}
= −δkς lς δk′ς l′ς

∫
d3~rd3~r′

{ψ+
kς

(~r, t)(ra∂
′
b − rb∂′a)(−i)δlςk′ς δ

3(~r − ~r′)(r′c∂′d − r′d∂′c)ψ̇l′ς (~r
′, t)

− ψ+
k′ς

(~r′, t)(r′c∂d − r′d∂c)(−i)δl′ςkς δ
3(~r − ~r′)(ra∂b − rb∂a)ψ̇lς (~r, t)}

= δkς lς δk
′
ς l
′
ς

∫
d3~r

{ψ+
kς

(~r, t)(ra∂b − rb∂a)(−i)δlςk′ς (rc∂d − rd∂c)ψ̇l′ς (~r, t)
− ψ+

k′ς
(~r, t)(rc∂d − rd∂c)(−i)δl′ςkς (ra∂b − rb∂a)ψ̇lς (~r, t)}

= −
∫
ψ+(~r, t)[−i(ra∂b − rb∂a),−i(rc∂d − rd∂c)](−i)ψ̇(~r, t)d3~r

=
∫
ψ+(~r, t)[L̂ab, L̂cd]iψ̇(~r, t)d3~r

= −i(gadLbc − gacLbd + gbcLad − gbdLac)

Proof: [Lab, Pc]
= −

∫
d3~rd3~r′[ψ+(~r, t)(ra∂b − rb∂a)iψ̇(~r, t), ψ+(~r′, t)∂′ciψ̇(~r′, t)]

= δkς lς δk
′
ς l
′
ς

∫
d3~rd3~r′[ψ+

kς
(~r, t)(ra∂b − rb∂a)ψ̇lς (~r, t), ψ

+
k′ς

(~r′, t)∂′cψ̇l′ς (~r
′, t)]

= δkς lς δk
′
ς l
′
ς

∫
d3~rd3~r′

{ψ+
kς

(~r, t)[(ra∂b − rb∂a)ψ̇lς (~r, t), ψ
+
k′ς

(~r′, t)]∂′cψ̇l′ς (~r
′, t) + ψ+

k′ς
(~r′, t)[ψ+

kς
(~r, t), ∂′cψ̇l′ς (~r

′, t)](ra∂b − rb∂a)ψ̇lς (~r, t)}
= δkς lς δk

′
ς l
′
ς

∫
d3~rd3~r′

{ψ+
kς

(~r, t)(ra∂b − rb∂a)(−i)δlςk′ς δ
3(~r − ~r′)∂′cψ̇l′ς (~r

′, t)

− ψ+
k′ς

(~r′, t)∂′c(−i)δl′ςkς δ
3(~r′ − ~r)(ra∂b − rb∂a)ψ̇lς (~r, t)}

= −δkς lς δk′ς l′ς
∫
d3~rd3~r′

{ψ+
kς

(~r, t)(ra∂
′
b − rb∂′a)(−i)δlςk′ς δ

3(~r − ~r′)∂′cψ̇l′ς (~r
′, t)

− ψ+
k′ς

(~r′, t)∂c(−i)δl′ςkς δ
3(~r − ~r′)(ra∂b − rb∂a)ψ̇lς (~r, t)}

= δkς lς δk
′
ς l
′
ς

∫
d3~r

{ψ+
kς

(~r, t)(ra∂b − rb∂a)(−i)δlςk′ς∂cψ̇l′ς (~r, t)− ψ
+
k′ς

(~r, t)∂c(−i)δl′ςkς (ra∂b − rb∂a)ψ̇lς (~r, t)}
= −

∫
ψ+(~r, t)[−i(ra∂b − rb∂a),−i∂′c](−i)ψ̇(~r, t)d3~r

=
∫
ψ+(~r, t)[L̂ab, P̂c]iψ̇(~r, t)d3~r

= −i(gbcPa − gacPb)

Proof: [Pa, Pb]
= −

∫
[ψ+(~r, t)∂aiψ̇(~r, t), ψ+(~r′, t)∂′biψ̇(~r′, t)]d3~rd3~r′

= δkς lς δk
′
ς l
′
ς

∫
[ψ+
kς

(~r, t)∂aψ̇lς (~r, t), ψ
+
k′ς

(~r′, t)∂′bψ̇l′ς (~r
′, t)]d3~rd3~r′

= δkς lς δk
′
ς l
′
ς

∫
d3~rd3~r′{ψ+

kς
(~r, t)[∂aψ̇lς (~r, t), ψ

+
k′ς

(~r′, t)]∂′bψ̇l′ς (~r
′, t) + ψ+

k′ς
(~r′, t)[ψ+

kς
(~r, t), ∂′bψ̇l′ς (~r

′, t)]∂aψ̇lς (~r, t)}
= δkς lς δk

′
ς l
′
ς

∫
d3~rd3~r′

{ψ+
kς

(~r, t)(−i)δlςk′ς∂aδ
3(~r − ~r′)∂′bψ̇l′ς (~r

′, t)− ψ+
k′ς

(~r′, t)(−i)δl′ςkς∂
′
bδ

3(~r′ − ~r)∂aψ̇lς (~r, t)}
= −δkς lς δk′ς l′ς

∫
d3~rd3~r′

{ψ+
kς

(~r, t)(−i)δlςk′ς∂
′
aδ

3(~r − ~r′)∂′bψ̇l′ς (~r
′, t)− ψ+

k′ς
(~r′, t)(−i)δl′ςkς∂bδ

3(~r − ~r′)∂aψ̇lς (~r, t)}

=
∫
{ψ+

kς
(~r, t)(−i)δkς l′ς∂a∂bψ̇l′ς (~r, t)− ψ

+
k′ς

(~r, t)(−i)δk′ς lς∂b∂a
ψlς (~r,t)√
−∇2

}d3~r
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=
∫
ψ+(~r, t)(∂a∂b − ∂b∂a)(−i)ψ̇(~r, t)d3~r

= −
∫
ψ+(~r, t)(∂a∂b − ∂b∂a)iψ̇(~r, t)d3~r

=
∫
ψ+(~r, t)[P̂a, P̂b]iψ̇(~r, t)d3~r = 0

3 Covariant quantization scheme for neutrino field
3.1 Neutrino spin operator equation and its plane wave solution

Thm. 3.1.1. [ 1
2∂a + iSab(

1
2 , ς)∂

b]ψ(x) = 0⇔ (σ,−iς)a∂aψ(x) = 0

Cor. 3.1.1.


ψ(~r, t) = 1

(2π)3/2

∫
λ(p̂,− ς

2 )[a1(~p,− ς
2 )eip·x + a+

2 (~p,− ς
2 )e−ip·x]d3~p

a1(~p,− ς
2 ) = 1

(2π)3/2

∫
λ+(p̂,− ς

2 )ψ(~r, t)e−ip·xd3~r = 1
(2π)3/2

∫
i
|~p|λ

+(p̂,− ς
2 )ψ̇(~r, t)e−ip·xd3~r

a+
2 (~p,− ς

2 ) = 1
(2π)3/2

∫
λ+(p̂,− ς

2 )ψ(~r, t)eip·xd3~r = 1
(2π)3/2

∫ −i
|~p|λ

+(p̂,− ς
2 )ψ̇(~r, t)eip·xd3~r

Def. 3.1.1. Projection operator: P̂AςA′ς (
1
2 , ς) := λAς (p̂,− ς

2 )λ+
A′ς

(p̂,− ς
2 ), P̂ 2( 1

2 , ς) = P̂ ( 1
2 , ς), P̂

+( 1
2 , ς) = P̂ ( 1

2 , ς)

3.2 Neutrino Lorentz transformation of plane wave solutions for spin operator equation

Cor. 3.2.1. Λ~v = e−ςln[γv(1+v)]v̂·σ(
1
2 ) = 1√

2(1+γv)
[1 + γv − γvvv̂ · σ] = 1√

2(1+γv)

[
1 + γv(1− vz) −γvvx + iγvvy
−γvvx − iγvvy 1 + γv(1 + vz)

]
Cor. 3.2.2. L~v = e−ln[γv(1+v)]v̂·L = 1− γv(~v · L) + γv−1

v2 (~v · L)2 = γv(1− ~v · L)− γv−1
v2 (~v ·R)2

Cor. 3.2.3. ψ′(L~vx) = 1
(2π)3/2

∫
Λ~vλ(p̂,− ς

2 )[a1(~p,− ς
2 )eiL~vp·L~vx + a+

2 (~p,− ς
2 )e−iL~vp·L~vx]d3~p

Cor. 3.2.4. L~vp =,Λ~vλ(p̂,− ς
2 ) = λ(L~vp̂,− ς

2 )

Cor. 3.2.5.

[
γu′ ~u′

iγu′

]
= L~v

[
γu~u
iγu

]
,

[
~p′

iE′

]
= L~v

[
~p
iE

]

Cor. 3.2.6. λ(p̂, 1
2 ) = 1√

2
√

1+p̂z

[
1 + p̂z
p̂x + ip̂y

]
, λ(p̂,− 1

2 ) = 1√
2
√

1+p̂z

[
−p̂x + ip̂y

1 + p̂z

]
Proof: Λ−~vλ(p̂, 1

2 )

= 1√
2(1+p̂z)

Λ−~v

[
1 + p̂z
p̂x + ip̂y

]
= 1√

2(1+ûz)
Λ−~v

[
1 + ûz
ûx + iûy

]
= 1√

2(1+ûz)

1√
2(1+γv)

[
1 + γv(1 + vz) γvvx − iγvvy
γvvx + iγvvy 1 + γv(1− vz)

] [
1 + ûz
ûx + iûy

]
= 1

2
√

(1+ûz)(1+γv)

[
[1 + γv(1 + vz)](1 + ûz) + (γvvx − iγvvy)(ûx + iûy)
(γvvx + iγvvy)(1 + ûz) + [1 + γv(1− vz)](ûx + iûy)

]
= 1

2
√

(1+ûz)(1+γv)

[
(1 + γv)(1 + ûz) + γv[vz + i(~v × û)z + ~v · û]

(1 + γv)(ûx + iûy) + γv{(vx + ivy) + i[(~v × û)x + i(~v × û)y]}

]
Cor. 3.2.7. û′ = [û+ γv~v + (γv − 1)(~v · û)~v/v2]/[γv(1 + ~v · û)]

Cor. 3.2.8. p̂′ = [p̂+ γv~v + (γv − 1)(~v · p̂)~v/v2]/[γv(1 + ~v · p̂)]

Cor. 3.2.9. 1 + û′z = 1 + [ûz + γv~vz + (γv − 1)(~v · û)~vz/v
2]/[γv(1 + ~v · û)]

Cor. 3.2.10. û′x + iû′y = {(ûx + iûy) + γv(vx + ivy) + (γv − 1)(~v · û)(vx + ivy)/v2}/[γv(1 + ~v · û)]

Cor. 3.2.11.

{(1 + γv)(ûx + iûy) + γv{(vx + ivy) + i[(~v × û)x + i(~v × û)y]}}
{γv(1 + ~v · û) + [ûz + γv~vz + (γv − 1)(~v · û)~vz/v

2]}
= {(1 + γv)(ûx + iûy) + γv{(vx + ivy) + i[(~v × û)x + i(~v × û)y]}}
{γv(1 + ~v · û) + [ûz + γv~vz + (γv − 1)(~v · û)~vz/v

2]}
= {(1 + γv)(ûx + iûy) + γv{(vx + ivy) + i[(~v × û)x + i(~v × û)y]}}
{1 + ûz + γv(1 + ~v · û)− 1 + γv~vz + (γv − 1)(~v · û)~vz/v

2}
= {(1 + γv)(ûx + iûy) + γvv{(v̂x + iv̂y) + i[(v̂ × û)x + i(v̂ × û)y]}}
{1 + ûz + γv(1 + ~v · û)− 1 + γvvv̂z + (γv − 1)(v̂ · û)v̂z}

Cor. 3.2.12. {(1 + γv)(1 + ûz) + γv[vz + i(~v × û)z + ~v · û]}
{(ûx + iûy) + γv(vx + ivy) + (γv − 1)(~v · û)(vx + ivy)/v2}
= {(1 + γv)(1 + ûz) + γvv[v̂z + i(v̂ × û)z + v̂ · û]}
{(ûx + iûy) + γvv(v̂x + iv̂y) + (γv − 1)(v̂ · û)(v̂x + iv̂y)}
=
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Cor. 3.2.13.

[(1 + γv)(ûx + iûy)− γvv(ûx + iûy)]{γv(1 + vûz) + [ûz + γvv + (γv − 1)ûz)]}
= (1 + γv − γvv)(ûx + iûy)[γv(1 + vûz) + γv(v + ûz)]
= (1 + γv − γvv)(ûx + iûy)γv(1 + v)(1 + ûz)
= (1 + γv + γvv)(1 + ûz)(ûx + iûy)

Cor. 3.2.14. [(1 + γv)(1 + ûz) + γvv(1 + ûz)](ûx + iûy)
= (1 + γv + γvv)(1 + ûz)(ûx + iûy)

3.3 Neutrino properties of covariant constant invariant tensor

Cor. 3.3.1.

ΓaAςA′ς (
1
2 ) := −iς√

2
(σ, iς)aAςA′ς

ΓπAςA′ς (
1
2 ) = ( 1√

2
)1δAςA′ς

ΓiAςA′ς (
1
2 ) = −iς( 1√

2
)12σi( 1

2 )AςA′ς

Lem. 3.3.1. ΓaAςA′ςpa = i
√

2|~p|λAς (p̂,− ς
2 )λ+

A′ς
(p̂,− ς

2 ), λAς (p̂,− ς
2 )λ+

A′ς
(p̂,− ς

2 ) = − ς
2 (σ, iς)aAςA′ς p̂a

Proof: ΓaAςA′ςpa

= ( 1√
2
)1i{−2ς[σ( 1

2 ) · ~p]AςBς [λBς (p̂,− ς
2 )λ+

A′ς
(p̂,− ς

2 ) + λBς (p̂, ς)λ
+
A′ς

(p̂, ς)] + |~p|[λAς (p̂,− ς
2 )λ+

A′ς
(p̂,− ς

2 )

+ λAς (p̂, ς)λ
+
A′ς

(p̂, ς)]}
= ( 1√

2
)1i{[|~p|λAς (p̂,− ς

2 )λ+
A′ς

(p̂,− ς
2 )− |~p|λAς (p̂, ς)λ+

A′ς
(p̂, ς)] + |~p|[λAς (p̂,− ς

2 )λ+
A′ς

(p̂,− ς
2 ) + λAς (p̂, ς)λ

+
A′ς

(p̂, ς)]}
= i
√

2|~p|λAς (p̂,− ς
2 )λ+

A′ς
(p̂,− ς

2 )

Cor. 3.3.2. |~p|λAς (p̂,− ς
2 )λ+

A′ς
(p̂,− ς

2 ) = −ς
2 (σ, iς)aAςA′ς~pa

Cor. 3.3.3. Projection operator: P̂AςA′ς (
1
2 , ς) = − i√

2
ΓaAςA′ς p̂a → −

1√
2
ΓaAςA′ς ∂̂a

3.4 General covariant commutation rules in mathematics for neutrino field

Thm. 3.4.1.
[aσ(~p,−ς), a+

σ′(~p
′,−ς)]± = δσδσσ′δ

3(~p− ~p′)
[aσ(~p,−ς), aσ′(~p′,−ς)]± = 0

[a+
σ (~p,−ς), a+

σ′(~p
′,−ς)]± = 0

⇒


[ψAς (x), ψ+

A′ς
(x′)]±

= −i
√

2ΓaAςA′ς∂a[(δ1 −±δ2)∆(+ς)(x− x′)± δ2∆(x− x′)]
[ψAς (x), ψBς (x

′)]± = 0

[ψ+
A′ς

(x), ψ+
B′ς

(x′)]± = 0

Proof: [ψ
(+)
Aς

(x), ψ
(+)+
A′ς

(x′)]±

= 1
(2π)3

∫
λAς (p̂,− ς

2 )λ+
A′ς

(p̂′,− ς
2 )[a1(~p,− ς

2 ), a+
1 (~p′,− ς

2 )]±e
i(p·x−p′·x′)d3~pd3~p′

= 1
(2π)3

∫
δ1λAς (p̂,− ς

2 )λ+
A′ς

(p̂,− ς
2 )δ3(~p− ~p′)eip·(x−x′)d3~pd3~p′

= 1
(2π)3

∫
δ1λAς (p̂,− ς

2 )λ+
A′ς

(p̂,− ς
2 )eip·(x−x

′)d3~p

= −i 1
(2π)3

∫
δ1

1
2|~p|
√

2ΓaAςA′ςpae
ip·(x−x′)d3~p

= − 1
(2π)3

∫
δ1

1
2|~p|
√

2ΓaAςA′ς∂ae
ip·(x−x′)d3~p

= −i
√

2δ1ΓaAςA′ς∂a
−i

(2π)3

∫
1

2|~p|e
ip·(x−x′)d3~p

= −i
√

2δ1ΓaAςA′ς∂a∆(+)(x− x′)

Proof: [ψ
(−)
Aς

(x), ψ
(−)+
A′ς

(x′)]±

= 1
(2π)3

∫
λAς (p̂,− ς

2 )λ+
A′ς

(p̂,− ς
2 )[a+

2 (~p,− ς
2 ), a2(~p′,− ς

2 )]±e
−i(p·x−p′·x′)d3~pd3~p′

= ± 1
(2π)3

∫
δ2λAς (p̂,− ς

2 )λ+
A′ς

(p̂,− ς
2 )δ3(~p− ~p′)e−ip·(x−x′)d3~pd3~p′

= ± 1
(2π)3

∫
δ2λAς (p̂,− ς

2 )λ+
A′ς

(p̂,− ς
2 )e−ip·(x−x

′)d3~p

= −± i 1
(2π)3

∫
δ2

1
2|~p|
√

2ΓaAςA′ςpae
−ip·(x−x′)d3~p

= ± 1
(2π)3

∫
δ2

1
2|~p|
√

2ΓaAςA′ς∂ae
−ip·(x−x′)d3~p

= ±i
√

2δ2ΓaAςA′ς∂a
−i

(2π)3

∫
1

2|~p|e
−ip·(x−x′)d3~p

= −± i
√

2δ2ΓaAςA′ς∂a∆(−)(x− x′)

Proof: [ψAς (x), ψ+
A′ς

(x′)]±

= [ψ
(+)
Aς

(x), ψ
(+)+
A′ς

(x′)]± + [ψ
(−)
Aς

(x), ψ
(−)+
A′ς

(x′)]±

= −i
√

2ΓaAςA′ς∂a[δ1∆(+ς)(x− x′)± δ2∆(−ς)(x− x′)]
= −i

√
2ΓaAςA′ς∂a[(δ1 −±δ2)∆(+ς)(x− x′)± δ2∆(x− x′)]
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From the above, only δ1∓ δ2 = 0, the micro causality is satisfied. At the same time only when δ1, δ2 ≥ 0,
the probability is just nonnegative. Therefore, among the eight covariant commutative or anticom-
mutative schemes in mathematics, there is only one physically reasonable scheme: That is, when
δ1 = δ2 = 1, it satisfies the commutative relation. There are actually two other options. Namely when
δ1 = δ2 = 0, it satisfies the commutative or anticommutative relation, which is just the classic case.
3.5 Physical covariant anticommutative rules for neutrino field

Thm. 3.5.1.
{aσ(~p,− ς

2 ), a+
σ′(~p

′,− ς
2 )} = δσσ′δ

3(~p− ~p′)
{aσ(~p,− ς

2 ), aσ′(~p
′,− ς

2 )} = 0

{a+
σ (~p,− ς

2 ), a+
σ′(~p

′,− ς
2 )] = 0

⇒


{ψAς (x), ψ+

A′ς
(x′)} = −i

√
2ΓaAςA′ς∂a∆(x− x′)

{ψAς (x), ψBς (x
′)} = 0

{ψ+
A′ς

(x), ψ+
B′ς

(x′)} = 0

Proof: {ψAς (x), ψ+
A′ς

(x′)}
= 1

(2π)3

∫
λAς (p̂,− ς

2 )λ+
A′ς

(p̂′,− ς
2 ){{a1(~p,− ς

2 ), a+
1 (~p′,− ς

2 )}ei(p·x−p′·x′) + {a+
2 (~p,− ς

2 ), a2(~p′,− ς
2 )}e−ip·(x−x′)}d3~pd3~p′

= 1
(2π)3

∫
λAς (p̂,− ς

2 )λ+
A′ς

(p̂,− ς
2 )[δ3(~p− ~p′)eip·(x−x′) + δ3(~p− ~p′)e−ip·(x−x′)]}d3~pd3~p′

= 1
(2π)3

∫
λAς (p̂,− ς

2 )λ+
A′ς

(p̂,− ς
2 )[eip·(x−x

′) + e−ip·(x−x
′)}d3~p

= −i 1
(2π)3

∫
1

2|~p|
√

2ΓaAςA′ςpa[eip·(x−x
′) + e−ip·(x−x

′)]d3~p

= − 1
(2π)3

∫
1

2|~p|
√

2ΓaAςA′ς∂a[eip·(x−x
′) − e−ip·(x−x′)]d3~p

= −i
√

2ΓaAςA′ς∂a
−i

(2π)3

∫
1

2|~p| [e
ip·(x−x′) − e−ip·(x−x′)]d3~p

= −i
√

2ΓaAςA′ς∂a∆(x− x′)

Thm. 3.5.2.
{aσ(~p,− ς

2 ), a+
σ′(~p

′,− ς
2 )} = δσσ′δ

3(~p− ~p′)
{aσ(~p,− ς

2 ), aσ′(~p
′,− ς

2 )} = 0

{a+
σ (~p,− ς

2 ), a+
σ′(~p

′,− ς
2 )] = 0

⇒


{ψ(τ)

Aς
(x), ψ

(κ)+
A′ς

(x′)} = −i
√

2δτκΓaAςA′ς∂a∆(τ)(x− x′)
{ψ(τ)

Aς
(x), ψ

(κ)
Bς

(x′)} = 0

{ψ(τ)+
A′ς

(x), ψ
(κ)+
B′ς

(x′)} = 0

Proof: {ψ(+)
Aς

(x), ψ
(+)+
A′ς

(x′)}
= 1

(2π)3

∫
λAς (p̂,− ς

2 )λ+
A′ς

(p̂′,− ς
2 ){a1(~p,− ς

2 ), a+
1 (~p′,− ς

2 )}ei(p·x−p′·x′)d3~pd3~p′

= 1
(2π)3

∫
λAς (p̂,− ς

2 )λ+
A′ς

(p̂,− ς
2 )δ3(~p− ~p′)eip·(x−x′)d3~pd3~p′

= 1
(2π)3

∫
λAς (p̂,− ς

2 )λ+
A′ς

(p̂,− ς
2 )eip·(x−x

′)d3~p

= −i 1
(2π)3

∫
1

2|~p|
√

2ΓaAςA′ςpae
ip·(x−x′)d3~p

= − 1
(2π)3

∫
1

2|~p|
√

2ΓaAςA′ς∂ae
ip·(x−x′)d3~p

= −i
√

2ΓaAςA′ς∂a
−i

(2π)3

∫
1

2|~p|e
ip·(x−x′)d3~p

= −i
√

2ΓaAςA′ς∂a∆(+)(x− x′)

Proof: {ψ(−)
Aς

(x), ψ
(−)+
A′ς

(x′)}
= 1

(2π)3

∫
λAς (p̂,− ς

2 )λ+
A′ς

(p̂′,− ς
2 ){a+

2 (~p,− ς
2 ), a2(~p′,− ς

2 )}ei(p·x−p′·x′)d3~pd3~p′

= 1
(2π)3

∫
λAς (p̂,− ς

2 )λ+
A′ς

(p̂,− ς
2 )δ3(~p− ~p′)e−ip·(x−x′)d3~pd3~p′

= 1
(2π)3

∫
λAς (p̂,− ς

2 )λ+
A′ς

(p̂,− ς
2 )e−ip·(x−x

′)d3~p

= −i 1
(2π)3

∫
1

2|~p|
√

2ΓaAςA′ςpae
−ip·(x−x′)d3~p

= 1
(2π)3

∫
1

2|~p|
√

2ΓaAςA′ς∂ae
−ip·(x−x′)d3~p

= i
√

2ΓaAςA′ς∂a
−i

(2π)3

∫
1

2|~p|e
−ip·(x−x′)d3~p

= −i
√

2ΓaAςA′ς∂a∆(−)(x− x′)

3.6 Isochronous anticommutation rules of neutrino field

Cor. 3.6.1.
{ψAς (x), ψ+

A′ς
(x′)} = −i

√
2ΓaAςA′ς∂a∆(x− x′)

{ψAς (x), ψBς (x
′)} = 0

{ψ+
A′ς

(x), ψ+
B′ς

(x′)} = 0

⇒


{ψAς (~r, t), ψ+

A′ς
(~r′, t)} = δAςA′ς δ

3(~r − ~r′)
{ψ̇Aς (~r, t), ψ+

A′ς
(~r′, t)} = (σ · ∇)AςA′ς δ

3(~r − ~r′)
{ψAς (~r, t), ψBς (~r′, t)} = 0

{ψ+
A′ς

(~r, t), ψ+
B′ς

(~r′, t)} = 0

Proof: {ψAς (x), ψ+
A′ς

(x′)} = −i
√

2ΓaAςA′ς∂a∆(x− x′)
⇒ {ψAς (~r, t), ψ+

A′ς
(~r′, t)} = −i

√
2ΓπAςA′ς∂π∆(x− x′)|t=t′

⇔ {ψAς (~r, t), ψ+
A′ς

(~r′, t)} = δAςA′ς δ
3(~r − ~r′)
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Cor. 3.6.2.
{ψAς (~r, t), ψ+

A′ς
(~r′, t)} = δAςA′ς δ

3(~r − ~r′)
{ψAς (~r, t), ψBς (~r′, t)} = 0

{ψ+
A′ς

(~r, t), ψ+
B′ς

(~r′, t)} = 0

⇒


{aσ(~p,− ς

2 ), a+
σ′(~p

′,− ς
2 )} = δσσ′δ

3(~p− ~p′)
{aσ(~p,− ς

2 ), aσ′(~p
′,− ς

2 )} = 0

{a+
σ (~p,− ς

2 ), a+
σ′(~p

′,− ς
2 )] = 0

Proof: {a1(~p,− ς
2 ), a+

1 (~p′,− ς
2 )}

= 1
(2π)3

∫
{λ+Aς (p̂,− ς

2 )ψAς (~r, t)e
−i(~p·~r−Et), λA

′
ς (p̂′,− ς

2 )ψ+
A′ς

(~r′, t)ei(~p
′·~r′−E′t)}d3~rd3~r′

= 1
(2π)3

∫
λ+Aς (p̂,− ς

2 )λA
′
ς (p̂′,− ς

2 ){ψAς (~r, t), ψ+
A′ς

(~r′, t)}e−i(~p·~r−Et)ei(~p′·~r′−E′t)d3~rd3~r′

= 1
(2π)3

∫
λ+Aς (p̂,− ς

2 )λA
′
ς (p̂′,− ς

2 )δAςA′ς δ
3(~r − ~r′)e−i(~p·~r−Et)ei(~p′·~r′−E′t)d3~rd3~r′

= 1
(2π)3

∫
λ+(p̂,− ς

2 )λ(p̂′,− ς
2 )e−i(~p·~r−Et)ei(~p

′·~r−E′t)d3~r

= λ+(p̂,− ς
2 )λ(p̂,− ς

2 )δ3(~p− ~p′)
= δ3(~p− ~p′)

Proof: {a+
2 (~p,− ς

2 ), a2(~p′,− ς
2 )}

= 1
(2π)3

∫
{λ+Aς (p̂,− ς

2 )ψAς (~r, t)e
i(~p·~r−Et), λA

′
ς (p̂′,− ς

2 )ψ+
A′ς

(~r′, t)e−i(~p
′·~r′−E′t)}d3~rd3~r′

= 1
(2π)3

∫
λ+Aς (p̂,− ς

2 )λA
′
ς (p̂′,− ς

2 ){ψAς (~r, t), ψ+
A′ς

(~r′, t)}ei(~p·~r−Et)e−i(~p′·~r′−E′t)d3~rd3~r′

= 1
(2π)3

∫
λ+Aς (p̂,− ς

2 )λA
′
ς (p̂′,− ς

2 )δAςA′ς δ
3(~r − ~r′)ei(~p·~r−Et)e−i(~p′·~r′−E′t)d3~rd3~r′

= 1
(2π)3

∫
λ+(p̂,− ς

2 )λ(p̂′,− ς
2 )ei(~p·~r−Et)e−i(~p

′·~r−E′t)d3~r

= λ+(p̂,− ς
2 )λ(p̂,− ς

2 )δ3(~p− ~p′)
= δ3(~p− ~p′)

3.7 Summary of anticommutation rules for neutrino field

he proof in the above sections exactly forms a logical closed-loop, so it has the following properties:

Cor. 3.7.1.


{aσ(~p,− ς

2 ), a+
σ′(~p

′,− ς
2 )} = δσσ′δ

3(~p− ~p′)
{aσ(~p,− ς

2 ), aσ′(~p
′,− ς

2 )} = 0

{a+
σ (~p,− ς

2 ), a+
σ′(~p

′,− ς
2 )] = 0

⇔


{aσ(~p), a+

σ′(~p
′)} = δσσ′δ

3(~p− ~p′)
{aσ(~p), aσ′(~p

′)} = 0

{a+
σ (~p), a+

σ′(~p
′)] = 0

m m

Cor. 3.7.2.


{ψAς (x), ψ+

A′ς
(x′)} = −i

√
2ΓaAςA′ς∂a∆(x− x′)

{ψAς (x), ψBς (x
′)} = 0

{ψ+
A′ς

(x), ψ+
B′ς

(x′)} = 0

⇔


{ψAς (~r, t), ψ+

A′ς
(~r′, t)} = δAςA′ς δ

3(~r − ~r′)
{ψAς (~r, t), ψBς (~r′, t)} = 0

{ψ+
A′ς

(~r, t), ψ+
B′ς

(~r′, t)} = 0

3.8 Commutative function, causal function, and feynman propagator of neutrino field

Cor. 3.8.1.
∆AςA′ς

( 1
2 ;x) := −

√
2ΓaAςA′ς∂a∆(x)

∆
(+)
AςA′ς

( 1
2 ;x) := −

√
2ΓaAςA′ς∂a∆(+)(x)

∆
(−)
AςA′ς

( 1
2 ;x) := −

√
2ΓaAςA′ς∂a∆(−)(x)

∆
(l)
AςA′ς

( 1
2 ;x) := −

√
2ΓaAςA′ς∂a∆(l)(x)

Cor. 3.8.2.

∆
(c)
AςA′ς

( 1
2 ;x) := −

√
2ΓaAςA′ς∂a∆(c)(x)− i

√
2ΓπAςA′ς δ(t)∆(x) = −

√
2ΓaAςA′ς∂a∆(c)(x)

∆ret
AςA′ς

( 1
2 ;x) := −

√
2ΓaAςA′ς∂a∆ret(x)− i

√
2ΓπAςA′ς δ(t)∆(x) = −

√
2ΓaAςA′ς∂a∆ret(x)

∆adv
AςA′ς

( 1
2 ;x) := −

√
2ΓaAςA′ς∂a∆adv(x)− i

√
2ΓπAςA′ς δ(t)∆(x) = −

√
2ΓaAςA′ς∂a∆adv(x)

∆FAςA′ς
( 1

2 ;x) := −
√

2ΓaAςA′ς∂a∆F (x) +
√

2ΓπAςA′ς δ(t)∆(x) = −
√

2ΓaAςA′ς∂a∆F (x)

= i∆
(c)
AςA′ς

( 1
2 ;x) = 1

(2π)4

∫
∆FAςA′ς

( 1
2 ; p)eipxd4p

∆FAςA′ς
( 1

2 ; p) =
−
√

2Γa
AςA′ς

pa

p2−iε =
iς(σ,iς)a

AςA′ς
pa

p2−iε

Cor. 3.8.3.
[ 1
2∂a + iSab(

1
2 , ς)∂

b]∆( 1
2 ;x) = 0

[ 1
2∂a + iSab(

1
2 , ς)∂

b]∆(+)( 1
2 ;x) = 0

[ 1
2∂a + iSab(

1
2 , ς)∂

b]∆(−)( 1
2 ;x) = 0

[ 1
2∂a + iSab(

1
2 , ς)∂

b]∆(l)( 1
2 ;x) = 0


[ 1
2∂a + iSab(

1
2 , ς)∂

b]∆(c)( 1
2 ;x) = −ς[σ( 1

2 ), i 1
2 ς]aδ(t)∆( 1

2 ;x)|t=0

[ 1
2∂a + iSab(

1
2 , ς)∂

b]∆ret( 1
2 ;x) = −ς[σ( 1

2 ), i 1
2 ς]aδ(t)∆( 1

2 ;x)|t=0

[ 1
2∂a + iSab(

1
2 , ς)∂

b]∆adv( 1
2 ;x) = −ς[σ( 1

2 ), i 1
2 ς]aδ(t)∆( 1

2 ;x)|t=0

[ 1
2∂a + iSab(

1
2 , ς)∂

b]∆F ( 1
2 ;x) = −iς[σ( 1

2 ), i 1
2 ς]aδ(t)∆( 1

2 ;x)|t=0

m m
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Cor. 3.8.4.
[ 1
2∂a + iSab(

1
2 , ς)∂

b]∆( 1
2 ;x) = 0

[ 1
2∂a + iSab(

1
2 , ς)∂

b]∆(+)( 1
2 ;x) = 0

[ 1
2∂a + iSab(

1
2 , ς)∂

b]∆(−)( 1
2 ;x) = 0

[ 1
2∂a + iSab(

1
2 , ς)∂

b]∆(l)( 1
2 ;x) = 0


[ 1
2∂a + iSab(

1
2 , ς)∂

b]∆(c)( 1
2 ;x) = − 1√

2
Γaδ

4(x)

[ 1
2∂a + iSab(

1
2 , ς)∂

b]∆ret( 1
2 ;x) = − 1√

2
Γaδ

4(x)

[ 1
2∂a + iSab(

1
2 , ς)∂

b]∆adv( 1
2 ;x) = − 1√

2
Γaδ

4(x)

[ 1
2∂a + iSab(

1
2 , ς)∂

b]∆F ( 1
2 ;x) = −i 1√

2
Γaδ

4(x)

m m

Cor. 3.8.5.
(σ,−iς)a∂a∆( 1

2 ;x) = 0

(σ,−iς)a∂a∆(+)( 1
2 ;x) = 0

(σ,−iς)a∂a∆(−)( 1
2 ;x) = 0

(σ,−iς)a∂a∆(l)( 1
2 ;x) = 0


(σ,−iς)a∂a∆(c)( 1

2 ;x) = iςδ4(x)

(σ,−iς)a∂a∆ret( 1
2 ;x) = iςδ4(x)

(σ,−iς)a∂a∆adv( 1
2 ;x) = iςδ4(x)

(σ,−iς)a∂a∆F ( 1
2 ;x) = −ςδ4(x)

3.9 Extraction of energy momentum operator in neutrino field

Cor. 3.9.1. H =
∫
|~p|[a+

1 (~p,− ς
2 )a1(~p,− ς

2 )− a2(~p,− ς
2 )a+

2 (~p,− ς
2 )]d3~p

= iς
∫
ψ+(~r, t)σ · ∇ψ(~r, t)d3~r = i

∫
ψ+(~r, t)∂tψ(~r, t)d3~r

Proof: H =
∫
|~p|[a+

1 (~p,− ς
2 )a1(~p,− ς

2 )− a2(~p,− ς
2 )a+

2 (~p,− ς
2 )]d3~p

= 1
(2π)3

∫
|~p|[λA

′
ς

m (p̂,− ς
2 )ψ+

A′ς
(~r′, t)eip·x

′
λ+Aς
m (p̂,− ς

2 )ψAς (~r, t)e
−ip·x

− λA
′
ς

m (p̂,− ς
2 )ψ+

A′ς
(~r′, t)e−ip·x

′
λ+Aς
m (p̂,− ς

2 )ψAς (~r, t)e
ip·x]d3~pd3~rd3~r′

= 1
(2π)3

∫
|~p|λ+Aς

m (p̂,− ς
2 )λ

A′ς
m (p̂,− ς

2 )ψ+
A′ς

(~r′, t)ψAς (~r, t)[e
−i~p·(~r−~r′) − ei~p·(~r−~r′)]d3~pd3~rd3~r′

= 1
(2π)3

∫
(i
√

2)−1(Γa)A
′
ςAςpaψ+

A′ς
(~r′, t)ψAς (~r, t)[e

−i~p·(~r−~r′) − ei~p·(~r−~r′)]d3~pd3~rd3~r′

= iς
∫
ψ+
A′ς

(~r, t)(σ · ∇)A
′
ςAςψAς (~r, t)d

3~r

= iς
∫
ψ+(~r, t)σ · ∇ψ(~r, t)d3~r

= i
∫
ψ+(~r, t)∂tψ(~r, t)d3~r

Cor. 3.9.2. ~P =
∫
~p[a+

1 (~p,− ς
2 )a1(~p,− ς

2 )− a2(~p,− ς
2 )a+

2 (~p,− ς
2 )]d3~p = −i

∫
ψ+(~r, t)∇ψ(~r, t)d3~r

Proof: ~P =
∫
~p[a+

1 (~p,− ς
2 )a1(~p,− ς

2 )− a2(~p,− ς
2 )a+

2 (~p,− ς
2 )]d3~p

= 1
(2π)3

∫
~p[λ

A′ς
m (p̂,− ς

2 )ψ+
A′ς

(~r′, t)eip·x
′
λ+Aς
m (p̂,− ς

2 )ψAς (~r, t)e
−ip·x

− λA
′
ς

m (p̂,− ς
2 )ψ+

A′ς
(~r′, t)e−ip·x

′
λ+Aς
m (p̂,− ς

2 )ψAς (~r, t)e
ip·x]d3~pd3~rd3~r′

= 1
(2π)3

∫
~pλ+Aς

m (p̂,− ς
2 )λ

A′ς
m (p̂,− ς

2 )ψ+
A′ς

(~r′, t)ψAς (~r, t)[e
−i~p·(~r−~r′) − ei~p·(~r−~r′)]d3~pd3~rd3~r′

= 1
(2π)3

∫
p̂
|~p| (i
√

2)−1(Γa)A
′
ςAςpaψ+

A′ς
(~r′, t)ψAς (~r, t)[e

−i~p·(~r−~r′) − ei~p·(~r−~r′)]d3~pd3~rd3~r′

= 1
(2π)3

1
2

∫
~pδA

′
ςAςψ+

A′ς
(~r′, t)ψAς (~r, t)[e

−i~p·(~r−~r′) − ei~p·(~r−~r′)]d3~pd3~rd3~r′

= − 1
(2π)3

∫
~pδA

′
ςAςψ+

A′ς
(~r′, t)ψAς (~r, t)e

i~p·(~r−~r′)d3~pd3~rd3~r′

= i 1
(2π)3

∫
δA
′
ςAςψ+

A′ς
(~r′, t)ψAς (~r, t)∇ei~p·(~r−~r

′)d3~pd3~rd3~r′

= i
∫
δA
′
ςAςψ+

A′ς
(~r′, t)ψAς (~r, t)∇δ3(~r − ~r′)d3~rd3~r′

= −i
∫
ψ+(~r, t)∇ψ(~r, t)d3~r

Cor. 3.9.3. P a =
∫
pa[a+

1 (~p,− ς
2 )a1(~p,− ς

2 )− a2(~p,− ς
2 )a+

2 (~p,− ς
2 )]d3~p = −i

∫
ψ+(~r, t)∂aψ(~r, t)d3~r

3.10 Extraction of lepton number operator in neutrino field

Cor. 3.10.1. Q =
∫

[a+
1 (~p,− ς

2 )a1(~p,− ς
2 ) + a2(~p,− ς

2 )a+
2 (~p,− ς

2 )]d3~p =
∫
ψ+(~r, t)ψ(~r, t)d3~r

Proof: Q =
∫

[a+
1 (~p,− ς

2 )a1(~p,− ς
2 ) + a2(~p,− ς

2 )a+
2 (~p,− ς

2 )]d3~p

= 1
(2π)3

∫
λA
′
ς (p̂,− ς

2 )λ+Aς (p̂,− ς
2 )ψ+

A′ς
(~r′, t)ψAς (~r, t)[e

−i~p·(~r−~r′) + ei~p·(~r−~r
′)]d3~pd3~rd3~r′

= 1
(2π)3

1
i
√

2

∫
(Γa)A

′
ςAς p̂aψ

+
A′ς

(~r′, t)ψAς (~r, t)[e
−i~p·(~r−~r′) + ei~p·(~r−~r

′)]d3~pd3~rd3~r′

= 1
(2π)3

1
i
√

2

∫
( i√

2
)1δA

′
ςAςψ+

A′ς
(~r′, t)ψAς (~r, t)[e

−i~p·(~r−~r′) + ei~p·(~r−~r
′)]d3~pd3~rd3~r′

=
∫
ψ+(~r′, t)ψ(~r, t)δ3(~r − ~r′)d3~rd3~r′

=
∫
ψ+(~r, t)ψ(~r, t)d3~r
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3.11 Extraction of particle number operator in neutrino field

Cor. 3.11.1. N =
∫

[a+
1 (~p,− ς

2 )a1(~p,− ς
2 )− a2(~p,− ς

2 )a+
2 (~p,− ς

2 )]d3~p =
∫
ψ+(~r, t) i∂t√

−∇2
ψ(~r, t)d3~r

Proof: N =
∫

[a+
1 (~p,− ς

2 )a1(~p,− ς
2 )− a2(~p,− ς

2 )a+
2 (~p,− ς

2 )]d3~p

= 1
(2π)3

∫
λA
′
ς (p̂,− ς

2 )λ+Aς (p̂,− ς
2 )ψ+

A′ς
(~r′, t)ψAς (~r, t)[e

−ip·(~r−~r′) − eip·(~r−~r′)]d3~pd3~rd3~r′

= 1
(2π)3

1
i
√

2

∫
(Γa)A

′
ςAς p̂aψ

+
A′ς

(~r′, t)ψAς (~r, t)[e
−ip·(~r−~r′) − eip·(~r−~r′)]d3~pd3~rd3~r′

= 1
(2π)3

1
i
√

2

∫
[−iς( 1√

2
)1(σi)A

′
ςAς p̂i]ψ

+
A′ς

(~r′, t)ψAς (~r, t)[e
−ip·(~r−~r′) − eip·(~r−~r′)]d3~pd3~rd3~r′

= −ς 1
(2π)3

∫
ψ+
A′ς

(~r′, t)ψAς (~r, t)(σ · p̂)A
′
ςAςe−ip·(~r−~r

′)d3~pd3~rd3~r′

= −i 1
(2π)3

∫
ψ+
A′ς

(~r′, t)ψAς (~r, t)
(σ·∇)A

′
ςAς

√
−∇2

e−ip·(~r−~r
′)d3~pd3~rd3~r′

= −iς
∫
ψ+
A′ς

(~r′, t)ψAς (~r, t)
(σ·∇)A

′
ςAς

√
−∇2

δ3(~r − ~r′)d3~rd3~r′

= iς
∫
ψ+
A′ς

(~r, t) (σ·∇)A
′
ςAς

√
−∇2

ψAς (~r, t)d
3~r

= iς
∫
ψ+(~r, t) σ·∇√

−∇2
ψ(~r, t)d3~r

=
∫
ψ+(~r, t) i∂t√

−∇2
ψ(~r, t)d3~r

3.12 Extraction of angular momentum operator in neutrino field

3.12.1 Space orbit angular momentum operator in neutrino field

Thm. 3.12.1. Lij = −i
∫
ψ+(~r, t)(ri∂j − rj∂i)ψ(~r, t)d3~r

= i
∫
{a+

1 (~p,− ς
2 )(pj∂pi − pi∂pj )a1(~p,− ς

2 ) + a2(~p,− ς
2 )(pj∂pi − pi∂pj )a+

2 (~p,− ς
2 )}d3~p

Proof: L
(+)
ij = −i

∫
ψ(+)+(~r, t)(ri∂j − rj∂i)ψ(+)(~r, t)d3~r

= −i 1
(2π)3/2

∫
[λ+(p̂′,− ς

2 )a+
1 (~p′,− ς

2 )ei|~p
′|t][λ(p̂,− ς

2 )a1(~p,− ς
2 )e−i|~p|t][(ri∂j − rj∂i)ei(~p−~p

′)·~r]d3~pd3~p′d3~r

= −i 1
(2π)3/2

∫
[λ+(p̂′,− ς

2 )a+
1 (~p′,− ς

2 )eiς|~p
′|t][λ(p̂,− ς

2 )a1(~p,− ς
2 )e−iς|~p|t][(ri∂j − rj∂i)eiς(~p−~p

′)·~r]d3~pd3~p′d3~r

= −i
∫

[λ+(p̂′,− ς
2 )a+

1 (~p′,− ς
2 )eiς|~p

′|t][λ(p̂,− ς
2 )a1(~p,− ς

2 )e−iς|~p|t](pj∂pi − pi∂pj )eiς(~p−~p
′)·~rd3~pd3~p′

= −i
∫

[λ+(p̂′,− ς
2 )a+

1 (~p′,− ς
2 )eiς|~p

′|t][λ(p̂,− ς
2 )a1(~p,− ς

2 )e−iς|~p|t](pj∂pi − pi∂pj )δ3(~p− ~p′)d3~pd3~p′

= i
∫

[λ+(p̂,− ς
2 )a+

1 (~p,− ς
2 )eiς|~p|t](pj∂pi − pi∂pj )[λ(p̂,− ς

2 )a1(~p,− ς
2 )e−iς|~p|t]d3~p

= i
∫

[λ+(p̂,− ς
2 )a+

1 (~p,− ς
2 )eiς|~p|t]λ(p̂,− ς

2 )e−iς|~p|t(pj∂pi − pi∂pj )a1(~p,− ς
2 )d3~p

= i
∫
a+

1 (~p,− ς
2 )(pj∂pi − pi∂pj )a1(~p,− ς

2 )d3~p+ i
∫
a+

1 (~p,− ς
2 )a1(~p,− ς

2 )pi
−ipyδjx+ipxδjy

2p(1+p̂z) d3~p

Proof: L
(−ς)
ij = −i

∫
ψ(−ς)+(~r, t)(ri∂j − rj∂i)ψ(−ς)(~r, t)d3~r

= −i 1
(2π)3/2

∫
[λ+(p̂′,− ς

2 )a2(~p′,− ς
2 )e−iς|~p

′|t][λ(p̂,− ς
2 )a+

2 (~p,− ς
2 )eiς|~p|t][(ri∂j − rj∂i)e−iς(~p−~p

′)·~r]d3~pd3~p′d3~r

= −i 1
(2π)3/2

∫
[λ+(p̂′,− ς

2 )a2(~p′,− ς
2 )e−iς|~p

′|t][λ(p̂,− ς
2 )a+

2 (~p,− ς
2 )eiς|~p|t][(ri∂j − rj∂i)e−iς(~p−~p

′)·~r]d3~pd3~p′d3~r

= −i
∫

[λ+(p̂′,− ς
2 )a2(~p′,− ς

2 )e−iς|~p
′|t][λ(p̂,− ς

2 )a+
2 (~p,− ς

2 )eiς|~p|t](pj∂pi − pi∂pj )e−iς(~p−~p
′)·~rd3~pd3~p′

= −i
∫

[λ+(p̂′,− ς
2 )a2(~p′,− ς

2 )e−iς|~p
′|t][λ(p̂,− ς

2 )a+
2 (~p,− ς

2 )eiς|~p|t](pj∂pi − pi∂pj )δ3(~p− ~p′)d3~pd3~p′

= i
∫

[λ+(p̂,− ς
2 )a2(~p,− ς

2 )e−iς|~p|t](pj∂pi − pi∂pj )[λ(p̂,− ς
2 )a+

2 (~p,− ς
2 )eiς|~p|t]d3~p

= i
∫

[λ+(p̂,− ς
2 )a2(~p,− ς

2 )e−iς|~p|t]λ(p̂,− ς
2 )eiς|~p|t(pj∂pi − pi∂pj )a+

2 (~p,− ς
2 )d3~p

= i
∫
a2(~p,− ς

2 )(pj∂pi − pi∂pj )a+
2 (~p,− ς

2 )d3~p

Proof: L
(+−ς)
ij = −i

∫
ψ(+ς)+(~r, t)(ri∂j − rj∂i)ψ(−ς)(~r, t)d3~r

= −i 1
(2π)3/2

∫
[λ+(p̂′,− ς

2 )a+
1 (~p′,− ς

2 )eiς|~p
′|t][λ(p̂,− ς

2 )a2(~p,− ς
2 )eiς|~p|t][(ri∂j − rj∂i)e−iς(~p+~p

′)·~r]d3~pd3~p′d3~r

= −i 1
(2π)3/2

∫
[λ+(p̂′,− ς

2 )a+
1 (~p′,− ς

2 )eiς|~p
′|t][λ(p̂,− ς

2 )a+
2 (~p,− ς

2 )eiς|~p|t][(ri∂j − rj∂i)e−iς(~p+~p
′)·~r]d3~pd3~p′d3~r

= −i
∫

[λ+(p̂′,− ς
2 )a+

1 (~p′,− ς
2 )eiς|~p

′|t][λ(p̂,− ς
2 )a+

2 (~p,− ς
2 )eiς|~p|t](pj∂pi − pi∂pj )e−iς(~p+~p

′)·~rd3~pd3~p′

= −i
∫

[λ+(p̂′,− ς
2 )a+

1 (~p′,− ς
2 )eiς|~p

′|t][λ(p̂,− ς
2 )a+

2 (~p,− ς
2 )eiς|~p|t](pj∂pi − pi∂pj )δ3(~p+ ~p′)d3~pd3~p′

= i
∫

[λ+(−p̂,− ς
2 )a+

1 (−~p,− ς
2 )eiς|~p|t](pj∂pi − pi∂pj )[λ(p̂,− ς

2 )a+
2 (~p,− ς

2 )eiς|~p|t]d3~p

= i
∫

[λ+(−p̂,− ς
2 )a+

1 (−~p,− ς
2 )eiς|~p|t]λ(p̂,− ς

2 )eiς|~p|t(pj∂pi − pi∂pj )a+
2 (~p,− ς

2 )d3~p
= 0

Proof: L
(−+ς)
ij = −i

∫
ψ(−ς)+(~r, t)(ri∂j − rj∂i)ψ(+ς)(~r, t)d3~r

= −i 1
(2π)3/2

∫
[λ+(p̂′,− ς

2 )a2(~p′,− ς
2 )e−iς|~p

′|t][λ(p̂,− ς
2 )a1(~p,− ς

2 )e−iς|~p|t][(ri∂j − rj∂i)eiς(~p+~p
′)·~r]d3~pd3~p′d3~r

= −i 1
(2π)3/2

∫
[λ+(p̂′,− ς

2 )a2(~p′,− ς
2 )e−iς|~p

′|t][λ(p̂,− ς
2 )a1(~p,− ς

2 )e−iς|~p|t][(ri∂j − rj∂i)eiς(~p+~p
′)·~r]d3~pd3~p′d3~r

= −i
∫

[λ+(p̂′,− ς
2 )a2(~p′,− ς

2 )e−iς|~p
′|t][λ(p̂,− ς

2 )a1(~p,− ς
2 )e−iς|~p|t](pj∂pi − pi∂pj )eiς(~p+~p

′)·~rd3~pd3~p′

= −i
∫

[λ+(p̂′,− ς
2 )a2(~p′,− ς

2 )e−iς|~p
′|t][λ(p̂,− ς

2 )a1(~p,− ς
2 )e−iς|~p|t](pj∂pi − pi∂pj )δ3(~p+ ~p′)d3~pd3~p′

= i
∫

[λ+(−p̂,− ς
2 )a2(−~p,− ς

2 )e−iς|~p|t](pj∂pi − pi∂pj )[λ(p̂,− ς
2 )a1(~p,− ς

2 )e−iς|~p|t]d3~p
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= i
∫

[λ+(−p̂,− ς
2 )a2(−~p,− ς

2 )e−iς|~p|t]λ(p̂,− ς
2 )e−iς|~p|t(pj∂pi − pi∂pj )a1(~p,− ς

2 )d3~p
= 0

Proof: Mij = −i
∫
ψ(+ς)+(~r, t)(ri∂j − rj∂i)ψ(+ς)(~r, t)d3~r

= −i 1
(2π)3/2

∫
d3~pd3~p′d3~r

λ+(p̂′,− ς
2 )λ(p̂,− ς

2 )[a+
1 (~p′,− ς

2 )e−iςp
′·x + a2(~p′,− ς

2 )eiςp
′·x](ri∂j − rj∂i)[a1(~p,− ς

2 )eiςp·x + a+
2 (~p,− ς

2 )e−iςp·x]

= L
(+ς)
ij + L

(−ς)
ij + L

(+−ς)
ij + L

(−+ς)
ij

= i
∫
{a+

1 (~p,− ς
2 )(pj∂pi − pi∂pj )a1(~p,− ς

2 ) + a2(~p,− ς
2 )(pj∂pi − pi∂pj )a+

2 (~p,− ς
2 )}d3~p

Cor. 3.12.1.
∫

(pj∂pi − pi∂pj )[a+
1 (~p,− ς

2 )a1(~p,− ς
2 )]d3~p = 0,

∫
(pj∂pi − pi∂pj )[a2(~p,− ς

2 )a+
2 (~p,− ς

2 )]d3~p = 0

3.12.2 Time orbit angular momentum operator in neutrino field

Thm. 3.12.2. Liπ = −i
∫
ψ+(~r, t)[ri∂π − it∂i]ψ(~r, t)d3~r

= −
∫
a+

1 (~p,− ς
2 )∂pi{|~p|a1(~p,− ς

2 )}+ a2(~p,− ς
2 )∂pi{|~p|a+

2 (~p,− ς
2 )}d3~p

Proof: L
(+ς)
iπ = −i

∫
ψ(+ς)+(~r, t)[ri∂π − it∂i]ψ(+ς)(~r, t)d3~r

= 1
(2π)3/2

∫
[λ+(p̂′,− ς

2 )a+
1 (~p′,− ς

2 )eiς|~p
′|t][|~p|λ(p̂,− ς

2 )a1(~p,− ς
2 )e−iς|~p|t][iςrie

iς(~p−~p′)·~r]d3~pd3~p′d3~r

− iςt
∫
pia+

1 (~p,− ς
2 )a1(~p,− ς

2 )d3~p

= 1
(2π)3/2

∫
[λ+(p̂′,− ς

2 )a+
1 (~p′,− ς

2 )eiς|~p
′|t][|~p|λ(p̂,− ς

2 )a1(~p,− ς
2 )e−iς|~p|t][iςrie

iς(~p−~p′)·~r]d3~pd3~p′d3~r

− iςt
∫
pia+

1 (~p,− ς
2 )a1(~p,− ς

2 )d3~p

=
∫

[λ+(p̂′,− ς
2 )a+

1 (~p′,− ς
2 )eiς|~p

′|t][|~p|λ(p̂,− ς
2 )a1(~p,− ς

2 )e−iς|~p|t]∂pie
iς(~p−~p′)·~rd3~pd3~p′ − iςt

∫
pia+

1 (~p,− ς
2 )a1(~p,− ς

2 )d3~p

=
∫

[λ+(p̂′,− ς
2 )a+

1 (~p′,− ς
2 )eiς|~p

′|t][|~p|λ(p̂,− ς
2 )a1(~p,− ς

2 )e−iς|~p|t]∂piδ
3(~p− ~p′)d3~pd3~p′ − iςt

∫
pia+

1 (~p,− ς
2 )a1(~p,− ς

2 )d3~p

= −
∫

[λ+(p̂,− ς
2 )a+

1 (~p,− ς
2 )eiς|~p|t]∂pi [|~p|λ(p̂,− ς

2 )a1(~p,− ς
2 )e−iς|~p|t]d3~p− iςt

∫
pia+

1 (~p,− ς
2 )a1(~p,− ς

2 )d3~p

= −
∫
a+

1 (~p,− ς
2 )(∂pi |~p| − iςtpi)a1(~p,− ς

2 )d3~p− iςt
∫
pia+

1 (~p,− ς
2 )a1(~p,− ς

2 )d3~p

= −
∫
a+

1 (~p,− ς
2 )∂pi{|~p|a1(~p,− ς

2 )}d3~p

Proof: L
(−ς)
iπ = −i

∫
ψ(−ς)+(~r, t)[ri∂π − it∂i]ψ(−ς)(~r, t)d3~r

= i
∫
ψ(−ς)+(~r, t)rii∂tψ

(−ς)(~r, t)d3~r − it[−i
∫
ψ(−ς)+(~r, t)∂iψ

(−ς)(~r, t)d3~r]

= 1
(2π)3/2

∫
[λ+(p̂′,− ς

2 )a2(~p′,− ς
2 )e−iς|~p

′|t][|~p|λ(p̂,− ς
2 )a+

2 (~p,− ς
2 )eiς|~p|t][−iςrie−iς(~p−~p

′)·~r]d3~pd3~p′d3~r

+ iςt
∫
pia2(~p,− ς

2 )a+
2 (~p,− ς

2 )d3~p

= 1
(2π)3/2

∫
[λ+(p̂′,− ς

2 )a2(~p′,− ς
2 )e−iς|~p

′|t][|~p|λ(p̂,− ς
2 )a+

2 (~p,− ς
2 )eiς|~p|t][−iςrie−iς(~p−~p

′)·~r]d3~pd3~p′d3~r

+ iςt
∫
pia2(~p,− ς

2 )a+
2 (~p,− ς

2 )d3~p

=
∫

[λ+(p̂′,− ς
2 )a2(~p′,− ς

2 )e−iς|~p
′|t][|~p|λ(p̂,− ς

2 )a+
2 (~p,− ς

2 )eiς|~p|t]∂pie
iς(~p−~p′)·~rd3~pd3~p′ + iςt

∫
pia2(~p,− ς

2 )a+
2 (~p,− ς

2 )d3~p

=
∫

[λ+(p̂′,− ς
2 )a2(~p′,− ς

2 )e−iς|~p
′|t][|~p|λ(p̂,− ς

2 )a+
2 (~p,− ς

2 )eiς|~p|t]∂piδ
3(~p− ~p′)d3~pd3~p′ + iςt

∫
pia2(~p,− ς

2 )a+
2 (~p,− ς

2 )d3~p

= −
∫

[λ+(p̂,− ς
2 )a2(~p,− ς

2 )e−iς|~p|t]∂pi [|~p|λ(p̂,− ς
2 )a+

2 (~p,− ς
2 )eiς|~p|t]d3~p+ iςt

∫
pia2(~p,− ς

2 )a+
2 (~p,− ς

2 )d3~p

= −
∫
a2(~p,− ς

2 )(∂pi |~p|+ iςtpi)a+
2 (~p,− ς

2 )d3~p+ iςt
∫
pia2(~p,− ς

2 )a+
2 (~p,− ς

2 )d3~p

= −
∫
a2(~p,− ς

2 )∂pi{|~p|a+
2 (~p,− ς

2 )}d3~p

Proof: L
(+−ς)
iπ = −i

∫
ψ(+ς)+(~r, t)[ri∂π − it∂i]ψ(−ς)(~r, t)d3~r

= i
∫
ψ(+ς)+(~r, t)rii∂tψ

(−ς)(~r, t)d3~r − it[−i
∫
ψ(+ς)+(~r, t)∂iψ

(−ς)(~r, t)d3~r]
= i
∫
ψ(+ς)+(~r, t)rii∂tψ

(−ς)(~r, t)d3~r + 0

= 1
(2π)3/2

∫
[λ+(p̂′,− ς

2 )a+
1 (~p′,− ς

2 )eiς|~p
′|t][|~p|λ(p̂,− ς

2 )a+
2 (~p,− ς

2 )eiς|~p|t][−iςrie−iς(~p+~p
′)·~r]d3~pd3~p′d3~r

= 1
(2π)3/2

∫
[λ+(p̂′,− ς

2 )a+
1 (~p′,− ς

2 )eiς|~p
′|t][|~p|λ(p̂,− ς

2 )a+
2 (~p,− ς

2 )eiς|~p|t][−iςrie−iς(~p+~p
′)·~r]d3~pd3~p′d3~r

=
∫

[λ+(p̂′,− ς
2 )a+

1 (~p′,− ς
2 )eiς|~p

′|t][|~p|λ(p̂,− ς
2 )a+

2 (~p,− ς
2 )eiς|~p|t]∂pie

iς(~p+~p′)·~rd3~pd3~p′

=
∫

[λ+(p̂′,− ς
2 )a+

1 (~p′,− ς
2 )eiς|~p

′|t][|~p|λ(p̂,− ς
2 )a+

2 (~p,− ς
2 )eiς|~p|t]∂piδ

3(~p+ ~p′)d3~pd3~p′

= −
∫

[λ+(−p̂,− ς
2 )a+

1 (−~p,− ς
2 )eiς|~p|t]∂pi [|~p|λ(p̂,− ς

2 )a+
2 (~p,− ς

2 )eiς|~p|t]d3~p
= 0

Proof: L
(−+ς)
iπ = −i

∫
ψ(−ς)+(~r, t)[ri∂π − it∂i]ψ(+ς)(~r, t)d3~r

= i
∫
ψ(−ς)+(~r, t)rii∂tψ

(+ς)(~r, t)d3~r − it[−i
∫
ψ(−ς)+(~r, t)∂iψ

(+ς)(~r, t)d3~r]
= i
∫
ψ(+ς)+(~r, t)rii∂tψ

(−ς)(~r, t)d3~r + 0

= 1
(2π)3/2

∫
[λ+(p̂′,− ς

2 )a2(~p′,− ς
2 )e−iς|~p

′|t][|~p|λ(p̂,− ς
2 )a1(~p,− ς

2 )e−iς|~p|t][iςrie
iς(~p+~p′)·~r]d3~pd3~p′d3~r

= 1
(2π)3/2

∫
[λ+(p̂′,− ς

2 )a2(~p′,− ς
2 )e−iς|~p

′|t][|~p|λ(p̂,− ς
2 )a1(~p,− ς

2 )e−iς|~p|t][iςrie
iς(~p+~p′)·~r]d3~pd3~p′d3~r

=
∫

[λ+(p̂′,− ς
2 )a2(~p′,− ς

2 )e−iς|~p
′|t][|~p|λ(p̂,− ς

2 )a1(~p,− ς
2 )e−iς|~p|t]∂pie

−iς(~p+~p′)·~rd3~pd3~p′

=
∫

[λ+(p̂′,− ς
2 )a2(~p′,− ς

2 )e−iς|~p
′|t][|~p|λ(p̂,− ς

2 )a1(~p,− ς
2 )e−iς|~p|t]∂piδ

3(~p+ ~p′)d3~pd3~p′

= −
∫

[λ+(−p̂,− ς
2 )a2(−~p,− ς

2 )e−iς|~p|t]∂pi [|~p|λ(p̂,− ς
2 )a1(~p,− ς

2 )e−iς|~p|t]d3~p
= 0
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Proof: Miπ = −i
∫
ψ+(~r, t)[ri∂π − it∂i]ψ(~r, t)d3~r

= i
∫
ψ+(~r, t)rii∂tψ(~r, t)d3~r − it[−i

∫
ψ(+ς)+(~r, t)∂iψ

(+ς)(~r, t)d3~r]

= 1
(2π)3/2

∫
|~p|λ+(p̂′,− ς

2 )λ(p̂,− ς
2 )[a+

1 (~p′,− ς
2 )e−iςp

′·x + a2(~p′,− ς
2 )eiςp

′·x]iςri[a1(~p,− ς
2 )eiςp·x − a+

2 (~p,− ς
2 )e−iςp·x]

d3~pd3~p′d3~r − iςt
∫
pia+

1 (~p,− ς
2 )a1(~p,− ς

2 )d3~p

= L
(+ς)
iπ + L

(−ς)
iπ + L

(+−ς)
iπ + L

(−+ς)
iπ

= −
∫
a+

1 (~p,− ς
2 )∂pi{|~p|a1(~p,− ς

2 )}+ a2(~p,− ς
2 )∂pi{|~p|a+

2 (~p,− ς
2 )}d3~p

3.12.3 Spin angular momentum operator in neutrino field

Thm. 3.12.3. Sab =
∫
ψ+(~r, t)Sab(

1
2 , ς)ψ(~r, t)d3~r = iσαςςab

∫
ψ+(~r, t)σας (

1
2 )ψ(~r, t)d3~r

= −iς
2 σαςςab

∫
p̂ας [a

+
1 (~p,− ς

2 )a1(~p,− ς
2 ) + a2(~p,− ς

2 )a+
2 (~p,− ς

2 )]d3~p

Thm. 3.12.4. ŝας =
∫
ψ+(~r, t)σας (

1
2 )ψ(~r, t)d3~r = − ς

2

∫
p̂ας [a

+
1 (~p,− ς

2 )a1(~p,− ς
2 ) + a2(~p,− ς

2 )a+
2 (~p,− ς

2 )]d3~p

Proof: ŝ
(+)
ας =

∫
ψ(+)+(~r, t)σαςψ

(+)(~r, t)d3~r

= 1
(2π)3/2

∫
[λ+(p̂′,− ς

2 )a+
1 (~p′,− ς

2 )ei|~p
′|t]σας (

1
2 )[λ(p̂,− ς

2 )a1(~p,− ς
2 )e−i|~p|t]ei(~p−~p

′)·~rd3~pd3~p′d3~r

=
∫

[λ+(p̂′,− ς
2 )a+

1 (~p′,− ς
2 )ei|~p

′|t]σας (
1
2 )[λ(p̂,− ς

2 )a1(~p,− ς
2 )e−i|~p|t]δ3(~p− ~p′)d3~pd3~p′

=
∫

[λ+(p̂,− ς
2 )a+

1 (~p,− ς
2 )ei|~p|t]σας (

1
2 )[λ(p̂,− ς

2 )a1(~p,− ς
2 )e−i|~p|t]d3~p

= − ς
2

∫
a+

1 (~p,− ς
2 )p̂αςa1(~p,− ς

2 )d3~p

Proof: ŝ
(−)
ας =

∫
ψ(−)+(~r, t)σαςψ

(−)(~r, t)d3~r

= 1
(2π)3/2

∫
[λ+(p̂′,− ς

2 )a2(~p′,− ς
2 )e−i|~p

′|t]σας (
1
2 )[λ(p̂,− ς

2 )a+
2 (~p,− ς

2 )ei|~p|t]e−i(~p−~p
′)·~rd3~pd3~p′d3~r

=
∫

[λ+(p̂′,− ς
2 )a2(~p′,− ς

2 )e−i|~p
′|t]σας (

1
2 )[λ(p̂,− ς

2 )a+
2 (~p,− ς

2 )ei|~p|t]δ3(~p− ~p′)d3~pd3~p′

=
∫

[λ+(p̂,− ς
2 )a2(~p,− ς

2 )e−i|~p|t]σας (
1
2 )[λ(p̂,− ς

2 )a+
2 (~p,− ς

2 )ei|~p|t]d3~p

= − ς
2

∫
a2(~p,− ς

2 )p̂αςa
+
2 (~p,− ς

2 )d3~p

Proof: ŝ
(+−)
ας =

∫
ψ(+)+(~r, t)σαςψ

(−)(~r, t)d3~r

= 1
(2π)3/2

∫
[λ+(p̂′,− ς

2 )a+
1 (~p′,− ς

2 )ei|~p
′|t]σας (

1
2 )[λ(p̂,− ς

2 )a+
2 (~p,− ς

2 )ei|~p|t]e−i(~p+~p
′)·~rd3~pd3~p′d3~r

=
∫

[λ+(p̂′,− ς
2 )a+

1 (~p′,− ς
2 )ei|~p

′|t]σας (
1
2 )[λ(p̂,− ς

2 )a+
2 (~p,− ς

2 )ei|~p|t]δ3(~p+ ~p′)d3~pd3~p′

=
∫

[λ+(−p̂,− ς
2 )a+

1 (−~p,− ς
2 )ei|~p|t]σας (

1
2 )[λ(p̂,− ς

2 )a+
2 (~p,− ς

2 )ei|~p|t]d3~p
6= 0

Proof: ŝ
(−+)
ας =

∫
ψ(−)+(~r, t)σαςψ

(−)(~r, t)d3~r

= 1
(2π)3/2

∫
[λ+(p̂′,− ς

2 )a2(~p′,− ς
2 )e−i|~p

′|t]σας (
1
2 )[λ(p̂,− ς

2 )a1(~p,− ς
2 )e−i|~p|t]ei(~p+~p

′)·~rd3~pd3~p′d3~r

=
∫

[λ+(p̂′,− ς
2 )a2(~p′,− ς

2 )e−i|~p
′|t]σας (

1
2 )[λ(p̂,− ς

2 )a1(~p,− ς
2 )e−i|~p|t]δ3(~p+ ~p′)d3~pd3~p′

=
∫

[λ+(−p̂,− ς
2 )a2(−~p,− ς

2 )e−i|~p|t]σας (
1
2 )[λ(p̂,− ς

2 )a1(~p,− ς
2 )e−i|~p|t]d3~p

6= 0

Proof: ŝας =
∫
ψ+(~r, t)σας (

1
2 )ψ(~r, t)d3~r

= 1
(2π)3/2

∫
d3~pd3~p′d3~r

λ+(p̂′,− ς
2 )σας (

1
2 )λ(p̂,− ς

2 )[a+
1 (~p′,− ς

2 )e−ip
′·x + a2(~p′,− ς

2 )eip
′·x][a1(~p,− ς

2 )eip·x + a+
2 (~p,− ς

2 )e−ip·x]

= ŝ
(+)
ας + ŝ

(−)
ας + ŝ

(+−)
ας + ŝ

(−+)
ας

= − ς
2

∫
p̂ας [a

+
1 (~p,− ς

2 )a1(~p,− ς
2 ) + a2(~p,− ς

2 )a+
2 (~p,− ς

2 )]d3~p

Proof: [ŝας , ŝβς ]
=
∫
p̂ας p̂

′
βς

[[a+
1 (~p,− ς

2 )a1(~p,− ς
2 ) + a2(~p,− ς

2 )a+
2 (~p,− ς

2 )], [a+
1 (~p′,− ς

2 )a1(~p′,− ς
2 ) + a2(~p′,− ς

2 )a+
2 (~p′,− ς

2 )]]d3~pd3~p′

6= 0

Cor. 3.12.2. [ŝας , ŝβς ] = iεαςβς
γς ŝγς

Proof: [ŝας , ŝβς ] =
∫
d3~rd3~r′σας (

1
2 )A

′
ςAςσβς (

1
2 )B

′
ςBς [ψ+

A′ς
(~r, t)ψAς (~r, t), ψ

+
B′ς

(~r′, t)ψBς (~r
′, t)]

=
∫
d3~rd3~r′σας (

1
2 )A

′
ςAς (σβς )

B′ςBς

{−[ψ+
B′ς

(~r′, t), ψ+
A′ς

(~r, t)ψAς (~r, t)]ψBς (~r
′, t)− ψ+

B′ς
(~r′, t)[ψBς (~r

′, t), ψ+
A′ς

(~r, t)ψAς (~r, t)]}
=
∫
d3~rd3~r′σας (

1
2 )A

′
ςAςσβς (

1
2 )B

′
ςBς

{ψ+
A′ς

(~r, t){ψ+
B′ς

(~r′, t), ψAς (~r, t)}ψBς (~r′, t)− ψ+
B′ς

(~r′, t){ψBς (~r′, t), ψ+
A′ς

(~r, t)}ψAς (~r, t)}
=
∫
d3~rσας (

1
2 )A

′
ςAςσβς (

1
2 )B

′
ςBς{ψ+

A′ς
(~r, t)δAςB′ςψBς (~r

′, t)− ψ+
B′ς

(~r′, t)δA′ςBςψAς (~r, t)}
=
∫
d3~r{ψ+(~r, t)σας (

1
2 )σβς (

1
2 )ψ(~r′, t)− ψ+(~r′, t)σβς (

1
2 )σας (

1
2 )ψ(~r, t)}

=
∫
d3~rψ+(~r, t)[σας (

1
2 ), σβς (

1
2 )]ψ(~r′, t)

= iεαςβς
γς ŝγς
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Combining the above two points, we have come to some strange conclusions below the free field. The
physical meaning is that positive and negative particles must be produced and annihilated in pairs.

Cor. 3.12.3. ŝας 6= 0

3.13 Summary of angular momentum operator in neutrino field

Def. 3.13.1. ∂̃a := ∂pa , ∂̃π ≡ 1
i|~p|

Cor. 3.13.1. Lij = −i
∫
ψ+(~r, t)(ri∂j − rj∂i)ψ(~r, t)d3~r

= −i
∫
{a+

1 (~p,− ς
2 )(pi∂pj − pj∂pi)a1(~p,− ς

2 ) + a2(~p,− ς
2 )(pi∂pj − pj∂pi)a+

2 (~p,− ς
2 )}d3~p

Cor. 3.13.2. Liπ = −i
∫
ψ+(~r, t)[ri∂π − it∂i]ψ(~r, t)d3~r

= −i
∫
a+

1 (~p,− ς
2 )( pii|~p| − i|~p|∂pi)a1(~p,− ς

2 ) + a2(~p,− ς
2 )( pii|~p| − i|~p|∂pi)a

+
2 (~p,− ς

2 )d3~p

Cor. 3.13.3. Sab =
∫
ψ+(~r, t)Sab(

1
2 , ς)ψ(~r, t)d3~r = i

2σ
ας
ςab

∫
ψ+(~r, t)σαςψ(~r, t)d3~r

= −i
∫

[a+
1 (~p,− ς

2 ) ς2σ
ας
ςabp̂αςa1(~p,− ς

2 ) + a2(~p,− ς
2 ) ς2σ

ας
ςabp̂αςa

+
2 (~p,− ς

2 )]d3~p

Cor. 3.13.4. M̂ab = −i(xa∂b − xb∂a) + Ŝab, M̃ab = −i(pa∂̃b − pb∂̃a) + −iς
2 σαςςabp̂ας

The following important theorems are obtained.

Thm. 3.13.1. Mab =
∫
ψ+(~r, t)M̂abψ(~r, t)d3~r =

∫
{a+

1 (~p,− ς
2 )M̃aba1(~p,− ς

2 ) + a2(~p,− ς
2 )M̃aba

+
2 (~p,− ς

2 )}d3~p

3.14 Normalized energy momentum operator of neutrino field

Cor. 3.14.1. H0 = ς
∫
|~p|[a+

1 (~p,− ς
2 )a1(~p,− ς

2 ) + a+
2 (~p,− ς

2 )a2(~p,− ς
2 )]d3~p

= iς
2

∫
[ψ+
A′ς

(~r, t), (σ · ∇)A
′
ςAςψAς (~r, t)]d

3~r + ς
2

∫
{ψ+

A′ς
(~r, t), δA

′
ςAς
√
−∇2ψAς (~r, t)}d3~r

Proof: H0 = ς
∫
|~p|[a+

1 (~p,− ς
2 )a1(~p,− ς

2 ) + a+
2 (~p,− ς

2 )a2(~p,− ς
2 )]d3~p

= 1
(2π)3 ς

∫
|~p|[λA

′
ς

m (p̂,− ς
2 )ψ+

A′ς
(~r′, t)eiςp·x

′
λ+Aς
m (p̂,− ς

2 )ψAς (~r, t)e
−iςp·x

+ λ+Aς
m (p̂,− ς

2 )ψAς (~r, t)e
iςp·xλ

A′ς
m (p̂,− ς

2 )ψ+
A′ς

(~r′, t)e−iςp·x
′
]d3~pd3~rd3~r′

= 1
(2π)3 ς

∫
|~p|λ+Aς

m (p̂,− ς
2 )λ

A′ς
m (p̂,− ς

2 )[ψ+
A′ς

(~r′, t)ψAς (~r, t)e
−iς~p·(~r−~r′) + ψAς (~r, t)ψ

+
A′ς

(~r′, t)eiς~p·(~r−~r
′)]d3~pd3~rd3~r′

= 1
(2π)3 ς

∫
(i
√

2)−1(Γa)A
′
ςAςpa[ψ+

A′ς
(~r′, t)ψAς (~r, t)e

−iς~p·(~r−~r′) + ψAς (~r, t)ψ
+
A′ς

(~r′, t)eiς~p·(~r−~r
′)]d3~pd3~rd3~r′

= iς
2

∫
[ψ+
A′ς

(~r, t), (σ · ∇)A
′
ςAςψAς (~r, t)]d

3~r + ς
2

∫
{ψ+

A′ς
(~r, t), δA

′
ςAς
√
−∇2ψAς (~r, t)}d3~r

= iς
∫
ψ+(~r, t)σ · ∇ψ(~r, t)d3~r + ς

2

∫
{ψ+

A′ς
(~r, t), δA

′
ςAς
√
−∇2ψAς (~r, t)}d3~r

3.15 Quantum equation of neutrino field

Cor. 3.15.1.

[∂a + iSab(
1
2 , ς)∂

b]ψ = 0⇔ [Pa, ψ(~r, t)] = i∂aψ(~r, t);

{
{ψA(~r, t), ψ+

B(~r′, t)} = δABδ
3(~r − ~r′)

{ψA(~r, t), ψB(~r′, t)} = 0, {ψ+
A(~r, t), ψ+

B(~r′, t)} = 0

Cor. 3.15.2.{
[A,BC] = [A,B]C +B[A,C], [A,CB] = [A,C]B + C[A,B]

[A,BC] = {A,B}C −B{A,C}, [A,CB] = {A,C}B − C{A,B}{
[BC,A] = [B,A]C +B[C,A]

[BC,A] = −{B,A}C +B{C,A}

3.16 Mathematical lemma

Lem. 3.16.1.{
[AB,A′B′] = [AB,A′]B′ +A′[AB,B′], [AB,B′A′] = [AB,B′]A′ +B′[AB,A′]

[AB,A′B′] = {AB,A′}B′ −A′{AB,B′}, [AB,B′A′] = {AB,B′}A′ −B′{AB,A′}{
[A′B′, AB] = [A′, AB]B′ +A′[B′, AB]

[A′B′, AB] = −{A′, AB}B′ +A′{B′, AB}

Cor. 3.16.1.{
[A,BC] = [A,B]C +B[A,C]

[A,BC] = {A,B}C −B{A,C}

{
[BC,A] = [B,A]C +B[C,A]

[BC,A] = −{B,A}C +B{C,A}

Lem. 3.16.2. [AB,A′B′] = [AB,A′]B′ +A′[AB,B′] = [A,A′]BB′ +A[B,A′]B′ +A′A[B,B′] +A′[A,B′]B

Lem. 3.16.3. [AB,A′B′] = [AB,A′]B′ +A′[AB,B′] = −{A,A′}BB′ +A{B,A′}B′ −A′{A,B′}B +A′A{B,B′}

Lem. 3.16.4. [A,A′] = [B,B′] = 0⇒ [AB,A′B′] = A[B,A′]B′ +A′[A,B′]B

Lem. 3.16.5. {A,A′} = {B,B′} = 0⇒ [AB,A′B′] = A{B,A′}B′ −A′{A,B′}B
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3.17 Poincare symmetry of neutrino field

Lem. 3.17.1.



Pa = −i
∫
ψ+(~r, t)∂aψ(~r, t)d3~r =

∫
ψ+(~r, t)P̂aψ(~r, t)d3~r

Lab = −i
∫
ψ+(~r, t)(ra∂b − rb∂a)ψ(~r, t)d3~r =

∫
ψ+(~r, t)L̂abψ(~r, t)d3~r

Mab =
∫
ψ+(~r, t)[−i(ra∂b − rb∂a) + Ŝab]ψ(~r, t)d3~r =

∫
ψ+(~r, t)M̂abψ(~r, t)d3~r

M̃ab = −i
∫
ψ+(~r, t)(raσb − rbσa)ψ̇(~r, t)d3~r

M̄ab = −i
∫
ψ+(~r, t)(raσb − rbσa)ψ(~r, t)d3~r

Thm. 3.17.1.


[Lab, Lcd] = −i(gadLbc − gacLbd + gbcLad − gbdLac)
[Sab, Scd] = −i(gadSbc − gacSbd + gbcSad − gbdSac)
[Lab, Pc] = −i(gbcPa − gacPb), [Sab, Lcd] = 0, [Sab, Pc] = 0, [Pa, Pb] = 0

[⇒]

{
[Mab,Mcd] = −i(gadMbc − gacMbd + gbcMad − gbdMac)

[Mab, Pc] = −i(gbcPa − gacPb), [Pa, Pb] = 0

Proof: [Lab, Lcd]
= −

∫
[ψ+(~r, t)(ra∂b − rb∂a)ψ(~r, t), ψ+(~r′, t)(r′c∂

′
d − r′d∂′c)ψ(~r′, t)]d3~rd3~r′

= −δABδA′B′
∫

[ψ+
A(~r, t)(ra∂b − rb∂a)ψB(~r, t), ψ+

A′(~r
′, t)(r′c∂

′
d − r′d∂′c)ψB′(~r′, t)]d3~rd3~r′

= −δABδA′B′
∫
d3~rd3~r′

{ψ+
A(~r, t){(ra∂b − rb∂a)ψB(~r, t), ψ+

A′(~r
′, t)}(r′c∂′d − r′d∂′c)ψB′(~r′, t)

− ψ+
A′(~r

′, t){ψ+
A(~r, t), (r′c∂

′
d − r′d∂′c)ψB′(~r′, t)}(ra∂b − rb∂a)ψB(~r, t)}

= −δABδA′B′
∫
d3~rd3~r′

{ψ+
A(~r, t)δA′B(ra∂b− rb∂a)δ3(~r−~r′)(r′c∂′d− r′d∂′c)ψB′(~r′, t)−ψ

+
A′(~r

′, t)δAB′(r
′
c∂
′
d− r′d∂′c)δ3(~r−~r′)(ra∂b− rb∂a)ψB(~r, t)}

= −
∫
d3~rd3~r′

{ψ+(~r, t)(ra∂b − rb∂a)δ3(~r − ~r′)(r′c∂′d − r′d∂′c)ψ(~r′, t)− ψ+(~r′, t)(r′c∂
′
d − r′d∂′c)δ3(~r − ~r′)(ra∂b − rb∂a)ψ(~r, t)}

=
∫
d3~rd3~r′

{ψ+(~r, t)(ra∂
′
b − rb∂′a)δ3(~r − ~r′)(r′c∂′d − r′d∂′c)ψ(~r′, t)− ψ+(~r′, t)(r′c∂d − r′d∂c)δ3(~r − ~r′)(ra∂b − rb∂a)ψ(~r, t)}

= −
∫
d3~r{ψ+(~r, t)(ra∂b − rb∂a)(rc∂d − rd∂c)ψ(~r, t)− ψ+(~r, t)(r′c∂d − rd∂c)(ra∂b − rb∂a)ψ(~r, t)}

=
∫
ψ+(~r, t)[−i(ra∂b − rb∂a),−i(rc∂d − rd∂c)]ψ(~r, t)d3~r

=
∫
ψ+(~r, t)[L̂ab, L̂cd]ψ(~r, t)d3~r

= −i(gadLbc − gacLbd + gbcLad − gbdLac)

Proof: [Lab, Pc]
= −δABδA′B′

∫
[ψ+(~r, t)(ra∂b − rb∂a)ψ(~r, t), ψ+(~r′, t)∂′cψ(~r′, t)]d3~rd3~r′

= −δABδA′B′
∫

[ψ+
A(~r, t)(ra∂b − rb∂a)ψB(~r, t), ψ+

A′(~r
′, t)∂′cψB′(~r

′, t)]d3~rd3~r′

= −δABδA′B′
∫
d3~rd3~r′

{ψ+
A(~r, t)[(ra∂b − rb∂a)ψB(~r, t), ψ+

A′(~r
′, t)]∂′cψB′(~r

′, t)− ψ+
A′(~r

′, t)[ψ+
A(~r, t), ∂′cψB′(~r

′, t)](ra∂b − rb∂a)ψB(~r, t)}
= −δABδA′B′

∫
d3~rd3~r′

{ψ+
A(~r, t)δA′B(ra∂b − rb∂a)δ3(~r − ~r′)∂′cψB′(~r′, t)− ψ+

A′(~r
′, t)δAB′∂

′
cδ

3(~r − ~r′)ψB′(~r′, t)](ra∂b − rb∂a)ψB(~r, t)}
=
∫
{ψ+

A(~r, t)δAB
′
(ra∂

′
b − rb∂′a)δ3(~r − ~r′)∂′cψB′(~r′, t)− ψ+

A′(~r
′, t)δA

′B∂cδ
3(~r − ~r′)(ra∂b − rb∂a)ψB(~r, t)}d3~rd3~r′

= −
∫
{ψ+

A(~r, t)δAB
′
(ra∂b − rb∂a)∂cψB′(~r, t)− ψ+

A′(~r, t)δ
A′B∂c(ra∂b − rb∂a)ψB(~r, t)}d3~r

=
∫
ψ+(~r, t)[L̂ab, P̂c]ψ(~r, t)d3~r

= −i(gbcPa − gacPb)

Proof: [Pa, Pb]
= −

∫
[ψ+(~r, t)∂aψ(~r, t), ψ+(~r′, t)∂′bψ(~r′, t)]d3~rd3~r′

= −δABδA′B′
∫

[ψ+
A(~r, t)∂aψB(~r, t), ψ+

A′(~r
′, t)∂′bψB′(~r

′, t)]d3~rd3~r′

= −δABδA′B′
∫
{ψ+

A(~r, t){∂aψB(~r, t), ψ+
A′(~r

′, t)}∂′bψB′(~r′, t)− ψ
+
A′(~r

′, t){ψ+
A(~r, t), ∂′bψB′(~r

′, t)}∂aψB(~r, t)}d3~rd3~r′

= −δABδA′B′
∫
{ψ+

A(~r, t)δA′B∂aδ
3(~r − ~r′)∂′bψB′(~r′, t)− ψ

+
A′(~r

′, t)δAB′∂
′
bδ

3(~r − ~r′)∂aψB(~r, t)}d3~rd3~r′

= δABδA
′B′
∫
{ψ+

A(~r, t)δA′B∂
′
aδ

3(~r − ~r′)∂′bψB′(~r′, t)− ψ
+
A′(~r

′, t)δAB′∂bδ
3(~r − ~r′)∂aψB(~r, t)}d3~rd3~r′

= −
∫
{ψ+

A(~r, t)δAB
′
∂a∂bψB′(~r, t)− ψ+

A′(~r, t)δ
A′B∂b∂aψB(~r, t)}d3~r

=
∫
ψ+(~r, t)[P̂a, P̂b]ψ(~r, t)d3~r = 0

Proof: [Sab(t), Scd(t)]
=
∫

[ψ+A(~r, t)SabA
BψB(~r, t), ψ+C(~r, t)ScdC

DψD(~r′, t)]d3~rd3~r′

=
∫

[ψ+A(~r, t)SabA
BψB(~r, t), ψ+C(~r, t)]ScdC

DψD(~r′, t) + ψ+C(~r, t)[ψ+A(~r, t)SabA
BψB(~r, t), ScdC

DψD(~r′, t)]d3~rd3~r′

=
∫
ψ+A(~r, t){SabABψB(~r, t), ψ+C(~r, t)}ScdCDψD(~r′, t)− ψ+C(~r, t){ψ+A(~r, t), ScdC

DψD(~r′, t)}SabABψB(~r, t)d3~rd3~r′

=
∫
ψ+A(~r, t)SabA

Cδ3(~r − ~r′)ScdCDψD(~r′, t)− ψ+C(~r, t)ScdC
Aδ3(~r − ~r′)SabABψB(~r, t)d3~rd3~r′

=
∫
ψ+(~r, t)[Sab, Scd]ψ(~r, t)d3~r

= −i(gadSbc − gacSbd + gbcSad − gbdSac)
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Proof: [Sab(t), Lcd]
= −i

∫
[ψ+A(~r, t)SabA

BψB(~r, t), ψ+C(~r′, t)(r′c∂
′
d − r′d∂′c)ψC(~r′, t)]d3~rd3~r′

= −i
∫
{{ψ+A(~r, t)SabA

BψB(~r, t), ψ+C(~r′, t)}(r′c∂′d − r′d∂′c)ψC(~r′, t)
− ψ+C(~r′, t){ψ+A(~r, t), (r′c∂

′
d − r′d∂′c)ψC(~r′, t)}SabABψB(~r, t)}d3~rd3~r′

= −i
∫
ψ+A(~r, t)SabA

BδCBδ
3(~r − ~r′)(r′c∂′d − r′d∂′c)ψC(~r′, t)− ψ+C(~r′, t)δAC(r′c∂

′
d − r′d∂′c)δ3(~r − ~r′)SabABψB(~r, t)d3~rd3~r′

= −i
∫
ψ+A(~r, t)SabA

BδCBδ
3(~r − ~r′)(r′c∂′d − r′d∂′c)ψC(~r′, t) + ψ+C(~r′, t)δAC(r′c∂d − r′d∂c)δ3(~r − ~r′)SabABψB(~r, t)d3~rd3~r′

= −i
∫
ψ+A(~r, t)SabA

B(rc∂d − rd∂c)ψB(~r, t)− ψ+A(~r, t)(rc∂d − rd∂c)SabABψB(~r, t)d3~rd3~r′

=
∫
ψ+(~r, t)[Sab, L̂cd]ψ(~r, t)d3~r = 0

Proof: [Sab(t), Pc]
= −i

∫
[ψ+A(~r, t)SabA

BψB(~r, t), ψ+C(~r′, t)∂′cψC(~r′, t)]d3~rd3~r′

= −i
∫
{ψ+A(~r, t)SabA

BψB(~r, t), ψ+C(~r′, t)}∂′cψC(~r′, t)− ψ+C(~r′, t){ψ+A(~r, t), ∂′cψC(~r′, t)}SabABψB(~r, t)d3~rd3~r′

= −i
∫
ψ+A(~r, t)SabA

BδCBδ
3(~r − ~r′)∂′cψC(~r′, t)− ψ+C(~r′, t)δAC∂

′
cδ

3(~r − ~r′)SabABψB(~r, t)d3~rd3~r′

= −i
∫
ψ+A(~r, t)SabA

BδCBδ
3(~r − ~r′)∂′cψC(~r′, t) + ψ+C(~r′, t)δAC(r′c∂d − r′d∂c)δ3(~r − ~r′)SabABψB(~r, t)d3~rd3~r′

= −i
∫
ψ+A(~r, t)SabA

B∂cψB(~r, t)− ψ+A(~r, t)∂cSabA
BψB(~r, t)d3~rd3~r′

=
∫
ψ+(~r, t)[Sab, P̂c]ψ(~r, t)d3~r = 0

Cor. 3.17.1.
{ψAς (x), ψ+

A′ς
(x′)} = −i

√
2ΓaAςA′ς∂a∆(x− x′)

{ψAς (x), ψBς (x
′)} = 0

{ψ+
A′ς

(x), ψ+
B′ς

(x′)} = 0

⇒


{ψAς (~r, t), ψ+

A′ς
(~r′, t)} = δAςA′ς δ

3(~r − ~r′)
{ψ̇Aς (~r, t), ψ+

A′ς
(~r′, t)} = (σ · ∇)AςA′ς δ

3(~r − ~r′)
{ψAς (~r, t), ψBς (~r′, t)} = 0

{ψ+
A′ς

(~r, t), ψ+
B′ς

(~r′, t)} = 0

Lem. 3.17.2. {A,A′} = {B,B′} = 0⇒ [AB,A′B′] = A{B,A′}B′ −A′{A,B′}B

Proof: [M̃ab, M̃cd]
= −

∫
[ψ+(~r, t)(raσb − rbσa)ψ̇(~r, t), ψ+(~r′, t)(r′cσd − r′dσc)ψ̇(~r′, t)]d3~rd3~r′

= −
∫

[ψ+
A(~r, t)(raσb − rbσa)ABψ̇B(~r, t), ψ+

A′(~r
′, t)(r′cσd − r′dσc)A

′B′ ψ̇B′(~r
′, t)]d3~rd3~r′

= −
∫
ψ+
A(~r, t){(raσb − rbσa)ABψ̇B(~r, t), ψ+

A′(~r
′, t)}(r′cσd − r′dσc)A

′B′ ψ̇B′(~r
′, t)

− ψ+
A′(~r

′, t){ψ+
A(~r, t), (r′cσd − r′dσc)A

′B′ ψ̇B′(~r
′, t)}(raσb − rbσa)ABψ̇B(~r, t)d3~rd3~r′

= −
∫
ψ+
A(~r, t){ψ̇B(~r, t), ψ+

A′(~r
′, t)}(raσb − rbσa)AB(r′cσd − r′dσc)A

′B′ ψ̇B′(~r
′, t)

− ψ+
A′(~r

′, t){ψ+
A(~r, t), ψ̇B′(~r

′, t)}(raσb − rbσa)AB(r′cσd − r′dσc)A
′B′ ψ̇B(~r, t)d3~rd3~r′

= −
∫
ψ+
A(~r, t)(σ · ∇)BA′δ

3(~r − ~r′)(raσb − rbσa)AB(r′cσd − r′dσc)A
′B′ ψ̇B′(~r

′, t)

− ψ+
A′(~r

′, t)(σ · ∇′)B′Aδ3(~r − ~r′)(raσb − rbσa)AB(r′cσd − r′dσc)A
′B′ ψ̇B(~r, t)d3~rd3~r′

= −
∫
−ψ+

A(~r, t)(σ · ∇′)BA′δ3(~r − ~r′)(raσb − rbσa)AB(r′cσd − r′dσc)A
′B′ ψ̇B′(~r

′, t)

+ ψ+
A′(~r

′, t)(σ · ∇)B′Aδ
3(~r − ~r′)(raσb − rbσa)AB(r′cσd − r′dσc)A

′B′ ψ̇B(~r, t)d3~rd3~r′

= −
∫
ψ+
A(~r, t)(raσb − rbσa)AB(σ · ∇)BA′ [(rcσd − rdσc)A

′B′ ψ̇B′(~r, t)]

− ψ+
A′(~r, t)(rcσd − rdσc)A

′B′(σ · ∇)B′A[(raσb − rbσa)ABψ̇B(~r, t)]d3~r

= −
∫
{ψ+(~r, t)(raσb − rbσa)(σ · ∇)[(rcσd − rdσc)ψ̇(~r, t)]− ψ+(~r, t)(rcσd − rdσc)(σ · ∇)[(raσb − rbσa)ψ̇(~r, t)]}d3~r

= −
∫
{ψ+(~r, t)(raσb − rbσa)[σc, σd]ψ̇(~r, t)]− ψ+(~r, t)(rcσd − rdσc)[σa, σb]ψ̇(~r, t)]}d3~r

−
∫
{ψ+(~r, t)(raσb − rbσa)[(rcσd − rdσc)(σ · ∇)ψ̇(~r, t)]− ψ+(~r, t)(rcσd − rdσc)[(raσb − rbσa)(σ · ∇)ψ̇(~r, t)]}d3~r

= −
∫
{ψ+(~r, t)(raσb − rbσa)[σc, σd]ψ̇(~r, t)− ψ+(~r, t)(rcσd − rdσc)[σa, σb]ψ̇(~r, t)}d3~r

−
∫
{ψ+(~r, t)(raσb − rbσa)(rcσd − rdσc)(σ · ∇)ψ̇(~r, t)− ψ+(~r, t)(rcσd − rdσc)(raσb − rbσa)(σ · ∇)ψ̇(~r, t)}d3~r

= −
∫
{ψ+(~r, t)(raσb − rbσa)[σc, σd]ψ̇(~r, t)− ψ+(~r, t)(rcσd − rdσc)[σa, σb]ψ̇(~r, t)}d3~r

−
∫
ψ+(~r, t)[(raσb − rbσa), (rcσd − rdσc)](σ · ∇)ψ̇(~r, t)d3~r

=???

Proof: [M̄ab, M̄cd]
= −

∫
[ψ+(~r, t)(raσb − rbσa)ψ(~r, t), ψ+(~r′, t)(r′cσd − r′dσc)ψ(~r′, t)]d3~rd3~r′

= −
∫

[ψ+
A(~r, t)(raσb − rbσa)ABψB(~r, t), ψ+

A′(~r
′, t)(r′cσd − r′dσc)A

′B′ψB′(~r
′, t)]d3~rd3~r′

= −
∫
ψ+
A(~r, t){(raσb − rbσa)ABψB(~r, t), ψ+

A′(~r
′, t)}(r′cσd − r′dσc)A

′B′ψB′(~r
′, t)

− ψ+
A′(~r

′, t){ψ+
A(~r, t), (r′cσd − r′dσc)A

′B′ψB′(~r
′, t)}(raσb − rbσa)ABψB(~r, t)d3~rd3~r′

= −
∫
ψ+
A(~r, t){ψB(~r, t), ψ+

A′(~r
′, t)}(raσb − rbσa)AB(r′cσd − r′dσc)A

′B′ψB′(~r
′, t)

− ψ+
A′(~r

′, t){ψ+
A(~r, t), ψB′(~r

′, t)}(raσb − rbσa)AB(r′cσd − r′dσc)A
′B′ψB(~r, t)d3~rd3~r′

= −
∫
ψ+
A(~r, t)δBA′δ

3(~r − ~r′)(raσb − rbσa)AB(r′cσd − r′dσc)A
′B′ψB′(~r

′, t)

− ψ+
A′(~r

′, t)δB′Aδ
3(~r − ~r′)(raσb − rbσa)AB(r′cσd − r′dσc)A

′B′ψB(~r, t)d3~rd3~r′

= −
∫
ψ+
A(~r, t)δBA′δ

3(~r − ~r′)(raσb − rbσa)AB(r′cσd − r′dσc)A
′B′ψB′(~r

′, t)

− ψ+
A′(~r

′, t)δB′Aδ
3(~r − ~r′)(raσb − rbσa)AB(r′cσd − r′dσc)A

′B′ψB(~r, t)d3~rd3~r′
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= −
∫
ψ+
A(~r, t)(raσb − rbσa)ABδBA′ [(rcσd − rdσc)A

′B′ψB′(~r, t)]

− ψ+
A′(~r, t)(rcσd − rdσc)A

′B′δB′A[(raσb − rbσa)ABψB(~r, t)]d3~r
= −

∫
{ψ+(~r, t)(raσb − rbσa)[(rcσd − rdσc)ψ(~r, t)]− ψ+(~r, t)(rcσd − rdσc)[(raσb − rbσa)ψ(~r, t)]}d3~r

= −
∫
ψ+(~r, t)[(raσb − rbσa), (rcσd − rdσc)]ψ(~r, t)d3~r

4 Photon spinor field Covariant quantization scheme
4.1 Photon spinor spin operator equation and its plane wave solution

Thm. 4.1.1. [∂a + iSab(1, ς)∂
b]ψ(x) = 0

Cor. 4.1.1.


ψ(~r, t) := 1

(2π)3/2

∫ √
|~p|λ(p̂,−ς)[a1(~p,−ς)eip·x + a+

2 (~p,−ς)e−ip·x]d3~p√
|~p|a1(~p,−ς) = 1

(2π)3/2

∫
λ+(p̂,−ς)ψ(~r, t)e−ip·xd3~r = 1

(2π)3/2

∫
i
|~p|λ

+(p̂,−ς)ψ̇(~r, t)e−ip·xd3~r√
|~p|a+

2 (~p,−ς) = 1
(2π)3/2

∫
λ+(p̂,−ς)ψ(~r, t)eip·xd3~r = 1

(2π)3/2

∫ −i
|~p|λ

+(p̂,−ς)ψ̇(~r, t)eip·xd3~r

Def. 4.1.1. Projection operator: P̂kςk′ς (1, ς) := λkς (p̂,−ς)λ+
k′ς

(p̂,−ς), P̂ 2(1, ς) = P̂ (1, ς), P̂+(1, ς) = P̂ (1, ς)

4.2 Properties of covariant constant invariant tensor for photon spinor field

Cor. 4.2.1.

Γππkςk′ς (1) = ( 1√
2
)2δkςk′ς

Γiπkςk′ς (1) = −iς( 1√
2
)2σi(1)kςk′ς

Γijkςk′ς
(1) = −( 1√

2
)2[σ{i(1)σj}(1)− δij ]kςk′ς = −( 1√

2
)22 1

2! [σ
{i(1)σj}(1)− 1

2δ
{ij}]kςk′ς

Lem. 4.2.1. Γabkςk′ςpapb = −2|~p|2λkς (p̂,−ς)λ+
k′ς

(p̂,−ς)

Proof: Γabkςk′ςpapb

= C2
2Γππkςk′ς (1)p2

π + C1
2Γiπkςk′ς (1)pipπ + C0

2Γijkςk′ς
(1)pipj

= ( 1√
2
)2{−|~p|2 + 2|~p|ς[σi(1) · ~p]− 2[σi(1) · ~p]2 + |~p|2}kςk′ς

= ( 1√
2
)2|~p|2{2ς[σi(1) · p̂]− 2[σi(1) · p̂]2}kςk′ς

= ( 1√
2
)2|~p|2{2ς[σi(1) · p̂]− 2[σi(1) · p̂]2}

−1∑
h=1

λ(p̂, h)λ+(p̂, h)}kςk′ς
= −2|~p|2λkς (p̂,−ς)λ+

k′ς
(p̂,−ς)

Cor. 4.2.2. Projection operator: P̂kςk′ς (1, ς) = −Γabkςk′ς p̂ap̂b → Γabkςk′ς ∂̂a∂̂b

4.3 General covariant commutation rules in mathematics for photon spinor field

Thm. 4.3.1.
[aσ(~p,−ς), a+

σ′(~p
′,−ς)]± = δσδσσ′δ

3(~p− ~p′)
[aσ(~p,−ς), aσ′(~p′,−ς)]± = 0

[a+
σ (~p,−ς), a+

σ′(~p
′,−ς)]± = 0

⇒


[Ψkς (x),Ψ+

k′ς
(x′)]±

= iΓabkςk′ς∂a∂b[δ1∆(x− x′)− (δ1 ± δ2)∆(−)(x− x′)]
[Ψkς (x),Ψβς (x

′)]± = 0

[Ψ+
k′ς

(x),Ψ+
β′ς

(x′)]± = 0

Proof: [Ψ
(+)
kς

(x),Ψ
(+)+
k′ς

(x′)]±

= 1
(2π)3

∫
λkς (p̂,−ς)λ+

k′ς
(p̂′,−ς)

√
|~p||~p′|[a1(~p,−ς), a+

1 (~p′,−ς)]±eip·(x−x
′)d3~pd3~p′

= 1
(2π)3

∫
λkς (p̂,−ς)λ+

k′ς
(p̂,−ς)|~p|δ1δ3(~p− ~p′)eip·(x−x′)d3~pd3~p′

= 1
(2π)3

∫
λkς (p̂,−ς)λ+

k′ς
(p̂,−ς)δ1|~p|eip·(x−x

′)d3~p

= −δ1
(2π)3

∫
1

2|~p|Γ
ab
kςk′ς

papbe
ip·(x−x′)d3~p

= iδ1Γabkςk′ς∂a∂b∆
(+)(x− x′)

Proof: [Ψ
(−)
kς

(x),Ψ
(−)+
k′ς

(x′)]±

= 1
(2π)3

∫
λkς (p̂,−ς)λ+

k′ς
(~p′,−ς)

√
|~p||~p′|[a+

2 (~p,−ς), a2(~p′,−ς)]±e−ip·(x−x
′)d3~pd3~p′

= ± 1
(2π)3

∫
λkς (p̂,−ς)λ+

k′ς
(~p′,−ς)|~p|δ2δ3(~p− ~p′)e−ip·(x−x′)d3~pd3~p′

= ± 1
(2π)3

∫
λkς (p̂,−ς)λ+

k′ς
(p̂,−ς)δ2|~p|e−ip·(x−x

′)d3~p

= ± −δ2(2π)3

∫
1

2|~p|Γ
ab
kςk′ς

papbe
−ip·(x−x′)d3~p

= −± iδ2Γabkςk′ς∂a∂b∆
(−)(x− x′)
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Proof: [Ψkς (x),Ψ+
k′ς

(x′)]±

= [Ψ
(+)
kς

(x),Ψ
(+)+
k′ς

(x′)]± + [Ψ
(−)
kς

(x),Ψ
(−)+
k′ς

(x′)]±

= iδ1Γabkςk′ς∂a∂b∆
(+)(x− x′)−±iδ2Γabkςk′ς∂a∂b∆

(−)(x− x′)
= iΓabkςk′ς∂a∂b[δ1∆(+)(x− x′)−±δ2∆(−)(x− x′)]
= iΓabkςk′ς∂a∂b[(δ1 ± δ2)∆(+)(x− x′)−±δ2∆(x− x′)]
= iΓabkςk′ς∂a∂b[δ1∆(x− x′)− (δ1 ± δ2)∆(−)(x− x′)]

From the above, only δ1± δ2 = 0, the micro causality is satisfied. At the same time only when δ1, δ2 ≥ 0,
the probability is just nonnegative. Therefore, among the eight covariant commutative or anticom-
mutative schemes in mathematics, there is only one physically reasonable scheme: That is, when
δ1 = δ2 = 1, it satisfies the commutative relation. There are actually two other options. Namely when
δ1 = δ2 = 0, it satisfies the commutative or anticommutative relation, which is just the classic case.
4.4 Covariant commutation rules of photon spinor field

From the previous section, we can see that the commutation rules with physical significance are as
follows:(In order to confirm each other, a new proof has been made.)

Thm. 4.4.1.


[aσ(~p,−ς), a+

σ′(~p
′,−ς)] = δσσ′δ

3(~p− ~p′)
[aσ(~p,−ς), aσ′(~p′,−ς)] = 0

[a+
σ (~p,−ς), a+

σ′(~p
′,−ς)] = 0

⇒


[ψkς (x), ψ+

k′ς
(x′)] = iΓabkςk′ς∂a∂b∆(x− x′)

[ψkς (x), ψlς (x
′)] = 0

[ψ+
k′ς

(x), ψ+
l′ς

(x′)] = 0

Proof: {ψkς (x), ψ+
k′ς

(x′)}
= 1

(2π)3

∫
d3~pd3~p′

λkς (p̂,−ς)λ+
k′ς

(p̂,−ς)|~p|1/2|~p′|1/2{[a1(~p,−ς), a+
1 (~p′,−ς)]eip·(x−x′) + [a+

2 (~p,−ς), a2(~p′,−ς)]e−ip·(x−x′)}
= 1

(2π)3

∫
|~p|λkς (p̂,−ς)λ+

k′ς
(p̂,−ς)[δ3(~p− ~p′)eip·(x−x′) − δ3(~p− ~p′)e−ip·(x−x′)]d3~pd3~p′

= 1
(2π)3

∫
|~p|λkς (p̂,−ς)λ+

k′ς
(p̂,−ς)[eip·(x−x′) − e−ip·(x−x′)]d3~p

= − 1
(2π)3

∫
1

2|~p|Γ
ab
kςk′ς

papb[e
ip·(x−x′) − e−ip·(x−x′)]d3~p

= 1
(2π)3

∫
1

2|~p|Γ
ab
kςk′ς

∂a∂b[e
ip·(x−x′) − e−ip·(x−x′)]d3~p

= iΓabkςk′ς∂a∂b
−i

(2π)3

∫
1

2|~p| [e
ip·(x−x′) − e−ip·(x−x′)]d3~p

= iΓabkςk′ς∂a∂b∆(x− x′)

4.5 Isochronous commutation rules for photon spinor field

Cor. 4.5.1.


[ψkς (x), ψ+

k′ς
(x′)] = iΓabkςk′ς∂a∂b∆(x− x′)

[ψkς (x), ψlς (x
′)] = 0

[ψ+
k′ς

(x), ψ+
l′ς

(x′)] = 0

⇒


[ψkς (~r, t), ψ

+
k′ς

(~r′, t)] = iς[σ(1) · ∇]kςk′ς δ
3(~r − ~r′)

[ψkς (~r, t), ψlς (~r
′, t)] = 0

[ψ+
k′ς

(~r, t), ψ+
l′ς

(~r′, t)] = 0

Cor. 4.5.2.


[ψkς (~r, t), ψ

+
k′ς

(~r′, t)] = iς[σ(1) · ∇]kςk′ς δ
3(~r − ~r′)

[ψkς (~r, t), ψlς (~r
′, t)] = 0

[ψ+
k′ς

(~r, t), ψ+
l′ς

(~r′, t)] = 0

⇒


[aσ(~p,−ς), a+

σ′(~p
′,−ς)] = δσσ′δ

3(~p− ~p′)
[aσ(~p,−ς), aσ′(~p′,−ς)] = 0

[a+
σ (~p,−ς), a+

σ′(~p
′,−ς)] = 0

Proof: [a1(~p,−ς), a+
1 (~p′,−ς)]

= 1
(2π)3

1√
|~p||~p′|

∫
[λ+kς (p̂,−ς)Ψkς (~r, t)e

−i(~p·~r−Et), λk
′
ς (~p′,−ς)Ψ+

k′ς
(~r′, t)ei(~p

′·~r′−E′t)]d3~rd3~r′

= 1
(2π)3

1√
|~p||~p′|

∫
λ+kς (p̂,−ς)λk′ς (~p′,−ς)[Ψkς (~r, t),Ψ

+
k′ς

(~r′, t)]e−i(~p·~r−Et)ei(~p
′·~r′−E′t)d3~rd3~r′

= iς 1
(2π)3

1√
|~p||~p′|

∫
λ+kς (p̂,−ς)λk′ς (~p′,−ς)[σ(1) · ∇]kςk′ς δ

3(~r − ~r′)e−i(~p·~r−Et)ei(~p′·~r′−E′t)d3~rd3~r′

= iς 1
(2π)3

1√
|~p||~p′|

∫
λ+kς (p̂,−ς)λk′ς (~p′,−ς)[σ(1) · ~p]kςk′ς ie

−i(~p·~r−Et)ei(~p
′·~r−E′t)d3~r

= −ς 1
|~p|λ

+kς (p̂,−ς)λk′ς (p̂,−ς)[σ(1) · ~p]kςk′ς δ
3(~p− ~p′)

= −ςλ+(p̂,−ς)σ(1)·~p
|~p| λ(p̂,−ς)δ3(~p− ~p′)

= λ+(p̂,−ς)λ(p̂,−ς)δ3(~p− ~p′)
= δ3(~p− ~p′)

Proof: [a+
2 (~p,−ς), a2(~p′,−ς)]

= 1
(2π)3

1√
|~p||~p′|

∫
[λ+kς (p̂,−ς)Ψkς (~r, t)e

i(~p·~r−Et), λk
′
ς (~p′,−ς)Ψ+

k′ς
(~r′, t)e−i(~p

′·~r′−E′t)]d3~rd3~r′

= 1
(2π)3

1√
|~p||~p′|

∫
λ+kς (p̂,−ς)λk′ς (~p′,−ς)[Ψkς (~r, t),Ψ

+
k′ς

(~r′, t)]ei(~p·~r−Et)e−i(~p
′·~r′−E′t)d3~rd3~r′

353



Chapter22 Covariant Quantization Scheme for Massless Particles Shui-Rong Shi

= iς 1
(2π)3

1√
|~p||~p′|

∫
λ+kς (p̂,−ς)λk′ς (~p′,−ς)[σ(1) · ∇]kςk′ς δ

3(~r − ~r′)ei(~p·~r−Et)e−i(~p′·~r′−E′t)d3~rd3~r′

= iς 1
(2π)3

1√
|~p||~p′|

∫
λ+kς (p̂,−ς)λk′ς (~p′,−ς)[σ(1) · ~p]kςk′ς (−i)e

i(~p·~r−Et)e−i(~p
′·~r−E′t)d3~r

= ς 1
|~p|λ

+kς (p̂,−ς)λk′ς (p̂,−ς)[σ(1) · ~p]kςk′ς δ
3(~p− ~p′)

= ςλ+(p̂,−ς)σ(1)·~p
|~p| λ(p̂,−ς)δ3(~p− ~p′)

= −λ+(p̂,−ς)λ(p̂,−ς)δ3(~p− ~p′)
= −δ3(~p− ~p′)

4.6 Summary of commutation rules for photon spinor field

he proof in the above sections exactly forms a logical closed-loop, so it has the following properties:

Cor. 4.6.1.


[aσ(~p,−ς), a+

σ′(~p
′,−ς)] = δσσ′δ

3(~p− ~p′)
[aσ(~p,−ς), aσ′(~p′,−ς)] = 0

[a+
σ (~p,−ς), a+

σ′(~p
′,−ς)] = 0

⇔


[aσ(~p), a+

σ′(~p
′)] = δσσ′δ

3(~p− ~p′)
[aσ(~p), aσ′(~p

′)] = 0

[a+
σ (~p), a+

σ′(~p
′)] = 0

m m

Cor. 4.6.2.


[ψkς (x), ψ+

k′ς
(x′)] = iΓabkςk′ς∂a∂b∆(x− x′)

[ψkς (x), ψlς (x
′)] = 0

[ψ+
k′ς

(x), ψ+
l′ς

(x′)] = 0

⇔


[ψkς (~r, t), ψ

+
k′ς

(~r′, t)] = iς[σ(1) · ∇]kςk′ς δ
3(~r − ~r′)

[ψkς (~r, t), ψlς (~r
′, t)] = 0

[ψ+
k′ς

(~r, t), ψ+
l′ς

(~r′, t)] = 0

Cor. 4.6.3. σ−ς = Sem(ς)(σ ⊗ I)S+
em(ς), σ+ς = Sem(ς)(I ⊗ σ)S+

em(ς), γ = Sm(1)σ(1)S−m(1)

4.7 Equivalence commutation rules of multiple spinor forms for electromagnetic field

Thm. 4.7.1.
[Ψας (x),Ψ+

α′ς
(x′)] = iσabαςα′ς∂a∂b∆(x− x′)

[Ψας (x),Ψβς (x
′)] = 0

[Ψ+
α′ς

(x),Ψ+
β′ς

(x′)] = 0

⇔


[ΨAςBς (x),Ψ+

A′ςB
′
ς
(x′)]

= − i
2 (σ, iς)aAςA′ς (σ, iς)

b
BςB′ς

∂a∂b∆(x− x′)
[ΨAςBς (x),ΨCςDς (x

′)] = 0

[Ψ+
A′ςB

′
ς
(x),Ψ+

C′ςD
′
ς
(x′)] = 0

Proof: [ΨAςBς (x),Ψ+
A′ςB

′
ς
(x′)]

= [ iς√
2
σαςAςBςΨας (x), −iς√

2
σ
α′ς
A′ςB

′
ς
Ψα′ς

(x′)]

= 1
2σ

ας
AςBς

σ
α′ς
A′ςB

′
ς
[Ψας (x),Ψα′ς

(x′)]

= 1
2σ

ας
AςBς

σ
α′ς
A′ςB

′
ς
iσabαςα′ς∂a∂b∆(x− x′)

= i
2σ

ας
AςBς

σ
α′ς
A′ςB

′
ς

−iς√
2

(σ, iς)aCςC′ς
−iς√

2
(σ, iς)bDςD′ς

−iς√
2
σ
C′ςD

′
ς

α′ς

iς√
2
σCςDςας ∂a∂b∆(x− x′)

= − i
8σ

ας
AςBς

σCςDςας σ
α′ς
A′ςB

′
ς
σ
C′ςD

′
ς

α′ς
(σ, iς)aCςC′ς (σ, iς)

b
DςD′ς

∂a∂b∆(x− x′)

= − i
8δ
Cς
{Aς δ

Dς
Bς}δ

C′ς
(A′ς

δ
D′ς
B′ς)

(σ, iς)aCςC′ς (σ, iς)
b
DςD′ς

∂a∂b∆(x− x′)
= − i

8 (σ, iς)a{Aς(A′ς (σ, iς)
b
Bς}B′ς)∂a∂b∆(x− x′)

= − i
2 (σ, iς)aAςA′ς (σ, iς)

b
BςB′ς

∂a∂b∆(x− x′)

Proof: [Ψας (x),Ψ+
α′ς

(x′)]

= [ iς√
2
σAςBςας ΨAςBς (x), −iς√

2
σ
A′ςB

′
ς

α′ς
Ψ+
A′ςB

′
ς
(x′)]

= 1
2σ

AςBς
ας σ

A′ςB
′
ς

α′ς
[ΨAςBς (x),Ψ+

A′ςB
′
ς
(x′)]

= − i
4σ

AςBς
ας σ

A′ςB
′
ς

α′ς
(σ, iς)aAςA′ς (σ, iς)

b
BςB′ς

∂a∂b∆(x− x′)
= iσabαςα′ς∂a∂b∆(x− x′)

Thm. 4.7.2.
[ΨAςBς (x),Ψ+

A′ςB
′
ς
(x′)]

= − i
2 (σ, iς)aAςA′ς (σ, iς)

b
BςB′ς

∂a∂b∆(x− x′)
[ΨAςBς (x),ΨCςDς (x

′)] = 0

[Ψ+
A′ςB

′
ς
(x),Ψ+

C′ςD
′
ς
(x′)] = 0

⇔


[ψkς (x), ψ+

k′ς
(x′)] = iΓabkςk′ς∂a∂b∆(x− x′)

[ψkς (x), ψlς (x
′)] = 0

[ψ+
k′ς

(x), ψ+
l′ς

(x′)] = 0

Proof: [Ψkς (x),Ψ+
k′ς

(x′)]

= [ΓAςBςkς
(1)ΨAςBς (x),Γ

A′ςB
′
ς

k′ς
(1)Ψ+

A′ςB
′
ς
(x′)]
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= ΓAςBςkς
(1)Γ

A′ςB
′
ς

k′ς
(1)[ΨAςBς (x),Ψ+

A′ςB
′
ς
(x′)]

= − i
2ΓAςBςkς

(1)Γ
A′ςB

′
ς

k′ς
(1)(σ, iς)aAςA′ς (σ, iς)

b
BςB′ς

∂a∂b∆(x− x′)
= iΓabkςk′ς∂a∂b∆(x− x′)

Proof: [ΨAςBς (x),Ψ+
A′ςB

′
ς
(x′)]

= [ΓkςAςBς (1)ψkς (x),Γ
k′ς
A′ςB

′
ς
(1)ψ+

k′ς
(x′)]

= ΓkςAςBς (1)Γ
k′ς
A′ςB

′
ς
(1)[ψkς (x), ψ+

k′ς
(x′)]

= ΓkςAςBς (1)Γ
k′ς
A′ςB

′
ς
(1)iΓabkςk′ς∂a∂b∆(x− x′)

= − i
2ΓkςAςBς (1)Γ

k′ς
A′ςB

′
ς
(1)ΓCςDςkς

(1)Γ
C′ςD

′
ς

k′ς
(1)(σ, iς)aCςC′ς (σ, iς)

b
DςD′ς

∂a∂b∆(x− x′)

= − i
8δ
{Cς
Aς

δ
Dς}
Bς

δ
(C′ς
A′ς

δ
D′ς)

B′ς
(σ, iς)aCςC′ς (σ, iς)

b
DςD′ς

∂a∂b∆(x− x′)
= − i

8 (σ, iς)a{Aς(A′ς (σ, iς)
b
B}ςB′ς)∂a∂b∆(x− x′)

= − i
2 (σ, iς)aAςA′ς (σ, iς)

b
BςB′ς

∂a∂b∆(x− x′)

Lem. 4.7.1. σabαςα′ς = Γkςας (1)Γ
k′ς
α′ς

(1)Γabkςk′ς ,Γ
ab
kςk′ς

= Γαςkς (1)Γ
α′ς
k′ς

(1)σabαςα′ς

Thm. 4.7.3.
[Ψας (x),Ψ+

α′ς
(x′)] = iσabαςα′ς∂a∂b∆(x− x′)

[Ψας (x),Ψβς (x
′)] = 0

[Ψ+
α′ς

(x),Ψ+
β′ς

(x′)] = 0

⇔


[ψkς (x), ψ+

k′ς
(x′)] = iΓabkςk′ς∂a∂b∆(x− x′)

[ψkς (x), ψlς (x
′)] = 0

[ψ+
k′ς

(x), ψ+
l′ς

(x′)] = 0

Proof: [Ψkς (x),Ψ+
k′ς

(x′)]

= [Γαςkς (1)Ψας (x),Γ
α′ς
k′ς

(1)Ψ+
α′ς

(x′)]

= Γαςkς (1)Γ
α′ς
k′ς

(1)[Ψkς (x),Ψ+
k′ς

(x′)]

= Γαςkς (1)Γ
α′ς
k′ς

(1)iσabαςα′ς∂a∂b∆(x− x′)
= iΓabkςk′ς∂a∂b∆(x− x′)

Proof: [Ψας (x),Ψ+
α′ς

(x′)]

= [Γkςας (1)Ψkς (x),Γ
k′ς
α′ς

(1)Ψ+
k′ς

(x′)]

= Γkςας (1)Γ
k′ς
α′ς

(1)[Ψας (x),Ψ+
α′ς

(x′)]

= Γkςας (1)Γ
k′ς
α′ς

(1)iΓabkςk′ς∂a∂b∆(x− x′)
= iσabαςα′ς∂a∂b∆(x− x′)

4.8 Commutative function, causal function and feynman propagator of photon spinor field

Cor. 4.8.1.
∆kςk′ς

(1;x) := Γabkςk′ς∂a∂b∆(x)

∆
(+)
kςk′ς

(1;x) := Γabkςk′ς∂a∂b∆
(+)(x)

∆
(−)
kςk′ς

(1;x) := Γabkςk′ς∂a∂b∆
(−)(x)

∆
(l)
kςk′ς

(1;x) := Γabkςk′ς∂a∂b∆
(l)(x)

Cor. 4.8.2.

∆
(c)
kςk′ς

(1;x) := Γabkςk′ς∂a∂b∆
(c)(x) + [Γππkςk′ς δ

′(t) + 2iΓiπkςk′ς δ(t)∂i]∆(x) = Γabkςk′ς∂a∂b∆
(c)(x) + Γππkςk′ς δ

4(x)

∆ret
kςk′ς

(1;x) := Γabkςk′ς∂a∂b∆
ret(x) + [Γππkςk′ς δ

′(t) + 2iΓiπkςk′ς δ(t)∂i]∆(x) = Γabkςk′ς∂a∂b∆
(c)(x) + Γππkςk′ς δ

4(x)

∆adv
kςk′ς

(1;x) := Γabkςk′ς∂a∂b∆
adv(x) + [Γππkςk′ς δ

′(t) + 2iΓiπkςk′ς δ(t)∂i]∆(x) = Γabkςk′ς∂a∂b∆
(c)(x) + Γππkςk′ς δ

4(x)

∆Fkςk′ς
(1;x) := Γabkςk′ς∂a∂b∆F (x) + i[Γππkςk′ς δ

′(t) + 2iΓiπkςk′ς δ(t)∂i]∆(x) = Γabkςk′ς∂a∂b∆
(c)(x) + iΓππkςk′ς δ

4(x)

= i∆
(c)
kςk′ς

(1;x)

∆Fkςk′ς
(1; p) =

iΓab
kςk′ς

papb

p2−iε + · · ·

Cor. 4.8.3.
[∂a + iSab(1, ς)∂

b]∆(1;x) = 0

[∂a + iSab(1, ς)∂
b]∆(+)(1;x) = 0

[∂a + iSab(1, ς)∂
b]∆(−)(1;x) = 0

[∂a + iSab(1, ς)∂
b]∆(l)(1;x) = 0


[∂a + iSab(1, ς)∂b]∆

(c)(1;x) = −ς[σ(1), iς]aδ(t)∆(1;x)|t=0

[∂a + iSab(1, ς)∂b]∆
ret(1;x) = −ς[σ(1), iς]aδ(t)∆(1;x)|t=0

[∂a + iSab(1, ς)∂b]∆
adv(1;x) = −ς[σ(1), iς]aδ(t)∆(1;x)|t=0

[∂a + iSab(1, ς)∂b]∆F (1;x) = −iς[σ(1), iς]aδ(t)∆(1;x)|t=0
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[m] [m]

Cor. 4.8.4.
(σ ⊗ I,−iς)a∂aN(1)∆(1;x) = 0

(σ ⊗ I,−iς)a∂aN(1)∆(+)(1;x) = 0

(σ ⊗ I,−iς)a∂aN(1)∆(−)(1;x) = 0

(σ ⊗ I,−iς)a∂aN(1)∆(l)(1;x) = 0


(σ ⊗ I,−iς)a∂aN(1)∆(c)(1;x) = −ςδ(t)N(1)∆(1;x)|t=0

(σ ⊗ I,−iς)a∂aN(1)∆ret(1;x) = −ςδ(t)N(1)∆(1;x)|t=0

(σ ⊗ I,−iς)a∂aN(1)∆adv(1;x) = −ςδ(t)N(1)∆(1;x)|t=0

(σ ⊗ I,−iς)a∂aN(1)∆F (1;x) = −iςδ(t)N(1)∆(1;x)|t=0

[m] [m]

Cor. 4.8.5.
(σ ⊗ I,−iς)a∂aN(1)∆(1;x)N̄(1) = 0

(σ ⊗ I,−iς)a∂aN(1)∆(+)(1;x)N̄(1) = 0

(σ ⊗ I,−iς)a∂aN(1)∆(−)(1;x)N̄(1) = 0

(σ ⊗ I,−iς)a∂aN(1)∆(l)(1;x)N̄(1) = 0


(σ ⊗ I,−iς)a∂aN(1)∆(c)(1;x)N̄(1) = −ςδ(t)N(1)∆(1;x)|t=0N̄(1)

(σ ⊗ I,−iς)a∂aN(1)∆ret(1;x)N̄(1) = −ςδ(t)N(1)∆(1;x)|t=0N̄(1)

(σ ⊗ I,−iς)a∂aN(1)∆adv(1;x)N̄(1) = −ςδ(t)N(1)∆(1;x)|t=0N̄(1)

(σ ⊗ I,−iς)a∂aN(1)∆F (1;x)N̄(1) = −iςδ(t)N(1)∆(1;x)|t=0N̄(1)

[⇓] [⇓]

Cor. 4.8.6.
[σ(1),−iς]a∂a∆(1;x) = 0

[σ(1),−iς]a∂a∆(+)(1;x) = 0

[σ(1),−iς]a∂a∆(−)(1;x) = 0

[σ(1),−iς]a∂a∆(l)(1;x) = 0


[σ(1),−iς]a∂a∆(c)(1;x) = −ςδ(t)∆(1;x)|t=0

[σ(1),−iς]a∂a∆ret(1;x) = −ςδ(t)∆(1;x)|t=0

[σ(1),−iς]a∂a∆adv(1;x) = −ςδ(t)∆(1;x)|t=0

[σ(1),−iς]a∂a∆F (1;x) = −iςδ(t)∆(1;x)|t=0

4.9 Quantum equation of photon spinor field

Cor. 4.9.1.

[∂a + iSab(1, ς)∂
b]ψ = 0⇔ [Pa, ψ(~r, t)] = i∂aψ(~r, t);

{
[ψkς (~r, t), ψ

+
k′ς

(~r′, t)] = iςσi(1)kςk′ς∂iδ
3(~r − ~r′)

[ψkς (~r, t), ψlς (~r
′, t)] = 0, [ψ+

k′ς
(~r, t), ψ+

l′ς
(~r′, t)] = 0

4.10 Poincare symmetry of photon spinor field

Cor. 4.10.1.
Γ

2s︷ ︸︸ ︷
abc · ·(s)

2s︷ ︸︸ ︷
∂a∂b∂c · · ∂π∆(x− x′)|t=t′ = i

[s]∑
l=0

(−1)lC2l
2sΓ

2s−2l︷︸︸︷
ij · ·

2l︷ ︸︸ ︷
π · ·π(s)

2s−2l︷ ︸︸ ︷
∂i∂j · · ∇2lδ3(~r − ~r′)

Γ

2s︷ ︸︸ ︷
abc · ·(s)

2s︷ ︸︸ ︷
∂̂a∂̂b∂̂c · · ∂π∆(x− x′)|t=t′ = i

[s]∑
l=0

(−1)lC2l
2sΓ

2s−2l︷︸︸︷
ij · ·

2l︷ ︸︸ ︷
π · ·π(s)

2s−2l︷ ︸︸ ︷
∂̂i∂̂j · · δ3(~r − ~r′)

Cor. 4.10.2.

Γππkςk′ς (1) = ( 1√
2
)2δkςk′ς

Γiπkςk′ς (1) = −iς( 1√
2
)2σi(1)kςk′ς

Γijkςk′ς
(1) = −( 1√

2
)2[σ{i(1)σj}(1)− δij ]kςk′ς = −( 1√

2
)22 1

2! [σ
{i(1)σj}(1)− 1

2δ
{ij}]kςk′ς

Cor. 4.10.3. Γab(1)∂a∂b∂π∆(x− x′)|t=t′ = i{Γij(1)∂i∂jδ
3(~r − ~r′)− Γππ(1)∇2δ3(~r − ~r′)} = −i[σ(1) · ∇]2δ3(~r − ~r′)

Cor. 4.10.4.
[ψ̇kς (x), ψ+

k′ς
(x′)] = −Γabkςk′ς∂a∂b|∂π∆(x− x′)

[ψkς (x), ψlς (x
′)] = 0

[ψ+
k′ς

(x), ψ+
l′ς

(x′)] = 0

⇒


[
ψ̇kς (~r,t)√

(−∇2)
,
ψ+

k′ς
(~r′,t)

√
(−∇′2)

] = −i[σ(1) · ∇̂]2δ3(~r − ~r′)

[ψkς (~r, t), ψlς (~r
′, t)] = 0

[ψ+
k′ς

(~r, t), ψ+
l′ς

(~r′, t)] = 0

Cor. 4.10.5.

P̂a(n) =
∫ ψ+(~r,t)

(
√
−∇2)n

P̂a
iψ̇(~r,t)

(
√
−∇2)n

d3~r = −i
∫ ψ̇+(~r,t)

(
√
−∇2)n

P̂a
ψ(~r,t)

(
√
−∇2)n

d3~r

Mab(n) =
∫ ψ+(~r,t)

(
√
−∇2)n

M̂ab
iψ̇(~r,t)

(
√
−∇2)n

d3~r = −i
∫ ψ̇+(~r,t)

(
√
−∇2)n

M̂ab
ψ(~r,t)

(
√
−∇2)n

d3~r

Thm. 4.10.1.

{
[Lab, Lcd] = −i(gadLbc − gacLbd + gbcLad − gbdLac)
[Lab, Pc] = −i(gbcPa − gacPb), [Pa, Pb] = 0

Proof: [Lab, Lcd]

= −
∫
d3~rd3~r′[ψ

+(~r,t)√
−∇2

(ra∂b − rb∂a) iψ̇(~r,t)√
−∇2

, ψ
+(~r′,t)√
−∇′2 (r′c∂

′
d − r′d∂′c)

iψ̇(~r′,t)√
−∇′2 ]

= δkς lς δk
′
ς l
′
ς

∫
d3~rd3~r′[

ψ+
kς

(~r,t)
√
−∇2

(ra∂b − rb∂a)
ψ̇lς (~r,t)√
−∇2

,
ψ+

k′ς
(~r′,t)

√
−∇′2 (r′c∂

′
d − r′d∂′c)

ψ̇l′ς
(~r′,t)

√
−∇′2 ]
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= δkς lς δk
′
ς l
′
ς

∫
d3~rd3~r′

{
ψ+
kς

(~r,t)
√
−∇2

[(ra∂b − rb∂a)
ψ̇lς (~r,t)√
−∇2

,
ψ+

k′ς
(~r′,t)

√
−∇′2 ](r′c∂

′
d − r′d∂′c)

ψ̇l′ς
(~r′,t)

√
−∇′2

+
ψ+

k′ς
(~r′,t)

√
−∇′2 [

ψ+
kς

(~r,t)
√
−∇2

, (r′c∂
′
d − r′d∂′c)

ψ̇l′ς
(~r′,t)

√
−∇′2 ](ra∂b − rb∂a)

ψ̇lς (~r,t)√
−∇2

}
= −δkς lς δk′ς l′ς

∫
d3~rd3~r′

{
ψ+
kς

(~r,t)
√
−∇2

(ra∂b − rb∂a){−i[σ(1) · ∇̂]2}lςk′ς δ
3(~r − ~r′)(r′c∂′d − r′d∂′c)

ψ̇l′ς
(~r′,t)

√
−∇′2

−
ψ+

k′ς
(~r′,t)

√
−∇′2 (r′c∂

′
d − r′d∂′c){−i[σ(1) · ∇̂′]2}l′ςkς δ

3(~r′ − ~r)(ra∂b − rb∂a)
ψ̇lς (~r,t)√
−∇2

}
= −δkς lς δk′ς l′ς

∫
d3~rd3~r′

{
ψ+
kς

(~r,t)
√
−∇2

(ra∂
′
b − rb∂′a){−i[σ(1) · ∇̂′]2}lςk′ς δ

3(~r − ~r′)(r′c∂′d − r′d∂′c)
ψ̇l′ς

(~r′,t)
√
−∇′2

−
ψ+

k′ς
(~r′,t)

√
−∇′2 (r′c∂d − r′d∂c){−i[σ(1) · ∇̂]2}l′ςkς δ

3(~r − ~r′)(ra∂b − rb∂a)
ψ̇lς (~r,t)√
−∇2

}
= δkς lς δk

′
ς l
′
ς

∫
d3~r

{
ψ+
kς

(~r,t)
√
−∇2

(ra∂b − rb∂a){−i[σ(1) · ∇̂]2}lςk′ς (rc∂d − rd∂c)
ψ̇l′ς

(~r,t)
√
−∇2

−
ψ+

k′ς
(~r,t)

√
−∇2

(rc∂d − rd∂c){−i[σ(1) · ∇̂]2}l′ςkς (ra∂b − rb∂a)
ψ̇lς (~r,t)√
−∇2

}

= −
∫ ψ+(~r,t)√

−∇2
[−i(ra∂b − rb∂a),−i(rc∂d − rd∂c)]{−i[σ(1) · ∇̂]2} ψ̇(~r,t)√

−∇2
d3~r

=
∫ ψ+(~r,t)√

−∇2
[L̂ab, L̂cd]

iψ̇(~r,t)√
−∇2

d3~r

= −i(gadLbc − gacLbd + gbcLad − gbdLac)

Proof: [Lab, Pc]

= −
∫
d3~rd3~r′[ψ

+(~r,t)√
−∇2

(ra∂b − rb∂a) iψ̇(~r,t)√
−∇2

, ψ
+(~r′,t)√
−∇′2 ∂

′
c
iψ̇(~r′,t)√
−∇′2 ]

= δkς lς δk
′
ς l
′
ς

∫
d3~rd3~r′[

ψ+
kς

(~r,t)
√
−∇2

(ra∂b − rb∂a)
ψ̇lς (~r,t)√
−∇2

,
ψ+

k′ς
(~r′,t)

√
−∇′2 ∂

′
c

ψ̇l′ς
(~r′,t)

√
−∇′2 ]

= δkς lς δk
′
ς l
′
ς

∫
d3~rd3~r′

{
ψ+
kς

(~r,t)
√
−∇2

[(ra∂b − rb∂a)
ψ̇lς (~r,t)√
−∇2

,
ψ+

k′ς
(~r′,t)

√
−∇′2 ]∂′c

ψ̇l′ς
(~r′,t)

√
−∇′2 +

ψ+

k′ς
(~r′,t)

√
−∇′2 [

ψ+
kς

(~r,t)
√
−∇2

, ∂′c
ψ̇l′ς

(~r′,t)
√
−∇′2 ](ra∂b − rb∂a)

ψ̇lς (~r,t)√
−∇2

}
= δkς lς δk

′
ς l
′
ς

∫
d3~rd3~r′

{
ψ+
kς

(~r,t)
√
−∇2

(ra∂b − rb∂a){−i[σ(1) · ∇̂]2}lςk′ς δ
3(~r − ~r′)∂′c

ψ̇l′ς
(~r′,t)

√
−∇′2

−
ψ+

k′ς
(~r′,t)

√
−∇′2 ∂

′
c{−i[σ(1) · ∇̂′]2}l′ςkς δ

3(~r′ − ~r)(ra∂b − rb∂a)
ψ̇lς (~r,t)√
−∇2

}
= −δkς lς δk′ς l′ς

∫
d3~rd3~r′

{
ψ+
kς

(~r,t)
√
−∇2

(ra∂
′
b − rb∂′a){−i[σ(1) · ∇̂′]2}lςk′ς δ

3(~r − ~r′)∂′c
ψ̇l′ς

(~r′,t)
√
−∇′2

−
ψ+

k′ς
(~r′,t)

√
−∇′2 ∂c{−i[σ(1) · ∇̂]2}l′ςkς δ

3(~r − ~r′)(ra∂b − rb∂a)
ψ̇lς (~r,t)√
−∇2

}
= δkς lς δk

′
ς l
′
ς

∫
d3~r

{
ψ+
kς

(~r,t)
√
−∇2

(ra∂b − rb∂a){−i[σ(1) · ∇̂]2}lςk′ς∂c
ψ̇l′ς

(~r,t)
√
−∇2

−
ψ+

k′ς
(~r,t)

√
−∇2

∂c{−i[σ(1) · ∇̂]2}l′ςkς (ra∂b − rb∂a)
ψ̇lς (~r,t)√
−∇2

}

= −
∫ ψ+(~r,t)√

−∇2
[−i(ra∂b − rb∂a),−i∂′c]{−i[σ(1) · ∇̂]2} ψ̇(~r,t)√

−∇2
d3~r

=
∫ ψ+(~r,t)√

−∇2
[L̂ab, P̂c]

iψ̇(~r,t)√
−∇2

d3~r

= −i(gbcPa − gacPb)

Proof: [Pa, Pb]

= −
∫

[ψ
+(~r,t)√
−∇2

∂a
iψ̇(~r,t)√
−∇2

, ψ
+(~r′,t)√
−∇′2 ∂

′
b
iψ̇(~r′,t)√
−∇′2 ]d3~rd3~r′

= δkς lς δk
′
ς l
′
ς

∫
[
ψ+
kς

(~r,t)
√
−∇2

∂a
ψ̇lς (~r,t)√
−∇2

,
ψ+

k′ς
(~r′,t)

√
−∇′2 ∂

′
b

ψ̇l′ς
(~r′,t)

√
−∇′2 ]d3~rd3~r′

= δkς lς δk
′
ς l
′
ς

∫
d3~rd3~r′{

ψ+
kς

(~r,t)
√
−∇2

[∂a
ψ̇lς (~r,t)√
−∇2

,
ψ+

k′ς
(~r′,t)

√
−∇′2 ]∂′b

ψ̇l′ς
(~r′,t)

√
−∇′2 +

ψ+

k′ς
(~r′,t)

√
−∇′2 [

ψ+
kς

(~r,t)
√
−∇2

, ∂′b
ψ̇l′ς

(~r′,t)
√
−∇′2 ]∂a

ψ̇lς (~r,t)√
−∇2

}
= δkς lς δk

′
ς l
′
ς

∫
d3~rd3~r′

{
ψ+
kς

(~r,t)
√
−∇2

{−i[σ(1) · ∇̂]2}lςk′ς∂aδ
3(~r − ~r′)∂′b

ψ̇l′ς
(~r′,t)

√
−∇′2 −

ψ+

k′ς
(~r′,t)

√
−∇′2 {−i[σ(1) · ∇̂′]2}l′ςkς∂

′
bδ

3(~r′ − ~r)∂a
ψ̇lς (~r,t)√
−∇2

}
= −δkς lς δk′ς l′ς

∫
d3~rd3~r′

{
ψ+
kς

(~r,t)
√
−∇2

{−i[σ(1) · ∇̂′]2}lςk′ς∂
′
aδ

3(~r − ~r′)∂′b
ψ̇l′ς

(~r′,t)
√
−∇′2 −

ψ+

k′ς
(~r′,t)

√
−∇′2 {−i[σ(1) · ∇̂]2}l′ςkς∂bδ

3(~r − ~r′)∂a
ψ̇lς (~r,t)√
−∇2

}

=
∫
{
ψ+
kς

(~r,t)
√
−∇2

{−i[σ(1) · ∇̂]2}kς l′ς∂a∂b
ψ̇l′ς

(~r,t)
√
−∇2

−
ψ+

k′ς
(~r,t)

√
−∇2

{−i[σ(1) · ∇̂]2}k′ς lς∂b∂a
ψlς (~r,t)√
−∇2

}d3~r
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=
∫ ψ+(~r,t)√

−∇2
(∂a∂b − ∂b∂a){−i[σ(1) · ∇̂]2} ψ̇(~r,t)√

−∇2
d3~r

=
∫ ψ+(~r,t)√

−∇2
(∂a∂b − ∂b∂a)−iψ̇(~r,t)√

−∇2
d3~r

=
∫ ψ+(~r,t)√

−∇2
[P̂a, P̂b]

iψ̇(~r,t)√
−∇2

d3~r = 0

4.11 Poincare symmetry of photon spin

Thm. 4.11.1.


∇ · ~E = −ρ,∇× ~E = −∂t ~B
∇ · ~B = 0,∇× ~B = − ~J + ∂t ~E

Ã = ∇× ~B
−∇2 , φ̃ = ∇·~E

−∇2

⇔


∇2Ã− ∂2

t Ã = ~J + ∂t∇φ̃
∇2φ̃ = ρ,∇ · Ã = 0
~E = −∂tÃ−∇φ̃, ~B = ∇× Ã

Cor. 4.11.1.


[∂a + iSab(γ, ς)∂

b]Ψ = −iσ[βς ]
ςab J

b

Ã = −i√
2

∇×(Ψ−Ψ∗)
∇2 , iφ̃ = −i√

2

∇·(Ψ+Ψ∗)
∇2

Fab = i
2 (σα

′

−abψα′ + σα+abψα)

⇔


∇2Ã− ∂2

t Ã = ~J + ∂t∇φ̃
∇2φ̃ = ρ,∇ · Ã = 0√

2Ψ = −∂tÃ−∇φ̃− iς∇× Ã

Def. 4.11.1. Electromagnetic complex vector ψας := i
2σ

ab
ςαςFab = iς(E − iςB)ας = (iςE +B)ας

Def. 4.11.2. ψα = i(E − iB)α, ψ
∗
α = ψα′ = −i(E + iB)α′

ThepositivebranchofSO(4)groupgeneratormatrix :

σ+ = R+ L = {
[

0 0 0 i
0 0 −i 0
0 i 0 0
−i 0 0 0

]
,

[
0 0 i 0
0 0 0 i
−i 0 0 0
0 −i 0 0

]
,

[
0 −i 0 0
i 0 0 0
0 0 0 i
0 0 −i 0

]
} (22.1a)

ThenegativebranchofSO(4)groupgeneratormatrix :

σ− = R− L = {
[

0 0 0 −i
0 0 −i 0
0 i 0 0
i 0 0 0

]
,

[
0 0 i 0
0 0 0 −i
−i 0 0 0
0 i 0 0

]
,

[
0 −i 0 0
i 0 0 0
0 0 0 −i
0 0 i 0

]
} (22.2a)

Thm. 4.11.2. Σijπ = FiπAj − FjπAi = −i(EiAj − EjAi)
= i

2 (σα−iπψ
∗
α + σα+iπψα) −i√

2
εjlm

∂l(Ψ−Ψ∗)m

∇2 − i
2 (σα−jπψ

∗
α + σα+jπψα) −i√

2
εilm

∂l(Ψ−Ψ∗)m

∇2

= 1
2
√

2
[(−iψ∗i + iψi)εjlm − (−iψ∗j + iψj)εilm]∂

l(Ψ−Ψ∗)m

∇2

= 1
4 [(ψi − ψ∗i )εjlm − (ψj − ψ∗j )εilm]∂

l(ψ+ψ∗)m

∇2

= i(Eiεjlm − Ejεilm)∂
lBm

∇2

Thm. 4.11.3. εkijΣijπ = εkiji(Eiεjlm − Ejεilm)∂
lBm

∇2 = −2i[
~E√
−∇2

· ∂k ~B√
−∇2

− (
~E√
−∇2

· ∇) Bk√
−∇2

]

εαςβςγςε
γς
ρςσς = δαςρς δβςσς − δαςσς δβςρς

Thm. 4.11.4. Lijπ = xiFkπ∂jA
k − xjFkπ∂iAk = −iEk(xi∂j − xj∂i)Ak = −iEk(xi∂j − xj∂i)εklm ∂lBm

−∇2

Thm. 4.11.5. εkijLijπ = −iEn(xi∂j − xj∂i)εkijεnlm ∂lBm
−∇2

Thm. 4.11.6. Σiππ = FiπAπ − FππAi = Eiφ

Thm. 4.11.7. Liππ = xiFkπ∂πA
k − xπFkπ∂iAk − 1

2xi
~E2 + 1

2xi
~B2 = −iEk(xi∂π − xπ∂i)Ak − 1

2xi
~E2 + 1

2xi
~B2

4.12 Poincare symmetry of photon angular momentum

Thm. 4.12.1. Ψ := 1√
2
( ~E − iς ~B)

= −ς
∫

Ψ+(~r, t)(riγj − rjγi)Ψ(~r, t)d3~r
iΣijπ = [(EiAj − EjAi) + Ek(xi∂j − xj∂i)Ak]

= [(EiAj − EjAi) + (xi∂j − xj∂i)( ~E · ~A)~E ]

= [(EiAj − EjAi) + xi( ~E × ~B)j + xi( ~E · ∇) ~Aj − xj( ~E × ~B)i − xj( ~E · ∇) ~Ai]

= [xi( ~E × ~B)j − xj( ~E × ~B)i]
= iς[xi(Ψ

+ ×Ψ)j − xj(Ψ+ ×Ψ)i]
= −ςΨ+(xiγj − xjγi)Ψ

Thm. 4.12.2. Miππ = Eiφ+ ~E · (−xi∂t − t∂i) ~A− 1
2xi

~E2 + 1
2xi

~B2

= Eiφ+ xi ~E · ( ~E +∇φ)− t∂i( ~E · ~A)~E −
1
2xi

~E2 + 1
2xi

~B2

= −t∂i( ~E · ~A)~E + 1
2xi(

~E2 + ~B2)

= −t( ~E × ~B)i + 1
2xi(

~E2 + ~B2)
= −iςt(Ψ+ ×Ψ)i + xiΨ

+Ψ
= −iςπΨ+γiΨ + xiΨ

+Ψ
iMiππ = −ςΨ+[xi(−iς)− πγi]Ψ
iMabπ = −ςΨ+(xaγb − xbγa)Ψ, γa = (γ,−iς)
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Thm. 4.12.3. Mij = −ς
∫

Ψ+(~r, t)(xiγj − xjγi)Ψ(~r, t)d3~r

Proof: [Mab(~r, t),Ma′b′(~r
′, t)]

=
∫
d3~rd3~r′[Ψ+(~r, t)(raγb − rbγa)Ψ(~r, t),Ψ+(~r′, t)(r′a′γb′ − r′b′γa′)Ψ(~r′, t)]

=
∫
d3~rd3~r′[Ψ+

α′ς
(~r, t)(raγb − rbγa)α

′
ςαςΨας (~r, t),Ψ

+
β′ς

(~r′, t)(r′a′γb′ − r′b′γa′)β
′
ςβςΨβς (~r

′, t)]

=
∫
d3~rd3~r′(raγb − rbγa)α

′
ςας (r′a′γb′ − r′b′γa′)β

′
ςβς [Ψ+

α′ς
(~r, t)Ψας (~r, t),Ψ

+
β′ς

(~r′, t)Ψβς (~r
′, t)]

=
∫
d3~rd3~r′(raγb − rbγa)α

′
ςας (r′a′γb′ − r′b′γa′)β

′
ςβς

{Ψ+
α′ς

(~r, t)[Ψας (~r, t),Ψ
+
β′ς

(~r′, t)]Ψβς (~r
′, t)−Ψ+

β′ς
(~r′, t)[Ψβς (~r

′, t),Ψ+
α′ς

(~r, t)]Ψας (~r, t)}
=
∫
d3~rd3~r′(raγb − rbγa)α

′
ςας (r′a′γb′ − r′b′γa′)β

′
ςβς

{Ψ+
α′ς

(~r, t)iς[γ · ∇]αςβ′ς δ
3(~r − ~r′)Ψβς (~r

′, t)−Ψ+
β′ς

(~r′, t)iς[γ · ∇′]βςα′ς δ
3(~r′ − ~r)Ψας (~r, t)}

= iς
∫
d3~r{(raγb − rbγa)α

′
ςαςΨ+

α′ς
(~r, t)[γ · ∇]αςβ′ς [(ra′γb′ − rb′γa′)

β′ςβςΨβς (~r, t)]

− [(ra′γb′ − rb′γa′)β
′
ςβςΨ+

β′ς
(~r, t)[γ · ∇]βςα′ς (raγb − rbγa)α

′
ςαςΨας (~r, t)}

Proof: [Mij(~r, t),Mi′j′(~r
′, t)]

=
∫
d3~rd3~r′[Ψ+(~r, t)(riγj − rjγi)Ψ(~r, t),Ψ+(~r′, t)(r′i′γj′ − r′j′γi′)Ψ(~r′, t)]

=
∫
d3~rd3~r′[Ψ+

α′ς
(~r, t)(riγj − rjγi)α

′
ςαςΨας (~r, t),Ψ

+
β′ς

(~r′, t)(r′i′γj′ − r′j′γi′)β
′
ςβςΨβς (~r

′, t)]

=
∫
d3~rd3~r′(riγj − rjγi)α

′
ςας (r′i′γj′ − r′j′γi′)β

′
ςβς [Ψ+

α′ς
(~r, t)Ψας (~r, t),Ψ

+
β′ς

(~r′, t)Ψβς (~r
′, t)]

=
∫
d3~rd3~r′(riγj − rjγi)α

′
ςας (r′i′γj′ − r′j′γi′)β

′
ςβς

{Ψ+
α′ς

(~r, t)[Ψας (~r, t),Ψ
+
β′ς

(~r′, t)]Ψβς (~r
′, t)−Ψ+

β′ς
(~r′, t)[Ψβς (~r

′, t),Ψ+
α′ς

(~r, t)]Ψας (~r, t)}
=
∫
d3~rd3~r′(riγj − rjγi)α

′
ςας (r′i′γj′ − r′j′γi′)β

′
ςβς

{Ψ+
α′ς

(~r, t)iς[γ · ∇]αςβ′ς δ
3(~r − ~r′)Ψβς (~r

′, t)−Ψ+
β′ς

(~r′, t)iς[γ · ∇′]βςα′ς δ
3(~r′ − ~r)Ψας (~r, t)}

= iς
∫
d3~r{(riγj − rjγi)α

′
ςαςΨ+

α′ς
(~r, t)[γ · ∇]αςβ′ς [(ri′γj′ − rj′γi′)

β′ςβςΨβς (~r, t)]

− [(ri′γj′ − rj′γi′)β
′
ςβςΨ+

β′ς
(~r, t)[γ · ∇]βςα′ς (riγj − rjγi)

α′ςαςΨας (~r, t)}
= iς

∫
d3~r{(riγj − rjγi)α

′
ςαςΨ+

α′ς
(~r, t)iεi′j′k′(γ

k′)ας
βςΨβς (~r, t)]

− [(ri′γj′ − rj′γi′)β
′
ςβςΨ+

β′ς
(~r, t)iεijk(γk)βς

αςΨας (~r, t)}
+ {(riγj − rjγi)α

′
ςας [(ri′γj′ − rj′γi′)β

′
ςβςΨ+

α′ς
(~r, t)(γk

′
)αςβ′ς∂k′Ψβς (~r, t)]

− (riγj − rjγi)α
′
ςας [(ri′γj′ − rj′γi′)β

′
ςβςΨ+

β′ς
(~r, t)(γk)βςα′ς∂kΨας (~r, t)]}

= iς
∫
d3~r{iεi′j′k

′
Ψ+(~r, t)(riγj − rjγi)γk′Ψ(~r, t)]− iεijkΨ+(~r, t)[(ri′γj′ − rj′γi′)γkΨ(~r, t)}

+ {Ψ+(~r, t)(riγj − rjγi)γk′(ri′γj′ − rj′γi′)∂k
′
Ψ(~r, t)−Ψ+(~r, t)[(ri′γj′ − rj′γi′)γk(riγj − rjγi)∂kΨ(~r, t)]}

Proof: [Mij(~r, t),Mi′π(~r′, t)]
=
∫
d3~rd3~r′[Ψ+(~r, t)(riγj − rjγi)Ψ(~r, t),Ψ+(~r′, t)(r′i′γπ − πγi′)Ψ(~r′, t)]

=
∫
d3~rd3~r′[Ψ+

α′ς
(~r, t)(riγj − rjγi)α

′
ςαςΨας (~r, t),Ψ

+
β′ς

(~r′, t)(r′i′γπ − πγi′)β
′
ςβςΨβς (~r

′, t)]

=
∫
d3~rd3~r′(riγj − rjγi)α

′
ςας (r′i′γπ − πγi′)β

′
ςβς [Ψ+

α′ς
(~r, t)Ψας (~r, t),Ψ

+
β′ς

(~r′, t)Ψβς (~r
′, t)]

=
∫
d3~rd3~r′(riγj − rjγi)α

′
ςας (r′i′γπ − πγi′)β

′
ςβς

{Ψ+
α′ς

(~r, t)[Ψας (~r, t),Ψ
+
β′ς

(~r′, t)]Ψβς (~r
′, t)−Ψ+

β′ς
(~r′, t)[Ψβς (~r

′, t),Ψ+
α′ς

(~r, t)]Ψας (~r, t)}
=
∫
d3~rd3~r′(riγj − rjγi)α

′
ςας (r′i′γπ − πγi′)β

′
ςβς

{Ψ+
α′ς

(~r, t)iς[γ · ∇]αςβ′ς δ
3(~r − ~r′)Ψβς (~r

′, t)−Ψ+
β′ς

(~r′, t)iς[γ · ∇′]βςα′ς δ
3(~r′ − ~r)Ψας (~r, t)}

= iς
∫
d3~r{(riγj − rjγi)α

′
ςαςΨ+

α′ς
(~r, t)[γ · ∇]αςβ′ς [(ri′γπ − πγi′)

β′ςβςΨβς (~r, t)]

− [(ri′γπ − πγi′)β
′
ςβςΨ+

β′ς
(~r, t)[γ · ∇]βςα′ς (riγj − rjγi)

α′ςαςΨας (~r, t)}
= iς

∫
d3~r{(riγj − rjγi)α

′
ςαςΨ+

α′ς
(~r, t)(γi′γπ)ας

βςΨβς (~r, t)]

− [(ri′γπ − πγi′)β
′
ςβςΨ+

β′ς
(~r, t)iεijk(γk)βς

αςΨας (~r, t)}
+ {(riγj − rjγi)α

′
ςας [(ri′γπ − πγi′)β

′
ςβςΨ+

α′ς
(~r, t)(γk

′
)αςβ′ς∂k′Ψβς (~r, t)]

− (riγj − rjγi)α
′
ςας [(ri′γπ − πγi′)β

′
ςβςΨ+

β′ς
(~r, t)(γk)βςα′ς∂kΨας (~r, t)]}

= iς
∫
d3~r{Ψ+(~r, t)(riγj − rjγi)γi′γπΨ(~r, t)]− iεijkΨ+(~r, t)(ri′γπ − πγi′)γkΨ(~r, t)}

+ {Ψ+(~r, t)(riγj − rjγi)γk′(ri′γπ − πγi′)∂k
′
Ψ(~r, t)]−Ψ+(~r, t)(ri′γπ − πγi′)γk(riγj − rjγi)∂kΨ(~r, t)]}

=
∫
d3~r{Ψ+(~r, t)(riγj − rjγi)γi′Ψ(~r, t)]− iεijkΨ+(~r, t)(ri′ + ςtγi′)γkΨ(~r, t)}

+ {Ψ+(~r, t)(riγj − rjγi)γk′(ri′ + ςtγi′)∂
k′Ψ(~r, t)]−Ψ+(~r, t)(ri′ + ςtγi′)γk(riγj − rjγi)∂kΨ(~r, t)]}

Proof: −ς
∫

Ψ+(~r, t)(γ,−iς)a′Ψ(~r, t)d3~r
[Mij(~r, t), Pa′(~r

′, t)]
=
∫
d3~rd3~r′[Ψ+(~r, t)(riγj − rjγi)Ψ(~r, t),Ψ+(~r′, t)(γ,−iς)a′Ψ(~r′, t)]
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=
∫
d3~rd3~r′[Ψ+

α′ς
(~r, t)(riγj − rjγi)α

′
ςαςΨας (~r, t),Ψ

+
β′ς

(~r′, t)(γ,−iς)β
′
ςβς
a′ Ψβς (~r

′, t)]

=
∫
d3~rd3~r′(riγj − rjγi)α

′
ςας (γ,−iς)β

′
ςβς
a′ [Ψ+

α′ς
(~r, t)Ψας (~r, t),Ψ

+
β′ς

(~r′, t)Ψβς (~r
′, t)]

=
∫
d3~rd3~r′(riγj − rjγi)α

′
ςας (γ,−iς)β

′
ςβς
a′

{Ψ+
α′ς

(~r, t)[Ψας (~r, t),Ψ
+
β′ς

(~r′, t)]Ψβς (~r
′, t)−Ψ+

β′ς
(~r′, t)[Ψβς (~r

′, t),Ψ+
α′ς

(~r, t)]Ψας (~r, t)}

=
∫
d3~rd3~r′(riγj − rjγi)α

′
ςας (γ,−iς)β

′
ςβς
a′

{Ψ+
α′ς

(~r, t)iς[γ · ∇]αςβ′ς δ
3(~r − ~r′)Ψβς (~r

′, t)−Ψ+
β′ς

(~r′, t)iς[γ · ∇′]βςα′ς δ
3(~r′ − ~r)Ψας (~r, t)}

= iς
∫
d3~r{(riγj − rjγi)α

′
ςαςΨ+

α′ς
(~r, t)[γ · ∇]αςβ′ς [(γ,−iς)

β′ςβς
a′ Ψβς (~r, t)]

− [(γ,−iς)β
′
ςβς
a′ Ψ+

β′ς
(~r, t)[γ · ∇]βςα′ς (riγj − rjγi)

α′ςαςΨας (~r, t)}

= iς
∫
d3~r{−[(γ,−iς)β

′
ςβς
a′ Ψ+

β′ς
(~r, t)iεijk(γk)βς

αςΨας (~r, t)}

+ {(riγj − rjγi)α
′
ςας [(γ,−iς)β

′
ςβς
a′ Ψ+

α′ς
(~r, t)(γk

′
)αςβ′ς∂k′Ψβς (~r, t)]

− (riγj − rjγi)α
′
ςας [(γ,−iς)β

′
ςβς
a′ Ψ+

β′ς
(~r, t)(γk)βςα′ς∂kΨας (~r, t)]}

= iς
∫
d3~r{−iεijkΨ+(~r, t)(γ,−iς)a′γkΨ(~r, t)

+ Ψ+(~r, t)(riγj − rjγi)γk′(γ,−iς)a′∂k
′
Ψ(~r, t)−Ψ+(~r, t)(γ,−iς)a′γk(riγj − rjγi)∂kΨ(~r, t)}

= iς
∫
d3~r{Ψ+(~r, t)(riγj − rjγi)γk(γ,−iς)a′∂kΨ(~r, t)−Ψ+(~r, t)(γ,−iς)a′γk∂k[(riγj − rjγi)Ψ(~r, t)]}

Proof:

=
∫
d3~rΨ+(~r, t){(riγj − rjγi)[γ · ∇][(ri′γj′ − rj′γi′)− [(ri′γj′ − rj′γi′)[γ · ∇](riγj − rjγi)}Ψ(~r, t)]

5 New Scheme for covariant quantization of complex electromagnetic field strength
This section is replaced by an electromagnetic representation. Once again a complete description of
the photon covariant quantization scheme is given for easy using in later chapters.
5.1 Various equivalent forms of electromagnetic field [22, 24]

Def. 5.1.1. Ψας := −iς√
2
ψας = −iς√

2
i
2σ

ab
ςαςFab = −iς√

2
iς(E − iςB)ας

Def. 5.1.2. Ψ := 1√
2
( ~E − iς ~B) = 1√

2
( ~E − iς∇× ~A),Ψi = 1√

2
(Ei − iςεijk∂jAk), p · x := ~p · ~r − Et

Thm. 5.1.1.{
∂aFab = 0

∂a ∗ Fab = 0
⇔

{
∇ · ~E = 0,∇× ~E = −∂t ~B
∇ · ~B = 0,∇× ~B = ∂t ~E

⇔

{
(γ,−iς)a∂aΨ = 0

∇ ·Ψ = 0
⇔

{
[∂a + iSab(γ, ς)∂

b]Ψ = 0

Sab(γ, ς) = iσαςςabγας (s)

5.2 Spin equation and plane wave solutions of complex electromagnetic field strength

Thm. 5.2.1. [∂a + iSab(γ, ς)∂
b]Ψ(x) = 0

Cor. 5.2.1.


Ψ(~r, t) := 1

(2π)3/2

∫
~p6=0

√
|~p|λm(p̂,−ς)[a1(~p,−ς)eiςp·x + a+

2 (~p,−ς)e−iςp·x]d3~p√
|~p|a1(~p,−ς) = 1

(2π)3/2

∫
λ+
m(p̂,−ς)Ψ(~r, t)e−iςp·xd3~r√

|~p|a+
2 (~p,−ς) = 1

(2π)3/2

∫
λ+
m(p̂,−ς)Ψ(~r, t)eiςp·xd3~r

Cor. 5.2.2. (γ,−iς)a∂a 1
(2π)3/2

∫
~p6=0

−1∑
h=1

√
|~p|λm(p̂, h)[a1(~p,−ς)eiςp·x + a+

2 (~p,−ς)e−iςp·x]d3~p = 0

∫
~p 6=0

−1∑
h=1

√
|~p|(γ,−iς)apaλm(p̂, h)[a1(~p,−ς)eiςp·x − a+

2 (~p,−ς)e−iςp·x]d3~p = 0

5.3 Properties of constant invariant tensor σabαςα′ς in electromagnetic field

From constant invariant tensor analysis, it can be seen that:

Cor. 5.3.1.

σππαςα′ς = 1
2δαςα′ς

σkπαςα′ς = σπkαςα′ς = − ς
2ε
k
αςα′ς

σklαςα′ς = 1
2 (δkας δ

l
α′ς

+ δkα′ς δ
l
ας − δ

klδαςα′ς )

Cor. 5.3.2. σabαςα′ς∂a∂b = ∂ας∂α′ς −
1
2δαςα′ς (∇

2 + ∂2
t ) + iςεkαςα′ς∂k∂t

Proof: σabαςα′ς∂a∂b = σklαςα′ς∂k∂l + 2σkπαςα′ς∂k∂π + σππαςα′ς∂π∂π

= ∂ας∂α′ς −
1
2δαςα′ς (∇

2 − ∂2
π)− ςεkαςα′ς∂k∂π

= ∂ας∂α′ς −
1
2δαςα′ς (∇

2 + ∂2
t ) + iςεkαςα′ς∂k∂t
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Cor. 5.3.3. σabαςα′ςpapb = pαςpα′ς − δαςα′ς |~p|
2 − iςεkαςα′ςpk|~p|

Cor. 5.3.4. σabαςα′ς∂a∂b∆(x) = (∂ας∂α′ς − δαςα′ς∇
2 + iςεkαςα′ς∂k∂t)∆(x) = −σabαςα′ςpapb∆(x)

Cor. 5.3.5.{
σab{αςα′ς}

∂a∂b = 2∂ας∂α′ς − δαςα′ς (∇
2 + ∂2

t )

σab[αςα′ς ]
∂a∂b = 2iςεkαςα′ς∂k∂t = −2ς(γ · ∇)αςα′ς∂t

{
σab{αςα′ς}

∂a∂b∆(x) = 2(∂ας∂α′ς − δαςα′ς∇
2)∆(x)

σab[αςα′ς ]
∂a∂b∆(x) = 2iςεkαςα′ς∂k∂t∆(x)

Cor. 5.3.6.{
σab{αςα′ς}

papb = 2(pαςpα′ς − δαςα′ς |~p|
2)

σab[αςα′ς ]
papb = −2iςεkαςα′ςpk|~p| = 2ςγkαςα′ςpk|~p|

{
σab{αςα′ς}

p̂ap̂b = 2(p̂ας p̂α′ς − δαςα′ς )
σab[αςα′ς ]

p̂ap̂b = −2iςεkαςα′ς p̂k = 2ςγkαςα′ς p̂k

Lem. 5.3.1. σabαςα′ςpapb = −2|~p|2λmας (p̂,−ς)λ+
mα′ς

(p̂,−ς)

Proof: σabαςα′ςpapb

= pαςpα′ς + ςγkαςα′ςpk|~p| − δαςα′ς |~p|
2

= pαςpα′ς + ς|~p|γkας βςpkδβςα′ς − δαςα′ς |~p|
2

= λmας (p̂, 0)λ+
mα′ς

(p̂, 0)|~p|2 + ς|~p|γkας βςpk
−1∑
h=1

λmβς (p̂, h)λ+
mα′ς

(p̂, h)− δαςα′ς |~p|
2

= λmας (p̂, 0)λ+
mα′ς

(p̂, 0)|~p|2 + ς|~p|[ς|~p|λmβς (p̂, ς)λ+
mα′ς

(p̂, ς)− ς|~p|λmβς (p̂,−ς)λ+
mα′ς

(p̂,−ς)]− δαςα′ς |~p|
2

= |~p|2
−1∑
h=1

λmας (p̂, h)λ+
mα′ς

(p̂, h)− δαςα′ς |~p|
2 − 2|~p|2λmας (p̂,−ς)λ+

mα′ς
(p̂,−ς)

= −2|~p|2λmας (p̂,−ς)λ+
mα′ς

(p̂,−ς)

The above lemma links constant invariant tensor analysis with helicity analysis.

Cor. 5.3.7.

{
(σabp̂ap̂b)

n = (−2)n−1σabp̂ap̂b

(σ
ab∂a∂b
∇2 )n = (−2)n−1 σ

ab∂a∂b
∇2

{
(p̂T p̂− 1)n = (−1)n−1(p̂T p̂− 1)

(∇
T∇
∇2 − 1)n = (−2)n−1(∇

T∇
∇2 − 1)

Cor. 5.3.8.

{
(ςγ · p̂)2n = −(p̂T p̂− 1)

(−iςγ·∇√
−∇2

)2n = −(∇
T∇
∇2 − 1)

{
(ςγ · p̂)2n−1 = (ςγ · p̂)
(−iςγ·∇√
−∇2

)2n−1 = (−iςγ·∇√
−∇2

)

Cor. 5.3.9.

{
(p̂T p̂− 1)(ςγ · p̂) = (ςγ · p̂)(p̂T p̂− 1) = −(ςγ · p̂)
(∇

T∇
∇2 − 1)(−iςγ·∇√

−∇2
) = (−iςγ·∇√

−∇2
)(∇

T∇
∇2 − 1) = −(−iςγ·∇√

−∇2
)

5.4 General covariant commutation rules for electromagnetic field in mathematics

Thm. 5.4.1.
[aσ(~p,−ς), a+

σ′(~p
′,−ς)]± = ς

0
1δσδσσ′δ

3(~p− ~p′)
[aσ(~p,−ς), aσ′(~p′,−ς)]± = 0

[a+
σ (~p,−ς), a+

σ′(~p
′,−ς)]± = 0

⇒


[Ψας (x),Ψ+

α′ς
(x′)]±

= iς
1
0σabαςα′ς∂a∂b[δ1∆(+ς)(x− x′)−±δ2∆(−ς)(x− x′)]

[Ψας (x),Ψβς (x
′)]± = 0

[Ψ+
α′ς

(x),Ψ+
β′ς

(x′)]± = 0

Proof: [Ψ
(+ς)
ας (x),Ψ

(+ς)+
α′ς

(x′)]±

= 1
(2π)3

∫
~p6=0

λmας (p̂,−ς)λ+
mα′ς

(~p′,−ς)
√
|~p||~p′|[a1(~p,−ς), a+

1 (~p′,−ς)]±eiς~p·(x−x
′)d3~pd3~p′

= 1
(2π)3

∫
λmας (p̂,−ς)λ+

mα′ς
(~p′,−ς)|~p|ς0

1δ1δ
3(~p− ~p′)eiς~p·(x−x′)d3~pd3~p′

= 1
(2π)3

∫
λmας (p̂,−ς)λ+

mα′ς
(p̂,−ς)ς0

1δ1|~p|eiς~p·(x−x
′)d3~p

= −ς
0
1δ1

(2π)3

∫
1

2|~p|σ
ab
αςα′ς

papbe
iςp·(x−x′)d3~p

= iς
1
0δ1σ

ab
αςα′ς

∂a∂b∆
(+ς)(x− x′)

Proof: [Ψ
(−ς)
ας (x),Ψ

(−ς)+
α′ς

(x′)]±

= 1
(2π)3

∫
~p6=0

λmας (p̂,−ς)λ+
mα′ς

(~p′,−ς)
√
|~p||~p′|[a+

2 (~p,−ς), a2(~p′,−ς)]±e−iς~p·(x−x
′)d3~pd3~p′

= ± 1
(2π)3

∫
λmας (p̂,−ς)λ+

mα′ς
(~p′,−ς)|~p|ς0

1δ2δ
3(~p− ~p′)e−iς~p·(x−x′)d3~pd3~p′

= ± 1
(2π)3

∫
λmας (p̂,−ς)λ+

mα′ς
(p̂,−ς)ς0

1δ2|~p|e−iς~p·(x−x
′)d3~p

= ±−ς
0
1δ2

(2π)3

∫
1

2|~p|σ
ab
αςα′ς

papbe
−iςp·(x−x′)d3~p

= −± iς1
0δ2σ

ab
αςα′ς

∂a∂b∆
(−ς)(x− x′)
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Proof: [Ψας (x),Ψ+
α′ς

(x′)]±

= [Ψ
(+ς)
ας (x),Ψ

(+ς)+
α′ς

(x′)]± + [Ψ
(−ς)
ας (x),Ψ

(−ς)+
α′ς

(x′)]±

= iς
1
0δ1σ

ab
αςα′ς

∂a∂b∆
(+ς)(x− x′)−±iς1

0δ2σ
ab
αςα′ς

∂a∂b∆
(−ς)(x− x′)

= iς
1
0σabαςα′ς∂a∂b[δ1∆(+ς)(x− x′)−±δ2∆(−ς)(x− x′)]

= iς
1
0σabαςα′ς∂a∂b[(δ1 ± δ2)∆(+ς)(x− x′)−±δ2∆(x− x′)]

From the above, only δ1± δ2 = 0, the micro causality is satisfied. At the same time only when δ1, δ2 ≥ 0,
the probability is just nonnegative. Therefore, among the eight covariant commutative or anticom-
mutative schemes in mathematics, there is only one physically reasonable scheme: That is, when
δ1 = δ2 = 1, it satisfies the commutative relation. There are actually two other options. Namely when
δ1 = δ2 = 0, it satisfies the commutative or anticommutative relation, which is just the classic case.
5.5 Physical covariant commutation rules for electromagnetic field

From the previous section, we can see that the commutation rules with physical significance are as
follows:(In order to confirm each other, a new proof has been made.)

Thm. 5.5.1.
[aσ(~p,−ς), a+

σ′(~p
′,−ς)] = ςδσσ′δ

3(~p− ~p′)
[aσ(~p,−ς), aσ′(~p′,−ς)] = 0

[a+
σ (~p,−ς), a+

σ′(~p
′,−ς)] = 0

⇒


[Ψας (x),Ψ+

α′ς
(x′)] = iσabαςα′ς∂a∂b∆(x− x′)

[Ψας (x),Ψβς (x
′)] = 0

[Ψ+
α′ς

(x),Ψ+
β′ς

(x′)] = 0

Proof: [Ψας (x),Ψ+
α′ς

(x′)]

= 1
(2π)3

∫
~p6=0

d3~pd3~p′

λmας (p̂,−ς)λ+
mα′ς

(~p′,−ς)
√
|~p||~p′|{[a1(~p,−ς), a+

1 (~p′,−ς)]eiς~p·(x−x′) + [a+
2 (~p,−ς), a2(~p′,−ς)]e−iς~p·(x−x′)}

= 1
(2π)3

∫
λmας (p̂,−ς)λ+

mα′ς
(~p′,−ς)|~p|[ςδ3(~p− ~p′)eiς~p·(x−x′) − ςδ3(~p− ~p′)e−iς~p·(x−x′)]}d3~pd3~p′

= 1
(2π)3

∫
λmας (p̂,−ς)λ+

mα′ς
(p̂,−ς)ς|~p|[eiς~p·(x−x′) − e−iς~p·(x−x′)}d3~p

= −ς
(2π)3

∫
1

2|~p|σ
ab
αςα′ς

papb[e
iςp·(x−x′) − e−iςp·(x−x′)]d3~p

= iςσabαςα′ς∂a∂b∆[ς(x− x′)]
= iσabαςα′ς∂a∂b∆(x− x′)

Thm. 5.5.2.
[aσ(~p,−ς), a+

σ′(~p
′,−ς)] = ςδσσ′δ

3(~p− ~p′)
[aσ(~p,−ς), aσ′(~p′,−ς)] = 0

[a+
σ (~p,−ς), a+

σ′(~p
′,−ς)] = 0

⇒


[Ψ

(τ)
ας (x),Ψ

(κ)+
α′ς

(x′)] = iδτκσabαςα′ς∂a∂b∆
(τ)(x− x′)

[Ψ
(τ)
ας (x),Ψ

(κ)
βς

(x′)] = 0

[Ψ
(τ)+
α′ς

(x),Ψ
(κ)+
β′ς

(x′)] = 0

Proof: [Ψ
(+ς)
ας (x),Ψ

(+ς)+
α′ς

(x′)]

= 1
(2π)3

∫
~p6=0

λmας (p̂,−ς)λ+
mα′ς

(~p′,−ς)
√
|~p||~p′|[a1(~p,−ς), a+

1 (~p′,−ς)]eiς~p·(x−x′)d3~pd3~p′

= 1
(2π)3

∫
λmας (p̂,−ς)λ+

mα′ς
(~p′,−ς)|~p|ςδ3(~p− ~p′)eiς~p·(x−x′)d3~pd3~p′

= 1
(2π)3

∫
λmας (p̂,−ς)λ+

mα′ς
(p̂,−ς)ς|~p|eiς~p·(x−x′)d3~p

= −ς
(2π)3

∫
1

2|~p|σ
ab
αςα′ς

papbe
iςp·(x−x′)d3~p

= iσabαςα′ς∂a∂b∆
(+ς)(x− x′)

Proof: [Ψ
(−ς)
ας (x),Ψ

(−ς)+
α′ς

(x′)]

= 1
(2π)3

∫
~p6=0

λmας (p̂,−ς)λ+
mα′ς

(~p′,−ς)
√
|~p||~p′|[a+

2 (~p,−ς), a2(~p′,−ς)]e−iς~p·(x−x′)d3~pd3~p′

= − 1
(2π)3

∫
λmας (p̂,−ς)λ+

mα′ς
(~p′,−ς)|~p|ςδ3(~p− ~p′)e−iς~p·(x−x′)d3~pd3~p′

= − 1
(2π)3

∫
λmας (p̂,−ς)λ+

mα′ς
(p̂,−ς)ς|~p|e−iς~p·(x−x′)d3~p

= ς
(2π)3

∫
1

2|~p|σ
ab
αςα′ς

papbe
−iςp·(x−x′)d3~p

= iσabαςα′ς∂a∂b∆
(−ς)(x− x′)

5.6 Isochronous commutation rules for electromagnetic field

Cor. 5.6.1.


[Ψας (x),Ψ+

α′ς
(x′)] = iσabαςα′ς∂a∂b∆(x− x′)

[Ψας (x),Ψβς (x
′)] = 0

[Ψ+
α′ς

(x),Ψ+
β′ς

(x′)] = 0

⇒


[Ψας (~r, t),Ψ

+
α′ς

(~r′, t)] = ςεkαςα′ς∂kδ(~r − ~r
′)

[Ψας (~r, t),Ψβς (~r
′, t)] = 0

[Ψ+
α′ς

(~r, t),Ψ+
β′ς

(~r′, t)] = 0
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Proof: [Ψας (x),Ψ+
α′ς

(x′)] = iσabαςα′ς∂a∂b∆(x− x′)
⇒ [Ψας (~r, t),Ψ

+
α′ς

(~r′, t)] = 2iσkπαςα′ς∂k∂π∆(x− x′)|t=t′
⇔ [Ψας (~r, t),Ψ

+
α′ς

(~r′, t)] = ςεkαςα′ς∂kδ(~r − ~r
′)

Cor. 5.6.2.


[Ψας (~r, t),Ψ

+
α′ς

(~r′, t)] = ςεkαςα′ς∂kδ(~r − ~r
′)

[Ψας (~r, t),Ψβς (~r
′, t)] = 0

[Ψ+
α′ς

(~r, t),Ψ+
β′ς

(~r′, t)] = 0

⇒


[aσ(~p,−ς), a+

σ′(~p
′,−ς)] = ςδσσ′δ

3(~p− ~p′)
[aσ(~p,−ς), aσ′(~p′,−ς)] = 0

[a+
σ (~p,−ς), a+

σ′(~p
′,−ς)] = 0

Proof: [a1(~p,−ς), a+
1 (~p′,−ς)]

= 1
(2π)3

1√
|~p||~p′|

∫
[λ+ας
m (p̂,−ς)Ψας (~r, t)e

−iς(~p·~r−Et), λ
α′ς
m (~p′,−ς)Ψ+

α′ς
(~r′, t)eiς(~p

′·~r′−E′t)]d3~rd3~r′

= 1
(2π)3

1√
|~p||~p′|

∫
λ+ας
m (p̂,−ς)λα

′
ς
m (~p′,−ς)[Ψας (~r, t),Ψ

+
α′ς

(~r′, t)]e−iς(~p·~r−Et)eiς(~p
′·~r′−E′t)d3~rd3~r′

= iς 1
(2π)3

1√
|~p||~p′|

∫
λ+ας
m (p̂,−ς)λα

′
ς
m (~p′,−ς)γkαςα′ς∂kδ

3(~r − ~r′)e−iς(~p·~r−Et)eiς(~p′·~r′−E′t)d3~rd3~r′

= iς 1
(2π)3

1√
|~p||~p′|

∫
λ+ας
m (p̂,−ς)λα

′
ς
m (~p′,−ς)γkαςα′ς iςpke

−iς(~p·~r−Et)eiς(~p
′·~r−E′t)d3~r

= − 1
|~p|λ

+ας
m (p̂,−ς)λα

′
ς
m (p̂, h′)γkαςα′ςpkδ

3(~p− ~p′)

= −λ+
m(p̂,−ς)γ

kpk
|~p| λm(p̂,−ς)δ3(~p− ~p′)

= ςλ+
m(p̂,−ς)λm(p̂,−ς)δ3(~p− ~p′)

= ςδ3(~p− ~p′)

Proof: [a+
2 (~p,−ς), a2(~p′,−ς)]

= 1
(2π)3

1√
|~p||~p′|

∫
[λ+ας
m (p̂,−ς)Ψας (~r, t)e

iς(~p·~r−Et), λ
α′ς
m (~p′,−ς)Ψ+

α′ς
(~r′, t)e−iς(~p

′·~r′−E′t)]d3~rd3~r′

= 1
(2π)3

1√
|~p||~p′|

∫
λ+ας
m (p̂,−ς)λα

′
ς
m (~p′,−ς)[Ψας (~r, t),Ψ

+
α′ς

(~r′, t)]eiς(~p·~r−Et)e−iς(~p
′·~r′−E′t)d3~rd3~r′

= iς 1
(2π)3

1√
|~p||~p′|

∫
λ+ας
m (p̂,−ς)λα

′
ς
m (~p′,−ς)γkαςα′ς∂kδ

3(~r − ~r′)eiς(~p·~r−Et)e−iς(~p′·~r′−E′t)d3~rd3~r′

= iς 1
(2π)3

1√
|~p||~p′|

∫
λ+ας
m (p̂,−ς)λα

′
ς
m (~p′,−ς)γkαςα′ς (−iςpk)eiς(~p·~r−Et)e−iς(~p

′·~r−E′t)d3~r

= 1
|~p|λ

+ας
m (p̂,−ς)λα

′
ς
m (p̂, h′)γkαςα′ςpkδ

3(~p− ~p′)

= λ+
m(p̂,−ς)γ

kpk
|~p| λm(p̂, h′)δ3(~p− ~p′)

= −ςλ+
m(p̂,−ς)λm(p̂, h′)δ3(~p− ~p′)

= −ςδ3(~p− ~p′)

5.7 Summary of commutation rules for electromagnetic field

he proof in the above sections exactly forms a logical closed-loop, so it has the following properties:

Cor. 5.7.1.


[aσ(~p,−ς), a+

σ′(~p
′,−ς)] = ςδσσ′δ

3(~p− ~p′)
[aσ(~p,−ς), aσ′(~p′,−ς)] = 0

[a+
σ (~p,−ς), a+

σ′(~p
′,−ς)] = 0

⇔


[aσ(~p), a+

σ′(~p
′)] = δσσ′δ

3(~p− ~p′)
[aσ(~p), aσ′(~p

′)] = 0

[a+
σ (~p), a+

σ′(~p
′)] = 0

m m

Cor. 5.7.2.


[Ψας (x),Ψ+

α′ς
(x′)] = iσabαςα′ς∂a∂b∆(x− x′)

[Ψας (x),Ψβς (x
′)] = 0

[Ψ+
α′ς

(x),Ψ+
β′ς

(x′)] = 0

⇔


[Ψας (~r, t),Ψ

+
α′ς

(~r′, t)] = ςεkαςα′ς∂kδ(~r − ~r
′)

[Ψας (~r, t),Ψβς (~r
′, t)] = 0

[Ψ+
α′ς

(~r, t),Ψ+
β′ς

(~r′, t)] = 0

5.8 Commutative function, causal function and feynman propagator of electromagnetic field

(It seems like there’s a minus sign missing from Bogoliubov.)

Def. 5.8.1.
[ϕ(x), ϕ(x′)] = i∆(x− x′), ϕ+(x) = ϕ(x)

∆(x) = ∆(+)(x) + ∆(−)(x) = ∆ret(x)−∆adv(x)

∆(l)(x) = i[∆(−)(x)−∆(+)(x)]

Nm(1) =
[
I3
0

]
, N̄m(1) = [I3, 0]


∆(c)(x) = θ(t)∆(+)(x)− θ(−t)∆(−)(x)

∆ret(x) = θ(t)∆(x) = ∆(c)(x) + ∆(−)(x)

∆adv(x) = −θ(−t)∆(x) = ∆(c)(x)−∆(+)(x)

∆F (x) = 〈Tϕ(x)ϕ(x′)〉0 = i∆(c)(x− x′)

Def. 5.8.2. ∆̃()(x) :=
[

∆()(x)
0

]
,∆(c)(x− x′) := i〈Tϕ(x)ϕ(x′)〉0, ~∂ := (∂x, ∂y, ∂z)
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Cor. 5.8.1.
∆αςα′ς

(γ;x) := σabαςα′ς∂a∂b∆(x)

∆
(+)
αςα′ς

(γ;x) := σabαςα′ς∂a∂b∆
(+)(x)

∆
(−)
αςα′ς

(γ;x) := σabαςα′ς∂a∂b∆
(−)(x)

∆
(l)
αςα′ς

(γ;x) := σabαςα′ς∂a∂b∆
(l)(x)



∆
(c)
αςα′ς

(γ;x) := σabαςα′ς∂a∂b∆
(c)(x) + σππαςα′ς δ

4(x)

∆ret
αςα′ς

(γ;x) := σabαςα′ς∂a∂b∆
ret(x) + σππαςα′ς δ

4(x)

∆adv
αςα′ς

(γ;x) := σabαςα′ς∂a∂b∆
adv(x) + σππαςα′ς δ

4(x)

∆Fαςα′ς
(γ;x) := σabαςα′ς∂a∂b∆F (x) + iσππαςα′ς δ

4(x) = i∆
(c)
αςα′ς

(γ;x)

∆Fαςα′ς
(γ;x) =

iσab
αςα′ς

papb

p2−iε + · · ·

Cor. 5.8.2.
[∂a + iSab(γ, ς)∂

b]∆(γ;x) = 0

[∂a + iSab(γ, ς)∂
b]∆(+)(γ;x) = 0

[∂a + iSab(γ, ς)∂
b]∆(−)(γ;x) = 0

[∂a + iSab(γ, ς)∂
b]∆(l)(γ;x) = 0


[∂a + iSab(γ, ς)∂

b]∆(c)(γ;x) = −ς(γ, iς)aδ(t)∆(γ;x)|t=0

[∂a + iSab(γ, ς)∂
b]∆ret(γ;x) = −ς(γ, iς)aδ(t)∆(γ;x)|t=0

[∂a + iSab(γ, ς)∂
b]∆adv(γ;x) = −ς(γ, iς)aδ(t)∆(γ;x)|t=0

[∂a + iSab(γ, ς)∂
b]∆F (γ;x) = −iς(γ, iς)aδ(t)∆(γ;x)|t=0

[m] [m]

Cor. 5.8.3.
(σ−ς ,−iς)a∂aNm(1)∆(γ;x) = 0

(σ−ς ,−iς)a∂aNm(1)∆(+)(γ;x) = 0

(σ−ς ,−iς)a∂aNm(1)∆(−)(γ;x) = 0

(σ−ς ,−iς)a∂aNm(1)∆(l)(γ;x) = 0


(σ−ς ,−iς)a∂aNm(1)∆(c)(γ;x) = −ςδ(t)Nm(1)∆(γ;x)|t=0

(σ−ς ,−iς)a∂aNm(1)∆ret(γ;x) = −ςδ(t)Nm(1)∆(γ;x)|t=0

(σ−ς ,−iς)a∂aNm(1)∆adv(γ;x) = −ςδ(t)Nm(1)∆(γ;x)|t=0

(σ−ς ,−iς)a∂aNm(1)∆F (γ;x) = −iςδ(t)Nm(1)∆(γ;x)|t=0

[m] [m]

Cor. 5.8.4.
(σ−ς ,−iς)a∂aNm(1)∆(γ;x)N̄m(1) = 0

(σ−ς ,−iς)a∂aNm(1)∆(+)(γ;x)N̄m(1) = 0

(σ−ς ,−iς)a∂aNm(1)∆(−)(γ;x)N̄m(1) = 0

(σ−ς ,−iς)a∂aNm(1)∆(l)(γ;x)N̄m(1) = 0


(σ−ς ,−iς)a∂aNm(1)∆(c)(γ;x)N̄m(1) = −ςδ(t)Nm(1)∆(γ;x)|t=0N̄m(1)

(σ−ς ,−iς)a∂aNm(1)∆ret(γ;x)N̄m(1) = −ςδ(t)Nm(1)∆(γ;x)|t=0N̄m(1)

(σ−ς ,−iς)a∂aNm(1)∆adv(γ;x)N̄m(1) = −ςδ(t)Nm(1)∆(γ;x)|t=0N̄m(1)

(σ−ς ,−iς)a∂aNm(1)∆F (γ;x)N̄m(1) = −iςδ(t)Nm(1)∆(γ;x)|t=0N̄m(1)

[⇓] [⇓]

Cor. 5.8.5.
(γ,−iς)a∂a∆(γ;x) = 0

(γ,−iς)a∂a∆(+)(γ;x) = 0

(γ,−iς)a∂a∆(−)(γ;x) = 0

(γ,−iς)a∂a∆(l)(γ;x) = 0


(γ,−iς)a∂a∆(c)(γ;x) = −ςδ(t)∆(γ;x)|t=0

(γ,−iς)a∂a∆ret(γ;x) = −ςδ(t)∆(γ;x)|t=0

(γ,−iς)a∂a∆adv(γ;x) = −ςδ(t)∆(γ;x)|t=0

(γ,−iς)a∂a∆F (γ;x) = −iςδ(t)∆(γ;x)|t=0

5.9 Extraction of energy momentum operator in electromagnetic field

Cor. 5.9.1. H =
∫
~p6=0

|~p|[a+
1 (~p,−ς)a1(~p,−ς) + a2(~p,−ς)a+

2 (~p,−ς)]d3~p =
∫

Ψ+(~r, t)Ψ(~r, t)d3~r

Proof: H =
∫
~p6=0

|~p|[a+
1 (~p,−ς)a1(~p,−ς) + a2(~p,−ς)a+

2 (~p,−ς)]d3~p

= 1
(2π)3

∫
~p6=0

[λ
α′ς
m (p̂,−ς)Ψ+

α′ς
(~r′, t)eiςp·x

′
λ+ας
m (p̂,−ς)Ψας (~r, t)e

−iςp·x

+ λ
α′ς
m (p̂,−ς)Ψ+

α′ς
(~r′, t)e−iςp·x

′
λ+ας
m (p̂,−ς)Ψας (~r, t)e

iςp·x]d3~pd3~rd3~r′

= 1
(2π)3

∫
~p6=0

λ
α′ς
m (p̂,−ς)λ+ας

m (p̂,−ς)Ψ+
α′ς

(~r′, t)Ψας (~r, t)[e
−iς~p·(~r−~r′) + eiς~p·(~r−~r

′)]d3~pd3~rd3~r′

= 1
(2π)3

−1
2

∫
~p6=0

σ
α′ςας
ab papbΨ+

α′ς
(~r′, t)Ψας (~r, t)[e

−iς~p·(~r−~r′) + eiς~p·(~r−~r
′)]d3~pd3~rd3~r′

= 1
(2π)3

−1
2

∫
~p6=0

(p̂α
′
ς p̂ας + ςγk

α′ςας p̂k − δα′ςας )Ψ+
α′ς

(~r′, t)Ψας (~r, t)[e
−iς~p·(~r−~r′) + eiς~p·(~r−~r

′)]d3~pd3~rd3~r′

= 1
(2π)3

∫
~p6=0

(δα
′
ςας − p̂α′ς p̂ας )ei~p·(~r−~r′)Ψ+

α′ς
(~r′, t)Ψας (~r, t)d

3~pd3~rd3~r′

=
∫

[δα
′
ςας − ∂α

′
ς ∂ας

∇2 ]δ3(~r − ~r′)Ψ+
α′ς

(~r′, t)Ψας (~r, t)d
3~rd3~r′

=
∫

Ψ+
α′ς

(~r, t)[δα
′
ςας − ∂α

′
ς ∂ας

∇2 ]Ψας (~r, t)d
3~r(The equation of motion have been used: ∇ ·Ψ(~r, t) = 0)

=
∫

Ψ+(~r, t)Ψ(~r, t)d3~r

Cor. 5.9.2. ~P =
∫
~p6=0

~p[a+
1 (~p,−ς)a1(~p,−ς) + a2(~p,−ς)a+

2 (~p,−ς)]d3~p = −ς
∫

Ψ+(~r, t)γΨ(~r, t)d3~r
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Proof: ~P =
∫
~p6=0

~p[a+
1 (~p,−ς)a1(~p,−ς) + a2(~p,−ς)a+

2 (~p,−ς)]d3~p

= 1
(2π)3

∫
~p6=0

p̂[λ
α′ς
m (p̂,−ς)Ψ+

α′ς
(~r′, t)eiςp·x

′
λ+ας
m (p̂,−ς)Ψας (~r, t)e

−iςp·x

+ λ
α′ς
m (p̂,−ς)Ψ+

α′ς
(~r′, t)e−iςp·x

′
λ+ας
m (p̂,−ς)Ψας (~r, t)e

iςp·x]d3~pd3~rd3~r′

= 1
(2π)3

∫
~p6=0

p̂λ
α′ς
m (p̂,−ς)λ+ας

m (p̂,−ς)Ψ+
α′ς

(~r′, t)Ψας (~r, t)[e
−iς~p·(~r−~r′) + eiς~p·(~r−~r

′)]d3~pd3~rd3~r′

= 1
(2π)3

−1
2

∫
~p6=0

p̂σ
α′ςας
ab papbΨ+

α′ς
(~r′, t)Ψας (~r, t)[e

−iς~p·(~r−~r′) + eiς~p·(~r−~r
′)]d3~pd3~rd3~r′

= 1
(2π)3

−1
2

∫
~p6=0

p̂(p̂α
′
ς p̂ας + ςγk

α′ςας p̂k − δα′ςας )Ψ+
α′ς

(~r′, t)Ψας (~r, t)[e
−iς~p·(~r−~r′) + eiς~p·(~r−~r

′)]d3~pd3~rd3~r′

= − 1
(2π)3

∫
~p6=0

p̂ςγk
α′ςας p̂kei~p·(~r−~r

′)Ψ+
α′ς

(~r′, t)Ψας (~r, t)d
3~pd3~rd3~r′

= 1
(2π)3

∫
~p6=0

Ψ+
α′ς

(~r′, t)Ψας (~r, t)ς∇(γ · ∇)α
′
ςας 1
|~p|2 e

i~p·(~r−~r′)d3~pd3~rd3~r′

=
∫

Ψ+
α′ς

(~r′, t)Ψας (~r, t)ς
∇(γ·∇)α

′
ςας

−∇2 δ3(~r − ~r′)d3~rd3~r′

= ς
∫

Ψ+(~r, t)∇(γ·∇)
−∇2 Ψ(~r, t)d3~r

= −ς
∫

Ψ+(~r, t)γΨ(~r, t)d3~r

Cor. 5.9.3. P a = −ς
∫

Ψ+(~r, t)(γ,−iς)aΨ(~r, t)d3~r

5.10 Extraction of similar charge operators in electromagnetic field

Cor. 5.10.1. Q = ς
∫
~p6=0

[a+
1 (~p,−ς)a1(~p,−ς)− a2(~p,−ς)a+

2 (~p,−ς)]d3~p = iς
∫

Ψ+(~r, t) γ·∇−∇2 Ψ(~r, t)d3~r

Proof: Q = ς
∫
~p6=0

[a+
1 (~p,−ς)a1(~p,−ς)− a2(~p,−ς)a+

2 (~p,−ς)]d3~p

= ς 1
(2π)3

∫
~p6=0

1
|~p| [λ

α′ς
m (p̂,−ς)Ψ+

α′ς
(~r′, t)eiςp·x

′
λ+ας
m (p̂,−ς)Ψας (~r, t)e

−iςp·x

− λα
′
ς
m (p̂,−ς)Ψ+

α′ς
(~r′, t)e−iςp·x

′
λ+ας
m (p̂,−ς)Ψας (~r, t)e

iςp·x]d3~pd3~rd3~r′

= ς 1
(2π)3

∫
~p6=0

1
|~p|λ

α′ς
m (p̂,−ς)λ+ας

m (p̂,−ς)Ψ+
α′ς

(~r′, t)Ψας (~r, t)[e
−iς~p·(~r−~r′) − eiς~p·(~r−~r′)]d3~pd3~rd3~r′

= ς 1
(2π)3

−1
2

∫
~p6=0

1
|~p|σ

α′ςας
ab papbΨ+

α′ς
(~r′, t)Ψας (~r, t)[e

−iς~p·(~r−~r′) − eiς~p·(~r−~r′)]d3~pd3~rd3~r′

= ς 1
(2π)3

−1
2

∫
~p6=0

1
|~p| (p̂

α′ς p̂ας + ςγk
α′ςας p̂k − δα′ςας )Ψ+

α′ς
(~r′, t)Ψας (~r, t)[e

−iς~p·(~r−~r′) − eiς~p·(~r−~r′)]d3~pd3~rd3~r′

= ς 1
(2π)3

−1
2

∫
~p6=0

1
|~p|Ψ

+
α′ς

(~r′, t)ςγk
α′ςας p̂kΨας (~r, t)[e

−iς~p·(~r−~r′) − eiς~p·(~r−~r′)]d3~pd3~rd3~r′

= ς 1
(2π)3

∫
~p6=0

1
|~p|Ψ

+
α′ς

(~r′, t)γk
α′ςας p̂kΨας (~r, t)e

i~p·(~r−~r′)d3~pd3~rd3~r′

= −iς 1
(2π)3

∫
~p6=0

Ψ+
α′ς

(~r′, t)Ψας (~r, t)
(γ·∇)α

′
ςας

−∇2 δ3(~r − ~r′)d3~pd3~rd3~r′

= iς
∫

Ψ+(~r, t) γ·∇−∇2 Ψ(~r, t)d3~r =
∫

Ψ+(~r, t) i∂t
−∇2 Ψ(~r, t)d3~r

5.11 Extraction of particle number operator in electromagnetic field

Cor. 5.11.1. N =
∫
~p 6=0

[a+
1 (~p,−ς)a1(~p,−ς) + a2(~p,−ς)a+

2 (~p,−ς)]d3~p =
∫

Ψ+(~r, t) 1√
−∇2

Ψ(~r, t)d3~r

Proof: N =
∫
~p6=0

[a+
1 (~p,−ς)a1(~p,−ς) + a2(~p,−ς)a+

2 (~p,−ς)]d3~p

= 1
(2π)3

∫
~p6=0

1
|~p| [λ

α′ς
m (p̂,−ς)Ψ+

α′ς
(~r′, t)eiςp·x

′
λ+ας
m (p̂,−ς)Ψας (~r, t)e

−iςp·x

+ λ
α′ς
m (p̂,−ς)Ψ+

α′ς
(~r′, t)e−iςp·x

′
λ+ας
m (p̂,−ς)Ψας (~r, t)e

iςp·x]d3~pd3~rd3~r′

= 1
(2π)3

∫
~p6=0

1
|~p|λ

α′ς
m (p̂,−ς)λ+ας

m (p̂,−ς)Ψ+
α′ς

(~r′, t)Ψας (~r, t)[e
−iς~p·(~r−~r′) + eiς~p·(~r−~r

′)]d3~pd3~rd3~r′

= 1
(2π)3

−1
2

∫
~p6=0

1
|~p|σ

α′ςας
ab papbΨ+

α′ς
(~r′, t)Ψας (~r, t)[e

−iς~p·(~r−~r′) + eiς~p·(~r−~r
′)]d3~pd3~rd3~r′

= 1
(2π)3

−1
2

∫
~p6=0

1
|~p| (p̂

α′ς p̂ας + ςγk
α′ςας p̂k − δα′ςας )Ψ+

α′ς
(~r′, t)Ψας (~r, t)[e

−iς~p·(~r−~r′) + eiς~p·(~r−~r
′)]d3~pd3~rd3~r′

= 1
(2π)3

∫
~p6=0

1
|~p| (δ

α′ςας − p̂α′ς p̂ας )ei~p·(~r−~r′)Ψ+
α′ς

(~r′, t)Ψας (~r, t)d
3~pd3~rd3~r′
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=
∫

1√
−∇2

[δα
′
ςας − ∂α

′
ς ∂ας

∇2 ]δ3(~r − ~r′)Ψ+
α′ς

(~r′, t)Ψας (~r, t)d
3~rd3~r′

=
∫

Ψ+
α′ς

(~r, t) 1√
−∇2

[δα
′
ςας − ∂α

′
ς ∂ας

∇2 ]Ψας (~r, t)d
3~r(∇ ·Ψ(~r, t) = 0)

=
∫

Ψ+(~r, t) 1√
−∇2

Ψ(~r, t)d3~r

5.12 Energy momentum normalization operator of electromagnetic field

Cor. 5.12.1. H0 =
∫
~p6=0

|~p|[a+
1 (~p,−ς)a1(~p,−ς) + a+

2 (~p,−ς)a2(~p,−ς)]d3~p

=
∫

Ψ+(~r, t)Ψ(~r, t)d3~r − i
2

∫
[Ψ+(~r, t)( γ·∇√

−∇2
)Ψ(~r, t) + ΨT (~r, t)( γ·∇√

−∇2
)Ψ∗(~r, t)]d3~r

Proof: H0 =
∫
~p6=0

|~p|[a+
1 (~p,−ς)a1(~p,−ς) + a+

2 (~p,−ς)a2(~p,−ς)]d3~p

= 1
(2π)3

∫
~p6=0

[λ
α′ς
m (p̂,−ς)Ψ+

α′ς
(~r′, t)eiςp·x

′
λ+ας
m (p̂,−ς)Ψας (~r, t)e

−iςp·x

+ λ+ας
m (p̂,−ς)Ψας (~r, t)e

iςp·xλ
α′ς
m (p̂,−ς)Ψ+

α′ς
(~r′, t)e−iςp·x

′
]d3~pd3~rd3~r′

= 1
(2π)3

∫
~p6=0

λ
α′ς
m (p̂,−ς)λ+ας

m (p̂,−ς)[Ψ+
α′ς

(~r′, t)Ψας (~r, t)e
−iς~p·(~r−~r′) + Ψας (~r, t)Ψ

+
α′ς

(~r′, t)eiς~p·(~r−~r
′)]d3~pd3~rd3~r′

= −1
2(2π)3

∫
~p 6=0

(p̂α
′
ς p̂ας + ςγk

α′ςας p̂k − δα′ςας )[Ψ+
α′ς

(~r′, t)Ψας (~r, t)e
−iς~p·(~r−~r′) + Ψας (~r, t)Ψ

+
α′ς

(~r′, t)eiς~p·(~r−~r
′)]d3~pd3~rd3~r′

=
∫

Ψ+(~r, t)Ψ(~r, t)d3~r

+ −1
2(2π)3

∫
~p6=0

ςγk
α′ςας p̂k[Ψ+

α′ς
(~r′, t)Ψας (~r, t)e

−iς~p·(~r−~r′) + Ψας (~r, t)Ψ
+
α′ς

(~r′, t)eiς~p·(~r−~r
′)]d3~pd3~rd3~r′

=
∫

Ψ+(~r, t)Ψ(~r, t)d3~r + −1
2

∫
i[Ψ+

α′ς
(~r, t)( γ·∇√

−∇2
)α
′
ςαςΨας (~r, t)− i[(

γ·∇√
−∇2

)α
′
ςαςΨας (~r, t)Ψ

+
α′ς

(~r, t)d3~r

=
∫

Ψ+(~r, t)Ψ(~r, t)d3~r − i
2

∫
[Ψ+
α′ς

(~r, t)( γ·∇√
−∇2

)α
′
ςαςΨας (~r, t) + [Ψας (~r, t)(

γ·∇√
−∇2

)αςα
′
ςΨ+

α′ς
(~r, t)d3~r

=
∫

Ψ+(~r, t)Ψ(~r, t)d3~r − i
2

∫
[Ψ+(~r, t)( γ·∇√

−∇2
)Ψ(~r, t) + ΨT (~r, t)( γ·∇√

−∇2
)Ψ∗(~r, t)]d3~r

= H −Hg

Cor. 5.12.2. H = H0 +Hg

Hg = i
2

∫
[Ψ+(~r, t)( γ·∇√

−∇2
)Ψ(~r, t) + ΨT (~r, t)( γ·∇√

−∇2
)Ψ∗(~r, t)]d3~r =

∫
~p6=0

|~p|[a2(~p,−ς), a+
2 (~p,−ς)]d3~p

5.13 Extraction of angular momentum operator in electromagnetic field

5.13.1 Extraction of space orbit angular momentum operator in electromagnetic field

Lem. 5.13.1. λ+
m(p̂,−ς)(γi∂̃j − γj ∂̃i)λm(p̂,−ς) =?0, λ+

m(−p̂,−ς)(γi∂̃j − γj ∂̃i)λm(p̂,−ς) =?0

Cor. 5.13.1. Mij(1, ς) = −ς
∫

Ψ+(~r, t)(riγj − rjγi)Ψ(~r, t)d3~r

= −iς
∫
~p6=0

a+
1 (~p,−ς)(pi∂̃j − pj ∂̃i)a1(~p,−ς)− a2(~p,−ς)(pi∂̃j − pj ∂̃i)a+

2 (~p,−ς)d3~p

+ i
∫
~p6=0

|~p|[a+
1 (~p,−ς)a1(~p,−ς)− a2(~p,−ς)a+

2 (~p,−ς)]λ+
m(p̂,−ς)(γi∂̃j − γj ∂̃i)λm(p̂,−ς)d3~p

Proof: Mij(1, ς) = −ς
∫

Ψ+(~r, t)(riγj − rjγi)Ψ(~r, t)d3~r

= −ς
(2π)3

∫
~p6=0

[
√
|~p′|a+

1 (~p′,−ς)e−iς~p′·~reiς|~p′|tλ+
m(p̂′,−ς)](riγj − rjγi)[λm(p̂,−ς)

√
|~p|a1(~p,−ς)eiς~p·~re−iς|~p|t]d3~pd3~p′d3~r

− ς
(2π)3

∫
~p6=0

[
√
|~p′|a2(~p′,−ς)eiς~p′·~re−iς|~p′|tλ+

m(p̂′,−ς)](riγj − rjγi)[λm(p̂,−ς)
√
|~p|a+

2 (~p,−ς)e−iς~p·~reiς|~p|t]d3~pd3~p′d3~r

= −ς
(2π)3

∫
~p6=0

[
√
|~p′|a+

1 (~p′,−ς)eiς|~p′|tλ+
m(p̂′,−ς)][−iς(∂̃iγj − ∂̃jγi)eiς(~p−~p

′)·~r][λm(p̂,−ς)
√
|~p|a1(~p,−ς)e−iς|~p|t]d3~pd3~p′d3~r

− ς
(2π)3

∫
~p6=0

[
√
|~p′|a2(~p′,−ς)e−iς|~p′|tλ+

m(p̂′,−ς)][iς(∂̃iγj − ∂̃jγi)e−iς(~p−~p
′)·~r][λm(p̂,−ς)

√
|~p|a+

2 (~p,−ς)eiς|~p|t]d3~pd3~p′d3~r

= i
∫
~p6=0

[
√
|~p′|a+

1 (~p′,−ς)eiς|~p′|tλ+
m(p̂′,−ς)][(∂̃iγj − ∂̃jγi)δ3(~p− ~p′)][λm(p̂,−ς)

√
|~p|a1(~p,−ς)e−iς|~p|t]d3~pd3~p′

− i
∫
~p6=0

[
√
|~p′|a2(~p′,−ς)e−iς|~p′|tλ+

m(p̂′,−ς)][(∂̃iγj − ∂̃jγi)δ3(~p− ~p′)][λm(p̂,−ς)
√
|~p|a+

2 (~p,−ς)eiς|~p|t]d3~pd3~p′

= −i
∫
~p6=0

[
√
|~p|a+

1 (~p,−ς)eiς|~p|tλ+
m(p̂,−ς)]{(∂̃iγj − ∂̃jγi)[λm(p̂,−ς)

√
|~p|a1(~p,−ς)e−iς|~p|t]}d3~p

+ i
∫
~p6=0

[
√
|~p|a2(~p,−ς)e−iς|~p|tλ+

m(p̂,−ς)]{(∂̃iγj − ∂̃jγi)[λm(p̂,−ς)
√
|~p|a+

2 (~p,−ς)eiς|~p|t]}d3~p

= −i
∫
~p6=0

[
√
|~p|a+

1 (~p,−ς)eiς|~p|tλ+
m(p̂,−ς)]{(γj ∂̃i − γi∂̃j)[λm(p̂,−ς)

√
|~p|a1(~p,−ς)e−iς|~p|t]}d3~p

+ i
∫
~p6=0

[
√
|~p|a2(~p,−ς)e−iς|~p|tλ+

m(p̂,−ς)]{(γj ∂̃i − γi∂̃j)[λm(p̂,−ς)
√
|~p|a+

2 (~p,−ς)eiς|~p|t]}d3~p
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= iς
∫
~p6=0

[
√
|~p|a+

1 (~p,−ς)eiς|~p|t]{(p̂j ∂̃i − p̂i∂̃j)[
√
|~p|a1(~p,−ς)e−iς|~p|t]}d3~p

+ i
∫
~p6=0

[|~p|a+
1 (~p,−ς)a1(~p,−ς)λ+

m(p̂,−ς)]{(γi∂̃j − γj ∂̃i)λm(p̂,−ς)}d3~p

− iς
∫
~p6=0

[
√
|~p|a2(~p,−ς)e−iς|~p|t]{(p̂j ∂̃i − p̂i∂̃j)[

√
|~p|a+

2 (~p,−ς)eiς|~p|t]}d3~p

− i
∫
~p6=0

[|~p|a2(~p,−ς)a+
2 (~p,−ς)λ+

m(p̂,−ς)]{(γi∂̃j − γj ∂̃i)λm(p̂,−ς)}d3~p

= −iς
∫
~p6=0

a+
1 (~p,−ς)(pi∂̃j − pj ∂̃i)a1(~p,−ς)d3~p+ i

∫
~p6=0

|~p|a+
1 (~p,−ς)a1(~p,−ς)λ+

m(p̂,−ς)(γi∂̃j − γj ∂̃i)λm(p̂,−ς)d3~p

+ iς
∫
~p 6=0

a2(~p,−ς)(pi∂̃j − pj ∂̃i)a+
2 (~p,−ς)d3~p− i

∫
~p6=0

|~p|a2(~p,−ς)a+
2 (~p,−ς)λ+

m(p̂,−ς)(γi∂̃j − γj ∂̃i)λm(p̂,−ς)d3~p

= −iς
∫
~p6=0

a+
1 (~p,−ς)(pi∂̃j − pj ∂̃i)a1(~p,−ς)− a2(~p,−ς)(pi∂̃j − pj ∂̃i)a+

2 (~p,−ς)d3~p

+ i
∫
~p6=0

|~p|[a+
1 (~p,−ς)a1(~p,−ς)− a2(~p,−ς)a+

2 (~p,−ς)]λ+
m(p̂,−ς)(γi∂̃j − γj ∂̃i)λm(p̂,−ς)d3~p

Attempt to reverse inference:

Proof: Mij(1, ς) = ς
∫
~p6=0

{a+
1 (~p,−ς)M̃ij(1, ς)a1(~p,−ς)− a2(~p,−ς)M̃ij(1, ς)a

+
2 (~p,−ς)}d3~p

= −iς
∫
~p6=0

{a+
1 (~p,−ς)(pi∂̃j − pj ∂̃i)a1(~p,−ς)− a2(~p,−ς)(pi∂̃j − pj ∂̃i)a+

2 (~p,−ς)}d3~p

= −iς 1
(2π)3

∫
~p6=0

1√
|~p|

Ψ+
α′ς

(~r′, t)Ψας (~r, t)λ
α′ς
m (p̂,−ς)eiςp·x′(pi∂̃j − pj ∂̃i)[ 1√

|~p|
λ+ας
m (p̂,−ς)e−iςp·x]d3~pd3~rd3~r′

= −iς 1
(2π)3

∫
~p6=0

1√
|~p|

Ψ+
α′ς

(~r′, t)Ψας (~r, t)λ
α′ς
m (p̂,−ς)eiςp·x′e−iςp·x(pi∂̃j − pj ∂̃i)[ 1√

|~p|
λ+ας
m (p̂,−ς)]d3~pd3~rd3~r′

− iς 1
(2π)3

∫
~p6=0

1√
|~p|

Ψ+
α′ς

(~r′, t)Ψας (~r, t)λ
α′ς
m (p̂,−ς)λ+ας

m (p̂,−ς)eiςp·x′(pi∂̃j − pj ∂̃i)[ 1√
|~p|
e−iςp·x]d3~pd3~rd3~r′

= −iς 1
(2π)3

∫
~p6=0

1
|~p|Ψ

+
α′ς

(~r′, t)Ψας (~r, t)λ
α′ς
m (p̂,−ς)e−iς~p·(~r−~r′)(pi∂̃j − pj ∂̃i)λ+ας

m (p̂,−ς)d3~pd3~rd3~r′

− iς 1
(2π)3

∫
~p6=0

1
|~p|Ψ

+
α′ς

(~r′, t)Ψας (~r, t)λ
α′ς
m (p̂,−ς)λ+ας

m (p̂,−ς)e−iς~p·(~r−~r′)[−iς(pirj − pjri)]d3~pd3~rd3~r′

= iς
2(2π)3

∫
~p 6=0

1
|~p|Ψ

+
α′ς

(~r′, t)Ψας (~r, t)(σ)abα′ςας p̂ap̂b[−iς(pirj − pjri)]e
−iς~p·(~r−~r′)d3~pd3~rd3~r′

= iς
2(2π)3

∫
~p 6=0

1
|~p|Ψ

+
α′ς

(~r′, t)Ψας (~r, t)(σ)abα′ςας p̂ap̂b[−iς(pirj − pjri)][e
−iς~p·(~r−~r′) + eiς~p·(~r−~r

′)]d3~pd3~rd3~r′

= iς
2(2π)3

∫
~p 6=0

1
|~p|Ψ

+
α′ς

(~r′, t)Ψας (~r, t)(p̂
α′ς p̂ας + ςγk

α′ςας p̂k − δα′ςας )[−iς(pirj − pjri)][e−iς~p·(~r−~r
′) + eiς~p·(~r−~r

′)]d3~pd3~rd3~r′

= −iς 1
(2π)3

∫
~p6=0

1
|~p|Ψ

+
α′ς

(~r′, t)Ψας (~r, t)γk
α′ςας p̂k[−i(ripj − rjpi)]ei~p·(~r−~r

′)d3~pd3~rd3~r′

= ς 1
(2π)3

∫
~p6=0

Ψ+
α′ς

(~r′, t)Ψας (~r, t)(ri∂j − rj∂i)
(γ·∇)α

′
ςας

−∇2 ei~p·(~r−~r
′)d3~pd3~rd3~r′

= ς
∫

Ψ+
α′ς

(~r′, t)Ψας (~r, t)(ri∂j − rj∂i)
(γ·∇)α

′
ςας

−∇2 δ3(~r − ~r′)d3~rd3~r′

= ς
∫

Ψ+(~r, t) γ·∇−∇2 (∂jri − ∂irj)Ψ(~r, t)d3~r

= −ς
∫

Ψ+(~r, t)(riγj − rjγi)Ψ(~r, t)d3~r

5.13.2 Extraction of time orbit angular momentum operator in electromagnetic field

Cor. 5.13.2. Liπ(1, ς) = ς
∫
~p6=0

{a+
1 (~p,−ς)M̃iπ(1, ς)a1(~p,−ς)− a2(~p,−ς)M̃iπ(1, ς)a+

2 (~p,−ς)}d3~p

=
∫

Ψ+(~r, t)(iri + iςtγi)Ψ(~r, t)d3~r

Proof: Liπ(1, ς) = ς
∫
~p6=0

{a+
1 (~p,−ς)M̃iπ(1, ς)a1(~p,−ς)− a2(~p,−ς)M̃iπ(1, ς)a+

2 (~p,−ς)}d3~p

= −iς
∫
~p6=0

{a+
1 (~p,−ς)(pi∂̃π − pπ∂̃i)a1(~p,−ς)− a2(~p,−ς)(pi∂̃π − pπ∂̃i)a+

2 (~p,−ς)}d3~p

= −ς
∫
~p 6=0

p̂i{a+
1 (~p,−ς)a1(~p,−ς)− a2(~p,−ς)a+

2 (~p,−ς)}d3~p− ς
∫
~p6=0

|~p|{a+
1 (~p,−ς)∂̃ia1(~p,−ς)− a2(~p,−ς)∂̃ia+

2 (~p,−ς)}d3~p

= −ς 1
(2π)3

∫
~p6=0

√
|~p|Ψ+

α′ς
(~r′, t)Ψας (~r, t)λ

α′ς
m (p̂,−ς)eiςp·x′ ∂̃i[ 1√

|~p|
λ+ας
m (p̂,−ς)(e−iςp·x)]d3~pd3~rd3~r′

− ς 1
(2π)3

∫
~p6=0

√
|~p|Ψ+

α′ς
(~r′, t)Ψας (~r, t)λ

α′ς
m (p̂,−ς)e−iςp·x′ ∂̃i[ 1√

|~p|
λ+ας
m (p̂,−ς)(−eiςp·x)]d3~pd3~rd3~r′ − ŝi(1, ς)
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= −ς 1
(2π)3

∫
~p6=0

Ψ+
α′ς

(~r′, t)Ψας (~r, t)λ
α′ς
m (p̂,−ς)eiςp·x′ ∂̃i[λ+ας

m (p̂,−ς)(e−iςp·x)]d3~pd3~rd3~r′

− ς 1
(2π)3

∫
~p6=0

Ψ+
α′ς

(~r′, t)Ψας (~r, t)λ
α′ς
m (p̂,−ς)e−iςp·x′ ∂̃i[λ+ας

m (p̂,−ς)(−eiςp·x)]d3~pd3~rd3~r′

= −ς 1
(2π)3

∫
~p6=0

Ψ+
α′ς

(~r′, t)Ψας (~r, t)λ
α′ς
m (p̂,−ς)λ+ας

m (p̂,−ς)eiςp·x′ ∂̃i(e−iςp·x)d3~pd3~rd3~r′

− ς 1
(2π)3

∫
~p6=0

Ψ+
α′ς

(~r′, t)Ψας (~r, t)λ
α′ς
m (p̂,−ς)λ+ας

m (p̂,−ς)e−iςp·x′ ∂̃i(−eiςp·x)d3~pd3~rd3~r′

= −ς 1
(2π)3

∫
~p6=0

Ψ+
α′ς

(~r′, t)Ψας (~r, t)λ
α′ς
m (p̂,−ς)λ+ας

m (p̂,−ς)[e−iς~p·(~r−~r′) + eiς~p·(~r−~r
′)]∂̃i(−iςp · x)d3~pd3~rd3~r′

= i 1
(2π)3

∫
~p6=0

Ψ+
α′ς

(~r′, t)Ψας (~r, t)λ
α′ς
m (p̂,−ς)λ+ας

m (p̂,−ς)[e−iς~p·(~r−~r′) + eiς~p·(~r−~r
′)](ri − tp̂i)d3~pd3~rd3~r′

= −i/2 1
(2π)3

∫
~p6=0

Ψ+
α′ς

(~r′, t)Ψας (~r, t)(σ)abα′ςας p̂ap̂b[e
−iς~p·(~r−~r′) + eiς~p·(~r−~r

′)](ri − tp̂i)d3~pd3~rd3~r′

= −i/2 1
(2π)3

∫
~p6=0

Ψ+
α′ς

(~r′, t)Ψας (~r, t)(p̂
α′ς p̂ας + ςγk

α′ςας p̂k − δα′ςας )[e−iς~p·(~r−~r′) + eiς~p·(~r−~r
′)](ri − tp̂i)d3~pd3~rd3~r′

= −i 1
(2π)3

∫
~p6=0

Ψ+
α′ς

(~r′, t)riΨας (~r, t)(p̂
α′ς p̂ας − δα′ςας )ei~p·(~r−~r′)d3~pd3~rd3~r′

+ iς 1
(2π)3

∫
~p6=0

Ψ+
α′ς

(~r′, t)tΨας (~r, t)(γ · p̂)α
′
ςας p̂ie

i~p·(~r−~r′)d3~pd3~rd3~r′

= −i 1
(2π)3

∫
~p6=0

Ψ+
α′ς

(~r′, t)riΨας (~r, t)(
−∂α

′
ς ∂ας

−∇2 − δα′ςας )ei~p·(~r−~r′)d3~pd3~rd3~r′

+ iς 1
(2π)3

∫
~p6=0

Ψ+
α′ς

(~r′, t)tΨας (~r, t)
(−iγ·∇)α

′
ςας (−i∂i)
−∇2 ei~p·(~r−~r

′)d3~pd3~rd3~r′

= −i
∫

Ψ+
α′ς

(~r′, t)riΨας (~r, t)(
∂α
′
ς ∂ας

∇2 − δα′ςας )δ3(~r − ~r′)d3~rd3~r′

+ iς
∫

Ψ+
α′ς

(~r′, t)tΨας (~r, t)
(γ·∇)α

′
ςας (∂i)
∇2 δ3(~r − ~r′)d3~rd3~r′

= −i
∫

Ψ+
α′ς

(~r, t)(∂
α′ς ∂ας

∇2 − δα′ςας )riΨας (~r, t)d
3~r + iς

∫
Ψ+
α′ς

(~r, t) (γ·∇)α
′
ςας (∂i)
∇2 tΨας (~r, t)d

3~r

= i
∫

Ψ+(~r, t)riΨ(~r, t)d3~r + iς
∫

Ψ+(~r, t)tγiΨ(~r, t)d3~r
=
∫

Ψ+(~r, t)(iri + iςtγi)Ψ(~r, t)d3~r

5.13.3 Extraction of electromagnetic field orbit angular momentum operator

Cor. 5.13.3. Mab(1, ς) = ς
∫
~p6=0

{a+
1 (~p,−ς)M̃ab(1, ς)a1(~p,−ς)− a2(~p,−ς)M̃ab(1, ς)a

+
2 (~p,−ς)}d3~p

=
∫

Ψ+(~r, t)[raγb(1, ς)− rbγa(1, ς)]Ψ(~r, t)d3~r

5.13.4 Extraction of spin angular momentum operator in electromagnetic field

Cor. 5.13.4. ŝ(1, ς) = ς
∫
~p6=0

p̂{a+
1 (~p,−ς)a1(~p,−ς)− a2(~p,−ς)a+

2 (~p,−ς)}d3~p =
∫

Ψ+(~r, t)−i∇−∇2 Ψ(~r, t)d3~r

Proof: ŝ(1, ς) = ς
∫
~p6=0

p̂{a+
1 (~p,−ς)a1(~p,−ς)− a2(~p,−ς)a+

2 (~p,−ς)}d3~p

= ς 1
(2π)3

∫
~p6=0

p̂
|~p| [λ

α′ς
m (p̂,−ς)Ψ+

α′ς
(~r′, t)eiςp·x

′
λ+ας
m (p̂,−ς)Ψας (~r, t)e

−iςp·x

− λα
′
ς
m (p̂,−ς)Ψ+

α′ς
(~r′, t)e−iςp·x

′
λ+ας
m (p̂,−ς)Ψας (~r, t)e

iςp·x]d3~pd3~rd3~r′

= ς 1
(2π)3

∫
~p6=0

p̂
|~p|λ

α′ς
m (p̂,−ς)λ+ας

m (p̂,−ς)Ψ+
α′ς

(~r′, t)Ψας (~r, t)[e
−iς~p·(~r−~r′) − eiς~p·(~r−~r′)]d3~pd3~rd3~r′

= ς 1
(2π)3

−1
2

∫
~p6=0

p̂
|~p|σ

α′ςας
ab papbΨ+

α′ς
(~r′, t)Ψας (~r, t)[e

−iς~p·(~r−~r′) − eiς~p·(~r−~r′)]d3~pd3~rd3~r′

= ς 1
(2π)3

−1
2

∫
~p6=0

p̂
|~p| (p̂

α′ς p̂ας + ςγk
α′ςας p̂k − δα′ςας )Ψ+

α′ς
(~r′, t)Ψας (~r, t)[e

−iς~p·(~r−~r′) − eiς~p·(~r−~r′)]d3~pd3~rd3~r′

= ς 1
(2π)3

−1
2

∫
~p6=0

p̂
|~p| (p̂

α′ς p̂ας − δα′ςας )Ψ+
α′ς

(~r′, t)Ψας (~r, t)[e
−iς~p·(~r−~r′) − eiς~p·(~r−~r′)]d3~pd3~rd3~r′

= 1
(2π)3

∫
~p6=0

p̂
|~p| (p̂

α′ς p̂ας − δα′ςας )ei~p·(~r−~r′)Ψ+
α′ς

(~r′, t)Ψας (~r, t)d
3~pd3~rd3~r′

= 1
(2π)3

∫
~p6=0

−i∇
−∇2 (−∂

α′ς ∂ας

−∇2 − δα′ςας )ei~p·(~r−~r′)Ψ+
α′ς

(~r′, t)Ψας (~r, t)d
3~pd3~rd3~r′

= i
∫ ∇
∇2 (∂

α′ς ∂ας

∇2 − δα′ςας )δ3(~r − ~r′)Ψ+
α′ς

(~r′, t)Ψας (~r, t)d
3~rd3~r′

= −i
∫

Ψ+
α′ς

(~r, t) ∇∇2 (∂
α′ς ∂ας

∇2 − δα′ςας )Ψας (~r, t)d
3~r

=
∫

Ψ+(~r, t)−i∇−∇2 Ψ(~r, t)d3~r
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5.14 Summary of angular momentum operator in electromagnetic field

Cor. 5.14.1. Lab(1, ς) = ς
∫
~p6=0

{a+
1 (~p,−ς)M̃ab(1, ς)a1(~p,−ς)− a2(~p,−ς)M̃ab(1, ς)a

+
2 (~p,−ς)}d3~p

=
∫

Ψ+(~r, t)[raγb(1, ς)− rbγa(1, ς)− σ
ας
ςab∂ας
−∇2 ]Ψ(~r, t)d3~r

Proof: [~r × ( ~E × ~B), ~r′ × ( ~E′ × ~B′)]

= [Ei(~r · ~B)− (~r · ~E)Bi, E
′
j(~r
′ · ~B′)− (~r′ · ~E′)B′j ]

= [Ei(~r · ~B), E′j(~r
′ · ~B′)]− [Ei(~r · ~B), (~r′ · ~E′)B′j ]− [(~r · ~E)Bi, E

′
j(~r
′ · ~B′)] + [(~r · ~E)Bi, (~r

′ · ~E′)B′j ]
= Ei[(~r · ~B), E′j ](~r

′ · ~B′) + E′j [Ei, (~r
′ · ~B′)](~r · ~B)

− Ei[(~r · ~B), (~r′ · ~E′)]B′j − (~r′ · ~E′)[Ei, B′j ](~r · ~B)

− (~r · ~E)[Bi, E
′
j ](~r
′ · ~B′)− E′j [(~r · ~E), (~r′ · ~B′)]Bi

+ (~r · ~E)[Bi, (~r
′ · ~E′)]B′j + (~r′ · ~E′)[(~r · ~E), B′j ]Bi

= rkr′l{Ei[Bk, E′j ]B′l + E′j [Ei, B
′
l]Bk

− Ei[Bk, E′l ]B′j − E′l [Ei, B′j ]Bk
− Ek[Bi, E

′
j ]B
′
l − E′j [Ek, B′l]Bi

+ Ek[Bi, E
′
l ]B
′
j + E′l [Ek, B

′
j ]Bi}

= rkr′l

{EiB′l[iεkjm∂mδ(x− x′)] + E′jBk[−iεilm∂mδ(x− x′)]
− EiB′j [iεklm∂mδ(x− x′)]− E′lBk[−iεijm∂mδ(x− x′)]
− EkB′l[iεijm∂mδ(x− x′)]− E′jBi[−iεklm∂mδ(x− x′)]
+ EkB

′
j [iεil

m∂mδ(x− x′)] + E′lBi[−iεkjm∂mδ(x− x′)]}
= −rkr′l
{∂mEiB′l[iεkjmδ(x− x′)] + ∂′mE

′
jBk[iεil

mδ(x− x′)]− ∂mEiB′j [iεklmδ(x− x′)]− ∂′mE′lBk[iεij
mδ(x− x′)]

− ∂mEkB′l[iεijmδ(x− x′)]− ∂′mE′jBi[iεklmδ(x− x′)] + ∂mEkB
′
j [iεil

mδ(x− x′)] + ∂′mE
′
lBi[iεkj

mδ(x− x′)]}
+ rkE′lBk[iεij

lδ(x− x′)] + r′lEkB
′
l[iεij

kδ(x− x′)]− r′lEkB′j [iεilkδ(x− x′)]− rkE′lBi[iεkjlδ(x− x′)]
= −irkr′lδ(x− x′)
{∂mEiB′lεkjm + ∂′mE

′
jBkεil

m − ∂mEiB′jεklm − ∂′mE′lBkεijm
− ∂mEkB′lεijm − ∂′mE′jBiεklm + ∂mEkB

′
jεil

m + ∂′mE
′
lBiεkj

m}
+ rkE′lBk[iεij

lδ(x− x′)] + r′lEkB
′
l[iεij

kδ(x− x′)]− r′lEkB′j [iεilkδ(x− x′)]− rkE′lBi[iεkjlδ(x− x′)]
= −iδ(x− x′)
{εkjmrk∂mEirlBl + εil

mrl∂mEjr
kBk − εklmrkrl∂mEiBj − εijmrl∂mElrkBk

− εijmrk∂mEkrlBl − εklmrkrl∂mEjBi + εil
mrkrl∂mEkBj + εkj

mrkrl∂mElBi
− εij lElrkBk − εijkEkrlBl + εil

krlEkBj + εkj
lrkElBi}

= −iδ(x− x′)
{εkjmrk∂mEi(~r · ~B) + εil

mrl∂mEj(~r · ~B)− εklmrkrl∂mEiBj − εijmrl∂mEl(~r · ~B)

− εijmrk∂mEk(~r · ~B)− εklmrkrl∂mEjBi + εil
mrkrl∂mEkBj + εkj

mrkrl∂mElBi
− εij lEl(~r · ~B)− εijkEk(~r · ~B) + εil

krlEkBj + εkj
lrkElBi}

= −iδ(x− x′)
{−εjklrk∂lEi(~r · ~B) + εik

lrk∂lEj(~r · ~B)− 2εij
krl∂kEl(~r · ~B)− 2εij

kEk(~r · ~B)
+ εik

lrkrm∂lEmBj − εjklrkrm∂lEmBi + εik
lrkElBj − εjklrkElBi}

Thm. 5.14.1.
[Ψας (x),Ψ+

α′ς
(x′)] = iσabαςα′ς∂a∂b∆(x− x′)

[Ψας (x),Ψβς (x
′)] = 0, [Ψ+

α′ς
(x),Ψ+

β′ς
(x′)] = 0

Ψ(x) = 1√
2
[ ~E(x)− iς ~B(x)]

⇔


[Ei(x), Ej(x

′)] = −i(δij∇2 − ∂i∂j)∆(x− x′)
[Bi(x), Bj(x

′)] = −i(δij∇2 − ∂i∂j)∆(x− x′)
[Ei(x), Bj(x

′)] = iεij
k∂k∂t∆(x− x′)

[Bi(x), Ej(x
′)] = −iεijk∂k∂t∆(x− x′)

5.15 Commutative and anticommutative formulas

Cor. 5.15.1.

{
[A,BC] = [A,B]C +B[A,C]

[BC,A] = [B,A]C +B[C,A]{
[AB,A′B′] = [AB,A′]B′ +A′[AB,B′] = [A,A′]BB′ +A[B,A′]B′ +A′[A,B′]B +A′A[B,B′]

[AB,A′B′] = A[B,A′B′] + [A,A′B′]B = AA′[B,B′] +A[B,A′]B′ +A′[A,B′]B + [A,A′]B′B

Cor. 5.15.2.

{
[A,BC] = [A,B]C +B[A,C], [A,CB] = [A,C]B + C[A,B]

[A,BC] = {A,B}C −B{A,C}, [A,CB] = {A,C}B − C{A,B}
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Cor. 5.15.3.

{
[A, {B,C}] = {[A,B], C}+ {B, [A,C]}
[A, [B,C]] = {{A,B}, C} − {B, {A,C}}

6 New scheme for covariant quantization of free uncoupled Yang-Mills field
6.1 Various equivalent forms of free uncoupled YM field equation [22, 24]

Def. 6.1.1. Ψρ
ας := −iς√

2
ψρας = −iς√

2
i
2σ

ab
ςαςF

ρ
ab = −iς√

2
iς(Eρ − iςBρ)ας

Def. 6.1.2. Ψρ := 1√
2
( ~Eρ − iς ~Bρ) = 1√

2
( ~Eρ − iς∇× ~Aρ),Ψρ

i = 1√
2
(Eρi − iςεijk∂jA

ρ
k), p · x := ~p · ~r − Et

Thm. 6.1.1.{
∂aF ρab = 0

∂a ∗ F ρab = 0
⇔

{
∇ · ~Eρ = 0,∇× ~Eρ = −∂t ~Bρ

∇ · ~Bρ = 0,∇× ~Bρ = ∂t ~E
ρ

⇔

{
(γ,−iς)a∂aΨρ = 0

∇ ·Ψρ = 0
⇔

{
[∂a + iSab(γ, ς)∂

b]Ψρ = 0

Sab(γ, ς) = iσαςςabγας (s)

6.2 Spin equation and plane wave solution of free uncoupled YM complex field strength

Thm. 6.2.1. [∂a + iSab(γ, ς)∂
b]Ψρ(x) = 0

Cor. 6.2.1.


Ψρ(~r, t) := 1

(2π)3/2

∫
~p6=0

√
|~p|λm(p̂,−ς)[aρ1(~p,−ς)eiςp·x + aρ+2 (~p,−ς)e−iςp·x]d3~p√

|~p|aρ1(~p,−ς) = 1
(2π)3/2

∫
λ+
m(p̂,−ς)Ψρ(~r, t)e−iςp·xd3~r√

|~p|aρ+2 (~p,−ς) = 1
(2π)3/2

∫
λ+
m(p̂,−ς)Ψρ(~r, t)eiςp·xd3~r

6.3 Commutation rules of free uncoupled YM field equation

Cor. 6.3.1.


[aρσ(~p,−ς), aρ

′+
σ′ (~p′,−ς)] = ςδρρ

′
δσσ′δ

3(~p− ~p′)
[aρσ(~p,−ς), aτσ′(~p′,−ς)] = 0

[aρ
′+
σ (~p,−ς), aτ

′+
σ′ (~p′,−ς)] = 0

⇔


[aρσ(~p), aρ

′+
σ′ (~p′)] = δρρ

′
δσσ′δ

3(~p− ~p′)
[aρσ(~p), aτσ′(~p

′)] = 0

[aρ
′+
σ (~p),τ

′+
σ′ (~p′)] = 0

m m

Cor. 6.3.2.


[Ψρ
ας (x),Ψρ′+

α′ς
(x′)] = iδρρ

′
σabαςα′ς∂a∂b∆(x− x′)

[Ψρ
ας (x),Ψτ

βς
(x′)] = 0

[Ψρ′+
α′ς

(x),Ψτ ′+
β′ς

(x′)] = 0

⇔


[Ψρ
ας (~r, t),Ψ

ρ′+
α′ς

(~r′, t)] = ςδρρ
′
εkαςα′ς∂kδ(~r − ~r

′)

[Ψρ
ας (~r, t),Ψ

τ
βς

(~r′, t)] = 0

[Ψρ′+
α′ς

(~r, t),Ψτ ′+
β′ς

(~r′, t)] = 0

6.4 Free uncoupled YM commutative function, causal function and feynman propagator

Cor. 6.4.1.
∆ρρ′

αςα′ς
(γ;x) := δρρ

′
σabαςα′ς∂a∂b∆(x)

∆
ρρ′(+)
αςα′ς

(γ;x) := δρρ
′
σabαςα′ς∂a∂b∆

(+)(x)

∆
ρρ′(−)
αςα′ς

(γ;x) := δρρ
′
σabαςα′ς∂a∂b∆

(−)(x)

∆
ρρ′(l)
αςα′ς

(γ;x) := δρρ
′
σabαςα′ς∂a∂b∆

(l)(x)



∆
ρρ′(c)
αςα′ς

(γ;x) := δρρ
′
[σabαςα′ς∂a∂b∆

(c)(x) + σππαςα′ς δ
4]

∆ρρ′ret
αςα′ς

(γ;x) := δρρ
′
[σabαςα′ς∂a∂b∆

ret(x) + σππαςα′ς δ
4(x)]

∆ρρ′adv
αςα′ς

(γ;x) := δρρ
′
[σabαςα′ς∂a∂b∆

adv(x) + σππαςα′ς δ
4(x)]

∆ρρ′

Fαςα′ς
(γ;x) := δρρ

′
[σabαςα′ς∂a∂b∆F (x) + iσππαςα′ς δ

4(x)] = i∆
ρρ′(c)
αςα′ς

(γ;x)

∆Fαςα′ς
(γ;x) =

iδρρ
′
σab
αςα′ς

papb

p2−iε + · · ·

Cor. 6.4.2.
[∂a + iSab(γ, ς)∂

b]∆ρρ′(γ;x) = 0

[∂a + iSab(γ, ς)∂
b]∆ρρ′(+)(γ;x) = 0

[∂a + iSab(γ, ς)∂
b]∆ρρ′(−)(γ;x) = 0

[∂a + iSab(γ, ς)∂
b]∆ρρ′(l)(γ;x) = 0


[∂a + iSab(γ, ς)∂

b]∆ρρ′(c)(γ;x) = −ς(γ, iς)aδ(t)∆ρρ′(γ;x)|t=0

[∂a + iSab(γ, ς)∂
b]∆ρρ′ret(γ;x) = −ς(γ, iς)aδ(t)∆ρρ′(γ;x)|t=0

[∂a + iSab(γ, ς)∂
b]∆ρρ′adv(γ;x) = −ς(γ, iς)aδ(t)∆ρρ′(γ;x)|t=0

[∂a + iSab(γ, ς)∂
b]∆ρρ′

F (γ;x) = −iς(γ, iς)aδ(t)∆ρρ′(γ;x)|t=0

[m] [m]

Cor. 6.4.3.
(σ−ς ,−iς)a∂aNm(1)∆ρρ′(γ;x) = 0

(σ−ς ,−iς)a∂aNm(1)∆ρρ′(+)(γ;x) = 0

(σ−ς ,−iς)a∂aNm(1)∆ρρ′(−)(γ;x) = 0

(σ−ς ,−iς)a∂aNm(1)∆ρρ′(l)(γ;x) = 0


(σ−ς ,−iς)a∂aNm(1)∆ρρ′(c)(γ;x) = −ςδ(t)Nm(1)∆ρρ′(γ;x)|t=0

(σ−ς ,−iς)a∂aNm(1)∆ρρ′ret(γ;x) = −ςδ(t)Nm(1)∆ρρ′(γ;x)|t=0

(σ−ς ,−iς)a∂aNm(1)∆ρρ′adv(γ;x) = −ςδ(t)Nm(1)∆ρρ′(γ;x)|t=0

(σ−ς ,−iς)a∂aNm(1)∆F (γ;x) = −iςδ(t)Nm(1)∆ρρ′(γ;x)|t=0

[m] [m]

Cor. 6.4.4.
(σ−ς ,−iς)a∂aNm(1)∆ρρ′(γ;x)N̄m(1) = 0

(σ−ς ,−iς)a∂aNm(1)∆ρρ′(+)(γ;x)N̄m(1) = 0

(σ−ς ,−iς)a∂aNm(1)∆ρρ′(−)(γ;x)N̄m(1) = 0

(σ−ς ,−iς)a∂aNm(1)∆ρρ′(l)(γ;x)N̄m(1) = 0


(σ−ς ,−iς)a∂aNm(1)∆ρρ′(c)(γ;x)N̄m(1) = −ςδ(t)Nm(1)∆ρρ′(γ;x)|t=0N̄m(1)

(σ−ς ,−iς)a∂aNm(1)∆ρρ′ret(γ;x)N̄m(1) = −ςδ(t)Nm(1)∆ρρ′(γ;x)|t=0N̄m(1)

(σ−ς ,−iς)a∂aNm(1)∆ρρ′adv(γ;x)N̄m(1) = −ςδ(t)Nm(1)∆ρρ′(γ;x)|t=0N̄m(1)

(σ−ς ,−iς)a∂aNm(1)∆F (γ;x)N̄m(1) = −iςδ(t)Nm(1)∆ρρ′(γ;x)|t=0N̄m(1)
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[⇓] [⇓]

Cor. 6.4.5.
(γ,−iς)a∂a∆ρρ′(γ;x) = 0

(γ,−iς)a∂a∆ρρ′(+)(γ;x) = 0

(γ,−iς)a∂a∆ρρ′(−)(γ;x) = 0

(γ,−iς)a∂a∆ρρ′(l)(γ;x) = 0


(γ,−iς)a∂a∆ρρ′(c)(γ;x) = −ςδ(t)∆ρρ′(γ;x)|t=0

(γ,−iς)a∂a∆ρρ′ret(γ;x) = −ςδ(t)∆ρρ′(γ;x)|t=0

(γ,−iς)a∂a∆ρρ′adv(γ;x) = −ςδ(t)∆ρρ′(γ;x)|t=0

(γ,−iς)a∂a∆F (γ;x) = −iςδ(t)∆ρρ′(γ;x)|t=0

6.5 Equivalent commutative relations of free uncoupled φ̃ρ,Ψρ under radiation guage

Lem. 6.5.1.{
∇2Ãρ − ∂2

t Ã
ρ = ~Jρ + ∂t∇φ̃ρ,∇2φ̃ρ = ρρ√

2Ψρ = −∂tÃρ −∇φ̃ρ − iς∇× Ãρ,∇ · Ãρ = 0
[⇔]

{
[∂a + iSab(γ, ς)∂

b]Ψρ = −iσ[βς ]
ςab J

bρ

Ãρ = −iς√
2

∇×(Ψρ−Ψ+ρ)
∇2 , φ̃ρ = − 1√

2

∇·(Ψρ+Ψ+ρ)
∇2

Lem. 6.5.2.
[Ãρi (x), Ãτj (x′)] = iδρτ (δij − ∂i∂j

∇2 )∆(x− x′)
[Ãρi (x), φ̃τ (x′)] = 0, [φ̃ρ(x), φ̃τ (x′)] = 0√

2Ψρ = −∂tÃρ −∇φ̃ρ − iς∇× Ãρ,∇ · Ãρ = 0

⇒


[Ψρ
ας (x),Ψρ′+

α′ς
(x′)] = iδρρ

′
σabαςα′ς∂a∂b∆(x− x′)

[Ψρ
ας (x),Ψτ

βς
(x′)] = 0, [Ψρ′+

α′ς
(x),Ψτ ′+

β′ς
(x′)] = 0

Ãρ = −iς√
2

∇×(Ψρ−Ψ+ρ)
∇2 , φ̃ρ = − 1√

2

∇·(Ψρ+Ψ+ρ)
∇2

Lem. 6.5.3.
[Ψρ
ας (x),Ψρ′+

α′ς
(x′)] = iδρρ

′
σabαςα′ς∂a∂b∆(x− x′)

[Ψρ
ας (x),Ψτ

βς
(x′)] = 0, [Ψρ′+

α′ς
(x),Ψτ ′+

β′ς
(x′)] = 0

Ãρ = −iς√
2

∇×(Ψρ−Ψ+ρ)
∇2 , φ̃ρ = − 1√

2

∇·(Ψρ+Ψ+ρ)
∇2

⇒

{
[Ãρi (x), Ãτj (x′)] = iδρτ (δij − ∂i∂j

∇2 )∆(x− x′)
[Ãρi (x), φ̃τ (x′)] = 0, [φ̃ρ(x), φ̃τ (x′)] = 0

Thm. 6.5.1.
[Ãρi (x), Ãτj (x′)] = iδρτ (δij − ∂i∂j

∇2 )∆(x− x′)
[Ãρi (x), φ̃τ (x′)] = 0, [φ̃ρ(x), φ̃τ (x′)] = 0

∇2Ãρ − ∂2
t Ã

ρ = ~Jρ + ∂t∇φ̃ρ,∇2φ̃ρ = ρρ√
2Ψρ = −∂tÃρ −∇φ̃ρ − iς∇× Ãρ,∇ · Ãρ = 0

[⇔]


[Ψρ
ας (x),Ψρ′+

α′ς
(x′)] = iδρρ

′
σabαςα′ς∂a∂b∆(x− x′)

[Ψρ
ας (x),Ψτ

βς
(x′)] = 0, [Ψρ′+

α′ς
(x),Ψτ ′+

β′ς
(x′)] = 0

[∂a + iSab(γ, ς)∂
b]Ψρ = −iσ[βς ]

ςab J
bρ

Ãρ = −iς√
2

∇×(Ψρ−Ψ+ρ)
∇2 , φ̃ρ = − 1√

2

∇·(Ψρ+Ψ+ρ)
∇2

6.6 Covariant commutation rules for free uncoupled YM field under radiation λ−guage

Cor. 6.6.1.{
[Aρa(x), Aτb (x′)] = iδρτ (δab − λ−1

λ
∂a∂b
�+iε )∆(x− x′)

φ = −iA0,
√

2Ψρ = −∂t ~Aρ −∇φρ − iς∇× ~Aρ
⇒


[Ψρ
ας (x),Ψ+ρ′

α′ς
(x′)] = iδρρ

′
σabαςα′ς∂a∂b∆(x− x′)

[Ψρ
ας (x),Ψτ

βς
(x′)] = 0, [Ψ+ρ′

α′ς
(x),Ψ+τ ′

β′ς
(x′)] = 0

[Ψρ
i (x), φτ (x′)] = [Ψ+ρ

i (x), φτ (x′)] = i√
2
δρτ∂i∆(x− x′)

[φρ(x), φτ (x′)] = −iδρτ (1 + λ−1
λ

∇2

�+iε )∆(x− x′)

7 Gravitino field covariant quantization scheme
7.1 Gravitino spin operator equation and its plane wave solution

Thm. 7.1.1. [ 3
2∂a + iSab(

3
2 , ς)∂

b]ψ(x) = 0

Cor. 7.1.1.


ψ(~r, t) := 1

(2π)3/2

∫
|~p|λ(p̂,− 3

2 ς)[a1(~p,− 3
2 ς)e

ip·x + a+
2 (~p,− 3

2 ς)e
−ip·x]d3~p

|~p|a1(~p,− 3
2 ς) = 1

(2π)3/2

∫
λ+(p̂,− 3

2 ς)ψ(~r, t)e−ip·xd3~r

|~p|a+
2 (~p,− 3

2 ς) = 1
(2π)3/2

∫
λ+(p̂,− 3

2 ς)ψ(~r, t)eip·xd3~r

Def. 7.1.1. Projection operator: P̂kςk′ς (
3
2 , ς) := λkς (p̂,− 3

2 ς)λ
+
k′ς

(p̂,− 3
2 ς), P̂

2( 3
2 , ς) = P̂ ( 3

2 , ς), P̂
+( 3

2 , ς) = P̂ ( 3
2 , ς)

Cor. 7.1.2. H2 =
∫
|~p|[a+

1 (~p,− 3
2 ς)a1(~p,− 3

2 ς)− a2(~p,− 3
2 ς)a

+
2 (~p,− 3

2 ς)]d
3~p =

∫
ψ+
k′ς

(~r, t) i∂t
−∇2ψkς (~r, t)d

3~r

Proof: H2 =
∫
|~p|[a+

1 (~p,− 3
2 ς)a1(~p,− 3

2 ς)− a2(~p,− 3
2 ς)a

+
2 (~p,− 3

2 ς)]d
3~p

= 1
(2π)3

∫
1
|~p| [λ

k′ς (p̂,− 3
2 ς)ψ

+
k′ς

(~r′, t)eip·x
′
λ+kς (p̂,− 3

2 ς)ψkς (~r, t)e
−ip·x

− λk′ς (p̂,− 3
2 ς)ψ

+
k′ς

(~r′, t)e−ip·x
′
λ+kς (p̂,− 3

2 ς)ψkς (~r, t)e
ip·x]d3~pd3~rd3~r′

= 1
(2π)3

∫
1
|~p|λ

+kς (p̂,− 3
2 ς)λ

k′ς (p̂,− 3
2 ς)ψ

+
k′ς

(~r′, t)ψkς (~r, t)[e
−i~p·(~r−~r′) − ei~p·(~r−~r′)]d3~pd3~rd3~r′

= 1
(2π)3

∫
(−2
√

2i)−1 1
|~p|4 Γabckςk′ςpapbpcψ

+
k′ς

(~r′, t)ψkς (~r, t)[e
−i~p·(~r−~r′) − ei~p·(~r−~r′)]d3~pd3~rd3~r′

= 1
(2π)3

∫
(−2
√

2i)−1 1
|~p|4 ( 1√

2
)3 i

6{[3|~p|
3 − 2ς|~p|2[σ( 3

2 ) · ~p]− 12|~p|[σ( 3
2 ) · ~p]2 + 8ς[σ( 3

2 ) · ~p]3}ψ+
k′ς

(~r′, t)ψkς (~r, t)

[e−i~p·(~r−~r
′) − ei~p·(~r−~r′)]d3~pd3~rd3~r′

= 1
(2π)3

∫ −1
48

1
|~p|4 {[3|~p|

3 − 2ς|~p|2[σ( 3
2 ) · ~p]− 12|~p|[σ( 3

2 ) · ~p]2 + 8ς[σ( 3
2 ) · ~p]3}ψ+

k′ς
(~r′, t)ψkς (~r, t)
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[e−i~p·(~r−~r
′) − ei~p·(~r−~r′)]d3~pd3~rd3~r′

= 1
(2π)3

∫ −1
48

1
|~p|4 {[−2ς|~p|2[σ( 3

2 ) · ~p] + 8ς[σ( 3
2 ) · ~p]3}ψ+

k′ς
(~r′, t)ψkς (~r, t)[e

−i~p·(~r−~r′) − ei~p·(~r−~r′)]d3~pd3~rd3~r′

= 1
(2π)3

∫
iς
24ψ

+
k′ς

(~r′, t)ψkς (~r, t){[ 1
|~p|2 [σ( 3

2 ) · ∇] + 1
|~p|4 4[σ( 3

2 ) · ∇]3}[e−i~p·(~r−~r′) + ei~p·(~r−~r
′)]d3~pd3~rd3~r′

= −iς
12

∫
ψ+
k′ς

(~r′, t)ψkς (~r, t){
σ(

3
2 )·∇
∇2 − 4

[σ(
3
2 )·∇]3

∇4 }δ3(~r − ~r′)d3~rd3~r′

= iς
12

∫
ψ+
k′ς

(~r, t){σ(
3
2 )·∇
∇2 − 4

[σ(
3
2 )·∇]3

∇4 }ψkς (~r, t)d3~r

= −iς
3/2

∫
ψ+
k′ς

(~r, t)
σ(

3
2 )·∇
∇2 ψkς (~r, t)d

3~r

=
∫
ψ+
k′ς

(~r, t) i∂t
−∇2ψkς (~r, t)d

3~r

7.2 Gravitino properties of covariant constant invariant tensor

Cor. 7.2.1.

Γπππkςk′ς
( 3

2 ) = ( 1√
2
)3δkςk′ς

Γiππkςk′ς (
3
2 ) = −iς( 1√

2
)3 2

3σ
i( 3

2 )kςk′ς
Γijπkςk′ς

( 3
2 ) = −( 1√

2
)3 1

3 [σ{i( 3
2 )σj}( 3

2 )− 3
2δ
ij ]kςk′ς = −( 1√

2
)3 2

3
1
2! [σ

{i( 3
2 )σj}( 3

2 )− 3
4δ
{ij}]kςk′ς

Γijkkςk′ς
( 3

2 ) = ( 1√
2
)3 2iς

3 {σ
{j( 3

2 )[σi( 3
2 )]σk}( 3

2 )− [ 1
2σ

i( 3
2 )δjk + 3

2δ
i{jσk}( 3

2 )]}kςk′ς
= ( 1√

2
)3 4iς

3
1
3! [σ

{i( 3
2 )σj( 3

2 )σk}( 3
2 )− 7

4δ
{ijσk}( 3

2 )]kςk′ς

Cor. 7.2.2. Γabc( 3
2 )∂a∂b∂c∆(x− x′)|t=t′ = i

4
√

2
{∇2 − 4[σ( 3

2 ) · ∇]2}δ3(~r − ~r′)

Proof: Γabc( 3
2 )∂a∂b∂c∆(x− x′)|t=t′

= i
1∑
l=0

(−1)lC2l+1
3 Γ

2−2l︷︸︸︷
ij · ·

2l+1︷ ︸︸ ︷
π · ·π( 3

2 )

2−2l︷ ︸︸ ︷
∂i∂j · · ∇2lδ3(~r − ~r′)

= i[C1
3Γijπ( 3

2 )∂i∂j − C3
3Γπππ( 3

2 )∇2]δ3(~r − ~r′)
= i{−( 1√

2
)3[σ{i( 3

2 )σj}( 3
2 )− 3

2δ
ij ]∂i∂j − ( 1√

2
)3∇2}δ3(~r − ~r′)

= −i( 1√
2
)3{[σ{i( 3

2 )σj}( 3
2 )− 3

2δ
ij ]∂i∂j +∇2}δ3(~r − ~r′)

= i 1
4
√

2
{∇2 − 4[σ( 3

2 ) · ∇]2}δ3(~r − ~r′)
= i

4
√

2
{∇2 − 9[ 2

3σ( 3
2 ) · ∇]2}δ3(~r − ~r′)

Cor. 7.2.3. Γabc( 3
2 )∂a∂b∂c∆(x− x′)|t=t′∂π∆(x− x′)|t=t′ = ς

4
√

2
{∇2 − 9[ 2

3σ( 3
2 ) · ∇]2}[ 2

3σ( 3
2 ) · ∇]δ3(~r − ~r′)

Proof: Γabc( 3
2 )∂a∂b∂c∆(x− x′)|t=t′∂π∆(x− x′)|t=t′

= i
1∑
l=0

(−1)lC2l
3 Γ

3−2l︷︸︸︷
ij · ·

2l︷ ︸︸ ︷
π · ·π( 3

2 )

3−2l︷ ︸︸ ︷
∂i∂j · · ∇2lδ3(~r − ~r′)

= i[C0
3Γijk( 3

2 )∂i∂j∂k − C2
3Γiππ( 3

2 )∂i∇2]δ3(~r − ~r′)
= i[( 1√

2
)3 4iς

3
1
3! [σ

{i( 3
2 )σj( 3

2 )σk}( 3
2 )− 7

4δ
{ijσk}( 3

2 )]∂i∂j∂k + 2iς( 1√
2
)3σi( 3

2 )∂i∇2]δ3(~r − ~r′)
= i( 1√

2
)32iς{ 2

3{[σ( 3
2 ) · ∇]3 − 7

4 [σ( 3
2 ) · ∇]∇2}+ [σ( 3

2 ) · ∇]∇2}δ3(~r − ~r′)
= −i( 1√

2
)3 iς

3 {∇
2 − 4[σ( 3

2 ) · ∇]2}[σ( 3
2 ) · ∇]δ3(~r − ~r′)

= ς
4
√

2
{∇2 − 9[ 2

3σ( 3
2 ) · ∇]2}[ 2

3σ( 3
2 ) · ∇]δ3(~r − ~r′)

Lem. 7.2.1. Γabckςk′ςpapbpc = −2
√

2i|~p|3λkς (p̂,− 3
2 ς)λ

+
k′ς

(p̂,− 3
2 ς)

Proof: Γabckςk′ςpapbpc

�= C3
3Γπππkςk′ς

(1)p3
π + C2

3Γiππkςk′ς (1)pip
2
π + C1

3Γijπkςk′ς
(1)pipjpπ + C0

3Γijkkςk′ς
(1)pipjpk

= ( 1√
2
)3[−i|~p|3 + 2iς|~p|2σ( 3

2 ) · ~p− 2i|~p|[σ( 3
2 ) · ~p]2 + i 3

2 |~p|
3 + 4iς

3 {[σ( 3
2 ) · ~p]3 − 7

4 |~p|
2[σ( 3

2 ) · ~p]}
= ( 1√

2
)3 i

6 [3|~p|3 − 2ς|~p|2[σ( 3
2 ) · ~p]− 12|~p|[σ( 3

2 ) · ~p]2 + 8ς[σ( 3
2 ) · ~p]3

= ( 1√
2
)3 i

6 |~p|
3[3− 2ς[σ( 3

2 ) · p̂]− 12[σ( 3
2 ) · p̂]2 + 8ς[σ( 3

2 ) · p̂]3

= {( 1√
2
)3 i

6 |~p|
3[3− 2ς[σ( 3

2 ) · p̂]− 12[σ( 3
2 ) · p̂]2 + 8ς[σ( 3

2 ) · p̂]3}
−3/2∑
h=3/2

λ(p̂, h)λ+(p̂, h)

=≺ −2
√

2i|~p|3λkς (p̂,− 3
2 ς)λ

+
k′ς

(p̂,− 3
2 ς)

Cor. 7.2.4. Projection operator: P̂kςk′ς (
3
2 , ς) = i

2
√

2
Γabckςk′ς p̂ap̂bp̂c → −

1
2
√

2
Γabckςk′ς ∂̂a∂̂b∂̂c
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7.3 General covariant commutation rules for gravitino field in mathematics

Thm. 7.3.1.
[aσ(~p,− 3

2 ς), a
+
σ′(~p

′,− 3
2 ς)]±

= δσδσσ′δ
3(~p− ~p′)

[aσ(~p,− 3
2 ς), aσ′(~p

′,− 3
2 ς)]± = 0

[a+
σ (~p,− 3

2 ς), a
+
σ′(~p

′,− 3
2 ς)]± = 0

⇒


[Ψkς (x),Ψ+

k′ς
(x′)]±

= − i√
2
Γabckςk′ς∂a∂b∂c[(δ1 −±δ2)∆(+)(x− x′)± δ2∆(x− x′)]

[Ψkς (x),Ψlς (x
′)]± = 0

[Ψ+
k′ς

(x),Ψ+
l′ς

(x′)]± = 0

Proof: [Ψ
(+)
kς

(x),Ψ
(+)+
k′ς

(x′)]±

= 1
(2π)3

∫
λkς (p̂,− 3

2 ς)λ
+
k′ς

(~p′,− 3
2 ς)|~p||~p

′|[a1(~p,− 3
2 ς), a

+
1 (~p′,− 3

2 ς)]±e
ip·(x−x′)d3~pd3~p′

= 1
(2π)3

∫
λkς (p̂,− 3

2 ς)λ
+
k′ς

(~p′,− 3
2 ς)|~p|

2δ1δ
3(~p− ~p′)eip·(x−x′)d3~pd3~p′

= 1
(2π)3

∫
λkς (p̂,− 3

2 ς)λ
+
k′ς

(p̂,− 3
2 ς)δ1|~p|

2eip·(x−x
′)d3~p

= δ1
(2π)3

∫
1

2|~p|
i√
2
Γabckςk′ςpapbpce

ip·(x−x′)d3~p

= δ1
(2π)3

∫
1

2|~p|
−1√

2
Γabckςk′ς∂a∂b∂ce

ip·(x−x′)d3~p

= − i√
2
δ1Γabckςk′ς∂a∂b∂c∆

(+)(x− x′)

Proof: [Ψ
(−)
kς

(x),Ψ
(−)+
k′ς

(x′)]±

= 1
(2π)3

∫
λkς (p̂,− 3

2 ς)λ
+
k′ς

(~p′,− 3
2 ς)|~p||~p

′|[a2(~p,− 3
2 ς), a

+
2 (~p′,− 3

2 ς)]±e
−ip·(x−x′)d3~pd3~p′

= ± 1
(2π)3

∫
λkς (p̂,− 3

2 ς)λ
+
k′ς

(~p′,− 3
2 ς)|~p|

2δ2δ
3(~p− ~p′)e−ip·(x−x′)d3~pd3~p′

= ± 1
(2π)3

∫
λkς (p̂,− 3

2 ς)λ
+
k′ς

(p̂,− 3
2 ς)δ2|~p|

2e−ip·(x−x
′)d3~p

= ± δ2
(2π)3

∫
1

2|~p|
i√
2
Γabckςk′ςpapbpce

−ip·(x−x′)d3~p

= ± δ2
(2π)3

∫
1

2|~p|
1√
2
Γabckςk′ς∂a∂b∂ce

−ip·(x−x′)d3~p

= −± i√
2
δ2Γabckςk′ς∂a∂b∂c∆

(−)(x− x′)

Proof: [Ψkς (x),Ψ+
k′ς

(x′)]±

= [Ψ
(+)
kς

(x),Ψ
(+)+
k′ς

(x′)]± + [Ψ
(−)
kς

(x),Ψ
(−)+
k′ς

(x′)]±

= − i√
2
Γabckςk′ς∂a∂b∂c[δ1∆(+)(x− x′)± δ2∆(−)(x− x′)]

= − i√
2
Γabckςk′ς∂a∂b∂c[(δ1 −±δ2)∆(+)(x− x′)± δ2∆(x− x′)]

From the above, only δ1∓ δ2 = 0, the micro causality is satisfied. At the same time only when δ1, δ2 ≥ 0,
the probability is just nonnegative. Therefore, among the eight covariant commutative or anticom-
mutative schemes in mathematics, there is only one physically reasonable scheme: That is, when
δ1 = δ2 = 1, it satisfies the commutative relation. There are actually two other options. Namely when
δ1 = δ2 = 0, it satisfies the commutative or anticommutative relation, which is just the classic case.
7.4 Physical covariant anticommutative rules for gravitino field

Thm. 7.4.1.


{aσ(~p,− 3

2 ς), a
+
σ′(~p

′,− 3
2 ς)} = δσσ′δ

3(~p− ~p′)
{aσ(~p,− 3

2 ς), aσ′(~p
′,− 3

2 ς)} = 0

{a+
σ (~p,− 3

2 ς), a
+
σ′(~p

′,− 3
2 ς)] = 0

⇒


{ψkς (x), ψ+

k′ς
(x′)} = −i√

2
Γabckςk′ς∂a∂b∂c∆(x− x′)

{ψkς (x), ψlς (x
′)} = 0

{ψ+
k′ς

(x), ψ+
l′ς

(x′)} = 0

Proof: {ψkς (x), ψ+
k′ς

(x′)}
= 1

(2π)3

∫
λkς (p̂,− 3

2 ς)λ
+
k′ς

(p̂,− 3
2 ς)|~p||~p

′|
{{a1(~p,− 3

2 ς), a
+
1 (~p′,− 3

2 ς)}e
ip·(x−x′) + {a+

2 (~p,− 3
2 ς), a2(~p′,− 3

2 ς)}e
−ip·(x−x′)}d3~pd3~p′

= 1
(2π)3

∫
|~p|2λkς (p̂,− 3

2 ς)λ
+
k′ς

(p̂,− 3
2 ς)[δ

3(~p− ~p′)eip·(x−x′) + δ3(~p− ~p′)e−ip·(x−x′)]d3~pd3~p′

= 1
(2π)3

∫
|~p|2λkς (p̂,− 3

2 ς)λ
+
k′ς

(p̂,− 3
2 ς)[e

ip·(x−x′) + e−ip·(x−x
′)]d3~p

= 1
(2π)3

∫
1

2|~p|
i√
2
Γabckςk′ςpapbpc[e

ip·(x−x′) + e−ip·(x−x
′)]d3~p

= i 1
(2π)3

∫
1

2|~p|
i√
2
Γabckςk′ς∂a∂b∂c[e

ip·(x−x′) − e−ip·(x−x′)]d3~p

= −i√
2
Γabckςk′ς∂a∂b∂c

−i
(2π)3

∫
1

2|~p| [e
ip·(x−x′) − e−ip·(x−x′)]d3~p

= −i√
2
Γabckςk′ς∂a∂b∂c∆(x− x′)
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7.5 Isochronous anticommutation rules for gravitino field

Cor. 7.5.1.
{ψkς (x), ψ+

k′ς
(x′)} = −i√

2
Γabckςk′ς∂a∂b∂c∆[(x− x′)]

{ψkς (x), ψlς (x
′)} = 0

{ψ+
k′ς

(x), ψ+
l′ς

(x′)} = 0

⇒


{ψkς (~r, t), ψ+

k′ς
(~r′, t)}

= 1
8{∇

2 − 4[σ( 3
2 ) · ∇]2}kςk′ς δ

3(~r − ~r′)
{ψkς (~r, t), ψlς (~r′, t)} = 0, {ψ+

k′ς
(~r, t), ψ+

l′ς
(~r′, t)} = 0

Pro. 7.5.1.


∆∗(x) = ∆(x),∆(−x) = −∆(x), (∇2 − ∂2

t )∆(x) = 0

∂t∆(x)|t=0 = −δ3(~r), ∂k∂t∆(x)|t=0 = ∂t∂k∆(x)|t=0 = −∂kδ3(~r)

∂k∆(x)|t=0 = 0, ∂k∂l∆(x)|t=0 = 0, ∂2
t ∆(x)|t=0 = 0

Proof: {ψkς (~r, t), ψ+
k′ς

(~r′, t)} = −i√
2
Γabckςk′ς∂a∂b∂c∆[(x− x′)]|t=t′

= C1
3
−i√

2
Γijπkςk′ς

∂i∂j∂π∆[(x− x′)]|t=t′ + −i√
2
Γπππkςk′ς

∂π∂π∂π∆[(x− x′)]|t=t′
= 1

8{∇
2 − 4[σ( 3

2 ) · ∇]2}kςk′ς δ
3(~r − ~r′)

Cor. 7.5.2.
{ψkς (~r, t), ψ+

k′ς
(~r′, t)}

= 1
8{∇

2 − 4[σ( 3
2 ) · ∇]2}kςk′ς δ

3(~r − ~r′)
{ψkς (~r, t), ψlς (~r′, t)} = 0, {ψ+

k′ς
(~r, t), ψ+

l′ς
(~r′, t)} = 0

⇒


{aσ(~p,− 3

2 ς), a
+
σ′(~p

′,− 3
2 ς)} = δσσ′δ

3(~p− ~p′)
{aσ(~p,− 3

2 ς), aσ′(~p
′,− 3

2 ς)} = 0

{a+
σ (~p,− 3

2 ς), a
+
σ′(~p

′,− 3
2 ς)] = 0

Proof: {a1(~p,− 3
2 ς), a

+
1 (~p′,− 3

2 ς)}
= 1

(2π)3
1

|~p||~p′|
∫
{λ+kς (p̂,− 3

2 ς)Ψkς (~r, t)e
−i(~p·~r−Et), λk

′
ς (~p′,− 3

2 ς)Ψ
+
k′ς

(~r′, t)ei(~p
′·~r′−E′t)}d3~rd3~r′

= 1
(2π)3

1
|~p||~p′|

∫
λ+kς (p̂,− 3

2 ς)λ
k′ς (~p′,− 3

2 ς)[Ψkς (~r, t),Ψ
+
k′ς

(~r′, t)]e−i(~p·~r−Et)ei(~p
′·~r′−E′t)d3~rd3~r′

= 1
(2π)3

1
|~p||~p′|

∫
λ+kς (p̂,− 3

2 ς)λ
k′ς (~p′,− 3

2 ς)
1
8{∇

2 − 4[σ( 3
2 ) · ∇]2}kςk′ς δ

3(~r − ~r′)e−i(~p·~r−Et)ei(~p′·~r′−E′t)d3~rd3~r′

= 1
(2π)3

1
|~p||~p′|

∫
λ+kς (p̂,− 3

2 ς)λ
k′ς (~p′,− 3

2 ς)
−1
8 {~p

2 − 4[σ( 3
2 ) · ~p]2}kςk′ςe

−i(~p·~r−Et)ei(~p
′·~r−E′t)d3~r

= 1
|~p||~p′|λ

+kς (p̂,− 3
2 ς)λ

k′ς (~p′,− 3
2 ς)
−1
8 {~p

2 − 4[σ( 3
2 ) · ~p]2}kςk′ς δ

3(~p− ~p′)
= λ+(p̂,− 3

2 ς)
−1
8 {~p

2 − 4[σ( 3
2 ) · ~p]2}λ(p̂,− 3

2 ς)δ
3(~p− ~p′)

= λ+(p̂,− 3
2 ς)λ(p̂,− 3

2 ς)δ
3(~p− ~p′)

= δ3(~p− ~p′)

Proof: {a+
2 (~p,− 3

2 ς), a2(~p′,− 3
2 ς)}

= 1
(2π)3

1
|~p||~p′|

∫
{λ+kς (p̂,− 3

2 ς)Ψkς (~r, t)e
i(~p·~r−Et), λk

′
ς (~p′,− 3

2 ς)Ψ
+
k′ς

(~r′, t)e−i(~p
′·~r′−E′t)}d3~rd3~r′

= 1
(2π)3

1
|~p||~p′|

∫
λ+kς (p̂,− 3

2 ς)λ
k′ς (~p′,− 3

2 ς)[Ψkς (~r, t),Ψ
+
k′ς

(~r′, t)]ei(~p·~r−Et)e−i(~p
′·~r′−E′t)d3~rd3~r′

= 1
(2π)3

1
|~p||~p′|

∫
λ+kς (p̂,− 3

2 ς)λ
k′ς (~p′,− 3

2 ς)
1
8{∇

2 − 4[σ( 3
2 ) · ∇]2}kςk′ς δ

3(~r − ~r′)ei(~p·~r−Et)e−i(~p′·~r′−E′t)d3~rd3~r′

= 1
(2π)3

1
|~p||~p′|

∫
λ+kς (p̂,− 3

2 ς)λ
k′ς (~p′,− 3

2 ς)
−1
8 {~p

2 − 4[σ( 3
2 ) · ~p]2}kςk′ςe

i(~p·~r−Et)e−i(~p
′·~r−E′t)d3~r

= 1
|~p||~p′|λ

+kς (p̂,− 3
2 ς)λ

k′ς (~p′,− 3
2 ς)
−1
8 {~p

2 − 4[σ( 3
2 ) · ~p]2}kςk′ς δ

3(~p− ~p′)
= λ+(p̂,− 3

2 ς)
−1
8 {~p

2 − 4[σ( 3
2 ) · ~p]2}λ(p̂,− 3

2 ς)δ
3(~p− ~p′)

= λ+(p̂,− 3
2 ς)λ(p̂,− 3

2 ς)δ
3(~p− ~p′)

= δ3(~p− ~p′)

7.6 Commutative function, causal function and feynman propagator of gravitino field

Cor. 7.6.1.
∆kςk′ς

( 3
2 ;x) := −1√

2
Γabckςk′ς∂a∂b∂c∆(x)

∆
(+)
kςk′ς

( 3
2 ;x) := −1√

2
Γabckςk′ς∂a∂b∂c∆

(+)(x)

∆
(−)
kςk′ς

( 3
2 ;x) := −1√

2
Γabckςk′ς∂a∂b∂c∆

(−)(x)

∆
(l)
kςk′ς

( 3
2 ;x) := −1√

2
Γabckςk′ς∂a∂b∂c∆

(l)(x)

Cor. 7.6.2.

∆
(c)
kςk′ς

( 3
2 ;x) := −1√

2
Γabckςk′ς∂a∂b∂c∆

(c)(x) + i√
2
[Γπππkςk′ς

δ′′(t) + 3iΓiππkςk′ς δ
′(t)∂i − 3Γijπkςk′ς

δ(t)∂i∂j ]∆(x)

∆ret
kςk′ς

( 3
2 ;x) := −1√

2
Γijkkςk′ς

∂i∂j∂k∆ret(x) + i√
2
[Γπππkςk′ς

δ′′(t) + 3iΓiππkςk′ς δ
′(t)∂i − 3Γijπkςk′ς

δ(t)∂i∂j ]∆(x)

∆adv
kςk′ς

( 3
2 ;x) := −1√

2
Γabckςk′ς∂a∂b∂c∆

adv(x) + i√
2
[Γπππkςk′ς

δ′′(t) + 3iΓiππkςk′ς δ
′(t)∂i − 3Γijπkςk′ς

δ(t)∂i∂j ]∆(x)

∆Fkςk′ς
( 3

2 ;x) := −1√
2
Γabckςk′ς∂a∂b∂c∆F (x) + −1√

2
[Γπππkςk′ς

δ′′(t) + 3iΓiππkςk′ς δ
′(t)∂i − 3Γijπkςk′ς

δ(t)∂i∂j ]∆(x)

= i∆
(c)
kςk′ς

( 3
2 ;x)
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Cor. 7.6.3.

∆
(c)
kςk′ς

( 3
2 ;x) := −1√

2
Γabckςk′ς∂a∂b∂c∆

(c)(x) + i√
2
[2Γπππkςk′ς

∂tδ
4(x) + 3iΓiππkςk′ς∂iδ

4(x)]

∆ret
kςk′ς

( 3
2 ;x) := −1√

2
Γijkkςk′ς

∂i∂j∂k∆ret(x) + i√
2
[2Γπππkςk′ς

∂tδ
4(x) + 3iΓiππkςk′ς∂iδ

4(x)]

∆adv
kςk′ς

( 3
2 ;x) := −1√

2
Γabckςk′ς∂a∂b∂c∆

adv(x) + i√
2
[2Γπππkςk′ς

∂tδ
4(x) + 3iΓiππkςk′ς∂iδ

4(x)]

∆Fkςk′ς
( 3

2 ;x) := −1√
2
Γabckςk′ς∂a∂b∂c∆F (x) + −1√

2
[2Γπππkςk′ς

∂tδ
4(x) + 3iΓiππkςk′ς∂iδ

4(x)]

= i∆
(c)
kςk′ς

( 3
2 ;x)

∆Fkςk′ς
( 3

2 ; p) = 1√
2

Γabc
kςk′ς

papbpc

p2−iε + · · ·

Cor. 7.6.4.
[s∂a + iSab(

3
2 , ς)∂

b]∆( 3
2 ;x) = 0

[s∂a + iSab(
3
2 , ς)∂

b]∆(+)( 3
2 ;x) = 0

[s∂a + iSab(
3
2 , ς)∂

b]∆(−)( 3
2 ;x) = 0

[s∂a + iSab(
3
2 , ς)∂

b]∆(l)( 3
2 ;x) = 0


[s∂a + iSab(

3
2 , ς)∂

b]∆(c)( 3
2 ;x) = −ς[σ( 3

2 ), i 3
2 ς]aδ(t)∆( 3

2 ;x)|t=0

[s∂a + iSab(
3
2 , ς)∂

b]∆ret( 3
2 ;x) = −ς[σ( 3

2 ), i 3
2 ς]aδ(t)∆( 3

2 ;x)|t=0

[s∂a + iSab(
3
2 , ς)∂

b]∆adv( 3
2 ;x) = −ς[σ( 3

2 ), i 3
2 ς]aδ(t)∆( 3

2 ;x)|t=0

[s∂a + iSab(
3
2 , ς)∂

b]∆F ( 3
2 ;x) = −iς[σ( 3

2 ), i 3
2 ς]aδ(t)∆( 3

2 ;x)|t=0

7.7 Gravitino quantum equation

Cor. 7.7.1.

∆
(c)
kςk′ς

(s;x) := (−1)2s

2s−1 Γ

2s︷ ︸︸ ︷
abc · ·
kςk′ς

(s)

2s︷ ︸︸ ︷
∂a∂b∂c · ·∆(c)(x) + i2s−2

2s−1

2s−1∑
n=0

inCn2sΓ

n︷ ︸︸ ︷
ab · ·

2s−n︷︸︸︷
π · ·

kςk′ς
(s)[∂2s−1−n

t δ(t)]

n︷ ︸︸ ︷
∂a∂b · ·∆(x)

∆ret
kςk′ς

(s;x) := (−1)2s

2s−1 Γ

2s︷ ︸︸ ︷
abc · ·
kςk′ς

(s)

2s︷ ︸︸ ︷
∂a∂b∂c · ·∆ret(x) + i2s−2

2s−1

2s−1∑
n=0

inCn2sΓ

n︷ ︸︸ ︷
ab · ·

2s−n︷︸︸︷
π · ·

kςk′ς
(s)[∂2s−1−n

t δ(t)]

n︷ ︸︸ ︷
∂a∂b · ·∆(x)

∆adv
kςk′ς

(s;x) := (−1)2s

2s−1 Γ

2s︷ ︸︸ ︷
abc · ·
kςk′ς

(s)

2s︷ ︸︸ ︷
∂a∂b∂c · ·∆adv(x) + i2s−2

2s−1

2s−1∑
n=0

inCn2sΓ

n︷ ︸︸ ︷
ab · ·

2s−n︷︸︸︷
π · ·

kςk′ς
(s)[∂2s−1−n

t δ(t)]

n︷ ︸︸ ︷
∂a∂b · ·∆(x)

∆Fkςk′ς
(s;x) := (−1)2s

2s−1 Γ

2s︷ ︸︸ ︷
abc · ·
kςk′ς

(s)

2s︷ ︸︸ ︷
∂a∂b∂c · ·∆F (x) + i2s−1

2s−1

2s−1∑
n=0

inCn2sΓ

n︷ ︸︸ ︷
ab · ·

2s−n︷︸︸︷
π · ·

kςk′ς
(s)[∂2s−1−n

t δ(t)]

n︷ ︸︸ ︷
∂a∂b · ·∆(x)

= i∆
(c)
kςk′ς

(s;x)

Cor. 7.7.2. [ 3
2∂a + iSab(

3
2 , ς)∂

b]ψ(x) = 0⇒


ψ̇(~r, t) = −i[ψ(~r, t), H]

∇ψ(~r, t) = i[ψ(~r, t), ~P ]

∂aψ(~r, t) = i[ψ(~r, t), Pa]

Thm. 7.7.1.
{ψkς (~r, t), ψ+

k′ς
(~r′, t)} = 1

8{∇
2 − 4[σ( 3

2 ) · ∇]2}kςk′ς δ
3(~r − ~r′)

{ψkς (~r, t), ψlς (~r′, t)} = 0, {ψ+
k′ς

(~r, t), ψ+
l′ς

(~r′, t)} = 0

H = −iς
3/2

∫
ψ+(~r, t)

σ(
3
2 )·∇
∇2 ψ(~r, t)d3~r, ~P =

∫
ψ+(~r, t)−i∇−∇2ψ(~r, t)d3~r

⇒[ψ(~r, t), H] = −iς
3/2

1
8{∇

2 − 4[σ( 3
2 ) · ∇]2}σ(

3
2 )·∇
∇2 ψ(~r, t)

[ψ(~r, t), ~P ] = 1
8{∇

2 − 4[σ( 3
2 ) · ∇]2}−i∇−∇2ψ(~r, t)

Proof: [ψ(~r, t), H]

= −iς
3/2 δ

k′ςkς
∫
d3~r[ψjς (~r, t), ψ

+
k′ς

(~r′, t)
σ(

3
2 )·∇′

∇′2 ψkς (~r
′, t)]

= −iς
3/2 δ

k′ςkς
∫
d3~r[ψjς (~r, t), ψ

+
k′ς

(~r′, t)]
σ(

3
2 )·∇′

∇′2 ψkς (~r
′, t)

= −iς
3/2 δ

k′ςkς
∫
d3~r 1

8{∇
2 − 4[σ( 3

2 ) · ∇]2}jςk′ς δ
3(~r − ~r′)σ(

3
2 )·∇′

∇′2 ψkς (~r
′, t)

= −iς
3/2

1
8δ
k′ςkς{∇2 − 4[σ( 3

2 ) · ∇]2}kςk′ς
σ(

3
2 )·∇
∇2 ψkς (~r, t)

= −iς
3/2

1
8{∇

2 − 4[σ( 3
2 ) · ∇]2}σ(

3
2 )·∇
∇2 ψ(~r, t)

Proof: [ψ(~r, t), P ]
= δk

′
ςkς
∫
d3~r[ψjς (~r, t), ψ

+
k′ς

(~r′, t) −i∇−∇′2ψkς (~r
′, t)]

= δk
′
ςkς
∫
d3~r[ψjς (~r, t), ψ

+
k′ς

(~r′, t)] −i∇−∇′2ψkς (~r
′, t)

= δk
′
ςkς
∫
d3~r 1

8{∇
2 − 4[σ( 3

2 ) · ∇]2}jςk′ς δ
3(~r − ~r′) −i∇−∇′2ψkς (~r

′, t)

= 1
8δ
k′ςkς{∇2 − 4[σ( 3

2 ) · ∇]2}kςk′ς
−i∇
−∇2ψkς (~r, t)

= 1
8{∇

2 − 4[σ( 3
2 ) · ∇]2}−i∇−∇2ψ(~r, t)
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Cor. 7.7.3.{
ψ̇(~r, t) = −i[ψ(~r, t), H]

∇ψ(~r, t) = i[ψ(~r, t), ~P ]
⇔

{
ψ̇(~r, t) = −ς

12 {σ( 3
2 ) · ∇ − 4

∇2 [σ( 3
2 ) · ∇]3}ψ(~r, t)

∇ψ(~r, t) = − 1
8{1−

4
∇2 [σ( 3

2 ) · ∇]2}∇ψ(~r, t)
⇔

{
∂a∂aψ(~r, t) = 0

[σ( 3
2 ),− 3

2 iς]
a∂aψ(~r, t) = 0

Cor. 7.7.4.{
( 3

2 )2∇ψ = 3
2σ( 3

2 ) · ∇σ( 3
2 )ψ − 1

2σ( 3
2 )[σ( 3

2 ) · ∇]ψ

[σ( 3
2 ),− 3

2 iς]
a∂aψ(~r, t) = 0

⇒

{
∂a∂aψ(~r, t) = 0

[σ(2),− 3
2 iς]

a∂aψ(~r, t) = 0

Cor. 7.7.5. 6
2

 3∂z
√

3∂− 0 0√
3∂+ ∂z 2∂− 0

0 2∂+ −∂z
√

3∂−

0 0
√

3∂+ −3∂z

 1
2

[
3 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 −3

]
= 6

4

 9∂z
√

3∂− 0 0

3
√

3∂+ ∂z −2∂− 0

0 2∂+ ∂z −3
√

3∂−

0 0 −
√

3∂+ 9∂z



Cor. 7.7.6. − 2
2

[
3 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 −3

]
1
2

 3∂z
√

3∂− 0 0√
3∂+ ∂z 2∂− 0

0 2∂+ −∂z
√

3∂−

0 0
√

3∂+ −3∂z

 = − 2
4

 9∂z 3
√

3∂− 0 0√
3∂+ ∂z 2∂− 0

0 −2∂+ ∂z −
√

3∂−

0 0 −3
√

3∂+ 9∂z



σ( 3
2 ) = ( 1

2

 0
√

3 0 0√
3 0 2 0

0 2 0
√

3

0 0
√

3 0

 , i2
 0 −

√
3 0 0√

3 0 −2 0

0 2 0 −
√

3

0 0
√

3 0

 , 1
2

[
3 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 −3

]
) (22.3)

7.8 Gravitino poincare symmetry

Lem. 7.8.1. ∇2(ri∂j − rj∂i) = (ri∂j − rj∂i)∇2

Lem. 7.8.2. [σ(s) · ∇](ri∂j − rj∂i) = (ri∂j − rj∂i)[σ(s) · ∇] + [σi(s)∂j − σj(s)∂i]

Lem. 7.8.3. [σ(s) · ∇]2(ri∂j − rj∂i) = (ri∂j − rj∂i)

Proof: [σ(s) · ∇]2(ri∂j − rj∂i)
= [σ(s) · ∇]{(ri∂j − rj∂i)[σ(s) · ∇] + [σi(s)∂j − σj(s)∂i]}
= (ri∂j − rj∂i)[σ(s) · ∇]2 + [σi(s)∂j − σj(s)∂i][σ(s) · ∇] + [σ(s) · ∇][σi(s)∂j − σj(s)∂i]

Cor. 7.8.1. −i√
2
Γabc( 3

2 )∂a∂b∂c∆(x− x′)|t=t′ = 1
8{{∇

2 − 9[ 2
3σ( 3

2 ) · ∇]2}}δ3(~r − ~r′)

Cor. 7.8.2. −i√
2
Γabc( 3

2 )∂a∂b∂c∂π∆(x− x′)|t=t′ = 1
8{∇

2 − 9[ 2
3σ( 3

2 ) · ∇]2}[−iς 2
3σ( 3

2 ) · ∇]δ3(~r − ~r′)

7.9 Poincare symmetry of gravitino field

Lem. 7.9.1.


Pa = −i

∫ ψ+(~r,t)√
−∇2

∂a
ψ(~r,t)√
−∇2

d3~r =
∫ ψ+(~r,t)√

−∇2
P̂a

ψ(~r,t)√
−∇2

d3~r

Lab = −i
∫ ψ+(~r,t)√

−∇2
(ra∂b − rb∂a) ψ(~r,t)√

−∇2
d3~r =

∫ ψ+(~r,t)√
−∇2

L̂ab
ψ(~r,t)√
−∇2

d3~r

Mab =
∫ ψ+(~r,t)√

−∇2
[−i(ra∂b − rb∂a) + Ŝab]

ψ(~r,t)√
−∇2

d3~r =
∫ ψ+(~r,t)√

−∇2
M̂ab

ψ(~r,t)√
−∇2

d3~r

Cor. 7.9.1.

{
ψkς (~r,t)√
−∇2

,
ψ+

k′ς
(~r′,t)

√
−∇′2 } = 1

8{9[ 2
3σ( 3

2 ) · ∇̂]2 − 1}kςk′ς δ
3(~r − ~r′), ∇̂ := −i∇√

−∇2

{ψkς (~r,t)√
−∇2

,
ψlς (~r′,t)√
−∇′2 } = 0, {

ψ+

k′ς
(~r,t)

√
−∇2

,
ψ+

l′ς
(~r′,t)

√
−∇′2 } = 0

Thm. 7.9.1.

{
[Lab, Lcd] = −i(gadLbc − gacLbd + gbcLad − gbdLac)
[Lab, Pc] = −i(gbcPa − gacPb), [Pa, Pb] = 0

Proof: [Lab, Lcd]

= −
∫
d3~rd3~r′[ψ

+(~r,t)√
−∇2

(ra∂b − rb∂a) ψ(~r,t)√
−∇2

, ψ
+(~r′,t)√
−∇′2 (r′c∂

′
d − r′d∂′c)

ψ(~r′,t)√
−∇′2 ]

= −δkς lς δk′ς l′ς
∫
d3~rd3~r′[

ψ+
kς

(~r,t)
√
−∇2

(ra∂b − rb∂a)
ψlς (~r,t)√
−∇2

,
ψ+

k′ς
(~r′,t)

√
−∇′2 (r′c∂

′
d − r′d∂′c)

ψl′ς
(~r′,t)

√
−∇′2 ]

= −δkς lς δk′ς l′ς
∫
d3~rd3~r′

{
ψ+
kς

(~r,t)
√
−∇2

{(ra∂b − rb∂a)
ψlς (~r,t)√
−∇2

,
ψ+

k′ς
(~r′,t)

√
−∇′2 }(r

′
c∂
′
d − r′d∂′c)

ψl′ς
(~r′,t)

√
−∇′2

−
ψ+

k′ς
(~r′,t)

√
−∇′2 {

ψ+
kς

(~r,t)
√
−∇2

, (r′c∂
′
d − r′d∂′c)

ψl′ς
(~r′,t)

√
−∇′2 }(ra∂b − rb∂a)

ψlς (~r,t)√
−∇2

}
= −δkς lς δk′ς l′ς

∫
d3~rd3~r′

{
ψ+
kς

(~r,t)
√
−∇2

(ra∂b − rb∂a) 1
8{9[ 2

3σ( 3
2 ) · ∇̂]2 − 1}lςk′ς δ

3(~r − ~r′)(r′c∂′d − r′d∂′c)
ψl′ς

(~r′,t)
√
−∇′2

−
ψ+

k′ς
(~r′,t)

√
−∇′2 (r′c∂

′
d − r′d∂′c) 1

8{9[ 2
3σ( 3

2 ) · ∇̂′]2 − 1}l′ςkς δ
3(~r′ − ~r)(ra∂b − rb∂a)

ψlς (~r,t)√
−∇2

}
= δkς lς δk

′
ς l
′
ς

∫
d3~rd3~r′
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{
ψ+
kς

(~r,t)
√
−∇2

(ra∂
′
b − rb∂′a) 1

8{9[ 2
3σ( 3

2 ) · ∇̂′]2 − 1}lςk′ς δ
3(~r − ~r′)(r′c∂′d − r′d∂′c)

ψl′ς
(~r′,t)

√
−∇′2

−
ψ+

k′ς
(~r′,t)

√
−∇′2 (r′c∂d − r′d∂c) 1

8{9[ 2
3σ( 3

2 ) · ∇̂]2 − 1}l′ςkς δ
3(~r − ~r′)(ra∂b − rb∂a)

ψlς (~r,t)√
−∇2

}
= −δkς lς δk′ς l′ς

∫
d3~r

{
ψ+
kς

(~r,t)
√
−∇2

(ra∂b − rb∂a) 1
8{9[ 2

3σ( 3
2 ) · ∇̂]2 − 1}lςk′ς (rc∂d − rd∂c)

ψl′ς
(~r,t)

√
−∇2

−
ψ+

k′ς
(~r,t)

√
−∇2

(rc∂d − rd∂c) 1
8{9[ 2

3σ( 3
2 ) · ∇̂]2 − 1}l′ςkς (ra∂b − rb∂a)

ψlς (~r,t)√
−∇2

}

=
∫ ψ+(~r,t)√

−∇2
[−i(ra∂b − rb∂a),−i(rc∂d − rd∂c)] 1

8{9[ 2
3σ( 3

2 ) · ∇̂]2 − 1} ψ(~r,t)√
−∇2

d3~r

=
∫ ψ+(~r,t)√

−∇2
[L̂ab, L̂cd]

ψ(~r,t)√
−∇2

d3~r

= −i(gadLbc − gacLbd + gbcLad − gbdLac)

Proof: [Lab, Pc]

= −
∫
d3~rd3~r′[ψ

+(~r,t)√
−∇2

(ra∂b − rb∂a) ψ(~r,t)√
−∇2

, ψ
+(~r′,t)√
−∇′2 ∂

′
c
ψ(~r′,t)√
−∇′2 ]

= −δkς lς δk′ς l′ς
∫
d3~rd3~r′[

ψ+
kς

(~r,t)
√
−∇2

(ra∂b − rb∂a)
ψlς (~r,t)√
−∇2

,
ψ+

k′ς
(~r′,t)

√
−∇′2 ∂

′
c

ψl′ς
(~r′,t)

√
−∇′2 ]

= −δkς lς δk′ς l′ς
∫
d3~rd3~r′

{
ψ+
kς

(~r,t)
√
−∇2

{(ra∂b − rb∂a)
ψlς (~r,t)√
−∇2

,
ψ+

k′ς
(~r′,t)

√
−∇′2 }∂

′
c

ψl′ς
(~r′,t)

√
−∇′2 −

ψ+

k′ς
(~r′,t)

√
−∇′2 {

ψ+
kς

(~r,t)
√
−∇2

, ∂′c
ψl′ς

(~r′,t)
√
−∇′2 }(ra∂b − rb∂a)

ψlς (~r,t)√
−∇2

}
= −δkς lς δk′ς l′ς

∫
d3~rd3~r′

{
ψ+
kς

(~r,t)
√
−∇2

(ra∂b − rb∂a) 1
8{9[ 2

3σ( 3
2 ) · ∇̂]2 − 1}lςk′ς δ

3(~r − ~r′)∂′c
ψl′ς

(~r′,t)
√
−∇′2

−
ψ+

k′ς
(~r′,t)

√
−∇′2 ∂

′
c

1
8{9[ 2

3σ( 3
2 ) · ∇̂′]2 − 1}l′ςkς δ

3(~r′ − ~r)(ra∂b − rb∂a)
ψlς (~r,t)√
−∇2

}
= δkς lς δk

′
ς l
′
ς

∫
d3~rd3~r′

{
ψ+
kς

(~r,t)
√
−∇2

(ra∂
′
b − rb∂′a) 1

8{9[ 2
3σ( 3

2 ) · ∇̂′]2 − 1}lςk′ς δ
3(~r − ~r′)∂′c

ψl′ς
(~r′,t)

√
−∇′2

−
ψ+

k′ς
(~r′,t)

√
−∇′2 ∂c

1
8{9[ 2

3σ( 3
2 ) · ∇̂]2 − 1}l′ςkς δ

3(~r − ~r′)(ra∂b − rb∂a)
ψlς (~r,t)√
−∇2

}
= −δkς lς δk′ς l′ς

∫
d3~r

{
ψ+
kς

(~r,t)
√
−∇2

(ra∂b − rb∂a) 1
8{9[ 2

3σ( 3
2 ) · ∇̂]2 − 1}lςk′ς∂c

ψl′ς
(~r,t)

√
−∇2

−
ψ+

k′ς
(~r,t)

√
−∇2

∂c
1
8{9[ 2

3σ( 3
2 ) · ∇̂]2 − 1}l′ςkς (ra∂b − rb∂a)

ψlς (~r,t)√
−∇2

}

=
∫ ψ+(~r,t)√

−∇2
[−i(ra∂b − rb∂a),−i∂′c] 1

8{9[ 2
3σ( 3

2 ) · ∇̂]2 − 1} ψ(~r,t)√
−∇2

d3~r

=
∫ ψ+(~r,t)√

−∇2
[L̂ab, P̂c]

ψ(~r,t)√
−∇2

d3~r

= −i(gbcPa − gacPb)

Proof: [Pa, Pb]

= −
∫

[ψ
+(~r,t)√
−∇2

∂a
ψ(~r,t)√
−∇2

, ψ
+(~r′,t)√
−∇′2 ∂

′
b
ψ(~r′,t)√
−∇′2 ]d3~rd3~r′

= −δkς lς δk′ς l′ς
∫

[
ψ+
kς

(~r,t)
√
−∇2

∂a
ψlς (~r,t)√
−∇2

,
ψ+

k′ς
(~r′,t)

√
−∇′2 ∂

′
b

ψl′ς
(~r′,t)

√
−∇′2 ]d3~rd3~r′

= −δkς lς δk′ς l′ς
∫
d3~rd3~r′{

ψ+
kς

(~r,t)
√
−∇2

{∂a
ψlς (~r,t)√
−∇2

,
ψ+

k′ς
(~r′,t)

√
−∇′2 }∂

′
b

ψl′ς
(~r′,t)

√
−∇′2 −

ψ+

k′ς
(~r′,t)

√
−∇′2 {

ψ+
kς

(~r,t)
√
−∇2

, ∂′b
ψl′ς

(~r′,t)
√
−∇′2 }∂a

ψlς (~r,t)√
−∇2

}
= −δkς lς δk′ς l′ς

∫
d3~rd3~r′

{
ψ+
kς

(~r,t)
√
−∇2

1
8{9[ 2

3σ( 3
2 ) · ∇̂]2 − 1}lςk′ς∂aδ

3(~r − ~r′)∂′b
ψl′ς

(~r′,t)
√
−∇′2 −

ψ+

k′ς
(~r′,t)

√
−∇′2

1
8{9[ 2

3σ( 3
2 ) · ∇̂′]2 − 1}l′ςkς∂

′
bδ

3(~r′ − ~r)∂a
ψlς (~r,t)√
−∇2

}
= δkς lς δk

′
ς l
′
ς

∫
d3~rd3~r′

{
ψ+
kς

(~r,t)
√
−∇2

1
8{9[ 2

3σ( 3
2 ) · ∇̂′]2 − 1}lςk′ς∂

′
aδ

3(~r − ~r′)∂′b
ψl′ς

(~r′,t)
√
−∇′2 −

ψ+

k′ς
(~r′,t)

√
−∇′2

1
8{9[ 2

3σ( 3
2 ) · ∇̂]2 − 1}l′ςkς∂bδ

3(~r − ~r′)∂a
ψlς (~r,t)√
−∇2

}

= −
∫
{
ψ+
kς

(~r,t)
√
−∇2

1
8{9[ 2

3σ( 3
2 ) · ∇̂]2 − 1}kς l′ς∂a∂b

ψl′ς
(~r,t)

√
−∇2

−
ψ+

k′ς
(~r,t)

√
−∇2

1
8{9[ 2

3σ( 3
2 ) · ∇̂]2 − 1}k′ς lς∂b∂a

ψlς (~r,t)√
−∇2

}d3~r

= −
∫ ψ+(~r,t)√

−∇2
(∂a∂b − ∂b∂a) 1

8{9[ 2
3σ( 3

2 ) · ∇̂]2 − 1} ψ(~r,t)√
−∇2

d3~r

= −
∫ ψ+(~r,t)√

−∇2
(∂a∂b − ∂b∂a) ψ(~r,t)√

−∇2
d3~r

=
∫ ψ+(~r,t)√

−∇2
[P̂a, P̂b]

ψ(~r,t)√
−∇2

d3~r = 0

Lem. 7.9.2. [σ( 3
2 ) · ∇̂]2σ( 3

2 )ψ = {2[σ( 3
2 ) · ∇̂]∇̂+ 1

4σ( 3
2 )}ψ, Sab( 3

2 ) = iσαςςabσας (
3
2 )

Lem. 7.9.3. [σ( 3
2 ) · ∇̂]2Sab(

3
2 )ψ = {2[σ( 3

2 ) · ∇̂]iσαςςab∇̂ας + 1
4Sab(

3
2 )}ψ

Lem. 7.9.4.
∫ ψ+(~r,t)√

−∇2
σας (

3
2 )[σ( 3

2 ) · ∇̂]∇̂βς
ψ(~r,t)√
−∇2

d3~r? =
∫ ψ+(~r,t)√

−∇2
σας (

3
2 )σβς (

3
2 ) ψ(~r,t)√

−∇2
d3~r
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Proof: [Sab(t), Scd(t)]

=
∫

[ψ
+kς (~r,t)√
−∇2

Sabkς
lς ( 3

2 , ς)
ψlς (~r,t)√
−∇2

, ψ
+mς (~r′,t)√
−∇′2 Scdmς

nς ( 3
2 , ς)

ψnς (~r′,t)√
−∇′2 ]d3~rd3~r′

=
∫
{ψ

+kς (~r,t)√
−∇2

{Sabkς lς ( 3
2 , ς)

ψlς (~r,t)√
−∇2

, ψ
+mς (~r′,t)√
−∇′2 }Scdmς

nς ( 3
2 , ς)

ψnς (~r′,t)√
−∇′2

− ψ+mς (~r′,t)√
−∇′2 {

ψ+kς (~r,t)√
−∇2

, Scdmς
nς ( 3

2 , ς)
ψnς (~r′,t)√
−∇′2 }Sabkς

lς ( 3
2 , ς)

ψlς (~r,t)√
−∇2

}d3~rd3~r′

=
∫
{ψ

+kς (~r,t)√
−∇2

Sabkς
lς ( 3

2 , ς)Scdmς
nς ( 3

2 , ς)
1
8{−1 + 4

[σ(
3
2 )·∇′]2

∇′2 }lςmς δ3(~r − ~r′)ψnς (~r′,t)√
−∇′2

− ψ+mς (~r′,t)√
−∇′2 Scdmς

nς ( 3
2 , ς)Sabkς

lς ( 3
2 , ς)

1
8{−1 + 4

[σ(
3
2 )·∇]2

∇2 }nς kς δ3(~r − ~r′)ψlς (~r,t)√
−∇2

}d3~rd3~r′

=
∫
{ψ

+kς (~r,t)√
−∇2

Sabkς
lς ( 3

2 , ς)
1
8{−1 + 4

[σ(
3
2 )·∇]2

∇2 }lςmςScdmςnς ( 3
2 , ς)

ψnς (~r,t)√
−∇2

− ψ+mς (~r,t)√
−∇2

Scdmς
nς ( 3

2 , ς)
1
8{−1 + 4

[σ(
3
2 )·∇]2

∇2 }nς kςSabkς lς ( 3
2 , ς)

ψlς (~r,t)√
−∇2

}d3~r

=
∫
{ψ

+(~r,t)√
−∇2

Sab(
3
2 , ς)

1
8{−1 + 4

[σ(
3
2 )·∇]2

∇2 }Scd( 3
2 , ς)

ψ(~r,t)√
−∇2

− ψ+(~r,t)√
−∇2

Scd(
3
2 , ς)

1
8{−1 + 4

[σ(
3
2 )·∇]2

∇2 }Sab( 3
2 , ς)

ψ(~r,t)√
−∇2
}d3~r

=
∫
{ψ

+(~r,t)√
−∇2

Sab(
3
2 , ς)

1
8{−1 + 4[σ( 3

2 ) · ∇̂]2}Scd( 3
2 , ς)

ψ(~r,t)√
−∇2

− ψ+(~r,t)√
−∇2

Scd(
3
2 , ς)

1
8{−1 + 4[σ( 3

2 ) · ∇̂]2}Sab( 3
2 , ς)

ψ(~r,t)√
−∇2
}d3~r

=
∫
{ψ

+(~r,t)√
−∇2

Sab(
3
2 , ς)[σ( 3

2 ) · ∇̂]iσαςςcd∇̂ας
ψ(~r,t)√
−∇2

− ψ+(~r,t)√
−∇2

Scd(
3
2 , ς)[σ( 3

2 ) · ∇̂]iσαςςab∇̂ας
ψ(~r,t)√
−∇2
}d3~r

? =
∫
{ψ

+(~r,t)√
−∇2

Sab(
3
2 , ς)iσ

ας
ςcdσας (

3
2 ) ψ(~r,t)√

−∇2
− ψ+(~r,t)√

−∇2
Scd(

3
2 , ς)iσ

ας
ςabσας (

3
2 ) ψ(~r,t)√

−∇2
}d3~r

=
∫ ψ+(~r,t)√

−∇2
[Sab(

3
2 , ς), Scd(

3
2 , ς)]

ψ(~r,t)√
−∇2

d3~r

Proof: [σ(s) · ∇̂]nσ(s)ψ = {s[sn − (s− 1)n](ς∂̂t)
n−1∇̂+ (s− 1)n(ς∂̂t)

nσ(s)}ψ
[σ(s) · ∇̂]nσ(s)ψ = {s[sn − (s− 1)n][ 1

sσ(s) · ∇̂]n−1∇̂+ (s− 1)nσ(s)[ 1
sσ(s) · ∇̂]n}ψ

8 Free uncoupled graviton field covariant quantization scheme
8.1 Graviton spin operator equation and its plane wave solution

Thm. 8.1.1. [2∂a + iSab(2, ς)∂
b]ψ(x) = 0

Cor. 8.1.1.


ψ(~r, t) := 1

(2π)3/2

∫
|~p|3/2λ(p̂,−2ς)[a1(~p,−2ς)eip·x + a+

2 (~p,−2ς)e−ip·x]d3~p

~p|3/2a1(~p,−2ς) = 1
(2π)3/2

∫
λ+(p̂,−2ς)ψ(~r, t)e−ip·xd3~r = 1

(2π)3/2

∫
i
|~p|λ

+(p̂,−2ς)ψ̇(~r, t)e−ip·xd3~r

|~p|3/2a+
2 (~p,−2ς) = 1

(2π)3/2

∫
λ+(p̂,−2ς)ψ(~r, t)eip·xd3~r = 1

(2π)3/2

∫ −i
|~p|λ

+(p̂,−2ς)ψ̇(~r, t)eip·xd3~r

Def. 8.1.1. Projection operator: P̂kςk′ς (2, ς) := λkς (p̂,−2ς)λ+
k′ς

(p̂,−2ς), P̂ 2(2, ς) = P̂ (2, ς), P̂+(2, ς) = P̂ (2, ς)

Cor. 8.1.2. H2 =
∫
|~p|[a+

1 (~p,−2ς)a1(~p,−2ς) + a2(~p,−2ς)a+
2 (~p,−2ς)]d3~p =

∫
ψ+
k′ς

(~r, t) 1
−∇2ψkς (~r, t)d

3~r

Proof: H2 =
∫
|~p|[a+

1 (~p,−2ς)a1(~p,−2ς) + a2(~p,−2ς)a+
2 (~p,−2ς)]d3~p

= 1
(2π)3

∫
1
|~p|2 [λk

′
ς (p̂,−2ς)ψ+

k′ς
(~r′, t)eip·x

′
λ+kς (p̂,−2ς)ψkς (~r, t)e

−ip·x

+ λk
′
ς (p̂,−2ς)ψ+

k′ς
(~r′, t)e−ip·x

′
λ+kς (p̂,−2ς)ψkς (~r, t)e

ip·x]d3~pd3~rd3~r′

= 1
(2π)3

∫
1
|~p|2λ

+kς (p̂,−2ς)λk
′
ς (p̂,−2ς)ψ+

k′ς
(~r′, t)ψkς (~r, t)[e

−i~p·(~r−~r′) + ei~p·(~r−~r
′)]d3~pd3~rd3~r′

= 1
(2π)3

∫
1

4|~p|6 4|~p|4λkς (p̂,−2ς)λ+
k′ς

(p̂,−2ς)ψ+
k′ς

(~r′, t)ψkς (~r, t)[e
−i~p·(~r−~r′) + ei~p·(~r−~r

′)]d3~pd3~rd3~r′

= 1
4

1
(2π)3

∫
ψ+
k′ς

(~r′, t)ψkς (~r, t)Γ
abcd
kςk′ς

papbpcpd
1
|~p|6 [e−i~p·(~r−~r

′) + ei~p·(~r−~r
′)]d3~pd3~rd3~r′

= 1
4

1
(2π)3

∫
ψ+
k′ς

(~r′, t)ψkς (~r, t){( 1√
2
)4 1

3 |~p|
4{0 + 4ς[σ(2) · p̂] − 2[σ(2) · p̂]2 − 4ς[σ(2) · p̂]3 + 2[σ(2) · p̂]4} 1

|~p|6 [e−i~p·(~r−~r
′) +

ei~p·(~r−~r
′)]d3~pd3~rd3~r′

= 1
24

1
(2π)3

∫
ψ+
k′ς

(~r′, t)ψkς (~r, t){{−[σ(2) · p̂]2 + [σ(2) · p̂]4} 1
|~p|2 [e−i~p·(~r−~r

′) + ei~p·(~r−~r
′)]d3~pd3~rd3~r′

= 1
12

1
(2π)3

∫
ψ+
k′ς

(~r′, t)ψkς (~r, t){−[σ(2) · p̂]2 + [σ(2) · p̂]4} 1
|~p|2 e

i~p·(~r−~r′)d3~pd3~rd3~r′

= 1
12

1
(2π)3

∫
ψ+
k′ς

(~r′, t)ψkς (~r, t){ 1
|~p|4 [σ(2) · i~p]2 + 1

|~p|6 [σ(2) · i~p]4}ei~p·(~r−~r′)d3~pd3~rd3~r′

= 1
12

∫
ψ+
k′ς

(~r′, t)ψkς (~r, t){
[σ(2)·∇]2

∇4 − [σ(2)·∇]4

∇6 }δ3(~r − ~r′)d3~rd3~r′

= 1
12

∫
ψ+
k′ς

(~r, t){ [σ(2)·∇]2

∇4 − [σ(2)·∇]4

∇6 }ψkς (~r, t)d3~r

=
∫
ψ+
k′ς

(~r, t) 1
−∇2ψkς (~r, t)d

3~r

Cor. 8.1.3. P2 =
∫
~p[a+

1 (~p,−2ς)a1(~p,−2ς) + a2(~p,−2ς)a+
2 (~p,−2ς)]d3~p = −ς

2

∫
ψ+
k′ς

(~r, t) σ(2)
−∇2ψkς (~r, t)d

3~r

Proof: P2 =
∫
~p[a+

1 (~p,−2ς)a1(~p,−2ς) + a2(~p,−2ς)a+
2 (~p,−2ς)]d3~p

= 1
(2π)3

∫
p̂
|~p|2 [λk

′
ς (p̂,−2ς)ψ+

k′ς
(~r′, t)eip·x

′
λ+kς (p̂,−2ς)ψkς (~r, t)e

−ip·x

+ λk
′
ς (p̂,−2ς)ψ+

k′ς
(~r′, t)e−ip·x

′
λ+kς (p̂,−2ς)ψkς (~r, t)e

ip·x]d3~pd3~rd3~r′
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= 1
(2π)3

∫
p̂
|~p|2λ

+kς (p̂,−2ς)λk
′
ς (p̂,−2ς)ψ+

k′ς
(~r′, t)ψkς (~r, t)[e

−i~p·(~r−~r′) + ei~p·(~r−~r
′)]d3~pd3~rd3~r′

= 1
(2π)3

∫
p̂

4|~p|6 4|~p|4λkς (p̂,−2ς)λ+
k′ς

(p̂,−2ς)ψ+
k′ς

(~r′, t)ψkς (~r, t)[e
−i~p·(~r−~r′) + ei~p·(~r−~r

′)]d3~pd3~rd3~r′

= 1
4

1
(2π)3

∫
ψ+
k′ς

(~r′, t)ψkς (~r, t)Γ
abcd
kςk′ς

papbpcpd
p̂
|~p|6 [e−i~p·(~r−~r

′) + ei~p·(~r−~r
′)]d3~pd3~rd3~r′

= 1
4

1
(2π)3

∫
ψ+
k′ς

(~r′, t)ψkς (~r, t){( 1√
2
)4 1

3 |~p|
4{0 + 4ς[σ(2) · p̂] − 2[σ(2) · p̂]2 − 4ς[σ(2) · p̂]3 + 2[σ(2) · p̂]4} p̂

|~p|6 [e−i~p·(~r−~r
′) +

ei~p·(~r−~r
′)]d3~pd3~rd3~r′

= 1
12

1
(2π)3

∫
ψ+
k′ς

(~r′, t)ψkς (~r, t){ς[σ(2) · p̂]− ς[σ(2) · p̂]3} p̂
|~p|2 [e−i~p·(~r−~r

′) + ei~p·(~r−~r
′)]d3~pd3~rd3~r′

= ς
6

1
(2π)3

∫
ψ+
k′ς

(~r′, t)ψkς (~r, t){[σ(2) · p̂]− [σ(2) · p̂]3} p̂
|~p|2 e

i~p·(~r−~r′)d3~pd3~rd3~r′

= ς
6

1
(2π)3

∫
ψ+
k′ς

(~r′, t)ψkς (~r, t){−[σ(2) · i~p] i~p|~p|4 − [σ(2) · i~p]3 i~p
|~p|6 }e

i~p·(~r−~r′)d3~pd3~rd3~r′

= ς
6

∫
ψ+
k′ς

(~r′, t)ψkς (~r, t){−[σ(2) · ∇] ∇∇4 + [σ(2) · ∇]3 ∇∇6 }δ3(~r − ~r′)d3~rd3~r′

= ς
6

∫
ψ+
k′ς

(~r, t){−[σ(2) · ∇] ∇∇4 + [σ(2) · ∇]3 ∇∇6 }ψkς (~r, t)d3~r

= ς
2

∫
ψ+
k′ς

(~r, t)[σ(2) · ∇] ∇∇4ψkς (~r, t)d
3~r

= −ς
2

∫
ψ+
k′ς

(~r, t) σ(2)
−∇2ψkς (~r, t)d

3~r

Cor. 8.1.4. Pa =
∫
pa[a+

1 (~p,−2ς)a1(~p,−2ς) + a2(~p,−2ς)a+
2 (~p,−2ς)]d3~p = −ς

2

∫
ψ+
k′ς

(~r, t) [σ(2),−i2ς]a
−∇2 ψkς (~r, t)d

3~r

Cor. 8.1.5. P2 =
∫
~p[a+

1 (~p,−2ς)a1(~p,−2ς) + a2(~p,−2ς)a+
2 (~p,−2ς)]d3~p = ς

2

∫
ψ+
k′ς

(~r, t)[σ(2) · ∇] ∇∇4ψkς (~r, t)d
3~r

8.2 Graviton properties of covariant constant invariant tensor

Cor. 8.2.1.

Γππππkςk′ς
(2) = ( 1√

2
)4δkςk′ς

Γiπππkςk′ς
(2) = −iς( 1√

2
)4 1

2σ
i(2)kςk′ς

Γijππkςk′ς
(2) = −( 1√

2
)4 1

6 [σ{i(2)σj}(2)− 2δij ]kςk′ς = −( 1√
2
)4 1

3
1
2! [σ

{i(2)σj}(2)− δ{ij}]kςk′ς
Γijkπkςk′ς

(2) = ( 1√
2
)4 iς

6 {σ
{j(2)[σi(2)]σk}(2)− [σi(2)δjk + 2δi{jσk}(2)]}kςk′ς

= ( 1√
2
)4 iς

3
1
3!{σ

{i(2)σj(2)σk}(2)− 5
2σ
{i(2)δjk}}kςk′ς

Γijklkςk′ς
(2) = ( 1√

2
)4 2

3
1
4! [σ

{i(2)σj(2)σk(2)σl}(2)− 4σ{i(2)σj(2)δkl} + 3
2δ
{ijδkl}]kςk′ς

Lem. 8.2.1. Γabcdkςk′ς
papbpcpd = 4|~p|4λkς (p̂,−2ς)λ+

k′ς
(p̂,−2ς)

Proof: Γabcdkςk′ς
papbpcpd

= C4
4Γππππkςk′ς

(1)p4
π + C3

4Γiπππkςk′ς
(1)pip

3
π + C2

4Γijππkςk′ς
(1)pipjp

2
π + C1

4Γijkπkςk′ς
(1)pipjpkpπ + C0

4Γijklkςk′ς
(1)pipjpkpl

= ( 1√
2
)4 1

3{3|~p|
4 − 6ς|~p|3[σ(2) · ~p] + 6|~p|2{[σ(2) · ~p]2 − |~p|2} − 4ς|~p|{[σ(2) · ~p]3 − 5

2 |~p|
2[σ(2) · ~p]}

+ 2[[σ(2) · ~p]4 − 4|~p|2[σ(2) · ~p]2 + 3
2 |~p|

4]}kςk′ς
= {( 1√

2
)4 1

3 |~p|
4{0 + 4ς[σ(2) · p̂]− 2[σ(2) · p̂]2 − 4ς[σ(2) · p̂]3 + 2[σ(2) · p̂]4}

−2∑
h=2

λ(p̂, h)λ+(p̂, h)}kςk′ς
= 4|~p|4λkς (p̂,−2ς)λ+

k′ς
(p̂,−2ς)

Cor. 8.2.2. Projection operator: P̂kςk′ς (2, ς) = 1
4Γabcdkςk′ς

p̂ap̂bp̂cp̂d → 1
4Γabcdkςk′ς

∂̂a∂̂b∂̂c∂̂d

8.3 General covariant commutation rules for graviton field in mathematics

Thm. 8.3.1.
[aσ(~p,−2ς), a+

σ′(~p
′,−2ς)]±

= δσδσσ′δ
3(~p− ~p′)

[aσ(~p,−2ς), aσ′(~p
′,−2ς)]± = 0

[a+
σ (~p,−2ς), a+

σ′(~p
′,−2ς)]± = 0

⇒


[Ψkς (x),Ψ+

k′ς
(x′)]±

= i
2Γabcdkςk′ς

∂a∂b∂c∂d[δ1∆(x− x′)− (δ1 ± δ2)∆(−)(x− x′)]
[Ψkς (x),Ψβς (x

′)]± = 0

[Ψ+
k′ς

(x),Ψ+
β′ς

(x′)]± = 0

Proof: [Ψ
(+)
kς

(x),Ψ
(+)+
k′ς

(x′)]±

= 1
(2π)3

∫
λkς (p̂,−2ς)λ+

k′ς
(~p′,−2ς)|~p|3/2|~p′|3/2[a1(~p,−2ς), a+

1 (~p′,−2ς)]±e
ip·(x−x′)d3~pd3~p′

= 1
(2π)3

∫
λkς (p̂,−2ς)λ+

k′ς
(~p′,−2ς)|~p|3δ1δ3(~p− ~p′)eip·(x−x′)d3~pd3~p′

= 1
(2π)3

∫
λkς (p̂,−2ς)λ+

k′ς
(p̂,−2ς)δ1|~p|3eip·(x−x

′)d3~p

= δ1
(2π)3

∫
1

2|~p|
1
2Γabcdkςk′ς

papbpcpde
ip·(x−x′)d3~p

= δ1
(2π)3

∫
1

2|~p|
1
2Γabcdkςk′ς

∂a∂b∂c∂de
ip·(x−x′)d3~p

= i
2δ1Γabcdkςk′ς

∂a∂b∂c∂d∆
(+)(x− x′)
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Proof: [Ψ
(−)
kς

(x),Ψ
(−)+
k′ς

(x′)]±

= 1
(2π)3

∫
λkς (p̂,−2ς)λ+

k′ς
(~p′,−2ς)|~p|3/2|~p′|3/2[a+

2 (~p,−2ς), a2(~p′,−2ς)]±e
−ip·(x−x′)d3~pd3~p′

= ± 1
(2π)3

∫
λkς (p̂,−2ς)λ+

k′ς
(~p′,−2ς)|~p|3δ2δ3(~p− ~p′)e−ip·(x−x′)d3~pd3~p′

= ± 1
(2π)3

∫
λkς (p̂,−2ς)λ+

k′ς
(p̂,−2ς)δ2|~p|3e−ip·(x−x

′)d3~p

= ± δ2
(2π)3

∫
1

2|~p|
1
2Γabcdkςk′ς

papbpcpde
−ip·(x−x′)d3~p

= ± δ2
(2π)3

∫
1

2|~p|
1
2Γabcdkςk′ς

∂a∂b∂c∂de
−ip·(x−x′)d3~p

= −± i
2δ1Γabcdkςk′ς

∂a∂b∂c∂d∆
(−)(x− x′)

Proof: [Ψkς (x),Ψ+
k′ς

(x′)]±

= [Ψ
(+)
kς

(x),Ψ
(+)+
k′ς

(x′)]± + [Ψ
(−)
kς

(x),Ψ
(−)+
k′ς

(x′)]±

= i
2Γabcdkςk′ς

∂a∂b∂c∂d[δ1∆(+)(x− x′)−±δ2∆(−)(x− x′)]
= i

2Γabcdkςk′ς
∂a∂b∂c∂d[(δ1 ± δ2)∆(+)(x− x′)−±δ2∆(x− x′)]

= i
2Γabcdkςk′ς

∂a∂b∂c∂d[δ1∆(x− x′)− (δ1 ± δ2)∆(−)(x− x′)]

From the above, only δ1± δ2 = 0, the micro causality is satisfied. At the same time only when δ1, δ2 ≥ 0,
the probability is just nonnegative. Therefore, among the eight covariant commutative or anticom-
mutative schemes in mathematics, there is only one physically reasonable scheme: That is, when
δ1 = δ2 = 1, it satisfies the commutative relation. There are actually two other options. Namely when
δ1 = δ2 = 0, it satisfies the commutative or anticommutative relation, which is just the classic case.
8.4 Physical Covariant commutation rules for graviton field

From the previous section, we can see that the commutation rules with physical significance are as
follows:(In order to confirm each other, a new proof has been made.)

Thm. 8.4.1.


[aσ(~p,−2ς), a+

σ′(~p
′,−2ς)] = δσσ′δ

3(~p− ~p′)
[aσ(~p,−2ς), aσ′(~p

′,−2ς)] = 0

[a+
σ (~p,−2ς), a+

σ′(~p
′,−2ς)] = 0

⇒


[ψkς (x), ψ+

k′ς
(x′)] = i

2Γabcdkςk′ς
∂a∂b∂c∂d∆(x− x′)

[ψkς (x), ψlς (x
′)] = 0

[ψ+
k′ς

(x), ψ+
l′ς

(x′)] = 0

Proof: {ψkς (x), ψ+
k′ς

(x′)}
= 1

(2π)3

∫
d3~pd3~p′λkς (p̂,−2ς)λ+

k′ς
(p̂,−2ς)|~p|3/2|~p′|3/2

{[a1(~p,−2ς), a+
1 (~p′,−2ς)]eip·(x−x

′) + [a+
2 (~p,−2ς), a2(~p′,−2ς)]e−ip·(x−x

′)}
= 1

(2π)3

∫
|~p|3λkς (p̂,−2ς)λ+

k′ς
(p̂,−2ς)[δ3(~p− ~p′)eip·(x−x′) − δ3(~p− ~p′)e−ip·(x−x′)]d3~pd3~p′

= 1
(2π)3

∫
|~p|3λkς (p̂,−2ς)λ+

k′ς
(p̂,−2ς)[eip·(x−x

′) − e−ip·(x−x′)]d3~p

= 1
(2π)3

∫
1

2|~p|
1
2Γabcdkςk′ς

papbpcpd[e
ip·(x−x′) − e−ip·(x−x′)]d3~p

= 1
(2π)3

∫
1

2|~p|
1
2Γabcdkςk′ς

∂a∂b∂c∂d[e
ip·(x−x′) − e−ip·(x−x′)]d3~p

= i
2Γabcdkςk′ς

∂a∂b∂c∂d
−i

(2π)3

∫
1

2|~p| [e
ip·(x−x′) − e−ip·(x−x′)]d3~p

= i
2Γabcdkςk′ς

∂a∂b∂c∂d∆(x− x′)

8.5 Isochronous commutation rules for graviton field

Cor. 8.5.1.
[ψkς (x), ψ+

k′ς
(x′)] = i

2Γabcdkςk′ς
∂a∂b∂c∂d∆(x− x′)

[ψkς (x), ψlς (x
′)] = 0

[ψ+
k′ς

(x), ψ+
l′ς

(x′)] = 0

⇒


[ψkς (~r, t), ψ

+
k′ς

(~r′, t)]

= 1
6 iς{[σ(2) · ∇]∇2 − [σ(2) · ∇]3]}kςk′ς δ

3(~r − ~r′)
[ψkς (~r, t), ψlς (~r

′, t)] = 0, [ψ+
k′ς

(~r, t), ψ+
l′ς

(~r′, t)] = 0

Proof: [ψkς (~r, t), ψ
+
k′ς

(~r′, t)] = i
2Γabcdkςk′ς

∂a∂b∂c∂d∆(x− x′)|t=t′
= C1

4
i
2Γijkπkςk′ς

∂i∂j∂k∂π∆(x− x′)|t=t′ + C3
4
i
2Γiπππkςk′ς

∂i∂π∂π∂π∆(x− x′)|t=t′
= 1

6 iς{[σ(2) · ∇]∇2 − [σ(2) · ∇]3]}kςk′ς δ
3(~r − ~r′)

Cor. 8.5.2.
[ψkς (~r, t), ψ

+
k′ς

(~r′, t)]

= 1
6 iς{[σ(2) · ∇]∇2 − [σ(2) · ∇]3]}kςk′ς δ

3(~r − ~r′)
[ψkς (~r, t), ψlς (~r

′, t)] = 0, [ψ+
k′ς

(~r, t), ψ+
l′ς

(~r′, t)] = 0

⇒


[aσ(~p,−2ς), a+

σ′(~p
′,−2ς)] = ςδσσ′δ

3(~p− ~p′)
[aσ(~p,−2ς), aσ′(~p

′,−2ς)] = 0

[a+
σ (~p,−2ς), a+

σ′(~p
′,−2ς)] = 0

Proof: [a1(~p,−2ς), a+
1 (~p′,−2ς)]

= 1
(2π)3

1
|~p|3/2|~p′|3/2

∫
[λ+kς (p̂,−2ς)Ψkς (~r, t)e

−i(~p·~r−Et), λk
′
ς (~p′,−2ς)Ψ+

k′ς
(~r′, t)ei(~p

′·~r′−E′t)]d3~rd3~r′

380



Chapter22 Covariant Quantization Scheme for Massless Particles Shui-Rong Shi

= 1
(2π)3

1
|~p|3/2|~p′|3/2

∫
λ+kς (p̂,−2ς)λk

′
ς (~p′,−2ς)[Ψkς (~r, t),Ψ

+
k′ς

(~r′, t)]e−i(~p·~r−Et)ei(~p
′·~r′−E′t)d3~rd3~r′

= 1
(2π)3

1
|~p|3/2|~p′|3/2∫

λ+kς (p̂,−2ς)λk
′
ς (~p′,−2ς) 1

6 iς{[σ(2) · ∇]∇2 − [σ(2) · ∇]3]}kςk′ς δ
3(~r − ~r′)e−i(~p·~r−Et)ei(~p′·~r′−E′t)d3~rd3~r′

= 1
(2π)3

1
|~p|3/2|~p′|3/2

∫
λ+kς (p̂,−2ς)λk

′
ς (~p′,−2ς) 1

6{[σ(2) · ~p]~p2 − [σ(2) · ~p]3]}kςk′ςe
−i(~p·~r−Et)ei(~p

′·~r−E′t)d3~r

= ς 1
|~p|3/2|~p′|3/2λ

+kς (p̂,−2ς)λk
′
ς (~p′,−2ς) 1

6{[σ(2) · ~p]~p2 − [σ(2) · ~p]3]}kςk′ς δ
3(~p− ~p′)

= ςλ+(p̂,−2ς) 1
6{[σ(2) · p̂]− [σ(2) · p̂]3]}λ(p̂,−2ς)δ3(~p− ~p′)

= λ+(p̂,−2ς)λ(p̂,−2ς)δ3(~p− ~p′)
= δ3(~p− ~p′)

Proof: [a+
2 (~p,−2ς), a2(~p′,−2ς)]

= 1
(2π)3

1
|~p|3/2|~p′|3/2

∫
[λ+kς (p̂,−2ς)Ψkς (~r, t)e

i(~p·~r−Et), λk
′
ς (~p′,−2ς)Ψ+

k′ς
(~r′, t)e−i(~p

′·~r′−E′t)]d3~rd3~r′

= 1
(2π)3

1
|~p|3/2|~p′|3/2

∫
λ+kς (p̂,−2ς)λk

′
ς (~p′,−2ς)[Ψkς (~r, t),Ψ

+
k′ς

(~r′, t)]ei(~p·~r−Et)e−i(~p
′·~r′−E′t)d3~rd3~r′

= 1
(2π)3

1
|~p|3/2|~p′|3/2∫

λ+kς (p̂,−2ς)λk
′
ς (~p′,−2ς) 1

6 iς{[σ(2) · ∇]∇2 − [σ(2) · ∇]3]}kςk′ς δ
3(~r − ~r′)ei(~p·~r−Et)e−i(~p′·~r′−E′t)d3~rd3~r′

= ς 1
(2π)3

1
|~p|3/2|~p′|3/2

∫
λ+kς (p̂,−2ς)λk

′
ς (~p′,−2ς)−1

6 {[σ(2) · ~p]~p2 − [σ(2) · ~p]3]}kςk′ςe
i(~p·~r−Et)e−i(~p

′·~r−E′t)d3~r

= ς 1
|~p|3/2|~p′|3/2λ

+kς (p̂,−2ς)λk
′
ς (~p′,−2ς)−1

6 {[σ(2) · ~p]~p2 − [σ(2) · ~p]3]}kςk′ς δ
3(~p− ~p′)

= ςλ+(p̂,−2ς)−1
6 {[σ(2) · p̂]− [σ(2) · p̂]3]}λ(p̂,−2ς)δ3(~p− ~p′)

= −λ+(p̂,−2ς)λ(p̂,−2ς)δ3(~p− ~p′)
= −δ3(~p− ~p′)

8.6 Summary of commutation rules for graviton field

he proof in the above sections exactly forms a logical closed-loop, so it has the following properties:

Cor. 8.6.1.
[aσ(~p,−2ς), a+

σ′(~p
′,−2ς)] = δσσ′δ

3(~p− ~p′)
[aσ(~p,−2ς), aσ′(~p

′,−2ς)] = 0

[a+
σ (~p,−2ς), a+

σ′(~p
′,−2ς)] = 0

⇔


[aσ(~p), a+

σ′(~p
′)] = δσσ′δ

3(~p− ~p′)
[aσ(~p), aσ′(~p

′)] = 0

[a+
σ (~p), a+

σ′(~p
′)] = 0

m m

Cor. 8.6.2.
[ψkς (x), ψ+

k′ς
(x′)] = i

2Γabcdkςk′ς
∂a∂b∂c∂d∆(x− x′)

[ψkς (x), ψlς (x
′)] = 0

[ψ+
k′ς

(x), ψ+
l′ς

(x′)] = 0

⇔


[ψkς (~r, t), ψ

+
k′ς

(~r′, t)]

= 1
6 iς{[σ(2) · ∇]∇2 − [σ(2) · ∇]3]}kςk′ς δ

3(~r − ~r′)
[ψkς (~r, t), ψlς (~r

′, t)] = 0, [ψ+
k′ς

(~r, t), ψ+
l′ς

(~r′, t)] = 0

8.7 Commutative function, causal function and feynman propagator of graviton field

Cor. 8.7.1.
∆kςk′ς

(2;x) := 1
2Γabcdkςk′ς

∂a∂b∂c∂d∆(x)

∆
(+)
kςk′ς

(2;x) := 1
2Γabcdkςk′ς

∂a∂b∂c∂d∆
(+)(x)

∆
(−)
kςk′ς

(2;x) := 1
2Γabcdkςk′ς

∂a∂b∂c∂d∆
(−)(x)

∆
(l)
kςk′ς

(2;x) := 1
2Γabcdkςk′ς

∂a∂b∂c∂d∆
(l)(x)

Cor. 8.7.2.

∆
(c)
kςk′ς

(2;x)

:= 1
2Γabcdkςk′ς

∂a∂b∂c∂d∆
(c)(x)− 1

2 [Γππππkςk′ς
δ′′′(t) + 4iΓiπππkςk′ς

δ′′(t)∂i − 6Γijππkςk′ς
δ′(t)∂i∂j − 4iΓijkπkςk′ς

δ(t)∂i∂j∂k]∆(x)

∆ret
kςk′ς

(2;x)

:= 1
2Γabcdkςk′ς

∂a∂b∂c∂d∆
ret(x)− 1

2 [Γππππkςk′ς
δ′′′(t) + 4iΓiπππkςk′ς

δ′′(t)∂i − 6Γijππkςk′ς
δ′(t)∂i∂j − 4iΓijkπkςk′ς

δ(t)∂i∂j∂k]∆(x)

∆adv
kςk′ς

(2;x)

:= 1
2Γabcdkςk′ς

∂a∂b∂c∂d∆
adv(x)− 1

2 [Γππππkςk′ς
δ′′′(t) + 4iΓiπππkςk′ς

δ′′(t)∂i − 6Γijππkςk′ς
δ′(t)∂i∂j − 4iΓijkπkςk′ς

δ(t)∂i∂j∂k]∆(x)

∆Fkςk′ς
(2;x) = i∆

(c)
kςk′ς

(2;x)

:= 1
2Γabcdkςk′ς

∂a∂b∂c∂d∆F (x)− i
2 [Γππππkςk′ς

δ′′′(t) + 4iΓiπππkςk′ς
δ′′(t)∂i − 6Γijππkςk′ς

δ′(t)∂i∂j − 4iΓijkπkςk′ς
δ(t)∂i∂j∂k]∆(x)
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Cor. 8.7.3.

∆
(c)
kςk′ς

(2;x) = 1
2Γabcdkςk′ς

∂a∂b∂c∂d∆
(c)(x)− 1

2 [Γππππkςk′ς
(3∂2

t +∇2) + 8iΓiπππkςk′ς
∂i∂t − 6Γijππkςk′ς

∂i∂j ]δ
4(x)

∆ret
kςk′ς

(2;x) = 1
2Γabcdkςk′ς

∂a∂b∂c∂d∆
ret(x)− 1

2 [Γππππkςk′ς
(3∂2

t +∇2) + 8iΓiπππkςk′ς
∂i∂t − 6Γijππkςk′ς

∂i∂j ]δ
4(x)

∆adv
kςk′ς

(2;x) = 1
2Γabcdkςk′ς

∂a∂b∂c∂d∆
adv(x)− 1

2 [Γππππkςk′ς
(3∂2

t +∇2) + 8iΓiπππkςk′ς
∂i∂t − 6Γijππkςk′ς

∂i∂j ]δ
4(x)

∆Fkςk′ς
(2;x) = i∆

(c)
kςk′ς

(2;x) = 1
2Γabcdkςk′ς

∂a∂b∂c∂d∆F (x)− i
2 [Γππππkςk′ς

(3∂2
t +∇2) + 8iΓiπππkςk′ς

∂i∂t − 6Γijππkςk′ς
∂i∂j ]δ

4(x)

∆Fkςk′ς
(2; p) = −i

2

Γabcd
kςk′ς

papbpcpd

p2−iε + · · ·

Cor. 8.7.4.
[s∂a + iSab(2, ς)∂

b]∆(2;x) = 0

[s∂a + iSab(2, ς)∂
b]∆(+)(2;x) = 0

[s∂a + iSab(2, ς)∂
b]∆(−)(2;x) = 0

[s∂a + iSab(2, ς)∂
b]∆(l)(2;x) = 0


[s∂a + iSab(2, ς)∂

b]∆(c)(2;x) = −ς[σ(2), i2ς]aδ(t)∆(2;x)|t=0

[s∂a + iSab(2, ς)∂
b]∆ret(2;x) = −ς[σ(2), i2ς]aδ(t)∆(2;x)|t=0

[s∂a + iSab(2, ς)∂
b]∆adv(2;x) = −ς[σ(2), i2ς]aδ(t)∆(2;x)|t=0

[s∂a + iSab(2, ς)∂
b]∆F (2;x) = −iς[σ(2), i2ς]aδ(t)∆(2;x)|t=0

8.8 Quantum equation of graviton field

Thm. 8.8.1.

H = 1
2

∫
{ψ+

k′ς
(~r, t),Γ(O)ψkς (~r, t)}d3~r

Thm. 8.8.2. [ψjς (~r, t),
∫
d3~r′ψ+

k′ς
(~r′, t)Γ(O′)k

′
ςkςψkς (~r

′, t)] = 1
2 [ψjς (~r, t),

∫
d3~r′{ψ+

k′ς
(~r′, t),Γ(O′)k

′
ςkςψkς (~r

′, t)}]

Proof:
∫
d3~r′[ψjς (~r, t), ψ

+
k′ς

(~r′, t)Γ(O′)k
′
ςkςψkς (~r

′, t)]

=
∫
d3~r′[ψjς (~r, t), ψ

+
k′ς

(~r′, t)]Γ(O′)k
′
ςkςψkς (~r

′, t)]

=
∫
d3~r′Γ(O′)k

′
ςkςψkς (~r

′, t)[ψjς (~r, t), ψ
+
k′ς

(~r′, t)]

=
∫
d3~r′[ψjς (~r, t),Γ(O′)k

′
ςkςψkς (~r

′, t)ψ+
k′ς

(~r′, t)]

8.9 Commutative and anticommutative formulas

Cor. 8.9.1.

{
[A,BC] = [A,B]C +B[A,C], [A,CB] = [A,C]B + C[A,B]

[A,BC] = {A,B}C −B{A,C}, [A,CB] = {A,C}B − C{A,B}

Cor. 8.9.2.

{
[A, {B,C}] = {[A,B], C}+ {B, [A,C]}
[A, [B,C]] = {{A,B}, C} − {B, {A,C}}

Thm. 8.9.1.
[ψkς (~r, t), ψ

+
k′ς

(~r′, t)] = 1
6 iς{[σ(2) · ∇]∇2 − [σ(2) · ∇]3]}kςk′ς δ

3(~r − ~r′)
[ψkς (~r, t), ψlς (~r

′, t)] = 0, [ψ+
k′ς

(~r, t), ψ+
l′ς

(~r′, t)] = 0

H =
∫
ψ+
k′ς

(~r, t)
[
1
2σ(2)·∇]2

−∇4 ψkς (~r, t)d
3~r| =

∫
ψ+
k′ς

(~r, t) 1
−∇2ψkς (~r, t)d

3~r, ~P = ς
2

∫
ψ+
k′ς

(~r, t)[σ(2) · ∇] ∇∇4ψkς (~r, t)d
3~r

⇒

{
[ψ(~r, t), H] = i

6 ς{−[σ(2) · ∇] + 1
∇2 [σ(2) · ∇]3}ψ(~r, t)

[ψ(~r, t), ~P ] = i
12{

[σ(2)·∇]2

∇2 − [σ(2)·∇]4

∇4 ]}∇ψ(~r, t)

Proof: [ψ(~r, t), H]

=
∫
d3~r[ψjς (~r, t), ψ

+
k′ς

(~r′, t){ [
1
2σ(2)·∇′]2

−∇′4 }k′ςkςψkς (~r′, t)]

=
∫
d3~r[ψjς (~r, t), ψ

+
k′ς

(~r′, t)]{ [
1
2σ(2)·∇′]2

−∇′4 }k′ςkςψkς (~r′, t)

=
∫
d3~r 1

6 iς{[σ(2) · ∇]∇2 − [σ(2) · ∇]3}jςk′ς δ
3(~r − ~r′){ [

1
2σ(2)·∇′]2

−∇′4 }k′ςkςψkς (~r′, t)

= i
6 ς{[σ(2) · ∇]∇2 − [σ(2) · ∇]3}jςk′ς{

[
1
2σ(2)·∇]2

−∇4 }k′ςkςψkς (~r, t)
= i

24 ς{−
1
∇2 [σ(2) · ∇]3 + 1

∇4 [σ(2) · ∇]5}ψ(~r, t)

= i
6 ς{−[σ(2) · ∇] + 1

∇2 [σ(2) · ∇]3}ψ(~r, t)

Proof: [ψ(~r, t), H]
= δk

′
ςkς
∫
d3~r[ψjς (~r, t), ψ

+
k′ς

(~r′, t) 1
−∇′2ψkς (~r

′, t)]

= δk
′
ςkς
∫
d3~r[ψjς (~r, t), ψ

+
k′ς

(~r′, t)] 1
−∇′2ψkς (~r

′, t)

= δk
′
ςkς
∫
d3~r 1

6 iς{[σ(2) · ∇]∇2 − [σ(2) · ∇]3}jςk′ς δ
3(~r − ~r′) 1

−∇′2ψkς (~r
′, t)

= i
6 ςδ

k′ςkς{[σ(2) · ∇]∇2 − [σ(2) · ∇]3}jςk′ς
1
−∇2ψkς (~r, t)

= i
6 ς{−[σ(2) · ∇] + 1

∇2 [σ(2) · ∇]3}ψ(~r, t)

382



Chapter22 Covariant Quantization Scheme for Massless Particles Shui-Rong Shi

Proof: [ψ(~r, t), ~P ]

= ς
2δ
k′ςkς

∫
d3~r′[ψjς (~r, t), ψ

+
k′ς

(~r′, t)[σ(2) · ∇′] ∇
′

∇′4ψkς (~r
′, t)]

= ς
2δ
k′ςkς

∫
d3~r′[ψjς (~r, t), ψ

+
k′ς

(~r′, t)][σ(2) · ∇′] ∇
′

∇′4ψkς (~r
′, t)

= ς
2δ
k′ςkς

∫
d3~r′ −1

6 iς{[σ(2) · ∇′]∇′2 − [σ(2) · ∇′]3]}jςk′ς δ
3(~r − ~r′)[σ(2) · ∇′] ∇

′

∇′4ψkς (~r, t)

= i
12{[σ(2) · ∇]2∇2 − [σ(2) · ∇]4]} ∇∇4ψ(~r, t)

= i
12{

[σ(2)·∇]2

∇2 − [σ(2)·∇]4

∇4 ]}∇ψ(~r, t)

Cor. 8.9.3.
σ(s) · {[σ(s) · p̂]1σ(s)} = [σ2(s)− 1][σ(s) · p̂]
σ(s) · {[σ(s) · p̂]2σ(s)} = [σ2(s)− 3][σ(s) · p̂]2 + σ2(s)

σ(s) · {[σ(s) · p̂]3σ(s)}
= [σ2(s)− 6][σ(s) · p̂]3 + [3σ2(s)− 1]σ(s) · p̂

⇒


σ(2) · {[σ(2) · p̂]1σ(2)} = 5[σ(2) · p̂]
σ(2) · {[σ(2) · p̂]2σ(2)} = 3[σ(2) · p̂]2 + 6

σ(2) · {[σ(2) · p̂]3σ(2)} = 17[σ(2) · p̂]

Cor. 8.9.4.{
∇ψ(~r, t) = i[ψ(~r, t), P ]

ψ̇(~r, t) = −i[ψ(~r, t), H]
⇔

{
∇ψ(~r, t) = − 1

12{
[σ(2)·∇]2

∇2 − [σ(2)·∇]4

∇4 }∇ψ(~r, t)

ψ̇(~r, t) = − 1
6 ς{[σ(2) · ∇]− [σ(2)·∇]3

∇2 }ψ(~r, t)
⇔

{
∂a∂aψ(~r, t) = 0

[σ(2),−2iς]a∂aψ(~r, t) = 0

Cor. 8.9.5.

{
∇ψ(~r, t) = − 1

12{
[σ(2)·∇]2

∇2 − [σ(2)·∇]4

∇4 }∇ψ(~r, t)

ψ(~r, t) =
∫
λ(p̂,−2ς)[a1(~p)ei(~p·~r−|~p|t) + a+

2 (~p)e−i(~p·~r−|~p|t)]d3~p

⇔

{
∇ψ(~r, t) = − 1

12{[σ(2) · ∇]− 1
∇2 [σ(2) · ∇]3]}σ(2)ψ(~r, t)

ψ(~r, t) =
∫
λ(p̂,−2ς)[a1(~p)ei(~p·~r−|~p|t) + a+

2 (~p)e−i(~p·~r−|~p|t)]d3~p

Cor. 8.9.6. [2∂a + iSab(2, ς)∂
b]ψ(x) = 0⇒

{
∂a∂aψ(~r, t) = 0

[σ(2),−2iς]a∂aψ(~r, t) = 0

Cor. 8.9.7. [2∂a + iSab(2, ς)∂
b]ψ(x) = 0⇒ ∂aψ(~r, t) = i[ψ(~r, t), Pa]

8.10 Second quantum equation of graviton field

Thm. 8.10.1.
[ψkς (~r, t), ψ

+
k′ς

(~r′, t)] = 1
6 iς{[σ(2) · ∇]∇2 − [σ(2) · ∇]3]}kςk′ς δ

3(~r − ~r′)
[ψkς (~r, t), ψlς (~r

′, t)] = 0, [ψ+
k′ς

(~r, t), ψ+
l′ς

(~r′, t)] = 0

H =
∫
ψ+
k′ς

(~r, t) 1
−∇2ψkς (~r, t)d

3~r, ~P = −ς
2

∫
ψ+
k′ς

(~r, t) σ(2)
−∇2ψkς (~r, t)d

3~r

⇒

{
[ψ(~r, t), H] = i

6 ς{−[σ(2) · ∇] + 1
∇2 [σ(2) · ∇]3}ψ(~r, t)

[ψ(~r, t), ~P ] = i
12{[σ(2) · ∇]− 1

∇2 [σ(2) · ∇]3]}σ(2)ψ(~r, t)

Proof: [ψ(~r, t), P ]
= ς

2σ(2)k
′
ςkς
∫
d3~r′[ψjς (~r, t), ψ

+
k′ς

(~r′, t) 1
∇′2ψkς (~r

′, t)]

= ς
2σ(2)k

′
ςkς
∫
d3~r′[ψjς (~r, t), ψ

+
k′ς

(~r′, t)] 1
∇′2ψkς (~r

′, t)

= ς
2σ(2)k

′
ςkς
∫
d3~r′ −1

6 iς{[σ(2) · ∇′]∇′2 − [σ(2) · ∇′]3]}jςk′ς δ
3(~r − ~r′) 1

∇′2ψkς (~r, t)

= ς
2σ(2)k

′
ςkς 1

6 iς{[σ(2) · ∇]∇′2 − [σ(2) · ∇]3]}jςk′ς
1
∇2ψkς (~r, t)

= i
12{[σ(2) · ∇]− 1

∇2 [σ(2) · ∇]3]}σ(2)ψ(~r, t)
? = −i∇ψ(~r, t)

Pro. 8.10.1. iσ(s)×∇ = σ(s) · ∇σ(s)− σ(s)[σ(s) · ∇], σ(s) · ∇σ(s) = iσ(s)×∇+ σ(s)[σ(s) · ∇]

Cor. 8.10.1. {[σ(2) · ∇]− [σ(2)·∇]3

∇2 }σ(2)

= iσ(s)×∇+ σ(s)[σ(s) · ∇]− [σ(2)·∇]2

∇2 {iσ(s)×∇+ σ(s)[σ(s) · ∇]}
= iσ(s)×∇+ σ(s)[σ(s) · ∇]− [σ(2)·∇]

∇2 i{iσ(s)×∇+ σ(s)[σ(s) · ∇]} ×∇+ [σ(2)·∇]
∇2 {iσ(s)×∇+ σ(s)[σ(s) · ∇]}[σ(s) · ∇]

Pro. 8.10.2.

σ(2) · ∇̂ ≡ − 1
12σα(2){[σ(2) · ∇̂]− [σ(2) · ∇̂]3]}σα(2), [σ(2) · ∇̂]5 ≡ −4[σ(2) · ∇̂] + 5[σ(2) · ∇̂]3, ∇̂ := −i∇√

−∇2
, ∇̂2 = 1

Cor. 8.10.2.{
ψ̇(~r, t) = 1

6 ς{−[σ(2) · ∇] + 1
∇2 [σ(2) · ∇]3}ψ(~r, t)

∇ψ(~r, t) = − 1
12{[σ(2) · ∇]− 1

∇2 [σ(2) · ∇]3]}σ(2)ψ(~r, t)
⇒ ∂2

t ψ(~r, t) = ∇2ψ(~r, t)
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Proof:{
ψ̇(~r, t) = 1

6 ς{−[σ(2) · ∇] + 1
∇2 [σ(2) · ∇]3}ψ(~r, t)

∇ψ(~r, t) = − 1
12{[σ(2) · ∇]− 1

∇2 [σ(2) · ∇]3]}σ(2)ψ(~r, t)

⇒ ∂2
t ψ(~r, t) = 1

36{[σ(2) · ∇]2 − 2 1
∇2 [σ(2) · ∇]4 + 1

∇4 [σ(2) · ∇]6}ψ(~r, t)
= 1

36{[σ(2) · ∇]2 − 2 1
∇2 [σ(2) · ∇]4 − 4[σ(2) · ∇]2 + 5 1

∇2 [σ(2) · ∇]4}ψ(~r, t)
= − 1

12{[σ(2) · ∇]2 − 1
∇2 [σ(2) · ∇]4}ψ(~r, t)

= ∇2ψ(~r, t)

Cor. 8.10.3.{
ψ̇(~r, t) = 1

6 ς{−[σ(2) · ∇] + 1
∇2 [σ(2) · ∇]3}ψ(~r, t)

∇ψ(~r, t) = − 1
12{[σ(2) · ∇]− 1

∇2 [σ(2) · ∇]3]}σ(2)ψ(~r, t)
!⇒ [σ(2),−2iς]a∂aψ(~r, t) = 0

8.11 Poincare symmetry of graviton field

Cor. 8.11.1.
Γ

2s︷ ︸︸ ︷
abc · ·(s)

2s︷ ︸︸ ︷
∂a∂b∂c · · ∂π∆(x− x′)|t=t′ = i

[s]∑
l=0

(−1)lC2l
2sΓ

2s−2l︷︸︸︷
ij · ·

2l︷ ︸︸ ︷
π · ·π(s)

2s−2l︷ ︸︸ ︷
∂i∂j · · ∇2lδ3(~r − ~r′)

Γ

2s︷ ︸︸ ︷
abc · ·(s)

2s︷ ︸︸ ︷
∂̂a∂̂b∂̂c · · ∂π∆(x− x′)|t=t′ = i

[s]∑
l=0

(−1)lC2l
2sΓ

2s−2l︷︸︸︷
ij · ·

2l︷ ︸︸ ︷
π · ·π(s)

2s−2l︷ ︸︸ ︷
∂̂i∂̂j · · δ3(~r − ~r′)

Cor. 8.11.2.

Γππππkςk′ς
(2) = ( 1√

2
)4δkςk′ς

Γiπππkςk′ς
(2) = −iς( 1√

2
)4 1

2σ
i(2)kςk′ς

Γijππkςk′ς
(2) = −( 1√

2
)4 1

6 [σ{i(2)σj}(2)− 2δij ]kςk′ς = −( 1√
2
)4 1

3
1
2! [σ

{i(2)σj}(2)− δ{ij}]kςk′ς
Γijkπkςk′ς

(2) = ( 1√
2
)4 iς

6 {σ
{j(2)[σi(2)]σk}(2)− [σi(2)δjk + 2δi{jσk}(2)]}kςk′ς

= ( 1√
2
)4 iς

3
1
3!{σ

{i(2)σj(2)σk}(2)− 5
2σ
{i(2)δjk}}kςk′ς

Γijklkςk′ς
(2) = ( 1√

2
)4 2

3
1
4! [σ

{i(2)σj(2)σk(2)σl}(2)− 4σ{i(2)σj(2)δkl} + 3
2δ
{ijδkl}]kςk′ς

Cor. 8.11.3. Γabcd(2)∂a∂b∂c∂d∂π∆(x− x′)|t=t′

= i
2∑
l=0

(−1)lC2l
4 Γ

4−2l︷︸︸︷
ij · ·

2l︷ ︸︸ ︷
π · ·π(2)

4−2l︷ ︸︸ ︷
∂i∂j · · ∇2lδ3(~r − ~r′)

= i{Γijkl(2)∂i∂j∂k∂lδ
3(~r − ~r′)− 6Γijππ(2)∂i∂j∇2δ3(~r − ~r′) + Γππππ(2)∇4δ3(~r − ~r′)}

= i{( 1√
2
)4 2

3
1
4! [σ

{i(2)σj(2)σk(2)σl}(2) − 4σ{i(2)σj(2)δkl} + 3
2δ
{ijδkl}]∂i∂j∂k∂lδ

3(~r − ~r′) + 6( 1√
2
)4 1

3
1
2! [σ

{i(2)σj}(2) −
δ{ij}]∂i∂j∇2δ3(~r − ~r′) + ( 1√

2
)4∇4δ3(~r − ~r′)}

= i{ 1
6{[σ(2) · ∇]4 − 4[σ(2) · ∇]2∇2 + 3

2∇
4}δ3(~r − ~r′) + 1

2{[σ(2) · ∇]2∇2 −∇4}δ3(~r − ~r′) + 1
4∇

4δ3(~r − ~r′)}
= i

6{[σ(2) · ∇]4 − [σ(2) · ∇]2∇2}δ3(~r − ~r′)

Cor. 8.11.4.
[ψ̇kς (x), ψ+

k′ς
(x′)] = − 1

2Γabcdkςk′ς
∂a∂b∂c∂d∂π∆(x− x′)

[ψkς (x), ψlς (x
′)] = 0

[ψ+
k′ς

(x), ψ+
l′ς

(x′)] = 0

⇒


[
ψ̇kς (~r,t)

−∇2 ,
ψ+

k′ς
(~r′,t)

−∇′2 ]

= i
12{[σ(2) · ∇̂]2 − [σ(2) · ∇̂]4}δ3(~r − ~r′)

[ψkς (~r, t), ψlς (~r
′, t)] = 0, [ψ+

k′ς
(~r, t), ψ+

l′ς
(~r′, t)] = 0

Cor. 8.11.5. P̂a(2) =
∫ ψ+(~r,t)
−∇2 P̂a

iψ̇(~r,t)
−∇2 d3~r,Mab(2) =

∫ ψ+(~r,t)
−∇2 M̂ab

iψ̇(~r,t)
−∇2 d3~r

Thm. 8.11.1.

{
[Lab, Lcd] = −i(gadLbc − gacLbd + gbcLad − gbdLac)
[Lab, Pc] = −i(gbcPa − gacPb), [Pa, Pb] = 0

Proof: [Lab, Lcd]

= −
∫
d3~rd3~r′[ψ

+(~r,t)
−∇2 (ra∂b − rb∂a) iψ̇(~r,t)

−∇2 , ψ
+(~r′,t)
−∇′2 (r′c∂

′
d − r′d∂′c)

iψ̇(~r′,t)
−∇′2 ]

= δkς lς δk
′
ς l
′
ς

∫
d3~rd3~r′[

ψ+
kς

(~r,t)

−∇2 (ra∂b − rb∂a)
ψ̇lς (~r,t)

−∇2 ,
ψ+

k′ς
(~r′,t)

−∇′2 (r′c∂
′
d − r′d∂′c)

ψ̇l′ς
(~r′,t)

−∇′2 ]

= δkς lς δk
′
ς l
′
ς

∫
d3~rd3~r′

{
ψ+
kς

(~r,t)

−∇2 [(ra∂b − rb∂a)
ψ̇lς (~r,t)

−∇2 ,
ψ+

k′ς
(~r′,t)

−∇′2 ](r′c∂
′
d − r′d∂′c)

ψ̇l′ς
(~r′,t)

−∇′2

+
ψ+

k′ς
(~r′,t)

−∇′2 [
ψ+
kς

(~r,t)

−∇2 , (r′c∂
′
d − r′d∂′c)

ψ̇l′ς
(~r′,t)

−∇′2 ](ra∂b − rb∂a)
ψ̇lς (~r,t)

−∇2 }
= −δkς lς δk′ς l′ς

∫
d3~rd3~r′

{
ψ+
kς

(~r,t)

−∇2 (ra∂b − rb∂a) i
12{[σ(2) · ∇̂]2 − [σ(2) · ∇̂]4}lςk′ς δ

3(~r − ~r′)(r′c∂′d − r′d∂′c)
ψ̇l′ς

(~r′,t)

−∇′2
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−
ψ+

k′ς
(~r′,t)

−∇′2 (r′c∂
′
d − r′d∂′c) i

12{[σ(2) · ∇̂′]2 − [σ(2) · ∇̂′]4}l′ςkς δ
3(~r′ − ~r)(ra∂b − rb∂a)

ψ̇lς (~r,t)

−∇2 }
= −δkς lς δk′ς l′ς

∫
d3~rd3~r′

{
ψ+
kς

(~r,t)

−∇2 (ra∂
′
b − rb∂′a) i

12{[σ(2) · ∇̂′]2 − [σ(2) · ∇̂′]4}lςk′ς δ
3(~r − ~r′)(r′c∂′d − r′d∂′c)

ψ̇l′ς
(~r′,t)

−∇′2

−
ψ+

k′ς
(~r′,t)

−∇′2 (r′c∂d − r′d∂c) i
12{[σ(2) · ∇̂]2 − [σ(2) · ∇̂]4}l′ςkς δ

3(~r − ~r′)(ra∂b − rb∂a)
ψ̇lς (~r,t)

−∇2 }
= δkς lς δk

′
ς l
′
ς

∫
d3~r

{
ψ+
kς

(~r,t)

−∇2 (ra∂b − rb∂a) i
12{[σ(2) · ∇̂]2 − [σ(2) · ∇̂]4}lςk′ς (rc∂d − rd∂c)

ψ̇l′ς
(~r,t)

−∇2

−
ψ+

k′ς
(~r,t)

−∇2 (rc∂d − rd∂c) i
12{[σ(2) · ∇̂]2 − [σ(2) · ∇̂]4}l′ςkς (ra∂b − rb∂a)

ψ̇lς (~r,t)

−∇2 }
= −

∫ ψ+(~r,t)
−∇2 [−i(ra∂b − rb∂a),−i(rc∂d − rd∂c)] i12{[σ(2) · ∇̂]2 − [σ(2) · ∇̂]4} ψ̇(~r,t)

−∇2 d
3~r

=
∫ ψ+(~r,t)
−∇2 [L̂ab, L̂cd]

iψ̇(~r,t)
−∇2 d3~r

= −i(gadLbc − gacLbd + gbcLad − gbdLac)

Proof: [Lab, Pc]

= −
∫
d3~rd3~r′[ψ

+(~r,t)
−∇2 (ra∂b − rb∂a) iψ̇(~r,t)

−∇2 , ψ
+(~r′,t)
−∇′2 ∂′c

iψ̇(~r′,t)
−∇′2 ]

= δkς lς δk
′
ς l
′
ς

∫
d3~rd3~r′[

ψ+
kς

(~r,t)

−∇2 (ra∂b − rb∂a)
ψ̇lς (~r,t)

−∇2 ,
ψ+

k′ς
(~r′,t)

−∇′2 ∂′c
ψ̇l′ς

(~r′,t)

−∇′2 ]

= δkς lς δk
′
ς l
′
ς

∫
d3~rd3~r′

{
ψ+
kς

(~r,t)

−∇2 [(ra∂b − rb∂a)
ψ̇lς (~r,t)

−∇2 ,
ψ+

k′ς
(~r′,t)

−∇′2 ]∂′c
ψ̇l′ς

(~r′,t)

−∇′2 +
ψ+

k′ς
(~r′,t)

−∇′2 [
ψ+
kς

(~r,t)

−∇2 , ∂′c
ψ̇l′ς

(~r′,t)

−∇′2 ](ra∂b − rb∂a)
ψ̇lς (~r,t)

−∇2 }
= δkς lς δk

′
ς l
′
ς

∫
d3~rd3~r′

{
ψ+
kς

(~r,t)

−∇2 (ra∂b − rb∂a) i
12{[σ(2) · ∇̂]2 − [σ(2) · ∇̂]4}lςk′ς δ

3(~r − ~r′)∂′c
ψ̇l′ς

(~r′,t)

−∇′2

−
ψ+

k′ς
(~r′,t)

−∇′2 ∂′c
i

12{[σ(2) · ∇̂′]2 − [σ(2) · ∇̂′]4}l′ςkς δ
3(~r′ − ~r)(ra∂b − rb∂a)

ψ̇lς (~r,t)

−∇2 }
= −δkς lς δk′ς l′ς

∫
d3~rd3~r′

{
ψ+
kς

(~r,t)

−∇2 (ra∂
′
b − rb∂′a) i

12{[σ(2) · ∇̂′]2 − [σ(2) · ∇̂′]4}lςk′ς δ
3(~r − ~r′)∂′c

ψ̇l′ς
(~r′,t)

−∇′2

−
ψ+

k′ς
(~r′,t)

−∇′2 ∂c
i

12{[σ(2) · ∇̂]2 − [σ(2) · ∇̂]4}l′ςkς δ
3(~r − ~r′)(ra∂b − rb∂a)

ψ̇lς (~r,t)

−∇2 }
= δkς lς δk

′
ς l
′
ς

∫
d3~r

{
ψ+
kς

(~r,t)

−∇2 (ra∂b−rb∂a) i
12{[σ(2)·∇̂]2−[σ(2)·∇̂]4}lςk′ς∂c

ψ̇l′ς
(~r,t)

−∇2 −
ψ+

k′ς
(~r,t)

−∇2 ∂c
i

12{[σ(2)·∇̂]2−[σ(2)·∇̂]4}l′ςkς (ra∂b−rb∂a)
ψ̇lς (~r,t)

−∇2 }
= −

∫ ψ+(~r,t)
−∇2 [−i(ra∂b − rb∂a),−i∂′c] i12{[σ(2) · ∇̂]2 − [σ(2) · ∇̂]4} ψ̇(~r,t)

−∇2 d
3~r

=
∫ ψ+(~r,t)
−∇2 [L̂ab, P̂c]

iψ̇(~r,t)
−∇2 d3~r

= −i(gbcPa − gacPb)

Proof: [Pa, Pb]

= −
∫

[ψ
+(~r,t)
−∇2 ∂a

iψ̇(~r,t)
−∇2 , ψ

+(~r′,t)
−∇′2 ∂′b

iψ̇(~r′,t)
−∇′2 ]d3~rd3~r′

= δkς lς δk
′
ς l
′
ς

∫
[
ψ+
kς

(~r,t)

−∇2 ∂a
ψ̇lς (~r,t)

−∇2 ,
ψ+

k′ς
(~r′,t)

−∇′2 ∂′b
ψ̇l′ς

(~r′,t)

−∇′2 ]d3~rd3~r′

= δkς lς δk
′
ς l
′
ς

∫
d3~rd3~r′{

ψ+
kς

(~r,t)

−∇2 [∂a
ψ̇lς (~r,t)

−∇2 ,
ψ+

k′ς
(~r′,t)

−∇′2 ]∂′b
ψ̇l′ς

(~r′,t)

−∇′2 +
ψ+

k′ς
(~r′,t)

−∇′2 [
ψ+
kς

(~r,t)

−∇2 , ∂′b
ψ̇l′ς

(~r′,t)

−∇′2 ]∂a
ψ̇lς (~r,t)

−∇2 }
= δkς lς δk

′
ς l
′
ς

∫
d3~rd3~r′

{
ψ+
kς

(~r,t)

−∇2
i

12{[σ(2)·∇̂]2−[σ(2)·∇̂]4}lςk′ς∂aδ
3(~r−~r′)∂′b

ψ̇l′ς
(~r′,t)

−∇′2 −
ψ+

k′ς
(~r′,t)

−∇′2
i

12{[σ(2)·∇̂′]2−[σ(2)·∇̂′]4}l′ςkς∂
′
bδ

3(~r′−~r)∂a
ψ̇lς (~r,t)

−∇2 }
= −δkς lς δk′ς l′ς

∫
d3~rd3~r′

{
ψ+
kς

(~r,t)

−∇2
i

12{[σ(2)·∇̂′]2−[σ(2)·∇̂′]4}lςk′ς∂
′
aδ

3(~r−~r′)∂′b
ψ̇l′ς

(~r′,t)

−∇′2 −
ψ+

k′ς
(~r′,t)

−∇′2
i

12{[σ(2)·∇̂]2−[σ(2)·∇̂]4}l′ςkς∂bδ
3(~r−~r′)∂a

ψ̇lς (~r,t)

−∇2 }

=
∫
{
ψ+
kς

(~r,t)

−∇2
i

12{[σ(2) · ∇̂]2 − [σ(2) · ∇̂]4}kς l′ς∂a∂b
ψ̇l′ς

(~r,t)

−∇2 −
ψ+

k′ς
(~r,t)

−∇2
i

12{[σ(2) · ∇̂]2 − [σ(2) · ∇̂]4}k′ς lς∂b∂a
ψlς (~r,t)

−∇2 }d3~r

=
∫ ψ+(~r,t)
−∇2 (∂a∂b − ∂b∂a) i

12{[σ(2) · ∇̂]2 − [σ(2) · ∇̂]4} ψ̇(~r,t)
−∇2 d

3~r

=
∫ ψ+(~r,t)
−∇2 (∂a∂b − ∂b∂a)−iψ̇(~r,t)

−∇2 d3~r

=
∫ ψ+(~r,t)
−∇2 [P̂a, P̂b]

iψ̇(~r,t)
−∇2 d3~r = 0
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Self comment: In this chapter, I have finally established a corresponding quantum field theory for all
massless spin particles in a unified manner. Without knowing the Hamiltonian, various spin particles
can be quantized by using a unified new program. Unified quantization commutative rules and en-
ergy momentum operator forms have been given. And partial quantum Poincare algebras have been
given. However, the angular momentum operator has only achieved partial success and has not been
thoroughly resolved. Efforts are still needed.

1 Fourier transform properties of spin wave functions
(No need to satisfy the spin equation.)
1.1 First order correspondent properties between coordinate and momentum space

Pro. 1.1.1.

{∫
ψ+(~r, t)ψ(~r, t)d3~r =

∫
ψ+(~p, t)ψ(~p, t)d3~p =

∫
[a+

1 (~p)a1(~p) + a2(~p)a+
2 (~p)]d3~p∫

ψ+(~r, t)σ(s)ψ(~r, t)d3~r[=
∫
ψ+(~p, t)σ(s)ψ(~p, t)d3~p]

Pro. 1.1.2.


∫
ψ+(~r, t)∇̂ψ(~r, t)d3~r =

∫
ψ+(~p, t)p̂ψ(~p, t)d3~p∫

ψ+(~r, t)~rψ(~r, t)d3~r =
∫
ψ+(~p, t)(i∇̃)ψ(~p, t)d3~p∫

ψ+(~r, t)[σ(s) · ∇̂]ψ(~r, t)d3~r =
∫
ψ+(~p, t)[σ(s) · p̂]ψ(~p, t)d3~p

Pro. 1.1.3.


∫
ψ+(~r, t)[σ(s) · ∇̂]∇̂ψ(~r, t)d3~r =

∫
ψ+(~p, t)[σ(s) · p̂]p̂ψ(~p, t)d3~p∫

ψ+(~r, t)σ(s)[σ(s) · ∇̂]ψ(~r, t)d3~r =
∫
ψ+(~p, t)σ(s)[σ(s) · p̂]ψ(~p, t)d3~p∫

ψ+(~r, t)[σ(s) · ∇̂]σ(s)ψ(~r, t)d3~r =
∫
ψ+(~p, t)[σ(s) · p̂]σ(s)ψ(~p, t)d3~p

Pro. 1.1.4.

{∫
ψ+(~r, t)riσj(s)ψ(~r, t)d3~r =

∫
ψ+(~p, t)σj(s)(i∂̃i)ψ(~p, t)d3~p∫

ψ+(~r, t)σi(s)∂jψ(~r, t)d3~r = i
∫
ψ+(~p, t)σi(s)pjψ(~p, t)d3~p

Pro. 1.1.5.

{∫
ψ+(~r, t)[riσj(s)− rjσi(s)]ψ(~r, t)d3~r = −i

∫
ψ+(~p, t)[σi(s)∂̃j − σj(s)∂̃i]ψ(~p, t)d3~p∫

ψ+(~r, t)[σi(s)∂j − σj(s)∂i]ψ(~r, t)d3~r = i
∫
ψ+(~p, t)[σi(s)pj − σj(s)pi]ψ(~p, t)d3~p

1.2 Second order correspondent properties between coordinate and momentum space

Pro. 1.2.1.


∫
ψ+(~r, t)ri∂jψ(~r, t)d3~r =

∫
d3~pψ+(~p, t)(−δij − pj ∂̃i)ψ(~p, t)∫

ψ+(~r, t)(δij + ri∂j)ψ(~r, t)d3~r =
∫
d3~pψ+(~p, t)(−pj ∂̃i)ψ(~p, t)∫

ψ+(~r, t)(ri∂j − rj∂i)ψ(~r, t)d3~r =
∫
ψ+(~p, t)(pi∂̃j − pj ∂̃i)ψ(~p, t)d3~p

Proof:
∫
ψ+(~r, t)ri∂jψ(~r, t)d3~r

= 1
(2π)3

∫
d3~pd3~p′d3~rψ+(~p′, t)e−i~p

′·~rψ(~p, t)ri∂je
i~p·~r

= 1
(2π)3

∫
d3~pd3~p′d3~rψ+(~p′, t)e−i~p

′·~rψ(~p, t)ipj(−i∂̃i)ei~p·~r

= 1
(2π)3

∫
d3~pd3~p′d3~rψ+(~p′, t)e−i~p

′·~rψ(~p, t)pj ∂̃ie
i~p·~r

= − 1
(2π)3

∫
d3~pd3~p′d3~rψ+(~p′, t)∂̃i[ψ(~p, t)pj ]e

i(~p−~p′)·~r

= −
∫
d3~pd3~p′ψ+(~p′, t)∂̃i[ψ(~p, t)pj ]δ

3(~p− ~p′)
= −

∫
d3~pψ+(~p, t)∂̃i[ψ(~p, t)pj ]

=
∫
ψ+(~p, t)(−δij − pj ∂̃i)ψ(~p, t)d3~p

Pro. 1.2.2.{∫
ψ+(~r, t)ri∂j [σ(s) · ∇]ψ(~r, t)d3~r = −i{

∫
ψ+(~p, t)δij [σ(s) · ~p]ψ(~p, t)d3~p+

∫
ψ+(~p, t)pj ∂̃i{[σ(s) · ~p]ψ(~p, t)}d3~p}

= −i{
∫
ψ+(~p, t)δij [σ(s) · ~p]ψ(~p, t)d3~p+

∫
ψ+(~p, t)[σ(s) · ~p]pj ∂̃iψ(~p, t)d3~p+

∫
ψ+(~p, t)pjσi(s)ψ(~p, t)}d3~p}

Proof:
∫
ψ+(~r, t)ri∂j [σ(s) · ∇]ψ(~r, t)d3~r

= 1
(2π)3

∫
d3~pd3~p′d3~rψ+(~p′, t)e−i~p

′·~rψ(~p, t)ri∂j [σ(s) · ∇]ei~p·~r

= 1
(2π)3

∫
d3~pd3~p′d3~rψ+(~p′, t)e−i~p

′·~rψ(~p, t)ipj [iσ(s) · ~p](−i∂̃i)ei~p·~r
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= 1
(2π)3

∫
d3~pd3~p′d3~rψ+(~p′, t)e−i~p

′·~rψ(~p, t)pj [iσ(s) · ~p]∂̃iei~p·~r

= − 1
(2π)3

∫
d3~pd3~p′d3~rψ+(~p′, t)∂̃i{ψ(~p, t)pj [iσ(s) · ~p]}ei(~p−~p′)·~r

= −
∫
d3~pd3~p′ψ+(~p′, t)∂̃i{ψ(~p, t)pj [iσ(s) · ~p]}δ3(~p− ~p′)

= −
∫
d3~pψ+(~p, t)∂̃i{ψ(~p, t)pj [iσ(s) · ~p]}

=
∫
ψ+(~p, t)(−δij − pj ∂̃i){[iσ(s) · ~p]ψ(~p, t)}d3~p

= −i{
∫
ψ+(~p, t)δij [σ(s) · ~p]ψ(~p, t)d3~p+

∫
ψ+(~p, t)[σ(s) · ~p]pj ∂̃iψ(~p, t)d3~p+

∫
ψ+(~p, t)pjσi(s)ψ(~p, t)}d3~p}

Pro. 1.2.3.{∫
ψ+(~r, t)(ri∂j − rj∂i)[σ(s) · ∇]ψ(~r, t)d3~r = i

∫
ψ+(~p, t)(pi∂̃j − pj ∂̃i){[σ(s) · ~p]ψ(~p, t)}d3~p

= i{
∫
ψ+(~p, t)[σ(s) · ~p](pi∂̃j − pj ∂̃i)ψ(~p, t)d3~p+

∫
ψ+(~p, t)[piσj(s)− pjσi(s)]ψ(~p, t)}d3~p}

Pro. 1.2.4.∫
ψ+(~r, t)[σ(s) · ∇]{ri∂jψ(~r, t)}d3~r = −i{

∫
ψ+(~p, t)δij [σ(s) · ~p]ψ(~p, t)d3~p+

∫
ψ+(~p, t)[σ(s) · ~p]pj ∂̃iψ(~p, t)d3~p}

Proof:∫
ψ+(~r, t)[σ(s) · ∇]{ri∂jψ(~r, t)}d3~r

=
∫
ψ+(~r, t)σi(s)∂jψ(~r, t)d3~r +

∫
ψ+(~r, t)ri∂j [σ(s) · ∇]ψ(~r, t)d3~r

= i
∫
ψ+(~p, t)σi(s)pjψ(~p, t)d3~p− i{

∫
ψ+(~p, t)δij [σ(s) · ~p]ψ(~p, t)d3~p+

∫
ψ+(~p, t)pj ∂̃i{[σ(s) · ~p]ψ(~p, t)}d3~p}

= −i{
∫
ψ+(~p, t)δij [σ(s) · ~p]ψ(~p, t)d3~p+

∫
ψ+(~p, t)[σ(s) · ~p]pj ∂̃iψ(~p, t)d3~p}

Pro. 1.2.5.
∫
ψ+(~r, t)[σ(s) · ∇][(ri∂j − rj∂i)ψ(~r, t)]d3~r = i

∫
ψ+(~p, t)[σ(s) · ~p](pi∂̃j − pj ∂̃i)ψ(~p, t)d3~p

1.3 Higher order correspondent properties between coordinate and momentum space

2 Spin equation in coordinate space
2.1 s-spin equation and its plane wave solution

Thm. 2.1.1. [s∂a + iSab(s, ς)∂
b]ψ(x) = 0

Cor. 2.1.1.


ψ(~r, t) := 1

(2π)3/2

∫
~p6=0

|~p|(s−
1
2 )λ(p̂,−sς)[a1(~p,−sς)eip·x + a+

2 (~p,−sς)e−ip·x]d3~p

|~p|(s−
1
2 )a1(~p,−sς) = 1

(2π)3/2

∫
λ+(p̂,−sς)ψ(~r, t)e−ip·xd3~r = 1

(2π)3/2

∫
i
|~p|λ

+(p̂,−sς)ψ̇(~r, t)e−ip·xd3~r

|~p|(s−
1
2 )a+

2 (~p,−sς) = 1
(2π)3/2

∫
λ+(p̂,−sς)ψ(~r, t)eip·xd3~r = 1

(2π)3/2

∫ −i
|~p|λ

+(p̂,−sς)ψ̇(~r, t)eip·xd3~r

Def. 2.1.1. Projection operator: P̂kςk′ς (s, ς) := λkς (p̂,−sς)λ+
k′ς

(p̂,−sς), P̂ 2(s, ς) = P̂ (s, ς), P̂+(s, ς) = P̂ (s, ς)

Def. 2.1.2. A(~r, t) := ∂t
∇2ψ(~r, t)⇔ ψ(~r, t) = ∂tA(~r, t)

2.2 Plane wave solutions of spin equation in momentum space

Cor. 2.2.1. ψ(~r, t) = 1
(2π)3/2

∫
~p6=0

ψ(~p, t)ei~p·~rd3~p, ψ(~p, t) = |~p|(s−
1
2 )[a1(~p,−sς)λ(p̂,−sς)e−i|~p|t)+a+

2 (−~p,−sς)λ(−p̂,−sς)ei|~p|t)]

Proof: ψ(~r, t) := 1
(2π)3/2

∫
~p6=0

|~p|(s−
1
2 )λ(p̂,−sς)[a1(~p,−sς)eip·x + a+

2 (~p,−sς)e−ip·x]d3~p

⇔ ψ(~r, t) = 1
(2π)3/2

∫
~p6=0

|~p|(s−
1
2 )λ(p̂,−sς)[a1(~p,−sς)ei(~p·~r−|~p|t) + a+

2 (~p,−sς)e−i(~p·~r−|~p|t)]d3~p

⇔ ψ(~r, t) = 1
(2π)3/2

∫
~p6=0

|~p|(s−
1
2 )λ(p̂,−sς)[a1(~p,−sς)e−i|~p|t)ei~p·~r + a+

2 (~p,−sς)ei|~p|t)e−i~p·~r]d3~p

⇔ ψ(~r, t) = 1
(2π)3/2

∫
~p6=0

|~p|(s−
1
2 )[a1(~p,−sς)λ(p̂,−sς)e−i|~p|t) + a+

2 (−~p,−sς)λ(−p̂,−sς)ei|~p|t)]ei~p·~rd3~p

⇔ ψ(~r, t) = 1
(2π)3/2

∫
~p6=0

ψ(~p, t)ei~p·~rd3~p, ψ(~p, t) = |~p|(s−
1
2 )[a1(~p,−sς)λ(p̂,−sς)e−i|~p|t) + a+

2 (−~p,−sς)λ(−p̂,−sς)ei|~p|t)]

⇔ ψ(~p, t) = 1
(2π)3/2

∫
ψ(~r, t)e−i~p·~rd3~p

2.3 Several important lemmas

Lem. 2.3.1. s∇ψ(~r, t) = [iσ(s)×∇+ ςσ(s)∂t]ψ(~r, t)⇒ [ 1
sσ(s) · ∇]ψ(~r, t) = ς∂tψ(~r, t)

Proof: s∇ψ(~r, t) = [iσ(s)×∇+ ςσ(s)∂t]ψ(~r, t)
⇒ sσ(s) · ∇ψ(~r, t) = σ(s) · [iσ(s)×∇+ ςσ(s)∂t]ψ(~r, t)
⇔ s[σ(s) · ∇]ψ(~r, t) = −[σ(s) · ∇]ψ(~r, t) + ςσ2(s)∂tψ(~r, t)
⇔ (s+ 1)[σ(s) · ∇]ψ(~r, t) = ςs(s+ 1)∂tψ(~r, t)
⇔ [ 1

sσ(s) · ∇]ψ(~r, t) = ς∂tψ(~r, t)
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Lem. 2.3.2. s∇ψ(~r, t) = [σ(s) · ∇ − ς(s− 1)∂t]σ(s)ψ(~r, t)
s6=1⇒ [ 1

sσ(s) · ∇]ψ(~r, t) = ς∂tψ(~r, t)

Proof: s∇ψ(~r, t) = [σ(s) · ∇ − ς(s− 1)∂t]σ(s)ψ(~r, t)
⇒ sσ(s) · ∇ψ(~r, t) = σ(s) · [σ(s) · ∇ − ς(s− 1)∂t]σ(s)ψ(~r, t)
⇔ s[σ(s) · ∇]ψ(~r, t) = σ(s) · [σ(s) · ∇]σ(s)ψ(~r, t)− ς(s− 1)σ2(s)∂tψ(~r, t)
⇔ s[σ(s) · ∇]ψ(~r, t) = [σ2(s)− 1][σ(s) · ∇]ψ(~r, t)− ς(s− 1)σ2(s)∂tψ(~r, t)
⇔ (s+ 1)[σ(s) · ∇]ψ(~r, t) = σ2(s)[σ(s) · ∇]ψ(~r, t)− ς(s− 1)σ2(s)∂tψ(~r, t)
⇔ (s− 1)[σ(s) · ∇]ψ(~r, t) = ς(s− 1)s∂tψ(~r, t)

⇐s6=1⇒ [ 1
sσ(s) · ∇]ψ(~r, t) = ς∂tψ(~r, t)

Cor. 2.3.1.

{
s∇ψ(~r, t) = {[σ(s) · ∇, σ(s)] + ςσ(s)∂t}ψ(~r, t)

s 6=1⇔ s∇ψ(~r, t) = [σ(s) · ∇ − ς(s− 1)∂t]σ(s)ψ(~r, t)

s∇ψ(~r, t) = {[σ(s) · ∇, σ(s)] + ςσ(s)∂t}ψ(~r, t)
s=1⇒ s∇ψ(~r, t) = [σ(s) · ∇]σ(s)ψ(~r, t)

Cor. 2.3.2. ∇ψ(~r, t) = {[σ(s) · ∇, σ(s)] + ςσ(s)∂t}ψ(~r, t)
s=1⇒

{
∇ψ(~r, t) = [σ(s) · ∇]σ(s)ψ(~r, t)

[σ(s) · ∇]ψ(~r, t) = ς∂tψ(~r, t)

Cor. 2.3.3. [σ(s) · ∇̂]nσ(s)ψ(~r, t) = [σ(s) · ∇̂]n−1∇̂ψ(~r, t), s = 1

Lem. 2.3.3.


s2∇ψ(~r, t) = {isσ(s)×∇+ σ(s)[σ(s) · ∇]}ψ(~r, t)⇒ ∇2ψ(~r, t) = [ 1

sσ(s) · ∇]2ψ(~r, t)

m
s2∇ψ(~r, t) = {sσ(s) · ∇σ(s)− (s− 1)σ(s)[σ(s) · ∇]}ψ(~r, t)⇒ ∇2ψ(~r, t) = [ 1

sσ(s) · ∇]2ψ(~r, t)

2.4 Several equivalent forms of s-spin equation(Proof is omitted.)

Thm. 2.4.1.

[s∂a + iSab(s, ς)∂
b]ψ(x) = 0 [⇔] σ(s) · ∇ψ = sς∂tψ,O(s) · ∇ψ(x) = 0

[m] [m]

s∇ψ(x) = [iσ(s)×∇+ ςσ(s)∂t]ψ(x) [⇔]

{
σ(s) · ∇ψ(x) = sς∂tψ(x)

s2∇ψ(x) = isσ(s)×∇+ σ(s)[σ(s) · ∇]ψ(x)

[m] [m]

s∇ψ(x) = {[σ(s) · ∇, σ(s)] + ςσ(s)∂t}ψ(x)[⇔]

{
σ(s) · ∇ψ(x) = sς∂tψ(x)

s2∇ψ(x) = {sσ(s) · ∇σ(s)− (s− 1)σ(s)[σ(s) · ∇]}ψ(x)

2.5 Several equivalent forms of constraint equations

Cor. 2.5.1. O(1) = 1√
2
{
[
−1 0 1

]
, i
[
−1 0 −1

]
,
[

0
√

2 0
]
}

Cor. 2.5.2. O(1)S+
m(1) = {

[
i 0 0

]
,
[

0 i 0
]
,
[

0 0 i
]
}

Cor. 2.5.3. Sm(1) = 1√
2

[
i 0 −i
−1 0 −1

0 −i
√

2 0

]
, S+
m(1) = 1√

2

[
−i −1 0

0 0 i
√

2
i −1 0

]
, Sm(1)S+

m(1) = S+
m(1)Sm(1) = I3

Cor. 2.5.4. [γ · ∇]γΨ = ∇Ψ[⇔]O(1)S+
m(1) · ∇Ψ = 0[⇔]∇ ·Ψ = 0

Cor. 2.5.5. Ox(s) = −
√
s(s− 1

2 )[N̄1ς (s− 1
2 )N̄1ς (s)− N̄2ς (s− 1

2 )N̄2ς (s)]

= 1
2

−
√

2s·(2s−1) 0
√

2·1 0 0 0

0 −
√

(2s−1)·(2s−2) 0
√

3·2 0 0

0 0 ··· 0 ··· 0

0 0 0 −
√

2·1 0
√

2s·(2s−1)


Cor. 2.5.6. Oy(s) = −i

√
s(s− 1

2 )[N̄1ς (s− 1
2 )N̄1ς (s) + N̄2ς (s− 1

2 )N̄2ς (s)]

= i
2

−
√

2s·(2s−1) 0 −
√

2·1 0 0 0

0 −
√

(2s−1)·(2s−2) 0 −
√

3·2 0 0

0 0 ··· 0 ··· 0

0 0 0 −
√

2·1 0 −
√

2s·(2s−1)


Cor. 2.5.7. Oz(s) =

√
s(s− 1

2 )[N̄1ς (s− 1
2 )N̄2ς (s) + N̄2ς (s− 1

2 )N̄1ς (s)]

=

 0
√

1·(2s−1) 0 0 0 0

0 0
√

2·(2s−2) 0 0 0

0 0 0 ··· 0 0

0 0 0 0
√

(2s−1)·1 0

 , N̄1ς (s− 1
2 )N̄2ς (s) = N̄2ς (s− 1

2 )N̄1ς (s)
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σ(s) = (1
2

 0 A1 0 0 0
A1 0 A2 0 0
0 A2 0 ··· 0
0 0 ··· 0 A2s

0 0 0 A2s 0

 , i2
 0 −A1 0 0 0
A1 0 −A2 0 0
0 A2 0 ··· 0
0 0 ··· 0 −A2s

0 0 0 A2s 0

 ,[ s 0 0 0 0
0 s−1 0 0 0
0 0 ··· 0 0
0 0 0 −(s−1) 0
0 0 0 0 −s

]
) (23.1a)

An =
√
n ·
√

2s+ 1− n, n = 1, 2, · · · , 2s;σ(s) ≺ σας kς lς (s) ' σα′ς
k′ς
l′ς

(s) (23.1b)

σ(s)× σ(s) = iσ(s), σ2(s) = s(s+ 1), σ+(s) = σ(s), s = 1
2 , 1,

3
2 , 2, · · · (23.1c)

2.6 Important corollaries of constraint equations

Cor. 2.6.1. O(s) · ∇ψ = 0⇔

1
2

−
√

2s·(2s−1)(∂x+i∂y) 2
√

1·(2s−1)∂z
√

2·1(∂x−i∂y) 0 0 0

0 −
√

(2s−1)·(2s−2)(∂x+i∂y) 2
√

2·(2s−2)∂z
√

3·2(∂x−i∂y) 0 0

0 0 ··· 0 ··· 0

0 0 0 −
√

2·1(∂x+i∂y) 2
√

(2s−1)·1∂z
√

2s·(2s−1)(∂x−i∂y)

ψ = 0

Cor. 2.6.2. {s2∇̂+ s[σ(s), σ(s) · ∇̂]− σ(s)[σ(s) · ∇̂]}ψ = 0⇔ O(s) · ∇ψ = 0

Proof: {s2∂y + s[σy(s), σ(s) · ∇̂]− σy(s)[σ(s) · ∇̂]}ψ = 0
⇔ {s2∂y + is[σx(s)∂z − σz(s)∂x]− [σ2

y(s)∂y + σy(s)σx(s)∂x + σy(s)σz(s)∂z]}ψ = 0
⇔ {[s2 − σ2

y(s)]∂y + [isσx(s)− σy(s)σz(s)]∂z − [isσz(s) + σy(s)σx(s)]∂x}ψ = 0

⇔ {[s2 − 1
4


A2

1 0 −A1A2 0 0 0 0

0 A2
2+A2

1 0 −A2A3 0 0 0

−A1A2 0 A2
3+A2

2 0 ··· 0 0
0 −A2A3 0 ··· 0 −A2s−1A2s 0

0 0 ··· 0 A2
2s−1+A2

2s−2 0 −A2s−1A2s

0 0 0 −A2s−2A2s−1 0 A2
2s+A

2
2s−1 0

0 0 0 0 −A2s−1A2s 0 A2
2s

]∂y

+ [is 1
2

 0 A1 0 0 0
A1 0 A2 0 0
0 A2 0 ··· 0
0 0 ··· 0 A2s

0 0 0 A2s 0

− i
2

 0 −(s−1)A1 0 0 0
sA1 0 −(s−2)A2 0 0

0 (s−1)A2 0 ··· 0
0 0 ··· 0 sA2s

0 0 0 −(s−1)A2s 0

]∂z

− [is

[ s 0 0 0 0
0 s−1 0 0 0
0 0 ··· 0 0
0 0 0 −(s−1) 0
0 0 0 0 −s

]
+ i

4


−A2

1 0 −A1A2 0 0 0 0

0 A2
1−A

2
2 0 −A2A3 0 0 0

A1A2 0 A2
2−A

2
3 0 ··· 0 0

0 A2A3 0 ··· 0 −A2s−2A2s−1 0

0 0 ··· 0 A2
2s−2−A

2
2s−1 0 −A2s−1A2s

0 0 0 A2s−2A2s−1 0 A2
2s−1−A

2
2s 0

0 0 0 0 A2s−1A2s 0 A2
2s

]∂x}ψ = 0

⇔ {[s2 − 1
4


A2

1 0 −A1A2 0 0 0 0

0 A2
2+A2

1 0 −A2A3 0 0 0

−A1A2 0 A2
3+A2

2 0 ··· 0 0
0 −A2A3 0 ··· 0 −A2s−1A2s 0

0 0 ··· 0 A2
2s−1+A2

2s−2 0 −A2s−1A2s

0 0 0 −A2s−2A2s−1 0 A2
2s+A

2
2s−1 0

0 0 0 0 −A2s−1A2s 0 A2
2s

]∂y

− [is

[ s 0 0 0 0
0 s−1 0 0 0
0 0 ··· 0 0
0 0 0 −(s−1) 0
0 0 0 0 −s

]
+ i

4


−A2

1 0 −A1A2 0 0 0 0

0 A2
1−A

2
2 0 −A2A3 0 0 0

A1A2 0 A2
2−A

2
3 0 ··· 0 0

0 A2A3 0 ··· 0 −A2s−2A2s−1 0

0 0 ··· 0 A2
2s−2−A

2
2s−1 0 −A2s−1A2s

0 0 0 A2s−2A2s−1 0 A2
2s−1−A

2
2s 0

0 0 0 0 A2s−1A2s 0 A2
2s

]∂x

− i
2

 0 −(2s−1)A1 0 0 0
0A1 0 −(2s−2)A2 0 0

0 −1A2 0 ··· 0
0 0 ··· 0 0A2s

0 0 0 −(2s−1)A2s 0

 ∂z}ψ = 0

Proof: {s2∂x + s[σx(s), σ(s) · ∇̂]− σx(s)[σ(s) · ∇̂]}ψ = 0
⇔ {s2∂x + is[σz(s)∂y − σy(s)∂z]− [σ2

x(s)∂x + σx(s)σy(s)∂y + σx(s)σz(s)∂z]}ψ = 0
⇔ {[s2 − σ2

x(s)]∂x + [isσz(s)− σx(s)σy(s)]∂y − [isσy(s) + σx(s)σz(s)]∂z}ψ = 0

⇔ {[s2 − 1
4


A2

1 0 A1A2 0 0 0 0

0 A2
2+A2

1 0 A2A3 0 0 0

A1A2 0 A2
3+A2

2 0 ··· 0 0
0 A2A3 0 ··· 0 A2s−2A2s−1 0

0 0 ··· 0 A2
2s−1+A2

2s−2 0 A2s−1A2s

0 0 0 A2s−2A2s−1 0 A2
2s+A

2
2s−1 0

0 0 0 0 A2s−1A2s 0 A2
2s

]∂x
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+ [is

[ s 0 0 0 0
0 s−1 0 0 0
0 0 ··· 0 0
0 0 0 −(s−1) 0
0 0 0 0 −s

]
− i

4


A2

1 0 −A1A2 0 0 0 0

0 A2
2−A

2
1 0 −A2A3 0 0 0

A1A2 0 A2
3−A

2
2 0 ··· 0 0

0 A2A3 0 ··· 0 −A2s−2A2s−1 0

0 0 ··· 0 A2
2s−1−A

2
2s−2 0 −A2s−1A2s

0 0 0 A2s−2A2s−1 0 A2
2s−A

2
2s−1 0

0 0 0 0 A2s−1A2s 0 −A2
2s

]∂y

− [is i2

 0 −A1 0 0 0
A1 0 −A2 0 0
0 A2 0 ··· 0
0 0 ··· 0 −A2s

0 0 0 A2s 0

+ 1
2

 0 (s−1)A1 0 0 0
sA1 0 (s−2)A2 0 0

0 (s−1)A2 0 ··· 0
0 0 ··· 0 −sA2s

0 0 0 −(s−1)A2s 0

]∂z}ψ = 0

⇔ {[s2 − 1
4


A2

1 0 A1A2 0 0 0 0

0 A2
2+A2

1 0 A2A3 0 0 0

A1A2 0 A2
3+A2

2 0 ··· 0 0
0 A2A3 0 ··· 0 A2s−2A2s−1 0

0 0 ··· 0 A2
2s−1+A2

2s−2 0 A2s−1A2s

0 0 0 A2s−2A2s−1 0 A2
2s+A

2
2s−1 0

0 0 0 0 A2s−1A2s 0 A2
2s

]∂x

+ [is

[ s 0 0 0 0
0 s−1 0 0 0
0 0 ··· 0 0
0 0 0 −(s−1) 0
0 0 0 0 −s

]
− i

4


A2

1 0 −A1A2 0 0 0 0

0 A2
2−A

2
1 0 −A2A3 0 0 0

A1A2 0 A2
3−A

2
2 0 ··· 0 0

0 A2A3 0 ··· 0 −A2s−2A2s−1 0

0 0 ··· 0 A2
2s−1−A

2
2s−2 0 −A2s−1A2s

0 0 0 A2s−2A2s−1 0 A2
2s−A

2
2s−1 0

0 0 0 0 A2s−1A2s 0 −A2
2s

]∂y

− 1
2

 0 (2s−1)A1 0 0 0
0A1 0 (2s−2)A2 0 0

0 −1A2 0 ··· 0
0 0 ··· 0 0A2s

0 0 0 −(2s−1)A2s 0

 ∂z}ψ = 0

Cor. 2.6.3.

[−(2s−1)A1(∂x+i∂y) 1(2s−1)2 1A2(∂x−i∂y) 0 0
0 −(2s−2)A2(∂x+i∂y) 2(2s−2)2 ··· 0
0 0 ··· 1(2s−1)2, (2s−1)A2s(∂x−i∂y)

]
ψ = 0

Proof: {s2∂z + s[σz(s), σ(s) · ∇̂]− σz(s)[σ(s) · ∇̂]}ψ = 0, An =
√
n ·
√

2s+ 1− n, n = 1, 2, · · · , 2s;
⇔ {s2∂z + is[σy(s)∂x − σx(s)∂y]− [σ2

z(s)∂z + σz(s)σx(s)∂x + σz(s)σy(s)∂y]}ψ = 0
⇔ {[s2 − σ2

z(s)]∂z + [isσy(s)− σz(s)σx(s)]∂x − [isσx(s) + σz(s)σy(s)]∂y}ψ = 0
⇔ {[s2 − σ2

z(s)]∂z

+ [− 1
2

 0 −sA1 0 0 0
sA1 0 −sA2 0 0

0 sA2 0 ··· 0
0 0 ··· 0 −sA2s

0 0 0 sA2s 0

− 1
2

 0 sA1 0 0 0
(s−1)A1 0 (s−1)A2 0 0

0 (s−2)A2 0 ··· 0
0 0 ··· 0 −(s−1)A2s

0 0 0 −sA2s 0

]∂x

− [ i2

 0 sA1 0 0 0
sA1 0 sA2 0 0

0 sA2 0 ··· 0
0 0 ··· 0 sA2s

0 0 0 sA2s 0

+ i
2

 0 −sA1 0 0 0
(s−1)A1 0 −(s−1)A2 0 0

0 (s−2)A2 0 ··· 0
0 0 ··· 0 (s−1)A2s

0 0 0 −sA2s 0

]∂y}ψ = 0

⇔ {[s2−

 s2 0 0 0 0
0 (s−1)2 0 0 0
0 0 ··· 0 0
0 0 0 (s−1)2 0

0 0 0 0 s2

]∂z− 1
2

 0 −0A1 0 0 0
(2s−1)A1 0 −1A2 0 0

0 (2s−2)A2 0 ··· 0
0 0 ··· 0 −(2s−1)A2s

0 0 0 0A2s 0

 ∂x− i
2

 0 0A1 0 0 0
(2s−1)A1 0 1A2 0 0

0 (2s−2)A2 0 ··· 0
0 0 ··· 0 (2s−1)A2s

0 0 0 0A2s 0

 ∂y}ψ =

0

⇔ {

 0(2s) 0 0 0 0
0 1(2s−1) 0 0 0
0 0 2(2s−2) 0 0
0 0 0 1(2s−1) 0
0 0 0 0 0(2s)

 ∂z− 1
2

 0 −0A1 0 0 0
(2s−1)A1 0 −1A2 0 0

0 (2s−2)A2 0 ··· 0
0 0 ··· 0 −(2s−1)A2s

0 0 0 0A2s 0

 ∂x− i
2

 0 0A1 0 0 0
(2s−1)A1 0 1A2 0 0

0 (2s−2)A2 0 ··· 0
0 0 ··· 0 (2s−1)A2s

0 0 0 0A2s 0

 ∂y}ψ =

0

⇔


0(2s)2 0A1(∂x−i∂y) 0 0 0

−(2s−1)A1(∂x+i∂y) 1(2s−1)2 1A2(∂x−i∂y) 0 0
0 −(2s−2)A2(∂x+i∂y) 2(2s−2)2 ··· 0
0 0 ··· 1(2s−1)2 (2s−1)A2s(∂x−i∂y)
0 0 0 −0A2s(∂x+i∂y) 0(2s)2

ψ = 0

⇔
[−(2s−1)A1(∂x+i∂y) 1(2s−1)2 1A2(∂x−i∂y) 0 0

0 −(2s−2)A2(∂x+i∂y) 2(2s−2)2 ··· 0
0 0 ··· 1(2s−1)2, (2s−1)A2s(∂x−i∂y)

]
ψ = 0

Cor. 2.6.4.

σz(s)σx(s) = 1
2

 0 sA1 0 0 0
(s−1)A1 0 (s−1)A2 0 0

0 (s−2)A2 0 ··· 0
0 0 ··· 0 −(s−1)A2s

0 0 0 −sA2s 0


σz(s)σy(s) = i

2

 0 −sA1 0 0 0
(s−1)A1 0 −(s−1)A2 0 0

0 (s−2)A2 0 ··· 0
0 0 ··· 0 (s−1)A2s

0 0 0 −sA2s 0
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2.7 Important corollaries of spin equation

Thm. 2.7.1. [s∂a + iSab(s, ς)∂
b]ψ(~r, t) = 0[⇔]


[ 1
sσ(s) · ∇]ψ(~r, t) = ς∂tψ(~r, t)

[σ(s) · ∇̂]σ(s)ψ(~r, t) = [s∇̂+ ς(s− 1)∂̂tσ(s)]ψ(~r, t)

∇̂ := −i∇√
−∇2

, ∇̂2 = 1, ∂̂t := −i∂t√
−∇2

' −1

[⇔]


[σ(s) · ∇̂]nσ(s)ψ(~r, t) = {s[sn − (s− 1)n](ς∂̂t)

n−1∇̂+ (s− 1)n(ς∂̂t)
nσ(s)}ψ(~r, t)

[σ(s) · ∇̂]nσ(s)ψ(~r, t) = {s[sn − (s− 1)n][ 1
sσ(s) · ∇̂]n−1∇̂+ (s− 1)nσ(s)[ 1

sσ(s) · ∇̂]n}ψ(~r, t)

[ 1
sσ(s) · ∇]nψ(~r, t) = ςn∂nt ψ(~r, t),∇2nψ(~r, t) = [1

sσ(s) · ∇]2nψ(~r, t) = ∂2n
t ψ(~r, t), n ≥ 1

Proof:

[σ(s) · ∇̂]σ(s)ψ(~r, t) = [e1∇̂+ d1σ(s)]ψ(~r, t), e1 = s, d1 = ς(s− 1)∂̂t
· ·
[σ(s) · ∇̂]n−1σ(s)ψ(~r, t) = [en−1∇̂+ dn−1σ(s)]ψ(~r, t)
[σ(s) · ∇̂]nσ(s)ψ(~r, t) = [en∇̂+ dnσ(s)]ψ(~r, t)
· ·
[σ(s) · ∇̂]nσ(s)ψ(~r, t)
= [σ(s) · ∇̂][en−1p̂+ dn−1σ(s)]ψ(~r, t) = [(−sςen−1 + dn−1

1 e1)∇̂+ dn−1d1σ(s)]ψ(~r, t)
en = en−1sς∂̂t + e1d

n−1
1

dn = dn−1d1

e1 = s, d1 = ς(s− 1)∂̂t

⇔

{
en = s[sn − (s− 1)n](ς∂̂t)

n−1

dn = dn1 = (s− 1)n(ς∂̂t)
n

[σ(s) · ∇̂]nσ(s)ψ(~r, t) = {s[sn − (s− 1)n](ς∂̂t)
n−1∇̂+ (s− 1)n(ς∂̂t)

nσ(s)}ψ(~r, t)
[σ(s) · ∇̂]nσ(s)ψ(~r, t) = {s[sn − (s− 1)n][ 1

sσ(s) · ∇̂]n−1∇̂+ (s− 1)nσ(s)[ 1
sσ(s) · ∇̂]n}ψ(~r, t), n ≥ 1

Cor. 2.7.1. [s∂a + iSab(s, ς)∂
b]ψ(~r, t) = 0

[⇒]

{
σα(s)[σ(s) · ∇̂]nσα(s)ψ = s[sn+1 + (s− 1)n](ς∂̂t)

n(~r, t)

σα(s)[σ(s) · ∇̂]nσα(s)ψ(~r, t) = s[sn+1 + (s− 1)n][ 1
sσ(s) · ∇̂]nψ(~r, t)

Thm. 2.7.2. [σ(s) · ∇̂]σ(s)ψ(~r, t) = {s∇̂+ (s− 1)σ(s)[ 1
sσ(s) · ∇̂]}ψ(~r, t)

[⇔]

{
[σ(s) · ∇̂]nσ(s)ψ(~r, t) = {s[sn − (s− 1)n][ 1

sσ(s) · ∇̂]n−1∇̂+ (s− 1)nσ(s)[ 1
sσ(s) · ∇̂]n}ψ(~r, t)

[ 1
sσ(s) · ∇̂]2nψ(~r, t) = ψ(~r, t), n ≥ 1

Proof:

[σ(s) · ∇̂]σ(s)ψ(~r, t) = [e1∇̂+ d1σ(s)]ψ(~r, t), e1 = s, d1 = (s− 1)[ 1
sσ(s) · ∇̂]

· ·
[σ(s) · ∇̂]n−1σ(s)ψ(~r, t) = [en−1∇̂+ dn−1σ(s)]ψ(~r, t)
[σ(s) · ∇̂]nσ(s)ψ(~r, t) = [en∇̂+ dnσ(s)]ψ(~r, t)
· ·
[σ(s) · ∇̂]nσ(s)ψ(~r, t)
= [σ(s) · ∇̂][en−1p̂+ dn−1σ(s)]ψ(~r, t) = [(en−1s[

1
sσ(s) · ∇̂] + e1d

n−1
1 )∇̂+ dn−1d1σ(s)]ψ(~r, t)

en = en−1s[
1
sσ(s) · ∇̂] + e1d

n−1
1

dn = dn−1d1

e1 = s, d1 = (s− 1)[ 1
sσ(s) · ∇̂]

⇔

{
en = s[sn − (s− 1)n][ 1

sσ(s) · ∇̂]n−1

dn = dn1 = (s− 1)n[ 1
sσ(s) · ∇̂]n

[σ(s) · ∇̂]nσ(s)ψ(~r, t) = {s[sn − (s− 1)n][ 1
sσ(s) · ∇̂]n−1∇̂+ (s− 1)nσ(s)[ 1

sσ(s) · ∇̂]n}ψ(~r, t), n ≥ 1

Cor. 2.7.2. [σ(s) · ∇̂]σ(s)ψ(~r, t) = {s∇̂+ (s− 1)σ(s)[ 1
sσ(s) · ∇̂]}ψ(~r, t)

[⇒]σα(s)[σ(s) · ∇̂]nσα(s)ψ(~r, t) = s[sn+1 + (s− 1)n][ 1
sσ(s) · ∇̂]nψ(~r, t), n ≥ 1

Cor. 2.7.3. [σ(s) · ∇̂]σ(s)ψ(~r, t) = {s∇̂+ (s− 1)σ(s)[ 1
sσ(s) · ∇̂]}ψ(~r, t)

[⇒]

{
σ(s)× {[σ(s) · ∇̂]σ(s)}ψ(~r, t) = i{−s2[ 1

sσ(s) · ∇̂]σ(s) + (s2 + s− 1)σ(s)[ 1
sσ(s) · ∇̂]}ψ(~r, t)

σ(s) · {σ(s)× {[σ(s) · ∇̂]σ(s)}}ψ(~r, t) = i[s2 + s− 1][σ(s) · ∇̂]ψ(~r, t)

Cor. 2.7.4. [σ(s) · ∇̂]σ(s)ψ(~r, t) = {s∇̂+ (s− 1)σ(s)[ 1
sσ(s) · ∇̂]}ψ(~r, t)

[⇒]


σ(s)× {[σ(s) · ∇̂]nσ(s)}ψ(~r, t)

= i{−s2[sn − (s− 1)n][ 1
sσ(s) · ∇̂]σ(s)[ 1

sσ(s) · ∇̂]n−1 + [sn+2 − (s+ 1)(s− 1)n+1]σ(s)[ 1
sσ(s) · ∇̂]n}ψ(~r, t)

σ(s) · {σ(s)× {[σ(s) · ∇̂]nσ(s)}}ψ(~r, t) = is[sn+1 + (s− 1)n][ 1
sσ(s) · ∇̂]nψ(~r, t), n ≥ 1
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3 Spin equation in momentum space
3.1 Various equivalent forms of s-spin equation in momentum space

Thm. 3.1.1.

[s∂a + iSab(s, ς)∂
b]ψ(x) = 0 [⇔] σ(s) · ∇ψ = sς∂tψ,O(s) · ∇ψ(x) = 0

[m] [m]

s∇ψ(x) = [iσ(s)×∇+ ςσ(s)∂t]ψ(x) [⇔]

{
σ(s) · ∇ψ(x) = sς∂tψ(x)

s2∇ψ(x) = isσ(s)×∇+ σ(s)[σ(s) · ∇]ψ(x)

[m] [m]

s∇ψ(x) = {[σ(s) · ∇, σ(s)] + ςσ(s)∂t}ψ(x)[⇔]

{
σ(s) · ∇ψ(x) = sς∂tψ(x)

s2∇ψ(x) = {s[σ(s) · ∇]σ(s)− (s− 1)σ(s)[σ(s) · ∇]}ψ(x)

[m] [m]

Thm. 3.1.2.

[s(~p,−∂t)a + iSab(s, ς)(~p,−∂t)b]ψ(~p, t) = 0 [⇔] 1
sσ(s) · ~pψ(~p, t) = −iς∂tψ,O(s) · ~pψ(~p, t) = 0

[m] [m]

[s~p− iσ(s)× ~p]ψ(~p, t) = −σ(s)iς∂tψ(~p, t) [⇔]

{
1
sσ(s) · ~pψ(~p, t) = −iς∂tψ(~p, t)

{s2~p− isσ(s)× ~p− σ(s)[σ(s) · ~p]}ψ(~p, t) = 0

[m] [m]

{s~p− [σ(s) · ~p, σ(s)]}ψ(~p, t) = −iςσ(s)∂tψ(~p, t)[⇔]

{
1
sσ(s) · ~pψ(~p, t) = −iς∂tψ(~p, t)

{s2~p+ (s− 1)σ(s)[σ(s) · ~p]− s[σ(s) · ~p]σ(s)}ψ(~p, t) = 0

Cor. 3.1.1.

{
σ(s) · ∇ψ(x) = sς∂tψ(x)

∇ψ(x) = [σ(s) · ∇]σ(s)ψ(x)
[⇔]

{
[σ(s) · ~p]ψ(~p, t) = −iς∂tψ(~p, t)

~pψ(~p, t) = [σ(s) · ~p]σ(s)ψ(~p, t)
; s = 1

3.2 Plane wave solutions of s-spin equation in momentum space

Cor. 3.2.1. ψ(~p, t) = |~p|(s−
1
2 )[a1(~p,−sς)λ(p̂,−sς)e−i|~p|t) + a+

2 (−~p,−sς)λ(−p̂,−sς)ei|~p|t)]
3.3 Properties of plane wave solutions in momentum space

3.3.1 Important property 1

Cor. 3.3.1. [ 1
sσ(s) · p̂]σ(s)ψ(~p, t) = {p̂+ (1− 1

s )σ(s)[ 1
sσ(s) · p̂]}ψ(~p, t)

[⇒][ 1
sσ(s) · p̂]2σ(s)ψ(~p, t) = {s[1− (1− 1

s )2][ 1
sσ(s) · p̂]p̂+ (1− 1

s )2σ(s)}ψ(~p, t)

Cor. 3.3.2. [ 1
sσ(s) · p̂]σ(s)ψ(~p, t) = {p̂+ (1− 1

s )σ(s)[ 1
sσ(s) · p̂]}ψ(~p, t)

[⇔]

{
[ 1
sσ(s) · p̂]nσ(s)ψ(~p, t) = {s[1− (1− 1

s )n][ 1
sσ(s) · p̂]n−1p̂+ (1− 1

s )nσ(s)[ 1
sσ(s) · p̂]n}ψ(~p, t)

[ 1
sσ(s) · p̂]2nψ(~p, t) = ψ(~p, t)

[⇔]


[ 1
sσ(s) · p̂]2k+1σ(s)ψ(~p, t) = {s[1− (1− 1

s )2k+1]p̂+ (1− 1
s )2k+1σ(s)[ 1

sσ(s) · p̂]}ψ(~p, t)

[ 1
sσ(s) · p̂]2kσ(s)ψ(~p, t) = {s[1− (1− 1

s )2k][ 1
sσ(s) · p̂]p̂+ (1− 1

s )2kσ(s)}ψ(~p, t)

[ 1
sσ(s) · p̂]2kψ(~p, t) = ψ(~p, t)

Cor. 3.3.3.{
[σ(1) · p̂]2k+1σ(1)ψ(~p, t) = [σ(1) · p̂]σ(1)ψ(~p, t) = p̂ψ(~p, t)

[σ(1) · p̂]2k+2σ(1)ψ(~p, t) = [σ(1) · p̂]2σ(1)ψ(~p, t) = [σ(1) · p̂]p̂ψ(~p, t)

3.3.2 Important property 2

Thm. 3.3.1.{
ψ+(~p, t) 1

sσ(s)[ 1
sσ(s) · p̂]ψ(~p, t) = ψ+(~p, t)[ 1

sσ(s) · p̂] 1
sσ(s)ψ(~p, t) = ψ+(~p, t)p̂ψ(~p, t), s ≥ 1

ψ+(~p, t){σ( 1
2 )[σ( 1

2 ) · p̂] + [σ( 1
2 ) · p̂]σ( 1

2 )}ψ(~p, t) = 1
2ψ

+(~p, t)p̂ψ(~p, t)

Proof: ψ+(~p, t){s2p̂+ (s− 1)σ(s)[σ(s) · p̂]− s[σ(s) · p̂]σ(s)}ψ(~p, t) = 0

⇔

{
ψ+(~p, t){s2p̂+ (s− 1)σ(s)[σ(s) · p̂]− s[σ(s) · p̂]σ(s)}ψ(~p, t) = 0

ψ+(~p, t){s2p̂+ (s− 1)[σ(s) · p̂]σ(s)− sσ(s)[σ(s) · p̂]}ψ(~p, t) = 0

⇔

{
ψ+(~p, t) 1

sσ(s)[ 1
sσ(s) · p̂]ψ(~p, t) = ψ+(~p, t)[ 1

sσ(s) · p̂] 1
sσ(s)ψ(~p, t) = ψ+(~p, t)p̂ψ(~p, t), s ≥ 1

ψ+(~p, t){σ( 1
2 )[σ( 1

2 ) · p̂] + [σ( 1
2 ) · p̂]σ( 1

2 )}ψ(~p, t) = 1
2ψ

+(~p, t)p̂ψ(~p, t)

Thm. 3.3.2. [ 1
sσ(s) · ~p]2ψ(~p, t) = ~p2ψ(~p, t) = −∂2

t ψ(~p, t)

Cor. 3.3.4.{∫
ψ+(~r, t) 1

sσ(s)[ 1
sσ(s) · ∇̂]ψ(~r, t)d3~r =

∫
ψ+(~r, t)[ 1

sσ(s) · ∇̂] 1
sσ(s)ψ(~r, t)d3~r =

∫
ψ+(~r, t)∇̂ψ(~r, t)d3~r, s ≥ 1∫

ψ+(~r, t){σ( 1
2 )[σ( 1

2 ) · ∇̂] + [σ( 1
2 ) · ∇̂]σ( 1

2 )}ψ(~r, t)d3~r =
∫

1
2ψ

+(~r, t)∇̂ψ(~r, t)d3~r

392



Chapter23 Covariant Quantization Scheme for s-spin Equation Shui-Rong Shi

3.3.3 Important property 3

Lem. 3.3.1. ψ+(~p, t)σ(s)ψ(~p, t) = (−sς)|~p|(2s−1)[a+
1 (~p,−sς)a1(~p,−sς)− a2(−~p,−sς)a+

2 (−~p,−sς)]p̂, s ≥ 1

Proof: ψ+(~p, t)σ(s)ψ(~p, t), s ≥ 1

= |~p|(s−
1
2 )[a+

1 (~p,−sς)λ+(p̂,−sς)ei|~p|t)+a2(−~p,−sς)λ+(−p̂,−sς)e−i|~p|t)]σ(s)|~p|(s−
1
2 )[a1(~p,−sς)λ(p̂,−sς)e−i|~p|t)+a+

2 (−~p,−sς)λ(−p̂,−sς)ei|~p|t)]
= |~p|(2s−1)[a+

1 (~p,−sς)λ+(p̂,−sς)ei|~p|t)+a2(−~p,−sς)λ+(−p̂,−sς)e−i|~p|t)]σ(s)[a1(~p,−sς)λ(p̂,−sς)e−i|~p|t)+a+
2 (−~p,−sς)λ(−p̂,−sς)ei|~p|t)]

= (−sς)|~p|(2s−1)[a+
1 (~p,−sς)a1(~p,−sς)− a2(−~p,−sς)a+

2 (−~p,−sς)]p̂, s ≥ 1

Lem. 3.3.2. ψ+(~p, t)σ(s)[σ(s) · p̂]ψ(~p, t) = s2|~p|(2s−1)[a+
1 (~p,−sς)a1(~p,−sς) + a2(−~p,−sς)a+

2 (−~p,−sς)]p̂, s ≥ 1

Proof: ψ+(~p, t)σ(s)[σ(s) · p̂]ψ(~p, t), s ≥ 1

= |~p|(s−
1
2 )[a+

1 (~p,−sς)λ+(p̂,−sς)ei|~p|t)+a2(−~p,−sς)λ+(−p̂,−sς)e−i|~p|t)]σ(s)[σ(s)·p̂]|~p|(s−
1
2 )[a1(~p,−sς)λ(p̂,−sς)e−i|~p|t)+

a+
2 (−~p,−sς)λ(−p̂,−sς)ei|~p|t)]

= |~p|(2s−1)[a+
1 (~p,−sς)λ+(p̂,−sς)ei|~p|t)+a2(−~p,−sς)λ+(−p̂,−sς)e−i|~p|t)]σ(s)[−sςa1(~p,−sς)λ(p̂,−sς)e−i|~p|t)+sςa+

2 (−~p,−sς)λ(−p̂,−sς)ei|~p|t)]
= s2|~p|(2s−1)[a+

1 (~p,−sς)a1(~p,−sς) + a2(−~p,−sς)a+
2 (−~p,−sς)]p̂, s ≥ 1

Thm. 3.3.3.
ψ+(~p, t)σ(s)ψ(~p, t) = ψ+(~p, t)[σ(s) · p̂]p̂ψ(~p, t), ψ+(~p, t)σ(s)× p̂ψ(~p, t) = 0, s ≥ 1

ψ+(~p, t) 1
sσ(s)[ 1

sσ(s) · p̂]ψ(~p, t) = ψ+(~p, t)[ 1
sσ(s) · p̂] 1

sσ(s)ψ(~p, t) = ψ+(~p, t)p̂ψ(~p, t), s ≥ 1

ψ+(~p, t) 1
sσ(s)[ 1

sσ(s) · p̂]kψ(~p, t) = ψ+(~p, t)[ 1
sσ(s) · p̂]k 1

sσ(s)ψ(~p, t), s ≥ 1

Cor. 3.3.5.
∫
ψ+(~r, t)σ(s)ψ(~r, t)d3~r =

∫
ψ+(~r, t)[σ(s) · ∇̂]∇̂ψ(~r, t)d3~r,

∫
ψ+(~r, t)[σ(s)× ∇̂]ψ(~r, t)d3~r = 0, s ≥ 1∫

ψ+(~r, t) 1
sσ(s)[ 1

sσ(s) · ∇̂]ψ(~r, t)d3~r =
∫
ψ+(~r, t)[ 1

sσ(s) · ∇̂] 1
sσ(s)ψ(~r, t)d3~r =

∫
ψ+(~r, t)∇̂ψ(~r, t)d3~r, s ≥ 1∫

ψ+(~r, t) 1
sσ(s)[ 1

sσ(s) · ∇̂]kψ(~r, t)d3~r =
∫
ψ+(~r, t)[ 1

sσ(s) · ∇̂]k 1
sσ(s)ψ(~r, t)d3~r, s ≥ 1∫

ψ+(~r, t)[ 1
sσ(s) · ∇̂]i 1

sσ(s)[ 1
sσ(s) · ∇̂]jψ(~r, t)d3~r =

∫
ψ+(~r, t)[ 1

sσ(s) · ∇̂]j 1
sσ(s)[ 1

sσ(s) · ∇̂]iψ(~r, t)d3~r, s ≥ 1

Cor. 3.3.6.
ψ+(~p, t)[ 1

sσ(s) · p̂] 1
sσ(s)[ 1

sσ(s) · p̂]ψ(~p, t) = ψ+(~p, t) 1
sσ(s)ψ(~p, t), s ≥ 1∫

ψ+(~r, t)[ 1
sσ(s) · ∇̂] 1

sσ(s)[ 1
sσ(s) · ∇̂]ψ(~r, t)d3~r =

∫
ψ+(~r, t) 1

sσ(s)ψ(~r, t)d3~r, s ≥ 1∫
ψ+(~r, t)[ 1

sσ(s) · ∇̂]i 1
sσ(s)[ 1

sσ(s) · ∇̂]jψ(~r, t)d3~r =
∫
ψ+(~r, t) 1

sσ(s)[ 1
sσ(s) · ∇̂]i+jψ(~r, t)d3~r, s ≥ 1

4 Various properties of spin and angular momentum operators
(satisfying spin equation)
4.1 General properties of spin wave function

Def. 4.1.1. Γ(n;m, l) := (
√
−∇2)n∂mπ

l︷ ︸︸ ︷
∂i∂j · ·, n ∈ Z;m, l ∈ N

Cor. 4.1.1.
∫
ψ+(~r, t)Γ(n;m, l)ψ̇(~r, t)d3~r = −

∫
ψ̇+(~r, t)Γ(n;m, l)ψ(~r, t)d3~r

Cor. 4.1.2.

{∫
ψ+(~r, t)[σ(s) · ∇̂]∇̂Γ(n;m, l)ψ(~r, t)d3~r =

∫
ψ+(~r, t)σ(s)Γ(n;m, l)ψ(~r, t)d3~r, s ≥ 1∫

ψ+(~r, t)σ(s)Γ(n;m, l)ψ(~r, t)d3~r = sς
∫
ψ+(~r, t) ∇∇2 Γ(n;m, l)ψ̇(~r, t)d3~r, s ≥ 1

Cor. 4.1.3.

{∫
ψ+(~r, t) 1

sσ(s)[ 1
sσ(s) · ∇̂]Γ(n;m, l)ψ(~r, t)d3~r =

∫
ψ+(~r, t)∇̂Γ(n;m, l)ψ(~r, t)d3~r, s ≥ 1∫

ψ+(~r, t)σ(s)Γ(n;m, l)ψ̇(~r, t)d3~r = sς
∫
ψ+(~r, t)∇Γ(n;m, l)ψ(~r, t)d3~r, s ≥ 1

Pro. 4.1.1.

{∫
ψ+(~r, t)[σi(s)∂j − σj(s)∂i]Γ(n;m, l)ψ(~r, t)d3~r = 0, s ≥ 1∫
ψ+(~r, t)[σi(s)∂j − σj(s)∂i]Γ(n;m, l)ψ̇(~r, t)d3~r = 0, s ≥ 1

Cor. 4.1.4.
∫
ψ+(~r, t)[σ(s) · ∇̂]jσ(s)[σ(s) · ∇̂]kΓ(n;m, l)ψ(~r, t)d3~r =

∫
ψ+(~r, t)[σ(s) · ∇̂]kσ(s))[σ(s) · ∇̂]jΓ(n;m, l)ψ(~r, t)d3~r, s ≥ 1∫

ψ+[σ(s) · ∇̂]jσ(s)[σ(s) · ∇̂]kΓ(n;m, l)ψd3~r = sς
∫
ψ+[σ(s) · ∇̂]j+k ∇∇2 Γ(n;m, l)ψ̇d3~r, s ≥ 1∫

ψ+[σ(s) · ∇̂]jσ(s)[σ(s) · ∇̂]kΓ(n;m, l)ψ̇d3~r = sς
∫
ψ+[σ(s) · ∇̂]j+k∇Γ(n;m, l)ψd3~r, s ≥ 1

4.2 Properties 1 of angular momentum operator

Lem. 4.2.1. ∇2(ri∂j − rj∂i) = (ri∂j − rj∂i)∇2

Lem. 4.2.2. [σ(s) · ∇](ri∂j − rj∂i) = (ri∂j − rj∂i)[σ(s) · ∇] + [σi(s)∂j − σj(s)∂i]

Lem. 4.2.3. [σ(s) · ∇]2(ri∂j − rj∂i)
= (ri∂j − rj∂i)[σ(s) · ∇]2 + [σi(s)∂j − σj(s)∂i][σ(s) · ∇] + [σ(s) · ∇][σi(s)∂j − σj(s)∂i]
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Proof: [σ(s) · ∇]2(ri∂j − rj∂i)
= [σ(s) · ∇]{(ri∂j − rj∂i)[σ(s) · ∇] + [σi(s)∂j − σj(s)∂i]}
= (ri∂j − rj∂i)[σ(s) · ∇]2 + [σi(s)∂j − σj(s)∂i][σ(s) · ∇] + [σ(s) · ∇][σi(s)∂j − σj(s)∂i]

Pro. 4.2.1.
s ≥ 1, n ∈ Z, l,m ∈ N,∫
ψ+(~r, t)[σ(s) · ∇](ri∂j − rj∂i)Γ(n;m, l)ψ(~r, t)d3~r =

∫
ψ+(~r, t)(ri∂j − rj∂i)[σ(s) · ∇]Γ(n;m, l)ψ(~r, t)d3~r∫

ψ+(~r, t)[σ(s) · ∇](ri∂j − rj∂i)Γ(n;m, l)ψ̇(~r, t)d3~r =
∫
ψ+(~r, t)(ri∂j − rj∂i)[σ(s) · ∇]Γ(n;m, l)ψ̇(~r, t)d3~r

Pro. 4.2.2.
s ≥ 1, n ∈ Z, l,m ∈ N,∫
ψ+(~r, t)[σ(s) · ∇]2(ri∂j − rj∂i)Γ(n;m, l)ψ(~r, t)d3~r =

∫
ψ+(~r, t)(ri∂j − rj∂i)[σ(s) · ∇]2Γ(n;m, l)ψ(~r, t)d3~r∫

ψ+(~r, t)[σ(s) · ∇]2(ri∂j − rj∂i)Γ(n;m, l)ψ̇(~r, t)d3~r =
∫
ψ+(~r, t)(ri∂j − rj∂i)[σ(s) · ∇]2Γ(n;m, l)ψ̇(~r, t)d3~r

Cor. 4.2.1.
s ≥ 1, n ∈ Z, l,m ∈ N,∫
ψ+(~r, t)[ 1

sσ(s) · ∇̂]2(ri∂j − rj∂i)Γ(n;m, l)ψ(~r, t)d3~r =
∫
ψ+(~r, t)(ri∂j − rj∂i)Γ(n;m, l)ψ(~r, t)d3~r∫

ψ+(~r, t)[ 1
sσ(s) · ∇̂]2(ri∂j − rj∂i)Γ(n;m, l)ψ̇(~r, t)d3~r =

∫
ψ+(~r, t)(ri∂j − rj∂i)Γ(n;m, l)ψ̇(~r, t)d3~r

4.3 Properties 2 of angular momentum operator

Cor. 4.3.1.

{∫
ψ+(~r, t)(ri∂j − rj∂i)[σ(s) · ∇]ψ(~r, t)d3~r = i

∫
ψ+(~p, t)(pi∂̃j − pj ∂̃i){[σ(s) · ~p]ψ(~p, t)}d3~p, s ≥ 1

2∫
ψ+(~r, t)(ri∂j − rj∂i)[σ(s) · ∇]ψ(~r, t)d3~r = i

∫
ψ+(~p, t)[σ(s) · ~p](pi∂̃j − pj ∂̃i)ψ(~p, t)d3~p, s ≥ 1

Cor. 4.3.2.

{∫
ψ+(~r, t)(ri∂̂j − rj ∂̂i)[σ(s) · ∇̂]ψ(~r, t)d3~r = i

∫
ψ+(~p, t)(p̂i∂̃j − p̂j ∂̃i){[σ(s) · p̂]ψ(~p, t)}d3~p, s ≥ 1

2∫
ψ+(~r, t)(ri∂̂j − rj ∂̂i)[σ(s) · ∇̂]ψ(~r, t)d3~r = i

∫
ψ+(~p, t)[σ(s) · p̂](p̂i∂̃j − p̂j ∂̃i)ψ(~p, t)d3~p, s ≥ 1

Cor. 4.3.3.

{∫
ψ+(~r, t)[riσj(s)− rjσi(s)]ψ(~r, t)d3~r = −i

∫
ψ+(~p, t)[σi(s)∂̃j − σj(s)∂̃i]ψ(~p, t)d3~p∫

ψ+(~r, t)(ri∂j − rj∂i)ψ(~r, t)d3~r =
∫
ψ+(~p, t)(pi∂̃j − pj ∂̃i)ψ(~p, t)d3~p

Cor. 4.3.4. −i
∫
ψ+(~r, t)[ri∂j − rj∂i − σkςijσk(s)]ψ(~r, t)d3~r

= −i
∫
ψ+(~r, t)[ri∂j − rj∂i + iεij

kσk(s)]ψ(~r, t)d3~r
= −i

∫
ψ+(~r, t){ri∂j − rj∂i + [σi(s), σj(s)]}ψ(~r, t)d3~r

= −i
∫
ψ+(~p, t){pi∂̃j − pj ∂̃i + [σi(s), σj(s)]}ψ(~p, t)d3~p

4.4 Properties of angular momentum operator???

Cor. 4.4.1.
∫
ψ+(~r, t)riσj(s)[σ(s) · ∇]ψ(~r, t)d3~r = −

∫
ψ+(~p, t){σj(s)σi(s) + σj(s)[σ(s) · ~p]∂̃i}ψ(~p, t)d3~p

Proof:
∫
ψ+(~r, t)riσj(s)[σ(s) · ∇]ψ(~r, t)d3~r

= 1
(2π)3

∫
d3~pd3~p′d3~rψ+(~p′, t)e−i~p

′·~rriσj(s)[σ(s) · ∇][ψ(~p, t)ei~p·~r]

= 1
(2π)3

∫
d3~pd3~p′d3~rψ+(~p′, t)e−i~p

′·~rσj(s)[σ(s) · i~p]ψ(~p, t)(−i∂̃i)ei~p·~r

= − 1
(2π)3

∫
d3~pd3~p′d3~rψ+(~p′, t)∂̃i{σj(s)[σ(s) · ~p]ψ(~p, t)}ei(~p−~p′)·~r

= −
∫
d3~pd3~p′ψ+(~p′, t)∂̃i{σj(s)[σ(s) · ~p]ψ(~p, t)}δ3(~p− ~p′)

= −
∫
ψ+(~p, t)σj(s)∂̃i{[σ(s) · ~p]ψ(~p, t)}d3~p

= −
∫
ψ+(~p, t){σj(s)σi(s) + σj(s)[σ(s) · ~p]∂̃i}ψ(~p, t)d3~p

Cor. 4.4.2.
∫
ψ+(~r, t)[σ(s) · ∇]{riσj(s)ψ(~r, t)}d3~r = −

∫
d3~pψ+(~p, t)[σ(s) · ~p]σj(s)∂̃iψ(~p, t)

Proof:
∫
ψ+(~r, t)[σ(s) · ∇]{riσj(s)ψ(~r, t)}d3~r

= 1
(2π)3

∫
d3~pd3~p′d3~rψ+(~p′, t)e−i~p

′·~r[σ(s) · ∇][riσj(s)ψ(~p, t)ei~p·~r]

= 1
(2π)3

∫
d3~pd3~p′d3~rψ+(~p′, t)e−i~p

′·~r[σ(s) · ∇][rie
i~p·~r]σj(s)ψ(~p, t)

= 1
(2π)3

∫
d3~pd3~p′d3~rψ+(~p′, t)e−i~p

′·~r{[σ(s) · ∇]ri[e
i~p·~r] + ri[σ(s) · ∇]ei~p·~r}σj(s)ψ(~p, t)

= 1
(2π)3

∫
d3~pd3~p′d3~rψ+(~p′, t)e−i~p

′·~r{[σi(s)σj(s)ei~p·~r] + [σ(s) · ~p][σj(s)∂̃iei~p·~r]}ψ(~p, t)

= 1
(2π)3

∫
d3~pd3~p′d3~rψ+(~p′, t){σi(s)σj(s)ψ(~p, t)− ∂̃i[σ(s) · ~pσj(s)ψ(~p, t)]}ei(~p−~p′)·~r

=
∫
d3~pψ+(~p, t){[σi(s)σj(s)]ψ(~p, t)− ∂̃i[σ(s) · ~pσj(s)ψ(~p, t)]}

= −
∫
ψ+(~p, t)[σ(s) · ~p]σj(s)∂̃iψ(~p, t)d3~p

Cor. 4.4.3.{∫
ψ+(~r, t)[riσj(s)− rjσi(s)][σ(s) · ∇]ψ(~r, t)d3~r =

∫
ψ+(~p, t)[σi(s)∂̃j − σj(s)∂̃i]{[σ(s) · ~p]ψ(~p, t)}d3~p∫

ψ+(~r, t)[σ(s) · ∇]{[riσj(s)− rjσi(s)]ψ(~r, t)}d3~r =
∫
ψ+(~p, t)[σ(s) · ~p][σi(s)∂̃j − σj(s)∂̃i]ψ(~p, t)d3~p
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Lem. 4.4.1.

Ψ(~p, t) = |~p|
1
2 [a1(~p,−ς)λm(p̂,−ς)e−i|~p|t) + a+

2 (−~p,−ς)λm(−p̂,−ς)ei|~p|t)]

(γ · ~p)Ψ(~p, t) = −ς|~p|
1
2 [a1(~p,−ς)λm(p̂,−ς)e−i|~p|t) − a+

2 (−~p,−ς)λm(−p̂,−ς)ei|~p|t)]

Cor. 4.4.4. λ+
m(−p̂,−ς)(γi∂̃j − γj ∂̃i)λm(p̂,−ς) = 0, λ+

m(p̂,−ς)(γi∂̃j − γj ∂̃i)λm(−p̂,−ς) = 0

Thm. 4.4.1.
∫
d3~r{Ψ+(~r, t)(riγj − rjγi)(γ · ∇)Ψ(~r, t)−Ψ+(~r, t)(γ · ∇)[(riγj − rjγi)Ψ(~r, t)]} = 0

Proof:
∫
d3~r{Ψ+(~r, t)(riγj − rjγi)(γ · ∇)Ψ(~r, t)−Ψ+(~r, t)(γ · ∇)[(riγj − rjγi)Ψ(~r, t)]}

=
∫
d3~r{Ψ+(~p, t)(γi∂̃j − γj ∂̃i)[(γ · ~p)Ψ(~p, t)]−Ψ+(~p, t)(γ · ~p)(γi∂̃j − γj ∂̃i)Ψ(~p, t)}

=
∫
d3~r{Ψ+(~p, t)(γi∂̃j − γj ∂̃i)[(γ · ~p)Ψ(~p, t)]− [(γ · ~p)Ψ(~p, t)]+(γi∂̃j − γj ∂̃i)Ψ(~p, t)}

= −ς
∫
d3~r{|~p|

1
2 [a+

1 (~p,−ς)λ+
m(p̂,−ς)ei|~p|t) + a2(−~p,−ς)λ+

m(−p̂,−ς)e−i|~p|t)]
(γi∂̃j − γj ∂̃i){|~p|

1
2 [a1(~p,−ς)λm(p̂,−ς)e−i|~p|t) − a+

2 (−~p,−ς)λm(−p̂,−ς)ei|~p|t)]}
− {|~p|

1
2 [a+

1 (~p,−ς)λ+
m(p̂,−ς)ei|~p|t) − a2(−~p,−ς)λ+

m(−p̂,−ς)e−i|~p|t)]}
(γi∂̃j − γj ∂̃i){|~p|

1
2 [a1(~p,−ς)λm(p̂,−ς)e−i|~p|t) + a+

2 (−~p,−ς)λm(−p̂,−ς)ei|~p|t)]}}
= 2ς

∫
d3~r|~p|

1
2 [a+

1 (~p,−ς)λ+
m(p̂,−ς)ei|~p|t)](γi∂̃j − γj ∂̃i){|~p|

1
2 [a+

2 (−~p,−ς)λm(−p̂,−ς)ei|~p|t)]}
− 2ς

∫
d3~r|~p|

1
2 [a2(−~p,−ς)λ+

m(−p̂,−ς)e−i|~p|t)](γi∂̃j − γj ∂̃i){|~p|
1
2 [a1(~p,−ς)λm(p̂,−ς)e−i|~p|t)]}

= 2ς
∫
d3~r|~p|

1
2 [a+

1 (~p,−ς)λ+
m(p̂,−ς)ei|~p|t)](γi∂̃j − γj ∂̃i){|~p|

1
2 [a+

2 (−~p,−ς)λm(−p̂,−ς)ei|~p|t)]}
− 2ς

∫
d3~r|~p|

1
2 [a2(−~p,−ς)λ+

m(−p̂,−ς)e−i|~p|t)](γi∂̃j − γj ∂̃i){|~p|
1
2 [a1(~p,−ς)λm(p̂,−ς)e−i|~p|t)]}

= 2ς
∫
d3~r|~p|

1
2 [a+

1 (~p,−ς)λ+
m(p̂,−ς)ei|~p|t)](γi∂̃j − γj ∂̃i)λm(−p̂,−ς){|~p|

1
2 [a+

2 (−~p,−ς)ei|~p|t)]}
− 2ς

∫
d3~r|~p|

1
2 [a2(−~p,−ς)λ+

m(−p̂,−ς)e−i|~p|t)](γi∂̃j − γj ∂̃i)λm(p̂,−ς){|~p|
1
2 [a1(~p,−ς)e−i|~p|t)]}

+ 2ς
∫
d3~r|~p|

1
2 [a+

1 (~p,−ς)λ+
m(p̂,−ς)ei|~p|t)][γiλm(−p̂,−ς)∂̃j − γjλm(−p̂,−ς)∂̃i]{|~p|

1
2 [a+

2 (−~p,−ς)ei|~p|t)]}
− 2ς

∫
d3~r|~p|

1
2 [a2(−~p,−ς)λ+

m(−p̂,−ς)e−i|~p|t)][γiλm(p̂,−ς)∂̃j − γjλm(p̂,−ς)∂̃i]{|~p|
1
2 [a1(~p,−ς)e−i|~p|t)]}

= 0− 0 + 0− 0 = 0

Cor. 4.4.5.
∫
d3~r{ψ+(~r, t)[riσj(1)− rjσi(1)][σ(1) · ∇]ψ(~r, t)− ψ+(~r, t)[σ(1) · ∇]{[riσj(1)− rjσi(1)]ψ(~r, t)}} = 0

4.5 Properties 3 of angular momentum operator

Cor. 4.5.1. ψ+(~p, t)σi(s)[σ(s) · ~p]∂̃jψ(~p, t)?? = ψ+(~p, t)pi∂̃jψ(~p, t)

Lem. 4.5.1.



Pa = −i
∫
ψ+(~r, t)∂aψ(~r, t)d3~r =

∫
ψ+(~r, t)P̂aψ(~r, t)d3~r

Lab = −i
∫
ψ+(~r, t)(ra∂b − rb∂a)ψ(~r, t)d3~r =

∫
ψ+(~r, t)L̂abψ(~r, t)d3~r

Mab =
∫
ψ+(~r, t)[−i(ra∂b − rb∂a) + iσαςςabσας (s)]ψ(~r, t)d3~r =

∫
ψ+(~r, t)M̂abψ(~r, t)d3~r

M̃ab = −i
∫
ψ+(~r, t)(raσb − rbσa)ψ̇(~r, t)d3~r

M̄ab = −i
∫
ψ+(~r, t)(raσb − rbσa)ψ(~r, t)d3~r

Thm. 4.5.1. Sab =
∫
ψ+(~r, t)Sab(

1
2 , ς)ψ(~r, t)d3~r = iσαςςab

∫
ψ+(~r, t)σας (

1
2 )ψ(~r, t)d3~r

= −iς
2 σαςςab

∫
p̂ας [a

+
1 (~p,− ς

2 )a1(~p,− ς
2 ) + a2(~p,− ς

2 )a+
2 (~p,− ς

2 )]d3~p

4.6 Properties 1 of spin operator

Cor. 4.6.1.

{∫
ψ+(~r, t)σ(s)ψ(~r, t)d3~r = sς

∫
ψ+(~r, t) ∇∇2 ψ̇(~r, t)d3~r, s ≥ 1∫

ψ+(~r, t)σ(s)ψ̇(~r, t)d3~r = sς
∫
ψ+(~r, t)∇ψ(~r, t)d3~r, s ≥ 1

Cor. 4.6.2.

{∫
ψ+(~r, t)Sab(s, ς)ψ(~r, t)d3~r = isςσαςςab

∫
ψ+(~r, t)

∇ας
∇2 ψ̇(~r, t)d3~r, s ≥ 1∫

ψ+(~r, t)Sab(s, ς)ψ̇(~r, t)d3~r = isςσαςςab
∫
ψ+(~r, t)∇αςψ(~r, t)d3~r, s ≥ 1

Cor. 4.6.3.


∫ ψ+(~r,t)

(
√
−∇2)n

σας (n+ 1
2 ) ψ(~r,t)

(
√
−∇2)n

d3~r = −(n+ 1
2 )ς
∫ ψ+(~r,t)

(
√
−∇2)n+1

∇ας
ψ̇(~r,t)

(
√
−∇2)n+1

, n+ 1
2 ≥ 1∫ ψ+(~r,t)

(
√
−∇2)n

σας (n) iψ̇(~r,t)

(
√
−∇2)n

d3~r = nς
∫ ψ+(~r,t)

(
√
−∇2)n

∇ας
iψ(~r,t)

(
√
−∇2)n

, n ≥ 1

Cor. 4.6.4.


∫ ψ+(~r,t)

(
√
−∇2)n

Sab(n+ 1
2 , ς)

ψ(~r,t)

(
√
−∇2)n

d3~r = −(n+ 1
2 )iςσαςςab

∫ ψ+(~r,t)

(
√
−∇2)n+1

∇ας
ψ̇(~r,t)

(
√
−∇2)n+1

, n+ 1
2 ≥ 1∫ ψ+(~r,t)

(
√
−∇2)n

Sab(n, ς)
iψ̇(~r,t)

(
√
−∇2)n

d3~r = niςσαςςab
∫ ψ+(~r,t)

(
√
−∇2)n

∇ας
iψ(~r,t)

(
√
−∇2)n

, n ≥ 1
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4.7 Properties 2 of spin operator

Cor. 4.7.1.
∫
ψ+(~r, t)σi(s)[σ(s) · ∇]σj(s)ψ(~r, t)d3~r? =

∫
ψ+(~r, t)σi(s)σj(s)[σ(s) · ∇]ψ(~r, t)d3~r

Cor. 4.7.2.
∫
ψ+(~r, t)σi(s)σj(s)ψ(~r, t)d3~r =???

Cor. 4.7.3. [σ(s) · ∇]σ(s)ψ = {s∇+ (s− 1)σ(s)[ 1
sσ(s) · ∇]}ψ

Proof:
∫
ψ+(~r, t)σi(s)[σ(s) · ∇]σj(s)ψ(~r, t)d3~r

=
∫
ψ+(~r, t)σi(s){s∂j + (s− 1)σj(s)[

1
sσ(s) · ∇]}ψ(~r, t)d3~r

=
∫
ψ+(~r, t)sσi(s)∂jψ(~r, t) + ψ+(~r, t)(s− 1)σi(s)σj(s)[

1
sσ(s) · ∇]ψ(~r, t)d3~r

=
∫
ψ+(~r, t)s[σ(s) · ∇]∂̂i∂̂jψ(~r, t) + ψ+(~r, t)(s− 1)[s2∂̂i∂̂j + s

2 (δij − ∂̂i∂̂j + iςεij
k∂̂k∂̂t)][

1
sσ(s) · ∇]ψ(~r, t)d3~r

=
∫
ψ+(~r, t)[s2∂̂i∂̂j + s−1

2 (δij − ∂̂i∂̂j + iςεij
k∂̂k∂̂t)][σ(s) · ∇]ψ(~r, t)d3~r

Cor. 4.7.4. [σ(s) · ∇]2σ(s)ψ = {(2s− 1)[σ(s) · ∇]∇+ (1− 1
s )2σ(s)[σ(s) · ∇]2}ψ

Proof:
∫
ψ+(~r, t)σi(s)[σ(s) · ∇]2σj(s)ψ(~r, t)d3~r

=
∫
ψ+(~r, t)σi(s){(2s− 1)[σ(s) · ∇]∂j + (1− 1

s )2σj(s)[σ(s) · ∇]2}ψ(~r, t)d3~r
=
∫
ψ+(~r, t){(2s− 1)σi(s)[σ(s) · ∇]∂j + (s− 1)2σi(s)σj(s)∇2}ψ(~r, t)d3~r

=
∫
ψ+(~r, t){(2s− 1)s2∂i∂j + (s− 1)2σi(s)σj(s)∇2}ψ(~r, t)d3~r

=
∫
ψ+(~r, t){(2s− 1)s2∂i∂j + (s− 1)2[s2∂i∂j + s

2 (δij∇2 − ∂i∂j + iςεij
k∂k∂t)]ψ(~r, t)d3~r

=
∫
ψ+(~r, t){s4∂i∂j + s

2 (s− 1)2(δij∇2 − ∂i∂j + iςεij
k∂k∂t)ψ(~r, t)d3~r

Proof:
∫
ψ+(~r, t)σ[i(s)[σ(s) · ∇]2σj](s)ψ(~r, t)d3~r =

∫
ψ+(~r, t)s(s− 1)2iςεij

k∂k∂tψ(~r, t)d3~r

Proof:
∫
ψ+(~r, t)σ[i(s)[σ(s) · ∇̂]2σj](s)ψ(~r, t)d3~r = (s− 1)2iεij

k
∫
ψ+(~r, t)σk(s)ψ(~r, t)d3~r

Proof:
∫
ψ+(~r, t)σi(s)σj(s)ψ(~r, t)d3~r =

∫
ψ+(~r, t)[s2∂̂i∂̂j + s

2 (δij∇̂2 − ∂̂i∂̂j + iςεij
k∂̂k∂̂t)]ψ(~r, t)d3~r, s 6= 1

Proof:
∫
ψ+(~r, t)σ[i(s)σj](s)ψ(~r, t)d3~r = iςs

∫
ψ+(~r, t)εij

k∂̂k∂̂tψ(~r, t)d3~r = iεij
k
∫
ψ+(~r, t)σk(s)ψ(~r, t)d3~r, s 6= 1

Cor. 4.7.5. ψ(~p, t) = |~p|(s−
1
2 )[a1(~p,−sς)λ(p̂,−sς)e−i|~p|t) + a+

2 (−~p,−sς)λ(−p̂,−sς)ei|~p|t)]

4.8 Properties 3 of spin operator

Proof:
∫ ψ+(~r,t)√

−∇2
σ[i(

3
2 , ς)

1
8{−1 + 4[σ( 3

2 ) · ∇̂]2}σj]( 3
2 , ς)

ψ(~r,t)√
−∇2

d3~r

Ass. 4.8.1.Pa(n+ 1
2 ) =

∫ ψ+(~r,t)

(
√
−∇2)n

P̂a
ψ(~r,t)

(
√
−∇2)n

d3~r

Mab(n+ 1
2 ) =

∫ ψ+(~r,t)

(
√
−∇2)n

M̂ab
ψ(~r,t)

(
√
−∇2)n

d3~r

Pa(n) =
∫ ψ+(~r,t)

(
√
−∇2)n

P̂a
iψ̇(~r,t)

(
√
−∇2)n

d3~r

Mab(n) =
∫ ψ+(~r,t)

(
√
−∇2)n

M̂ab
iψ̇(~r,t)

(
√
−∇2)n

d3~r

Ass. 4.8.2.ŝ(n+ 1
2 ) =

∫ ψ+(~r,t)

(
√
−∇2)n

σ(n+ 1
2 ) ψ(~r,t)

(
√
−∇2)n

d3~r = ς(n+ 1
2 )
∫ ψ̇+(~r,t)

(
√
−∇2)n+1

∇ ψ(~r,t)

(
√
−∇2)n+1

d3~r

ŝ(n) =
∫ ψ+(~r,t)

(
√
−∇2)n

σα(n) iψ̇(~r,t)

(
√
−∇2)n

d3~r = iςn
∫ ψ+(~r,t)

(
√
−∇2)n

∇ ψ(~r,t)

(
√
−∇2)n

d3~r

5 Mathematical analysis of constant invariant tensor Γabc··kςk′ς
(s)

5.1 Properties of covariant constant invariant tensor Γabc··kςk′ς
(s) for s-spin field

Pro. 5.1.1. Γ

2s︷ ︸︸ ︷
πππ · ·
kςk′ς

(s) = (−iς√
2

)2s

2s︷ ︸︸ ︷
(iς)AςA′ς (iς)BςB′ς (iς)CςC′ς · ·Γ

2s︷ ︸︸ ︷
AςBςCς · ·
kς

(s)Γ

2s︷ ︸︸ ︷
A
′
ςB
′
ςC
′
ς · ·

k′ς
(s)

= ( 1√
2
)2sδkςk′ς

Pro. 5.1.2. Γ

2s︷ ︸︸ ︷
iππ · ·
kςk′ς

(s) = (−iς√
2

)2s

2s︷ ︸︸ ︷
(σ)iAςA′ς (iς)BςB′ς (iς)CςC′ς · ·Γ

2s︷ ︸︸ ︷
AςBςCς · ·
kς

(s)Γ

2s︷ ︸︸ ︷
A
′
ςB
′
ςC
′
ς · ·

k′ς
(s)

= −iς( 1√
2
)2s 1

sσ
i(s)kςk′ς

Pro. 5.1.3. Γ

2s︷ ︸︸ ︷
ijπ · ·
kςk′ς

(s) = (−iς√
2

)2s

2s︷ ︸︸ ︷
(σ)iAςA′ς (σ)jBςB′ς (iς)CςC

′
ς
· ·Γ

2s︷ ︸︸ ︷
AςBςCς · ·
kς

(s)Γ

2s︷ ︸︸ ︷
A
′
ςB
′
ςC
′
ς · ·

k′ς
(s)

= −( 1√
2
)2s 1

s(s− 1
2 )

1
2! [σ

{i(s)σj}(s)− s
2δ
{ij}]kςk′ς

Pro. 5.1.4. Γ

2s︷ ︸︸ ︷
ijkπ · ·
kςk′ς

(s) = (−iς√
2

)2s

2s︷ ︸︸ ︷
(σ)iAςA′ς (σ)jBςB′ς (σ)kCςC′ς (iς)DςD′ς · ·Γ

2s︷ ︸︸ ︷
AςBςCςDς · ·
kς

(s)Γ

2s︷ ︸︸ ︷
A
′
ςB
′
ςC
′
ςD
′
ς · ·

k′ς
(s)

= ( 1√
2
)2s iς

s(s− 1
2 )(s−1)

1
3! [σ

{i(s)σj(s)σk}(s) + 1−3s
2 δ{ijσk}(s)]kςk′ς
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Pro. 5.1.5. Γ

2s︷ ︸︸ ︷
ijkl · ·
kςk′ς

(s) = (−iς√
2

)2s

2s︷ ︸︸ ︷
(σ)iAςA′ς (σ)jBςB′ς (σ)kCςC′ς (σ)lDςD′ς · ·Γ

2s︷ ︸︸ ︷
AςBςCςDς · ·
kς

(s)Γ

2s︷ ︸︸ ︷
A
′
ςB
′
ςC
′
ςD
′
ς · ·

k′ς
(s)

= ( 1√
2
)2s 1

s(s− 1
2 )(s−1)(s− 3

2 )

1
4! [σ

{i(s)σj(s)σk(s)σl}(s) + (2− 3s)σ{i(s)σj(s)δkl} + 3
4s(s− 1)δ{ijδkl}]kςk′ς

5.2 Important relations

Lem. 5.2.1.
(σ · ∇)A

′
ςAςΓkςAςBς · ·︸ ︷︷ ︸

2s

(s)ψkς (~r, t) = iς∂πδ
A′ςAςΓkςAςBς · ·︸ ︷︷ ︸

2s

(s)ψkς (~r, t), [σ(s) · ∇]k
′
ςkςψkς (~r, t) = isς∂πδ

k′ςkςψkς (~r, t)

(σ · ∇)AςA′ςΓ

2s︷ ︸︸ ︷
A
′
ςB
′
ς · ·

k′ς
(s)ψk

′
ς (~r, t) = −iς∂πδAςA

′
ςΓ

2s︷ ︸︸ ︷
A
′
ςB
′
ς · ·

k′ς
(s)ψk

′
ς (~r, t), [σ(s) · ∇]kςk′ςψ

k′ς (~r, t) = −isς∂πδkςk′ςψ
k′ς (~r, t)

Thm. 5.2.1. Γ

n︷︸︸︷
ij · ·
kςk′ς

(s) ∂i∂j · ·︸ ︷︷ ︸
n

ψ(~r, t) = 2−sδkςk′ς (∂π)nψk
′
ς (~r, t)

Proof: Γ

n︷︸︸︷
ij · ·

2s−n︷ ︸︸ ︷
π · ·π

kςk′ς
(s) ∂i∂j · ·︸ ︷︷ ︸

n

ψk
′
ς (~r, t)

= (−iς√
2

)2s

n︷ ︸︸ ︷
(σ)iAςA′ς (σ)jBςB′ς · ·

2s−n︷ ︸︸ ︷
(iς)PςP ′ς (iς)QςQ′ς · ·Γ

2s︷ ︸︸ ︷
AςBς · ·PςQς · ·
kς

(s)Γ

2s︷ ︸︸ ︷
A
′
ςB
′
ς · ·P

′
ςQ
′
ς · ·

k′ς
(s) ∂i∂j · ·︸ ︷︷ ︸

n

ψk
′
ς (~r, t)

= (−iς√
2

)2s

n︷ ︸︸ ︷
(σ · ∇)AςA′ς (σ · ∇)BςB′ς · ·

2s−n︷ ︸︸ ︷
(iς)PςP ′ς (iς)QςQ′ς · ·Γ

2s︷ ︸︸ ︷
AςBς · ·PςQς · ·
kς

(s)Γ

2s︷ ︸︸ ︷
A
′
ςB
′
ς · ·P

′
ςQ
′
ς · ·

k′ς
(s)ψk

′
ς (~r, t)

= (−iς√
2

)2s

n︷ ︸︸ ︷
(−iς∂π)AςA′ς (−iς∂π)BςB′ς · ·

2s−n︷ ︸︸ ︷
(iς)PςP ′ς (iς)QςQ′ς · ·Γ

2s︷ ︸︸ ︷
AςBς · ·PςQς · ·
kς

(s)Γ

2s︷ ︸︸ ︷
A
′
ςB
′
ς · ·P

′
ςQ
′
ς · ·

k′ς
(s)ψk

′
ς (~r, t)

= 2−sδkςk′ς (−∂π)nψ(~r, t)

Cor. 5.2.1.


λkς (p̂,−sς) = Γ

2s︷ ︸︸ ︷
AςBςCς · ·
kς

(s)

2s︷ ︸︸ ︷
λAς (p̂,− ς

2 )λBς (p̂,− ς
2 )λCς (p̂,− ς

2 ) · ·
ΓkςAςBςCς · ·︸ ︷︷ ︸

2s

(s)λkς (p̂,−sς) = λAς (p̂,− ς
2 )λBς (p̂,− ς

2 )λCς (p̂,− ς
2 ) · ·︸ ︷︷ ︸

2s

Thm. 5.2.2. Γ

n︷︸︸︷
ij · ·

2s−n︷ ︸︸ ︷
π · ·π

kςk′ς
(s)

n︷ ︸︸ ︷
p̂ip̂j · ·λk

′
ς (p̂,−sς) = in

2sλkς (p̂,−sς),Γ
k′ςkς
ij · ·︸︷︷︸
n

π · ·π︸ ︷︷ ︸
2s−n

(s)

n︷ ︸︸ ︷
p̂ip̂j · ·λkς (p̂, sς) = in

2sλ
k′ς (p̂, sς)

Proof: Γ

n︷︸︸︷
ij · ·

2s−n︷ ︸︸ ︷
π · ·π

kςk′ς
(s)

n︷ ︸︸ ︷
p̂ip̂j · ·λk

′
ς (p̂,−sς)

= (−iς√
2

)2s

n︷ ︸︸ ︷
(σ)iAςA′ς (σ)jBςB′ς · ·

2s−n︷ ︸︸ ︷
(iς)PςP ′ς (iς)QςQ′ς · ·Γ

2s︷ ︸︸ ︷
AςBς · ·PςQς · ·
kς

(s)Γ

2s︷ ︸︸ ︷
A
′
ςB
′
ς · ·P

′
ςQ
′
ς · ·

k′ς
(s)

n︷ ︸︸ ︷
p̂ip̂j · ·λk

′
ς (p̂,−sς)

= (−iς√
2

)2sΓ

2s︷ ︸︸ ︷
AςBς · ·PςQς · ·
kς

(s)

n︷ ︸︸ ︷
(σ · p̂)AςA′ς (σ · p̂)BςB′ς · ·

2s−n︷ ︸︸ ︷
(iς)PςP ′ς (iς)QςQ′ς · ·

2s︷ ︸︸ ︷
λA
′
ς (p̂,− ς

2 )λB
′
ς (p̂,− ς

2 ) · ·λP
′
ς (p̂,− ς

2 )λQ
′
ς (p̂,− ς

2 ) · ·

= in

2sΓ

2s︷ ︸︸ ︷
AςBς · ·PςQς · ·
kς

(s)

2s︷ ︸︸ ︷
λAς (p̂,− ς

2 )λBς (p̂,− ς
2 ) · ·λPς (p̂,− ς

2 )λQς (p̂,− ς
2 ) · ·

= in

2sλkς (p̂,−sς)

Thm. 5.2.3. Γ

n︷︸︸︷
ij · ·

2s−n︷ ︸︸ ︷
π · ·π

kςk′ς
(s)

n︷ ︸︸ ︷
p̂ip̂j · ·λk

′
ς (p̂, sς) = (−i)n

2s λkς (p̂, sς),Γ
k′ςkς
ij · ·︸︷︷︸
n

π · ·π︸ ︷︷ ︸
2s−n

(s)

n︷ ︸︸ ︷
p̂ip̂j · ·λkς (p̂,−sς) = (−i)n

2s λk
′
ς (p̂,−sς)

Thm. 5.2.4. Γ
k′ςkς
ij · ·︸︷︷︸
n

π · ·π︸ ︷︷ ︸
2s−n

(s)

n︷ ︸︸ ︷
p̂ip̂j · ·λkς (p̂, sς) = in

2sλ
k′ς (p̂, sς)
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Thm. 5.2.5.


Γ

n︷︸︸︷
ij · ·
k′ςkς

(s) ∂i∂j · ·︸ ︷︷ ︸
n

ψkς (~r, t) = 2−sδk′ςkς∂
n
πψ(~r, t)

Γ

2s︷ ︸︸ ︷
abc · ·
k′ςkς

(s) := (−iς√
2

)2s

2s︷ ︸︸ ︷
(σ, iς)aA′ςAς (σ, iς)

b
B′ςBς

(σ, iς)cC′ςCς · ·Γ

2s︷ ︸︸ ︷
A
′
ςB
′
ςC
′
ς · ·

k′ς
(s)Γ

2s︷ ︸︸ ︷
AςBςCς · ·
kς

(s)

Proof: Γ

n︷︸︸︷
ij · ·

2s−n︷ ︸︸ ︷
π · ·π

k′ςkς
(s) ∂i∂j · ·︸ ︷︷ ︸

n

ψkς (~r, t)

= (−iς√
2

)2s

n︷ ︸︸ ︷
(σ)iA′ςAς (σ)jB′ςBς · ·

2s−n︷ ︸︸ ︷
(iς)P ′ςPς (iς)Q′ςQς · ·Γ

2s︷ ︸︸ ︷
A
′
ςB
′
ς · ·P

′
ςQ
′
ς · ·

k′ς
(s)Γ

2s︷ ︸︸ ︷
AςBς · ·PςQς · ·
kς

(s) ∂i∂j · ·︸ ︷︷ ︸
n

ψkς (~r, t)

= (−iς√
2

)2s

n︷ ︸︸ ︷
(σ · ∇)A′ςAς (σ · ∇)B′ςBς · ·

2s−n︷ ︸︸ ︷
(iς)P ′ςPς (iς)Q′ςQς · ·Γ

2s︷ ︸︸ ︷
A
′
ςB
′
ς · ·P

′
ςQ
′
ς · ·

k′ς
(s)Γ

2s︷ ︸︸ ︷
AςBς · ·PςQς · ·
kς

(s)ψkς (~r, t)

= (−iς√
2

)2s

n︷ ︸︸ ︷
(iς∂π)A′ςAς (iς∂π)B′ςBς · ·

2s−n︷ ︸︸ ︷
(iς)P ′ςPς (iς)Q′ςQς · ·Γ

2s︷ ︸︸ ︷
A
′
ςB
′
ς · ·P

′
ςQ
′
ς · ·

k′ς
(s)Γ

2s︷ ︸︸ ︷
AςBς · ·PςQς · ·
kς

(s)ψkς (~r, t)

= 2−sδk′ςkς (∂π)nψkς (~r, t)

5.3 Important theorem of covariant constant invariant tensor Γabc··kςk′ς
(s) for s-spin field

Lem. 5.3.1. Γ

2s︷ ︸︸ ︷
abc · ·
kςk′ς

(s)

2s︷ ︸︸ ︷[
0
0
1
i

]
a

[
0
0
1
i

]
b

[
0
0
1
i

]
c

· · = (i
√

2)2sλkς (
[

0
0
1

]
,−sς)λ+

k′ς
(
[

0
0
1

]
,−sς)

Proof: Γ

2s︷ ︸︸ ︷
abc · ·
kςk′ς

(s)

2s︷ ︸︸ ︷[
0
0
1
i

]
a

[
0
0
1
i

]
b

[
0
0
1
i

]
c

· ·

= (−iς√
2

)2s

2s︷ ︸︸ ︷
(σ, iς)aAςA′ς (σ, iς)

b
BςB′ς

(σ, iς)cCςC′ς · ·Γ

2s︷ ︸︸ ︷
AςBςCς · ·
kς

(s)Γ

2s︷ ︸︸ ︷
A
′
ςB
′
ςC
′
ς · ·

k′ς
(s)

2s︷ ︸︸ ︷[
0
0
1
i

]
a

[
0
0
1
i

]
b

[
0
0
1
i

]
c

· ·

=


(i
√

2)2sΓ

2s︷ ︸︸ ︷
1ς1ς1ς · ·
kς

(s)Γ

2s︷ ︸︸ ︷
1
′
ς1
′
ς1
′
ς · ·

k′ς
(s) = (i

√
2)2sλkς (

[
0
0
1

]
, s)λ+

k′ς
(
[

0
0
1

]
, s), ς = −1

(i
√

2)2sΓ

2s︷ ︸︸ ︷
2ς2ς2ς · ·
kς

(s)Γ

2s︷ ︸︸ ︷
2
′
ς2
′
ς2
′
ς · ·

k′ς
(s) = (i

√
2)2sλkς (

[
0
0
1

]
,−s)λ+

k′ς
(
[

0
0
1

]
,−s), ς = 1

= (i
√

2)2sλkς (
[

0
0
1

]
,−sς)λ+

k′ς
(
[

0
0
1

]
,−sς)

Thm. 5.3.1. Γ

2s︷ ︸︸ ︷
abc · ·
kςk′ς

(s)

2s︷ ︸︸ ︷
p̂ap̂bp̂c · · = (i

√
2)2sλkς (p̂,−sς)λ+

k′ς
(p̂,−sς)

The above s = 1
2 , 1,

3
2 , 2 have been proved, and s > 2 is still a conjecture. In the following the constant

invariant tensor analysis method is used to uniformly prove it.

Proof: Γ

2s︷ ︸︸ ︷
abc · ·
kςk′ς

(s)

2s︷ ︸︸ ︷[
0
0
1
i

]
a

[
0
0
1
i

]
b

[
0
0
1
i

]
c

· · = (i
√

2)2sλkς (
[

0
0
1

]
,−sς)λ+

k′ς
(
[

0
0
1

]
,−sς)

⇔ Γ

2s︷ ︸︸ ︷
abc · ·
kςk′ς

(s)[exp{−i (γ×p̂)z√
1−p̂2

z

arccosp̂z}|aãexp{−i (γ×p̂)z√
1−p̂2

z

arccosp̂z}|bb̃exp{−i (γ×p̂)z√
1−p̂2

z

arccosp̂z}|cc̃ · ·]
2s︷ ︸︸ ︷

p̂ãp̂b̃p̂c̃ · ·

= (i
√

2)2sexp{−i [σ(s)×p̂]z√
1−p̂2

z

arccosp̂z}|kς k̃ςλk̃ς (p̂,−sς)λ
+

k̃′ς
(p̂,−sς)exp{i [σ(s)×p̂]z√

1−p̂2
z

arccosp̂z}|k̃
′
ς k′ς

⇔ [exp{i (γ×p̂)z√
1−p̂2

z

arccosp̂z}|ãaexp{i (γ×p̂)z√
1−p̂2

z

arccosp̂z}|b̃bexp{i (γ×p̂)z√
1−p̂2

z

arccosp̂z}|c̃c · ·]

exp{i [σ(s)×p̂]z√
1−p̂2

z

arccosp̂z}|k̃ς
kςΓ

2s︷ ︸︸ ︷
abc · ·
kςk′ς

(s)exp{−i [σ(s)×p̂]z√
1−p̂2

z

arccosp̂z}|k
′
ς
k̃′ς

2s︷ ︸︸ ︷
p̂ãp̂b̃p̂c̃ · · = (i

√
2)2sλk̃ς (p̂,−sς)λ

+

k̃′ς
(p̂,−sς)

⇔ Γ

2s︷ ︸︸ ︷
ãb̃c̃ · ·
k̃ς k̃′ς

(s)

2s︷ ︸︸ ︷
p̂ãp̂b̃p̂c̃ · · = (i

√
2)2sλk̃ς (p̂,−sς)λ

+

k̃′ς
(p̂,−sς)

⇔ Γ

2s︷ ︸︸ ︷
abc · ·
kςk′ς

(s)

2s︷ ︸︸ ︷
p̂ap̂bp̂c · · = (i

√
2)2sλkς (p̂,−sς)λ+

k′ς
(p̂,−sς)
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Cor. 5.3.1. Projection operator: P̂kςk′ς (s, ς) = (i
√

2)−2sΓ

2s︷ ︸︸ ︷
abc · ·
kςk′ς

(s)

2s︷ ︸︸ ︷
p̂ap̂bp̂c · ·,Γ

2s︷ ︸︸ ︷
abc · ·
kςk′ς

(s)

2s︷ ︸︸ ︷
p̂ap̂bp̂c · · = (i

√
2)2sP̂kςk′ς (s, ς)

Cor. 5.3.2. Γ

2s︷ ︸︸ ︷
abc · ·
kςk′ς

(s)

2s︷ ︸︸ ︷
p̂ap̂bp̂c · · � Γ

2s︷ ︸︸ ︷
abc · ·(s)

2s︷ ︸︸ ︷
p̂ap̂bp̂c · · = (i

√
2)2sλ(p̂,−sς)λ+(p̂,−sς), s ≥ 0

Cor. 5.3.3. Γ

2s︷ ︸︸ ︷
abc · ·(s)

2s︷ ︸︸ ︷
p̂ap̂bp̂c · ·λ(p̂,−sς) = (i

√
2)2sλ(p̂,−sς)

Cor. 5.3.4.


λ+kς (p̂,−sς)λkς (p̂,−sς) = 1, λ+kς (−p̂,−sς)λkς (p̂,−sς) = 0

λkς (p̂,−sς)λ+
k′ς

(p̂,−sς) = (i
√

2)−2sΓ

2s︷ ︸︸ ︷
abc · ·
kςk′ς

(s)

2s︷ ︸︸ ︷
p̂ap̂bp̂c · ·

5.4 Re-summarize of operators p̂a, ∂̂a and Γabc··+ (s),Γabc··− (s)

Def. 5.4.1. p̂a := pa
|~p| = (p̂, i); p̂ = ~p

|~p| , p̂π = pπ
|~p| = i; p̂2 = 1, p̂2

π = i2

Def. 5.4.2. ∂̂a := ∂a
i
√
−∇2

= −i∂a√
−∇2

= (−i∇,−∂t)√
−∇2

; ∇̂ = ∇
i
√
−∇2

= −i∇√
−∇2

; ∇̂2 = 1, ∇̂2
π = i2

Cor. 5.4.1. pa ' −i∂a, |~p| '
√
−∇2, p̂a ' ∂̂a, pa = |~p|p̂a, ∂a = (i

√
−∇2)∂̂a

Def. 5.4.3. odd := −, even := +

Def. 5.4.4.


Γ

2s︷ ︸︸ ︷
abc · ·(s) = 1 · Γ

2s−2l︷︸︸︷
ij · ·

2l︷ ︸︸ ︷
π · ·π(s), 1 · Γ

2s−2l−1︷︸︸︷
ij · ·

2l+1︷ ︸︸ ︷
π · ·π(s), l = 0, ··, 2s

Γ

2s︷ ︸︸ ︷
abc · ·
+ (s) := 1 · Γ

2s−2l︷︸︸︷
ij · ·

2l︷ ︸︸ ︷
π · ·π(s), 0 · Γ

2s−2l−1︷︸︸︷
ij · ·

2l+1︷ ︸︸ ︷
π · ·π(s), l = 0, ··, 2s

Γ

2s︷ ︸︸ ︷
abc · ·
− (s) := 0 · Γ

2s−2l︷︸︸︷
ij · ·

2l︷ ︸︸ ︷
π · ·π(s), 1 · Γ

2s−2l−1︷︸︸︷
ij · ·

2l+1︷ ︸︸ ︷
π · ·π(s), l = 0, ··, 2s

Cor. 5.4.2. Γ

2s︷ ︸︸ ︷
abc · ·(s) = Γ

2s︷ ︸︸ ︷
abc · ·
+ (s) + Γ

2s︷ ︸︸ ︷
abc · ·
− (s)

5.5 Properties of operators Γabc··± (s)∂a∂b∂c · · and Γabc··± (s)∂̂a∂̂b∂̂c · · under shelly conditions

Cor. 5.5.1. ∂a∂aψ = 0⇒


Γ

2s︷ ︸︸ ︷
abc · ·
+ (s)

2s︷ ︸︸ ︷
∂a∂b∂c · ·ψ =

[s]∑
l=0

C2n
2s Γ

2s−2l︷︸︸︷
ij · ·

2l︷ ︸︸ ︷
π · ·π(s)

2s−2l︷ ︸︸ ︷
∂i∂j · ·(

√
−∇2)2lψ

Γ

2s︷ ︸︸ ︷
abc · ·
− (s)

2s︷ ︸︸ ︷
∂a∂b∂c · ·ψ =

[s− 1
2 ]∑

l=0

C2n+1
2s Γ

2s−2l−1︷︸︸︷
ij · ·

2l+1︷ ︸︸ ︷
π · ·π(s)

2s−2n−1︷ ︸︸ ︷
∂i∂j · · (

√
−∇2)2l∂πψ

Cor. 5.5.2. ∂a∂aψ = 0⇒


Γ

2s︷ ︸︸ ︷
abc · ·
+ (s)

2s︷ ︸︸ ︷
∂̂a∂̂b∂̂c · ·ψ =

[s]∑
n=0

(−1)lC2l
2sΓ

2s−2l︷︸︸︷
ij · ·

2l︷ ︸︸ ︷
π · ·π(s)

2s−2l︷ ︸︸ ︷
∂̂i∂̂j · ·ψ

Γ

2s︷ ︸︸ ︷
abc · ·
− (s)

2s︷ ︸︸ ︷
∂̂a∂̂b∂̂c · ·ψ =

[s− 1
2 ]∑

n=0
(−1)lC2l+1

2s Γ

2s−2l−1︷︸︸︷
ij · ·

2l+1︷ ︸︸ ︷
π · ·π(s)

2s−2l−1︷ ︸︸ ︷
∂̂i∂̂j · · ∂̂πψ

Cor. 5.5.3. ∂a∂aψ = 0⇒


Γ

2s︷ ︸︸ ︷
abc · ·
+ (s)

2s︷ ︸︸ ︷
∂̂a∂̂b∂̂c · ·ψ = Γ

2s︷ ︸︸ ︷
abc · ·
+ (s)

2s,∂̂π→i︷ ︸︸ ︷
∂̂a∂̂b∂̂c · ·ψ

Γ

2s︷ ︸︸ ︷
abc · ·
− (s)

2s︷ ︸︸ ︷
∂̂a∂̂b∂̂c · ·ψ = −iΓ

2s︷ ︸︸ ︷
abc · ·
− (s)

2s,∂̂π→i︷ ︸︸ ︷
∂̂a∂̂b∂̂c · · ∂̂πψ

5.6 Properties of operators Γabc··(s)∂a∂b∂c · ·∆(x− x′)|t=t′

Pro. 5.6.1.


Γ

2s︷ ︸︸ ︷
abc · ·
− (s)

2s︷ ︸︸ ︷
papbpc · · :=

[s− 1
2 ]∑

l=0

C2l+1
2s Γ

2s−2l−1︷︸︸︷
ij · ·

2l+1︷ ︸︸ ︷
π · ·π(s)

2s−2l−1︷ ︸︸ ︷
pipj · · p2l+1

π

Γ

2s︷ ︸︸ ︷
abc · ·
− (s)

2s︷ ︸︸ ︷
∂a∂b∂c · · :=

[s− 1
2 ]∑

l=0

C2l+1
2s Γ

2s−2l−1︷︸︸︷
ij · ·

2l+1︷ ︸︸ ︷
π · ·π(s)

2s−2l−1︷ ︸︸ ︷
∂i∂j · · ∂2l+1

π
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Cor. 5.6.1.
Γ

2s︷ ︸︸ ︷
abc · ·(s)

2s︷ ︸︸ ︷
∂a∂b∂c · ·∆(x− x′)|t=t′ = i

[s− 1
2 ]∑

l=0

(−1)lC2l+1
2s Γ

2s−2l−1︷︸︸︷
ij · ·

2l+1︷ ︸︸ ︷
π · ·π(s)

2s−2l−1︷ ︸︸ ︷
∂i∂j · · ∇2lδ3(~r − ~r′)

Γ

2s︷ ︸︸ ︷
abc · ·(s)

2s︷ ︸︸ ︷
∂̂a∂̂b∂̂c · ·∆(x− x′)|t=t′ = 1√

−∇2

[s− 1
2 ]∑

l=0

(−1)lC2l+1
2s Γ

2s−2l−1︷︸︸︷
ij · ·

2l+1︷ ︸︸ ︷
π · ·π(s)

2s−2l−1︷ ︸︸ ︷
∂̂i∂̂j · · δ3(~r − ~r′)

Γ

2s︷ ︸︸ ︷
abc · ·(s)

2s︷ ︸︸ ︷
∂a∂b∂c · ·∆(x− x′)|t=t′ = (i

√
−∇2)2s−1Γ

2s︷ ︸︸ ︷
abc · ·
− (s)

2s,∂̂π→i︷ ︸︸ ︷
∂̂a∂̂b∂̂c · · δ3(~r − ~r′)

Γ

2s︷ ︸︸ ︷
abc · ·(s)

2s︷ ︸︸ ︷
∂̂a∂̂b∂̂c · ·∆(x− x′)|t=t′ = 1

i
√
−∇2

Γ

2s︷ ︸︸ ︷
abc · ·
− (s)

2s,∂̂π→i︷ ︸︸ ︷
∂̂a∂̂b∂̂c · · δ3(~r − ~r′)

5.7 Properties of operators Γabc··(s)∂a∂b∂c · ·|∂π∆(x− x′)|t=t′
Cor. 5.7.1.

Γ

2s︷ ︸︸ ︷
abc · ·(s)

2s︷ ︸︸ ︷
∂a∂b∂c · · ∂π∆(x− x′)|t=t′ = i

[s]∑
l=0

(−1)lC2l
2sΓ

2s−2l︷︸︸︷
ij · ·

2l︷ ︸︸ ︷
π · ·π(s)

2s−2l︷ ︸︸ ︷
∂i∂j · · ∇2lδ3(~r − ~r′)

Γ

2s︷ ︸︸ ︷
abc · ·(s)

2s︷ ︸︸ ︷
∂̂a∂̂b∂̂c · · ∂π∆(x− x′)|t=t′ = i

[s]∑
l=0

(−1)lC2l
2sΓ

2s−2l︷︸︸︷
ij · ·

2l︷ ︸︸ ︷
π · ·π(s)

2s−2l︷ ︸︸ ︷
∂̂i∂̂j · · δ3(~r − ~r′)

Γ

2s︷ ︸︸ ︷
abc · ·(s)

2s︷ ︸︸ ︷
∂a∂b∂c · · ∂π∆(x− x′)|t=t′ = i(i

√
−∇2)2sΓ

2s︷ ︸︸ ︷
abc · ·
+ (s)

2s,∂̂π→i︷ ︸︸ ︷
∂̂a∂̂b∂̂c · · δ3(~r − ~r′)

Γ

2s︷ ︸︸ ︷
abc · ·(s)

2s︷ ︸︸ ︷
∂̂a∂̂b∂̂c · · ∂π∆(x− x′)|t=t′ = iΓ

2s︷ ︸︸ ︷
abc · ·
+ (s)

2s,∂̂π→i︷ ︸︸ ︷
∂̂a∂̂b∂̂c · · δ3(~r − ~r′)

5.8 Several important theorems

Thm. 5.8.1.
Γ

2s︷ ︸︸ ︷
abc · ·(s)

2s︷ ︸︸ ︷
∂̂a∂̂b∂̂c · · ∂̂π∆(x− x′)|t=t′ = iΓ

2s︷ ︸︸ ︷
abc · ·
+ (s)

2s,∂̂π→i︷ ︸︸ ︷
∂̂a∂̂b∂̂c · · δ3(~r − ~r′)

Γ

2s︷ ︸︸ ︷
abc · ·(s)

2s︷ ︸︸ ︷
∂̂a∂̂b∂̂c · ·∆(x− x′)|t=t′ = 1

i
√
−∇2

Γ

2s︷ ︸︸ ︷
abc · ·
− (s)

2s,∂̂π→i︷ ︸︸ ︷
∂̂a∂̂b∂̂c · · δ3(~r − ~r′)

Thm. 5.8.2.
Γ

2n︷ ︸︸ ︷
abc · ·(n)

2n︷ ︸︸ ︷
∂̂a∂̂b∂̂c · · ∂̂π∆(x− x′)|t=t′ = iΓ

2n︷ ︸︸ ︷
abc · ·
+ (n)

2n,∂̂π→i︷ ︸︸ ︷
∂̂a∂̂b∂̂c · · δ3(~r − ~r′)

Γ

2n+1︷ ︸︸ ︷
abc · ·(n+ 1

2 )

2n+1︷ ︸︸ ︷
∂̂a∂̂b∂̂c · ·∆(x− x′)|t=t′ = 1

i
√
−∇2

Γ

2n+1︷ ︸︸ ︷
abc · ·
− (n+ 1

2 )

2n+1,∂̂π→i︷ ︸︸ ︷
∂̂a∂̂b∂̂c · · δ3(~r − ~r′)

Ass. 5.8.1.

Γ

2s︷ ︸︸ ︷
ab · ·
+ (s)

2s︷ ︸︸ ︷
p̂ap̂b · ·λ(p̂,−sς) = Γ

2s︷ ︸︸ ︷
ab · ·
− (s)

2s︷ ︸︸ ︷
p̂ap̂b · ·λ(p̂,−sς) = 1

2Γ

2s︷ ︸︸ ︷
ab · ·(s)

2s︷ ︸︸ ︷
p̂ap̂b · ·λ(p̂,−sς) = (i

√
2)2s

2 λ(p̂,−sς)

his conjecture has been verified to be correct for the low spin case, but it needs to be strictly proved
for the general case.

Cor. 5.8.1.
Γ

2n︷ ︸︸ ︷
abc · ·
kςk′ς

(n)

2n︷ ︸︸ ︷
∂̂a∂̂b∂̂c · ·ψ(~r, t;n) = (−2)nψ(~r, t;n)

Γ

2n+1︷ ︸︸ ︷
abc · ·
kςk′ς

(n+ 1
2 )

2n+1︷ ︸︸ ︷
∂̂a∂̂b∂̂c · · ∂̂πψ(~r, t;n+ 1

2 ) = −(−2)n
√

2ψ(~r, t;n+ 1
2 )

Proof: Γ

2n︷ ︸︸ ︷
abc · ·
kςk′ς

(n)

2n︷ ︸︸ ︷
∂̂a∂̂b∂̂c · ·ψ(~r, t;n)

= 1
(2π)3/2

∫
~p6=0

|~p|(n−
1
2 )Γ

2n︷ ︸︸ ︷
abc · ·
kςk′ς

(n)

2n︷ ︸︸ ︷
p̂ap̂bp̂c · ·λ(p̂,−nς)[a1(~p,−nς)eip·x + (−1)2na+

2 (~p,−nς)e−ip·x]d3~p

= 1
(2π)3/2

∫
~p6=0

|~p|(n−
1
2 )(i
√

2)2nλ(p̂,−sς)λ(p̂,−nς)[a1(~p,−nς)eip·x + a+
2 (~p,−nς)e−ip·x]d3~p

= (−2)nψ(~r, t;n)
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Proof: Γ

2n+1︷ ︸︸ ︷
abc · ·
kςk′ς

(n+ 1
2 )

2n+1︷ ︸︸ ︷
∂̂a∂̂b∂̂c · · ∂̂πψ(~r, t;n+ 1

2 )

= 1
(2π)3/2

∫
~p6=0

d3~p

|~p|nΓ

2n︷ ︸︸ ︷
abc · ·
kςk′ς

(n+ 1
2 )

2n+1︷ ︸︸ ︷
p̂ap̂bp̂c · · p̂πλ(p̂,−(n+ 1

2 )ς)[a1(~p,−(n+ 1
2 )ς)eip·x − (−1)2n+1a+

2 (~p,−(n+ 1
2 )ς)e−ip·x]

= 1
(2π)3/2

∫
~p6=0

|~p|ni(i
√

2)2n+1λ(p̂,−(n+ 1
2 )ς)λ(p̂,−(n+ 1

2 )ς)[a1(~p,−(n+ 1
2 )ς)eip·x + a+

2 (~p,−(n+ 1
2 )ς)e−ip·x]d3~p

= i(i
√

2)2n+1ψ(~r, t;n+ 1
2 )

6 Commutative rule of s-spin field
6.1 Commutative and anticommutative formulas

Cor. 6.1.1.

{
[A,BC] = [A,B]C +B[A,C], [A,CB] = [A,C]B + C[A,B]

[A,BC] = {A,B}C −B{A,C}, [A,CB] = {A,C}B − C{A,B}

Cor. 6.1.2.

{
[A, {B,C}] = {[A,B], C}+ {B, [A,C]}
[A, [B,C]] = {{A,B}, C} − {B, {A,C}}

6.2 General covariant commutation rules in mathematics for s-spin field

Thm. 6.2.1.

{
[aσ(~p,−sς), a+

σ′(~p
′,−sς)]± = δσδσσ′δ

3(~p− ~p′)
[aσ(~p,−sς), aσ′(~p′,−sς)]± = 0, [a+

σ (~p,−sς), a+
σ′(~p

′,−sς)]± = 0

⇒


[Ψkς (x),Ψ+

k′ς
(x′)]±

= i(−
√

2)−2(s−1)Γ

2s︷ ︸︸ ︷
abc · ·
kςk′ς

(s)

2s︷ ︸︸ ︷
∂a∂b∂c · ·{[δ1 ± (−1)2sδ2]∆(+)(x− x′)± (−1)2s+1δ2∆(x− x′)}

[Ψkς (x),Ψβς (x
′)]± = 0, [Ψ+

k′ς
(x),Ψ+

β′ς
(x′)]± = 0

Proof: [Ψ
(+)
kς

(x),Ψ
(+)+
k′ς

(x′)]±

= 1
(2π)3

∫
~p6=0

λkς (p̂,−sς)λ+
k′ς

(~p′,−sς)|~p|(2s−1)/2|~p′|(2s−1)/2[a1(~p,−sς), a+
1 (~p′,−sς)]±eip·(x−x

′)d3~pd3~p′

= 1
(2π)3

∫
λkς (p̂,−sς)λ+

k′ς
(~p′,−sς)|~p|2s−1δ1δ

3(~p− ~p′)eip·(x−x′)d3~pd3~p′

= 1
(2π)3

∫
λkς (p̂,−sς)λ+

k′ς
(p̂,−sς)δ1|~p|2s−1eip·(x−x

′)d3~p

= 1
(2π)3

∫
(i
√

2)−2sΓ

2s︷ ︸︸ ︷
abc · ·
kςk′ς

(s)

2s︷ ︸︸ ︷
p̂ap̂bp̂c · · δ1|~p|2s−1eip·(x−x

′)d3~p

= −(i
√

2)−2(s−1) δ1
(2π)3

∫
1

2|~p|Γ

2s︷ ︸︸ ︷
abc · ·
kςk′ς

(s)

2s︷ ︸︸ ︷
papbpc · · eip·(x−x

′)d3~p

= i−2s(
√

2)−2(s−1) δ1
(2π)3

∫
1

2|~p| i
−2sΓ

2s︷ ︸︸ ︷
abc · ·
kςk′ς

(s)

2s︷ ︸︸ ︷
∂a∂b∂c · · eip·(x−x

′)d3~p

= (−
√

2)−2(s−1) δ1
(2π)3

∫
1

2|~p|Γ

2s︷ ︸︸ ︷
abc · ·
kςk′ς

(s)

2s︷ ︸︸ ︷
∂a∂b∂c · · eip·(x−x

′)d3~p

= i(−
√

2)−2(s−1)δ1Γ

2s︷ ︸︸ ︷
abc · ·
kςk′ς

(s)

2s︷ ︸︸ ︷
∂a∂b∂c · ·∆(+)(x− x′)

Proof: [Ψ
(−)
kς

(x),Ψ
(−)+
k′ς

(x′)]±

= 1
(2π)3

∫
~p6=0

λkς (p̂,−sς)λ+
k′ς

(~p′,−sς)|~p|(2s−1)/2|~p′|(2s−1)/2[a+
2 (~p,−sς), a2(~p′,−sς)]±e−ip·(x−x

′)d3~pd3~p′

= ± 1
(2π)3

∫
λkς (p̂,−sς)λ+

k′ς
(~p′,−sς)|~p|2s−1δ2δ

3(~p− ~p′)e−ip·(x−x′)d3~pd3~p′

= ± 1
(2π)3

∫
λkς (p̂,−sς)λ+

k′ς
(p̂,−sς)δ2|~p|2s−1e−ip·(x−x

′)d3~p

= ± 1
(2π)3

∫
(i
√

2)−2sΓ

2s︷ ︸︸ ︷
abc · ·
kςk′ς

(s)

2s︷ ︸︸ ︷
p̂ap̂bp̂c · · δ2|~p|2s−1e−ip·(x−x

′)d3~p

= −± (i
√

2)−2(s−1) δ2
(2π)3

∫
1

2|~p|Γ

2s︷ ︸︸ ︷
abc · ·
kςk′ς

(s)

2s︷ ︸︸ ︷
papbpc · · e−ip·(x−x

′)d3~p

= ±i−2s(
√

2)−2(s−1) δ2
(2π)3

∫
1

2|~p| (−i)
−2sΓ

2s︷ ︸︸ ︷
abc · ·
kςk′ς

(s)

2s︷ ︸︸ ︷
∂a∂b∂c · · e−ip·(x−x

′)d3~p
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= ±(
√

2)−2(s−1) δ2
(2π)3

∫
1

2|~p|Γ

2s︷ ︸︸ ︷
abc · ·
kςk′ς

(s)

2s︷ ︸︸ ︷
∂a∂b∂c · · e−ip·(x−x

′)d3~p

= −± i(
√

2)−2(s−1)δ2Γ

2s︷ ︸︸ ︷
abc · ·
kςk′ς

(s)

2s︷ ︸︸ ︷
∂a∂b∂c · ·∆(−)(x− x′)

Proof: [Ψkς (x),Ψ+
k′ς

(x′)]±

= [Ψ
(+)
kς

(x),Ψ
(+)+
k′ς

(x′)]± + [Ψ
(−)
kς

(x),Ψ
(−)+
k′ς

(x′)]±

= i(−
√

2)−2(s−1)Γ

2s︷ ︸︸ ︷
abc · ·
kςk′ς

(s)

2s︷ ︸︸ ︷
∂a∂b∂c · ·[δ1∆(+)(x− x′)± (−1)2s+1δ2∆(−)(x− x′)]

= i(−
√

2)−2(s−1)Γ

2s︷ ︸︸ ︷
abc · ·
kςk′ς

(s)

2s︷ ︸︸ ︷
∂a∂b∂c · ·{[δ1 ± (−1)2sδ2]∆(+)(x− x′)± (−1)2s+1δ2∆(x− x′)}

From the above, only δ1 ± (−1)−2sδ2 = 0, the micro causality is satisfied. At the same time only when
δ1, δ2 ≥ 0, the probability is just nonnegative. Therefore, among the eight covariant commutative or
anticommutative schemes in mathematics, there is only one physically reasonable scheme: That is,
when δ1 = δ2 = 1,(if not 1,it can be normalized.) It satisfies the commutative relation for bosons and
satisfies the anticommutative relation for fermions. There are actually two other options. Namely
when δ1 = δ2 = 0, it satisfies the commutative or anticommutative relation, which is just the classic
case.
6.3 Covariant commutation rules for s-spin field physics

Def. 6.3.1. ∆kςk′ς
(s;x) := (−1)2s

2s−1 Γ

2s︷ ︸︸ ︷
abc · ·
kςk′ς

(s)

2s︷ ︸︸ ︷
∂a∂b∂c · ·∆(x)

Thm. 6.3.1.
[aσ(~p,−sς), a+

σ′(~p
′,−sς)]−2s+1 = δσσ′δ

3(~p− ~p′)
[aσ(~p,−sς), aσ′(~p′,−sς)]−2s+1 = 0

[a+
σ (~p,−sς), a+

σ′(~p
′,−sς)]−2s+1 = 0

⇒


[ψkς (x), ψ+

k′ς
(x′)]−2s+1 , s ≥ 0

= i (−1)2s

2s−1 Γ

2s︷ ︸︸ ︷
abc · ·
kςk′ς

(s)

2s︷ ︸︸ ︷
∂a∂b∂c · ·∆(x− x′),Γ(0) := 1

[ψkς (x), ψlς (x
′)]−2s+1 = 0, [ψ+

k′ς
(x), ψ+

l′ς
(x′)]−2s+1 = 0

Proof: {ψkς (x), ψ+
k′ς

(x′)}
= 1

(2π)3

∫
~p6=0

λkς (p̂,−sς)λ+
k′ς

(p̂,−sς)|~p|(2s−1)/2|~p′|(2s−1)/2

{[a1(~p,−sς), a+
1 (~p′,−sς)]−2s+1eip·(x−x

′) + [a+
2 (~p,−sς), a2(~p′,−sς)]−2s+1e−ip·(x−x

′)}d3~pd3~p′

= 1
(2π)3

∫
|~p|2s−1λkς (p̂,−sς)λ+

k′ς
(p̂,−sς)[δ3(~p− ~p′)eip·(x−x′) + (−1)2s+1δ3(~p− ~p′)e−ip·(x−x′)]d3~pd3~p′

= 1
(2π)3

∫
|~p|2s−1λkς (p̂,−sς)λ+

k′ς
(p̂,−sς)[eip·(x−x′) + (−1)2s+1e−ip·(x−x

′)]d3~p

= 1
(2π)3

∫
1

2|~p|
−1

(i
√

2)2(s−1)
Γ

2s︷ ︸︸ ︷
abc · ·
kςk′ς

(s)

2s︷ ︸︸ ︷
papbpc · ·[eip·(x−x

′) + (−1)2s+1e−ip·(x−x
′)]d3~p

= 1
(2π)3

∫
1

2|~p|
(−i)2(s−1)

(i
√

2)2(s−1)
Γ

2s︷ ︸︸ ︷
abc · ·
kςk′ς

(s)

2s︷ ︸︸ ︷
∂a∂b∂c · ·[eip·(x−x

′) − e−ip·(x−x′)]d3~p

= i
(−
√

2)2(s−1)
Γ

2s︷ ︸︸ ︷
abc · ·
kςk′ς

(s)

2s︷ ︸︸ ︷
∂a∂b∂c · · −i(2π)3

∫
1

2|~p| [e
ip·(x−x′) − e−ip·(x−x′)]d3~p

= i
(−
√

2)2(s−1)
Γ

2s︷ ︸︸ ︷
abc · ·
kςk′ς

(s)

2s︷ ︸︸ ︷
∂a∂b∂c · ·∆(x− x′)

= i∆kςk′ς
(s;x− x′)

6.4 Isochronous commutation rules for s-spin field

Cor. 6.4.1.

∆kςk′ς (s;x) := (−1)2s

2s−1 Γ

2s︷ ︸︸ ︷
abc · ·
kςk′ς

(s)

2s︷ ︸︸ ︷
∂a∂b∂c · ·∆(x),∆kςk′ς (s;x)|t=0 = (−1)2s

2s−1 (i
√
−∇2)2s−1Γ

2s︷ ︸︸ ︷
abc · ·
− (s)

2s,∂̂π→i︷ ︸︸ ︷
∂̂a∂̂b∂̂c · · δ3(~r)

Cor. 6.4.2.

[ψkς (x), ψ+
k′ς

(x′)]−2s+1 , s ≥ 0

= i (−1)2s

2s−1 Γ

2s︷ ︸︸ ︷
abc · ·
kςk′ς

(s)

2s︷ ︸︸ ︷
∂a∂b∂c · ·∆(x− x′)

[ψkς (x), ψlς (x
′)]−2s+1 = 0

[ψ+
k′ς

(x), ψ+
l′ς

(x′)]−2s+1 = 0

⇒



[ψkς (~r, t), ψ
+
k′ς

(~r′, t)]−2s+1 , s > 0

= i (−1)2s

2s−1 (i
√
−∇2)2s−1Γ

2s︷ ︸︸ ︷
abc · ·
− (s)

2s,∂̂π→i︷ ︸︸ ︷
∂̂a∂̂b∂̂c · · δ3(~r − ~r′)

[ψkς (~r, t), ψlς (~r
′, t)]−2s+1 = 0

[ψ+
k′ς

(~r, t), ψ+
l′ς

(~r′, t)]−2s+1 = 0
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Cor. 6.4.3.

[ψ̇kς (x), ψ+
k′ς

(x′)]−2s+1 , s ≥ 0

= i (−1)2s

2s−1 Γ

2s︷ ︸︸ ︷
abc · ·
kςk′ς

(s)

2s︷ ︸︸ ︷
∂a∂b∂c · · i∂π∆(x− x′)

[ψkς (x), ψlς (x
′)]−2s+1 = 0

[ψ+
k′ς

(x), ψ+
l′ς

(x′)]−2s+1 = 0

⇒



[ψ̇kς (~r, t), ψ
+
k′ς

(~r′, t)]−2s+1 , s > 0

= i (−1)2s+1

2s−1 (i
√
−∇2)2sΓ

2s︷ ︸︸ ︷
abc · ·
+ (s)

2s,∂̂π→i︷ ︸︸ ︷
∂̂a∂̂b∂̂c · · δ3(~r − ~r′)

[ψkς (~r, t), ψlς (~r
′, t)]−2s+1 = 0

[ψ+
k′ς

(~r, t), ψ+
l′ς

(~r′, t)]−2s+1 = 0

Cor. 6.4.4.

[ψkς (x), ψ+
k′ς

(x′)]−2s+1 , s ≥ 0

= i (−1)2s

2s−1 Γ

2s︷ ︸︸ ︷
abc · ·
kςk′ς

(s)

2s︷ ︸︸ ︷
∂a∂b∂c · ·∆(x− x′)

[ψkς (x), ψlς (x
′)]−2s+1 = 0

[ψ+
k′ς

(x), ψ+
l′ς

(x′)]−2s+1 = 0

⇒



[ψkς (~r, t), ψ
+
k′ς

(~r′, t)]−2s+1 = (−1)2s+1

2s−1 , s > 0

[s− 1
2 ]∑

n=0
(−1)nC2n+1

2s Γ

2s−2n−1︷︸︸︷
ij · ·

2n+1︷ ︸︸ ︷
π · ·π

kςk′ς
(s)

2s−2n−1︷ ︸︸ ︷
∂i∂j · · ∇2nδ3(~r − ~r′)

[ψkς (~r, t), ψlς (~r
′, t)]−2s+1 = 0

[ψ+
k′ς

(~r, t), ψ+
l′ς

(~r′, t)]−2s+1 = 0

Cor. 6.4.5.

[ψkς (~r, t), ψ
+
k′ς

(~r′, t)]−2s+1 = (−1)2s+1

2s−1 , s > 0

[s− 1
2 ]∑

n=0
(−1)nC2n+1

2s Γ

2s−2n−1︷︸︸︷
ij · ·

2n+1︷ ︸︸ ︷
π · ·π

kςk′ς
(s)

2s−2n−1︷ ︸︸ ︷
∂i∂j · · ∇2nδ3(~r − ~r′)

[ψkς (~r, t), ψlς (~r
′, t)]−2s+1 = 0

[ψ+
k′ς

(~r, t), ψ+
l′ς

(~r′, t)]−2s+1 = 0

⇒


[aσ(~p,−sς), a+

σ′(~p
′,−sς)]−2s+1

= δσσ′δ
3(~p− ~p′)

[aσ(~p,−sς), aσ′(~p′,−sς)]−2s+1 = 0

[a+
σ (~p,−sς), a+

σ′(~p
′,−sς)]−2s+1 = 0

Proof: [a1(~p,−sς), a+
1 (~p′,−sς)]−2s+1

= 1
(2π)3

1
(|~p||~p′|)(2s−1)/2

∫
[λ+kς (p̂,−sς)Ψkς (~r, t)e

−i(~p·~r−Et), λk
′
ς (~p′,−sς)Ψ+

k′ς
(~r′, t)ei(~p

′·~r′−E′t)]−2s+1d3~rd3~r′

= 1
(2π)3

1
(|~p||~p′|)(2s−1)/2

∫
λ+kς (p̂,−sς)λk′ς (~p′,−sς)[Ψkς (~r, t),Ψ

+
k′ς

(~r′, t)]−2s+1e−i(~p·~r−Et)ei(~p
′·~r′−E′t)d3~rd3~r′

= 1
(2π)3

1
(|~p||~p′|)(2s−1)/2

∫
d3~rd3~r′ (−1)2s+1

2s−1

λ+kς (p̂,−sς)λk′ς (~p′,−sς)
[s− 1

2 ]∑
n=0

(−1)nC2n+1
2s Γ

2s−2n−1︷︸︸︷
ij · ·

2n+1︷ ︸︸ ︷
π · ·π

kςk′ς
(s)

2s−2n−1︷ ︸︸ ︷
∂i∂j · · ∇2nδ3(~r − ~r′)e−i(~p·~r−Et)ei(~p′·~r′−E′t)

= 1
(2π)3

1
(|~p||~p′|)(2s−1)/2

∫
d3~r (−1)2s+1

2s−1

i2s−1λ+kς (p̂,−sς)λk′ς (~p′,−sς)
[s− 1

2 ]∑
n=0

(−1)nC2n+1
2s Γ

2s−2n−1︷︸︸︷
ij · ·

2n+1︷ ︸︸ ︷
π · ·π

kςk′ς
(s)

2s−2n−1︷ ︸︸ ︷
pipj · · ~p2ne−i(~p·~r−Et)ei(~p

′·~r−E′t)

= (−i)2s−1

2s−1 λ+(p̂,−sς)
[s− 1

2 ]∑
n=0

(−1)nC2n+1
2s Γ

2s−2n−1︷︸︸︷
ij · ·

2n+1︷ ︸︸ ︷
π · ·π(s)

2s−2n−1︷ ︸︸ ︷
p̂ip̂j · · λ(~p′,−sς)δ3(~p− ~p′)

= (−i)2s

2s−1 λ
+(p̂,−sς)Γ

2s︷ ︸︸ ︷
abc · ·
− (s)

2s︷ ︸︸ ︷
p̂ap̂bp̂c · ·λ(~p′,−sς)δ3(~p− ~p′)

= (−i)2s

2s−1
1
2 (i
√

2)2sλ+(p̂,−sς)λ(p̂,−sς)δ3(~p− ~p′)
= λ+(p̂,−sς)λ(p̂,−sς)δ3(~p− ~p′)
= δ3(~p− ~p′)

Proof: [a+
2 (~p,−sς), a2(~p′,−sς)]−2s+1

= 1
(2π)3

1
(|~p||~p′|)(2s−1)/2

∫
[λ+kς (p̂,−sς)Ψkς (~r, t)e

i(~p·~r−Et), λk
′
ς (~p′,−sς)Ψ+

k′ς
(~r′, t)e−i(~p

′·~r′−E′t)]−2s+1d3~rd3~r′

= 1
(2π)3

1
(|~p||~p′|)(2s−1)/2

∫
λ+kς (p̂,−sς)λk′ς (~p′,−sς)[Ψkς (~r, t),Ψ

+
k′ς

(~r′, t)]−2s+1ei(~p·~r−Et)e−i(~p
′·~r′−E′t)d3~rd3~r′

= 1
(2π)3

1
(|~p||~p′|)(2s−1)/2

∫
d3~rd3~r′ (−1)2s+1

2s−1

λ+kς (p̂,−sς)λk′ς (~p′,−sς)
[s− 1

2 ]∑
n=0

(−1)nC2n+1
2s Γ

2s−2n−1︷︸︸︷
ij · ·

2n+1︷ ︸︸ ︷
π · ·π

kςk′ς
(s)

2s−2n−1︷ ︸︸ ︷
∂i∂j · · ∇2nδ3(~r − ~r′)ei(~p·~r−Et)e−i(~p′·~r′−E′t)

= 1
(2π)3

1
(|~p||~p′|)(2s−1)/2

∫
d3~r (−1)2s+1

2s−1 i

(−i)2s−1λ+kς (p̂,−sς)λk′ς (~p′,−sς)
[s− 1

2 ]∑
n=0

(−1)nC2n+1
2s Γ

2s−2n−1︷︸︸︷
ij · ·

2n+1︷ ︸︸ ︷
π · ·π

kςk′ς
(s)

2s−2n−1︷ ︸︸ ︷
pipj · · ~p2nei(~p·~r−Et)e−i(~p

′·~r−E′t)

= (i)2s−1

2s−1 λ+(p̂,−sς)
[s− 1

2 ]∑
n=0

(−1)nC2n+1
2s Γ

2s−2n−1︷︸︸︷
ij · ·

2n+1︷ ︸︸ ︷
π · ·π(s)

2s−2n−1︷ ︸︸ ︷
p̂ip̂j · · λ(~p′,−sς)δ3(~p− ~p′)

= − (i)2s

2s−1 ςλ
+(p̂,−sς)Γ

2s︷ ︸︸ ︷
abc · ·
− (s)

2s︷ ︸︸ ︷
p̂ap̂bp̂c · ·λ(~p′,−sς)δ3(~p− ~p′)
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= − (i)2s

2s−1
1
2 (i
√

2)2sλ+(p̂,−sς)λ(p̂,−sς)δ3(~p− ~p′)
= (−1)2s+1λ+(p̂,−sς)λ(p̂,−sς)δ3(~p− ~p′)
= (−1)2s+1δ3(~p− ~p′)

6.5 Commutation function, causality function and Feynman propagator of s-spin field

Lem. 6.5.1. [θ(t), (−1)2s

2s−1 Γ

2s︷ ︸︸ ︷
abc · ·
kςk′ς

(s)

2s︷ ︸︸ ︷
∂a∂b∂c · ·]∆(+)(x)− [θ(−t), (−1)2s

2s−1 Γ

2s︷ ︸︸ ︷
abc · ·
kςk′ς

(s)

2s︷ ︸︸ ︷
∂a∂b∂c · ·]∆(−)(x)

= i2s−2

2s−1

2s−1∑
n=0

inCn2sΓ

n︷︸︸︷
ij · ·

2s−n︷︸︸︷
π · ·

kςk′ς
(s)[∂2s−1−n

t δ(t)]

n︷ ︸︸ ︷
∂i∂j · ·∆(x)

Proof: [θ(t), (−1)2s

2s−1 Γ

2s︷ ︸︸ ︷
abc · ·
kςk′ς

(s)

2s︷ ︸︸ ︷
∂a∂b∂c · ·]

= (−1)2s

2s−1 Γ

2s︷ ︸︸ ︷
abc · ·
kςk′ς

(s)[θ(t),

2s︷ ︸︸ ︷
∂a∂b∂c · ·]

= (−1)2s−1

2s−1

2s−1∑
n=0

Cn2sΓ

n︷︸︸︷
ij · ·

2s−n︷︸︸︷
π · ·

kςk′ς
(s)[∂2s−n

π θ(t)]

n︷ ︸︸ ︷
∂i∂j · ·

= i2s−2

2s−1

2s−1∑
n=0

inCn2sΓ

n︷︸︸︷
ij · ·

2s−n︷︸︸︷
π · ·

kςk′ς
(s)[∂2s−n

t θ(t)]

n︷ ︸︸ ︷
∂i∂j · ·

Proof: [θ(−t), (−1)2s

2s−1 Γ

2s︷ ︸︸ ︷
abc · ·
kςk′ς

(s)

2s︷ ︸︸ ︷
∂a∂b∂c · ·]

= (−1)2s

2s−1 Γ

2s︷ ︸︸ ︷
abc · ·
kςk′ς

(s)[θ(−t),
2s︷ ︸︸ ︷

∂a∂b∂c · ·]

= (−1)2s−1

2s−1

2s−1∑
n=0

Cn2sΓ

n︷︸︸︷
ij · ·

2s−n︷︸︸︷
π · ·

kςk′ς
(s)[∂2s−n

π θ(−t)]
n︷ ︸︸ ︷

∂i∂j · ·

= i2s−2

2s−1

2s−1∑
n=0

inCn2sΓ

n︷︸︸︷
ij · ·

2s−n︷︸︸︷
π · ·

kςk′ς
(s)[∂2s−n

t θ(−t)]
n︷ ︸︸ ︷

∂i∂j · ·

Proof: [θ(t), (−1)2s

2s−1 Γ

2s︷ ︸︸ ︷
abc · ·
kςk′ς

(s)

2s︷ ︸︸ ︷
∂a∂b∂c · ·]∆(+)(x)− [θ(−t), (−1)2s

2s−1 Γ

2s︷ ︸︸ ︷
abc · ·
kςk′ς

(s)

2s︷ ︸︸ ︷
∂a∂b∂c · ·]∆(−)(x)

= [θ(t), (−1)2s

2s−1 Γ

2s︷ ︸︸ ︷
abc · ·
kςk′ς

(s)

2s︷ ︸︸ ︷
∂a∂b∂c · ·]∆(x)− [θ(t) + θ(−t), (−1)2s

2s−1 Γ

2s︷ ︸︸ ︷
abc · ·
kςk′ς

(s)

2s︷ ︸︸ ︷
∂a∂b∂c · ·]∆(−)(x)

= [θ(t), (−1)2s

2s−1 Γ

2s︷ ︸︸ ︷
abc · ·
kςk′ς

(s)

2s︷ ︸︸ ︷
∂a∂b∂c · ·]∆(x)

= i2s−2

2s−1

2s−1∑
n=0

inCn2sΓ

n︷︸︸︷
ij · ·

2s−n︷︸︸︷
π · ·

kςk′ς
(s)[∂2s−n

t θ(t)]

n︷ ︸︸ ︷
∂i∂j · ·∆(x)

= i2s−2

2s−1

2s−1∑
n=0

inCn2sΓ

n︷︸︸︷
ij · ·

2s−n︷︸︸︷
π · ·

kςk′ς
(s)[∂2s−1−n

t δ(t)]

n︷ ︸︸ ︷
∂i∂j · ·∆(x)

Lem. 6.5.2. [spa + iSab(s, ς)p
b]λ(p̂,−sς) = 0

Proof: [spa + iSab(s, ς)p
b]λ(p̂,−sς)

= |~p|{s[exp{i (R×p̂)z√
1−p̂2

z

arccosp̂z}
[

0
0
1
i

]
]a + iSab(s, ς)[exp{i (R×p̂)z√

1−p̂2
z

arccosp̂z}
[

0
0
1
i

]
]b}

exp{i [σ(2)×p̂]z√
1−p̂2

z

arccosp̂z}λ(
[

0
0
1

]
,−sς)

= exp{i (R×p̂)z√
1−p̂2

z

arccosp̂z}|acexp{i [σ(2)×p̂]z√
1−p̂2

z

arccosp̂z}|~p|[s
[

0
0
1
i

]
c

+ iScd(s, ς)

[
0
0
1
i

]d
]λ(
[

0
0
1

]
,−sς)

= exp{i (R×p̂)z√
1−p̂2

z

arccosp̂z}|acexp{i [σ(2)×p̂]z√
1−p̂2

z

arccosp̂z}|~p| · 0
= 0

Lem. 6.5.3. [s∂a + iSab(s, ς)∂
b]jς

kς∆kςk′ς
(s;x) = 0, [s∂a + iSab(s, ς)∂

b]∆(s;x) = 0

Proof: [s∂a + iSab(s, ς)∂
b]jς

kς∆kςk′ς
(s;x)

= (−1√
2
)2(s−1)[s∂a + iSab(s, ς)∂

b]jς
kςΓ

2s︷ ︸︸ ︷
abc · ·
kςk′ς

(s)

2s︷ ︸︸ ︷
∂a∂b∂c · ·∆(x)
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= (−1√
2
)2(s−1)i2s+1 −i

(2π)3

∫
[spa + iSab(s, ς)p

b]jς
kςΓ

2s︷ ︸︸ ︷
abc · ·
kςk′ς

(s)

2s︷ ︸︸ ︷
papbpc · · 1

2|~p| [e
ip·x − (−1)2s+1e−ip·x]d3~p

= (− 1
2 )2s−1 −1

(2π)3

∫
[spa + iSab(s, ς)p

b]jς
kςλkς (p̂,−sς)λ+

k′ς
(p̂,−sς)

2s︷ ︸︸ ︷
papbpc · · 1

2|~p|2s+1 [eip·x − (−1)2s+1e−ip·x]d3~p

= (− 1
2 )2s−1 −1

(2π)3

∫
0 · λ+

k′ς
(p̂,−sς)

2s︷ ︸︸ ︷
papbpc · · 1

2|~p|2s+1 [eip·x − (−1)2s+1e−ip·x]d3~p

= 0

Def. 6.5.1.
∆(x) = ∆(+)(x) + ∆(−)(x) = ∆ret(x)−∆adv(x)

∆(l)(x) = i[∆(−)(x)−∆(+)(x)]

∆F (x) = 〈Tϕ(x)ϕ(x′)〉0 = i∆(c)(x− x′)


∆(c)(x) = θ(t)∆(+)(x)− θ(−t)∆(−)(x)

∆ret(x) = θ(t)∆(x) = ∆(c)(x) + ∆(−)(x)

∆adv(x) = −θ(−t)∆(x) = ∆(c)(x)−∆(+)(x)

Cor. 6.5.1.

∆kςk′ς
(s;x) := (−1)2s

2s−1 Γ

2s︷ ︸︸ ︷
abc · ·
kςk′ς

(s)

2s︷ ︸︸ ︷
∂a∂b∂c · ·∆(x)

∆
(+)
kςk′ς

(s;x) := (−1)2s

2s−1 Γ

2s︷ ︸︸ ︷
abc · ·
kςk′ς

(s)

2s︷ ︸︸ ︷
∂a∂b∂c · ·∆(+)(x)

∆
(−)
kςk′ς

(s;x) := (−1)2s

2s−1 Γ

2s︷ ︸︸ ︷
abc · ·
kςk′ς

(s)

2s︷ ︸︸ ︷
∂a∂b∂c · ·∆(−)(x)

∆
(l)
kςk′ς

(s;x) := (−1)2s

2s−1 Γ

2s︷ ︸︸ ︷
abc · ·
kςk′ς

(s)

2s︷ ︸︸ ︷
∂a∂b∂c · ·∆(l)(x)

Cor. 6.5.2.

∆
(c)
kςk′ς

(s;x) := (−1)2s

2s−1 Γ

2s︷ ︸︸ ︷
abc · ·
kςk′ς

(s)

2s︷ ︸︸ ︷
∂a∂b∂c · ·∆(c)(x) + i2s−2

2s−1

2s−1∑
n=0

inCn2sΓ

n︷︸︸︷
ij · ·

2s−n︷︸︸︷
π · ·

kςk′ς
(s)[∂2s−1−n

t δ(t)]

n︷ ︸︸ ︷
∂i∂j · ·∆(x)

∆ret
kςk′ς

(s;x) := (−1)2s

2s−1 Γ

2s︷ ︸︸ ︷
abc · ·
kςk′ς

(s)

2s︷ ︸︸ ︷
∂a∂b∂c · ·∆ret(x) + i2s−2

2s−1

2s−1∑
n=0

inCn2sΓ

n︷︸︸︷
ij · ·

2s−n︷︸︸︷
π · ·

kςk′ς
(s)[∂2s−1−n

t δ(t)]

n︷ ︸︸ ︷
∂i∂j · ·∆(x)

∆adv
kςk′ς

(s;x) := (−1)2s

2s−1 Γ

2s︷ ︸︸ ︷
abc · ·
kςk′ς

(s)

2s︷ ︸︸ ︷
∂a∂b∂c · ·∆adv(x) + i2s−2

2s−1

2s−1∑
n=0

inCn2sΓ

n︷︸︸︷
ij · ·

2s−n︷︸︸︷
π · ·

kςk′ς
(s)[∂2s−1−n

t δ(t)]

n︷ ︸︸ ︷
∂i∂j · ·∆(x)

∆Fkςk′ς
(s;x) := (−1)2s

2s−1 Γ

2s︷ ︸︸ ︷
abc · ·
kςk′ς

(s)

2s︷ ︸︸ ︷
∂a∂b∂c · ·∆F (x) + i2s−1

2s−1

2s−1∑
n=0

inCn2sΓ

n︷︸︸︷
ij · ·

2s−n︷︸︸︷
π · ·

kςk′ς
(s)[∂2s−1−n

t δ(t)]

n︷ ︸︸ ︷
∂i∂j · ·∆(x)

= i∆
(c)
kςk′ς

(s;x)

Cor. 6.5.3.

∆
(c)
kςk′ς

(s;x) := (−1)2s

2s−1 Γ

2s︷ ︸︸ ︷
abc · ·
kςk′ς

(s)

2s︷ ︸︸ ︷
∂a∂b∂c · ·∆(c)(x)

+ i2s−2

2s−1

2s−2∑
n=0

[(2s−2−n)/2]∑
l=0

inCn2sC
2l+1
2s−1−nΓ

n︷︸︸︷
ij · ·

2s−n︷︸︸︷
π · ·

kςk′ς
(s)

n︷ ︸︸ ︷
∂i∂j · · ∇2l∂2s−2−n−2l

t δ4(x)

∆ret
kςk′ς

(s;x) := (−1)2s

2s−1 Γ

2s︷ ︸︸ ︷
abc · ·
kςk′ς

(s)

2s︷ ︸︸ ︷
∂a∂b∂c · ·∆ret(x)

+ i2s−2

2s−1

2s−2∑
n=0

[(2s−2−n)/2]∑
l=0

inCn2sC
2l+1
2s−1−nΓ

n︷︸︸︷
ij · ·

2s−n︷︸︸︷
π · ·

kςk′ς
(s)

n︷ ︸︸ ︷
∂i∂j · · ∇2l∂2s−2−n−2l

t δ4(x)

∆adv
kςk′ς

(s;x) := (−1)2s

2s−1 Γ

2s︷ ︸︸ ︷
abc · ·
kςk′ς

(s)

2s︷ ︸︸ ︷
∂a∂b∂c · ·∆adv(x)

+ i2s−2

2s−1

2s−2∑
n=0

[(2s−2−n)/2]∑
l=0

inCn2sC
2l+1
2s−1−nΓ

n︷︸︸︷
ij · ·

2s−n︷︸︸︷
π · ·

kςk′ς
(s)

n︷ ︸︸ ︷
∂i∂j · · ∇2l∂2s−2−n−2l

t δ4(x)

∆Fkςk′ς
(s;x) = i∆

(c)
kςk′ς

(s;x) := (−1)2s

2s−1 Γ

2s︷ ︸︸ ︷
abc · ·
kςk′ς

(s)

2s︷ ︸︸ ︷
∂a∂b∂c · ·∆F (x)

+ i2s−1

2s−1

2s−2∑
n=0

[(2s−2−n)/2]∑
l=0

inCn2sC
2l+1
2s−1−nΓ

n︷︸︸︷
ij · ·

2s−n︷︸︸︷
π · ·

kςk′ς
(s)

n︷ ︸︸ ︷
∂i∂j · · ∇2l∂2s−2−n−2l

t δ4(x)

∆Fkςk′ς
(s; p) = (−i)2s+1

2s−1

Γ

2s︷ ︸︸ ︷
abc · ·
kςk′ς

(s)

2s︷ ︸︸ ︷
papbpc · ·

p2−iε + · · ·

Lem. 6.5.4. [s∂a + iSab(s, ς)∂
b]θ(t) = −ς[σ(s), isς]aδ(t)
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Proof: [s∂a + iSab(s, ς)∂
b]θ(t)

= [−isδa4 + Sa4(s, ς)]δ(t) = [−isδa4 − ςσa(s)]δ(t) = −ς[σ(s), isς]aδ(t)

Lem. 6.5.5. 1√
−∇2

δ3(~r) = 2∆(+)(x)|t=0 = 2∆(−)(x)|t=0

Lem. 6.5.6. [sDa + iSab(s, ς)D
b]ψ(s, ς) = −

√
2ςsZ̄a(s, ς)J̃(s)⇔ (σ ⊗ I2s,−iς)a∂aψ̃(s, ς) = iJ̃(s, ς)

Cor. 6.5.4.
[s∂a + iSab(s, ς)∂

b]∆(s;x) = 0

[s∂a + iSab(s, ς)∂
b]∆(+)(s;x) = 0

[s∂a + iSab(s, ς)∂
b]∆(−)(s;x) = 0

[s∂a + iSab(s, ς)∂
b]∆(l)(s;x) = 0



[s∂a + iSab(s, ς)∂
b]∆(c)(s;x) = −ς[σ(s), isς]aδ(t)∆(s;x)|t=0

= −
√

2ςs[−iς√
2
N̄(s)(σ, iς)a]iςδ(t)N(s)∆(s;x)|t=0

[s∂a + iSab(s, ς)∂
b]∆ret(s;x) = −ς[σ(s), isς]aδ(t)∆(s;x)|t=0

[s∂a + iSab(s, ς)∂
b]∆adv(s;x) = −ς[σ(s), isς]aδ(t)∆(s;x)|t=0

[s∂a + iSab(s, ς)∂
b]∆F (s;x) = −iς[σ(s), isς]aδ(t)∆(s;x)|t=0

[m] [m]

Cor. 6.5.5.
(σ ⊗ I22s−1 ,−iς)a∂aΓ(s)∆(s;x) = 0

(σ ⊗ I22s−1 ,−iς)a∂aΓ(s)∆(+)(s;x) = 0

(σ ⊗ I22s−1 ,−iς)a∂aΓ(s)∆(−)(s;x) = 0

(σ ⊗ I22s−1 ,−iς)a∂aΓ(s)∆(l)(s;x) = 0


(σ ⊗ I22s−1 ,−iς)a∂aΓ(s)∆(c)(s;x) = −ςδ(t)Γ(s)∆(s;x)|t=0

(σ ⊗ I22s−1 ,−iς)a∂aΓ(s)∆ret(s;x) = −ςδ(t)Γ(s)∆(s;x)|t=0

(σ ⊗ I22s−1 ,−iς)a∂aΓ(s)∆adv(s;x) = −ςδ(t)Γ(s)∆(s;x)|t=0

(σ ⊗ I22s−1 ,−iς)a∂aΓ(s)∆F (s;x) = −iςδ(t)Γ(s)∆(s;x)|t=0

[m] [m]

Cor. 6.5.6.
(σ ⊗ I2s,−iς)a∂aN(s)∆(s;x) = 0

(σ ⊗ I2s,−iς)a∂aN(s)∆(+)(s;x) = 0

(σ ⊗ I2s,−iς)a∂aN(s)∆(−)(s;x) = 0

(σ ⊗ I2s,−iς)a∂aN(s)∆(l)(s;x) = 0


(σ ⊗ I2s,−iς)a∂aN(s)∆(c)(s;x) = −ςδ(t)N(s)∆(s;x)|t=0

(σ ⊗ I2s,−iς)a∂aN(s)∆ret(s;x) = −ςδ(t)N(s)∆(s;x)|t=0

(σ ⊗ I2s,−iς)a∂aN(s)∆adv(s;x) = −ςδ(t)N(s)∆(s;x)|t=0

(σ ⊗ I2s,−iς)a∂aN(s)∆F (s;x) = −iςδ(t)N(s)∆(s;x)|t=0

[m] [m]

Cor. 6.5.7.
(σ ⊗ I22s−1 ,−iς)a∂aΓ(s)∆(s;x)Γ̄(s) = 0

(σ ⊗ I22s−1 ,−iς)a∂aΓ(s)∆(+)(s;x)Γ̄(s) = 0

(σ ⊗ I22s−1 ,−iς)a∂aΓ(s)∆(−)(s;x)Γ̄(s) = 0

(σ ⊗ I22s−1 ,−iς)a∂aΓ(s)∆(l)(s;x)Γ̄(s) = 0


(σ ⊗ I22s−1 ,−iς)a∂aΓ(s)∆(c)(s;x)Γ̄(s) = −ςδ(t)Γ(s)∆(s;x)|t=0Γ̄(s)

(σ ⊗ I22s−1 ,−iς)a∂aΓ(s)∆ret(s;x)Γ̄(s) = −ςδ(t)Γ(s)∆(s;x)|t=0Γ̄(s)

(σ ⊗ I22s−1 ,−iς)a∂aΓ(s)∆adv(s;x)Γ̄(s) = −ςδ(t)Γ(s)∆(s;x)|t=0Γ̄(s)

(σ ⊗ I22s−1 ,−iς)a∂aΓ(s)∆F (s;x)Γ̄(s) = −iςδ(t)Γ(s)∆(s;x)|t=0Γ̄(s)

[m] [m]

Cor. 6.5.8.
(σ ⊗ I2s,−iς)a∂aN(s)∆(s;x)N̄(s) = 0

(σ ⊗ I2s,−iς)a∂aN(s)∆(+)(s;x)N̄(s) = 0

(σ ⊗ I2s,−iς)a∂aN(s)∆(−)(s;x)N̄(s) = 0

(σ ⊗ I2s,−iς)a∂aN(s)∆(l)(s;x)N̄(s) = 0


(σ ⊗ I2s,−iς)a∂aN(s)∆(c)(s;x)N̄(s) = −ςδ(t)N(s)∆(s;x)|t=0N̄(s)

(σ ⊗ I2s,−iς)a∂aN(s)∆ret(s;x)N̄(s) = −ςδ(t)N(s)∆(s;x)|t=0N̄(s)

(σ ⊗ I2s,−iς)a∂aN(s)∆adv(s;x)N̄(s) = −ςδ(t)N(s)∆(s;x)|t=0N̄(s)

(σ ⊗ I2s,−iς)a∂aN(s)∆F (s;x)N̄(s) = −iςδ(t)N(s)∆(s;x)|t=0N̄(s)

[⇓] [⇓]

Cor. 6.5.9.
[σ(s),−isς]a∂a∆(s;x) = 0

[σ(s),−isς]a∂a∆(+)(s;x) = 0

[σ(s),−isς]a∂a∆(−)(s;x) = 0

[σ(s),−isς]a∂a∆(l)(s;x) = 0


[σ(s),−isς]a∂a∆(c)(s;x) = −sςδ(t)∆(s;x)|t=0

[σ(s),−isς]a∂a∆ret(s;x) = −sςδ(t)∆(s;x)|t=0

[σ(s),−isς]a∂a∆adv(s;x) = −sςδ(t)∆(s;x)|t=0

[σ(s),−isς]a∂a∆F (s;x) = −isςδ(t)∆(s;x)|t=0

6.6 Extraction of energy momentum operator for s-spin field

Cor. 6.6.1.


ψ(~r, t) := 1

(2π)3/2

∫
~p6=0

|~p|(s−
1
2 )λ(p̂,−sς)[a1(~p,−sς)eip·x + a+

2 (~p,−sς)e−ip·x]d3~p

~p|(s−
1
2 )a1(~p,−sς) = 1

(2π)3/2

∫
λ+(p̂,−sς)ψ(~r, t)e−ip·xd3~r

|~p|(s−
1
2 )a+

2 (~p,−sς) = 1
(2π)3/2

∫
λ+(p̂,−sς)ψ(~r, t)eip·xd3~r
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Lem. 6.6.1.

Γ

2s−n︷︸︸︷
ij · ·

n︷ ︸︸ ︷
π · ·π

kςk′ς
(s) ∂i∂j · ·︸ ︷︷ ︸

2s−n

ψ(~r, t) = ( 1√
2
)2sδkςk′ς∂

2s−n
π ψ(~r, t),Γ

k′ςkς
ij · ·︸︷︷︸
2s−n

π · ·π︸ ︷︷ ︸
n

(s)

2s−n︷ ︸︸ ︷
∂i∂j · ·ψ(~r, t) = ( 1√

2
)2sδk

′
ςkς∂2s−n

π ψ(~r, t)

Lem. 6.6.2. Γ

2s−n︷︸︸︷
ij · ·

n︷ ︸︸ ︷
π · ·π

kςk′ς
(s) ∂i∂j · ·︸ ︷︷ ︸

2s−n

∂nπψ(~r, t) = ( 1√
2
)2sδkςk′ς∂

2s
π ψ(~r, t)

Pro. 6.6.1.


Γ

2s︷ ︸︸ ︷
abc · ·(s)

2s︷ ︸︸ ︷
papbpc · · =

2s∑
n=0

Cn2sΓ

2s−n︷︸︸︷
ij · ·

n︷ ︸︸ ︷
π · ·π(s)

2s−n︷ ︸︸ ︷
pipj · · pnπ

Γ

2s︷ ︸︸ ︷
abc · ·(s)

2s︷ ︸︸ ︷
∂a∂b∂c · · =

2s∑
n=0

Cn2sΓ

2s−n︷︸︸︷
ij · ·

n︷ ︸︸ ︷
π · ·π(s)

2s−n︷ ︸︸ ︷
∂i∂j · · ∂nπ

Thm. 6.6.1.

H(s) =
∫
|~p|[a+

1 (~p,−sς)a1(~p,−sς) + (−1)2sa2(~p,−sς)a+
2 (~p,−sς)]d3~p =

∫
ψ+(~r, t) (i∂t)

2s

(−∇2)2s−1ψ(~r, t)d3~r

Proof: H(s) =
∫
|~p|[a+

1 (~p,−sς)a1(~p,−sς) + (−1)2sa2(~p,−sς)a+
2 (~p,−sς)]d3~p

= 1
(2π)3

∫
1

|~p|2s−2 [λk
′
ς (p̂,−sς)ψ+

k′ς
(~r′, t)eip·x

′
λ+kς (p̂,−sς)ψkς (~r, t)e−ip·x

+ (−1)2sλk
′
ς (p̂,−sς)ψ+

k′ς
(~r′, t)e−ip·x

′
λ+kς (p̂,−sς)ψkς (~r, t)eip·x]d3~pd3~rd3~r′

= 1
(2π)3

∫
1

|~p|2s−2λ
+kς (p̂,−sς)λk′ς (p̂,−sς)ψkς (~r, t)ψ+

k′ς
(~r′, t)[e−i~p·(~r−~r

′) + (−1)2sei~p·(~r−~r
′)]d3~pd3~rd3~r′

= (i
√

2)−2s 1
(2π)3

∫
1

|~p|2s−2ψ
+
k′ς

(~r′, t)Γ
k′ςkς
abc · ·︸ ︷︷ ︸

2s

(s) p̂ap̂bp̂c · ·︸ ︷︷ ︸
2s

ψkς (~r, t)[e
−i~p·(~r−~r′) + (−1)2sei~p·(~r−~r

′)]d3~pd3~rd3~r′

= (−i
√

2)−2s 1
(2π)3

∫
ψ+
k′ς

(~r′, t)ψkς (~r, t)
1

|~p|4s−2 Γ
k′ςkς
abc · ·︸ ︷︷ ︸

2s

(s)(papbpc · ·︸ ︷︷ ︸
2s

+ p+ap+bp+c · ·︸ ︷︷ ︸
2s

)ei~p·(~r−~r
′)d3~pd3~rd3~r′

= (−i
√

2)−2s 1
(2π)3

∫
ψ+
k′ς

(~r′, t)ψkς (~r, t)
1

|~p|4s−2

2s∑
n=0

Cn2sΓ
k′ςkς
ij · ·︸︷︷︸
2s−n

π · ·π︸ ︷︷ ︸
n

(s)(

2s−n︷ ︸︸ ︷
pipj · · pnπ +

2s−n︷ ︸︸ ︷
pipj · · p+n

π )ei~p·(~r−~r
′)d3~pd3~rd3~r′

= (
√

2)−2s
∫
ψ+
k′ς

(~r′, t)ψkς (~r, t)
1

(−∇2)2s−1

2s∑
n=0

Cn2s(
√
−∇2)nΓ

k′ςkς
ij · ·︸︷︷︸
2s−n

π · ·π︸ ︷︷ ︸
n

(s)

2s−n︷ ︸︸ ︷
∂i∂j · ·[1 + (−1)n]δ3(~r − ~r′)d3~rd3~r′

= (−
√

2)−2s
∫
ψ+
k′ς

(~r, t) 1
(−∇2)2s−1

2s∑
n=0

Cn2s(
√
−∇2)nΓ

k′ςkς
ij · ·︸︷︷︸
2s−n

π · ·π︸ ︷︷ ︸
n

(s)

2s−n︷ ︸︸ ︷
∂i∂j · ·[1 + (−1)n]ψkς (~r, t)d

3~r

= (−1√
2
)2s(
√

2)−2s
∫
ψ+
k′ς

(~r, t) 1
(−∇2)2s−1

2s∑
n=0

Cn2s(
√
−∇2)nδk

′
ςkς∂2s−n

π [1 + (−1)n]ψkς (~r, t)d
3~r

= (−1√
2
)2s(
√

2)−2s
∫
ψ+
k′ς

(~r, t) 1
(−∇2)2s−1

2s∑
n=0

Cn2s∂
n
πδ

k′ςkς∂2s−n
π [1 + (−1)n]ψkς (~r, t)d

3~r

= 1
(−2)2s

∫
ψ+kς (~r, t) 1

(−∇2)2s−1

2s∑
n=0

Cn2s(−i∂t)n(−i∂t)2s−n[1 + (−1)n]ψkς (~r, t)d
3~r

= 1
(−2)2s

∫
ψ+
k′ς

(~r, t) (−i∂t)2s

(−∇2)2s−1

2s∑
n=0

Cn2s[1 + (−1)n]ψkς (~r, t)d
3~r

= 1
(−2)2s

∫
ψ+kς (~r, t) (−i∂t)2s

(−∇2)2s−1

2s∑
n=0

Cn2s[1 + (−1)n]ψkς (~r, t)d
3~r

=
∫
ψ+(~r, t) (i∂t)

2s

(−∇2)2s−1ψ(~r, t)d3~r

Thm. 6.6.2.

P (s) =
∫
~p[a+

1 (~p,−sς)a1(~p,−sς) + (−1)2sa2(~p,−sς)a+
2 (~p,−sς)]d3~p =

∫
ψ+(~r, t)−i∇(i∂t)

2s−1

(−∇2)2s−1 ψ(~r, t)d3~r

Proof: P (s) =
∫
~p[a+

1 (~p,−sς)a1(~p,−sς) + (−1)2sa2(~p,−sς)a+
2 (~p,−sς)]d3~p

= 1
(2π)3

∫
p̂

|~p|2s−2 [λk
′
ς (p̂,−sς)ψ+

k′ς
(~r′, t)eip·x

′
λ+kς (p̂,−sς)ψkς (~r, t)e−ip·x

+ (−1)2sλk
′
ς (p̂,−sς)ψ+

k′ς
(~r′, t)e−ip·x

′
λ+kς (p̂,−sς)ψkς (~r, t)eip·x]d3~pd3~rd3~r′

= 1
(2π)3

∫
p̂

|~p|2s−2λ
+kς (p̂,−sς)λk′ς (p̂,−sς)ψkς (~r, t)ψ+

k′ς
(~r′, t)[e−i~p·(~r−~r

′) + (−1)2sei~p·(~r−~r
′)]d3~pd3~rd3~r′

= (i
√

2)−2s 1
(2π)3

∫
p̂

|~p|2s−2ψ
+
k′ς

(~r′, t)(Γ)
k′ςkς
abc · ·︸ ︷︷ ︸

2s

(s) p̂ap̂bp̂c · ·︸ ︷︷ ︸
2s

ψkς (~r, t)[e
−i~p·(~r−~r′) + (−1)2sei~p·(~r−~r

′)]d3~pd3~rd3~r′

= (−i
√

2)−2s 1
(2π)3

∫
ψ+
k′ς

(~r′, t)ψkς (~r, t)
p̂

|~p|4s−2 Γ
k′ςkς
abc · ·︸ ︷︷ ︸

2s

(s)(papbpc · ·︸ ︷︷ ︸
2s

− p+ap+bp+c · ·︸ ︷︷ ︸
2s

)ei~p·(~r−~r
′)d3~pd3~rd3~r′
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= (−i
√

2)−2s 1
(2π)3

∫
ψ+
k′ς

(~r′, t)ψkς (~r, t)
p̂

|~p|4s−2

2s∑
n=0

Cn2sΓ
k′ςkς
ij · ·︸︷︷︸
2s−n

π · ·π︸ ︷︷ ︸
n

(s)(

2s−n︷ ︸︸ ︷
pipj · · pnπ −

2s−n︷ ︸︸ ︷
pipj · · p+n

π )ei~p·(~r−~r
′)d3~pd3~rd3~r′

= (
√

2)−2s
∫
ψ+
k′ς

(~r′, t)ψkς (~r, t)
∇̂

(−∇2)2s−1

2s∑
n=0

Cn2s(
√
−∇2)nΓ

k′ςkς
ij · ·︸︷︷︸
2s−n

π · ·π︸ ︷︷ ︸
n

(s)

2s−n︷ ︸︸ ︷
∂i∂j · ·[(−1)n − 1]δ3(~r − ~r′)d3~rd3~r′

= (−
√

2)−2s
∫
ψ+
k′ς

(~r, t) ∇̂
(−∇2)2s−1

2s∑
n=0

Cn2s(
√
−∇2)nΓ

k′ςkς
ij · ·︸︷︷︸
2s−n

π · ·π︸ ︷︷ ︸
n

(s)

2s−n︷ ︸︸ ︷
∂i∂j · ·[(−1)n − 1]ψkς (~r, t)d

3~r

= ( 1√
2
)2s(−

√
2)−2s

∫
ψ+
k′ς

(~r, t) ∇̂
(−∇2)2s−1

2s∑
n=0

Cn2s(
√
−∇2)nδk

′
ςkς∂2s−n

π [(−1)n − 1]ψkς (~r, t)d
3~r

= 1
(−2)2s

∫
ψ+kς (~r, t) ∇̂

(−∇2)2s−1

2s∑
n=0

Cn2s
√
−∇2(−i∂t)n−1(−i∂t)2s−n[(−1)n − 1]ψkς (~r, t)d

3~r

= 1
(−2)2s

∫
ψ+
k′ς

(~r, t)−i∇(−i∂t)2s−1

(−∇2)2s−1

2s∑
n=0

Cn2s[(−1)n − 1]ψkς (~r, t)d
3~r

= 1
(−2)2s

∫
ψ+kς (~r, t)−i∇(−i∂t)2s−1

(−∇2)2s−1

2s∑
n=0

Cn2s[(−1)n − 1]ψkς (~r, t)d
3~r

=
∫
ψ+(~r, t)−i∇(i∂t)

2s−1

(−∇2)2s−1 ψ(~r, t)d3~r

Thm. 6.6.3.

Pu(s) =
∫
pu[a+

1 (~p,−sς)a1(~p,−sς) + (−1)2sa2(~p,−sς)a+
2 (~p,−sς)]d3~p =

∫
ψ+(~r, t)−i∂u(i∂t)

2s−1

(−∇2)2s−1 ψ(~r, t)d3~r

6.7 Various physical operators of s-spin field equation

Cor. 6.7.1.


ψ(~r, t) := 1

(2π)3/2

∫
~p6=0

|~p|(s−
1
2 )λ(p̂,−sς)[a1(~p,−sς)eip·x + a+

2 (~p,−sς)e−ip·x]d3~p

~p|(s−
1
2 )a1(~p,−sς) = 1

(2π)3/2

∫
λ+(p̂,−sς)ψ(~r, t)e−ip·xd3~r

|~p|(s−
1
2 )a+

2 (~p,−sς) = 1
(2π)3/2

∫
λ+(p̂,−sς)ψ(~r, t)eip·xd3~r

Thm. 6.7.1.

Pu(s) =
∫
ψ+(~r, t)−i∂u(i∂t)

2s−1

(−∇2)2s−1 ψ(~r, t)d3~r =
∫
pu[a+(~p,−sς)a(~p,−sς) + (−1)2sb(~p,−sς)b+(~p,−sς)]d3~p

Proof: Pu(s) =
∫
ψ+(~r, t)−i∂u(i∂t)

2s−1

(−∇2)2s−1 ψ(~r, t)d3~r

= 1
(2π)3

∫
d3~p′d3~pd3~r|~p′|s−

1
2 |~p|s−

1
2λ+(p̂′,−sς)λ(p̂,−sς) pu

|~p|2s−1

[a+
1 (~p′,−sς)e−i(~p′·~r−|~p′|t) + a2(~p′,−sς)ei(~p′·~r−|~p′|t)][a1(~p,−sς)ei(~p·~r−|~p|t) + (−1)2sa+

2 (~p,−sς)e−i(~p·~r−|~p|t)]
=
∫
~p|2s−1λ+(p̂′,−sς)λ(p̂,−sς) pu

|~p|2s−1 {[a+
1 (~p,−sς)a1(~p,−sς) + (−1)2sa2(~p,−sς)a+

2 (~p,−sς)]δ3(~p′ − ~p)
+ [(−1)2sa+

1 (−~p,−sς)a+
2 (~p,−sς)e−2i|~p|t + a2(−~p,−sς)a1(~p,−sς)e2i|~p|t]δ3(~p′ + ~p)}d3~p′d3~p

=
∫
pu[a+

1 (~p,−sς)a1(~p,−sς) + (−1)2sa2(~p,−sς)a+
2 (~p,−sς)]d3~p

Thm. 6.7.2. Q(s) =
∫
ψ+(~r, t) (i∂t)

2s−1

(−∇2)2s−1ψ(~r, t)d3~r =
∫

[a+(~p,−sς)a(~p,−sς) + (−1)2s−1b(~p,−sς)b+(~p,−sς)]d3~p

Proof: Q(s) =
∫
ψ+(~r, t) (i∂t)

2s−1

(−∇2)2s−1ψ(~r, t)d3~r

= 1
(2π)3

∫
d3~p′d3~pd3~r|~p′|s−

1
2 |~p|s−

1
2λ+(p̂′,−sς)λ(p̂,−sς) 1

|~p|2s−1

[a+
1 (~p′,−sς)e−i(~p′·~r−|~p′|t) + a2(~p′,−sς)ei(~p′·~r−|~p′|t)][a1(~p,−sς)ei(~p·~r−|~p|t) + (−1)2s−1a+

2 (~p,−sς)e−i(~p·~r−|~p|t)]
=
∫
~p|2s−1λ+(p̂′,−sς)λ(p̂,−sς) 1

|~p|2s−1 {[a+
1 (~p,−sς)a1(~p,−sς) + (−1)2s−1a2(~p,−sς)a+

2 (~p,−sς)]δ3(~p′ − ~p)
+ [(−1)2s−1a+

1 (−~p,−sς)a+
2 (~p,−sς)e−2i|~p|t + a2(−~p,−sς)a1(~p,−sς)e2i|~p|t]δ3(~p′ + ~p)}d3~p′d3~p

=
∫

[a+
1 (~p,−sς)a1(~p,−sς) + (−1)2s−1a2(~p,−sς)a+

2 (~p,−sς)]d3~p

Thm. 6.7.3. N(s) =
∫
ψ+(~r, t) (i∂t)

2s

(
√
−∇2)4s−1

ψ(~r, t)d3~r =
∫

[a+(~p,−sς)a(~p,−sς) + (−1)2sb(~p,−sς)b+(~p,−sς)]d3~p

Proof: N(s) =
∫
ψ+(~r, t) (i∂t)

2s

(
√
−∇2)4s−1

ψ(~r, t)d3~r

= 1
(2π)3

∫
d3~p′d3~pd3~r|~p′|s−

1
2 |~p|s−

1
2λ+(p̂′,−sς)λ(p̂,−sς) 1

|~p|2s−1

[a+
1 (~p′,−sς)e−i(~p′·~r−|~p′|t) + a2(~p′,−sς)ei(~p′·~r−|~p′|t)][a1(~p,−sς)ei(~p·~r−|~p|t) + (−1)2sa+

2 (~p,−sς)e−i(~p·~r−|~p|t)]
=
∫
~p|2s−1λ+(p̂′,−sς)λ(p̂,−sς) 1

|~p|2s−1 {[a+
1 (~p,−sς)a1(~p,−sς) + (−1)2sa2(~p,−sς)a+

2 (~p,−sς)]δ3(~p′ − ~p)
+ [(−1)2sa+

1 (−~p,−sς)a+
2 (~p,−sς)e−2i|~p|t + a2(−~p,−sς)a1(~p,−sς)e2i|~p|t]δ3(~p′ + ~p)}d3~p′d3~p

=
∫

[a+
1 (~p,−sς)a1(~p,−sς) + (−1)2sa2(~p,−sς)a+

2 (~p,−sς)]d3~p
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Thm. 6.7.4. ~S(s) =
∫
ψ+(~r, t) (i∂t)

2s−1

(−∇2)2s−1ψ(~r, t)d3~r =
∫
p̂[a+(~p,−sς)a(~p,−sς) + (−1)2s−1b(~p,−sς)b+(~p,−sς)]d3~p

Proof: ~S(s) =
∫
ψ+(~r, t) ∇̂(i∂t)

2s−1

(−∇2)2s−1ψ(~r, t)d3~r

= 1
(2π)3

∫
d3~p′d3~pd3~r|~p′|s−

1
2 |~p|s−

1
2λ+(p̂′,−sς)λ(p̂,−sς) p̂

|~p|2s−1

[a+
1 (~p′,−sς)e−i(~p′·~r−|~p′|t) + a2(~p′,−sς)ei(~p′·~r−|~p′|t)][a1(~p,−sς)ei(~p·~r−|~p|t) + (−1)2sa+

2 (~p,−sς)e−i(~p·~r−|~p|t)]
=
∫
~p|2s−1λ+(p̂′,−sς)λ(p̂,−sς) p̂

|~p|2s−1 {[a+
1 (~p,−sς)a1(~p,−sς) + (−1)2sa2(~p,−sς)a+

2 (~p,−sς)]δ3(~p′ − ~p)
+ [(−1)2sa+

1 (−~p,−sς)a+
2 (~p,−sς)e−2i|~p|t + a2(−~p,−sς)a1(~p,−sς)e2i|~p|t]δ3(~p′ + ~p)}d3~p′d3~p

=
∫
p̂[a+

1 (~p,−sς)a1(~p,−sς) + (−1)2sa2(~p,−sς)a+
2 (~p,−sς)]d3~p

Thm. 6.7.5. ~M(s) =
∫
ψ+(~r, t) ∇̂(i∂t)

2s

(
√
−∇2)4s−1

ψ(~r, t)d3~r =
∫
p̂[a+(~p,−sς)a(~p,−sς) + (−1)2sb(~p,−sς)b+(~p,−sς)]d3~p

Proof: ~M(s) =
∫
ψ+(~r, t) ∇̂(i∂t)

2s

(
√
−∇2)4s−1

ψ(~r, t)d3~r

= 1
(2π)3

∫
d3~p′d3~pd3~r|~p′|s−

1
2 |~p|s−

1
2λ+(p̂′,−sς)λ(p̂,−sς) p̂

|~p|2s−1

[a+
1 (~p′,−sς)e−i(~p′·~r−|~p′|t) + a2(~p′,−sς)ei(~p′·~r−|~p′|t)][a1(~p,−sς)ei(~p·~r−|~p|t) + (−1)2s−1a+

2 (~p,−sς)e−i(~p·~r−|~p|t)]
=
∫
~p|2s−1λ+(p̂′,−sς)λ(p̂,−sς) p̂

|~p|2s−1 {[a+
1 (~p,−sς)a1(~p,−sς) + (−1)2s−1a2(~p,−sς)a+

2 (~p,−sς)]δ3(~p′ − ~p)
+ [(−1)2s−1a+

1 (−~p,−sς)a+
2 (~p,−sς)e−2i|~p|t + a2(−~p,−sς)a1(~p,−sς)e2i|~p|t]δ3(~p′ + ~p)}d3~p′d3~p

=
∫
p̂[a+

1 (~p,−sς)a1(~p,−sς) + (−1)2s−1a2(~p,−sς)a+
2 (~p,−sς)]d3~p

6.8 Summary of energy momentum operator for s-spin field

Thm. 6.8.1. [s∂a + iSab(s, ς)∂
b] ψ(x)

(
√
−∇2)[s]

= 0

Thm. 6.8.2. Pa(s) =
∫
ψ+(~r, t)−i∂a(i∂t)

2s−1

(−∇2)2s−l ψ(~r, t)d3~r

Thm. 6.8.3. Pa(n) =
∫ ψ+(~r,t)

(
√
−∇2)n

∂a
ψ̇(~r,t)

(
√
−∇2)n

d3~r, Pa(n+ 1
2 ) = −i

∫ ψ+(~r,t)

(
√
−∇2)n

∂a
ψ(~r,t)

(
√
−∇2)n

d3~r

Thm. 6.8.4.

Mab(n) = i
∫ ψ+(~r,t)

(
√
−∇2)n

[−i(xa∂b − xb∂a) + Sab(n, ς)]
ψ̇(~r,t)

(
√
−∇2)n

d3~r

Mab(n+ 1
2 ) =

∫ ψ+(~r,t)

(
√
−∇2)n

[−i(xa∂b − xb∂a) + Sab(n+ 1
2 , ς)]

ψ(~r,t)

(
√
−∇2)n

d3~r

6.9 Reasonable hamiltonian type energy momentum operator for s-spin field

Thm. 6.9.1.

Ĥ( 1
2 ) = iς

1/2

∫
ψ+(~r, t)σ( 1

2 ) · ∇ψ(~r, t)d3~r

Ĥ(1) =
∫
ψ+(~r, t) [σ(1)·∇]2

∇2 ψ(~r, t)d3~r

Ĥ( 3
2 ) = −iς

3/2

∫
ψ+(~r, t)

σ(
3
2 )·∇
∇2 ψ(~r, t)d3~r

Ĥ(2) = (−iς2 )2
∫
ψ+(~r, t) [σ(2)·∇]2

∇4 ψ(~r, t)d3~r


P̂ ( 1

2 ) = −
∫
ψ+(~r, t)i∇ψ(~r, t)d3~r

P̂ (1) = iς
∫
ψ+(~r, t) [σ(1)·∇]i∇

∇2 ψ(~r, t)d3~r

P̂ ( 3
2 ) =

∫
ψ+(~r, t) i∇∇2ψ(~r, t)d3~r

P̂ (2) = (−iς2 )
∫
ψ+(~r, t) [σ(2)·∇]i∇

∇4 ψ(~r, t)d3~r

Thm. 6.9.2.Ĥ(n+ 1
2 ) =

∫
ψ+(~r, t)

iς
n+1/2σ(n+

1
2 )·∇

(
√
−∇2)2n

ψ(~r, t)d3~r

P̂ (n+ 1
2 ) =

∫
ψ+(~r, t) −i∇

(
√
−∇2)2n

ψ(~r, t)d3~r

Ĥ(n) =
∫
ψ+(~r, t)

[
iς
n σ(n)·∇]2

(
√
−∇2)2n

ψ(~r, t)d3~r

P̂ (n) =
∫
ψ+(~r, t)

−i∇[
iς
n σ(n)·∇]

(
√
−∇2)2n

ψ(~r, t)d3~r

6.10 Derived energy momentum operator and angular momentum operator

Def. 6.10.1.

{
M̂ab(s, ς) = xaP̂b − xbP̂a + iσαςςabσας (s)δ(s−

1
2 ), P̂a = −i∂a

Γab(s, ς) = xaΓb(s, ς)− xbΓa(s, ς),Γa(s, ς) := −ς[ 1
sσ(s),−iς]a

Cor. 6.10.1.
Pa(n+ 1

2 ) =
∫
ψ+(~r, t) −i∂a

(
√
−∇2)2n

ψ(~r, t)d3~r

Pa(n+ 1
2 ) =

∫ ψ+(~r,t)

(
√
−∇2)n

P̂a
ψ(~r,t)

(
√
−∇2)n

d3~r

Mab(n+ 1
2 ) =

∫ ψ+(~r,t)

(
√
−∇2)n

M̂ab
ψ(~r,t)

(
√
−∇2)n

d3~r


Pa(n) =

∫
ψ+(~r, t)

−i∂a[
iς
n σ(n)·∇]

(
√
−∇2)2n

ψ(~r, t)d3~r

P̂a(n) =
∫ ψ+(~r,t)

(
√
−∇2)n

P̂a
iψ̇(~r,t)

(
√
−∇2)n

d3~r

Mab(n) =
∫ ψ+(~r,t)

(
√
−∇2)n

M̂ab
iψ̇(~r,t)

(
√
−∇2)n

d3~r

Thm. 6.10.1.{
H(1) =

∫
ψ+
k′ς

(~r, t)ψkς (~r, t)d
3~r

H(2) = −
∫
ψ+
k′ς

(~r, t) 1
∇2ψkς (~r, t)d

3~r

{
P (1) = −ς

∫
ψ+
k′ς

(~r, t)σ(1)ψkς (~r, t)d
3~r

P (2) = ( ς2 )
∫
ψ+
k′ς

(~r, t)σ(2)
∇2 ψkς (~r, t)d

3~r
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Cor. 6.10.2.
Pa(n− 1

2 ) =
∫
ψ+(~r, t) −i∂a

(
√
−∇2)2(n−1)

ψ(~r, t)d3~r

Pa(n− 1
2 ) =

∫ ψ+(~r,t)

(
√
−∇2)n−1

P̂a
ψ(~r,t)

(
√
−∇2)n−1

d3~r

Mab(n− 1
2 ) =

∫ ψ+(~r,t)

(
√
−∇2)n−1

M̂ab
ψ(~r,t)

(
√
−∇2)n−1

d3~r


Pa(n) =

∫
ψ+(~r, t)

−ς[ 1
nσ(n),−iς]a

(
√
−∇2)2(n−1)

ψ(~r, t)d3~r

Pa(n) =
∫ ψ+(~r,t)

(
√
−∇2)n−1

Γa
ψ(~r,t)

(
√
−∇2)n−1

d3~r

Mab(n) =
∫ ψ+(~r,t)

(
√
−∇2)n−1

Γab
ψ(~r,t)

(
√
−∇2)n−1

d3~r

6.11 Extraction of quantum equation for s-spin field

Thm. 6.11.1. [ψ(~r, t), H(s)] = (−1)2s

4s−1

√
−∇2[Γ

2s︷ ︸︸ ︷
abc · ·
− (s)∂̂π→i

2s︷ ︸︸ ︷
∂̂a∂̂b∂̂c · ·][Γ

2s︷ ︸︸ ︷
abc · ·
+ (s)∂̂π→i

2s︷ ︸︸ ︷
∂̂a∂̂b∂̂c · ·]ψ(~r, t)

Proof: [ψ(~r, t), H(s)] = [ψ(~r, t), i
−2s

2s−1

∫ ψ+(~r′,t)

(
√
−∇2)s−1

Γ

2s︷ ︸︸ ︷
abc · ·
+ (s)

2s︷ ︸︸ ︷
∂̂′a∂̂

′
b∂̂
′
c · ·

ψ(~r′,t)

(
√
−∇2)s−1

d3~r′]

= i−2s

2s−1

∫
[ψ(~r, t), ψ+(~r′,t)

(
√
−∇2)s−1

]−2s+1Γ

2s︷ ︸︸ ︷
abc · ·
+ (s)

2s︷ ︸︸ ︷
∂̂′a∂̂

′
b∂̂
′
c · ·

ψ(~r′,t)

(
√
−∇2)s−1

d3~r′

= i−2s

2s−1

∫
i (−1)2s

2s−1 (i
√
−∇2)2s−1[Γ

2s︷ ︸︸ ︷
abc · ·
− (s)∂̂π→i

2s︷ ︸︸ ︷
∂̂a∂̂b∂̂c · ·]δ3(~r − ~r′)[Γ

2s︷ ︸︸ ︷
abc · ·
+ (s)

2s︷ ︸︸ ︷
∂̂′a∂̂

′
b∂̂
′
c · ·]

ψ(~r′,t)

(
√
−∇2)2(s−1)

d3~r′

= (−1)2s

4s−1

√
−∇2[Γ

2s︷ ︸︸ ︷
abc · ·
− (s)∂̂π→i

2s︷ ︸︸ ︷
∂̂a∂̂b∂̂c · ·][Γ

2s︷ ︸︸ ︷
abc · ·
+ (s)∂̂π→i

2s︷ ︸︸ ︷
∂̂a∂̂b∂̂c · ·]ψ(~r, t)

Thm. 6.11.2. [ψ(~r, t), ~P (s)] = (−1)2s

4s−1 (−i∇)[Γ

2s︷ ︸︸ ︷
abc · ·
− (s)∂̂π→i

2s︷ ︸︸ ︷
∂̂a∂̂b∂̂c · ·][Γ

2s︷ ︸︸ ︷
abc · ·
− (s)∂̂π→i

2s︷ ︸︸ ︷
∂̂a∂̂b∂̂c · ·]ψ(~r, t)

Thm. 6.11.3.

???[ψ(~r, t), P (s)] = (−1)2s

4s−1

√
−∇2{[Γ

2s︷ ︸︸ ︷
abc · ·
− (s)∂̂π→i∇̂, iΓ

2s︷ ︸︸ ︷
abc · ·
+ (s)∂̂π→i]

2s︷ ︸︸ ︷
∂̂a∂̂b∂̂c · ·}[Γ

2s︷ ︸︸ ︷
abc · ·
− (s)∂̂π→i

2s︷ ︸︸ ︷
∂̂a∂̂b∂̂c · ·]ψ(~r, t)

= (−1)2s

4s−1

√
−∇2 1

(2π)3/2

∫
~p6=0

d3~p|~p|(s−
1
2 )

{{[Γ
2s︷ ︸︸ ︷
ab · ·
− (s)∇̂, iΓ

2s︷ ︸︸ ︷
ab · ·
+ (s)]

2s︷ ︸︸ ︷
(ςp̂, i)a(ςp̂, i)b · ·}[Γ

2s︷ ︸︸ ︷
ab · ·
− (s)

2s︷ ︸︸ ︷
(ςp̂, i)a(ςp̂, i)b · ·]λ(p̂,−sς)a1(~p,−sς)eip·x

+ [Γ

2s︷ ︸︸ ︷
ab · ·
− (s)∇̂, iΓ

2s︷ ︸︸ ︷
ab · ·
+ (s)]

2s︷ ︸︸ ︷
(−ςp̂, i)a(−ςp̂, i)b · ·}[Γ

2s︷ ︸︸ ︷
ab · ·
− (s)

2s︷ ︸︸ ︷
(−ςp̂, i)a(−ςp̂, i)b · ·]λ(p̂,−sς)a+

2 (~p,−sς)e−ip·x}

! = (−1)2s

4s−1

√
−∇2 1

(2π)3/2

∫
~p6=0

|{[Γ
2s︷ ︸︸ ︷

abc · ·
− (s)∇̂, iΓ

2s︷ ︸︸ ︷
abc · ·
+ (s)]

2s︷ ︸︸ ︷
p̂ap̂bp̂c · ·} 2s−1

i−2s λ(p̂,−sς)

~p|(s−
1
2 )[a1(~p,−sς)eip·x + a+

2 (~p,−sς)e−ip·x]d3~p

= (−1)2s

4s−1

√
−∇2 1

(2π)3/2

∫
~p6=0

(∇̂, i)( 2s−1

i−2s )2λ(p̂,−sς)|~p|(s−
1
2 )[a1(~p,−sς)eip·x + a+

2 (~p,−sς)e−ip·x]d3~p

=
√
−∇2(∇̂, i) 1

(2π)3/2

∫
~p6=0

|~p|(s−
1
2 )λ(p̂,−sς)[a1(~p,−sς)eip·x + a+

2 (~p,−sς)e−ip·x]d3~p

=
√
−∇2(∇̂, i)ψ

= (−i∇, i
√
−∇2)ψ

6.12 Commutative and anticommutative formulas

Cor. 6.12.1.

{
[A,BC] = [A,B]C +B[A,C], [A,CB] = [A,C]B + C[A,B]

[A,BC] = {A,B}C −B{A,C}, [A,CB] = {A,C}B − C{A,B}

Cor. 6.12.2.

{
[A, {B,C}] = {[A,B], C}+ {B, [A,C]}
[A, [B,C]] = {{A,B}, C} − {B, {A,C}}

6.13 Misrepresentation of energy momentum and angular momentum operator with s-spin

Cor. 6.13.1.
M̂ab(s, ς) = −i(xa∂b − xb∂a) + iσαςςabσας (s)

γab(s, ς) = xaγb(s, ς)− xbγa(s, ς) +
σ
ας
ςab∂ας

(
√
−∇2)2s

, γa(s, ς) := −ς[ 1
sσ(s),−iς]a

M̃ab(s, ς) = −i(pa∂̃b − pb∂̃a)− isςσαςςabp̂ας , ∂̃π ≡
1
i|~p|

M̃ab(s, ς)? =?− i(pa∂̃b − pb∂̃a)− isςσαςςabp̂ας , ∂̃π ≡
1
i|~p|
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Cor. 6.13.2.
Pa(s, ς) =

∫
~p 6=0

{a+
1 (~p,−sς)paa1(~p,−sς) + (−1)2sa2(~p,−sς)paa+

2 (~p,−sς)}d3~p

Mab(s, ς) =
∫
~p6=0

{a+
1 (~p,−sς)M̃ab(s, ς)a1(~p,−sς) + (−1)2s+1a2(~p,−sς)M̃ab(s, ς)a

+
2 (~p,−sς)}d3~p

6.14 Quantum equation of s-spin field

Cor. 6.14.1. [2∂a + iSab(2, ς)∂
b]ψ(x) = 0⇒


ψ̇(~r, t) = −i[ψ(~r, t), H]

∇ψ(~r, t) = i[ψ(~r, t), ~P ]

∂aψ(~r, t) = i[ψ(~r, t), Pa]

Cor. 6.14.2. [s∂a + iSab(s, ς)∂
b]ψ(x) = 0[Wave field]⇔

{
∂a∂aψ(~r, t) = 0

[σ(s),−isς]a∂aψ(~r, t) = 0
⇔ ∂aψ(~r, t) = i[ψ(~r, t), Pa]

Cor. 6.14.3.


s2~pλ(p̂,−sς) = sσ(s) · ~pσ(s)λ(p̂,−sς)− (s− 1)σ(s)[σ(s) · ~p]λ(p̂,−sς)
[σ(s) · ~p+ sςp]σ(s)λ(p̂,−sς) = (s~p+ ςpσ(s)]λ(p̂,−sς)
[σ(s) · ~p+ sςp]λ(p̂,−sς) = 0

Cor. 6.14.4. [s∂a + iSab(s, ς)∂
b]ψ(x) = 0⇒

[σ(s) · ∇̂]nσ(s)ψ = {(ς∂̂t)n−1s[sn − (s− 1)n]∇̂+ (ς∂̂t)
n(s− 1)nσ(s)}ψ

[σ(s) · ∇̂]nσ(s)ψ = {[ 1
sσ(s) · ∇̂]n−1s[sn − (s− 1)n]∇̂+ (s− 1)nσ(s)[ 1

sσ(s) · ∇̂]n}ψ
σ(s) · [σ(s) · ∇̂]nσ(s)ψ = [sn+2 + s(s− 1)n][ 1

sσ(s) · ∇̂]nψ

6.15 Poincare commutative algebra of s-spin field

Def. 6.15.1.

{
M̂ab(s, ς) = xaP̂b − xbP̂a + iσαςςabσας (s), P̂a = −i∂a
Γab(s, ς) = xaΓb(s, ς)− xbΓa(s, ς),Γa(s, ς) := −ς[ 1

sσ(s),−iς]a

Ass. 6.15.1.Pa(n+ 1
2 ) =

∫ ψ+(~r,t)

(
√
−∇2)n

P̂a
ψ(~r,t)

(
√
−∇2)n

d3~r

Mab(n+ 1
2 ) =

∫ ψ+(~r,t)

(
√
−∇2)n

M̂ab
ψ(~r,t)

(
√
−∇2)n

d3~r

Pa(n) =
∫ ψ+(~r,t)

(
√
−∇2)n

P̂a
iψ̇(~r,t)

(
√
−∇2)n

d3~r

Mab(n) =
∫ ψ+(~r,t)

(
√
−∇2)n

M̂ab
iψ̇(~r,t)

(
√
−∇2)n

d3~r

Proof: [Pa(x), Pb(x
′)] = [

∫ ψ+(~r,t)

(
√
−∇2)n

P̂a
ψ(~r,t)

(
√
−∇2)n

d3~r,
∫ ψ+(~r′,t′)

(
√
−∇′2)n

P̂b
ψ(~r′,t′)

(
√
−∇′2)n

d3~r′]

= −
∫

1
∇2n∇′2n [ψ+(~r, t)∂aψ(~r, t), ψ+(~r′, t′)∂′bψ(~r′, t′)]d3~rd3~r′

= −
∫
δkςk

′
ς δlς l

′
ς

∇2n∇′2n [ψ+
k′ς

(~r, t)∂aψkς (~r, t), ψ
+
l′ς

(~r′, t′)∂′bψlς (~r
′, t′)]d3~rd3~r′

= −
∫
d3~rd3~r′ δ

kςk
′
ς δlς l

′
ς

∇2n∇′2n
{[ψ+

k′ς
(~r, t)∂aψkς (~r, t), ψ

+
l′ς

(~r′, t′)]∂′bψlς (~r
′, t′) + ψ+

l′ς
(~r′, t′)[ψ+

k′ς
(~r, t)∂aψkς (~r, t), ∂

′
bψlς (~r

′, t′)]}

= −
∫
d3~rd3~r′ δ

kςk
′
ς δlς l

′
ς

∇2n∇′2n
{ψ+

k′ς
(~r, t){∂aψkς (~r, t), ψ+

l′ς
(~r′, t′)}∂′bψlς (~r′, t′)− ψ

+
l′ς

(~r′, t′){ψ+
k′ς

(~r, t), ∂′bψlς (~r
′, t′)}∂aψkς (~r, t)}

= −
∫
d3~rd3~r′ δ

kςk
′
ς δlς l

′
ς

∇2n∇′2n
−i
22n

{ψ+
k′ς

(~r, t)∂aΓ

2n+1︷ ︸︸ ︷
cd · ·
kς l′ς

(n+ 1
2 )

2n+1︷ ︸︸ ︷
∂c∂d · ·∆(x− x′)∂′bψlς (~r′, t′)− ψ

+
l′ς

(~r′, t′)∂′bΓ

2n+1︷ ︸︸ ︷
cd · ·
lςk′ς

(n+ 1
2 )

2n+1︷ ︸︸ ︷
∂′c∂
′
d · ·∆(x′ − x)∂aψkς (~r, t)}

=
∫
d3~rd3~r′ iδ

kςk
′
ς δlς l

′
ς

22n∇4n

{ψ+
k′ς

(~r, t)∂′bψlς (~r
′, t′)Γ

2n+1︷ ︸︸ ︷
cd · ·
kς l′ς

(n+ 1
2 )∂a

2n+1︷ ︸︸ ︷
∂c∂d · ·∆(x− x′) + ψ+

l′ς
(~r′, t′)∂aψkς (~r, t)Γ

2n+1︷ ︸︸ ︷
cd · ·
lςk′ς

(n+ 1
2 )∂b

2n+1︷ ︸︸ ︷
∂c∂d · ·∆(x− x′)}

? = 0

7 poincare symmetry of s-spin particles
7.1 Poincare symmetry of bosons

Lem. 7.1.1.


[
ψ̇kς (~r,t)

(
√
−∇2)n

,
ψ+

k′ς
(~r′,t)

(
√
−∇′2)n

] = i
(−2)n−1 Γ

2n︷ ︸︸ ︷
ef · ·
+ (n)

2n,∂̂π→i︷ ︸︸ ︷
∂̂e∂̂f · · δ3(~r − ~r′)

[
ψkς (~r,t)

(
√
−∇2)n

,
ψ+

k′ς
(~r′,t)

(
√
−∇′2)n

] = i
(−2)n−1

−1
i
√
−∇2

Γ

2n︷ ︸︸ ︷
ef · ·
− (n)

2n,∂̂π→i︷ ︸︸ ︷
∂̂e∂̂f · · δ3(~r − ~r′), n > 0

Thm. 7.1.1.

{
[Lab, Lcd] = −i(gadLbc − gacLbd + gbcLad − gbdLac)
[Lab, Pc] = −i(gbcPa − gacPb), [Pa, Pb] = 0
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Proof: [Lab, Lcd]

= −
∫
d3~rd3~r′[ ψ+(~r,t)

(
√
−∇2)n

(ra∂b − rb∂a) iψ̇(~r,t)

(
√
−∇2)n

, ψ+(~r′,t)

(
√
−∇′2)n

(r′c∂
′
d − r′d∂′c)

iψ̇(~r′,t)

(
√
−∇′2)n

]

= δkς lς δk
′
ς l
′
ς

∫
d3~rd3~r′[

ψ+
kς

(~r,t)

(
√
−∇2)n

(ra∂b − rb∂a)
ψ̇lς (~r,t)

(
√
−∇2)n

,
ψ+

k′ς
(~r′,t)

(
√
−∇′2)n

(r′c∂
′
d − r′d∂′c)

ψ̇l′ς
(~r′,t)

(
√
−∇′2)n

]

= δkς lς δk
′
ς l
′
ς

∫
d3~rd3~r′

{
ψ+
kς

(~r,t)

(
√
−∇2)n

[(ra∂b − rb∂a)
ψ̇lς (~r,t)

(
√
−∇2)n

,
ψ+

k′ς
(~r′,t)

(
√
−∇′2)n

](r′c∂
′
d − r′d∂′c)

ψ̇l′ς
(~r′,t)

(
√
−∇′2)n

+
ψ+

k′ς
(~r′,t)

(
√
−∇′2)n

[
ψ+
kς

(~r,t)

(
√
−∇2)n

, (r′c∂
′
d − r′d∂′c)

ψ̇l′ς
(~r′,t)

(
√
−∇′2)n

](ra∂b − rb∂a)
ψ̇lς (~r,t)

(
√
−∇2)n

}
= −δkς lς δk′ς l′ς

∫
d3~rd3~r′

{
ψ+
kς

(~r,t)

(
√
−∇2)n

(ra∂b − rb∂a) i
(−2)n−1 {Γ

2n︷ ︸︸ ︷
ef · ·
+ (n)

2n,∂̂π→i︷ ︸︸ ︷
∂̂e∂̂f · ·}lςk′ς δ

3(~r − ~r′)(r′c∂′d − r′d∂′c)
ψ̇l′ς

(~r′,t)

(
√
−∇′2)n

−
ψ+

k′ς
(~r′,t)

(
√
−∇′2)n

(r′c∂
′
d − r′d∂′c) i

(−2)n−1 {Γ

2n︷ ︸︸ ︷
ef · ·
+ (n)

2n,∂̂′π→i︷ ︸︸ ︷
∂̂′e∂̂
′
f · ·}l′ςkς δ

3(~r′ − ~r)(ra∂b − rb∂a)
ψ̇lς (~r,t)

(
√
−∇2)n

}
= −δkς lς δk′ς l′ς

∫
d3~rd3~r′

{
ψ+
kς

(~r,t)

(
√
−∇2)n

(ra∂
′
b − rb∂′a) i

(−2)n−1 {Γ

2n︷ ︸︸ ︷
ef · ·
+ (n)

2n,∂̂′π→i︷ ︸︸ ︷
∂̂′e∂̂
′
f · ·}lςk′ς δ

3(~r − ~r′)(r′c∂′d − r′d∂′c)
ψ̇l′ς

(~r′,t)

(
√
−∇′2)n

−
ψ+

k′ς
(~r′,t)

(
√
−∇′2)n

(r′c∂d − r′d∂c) i
(−2)n−1 {Γ

2n︷ ︸︸ ︷
ef · ·
+ (n)

2n,∂̂π→i︷ ︸︸ ︷
∂̂e∂̂f · ·}l′ςkς δ

3(~r − ~r′)(ra∂b − rb∂a)
ψ̇lς (~r,t)

(
√
−∇2)n

}
= δkς lς δk

′
ς l
′
ς

∫
d3~r

{
ψ+
kς

(~r,t)

(
√
−∇2)n

(ra∂b − rb∂a) i
(−2)n−1 {Γ

2n︷ ︸︸ ︷
ef · ·
+ (n)

2n,∂̂π→i︷ ︸︸ ︷
∂̂e∂̂f · ·}lςk′ς (rc∂d − rd∂c)

ψ̇l′ς
(~r,t)

(
√
−∇2)n

−
ψ+

k′ς
(~r,t)

(
√
−∇2)n

(rc∂d − rd∂c) i
(−2)n−1 {Γ

2n︷ ︸︸ ︷
ef · ·
+ (n)

2n,∂̂π→i︷ ︸︸ ︷
∂̂e∂̂f · ·}l′ςkς (ra∂b − rb∂a)

ψ̇lς (~r,t)

(
√
−∇2)n

}

= −
∫ ψ+(~r,t)

(
√
−∇2)n

[−i(ra∂b − rb∂a),−i(rc∂d − rd∂c)] i
(−2)n−1 {Γ

2n︷ ︸︸ ︷
ef · ·
+ (n)

2n,∂̂π→i︷ ︸︸ ︷
∂̂e∂̂f · ·} ψ̇(~r,t)

(
√
−∇2)n

d3~r

=
∫ ψ+(~r,t)

(
√
−∇2)n

[L̂ab, L̂cd]
iψ̇(~r,t)

(
√
−∇2)n

d3~r

= −i(gadLbc − gacLbd + gbcLad − gbdLac)

Proof: [Lab, Pc]

= −
∫
d3~rd3~r′[ ψ+(~r,t)

(
√
−∇2)n

(ra∂b − rb∂a) iψ̇(~r,t)

(
√
−∇2)n

, ψ+(~r′,t)

(
√
−∇′2)n

∂′c
iψ̇(~r′,t)

(
√
−∇′2)n

]

= δkς lς δk
′
ς l
′
ς

∫
d3~rd3~r′[

ψ+
kς

(~r,t)

(
√
−∇2)n

(ra∂b − rb∂a)
ψ̇lς (~r,t)

(
√
−∇2)n

,
ψ+

k′ς
(~r′,t)

(
√
−∇′2)n

∂′c
ψ̇l′ς

(~r′,t)

(
√
−∇′2)n

]

= δkς lς δk
′
ς l
′
ς

∫
d3~rd3~r′

{
ψ+
kς

(~r,t)

(
√
−∇2)n

[(ra∂b − rb∂a)
ψ̇lς (~r,t)

(
√
−∇2)n

,
ψ+

k′ς
(~r′,t)

(
√
−∇′2)n

]∂′c
ψ̇l′ς

(~r′,t)

(
√
−∇′2)n

+
ψ+

k′ς
(~r′,t)

(
√
−∇′2)n

[
ψ+
kς

(~r,t)

(
√
−∇2)n

, ∂′c
ψ̇l′ς

(~r′,t)

(
√
−∇′2)n

](ra∂b − rb∂a)
ψ̇lς (~r,t)

(
√
−∇2)n

}
= δkς lς δk

′
ς l
′
ς

∫
d3~rd3~r′

{
ψ+
kς

(~r,t)

(
√
−∇2)n

(ra∂b − rb∂a) i
(−2)n−1 {Γ

2n︷ ︸︸ ︷
ef · ·
+ (n)

2n,∂̂π→i︷ ︸︸ ︷
∂̂e∂̂f · ·}lςk′ς δ

3(~r − ~r′)∂′c
ψ̇l′ς

(~r′,t)

(
√
−∇′2)n

−
ψ+

k′ς
(~r′,t)

(
√
−∇′2)n

∂′c
i

(−2)n−1 {Γ

2n︷ ︸︸ ︷
ef · ·
+ (n)

2n,∂̂′π→i︷ ︸︸ ︷
∂̂′e∂̂
′
f · ·}l′ςkς δ

3(~r′ − ~r)(ra∂b − rb∂a)
ψ̇lς (~r,t)

(
√
−∇2)n

}
= −δkς lς δk′ς l′ς

∫
d3~rd3~r′

{
ψ+
kς

(~r,t)

(
√
−∇2)n

(ra∂
′
b − rb∂′a) i

(−2)n−1 {Γ

2n︷ ︸︸ ︷
ef · ·
+ (n)

2n,∂̂′π→i︷ ︸︸ ︷
∂̂′e∂̂
′
f · ·}lςk′ς δ

3(~r − ~r′)∂′c
ψ̇l′ς

(~r′,t)

(
√
−∇′2)n

−
ψ+

k′ς
(~r′,t)

(
√
−∇′2)n

∂c
i

(−2)n−1 {Γ

2n︷ ︸︸ ︷
ef · ·
+ (n)

2n,∂̂π→i︷ ︸︸ ︷
∂̂e∂̂f · ·}l′ςkς δ

3(~r − ~r′)(ra∂b − rb∂a)
ψ̇lς (~r,t)

(
√
−∇2)n

}
= δkς lς δk

′
ς l
′
ς

∫
d3~r

{
ψ+
kς

(~r,t)

(
√
−∇2)n

(ra∂b − rb∂a) i
(−2)n−1 {Γ

2n︷ ︸︸ ︷
ef · ·
+ (n)

2n,∂̂π→i︷ ︸︸ ︷
∂̂e∂̂f · ·}lςk′ς∂c

ψ̇l′ς
(~r,t)

(
√
−∇2)n

−
ψ+

k′ς
(~r,t)

(
√
−∇2)n

∂c
i

(−2)n−1 {Γ

2n︷ ︸︸ ︷
ef · ·
+ (n)

2n,∂̂π→i︷ ︸︸ ︷
∂̂e∂̂f · ·}l′ςkς
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(ra∂b − rb∂a)
ψ̇lς (~r,t)

(
√
−∇2)n

}

= −
∫ ψ+(~r,t)

(
√
−∇2)n

[−i(ra∂b − rb∂a),−i∂′c] i
(−2)n−1 {Γ

2n︷ ︸︸ ︷
ef · ·
+ (n)

2n,∂̂π→i︷ ︸︸ ︷
∂̂e∂̂f · ·} ψ̇(~r,t)

(
√
−∇2)n

d3~r

=
∫ ψ+(~r,t)

(
√
−∇2)n

[L̂ab, P̂c]
iψ̇(~r,t)

(
√
−∇2)n

d3~r

= −i(gbcPa − gacPb)

Proof: [Pa, Pb]

= −
∫

[ ψ+(~r,t)

(
√
−∇2)n

∂a
iψ̇(~r,t)

(
√
−∇2)n

, ψ+(~r′,t)

(
√
−∇′2)n

∂′b
iψ̇(~r′,t)

(
√
−∇′2)n

]d3~rd3~r′

= δkς lς δk
′
ς l
′
ς

∫
[
ψ+
kς

(~r,t)

(
√
−∇2)n

∂a
ψ̇lς (~r,t)

(
√
−∇2)n

,
ψ+

k′ς
(~r′,t)

(
√
−∇′2)n

∂′b
ψ̇l′ς

(~r′,t)

(
√
−∇′2)n

]d3~rd3~r′

= δkς lς δk
′
ς l
′
ς

∫
d3~rd3~r′{

ψ+
kς

(~r,t)

(
√
−∇2)n

[∂a
ψ̇lς (~r,t)

(
√
−∇2)n

,
ψ+

k′ς
(~r′,t)

(
√
−∇′2)n

]∂′b
ψ̇l′ς

(~r′,t)

(
√
−∇′2)n

+
ψ+

k′ς
(~r′,t)

(
√
−∇′2)n

[
ψ+
kς

(~r,t)

(
√
−∇2)n

, ∂′b
ψ̇l′ς

(~r′,t)

(
√
−∇′2)n

]∂a
ψ̇lς (~r,t)

(
√
−∇2)n

}
= δkς lς δk

′
ς l
′
ς

∫
d3~rd3~r′

{
ψ+
kς

(~r,t)

(
√
−∇2)n

i
(−2)n−1 {Γ

2n︷ ︸︸ ︷
ef · ·
+ (n)

2n,∂̂π→i︷ ︸︸ ︷
∂̂e∂̂f · ·}lςk′ς∂aδ

3(~r − ~r′)∂′b
ψ̇l′ς

(~r′,t)

(
√
−∇′2)n

−
ψ+

k′ς
(~r′,t)

(
√
−∇′2)n

i
(−2)n−1 {Γ

2n︷ ︸︸ ︷
ef · ·
+ (n)

2n,∂̂′π→i︷ ︸︸ ︷
∂̂′e∂̂
′
f · ·}l′ςkς

∂′bδ
3(~r′ − ~r)∂a

ψ̇lς (~r,t)

(
√
−∇2)n

}
= −δkς lς δk′ς l′ς

∫
d3~rd3~r′

{
ψ+
kς

(~r,t)

(
√
−∇2)n

i
(−2)n−1 {Γ

2n︷ ︸︸ ︷
ef · ·
+ (n)

2n,∂̂′π→i︷ ︸︸ ︷
∂̂′e∂̂
′
f · ·}lςk′ς∂

′
aδ

3(~r − ~r′)∂′b
ψ̇l′ς

(~r′,t)

(
√
−∇′2)n

−
ψ+

k′ς
(~r′,t)

(
√
−∇′2)n

i
(−2)n−1 {Γ

2n︷ ︸︸ ︷
ef · ·
+ (n)

2n,∂̂π→i︷ ︸︸ ︷
∂̂e∂̂f · ·}l′ςkς

∂bδ
3(~r − ~r′)∂a

ψ̇lς (~r,t)

(
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7.2 Poincare symmetry of fermions
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ef · ·
− (n+ 1

2 )

2n+1,∂̂π→i︷ ︸︸ ︷
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ψlς (~r,t)

(
√
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b − rb∂′a) i

(−2)n−1
√

2
{Γ

2n+1︷ ︸︸ ︷
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7.3 Poincare symmetry of fermion spin

Lem. 7.3.1.
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ψlς (~r,t)

(
√
−∇2)n

, ψ
+mς (~r′,t)

(
√
−∇′2)n

Scdmς
nς (n+ 1

2 , ς)
ψnς (~r′,t)

(
√
−∇′2)n

]d3~rd3~r′

=
∫ ψ+kς (~r,t)

(
√
−∇2)n

{Sabkς lς (n+ 1
2 , ς)

ψlς (~r,t)

(
√
−∇2)n

, ψ
+mς (~r′,t)

(
√
−∇′2)n

}Scdmςnς (n+ 1
2 , ς)

ψnς (~r′,t)

(
√
−∇′2)n

− ψ+mς (~r′,t)

(
√
−∇′2)n

{ψ
+kς (~r,t)

(
√
−∇2)n

, Scdmς
nς (n+ 1

2 , ς)
ψnς (~r′,t)

(
√
−∇′2)n

}Sabkς lς (n+ 1
2 , ς)

ψlς (~r,t)

(
√
−∇2)n

d3~rd3~r′

=
∫ ψ+kς (~r,t)

(
√
−∇2)n

Sabkς
lς (n+ 1

2 , ς)Scdmς
nς (n+ 1

2 , ς)
i

(−2)n−1
√

2
{Γ

2n+1︷ ︸︸ ︷
ef · ·
− (n+ 1

2 )

2n+1,∂̂′π→i︷ ︸︸ ︷
∂̂′e∂̂
′
f · · }lςmς δ3(~r − ~r′) ψnς (~r′,t)

(
√
−∇′2)n

− ψ+mς (~r′,t)

(
√
−∇′2)n

Scdmς
nς (n+ 1

2 , ς)Sabkς
lς (n+ 1

2 , ς)
i

(−2)n−1
√

2
{Γ

2n+1︷ ︸︸ ︷
ef · ·
− (n+ 1

2 )

2n+1,∂̂π→i︷ ︸︸ ︷
∂̂e∂̂f · · }nς kς δ3(~r − ~r′) ψlς (~r,t)

(
√
−∇2)n

d3~rd3~r′

=
∫ ψ+kς (~r,t)

(
√
−∇2)n

Sabkς
lς (n+ 1

2 , ς)
i

(−2)n−1
√

2
{Γ

2n+1︷ ︸︸ ︷
ef · ·
− (n+ 1

2 )

2n+1,∂̂π→i︷ ︸︸ ︷
∂̂e∂̂f · · }lςmςScdmςnς (n+ 1

2 , ς)
ψnς (~r,t)

(
√
−∇2)n

− ψ+mς (~r,t)

(
√
−∇2)n

Scdmς
nς (n+ 1

2 , ς)
i

(−2)n−1
√

2
{Γ

2n+1︷ ︸︸ ︷
ef · ·
− (n+ 1

2 )

2n+1,∂̂π→i︷ ︸︸ ︷
∂̂e∂̂f · · }nς kςSabkς lς (n+ 1

2 , ς)
ψlς (~r,t)

(
√
−∇2)n

d3~r

=
∫ ψ+(~r,t)

(
√
−∇2)n

Sab(n+ 1
2 , ς)

i
(−2)n−1

√
2
{Γ

2n+1︷ ︸︸ ︷
ef · ·
− (n+ 1

2 )

2n+1,∂̂π→i︷ ︸︸ ︷
∂̂e∂̂f · · }Scd(n+ 1

2 , ς)
ψ(~r,t)

(
√
−∇2)n

− ψ+(~r,t)

(
√
−∇2)n

Scd(n+ 1
2 , ς)

i
(−2)n−1

√
2
{Γ

2n+1︷ ︸︸ ︷
ef · ·
− (n+ 1

2 )

2n+1,∂̂π→i︷ ︸︸ ︷
∂̂e∂̂f · · }Sab(n+ 1

2 , ς)
ψ(~r,t)

(
√
−∇2)n

d3~r
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=
∫ ψ+(~r,t)

(
√
−∇2)n

Sab(n+ 1
2 , ς)

i
(−2)n−1

√
2
{Γ

2n+1︷ ︸︸ ︷
ef · ·
− (n+ 1

2 )

2n+1,∂̂π→i︷ ︸︸ ︷
∂̂e∂̂f · · }Scd(n+ 1

2 , ς)
ψ(~r,t)

(
√
−∇2)n

− ψ+(~r,t)

(
√
−∇2)n

Scd(n+ 1
2 , ς)

i
(−2)n−1

√
2
{Γ

2n+1︷ ︸︸ ︷
ef · ·
− (n+ 1

2 )

2n+1,∂̂π→i︷ ︸︸ ︷
∂̂e∂̂f · · }Sab(n+ 1

2 , ς)
ψ(~r,t)

(
√
−∇2)n

d3~r

??? =
∫ ψ+(~r,t)

(
√
−∇2)n

[Sab(n+ 1
2 , ς), Scd(n+ 1

2 , ς)]
i

(−2)n−1
√

2
{Γ

2n+1︷ ︸︸ ︷
ef · ·
− (n+ 1

2 )

2n+1,∂̂π→i︷ ︸︸ ︷
∂̂e∂̂f · · } ψ(~r,t)

(
√
−∇2)n

d3~r

=
∫ ψ+(~r,t)

(
√
−∇2)n

[Sab(n+ 1
2 , ς), Scd(n+ 1

2 , ς)]
ψ(~r,t)

(
√
−∇2)n

d3~r

= −i[gadSbc(n+ 1
2 , ς)− gacSbd(n+ 1

2 , ς) + gbcSad(n+ 1
2 , ς)− gbdSac(n+ 1

2 , ς)]

Proof: [σας (t), σβς (t)]

=
∫

[ψ
+kς (~r,t)

(
√
−∇2)n

σας kς
lς (n+ 1

2 )
ψlς (~r,t)

(
√
−∇2)n

, ψ
+mς (~r′,t)

(
√
−∇′2)n

σβςmς
nς (n+ 1

2 )
ψnς (~r′,t)

(
√
−∇′2)n

]d3~rd3~r′

=
∫ ψ+kς (~r,t)

(
√
−∇2)n

{σας kς lς (n+ 1
2 )

ψlς (~r,t)

(
√
−∇2)n

, ψ
+mς (~r′,t)

(
√
−∇′2)n

}σβςmςnς (n+ 1
2 )

ψnς (~r′,t)

(
√
−∇′2)n

− ψ+mς (~r′,t)

(
√
−∇′2)n

{ψ
+kς (~r,t)

(
√
−∇2)n

, σβςmς
nς (n+ 1

2 )
ψnς (~r′,t)

(
√
−∇′2)n

}σας kς lς (n+ 1
2 )

ψlς (~r,t)

(
√
−∇2)n

d3~rd3~r′

=
∫ ψ+kς (~r,t)

(
√
−∇2)n

σας kς
lς (n+ 1

2 )σβςmς
nς (n+ 1

2 ) i
(−2)n−1

√
2
{Γ

2n+1︷ ︸︸ ︷
ef · ·
− (n+ 1

2 )

2n+1,∂̂′π→i︷ ︸︸ ︷
∂̂′e∂̂
′
f · · }lςmς δ3(~r − ~r′) ψnς (~r′,t)

(
√
−∇′2)n

− ψ+mς (~r′,t)

(
√
−∇′2)n

σβςmς
nς (n+ 1

2 )σας kς
lς (n+ 1

2 ) i
(−2)n−1

√
2
{Γ

2n+1︷ ︸︸ ︷
ef · ·
− (n+ 1

2 )

2n+1,∂̂π→i︷ ︸︸ ︷
∂̂e∂̂f · · }nς kς δ3(~r − ~r′) ψlς (~r,t)

(
√
−∇2)n

d3~rd3~r′

=
∫ ψ+kς (~r,t)

(
√
−∇2)n

σας kς
lς (n+ 1

2 ) i
(−2)n−1

√
2
{Γ

2n+1︷ ︸︸ ︷
ef · ·
− (n+ 1

2 )

2n+1,∂̂π→i︷ ︸︸ ︷
∂̂e∂̂f · · }lςmςσβςmςnς (n+ 1

2 )
ψnς (~r,t)

(
√
−∇2)n

− ψ+mς (~r,t)

(
√
−∇2)n

σβςmς
nς (n+ 1

2 ) i
(−2)n−1

√
2
{Γ

2n+1︷ ︸︸ ︷
ef · ·
− (n+ 1

2 )

2n+1,∂̂π→i︷ ︸︸ ︷
∂̂e∂̂f · · }nς kςσας kς lς (n+ 1

2 )
ψlς (~r,t)

(
√
−∇2)n

d3~r

=
∫ ψ+(~r,t)

(
√
−∇2)n

σας (n+ 1
2 ) i

(−2)n−1
√

2
{Γ

2n+1︷ ︸︸ ︷
ef · ·
− (n+ 1

2 )

2n+1,∂̂π→i︷ ︸︸ ︷
∂̂e∂̂f · · }σβς (n+ 1

2 ) ψ(~r,t)

(
√
−∇2)n

− ψ+(~r,t)

(
√
−∇2)n

σβς (n+ 1
2 ) i

(−2)n−1
√

2
{Γ

2n+1︷ ︸︸ ︷
ef · ·
− (n+ 1

2 )

2n+1,∂̂π→i︷ ︸︸ ︷
∂̂e∂̂f · · }σας (n+ 1

2 ) ψ(~r,t)

(
√
−∇2)n

d3~r

=
∫ ψ+(~r,t)

(
√
−∇2)n

σας (n+ 1
2 ) i

(−2)n−1
√

2
{Γ

2n+1︷ ︸︸ ︷
ef · ·
− (n+ 1

2 )

2n+1,∂̂π→i︷ ︸︸ ︷
∂̂e∂̂f · · }σβς (n+ 1

2 ) ψ(~r,t)

(
√
−∇2)n

− ψ+(~r,t)

(
√
−∇2)n

σβς (n+ 1
2 ) i

(−2)n−1
√

2
{Γ

2n+1︷ ︸︸ ︷
ef · ·
− (n+ 1

2 )

2n+1,∂̂π→i︷ ︸︸ ︷
∂̂e∂̂f · · }σας (n+ 1

2 ) ψ(~r,t)

(
√
−∇2)n

d3~r

??? =
∫ ψ+(~r,t)

(
√
−∇2)n

[σας (n+ 1
2 ), σβς (n+ 1

2 )] i
(−2)n−1

√
2
{Γ

2n+1︷ ︸︸ ︷
ef · ·
− (n+ 1

2 )

2n+1,∂̂π→i︷ ︸︸ ︷
∂̂e∂̂f · · } ψ(~r,t)

(
√
−∇2)n

d3~r

=
∫ ψ+(~r,t)

(
√
−∇2)n

[σας (n+ 1
2 ), σβς (n+ 1

2 )] ψ(~r,t)

(
√
−∇2)n

d3~r = iεαςβς
γςσγς (t)

Proof: [σας (t), σβς (t)](n+ 1
2 )−2

=
∫

[ ψ+kς (~r,t)

(
√
−∇2)n+1

∇ας δkς lς
ψ̇lς (~r,t)

(
√
−∇2)n+1

, ψ+mς (~r′,t)

(
√
−∇′2)n+1

∇′βς δmς
nς ψ̇nς (~r′,t)

(
√
−∇′2)n+1

]d3~rd3~r′

=
∫ ψ+kς (~r,t)

(
√
−∇2)n+1

{∇ας δkς lς
ψ̇lς (~r,t)

(
√
−∇2)n+1

, ψ+mς (~r′,t)

(
√
−∇′2)n+1

}∇′βς δmς
nς ψ̇nς (~r′,t)

(
√
−∇′2)n+1

− ψ+mς (~r′,t)

(
√
−∇′2)n+1

{ ψ+kς (~r,t)

(
√
−∇2)n+1

,∇′βς δmς
nς ψ̇nς (~r′,t)

(
√
−∇′2)n+1

}∇ας δkς lς
ψ̇lς (~r,t)

(
√
−∇2)n+1

d3~rd3~r′

=
∫ ψ+kς (~r,t)

(
√
−∇2)n+1

∇′ας δkς
lς i

(−2)n−1
√

2
{ 1
i
√
−∇′2 Γ

2n+1︷ ︸︸ ︷
ef · ·
+

2n+1,∂̂′π→i︷ ︸︸ ︷
∂̂′e∂̂
′
f · · }lςmς δ3(~r − ~r′)∇′βς δmς

nς ψ̇nς (~r′,t)

(
√
−∇′2)n+1

− ψ+mς (~r′,t)

(
√
−∇′2)n+1

∇βς δmςnς i
(−2)n−1

√
2
{ 1
i
√
−∇2

Γ

2n+1︷ ︸︸ ︷
ef · ·
+

2n+1,∂̂π→i︷ ︸︸ ︷
∂̂e∂̂f · · }nς kς δ3(~r − ~r′)∇ας δkς lς

ψ̇lς (~r,t)

(
√
−∇2)n+1

d3~rd3~r′

=
∫ ψ+kς (~r,t)

(
√
−∇2)n+1

∇ας δkς lς i
(−2)n−1

√
2
{ 1
i
√
−∇2

Γ

2n+1︷ ︸︸ ︷
ef · ·
+

2n+1,∂̂π→i︷ ︸︸ ︷
∂̂e∂̂f · · }lςmς∇βς δmςnς

ψ̇nς (~r,t)

(
√
−∇2)n+1
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− ψ+mς (~r,t)

(
√
−∇2)n+1

∇βς δmςnς i
(−2)n−1

√
2
{ 1
i
√
−∇2

Γ

2n+1︷ ︸︸ ︷
ef · ·
+

2n+1,∂̂π→i︷ ︸︸ ︷
∂̂e∂̂f · · }nς kς∇ας δkς lς

ψ̇lς (~r,t)

(
√
−∇2)n+1

d3~r

=
∫ ψ+(~r,t)

(
√
−∇2)n+1

∇ας i
(−2)n−1

√
2
{ 1
i
√
−∇2

Γ

2n+1︷ ︸︸ ︷
ef · ·
+

2n+1,∂̂π→i︷ ︸︸ ︷
∂̂e∂̂f · · }∇βς

ψ̇(~r,t)

(
√
−∇2)n+1

− ψ+(~r,t)

(
√
−∇2)n+1

∇βς i
(−2)n−1

√
2
{ 1
i
√
−∇2

Γ

2n+1︷ ︸︸ ︷
ef · ·
+

2n+1,∂̂π→i︷ ︸︸ ︷
∂̂e∂̂f · · }∇ας

ψ̇(~r,t)

(
√
−∇2)n+1

d3~r

=
∫ ψ+(~r,t)

(
√
−∇2)n+1

∇ας i
(−2)n−1

√
2
{ 1
i
√
−∇2

Γ

2n+1︷ ︸︸ ︷
ef · ·
+

2n+1,∂̂π→i︷ ︸︸ ︷
∂̂e∂̂f · · }∇βς

ψ̇(~r,t)

(
√
−∇2)n+1

− ψ+(~r,t)

(
√
−∇2)n+1

∇βς i
(−2)n−1

√
2
{ 1
i
√
−∇2

Γ

2n+1︷ ︸︸ ︷
ef · ·
+

2n+1,∂̂π→i︷ ︸︸ ︷
∂̂e∂̂f · · }∇ας

ψ̇(~r,t)

(
√
−∇2)n+1

d3~r

=
∫ ψ+(~r,t)

(
√
−∇2)n+1

[∇ας ,∇βς ] i
(−2)n−1

√
2
{ 1
i
√
−∇2

Γ

2n+1︷ ︸︸ ︷
ef · ·
+

2n+1,∂̂π→i︷ ︸︸ ︷
∂̂e∂̂f · · } ψ̇(~r,t)

(
√
−∇2)n+1

d3~r

=
∫ ψ+(~r,t)

(
√
−∇2)n+1

[∇ας ,∇βς ]
ψ̇(~r,t)

(
√
−∇2)n+1

d3~r = 0? = iεαςβς
γςσγς (t)

Cor. 7.3.3. λ+(p̂,−sς)σi(s)[σ(s) · p̂]nσj(s)λ(p̂,−sς)
= λ+(p̂,−sς)σi(s){(−ς)n−1s[sn − (s− 1)n]p̂j + (−ς)n(s− 1)nσj(s)}λ(p̂,−sς)
= (−ς)ns2[sn − (s− 1)n]p̂ip̂j + (−ς)n(s− 1)nλ+(p̂,−sς)σi(s)σj(s)λ(p̂,−sς)
= (−ς)ns2[sn − (s− 1)n]p̂ip̂j + (−ς)n(s− 1)n[s2p̂ip̂j + s

2 (δij − p̂ip̂j − iςεijkp̂k)]
= (−ς)ns2snp̂ip̂j + (−ς)n(s− 1)n[ s2 (δij − p̂ip̂j − iςεijkp̂k)]

8 Covariate quantization of fully symmetric Penrose equation
Self comment: Since Penrose fully symmetric equation is completely equivalent to the spin equation,
the covariant quantization of Penrose fully symmetric equation has also been successfully completed
in principle. It only needs to be equivalently converted from the spin equation. But starting directly
from Penrose fully symmetric equation can provide a completely new solution.It has implications for
the covariant quantization of massive particles. As detailed conclusions have been obtained by the spin
equation method, only the essence of the Penrose fully symmetric equation solution is given below. I
no longer seek perfection. And it is a supplement to the spin equation method.
8.1 Penrose fully symmetric equation [1, 2] and its plane wave solutions

Thm. 8.1.1.

[s∂a + iSab(s, ς)∂
b]ψ(x) = 0⇔ (σ,−iς)A

′
ςAς

a ∂aψAςBςCς · ·︸ ︷︷ ︸
2s

(x) = 0, ψAςBςCς · ·︸ ︷︷ ︸
2s

(x) = ΓkςAςBςCς · ·︸ ︷︷ ︸
2s

(s)ψkς (x)

Cor. 8.1.1.

ψAςBςCς · ·︸ ︷︷ ︸
2s

(x) = 1
(2π)3/2

∫
~p6=0

|~p|(s−
1
2 )ΓkςAςBςCς · ·︸ ︷︷ ︸

2s

(s)λkς (p̂,−sς)[a1(~p,−sς)eip·x + a+
2 (~p,−sς)e−ip·x]d3~p

~p|(s−
1
2 )a1(~p,−sς) = 1

(2π)3/2

∫
λ+kς (p̂,−sς)Γ

2s︷ ︸︸ ︷
AςBςCς · ·
kς

(s)ψAςBςCς · ·︸ ︷︷ ︸
2s

(x)e−ip·xd3~r

|~p|(s−
1
2 )a+

2 (~p,−sς) = 1
(2π)3/2

∫
λ+kς (p̂,−sς)Γ

2s︷ ︸︸ ︷
AςBςCς · ·
kς

(s)ψAςBςCς · ·︸ ︷︷ ︸
2s

(x)eip·xd3~r

Cor. 8.1.2.
λkς (p̂,−sς) = Γ

2s︷ ︸︸ ︷
AςBςCς · ·
kς

(s)

2s︷ ︸︸ ︷
λAς (p̂,− ς

2 )λBς (p̂,− ς
2 )λCς (p̂,− ς

2 ) · ·
ΓkςAςBςCς · ·︸ ︷︷ ︸

2s

(s)λkς (p̂,−sς) = λAς (p̂,− ς
2 )λBς (p̂,− ς

2 )λCς (p̂,− ς
2 ) · ·︸ ︷︷ ︸

2s

Cor. 8.1.3.

ψAςBςCς · ·︸ ︷︷ ︸
2s

(x) = 1
(2π)3/2

∫
~p6=0

|~p|(s−
1
2 ) λAς (p̂,− ς

2 )λBς (p̂,− ς
2 )λCς (p̂,− ς

2 ) · ·︸ ︷︷ ︸
2s

[a1(~p,−sς)eip·x + a+
2 (~p,−sς)e−ip·x]d3~p

~p|(s−
1
2 )a1(~p,−sς) = 1

(2π)3/2

∫ 2s︷ ︸︸ ︷
λ+Aς (p̂,− ς

2 )λ+Bς (p̂,− ς
2 )λ+Cς (p̂,− ς

2 ) · ·ψAςBςCς · ·︸ ︷︷ ︸
2s

(x)e−ip·xd3~r

|~p|(s−
1
2 )a+

2 (~p,−sς) = 1
(2π)3/2

∫ 2s︷ ︸︸ ︷
λ+Aς (p̂,− ς

2 )λ+Bς (p̂,− ς
2 )λ+Cς (p̂,− ς

2 ) · ·ψAςBςCς · ·︸ ︷︷ ︸
2s

(x)eip·xd3~r
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8.2 Spin bases of and its properties of Penrose fully symmetric equation

Def. 8.2.1. λAςBς ··(p̂,−sς) := λAς (p̂,− ς
2 )λBς (p̂,− ς

2 ) · ·︸ ︷︷ ︸
2s

Cor. 8.2.1.

{
λ+Aς (p̂,− ς

2 )λAς (p̂,− ς
2 ) = 1, λ+Aς (−p̂,− ς

2 )λAς (p̂,− ς
2 ) = 1

λAς (p̂,− ς
2 )λ+

A′ς
(p̂,− ς

2 ) = − ς
2 (σ, iς)aAςA′ς p̂a

Cor. 8.2.2.


λ+AςBς ··(p̂,−sς)λAςBς ··(p̂,−sς) = 1, λ+AςBς ··(−p̂,−sς)λAςBς ··(p̂,−sς) = 0

λAςBς ··(p̂,−sς)λ+
A′ςB

′
ς ··

(p̂,−sς) = (− ς
2 )2s 1

[(2s)!]2

2s︷ ︸︸ ︷
(σ, iς)a{Aς(A′ς (σ, iς)

b
BςB′ς

· ·})

2s︷ ︸︸ ︷
p̂ap̂b · ·

8.3 Various physical operators of Penrose fully symmetric equation

Thm. 8.3.1. Pu(s)

=
∫
ψ+

2s︷ ︸︸ ︷
AςBς · ·(~r, t)−i∂u(i∂t)

2s−1

(−∇2)2s−1 ψAςBς · ·︸ ︷︷ ︸
2s

(~r, t)d3~r
∫
pu[a+

1 (~p,−sς)a1(~p,−sς) + (−1)2sa2(~p,−sς)a+
2 (~p,−sς)]d3~p

Proof: Pu(s) =
∫
ψ+

2s︷ ︸︸ ︷
AςBς · ·(~r, t)−i∂u(i∂t)

2s−1

(−∇2)2s−1 ψAςBς · ·︸ ︷︷ ︸
2s

(~r, t)d3~r

= 1
(2π)3

∫
d3~p′d3~pd3~r|~p′|s−

1
2 |~p|s−

1
2

2s︷ ︸︸ ︷
λ+Aς (p̂′,− ς

2 )λ+Bς (p̂′,− ς
2 ) · ·λAς (p̂,− ς

2 )λBς (p̂,− ς
2 ) · ·︸ ︷︷ ︸

2s

pu
|~p|2s−1

[a+
1 (~p′,−sς)e−i(~p′·~r−|~p′|t) + a2(~p′,−sς)ei(~p′·~r−|~p′|t)][a1(~p,−sς)ei(~p·~r−|~p|t) + (−1)2sa+

2 (~p,−sς)e−i(~p·~r−|~p|t)]

=
∫
~p|2s−1

2s︷ ︸︸ ︷
λ+Aς (p̂′,− ς

2 )λ+Bς (p̂′,− ς
2 ) · ·λAς (p̂,− ς

2 )λBς (p̂,− ς
2 ) · ·︸ ︷︷ ︸

2s

pu
|~p|2s−1

{[a+
1 (~p,−sς)a1(~p,−sς) + (−1)2sa2(~p,−sς)a+

2 (~p,−sς)]δ3(~p′ − ~p)
+ [(−1)2sa+

1 (−~p,−sς)a+
2 (~p,−sς)e−2i|~p|t + a2(−~p,−sς)a1(~p,−sς)e2i|~p|t]δ3(~p′ + ~p)}d3~p′d3~p

=
∫ 2s︷ ︸︸ ︷
λ+Aς (p̂,− ς

2 )λ+Bς (p̂,− ς
2 ) · ·λAς (p̂,− ς

2 )λBς (p̂,− ς
2 ) · ·︸ ︷︷ ︸

2s

pu[a+
1 (~p,−sς)a1(~p,−sς) + (−1)2sa2(~p,−sς)a+

2 (~p,−sς)]d3~p
=
∫
pu[a+

1 (~p,−sς)a1(~p,−sς) + (−1)2sa2(~p,−sς)a+
2 (~p,−sς)]d3~p

Thm. 8.3.2. Q(s) =
∫
ψ+

2s︷ ︸︸ ︷
AςBς · ·(~r, t) (i∂t)

2s−1

(−∇2)2s−1ψAςBς · ·︸ ︷︷ ︸
2s

(~r, t)d3~r

=
∫

[a+
1 (~p,−sς)a1(~p,−sς) + (−1)2s−1a2(~p,−sς)a+

2 (~p,−sς)]d3~p

Proof: Q(s) =
∫
ψ+

2s︷ ︸︸ ︷
AςBς · ·(~r, t) (i∂t)

2s−1

(−∇2)2s−1ψAςBς · ·︸ ︷︷ ︸
2s

(~r, t)d3~r

= 1
(2π)3

∫
d3~p′d3~pd3~r|~p′|s−

1
2 |~p|s−

1
2

2s︷ ︸︸ ︷
λ+Aς (p̂′,− ς

2 )λ+Bς (p̂′,− ς
2 ) · ·λAς (p̂,− ς

2 )λBς (p̂,− ς
2 ) · ·︸ ︷︷ ︸

2s

1
|~p|2s−1

[a+
1 (~p′,−sς)e−i(~p′·~r−|~p′|t) + a2(~p′,−sς)ei(~p′·~r−|~p′|t)][a1(~p,−sς)ei(~p·~r−|~p|t) + (−1)2s−1a+

2 (~p,−sς)e−i(~p·~r−|~p|t)]

=
∫
~p|2s−1

2s︷ ︸︸ ︷
λ+Aς (p̂′,− ς

2 )λ+Bς (p̂′,− ς
2 ) · ·λAς (p̂,− ς

2 )λBς (p̂,− ς
2 ) · ·︸ ︷︷ ︸

2s

1
|~p|2s−1

{[a+
1 (~p,−sς)a1(~p,−sς) + (−1)2s−1a2(~p,−sς)a+

2 (~p,−sς)]δ3(~p′ − ~p)
+ [(−1)2s−1a+

1 (−~p,−sς)a+
2 (~p,−sς)e−2i|~p|t + a2(−~p,−sς)a1(~p,−sς)e2i|~p|t]δ3(~p′ + ~p)}d3~p′d3~p

=
∫

[a+
1 (~p,−sς)a1(~p,−sς) + (−1)2s−1a2(~p,−sς)a+

2 (~p,−sς)]d3~p

Thm. 8.3.3. N(s) =
∫
ψ+

2s︷ ︸︸ ︷
AςBς · ·(~r, t) (i∂t)

2s

(
√
−∇2)4s−1

ψAςBς · ·︸ ︷︷ ︸
2s

(~r, t)d3~r

=
∫

[a+
1 (~p,−sς)a1(~p,−sς) + (−1)2sa2(~p,−sς)a+

2 (~p,−sς)]d3~p
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Proof: N(s) =
∫
ψ+

2s︷ ︸︸ ︷
AςBς · ·(~r, t) (i∂t)

2s

(
√
−∇2)4s−1

ψAςBς · ·︸ ︷︷ ︸
2s

(~r, t)d3~r

= 1
(2π)3

∫
d3~p′d3~pd3~r|~p′|s−

1
2 |~p|s−

1
2

2s︷ ︸︸ ︷
λ+Aς (p̂′,− ς

2 )λ+Bς (p̂′,− ς
2 ) · ·λAς (p̂,− ς

2 )λBς (p̂,− ς
2 ) · ·︸ ︷︷ ︸

2s

1
|~p|2s−1

[a+
1 (~p′,−sς)e−i(~p′·~r−|~p′|t) + a2(~p′,−sς)ei(~p′·~r−|~p′|t)][a1(~p,−sς)ei(~p·~r−|~p|t) + (−1)2sa+

2 (~p,−sς)e−i(~p·~r−|~p|t)]

=
∫
~p|2s−1

2s︷ ︸︸ ︷
λ+Aς (p̂′,− ς

2 )λ+Bς (p̂′,− ς
2 ) · ·λAς (p̂,− ς

2 )λBς (p̂,− ς
2 ) · ·︸ ︷︷ ︸

2s

1
|~p|2s−1

{[a+
1 (~p,−sς)a1(~p,−sς) + (−1)2sa2(~p,−sς)a+

2 (~p,−sς)]δ3(~p′ − ~p)
+ [(−1)2sa+

1 (−~p,−sς)a+
2 (~p,−sς)e−2i|~p|t + a2(−~p,−sς)a1(~p,−sς)e2i|~p|t]δ3(~p′ + ~p)}d3~p′d3~p

=
∫

[a+
1 (~p,−sς)a1(~p,−sς) + (−1)2sa2(~p,−sς)a+

2 (~p,−sς)]d3~p

Thm. 8.3.4. ~S(s) =
∫
ψ+

2s︷ ︸︸ ︷
AςBς · ·(~r, t) ∇̂(i∂t)

2s−1

(−∇2)2s−1ψAςBς · ·︸ ︷︷ ︸
2s

(~r, t)d3~r

=
∫
p̂[a+

1 (~p,−sς)a1(~p,−sς) + (−1)2sa2(~p,−sς)a+
2 (~p,−sς)]d3~p

Proof: ~S(s) =
∫
ψ+

2s︷ ︸︸ ︷
AςBς · ·(~r, t) ∇̂(i∂t)

2s−1

(−∇2)2s−1ψAςBς · ·︸ ︷︷ ︸
2s

(~r, t)d3~r

= 1
(2π)3

∫
d3~p′d3~pd3~r|~p′|s−

1
2 |~p|s−

1
2

2s︷ ︸︸ ︷
λ+Aς (p̂′,− ς

2 )λ+Bς (p̂′,− ς
2 ) · ·λAς (p̂,− ς

2 )λBς (p̂,− ς
2 ) · ·︸ ︷︷ ︸

2s

p̂
|~p|2s−1

[a+
1 (~p′,−sς)e−i(~p′·~r−|~p′|t) + a2(~p′,−sς)ei(~p′·~r−|~p′|t)][a1(~p,−sς)ei(~p·~r−|~p|t) + (−1)2sa+

2 (~p,−sς)e−i(~p·~r−|~p|t)]

=
∫
~p|2s−1

2s︷ ︸︸ ︷
λ+Aς (p̂′,− ς

2 )λ+Bς (p̂′,− ς
2 ) · ·λAς (p̂,− ς

2 )λBς (p̂,− ς
2 ) · ·︸ ︷︷ ︸

2s

p̂
|~p|2s−1

{[a+
1 (~p,−sς)a1(~p,−sς) + (−1)2sa2(~p,−sς)a+

2 (~p,−sς)]δ3(~p′ − ~p)
+ [(−1)2sa+

1 (−~p,−sς)a+
2 (~p,−sς)e−2i|~p|t + a2(−~p,−sς)a1(~p,−sς)e2i|~p|t]δ3(~p′ + ~p)}d3~p′d3~p

=
∫
p̂[a+

1 (~p,−sς)a1(~p,−sς) + (−1)2sa2(~p,−sς)a+
2 (~p,−sς)]d3~p

Thm. 8.3.5. ~M(s) =
∫
ψ+

2s︷ ︸︸ ︷
AςBς · ·(~r, t) ∇̂(i∂t)

2s

(
√
−∇2)4s−1

ψAςBς · ·︸ ︷︷ ︸
2s

(~r, t)d3~r

=
∫
p̂[a+

1 (~p,−sς)a1(~p,−sς) + (−1)2s−1a2(~p,−sς)a+
2 (~p,−sς)]d3~p

Proof: ~M(s) =
∫
ψ+

2s︷ ︸︸ ︷
AςBς · ·(~r, t) ∇̂(i∂t)

2s

(
√
−∇2)4s−1

ψAςBς · ·︸ ︷︷ ︸
2s

(~r, t)d3~r

= 1
(2π)3

∫
d3~p′d3~pd3~r|~p′|s−

1
2 |~p|s−

1
2

2s︷ ︸︸ ︷
λ+Aς (p̂′,− ς

2 )λ+Bς (p̂′,− ς
2 ) · ·λAς (p̂,− ς

2 )λBς (p̂,− ς
2 ) · ·︸ ︷︷ ︸

2s

p̂
|~p|2s−1

[a+
1 (~p′,−sς)e−i(~p′·~r−|~p′|t) + a2(~p′,−sς)ei(~p′·~r−|~p′|t)][a1(~p,−sς)ei(~p·~r−|~p|t) + (−1)2s−1a+

2 (~p,−sς)e−i(~p·~r−|~p|t)]

=
∫
~p|2s−1

2s︷ ︸︸ ︷
λ+Aς (p̂′,− ς

2 )λ+Bς (p̂′,− ς
2 ) · ·λAς (p̂,− ς

2 )λBς (p̂,− ς
2 ) · ·︸ ︷︷ ︸

2s

p̂
|~p|2s−1

{[a+
1 (~p,−sς)a1(~p,−sς) + (−1)2s−1a2(~p,−sς)a+

2 (~p,−sς)]δ3(~p′ − ~p)
+ [(−1)2s−1a+

1 (−~p,−sς)a+
2 (~p,−sς)e−2i|~p|t + a2(−~p,−sς)a1(~p,−sς)e2i|~p|t]δ3(~p′ + ~p)}d3~p′d3~p

=
∫
p̂[a+

1 (~p,−sς)a1(~p,−sς) + (−1)2s−1a2(~p,−sς)a+
2 (~p,−sς)]d3~p

8.4 Covariant commutation rules for Penrose fully symmetric equation

Thm. 8.4.1.[ψkς (x), ψ+
k′ς

(x′)]−2s+1 = i (−1)2s

2s−1 Γ

2s︷ ︸︸ ︷
abc · ·
kςk′ς

(s)

2s︷ ︸︸ ︷
∂a∂b∂c · ·∆(x− x′),Γ(0) := 1

[ψkς (x), ψlς (x
′)]−2s+1 = 0, [ψ+

k′ς
(x), ψ+

l′ς
(x′)]−2s+1 = 0, s ≥ 0

⇔
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[ψAςBςCς · ·︸ ︷︷ ︸

2s

(x), ψ+
A
′
ςB
′
ςC
′
ς · ·︸ ︷︷ ︸

2s

(x′)]−2s+1 = i (iς)2s

22s−1[(2s)!]2

2s︷ ︸︸ ︷
(σ, iς)a{Aς(A′ς (σ, iς)

b
BςB′ς

(σ, iς)cCςC′ς · ·})

2s︷ ︸︸ ︷
∂a∂b∂c · ·∆(x− x′)

[ψAςBςCς · ·︸ ︷︷ ︸
2s

(x), ψEςFςGς · ·︸ ︷︷ ︸
2s

(x′)]−2s+1 = 0, [ψ+
A
′
ςB
′
ςC
′
ς · ·︸ ︷︷ ︸

2s

(x), ψ+
E
′
ςF
′
ςG
′
ς · ·︸ ︷︷ ︸

2s

(x′)]−2s+1 = 0, s ≥ 0

Lem. 8.4.1.{
λAς (p̂,− ς

2 )λ+
A′ς

(p̂,− ς
2 ) = − ς

2 (σ, iς)aAςA′ς p̂a

λAς (p̂,− ς
2 )λ+

A′ς
(p̂,− ς

2 )λBς (p̂,− ς
2 )λ+

B′ς
(p̂,− ς

2 ) = λAς (p̂,− ς
2 )λ+

B′ς
(p̂,− ς

2 )λBς (p̂,− ς
2 )λ+

A′ς
(p̂,− ς

2 )
⇔⇔{

(σ, iς)aAςA′ςpa(σ, iς)bBςB′ςpb = (σ, iς)aBςA′ςpa(σ, iς)bAςB′ςpb, p
apa = 0

(σ, iς)aAςA′ςpa(σ, iς)bBςB′ςpb = (σ, iς)aAςB′ςpa(σ, iς)bBςA′ςpb, p
apa = 0

Lem. 8.4.2.

{
(σ, iς)aAςA′ς∂a(σ, iς)bBςB′ς∂b = (σ, iς)aBςA′ς∂a(σ, iς)bAςB′ς∂b, ∂

a∂a = 0

(σ, iς)aAςA′ς∂a(σ, iς)bBςB′ς∂b = (σ, iς)aAςB′ς∂a(σ, iς)bBςA′ς∂b, ∂
a∂a = 0

Direct verification can prove the above two lemmas.

Cor. 8.4.1. 1
[(2s)!]2

2s︷ ︸︸ ︷
(σ, iς)a{Aς(A′ς (σ, iς)

b
BςB′ς

(σ, iς)cCςC′ς · ·})
2s︷ ︸︸ ︷

papbpc · · =

2s︷ ︸︸ ︷
(σ, iς)aAςA′ς (σ, iς)

b
BςB′ς

(σ, iς)cCςC′ς · ·
2s︷ ︸︸ ︷

papbpc · ·

Cor. 8.4.2. 1
[(2s)!]2

2s︷ ︸︸ ︷
(σ, iς)a{Aς(A′ς (σ, iς)

b
BςB′ς

· ·})

2s︷ ︸︸ ︷
∂a∂b · ·∆(x− x′) =

2s︷ ︸︸ ︷
(σ, iς)aAςA′ς (σ, iς)

b
BςB′ς

· ·
2s︷ ︸︸ ︷

∂a∂b · ·∆(x− x′)

Cor. 8.4.3.
[ψAςBςCς · ·︸ ︷︷ ︸

2s

(x), ψ+
A
′
ςB
′
ςC
′
ς · ·︸ ︷︷ ︸

2s

(x′)]−2s+1 = i (iς)2s

22s−1

2s︷ ︸︸ ︷
(σ, iς)aAςA′ς (σ, iς)

b
BςB′ς

(σ, iς)cCςC′ς · ·
2s︷ ︸︸ ︷

∂a∂b∂c · ·∆(x− x′)

[ψAςBςCς · ·︸ ︷︷ ︸
2s

(x), ψEςFςGς · ·︸ ︷︷ ︸
2s

(x′)]−2s+1 = 0, [ψ+
A
′
ςB
′
ςC
′
ς · ·︸ ︷︷ ︸

2s

(x), ψ+
E
′
ςF
′
ςG
′
ς · ·︸ ︷︷ ︸

2s

(x′)]−2s+1 = 0, s ≥ 0

Cor. 8.4.4. ψαςβς = iς√
2
σAςBςας

iς√
2
σCςDςβς

ψAςBςCκDκ = − 1
2σ

AςBς
ας σCςDςβς

ψAςBςCκDκ , [σ
AςBς
ας ]∗ = σ

A′ςB
′
ς

α′ς

Ψας := −iς√
2
i
2σ

ab
ςαςFab

Cor. 8.4.5. [ψαςβς , ψ
+
α′ςβ

′
ς
] = i

2σ
ab
αςα′ς

σcdβςβ′ς∂a∂b∂c∂d∆(x− x′)

Proof: [ψαςβς , ψ
+
α′ςβ

′
ς
]

= 1
4σ

AςBς
ας σCςDςβς

σ
A′ςB

′
ς

α′ς
σ
C′ςD

′
ς

β′ς
[ψAςBςCκDκ , ψ

+
A′ςB

′
ςC
′
κD
′
κ
]

= i
32σ

AςBς
ας σCςDςβς

σ
A′ςB

′
ς

α′ς
σ
C′ςD

′
ς

β′ς
(σ, iς)aAςA′ς (σ, iς)

b
BςB′ς

(σ, iς)cCςC′ς (σ, iς)
d
DςD′ς

∂a∂b∂c∂d∆(x− x′)
= i

2σ
ab
αςα′ς

σcdβςβ′ς∂a∂b∂c∂d∆(x− x′)

Cor. 8.4.6. [ψαςβς · ·︸ ︷︷ ︸
2n

, ψ+
α
′
ςβ
′
ς · ·︸ ︷︷ ︸

2n

] = i (−1)n

2n−1 σ
ab
αςα′ς

σcdβςβ′ς · ·︸ ︷︷ ︸
n

∂a∂b∂c∂d · ·︸ ︷︷ ︸
n

∆(x− x′)

Cor. 8.4.7. ψαςβς = iς√
2
σAςBςας ψAςBς , [σ

AςBς
ας ]∗ = σ

A′ςB
′
ς

α′ς

Cor. 8.4.8. [ψας , ψ
+
α′ς

] = i
2σ

ab
αςα′ς

∂a∂b∆(x− x′)

Proof: [ψας , ψ
+
α′ς

]

= − 1
2σ

AςBς
ας σ

A′ςB
′
ς

α′ς
[ψAςBς , ψ

+
A′ςB

′
ς
]

= i
4σ

AςBς
ας σ

A′ςB
′
ς

α′ς
(σ, iς)aAςA′ς (σ, iς)

b
BςB′ς

∂a∂b∆(x− x′)
= −iσabαςα′ς∂a∂b∆(x− x′)

8.5 Covariant quantization of photon Penrose fully symmetric equation

Thm. 8.5.1.

[∂a + iSab(1, ς)∂
b]ψ(x) = 0⇔ (σ,−iς)A

′
ςAς

a ∂aψAςBς (x) = 0, ψAςBς (x) = ΓkςAςBςψkς (x)
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Cor. 8.5.1.
ψAςBς (x) = 1

(2π)3/2

∫
~p6=0

|~p|
1
2 ΓkςAςBςλkς (p̂,−ς)[a1(~p,−ς)eip·x + a+

2 (~p,−ς)e−ip·x]d3~p

~p|
1
2 a1(~p,−ς) = 1

(2π)3/2

∫
λ+kς (p̂,−ς)ΓAςBςkς

ψAςBς (x)e−ip·xd3~r

|~p|
1
2 a+

2 (~p,−ς) = 1
(2π)3/2

∫
λ+kς (p̂,−ς)ΓAςBςkς

ψAςBς (x)eip·xd3~r

Thm. 8.5.2.{
[ψkς (x), ψ+

k′ς
(x′)] = iΓabkςk′ς∂a∂b∆(x− x′)

[ψkς (x), ψlς (x
′)] = 0, [ψ+

k′ς
(x), ψ+

l′ς
(x′)] = 0

⇔


[ψAςBς (x), ψ+

A′ςB
′
ς
(x′)]

= − i
8 (σ, iς)a{Aς(A′ς

(σ, iς)bBς}B′ς)
∂a∂b∆(x− x′)

[ψAςBς (x), ψCςDς (x
′)] = 0, [ψ+

A′ςB
′
ς
(x), ψ+

C′ςD
′
ς
(x′)] = 0

Thm. 8.5.3. H(1) =
∫
ψ+(~r, t) [σ(1)·∇]2

∇2 ψ(~r, t)d3~r =
∫
ψ+
A′ςB

′
ς
(~r, t)Γ

A′ςB
′
ς

k′ς

[σ(1)·∇]2|k
′
ςkς

∇2 ΓAςBςkς
ψAςBς (~r, t)d

3~r

8.6 Covariant commutation rules for general photon Penrose equation

Ass. 8.6.1. [ψAςBς (x), ψ+
A′ςB

′
ς
(x′)] = − i

2 (σ, iς)aAςA′ς (σ, iς)
b
BςB′ς

∂a∂b∆(x− x′) + ikεAςBςεA′ςB′ς∆(x− x′)
[⇔][Ψας (x),Ψ+

α′ς
(x′)] = iσabαςα′ς∂a∂b∆(x− x′), [φ(x), φ+(x′)] = i∆(x− x′), [Ψας (x), φ+(x′)] = 0

Self comment: The above are all equivalent conversions from known conclusions of spin equation. The
following will directly start from the Penrose fully symmetric equation and provide a new solution.
8.7 Direct plane wave solutions of Penrose fully symmetric equation

Thm. 8.7.1. (σ,−iς)A
′
ςAς

a ∂aψAςBςCς · ·︸ ︷︷ ︸
2s

(x) = 0, ψAςBςCς · ·︸ ︷︷ ︸
2s

(x) = 1
(2s)!ψ{AςBςCς · ·}︸ ︷︷ ︸

2s

(x)

⇔ ψAςBςCς · ·︸ ︷︷ ︸
2s

(x) = 1
(2π)3/2

∫
~p6=0

|~p|(s−
1
2 ) λAς (p̂,− ς

2 )λBς (p̂,− ς
2 )λCς (p̂,− ς

2 ) · ·︸ ︷︷ ︸
2s

[a1(~p,−sς)eip·x + a+
2 (~p,−sς)e−ip·x]d3~p

Proof: (σ,−iς)A
′
ςAς

a ∂aψAςBςCς · ·︸ ︷︷ ︸
2s

(x) = 0, ψAςBςCς · ·︸ ︷︷ ︸
2s

(x) = 1
(2s)!ψ{AςBςCς · ·}︸ ︷︷ ︸

2s

(x)

⇒ ψAςBςCς · ·︸ ︷︷ ︸
2s

(x) = 1
(2π)3/2

∫
~p6=0

λAς (p̂,− ς
2 )[aBςCς · ·︸ ︷︷ ︸

2s

(~p)eip·x + b+BςCς · ·︸ ︷︷ ︸
2s

(~p)e−ip·x]d3~p

⇒ λAς (p̂,− ς
2 )aBςCς · ·︸ ︷︷ ︸

2s−1

(~p) = 1
(2π)3/2

∫
ψAςBςCς · ·︸ ︷︷ ︸

2s

(x)e−ip·xd3~r = 1
(2s)!λ{Aς (p̂,−

ς
2 )aBςCς · ·}︸ ︷︷ ︸

2s−1

(~p,−sς)

⇒ λAς (p̂,− ς
2 )aBςCς · ·︸ ︷︷ ︸

2s

(~p) = λBς (p̂,− ς
2 )aAςCς · ·︸ ︷︷ ︸

2s

(~p)

⇒ λAς (p̂,− ς
2 )[aCςDς · ·︸ ︷︷ ︸

2s−2

(~p)λBς (p̂,− ς
2 ) + a′CςDς · ·︸ ︷︷ ︸

2s−2

(~p)λBς (p̂,
ς
2 )]

= λBς (p̂,− ς
2 )[aCςDς · ·︸ ︷︷ ︸

2s−2

(~p)λAς (p̂,− ς
2 ) + a′CςDς · ·︸ ︷︷ ︸

2s−2

(~p)λAς (p̂,
ς
2 )]

⇒ λ+Aς (p̂,− ς
2 )λ+Bς (p̂, ς2 )λAς (p̂,− ς

2 )[aCςDς · ·︸ ︷︷ ︸
2s−2

(~p)λBς (p̂,− ς
2 ) + a′CςDς · ·︸ ︷︷ ︸

2s−2

(~p)λBς (p̂,
ς
2 )]

= λ+Aς (p̂,− ς
2 )λ+Bς (p̂, ς2 )λBς (p̂,− ς

2 )[aCςDς · ·︸ ︷︷ ︸
2s−2

(~p)λAς (p̂,− ς
2 ) + a′CςDς · ·︸ ︷︷ ︸

2s−2

(~p)λAς (p̂,
ς
2 )]

⇒ a′BςCς · ·︸ ︷︷ ︸
2s−2

(~p) = 0, λAς (p̂,− ς
2 )aBςCς · ·︸ ︷︷ ︸

2s

(~p) = λAς (p̂,− ς
2 )λBς (p̂,− ς

2 )aCςDς · ·︸ ︷︷ ︸
2s−2

(~p) = λAς (p̂,− ς
2 )λCς (p̂,− ς

2 )aBςDς · ·︸ ︷︷ ︸
2s−2

(~p)

⇒ · ·
⇒ λAς (p̂,− ς

2 )aBςCς · ·︸ ︷︷ ︸
2s

(~p) = a(~p,−sς)λAς (p̂,− ς
2 )λBς (p̂,− ς

2 ) · ·︸ ︷︷ ︸
2s

For the same reason: λAς (p̂,− ς
2 )b+BςCς · ·︸ ︷︷ ︸

2s

(~p) = b+(~p,−sς)λAς (p̂,− ς
2 )λBς (p̂,− ς

2 ) · ·︸ ︷︷ ︸
2s

⇒ ψAςBςCς · ·︸ ︷︷ ︸
2s

(x) = 1
(2π)3/2

∫
~p6=0

|~p|(s−
1
2 ) λAς (p̂,− ς

2 )λBς (p̂,− ς
2 )λCς (p̂,− ς

2 ) · ·︸ ︷︷ ︸
2s

[a1(~p,−sς)eip·x + a+
2 (~p,−sς)e−ip·x]d3~p

|~p|(s−
1
2 )a1(~p,−sς) = a(~p,−sς), |~p|(s−

1
2 )a+

2 (~p,−sς) = b+(~p,−sς)
⇒ (σ,−iς)A

′
ςAς

a ∂aψAςBςCς · ·︸ ︷︷ ︸
2s

(x) = 0, ψAςBςCς · ·︸ ︷︷ ︸
2s

(x) = 1
(2s)!ψ{AςBςCς · ·}︸ ︷︷ ︸

2s

(x)

Cor. 8.7.1.
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~p|(s−

1
2 )a1(~p,−sς) = 1

(2π)3/2

∫ 2s︷ ︸︸ ︷
λ+Aς (p̂,− ς

2 )λ+Bς (p̂,− ς
2 )λ+Cς (p̂,− ς

2 ) · ·ψAςBςCς · ·︸ ︷︷ ︸
2s

(x)e−ip·xd3~r

|~p|(s−
1
2 )a+

2 (~p,−sς) = 1
(2π)3/2

∫ 2s︷ ︸︸ ︷
λ+Aς (p̂,− ς

2 )λ+Bς (p̂,− ς
2 )λ+Cς (p̂,− ς

2 ) · ·ψAςBςCς · ·︸ ︷︷ ︸
2s

(x)eip·xd3~r

8.8 Re-proving covariant commutative relations from Penrose fully symmetric equation

Thm. 8.8.1.{
[aσ(~p,−sς), a+

σ′(~p
′,−sς)]−2s+1 = δσσ′δ

3(~p− ~p′)
[aσ(~p,−sς), aσ′(~p′,−sς)]−2s+1 = 0, [a+

σ (~p,−sς), a+
σ′(~p

′,−sς)]−2s+1 = 0
⇔

[ψAςBςCς · ·︸ ︷︷ ︸
2s

(x), ψ+
A
′
ςB
′
ςC
′
ς · ·︸ ︷︷ ︸

2s

(x′)]−2s+1 = i (iς)2s

22s−1

2s︷ ︸︸ ︷
(σ, iς)aAςA′ς (σ, iς)

b
BςB′ς

(σ, iς)cCςC′ς · ·
2s︷ ︸︸ ︷

∂a∂b∂c · ·∆(x− x′)

[ψAςBςCς · ·︸ ︷︷ ︸
2s

(x), ψEςFςGς · ·︸ ︷︷ ︸
2s

(x′)]−2s+1 = 0, [ψ+
A
′
ςB
′
ςC
′
ς · ·︸ ︷︷ ︸

2s

(x), ψ+
E
′
ςF
′
ςG
′
ς · ·︸ ︷︷ ︸

2s

(x′)]−2s+1 = 0, s ≥ 0

Proof: [ψAςBςCς · ·︸ ︷︷ ︸
2s

(x), ψ+
A
′
ςB
′
ςC
′
ς · ·︸ ︷︷ ︸

2s

(x′)]−2s+1 = 1
(2π)3

∫
d3~pd3~p′(|~p||~p′|)(s− 1

2 )

λAς (p̂,− ς
2 )λBς (p̂,− ς

2 )λCς (p̂,− ς
2 ) · ·︸ ︷︷ ︸

2s

λ+
A′ς

(p̂′,− ς
2 )λ+

B′ς
(p̂′,− ς

2 )λ+
C′ς

(p̂′,− ς
2 ) · ·︸ ︷︷ ︸

2s

[[a1(~p,−sς)eip·x + a+
2 (~p,−sς)e−ip·x], [a+

1 (~p′,−sς)e−ip′·x′ + a2(~p′,−sς)eip′·x′ ]]−2s+1

⇒ [ψAςBςCς · ·︸ ︷︷ ︸
2s

(x), ψ+
A
′
ςB
′
ςC
′
ς · ·︸ ︷︷ ︸

2s

(x′)]−2s+1 = 1
(2π)3

∫
d3~pd3~p′(|~p||~p′|)(s− 1

2 )

[λAς (p̂,− ς
2 )λ+

A′ς
(p̂′,− ς

2 )][λBς (p̂,− ς
2 )λ+

B′ς
(p̂′,− ς

2 )][λCς (p̂,− ς
2 )λ+

C′ς
(p̂′,− ς

2 )] · ·︸ ︷︷ ︸
2s

{[a1(~p,−sς), a+
1 (~p′,−sς)]−2s+1ei(p·x−p

′·x′) + [a+
2 (~p,−sς), a2(~p′,−sς)]−2s+1e−i(p·x−p

′·x′)}
⇒ [ψAςBςCς · ·︸ ︷︷ ︸

2s

(x), ψ+
A
′
ςB
′
ςC
′
ς · ·︸ ︷︷ ︸

2s

(x′)]−2s+1 = 1
(2π)3

∫
d3~pd3~p′(|~p||~p′|)(s− 1

2 )

[λAς (p̂,− ς
2 )λ+

A′ς
(p̂′,− ς

2 )][λBς (p̂,− ς
2 )λ+

B′ς
(p̂′,− ς

2 )][λCς (p̂,− ς
2 )λ+

C′ς
(p̂′,− ς

2 )] · ·︸ ︷︷ ︸
2s

δ3(~p− ~p′)[ei(p·x−p′·x′) + (−1)2s+1e−i(p·x−p
′·x′)]

⇒ [ψAςBςCς · ·︸ ︷︷ ︸
2s

(x), ψ+
A
′
ςB
′
ςC
′
ς · ·︸ ︷︷ ︸

2s

(x′)]−2s+1

= 1
(2π)3

∫
d3~p [|~p|λAς (p̂,− ς

2 )λ+
A′ς

(p̂,− ς
2 )][|~p|λBς (p̂,− ς

2 )λ+
B′ς

(p̂,− ς
2 )][|~p|λCς (p̂,− ς

2 )λ+
C′ς

(p̂,− ς
2 )] · ·︸ ︷︷ ︸

2s

|~p|−1[eip·(x−x
′) + (−1)2s+1e−ip·(x−x

′)]
⇒ [ψAςBςCς · ·︸ ︷︷ ︸

2s

(x), ψ+
A
′
ςB
′
ςC
′
ς · ·︸ ︷︷ ︸

2s

(x′)]−2s+1

= 1
(2π)3

∫
d3~p(− ς

2 )2s (σ, iς)aAςA′ςpa(σ, iς)bBςB′ςpb(σ, iς)
c
CςC′ς

pc · ·︸ ︷︷ ︸
2s

|~p|−1[eip·(x−x
′) + (−1)2s+1e−ip·(x−x

′)]

⇒ [ψAςBςCς · ·︸ ︷︷ ︸
2s

(x), ψ+
A
′
ςB
′
ςC
′
ς · ·︸ ︷︷ ︸

2s

(x′)]−2s+1

= 1
(2π)3 2i( iς2 )2s (σ, iς)aAςA′ς∂a(σ, iς)bBςB′ς∂b(σ, iς)

c
CςC′ς

∂c · ·︸ ︷︷ ︸
2s

∫ −i
|2~p| [e

ip·(x−x′) − e−ip·(x−x′)]d3~p

⇒ [ψAςBςCς · ·︸ ︷︷ ︸
2s

(x), ψ+
A
′
ςB
′
ςC
′
ς · ·︸ ︷︷ ︸

2s

(x′)]−2s+1 = i (iς)2s

22s−1

2s︷ ︸︸ ︷
(σ, iς)aAςA′ς (σ, iς)

b
BςB′ς

(σ, iς)cCςC′ς · ·
2s︷ ︸︸ ︷

∂a∂b∂c · ·∆(x− x′)

Proof: [a1(~p,−sς), a+
1 (~p′,−sς)]

= 1
(2π)3

∫
|~p|−(2s−1)

2s︷ ︸︸ ︷
λ+Aς (p̂,− ς

2 )λ+Bς (p̂,− ς
2 )λ+Cς (p̂,− ς

2 ) · ·

2s︷ ︸︸ ︷
λA
′
ς (p̂′,− ς

2 )λB
′
ς (p̂′,− ς

2 )λC
′
ς (p̂′,− ς

2 ) · ·
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[ψAςBςCς · ·︸ ︷︷ ︸
2s

(x), ψ+
A
′
ςB
′
ςC
′
ς · ·︸ ︷︷ ︸

2s

(x′)]e−i(p·x−p
′·x′)d3~rd3~r′

= 1
(2π)3

∫
|~p|−(2s−1)

2s︷ ︸︸ ︷
λ+Aς (p̂,− ς

2 )λ+Bς (p̂,− ς
2 )λ+Cς (p̂,− ς

2 ) · ·

2s︷ ︸︸ ︷
λA
′
ς (p̂′,− ς

2 )λB
′
ς (p̂′,− ς

2 )λC
′
ς (p̂′,− ς

2 ) · ·

i (iς)2s

22s−1

2s︷ ︸︸ ︷
(σ, iς)aAςA′ς (σ, iς)

b
BςB′ς

(σ, iς)cCςC′ς · ·
2s︷ ︸︸ ︷

∂a∂b∂c · ·∆(x− x′)e−i(p·x−p′·x′)d3~rd3~r′

= 1
(2π)3

∫
|~p|−(2s−1)

2s︷ ︸︸ ︷
λ+Aς (p̂,− ς

2 )λ+Bς (p̂,− ς
2 )λ+Cς (p̂,− ς

2 ) · ·

2s︷ ︸︸ ︷
λA
′
ς (p̂′,− ς

2 )λB
′
ς (p̂′,− ς

2 )λC
′
ς (p̂′,− ς

2 ) · ·

i (iς)2s

22s−1

2s︷ ︸︸ ︷
(σ, iς)aAςA′ς (σ, iς)

b
BςB′ς

(σ, iς)cCςC′ς · ·{
2s︷ ︸︸ ︷

∂a∂b∂c · · −i(2π)3

∫
1

2|~p0| [e
ip0·(x−x′) − e−ip0·(x−x′)]d3~p0}e−i(p·x−p

′·x′)d3~rd3~r′

= [ 1
(2π)3 ]2

∫
d3~p0d

3~rd3~r′|~p|−(2s−1)

2s︷ ︸︸ ︷
λ+Aς (p̂,− ς

2 )λ+Bς (p̂,− ς
2 )λ+Cς (p̂,− ς

2 ) · ·

2s︷ ︸︸ ︷
λA
′
ς (p̂′,− ς

2 )λB
′
ς (p̂′,− ς

2 )λC
′
ς (p̂′,− ς

2 ) · ·
(− ς

2 )2s (σ, iς)aAςA′ςp0a(σ, iς)bBςB′ςp0b(σ, iς)
c
CςC′ς

p0c · ·︸ ︷︷ ︸
2s

1
|~p0| [e

i(p0−p)·xe−i(p0−p′)·x′ + (−1)2s+1e−i(p0+p)·xei(p0+p′)·x′ ]

= [ 1
(2π)3 ]2

∫
|~p|−(2s−1)

2s︷ ︸︸ ︷
λ+Aς (p̂,− ς

2 )λ+Bς (p̂,− ς
2 )λ+Cς (p̂,− ς

2 ) · ·

2s︷ ︸︸ ︷
λA
′
ς (p̂′,− ς

2 )λB
′
ς (p̂′,− ς

2 )λC
′
ς (p̂′,− ς

2 ) · ·
λAς (p̂0,− ς

2 )λBς (p̂0,− ς
2 )λCς (p̂0,− ς

2 ) · ·︸ ︷︷ ︸
2s

λ+
A′ς

(p̂0,− ς
2 )λ+

B′ς
(p̂0,− ς

2 )λ+
C′ς

(p̂0,− ς
2 ) · ·︸ ︷︷ ︸

2s
1
|~p0| [e

i(p0−p)·xe−i(p0−p′)·x′ + (−1)2s+1e−i(p0+p)·xei(p0+p′)·x′ ]d3~p0d
3~rd3~r′

=
∫
|~p|−(2s−1)

2s︷ ︸︸ ︷
λ+Aς (p̂,− ς

2 )λ+Bς (p̂,− ς
2 )λ+Cς (p̂,− ς

2 ) · ·

2s︷ ︸︸ ︷
λA
′
ς (p̂′,− ς

2 )λB
′
ς (p̂′,− ς

2 )λC
′
ς (p̂′,− ς

2 ) · ·
λAς (p̂0,− ς

2 )λBς (p̂0,− ς
2 )λCς (p̂0,− ς

2 ) · ·︸ ︷︷ ︸
2s

λ+
A′ς

(p̂0,− ς
2 )λ+

B′ς
(p̂0,− ς

2 )λ+
C′ς

(p̂0,− ς
2 ) · ·︸ ︷︷ ︸

2s
1
|~p0| [δ

3(~p0 − ~p)δ3(~p0 − ~p′) + (−1)2s+1e2iE0(t−t′)δ3(~p0 + ~p)δ3(~p0 + ~p′)]d3~p0

=

2s︷ ︸︸ ︷
λ+Aς (p̂,− ς

2 )λ+Bς (p̂,− ς
2 )λ+Cς (p̂,− ς

2 ) · ·

2s︷ ︸︸ ︷
λA
′
ς (p̂,− ς

2 )λB
′
ς (p̂,− ς

2 )λC
′
ς (p̂,− ς

2 ) · ·
λAς (p̂,− ς

2 )λBς (p̂,− ς
2 )λCς (p̂,− ς

2 ) · ·︸ ︷︷ ︸
2s

λ+
A′ς

(p̂,− ς
2 )λ+

B′ς
(p̂,− ς

2 )λ+
C′ς

(p̂,− ς
2 ) · ·︸ ︷︷ ︸

2s

δ3(~p− ~p′)

+ (−1)2s+1e2iE0(t−t′)

2s︷ ︸︸ ︷
λ+Aς (p̂,− ς

2 )λ+Bς (p̂,− ς
2 )λ+Cς (p̂,− ς

2 ) · ·

2s︷ ︸︸ ︷
λA
′
ς (p̂,− ς

2 )λB
′
ς (p̂,− ς

2 )λC
′
ς (p̂,− ς

2 ) · ·
λAς (−p̂,− ς

2 )λBς (−p̂,− ς
2 )λCς (−p̂,− ς

2 ) · ·︸ ︷︷ ︸
2s

λ+
A′ς

(−p̂,− ς
2 )λ+

B′ς
(−p̂,− ς

2 )λ+
C′ς

(−p̂,− ς
2 ) · ·︸ ︷︷ ︸

2s

δ3(~p− ~p′)

= δ3(~p− ~p′) + 0 = δ3(~p− ~p′)

Self comment: The above proof method is no longer based on the isochronous commutation rule, but
directly based on the covariant commutation rule. It seems more difficult, but it’s actually simpler.
Because there is no need to find complex isochronal commutation rules (see the next section). Even if
it is calculated out, it is still difficult to use. The covariant commutation rule itself is known and very
regular and can also be decomposed into the product of spin bases. The entire proof process basically
depends on the properties of the spin base and hasn’t complex calculations. This proof method can
be extended to all other similar cases and thereby simplify all similar proofs. The other commutative
brackets can also be calculated out by using the same method and will not be listed.
8.9 Isochronous quantization rules for Penrose fully symmetric equation

Thm. 8.9.1. [ψAςBς · ·︸ ︷︷ ︸
2s

(x), ψ+
A
′
ςB
′
ς · ·︸ ︷︷ ︸

2s

(x′)]−2s+1 = i (iς)2s

22s−1

2s︷ ︸︸ ︷
(σ, iς)aAςA′ς (σ, iς)

b
BςB′ς

· ·
2s︷ ︸︸ ︷

∂a∂b · ·∆(x− x′)

⇒ [ψAςBς · ·EςFς · ·Zς︸ ︷︷ ︸
2s

(~r, t), ψ+
A
′
ςB
′
ς · ·E

′
ςF
′
ς · ·Z

′
ς︸ ︷︷ ︸

2s

(~r′, t)]−2s+1

= − (iς)2s+1

22s−1

[s− 1
2 ]∑

k=0

(2s)!
(2s−2k−1)!(2k)!1!

2s−2k−1︷ ︸︸ ︷
(σ · ∇)AςA′ς (σ · ∇)BςB′ς · ·

2k︷ ︸︸ ︷
δEςE′ς δFςF ′ς · · ∇

2kδZςZ′ς δ
3(~r − ~r′)
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8.10 Commutative function, causal function and Feynman propagator of Penrose equation

Lem. 8.10.1.

[θ(t), (iς)2s

22s−1

2s︷ ︸︸ ︷
(σ, iς)aAςA′ς (σ, iς)

b
BςB′ς

· ·
2s︷ ︸︸ ︷

∂a∂b · ·] = − (iς)2s

22s−1

2s−1∑
n=0

Cn2s

n︷ ︸︸ ︷
σiAςA′ςσ

j
BςB′ς

· ·(iς)2s−n[∂2s−n
π θ(t)]

n︷ ︸︸ ︷
∂i∂j · ·

Proof: [θ(t), (iς)2s

22s−1

2s︷ ︸︸ ︷
(σ, iς)aAςA′ς (σ, iς)

b
BςB′ς

· ·
2s︷ ︸︸ ︷

∂a∂b · ·]

= (iς)2s

22s−1

2s︷ ︸︸ ︷
(σ, iς)aAςA′ς (σ, iς)

b
BςB′ς

· ·[θ(t),
2s︷ ︸︸ ︷

∂a∂b∂c · ·]

= − (iς)2s

22s−1

2s−1∑
n=0

Cn2s

n︷ ︸︸ ︷
σiAςA′ςσ

j
BςB′ς

· ·(iς)2s−n[∂2s−n
π θ(t)]

n︷ ︸︸ ︷
∂i∂j · ·

= − i2s

22s−1

2s−1∑
n=0

ςnCn2s

n︷ ︸︸ ︷
σiAςA′ςσ

j
BςB′ς

· ·[∂2s−n
t θ(t)]

n︷ ︸︸ ︷
∂i∂j · ·

Cor. 8.10.1.

∆AςBς · ·︸ ︷︷ ︸
2s

A
′
ςB
′
ς · ·︸ ︷︷ ︸

2s

(s;x) := (iς)2s

22s−1

2s︷ ︸︸ ︷
(σ, iς)aAςA′ς (σ, iς)

b
BςB′ς

· ·
2s︷ ︸︸ ︷

∂a∂b · ·∆(x)

∆
(+)

AςBς · ·︸ ︷︷ ︸
2s

A
′
ςB
′
ς · ·︸ ︷︷ ︸

2s

(s;x) := (iς)2s

22s−1

2s︷ ︸︸ ︷
(σ, iς)aAςA′ς (σ, iς)

b
BςB′ς

· ·
2s︷ ︸︸ ︷

∂a∂b · ·∆(+)(x)

∆
(−)

AςBς · ·︸ ︷︷ ︸
2s

A
′
ςB
′
ς · ·︸ ︷︷ ︸

2s

(s;x) := (iς)2s

22s−1

2s︷ ︸︸ ︷
(σ, iς)aAςA′ς (σ, iς)

b
BςB′ς

· ·
2s︷ ︸︸ ︷

∂a∂b · ·∆(−)(x)

∆
(l)

AςBς · ·︸ ︷︷ ︸
2s

A
′
ςB
′
ς · ·︸ ︷︷ ︸

2s

(s;x) := (iς)2s

22s−1

2s︷ ︸︸ ︷
(σ, iς)aAςA′ς (σ, iς)

b
BςB′ς

· ·
2s︷ ︸︸ ︷

∂a∂b · ·∆(l)(x)

Cor. 8.10.2.

∆
(c)

AςBς · ·︸ ︷︷ ︸
2s

A
′
ςB
′
ς · ·︸ ︷︷ ︸

2s

(s;x)

:= (iς)2s

22s−1

2s︷ ︸︸ ︷
(σ, iς)aAςA′ς (σ, iς)

b
BςB′ς

· ·
2s︷ ︸︸ ︷

∂a∂b · ·∆(c)(x)− i2s

22s−1

2s−1∑
n=0

ςnCn2s

n︷ ︸︸ ︷
σiAςA′ςσ

j
BςB′ς

· ·[∂2s−1−n
t δ(t)]

n︷ ︸︸ ︷
∂i∂j · ·∆(x)

∆
(F )

AςBς · ·︸ ︷︷ ︸
2s

A
′
ςB
′
ς · ·︸ ︷︷ ︸

2s

(s;x) = i∆
(c)

AςBς · ·︸ ︷︷ ︸
2s

A
′
ςB
′
ς · ·︸ ︷︷ ︸

2s

(s;x)

:= (iς)2s

22s−1

2s︷ ︸︸ ︷
(σ, iς)aAςA′ς (σ, iς)

b
BςB′ς

· ·
2s︷ ︸︸ ︷

∂a∂b · ·∆F (x)− i2s+1

22s−1

2s−1∑
n=0

ςnCn2s

n︷ ︸︸ ︷
σiAςA′ςσ

j
BςB′ς

· ·[∂2s−1−n
t δ(t)]

n︷ ︸︸ ︷
∂i∂j · ·∆(x)

Cor. 8.10.3.

∆
(ret)

AςBς · ·︸ ︷︷ ︸
2s

A
′
ςB
′
ς · ·︸ ︷︷ ︸

2s

(s;x)

:= (iς)2s

22s−1

2s︷ ︸︸ ︷
(σ, iς)aAςA′ς (σ, iς)

b
BςB′ς

· ·
2s︷ ︸︸ ︷

∂a∂b · ·∆(ret)(x)− i2s

22s−1

2s−1∑
n=0

ςnCn2s

n︷ ︸︸ ︷
σiAςA′ςσ

j
BςB′ς

· ·[∂2s−1−n
t δ(t)]

n︷ ︸︸ ︷
∂i∂j · ·∆(x)

∆
(adv)

AςBς · ·︸ ︷︷ ︸
2s

A
′
ςB
′
ς · ·︸ ︷︷ ︸

2s

(s;x)

:= (iς)2s

22s−1

2s︷ ︸︸ ︷
(σ, iς)aAςA′ς (σ, iς)

b
BςB′ς

· ·
2s︷ ︸︸ ︷

∂a∂b · ·∆(adv)(x)− i2s

22s−1

2s−1∑
n=0

ςnCn2s

n︷ ︸︸ ︷
σiAςA′ςσ

j
BςB′ς

· ·[∂2s−1−n
t δ(t)]

n︷ ︸︸ ︷
∂i∂j · ·∆(x)

Cor. 8.10.4.
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∆
(c)

AςBς · ·︸ ︷︷ ︸
2s

A
′
ςB
′
ς · ·︸ ︷︷ ︸

2s

(s;x) := (iς)2s

22s−1

2s︷ ︸︸ ︷
(σ, iς)aAςA′ς (σ, iς)

b
BςB′ς

· ·
2s︷ ︸︸ ︷

∂a∂b · ·∆(c)(x)

− i2s

22s−1

2s−2∑
n=0

[(2s−2−n)/2]∑
l=0

ςnCn2sC
2l+1
2s−1−n

n︷ ︸︸ ︷
σiAςA′ςσ

j
BςB′ς

· ·
n︷ ︸︸ ︷

∂i∂j · · ∇2l∂2s−2−n−2l
t δ4(x)

∆
(F )

AςBς · ·︸ ︷︷ ︸
2s

A
′
ςB
′
ς · ·︸ ︷︷ ︸

2s

(s;x) = i∆
(c)

AςBς · ·︸ ︷︷ ︸
2s

A
′
ςB
′
ς · ·︸ ︷︷ ︸

2s

(s;x) := (iς)2s

22s−1

2s︷ ︸︸ ︷
(σ, iς)aAςA′ς (σ, iς)

b
BςB′ς

· ·
2s︷ ︸︸ ︷

∂a∂b · ·∆F (x)

− i2s+1

22s−1

2s−2∑
n=0

[(2s−2−n)/2]∑
l=0

ςnCn2sC
2l+1
2s−1−n

n︷ ︸︸ ︷
σiAςA′ςσ

j
BςB′ς

· ·
n︷ ︸︸ ︷

∂i∂j · · ∇2l∂2s−2−n−2l
t δ4(x)

∆
(F )

AςBς · ·︸ ︷︷ ︸
2s

A
′
ςB
′
ς · ·︸ ︷︷ ︸

2s

(s; p) = −i (−ς)2s

22s−1

2s︷ ︸︸ ︷
(σ, iς)aAςA′ς (σ, iς)

b
BςB′ς

· ·
2s︷ ︸︸ ︷

papb · ·
p2−iε + · · ·

Cor. 8.10.5.

∆
(ret)

AςBς · ·︸ ︷︷ ︸
2s

A
′
ςB
′
ς · ·︸ ︷︷ ︸

2s

(s;x) := (iς)2s

22s−1

2s︷ ︸︸ ︷
(σ, iς)aAςA′ς (σ, iς)

b
BςB′ς

· ·
2s︷ ︸︸ ︷

∂a∂b · ·∆(ret)(x)

− i2s

22s−1

2s−2∑
n=0

[(2s−2−n)/2]∑
l=0

ςnCn2sC
2l+1
2s−1−n

n︷ ︸︸ ︷
σiAςA′ςσ

j
BςB′ς

· ·
n︷ ︸︸ ︷

∂i∂j · · ∇2l∂2s−2−n−2l
t δ4(x)

∆
(adv)

AςBς · ·︸ ︷︷ ︸
2s

A
′
ςB
′
ς · ·︸ ︷︷ ︸

2s

(s;x) := (iς)2s

22s−1

2s︷ ︸︸ ︷
(σ, iς)aAςA′ς (σ, iς)

b
BςB′ς

· ·
2s︷ ︸︸ ︷

∂a∂b · ·∆(adv)(x)

− i2s

22s−1

2s−2∑
n=0

[(2s−2−n)/2]∑
l=0

ςnCn2sC
2l+1
2s−1−n

n︷ ︸︸ ︷
σiAςA′ςσ

j
BςB′ς

· ·
n︷ ︸︸ ︷

∂i∂j · · ∇2l∂2s−2−n−2l
t δ4(x)

Lem. 8.10.2. ∆AςBς · ·EςFς · ·Zς︸ ︷︷ ︸
2s

A
′
ςB
′
ς · ·E

′
ςF
′
ς · ·Z

′
ς︸ ︷︷ ︸

2s

(s;x)|t=0

= i (iς)2s+1

22s−1

[s− 1
2 ]∑

k=0

(2s)!
(2s−2k−1)!(2k)!1!

2s−2k−1︷ ︸︸ ︷
(σ · ∇)AςA′ς (σ · ∇)BςB′ς · ·

2k︷ ︸︸ ︷
δEςE′ς δFςF ′ς · · ∇

2kδZςZ′ς δ
3(~r)

Cor. 8.10.6.

(σ ⊗ I22s−1 ,−iς)a∂a∆AςBς · ·︸ ︷︷ ︸
2s

A
′
ςB
′
ς · ·︸ ︷︷ ︸

2s

(s;x) = 0

(σ ⊗ I22s−1 ,−iς)a∂a∆
(+)

AςBς · ·︸ ︷︷ ︸
2s

A
′
ςB
′
ς · ·︸ ︷︷ ︸

2s

(s;x) = 0

(σ ⊗ I22s−1 ,−iς)a∂a∆
(−)

AςBς · ·︸ ︷︷ ︸
2s

A
′
ςB
′
ς · ·︸ ︷︷ ︸

2s

(s;x) = 0

(σ ⊗ I22s−1 ,−iς)a∂a∆
(l)

AςBς · ·︸ ︷︷ ︸
2s

A
′
ςB
′
ς · ·︸ ︷︷ ︸

2s

(s;x) = 0



(σ ⊗ I22s−1 ,−iς)a∂a∆
(c)

AςBς · ·︸ ︷︷ ︸
2s

A
′
ςB
′
ς · ·︸ ︷︷ ︸

2s

(s;x) = −ςδ(t)∆AςBς · ·︸ ︷︷ ︸
2s

A
′
ςB
′
ς · ·︸ ︷︷ ︸

2s

(s;x)|t=0

(σ ⊗ I22s−1 ,−iς)a∂a∆
(ret)

AςBς · ·︸ ︷︷ ︸
2s

A
′
ςB
′
ς · ·︸ ︷︷ ︸

2s

(s;x) = −ςδ(t)∆AςBς · ·︸ ︷︷ ︸
2s

A
′
ςB
′
ς · ·︸ ︷︷ ︸

2s

(s;x)|t=0

(σ ⊗ I22s−1 ,−iς)a∂a∆
(adv)

AςBς · ·︸ ︷︷ ︸
2s

A
′
ςB
′
ς · ·︸ ︷︷ ︸

2s

(s;x) = −ςδ(t)∆AςBς · ·︸ ︷︷ ︸
2s

A
′
ςB
′
ς · ·︸ ︷︷ ︸

2s

(s;x)|t=0

(σ ⊗ I22s−1 ,−iς)a∂a∆
(F )

AςBς · ·︸ ︷︷ ︸
2s

A
′
ςB
′
ς · ·︸ ︷︷ ︸

2s

(s;x) = −iςδ(t)∆AςBς · ·︸ ︷︷ ︸
2s

A
′
ςB
′
ς · ·︸ ︷︷ ︸

2s

(s;x)|t=0

Cor. 8.10.7.
(σ,−iς)a∂a∆AςA′ς

( 1
2 ;x) = 0

(σ,−iς)a∂a∆AςA′ς
( 1

2 ;x) = 0

(σ,−iς)a∂a∆AςA′ς (
1
2 ;x) = 0

(σ,−iς)a∂a∆AςA′ς
( 1

2 ;x) = 0


(σ,−iς)a∂a∆

(c)
AςA′ς

( 1
2 ;x) = iςδAςA′ς δ

4(x)

(σ,−iς)a∂a∆
(ret)
AςA′ς

( 1
2 ;x) = iςδAςA′ς δ

4(x)

(σ,−iς)a∂a∆
(adv)
AςA′ς

( 1
2 ;x) = iςδAςA′ς δ

4(x)

(σ,−iς)a∂a∆
(F )
AςA′ς

( 1
2 ;x) = −ςδAςA′ς δ

4(x)
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8.11 Commutative and anticommutative formulas

Cor. 8.11.1.

{
[A,BC] = [A,B]C +B[A,C], [A,CB] = [A,C]B + C[A,B]

[A,BC] = {A,B}C −B{A,C}, [A,CB] = {A,C}B − C{A,B}

Cor. 8.11.2.

{
[A, {B,C}] = {[A,B], C}+ {B, [A,C]}
[A, [B,C]] = {{A,B}, C} − {B, {A,C}}
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Chapter24 Field Covariation Scheme for Complex Particles with Mass

Self comment: This chapter and the next chapter describe complex particles with mass. Positive
and negative particles are different. It is essentially complex functions in mathematics, And they are
different from Majorana particles. Positive and negative particles are same for Majorana particle. It
is essentially a real function in mathematics. We will discuss it in detail in the following chapters. The
massive particle scheme adopts the opposite steps to the massless particle scheme. It first proves the
general spin particle case, and then respectively studies the special cases of s = 1

2 , 1,
3
2 , 2. The reason

for doing this is as follows: Firstly, the new covariant quantization scheme has been relatively clear
in general after previous research. The second is to prove the general case first, and the later special
cases do not need to be proved again. It saves a lot of trouble and makes the content more compact.
And I can also focuse more on physics. In order to prove the general case, it is necessary to first study
the properties of the spin basis for Dirac equation. Therefore, the first half of this chapter mainly
studies the spin basis for Dirac equation, and the second half is the proof for the general spin particle
case. However, the complete covariant quantization scheme for Dirac equation will be studied in the
latter chapters. In this chapter, the corresponding quantum field theories for all massive spin complex
particles are established in a unified manner. Like massless particles, it is not necessary to know the
Hamiltonian to quantize various massive spin particles according to a unified new program. It provides
a unified quantization commutation rule and energy momentum operator form. As well as a partial
quantum Poincare algebra is given. Like massless particles, the angular momentum operator has only
achieved partial success and has not been thoroughly resolved. Efforts are still needed.

1 Foundation preparation
1.1 Introduction of Dirac basis

1.1.1 Four-dimensional Fourier solution of plane wave for Dirac electron equation [4]

Thm. 1.1.1. (γa∂a +m)ψ(~r, t) = 0

⇔

ψ(~r, t) = 1
(2π)3/2

+∞∫
~p=−∞

1
2E~p

[a(~p,E~p)e
i(~p·~r−E~pt) + a(−~p,−E~p)e−i(~p·~r−E~pt)]d3~p

(iγapa +m)a(~p,E~p) = 0, (−iγapa +m)a(−~p,−E~p) = 0

Proof: (γa∂a +m)ψ(~r, t) = 0

⇒ 1
(2π)3/2

+∞∫
~p=−∞

+∞∫
E=−∞

(iγapa +m)ψ(~p,E)eip·xd3~pdE = 0

⇔ (iγapa +m)ψ(~p,E) = 0⇔ (iγapa −m)(iγapa +m)ψ(~p,E) = 0, (iγapa +m)ψ(~p,E) = 0
⇔ (E2 − ~p2 −m2)ψ(~p,E) = 0, (iγapa +m)ψ(~p,E) = 0
⇔ ψ(~p,E) = a(~p,E)δ(E2 − ~p2 −m2) + ψ0(~p,E)δE2,~p2+m2 , (iγapa +m)ψ(~p,E) = 0

⇒ ψ(~r, t) = 1
(2π)3/2

+∞∫
~p=−∞

+∞∫
E=−∞

[a(~p,E)δ(E2 − ~p2 −m2) + ψ0(~p,E)δE2,~p2+m2 ]eip·xd3~pdE

⇔ ψ(~r, t) = 1
(2π)3/2

+∞∫
~p=−∞

+∞∫
E=−∞

a(~p,E)δ(E2 − ~p2 −m2)eip·xd3~pdE

⇔

ψ(~r, t) = 1
(2π)3/2

+∞∫
~p=−∞

1
2E~p

[a(~p,E~p)e
i(~p·~r−E~pt) + a(~p,−E~p)ei(~p·~r+E~pt)]d3~p

(iγapa +m)a(~p,E~p) = 0, (iγ · ~p+ γ4E~p +m)a(~p,−E~p) = 0

⇔

ψ(~r, t) = 1
(2π)3/2

+∞∫
~p=−∞

1
2E~p

[a(~p,E~p)e
i(~p·~r−E~pt) + a(−~p,−E~p)e−i(~p·~r−E~pt)]d3~p

(iγapa +m)a(~p,E~p) = 0, (−iγapa +m)a(−~p,−E~p) = 0

Thm. 1.1.2. (iγapa +m)a(~p,E~p) = 0, γa = (σ ⊗ σy, ςI ⊗ σx), (iγapa +m) =
[

m −ςE+σ·~p
−ςE−σ·~p m

]
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⇔


a(~p,E~p) =

[
mϕ(~p)

(ςE~p + σ · ~p)ϕ(~p)

]
= (−iγapa +m)

[
ϕ(~p)

0

]
= (−iγapa +m)

[
0

ςE~p+σ·~p
m ϕ(~p)

]

a(~p,E~p) =

[
(ςE~p − σ · ~p)η(~p)

mη(~p)

]
= (−iγapa +m)

[
0

η(~p)

]
= (−iγapa +m)

[
ςE~p−σ·~p

m η(~p)

0

]

Cor. 1.1.1. (iγapa −m)a(−~p,−E~p) = 0, γa = (σ ⊗ σy, ςI ⊗ σx), (iγapa −m) =
[

−m −ςE+σ·~p
−ςE−σ·~p −m

]

⇔


a(−~p,−E~p) =

[
−mϕ(−~p)

(ςE~p + σ · ~p)ϕ(−~p)

]
= (−iγapa −m)

[
ϕ(−~p)

0

]
= (−iγapa −m)

[
0

−ςE~p−σ·~p
m ϕ(−~p)

]

a(−~p,−E~p) =

[
(ςE~p − σ · ~p)η(−~p)
−mη(−~p)

]
= (−iγapa −m)

[
0

η(−~p)

]
= (−iγapa −m)

[
−ςE~p+σ·~p

m η(−~p)
0

]
Self comment: From the above, it can be seen that the plane wave solutions of Dirac equation have
multiple equivalent expressions.There are many intuitive choices for spin bases, essentially unlimited
choices. But they are also essentially representation equivalent and lack a unitary transformation. No
matter which base is chosen, physics is equivalent and consistent. But if you choose well, it’s convenient
to calculate. However, it should be noted that for massless particles, the above expressions are not
necessarily equivalent.
1.1.2 Non normalized Dirac basis(suitable for arbitrary mass cases)

Cor. 1.1.2. (γa∂a +m)ψ(~r, t) = 0, γa = (σ ⊗ σy, ςI ⊗ σx)

⇔ ψ(~r, t) = 1
(2π)3/2

+∞∫
~p=−∞

1
2E [a(~p,E)ei(~p·~r−Et) + a(−~p,−E)e−i(~p·~r−Et)]d3~p

a(~p,E) = (−iγapa +m)

[
ϕ(~p)

0

]
, a(−~p,−E) = (−iγapa −m)

[
η(~p)

0

]
γa : This chapter adopts the above provisions, unless otherwise specified.

Def. 1.1.1. X(~p, κ2 ) := (−iγapa +m)

[
λ(p̂, κ2 )

0

]
, Y (~p, κ2 ) := (−iγapa −m)

[
λ(p̂, κ2 )

0

]
Cor. 1.1.3. X(~p, κ2 ) = λ(p̂, κ2 )⊗

[
m

ςE + κ|~p|

]
, Y (~p, κ2 ) = λ(p̂, κ2 )⊗

[
−m

ςE + κ|~p|

]
1.1.3 Normalized massless Dirac basis

Def. 1.1.2. X(~p, κ2 ) = Y (~p, κ2 ) := −iγapa
[
λ(p̂, κ2 )

0

]
Cor. 1.1.4. X(~p, ς2 ) = Y (~p, ς2 ) = 2ς|~p|λ(p̂, κ2 )⊗

[
0
1

]
, X(~p,− ς

2 ) = Y (~p,− ς
2 ) = 0

Cor. 1.1.5. X̄(~p, ς2 ) = Ȳ (~p, ς2 ) = λ(p̂, κ2 )⊗
[
0
1

]
, X̄(~p,− ς

2 ) = Ȳ (~p,− ς
2 ) = 0

Self comment: The massless case is obtained by directly using m → 0. But it is not comprehensive.
This is just one set of solutions, and there is another set of solutions. In fact the massless case requires
reanalysis.
1.1.4 Definition of Dirac charge basis

Def. 1.1.3. µ(~p, κ2 ) :=

√E−κς|~p|
2m

ς
√

E+κς|~p|
2m

 , ν(~p, κ2 ) :=

−√E−κς|~p|
2m

ς
√

E+κς|~p|
2m



Cor. 1.1.6. µ(~p, κ2 ) := 1√
2

√ m
E+κς|~p|

ς
√

E+κς|~p|
m

 , ν(~p, κ2 ) := 1√
2

−√ m
E+κς|~p|

ς
√

E+κς|~p|
m



Def. 1.1.4. µ̃(~p, κ2 ) :=

√E−κς|~p|
2E

ς
√

E+κς|~p|
2E

 , ν̃(~p, κ2 ) :=

−√E−κς|~p|
2E

ς
√

E+κς|~p|
2E


Cor. 1.1.7. µ̃(~p, κ2 ) =

√
m
E µ(~p, κ2 ), ν̃(~p, κ2 ) =

√
m
E ν(~p, κ2 )

Self comment: Why is it called a charge base related to the latter concrete analysis? Maybe that’s not
the right way to call it.
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1.1.5 Normalized Dirac basis

Cor. 1.1.8. u(~p, κ2 ) =
λ(p̂,

κ
2 )√

2m(E+κς|~p|)
⊗
[

m
ςE + κ|~p|

]
, v(~p, κ2 ) =

λ(p̂,
κ
2 )√

2m(E+κς|~p|)
⊗
[
−m

ςE + κ|~p|

]
Cor. 1.1.9. u(~p, κ2 ) = λ(p̂, κ2 )⊗ µ(~p, κ2 ), v(~p, κ2 ) = λ(p̂, κ2 )⊗ ν(~p, κ2 )

Cor. 1.1.10. u(~p, h) = −ςγ5v(~p, h), v(~p, h) = −ςγ5u(~p, h), h = − 1
2 ,

1
2

Thm. 1.1.3. (iγapa +m)u(~p, h) = 0, (iγapa −m)v(~p, h) = 0, γa = (σ ⊗ σy, ςI ⊗ σx, ςI ⊗ σz)

Def. 1.1.5. ũ(~p, κ2 ) :=
√

m
E u(~p, κ2 ), ṽ(~p, κ2 ) :=

√
m
E v(~p, κ2 )

Cor. 1.1.11. ũ(~p, κ2 ) =
λ(p̂,

κ
2 )√

2E(E+κς|~p|)
⊗
[

m
ςE + κ|~p|

]
, ṽ(~p, κ2 ) =

λ(p̂,
κ
2 )√

2E(E+κς|~p|)
⊗
[
−m

ςE + κ|~p|

]

Cor. 1.1.12. ũ(~p, κ2 ;m = 0) =
λ(p̂,

κ
2 )√

2E(E+κς|~p|)
⊗
[

m
ςE + κ|~p|

]
, ṽ(~p, κ2 ;m = 0) =

λ(p̂,
κ
2 )√

2E(E+κς|~p|)
⊗
[
−m

ςE + κ|~p|

]
Self comment: Why do we define two normalized spin bases? Because it is corresponding to two
different normalization methods. There are two main reasons why we choose such spin bases. The first
is that it can be decomposed into a direct product of two bases, which can simplify many calculations.
The second is that one of the bases is helicity, which can make full use of previous helicity analysis
results and greatly simplify the calculation.
1.1.6 Definition of new charge operator

Def. 1.1.6. Q̂(~p) := iγapa
m , q̂(~p, κ) :=

−ςEσx+iκ|~p|σy
m

Lem. 1.1.1. iγapa =
[

0 −ςE+σ·~p
−ςE−σ·~p 0

]
= −ςEI ⊗ σx + iσ · ~p⊗ σy, γa = (σ ⊗ σy, ςI ⊗ σx)

Thm. 1.1.4. Q̂(~p)u(~p, κ2 ) = −u(~p, κ2 ), Q̂(~p)v(~p, κ2 ) = v(~p, κ2 ), q̂(~p, κ)µ(~p, κ2 ) = −µ(~p, κ2 ), q̂(~p, κ)ν(~p, κ2 ) = ν(~p, κ2 )

Proof: Q̂(~p)u(~p, κ2 ) = iγapa
m u(~p, κ2 )

= (−ς EmI ⊗ σx + i 1
mσ · ~p⊗ σy)λ(p̂, κ2 )⊗ µ(~p, κ2 ) = (I ⊗ −ςEσx+iκ|~p|σy

m )(λ(p̂, κ2 ))⊗ µ(~p, κ2 )
= −λ(p̂, κ2 )⊗ µ(~p, κ2 ) = −u(~p, κ2 )

Proof: Q̂(~p)v(~p, κ2 ) = iγapa
m v(~p, κ2 )

= (−ς EmI ⊗ σx + i 1
mσ · ~p⊗ σy)λ(p̂, κ2 )⊗ ν(~p, κ2 ) = (I ⊗ −ςEσx+iκ|~p|σy

m )(λ(p̂, κ2 ))⊗ ν(~p, κ2 )
= λ(p̂, κ2 )⊗ ν(~p, κ2 ) = v(~p, κ2 )

1.1.7 Dirac basis is a common eigenstate of three operators: spin, helicity and charge

Pro. 1.1.1.
σ2( 1

2 )⊗ Iu(~p, κ2 ) = 1
2 ( 1

2 + 1)u(~p, κ2 )

σ( 1
2 ) · p̂⊗ Iu(~p, κ2 ) = κ

2u(~p, κ2 )

Q̂(~p)u(~p, κ2 ) = −u(~p, κ2 )

Description electron: (s, h;Q) = ( 1
2 ; κ2 ,−1)


σ2( 1

2 )⊗ Iv(~p, κ2 ) = 1
2 ( 1

2 + 1)v(~p, κ2 )

σ( 1
2 ) · p̂⊗ Iv(~p, κ2 ) = κ

2 v(~p, κ2 )

Q̂(~p)v(~p, κ2 ) = v(~p, κ2 )

Description positron: (s, h;Q) = ( 1
2 ; κ2 , 1)

1.2 Introduction of 4D vector spin basis

1.2.1 4D vector spin basis

Cor. 1.2.1. λm(p̂,−1) = λ∗m(p̂, 1), λm(p̂, 0) = −λ∗m(p̂, 0), λm(p̂, 1) = λ∗m(p̂,−1)

Def. 1.2.1. εa(~p, κ) := [iλm(~p, κ), 0]a, εa(~p, 0) := 1
m [iEλm(~p, 0), i|~p|]a, ε̄a(~p, h) := ε+

a′(~p, h)ηa
′

a

Cor. 1.2.2.


λm(

[
0
0
1

]
, 1) = 1√

2

[
i
−1
0

]
λm(

[
0
0
1

]
, 0) =

[
0
0
−i

]
λm(

[
0
0
1

]
,−1) = 1√

2

[ −i
−1
0

]
Cor. 1.2.3. εa(

[
0
0
|~p|

]
, 1) := 1√

2
[−1,−i, 0, 0]a, εa(

[
0
0
|~p|

]
, 0) := 1

m [0, 0, E, i|~p|]a, εa(
[

0
0
|~p|

]
,−1) := 1√

2
[1,−i, 0, 0]a

Cor. 1.2.4. ηaa′ε
+a′(~p, κ) = −εa(~p,−κ), ηaa′ε

+a′(~p, 0) = εa(~p, 0), ηaa′ε
+a′(~p, h) = (−1)hεa(~p,−h)

Thm. 1.2.1. ε+(~p, h)ε(~p, h′) = (E
2+p2

m2 )1−|h|δhh′ ,
−1∑
h=1

εa(~p, h)ε+
a′(~p, h) = ηaa′ +

pap
+

a′
m2 ,

−1∑
h=1

hε(~p, h)ε+(~p, h) = R · p̂
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Thm. 1.2.2. ε̄(~p, h)ε(~p, h′) = δhh′ ,
−1∑
h=1

εa(~p, h)ε̄b(~p, h) = δab + papb
m2 ,

−1∑
h=1

hε(~p, h)ε̄(~p, h) = R · p̂

Cor. 1.2.5. (R · p̂)ε(~p, h) = hε(~p, h), (R · p̂)p[a]

m = 0;R2ε(~p, h) = 1(1 + 1)ε(~p, h)

Cor. 1.2.6. (L · p̂)ε(~p, κ) = 0, (L · p̂)ε(~p, 0) = −p[a]

m , (L · p̂)p[a]

m = −ε(~p, 0)

Cor. 1.2.7.

{
(σ+ · p̂)ε(~p, κ) = κε(~p, κ), (σ+ · p̂)ε(~p, 0) = −p[a]

m , (σ+ · p̂)
p[a]

m = −ε(~p, 0)

(σ− · p̂)ε(~p, κ) = κε(~p, κ), (σ− · p̂)ε(~p, 0) =
p[a]

m , (σ− · p̂)
p[a]

m = ε(~p, 0)

Self comment: Why do we choose such spin basis. It is related to the latter concrete analysis. In
fact, I extracted this result from the latter concrete analysis. And then I put it here to conduct the
necessary advance research. This allows latter chapters to focus more on physics itself.
1.2.2 Relations I between complex vector spin basis and 4D vector spin basis

Cor. 1.2.8.

{
[R · λm(~p, 0)]ε(~p, κ) = −iκε(~p, h), [R · λm(~p, 0)]ε(~p, 0) = 0, [R · λm(~p, 0)]

p[a]

m = 0

[L · λm(~p, 0)]ε(~p, κ) = 0, [L · λm(~p, 0)]ε(~p, 0) =
ip[a]

m , [L · λm(~p, 0)]
p[a]

m = iε(~p, 0)

Cor. 1.2.9.


[R · λm(~p, 1)]ε(~p, 1) = [~0, 0], [R · λm(~p, 1)]ε(~p,−1) = −[λm(~p, 0), 0]

[R · λm(~p, 1)]ε(~p, 0) = −E
m [λm(~p, 1), 0], [R · λm(~p, 1)]

p[a]

m = − |~p|m [λm(~p, 1), 0]

[L · λm(~p, 1)]ε(~p, 1) = [~0, 0], [L · λm(~p, 1)]ε(~p,−1) = [~0, 1]

[L · λm(~p, 1)]ε(~p, 0) = − |~p|m [λm(~p, 1), 0], [L · λm(~p, 1)]
p[a]

m = −E
m [λm(~p, 1), 0]

Cor. 1.2.10.


[R · λm(~p,−1)]ε(~p,−1) = [~0, 0], [R · λm(~p,−1)]ε(~p, 1) = [λm(~p, 0), 0]

[R · λm(~p,−1)]ε(~p, 0) = E
m [λm(~p,−1), 0], [R · λm(~p,−1)]

p[a]

m = |~p|
m [λm(~p,−1), 0]

[L · λm(~p,−1)]ε(~p,−1) = [~0, 0], [L · λm(~p,−1)]ε(~p, 1) = [~0, 1]

[L · λm(~p,−1)]ε(~p, 0) = − |~p|m [λm(~p,−1), 0], [L · λm(~p,−1)]
p[a]

m = −E
m [λm(~p,−1), 0]

1.2.3 Relations II between complex vector spin basis and 4D vector spin basis

Cor. 1.2.11.

{
[σ+ · λm(~p, 0)]ε(~p, κ) = −iκε(~p, h), [σ+ · λm(~p, 0)]ε(~p, 0) =

ip[a]

m , [σ+ · λm(~p, 0)]
p[a]

m = iε(~p, 0)

[σ− · λm(~p, 0)]ε(~p, κ) = −iκε(~p, h), [σ− · λm(~p, 0)]ε(~p, 0) = − ip[a]

m , [σ− · λm(~p, 0)]
p[a]

m = −iε(~p, 0)

Cor. 1.2.12.


[σ+ · λm(~p, 1)]ε(~p, 1) = [~0, 0], [σ+ · λm(~p, 1)]ε(~p,−1) = −[λm(~p, 0),−1]

[σ+ · λm(~p, 1)]ε(~p, 0) = −E+|~p|
m [λm(~p, 1), 0], [σ+ · λm(~p, 1)]

p[a]

m = −E+|~p|
m [λm(~p, 1), 0]

[σ− · λm(~p, 1)]ε(~p, 1) = [~0, 0], [σ− · λm(~p, 1)]ε(~p,−1) = −[λm(~p, 0), 1]

[σ− · λm(~p, 1)]ε(~p, 0) = −E−|~p|m [λm(~p, 1), 0], [σ− · λm(~p, 1)]
p[a]

m = E−|~p|
m [λm(~p, 1), 0]

Cor. 1.2.13.


[σ+ · λm(~p,−1)]ε(~p,−1) = [~0, 0], [σ+ · λm(~p,−1)]ε(~p, 1) = [λm(~p, 0), 1]

[σ+ · λm(~p,−1)]ε(~p, 0) = E−|~p|
m [λm(~p,−1), 0], [σ+ · λm(~p,−1)]

p[a]

m = −E−|~p|m [λm(~p,−1), 0]

[σ− · λm(~p,−1)]ε(~p,−1) = [~0, 0], [σ− · λm(~p,−1)]ε(~p, 1) = [λm(~p, 0),−1]

[σ− · λm(~p,−1)]ε(~p, 0) = E+|~p|
m [λm(~p,−1), 0], [σ− · λm(~p,−1)]

p[a]

m = E+|~p|
m [λm(~p,−1), 0]

1.2.4 Relations III between complex vector spin basis and 4D vector spin basis

Cor. 1.2.14.

{
[σ+ · λm(~p, 0)]ε(~p, κ) = −iκε(~p, h), [σ+ · λm(~p, 0)]ε(~p, 0) =

ip[a]

m , [σ+ · λm(~p, 0)]
p[a]

m = iε(~p, 0)

[σ− · λm(~p, 0)]ε(~p, κ) = −iκε(~p, h), [σ− · λm(~p, 0)]ε(~p, 0) = − ip[a]

m , [σ− · λm(~p, 0)]
p[a]

m = −iε(~p, 0)

Cor. 1.2.15.


[σ+ · λm(~p, 1)]ε(~p, 1) = [~0, 0], [σ+ · λm(~p, 1)]ε(~p,−1) = iE+|~p|

m [ε(~p, 0)− p[a]

m ]

[σ+ · λm(~p, 1)]ε(~p, 0) = iE+|~p|
m ε(~p, 1), [σ+ · λm(~p, 1)]

p[a]

m = iE+|~p|
m ε(~p, 1)

[σ− · λm(~p, 1)]ε(~p, 1) = [~0, 0], [σ− · λm(~p, 1)]ε(~p,−1) = iE−|~p|m [ε(~p, 0) +
p[a]

m ]

[σ− · λm(~p, 1)]ε(~p, 0) = iE−|~p|m ε(~p, 1), [σ− · λm(~p, 1)]
p[a]

m = −iE−|~p|m ε(~p, 1)

Cor. 1.2.16.


[σ+ · λm(~p,−1)]ε(~p,−1) = [~0, 0], [σ+ · λm(~p,−1)]ε(~p, 1) = −iE−|~p|m [ε(~p, 0) +

p[a]

m ]

[σ+ · λm(~p,−1)]ε(~p, 0) = −iE−|~p|m ε(~p,−1), [σ+ · λm(~p,−1)]
p[a]

m = iE−|~p|m ε(~p,−1)

[σ− · λm(~p,−1)]ε(~p,−1) = [~0, 0], [σ− · λm(~p,−1)]ε(~p, 1) = −iE+|~p|
m [ε(~p, 0)− p[a]

m ]

[σ− · λm(~p,−1)]ε(~p, 0) = −iE+|~p|
m ε(~p,−1), [σ− · λm(~p,−1)]

p[a]

m = −iE+|~p|
m ε(~p,−1)
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1.2.5 Relations IV between complex vector spin basis and 4D vector spin basis

Cor. 1.2.17.

{
[σab+αεb(~p, κ)]λαm(~p, 0) = −iκεa(~p, h), [σab+αεb(~p, 0)]λαm(~p, 0) = ipa

m , [σab+α
pb
m ]λαm(~p, 0) = iεa(~p, 0)

[σab−αεb(~p, κ)]λαm(~p, 0) = −iκεa(~p, h), [σab−αεb(~p, 0)]λαm(~p, 0) = − ip
a

m , [σab−α
pb
m ]λαm(~p, 0) = −iεa(~p, 0)

Cor. 1.2.18.


[σab+αεb(~p, 1)]λαm(~p, 1) = [~0, 0], [σab+αεb(~p,−1)]λαm(~p, 1) = iE+|~p|

m [εa(~p, 0)− pa

m ]

[σab+αεb(~p, 0)]λαm(~p, 1) = iE+|~p|
m εa(~p, 1), [σab+α

pb
m ]λαm(~p, 1) = iE+|~p|

m εa(~p, 1)

[σab−αεb(~p, 1)]λαm(~p, 1) = [~0, 0], [σab−αεb(~p,−1)]λαm(~p, 1) = iE−|~p|m [εa(~p, 0) + pa

m ]

[σab−αεb(~p, 0)]λαm(~p, 1) = iE−|~p|m εa(~p, 1), [σab−α
pb
m ]λαm(~p, 1) = −iE−|~p|m εa(~p, 1)

Cor. 1.2.19.


[σab+αεb(~p,−1)]λαm(~p,−1) = [~0, 0], [σab+αεb(~p, 1)]λαm(~p,−1) = −iE−|~p|m [εa(~p, 0) + pa

m ]

[σab+αεb(~p, 0)]λαm(~p,−1) = −iE−|~p|m εa(~p,−1), [σab+α
pb
m ]λαm(~p,−1) = iE−|~p|m εa(~p,−1)

[σab−αεb(~p,−1)]λαm(~p,−1) = [~0, 0], [σab−αεb(~p, 1)]λαm(~p,−1) = −iE+|~p|
m [εa(~p, 0)− pa

m ]

[σab−αεb(~p, 0)]λαm(~p,−1) = −iE+|~p|
m εa(~p,−1), [σab−α

pb
m ]λαm(~p,−1) = −iE+|~p|

m εa(~p,−1)

1.2.6 Relations V between complex vector spin basis and 4D vector spin basis

Cor. 1.2.20.

[σab+αεb(~p, 1)]λαm(~p, 0) = −iεa(~p, 1), [σab+αεb(~p, 0)]λαm(~p, 0) = ipa

m , [σab+αεb(~p,−1)]λαm(~p, 0) = iεa(~p,−1)

[σab+αεb(~p, 1)]λαm(~p, 1) = [~0, 0], [σab+αεb(~p, 0)]λαm(~p, 1) = iE+|~p|
m εa(~p, 1)

[σab+αεb(~p,−1)]λαm(~p, 1) = iE+|~p|
m [εa(~p, 0)− pa

m ]

[σab+αεb(~p, 1)]λαm(~p,−1) = −iE−|~p|m [εa(~p, 0) + pa

m ], [σab+αεb(~p, 0)]λαm(~p,−1) = −iE−|~p|m εa(~p,−1)

[σab+αεb(~p,−1)]λαm(~p,−1) = [~0, 0]

Cor. 1.2.21.
−1∑

h,h′=1

[σab+αεb(~p, h)]λαm(~p, h′){[σa′b′+α′εb′(~p, h)]λα
′

m (~p, h′)}+

=
−1∑
h=1

[σab+αεb(~p, h)]δαα
′{[σa′b′+α′εb′(~p, h)]}+

= −δαα′σab+ασ
a′b′

+α′

−1∑
h=1

εb(~p, h)ε+
b′(~p, h)

= −(−δaa′δbb′ + δab
′
δba
′
+ εaba

′b′)
−1∑
h=1

εb(~p, h)ε+
b′(~p, h)

= 3δaa
′ −

−1∑
h=1

εa
′
(~p, h)ε+a(~p, h) = 3δaa

′ −
−1∑
h=1

εa(~p, h)ε+a′(~p, h)

Cor. 1.2.22.
−1∑

h,h′=1

[σab−αεb(~p, h)]λαm(~p, h′){[σa′b′−α′εb′(~p, h)]λα
′

m (~p, h′)}+

=
−1∑
h=1

[σab−αεb(~p, h)]δαα
′{[σa′b′−α′εb′(~p, h)]}+

= −δαα′σab−ασa
′b′

−α′
−1∑
h=1

εb(~p, h)ε+
b′(~p, h)

= −(−δaa′δbb′ + δab
′
δba
′ − εaba′b′)

−1∑
h=1

εb(~p, h)ε+
b′(~p, h)

= 3δaa
′ −

−1∑
h=1

εa
′
(~p, h)ε+a(~p, h) = 3δaa

′ −
−1∑
h=1

εa(~p, h)ε+a′(~p, h)

1.3 Mathematical analysis of Dirac basis

1.3.1 Equivalence relations between two dimensional spin bases

Pro. 1.3.1.

{
λ∗(p̂,−κ2 ) = −iκσyλ(p̂, κ2 ), λ+(p̂,−κ2 ) = iκλT (p̂, κ2 )σy

λ(p̂, κ2 ) = iκσyλ
∗(p̂,−κ2 ), λT (p̂, κ2 ) = −iκλ+(p̂,−κ2 )σy

Pro. 1.3.2.

{
µ∗(~p,−κ2 ) = ςσxµ(~p, κ2 ), µ+(~p,−κ2 ) = ςµT (~p, κ2 )σx

ν∗(~p,−κ2 ) = −ςσxν(~p, κ2 ), ν+(~p,−κ2 ) = −ςνT (~p, κ2 )σx

Pro. 1.3.3.

{
µ(~p, κ2 ) = ςσxµ

∗(~p,−κ2 ), µT (~p, κ2 ) = ςµ+(~p,−κ2 )σx

ν(~p, κ2 ) = −ςσxν∗(~p,−κ2 ), νT (~p, κ2 ) = −ςν+(~p,−κ2 )σx
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1.3.2 Equivalence relations between Dirac bases

Pro. 1.3.4.

{
u(~p, κ2 ) = iκςσy ⊗ σxu∗(~p,−κ2 ) = κγ2γ5u

∗(~p,−κ2 )

v(~p, κ2 ) = −iκςσy ⊗ σxv∗(~p,−κ2 ) = −κγ2γ5v
∗(~p,−κ2 )

Pro. 1.3.5.

{
u∗(~p,−κ2 ) = −iκςσy ⊗ σxu(~p, κ2 ) = −κγ2γ5u(~p, κ2 )

v∗(~p,−κ2 ) = iκςσy ⊗ σxv(~p, κ2 ) = κγ2γ5v(~p, κ2 )

Pro. 1.3.6.

{
u+(~p,−κ2 ) = iκςuT (~p, κ2 )σy ⊗ σx = κuT (~p, κ2 )γ2γ5

v+(~p,−κ2 ) = −iκςvT (~p, κ2 )σy ⊗ σx = −iκvT (~p, κ2 )γ2γ5

Pro. 1.3.7.

{
uT (~p, κ2 ) = −iκςu+(~p,−κ2 )σy ⊗ σx = −κu+(~p,−κ2 )γ2γ5

vT (~p, κ2 ) = iκςv+(~p,−κ2 )σy ⊗ σx = κv+(~p,−κ2 )γ2γ5

1.3.3 Completeness analysis of Dirac basis

Cor. 1.3.1.

µ(~p, κ2 )µ+(~p,−κ2 ) = 1
2m

[
m ςE−κ|~p|

ςE+κ|~p| m

]
= 1

2 (I + ς Emσx − iκ
|~p|
m σy)

µ(~p, κ2 )µ+(~p, κ2 ) = ς
2m

[
ςE−κ|~p| m

m ςE+κ|~p|

]
= ς

2 (I + ς Emσx − iκ
|~p|
m σy)σx

Cor. 1.3.2.

{
u(~p, κ2 )u+(~p,−κ2 ) = 1

4 [κ(σ · p̂+ I)iσy]⊗ (I + ς Emσx − iκ
|~p|
m σy)

u(~p, κ2 )u+(~p, κ2 ) = 1
4 [(κσ · p̂+ I)⊗ (I + ς Emσx − iκ

|~p|
m σy)](ςI ⊗ σx)

Cor. 1.3.3.
−1/2∑
h=1/2

u(~p, h)ū(~p, h)− v(~p, h)v̄(~p, h)] = I4,
−1/2∑
h=1/2

u(~p, h)ū(~p, h) + v(~p, h)v̄(~p, h)] = −iγapa
m

Cor. 1.3.4.
−1/2∑
h=1/2

u(~p, h)u+(~p, h) + v(−~p, h)v+(−~p, h)] = E
m

1.3.4 Quasi projection operator for Dirac equation [4]

Def. 1.3.1. Λ+( 1
2 ) :=

−1/2∑
h=1/2

u(~p, h)u+(~p, h) = (m−iγapa)γ4

2m ,Λ−( 1
2 ) :=

−1/2∑
h=1/2

v(~p, h)v+(~p, h) = (−m−iγapa)γ4

2m

1.3.5 Orthogonal properties of two dimensional spin basis

Def. 1.3.2. p̂a := (p̂, i)

Pro. 1.3.8.
λ+(p̂, κ2 )(σ, iκ)aλ(p̂, κ2 ) = κp̂a

µ+(~p, κ2 )(σ, I)aµ(~p, κ2 ) = 1
m (ςm, 0,−κς|~p|, E)a

ν+(~p, κ2 )(σ, I)aν(~p, κ2 ) = 1
m (−ςm, 0,−κς|~p|, E)a


λ+(p̂,−κ2 )(σ, iκ)aλ(p̂, κ2 ) = −iκ

√
2[λm(p̂, κ), 0]a

µ+(~p,−κ2 )(σ, I)aµ(~p, κ2 ) = 1
m (ςE,−iκ|~p|, 0,m)a

ν+(~p,−κ2 )(σ, I)aν(~p, κ2 ) = 1
m (−ςE, iκ|~p|, 0,m)a

1.3.6 Orthogonal properties of Dirac basis

Pro. 1.3.9.
u+(~p, κ2 )[(σ, iκ)a ⊗ σx]u(~p, κ2 ) = −v+(~p, κ2 )[(σ, iκ)a ⊗ σx]v(~p, κ2 ) = κςp̂a

u+(~p, κ2 )[(σ, iκ)a ⊗ σy]u(~p, κ2 ) = v+(~p, κ2 )[(σ, iκ)a ⊗ σy]v(~p, κ2 ) = 0

u+(~p, κ2 )[(σ, iκ)a ⊗ σz]u(~p, κ2 ) = v+(~p, κ2 )[(σ, iκ)a ⊗ σz]v(~p, κ2 ) = − ςpam
u+(~p, κ2 )[(σ, iκ)a ⊗ I]u(~p, κ2 ) = v+(~p, κ2 )[(σ, iκ)a ⊗ I]v(~p, κ2 ) = κEp̂a

m

Pro. 1.3.10.
u+(~p,−κ2 )[(σ, iκ)a ⊗ σx]u(~p, κ2 ) = −v+(~p,−κ2 )[(σ, iκ)a ⊗ σx]v(~p, κ2 ) = −κς

√
2Emεa(~p, κ)

u+(~p,−κ2 )[(σ, iκ)a ⊗ σy]u(~p, κ2 ) = −v+(~p,−κ2 )[(σ, iκ)a ⊗ σy]v(~p, κ2 ) = i
√

2 |~p|m εa(~p, κ)

u+(~p,−κ2 )[(σ, iκ)a ⊗ σz]u(~p, κ2 ) = v+(~p,−κ2 )[(σ, iκ)a ⊗ σz]v(~p, κ2 ) = 0

u+(~p,−κ2 )[(σ, iκ)a ⊗ I]u(~p, κ2 ) = v+(~p,−κ2 )[(σ, iκ)a ⊗ I]v(~p, κ2 ) = −κ
√

2εa(~p, κ)

Cor. 1.3.5.
ū(~p, h)u(~p, h′) = δhh′ , v̄(~p, h)v(~p, h′) = −δhh′ , ū(~p, h)v(~p, h′) = 0, v̄(~p, h)u(~p, h′) = 0

u+(~p, h)u(~p, h′) = E
mδhh′ , v

+(~p, h)v(~p, h′) = E
mδhh′ , u

+(~p, h)v(−~p, h′) = 0, v+(~p, h)u(−~p, h′) = 0

Λ+(~p, 1
2 ) :=

−1/2∑
h=1/2

u(~p, h)ū(~p, h) = m−iγapa
2m ,Λ−(~p, 1

2 ) :=
−1/2∑
h=1/2

v(~p, h)v̄(~p, h) = −m−iγapa
2m
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1.3.7 Corollaries I of Dirac basis properties

Pro. 1.3.11.

u+(~p, κ2 )γau(~p, κ2 ) = −v+(~p, κ2 )γav(~p, κ2 ) = (~0, I)

u+(~p, κ2 )γiγju(~p, κ2 ) = v+(~p, κ2 )γiγjv(~p, κ2 ) = E
m (δij + iκεijkp̂

k)

u+(~p, κ2 )γ4γau(~p, κ2 ) = v+(~p, κ2 )γ4γav(~p, κ2 ) = −ipam
u+(~p, κ2 )γaγ4u(~p, κ2 ) = v+(~p, κ2 )γaγ4v(~p, κ2 ) = i

p∗a
m

u+(~p, κ2 )γ4γ5u(~p, κ2 ) = v+(~p, κ2 )γ4γ5v(~p, κ2 ) = 0

Pro. 1.3.12.{
u+(~p, κ2 )γau(~p, κ2 ) = −v+(~p, κ2 )γav(~p, κ2 ) = (~0, I)

u+(~p,−κ2 )γau(~p, κ2 ) = −v+(~p,−κ2 )γav(~p, κ2 ) = i
√

2 |~p|m εa(~p, κ)

1.3.8 Corollaries II of Dirac basis properties

Pro. 1.3.13.

ū(~p, κ2 )u(~p, κ2 ) = −v̄(~p, κ2 )v(~p, κ2 ) = I

ū(~p, κ2 )γau(~p, κ2 ) = v̄(~p, κ2 )γav(~p, κ2 ) = −ipam
ū(~p, κ2 )γiγju(~p, κ2 ) = −v̄(~p, κ2 )γiγjv(~p, κ2 ) = δij + iκεijkp̂

k

ū(~p, κ2 )γ4γau(~p, κ2 ) = −v̄(~p, κ2 )γ4γav(~p, κ2 ) = (~0, I)

ū(~p, κ2 )γaγ4u(~p, κ2 ) = −v̄(~p, κ2 )γaγ4v(~p, κ2 ) = (~0, I)

Pro. 1.3.14.
ū(~p, κ2 )u(~p, κ2 ) = −v̄(~p, κ2 )v(~p, κ2 ) = I

ū(~p, κ2 )γau(~p, κ2 ) = v̄(~p, κ2 )γav(~p, κ2 ) = −ipam
ū(~p, κ2 )γaγbu(~p, κ2 ) = −v̄(~p, κ2 )γaγbv(~p, κ2 ) = δab + iκεabc4p̂

c

ū(~p, κ2 )Sab(e, ς)u(~p, κ2 ) = −v̄(~p, κ2 )Sab(e, ς)v(~p, κ2 ) = κ
2 εabc4p̂

c

1.4 Analysis of relations between Dirac basis and 4D vector basis

1.4.1 Equivalent transformation between Dirac basis u(~p, κ2 ) and 4D vector basis εa(~p, h)

Def. 1.4.1. Xa = [imγa(ς)− 2Sab(e, ς)∂
b]C,Xa(p) = i[mγa(ς)− 2Sab(e, ς)p

b]C

Pro. 1.4.1.
u+(~p,−κ2 )Xa(p)u∗(~p,−κ2 ) = 2

√
2E

2

m ε+
a (~p,−κ)

u+(~p,−κ2 )imγaCu
∗(~p,−κ2 ) =

√
2mε+

a (~p,−κ)

u+(~p,−κ2 )[−2iSab(e, ς)p
b]Cu∗(~p,−κ2 ) =

√
2E

2+~p2

m ε+
a (~p,−κ)

Proof: u+(~p,−κ2 )imγaCu
∗(~p,−κ2 )

= −iκςu+(~p,−κ2 )imγaCσy ⊗ σxu(~p, κ2 )
= κu+(~p,−κ2 )mγa(I ⊗ σy)u(~p, κ2 )

= −i
√

2[mλm(~p, κ), 0]a
= −
√

2mεa(~p, κ) =
√

2mε+
a (~p, κ)

Proof: u+(~p,−κ2 )[−2iSab(e, ς)p
b]Cu∗(~p,−κ2 )

= −iκςu+(~p,−κ2 )[−2iSab(e, ς)p
b]Cσy ⊗ σxu(~p, κ2 )

= κu+(~p,−κ2 )iγaγbp
b(I ⊗ σy)u(~p, κ2 )

= [κ
√

2 |~p|m εijkp
jλkm(~p, κ)− i

√
2E

2

m λm(~p, κ), 0]a

= [iκ
√

2 ~p
2

m εijkλ
j
m(~p, 0)λkm(~p, κ)− i

√
2E

2

m λm(~p, κ), 0]a

= −i
√

2 ~p
2

m [λm(~p, κ), 0]a − i
√

2E
2

m [λm(~p, κ), 0]a

= −i
√

2E
2+~p2

m [λm(~p, κ), 0]a = −
√

2E
2+~p2

m εa(~p, κ) =
√

2E
2+~p2

m ε+
a (~p, κ)

Proof: u+(~p,−κ2 )Xa(p)u∗(~p,−κ2 )
= u+(~p,−κ2 )i[mγa(ς)− 2Sab(e, ς)p

b]Cu∗(~p,−κ2 )
= −iκςu+(~p,−κ2 )i[mγa(ς)− 2Sab(e, ς)p

b]Cσy ⊗ σxu(~p, κ2 )
= κu+(~p,−κ2 )[mγa(ς) + iγaγbp

b](I ⊗ σy)u(~p, κ2 )

= −i
√

2[mλm(p̂, κ), 0]a + κ
√

2 |~p|m εijkp
jλkm(p̂, κ)− i

√
2E

2

m λm(p̂, κ)

= −i
√

2[mλm(p̂, κ), 0]a + iκ
√

2 ~p
2

m εijkλ
j
m(p̂, 0)λkm(p̂, κ)− i

√
2E

2

m λm(p̂, κ)

= −i
√

2[mλm(p̂, κ), 0]a − i
√

2 ~p
2

m [λm(p̂, κ), 0]a − i
√

2E
2

m [λm(p̂, κ), 0]a

= −i2
√

2E
2

m [λm(p̂, κ), 0]a = −2
√

2E
2

m εa(~p, κ) = 2
√

2E
2

m ε+
a (~p, κ)
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Cor. 1.4.1.{
ε+
a (~p, κ) = i√

2
u+(~p, κ2 )γaCu

∗(~p, κ2 ) = m
2
√

2E2
u+(~p, κ2 )Xa(p)u∗(~p, κ2 )

εa(~p, κ) = − i√
2
uT (~p, κ2 )C̄γau(~p, κ2 ) = m

2
√

2E2
uT (~p, κ2 )X+

a (p)u(~p, κ2 )

Cor. 1.4.2.{
ε+a(~p, κ) = i√

2
U+λςµς (~p, κ)(γaC)λςµς = m

2
√

2E2
U+λςµς (~p, κ)Xaλςµς (p)

εa(~p, κ) = − i√
2
(C̄γa)λςµςUλςµς (~p, κ) = m

2
√

2E2
X+λςµς
a (p)Uλςµς (~p, κ)

Pro. 1.4.2. u+(~p, κ2 )Xa(p)u∗(~p,−κ2 ) = 2iE[λm(p̂, 0), 0]

Proof: u+(~p, κ2 )Xa(p)u∗(~p,−κ2 )
= u+(~p, κ2 )i[mγa(ς)− 2Sab(e, ς)p

b]Cu∗(~p,−κ2 )
= −iκςu+(~p, κ2 )i[mγa(ς)− 2Sab(e, ς)p

b]Cσy ⊗ σxu(~p, κ2 )
= κu+(~p, κ2 )[mγa(ς) + iγaγbp

b](I ⊗ σy)u(~p, κ2 )
= (Ep̂,−i|~p|) + (Ep̂, i|~p|)
= (2Ep̂, 0) = 2iE[λm(p̂, 0), 0]

Cor. 1.4.3. u+(~p, κ2 )imγaCu
∗(~p,−κ2 ) = mε+

a (~p, 0), u+(~p, κ2 )[−2iSab(e, ς)p
bC]u∗(~p,−κ2 ) = mεa(~p, 0)

Cor. 1.4.4. u+(~p, κ2 )Xa(p)u∗(~p,−κ2 ) = [2Ep̂, 0], u+(~p, κ2 )Xa(−p)u∗(~p,−κ2 ) = [0,−2i|~p|]

Cor. 1.4.5.{
ε+
a (~p, 0) = iu+(~p, κ2 )γaCu

∗(~p,−κ2 ), [iλm(p̂, 0), 0]a = 1
2Eu

+(~p, κ2 )Xa(p)u∗(~p,−κ2 )

εa(~p, 0) = −iuT (~p,−κ2 )C̄γau(~p, κ2 ), [iλm(p̂, 0), 0]a = 1
2Eu

T (~p,−κ2 )X+
a (p)u(~p, κ2 )

Cor. 1.4.6.{
ε+
a (~p, 0) = i√

2
U+λςµς (~p, 0)(γaC)λςµς , [iλm(p̂, 0), 0]a = 1

2
√

2E
U+λςµς (~p, 0)Xaλςµς (p)

εa(~p, 0) = − i√
2
(C̄γa)λςµςUλςµς (~p, 0), [iλm(p̂, 0), 0]a = 1

2
√

2E
X+λςµς
a (p)Uλςµς (~p, 0)

Cor. 1.4.7.{
ε+a(~p, h) = i√

2
U+λςµς (~p, h)(γaC)λςµς , [−iλ+

m(p̂, h), 0]a = (mE )|h| 1
2
√

2E
U+λςµς (~p, h)Xaλςµς (p)

εa(~p, h) = − i√
2
(C̄γa)λςµςUλςµς (~p, h), [iλm(p̂, h), 0]a = (mE )|h| 1

2
√

2E
X+λςµς
a (p)Uλςµς (~p, h)

Cor. 1.4.8.{
λ+
m(p̂, h) = (mE )|h| i

2
√

2E
U+λςµς (~p, h)Xλςµς (p)

λm(p̂, h) = −(mE )|h| i
2
√

2E
X+λςµς (p)Uλςµς (~p, h)

{
0 = (mE )|h| i

2
√

2E
U+λςµς (~p, h)Xπλςµς (p)

0 = −(mE )|h| i
2
√

2E
X+λςµς
π (p)Uλςµς (~p, h)

Cor. 1.4.9.{
0 = U+λςµς (~p, 0)Xλςµς (−p)
0 = X+λςµς (−p)Uλςµς (~p, 0)

{
|~p| = i

2
√

2
U+λςµς (~p, 0)Xπλςµς (−p)

|~p| = − i
2
√

2
X+λςµς
π (−p)Uλςµς (~p, 0)

1.4.2 Equivalent transformation between Dirac basis v(~p, κ2 ) and 4D vector basis εa(~p, h)

Pro. 1.4.3.
v+(p̂,−κ2 )Xa(−p)v∗(~p,−κ2 ) = −2

√
2E

2

m ε+
a (~p,−κ)

v+(p̂,−κ2 )imγa(ς)Cv∗(~p,−κ2 ) = −
√

2mε+
a (~p,−κ)

v+(p̂,−κ2 )2iSab(e, ς)p
bCv∗(~p,−κ2 ) = −

√
2E

2+~p2

m ε+
a (~p,−κ)

Proof: v+(p̂,−κ2 )imγa(ς)Cv∗(~p,−κ2 )
= iκςv+(p̂,−κ2 )imγa(ς)Cσy ⊗ σxv(~p, κ2 )
= −κv+(p̂,−κ2 )mγa(ς)(I ⊗ σy)v(~p, κ2 )

= i
√

2[mλm(p̂, κ), 0]a =
√

2mεa(~p, κ) = −
√

2mε+
a (~p,−κ)

Proof: v+(p̂,−κ2 )2iSab(e, ς)p
bCv∗(~p,−κ2 )

= iκςv+(p̂,−κ2 )2iSab(e, ς)p
bCσy ⊗ σxv(~p, κ2 )

= −κv+(p̂,−κ2 )[−iγaγbpb](I ⊗ σy)v(~p, κ2 )

= −κ
√

2 |~p|m εijkp
jλkm(p̂, κ) + i

√
2E

2

m λm(p̂, κ)

= −iκ
√

2 ~p
2

m εijkλ
j
m(p̂, 0)λkm(p̂, κ) + i

√
2E

2

m λm(p̂, κ)

= +i
√

2 ~p
2

mλm(p̂, κ) + i
√

2E
2

m λm(p̂, κ)

= i
√

2E
2+~p2

m [λm(p̂, κ), 0]a =
√

2E
2+~p2

m εa(~p, κ) = −
√

2E
2+~p2

m ε+
a (~p,−κ)
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Proof: v+(p̂,−κ2 )Xa(−p)v∗(~p,−κ2 )
= v+(p̂,−κ2 )i[mγa(ς) + 2Sab(e, ς)p

b]Cv∗(~p,−κ2 )
= iκςv+(p̂,−κ2 )i[mγa(ς) + 2Sab(e, ς)p

b]Cσy ⊗ σxv(~p, κ2 )
= −κv+(p̂,−κ2 )[mγa(ς)− iγaγbpb](I ⊗ σy)v(~p, κ2 )

= i
√

2[mλm(p̂, κ), 0]a − κ
√

2 |~p|m εijkp
jλkm(p̂, κ) + i

√
2E

2

m λm(p̂, κ)

= i
√

2[mλm(p̂, κ), 0]a − iκ
√

2 ~p
2

m εijkλ
j
m(p̂, 0)λkm(p̂, κ) + i

√
2E

2

m λm(p̂, κ)

= i
√

2[mλm(p̂, κ), 0]a + i
√

2 ~p
2

mλm(p̂, κ) + i
√

2E
2

m λm(p̂, κ)

= i2
√

2E
2

m [λm(p̂, κ), 0]a = 2
√

2E
2

m εa(~p, κ) = −2
√

2E
2

m ε+
a (~p,−κ)

Cor. 1.4.10.{
−ε+

a (~p, κ) = i√
2
v+(p̂, κ2 )γaCv

∗(~p, κ2 ) = m
2
√

2E2
v+(p̂, κ2 )Xa(p)v∗(~p, κ2 )

−εa(~p, κ) = − i√
2
vT (~p, κ2 )C̄γav(~p, κ2 ) = m

2
√

2E2
vT (~p, κ2 )X+

a (p)v(~p, κ2 )

Cor. 1.4.11.{
−ε+a(~p, κ) = i√

2
V +λςµς (~p, κ)(γaC)λςµς = m

2
√

2E2
V +λςµς (~p, κ)Xaλςµς (−p)

−εa(~p, κ) = − i√
2
(C̄γa)λςµςVλςµς (~p, κ) = m

2
√

2E2
X+λςµς
a (−p)Vλςµς (~p, κ)

Pro. 1.4.4. v+(p̂, κ2 )Xa(−p)v∗(~p,−κ2 ) = −2iE[λm(p̂, 0), 0]a

Proof: v+(p̂, κ2 )Xa(−p)v∗(~p,−κ2 )
= v+(p̂, κ2 )i[mγa(ς) + 2Sab(e, ς)p

b]Cv∗(~p,−κ2 )
= iκςv+(p̂, κ2 )i[mγa(ς) + 2Sab(e, ς)p

b]Cσy ⊗ σxv(~p, κ2 )
= −κv+(p̂, κ2 )[mγa(ς)− iγaγbpb](I ⊗ σy)v(~p, κ2 )
= −[Ep̂,−i|~p|]− [Ep̂, i|~p|]
= −2iE[λm(p̂, 0), 0]a

Cor. 1.4.12. v+(p̂, κ2 )imγaCv
∗(~p,−κ2 ) = −mε+

a (~p, 0), v+(p̂, κ2 )[2iSab(e, ς)p
bC]v∗(~p,−κ2 ) = −mεa(~p, 0)

Cor. 1.4.13. v+(p̂, κ2 )Xa(−p)v∗(~p,−κ2 ) = −[2Ep̂, 0], v+(p̂, κ2 )Xa(p)v∗(~p,−κ2 ) = −[0,−2i|~p|]

Cor. 1.4.14.{
−ε+

a (~p, 0) = iv+(p̂, κ2 )γaCv
∗(~p,−κ2 ),−[iλm(p̂, 0), 0]a = 1

2E v
+(p̂, κ2 )Xa(−p)v∗(~p,−κ2 )

−εa(~p, 0) = −ivT (~p,−κ2 )C̄γav(~p, κ2 ),−[iλm(p̂, 0), 0]a = 1
2E v

T (~p,−κ2 )X+
a (−p)v(~p, κ2 )

Cor. 1.4.15.{
−ε+

a (~p, 0) = i√
2
V +λςµς (~p, 0)(γaC)λςµς ,−[iλm(p̂, 0), 0]a = 1

2
√

2E
V +λςµς (~p, 0)Xaλςµς (−p)

−εa(~p, 0) = − i√
2
(C̄γa)λςµςVλςµς (~p, 0),−[iλm(p̂, 0), 0]a = 1

2
√

2E
X+λςµς
a (−p)Vλςµς (~p, 0)

Cor. 1.4.16.{
−ε+a(~p, h) = i√

2
V +λςµς (~p, h)(γaC)λςµς ,−[−iλ+

m(p̂, h), 0]a = (mE )|h| 1
2
√

2E
V +λςµς (~p, h)Xaλςµς (−p)

−εa(~p, h) = − i√
2
(C̄γa)λςµςVλςµς (~p, h),−[iλm(p̂, h), 0]a = (mE )|h| 1

2
√

2E
X+λςµς
a (−p)Vλςµς (~p, h)

Cor. 1.4.17.{
−λ+

m(p̂, h) = (mE )|h| i
2
√

2E
V +λςµς (~p, h)Xλςµς (−p)

−λm(p̂, h) = −(mE )|h| i
2
√

2E
X+λςµς (−p)Vλςµς (~p, h)

{
0 = (mE )|h| i

2
√

2E
V +λςµς (~p, h)Xπλςµς (−p)

0 = −(mE )|h| i
2
√

2E
X+λςµς
π (−p)Vλςµς (~p, h)

Cor. 1.4.18.{
0 = V +λςµς (~p, 0)Xλςµς (p)
0 = X+λςµς (p)Vλςµς (~p, 0)

{
−|~p| = i

2
√

2
V +λςµς (~p, 0)Xπλςµς (p)

−|~p| = − i
2
√

2
X+λςµς
π (p)Vλςµς (~p, 0)

1.4.3 Wonderful relations between Dirac basis and 4D vector basis

Pro. 1.4.5. [σ · λm(p̂, κ2 )]λ(p̂, κ2 ) = 0, [σ · λm(p̂,−κ2 )]λ(p̂, κ2 ) = −iκ
√

2λ(p̂,−κ2 ), [σ · λm(p̂, 0)]λ(p̂, κ2 ) = −iκλ(p̂, κ2 )

Proof: λ+(p̂, κ2 )(σ, iκ)aλ(p̂, κ2 ) = κp̂a, λ
+(p̂,−κ2 )(σ, iκ)aλ(p̂, κ2 ) = −iκ

√
2[λm(p̂, κ), 0]a

⇒ λ+(p̂, κ2 )σkλ(p̂, κ2 ) = κp̂k, λ
+(p̂,−κ2 )σkλ(p̂, κ2 ) = −iκ

√
2λmk(p̂, κ2 )

⇒ λ+(p̂, κ2 )[σ · λm(p̂, κ2 )]λ(p̂, κ2 ) = 0, λ+(p̂,−κ2 )[σ · λm(p̂, κ2 )]λ(p̂, κ2 ) = 0
⇒ λ(p̂, κ2 )λ+(p̂, κ2 )[σ · λm(p̂, κ2 )]λ(p̂, κ2 ) = 0, λ(p̂,−κ2 )λ+(p̂,−κ2 )[σ · λm(p̂, κ2 )]λ(p̂, κ2 ) = 0
⇒ [λ(p̂, κ2 )λ+(p̂, κ2 ) + λ(p̂,−κ2 )λ+(p̂,−κ2 )][σ · λm(p̂, κ2 )]λ(p̂, κ2 ) = 0
⇒ [σ · λm(p̂, κ2 )]λ(p̂, κ2 ) = 0
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Proof: λ+(p̂, κ2 )(σ, iκ)aλ(p̂, κ2 ) = κp̂a, λ
+(p̂,−κ2 )(σ, iκ)aλ(p̂, κ2 ) = −iκ

√
2[λm(p̂, κ), 0]a

⇒ λ+(p̂, κ2 )σkλ(p̂, κ2 ) = κp̂k, λ
+(p̂,−κ2 )σkλ(p̂, κ2 ) = −iκ

√
2λmk(p̂, κ2 )

⇒ λ+(p̂, κ2 )[σ · λm(p̂,−κ2 )]λ(p̂, κ2 ) = 0, λ+(p̂,−κ2 )[σ · λm(p̂,−κ2 )]λ(p̂, κ2 ) = −iκ
√

2

⇒ λ(p̂, κ2 )λ+(p̂,−κ2 )[σ · λm(p̂,−κ2 )]λ(p̂, κ2 ) = 0, λ(p̂,−κ2 )λ+(p̂,−κ2 )[σ · λm(p̂,−κ2 )]λ(p̂, κ2 ) = −iκ
√

2λ(p̂,−κ2 )

⇒ [λ(p̂, κ2 )λ+(p̂, κ2 ) + λ(p̂,−κ2 )λ+(p̂,−κ2 )][σ · λm(p̂,−κ2 )]λ(p̂, κ2 ) = −iκ
√

2λ(p̂,−κ2 )

⇒ [σ · λm(p̂,−κ2 )]λ(p̂, κ2 ) = −iκ
√

2λ(p̂,−κ2 )

Pro. 1.4.6.
[γ · λm(p̂, κ)]u(~p, κ2 ) = 0, [γ · λm(p̂,−κ)]u(~p, κ2 ) = −κ

√
2γ5u(~p,−κ2 )

[γ · λm(p̂, 0)]u(~p, κ2 ) = −iκ(I ⊗ σy)u(~p, κ2 )

[γ · λm(p̂, κ)]v(~p, κ2 ) = 0, [γ · λm(p̂,−κ)]v(~p, κ2 ) = κ
√

2γ5v(~p,−κ2 )

[γ · λm(p̂, 0)]v(~p, κ2 ) = −iκ(I ⊗ σy)v(~p, κ2 )

Pro. 1.4.7.{
[γaεa(~p, κ)]u(~p, κ2 ) = 0, [γaεa(~p,−κ)]u(~p, κ2 ) = −iκ

√
2γ5u(~p,−κ2 ), [γaεa(~p, 0)]u(~p, κ2 ) = −iκγ5u(~p, κ2 )

[γaεa(~p, κ)]v(~p, κ2 ) = 0, [γaεa(~p,−κ)]v(~p, κ2 ) = iκ
√

2γ5v(~p,−κ2 ), [γaεa(~p, 0)]v(~p, κ2 ) = iκγ5v(~p, κ2 )

1.5 Relations between second order B-W basis and 4D vector basis

1.5.1 Second order B-W basis decomposition into 4D vector bases

Thm. 1.5.1. Uλςµς (~p, h) = 1
2
√

2m
Xaλςµς (p)εa(~p, h), Vλςµς (~p, h) = 1

2
√

2m
Xaλςµς (−p)ε̃a(~p, h)

Proof: 1
2
√

2m
Xaλςµς (p)εa(~p, κ)

= 1
2
√

2m
Xa(p)εa(~p, κ) = iς

2
√

2m
X(p) · λm(~p, κ)

= −ς
2
√

2m
{mγ − i

2 [γapa, γ]}C · λm(~p, κ)

= −ς
2
√

2m
{mγj − i

2 [γip
i + γ4iE, γj ]}Cλjm(~p, κ)

= −ς
2
√

2m
[(m+ Eγ4)γj + εijkp

iσk ⊗ I]Cλjm(~p, κ)

= iς
2
√

2m
[i(m+ Eγ4)σjσyλ

j
m(~p, κ)⊗ σx − iκ|~p|σjσyλjm(~p, κ)⊗ σz]

= − 1√
2
σjσyλ

j
m(~p, κ)⊗ ς

2m [(mσx + ςE)− κ|~p|σz]
= λ(p̂, ς2 )λT (p̂, ς2 )⊗ µ(~p, κ2 )µT (~p, κ2 )
= u(~p, κ2 )uT (~p, κ2 )
= Uλςµς (~p, κ)

Proof: 1
2
√

2m
Xaλςµς (p)εa(~p, 0)

= 1
2
√

2m
Xa(p)εa(~p, 0) = iς

2
√

2m
X(p) · Emλm(~p, 0) + iς

2
√

2m
Xπ(p) |~p|m

= −ς
2
√

2m
{mγ − i

2 [γapa, γ]}C · Emλm(~p, 0) + −ς
2
√

2m
(mγ4 − iγjpjγ4)C |~p|m

= −ς
2
√

2m
{mγj − i

2 [γip
i + γ4iE, γj ]}C E

mλ
j
m(~p, 0) + 1

2
√

2m
(m− iγipi)γ2

|~p|
m

= −ς
2
√

2m
[(m+ Eγ4)γj + εijkp

iσk ⊗ I]C E
mλ

j
m(~p, 0) + 1

2
√

2m
(mσy ⊗ σy − iσiσypi ⊗ I) |~p|m

= −ς
2
√

2m
(m+ Eγ4)σjσy

E
mλ

j
m(~p, 0)⊗ σx + 1

2
√

2m
(mσy ⊗ σy − iσiσypi ⊗ I) |~p|m

= − 1√
2
σjσyλ

j
m(~p, 0)⊗ ς

2 (Emσx + ς E
2−~p2

m2 ) + 1
2
√

2

|~p|
m σy ⊗ σy

= − 1
2
√

2
[σjσyλ

j
m(~p, 0)⊗ (ς Emσx + I)− |~p|m σy ⊗ σy]

= Uλςµς (~p, 0)

Proof: U(~p, 0) = 1√
2
[u(~p, κ2 )uT (~p,−κ2 ) + u(~p,−κ2 )uT (~p, κ2 )]

= 1√
2
[λ(p̂, κ2 )λT (p̂,−κ2 )⊗ µ(~p, κ2 )µT (~p,−κ2 ) + λ(p̂,−κ2 )λT (p̂, κ2 )⊗ µ(~p,−κ2 )µT (~p, κ2 )]

= 1√
2
[ i2 (σ · p̂+ κI)σy ⊗ 1

2 (I + ς Emσx − iκ
|~p|
m σy) + i

2 (σ · p̂− κI)σy ⊗ 1
2 (I + ς Emσx − iκ

|~p|
m σy)

= i
4
√

2
[(σ · p̂+ κI)σy ⊗ (I + ς Emσx − iκ

|~p|
m σy) + (σ · p̂− κI)σy ⊗ (I + ς Emσx + iκ |~p|m σy)

= i
2
√

2
[(σσy · p̂)⊗ (I + ς Emσx) + σy ⊗ (−i |~p|m σy)

= − 1
2
√

2
{[σσy · λ(p̂, 0)]⊗ (I + ς Emσx)− |~p|m σy ⊗ σy}

1.5.2 Summary of equivalent relations between Dirac basis and 4D vector basis

Cor. 1.5.1.{
Uλςµς (~p, h) = 1

2
√

2m
Xaλςµς (p)εa(~p, h), Vλςµς (~p, h) = − 1

2
√

2m
Xaλςµς (−p)εa(~p, h)

εa(~p, h) = − i√
2
(C̄γa)λςµςUλςµς (~p, h) = i√

2
(C̄γa)λςµςVλςµς (~p, h)
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Cor. 1.5.2.{
Uλςµς (~p, h) = − i

4mXaλςµς (p)(C̄γa)λ
′
ςµ
′
ςUλ′ςµ′ς (p̂, h), Vλςµς (~p, h) = − i

4mXaλςµς (−p)(C̄γa)λ
′
ςµ
′
ςVλ′ςµ′ς (p̂, h)

εa(~p, h) = − i
4m (C̄γa)λςµςXbλςµς (p)εb(~p, h) = − i

4m (C̄γa)λςµςXbλςµς (−p)εb(~p, h)

Cor. 1.5.3.{
[iλm(p̂, h), 0]a = (mE )|h| 1

2
√

2E
X+λςµς
a (p)Uλςµς (~p, h) = −(mE )|h| 1

2
√

2E
X+λςµς
a (−p)Vλςµς (~p, h)

[iλm(p̂, h), 0]a = (mE )|h| 1
8mEX

+λςµς
a (p)Xbλςµς (p)εb(~p, h) = (mE )|h| 1

8mEX
+λςµς
a (−p)Xbλςµς (−p)εb(~p, h)

Cor. 1.5.4.{
X+λςµς
π (p)Uλςµς (~p, h) = X+λςµς

π (−p)Vλςµς (~p, h) = 0

λm(p̂, h) = −(mE )|h| i
2
√

2E
X+λςµς (p)Uλςµς (~p, h) = (mE )|h| i

2
√

2E
X+λςµς (−p)Vλςµς (~p, h)

Cor. 1.5.5.{
X+λςµς (−p)Uλςµς (~p, 0) = X+λςµς (p)Vλςµς (~p, 0) = 0

− i
2
√

2
X+λςµς
π (−p)Uλςµς (~p, 0) = i

2
√

2
X+λςµς
π (p)Vλςµς (~p, 0) = |~p|

Thm. 1.5.2. (C̄γa)λςµςXbλςµς (p) = (C̄γa)λςµςXbλςµς (−p) = 4imδba

Thm. 1.5.3. X+λςµς
a (p)Xbλςµς (p) = X+λςµς

a (−p)Xbλςµς (−p) = 8E2δab − 4pap
+
b

Proof: X+λςµς
a (p)Xbλςµς (p)

= tr[Xa(p)Xb(p)]
= tr{C̄[mγa − 2Sac(e, ς)p

+c][mγb − 2Sbd(e, ς)p
d]C}

= tr{[mγa − 2Sac(e, ς)p
+c][mγb − 2Sbd(e, ς)p

d]}
= m2tr(γaγb) + 4tr[Sac(e, ς)Sbd(e, ς)p

+cpd]
= 4m2δab + 4(δabδdc − δadδbc)p+cpd

= 4m2δab + 4(δabp
+
c p

c − pap+
b )

= 8E2δab − 4pap
+
b

Cor. 1.5.6. X+λςµς
a (p)Xbλςµς (p) = X+λςµς

a (−p)Xbλςµς (−p) = 8E2δba − 4pap
+b

Ass. 1.5.1. − i
4mXaλςµς (p)(C̄γa)λ

′
ςµ
′
ς = − i

4mXaλςµς (−p)(C̄γa)λ
′
ςµ
′
ς = 1

(2!)2 δ
(λ′ς
{λς δ

µ′ς)

µς}

1.5.3 Quasi projection operator decomposes into Dirac ones for spin-1 particles with mass

Thm. 1.5.4.
Λ+(~p, 1) :=

−1∑
h=1

Uλςµς (~p, h)U+
λ′ςµ
′
ς
(~p, h) = 1

(2!)2 Λ+{λς(λ′ς (~p,
1
2 )Λ+µς}µ′ς)(~p,

1
2 )

Λ−(~p, 1) :=
−1∑
h=1

Vλςµς (~p, h)V +
λ′ςµ
′
ς
(~p, h) = 1

(2!)2 Λ−{λς(λ′ς (~p,
1
2 )Λ−µς}µ′ς)(~p,

1
2 )

Proof: Λ+(~p, 1) :=
−1∑
h=1

Uλςµς (~p, h)U+
λ′ςµ
′
ς
(~p, h)

=
uλς (~p,

1
2 )uµς (~p,

1
2 )u+

λ′ς
(~p, 1

2 )u+
µ′ς

(~p, 1
2 )

+ 1
2 [uλς (~p,

1
2 )uµς (~p,− 1

2 ) + uµς (~p,
1
2 )uλς (~p,− 1

2 )][u+
λ′ς

(~p, 1
2 )u+

µ′ς
(~p,− 1

2 ) + u+
µ′ς

(~p, 1
2 )u+

λ′ς
(~p,− 1

2 )]

+ uλς (~p,− 1
2 )uµς (~p,− 1

2 )u+
λ′ς

(~p,− 1
2 )u+

µ′ς
(~p,− 1

2 )
=
1
4{[uλς (~p,

1
2 )uµς (~p,

1
2 ) + uµς (~p,

1
2 )uλς (~p,

1
2 )][u+

λ′ς
(~p, 1

2 )u+
µ′ς

(~p, 1
2 ) + u+

µ′ς
(~p, 1

2 )u+
λ′ς

(~p, 1
2 )]

+ [uλς (~p,
1
2 )uµς (~p,− 1

2 ) + uµς (~p,
1
2 )uλς (~p,− 1

2 )][u+
λ′ς

(~p, 1
2 )u+

µ′ς
(~p,− 1

2 ) + u+
µ′ς

(~p, 1
2 )u+

λ′ς
(~p,− 1

2 )]

+ [uλς (~p,
1
2 )uµς (~p,− 1

2 ) + uµς (~p,
1
2 )uλς (~p,− 1

2 )][u+
λ′ς

(~p, 1
2 )u+

µ′ς
(~p,− 1

2 ) + u+
µ′ς

(~p, 1
2 )u+

λ′ς
(~p,− 1

2 )]

+ [uλς (~p,− 1
2 )uµς (~p,− 1

2 ) + uµς (~p,− 1
2 )uλς (~p,− 1

2 )][u+
λ′ς

(~p,− 1
2 )u+

µ′ς
(~p,− 1

2 ) + u+
µ′ς

(~p,− 1
2 )u+

λ′ς
(~p,− 1

2 )]}
=
1
4{uλς (~p,

1
2 )u+

λ′ς
(~p, 1

2 )[uµς (~p,
1
2 )u+

µ′ς
(~p, 1

2 ) + uµς (~p,− 1
2 )u+

µ′ς
(~p,− 1

2 )]

+ uλς (~p,
1
2 )u+

µ′ς
(~p, 1

2 )[uµς (~p,
1
2 )u+

λ′ς
(~p, 1

2 ) + uµς (~p,− 1
2 )u+

λ′ς
(~p,− 1

2 )]

+ uµς (~p,
1
2 )u+

λ′ς
(~p, 1

2 )[uλς (~p,
1
2 )u+

µ′ς
(~p, 1

2 ) + uλς (~p,− 1
2 )u+

µ′ς
(~p,− 1

2 )]

+ uµς (~p,
1
2 )u+

µ′ς
(~p, 1

2 )[uλς (~p,
1
2 )u+

λ′ς
(~p, 1

2 ) + uλς (~p,− 1
2 )u+

λς
(~p,− 1

2 )]

+ [uµς (~p,
1
2 )u+

µ′ς
(~p, 1

2 ) + uµς (~p,− 1
2 )u+

µ′ς
(~p,− 1

2 )]uλς (~p,− 1
2 )u+

λ′ς
(~p,− 1

2 )

+ [uµς (~p,
1
2 )u+

λ′ς
(~p, 1

2 ) + uµς (~p,− 1
2 )u+

λ′ς
(~p,− 1

2 )]uλς (~p,− 1
2 )u+

µ′ς
(~p,− 1

2 )

+ [uλς (~p,
1
2 )u+

µ′ς
(~p, 1

2 ) + uλς (~p,− 1
2 )u+

µ′ς
(~p,− 1

2 )]uµς (~p,− 1
2 )u+

λ′ς
(~p,− 1

2 )

+ [uλς (~p,
1
2 )u+

λ′ς
(~p, 1

2 ) + uλς (~p,− 1
2 )u+

λ′ς
(~p,− 1

2 )]uµς (~p,− 1
2 )u+

µ′ς
(~p,− 1

2 )
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=
1
4{[uλς (~p,

1
2 )u+

λ′ς
(~p, 1

2 ) + uλς (~p,− 1
2 )u+

λ′ς
(~p,− 1

2 )][uµς (~p,
1
2 )u+

µ′ς
(~p, 1

2 ) + uµς (~p,− 1
2 )u+

µ′ς
(~p,− 1

2 )]

+ [uλς (~p,
1
2 )u+

µ′ς
(~p, 1

2 ) + uλς (~p,− 1
2 )u+

µ′ς
(~p,− 1

2 )][uµς (~p,
1
2 )u+

λ′ς
(~p, 1

2 ) + uµς (~p,− 1
2 )u+

λ′ς
(~p,− 1

2 )]

+ [uµς (~p,
1
2 )u+

λ′ς
(~p, 1

2 ) + uµς (~p,− 1
2 )u+

λ′ς
(~p,− 1

2 )][uλς (~p,
1
2 )u+

µ′ς
(~p, 1

2 ) + uλς (~p,− 1
2 )u+

µ′ς
(~p,− 1

2 )]

+ [uµς (~p,
1
2 )u+

µ′ς
(~p, 1

2 ) + uµς (~p,− 1
2 )u+

µ′ς
(~p,− 1

2 )][uλς (~p,
1
2 )u+

λ′ς
(~p, 1

2 ) + uλς (~p,− 1
2 )u+

λ′ς
(~p,− 1

2 )]

= 1
4 [Λ+λςλ′ς

(~p, 1
2 )Λ+µςµ′ς

(~p, 1
2 ) + Λ+λςµ′ς

(~p, 1
2 )Λ+µςλ′ς

(~p, 1
2 ) + Λ+µςλ′ς

(~p, 1
2 )Λ+λςµ′ς

(~p, 1
2 ) + Λ+µςµ′ς

(~p, 1
2 )λ+λςλ′ς

(~p, 1
2 )}

= 1
(2!)2 Λ+{λς(λ′ς (~p,

1
2 )Λ+µς}µ′ς)(~p,

1
2 )

1.5.4 Analytically proving an important theorem

Thm. 1.5.5. Xaλςµς (p)(ηaa′ +
pap

+

a′
m2 )X+a′

λ′ςµ
′
ς
(p) = 1

2 [(m− iγapa)γ4]{λς(λ′ς [(m− iγ
bpb)γ

4]µς}µ′ς)

Proof: Xaλςµς (p)(ηaa′ +
pap

+

a′
m2 )X+a′

λ′ςµ
′
ς
(p)

= Xaλςµς (p)
−1∑
h=1

εa(~p, h)ε+
a′(~p, h)X+a′

λ′ςµ
′
ς
(p)

= 8m2
−1∑
h=1

Uλςµς (~p, h)U+
λ′ςµ
′
ς
(~p, h)

= 8m2 1
(2!)2 Λ+{λς(λ′ς (~p,

1
2 )Λ+µς}µ′ς)(~p,

1
2 )

= 1
2 [(m− iγapa)γ4]{λς(λ′ς [(m− iγ

bpb)γ
4]µς}µ′ς)

1.6 Covariant anticommutation rules for Dirac equation

1.6.1 Dirac equation and its separated form [4, 5]

Def. 1.6.1. γa = (σ ⊗ σy, ςI ⊗ σx),−γaγ4 = iς(σ ⊗ σz, iς), γ4γa = iς(σ ⊗ σz,−iς), γ4 ≺ γ4
λςλ′ς

, γ4 ≺ γ
λ′ςλς
4

Cor. 1.6.1. (γa∂a +m)ψλς (x) = 0⇔ [(σ ⊗ σz,−iς)a∂a − imI ⊗ σx]ψ(x) = 0

Cor. 1.6.2.

{
(γa∂a +m)κς

λςψλς (x) = 0

ψλς (x) = [λAς (x), ηA
′
ς (x)]T

⇔

{
(σ,−iς)A

′
ςAς

a ∂aλAς (x) = imηA
′
ς (x)

(σ, iς)aAςA′ς∂aη
A′ς (x) = −imλAς (x)

1.6.2 Covariant anticommutation rules for Dirac equation

Cor. 1.6.3.

{ψλς (x), ψ̄µς (x′)} = i(m− γa∂a)λς
µς∆(x− x′)⇔ {ψλς (x), ψ+

λ′ς
(x′)} = i[(m− γa∂a)γ4]λςλ′ς∆(x− x′)

Cor. 1.6.4.

{ψλς (x), ψ+
λ′ς

(x′)} = i[(m− γa∂a)γ4]λςλ′ς∆(x− x′)
{ψλς (x), ψλ′ς (x

′)} = 0, {ψ+
λς

(x), ψ+
λ′ς

(x′)} = 0

ψλς (x) = [λAς (x), ηA
′
ς (x)]T

γa = (σ ⊗ σy, ςI ⊗ σx)

Sab(e, ς) = − i
4 [γa, γb] = Sab(ς)⊕ Sab(−ς)

Sab(ς) = i
2σ

ας
ςabσας = − i

4 (σ, iς)[a(σ,−iς)b]

⇔



{λAς (x), λ+
A′ς

(x′)} = −ς(σ, iς)aAςA′ς∂a∆(x− x′)

{ηA′ς (x), ηAς+ (x′)} = ς(σ,−iς)A
′
ςAς

a ∂a∆(x− x′)
{λAς (x), ηBς+ (x′)} = iςmδAς

Bς∆(x− x′)
{ηA′ς (x), λ+

B′ς
(x′)} = iςmδA

′
ςB′ς

∆(x− x′)
{λAς (x), λBς (x

′)} = 0, {ηA′ς (x), ηB
′
ς (x′)} = 0

{λ+
A′ς

(x), λ+
B′ς

(x′)} = 0, {ηAς+ (x), ηBς+ (x′)} = 0

{λAς (x), ηA
′
ς (x′)} = 0, {λ+

A′ς
(x), ηAς+ (x′)} = 0

The above content is the basic part. And its reasoning and conclusions apply to all chapters, especially
the following chapters and the next chapter.
1.7 Basic identities

Cor. 1.7.1. Cmn = Cm−1
n−1 + Cmn−1

Cor. 1.7.2.
n∑
k=1

k = 1
2!n(n+ 1),

n∑
k=1

k3 = [ 1
2!n(n+ 1)]2

n∑
k=1

k2 = 1
3!n(n+ 1)(2n+ 1),

n∑
k=1

k4 = 1
5!2n(2n+ 1)(2n+ 2)(3n2 + 3n− 1)

Pro. 1.7.1.
n∑
i=0

ip = 1
p+1

p∑
k=0

(−1)kCkp+1Bkn
p+1−k, Bk = δk0 − 1

k+1

k−1∑
j=0

Cjk+1Bj ,
z

ez−1 =
∞∑
k=0

Bk
zk

k!

B0 = 1, B1 = − 1
2 , B2 = 1

6 , B4 = − 1
30 , B6 = 1

42 , B8 = − 1
30 , B2k+1 = 0(k ≥ 1)
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1.8 A combinatorial identity and its proof

Pro. 1.8.1.
−n′∑
h′=n′

Cn
′+h′

n+h Cn
′−h′

n−h = C2n′

2n

Proof: (1 + x)n+h(1 + x)n−h|2n′ =
−n′∑
h′=n′

Cn
′+h′

n+h xn
′+h′Cn

′−h′
n−h xn

′−h′ = (1 + x)2n|2n′ = C2n′

2n x
2n′

⇔
−n′∑
h′=n′

Cn
′+h′

n+h Cn
′−h′

n−h = C2n′

2n

1.9 An important combinatorial identity and its corollaries

Lem. 1.9.1.
∑

a+b=k

CcaC
d
b = Cc+d+1

k+1

The above lemma must be correct. I have seen this formula in books. But I have not yet seen a
suitable and understandable proof method.

Cor. 1.9.1.
−n′∑
h′=n′

Cn
′+h′

n+h′+hC
n′−h′
n−h′−h =

−n′∑
h′=n′

Cn−n
′+h

n+h′+hC
n−n′−h
n−h′−h = C2n′

2n+1;n′ − n ≤ h ≤ n− n′, n ≥ n′

Cor. 1.9.2.
−s′∑
h′=s′

Cs
′+h′

s+h′+hC
s′−h′
s−h′−h =

−s′∑
h′=s′

Cs−s
′+h

s+h′+hC
s−s′−h
s−h′−h = C2s′

2s+1; s′ − s ≤ h ≤ s− s′, s ≥ s′

Cor. 1.9.3.
−s′∑
h′=s′

Cs
′+h′

s+h′ C
s′−h′
s−h′ = C2s′

2s+1

Cor. 1.9.4.
−s∑
h′=s

Cs+h
′

s+h′C
s−h′
s−h′ = C2s

2s+1[⇔]
−s∑
h′=s

C0
s+h′C

0
s−h′ = C1

2s+1[⇔]
2s∑
k=0

C0
kC

0
2s−k = C1

2s+1

1−s∑
h′=s−1

Cs−1+h′

s+h′ Cs−1−h′
s−h′ = C2s−2

2s+1 [⇔]
1−s∑

h′=s−1

C1
s+h′C

1
s−h′ = C3

2s+1[⇔]
2s−1∑
k=1

C1
kC

1
2s−k = C3

2s+1

2−s∑
h′=s−2

Cs−2+h′

s+h′ Cs−2−h′
s−h′ = C2s−4

2s+1 [⇔]
2−s∑

h′=s−2

C2
s+h′C

2
s−h′ = C5

2s+1[⇔]
2s−2∑
k=2

C2
kC

2
2s−k = C5

2s+1

· · ·
l−s∑

h′=s−l
Cs−l+h

′

s+h′ Cs−l−h
′

s−h′ = C2s−2l
2s+1 [⇔]

l−s∑
h′=s−l

Cls+h′C
l
s−h′ = C2l+1

2s+1[⇔]
2s−l∑
k=l

ClkC
l
2s−k = C2l+1

2s+1

Cor. 1.9.5.
∑

a+b=n

CcaC
d
b = Cc+d+1

n+1 ⇒
n−l∑
k=l

ClkC
l
n−k = C2l+1

n+1

Cor. 1.9.6.
C2
n+h + C1

n+h−1C
1
n−h+1 + C2

n−h+2 =
−1∑
h′=1

C1+h′

(n+h′)+(h−1)C
1−h′
(n−h′)−(h−1) = C2

2n+1

C2n′

n+hC
0
n−h + C2n′−1

n+h−1C
1
n−h+1 + C2n′−2

n+h−2C
2
n−h+2 + · ·+C0

n+h−2n′C
2n′

n−h+2n′ =
−n′∑
h′=n′

Cn
′+h′

(n+h′)+(h−n′)C
n′−h′
(n−h′)−(h−n′) = C2n′

2n+1

Cor. 1.9.7.
−1∑
h′=1

C1+h′

(n+h′)+hC
1−h′
(n−h′)−h = C2

2n+1,
−2∑
h′=2

C2+h′

(n+h′)+hC
2−h′
(n−h′)−h = C4

2n+1,
−n′∑
h′=n′

Cn
′+h′

(n+h′)+hC
n′−h′
(n−h′)−h = C2n′

2n+1

−1∑
h′=1

C1−h′
(n−h′)+hC

1+h′

(n+h′)−h = C2
2n+1,

−2∑
h′=2

C2−h′
(n−h′)+hC

2+h′

(n+h′)−h = C4
2n+1,

−n′∑
h′=n′

Cn
′−h′

(n−h′)+hC
n′+h′

(n+h′)−h = C2n′

2n+1

2 Spin basis and plane wave solutions of Bargmann-Wigner equation [16]

2.1 Generalized binomial theorem and its corollaries of Dirac equation spin basis

Thm. 2.1.1.
−s∑
h=s

Cs−h2s u{λς (~p,
1
2 )uµς (~p,

1
2 ) · ·︸ ︷︷ ︸

s+h

· · uσς (~p,− 1
2 )uτς}(~p,− 1

2 )︸ ︷︷ ︸
s−h

u+
(λ′ς

(~p, 1
2 )u+

µ′ς
(~p, 1

2 ) · ·︸ ︷︷ ︸
s+h

· · u+
σ′ς

(~p,− 1
2 )u+

τ ′ς)
(~p,− 1

2 )︸ ︷︷ ︸
s−h

=

2s︷ ︸︸ ︷
−1/2∑
h=1/2

u{λς (~p, h)u+
(λ′ς

(~p, h)

−1/2∑
h=1/2

uµς (~p, h)u+
µ′ς

(~p, h) · ·
−1/2∑
h=1/2

uσς (~p, h)u+
σ′ς

(~p, h)]

−1/2∑
h=1/2

uτς}(~p, h)u+
τ ′ς)

(~p, h)]
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Cor. 2.1.1.
−s∑
h=s

Cs−h2s u{1ς (~p,
1
2 )u1ς (~p,

1
2 ) · ·︸ ︷︷ ︸

s+h

· · u1ς (~p,− 1
2 )u1ς}(~p,− 1

2 )︸ ︷︷ ︸
s−h

u+
(1′ς

(~p, 1
2 )u+

1′ς
(~p, 1

2 ) · ·︸ ︷︷ ︸
s+h

· · u+
1′ς

(~p,− 1
2 )u+

1′ς)
(~p,− 1

2 )︸ ︷︷ ︸
s−h

=

2s︷ ︸︸ ︷
−1/2∑
h=1/2

u{1ς (~p, h)u+
(1′ς

(~p, h)

−1/2∑
h=1/2

u1ς (~p, h)u+
1′ς

(~p, h) · ·
−1/2∑
h=1/2

u1ς (~p, h)u+
1′ς

(~p, h)]

−1/2∑
h=1/2

u1ς}(~p, h)u+
1′ς)

(~p, h)]

⇔
−s∑
h=s

Cs−h2s [u1ς (~p,
1
2 )u+

1ς
(~p, 1

2 )]s+h[u1ς (~p,− 1
2 )u+

(1′ς
(~p,− 1

2 )]s−h = [u1ς (~p,
1
2 )u+

1′ς
(~p, 1

2 ) + u1ς (~p,− 1
2 )u+

1′ς
(~p,− 1

2 )]2s

Cor. 2.1.2.
−s∑
h=s

Cs−h2s u{2ς (~p,
1
2 )u2ς (~p,

1
2 ) · ·︸ ︷︷ ︸

s+h

· · u2ς (~p,− 1
2 )u2ς}(~p,− 1

2 )︸ ︷︷ ︸
s−h

u+
(2′ς

(~p, 1
2 )u+

2′ς
(~p, 1

2 ) · ·︸ ︷︷ ︸
s+h

· · u+
2′ς

(~p,− 1
2 )u+

2′ς)
(~p,− 1

2 )︸ ︷︷ ︸
s−h

=

2s︷ ︸︸ ︷
−1/2∑
h=1/2

u{2ς (~p, h)u+
(2′ς

(~p, h)

−1/2∑
h=1/2

u2ς (~p, h)u+
2′ς

(~p, h) · ·
−1/2∑
h=1/2

u2ς (~p, h)u+
2′ς

(~p, h)]

−1/2∑
h=1/2

u2ς}(~p, h)u+
2′ς)

(~p, h)]

⇔
−s∑
h=s

Cs−h2s [u2ς (~p,
1
2 )u+

2ς
(~p, 1

2 )]s+h[u2ς (~p,− 1
2 )u+

(2′ς
(~p,− 1

2 )]s−h = [u2ς (~p,
1
2 )u+

2′ς
(~p, 1

2 ) + u2ς (~p,− 1
2 )u+

2′ς
(~p,− 1

2 )]2s

The above two corollaries are just the binomial expansion theorem.

Lem. 2.1.1.

[uλς (~p,
1
2 )u+

λ′ς
(~p, 1

2 ) + uλς (~p,− 1
2 )u+

λ′ς
(~p,− 1

2 )][uµς (~p,
1
2 )u+

µ′ς
(~p, 1

2 ) + uµς (~p,− 1
2 )u+

µ′ς
(~p,− 1

2 )]

6=
[uµς (~p,

1
2 )u+

λ′ς
(~p, 1

2 ) + uµς (~p,− 1
2 )u+

λ′ς
(~p,− 1

2 )][uλς (~p,
1
2 )u+

µ′ς
(~p, 1

2 ) + uλς (~p,− 1
2 )u+

µ′ς
(~p,− 1

2 )]

Lem. 2.1.2.

[vλς (~p,
1
2 )v+

λ′ς
(~p, 1

2 ) + vλς (~p,− 1
2 )v+

λ′ς
(~p,− 1

2 )][vµς (~p,
1
2 )v+

µ′ς
(~p, 1

2 ) + vµς (~p,− 1
2 )v+

µ′ς
(~p,− 1

2 )]

6=
[vµς (~p,

1
2 )v+

λ′ς
(~p, 1

2 ) + vµς (~p,− 1
2 )v+

λ′ς
(~p,− 1

2 )][vλς (~p,
1
2 )v+

µ′ς
(~p, 1

2 ) + vλς (~p,− 1
2 )v+

µ′ς
(~p,− 1

2 )]

Cor. 2.1.3.

Λ+λςλ′ς
(~p, 1

2 )Λ+µςµ′ς
(~p, 1

2 ) 6= Λ+µςλ′ς
(~p, 1

2 )Λ+λςµ′ς
(~p, 1

2 )

Λ−λςλ′ς (~p,
1
2 )Λ−µςµ′ς (~p,

1
2 ) 6= Λ−µςλ′ς (~p,

1
2 )Λ−λςµ′ς (~p,

1
2 )

Cor. 2.1.4.
1

[(2s)!]2 Λ+{λς(λ′ς (~p,
1
2 )Λ+µςµ′ς

(~p, 1
2 ) · ·Λ+τς}τ ′ς)(~p,

1
2 )︸ ︷︷ ︸

2s

6= Λ+λςλ′ς
(~p, 1

2 )Λ+µςµ′ς
(~p, 1

2 ) · ·Λ+τςτ ′ς
(~p, 1

2 )︸ ︷︷ ︸
2s

1
[(2s)!]2 Λ−{λς(λ′ς (~p,

1
2 )Λ−µςµ′ς (~p,

1
2 ) · ·Λ−τς}τ ′ς)(~p,

1
2 )︸ ︷︷ ︸

2s

6= Λ−λςλ′ς (~p,
1
2 )Λ−µςµ′ς (~p,

1
2 ) · ·Λ−τςτ ′ς (~p,

1
2 )︸ ︷︷ ︸

2s

2.2 Reasonable conjecture for Bargmann-Wigner equation plane wave solutions

(Strict proof will be provided later in this chapter.)

Thm. 2.2.1. (γa∂a +m)κς
λςψλςµς · ·τς︸ ︷︷ ︸

2s

(~r, t) = 0, ψλςµς · ·τς︸ ︷︷ ︸
2s

(~r, t) = 1
(2s)!ψ{λςµς · ·τς}︸ ︷︷ ︸

2s

(~r, t)

ψλςµς · ·τς︸ ︷︷ ︸
2s

(~r, t) = 1
(2π)3/2

+∞∫
~p=−∞

−s∑
h=s

Es−
1
2
√

m
E

2s
[a(~p, h)Uλςµς · ·τς︸ ︷︷ ︸

2s

(~p, h)eip·x + b+(~p, h)Vλςµς · ·τς︸ ︷︷ ︸
2s

(~p, h)e−ip·x]d3~p

Uλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p, h) = 1
(2s)!

√
Cs−h2s u{λς (~p,

1
2 )uµς (~p,

1
2 ) · ·︸ ︷︷ ︸

s+h

· · uσς (~p,− 1
2 )uτς}(~p,− 1

2 )︸ ︷︷ ︸
s−h

Vλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p, h) = 1
(2s)!

√
Cs−h2s v{λς (~p,

1
2 )vµς (~p,

1
2 ) · ·︸ ︷︷ ︸

s+h

· · vσς (~p,− 1
2 )vτς}(~p,− 1

2 )︸ ︷︷ ︸
s−h

Cor. 2.2.1.
a(~p, h) = 1

(2π)3/2

+∞∫
~p=−∞

E−(s− 1
2 )√m

E

2s
U+

2s︷ ︸︸ ︷
λςµς · ·τς (~p, h)ψλςµς · ·τς︸ ︷︷ ︸

2s

(~r, t)e−ip·xd3~r

b+(~p, s) = 1
(2π)3/2

+∞∫
~p=−∞

E−(s− 1
2 )√m

E

2s
V +

2s︷ ︸︸ ︷
λςµς · ·τς (~p, h)ψλςµς · ·τς︸ ︷︷ ︸

2s

(~r, t)eip·xd3~r
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Cor. 2.2.2. (γa∂a +m)κς
λςψλςµς · ·τς︸ ︷︷ ︸

2s

(~r, t) = 0, ψλςµς · ·τς︸ ︷︷ ︸
2s

(~r, t) = 1
(2s)!ψ{λςµς · ·τς}︸ ︷︷ ︸

2s

(~r, t)

ψλςµς · ·τς︸ ︷︷ ︸
2s

(~r, t) = 1
(2π)3/2

+∞∫
~p=−∞

−s∑
h=s

Es−
1
2 [a(~p, h)Ũλςµς · ·τς︸ ︷︷ ︸

2s

(~p, h)eip·x + b+(~p, h)Ṽλςµς · ·τς︸ ︷︷ ︸
2s

(~p, h)e−ip·x]d3~p
a(~p, h) = 1

(2π)3/2

+∞∫
~p=−∞

E−(s− 1
2 )Ũ+

2s︷ ︸︸ ︷
λςµς · ·τς (~p, h)ψλςµς · ·τς︸ ︷︷ ︸

2s

(~r, t)e−ip·xd3~r

b+(~p, s) = 1
(2π)3/2

+∞∫
~p=−∞

E−(s− 1
2 )Ṽ +

2s︷ ︸︸ ︷
λςµς · ·τς (~p, h)ψλςµς · ·τς︸ ︷︷ ︸

2s

(~r, t)eip·xd3~r

Self comment: The above expression is very similar to the plane wave solutions form of massless
particles, so physics has a unified expression in essence. However, it is important to note that plane
wave solutions of massless particles cannot be obtained through m→ 0 for the plane wave solutions of
massless particles mentioned above. This shows that there is an essential difference between massless
particles and massive particles.
2.3 Plane wave solutions of Bargmann-Wigner equation under real representation

Thm. 2.3.1. (γas ∂a +m)κς
λςψλςµς · ·τς︸ ︷︷ ︸

2s

(~r, t) = 0, ψλςµς · ·τς︸ ︷︷ ︸
2s

(~r, t) = 1
(2s)!ψ{λςµς · ·τς}︸ ︷︷ ︸

2s

(~r, t)

ψλςµς · ·τς︸ ︷︷ ︸
2s

(~r, t)

= 1
(2π)3/2

+∞∫
~p=−∞

−s∑
h=s

√
m2s

E [a(~p, h)Us λςµς · ·τς︸ ︷︷ ︸
2s

(~p, h)eip·x − (−1)s+hς2sb+(~p,−h)U+
s λςµς · ·τς︸ ︷︷ ︸

2s

(~p, h)e−ip·x]d3~p

Us λςµς · ·σςτς︸ ︷︷ ︸
2s

(~p, h) = 1√
(2s)!(s+h)!(s−h)!

us{λς (~p,
1
2 )usµς (~p,

1
2 ) · ·︸ ︷︷ ︸

s+h

· · usσς (~p,− 1
2 )usτς}(~p,− 1

2 )︸ ︷︷ ︸
s−h

Vs λςµς · ·σςτς︸ ︷︷ ︸
2s

(~p, h) = −(−1)s−hς2sU+
s λςµς · ·σςτς︸ ︷︷ ︸

2s

(~p,−h)

Cor. 2.3.1.
a(~p, h) = 1

(2π)3/2

+∞∫
~p=−∞

√
m2s

E U+

2s︷ ︸︸ ︷
λςµς · ·τς

s (~p, h)ψλςµς · ·τς︸ ︷︷ ︸
2s

(~r, t)e−ip·xd3~r

b+(~p, s) = 1
(2π)3/2

+∞∫
~p=−∞

√
m2s

E U

2s︷ ︸︸ ︷
λςµς · ·τς
s (~p, h)ψλςµς · ·τς︸ ︷︷ ︸

2s

(~r, t)eip·xd3~r

2.4 Bargmann-Wigner equation basis

Def. 2.4.1.
Uλςµς · ·σςτς︸ ︷︷ ︸

2s

(~p, h) := 1√
(2s)!(s+h)!(s−h)!

u{λς (~p,
1
2 )uµς (~p,

1
2 ) · ·︸ ︷︷ ︸

s+h

· · uσς (~p,− 1
2 )uτς}(~p,− 1

2 )︸ ︷︷ ︸
s−h

Vλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p, h) := 1√
(2s)!(s+h)!(s−h)!

v{λς (~p,
1
2 )vµς (~p,

1
2 ) · ·︸ ︷︷ ︸

s+h

· · vσς (~p,− 1
2 )vτς}(~p,− 1

2 )︸ ︷︷ ︸
s−h

Def. 2.4.2.
Ũλςµς · ·σςτς︸ ︷︷ ︸

2s

(~p, h) := 1√
(2s)!(s+h)!(s−h)!

ũ{λς (~p,
1
2 )ũµς (~p,

1
2 ) · ·︸ ︷︷ ︸

s+h

· · ũσς (~p,− 1
2 )ũτς}(~p,− 1

2 )︸ ︷︷ ︸
s−h

Ṽλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p, h) := 1√
(2s)!(s+h)!(s−h)!

ṽ{λς (~p,
1
2 )ṽµς (~p,

1
2 ) · ·︸ ︷︷ ︸

s+h

· · ṽσς (~p,− 1
2 )ṽτς}(~p,− 1

2 )︸ ︷︷ ︸
s−h

Cor. 2.4.1.
Uλςµς · ·σςτς︸ ︷︷ ︸

2s

(~p, h) =
√
Ch−s2s [uλς (~p,

1
2 )uµς (~p,

1
2 ) · ·︸ ︷︷ ︸

s+h

· · uσς (~p,− 1
2 )uτς (~p,− 1

2 )︸ ︷︷ ︸
s−h

+ · ·]

Vλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p, h) =
√
Ch−s2s [vλς (~p,

1
2 )vµς (~p,

1
2 ) · ·︸ ︷︷ ︸

s+h

· · vσς (~p,− 1
2 )vτς (~p,− 1

2 )︸ ︷︷ ︸
s−h

+ · ·]

Cor. 2.4.2. u(~p, h) = −ςγ5v(~p, h), v(~p, h) = −ςγ5u(~p, h), h = − 1
2 ,

1
2
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Cor. 2.4.3.


Uλςµς · ·σςτς︸ ︷︷ ︸

2s

(~p, h) = (−ς)2s

2s︷ ︸︸ ︷
γ5 ⊗ γ5 · ·Vλςµς · ·σςτς︸ ︷︷ ︸

2s

(~p, h)

Vλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p, h) = (−ς)2s

2s︷ ︸︸ ︷
γ5 ⊗ γ5 · ·Uλςµς · ·σςτς︸ ︷︷ ︸

2s

(~p, h)

2.5 Relations between two spin bases of Bargmann-Wigner equation

Cor. 2.5.1.


U+
λςµς · ·σςτς︸ ︷︷ ︸

2s

(~p, h) = (−1)s+hς2s
4s︷ ︸︸ ︷

σy ⊗ σy · ·Vλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p,−h)

V +
λςµς · ·σςτς︸ ︷︷ ︸

2s

(~p, h) = (−1)s−hς2s
4s︷ ︸︸ ︷

σy ⊗ σy · ·Uλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p,−h)

Proof: U+
λςµς · ·σςτς︸ ︷︷ ︸

2s

(~p, h) = 1
(2s)!

√
Cs−h2s u+

{λς (~p,
1
2 )u+

µς (~p,
1
2 ) · ·︸ ︷︷ ︸

s+h

· · u+
σς (~p,−

1
2 )u+

τς}(~p,−
1
2 )︸ ︷︷ ︸

s−h

= (−1)s+hς2s
4s︷ ︸︸ ︷

σy ⊗ σy · · 1
(2s)!

√
Cs−h2s v{λς (~p,− 1

2 )vµς (~p,− 1
2 ) · ·︸ ︷︷ ︸

s+h

· · vσς (~p, 1
2 )vτς}(~p,

1
2 )︸ ︷︷ ︸

s−h

= (−1)s+hς2s
4s︷ ︸︸ ︷

σy ⊗ σy · ·Vλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p,−h)

Cor. 2.5.2.


Uλςµς · ·σςτς︸ ︷︷ ︸

2s

(~p,−h) = (−1)s−hς2s
4s︷ ︸︸ ︷

σy ⊗ σy · ·V +
λςµς · ·σςτς︸ ︷︷ ︸

2s

(~p, h)

Vλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p,−h) = (−1)s+hς2s
4s︷ ︸︸ ︷

σy ⊗ σy · ·U+
λςµς · ·σςτς︸ ︷︷ ︸

2s

(~p, h)

Cor. 2.5.3.


Uλςµς · ·σςτς︸ ︷︷ ︸

2s

(~p,−h) = (−1)s−hς2s
2s︷ ︸︸ ︷

(Cγ4)⊗ (Cγ4) · ·V +
λςµς · ·σςτς︸ ︷︷ ︸

2s

(~p, h)

Vλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p,−h) = (−1)s+hς2s
2s︷ ︸︸ ︷

(Cγ4)⊗ (Cγ4) · ·U+
λςµς · ·σςτς︸ ︷︷ ︸

2s

(~p, h)

2.6 Orthogonal properties of Bargmann-Wigner equation basis(Can be seen directly.)

Cor. 2.6.1.
Ū

2s︷ ︸︸ ︷
λςµς · ·σςτς (~p, h)Uλςµς · ·σςτς︸ ︷︷ ︸

2s

(~p, h′) = δhh′ , Ū

2s︷ ︸︸ ︷
λςµς · ·σςτς (~p, h)Vλςµς · ·σςτς︸ ︷︷ ︸

2s

(~p, h′) = 0

V̄

2s︷ ︸︸ ︷
λςµς · ·σςτς (~p, h)Vλςµς · ·σςτς︸ ︷︷ ︸

2s

(~p, h′) = δhh′ , V̄

2s︷ ︸︸ ︷
λςµς · ·σςτς (~p, h)Uλςµς · ·σςτς︸ ︷︷ ︸

2s

(~p, h′) = 0

Cor. 2.6.2.
U+

2s︷ ︸︸ ︷
λςµς · ·σςτς (~p, h)Uλςµς · ·σςτς︸ ︷︷ ︸

2s

(~p, h′) = (Em )2sδhh′ , U
+

2s︷ ︸︸ ︷
λςµς · ·σςτς (~p, h)Vλςµς · ·σςτς︸ ︷︷ ︸

2s

(−~p, h′) = 0

V +

2s︷ ︸︸ ︷
λςµς · ·σςτς (~p, h)Vλςµς · ·σςτς︸ ︷︷ ︸

2s

(~p, h′) = (Em )2sδhh′ , V
+

2s︷ ︸︸ ︷
λςµς · ·σςτς (~p, h)Uλςµς · ·σςτς︸ ︷︷ ︸

2s

(−~p, h′) = 0

3 Recursive relations of Bargmann-Wigner equation basis
3.1 Recursive relations of Bargmann-Wigner equation basis(Enumeration heuristic method.)

Thm. 3.1.1. Uλςµς · ·σςτς︸ ︷︷ ︸
2s+1

(~p, s+ 1
2 − l)

= 1√
Cl2s+1

[
√
Cl−1

2s Uλςµς · ·ρςσς︸ ︷︷ ︸
2s

(~p, s− l + 1)uτς (~p,− 1
2 ) +

√
Cl2sUλςµς · ·ρςσς︸ ︷︷ ︸

2s

(~p, s− l)uτς (~p, 1
2 )]
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Proof:

Uλςµς · ·ρςσςτς︸ ︷︷ ︸
2s+1

(~p, s+ 1
2 )

= 1√
(2s+1)!(2s+1)!(0)!

u{λς (~p,
1
2 )uµς (~p,

1
2 ) · ·︸ ︷︷ ︸

2s+1

· · uρς (~p,− 1
2 )uσς (~p,− 1

2 )uτς}(~p,− 1
2 )︸ ︷︷ ︸

0

= uλς (~p,
1
2 )uµς (~p,

1
2 ) · ·uρς (~p, 1

2 )uσς (~p,
1
2 )uτς (~p,

1
2 )︸ ︷︷ ︸

2s+1

= Cφ
uλς (~p,

1
2 )uµς (~p,

1
2 ) · ·uρς (~p, 1

2 )uσς (~p,
1
2 )︸ ︷︷ ︸

2s

uτς (~p,
1
2 )

= 1√
C0

2s+1

C0
2sUλςµς · ·ρςσς︸ ︷︷ ︸

2s

(~p, s)uτς (~p,
1
2 )

Proof:

Uλςµς · ·ρςσςτς︸ ︷︷ ︸
2s+1

(~p, s− 1
2 )

= 1√
(2s+1)!(2s)!(1)!

u{λς (~p,
1
2 )uµς (~p,

1
2 ) · ·︸ ︷︷ ︸

2s

· · uρς (~p,− 1
2 )uσς (~p,− 1

2 )uτς}(~p,− 1
2 )︸ ︷︷ ︸

1

= 1√
(2s+1)!(2s)!(1)!

u{λς (~p,
1
2 )uµς (~p,

1
2 ) · ·uρς (~p, 1

2 )uσς (~p,
1
2 )uτς}(~p,− 1

2 )︸ ︷︷ ︸
2s+1

= 1√
C1

2s+1

{[Cφ
uλς (~p,

1
2 )uµς (~p,

1
2 ) · ·uρς (~p, 1

2 )uσς (~p,
1
2 )︸ ︷︷ ︸

2s

uτς (~p,− 1
2 ) + C

(~p,− 1
2 )

uλς (~p,
1
2 )uµς (~p,

1
2 ) · ·uρς (~p, 1

2 )uσς (~p,
1
2 )︸ ︷︷ ︸

2s

uτς (~p,
1
2 )]}

= 1√
C1

2s+1

[
√
C0

2sUλςµς · ·ρςσς︸ ︷︷ ︸
2s

(~p, s)uτς (~p,− 1
2 ) +

√
C1

2sUλςµς · ·ρςσς︸ ︷︷ ︸
2s

(~p, s− 1)uτς (~p,
1
2 )]

Proof:

Uλςµς · ·ρςσςτς︸ ︷︷ ︸
2s+1

(~p, s− 3
2 )

= 1√
(2s+1)!(2s−1)!(2)!

u{λς (~p,
1
2 )uµς (~p,

1
2 ) · ·︸ ︷︷ ︸

2s−1

· · uρς (~p,− 1
2 )uσς (~p,− 1

2 )uτς}(~p,− 1
2 )︸ ︷︷ ︸

2

= 1√
(2s+1)!(2s−1)!(2)!

u{λς (~p,
1
2 )uµς (~p,

1
2 ) · ·uρς (~p, 1

2 )uσς (~p,− 1
2 )uτς}(~p,− 1

2 )︸ ︷︷ ︸
2s+1

= 1√
C2

2s+1

C
(~p,− 1

2 ),(~p,− 1
2 )

uλς (~p,
1
2 )uµς (~p,

1
2 ) · ·uρς (~p, 1

2 )uσς (~p,
1
2 )uτς (~p,

1
2 )︸ ︷︷ ︸

2s+1

= 1√
C2

2s+1

[C
(~p,− 1

2 )

uλς (~p,
1
2 )uµς (~p,

1
2 ) · ·uρς (~p, 1

2 )uσς (~p,
1
2 )︸ ︷︷ ︸

2s

uτς (~p,− 1
2 ) + C

(~p,− 1
2 ),(~p,− 1

2 )

uλς (~p,
1
2 )uµς (~p,

1
2 ) · ·uρς (~p, 1

2 )uσς (~p,
1
2 )︸ ︷︷ ︸

2s

uτς (~p,
1
2 )]

= 1√
C2

2s+1

[
√
C1

2sUλςµς · ·ρςσς︸ ︷︷ ︸
2s

(~p, s− 1)uτς (~p,− 1
2 ) +

√
C2

2sUλςµς · ·ρςσς︸ ︷︷ ︸
2s

(~p, s− 2)uτς (~p,
1
2 )]

Proof:

Uλςµς · ·ρςσςτς︸ ︷︷ ︸
2s+1

(~p, s+ 1
2 − l)

= 1√
(2s+1)!(2s+1−l)!(l)!

u{λς (~p,
1
2 )uµς (~p,

1
2 ) · ·︸ ︷︷ ︸

2s+1−l

· · uρς (~p,− 1
2 )uσς (~p,− 1

2 )uτς}(~p,− 1
2 )︸ ︷︷ ︸

l

= 1√
(2s+1)!(2s−l+1)!(l)!

u{λς (~p,
1
2 )uµς (~p,

1
2 ) · ·uρς (~p, 1

2 )uσς (~p,− 1
2 )uτς}(~p,− 1

2 )︸ ︷︷ ︸
2s+1

= 1√
Cl2s+1

C

l︷ ︸︸ ︷
(~p,− 1

2 ), ··, (~p,− 1
2 )

uλς (~p,
1
2 )uµς (~p,

1
2 ) · ·uρς (~p, 1

2 )uσς (~p,
1
2 )uτς (~p,

1
2 )︸ ︷︷ ︸

2s+1

= 1√
C2

2s+1
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[C

l−1︷ ︸︸ ︷
(~p,− 1

2 ), ··, (~p,− 1
2 )

uλς (~p,
1
2 )uµς (~p,

1
2 ) · ·uρς (~p, 1

2 )uσς (~p,
1
2 )︸ ︷︷ ︸

2s

uτς (~p,− 1
2 ) + C

l︷ ︸︸ ︷
(~p,− 1

2 ), ··, (~p,− 1
2 )

uλς (~p,
1
2 )uµς (~p,

1
2 ) · ·uρς (~p, 1

2 )uσς (~p,
1
2 )︸ ︷︷ ︸

2s

uτς (~p,
1
2 )]

= 1√
Cl2s+1

[
√
Cl−1

2s Uλςµς · ·ρςσς︸ ︷︷ ︸
2s

(~p, s− l + 1)uτς (~p,− 1
2 ) +

√
Cl2sUλςµς · ·ρςσς︸ ︷︷ ︸

2s

(~p, s− l)uτς (~p, 1
2 )]

Thm. 3.1.2. Vλςµς · ·σςτς︸ ︷︷ ︸
2s+1

(~p, s+ 1
2 − l)

= 1√
Cl2s+1

[
√
Cl−1

2s Vλςµς · ·ρςσς︸ ︷︷ ︸
2s

(~p, s− l + 1)vτς (~p,− 1
2 ) +

√
Cl2sVλςµς · ·ρςσς︸ ︷︷ ︸

2s

(~p, s− l)vτς (~p, 1
2 )]

Proof:

Vλςµς · ·ρςσςτς︸ ︷︷ ︸
2s+1

(~p, s+ 1
2 − l)

= 1√
(2s+1)!(2s+1−l)!(l)!

v{λς (~p,
1
2 )vµς (~p,

1
2 ) · ·︸ ︷︷ ︸

2s+1−l

· · vρς (~p,− 1
2 )vσς (~p,− 1

2 )vτς}(~p,− 1
2 )︸ ︷︷ ︸

l

= 1√
(2s+1)!(2s−l+1)!(l)!

v{λς (~p,
1
2 )vµς (~p,

1
2 ) · ·vρς (~p, 1

2 )vσς (~p,− 1
2 )vτς}(~p,− 1

2 )︸ ︷︷ ︸
2s+1

= 1√
Cl2s+1

C

l︷ ︸︸ ︷
(~p,− 1

2 ), ··, (~p,− 1
2 )

vλς (~p,
1
2 )vµς (~p,

1
2 ) · ·vρς (~p, 1

2 )vσς (~p,
1
2 )vτς (~p,

1
2 )︸ ︷︷ ︸

2s+1

= 1√
C2

2s+1

[C

l−1︷ ︸︸ ︷
(~p,− 1

2 ), ··, (~p,− 1
2 )

vλς (~p,
1
2 )vµς (~p,

1
2 ) · ·vρς (~p, 1

2 )vσς (~p,
1
2 )︸ ︷︷ ︸

2s

vτς (~p,− 1
2 ) + C

l︷ ︸︸ ︷
(~p,− 1

2 ), ··, (~p,− 1
2 )

vλς (~p,
1
2 )vµς (~p,

1
2 ) · ·vρς (~p, 1

2 )vσς (~p,
1
2 )︸ ︷︷ ︸

2s

vτς (~p,
1
2 )]

= 1√
Cl2s+1

[
√
Cl−1

2s Vλςµς · ·ρςσς︸ ︷︷ ︸
2s

(~p, s− l + 1)vτς (~p,− 1
2 ) +

√
Cl2sVλςµς · ·ρςσς︸ ︷︷ ︸

2s

(~p, s− l)vτς (~p, 1
2 )]

3.2 Decomposition of Bargmann-Wigner equation U-basis(Combinatorial method.)

Thm. 3.2.1. Uλςµς · ·σςτςλ′ςµ
′
ς · ·σ

′
ςτ
′
ς︸ ︷︷ ︸

2s

(~p, h) =
−s′∑
h′=s′

√
Cs
′+h′
s+h Cs

′−h′
s−h√

C2s′
2s

Uλςµς · ·σςτς︸ ︷︷ ︸
2(s−s′)

(~p, h− h′)Uλ′ςµ′ς · ·σ′ςτ ′ς︸ ︷︷ ︸
2s′

(~p, h′)

Proof: Uλςµς · ·σςτςλ′ςµ
′
ς · ·σ

′
ςτ
′
ς︸ ︷︷ ︸

2s

(~p, h) = 1√
(2s)!(s+h)!(s−h)!

−s′∑
h′=s′

Cs
′+h′

s+h Cs
′−h′
s−h u{λς (~p,

1
2 )uµς (~p,

1
2 ) · ·︸ ︷︷ ︸

(s−s′)+(h−h′)

· · uσς (~p,− 1
2 )uτς}(~p,− 1

2 )︸ ︷︷ ︸
(s−s′)−(h−h′)

u(λ′ς
(~p, 1

2 )uµ′ς (~p,
1
2 ) · ·︸ ︷︷ ︸

(s′+h′)

· · uσ′ς (~p,−
1
2 )uτ ′ς)(~p,−

1
2 )︸ ︷︷ ︸

(s′−h′)

= 1√
(2s)!(s+h)!(s−h)!

−s′∑
h′=s′

Cs
′+h′

s+h Cs
′−h′
s−h

√
[2(s− s′)]![(s− s′) + (h− h′)]![(s− s′)− (h− h′)]!Uλςµς · ·σςτς︸ ︷︷ ︸

2(s−s′)

(~p, h− h′)√
(2s′)!(s′ + h′)!(s′ − h′)!Uλ′ςµ′ς · ·σ′ςτ ′ς︸ ︷︷ ︸

2s′

(~p, h′)

=

√
[2(s−s′)]!

√
(2s′)!√

(2s)!

−s′∑
h′=s′

Cs
′+h′

s+h Cs
′−h′
s−h

√
[(s−s′)+(h−h′)]![(s−s′)−(h−h′)]!

√
(s′+h′)!(s′−h′)!√

(s+h)!(s−h)!
Uλςµς · ·σςτς︸ ︷︷ ︸

2(s−s′)

(~p, h− h′)Uλ′ςµ′ς · ·σ′ςτ ′ς︸ ︷︷ ︸
2s′

(~p, h′)

=
−s′∑
h′=s′

√
Cs
′+h′
s+h Cs

′−h′
s−h√

C2s′
2s

Uλςµς · ·σςτς︸ ︷︷ ︸
2(s−s′)

(~p, h− h′)Uλ′ςµ′ς · ·σ′ςτ ′ς︸ ︷︷ ︸
2s′

(~p, h′)

Cor. 3.2.1. Uλςµς · ·σςτςλ′ςµ
′
ς · ·σ

′
ςτ
′
ς︸ ︷︷ ︸

2n

(~p, h) =
−n′∑
h′=n′

√
Cn
′+h′

n+h Cn
′−h′

n−h√
C2n′

2n

Uλςµς · ·σςτς︸ ︷︷ ︸
2(n−n′)

(~p, h− h′)Uλ′ςµ′ς · ·σ′ςτ ′ς︸ ︷︷ ︸
2n′

(~p, h′)
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Cor. 3.2.2. Uλςµς · ·ηςξςσςτς︸ ︷︷ ︸
2n

(~p, h) =

√
C2
n+h√
C2

2n

Uλςµς · ·ηςξς︸ ︷︷ ︸
2n−2

(~p, h− 1)Uσςτς (~p, 1)

+

√
C1
n+hC

1
n−h√

C2
2n

Uλςµς · ·ηςξς︸ ︷︷ ︸
2n−2

(~p, h)Uσςτς (~p, 0) +

√
C2
n−h√
C2

2n

Uλςµς · ·ηςξς︸ ︷︷ ︸
2n−2

(~p, h+ 1)Uσςτς (~p,−1)

Cor. 3.2.3. Uλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p, h) =
−1/2∑
h′=1/2

√
C

1/2+h′
s+h C

1/2−h′
s−h√

C1
2s

Uλςµς · ·σς︸ ︷︷ ︸
2s−1

(~p, h− h′)Uτς (~p, h′)

=
√
s+h√
2s
Uλςµς · ·σς︸ ︷︷ ︸

2s−1

(~p, h− 1
2 )uτς (~p,

1
2 ) +

√
s−h√
2s
Uλςµς · ·σς︸ ︷︷ ︸

2s−1

(~p, h+ 1
2 )uτς (~p,− 1

2 )

3.3 Decomposition of Bargmann-Wigner equation V-basis(Combinatorial method.)

Thm. 3.3.1. Vλςµς · ·σςτςλ′ςµ
′
ς · ·σ

′
ςτ
′
ς︸ ︷︷ ︸

2s

(~p, h) =
−s′∑
h′=s′

√
Cs
′+h′
s+h Cs

′−h′
s−h√

C2s′
2s

Vλςµς · ·σςτς︸ ︷︷ ︸
2(s−s′)

(~p, h− h′)Vλ′ςµ′ς · ·σ′ςτ ′ς︸ ︷︷ ︸
2s′

(~p, h′)

Proof: Vλςµς · ·σςτςλ′ςµ
′
ς · ·σ

′
ςτ
′
ς︸ ︷︷ ︸

2s

(~p, h) = 1√
(2s)!(s+h)!(s−h)!

−s′∑
h′=s′

Cs
′+h′

s+h Cs
′−h′
s−h v{λς (~p,

1
2 )vµς (~p,

1
2 ) · ·︸ ︷︷ ︸

(s−s′)+(h−h′)

· · vσς (~p,− 1
2 )vτς}(~p,− 1

2 )︸ ︷︷ ︸
(s−s′)−(h−h′)

v(λ′ς
(~p, 1

2 )vµ′ς (~p,
1
2 ) · ·︸ ︷︷ ︸

(s′+h′)

· · vσ′ς (~p,−
1
2 )vτ ′ς)(~p,−

1
2 )︸ ︷︷ ︸

(s′−h′)

= 1√
(2s)!(s+h)!(s−h)!

−s′∑
h′=s′

Cs
′+h′

s+h Cs
′−h′
s−h

√
[2(s− s′)]![(s− s′) + (h− h′)]![(s− s′)− (h− h′)]!Vλςµς · ·σςτς︸ ︷︷ ︸

2(s−s′)

(~p, h− h′)√
(2s′)!(s′ + h′)!(s′ − h′)!Vλ′ςµ′ς · ·σ′ςτ ′ς︸ ︷︷ ︸

2s′

(~p, h′)

=

√
[2(s−s′)]!

√
(2s′)!√

(2s)!

−s′∑
h′=s′

Cs
′+h′

s+h Cs
′−h′
s−h

√
[(s−s′)+(h−h′)]![(s−s′)−(h−h′)]!

√
(s′+h′)!(s′−h′)!√

(s+h)!(s−h)!
Vλςµς · ·σςτς︸ ︷︷ ︸

2(s−s′)

(~p, h− h′)Vλ′ςµ′ς · ·σ′ςτ ′ς︸ ︷︷ ︸
2s′

(~p, h′)

=
−s′∑
h′=s′

√
Cs
′+h′
s+h Cs

′−h′
s−h√

C2s′
2s

Vλςµς · ·σςτς︸ ︷︷ ︸
2(s−s′)

(~p, h− h′)Vλ′ςµ′ς · ·σ′ςτ ′ς︸ ︷︷ ︸
2s′

(~p, h′)

Cor. 3.3.1. Vλςµς · ·σςτςλ′ςµ
′
ς · ·σ

′
ςτ
′
ς︸ ︷︷ ︸

2n

(~p, h) =
−n′∑
h′=n′

√
Cn
′+h′

n+h Cn
′−h′

n−h√
C2n′

2n

Vλςµς · ·σςτς︸ ︷︷ ︸
2(n−n′)

(~p, h− h′)Vλ′ςµ′ς · ·σ′ςτ ′ς︸ ︷︷ ︸
2n′

(~p, h′)

Cor. 3.3.2. Vλςµς · ·ηςξςσςτς︸ ︷︷ ︸
2n

(~p, h) =

√
C2
n+h√
C2

2n

Vλςµς · ·ηςξς︸ ︷︷ ︸
2n−2

(~p, h− 1)Vσςτς (~p, 1)

+

√
C1
n+hC

1
n−h√

C2
2n

Vλςµς · ·ηςξς︸ ︷︷ ︸
2n−2

(~p, h)Vσςτς (~p, 0) +

√
C2
n−h√
C2

2n

Vλςµς · ·ηςξς︸ ︷︷ ︸
2n−2

(~p, h+ 1)Vσςτς (~p,−1)

Cor. 3.3.3. Vλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p, h) =
−1/2∑
h′=1/2

√
C

1/2+h′
s+h C

1/2−h′
s−h√

C1
2s

Vλςµς · ·σς︸ ︷︷ ︸
2s−1

(~p, h− h′)Vτς (~p, h′)

=
√
s+h√
2s
Vλςµς · ·σς︸ ︷︷ ︸

2s−1

(~p, h− 1
2 )vτς (~p,

1
2 ) +

√
s−h√
2s
Vλςµς · ·σς︸ ︷︷ ︸

2s−1

(~p, h+ 1
2 )vτς (~p,− 1

2 )

3.4 Synthesis of Bargmann-Wigner equation basis

Cor. 3.4.1.

√
Cs
′+h′
s+s′+hC

s′−h′
s+s′−h√

C2s′
2(s+s′)

Uλςµς · ·︸ ︷︷ ︸
2s

(~p, h− h′) = Uλςµς · ·︸ ︷︷ ︸
2s

ρςσς · ·τς︸ ︷︷ ︸
2s′

(~p, h)Ū

2s′︷ ︸︸ ︷
ρςσς · ·τς (~p, h′),−s− s′ ≤ h ≤ s+ s′

Cor. 3.4.2.

√
Cs
′+h′
s+s′+hC

s′−h′
s+s′−h√

C2s′
2(s+s′)

Vλςµς · ·︸ ︷︷ ︸
2s

(~p, h− h′) = Vλςµς · ·︸ ︷︷ ︸
2s

ρςσς · ·τς︸ ︷︷ ︸
2s′

(~p, h)V̄

2s′︷ ︸︸ ︷
ρςσς · ·τς (~p, h′),−s− s′ ≤ h ≤ s+ s′
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3.5 Corollaries of Bargmann-Wigner equation basis synthesis

Cor. 3.5.1.


Uλςµς · ·σςτς︸ ︷︷ ︸

2s+1

(~p, s+ 1
2 − l)u

+τς (~p,− 1
2 ) =

√
l√

2s+1
E
mUλςµς · ·ρςσς︸ ︷︷ ︸

2s

(~p, s− l + 1)

Uλςµς · ·σςτς︸ ︷︷ ︸
2s+1

(~p, s+ 1
2 − l)u

+τς (~p, 1
2 ) =

√
2s+1−l√
2s+1

E
mUλςµς · ·ρςσς︸ ︷︷ ︸

2s

(~p, s− l)

Cor. 3.5.2.


Vλςµς · ·σςτς︸ ︷︷ ︸

2s+1

(~p, s+ 1
2 − l)v

+τς (~p,− 1
2 ) =

√
l√

2s+1
E
mVλςµς · ·ρςσς︸ ︷︷ ︸

2s

(~p, s− l + 1)

Vλςµς · ·σςτς︸ ︷︷ ︸
2s+1

(~p, s+ 1
2 − l)v

+τς (~p, 1
2 ) =

√
2s+1−l√
2s+1

E
mVλςµς · ·ρςσς︸ ︷︷ ︸

2s

(~p, s− l)

4 Quasi projection operator for Bargmann-Wigner equation
4.1 Definition and properties of quasi projection operator for Bargmann-Wigner equation

Def. 4.1.1.
Λ+λςµς · ·τς︸ ︷︷ ︸

2s

λ
′
ςµ
′
ς · ·τς︸ ︷︷ ︸
2s

(~p, s) :=
−s∑
h=s

Uλςµς · ·τς︸ ︷︷ ︸
2s

(~p, h)U+
λ
′
ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2s

(~p, h)

Λ−λςµς · ·τς︸ ︷︷ ︸
2s

λ
′
ςµ
′
ς · ·τς︸ ︷︷ ︸
2s

(~p, s) :=
−s∑
h=s

Vλςµς · ·τς︸ ︷︷ ︸
2s

(~p, h)V +
λ
′
ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2s

(~p, h)

Cor. 4.1.1.

Λ±λςµς · ·τς︸ ︷︷ ︸
2s

λ
′
ςµ
′
ς · ·τς︸ ︷︷ ︸
2s

(~p, s) = 1
[(2s)!]2 Λ±{λς(λ′ς (~p,

1
2 )Λ±µςµ′ς (~p,

1
2 ) · ·Λ±τς}τ ′ς)(~p,

1
2 )︸ ︷︷ ︸

2s

The above corollary can be directly obtained from the generalized binomial theorem for symmetric
indicators.

Cor. 4.1.2.

−s∑
h=s

(−1)s−hUλςµς · ·τς︸ ︷︷ ︸
2s

(~p, h)Vλ′ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2s

(~p,−h)

= ς2s

[(2s)!]2 (Λ+C̄γ4){λς(λ′ς (~p,
1
2 )(Λ+C̄γ4)µςµ′ς (~p,

1
2 ) · ·(Λ+C̄γ4)τς}τ ′ς)(~p,

1
2 )︸ ︷︷ ︸

2s
−s∑
h=s

(−1)s+hVλςµς · ·τς︸ ︷︷ ︸
2s

(~p, h)Uλ′ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2s

(~p,−h)

= ς2s

[(2s)!]2 (Λ−C̄γ4){λς(λ′ς (~p,
1
2 )(Λ−C̄γ4)µςµ′ς (~p,

1
2 ) · ·(Λ−C̄γ4)τς}τ ′ς)(~p,

1
2 )︸ ︷︷ ︸

2s

Cor. 4.1.3.
Λ±λς · ·︸ ︷︷ ︸

2n1

µς · ·︸ ︷︷ ︸
2n2

··τς · ·︸ ︷︷ ︸
2nk

λ
′
ς · ·︸ ︷︷ ︸

2n1

µ
′
ς · ·︸ ︷︷ ︸

2n2

··τ ′ς · ·︸ ︷︷ ︸
2nk

(~p, s) = 1
[(2s)!]2 Λ±{λς · ·︸ ︷︷ ︸

2n1

(λ
′
ς · ·︸ ︷︷ ︸

2n1

(~p, n1)Λ±µς · ·︸ ︷︷ ︸
2n2

µ
′
ς · ·︸ ︷︷ ︸

2n2

(~p, n2) · ·Λ± τς · ·︸ ︷︷ ︸
2nk

} τ ′ς · ·︸ ︷︷ ︸
2nk

)(~p, nk)

s = n1 + n2 + · ·+nk
Cor. 4.1.4.

Λ±λςµς · ·︸ ︷︷ ︸
2n

λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2n

(~p, n)

= 1
[(2n)!]2 Λ±{λς(λ′ς (~p,

1
2 )Λ±µςµ′ς (~p,

1
2 ) · ·})︸ ︷︷ ︸

2n

= 1
(2
√

2m)2n

1
[(2n)!]2 Xa{λςµς (±p) · ·}︸ ︷︷ ︸

n

X+a′

(λ′ςµ
′
ς
(±p) · ·)︸ ︷︷ ︸
n

Λmaa′(~p, 1) · ·︸ ︷︷ ︸
n

Cor. 4.1.5.

Λ±λςµς · ·︸ ︷︷ ︸
2n

λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2n

(~p, n) = 1
(2m)2n

1
[(2n)!]2 [(±m− iγapa)γ4]{λς(λ′ς [(±m− iγ

bpb)γ
4]µςµ′ς · ·})︸ ︷︷ ︸

2n

= 1
(2
√

2m)2n

1
[(2n)!]2 Xa{λςµς (±p) · ·}︸ ︷︷ ︸

n

X+a′

(λ′ςµ
′
ς
(±p) · ·)︸ ︷︷ ︸
n

(ηaa′ +
pap

+

a′
m2 ) · ·︸ ︷︷ ︸

n

Cor. 4.1.6.

−s∑
h=s

(−1)s−hUλςµς · ·︸ ︷︷ ︸
2s

(~p, h)Vλ′ςµ
′
ς · ·︸ ︷︷ ︸

2s

(~p,−h) = 1
(2m)2s

ς2s

[(2s)!]2 [(m− iγapa)C]{λς(λ′ς [(m− iγ
bpb)C]µςµ′ς · ·})︸ ︷︷ ︸

2s
−s∑
h=s

(−1)s+hVλςµς · ·︸ ︷︷ ︸
2s

(~p, h)Uλ′ςµ
′
ς · ·︸ ︷︷ ︸

2s

(~p,−h) = 1
(2m)2s

ς2s

[(2s)!]2 [(−m− iγapa)C]{λς(λ′ς [(−m− iγ
bpb)C]µςµ′ς · ·})︸ ︷︷ ︸

2s
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4.2 Genuine two classes of projection operators for Bargmann-Wigner equation

Def. 4.2.1. Λ̃±λςµς · ·︸ ︷︷ ︸
2s

λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(~p, s) := (mE )2sΛ±λςµς · ·︸ ︷︷ ︸
2s

λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(~p, s)

Def. 4.2.2. Λ̄±λςµς · ·︸ ︷︷ ︸
2s

2s︷ ︸︸ ︷
ηςξς · ·(~p, s) := Λ±λςµς · ·︸ ︷︷ ︸

2s

λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(~p, s)

2s︷ ︸︸ ︷
γ4
λ′ς
ηςγ4

µ′ς
ξς · ·

4.3 Recursive relations of quasi projection operator for B-W equation(Strict proof.)

Thm. 4.3.1.
−s∑
h=s

Uλςµς · ·︸ ︷︷ ︸
2s

(~p, h)Ūλ′ςµ
′
ς · ·︸ ︷︷ ︸

2s

(~p, h)

= 2s+1
2s+2s′+1

−s−s′∑
h′′=s+s′

[Uλςµς · ·︸ ︷︷ ︸
2s

ρςσς · ·︸ ︷︷ ︸
2s′

(~p, h′′)Ūλ′ςµ
′
ς · ·︸ ︷︷ ︸

2s

ρ
′
ςσ
′
ς · ·︸ ︷︷ ︸

2s′

(~p, h′′)]
−s′∑
h′=s′

[U

2s′︷ ︸︸ ︷
ρ
′
ςσ
′
ς · ·(~p, h′)Ū

2s′︷ ︸︸ ︷
ρςσς · ·(~p, h′)]

Proof:
Cs
′+h′
s+s′+hC

s′−h′
s+s′−h

C2s′
2(s+s′)

Uλςµς · ·︸ ︷︷ ︸
2s

(~p, h− h′)Ūλ′ςµ′ς · ·︸ ︷︷ ︸
2s1

(~p, h− h′)

= Uλςµς · ·︸ ︷︷ ︸
2s

ρςσς · ·︸ ︷︷ ︸
2s′

(~p, h)Ūλ′ςµ
′
ς · ·︸ ︷︷ ︸

2s

ρ
′
ςσ
′
ς · ·︸ ︷︷ ︸

2s′

(~p, h)U

2s′︷ ︸︸ ︷
ρ
′
ςσ
′
ς · ·(~p, h′)Ū

2s′︷ ︸︸ ︷
ρςσς · ·(~p, h′);−s− s′ ≤ h ≤ s+ s′,−s′ ≤ h′ ≤ s′

⇒
−s−s′∑
h=s+s′

−s′∑
h′=s′

Cs
′+h′
s+s′+hC

s′−h′
s+s′−h

C2s′
2(s+s′)

Uλςµς · ·︸ ︷︷ ︸
2s

(~p, h− h′)Ūλ′ςµ′ς · ·︸ ︷︷ ︸
2s

(~p, h− h′)

=
−s−s′∑
h=s+s′

[Uλςµς · ·︸ ︷︷ ︸
2s

ρςσς · ·︸ ︷︷ ︸
2s′

(~p, h)Ūλ′ςµ
′
ς · ·︸ ︷︷ ︸

2s

ρ
′
ςσ
′
ς · ·︸ ︷︷ ︸

2s′

(~p, h)]
−s′∑
h′=s′

[U

2s′︷ ︸︸ ︷
ρ
′
ςσ
′
ς · ·(~p, h′)Ū

2s′︷ ︸︸ ︷
ρςσς · ·(~p, h′)]

⇔
−s′∑
h′=s′

−s−s′−h′∑
h′′=s+s′−h′

Cs
′+h′
s+s′+h′+h′′C

s′−h′
s+s′−h′−h′′

C2s′
2(s+s′)

Uλςµς · ·︸ ︷︷ ︸
2s

(~p, h′′)Ūλ′ςµ
′
ς · ·︸ ︷︷ ︸

2s

(~p, h′′)

=
−s−s′∑
h=s+s′

[Uλςµς · ·︸ ︷︷ ︸
2s

ρςσς · ·︸ ︷︷ ︸
2s′

(~p, h)Ūλ′ςµ
′
ς · ·︸ ︷︷ ︸

2s

ρ
′
ςσ
′
ς · ·︸ ︷︷ ︸

2s′

(~p, h)]
−s′∑
h′=s′

[U

2s′︷ ︸︸ ︷
ρ
′
ςσ
′
ς · ·(~p, h′)Ū

2s′︷ ︸︸ ︷
ρςσς · ·(~p, h′)]

⇔
−s′∑
h′=s′

−s∑
h′′=s

Cs
′+h′
s+s′+h′+h′′C

s′−h′
s+s′−h′−h′′

C2s′
2(s+s′)

Uλςµς · ·︸ ︷︷ ︸
2s

(~p, h′′)Ūλ′ςµ
′
ς · ·︸ ︷︷ ︸

2s

(~p, h′′)

=
−s−s′∑
h=s+s′

[Uλςµς · ·︸ ︷︷ ︸
2s

ρςσς · ·︸ ︷︷ ︸
2s′

(~p, h)Ūλ′ςµ
′
ς · ·︸ ︷︷ ︸

2s

ρ
′
ςσ
′
ς · ·︸ ︷︷ ︸

2s′

(~p, h)]
−s′∑
h′=s′

[U

2s′︷ ︸︸ ︷
ρ
′
ςσ
′
ς · ·(~p, h′)Ū

2s′︷ ︸︸ ︷
ρςσς · ·(~p, h′)]

⇔
−s∑
h′′=s

−s′∑
h′=s′

Cs
′+h′
s+s′+h′+h′′C

s′−h′
s+s′−h′−h′′

C2s′
2(s+s′)

Uλςµς · ·︸ ︷︷ ︸
2s

(~p, h′′)Ūλ′ςµ
′
ς · ·︸ ︷︷ ︸

2s

(~p, h′′)

=
−s−s′∑
h=s+s′

[Uλςµς · ·︸ ︷︷ ︸
2s

ρςσς · ·︸ ︷︷ ︸
2s′

(~p, h)Ūλ′ςµ
′
ς · ·︸ ︷︷ ︸

2s

ρ
′
ςσ
′
ς · ·︸ ︷︷ ︸

2s′

(~p, h)]
−s′∑
h′=s′

[U

2s′︷ ︸︸ ︷
ρ
′
ςσ
′
ς · ·(~p, h′)Ū

2s′︷ ︸︸ ︷
ρςσς · ·(~p, h′)]

⇔
−s∑
h′′=s

C2s′
2(s+s′)+1

C2s′
2(s+s′)

Uλςµς · ·︸ ︷︷ ︸
2s

(~p, h′′)Ūλ′ςµ
′
ς · ·︸ ︷︷ ︸

2s

(~p, h′′)

=
−s−s′∑
h=s+s′

[Uλςµς · ·︸ ︷︷ ︸
2s

ρςσς · ·︸ ︷︷ ︸
2s′

(~p, h)Ūλ′ςµ
′
ς · ·︸ ︷︷ ︸

2s

ρ
′
ςσ
′
ς · ·︸ ︷︷ ︸

2s′

(~p, h)]
−s′∑
h′=s′

[U

2s′︷ ︸︸ ︷
ρ
′
ςσ
′
ς · ·(~p, h′)Ū

2s′︷ ︸︸ ︷
ρςσς · ·(~p, h′)]

⇔
−s∑
h′′=s

Uλςµς · ·︸ ︷︷ ︸
2s

(~p, h′′)Ūλ′ςµ
′
ς · ·︸ ︷︷ ︸

2s

(~p, h′′)

= 2s+1
2s+2s′+1

−s−s′∑
h=s+s′

[Uλςµς · ·︸ ︷︷ ︸
2s

ρςσς · ·︸ ︷︷ ︸
2s′

(~p, h)Ūλ′ςµ
′
ς · ·︸ ︷︷ ︸

2s

ρ
′
ςσ
′
ς · ·︸ ︷︷ ︸

2s′

(~p, h)]
−s′∑
h′=s′

[U

2s′︷ ︸︸ ︷
ρ
′
ςσ
′
ς · ·(~p, h′)Ū

2s′︷ ︸︸ ︷
ρςσς · ·(~p, h′)]
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⇔
−s∑
h=s

Uλςµς · ·︸ ︷︷ ︸
2s

(~p, h)Ūλ′ςµ
′
ς · ·︸ ︷︷ ︸

2s

(~p, h)

= 2s+1
2s+2s′+1

−s−s′∑
h′′=s+s′

[Uλςµς · ·︸ ︷︷ ︸
2s

ρςσς · ·︸ ︷︷ ︸
2s′

(~p, h′′)Ūλ′ςµ
′
ς · ·︸ ︷︷ ︸

2s

ρ
′
ςσ
′
ς · ·︸ ︷︷ ︸

2s′

(~p, h′′)]
−s′∑
h′=s′

[U

2s′︷ ︸︸ ︷
ρ
′
ςσ
′
ς · ·(~p, h′)Ū

2s′︷ ︸︸ ︷
ρςσς · ·(~p, h′)]

Thm. 4.3.2.
−s∑
h=s

Uλςµς · ·︸ ︷︷ ︸
2s

(~p, h)U+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(~p, h)

= 2s+1
2s+2s′+1 (mE )4s′

−s−s′∑
h′′=s+s′

[Uλςµς · ·︸ ︷︷ ︸
2s

ρςσς · ·︸ ︷︷ ︸
2s′

(~p, h′′)U+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

ρ
′
ςσ
′
ς · ·︸ ︷︷ ︸

2s′

(~p, h′′)]
−s′∑
h′=s′

[U

2s′︷ ︸︸ ︷
ρ
′
ςσ
′
ς · ·(~p, h′)U+

2s′︷ ︸︸ ︷
ρςσς · ·(~p, h′)]

Self comment: A conjecture has finally been rigorously proven after many years. The trick lies in the
use of a special combinatorial formula.
4.4 Relations between quasi projection operators for Bargmann-Wigner equation

Thm. 4.4.1.


Λ±λςµς · ·︸ ︷︷ ︸

2s

λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(~p, s) = 2s+1
2s+2 (mE )2Λ±λςµς · ·τς︸ ︷︷ ︸

2s+1

λ
′
ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2s+1

(~p, s+ 1
2 )Λ

τ ′ςτς
± (~p, 1

2 )

Λ±λςµς · ·τς︸ ︷︷ ︸
2s+1

λ
′
ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2s+1

(~p, s+ 1
2 ) = 1

[(2s+1)!]2 Λ±{λςµς · ·︸ ︷︷ ︸
2s

(λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(~p, s)Λ±τς}τ ′ς)(~p,
1
2 )

Thm. 4.4.2.


Λ±λςµς · ·︸ ︷︷ ︸

2s

λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(~p, s) = 2s+1
2(s+l)+1 (mE )4lΛ±λςµς · ·ρς · ·τς︸ ︷︷ ︸

2(s+l)

λ
′
ςµ
′
ς · ·ρ

′
ς · ·τ

′
ς︸ ︷︷ ︸

2(s+l)

(~p, s+ l)Λ

2l︷ ︸︸ ︷
ρ
′
ς · ·τ

′
ς

2l︷ ︸︸ ︷
ρς · ·τς

± (~p, l)

Λ±λςµς · ·τς︸ ︷︷ ︸
2(s+l)

λ
′
ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2(s+l)

(~p, s+ l) = 1
[2(s+l)]!2 Λ±{λςµς · ·︸ ︷︷ ︸

2s

(λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(~p, s)Λ± ρς · ·τς}︸ ︷︷ ︸
2l

ρ
′
ς · ·τ

′
ς)︸ ︷︷ ︸

2l

(~p, l)

5 Commutation rules for Bargmann-Wigner equation
5.1 Covariant commutation rules for Bargmann-Wigner equation

Thm. 5.1.1. [a(~p, h), a+(~p′, h′)]−2s+1 = δhh′δ
3(~p− ~p′), [b(~p, h), b+(~p′, h′)]−2s+1 = δhh′δ

3(~p− ~p′), [rest]−2s+1 = 0

⇒



[ψλςµς · ·︸ ︷︷ ︸
2s

(x), ψ+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(x′)]−2s+1 = i
22s−1

1
[(2s)!]2

2s︷ ︸︸ ︷
[(m− γa∂a)γ4]{λς(λ′ς [(m− γ

b∂b)γ
4]µςµ′ς · ·}) ∆(x− x′)

[ψ
(+)
λςµς · ·︸ ︷︷ ︸

2s

(x), ψ
(+)+

λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(x′)]−2s+1 = i
22s−1

1
[(2s)!]2

2s︷ ︸︸ ︷
[(m− γa∂a)γ4]{λς(λ′ς [(m− γ

b∂b)γ
4]µςµ′ς · ·}) ∆(+)(x− x′)

[ψ
(−)
λςµς · ·︸ ︷︷ ︸

2s

(x), ψ
(−)+

λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(x′)]−2s+1 = i
22s−1

1
[(2s)!]2

2s︷ ︸︸ ︷
[(m− γa∂a)γ4]{λς(λ′ς [(m− γ

b∂b)γ
4]µςµ′ς · ·}) ∆(−)(x− x′)

[rest]−2s+1 = 0

Proof: [ψλςµς · ·︸ ︷︷ ︸
2s

(x), ψ+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(x′)]−2s+1 = 1
(2π)3

∫
d3~pd3~p′

−s∑
h,h′=s

(EE′)s−
1
2

√
m2

EE′

2s

[[a(~p, h)Uλςµς · ·︸ ︷︷ ︸
2s

(~p, h)eip·x + b+(~p, h)Vλςµς · ·︸ ︷︷ ︸
2s

(~p, h)e−ip·x, [a+(~p′, h′)U+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(~p′, h)e−ip
′·x′ + b(~p′, h′)V +

λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(~p′, h′)eip
′·x′ ]

= 1
(2π)3

∫
d3~pd3~p′

−s∑
h,h′=s

√
m2s

E

√
m2s

E′

[Uλςµς · ·︸ ︷︷ ︸
2s

(~p, h)U+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(~p′, h′)[a(~p, h), a+(~p′, h′)]ei(p·x−p
′·x′) + Vλςµς · ·︸ ︷︷ ︸

2s

(~p, h)V +
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(~p′, h′)[b+(~p, h), b(~p′, h′)]e−i(p·x−p
′·x′)

= 1
(2π)3

∫
d3~pd3~p′

−s∑
h,h′=s

√
m2s

E

√
m2s

E′

[Uλςµς · ·︸ ︷︷ ︸
2s

(~p, h)U+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(~p′, h′)δhh′δ
3(~p− ~p′)ei(p·x−p′·x′) + (−1)2s+1Vλςµς · ·︸ ︷︷ ︸

2s

(~p, h)V +
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(~p′, h′)δhh′δ
3(~p− ~p′)e−i(p·x−p′·x′)]
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= 1
(2π)3

∫
d3~pm

2s

E [
−s∑
h=s

Uλςµς · ·︸ ︷︷ ︸
2s

(~p, h)U+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(~p, h)eip·(x−x
′) + (−1)2s+1

−s∑
h=s

Vλςµς · ·︸ ︷︷ ︸
2s

(~p, h)V +
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(~p, h)e−ip·(x−x
′)]

= 1
(2π)3

∫
d3~pm

2s

E [Λ+λςµς · ·︸ ︷︷ ︸
2s

λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(~p, s)eip·(x−x
′) + (−1)2s+1Λ−λςµς · ·︸ ︷︷ ︸

2s

λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(~p, s)e−ip·(x−x
′)]

= 1
(2π)3

∫
d3~pm

2s

E [ 1
[(2s)!]2 Λ+{λς(λ′ς (~p,

1
2 )Λ+µςµ′ς

(~p, 1
2 ) · ·︸ ︷︷ ︸

2s

eip·(x−x
′)

+ (−1)2s+1 1
[(2s)!]2 Λ−{λς(λ′ς (~p,

1
2 )Λ−µςµ′ς (~p,

1
2 ) · ·︸ ︷︷ ︸

2s

e−ip·(x−x
′)]

= 1
(2π)3

∫
d3~pm

2s

E {
1

(2m)2s
1

[(2s)!]2

2s︷ ︸︸ ︷
[(m− γa∂a)γ4]{λς(λ′ς [(m− γ

b∂b)γ
4]µςµ′ς · ·}) e

ip·(x−x′)

+ (−1)2s+1 1
(2m)2s

1
[(2s)!]2

2s︷ ︸︸ ︷
[(−m+ γa∂a)γ4]{λς(λ′ς [(−m+ γb∂b)γ

4]µςµ′ς · ·}) e
−ip·(x−x′)}

= i
22s−1

1
[(2s)!]2

2s︷ ︸︸ ︷
[(m− γa∂a)γ4]{λς(λ′ς [(m− γ

b∂b)γ
4]µςµ′ς · ·})

−i
(2π)3

∫
d3~p 1

2E [[eip·(x−x
′) − e−ip·(x−x′)]

= i
22s−1

1
[(2s)!]2

2s︷ ︸︸ ︷
[(m− γa∂a)γ4]{λς(λ′ς [(m− γ

b∂b)γ
4]µςµ′ς · ·}) ∆(x− x′)

= i(2m)2s

22s−1 Λ+λςµς · ·︸ ︷︷ ︸
2s

λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(−i∂, s)∆(x− x′)

Proof: [ψ
(+)
λςµς · ·︸ ︷︷ ︸

2s

(x), ψ
(+)+

λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(x′)]−2s+1

= 1
(2π)3

∫
d3~pd3~p′

−s∑
h,h′=s

(EE′)s−
1
2

√
m2

EE′

2s

[a(~p, h)Uλςµς · ·︸ ︷︷ ︸
2s

(~p, h)eip·x, a+(~p′, h′)U+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(~p′, h)e−ip
′·x′ ]

= 1
(2π)3

∫
d3~pd3~p′

−s∑
h,h′=s

√
m2s

E

√
m2s

E′ [Uλςµς · ·︸ ︷︷ ︸
2s

(~p, h)U+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(~p′, h′)[a(~p, h), a+(~p′, h′)]ei(p·x−p
′·x′)

= 1
(2π)3

∫
d3~pd3~p′

−s∑
h,h′=s

√
m2s

E

√
m2s

E′ Uλςµς · ·︸ ︷︷ ︸
2s

(~p, h)U+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(~p′, h′)δhh′δ
3(~p− ~p′)ei(p·x−p′·x′)

= 1
(2π)3

∫
d3~pm

2s

E

−s∑
h=s

Uλςµς · ·︸ ︷︷ ︸
2s

(~p, h)U+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(~p, h)eip·(x−x
′)

= 1
(2π)3

∫
d3~pm

2s

E Λ+λςµς · ·︸ ︷︷ ︸
2s

λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(~p, s)eip·(x−x
′)

= 1
(2π)3

∫
d3~pm

2s

E
1

[(2s)!]2 Λ+{λς(λ′ς (~p,
1
2 )Λ+µςµ′ς

(~p, 1
2 ) · ·︸ ︷︷ ︸

2s

eip·(x−x
′)

= 1
(2π)3

∫
d3~pm

2s

E {
1

(2m)2s
1

[(2s)!]2

2s︷ ︸︸ ︷
[(m− γa∂a)γ4]{λς(λ′ς [(m− γ

b∂b)γ
4]µςµ′ς · ·}) e

ip·(x−x′)

= i
22s−1

1
[(2s)!]2

2s︷ ︸︸ ︷
[(m− γa∂a)γ4]{λς(λ′ς [(m− γ

b∂b)γ
4]µςµ′ς · ·})

−i
(2π)3

∫
d3~p 1

2E e
ip·(x−x′)

= i
22s−1

1
[(2s)!]2

2s︷ ︸︸ ︷
[(m− γa∂a)γ4]{λς(λ′ς [(m− γ

b∂b)γ
4]µςµ′ς · ·}) ∆(+)(x− x′)

= i(2m)2s

22s−1 Λ+λςµς · ·︸ ︷︷ ︸
2s

λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(−i∂, s)∆(+)(x− x′)

Proof: [ψ
(−)
λςµς · ·︸ ︷︷ ︸

2s

(x), ψ
(−)+

λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(x′)]−2s+1

= 1
(2π)3

∫
d3~pd3~p′

−s∑
h,h′=s

(EE′)s−
1
2

√
m2

EE′

2s

[b+(~p, h)Vλςµς · ·︸ ︷︷ ︸
2s

(~p, h)e−ip·x, b(~p′, h′)V +
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(~p′, h′)eip
′·x′ ]

= 1
(2π)3

∫
d3~pd3~p′

−s∑
h,h′=s

√
m2s

E

√
m2s

E′ Vλςµς · ·︸ ︷︷ ︸
2s

(~p, h)V +
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(~p′, h′)[b+(~p, h), b(~p′, h′)]e−i(p·x−p
′·x′)
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= 1
(2π)3

∫
d3~pd3~p′

−s∑
h,h′=s

√
m2s

E

√
m2s

E′ (−1)2s+1Vλςµς · ·︸ ︷︷ ︸
2s

(~p, h)V +
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(~p′, h′)δhh′δ
3(~p− ~p′)e−i(p·x−p′·x′)

= 1
(2π)3

∫
d3~pm

2s

E (−1)2s+1
−s∑
h=s

Vλςµς · ·︸ ︷︷ ︸
2s

(~p, h)V +
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(~p, h)e−ip·(x−x
′)

= 1
(2π)3

∫
d3~pm

2s

E (−1)2s+1Λ−λςµς · ·︸ ︷︷ ︸
2s

λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(~p, s)e−ip·(x−x
′)

= 1
(2π)3

∫
d3~pm

2s

E (−1)2s+1 1
[(2s)!]2 Λ−{λς(λ′ς (~p,

1
2 )Λ−µςµ′ς (~p,

1
2 ) · ·︸ ︷︷ ︸

2s

e−ip·(x−x
′)

= 1
(2π)3

∫
d3~pm

2s

E (−1)2s+1 1
(2m)2s

1
[(2s)!]2

2s︷ ︸︸ ︷
[(−m+ γa∂a)γ4]{λς(λ′ς [(−m+ γb∂b)γ

4]µςµ′ς · ·}) e
−ip·(x−x′)

= i
22s−1

1
[(2s)!]2

2s︷ ︸︸ ︷
[(m− γa∂a)γ4]{λς(λ′ς [(m− γ

b∂b)γ
4]µςµ′ς · ·})

i
(2π)3

∫
d3~p 1

2E e
−ip·(x−x′)

= i
22s−1

1
[(2s)!]2

2s︷ ︸︸ ︷
[(m− γa∂a)γ4]{λς(λ′ς [(m− γ

b∂b)γ
4]µςµ′ς · ·}) ∆(−)(x− x′)

= i(2m)2s

22s−1 Λ+λςµς · ·︸ ︷︷ ︸
2s

λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(−i∂, s)∆(−)(x− x′)

5.2 Reverse reasoning of covariant commutation rules for Bargmann-Wigner equation

Thm. 5.2.1.
[ψλςµς · ·︸ ︷︷ ︸

2s

(x), ψ+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(x′)]−2s+1 = i
22s−1

1
[(2s)!]2

2s︷ ︸︸ ︷
[(m− γa∂a)γ4]{λς(λ′ς [(m− γ

b∂b)γ
4]µςµ′ς · ·}) ∆(x− x′)

[rest]−2s+1 = 0

⇒ [a(~p, h), a+(~p′, h′)]−2s+1 = δhh′δ
3(~p− ~p′), [b(~p, h), b+(~p′, h′)]−2s+1 = δhh′δ

3(~p− ~p′), [rest]−2s+1 = 0

The following has given a detailed proof process for several main commutative brackets.

Proof: [a(~p, h), a+(~p′, h′)]−2s+1

= 1
(2π)3

∫ √
EE′( m

EE′ )
2sU+

2s︷ ︸︸ ︷
λςµς · ·(~p, h)U

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~p′, h′)[ψλςµς · ·︸ ︷︷ ︸

2s

(x), ψ+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(x′)]−2s+1e−i(p·x−p
′·x′)d3~rd3~r′

= 1
(2π)3

∫ √
EE′( m

EE′ )
2sU+

2s︷ ︸︸ ︷
λςµς · ·(~p, h)U

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~p′, h′)

i
22s−1

1
[(2s)!]2

2s︷ ︸︸ ︷
[(m− γa∂a)γ4]{λς(λ′ς [(m− γ

b∂b)γ
4]µςµ′ς · ·}) ∆(x− x′)e−i(p·x−p′·x′)d3~rd3~r′

= 1
(2π)3

∫
d3~rd3~r′

√
EE′( m

EE′ )
2sU+

2s︷ ︸︸ ︷
λςµς · ·(~p, h)U

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~p′, h′)

i
22s−1

1
[(2s)!]2

2s︷ ︸︸ ︷
[(m− γa∂a)γ4]{λς(λ′ς [(m− γ

b∂b)γ
4]µςµ′ς · ·}){

−i
(2π)3

∫
1

2E0
[eip0·(x−x′) − e−ip0·(x−x′)]d3~p0}e−i(p·x−p

′·x′)

= [ 1
(2π)3 ]2

∫ √
EE′

E0
( m

2

EE′ )
2sU+

2s︷ ︸︸ ︷
λςµς · ·(~p, h)U

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~p′, h′)

{ 1
(2m)2s

1
[(2s)!]2

2s︷ ︸︸ ︷
[(m− iγap0a)γ4]{λς(λ′ς [(m− iγ

bp0b)γ
4]µςµ′ς · ·}) e

ip0·(x−x′)e−i(p·x−p
′·x′)d3~rd3~r′

+ (−1)2s+1 1
(2m)2s

1
[(2s)!]2

2s︷ ︸︸ ︷
[(−m− iγap0a)γ4]{λς(λ′ς [(−m− iγ

bp0b)γ
4]µςµ′ς · ·}) e

−ip0·(x−x′)e−i(p·x−p
′·x′)}d3~rd3~r′d3~p0

= [ 1
(2π)3 ]2

∫
d3~rd3~r′d3~p0

√
EE′

E0
( m

2

EE′ )
2s

U+

2s︷ ︸︸ ︷
λςµς · ·(~p, h)U

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~p′, h′){

−s∑
h0=s

Uλςµς · ·τς︸ ︷︷ ︸
2s

(~p0, h0)U+
λ
′
ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2s

(~p0, h0)ei(p0−p)·xe−i(p0−p′)·x′

+ (−1)2s+1
−s∑
h0=s

Vλςµς · ·τς︸ ︷︷ ︸
2s

(~p0, h0)V +
λ
′
ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2s

(~p0, h0)e−i(p0+p)·xei(p0+p′)·x′}

=
∫
d3~p0

√
EE′

E0
( m

2

EE′ )
2s
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U+

2s︷ ︸︸ ︷
λςµς · ·(~p, h)U

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~p′, h′){

−s∑
h0=s

Uλςµς · ·τς︸ ︷︷ ︸
2s

(~p0, h0)U+
λ
′
ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2s

(~p0, h0)δ3(~p0 − ~p)δ3(~p0 − ~p′)

+ (−1)2s+1
−s∑
h0=s

Vλςµς · ·τς︸ ︷︷ ︸
2s

(~p0, h0)V +
λ
′
ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2s

(~p0, h0)e2iE0(t−t′)δ3(~p0 + ~p)δ3(~p0 + ~p′)}

= δ3(~p− ~p′)(mE )4sU+

2s︷ ︸︸ ︷
λςµς · ·(~p, h)U

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~p, h′)

{
−s∑
h0=s

Uλςµς · ·τς︸ ︷︷ ︸
2s

(~p, h0)U+
λ
′
ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2s

(~p, h0) + (−1)2s+1
−s∑
h0=s

Vλςµς · ·τς︸ ︷︷ ︸
2s

(−~p, h0)V +
λ
′
ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2s

(−~p, h0)e2iE(t−t′)}

= δ3(~p− ~p′)(
−s∑
h0=s

δhh0
δh′h0

+ 0)

= δhh′δ
3(~p− ~p′)

Proof: [b+(~p, h), b(~p′, h′)]−2s+1

= 1
(2π)3

∫ √
EE′( m

EE′ )
2sV +

2s︷ ︸︸ ︷
λςµς · ·(~p, h)V

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~p′, h′)[ψλςµς · ·︸ ︷︷ ︸

2s

(x), ψ+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(x′)]−2s+1ei(p·x−p
′·x′)d3~rd3~r′

= 1
(2π)3

∫ √
EE′( m

EE′ )
2sV +

2s︷ ︸︸ ︷
λςµς · ·(~p, h)V

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~p′, h′)

i
22s−1

1
[(2s)!]2

2s︷ ︸︸ ︷
[(m− γa∂a)γ4]{λς(λ′ς [(m− γ

b∂b)γ
4]µςµ′ς · ·}) ∆(x− x′)ei(p·x−p′·x′)d3~rd3~r′

= 1
(2π)3

∫
d3~rd3~r′

√
EE′( m

EE′ )
2sV +

2s︷ ︸︸ ︷
λςµς · ·(~p, h)V

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~p′, h′)

i
22s−1

1
[(2s)!]2

2s︷ ︸︸ ︷
[(m− γa∂a)γ4]{λς(λ′ς [(m− γ

b∂b)γ
4]µςµ′ς · ·}){

−i
(2π)3

∫
1

2E0
[eip0·(x−x′) − e−ip0·(x−x′)]d3~p0}ei(p·x−p

′·x′)

= [ 1
(2π)3 ]2

∫ √
EE′

E0
( m

2

EE′ )
2sV +

2s︷ ︸︸ ︷
λςµς · ·(~p, h)V

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~p′, h′)

{ 1
(2m)2s

1
[(2s)!]2

2s︷ ︸︸ ︷
[(m− iγap0a)γ4]{λς(λ′ς [(m− iγ

bp0b)γ
4]µςµ′ς · ·}) e

ip0·(x−x′)ei(p·x−p
′·x′)d3~rd3~r′

+ (−1)2s+1 1
(2m)2s

1
[(2s)!]2

2s︷ ︸︸ ︷
[(−m− iγap0a)γ4]{λς(λ′ς [(−m− iγ

bp0b)γ
4]µςµ′ς · ·}) e

−ip0·(x−x′)ei(p·x−p
′·x′)}d3~rd3~r′d3~p0

= [ 1
(2π)3 ]2

∫
d3~rd3~r′d3~p0

√
EE′

E0
( m

2

EE′ )
2s

V +

2s︷ ︸︸ ︷
λςµς · ·(~p, h)V

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~p′, h′){

−s∑
h0=s

Uλςµς · ·τς︸ ︷︷ ︸
2s

(~p0, h0)U+
λ
′
ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2s

(~p0, h0)ei(p0+p)·xe−i(p0+p′)·x′

+ (−1)2s+1
−s∑
h0=s

Vλςµς · ·τς︸ ︷︷ ︸
2s

(~p0, h0)V +
λ
′
ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2s

(~p0, h0)e−i(p0−p)·xei(p0−p′)·x′}

=
∫
d3~p0

√
EE′

E0
( m

2

EE′ )
2s

V +

2s︷ ︸︸ ︷
λςµς · ·(~p, h)V

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~p′, h′){

−s∑
h0=s

Uλςµς · ·τς︸ ︷︷ ︸
2s

(~p0, h0)U+
λ
′
ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2s

(~p0, h0)e−2iE0(t−t′)δ3(~p0 + ~p)δ3(~p0 + ~p′)

+ (−1)2s+1
−s∑
h0=s

Vλςµς · ·τς︸ ︷︷ ︸
2s

(~p0, h0)V +
λ
′
ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2s

(~p0, h0)δ3(~p0 − ~p)δ3(~p0 − ~p′)}

= δ3(~p− ~p′)(mE )4sV +

2s︷ ︸︸ ︷
λςµς · ·(~p, h)V

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~p, h′)

{
−s∑
h0=s

Uλςµς · ·τς︸ ︷︷ ︸
2s

(−~p, h0)U+
λ
′
ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2s

(−~p, h0)e−2iE(t−t′) + (−1)2s+1
−s∑
h0=s

Vλςµς · ·τς︸ ︷︷ ︸
2s

(~p, h0)V +
λ
′
ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2s

(~p, h0)}

= (−1)2s+1δ3(~p− ~p′)(0 +
−s∑
h0=s

δhh0δh′h0)

= (−1)2s+1δhh′δ
3(~p− ~p′)

451



Chapter24 Field Covariation Scheme for Complex Particles with Mass Shui-Rong Shi

Proof: [a(~p, h), b(~p′, h′)]−2s+1

= 1
(2π)3

∫ √
EE′( m

EE′ )
2sU+

2s︷ ︸︸ ︷
λςµς · ·(~p, h)V

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~p′, h′)[ψλςµς · ·︸ ︷︷ ︸

2s

(x), ψ+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(x′)]−2s+1e−i(p·x+p′·x′)d3~rd3~r′

= 1
(2π)3

∫ √
EE′( m

EE′ )
2sU+

2s︷ ︸︸ ︷
λςµς · ·(~p, h)V

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~p′, h′)

i
22s−1

1
[(2s)!]2

2s︷ ︸︸ ︷
[(m− γa∂a)γ4]{λς(λ′ς [(m− γ

b∂b)γ
4]µςµ′ς · ·}) ∆(x− x′)e−i(p·x+p′·x′)d3~rd3~r′

= 1
(2π)3

∫
d3~rd3~r′

√
EE′( m

EE′ )
2sU+

2s︷ ︸︸ ︷
λςµς · ·(~p, h)V

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~p′, h′)

i
22s−1

1
[(2s)!]2

2s︷ ︸︸ ︷
[(m− γa∂a)γ4]{λς(λ′ς [(m− γ

b∂b)γ
4]µςµ′ς · ·}){

−i
(2π)3

∫
1

2E0
[eip0·(x−x′) − e−ip0·(x−x′)]d3~p0}e−i(p·x+p′·x′)

= [ 1
(2π)3 ]2

∫ √
EE′

E0
( m

2

EE′ )
2sU+

2s︷ ︸︸ ︷
λςµς · ·(~p, h)V

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~p′, h′)

{ 1
(2m)2s

1
[(2s)!]2

2s︷ ︸︸ ︷
[(m− iγap0a)γ4]{λς(λ′ς [(m− iγ

bp0b)γ
4]µςµ′ς · ·}) e

ip0·(x−x′)e−i(p·x+p′·x′)d3~rd3~r′

+ (−1)2s+1 1
(2m)2s

1
[(2s)!]2

2s︷ ︸︸ ︷
[(−m− iγap0a)γ4]{λς(λ′ς [(−m− iγ

bp0b)γ
4]µςµ′ς · ·}) e

−ip0·(x−x′)e−i(p·x+p′·x′)}d3~rd3~r′d3~p0

= [ 1
(2π)3 ]2

∫
d3~rd3~r′d3~p0

√
EE′

E0
( m

2

EE′ )
2s

U+

2s︷ ︸︸ ︷
λςµς · ·(~p, h)V

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~p′, h′){

−s∑
h0=s

Uλςµς · ·τς︸ ︷︷ ︸
2s

(~p0, h0)U+
λ
′
ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2s

(~p0, h0)ei(p0−p)·xe−i(p0+p′)·x′

+ (−1)2s+1
−s∑
h0=s

Vλςµς · ·τς︸ ︷︷ ︸
2s

(~p0, h0)V +
λ
′
ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2s

(~p0, h0)e−i(p0+p)·xei(p0−p′)·x′}

=
∫
d3~p0

√
EE′

E0
( m

2

EE′ )
2s

U+

2s︷ ︸︸ ︷
λςµς · ·(~p, h)V

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~p′, h′){

−s∑
h0=s

Uλςµς · ·τς︸ ︷︷ ︸
2s

(~p0, h0)U+
λ
′
ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2s

(~p0, h0)e−iE0t
′
δ3(~p0 − ~p)δ3(~p0 + ~p′)

+ (−1)2s+1
−s∑
h0=s

Vλςµς · ·τς︸ ︷︷ ︸
2s

(~p0, h0)V +
λ
′
ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2s

(~p0, h0)eiE0tδ3(~p0 + ~p)δ3(~p0 − ~p′)}

= δ3(~p+ ~p′)(mE )4sU+

2s︷ ︸︸ ︷
λςµς · ·(~p, h)V

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~p′, h′)

{
−s∑
h0=s

Uλςµς · ·τς︸ ︷︷ ︸
2s

(~p, h0)U+
λ
′
ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2s

(~p, h0) + (−1)2s+1
−s∑
h0=s

Vλςµς · ·τς︸ ︷︷ ︸
2s

(~p′, h0)V +
λ
′
ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2s

(~p′, h0)e2iE(t−t′)}

= 0 + 0 = 0

Self comment: The above proof method is similar to the case of Penrose equation. And it is no longer
based on the isochronous commutation rule, but directly based on the covariant commutation rule. It
seems more difficult, but it’s actually simpler. Because the isochronous commutation rule is not easy
to calculate. Even if it is calculated out, it is still difficult to use. The covariant commutation rule itself
is known and very regular and can also be decomposed into the product of spin bases. The entire proof
process basically depends on the properties of the spin base and hasn’t complex calculations. The three
most difficult proofs of commutative parentheses are given above. While the other several commutative
parentheses can be easily proved, and will not be listed in detail. In fact, the isochronous commutation
rule is a special case of the covariant commutation rule.Therefore, the above proof method can also be
used for the isochronous commutation rule (t = t′ is taken).
5.3 Summary of covariant commutation rules for Bargmann-Wigner equation

By combining the proofs in the above two sections, the following important theorems are obtained.

Thm. 5.3.1.
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[ψλςµς · ·︸ ︷︷ ︸

2s

(x), ψ+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(x′)]−2s+1 = i
22s−1

1
[(2s)!]2

2s︷ ︸︸ ︷
[(m− γa∂a)γ4]{λς(λ′ς [(m− γ

b∂b)γ
4]µςµ′ς · ·}) ∆(x− x′)

[rest]−2s+1 = 0

⇔ [a(~p, h), a+(~p′, h′)]−2s+1 = δhh′δ
3(~p− ~p′), [b(~p, h), b+(~p′, h′)]−2s+1 = δhh′δ

3(~p− ~p′), [rest]−2s+1 = 0

Thm. 5.3.2. [ψλςµς · ·︸ ︷︷ ︸
2s

(x), ψ+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(x′)]−2s+1 = 2im2sΛ+λςµς · ·τς︸ ︷︷ ︸
2s

λ
′
ςµ
′
ς · ·τς︸ ︷︷ ︸
2s

(−i∂, s)

5.4 Commutative function, causal function and Feynman propagator of B-W equation

Lem. 5.4.1.

2s︷ ︸︸ ︷
[(m− γa∂a)γ4]{λς(λ′ς [(m− γ

b∂b)γ
4]µςµ′ς · ·})

=
2s∑
n=0

Cn2s

n︷ ︸︸ ︷
[−(γa∂a)γ4]{λς(λ′ς [−(γb∂b)γ

4]µςµ′ς · ·
2s−n︷ ︸︸ ︷

[mγ4]ηςη′ς [mγ
4]ξςξ′ς · ·})

=
2s∑
n=0

(−1)nm2s−nCn2s

n︷ ︸︸ ︷
(γaγ4){λς(λ′ς (γ

bγ4)µςµ′ς · ·
2s−n︷ ︸︸ ︷

(γ4)ηςη′ς (γ
4)ξςξ′ς · ·})

n︷ ︸︸ ︷
∂a∂b · ·

Lem. 5.4.2.

2s︷ ︸︸ ︷
[θ(t), [(m− γa∂a)γ4]{λς(λ′ς [(m− γ

b∂b)γ
4]µςµ′ς · ·})]−

2s+1

=
2s∑
n=0

(−1)nm2s−nCn2s[θ(t),

n︷ ︸︸ ︷
(γaγ4){λς(λ′ς (γ

bγ4)µςµ′ς · ·
2s−n︷ ︸︸ ︷

(γ4)ηςη′ς (γ
4)ξςξ′ς · ·})

n︷ ︸︸ ︷
∂a∂b · ·

=
2s∑
n=0

(−1)nm2s−nCn2s
n−1∑
l=0

Cln

l︷ ︸︸ ︷
(γiγ4){λς(λ′ς (γ

jγ4)µςµ′ς · ·
n−l︷ ︸︸ ︷

δρςρ′ς δτςτ ′ς · ·
2s−n︷ ︸︸ ︷

(γ4)ηςη′ς (γ
4)ξςξ′ς · ·})[∂

n−l
π θ(t)]

l︷ ︸︸ ︷
∂i∂j · ·

=
2s∑
n=0

n−1∑
l=0

(−1)nm2s−nCn2sC
l
n

l︷ ︸︸ ︷
(γiγ4){λς(λ′ς (γ

jγ4)µςµ′ς · ·
n−l︷ ︸︸ ︷

δρςρ′ς δτςτ ′ς · ·
2s−n︷ ︸︸ ︷

(γ4)ηςη′ς (γ
4)ξςξ′ς · ·})[∂

n−l
π θ(t)]

l︷ ︸︸ ︷
∂i∂j · ·

=
2s∑
n=0

n−1∑
l=0

in+lm2s−n(2s)!
l!(n−l)!(2s−n)!

l︷ ︸︸ ︷
(γiγ4){λς(λ′ς (γ

jγ4)µςµ′ς · ·
n−l︷ ︸︸ ︷

δρςρ′ς δτςτ ′ς · ·
2s−n︷ ︸︸ ︷

(γ4)ηςη′ς (γ
4)ξςξ′ς · ·})[∂

n−1−l
t δ(t)]

l︷ ︸︸ ︷
∂i∂j · ·

Cor. 5.4.1.

∆λςµς · ·︸ ︷︷ ︸
2s

λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(s;x) := 21−2s

[(2s)!]2

2s︷ ︸︸ ︷
[(m− γa∂a)γ4]{λς(λ′ς [(m− γ

b∂b)γ
4]µςµ′ς · ·}) ∆(x)

∆
(+)

λςµς · ·︸ ︷︷ ︸
2s

λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(s;x) := 21−2s

[(2s)!]2

2s︷ ︸︸ ︷
[(m− γa∂a)γ4]{λς(λ′ς [(m− γ

b∂b)γ
4]µςµ′ς · ·}) ∆(+)(x)

∆
(−)

λςµς · ·︸ ︷︷ ︸
2s

λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(s;x) := 21−2s

[(2s)!]2

2s︷ ︸︸ ︷
[(m− γa∂a)γ4]{λς(λ′ς [(m− γ

b∂b)γ
4]µςµ′ς · ·}) ∆(−)(x)

∆
(l)

λςµς · ·︸ ︷︷ ︸
2s

λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(s;x) := 21−2s

[(2s)!]2

2s︷ ︸︸ ︷
[(m− γa∂a)γ4]{λς(λ′ς [(m− γ

b∂b)γ
4]µςµ′ς · ·}) ∆(l)(x)

Cor. 5.4.2.

453



Chapter24 Field Covariation Scheme for Complex Particles with Mass Shui-Rong Shi

∆
(c)

λςµς · ·︸ ︷︷ ︸
2s

λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(s;x) := 21−2s

[(2s)!]2

2s︷ ︸︸ ︷
[(m− γa∂a)γ4]{λς(λ′ς [(m− γ

b∂b)γ
4]µςµ′ς · ·}) ∆(c)(x)

+ 21−2s

[(2s)!]2

2s∑
n=0

n−1∑
l=0

in+lm2s−n(2s)!
l!(n−l)!(2s−n)!

l︷ ︸︸ ︷
(γiγ4){λς(λ′ς (γ

jγ4)µςµ′ς · ·
n−l︷ ︸︸ ︷

δρςρ′ς δτςτ ′ς · ·
2s−n︷ ︸︸ ︷

(γ4)ηςη′ς (γ
4)ξςξ′ς · ·})[∂

n−1−l
t δ(t)]

l︷ ︸︸ ︷
∂i∂j · ·∆(x)

∆
(F )

λςµς · ·︸ ︷︷ ︸
2s

λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(s;x) := 21−2s

[(2s)!]2

2s︷ ︸︸ ︷
[(m− γa∂a)γ4]{λς(λ′ς [(m− γ

b∂b)γ
4]µςµ′ς · ·}) ∆F (x)

+i 21−2s

[(2s)!]2

2s∑
n=0

n−1∑
l=0

in+lm2s−n(2s)!
l!(n−l)!(2s−n)!

l︷ ︸︸ ︷
(γiγ4){λς(λ′ς (γ

jγ4)µςµ′ς · ·
n−l︷ ︸︸ ︷

δρςρ′ς δτςτ ′ς · ·
2s−n︷ ︸︸ ︷

(γ4)ηςη′ς (γ
4)ξςξ′ς · ·})[∂

n−1−l
t δ(t)]

l︷ ︸︸ ︷
∂i∂j · ·∆(x)

= i∆
(c)

λςµς · ·︸ ︷︷ ︸
2s

λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(s;x)

Cor. 5.4.3.

∆
(ret)

λςµς · ·︸ ︷︷ ︸
2s

λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(s;x) := 21−2s

[(2s)!]2

2s︷ ︸︸ ︷
[(m− γa∂a)γ4]{λς(λ′ς [(m− γ

b∂b)γ
4]µςµ′ς · ·}) ∆(ret)(x)

+ 21−2s

[(2s)!]2

2s∑
n=0

n−1∑
l=0

in+lm2s−n(2s)!
l!(n−l)!(2s−n)!

l︷ ︸︸ ︷
(γiγ4){λς(λ′ς (γ

jγ4)µςµ′ς · ·
n−l︷ ︸︸ ︷

δρςρ′ς δτςτ ′ς · ·
2s−n︷ ︸︸ ︷

(γ4)ηςη′ς (γ
4)ξςξ′ς · ·})[∂

n−1−l
t δ(t)]

l︷ ︸︸ ︷
∂i∂j · ·∆(x)

∆
(adv)

λςµς · ·︸ ︷︷ ︸
2s

λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(s;x) := 21−2s

[(2s)!]2

2s︷ ︸︸ ︷
[(m− γa∂a)γ4]{λς(λ′ς [(m− γ

b∂b)γ
4]µςµ′ς · ·}) ∆(adv)(x)

+ 21−2s

[(2s)!]2

2s∑
n=0

n−1∑
l=0

in+lm2s−n(2s)!
l!(n−l)!(2s−n)!

l︷ ︸︸ ︷
(γiγ4){λς(λ′ς (γ

jγ4)µςµ′ς · ·
n−l︷ ︸︸ ︷

δρςρ′ς δτςτ ′ς · ·
2s−n︷ ︸︸ ︷

(γ4)ηςη′ς (γ
4)ξςξ′ς · ·})[∂

n−1−l
t δ(t)]

l︷ ︸︸ ︷
∂i∂j · ·∆(x)

Lem. 5.4.3. ∆(x)∂nt δ(t) =
[(n−1)/2]∑

l=0

C2l+1
n (∇2 −m2)l∂n−2l−1

t δ4(x)

Cor. 5.4.4. ∆(x)∂n−1−l
t δ(t) =

[(n−l−2)/2]∑
r=0

C2r+1
n−1−l(∇2 −m2)r∂n−l−2−2r

t δ4(x)

Cor. 5.4.5.

∆
(c)

λςµς · ·︸ ︷︷ ︸
2s

λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(s;x) := 21−2s

[(2s)!]2

2s︷ ︸︸ ︷
[(m− γa∂a)γ4]{λς(λ′ς [(m− γ

b∂b)γ
4]µςµ′ς · ·}) ∆(c)(x) + 21−2s

[(2s)!]2

2s∑
n=0

n−2∑
l=0

[(n−l−2)/2]∑
r=0

C2r+1
n−l−1

in+lm2s−n(2s)!
l!(n−l)!(2s−n)!

l︷ ︸︸ ︷
(γiγ4){λς(λ′ς (γ

jγ4)µςµ′ς · ·
n−l︷ ︸︸ ︷

δρςρ′ς δτςτ ′ς · ·
2s−n︷ ︸︸ ︷

(γ4)ηςη′ς (γ
4)ξςξ′ς · ·})

l︷ ︸︸ ︷
∂i∂j · ·(∇2 −m2)r∂n−l−2−2r

t δ4(x)

∆
(F )

λςµς · ·︸ ︷︷ ︸
2s

λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(s;x) := 21−2s

[(2s)!]2

2s︷ ︸︸ ︷
[(m− γa∂a)γ4]{λς(λ′ς [(m− γ

b∂b)γ
4]µςµ′ς · ·}) ∆F (x) + i 21−2s

[(2s)!]2

2s∑
n=0

n−2∑
l=0

[(n−l−2)/2]∑
r=0

C2r+1
n−l−1

in+lm2s−n(2s)!
l!(n−l)!(2s−n)!

l︷ ︸︸ ︷
(γiγ4){λς(λ′ς (γ

jγ4)µςµ′ς · ·
n−l︷ ︸︸ ︷

δρςρ′ς δτςτ ′ς · ·
2s−n︷ ︸︸ ︷

(γ4)ηςη′ς (γ
4)ξςξ′ς · ·})

l︷ ︸︸ ︷
∂i∂j · ·(∇2 −m2)r∂n−l−2−2r

t δ4(x)

= i∆
(c)

λςµς · ·︸ ︷︷ ︸
2s

λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(s;x)

∆
(F )

λςµς · ·︸ ︷︷ ︸
2s

λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(s; p) = −i 21−2s

[(2s)!]2

2s︷ ︸︸ ︷
[(m− iγapa)γ4]{λς(λ′ς [(m− iγ

bpb)γ
4]µςµ′ς · ·})

p2+m2−iε + · · ·

Cor. 5.4.6.
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∆
(ret)

λςµς · ·︸ ︷︷ ︸
2s

λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(s;x) := 21−2s

[(2s)!]2

2s︷ ︸︸ ︷
[(m− γa∂a)γ4]{λς(λ′ς [(m− γ

b∂b)γ
4]µςµ′ς · ·}) ∆(ret)(x) + 21−2s

[(2s)!]2

2s∑
n=0

n−2∑
l=0

[(n−l−2)/2]∑
r=0

C2r+1
n−l−1

in+lm2s−n(2s)!
l!(n−l)!(2s−n)!

l︷ ︸︸ ︷
(γiγ4){λς(λ′ς (γ

jγ4)µςµ′ς · ·
n−l︷ ︸︸ ︷

δρςρ′ς δτςτ ′ς · ·
2s−n︷ ︸︸ ︷

(γ4)ηςη′ς (γ
4)ξςξ′ς · ·})

l︷ ︸︸ ︷
∂i∂j · ·(∇2 −m2)r∂n−l−2−2r

t δ4(x)

∆
(adv)

λςµς · ·︸ ︷︷ ︸
2s

λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(s;x) := 21−2s

[(2s)!]2

2s︷ ︸︸ ︷
[(m− γa∂a)γ4]{λς(λ′ς [(m− γ

b∂b)γ
4]µςµ′ς · ·}) ∆(adv)(x) + 21−2s

[(2s)!]2

2s∑
n=0

n−2∑
l=0

[(n−l−2)/2]∑
r=0

C2r+1
n−l−1

in+lm2s−n(2s)!
l!(n−l)!(2s−n)!

l︷ ︸︸ ︷
(γiγ4){λς(λ′ς (γ

jγ4)µςµ′ς · ·
n−l︷ ︸︸ ︷

δρςρ′ς δτςτ ′ς · ·
2s−n︷ ︸︸ ︷

(γ4)ηςη′ς (γ
4)ξςξ′ς · ·})

l︷ ︸︸ ︷
∂i∂j · ·(∇2 −m2)r∂n−l−2−2r

t δ4(x)

Lem. 5.4.4. ∆λςµς · ·︸ ︷︷ ︸
2s

λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(s;x)|t=0

= −i
22s−1

1
[(2s)!]2

[s− 1
2 ]∑

l=0

[C2l+1
2s

2s−2l−1︷ ︸︸ ︷
(mγ4 + γ4~γ · ∇){λς(λ′ς (mγ

4 + γ4~γ · ∇)µςµ′ς · · δτς}τ ′ς)](m
2 −∇2)lδ3(~r)

Cor. 5.4.7.

(γa∂a +m)κς
λς∆λςµς · ·︸ ︷︷ ︸

2s

λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(s;x) = 0

(γa∂a +m)κς
λς∆

(+)

λςµς · ·︸ ︷︷ ︸
2s

λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(s;x) = 0

(γa∂a +m)κς
λς∆

(−)

λςµς · ·︸ ︷︷ ︸
2s

λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(s;x) = 0

(γa∂a +m)κς
λς∆

(l)

λςµς · ·︸ ︷︷ ︸
2s

λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(s;x) = 0



(γa∂a +m)κς
λς∆

(c)

λςµς · ·︸ ︷︷ ︸
2s

λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(s;x) = −iγ4δ(t)∆λςµς · ·︸ ︷︷ ︸
2s

λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(s;x)|t=0

(γa∂a +m)κς
λς∆

(ret)

λςµς · ·︸ ︷︷ ︸
2s

λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(s;x) = −iγ4δ(t)∆λςµς · ·︸ ︷︷ ︸
2s

λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(s;x)|t=0

(γa∂a +m)κς
λς∆

(adv)

λςµς · ·︸ ︷︷ ︸
2s

λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(s;x) = −iγ4δ(t)∆λςµς · ·︸ ︷︷ ︸
2s

λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(s;x)|t=0

(γa∂a +m)κς
λς∆

(F )

λςµς · ·︸ ︷︷ ︸
2s

λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(s;x) = γ4δ(t)∆λςµς · ·︸ ︷︷ ︸
2s

λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(s;x)|t=0

Cor. 5.4.8.
(γa∂a +m)κς

λς∆λςλ′ς
( 1

2 ;x) = 0

(γa∂a +m)κς
λς∆

(+)
λςλ′ς

( 1
2 ;x) = 0

(γa∂a +m)κς
λς∆

(−)
λςλ′ς

( 1
2 ;x) = 0

(γa∂a +m)κς
λς∆

(l)
λςλ′ς

( 1
2 ;x) = 0


(γa∂a +m)κς

λς∆
(c)
λςλ′ς

( 1
2 ;x) = −γ4δ4(x)

(γa∂a +m)κς
λς∆

(ret)
λςλ′ς

( 1
2 ;x) = −γ4δ4(x)

(γa∂a +m)κς
λς∆

(adv)
λςλ′ς

( 1
2 ;x) = −γ4δ4(x)

(γa∂a +m)κς
λς∆

(F )
λςλ′ς

( 1
2 ;x) = −iγ4δ4(x)

5.5 Corollaries of B-W covariant quantization rules under separable representation

Def. 5.5.1. (γa∂a +m)κς
λςψλςµς · ·︸ ︷︷ ︸

2s

= 0, γa = (σ ⊗ σy, ςI ⊗ σx), ψλςµς · ·︸ ︷︷ ︸
2s

= ΓKςλςµς · ·︸ ︷︷ ︸
2s

ψKς (s)

Cor. 5.5.1.

[ψλςµς · ·︸ ︷︷ ︸
2s

(x), ψ+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(x′)]−2s+1 = i
22s−1

1
[(2s)!]2

2s︷ ︸︸ ︷
[(m− γa∂a)γ4]{λς(λ′ς [(m− γ

b∂b)γ
4]µςµ′ς · ·}) ∆(x− x′)

⇒ [ψAςBςCς · ·︸ ︷︷ ︸
2s

(x), ψ+
A
′
ςB
′
ςC
′
ς · ·︸ ︷︷ ︸

2s

(x′)]−2s+1 = i (iς)2s

22s−1

2s︷ ︸︸ ︷
(σ, iς)aAςA′ς (σ, iς)

b
BςB′ς

· ·
2s︷ ︸︸ ︷

∂a∂b · ·∆(x− x′)

Proof:

[ψλςµς · ·︸ ︷︷ ︸
2s

(x), ψ+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(x′)]−2s+1 = i
22s−1

1
[(2s)!]2

2s︷ ︸︸ ︷
[(m− γa∂a)γ4]{λς(λ′ς [(m− γ

b∂b)γ
4]µςµ′ς · ·}) ∆(x− x′)

⇔ [ψλςµς · ·︸ ︷︷ ︸
2s

(x), ψ+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(x′)]−2s+1 , γa = (σ ⊗ σy, ςI ⊗ σx)

= i (iς)2s

22s−1
1

[(2s)!]2

2s︷ ︸︸ ︷
[−imI ⊗ σ(x) + (σ ⊗ σz, iς)a∂a]{λς(λ′ς [−imI ⊗ σ(x) + (σ ⊗ σz, iς)b∂b]µςµ′ς · ·}) ∆(x− x′)

⇒ [ψAςBςCς · ·︸ ︷︷ ︸
2s

(x), ψ+
A
′
ςB
′
ςC
′
ς · ·︸ ︷︷ ︸

2s

(x′)]−2s+1 = i (iς)2s

22s−1
1

[(2s)!]2

2s︷ ︸︸ ︷
(σ, iς)a{Aς(A′ς (σ, iς)

b
BςB′ς

· ·})

2s︷ ︸︸ ︷
∂a∂b · ·∆(x− x′)
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⇔ [ψAςBςCς · ·︸ ︷︷ ︸
2s

(x), ψ+
A
′
ςB
′
ςC
′
ς · ·︸ ︷︷ ︸

2s

(x′)]−2s+1 = i (iς)2s

22s−1

2s︷ ︸︸ ︷
(σ, iς)aAςA′ς (σ, iς)

b
BςB′ς

· ·
2s︷ ︸︸ ︷

∂a∂b · ·∆(x− x′)

5.6 Equivalence proof on two descriptions of commutation rules for B-W equation

Lem. 5.6.1. 2Xaλςµς (p)(ηaa′ +
pap

+

a′
m2 )X+a′

λ′ςµ
′
ς
(p) = [(m− iγapa)γ4]{λς(λ′ς [(m− iγ

bpb)γ
4]µς}µ′ς)

Lem. 5.6.2. 2Xaλςµς (x)(ηaa′ −
∂a∂

+

a′
m2 )X+a′

λ′ςµ
′
ς
(x′)∆(x− x′) = [(m− γa∂a)γ4]{λς(λ′ς [(m− γ

b∂b)γ
4]µς}µ′ς)∆(x− x′)

Thm. 5.6.1.

[ψλςµς · ·︸ ︷︷ ︸
2n

(x), ψ+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2n

(x′)] = i
22n−1

1
[(2n)!]2 [(m− γa∂a)γ4]{λς(λ′ς [(m− γ

b∂b)γ
4]µςµ′ς · ·})︸ ︷︷ ︸

2n

∆(x− x′)

⇔
[ψλςµς · ·︸ ︷︷ ︸

2n

(x), ψ+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2n

(x′)] = i
23n−1

1
[(2n)!]2 Xa{λςµς (x) · ·}︸ ︷︷ ︸

n

X+a′

(λ′ςµ
′
ς
(x′) · ·)︸ ︷︷ ︸
n

[ηaa′ −
∂a∂

+

a′
m2 ] · ·︸ ︷︷ ︸

n

∆(x− x′)

Proof:

[ψλςµς · ·︸ ︷︷ ︸
2n

(x), ψ+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2n

(x′)]

= i
22n−1[(2n)!]2 [(m− γa∂a)γ4]{λς(λ′ς [(m− γ

b∂b)γ
4]µςµ′ς · ·})︸ ︷︷ ︸

2n

∆(x− x′)

= i
24n−1[(2n)!]2 {[(m− γ

a∂a)γ4]{{λς((λ′ς [(m− γ
b∂b)γ

4]µς}µ′ς)} · ·})︸ ︷︷ ︸
n

∆(x− x′)

= i
23n−1[(2n)!]2 Xa{λςµς (x)Xbηςξς (x) · ·}︸ ︷︷ ︸

n

X+a′

(λ′ςµ
′
ς
(x′)X+b′

η′ςξ
′
ς
(x′) · ·)︸ ︷︷ ︸

n

[ηaa′ −
∂a∂

+

a′
m2 ][ηbb′ −

∂b∂
+

b′
m2 ] · ·︸ ︷︷ ︸

n

∆(x− x′)

= i
23n−1(n!)2[(2n)!]2 Xa{λςµς (x)Xbηςξς (x) · ·}︸ ︷︷ ︸

n

X+a′

(λ′ςµ
′
ς
(x′)X+b′

η′ςξ
′
ς
(x′) · ·)︸ ︷︷ ︸

n

[η{a(a′ −
∂{a∂

+

(a′

m2 ][ηbb′ −
∂b∂

+

b′
m2 ] · ·})︸ ︷︷ ︸

n

∆(x− x′)

Thm. 5.6.2.

{ψλςµς · ·τς︸ ︷︷ ︸
2n+1

(x), ψ+
λ
′
ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2n+1

(x′)}

= i
22n

1
[(2n+1)!]2 [(m− γa∂a)γ4]{λς(λ′ς [(m− γ

b∂b)γ
4]µςµ′ς · ·[(m− γ

c∂c)γ
4]τς}τ ′ς)︸ ︷︷ ︸

2n+1

∆(x− x′)

⇔
{ψλςµς · ·τς︸ ︷︷ ︸

2n+1

(x), ψ+
λ
′
ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2n+1

(x′)}

= i
23n[(2n+1)!]2 Xa{λςµς (x) · ·︸ ︷︷ ︸

n

X+a′

(λ′ςµ
′
ς
(x′) · ·︸ ︷︷ ︸
n

[(m− γc∂c)γ4]τς}τ ′ς) [ηaa′ −
∂a∂

+

a′
m2 ] · ·︸ ︷︷ ︸

n

∆(x− x′)

Proof:

{ψλςµς · ·τς︸ ︷︷ ︸
2n+1

(x), ψ+
λ
′
ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2n+1

(x′)}

= i
22n[(2n+1)!]2 [(m− γa∂a)γ4]{λς(λ′ς [(m− γ

b∂b)γ
4]µςµ′ς · ·[(m− γ

c∂c)γ
4]τς}τ ′ς)︸ ︷︷ ︸

2n+1

∆(x− x′)

= i
24n[(2n+1)!]2 {[(m− γ

a∂a)γ4]{{λς((λ′ς [(m− γ
b∂b)γ

4]µς}µ′ς)} · ·︸ ︷︷ ︸
n

[(m− γc∂c)γ4]τς}τ ′ς)∆(x− x′)

= i
23n[(2n+1)!]2

Xa{λςµς (x)Xbηςξς (x) · ·︸ ︷︷ ︸
n

X+a′

(λ′ςµ
′
ς
(x′)X+b′

η′ςξ
′
ς
(x′) · ·︸ ︷︷ ︸

n

[(m− γc∂c)γ4]τς}τ ′ς) [η{a(a′ −
∂{a∂

+

(a′

m2 ][ηbb′ −
∂b∂

+

b′
m2 ] · ·})︸ ︷︷ ︸

n

∆(x− x′)

= i
23n[(2n+1)!]2 Xa{λςµς (x) · ·︸ ︷︷ ︸

n

X+a′

(λ′ςµ
′
ς
(x′) · ·︸ ︷︷ ︸
n

[(m− γc∂c)γ4]τς}τ ′ς) [ηaa′ −
∂a∂

+

a′
m2 ] · ·︸ ︷︷ ︸

n

∆(x− x′)
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5.7 Summary of massive boson commutation rules

Thm. 5.7.1. n ≥ 0
[a(~p, h;n), a+(~p′, h′;n)] = δhh′δ

3(~p− ~p′), [b(~p, h;n), b+(~p′, h′;n)] = δhh′δ
3(~p− ~p′), [rest] = 0

⇔ [ψλςµς · ·︸ ︷︷ ︸
2n

(x), ψ+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2n

(x′)] = i
22n−1

1
[(2n)!]2 [(m− γa∂a)γ4]{λς(λ′ς [(m− γ

b∂b)γ
4]µςµ′ς · ·})︸ ︷︷ ︸

2n

∆(x− x′), [rest] = 0

⇔ [ψλςµς · ·︸ ︷︷ ︸
2n

(x), ψ+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2n

(x′)] = i
23n−1

1
[(2n)!]2 Xa{λςµς (x) · ·}︸ ︷︷ ︸

n

X+a′

(λ′ςµ
′
ς
(x′) · ·)︸ ︷︷ ︸
n

[ηaa′ −
∂a∂

+

a′
m2 ] · ·︸ ︷︷ ︸

n

∆(x− x′), [rest] = 0

5.8 Summary of massive fermion anticommutation rules

Thm. 5.8.1. n ≥ 0
{a(~p, h;n+ 1

2 ), a+(~p′, h′;n+ 1
2 )} = δhh′δ

3(~p− ~p′), {b(~p, h;n+ 1
2 ), b+(~p′, h′;n+ 1

2 )} = δhh′δ
3(~p− ~p′), {rest} = 0

⇔ {ψλςµς · ·τς︸ ︷︷ ︸
2n+1

(x), ψ+
λ
′
ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2n+1

(x′)}

= i
22n

1
[(2n+1)!]2 [(m− γa∂a)γ4]{λς(λ′ς [(m− γ

b∂b)γ
4]µςµ′ς · ·[(m− γ

c∂c)γ
4]τς}τ ′ς)︸ ︷︷ ︸

2n+1

∆(x− x′), {rest} = 0

⇔
{ψλςµς · ·τς︸ ︷︷ ︸

2n+1

(x), ψ+
λ
′
ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2n+1

(x′)}

= i
23n[(2n+1)!]2 Xa{λςµς (x) · ·︸ ︷︷ ︸

n

X+a′

(λ′ςµ
′
ς
(x′) · ·︸ ︷︷ ︸
n

[(m− γc∂c)γ4]τς}τ ′ς) [ηaa′ −
∂a∂

+

a′
m2 ] · ·︸ ︷︷ ︸

n

∆(x− x′), {rest} = 0

6 Extraction of various quantum operators for Bargmann-Wigner equation [16]

6.1 Isochronous commutation rules for Bargmann-Wigner equation

Thm. 6.1.1. (γa∂a +m)κς
λςψλςµς · ·τς︸ ︷︷ ︸

2s

(~r, t) = 0, ψλςµς · ·τς︸ ︷︷ ︸
2s

(~r, t) = 1
(2s)!ψ{λςµς · ·τς}︸ ︷︷ ︸

2s

(~r, t)

ψλςµς · ·τς︸ ︷︷ ︸
2s

(~r, t) = 1
(2π)3/2

+∞∫
~p=−∞

−s∑
h=s

Es−
1
2
√

m
E

2s
[a(~p, h)Uλςµς · ·τς︸ ︷︷ ︸

2s

(~p, h)eip·x + b+(~p, h)Vλςµς · ·τς︸ ︷︷ ︸
2s

(~p, h)e−ip·x]d3~p
a(~p, h) = 1

(2π)3/2

+∞∫
~p=−∞

E−(s− 1
2 )√m

E

2s
U+

2s︷ ︸︸ ︷
λςµς · ·τς (~p, h)ψλςµς · ·τς︸ ︷︷ ︸

2s

(~r, t)e−ip·xd3~r

b+(~p, s) = 1
(2π)3/2

+∞∫
~p=−∞

E−(s− 1
2 )√m

E

2s
V +

2s︷ ︸︸ ︷
λςµς · ·τς (~p, h)ψλςµς · ·τς︸ ︷︷ ︸

2s

(~r, t)eip·xd3~r

Thm. 6.1.2. [ψλςµς · ·︸ ︷︷ ︸
2s

(~r, t), ψ+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(~r′, t)]−2s+1

= 1
22s−1

1
[(2s)!]2

[s− 1
2 ]∑

l=0

[C2l+1
2s

2s−2l−1︷ ︸︸ ︷
(mγ4 + γ4~γ · ∇){λς(λ′ς (mγ

4 + γ4~γ · ∇)µςµ′ς · · δτς}τ ′ς)](m
2 −∇2)lδ3(~r − ~r′)

Proof: [ψλςµς · ·︸ ︷︷ ︸
2s

(~r, t), ψ+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(~r′, t)]−2s+1

= i
22s−1

1
[(2s)!]2

2s︷ ︸︸ ︷
[(m− γa∂a)γ4]{λς(λ′ς [(m− γ

b∂b)γ
4]µςµ′ς · ·[(m− γ

b∂b)γ
4]τς}τ ′ς) ∆(x− x′)|t=t′

= 1
22s−1

1
[(2s)!]2

[s− 1
2 ]∑

l=0

[C2l+1
2s

2s−2l−1︷ ︸︸ ︷
(mγ4 − ~γγ4 · ∇){λς(λ′ς (mγ

4 − ~γγ4 · ∇)µςµ′ς · · δτς}τ ′ς)](m
2 −∇2)lδ3(~r − ~r′)

= 1
22s−1

1
[(2s)!]2

[s− 1
2 ]∑

l=0

[C2l+1
2s

2s−2l−1︷ ︸︸ ︷
(mγ4 + γ4~γ · ∇){λς(λ′ς (mγ

4 + γ4~γ · ∇)µςµ′ς · · δτς}τ ′ς)](m
2 −∇2)lδ3(~r − ~r′)

6.2 Extraction of energy operators for Bargmann-Wigner equation

Lem. 6.2.1.

2s︷ ︸︸ ︷
[(mγ4 + iγ4~γ · ~p) + E]{λς(λ′ς [(mγ

4 + iγ4~γ · ~p) + E]µςµ′ς · ·})

=
2s∑
l=0

Cl2sE
l

2s−l︷ ︸︸ ︷
(mγ4 + iγ4~γ · ~p){λς(λ′ς (mγ

4 + iγ4~γ · ~p)µςµ′ς · ·
l︷ ︸︸ ︷

δρςρ′ς δτςτ ′ς · ·})
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Lem. 6.2.2.

2s︷ ︸︸ ︷
[(mγ4 + iγ4~γ · ~p)− E]{λς(λ′ς [(mγ

4 + iγ4~γ · ~p)− E]µςµ′ς · ·})

=
2s∑
l=0

(−1)lCl2sE
l

2s−l︷ ︸︸ ︷
(mγ4 + iγ4~γ · ~p){λς(λ′ς (mγ

4 + iγ4~γ · ~p)µςµ′ς · ·
l︷ ︸︸ ︷

δρςρ′ς δτςτ ′ς · ·})

Lem. 6.2.3.
2s︷ ︸︸ ︷

[(mγ4 + iγ4~γ · ~p) + E]{λς(λ′ς [(mγ
4 + iγ4~γ · ~p) + E]µςµ′ς · ·})

+

2s︷ ︸︸ ︷
[(mγ4 + iγ4~γ · ~p)− E]{λς(λ′ς [(mγ

4 + iγ4~γ · ~p)− E]µςµ′ς · ·})

= 2
[s]∑
l=0

C2l
2sE

2l

2s−2l︷ ︸︸ ︷
(mγ4 + iγ4~γ · ~p){λς(λ′ς (mγ

4 + iγ4~γ · ~p)µςµ′ς · ·
2l︷ ︸︸ ︷

δρςρ′ς δτςτ ′ς · ·})

Lem. 6.2.4.
2s︷ ︸︸ ︷

[(mγ4 + iγ4~γ · ~p) + E]{λς(λ′ς [(mγ
4 + iγ4~γ · ~p) + E]µςµ′ς · ·})

−
2s︷ ︸︸ ︷

[(mγ4 + iγ4~γ · ~p)− E]{λς(λ′ς [(mγ
4 + iγ4~γ · ~p)− E]µςµ′ς · ·})

= 2
[s− 1

2 ]∑
l=0

C2l+1
2s E2l+1

2s−2l−1︷ ︸︸ ︷
(mγ4 + iγ4~γ · ~p){λς(λ′ς (mγ

4 + iγ4~γ · ~p)µςµ′ς · ·
2l+1︷ ︸︸ ︷

δρςρ′ς δτςτ ′ς · ·})

Thm. 6.2.1.

H(s) =
∫ −s∑
h=s

E[a+(~p, h)a(~p, h) + (−1)2sb(~p, h)b+(~p, h)]d3~p =
∫
ψ+

2s︷ ︸︸ ︷
λςµς · ·(~r, t) (i∂t)

2s

(m2−∇2)2s−lψλςµς · ·︸ ︷︷ ︸
2s

(~r, t)d3~r

Proof:
∫ −s∑
h=s

E[a+(~p, h)a(~p, h) + (−1)2sb(~p, h)b+(~p, h)]d3~p

= 1
(2π)3

∫
m2s

E4s−2ψ
+

2s︷ ︸︸ ︷
λςµς · ·(~r, t)ψ

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~r′, t)

−s∑
h=s

[U

2s︷ ︸︸ ︷
λςµς · ·(~p, h)U+

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~p, h)ei~p·(~r−~r

′) + (−1)2sV

2s︷ ︸︸ ︷
λςµς · ·(~p, h)V +

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~p, h)e−i~p·(~r−~r

′)]d3~rd3~r′d3~p

= 1
(2π)3

∫
m2s

E4s−2ψ
+

2s︷ ︸︸ ︷
λςµς · ·(~r, t)ψ

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~r′, t)

−s∑
h=s

[U

2s︷ ︸︸ ︷
λςµς · ·(~p, h)U+

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~p, h) + (−1)2sV

2s︷ ︸︸ ︷
λςµς · ·(−~p, h)V +

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(−~p, h)]ei~p·(~r−~r

′)d3~rd3~r′d3~p

= 1
(2π)3

∫
d3~rd3~r′d3~p m2s

E4s−2ψ
+

2s︷ ︸︸ ︷
λςµς · ·(~r, t)ψ

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~r′, t) 1

(2m)2s[(2s)!]2

{

2s︷ ︸︸ ︷
[(m− iγapa)γ4]{λς(λ′ς [(m− iγ

bpb)γ
4]µςµ′ς · ·}) +

2s︷ ︸︸ ︷
[(m− iγap+

a )γ4]{λς(λ′ς [(m− iγ
bp+
b )γ4]µςµ′ς · ·})}e

i~p·(~r−~r′)

= 1
22s[(2s)!]2

1
(2π)3

∫
d3~rd3~r′d3~pψ+

2s︷ ︸︸ ︷
λςµς · ·(~r, t)ψ

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~r′, t) 1

E4s−2

{
2s︷ ︸︸ ︷

[(mγ4 + iγ4~γ · ~p) + E]{λς(λ′ς [(mγ
4 + iγ4~γ · ~p) + E]µςµ′ς · ·})

+

2s︷ ︸︸ ︷
[(mγ4 + iγ4~γ · ~p)− E]{λς(λ′ς [(mγ

4 + iγ4~γ · ~p)− E]µςµ′ς · ·})}e
i~p·(~r−~r′)

= 1
22s−1[(2s)!]2

1
(2π)3

∫
ψ+

2s︷ ︸︸ ︷
λςµς · ·(~r, t)ψ

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~r′, t) 1

E4s−2

[s]∑
l=0

C2l
2sE

2l

2s−2l︷ ︸︸ ︷
(mγ4 + iγ4~γ · ~p){λς(λ′ς (mγ

4 + iγ4~γ · ~p)µςµ′ς · ·
2l︷ ︸︸ ︷

δρςρ′ς δτςτ ′ς · ·}) e
i~p·(~r−~r′)d3~rd3~r′d3~p

= 1
22s−1[(2s)!]2

1
(2π)3

∫
ψ+

2s︷ ︸︸ ︷
λςµς · ·(~r, t)ψ

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~r′, t)

[s]∑
l=0

C2l
2s

1
(E2)2s−1−l

2s−2l︷ ︸︸ ︷
(mγ4 + iγ4~γ · ~p){λς(λ′ς (mγ

4 + iγ4~γ · ~p)µςµ′ς · ·
2l︷ ︸︸ ︷

δρςρ′ς δτςτ ′ς · ·}) e
i~p·(~r−~r′)d3~rd3~r′d3~p
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= 1
22s−1[(2s)!]2

1
(2π)3

∫
ψ+

2s︷ ︸︸ ︷
λςµς · ·(~r, t)ψ

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~r′, t)

[s]∑
l=0

C2l
2s

1
(m2−∇2)2s−1−l

2s−2l︷ ︸︸ ︷
(mγ4 + γ4~γ · ∇){λς(λ′ς (mγ

4 + γ4~γ · ∇)µςµ′ς · ·
2l︷ ︸︸ ︷

δρςρ′ς δτςτ ′ς · ·}) e
i~p·(~r−~r′)d3~rd3~r′d3~p

= 1
22s−1[(2s)!]2

∫
ψ+

2s︷ ︸︸ ︷
λςµς · ·(~r, t)ψ

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~r′, t)

[s]∑
l=0

C2l
2s

1
(m2−∇2)2s−1−l

2s−2l︷ ︸︸ ︷
(mγ4 + γ4~γ · ∇){λς(λ′ς (mγ

4 + γ4~γ · ∇)µςµ′ς · ·
2l︷ ︸︸ ︷

δρςρ′ς δτςτ ′ς · ·}) δ
3(~r − ~r′)d3~rd3~r′

= 1
22s−1[(2s)!]2

∫
ψ+

2s︷ ︸︸ ︷
λςµς · ·(~r, t)

[s]∑
l=0

C2l
2s

2s−2l︷ ︸︸ ︷
(mγ4 + γ4~γ · ∇){λς(λ′ς (mγ

4 + γ4~γ · ∇)µςµ′ς · ·
(m2−∇2)2s−1−l

2l︷ ︸︸ ︷
δρςρ′ς δτςτ ′ς · ·}) ψ

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~r, t)d3~r

= 1
22s−1

∫
ψ+

2s︷ ︸︸ ︷
λςµς · ·(~r, t)

[s]∑
l=0

C2l
2s

2s−2l︷ ︸︸ ︷
(mγ4 + γ4~γ · ∇)λςλ′ς (mγ

4 + γ4~γ · ∇)µςµ′ς · ·
(m2−∇2)2s−1−l

2l︷ ︸︸ ︷
δρςρ′ς δτςτ ′ς · ·ψ

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~r, t)d3~r

= 1
22s−1

∫
ψ+

2s︷ ︸︸ ︷
λςµς · ·(~r, t)

[s]∑
l=0

C2l
2s

(i∂t)
2s−2l

(m2−∇2)2s−1−l

2s−2l︷ ︸︸ ︷
δλςλ′ς δµςµ′ς · ·

2l︷ ︸︸ ︷
δρςρ′ς δτςτ ′ς · ·ψ

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~r, t)d3~r

= 1
22s−1

∫
ψ+

2s︷ ︸︸ ︷
λςµς · ·(~r, t)

[s]∑
l=0

C2l
2s

(i∂t)
2s−2l

(m2−∇2)2s−1−l

2s︷ ︸︸ ︷
δλςλ′ς δµςµ′ς · ·ψ

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~r, t)d3~r

= 1
22s−1

[s]∑
l=0

C2l
2s

∫
ψ+

2s︷ ︸︸ ︷
λςµς · ·(~r, t) (i∂t)

2s−2l

(m2−∇2)2s−1−lψλςµς · ·︸ ︷︷ ︸
2s

(~r, t)d3~r

= 1
22s−1

[s]∑
l=0

C2l
2s

∫
ψ+

2s︷ ︸︸ ︷
λςµς · ·(~r, t) (i∂t)

2s

(m2−∇2)2s−1ψλςµς · ·︸ ︷︷ ︸
2s

(~r, t)d3~r

=
∫
ψ+

2s︷ ︸︸ ︷
λςµς · ·(~r, t) (i∂t)

2s

(m2−∇2)2s−1ψλςµς · ·︸ ︷︷ ︸
2s

(~r, t)d3~r

Thm. 6.2.2.

H(n) =
∫
ψ+

2n︷ ︸︸ ︷
λςµς · ·(~r, t) 1

(m2−∇2)n−1ψλςµς · ·︸ ︷︷ ︸
2n

(~r, t)d3~r,H(n+ 1
2 ) =

∫
ψ+

2n+1︷ ︸︸ ︷
λςµς · ·(~r, t) i∂t

(m2−∇2)nψλςµς · ·︸ ︷︷ ︸
2n+1

(~r, t)d3~r

6.3 Extraction of momentum operators for Bargmann-Wigner equation

Thm. 6.3.1.

P (s) =
∫ −s∑
h=s

~p[a+(~p, h)a(~p, h) + (−1)2sb(~p, h)b+(~p, h)]d3~p =
∫
ψ+

2s︷ ︸︸ ︷
λςµς · ·(~r, t)−i∇(i∂t)

2s−1

(m2−∇2)2s−lψλςµς · ·︸ ︷︷ ︸
2s

(~r, t)d3~r

Proof:
∫ −s∑
h=s

~p[a+(~p, h)a(~p, h) + (−1)2sb(~p, h)b+(~p, h)]d3~p

= 1
(2π)3

∫
m2s

E4s−1 ~pψ
+

2s︷ ︸︸ ︷
λςµς · ·(~r, t)ψ

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~r′, t)

−s∑
h=s

[U

2s︷ ︸︸ ︷
λςµς · ·(~p, h)U+

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~p, h)ei~p·(~r−~r

′) + (−1)2sV

2s︷ ︸︸ ︷
λςµς · ·(~p, h)V +

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~p, h)e−i~p·(~r−~r

′)]d3~rd3~r′d3~p

= 1
(2π)3

∫
m2s

E4s−1 ~pψ
+

2s︷ ︸︸ ︷
λςµς · ·(~r, t)ψ

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~r′, t)

−s∑
h=s

[U

2s︷ ︸︸ ︷
λςµς · ·(~p, h)U+

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~p, h)− (−1)2sV

2s︷ ︸︸ ︷
λςµς · ·(−~p, h)V +

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(−~p, h)]ei~p·(~r−~r

′)d3~rd3~r′d3~p

= 1
(2π)3

∫
d3~rd3~r′d3~p m2s

E4s−1 ~pψ
+

2s︷ ︸︸ ︷
λςµς · ·(~r, t)ψ

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~r′, t) 1

(2m)2s[(2s)!]2

{

2s︷ ︸︸ ︷
[(m− iγapa)γ4]{λς(λ′ς [(m− iγ

bpb)γ
4]µςµ′ς · ·})−

2s︷ ︸︸ ︷
[(m− iγap+

a )γ4]{λς(λ′ς [(m− iγ
bp+
b )γ4]µςµ′ς · ·})}e

i~p·(~r−~r′)
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= 1
22s[(2s)!]2

1
(2π)3

∫
d3~rd3~r′d3~pψ+

2s︷ ︸︸ ︷
λςµς · ·(~r, t)ψ

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~r′, t) 1

E4s−1 ~p

{
2s︷ ︸︸ ︷

[(mγ4 + iγ4~γ · ~p) + E]{λς(λ′ς [(mγ
4 + iγ4~γ · ~p) + E]µςµ′ς · ·})

−
2s︷ ︸︸ ︷

[(mγ4 + iγ4~γ · ~p)− E]{λς(λ′ς [(mγ
4 + iγ4~γ · ~p)− E]µςµ′ς · ·})}e

i~p·(~r−~r′)

= 1
22s−1[(2s)!]2

1
(2π)3

∫
ψ+

2s︷ ︸︸ ︷
λςµς · ·(~r, t)ψ

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~r′, t) 1

E4s−1 ~p

[s− 1
2 ]∑

l=0

C2l+1
2s E2l+1

2s−2l−1︷ ︸︸ ︷
(mγ4 + iγ4~γ · ~p){λς(λ′ς (mγ

4 + iγ4~γ · ~p)µςµ′ς · ·
2l+1︷ ︸︸ ︷

δρςρ′ς δτςτ ′ς · ·}) e
i~p·(~r−~r′)d3~rd3~r′d3~p

= 1
22s−1[(2s)!]2

1
(2π)3

∫
ψ+

2s︷ ︸︸ ︷
λςµς · ·(~r, t)ψ

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~r′, t)

[s− 1
2 ]∑

l=0

C2l+1
2s

~p
(E2)2s−1−l

2s−2l−1︷ ︸︸ ︷
(mγ4 + iγ4~γ · ~p){λς(λ′ς (mγ

4 + iγ4~γ · ~p)µςµ′ς · ·
2l+1︷ ︸︸ ︷

δρςρ′ς δτςτ ′ς · ·}) e
i~p·(~r−~r′)d3~rd3~r′d3~p

= 1
22s−1[(2s)!]2

1
(2π)3

∫
ψ+

2s︷ ︸︸ ︷
λςµς · ·(~r, t)ψ

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~r′, t)

[s− 1
2 ]∑

l=0

C2l+1
2s

−i∇
(m2−∇2)2s−1−l

2s−2l−1︷ ︸︸ ︷
(mγ4 + γ4~γ · ∇){λς(λ′ς (mγ

4 + γ4~γ · ∇)µςµ′ς · ·
2l+1︷ ︸︸ ︷

δρςρ′ς δτςτ ′ς · ·}) e
i~p·(~r−~r′)d3~rd3~r′d3~p

= 1
22s−1[(2s)!]2

∫
ψ+

2s︷ ︸︸ ︷
λςµς · ·(~r, t)ψ

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~r′, t)

[s− 1
2 ]∑

l=0

C2l+1
2s

−i∇
(m2−∇2)2s−1−l

2s−2l−1︷ ︸︸ ︷
(mγ4 + γ4~γ · ∇){λς(λ′ς (mγ

4 + γ4~γ · ∇)µςµ′ς · ·
2l+1︷ ︸︸ ︷

δρςρ′ς δτςτ ′ς · ·}) δ
3(~r − ~r′)d3~rd3~r′

= 1
22s−1[(2s)!]2

∫
ψ+

2s︷ ︸︸ ︷
λςµς · ·(~r, t)

[s− 1
2 ]∑

l=0

C2l+1
2s

−i∇

2s−2l−1︷ ︸︸ ︷
(mγ4 + γ4~γ · ∇){λς(λ′ς (mγ

4 + γ4~γ · ∇)µςµ′ς · ·
(m2−∇2)2s−1−l

2l+1︷ ︸︸ ︷
δρςρ′ς δτςτ ′ς · ·}) ψ

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~r, t)d3~r

= 1
22s−1

∫
ψ+

2s︷ ︸︸ ︷
λςµς · ·(~r, t)

[s− 1
2 ]∑

l=0

C2l+1
2s

−i∇

2s−2l−1︷ ︸︸ ︷
(mγ4 + γ4~γ · ∇)λςλ′ς (mγ

4 + γ4~γ · ∇)µςµ′ς · ·
(m2−∇2)2s−1−l

2l+1︷ ︸︸ ︷
δρςρ′ς δτςτ ′ς · ·ψ

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~r, t)d3~r

= 1
22s−1

∫
ψ+

2s︷ ︸︸ ︷
λςµς · ·(~r, t)

[s− 1
2 ]∑

l=0

C2l+1
2s

−i∇(i∂t)
2s−2l−1

(m2−∇2)2s−1−l

2s−2l−1︷ ︸︸ ︷
δλςλ′ς δµςµ′ς · ·

2l+1︷ ︸︸ ︷
δρςρ′ς δτςτ ′ς · ·ψ

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~r, t)d3~r

= 1
22s−1

∫
ψ+

2s︷ ︸︸ ︷
λςµς · ·(~r, t)

[s− 1
2 ]∑

l=0

C2l+1
2s

−i∇(i∂t)
2s−2l−1

(m2−∇2)2s−1−l

2s︷ ︸︸ ︷
δλςλ′ς δµςµ′ς · ·ψ

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~r, t)d3~r

= 1
22s−1

[s− 1
2 ]∑

l=0

C2l+1
2s

∫
ψ+

2s︷ ︸︸ ︷
λςµς · ·(~r, t)−i∇(i∂t)

2s−2l−1

(m2−∇2)2s−1−l ψλςµς · ·︸ ︷︷ ︸
2s

(~r, t)d3~r

= 1
22s−1

[s− 1
2 ]∑

l=0

C2l+1
2s

∫
ψ+

2s︷ ︸︸ ︷
λςµς · ·(~r, t) −i∇(i∂t)

2s−1

(m2−∇2)2s−1ψλςµς · ·︸ ︷︷ ︸
2s

(~r, t)d3~r

=
∫
ψ+

2s︷ ︸︸ ︷
λςµς · ·(~r, t) −i∇(i∂t)

2s−1

(m2−∇2)2s−1ψλςµς · ·︸ ︷︷ ︸
2s

(~r, t)d3~r

Thm. 6.3.2.

P (n) =
∫
ψ+

2n︷ ︸︸ ︷
λςµς · ·(~r, t) (−i∇)(i∂t)

(m2−∇2)nψλςµς · ·︸ ︷︷ ︸
2n

(~r, t)d3~r, P (n+ 1
2 ) =

∫
ψ+

2n+1︷ ︸︸ ︷
λςµς · ·(~r, t) −i∇

(m2−∇2)nψλςµς · ·︸ ︷︷ ︸
2n+1

(~r, t)d3~r

6.4 Summary of energy momentum operators for Bargmann-Wigner equation

Thm. 6.4.1. Pu(s) =
∫
ψ+

2s︷ ︸︸ ︷
λςµς · ·(~r, t)−i∂u(i∂t)

2s−1

(m2−∇2)2s−1 ψλςµς · ·︸ ︷︷ ︸
2s

(~r, t)d3~r
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6.5 Various physical operators for Bargmann-Wigner equation

Thm. 6.5.1.

Pu(s) =
∫
ψ+

2s︷ ︸︸ ︷
λςµς · ·(~r, t)−i∂u(i∂t)

2s−1

(m2−∇2)2s−1 ψλςµς · ·︸ ︷︷ ︸
2s

(~r, t)d3~r =
∫ ∑

h

pu[a+(~p, h)a(~p, h) + (−1)2sb(~p, h)b+(~p, h)]d3~p

Proof: Pu(s) =
∫
ψ+

2s︷ ︸︸ ︷
λςµς · ·(~r, t)−i∂u(i∂t)

2s−1

(m2−∇2)2s−1 ψλςµς · ·︸ ︷︷ ︸
2s

(~r, t)d3~r

=
∫

1
(2π)N/2

+∞∫
~p′=−∞

∑
h′
E′s−

1
2
√

m
E′

2s
[a+(~p′, h′)U+

2s︷ ︸︸ ︷
λςµς · ·(~p′, h′)e−i(~p

′·~r−E′t) + b(~p′, h′)V +

2s︷ ︸︸ ︷
λςµς · ·(~p′, h′)ei(~p

′·~r−E′t)]d3~p′

1
(2π)N/2

+∞∫
~p=−∞

∑
h

Es−
1
2
√

m
E

2s puE
2s−1

(E2)2s−1 [a(~p, h)Uλςµς · ·︸ ︷︷ ︸
2s

(~p, h)eip·x + (−1)2sb+(~p, h)Vλςµς · ·︸ ︷︷ ︸
2s

(~p, h)e−ip·x]d3~pd3~r

= 1
(2π)3

∫ ∑
h,h′

(E
′

E )s−
1
2

√
m2

E′E

2s

[a+(~p′, h′)U+

2s︷ ︸︸ ︷
λςµς · ·(~p′, h′)e−i(~p

′·~r−E′t) + b(~p′, h′)V +

2s︷ ︸︸ ︷
λςµς · ·(~p′, h′)ei(~p

′·~r−E′t)]

pu[a(~p, h)Uλςµς · ·︸ ︷︷ ︸
2s

(~p, h)eip·x + (−1)2sb+(~p, h)Vλςµς · ·︸ ︷︷ ︸
2s

(~p, h)e−ip·x]d3~p′d3~pd3~r

=
∫
d3~p′d3~p

∑
h,h′

(mE )2spu

{δ3(~p− ~p′)[a+(~p, h′)a(~p, h)U+

2s︷ ︸︸ ︷
λςµς · ·(~p, h′)Uλςµς · ·︸ ︷︷ ︸

2s

(~p, h) + (−1)2sb(~p, h′)b+(~p, h)V +

2s︷ ︸︸ ︷
λςµς · ·(~p, h′)Vλςµς · ·︸ ︷︷ ︸

2s

(~p, h)]

+ δ3(~p+ ~p′)[(−1)2se2iEta+(−~p, h′)b+(~p, h)U+

2s︷ ︸︸ ︷
λςµς · ·(−~p, h′)Vλςµς · ·︸ ︷︷ ︸

2s

(~p, h)

+ e−2iEtb(~p, h′)a(~p, h)V +

2s︷ ︸︸ ︷
λςµς · ·(−~p, h′)Uλςµς · ·︸ ︷︷ ︸

2s

(~p, h)]}

=
∫ ∑

h

pu[a+(~p, h)a(~p, h) + (−1)2sb(~p, h)b+(~p, h)]d3~p

Thm. 6.5.2.

Q(s) =
∫
ψ+

2s︷ ︸︸ ︷
λςµς · ·(~r, t) (i∂t)

2s−1

(m2−∇2)2s−1ψλςµς · ·︸ ︷︷ ︸
2s

(~r, t)d3~r =
∫ ∑

h

[a+(~p, h)a(~p, h) + (−1)2s−1b(~p, h)b+(~p, h)]d3~p

Proof: Q(s) =
∫
ψ+

2s︷ ︸︸ ︷
λςµς · ·(~r, t) (i∂t)

2s−1

(m2−∇2)2s−1ψλςµς · ·︸ ︷︷ ︸
2s

(~r, t)d3~r

=
∫

1
(2π)N/2

+∞∫
~p′=−∞

∑
h′
E′s−

1
2
√

m
E′

2s
[a+(~p′, h′)U+

2s︷ ︸︸ ︷
λςµς · ·(~p′, h′)e−i(~p

′·~r−E′t) + b(~p′, h′)V +

2s︷ ︸︸ ︷
λςµς · ·(~p′, h′)ei(~p

′·~r−E′t)]d3~p′

1
(2π)N/2

+∞∫
~p=−∞

∑
h

Es−
1
2
√

m
E

2s E2s−1

(E2)2s−1 [a(~p, h)Uλςµς · ·︸ ︷︷ ︸
2s

(~p, h)eip·x + (−1)2s−1b+(~p, h)Vλςµς · ·︸ ︷︷ ︸
2s

(~p, h)e−ip·x]d3~pd3~r

= 1
(2π)3

∫ ∑
h,h′

(E
′

E )s−
1
2

√
m2

E′E

2s

[a+(~p′, h′)U+

2s︷ ︸︸ ︷
λςµς · ·(~p′, h′)e−i(~p

′·~r−E′t) + b(~p′, h′)V +

2s︷ ︸︸ ︷
λςµς · ·(~p′, h′)ei(~p

′·~r−E′t)]

[a(~p, h)Uλςµς · ·︸ ︷︷ ︸
2s

(~p, h)eip·x + (−1)2s−1b+(~p, h)Vλςµς · ·︸ ︷︷ ︸
2s

(~p, h)e−ip·x]d3~p′d3~pd3~r

=
∫
d3~p′d3~p

∑
h,h′

(mE )2s

{δ3(~p− ~p′)[a+(~p, h′)a(~p, h)U+

2s︷ ︸︸ ︷
λςµς · ·(~p, h′)Uλςµς · ·︸ ︷︷ ︸

2s

(~p, h) + (−1)2s−1b(~p, h′)b+(~p, h)V +

2s︷ ︸︸ ︷
λςµς · ·(~p, h′)Vλςµς · ·︸ ︷︷ ︸

2s

(~p, h)]

+ δ3(~p+ ~p′)[(−1)2s−1e2iEta+(−~p, h′)b+(~p, h)U+

2s︷ ︸︸ ︷
λςµς · ·(−~p, h′)Vλςµς · ·︸ ︷︷ ︸

2s

(~p, h)

+ e−2iEtb(~p, h′)a(~p, h)V +

2s︷ ︸︸ ︷
λςµς · ·(−~p, h′)Uλςµς · ·︸ ︷︷ ︸

2s

(~p, h)]}

=
∫ ∑

h

[a+(~p, h)a(~p, h) + (−1)2s−1b(~p, h)b+(~p, h)]d3~p
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Thm. 6.5.3.

N(s) =
∫
ψ+

2s︷ ︸︸ ︷
λςµς · ·(~r, t) (i∂t)

2s

(
√
m2−∇2)4s−1

ψλςµς · ·︸ ︷︷ ︸
2s

(~r, t)d3~r =
∫ ∑

h

[a+(~p, h)a(~p, h) + (−1)2sb(~p, h)b+(~p, h)]d3~p

Proof: N(s) =
∫
ψ+

2s︷ ︸︸ ︷
λςµς · ·(~r, t) (i∂t)

2s

(
√
m2−∇2)4s−1

ψλςµς · ·︸ ︷︷ ︸
2s

(~r, t)d3~r

=
∫

1
(2π)N/2

+∞∫
~p′=−∞

∑
h′
E′s−

1
2
√

m
E′

2s
[a+(~p′, h′)U+

2s︷ ︸︸ ︷
λςµς · ·(~p′, h′)e−i(~p

′·~r−E′t) + b(~p′, h′)V +

2s︷ ︸︸ ︷
λςµς · ·(~p′, h′)ei(~p

′·~r−E′t)]d3~p′

1
(2π)N/2

+∞∫
~p=−∞

∑
h

Es−
1
2
√

m
E

2s E2s

E4s−1 [a(~p, h)Uλςµς · ·︸ ︷︷ ︸
2s

(~p, h)eip·x + (−1)2sb+(~p, h)Vλςµς · ·︸ ︷︷ ︸
2s

(~p, h)e−ip·x]d3~pd3~r

= 1
(2π)3

∫ ∑
h,h′

(E
′

E )s−
1
2

√
m2

E′E

2s

[a+(~p′, h′)U+

2s︷ ︸︸ ︷
λςµς · ·(~p′, h′)e−i(~p

′·~r−E′t) + b(~p′, h′)V +

2s︷ ︸︸ ︷
λςµς · ·(~p′, h′)ei(~p

′·~r−E′t)]

[a(~p, h)Uλςµς · ·︸ ︷︷ ︸
2s

(~p, h)eip·x + (−1)2sb+(~p, h)Vλςµς · ·︸ ︷︷ ︸
2s

(~p, h)e−ip·x]d3~p′d3~pd3~r

=
∫
d3~p′d3~p

∑
h,h′

(mE )2s

{δ3(~p− ~p′)[a+(~p, h′)a(~p, h)U+

2s︷ ︸︸ ︷
λςµς · ·(~p, h′)Uλςµς · ·︸ ︷︷ ︸

2s

(~p, h) + (−1)2sb(~p, h′)b+(~p, h)V +

2s︷ ︸︸ ︷
λςµς · ·(~p, h′)Vλςµς · ·︸ ︷︷ ︸

2s

(~p, h)]

+ δ3(~p+ ~p′)[(−1)2se2iEta+(−~p, h′)b+(~p, h)U+

2s︷ ︸︸ ︷
λςµς · ·(−~p, h′)Vλςµς · ·︸ ︷︷ ︸

2s

(~p, h)

+ e−2iEtb(~p, h′)a(~p, h)V +

2s︷ ︸︸ ︷
λςµς · ·(−~p, h′)Uλςµς · ·︸ ︷︷ ︸

2s

(~p, h)]}

=
∫ ∑

h

[a+(~p, h)a(~p, h) + (−1)2sb(~p, h)b+(~p, h)]d3~p

Thm. 6.5.4.

~S(s) =
∫
ψ+

2s︷ ︸︸ ︷
λςµς · ·(~r, t) ∇̂(i∂t)

2s−1

(m2−∇2)2s−1ψλςµς · ·︸ ︷︷ ︸
2s

(~r, t)d3~r =
∫ ∑

h

p̂[a+(~p, h)a(~p, h) + (−1)2sb(~p, h)b+(~p, h)]d3~p

Proof: ~S(s) =
∫
ψ+

2s︷ ︸︸ ︷
λςµς · ·(~r, t) ∇̂(i∂t)

2s−1

(m2−∇2)2s−1ψλςµς · ·︸ ︷︷ ︸
2s

(~r, t)d3~r

=
∫

1
(2π)N/2

+∞∫
~p′=−∞

∑
h′
E′s−

1
2
√

m
E′

2s
[a+(~p′, h′)U+

2s︷ ︸︸ ︷
λςµς · ·(~p′, h′)e−i(~p

′·~r−E′t) + b(~p′, h′)V +

2s︷ ︸︸ ︷
λςµς · ·(~p′, h′)ei(~p

′·~r−E′t)]d3~p′

1
(2π)N/2

+∞∫
~p=−∞

∑
h

Es−
1
2
√

m
E

2s p̂E2s−1

(E2)2s−1 [a(~p, h)Uλςµς · ·︸ ︷︷ ︸
2s

(~p, h)eip·x + (−1)2sb+(~p, h)Vλςµς · ·︸ ︷︷ ︸
2s

(~p, h)e−ip·x]d3~pd3~r

= 1
(2π)3

∫ ∑
h,h′

(E
′

E )s−
1
2

√
m2

E′E

2s

p̂[a+(~p′, h′)U+

2s︷ ︸︸ ︷
λςµς · ·(~p′, h′)e−i(~p

′·~r−E′t) + b(~p′, h′)V +

2s︷ ︸︸ ︷
λςµς · ·(~p′, h′)ei(~p

′·~r−E′t)]

[a(~p, h)Uλςµς · ·︸ ︷︷ ︸
2s

(~p, h)eip·x + (−1)2sb+(~p, h)Vλςµς · ·︸ ︷︷ ︸
2s

(~p, h)e−ip·x]d3~p′d3~pd3~r

=
∫
d3~p′d3~p

∑
h,h′

(mE )2sp̂

{δ3(~p− ~p′)[a+(~p, h′)a(~p, h)U+

2s︷ ︸︸ ︷
λςµς · ·(~p, h′)Uλςµς · ·︸ ︷︷ ︸

2s

(~p, h) + (−1)2sb(~p, h′)b+(~p, h)V +

2s︷ ︸︸ ︷
λςµς · ·(~p, h′)Vλςµς · ·︸ ︷︷ ︸

2s

(~p, h)]

+ δ3(~p+ ~p′)[(−1)2se2iEta+(−~p, h′)b+(~p, h)U+

2s︷ ︸︸ ︷
λςµς · ·(−~p, h′)Vλςµς · ·︸ ︷︷ ︸

2s

(~p, h)

+ e−2iEtb(~p, h′)a(~p, h)V +

2s︷ ︸︸ ︷
λςµς · ·(−~p, h′)Uλςµς · ·︸ ︷︷ ︸

2s

(~p, h)]}

=
∫ ∑

h

p̂[a+(~p, h)a(~p, h) + (−1)2sb(~p, h)b+(~p, h)]d3~p
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Thm. 6.5.5.

~M(s) =
∫
ψ+

2s︷ ︸︸ ︷
λςµς · ·(~r, t) ∇̂(i∂t)

2s

(
√
m2−∇2)4s−1

ψλςµς · ·︸ ︷︷ ︸
2s

(~r, t)d3~r =
∫ ∑

h

p̂[a+(~p, h)a(~p, h) + (−1)2s−1b(~p, h)b+(~p, h)]d3~p

Proof: ~M(s) =
∫
ψ+

2s︷ ︸︸ ︷
λςµς · ·(~r, t) ∇̂(i∂t)

2s

(
√
m2−∇2)4s−1

ψλςµς · ·︸ ︷︷ ︸
2s

(~r, t)d3~r

=
∫

1
(2π)N/2

+∞∫
~p′=−∞

∑
h′
E′s−

1
2
√

m
E′

2s
[a+(~p′, h′)U+

2s︷ ︸︸ ︷
λςµς · ·(~p′, h′)e−i(~p

′·~r−E′t) + b(~p′, h′)V +

2s︷ ︸︸ ︷
λςµς · ·(~p′, h′)ei(~p

′·~r−E′t)]d3~p′

1
(2π)N/2

+∞∫
~p=−∞

∑
h

Es−
1
2
√

m
E

2s p̂E2s

E4s−1 [a(~p, h)Uλςµς · ·︸ ︷︷ ︸
2s

(~p, h)eip·x + (−1)2s−1b+(~p, h)Vλςµς · ·︸ ︷︷ ︸
2s

(~p, h)e−ip·x]d3~pd3~r

= 1
(2π)3

∫ ∑
h,h′

(E
′

E )s−
1
2

√
m2

E′E

2s

p̂[a+(~p′, h′)U+

2s︷ ︸︸ ︷
λςµς · ·(~p′, h′)e−i(~p

′·~r−E′t) + b(~p′, h′)V +

2s︷ ︸︸ ︷
λςµς · ·(~p′, h′)ei(~p

′·~r−E′t)]

[a(~p, h)Uλςµς · ·︸ ︷︷ ︸
2s

(~p, h)eip·x + (−1)2s−1b+(~p, h)Vλςµς · ·︸ ︷︷ ︸
2s

(~p, h)e−ip·x]d3~p′d3~pd3~r

=
∫
d3~p′d3~p

∑
h,h′

(mE )2sp̂

{δ3(~p− ~p′)[a+(~p, h′)a(~p, h)U+

2s︷ ︸︸ ︷
λςµς · ·(~p, h′)Uλςµς · ·︸ ︷︷ ︸

2s

(~p, h) + (−1)2s−1b(~p, h′)b+(~p, h)V +

2s︷ ︸︸ ︷
λςµς · ·(~p, h′)Vλςµς · ·︸ ︷︷ ︸

2s

(~p, h)]

+ δ3(~p+ ~p′)[(−1)2s−1e2iEta+(−~p, h′)b+(~p, h)U+

2s︷ ︸︸ ︷
λςµς · ·(−~p, h′)Vλςµς · ·︸ ︷︷ ︸

2s

(~p, h)

+ e−2iEtb(~p, h′)a(~p, h)V +

2s︷ ︸︸ ︷
λςµς · ·(−~p, h′)Uλςµς · ·︸ ︷︷ ︸

2s

(~p, h)]}

=
∫ ∑

h

p̂[a+(~p, h)a(~p, h) + (−1)2s−1b(~p, h)b+(~p, h)]d3~p

6.6 Quantum equation of Bargmann-Wigner equation

Thm. 6.6.1.


(γa∂a +m)κς

λςψλςµς · ·τς︸ ︷︷ ︸
2s

(~r, t) = 0

Pu(s) =
∫
ψ+

2s︷ ︸︸ ︷
λςµς · ·(~r, t)−i∂u(i∂t)

2s−1

(m2−∇2)2s−1 ψλςµς · ·︸ ︷︷ ︸
2s

(~r, t)d3~r

⇒ −i∂uψλςµς · ·︸ ︷︷ ︸
2n

(~r, t) = [ψλςµς · ·︸ ︷︷ ︸
2n

(~r, t), Pu]

Proof: [ψλςµς · ·︸ ︷︷ ︸
2s

(~r, t), Pu(s)]

= [ψλςµς · ·︸ ︷︷ ︸
2s

(~r, t),
∫
ψ+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(~r′, t)−i∂u(i∂t)
2s−1

(m2−∇2)2s−1 ψ

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~r′, t)d3~r′]

=
∫

[ψλςµς · ·︸ ︷︷ ︸
2s

(~r, t), ψ+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(~r′, t)]−2s+1
−i∂u(i∂t)

2s−1

(m2−∇2)2s−1 ψ

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~r′, t)d3~r′

=
∫

1
22s−1

1
[(2s)!]2

[s− 1
2 ]∑

l=0

[C2l+1
2s

2s−2l−1︷ ︸︸ ︷
(mγ4 + γ4~γ · ∇){λς(λ′ς (mγ

4 + γ4~γ · ∇)µςµ′ς · ·
2l+1︷ ︸︸ ︷

δρςρ′ς δτςτ ′ς · ·})]

(m2 −∇2)lδ3(~r − ~r′)−i∂u(i∂t)
2s−1

(m2−∇2)2s−l ψ

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~r′, t)d3~r′

= 1
22s−1

1
[(2s)!]2

[s− 1
2 ]∑

l=0

[C2l+1
2s

2s−2l−1︷ ︸︸ ︷
(mγ4 + γ4~γ · ∇){λς(λ′ς (mγ

4 + γ4~γ · ∇)µςµ′ς · ·
2l+1︷ ︸︸ ︷

δρςρ′ς δτςτ ′ς · ·})]
−i∂u(i∂t)

2s−1

(m2−∇2)2s−l−1ψ

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~r, t)

= 1
22s−1

1
[(2s)!]2

[s− 1
2 ]∑

l=0

C2l+1
2s (i∂t)

2s−2l−1 −i∂u(i∂t)
2s−1

(m2−∇2)2s−l−1ψλςµς · ·︸ ︷︷ ︸
2s

(~r, t)

= 1
22s−1

[s− 1
2 ]∑

l=0

C2l+1
2s

−i∂u(i∂t)
4s−2

(m2−∇2)2s−1 ψλςµς · ·︸ ︷︷ ︸
2s

(~r, t)
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= −i∂uψλςµς · ·︸ ︷︷ ︸
2s

(~r, t)

6.7 Boson energy momentum operators for Bargmann-Wigner equation

Thm. 6.7.1.

Pu(n) =
∫
ψ+

2n︷ ︸︸ ︷
λςµς · ·(~r, t) −i∂u(i∂t)

(m2−∇2)nψλςµς · ·︸ ︷︷ ︸
2n

(~r, t)d3~r, Pu(n+ 1
2 ) =

∫
ψ+

2n+1︷ ︸︸ ︷
λςµς · ·(~r, t) −i∂u

(m2−∇2)nψλςµς · ·︸ ︷︷ ︸
2n+1

(~r, t)d3~r

Thm. 6.7.2.



Pu(n) =
∫
ψ+

2n︷ ︸︸ ︷
λςµς · ·(~r, t) [−i∇,iγ4(~γ·∇+m)]γ4(~γ·∇+m)

(m2−∇2)n λς
ηςψηςµς · ·︸ ︷︷ ︸

2n

(~r, t)d3~r

=
∫
ψ+

2n︷ ︸︸ ︷
λςµς · ·(~r, t) [−i∇γ4(~γ·∇+m),i(m2−∇2)]

(m2−∇2)n λς
ηςψηςµς · ·︸ ︷︷ ︸

2n

(~r, t)d3~r

Pu(n+ 1
2 ) =

∫
ψ+

2n+1︷ ︸︸ ︷
λςµς · ·(~r, t) [−i∇,iγ4(~γ·∇+m)]

(m2−∇2)n λς
ηςψηςµς · ·︸ ︷︷ ︸

2n+1

(~r, t)d3~r

6.8 Boson quantum equation of Bargmann-Wigner equation

Thm. 6.8.1. (γa∂a +m)κς
λςψλςµς · ·τς︸ ︷︷ ︸

2n

(~r, t) = 0⇒ −i∂uψλςµς · ·︸ ︷︷ ︸
2n

(~r, t) = [ψλςµς · ·︸ ︷︷ ︸
2n

(~r, t), Pu(n)]

Proof: [ψλςµς · ·︸ ︷︷ ︸
2n

(~r, t), H]

= [ψλςµς · ·︸ ︷︷ ︸
2n

(~r, t),
∫
ψ+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2n

(~r′, t) 1
(m2−∇′2)n−1ψ

2n︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~r′, t)d3~r′]

=
∫

[ψλςµς · ·︸ ︷︷ ︸
2n

(~r, t), ψ+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2n

(~r′, t) 1
(m2−∇′2)n−1ψ

2n︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~r′, t)]d3~r′

=
∫

[ψλςµς · ·︸ ︷︷ ︸
2n

(~r, t), ψ+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2n

(~r′, t)] 1
(m2−∇′2)n−1ψ

2n︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~r′, t)d3~r′

=
∫

1
22n−1

1
[(2n)!]2

[n− 1
2 ]∑

l=0

[C2l+1
2n

2n−2l−1︷ ︸︸ ︷
(mγ4 + γ4~γ · ∇){λς(λ′ς (mγ

4 + γ4~γ · ∇)µςµ′ς · ·
2l+1︷ ︸︸ ︷

δρςρ′ς δτςτ ′ς · ·})]

(m2 −∇2)lδ3(~r − ~r′) 1
(m2−∇′2)n−1ψ

2n︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~r′, t)d3~r′

= 1
22n−1

1
[(2n)!]2

[n− 1
2 ]∑

l=0

[C2l+1
2n

2n−2l−1︷ ︸︸ ︷
(mγ4 + γ4~γ · ∇){λς(λ′ς (mγ

4 + γ4~γ · ∇)µςµ′ς · ·
2l+1︷ ︸︸ ︷

δρςρ′ς δτςτ ′ς · ·})]
1

(m2−∇2)n−l−1ψ

2n︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~r, t)

= i∂tψλςµς · ·︸ ︷︷ ︸
2n

(~r, t)

Proof: [ψλςµς · ·︸ ︷︷ ︸
2n

(~r, t), P ]

= [ψλςµς · ·︸ ︷︷ ︸
2n

(~r, t),
∫
ψ+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2n

(~r′, t)−i∇
′γ4(~γ·∇′+m)

(m2−∇′2)n
λ′ς η′ς

ψ

2n︷ ︸︸ ︷
η
′
ςµ
′
ς · ·(~r′, t)d3~r′]

=
∫

[ψλςµς · ·︸ ︷︷ ︸
2n

(~r, t), ψ+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2n

(~r′, t)−i∇
′γ4(~γ·∇′+m)

(m2−∇′2)n
λ′ς η′ς

ψ

2n︷ ︸︸ ︷
η
′
ςµ
′
ς · ·(~r′, t)]d3~r′

=
∫

[ψλςµς · ·︸ ︷︷ ︸
2n

(~r, t), ψ+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2n

(~r′, t)]−i∇
′γ4(~γ·∇′+m)

(m2−∇′2)n
λ′ς η′ς

ψ

2n︷ ︸︸ ︷
η
′
ςµ
′
ς · ·(~r′, t)d3~r′

=
∫

1
22n−1

1
[(2n)!]2

[n− 1
2 ]∑

l=0

[C2l+1
2n

2n−2l−1︷ ︸︸ ︷
(mγ4 + γ4~γ · ∇){λς(λ′ς (mγ

4 + γ4~γ · ∇)µςµ′ς · ·
2l+1︷ ︸︸ ︷

δρςρ′ς δτςτ ′ς · ·})]

(m2 −∇2)lδ3(~r − ~r′)−i∇
′γ4(~γ·∇′+m)

(m2−∇′2)n
λ′ς η′ς

ψ

2n︷ ︸︸ ︷
η
′
ςµ
′
ς · ·(~r′, t)d3~r′
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= 1
22n−1

1
[(2n)!]2

[n− 1
2 ]∑

l=0

[C2l+1
2n

2n−2l−1︷ ︸︸ ︷
(mγ4 + γ4~γ · ∇){λς(λ′ς (mγ

4 + γ4~γ · ∇)µςµ′ς · ·
2l+1︷ ︸︸ ︷

δρςρ′ς δτςτ ′ς · ·})]
−i∇γ4(~γ·∇+m)

(m2−∇2)n−l
λ′ς η′ς

ψ

2n︷ ︸︸ ︷
η
′
ςµ
′
ς · ·(~r, t)

= −i∇ψλςµς · ·︸ ︷︷ ︸
2n

(~r, t)
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1 Commutation rules for Klein-Gordon equation
1.1 B-W equation is equivalent to K-G equation for spin-n particles with mass [16, 20,21]

Def. 1.1.1. Xa = [imγa(ς)− 2Sab(e, ς)∂
b]C,Xa(p) = i[mγa(ς)− 2Sab(e, ς)p

b]C

Thm. 1.1.1.
[γa(ς)∂a +m]ψ[λς ]µςηςξς · ·︸ ︷︷ ︸

2n

(x) = 0

ψ[λς ]µςηςξς · ·︸ ︷︷ ︸
2n

(x) fully symmetric
⇔



(−∂c∂c +m2)Aab · ·︸ ︷︷ ︸
n

(x) = 0

δabAab · ·︸ ︷︷ ︸
n

(x) = 0, ∂aAab · ·︸ ︷︷ ︸
n

(x) = 0, Aab · ·︸ ︷︷ ︸
n

(x) fully symmetric

ψλςµςηςξς · ·︸ ︷︷ ︸
2n

(x) = 1
2n

n︷ ︸︸ ︷
XaλςµςX

b
ηςξς · ·Aab · ·︸ ︷︷ ︸

n

(x)

ψλςµς · ·︸ ︷︷ ︸
2n

(~r, t) = 1
(2π)3/2

+∞∫
~p=−∞

−n∑
h=n

En−
1
2
√

m
E

2n
[a(~p, h)Uλςµς · ·︸ ︷︷ ︸

2n

(~p, h)eip·x + b+(~p, h)Vλςµς · ·︸ ︷︷ ︸
2n

(~p, h)e−ip·x]d3~p

Aab · ·︸ ︷︷ ︸
n

(~r, t) = 1
(2π)3/2

+∞∫
~p=−∞

−n∑
h=n

1√
2nE

[a(~p, h)εab · ·︸ ︷︷ ︸
n

(~p, h)eip·x + b+(~p, h)ε̃ab · ·︸ ︷︷ ︸
n

(~p, h)e−ip·x]d3~p

Self comment: By substituting their respective plane wave solutions into the above two equivalent
equations and using Fourier component equivalence, the following two corollaries can be easily obtained.
This above equation is a macroscopic structure, while the below equation is a microscopic structure,
which is a mathematical atom.

Cor. 1.1.1.

(iγapa +m)U[λς ]µςηςξς · ·︸ ︷︷ ︸
2n

(~p, h) = 0

Uλςµςηςξς · ·︸ ︷︷ ︸
2n

(~p, h) fully symmetric, εab · ·︸ ︷︷ ︸
n

(~p, h)

= 1
(i
√

2)n

n︷ ︸︸ ︷
(C̄γa)λςµς (C̄γb)

ηςξς · ·Uλςµςηςξς · ·︸ ︷︷ ︸
2n

(~p, h)

⇔



(pcpc +m2)εab · ·︸ ︷︷ ︸
n

(~p, h) = 0, δabεab · ·︸ ︷︷ ︸
n

(~p, h) = 0

paεab · ·︸ ︷︷ ︸
n

(~p, h) = 0, εab · ·︸ ︷︷ ︸
n

(~p, h) fully symmetric

Uλςµςηςξς · ·︸ ︷︷ ︸
2n

(~p, h)

= 1
(2
√

2m)n
Xaλςµς (p)X

b
ηςξς (p) · ·︸ ︷︷ ︸

n

εab · ·︸ ︷︷ ︸
n

(~p, h)

Cor. 1.1.2.

(−iγapa +m)V[λς ]µςηςξς · ·︸ ︷︷ ︸
2n

(~p, h) = 0

Vλςµςηςξς · ·︸ ︷︷ ︸
2n

(~p, h) fully symmetric, ε̃ab · ·︸ ︷︷ ︸
n

(~p, h)

= 1
(i
√

2)n

n︷ ︸︸ ︷
(C̄γa)λςµς (C̄γb)

ηςξς · ·Vλςµςηςξς · ·︸ ︷︷ ︸
2n

(~p, h)

⇔



(pcpc +m2)ε̃ab · ·︸ ︷︷ ︸
n

(~p, h) = 0, δabε̃ab · ·︸ ︷︷ ︸
n

(~p, h) = 0

paε̃ab · ·︸ ︷︷ ︸
n

(~p, h) = 0, ε̃ab · ·︸ ︷︷ ︸
n

(~p, h) fully symmetric

Vλςµςηςξς · ·︸ ︷︷ ︸
2n

(~p, h)

= 1
(2
√

2m)n
Xaλςµς (−p)X

b
ηςξς (−p) · ·︸ ︷︷ ︸

n

ε̃ab · ·︸ ︷︷ ︸
n

(~p, h)

1.2 B-W equation bose basis decomposes into spin-1 bases

Proof:

Uλςµς · ·σςτς︸ ︷︷ ︸
2n

(~p, n)

= 1√
(2n)!(2n)!(0)!

u{λς (~p,
1
2 )uµς (~p,

1
2 ) · ·︸ ︷︷ ︸

2n

· · uσς (~p,− 1
2 )uτς}(~p,− 1

2 )︸ ︷︷ ︸
0

= uλς (~p,
1
2 )uµς (~p,

1
2 ) · ·uσς (~p, 1

2 )uτς (~p,
1
2 )︸ ︷︷ ︸

2n
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= Uλςµς (~p, 1) · ·Uσςτς (~p, 1)︸ ︷︷ ︸
n

= 1√
(n!n!0!

( 1
2
√

2m
)nXaλςµς (p) · ·X

d
σςτς (p)︸ ︷︷ ︸

n

ε{a(~p, 1) · ·εd}(~p, 1)︸ ︷︷ ︸
n

= 1

n!
√
C0

2n

( 1
2
√

2m
)n Xaλςµς (p) · ·X

d
σςτς (p)︸ ︷︷ ︸

n

√
20C0

nC
0
n−0 ε{a(~p, 1) · ·εd}(~p, 1)︸ ︷︷ ︸

n

Proof:

Uλςµς · ·σςτς︸ ︷︷ ︸
2n

(~p, n− 1)

= 1√
(2n)!(2n−1)!(1)!

u{λς (~p,
1
2 )uµς (~p,

1
2 ) · ·︸ ︷︷ ︸

2n−1

· · uσς (~p,− 1
2 )uτς}(~p,− 1

2 )︸ ︷︷ ︸
1

= 1√
(2n)!(2n−1)!(1)!

u{λς (~p,
1
2 )uµς (~p,

1
2 ) · ·uσς (~p, 1

2 )uτς}(~p,− 1
2 )︸ ︷︷ ︸

2n

= 1√
C1

2n

{[uλς (~p, 1
2 )uµς (~p,

1
2 ) · ·uσς (~p, 1

2 )uτς (~p,− 1
2 )︸ ︷︷ ︸

2n

+uλς (~p,
1
2 )uµς (~p,

1
2 ) · ·uσς (~p,− 1

2 )uτς (~p,
1
2 )︸ ︷︷ ︸

2n

]

+ · ·
+ [uλς (~p,

1
2 )uµς (~p,− 1

2 ) · ·uσς (~p, 1
2 )uτς (~p,

1
2 )︸ ︷︷ ︸

2n

+uλς (~p,− 1
2 )uµς (~p,

1
2 ) · ·uσς (~p, 1

2 )uτς (~p,
1
2 )︸ ︷︷ ︸

2n

]}

= 1√
C1
n

[Uλςµς (~p, 1)Uηςξς (~p, 1) · ·Uσςτς (~p, 0)︸ ︷︷ ︸
n

+Uλςµς (~p, 1)Uηςξς (~p, 0) · ·Uσςτς (~p, 1)︸ ︷︷ ︸
n

+ · ·+Uλςµς (~p, 0)Uηςξς (~p, 1) · ·Uσςτς (~p, 1)︸ ︷︷ ︸
n

]

= 1√
n!(n−1)!1!

( 1
2
√

2m
)nXaλςµς (p)X

b
ηςξς (p) · ·X

d
σςτς (p)︸ ︷︷ ︸

n

ε{a(~p, 1)εb(~p, 1) · ·εc(~p, 1)εd}(~p, 0)︸ ︷︷ ︸
n

= 1

n!
√
C1

2n

( 1
2
√

2m
)n Xaλςµς (p)X

b
ηςξς (p) · ·X

d
σςτς (p)︸ ︷︷ ︸

n

√
21C1

nC
0
n−1 ε{a(~p, 1)εb(~p, 1) · ·εc(~p, 1)εd}(~p, 0)︸ ︷︷ ︸

n

Proof:

Uλςµς · ·σςτς︸ ︷︷ ︸
2n

(~p, n− 2)

= 1√
(2n)!(2n−2)!(2)!

u{λς (~p,
1
2 )uµς (~p,

1
2 ) · ·︸ ︷︷ ︸

2n−2

· · uσς (~p,− 1
2 )uτς}(~p,− 1

2 )︸ ︷︷ ︸
2

= 1√
(2n)!(2n−2)!(2)!

u{λς (~p,
1
2 )uµς (~p,

1
2 ) · ·uσς (~p,− 1

2 )uτς}(~p,− 1
2 )︸ ︷︷ ︸

2n

= 1√
C2

2n

C
(~p,− 1

2 ),(~p,− 1
2 )

uλς (~p,
1
2 )uµς (~p,

1
2 ) · ·uσς (~p, 1

2 )uτς (~p,
1
2 )︸ ︷︷ ︸

2n

= 1√
C2

2n

[C
(~p,− 1

2 )(~p,− 1
2 )1,3,5,··

uλς (~p,
1
2 )uµς (~p,

1
2 ) · ·uσς (~p, 1

2 )uτς (~p,
1
2 )︸ ︷︷ ︸

2n

+ C
(~p,− 1

2 ),(~p,− 1
2 )|rest

uλς (~p,
1
2 )uµς (~p,

1
2 ) · ·uσς (~p, 1

2 )uτς (~p,
1
2 )︸ ︷︷ ︸

2n

]

= 1√
C2

2n

[
√

20C
(~p,−1)

Uλςµς (~p, 1) · ·Uσςτς (~p, 1)︸ ︷︷ ︸
n

+
√

22C
(~p,0),(~p,0)

Uλςµς (~p, 1) · ·Uσςτς (~p, 1)︸ ︷︷ ︸
n

]

= 1

n!
√
C2

2n

( 1
2
√

2m
)n Xaλςµς (p)X

b
ηςξς (p) · ·X

d
σςτς (p)︸ ︷︷ ︸

n

[
√

20C0
nC

1
n−0 ε{a(~p, 1)εb(~p, 1) · ·εc(~p, 1)εd}(~p,−1)︸ ︷︷ ︸

n

+
√

22C2
nC

0
n−2 ε{a(~p, 1)εb(~p, 1) · ·εc(~p, 0)εd}(~p, 0)︸ ︷︷ ︸

n

]

Proof:

Uλςµς · ·σςτς︸ ︷︷ ︸
2n

(~p, n− 3)

= 1√
(2n)!(2n−3)!(3)!

u{λς (~p,
1
2 )uµς (~p,

1
2 ) · ·︸ ︷︷ ︸

2n−3

· · uσς (~p,− 1
2 )uτς}(~p,− 1

2 )︸ ︷︷ ︸
3

= 1√
(2n)!(2n−3)!(3)!

u{λς (~p,
1
2 )uµς (~p,

1
2 ) · ·uης (~p, 1

2 )uξς (~p,− 1
2 )uσς (~p,− 1

2 )uτς}(~p,− 1
2 )︸ ︷︷ ︸

2n

= 1√
C3

2n

C
(~p,− 1

2 ),(~p,− 1
2 ),(~p,− 1

2 )

uλς (~p,
1
2 )uµς (~p,

1
2 ) · ·uσς (~p, 1

2 )uτς (~p,
1
2 )︸ ︷︷ ︸

2n
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= 1√
C3

2n

[C
(~p,− 1

2 )(~p,− 1
2 )1,3,5,··,(~p,−

1
2 )

uλς (~p,
1
2 )uµς (~p,

1
2 ) · ·uσς (~p, 1

2 )uτς (~p,
1
2 )︸ ︷︷ ︸

2n

+ C
(~p,− 1

2 ),(~p,− 1
2 ),(~p,− 1

2 )|rest

uλς (~p,
1
2 )uµς (~p,

1
2 ) · ·uσς (~p, 1

2 )uτς (~p,
1
2 )︸ ︷︷ ︸

2n

]

= 1√
C3

2n

[
√

2P
(~p,−1),(~p,0)

Uλςµς (~p, 1) · ·Uσςτς (~p, 1)︸ ︷︷ ︸
n

+
√

23C
(~p,0),(~p,0),(~p,0)

Uλςµς (~p, 1) · ·Uσςτς (~p, 1)︸ ︷︷ ︸
n

]

= 1

n!
√
C3

2n

( 1
2
√

2m
)n Xaλςµς (p)X

b
ηςξς (p) · ·X

d
σςτς (p)︸ ︷︷ ︸

n

[
√

21C1
nC

1
n−1 ε{a(~p, 1)εb(~p, 1) · ·εc(~p, 0)εd}(~p,−1)︸ ︷︷ ︸

n

+
√

23C3
nC

0
n−3 ε{a(~p, 1)εb(~p, 0) · ·εc(~p, 0)εd}(~p, 0)︸ ︷︷ ︸

n

]

General case:

Thm. 1.2.1.

Uλςµς · ·σςτς︸ ︷︷ ︸
2n

(~p, n− 2k) = 1

n!
√
C2k

2n

( 1
2
√

2m
)n

k|(n−k)∑
l=0

√
22lC2l

n C
k−l
n−2l X

a1

λςµς
(p)Xa2

ηςξς
(p) · ·Xanσςτς (p)︸ ︷︷ ︸
n

ε{a1
(~p,−1) · ·εak−l(~p,−1)|εak−l+1

(~p, 0) · ·εak(~p, 0)|εak+1
(~p, 1) · ·εan}(~p, 1)

Uλςµς · ·σςτς︸ ︷︷ ︸
2n

(~p, n− 2k − 1) = 1

n!
√
C2k+1

2n

( 1
2
√

2m
)n

k|(n−1−k)∑
l=0

√
22l+1C2l+1

n Ck−ln−2l−1 X
a1

λςµς
(p)Xa2

ηςξς
(p) · ·Xanσςτς (p)︸ ︷︷ ︸
n

ε{a1
(~p,−1) · ·εak−l(~p,−1)|εak−l+1

(~p, 0) · ·εak(~p, 0)|εak+1
(~p, 1) · ·εan}(~p, 1)

Proof:

Uλςµς · ·σςτς︸ ︷︷ ︸
2n

(~p, n− 2k)

= 1√
(2n)!(2n−2k)!(2k)!

u{λς (~p,
1
2 )uµς (~p,

1
2 ) · ·︸ ︷︷ ︸

2n−2k

· · uσς (~p,− 1
2 )uτς}(~p,− 1

2 )︸ ︷︷ ︸
2k

= 1√
C2k

2n

C

2k︷ ︸︸ ︷
(~p,− 1

2 ), ··, (~p,− 1
2 )

uλς (~p,
1
2 )uµς (~p,

1
2 ) · ·uσς (~p, 1

2 )uτς (~p,
1
2 )︸ ︷︷ ︸

2n

= 1√
C2k

2n

k|(n−k)∑
l=0

C

2k−2l︷ ︸︸ ︷
(~p,− 1

2 ), ··, (~p,− 1
2 ) |D1,3,··

2l︷ ︸︸ ︷
(~p,− 1

2 ), ··, (~p,− 1
2 ) |S1,3,··

uλς (~p,
1
2 )uµς (~p,

1
2 ) · ·uσς (~p, 1

2 )uτς (~p,
1
2 )︸ ︷︷ ︸

2n

= 1√
C2k

2n

k|(n−k)∑
l=0

√
22lC

k−l︷ ︸︸ ︷
(~p,−1), ··, (~p,−1) |D1,3,··

2l︷ ︸︸ ︷
(~p, 0), ··, (~p, 0) |S1,3,··

Uλςµς (~p, 1) · ·Uσςτς (~p, 1)︸ ︷︷ ︸
n

= 1

n!
√
C2k

2n

( 1
2
√

2m
)n

k|(n−k)∑
l=0

√
22lC2l

n C
k−l
n−2l X

a1

λςµς
(p)Xa2

ηςξς
(p) · ·Xanσςτς (p)︸ ︷︷ ︸
n

ε{a1
(~p,−1) · ·εak−l(~p,−1)|εak−l+1

(~p, 0) · ·εak(~p, 0)|εak+1
(~p, 1) · ·εan}(~p, 1)

Proof:

Uλςµς · ·σςτς︸ ︷︷ ︸
2n

(~p, n− 2k − 1)

= 1√
(2n)!(2n−2k−1)!(2k+1)!

u{λς (~p,
1
2 )uµς (~p,

1
2 ) · ·︸ ︷︷ ︸

2n−2k−1

· · uσς (~p,− 1
2 )uτς}(~p,− 1

2 )︸ ︷︷ ︸
2k+1

= 1√
C2k+1

2n

C

2k+1︷ ︸︸ ︷
(~p,− 1

2 ), ··, (~p,− 1
2 )

uλς (~p,
1
2 )uµς (~p,

1
2 ) · ·uσς (~p, 1

2 )uτς (~p,
1
2 )︸ ︷︷ ︸

2n

= 1√
C2k+1

2n

k|(n−1−k)∑
l=0

C

2k−2l︷ ︸︸ ︷
(~p,− 1

2 ), ··, (~p,− 1
2 ) |D1,3,··

2l+1︷ ︸︸ ︷
(~p,− 1

2 ), ··, (~p,− 1
2 ) |S1,3,··

uλς (~p,
1
2 )uµς (~p,

1
2 ) · ·uσς (~p, 1

2 )uτς (~p,
1
2 )︸ ︷︷ ︸

2n

= 1√
C2k+1

2n

k|(n−1−k)∑
l=0

√
22l+1C

k−l︷ ︸︸ ︷
(~p,−1), ··, (~p,−1) |D1,3,··

2l+1︷ ︸︸ ︷
(~p, 0), ··, (~p, 0) |S1,3,··

Uλςµς (~p, 1) · ·Uσςτς (~p, 1)︸ ︷︷ ︸
n
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= 1

n!
√
C2k+1

2n

( 1
2
√

2m
)n

k|(n−1−k)∑
l=0

√
22l+1C2l+1

n Ck−ln−2l−1 X
a1

λςµς
(p)Xa2

ηςξς
(p) · ·Xanσςτς (p)︸ ︷︷ ︸
n

ε{a1
(~p,−1) · ·εak−l(~p,−1)|εak−l+1

(~p, 0) · ·εak(~p, 0)|εak+1
(~p, 1) · ·εan}(~p, 1)

1.3 Klein-Gordon equation basis decomposition

Thm. 1.3.1. εa · ·bc · ·d︸ ︷︷ ︸
n

(~p, h) =
−n′∑
h′=n′

√
Cn
′+h′

n+h Cn
′−h′

n−h√
C2n′

2n

εa · ·b︸ ︷︷ ︸
n−n′

(~p, h− h′)εc · ·d︸ ︷︷ ︸
n′

(~p, h′)

Proof: Uλςµς · ·σςτςλ′ςµ
′
ς · ·σ

′
ςτ
′
ς︸ ︷︷ ︸

2n

(~p, h) =
−n′∑
h′=n′

√
Cn
′+h′

n+h Cn
′−h′

n−h√
C2n′

2n

Uλςµς · ·σςτς︸ ︷︷ ︸
2(n−n′)

(~p, h− h′)Uλ′ςµ′ς · ·σ′ςτ ′ς︸ ︷︷ ︸
2n′

(~p, h′)

⇒ 1
(i
√

2)n

n︷ ︸︸ ︷
(C̄γa)λςµς · ·(C̄γb)σςτς (C̄γc)λ

′
ςµ
′
ς · ·(C̄γd)σ

′
ςτ
′
ς Uλςµς · ·σςτςλ′ςµ

′
ς · ·σ

′
ςτ
′
ς︸ ︷︷ ︸

2n

(~p, h)

= 1
(i
√

2)n

n︷ ︸︸ ︷
(C̄γa)λςµς · ·(C̄γb)σςτς (C̄γc)λ

′
ςµ
′
ς · ·(C̄γd)σ

′
ςτ
′
ς

−n′∑
h′=n′

√
Cn
′+h′

n+h Cn
′−h′

n−h√
C2n′

2n

Uλςµς · ·σςτς︸ ︷︷ ︸
2(n−n′)

(~p, h− h′)Uλ′ςµ′ς · ·σ′ςτ ′ς︸ ︷︷ ︸
2n′

(~p, h′)

⇔ εa · ·bc · ·d︸ ︷︷ ︸
n

(~p, h) =
−n′∑
h′=n′

√
Cn
′+h′

n+h Cn
′−h′

n−h√
C2n′

2n

εa · ·b︸ ︷︷ ︸
n−n′

(~p, h− h′)εc · ·d︸ ︷︷ ︸
n′

(~p, h′)

Cor. 1.3.1.

εa · ·bc︸ ︷︷ ︸
n

(~p, h) =

√
C2
n+h√
C2

2n

εa · ·b︸ ︷︷ ︸
n−1

(~p, h− 1)εc(~p, 1) +

√
C1
n+hC

1
n−h√

C2
2n

εa · ·b︸ ︷︷ ︸
n−1

(~p, h)εc(~p, 0) +

√
C2
n−h√
C2

2n

εa · ·b︸ ︷︷ ︸
n−1

(~p, h+ 1)εc(~p,−1)

Thm. 1.3.2.

εa1··an(~p, h) =

√
(2!)n√
(2n)!

−1∑
h2=1

· ·
−1∑
hn=1

√
(n+h)!√

(1+h1)!··(1+hn)!

√
(n−h)!√

(1−h1)!··(1−hn)!
εa1

(~p, h1) · ·εan(~p, hn);h1 := h−
n∑
i=2

hi

Proof: εa1a2··an(~p, h) =
−1∑
hn=1

√
C1+hn
n+h C1−hn

n−h√
C2

2n

εa1a2··an−1
(~p, h− hn)εan(~p, hn)

=
−1∑
hn=1

√
C1+hn
n+h C1−hn

n−h√
C2

2n

−1∑
hn−1=1

√
C

1+hn−1
(n−1)+(h−hn)

C
1−hn−1
(n−1)−(h−hn)√

C2
2(n−1)

εa1a2··an−2(~p, h− hn − hn−1)εan−1(~p, hn−1)εan(~p, hn)

=

√
2!2!(2n−4)!√

(2n)!

−1∑
hn=1

−1∑
hn−1=1

√
(n+h)!√

(1+hn)!(1+hn−1)![(n+h)−(1+hn)−(1+hn−1)]!

√
(n−h)!√

(1−hn)!(1−hn−1)![(n−h)−(1−hn)−(1−hn−1)]!

εa1a2··an−2(~p, h− hn − hn−1)εan−1(~p, hn−1)εan(~p, hn)

=

√
(2!)n√
(2n)!

−1∑
hn=1

−1∑
hn−1=1

· ·
−1∑
h2=1

εa1
(~p, h− hn − hn−1 · · − h2)εa2

(~p, h2) · ·εan−1
(~p, hn−1)εan(~p, hn)

√
(n+h)!√

(1+hn)!(1+hn−1)!··(1+h2)![(n+h)−(1+hn)−(1+hn−1)··−(1+h2)]!

√
(n−h)!√

(1−hn)!(1−hn−1)!··(1−h2)![(n−h)−(1−hn)−(1−hn−1)··−(1−h2)]!

=

√
(2!)n√
(2n)!

−1∑
h2=1

· ·
−1∑

hn−1=1

−1∑
hn=1

εa1
(~p, h1)εa2

(~p, h2) · ·εan−1
(~p, hn−1)εan(~p, hn)

√
(n+h)!√

(1+h1)!(1+h2)!··(1+hn−1)!(1+hn)!

√
(n−h)!√

(1−h1)!(1−h2)!··(1−hn−1)!(1−hn)!
;h1 := h−

n∑
i=2

hi

=

√
(2!)n√
(2n)!

−1∑
h2=1

· ·
−1∑
hn=1

√
(n+h)!√

(1+h1)!··(1+hn)!

√
(n−h)!√

(1−h1)!··(1−hn)!
εa1

(~p, h1) · ·εan(~p, hn);h1 := h−
n∑
i=2

hi

Cor. 1.3.2. εa1··an(~p, h);h1 := h−
n∑
i=2

hi

=

√
(2!)n√
(2n)!

−1∑
h2=1

· ·
−1∑
hn=1

√
(n+h)!√

(1+h1)!··(1+hn)!

√
(n−h)!√

(1−h1)!··(1−hn)!
εa1

(~p, h1) · ·εan(~p, hn)[δ(h1 − 1) + δ(h1) + δ(h1 + 1)]

=

√
(2!)n√
(2n)!

−1∑
h1=1

−1∑
h2=1

· ·
−1∑
hn=1

√
(n+h)!√

(1+h1)!··(1+hn)!

√
(n−h)!√

(1−h1)!··(1−hn)!
εa1

(~p, h1)εa2
(~p, h2) · ·εan(~p, hn)δ(h−

n∑
i=1

hi)
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1.4 Strictly prove complete decomposition of K-G equation basis by mathematical induction

Thm. 1.4.1.
εa · ·b · ·c · ·︸ ︷︷ ︸

n

(~p, n− 2k) = 1√
C2k

2n

min(k,n−k)∑
i=0

2i

(n−k−i)!(2i)!(k−i)! ε{a(~p, 1) · ·︸ ︷︷ ︸
n−k−i

εb(~p, 0) · ·︸ ︷︷ ︸
2i

εc}(~p,−1)︸ ︷︷ ︸
k−i

εa · ·b · ·c · ·︸ ︷︷ ︸
n

(~p, n− 2k − 1) = 1√
C2k+1

2n

min(k,n−1−k)∑
i=0

2i
√

2
(n−k−i−1)!(2i+1)!(k−i)! ε{a(~p, 1) · ·︸ ︷︷ ︸

n−k−i−1

εb(~p, 0) · ·︸ ︷︷ ︸
2i+1

εc}(~p,−1)︸ ︷︷ ︸
k−i

Proof: Using mathematical induction to prove this theorem.
Step 1: When n′ = 1, the following is established.
εa · ·b · ·c · ·︸ ︷︷ ︸

1

(~p, 1− 2k) = 1√
C2k

2

min(k,1−k)∑
i=0

2i

(1−k−i)!(2i)!(k−i)! ε{a(~p, 1) · ·︸ ︷︷ ︸
1−k−i

εb(~p, 0) · ·︸ ︷︷ ︸
2i

εc}(~p,−1)︸ ︷︷ ︸
k−i

εa · ·b · ·c · ·︸ ︷︷ ︸
1

(~p, 1− 2k − 1) = 1√
C2k+1

2

min(k,1−1−k)∑
i=0

2i
√

2
(1−k−i−1)!(2i+1)!(k−i)! ε{a(~p, 1) · ·︸ ︷︷ ︸

1−k−i−1

εb(~p, 0) · ·︸ ︷︷ ︸
2i+1

εc}(~p,−1)︸ ︷︷ ︸
k−i

Step 2: Assume when n′ = n− 1, the following is established.
εa · ·b · ·c · ·︸ ︷︷ ︸

n−1

(~p, (n− 1)− 2k) = 1√
C2k

2n−2

min(k,n−1−k)∑
i=0

2i

(n−1−k−i)!(2i)!(k−i)! ε{a(~p, 1) · ·︸ ︷︷ ︸
n−1−k−i

εb(~p, 0) · ·︸ ︷︷ ︸
2i

εc}(~p,−1)︸ ︷︷ ︸
k−i

εa · ·b · ·c · ·︸ ︷︷ ︸
n−1

(~p, (n− 1)− 2k − 1) = 1√
C2k+1

2n−2

min(k,n−1−1−k)∑
i=0

2i
√

2
(n−1−k−i−1)!(2i+1)!(k−i)! ε{a(~p, 1) · ·︸ ︷︷ ︸

n−1−k−i−1

εb(~p, 0) · ·︸ ︷︷ ︸
2i+1

εc}(~p,−1)︸ ︷︷ ︸
k−i

Step 3: When n′ = n, 1:
n!εa · ·b · ·cd︸ ︷︷ ︸

n

(~p, h)

=

√
C2
n+h√
C2

2n

ε{a · ·b · ·c︸ ︷︷ ︸
n−1

(~p, h− 1)εd}(~p, 1) +

√
C1
n+hC

1
n−h√

C2
2n

ε{a · ·b · ·c︸ ︷︷ ︸
n−1

(~p, h)εd}(~p, 0) +

√
C2
n−h√
C2

2n

ε{a · ·b · ·c︸ ︷︷ ︸
n−1

(~p, h+ 1)εd}(~p,−1)

⇒ n!εa · ·b · ·cd︸ ︷︷ ︸
n

(~p, n− 2k) =

√
C2

2n−2k√
C2

2n

ε{a · ·b · ·c︸ ︷︷ ︸
n−1

(~p, (n− 1)− 2k)εd}(~p, 1)

+

√
C1

2n−2kC
1
2k√

C2
2n

ε{a · ·b · ·c︸ ︷︷ ︸
n−1

(~p, (n− 1)− 2(k − 1)− 1)εd}(~p, 0) +

√
C2

2k√
C2

2n

ε{a · ·b · ·c︸ ︷︷ ︸
n−1

(~p, (n− 1)− 2(k − 1))εd}(~p,−1)

⇔ n!εa · ·b · ·cd︸ ︷︷ ︸
n

(~p, n− 2k)

=

√
C2

2n−2k√
C2

2n

1√
C2k

2n−2

min(k,n−1−k)∑
i=0

2i

(n−1−k−i)!(2i)!(k−i)! ε{(a(~p, 1) · ·︸ ︷︷ ︸
n−1−k−i

εb(~p, 0) · ·︸ ︷︷ ︸
2i

εc)(~p,−1)︸ ︷︷ ︸
k−i

εd}(~p, 1)

+

√
C1

2n−2kC
1
2k√

C2
2n

1√
C2k−1

2n−2

min(k−1,n−1−1−k+1)∑
i=0

2i
√

2
(n−1−k+1−i−1)!(2i+1)!(k−1−i)! ε{(a(~p, 1) · ·︸ ︷︷ ︸

n−1−k+1−i−1

εb(~p, 0) · ·︸ ︷︷ ︸
2i+1

εc)(~p,−1)︸ ︷︷ ︸
k−1−i

εd}(~p, 0)

+

√
C2

2k√
C2

2n

1√
C2k−2

2n−2

min(k−1,n−1−k+1)∑
i=0

2i

(n−1−k+1−i)!(2i)!(k−1−i)! ε{(a(~p, 1) · ·︸ ︷︷ ︸
n−1−k+1−i

εb(~p, 0) · ·︸ ︷︷ ︸
2i

εc)(~p,−1)︸ ︷︷ ︸
k−1−i

εd}(~p,−1)

nεa · ·b · ·cd︸ ︷︷ ︸
n

(~p, n− 2k) =

√
C2

2n−2k√
C2

2n

1√
C2k

2n−2

min(k,n−1−k)∑
i=0

2i

(n−1−k−i)!(2i)!(k−i)! ε{a(~p, 1) · ·︸ ︷︷ ︸
n−1−k−i

εb(~p, 0) · ·︸ ︷︷ ︸
2i

εc(~p,−1)︸ ︷︷ ︸
k−i

εd}(~p, 1)

+

√
C1

2n−2kC
1
2k√

C2
2n

1√
C2k−1

2n−2

min(k−1,n−1−k)∑
i=0

2i
√

2
(n−1−k−i)!(2i+1)!(k−1−i)! ε{a(~p, 1) · ·︸ ︷︷ ︸

n−1−k−i

εb(~p, 0) · ·︸ ︷︷ ︸
2i+1

εc(~p,−1)︸ ︷︷ ︸
k−1−i

εd}(~p, 0)

+

√
C2

2k√
C2

2n

1√
C2k−2

2n−2

min(k−1,n−k)∑
i=0

2i

(n−k−i)!(2i)!(k−1−i)! ε{a(~p, 1) · ·︸ ︷︷ ︸
n−k−i

εb(~p, 0) · ·︸ ︷︷ ︸
2i

εc(~p,−1)︸ ︷︷ ︸
k−1−i

εd}(~p,−1)

⇔ nεa · ·b · ·c︸ ︷︷ ︸
n

(~p, n− 2k) =

√
C2

2n−2k√
C2

2n

1√
C2k

2n−2

min(k,n−1−k)∑
i=0

2i

(n−1−k−i)!(2i)!(k−i)! ε{a(~p, 1) · ·︸ ︷︷ ︸
n−k−i

εb(~p, 0) · ·︸ ︷︷ ︸
2i

εc}(~p,−1)︸ ︷︷ ︸
k−i

+

√
C1

2n−2kC
1
2k√

C2
2n

1√
C2k−1

2n−2

min(k−1,n−1−k)∑
i=0

2i
√

2
(n−1−k−i)!(2i+1)!(k−1−i)! ε{a(~p, 1) · ·︸ ︷︷ ︸

n−1−k−i

εb(~p, 0) · ·︸ ︷︷ ︸
2i+2

εc}(~p,−1)︸ ︷︷ ︸
k−1−i
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+

√
C2

2k√
C2

2n

1√
C2k−2

2n−2

min(k−1,n−k)∑
i=0

2i

(n−k−i)!(2i)!(k−1−i)! ε{a(~p, 1) · ·︸ ︷︷ ︸
n−k−i

εb(~p, 0) · ·︸ ︷︷ ︸
2i

εc}(~p,−1)︸ ︷︷ ︸
k−i

⇔ nεa · ·b · ·c︸ ︷︷ ︸
n

(~p, n− 2k) =

√
C2

2n−2k√
C2

2n

1√
C2k

2n−2

min(k,n−1−k)∑
i=0

2i

(n−1−k−i)!(2i)!(k−i)! ε{a(~p, 1) · ·︸ ︷︷ ︸
n−k−i

εb(~p, 0) · ·︸ ︷︷ ︸
2i

εc}(~p,−1)︸ ︷︷ ︸
k−i

+

√
C1

2n−2kC
1
2k√

C2
2n

1√
C2k−1

2n−2

min(k,n−k)∑
i=1

2i−1
√

2
(n−k−i)!(2i−1)!(k−i)! ε{a(~p, 1) · ·︸ ︷︷ ︸

n−k−i

εb(~p, 0) · ·︸ ︷︷ ︸
2i

εc}(~p,−1)︸ ︷︷ ︸
k−i

+

√
C2

2k√
C2

2n

1√
C2k−2

2n−2

min(k−1,n−k)∑
i=0

2i

(n−k−i)!(2i)!(k−1−i)! ε{a(~p, 1) · ·︸ ︷︷ ︸
n−k−i

εb(~p, 0) · ·︸ ︷︷ ︸
2i

εc}(~p,−1)︸ ︷︷ ︸
k−i

= n√
C2k

2n

min(k,n−k)∑
i=0

2i

(n−k−i)!(2i)!(k−i)! ε{a(~p, 1) · ·︸ ︷︷ ︸
n−k−i

εb(~p, 0) · ·︸ ︷︷ ︸
2i

εc}(~p,−1)︸ ︷︷ ︸
k−i

⇔ εa · ·b · ·c︸ ︷︷ ︸
n

(~p, n− 2k) = 1√
C2k

2n

min(k,n−k)∑
i=0

2i

(n−k−i)!(2i)!(k−i)! ε{a(~p, 1) · ·︸ ︷︷ ︸
n−k−i

εb(~p, 0) · ·︸ ︷︷ ︸
2i

εc}(~p,−1)︸ ︷︷ ︸
k−i

Similarly when n′ = n, 2:
n!εa · ·b · ·cd︸ ︷︷ ︸

n

(~p, h)

=

√
C2
n+h√
C2

2n

ε{a · ·b · ·c︸ ︷︷ ︸
n−1

(~p, h− 1)εd}(~p, 1) +

√
C1
n+hC

1
n−h√

C2
2n

ε{a · ·b · ·c︸ ︷︷ ︸
n−1

(~p, h)εd}(~p, 0) +

√
C2
n−h√
C2

2n

ε{a · ·b · ·c︸ ︷︷ ︸
n−1

(~p, h+ 1)εd}(~p,−1)

⇒ n!εa · ·b · ·cd︸ ︷︷ ︸
n

(~p, n− 2k − 1)

=

√
C2
n+n−2k−1√
C2

2n

ε{a · ·b · ·c︸ ︷︷ ︸
n−1

(~p, (n−1)−2k−1)εd}(~p, 1)+

√
C1
n+n−2k−1C

1
n−n+2k+1√

C2
2n

ε{a · ·b · ·c︸ ︷︷ ︸
n−1

(~p, (n−1)−2k)εd}(~p, 0)+

√
C2
n−n+2k+1√
C2

2n

ε{a · ·b · ·c︸ ︷︷ ︸
n−1

(~p, (n−

1)− 2(k − 1)− 1)εd}(~p,−1)

=

√
C2
n+n−2k−1√
C2

2n

1√
C2k+1

2n−2

min(k,n−1−1−k)∑
i=0

2i
√

2
(n−1−k−i−1)!(2i+1)!(k−i)! ε{(a(~p, 1) · ·︸ ︷︷ ︸

n−1−k−i−1

εb(~p, 0) · ·︸ ︷︷ ︸
2i+1

εc)(~p,−1)︸ ︷︷ ︸
k−i

εd}(~p, 1)

+

√
C1
n+n−2k−1C

1
n−n+2k+1√

C2
2n

1√
C2k

2n−2

min(k,n−1−k)∑
i=0

2i

(n−1−k−i)!(2i)!(k−i)! ε{(a(~p, 1) · ·︸ ︷︷ ︸
n−1−k−i

εb(~p, 0) · ·︸ ︷︷ ︸
2i

εc)(~p,−1)︸ ︷︷ ︸
k−i

εd}(~p, 0)

+

√
C2
n−n+2k+1√
C2

2n

1√
C2k−1

2n−2

min(k−1,n−1−1−k+1)∑
i=0

2i
√

2
(n−1−k+1−i−1)!(2i+1)!(k−1−i)! ε{(a(~p, 1) · ·︸ ︷︷ ︸

n−1−k+1−i−1

εb(~p, 0) · ·︸ ︷︷ ︸
2i+1

εc)(~p,−1)︸ ︷︷ ︸
k−1−i

εd}(~p,−1)

⇔ nεa · ·b · ·c︸ ︷︷ ︸
n

(~p, n− 2k − 1)

=

√
C2

2n−2k−1√
C2

2n

1√
C2k+1

2n−2

min(k,n−2−k)∑
i=0

2i
√

2
(n−2−k−i)!(2i+1)!(k−i)! ε{a(~p, 1) · ·︸ ︷︷ ︸

n−1−k−i

εb(~p, 0) · ·︸ ︷︷ ︸
2i+1

εc}(~p,−1)︸ ︷︷ ︸
k−i

+

√
C1

2n−2k−1C
1
2k+1√

C2
2n

1√
C2k

2n−2

min(k,n−1−k)∑
i=0

2i

(n−1−k−i)!(2i)!(k−i)! ε{a(~p, 1) · ·︸ ︷︷ ︸
n−1−k−i

εb(~p, 0) · ·︸ ︷︷ ︸
2i+1

εc}(~p,−1)︸ ︷︷ ︸
k−i

+

√
C2

2k+1√
C2

2n

1√
C2k−1

2n−2

min(k−1,n−1−k)∑
i=0

2i
√

2
(n−1−k−i)!(2i+1)!(k−1−i)! ε{(a(~p, 1) · ·︸ ︷︷ ︸

n−1−k−i

εb(~p, 0) · ·︸ ︷︷ ︸
2i+1

εc}(~p,−1)︸ ︷︷ ︸
k−i

= n√
C2k+1

2n

min(k,n−1−k)∑
i=0

2i
√

2
(n−k−i−1)!(2i+1)!(k−i)! ε{a(~p, 1) · ·︸ ︷︷ ︸

n−k−i−1

εb(~p, 0) · ·︸ ︷︷ ︸
2i+1

εc}(~p,−1)︸ ︷︷ ︸
k−i

⇔ εa · ·b · ·c · ·︸ ︷︷ ︸
n

(~p, n− 2k − 1) = 1√
C2k+1

2n

min(k,n−1−k)∑
i=0

2i
√

2
(n−k−i−1)!(2i+1)!(k−i)! ε{a(~p, 1) · ·︸ ︷︷ ︸

n−k−i−1

εb(~p, 0) · ·︸ ︷︷ ︸
2i+1

εc}(~p,−1)︸ ︷︷ ︸
k−i

This step proves that when n′ = n, the proposition is established.
Step 4: Based on the above inductive reasoning, the theorem has been proved.

Previously, this theorem was obtained only through intuition, speculation, trial and verification.
After more than two years (2019-2022), I finally rigorously proved the above theorem by using math-
ematical induction. It seems that long-term persistence and continuous in-depth thinking are very
important, sometimes more important than interest. This lays the foundation for completely proving
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the Behrends-Frontsdal projection operator formula.
1.5 Recursive relations of quasi projection operator for K-G equation

Cor. 1.5.1.

εa · ·bc︸ ︷︷ ︸
n

(~p, h)ε̄c(~p, 1) =

√
C2
n+h√
C2

2n

εa · ·b︸ ︷︷ ︸
n−1

(~p, h− 1)

εa · ·bc︸ ︷︷ ︸
n

(~p, h)ε̄c(~p, 0) =

√
C1
n+hC

1
n−h√

C2
2n

εa · ·b︸ ︷︷ ︸
n−1

(~p, h)

εa · ·bc︸ ︷︷ ︸
n

(~p, h)ε̄c(~p,−1) =

√
C2
n−h√
C2

2n

εa · ·b︸ ︷︷ ︸
n−1

(~p, h+ 1)

[⇒]
−(n−1)∑
h=(n−1)

εa · ·b︸ ︷︷ ︸
n−1

(~p, h)ε̄
a
′ · ·b′︸ ︷︷ ︸
n−1

(~p, h) = 2(n−1)+1
2n+1 [

−n∑
h=n

εa · ·bc︸ ︷︷ ︸
n

(~p, h)ε̄
a
′ · ·b′c′︸ ︷︷ ︸
n

(~p, h)][
−1∑
h′=1

εc
′
(~p, h′)ε̄c(~p, h′)]

Cor. 1.5.2.
−(n−n′)∑
h=(n−n′)

εa · ·b︸ ︷︷ ︸
n−n′

(~p, h)ε̄
a
′ · ·b′︸ ︷︷ ︸
n−n′

(~p, h)

= 2(n−n′)+1
2n+1 [

−n∑
h=n

εa · ·bc · ·d︸ ︷︷ ︸
n

(~p, h)ε̄
a
′ · ·b′c′ · ·d′︸ ︷︷ ︸

n

(~p, h)]

n′︷ ︸︸ ︷
[

−1∑
h′=1

εc
′
(~p, h′)ε̄c(~p, h′)] · ·[

−1∑
h′=1

εd
′
(~p, h′)ε̄d(~p, h′)]

Cor. 1.5.3.

−(n−n′)∑
h=(n−n′)

εa · ·b︸ ︷︷ ︸
n−n′

(~p, h)ε̄
a
′ · ·b′︸ ︷︷ ︸
n−n′

(~p, h) = 2(n−n′)+1
2n+1 [

−n∑
h=n

εa · ·bc · ·d︸ ︷︷ ︸
n

(~p, h)ε̄
a
′ · ·b′c′ · ·d′︸ ︷︷ ︸

n

(~p, h)]

n′︷ ︸︸ ︷
δcc
′
· ·δdd

′

−(n−n′)∑
h=(n−n′)

εa · ·b︸ ︷︷ ︸
n−n′

(~p, h)ε+
a
′ · ·b′︸ ︷︷ ︸
n−n′

(~p, h) = 2(n−n′)+1
2n+1 [

−n∑
h=n

εa · ·bc · ·d︸ ︷︷ ︸
n

(~p, h)ε+
a
′ · ·b′c′ · ·d′︸ ︷︷ ︸

n

(~p, h)]

n′︷ ︸︸ ︷
ηcc
′
· ·ηdd

′

Thm. 1.5.1.

−(n−n′)∑
h=(n−n′)

εa · ·b︸ ︷︷ ︸
n−n′

(~p, h)ε̄
a
′ · ·b′︸ ︷︷ ︸
n−n′

(~p, h) = 2n+1−2n′

2n+1 [
−n∑
h=n

εa · ·bc · ·d︸ ︷︷ ︸
n

(~p, h)ε̄
a
′ · ·b′c′ · ·d′︸ ︷︷ ︸

n

(~p, h)][
−n′∑
h′=n′

ε

n′︷ ︸︸ ︷
c
′ · ·d′(~p, h′)ε̄

n′︷ ︸︸ ︷
c · ·d(~p, h′)]

Proof:

εa · ·bc · ·d︸ ︷︷ ︸
n

(~p, h)ε̄

n′︷ ︸︸ ︷
c · ·d(~p, h′) =

√
Cn
′+h′

n+h Cn
′−h′

n−h√
C2n′

2n

εa · ·b︸ ︷︷ ︸
n−n′

(~p, h− h′)

⇒ εa · ·bc · ·d︸ ︷︷ ︸
n

(~p, h)ε̄a′ · ·b′c′ · ·d′︸ ︷︷ ︸
n

(~p, h)ε

n′︷ ︸︸ ︷
c
′ · ·d′(~p, h′)ε̄

n′︷ ︸︸ ︷
c · ·d(~p, h′) =

Cn
′+h′

n+h Cn
′−h′

n−h

C2n′
2n

εa · ·b︸ ︷︷ ︸
n−n′

(~p, h− h′)ε̄a′ · ·b′︸ ︷︷ ︸
n−n′

(~p, h− h′)

⇒
−n∑
h=n

−n′∑
h′=n′

εa · ·bc · ·d︸ ︷︷ ︸
n

(~p, h)ε̄a′ · ·b′c′ · ·d′︸ ︷︷ ︸
n

(~p, h)ε

n′︷ ︸︸ ︷
c
′ · ·d′(~p, h′)ε̄

n′︷ ︸︸ ︷
c · ·d(~p, h′)

=
−n∑
h=n

−n′∑
h′=n′

Cn
′+h′

n+h Cn
′−h′

n−h

C2n′
2n

εa · ·b︸ ︷︷ ︸
n−n′

(~p, h− h′)ε̄a′ · ·b′︸ ︷︷ ︸
n−n′

(~p, h− h′)

=
2n′∑
l=0

C
n′+(n′−l)
n+(n−l) C

n′−(n′−l)
n−(n−l)

C2n′
2n

εa · ·b︸ ︷︷ ︸
n−n′

(~p, n− n′)ε̄a′ · ·b′︸ ︷︷ ︸
n−n′

(~p, n− n′)

+
2n′∑
l=0

C
n′+(n′−l)
n+(n−1−l)C

n′−(n′−l)
n−(n−1−l)

C2n′
2n

εa · ·b︸ ︷︷ ︸
n−n′

(~p, n− n′ − 1)ε̄a′ · ·b′︸ ︷︷ ︸
n−n′

(~p, n− n′ − 1)

+
2n′∑
l=0

C
n′+(n′−l)
n+(n−2−l)C

n′−(n′−l)
n−(n−2−l)

C2n′
2n

εa · ·b︸ ︷︷ ︸
n−n′

(~p, n− n′ − 2)ε̄a′ · ·b′︸ ︷︷ ︸
n−n′

(~p, n− n′ − 2)

+ · ·

+
2n′∑
l=0

C
n′+(n′−l)
n+[n−2(n−n′)−l]C

n′−(n′−l)
n−[n−2(n−n′)−l]

C2n′
2n

εa · ·b︸ ︷︷ ︸
n−n′

(~p, n− n′ − 2(n− n′))ε̄a′ · ·b′︸ ︷︷ ︸
n−n′

(~p, n− n′ − 2(n− n′))

=
2n′−n∑
h=n

2n′∑
l=0

C
n′+(n′−l)
n+(h−l) C

n′−(n′−l)
n−(h−l)

C2n′
2n

εa · ·b︸ ︷︷ ︸
n−n′

(~p, h− n′)ε̄a′ · ·b′︸ ︷︷ ︸
n−n′

(~p, h− n′)

472



Chapter25 Potential Covariation Scheme for Complex Particles with Mass Shui-Rong Shi

=
2n′−n∑
h=n

−n′∑
h′=n′

Cn
′+h′

n+(h−n′+h′)C
n′−h′
n−(h−n′+h′)

C2n′
2n

εa · ·b︸ ︷︷ ︸
n−n′

(~p, h− n′)ε̄a′ · ·b′︸ ︷︷ ︸
n−n′

(~p, h− n′)

=
n′−n∑

h=n−n′

−n′∑
h′=n′

Cn
′+h′

(n+h′)+hC
n′−h′
(n−h′)−h

C2n′
2n

εa · ·b︸ ︷︷ ︸
n−n′

(~p, h)ε̄a′ · ·b′︸ ︷︷ ︸
n−n′

(~p, h)

⇒
−(n−n′)∑
h=(n−n′)

εa · ·b︸ ︷︷ ︸
n−n′

(~p, h)ε̄
a
′ · ·b′︸ ︷︷ ︸
n−n′

(~p, h) = 2n+1−2n′

2n+1 [
−n∑
h=n

εa · ·bc · ·d︸ ︷︷ ︸
n

(~p, h)ε̄
a
′ · ·b′c′ · ·d′︸ ︷︷ ︸

n

(~p, h)][
−n′∑
h′=n′

ε

n′︷ ︸︸ ︷
c
′ · ·d′(~p, h′)ε̄

n′︷ ︸︸ ︷
c · ·d(~p, h′)]

1.6 Derived to plane wave solutions of spin-n particles K-G equation

Thm. 1.6.1. (−∂c∂c +m2)Aab · ·︸ ︷︷ ︸
n

(x) = 0, Aab · ·︸ ︷︷ ︸
n

(x) = ( 1
2im )n

n︷ ︸︸ ︷
(C̄γa)λςµς (C̄γb)

ηςξς · ·ψλςµςηςξς · ·︸ ︷︷ ︸
2n

(x)

Aab · ·︸ ︷︷ ︸
n

(~r, t) = 1
(2π)3/2

+∞∫
~p=−∞

−n∑
h=n

1√
2nE

[a(~p, h)εab · ·︸ ︷︷ ︸
n

(~p, h)eip·x + b+(~p, h)ε̃ab · ·︸ ︷︷ ︸
n

(~p, h)e−ip·x]d3~p

εab · ·︸ ︷︷ ︸
n

(~p, h) = 1
(i
√

2)n

n︷ ︸︸ ︷
(C̄γa)λςµς (C̄γb)

ηςξς · ·Uλςµςηςξς · ·︸ ︷︷ ︸
2n

(~p, h)

ε̃ab · ·︸ ︷︷ ︸
n

(~p, h) = 1
(i
√

2)n

n︷ ︸︸ ︷
(C̄γa)λςµς (C̄γb)

ηςξς · ·Vλςµςηςξς · ·︸ ︷︷ ︸
2n

(~p, h)

Proof: [Aab · ·︸ ︷︷ ︸
n

(x), A+
a
′
b
′ · ·︸ ︷︷ ︸
n

(x′)]

= 1
(2π)3/2

∫ −n∑
h,h′=n

d3~pd3~p′ 1√
2nE

1√
2nE′

[a(~p, h)εab · ·︸ ︷︷ ︸
n

(~p, h)eip·x + b+(~p, h)ε̃ab · ·︸ ︷︷ ︸
n

(~p, h)e−ip·x, a+(~p′, h′)ε+
ab · ·︸ ︷︷ ︸
n

(~p′, h′)e−ip
′·x′ + b(~p′, h′)ε̃+

ab · ·︸ ︷︷ ︸
n

(~p′, h′)eip
′·x′ ]

= 1
(2π)3/2

∫ −n∑
h,h′=n

d3~pd3~p′ 1√
2nE

1√
2nE′

{εab · ·︸ ︷︷ ︸
n

(~p, h)ε+
ab · ·︸ ︷︷ ︸
n

(~p′, h′)[a(~p, h), a+(~p′, h′)]eip·xe−ip
′·x′ + ε̃ab · ·︸ ︷︷ ︸

n

(~p, h)ε̃+
ab · ·︸ ︷︷ ︸
n

(~p′, h′)[b+(~p, h), b(~p′, h′)]e−ip·xeip
′·x′}

= 1
(2π)3/2

∫ −n∑
h,h′=n

d3~pd3~p′ 1√
2nE

1√
2nE′

εab · ·︸ ︷︷ ︸
n

(~p, h)ε+
ab · ·︸ ︷︷ ︸
n

(~p′, h′)δhh′δ(~p− ~p′)(eip·xe−ip
′·x′ − e−ip·xeip′·x′)

= i
2n−1

∫
[
−n∑
h=n

εab · ·︸ ︷︷ ︸
n

(~p, h)ε+
ab · ·︸ ︷︷ ︸
n

(~p, h)]{ 1
(2π)3/2

−i
2E [eip·(x−x

′) − e−ip·(x−x′)]d3~p}

= i
2n−1 [

−n∑
h=n

εab · ·︸ ︷︷ ︸
n

(−i∂, h)ε+
ab · ·︸ ︷︷ ︸
n

(−i∂, h)]
∫
{ 1

(2π)3/2
−i
2E [eip·(x−x

′) − e−ip·(x−x′)]d3~p}

= i
2n−1 [

−n∑
h=n

εab · ·︸ ︷︷ ︸
n

(−i∂, h)ε+
ab · ·︸ ︷︷ ︸
n

(−i∂, h)]∆(x− x′)

1.7 Correct conjecture of K-G equation basis for spin-n particles(The original idea remains.)

Thm. 1.7.1.

Uλςµςηςξς · ·︸ ︷︷ ︸
2n

(~p, h) = 1
(2
√

2m)n
Xaλςµς (p)X

b
ηςξς (p) · ·︸ ︷︷ ︸

n

εab · ·︸ ︷︷ ︸
n

(~p, h)

[⇒]εab · ·︸ ︷︷ ︸
n

(~p, h) = 1
(i
√

2)n

n︷ ︸︸ ︷
(C̄γa)λςµς (C̄γb)

ηςξς · ·Uλςµςηςξς · ·︸ ︷︷ ︸
2n

(~p, h)

Vλςµςηςξς · ·︸ ︷︷ ︸
2n

(~p, h) = 1
(2
√

2m)n
Xaλςµς (−p)X

b
ηςξς (−p) · ·︸ ︷︷ ︸

n

ε̃ab · ·︸ ︷︷ ︸
n

(~p, h)

[⇒]ε̃ab · ·︸ ︷︷ ︸
n

(~p, h) = 1
(i
√

2)n

n︷ ︸︸ ︷
(C̄γa)λςµς (C̄γb)

ηςξς · ·Vλςµςηςξς · ·︸ ︷︷ ︸
2n

(~p, h)

Cor. 1.7.1.
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−n∑
h=n

Uλςµς · ·︸ ︷︷ ︸
2n

(~p, h)U+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2n

(~p, h) = 1
(2
√

2m)2n
Xaλςµς (p)X

b
ηςξς (p) · ·︸ ︷︷ ︸

n

X+a′

λ′ςµ
′
ς
(p)X+b′

η′ςξ
′
ς
(p) · ·︸ ︷︷ ︸

n

−n∑
h=n

εab · ·︸ ︷︷ ︸
n

(~p, h)ε+
a
′
b
′ · ·︸ ︷︷ ︸
n

(~p, h)

−n∑
h=n

Vλςµς · ·︸ ︷︷ ︸
2n

(~p, h)V +
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2n

(~p, h) = 1
(2
√

2m)2n
Xaλςµς (p)X

b
ηςξς (p) · ·︸ ︷︷ ︸

n

X+a′

λ′ςµ
′
ς
(p)X+b′

η′ςξ
′
ς
(p) · ·︸ ︷︷ ︸

n

−n∑
h=n

ε̃ab · ·︸ ︷︷ ︸
n

(~p, h)ε̃+
a
′
b
′ · ·︸ ︷︷ ︸
n

(~p, h)

Cor. 1.7.2.

−n∑
h=n

εab · ·︸ ︷︷ ︸
n

(~p, h)ε+
a
′
b
′ · ·︸ ︷︷ ︸
n

(~p, h) = 1
2n

n︷ ︸︸ ︷
(C̄γa)λςµς (C̄γb)

ηςξς · ·

n︷ ︸︸ ︷
(γa′C)λ

′
ςµ
′
ς (γb′C)η

′
ςξ
′
ς · ·

−n∑
h=n

Uλςµς · ·︸ ︷︷ ︸
2n

(~p, h)U+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2n

(~p, h)

−n∑
h=n

ε̃ab · ·︸ ︷︷ ︸
n

(~p, h)ε̃+
a
′
b
′ · ·︸ ︷︷ ︸
n

(~p, h) = 1
2n

n︷ ︸︸ ︷
(C̄γa)λςµς (C̄γb)

ηςξς · ·

n︷ ︸︸ ︷
(γa′C)λ

′
ςµ
′
ς (γb′C)η

′
ςξ
′
ς · ·

−n∑
h=n

Vλςµς · ·︸ ︷︷ ︸
2n

(~p, h)V +
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2n

(~p, h)

Thm. 1.7.2. εab · ·︸ ︷︷ ︸
n

(~p, h) = (−1)nε̃ab · ·︸ ︷︷ ︸
n

(~p, h)

Proof: εab · ·︸ ︷︷ ︸
n

(~p, h) = 1
(i
√

2)n

n︷ ︸︸ ︷
(C̄γa)λςµς (C̄γb)

ηςξς · ·Uλςµςηςξς · ·︸ ︷︷ ︸
2n

(~p, h)

= (−ς)2n 1
(i
√

2)n

n︷ ︸︸ ︷
(γ5C̄γaγ5)λςµς (γ5C̄γbγ5)ηςξς · ·Vλςµςηςξς · ·︸ ︷︷ ︸

2n

(~p, h)

= (−1)n 1
(i
√

2)n

n︷ ︸︸ ︷
(C̄γa)λςµς (C̄γb)

ηςξς · ·Vλςµςηςξς · ·︸ ︷︷ ︸
2n

(~p, h)

= (−1)nε̃ab · ·︸ ︷︷ ︸
n

(~p, h)

Proof: ε+

n︷ ︸︸ ︷
ab · ·(~p, h′)εab · ·︸ ︷︷ ︸

n

(~p, h)

= 1
(−i
√

2)n

n︷ ︸︸ ︷
(γaC)λ′ςµ′ς (γ

bC)η′ςξ′ς · ·U
+

2n︷ ︸︸ ︷
λ
′
ςµ
′
ςη
′
ςξ
′
ς · ·(~p, h′) 1

(i
√

2)n

n︷ ︸︸ ︷
(C̄γa)λςµς (C̄γb)

ηςξς · ·Uλςµςηςξς · ·︸ ︷︷ ︸
2n

(~p, h)

= 1
2n

n︷ ︸︸ ︷
(γaC)λ′ςµ′ς (γ

bC)η′ςξ′ς · ·

n︷ ︸︸ ︷
(C̄γa)λςµς (C̄γb)

ηςξς · ·U+

2n︷ ︸︸ ︷
λ
′
ςµ
′
ςη
′
ςξ
′
ς · ·(~p, h′)Uλςµςηςξς · ·︸ ︷︷ ︸

2n

(~p, h)

Thm. 1.7.3. ε+
ab · ·︸ ︷︷ ︸
n

(~p, h) = (−1)h

n︷ ︸︸ ︷
ηa
′

a η
b′

b · · εa′b′ · ·︸ ︷︷ ︸
n

(~p,−h)

Proof: ε+
ab · ·︸ ︷︷ ︸
n

(~p, h) = 1
(−i
√

2)n

n︷ ︸︸ ︷
(C̄γ∗a)λςµς (C̄γ∗b )ηςξς · ·U+

λςµςηςξς · ·︸ ︷︷ ︸
2n

(~p, h)

= 1
(−i
√

2)n

n︷ ︸︸ ︷
(C̄γ∗a)λςµς (C̄γ∗b )ηςξς · ·(−1)n+hς2n

4n︷ ︸︸ ︷
σy ⊗ σy · ·Vλςµς · ·σςτς︸ ︷︷ ︸

2n

(~p,−h)

= (−1)n+h

(−i
√

2)n

n︷ ︸︸ ︷
(γ2C̄γ

∗
aγ2)λςµς (γ2C̄γ

∗
b γ2)ηςξς · ·Vλςµς · ·σςτς︸ ︷︷ ︸

2n

(~p,−h)

= (−1)n+h

(i
√

2)n

n︷ ︸︸ ︷
(C̄γa′η

a′

a )λςµς (C̄γb′η
b′

b )ηςξς · ·Vλςµς · ·σςτς︸ ︷︷ ︸
2n

(~p,−h)

= (−1)n+h

(i
√

2)n

n︷ ︸︸ ︷
ηa
′

a η
b′

b · ·

n︷ ︸︸ ︷
(C̄γa′)

λςµς (C̄γb′)
ηςξς · ·Vλςµςηςξς · ·︸ ︷︷ ︸

2n

(~p,−h)

= (−1)h

n︷ ︸︸ ︷
ηa
′

a η
b′

b · · εa′b′ · ·︸ ︷︷ ︸
n

(~p,−h)
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Ass. 1.7.1. εa · ·b · ·c · ·︸ ︷︷ ︸
n

(~p, n− 2k) = (−1)nε̃a · ·b · ·c · ·︸ ︷︷ ︸
n

(~p, n− 2k)

= 1√
C2k

2n

min(k,n−k)∑
i=0

2i

(n−k−i)!(2i)!(k−i)! ε{a(~p, 1) · ·︸ ︷︷ ︸
n−k−i

εb(~p, 0) · ·︸ ︷︷ ︸
2i

εc}(~p,−1)︸ ︷︷ ︸
k−i

= 1√
C2k

2n

1
n!

min(k,n−k)∑
i=0

2iC2i
n C

k−i
n−2i ε{a(~p, 1) · ·︸ ︷︷ ︸

n−k−i

εb(~p, 0) · ·︸ ︷︷ ︸
2i

εc}(~p,−1)︸ ︷︷ ︸
k−i

= 1√
C2k

2n

1
n! [
√

20C0
nC

k
n−0 ε{a(~p, 1) · ·︸ ︷︷ ︸

n−k

εb(~p, 0) · ·︸ ︷︷ ︸
0

εc}(~p,−1)︸ ︷︷ ︸
k

+
√

22C2
nC

k−1
n−2 ε{a(~p, 1) · ·︸ ︷︷ ︸

n−k−1

εb(~p, 0) · ·︸ ︷︷ ︸
2

εc}(~p,−1)︸ ︷︷ ︸
k−1

+
√

24C4
nC

k−2
n−4 ε{a(~p, 1) · ·︸ ︷︷ ︸

n−k−2

εb(~p, 0) · ·︸ ︷︷ ︸
4

εc}(~p,−1)︸ ︷︷ ︸
k−2

+
√

26C6
nC

k−3
n−6 ε{a(~p, 1) · ·︸ ︷︷ ︸

n−k−3

εb(~p, 0) · ·︸ ︷︷ ︸
6

εc}(~p,−1)︸ ︷︷ ︸
k−3

+ · ·]

Ass. 1.7.2. εa · ·b · ·c · ·︸ ︷︷ ︸
n

(~p, n− 2k − 1) = (−1)nε̃a · ·b · ·c · ·︸ ︷︷ ︸
n

(~p, n− 2k − 1)

= 1√
C2k+1

2n

min(k,n−1−k)∑
i=0

2i
√

2
(n−k−i−1)!(2i+1)!(k−i)! ε{a(~p, 1) · ·︸ ︷︷ ︸

n−k−i−1

εb(~p, 0) · ·︸ ︷︷ ︸
2i+1

εc}(~p,−1)︸ ︷︷ ︸
k−i

= 1√
C2k+1

2n

1
n!

min(k,n−k−1)∑
i=0

√
22i+1C2i+1

n Ck−in−2i−1 ε{a(~p, 1) · ·︸ ︷︷ ︸
n−k−i−1

εb(~p, 0) · ·︸ ︷︷ ︸
2i+1

εc}(~p,−1)︸ ︷︷ ︸
k−i

= 1√
C2k+1

2n

1
n! [
√

21C1
nC

k
n−1 ε{a(~p, 1) · ·︸ ︷︷ ︸

n−k−1

εb(~p, 0) · ·︸ ︷︷ ︸
1

εc}(~p,−1)︸ ︷︷ ︸
k

+
√

23C3
nC

k−1
n−3 ε{a(~p, 1) · ·︸ ︷︷ ︸

n−k−2

εb(~p, 0) · ·︸ ︷︷ ︸
3

εc}(~p,−1)︸ ︷︷ ︸
k−1

+
√

25C5
nC

k−2
n−5 ε{a(~p, 1) · ·︸ ︷︷ ︸

n−k−3

εb(~p, 0) · ·︸ ︷︷ ︸
5

εc}(~p,−1)︸ ︷︷ ︸
k−2

+
√

27C7
nC

k−3
n−7 ε{a(~p, 1) · ·︸ ︷︷ ︸

n−k−4

εb(~p, 0) · ·︸ ︷︷ ︸
7

εc}(~p,−1)︸ ︷︷ ︸
k−3

+ · ·]

Cor. 1.7.3. δabεab · ·︸ ︷︷ ︸
n

(~p, h) = 0, paεab · ·︸ ︷︷ ︸
n

(~p, h) = 0, εab · ·︸ ︷︷ ︸
n

fully symmetric

1.8 Plane wave solutions of K-G equation for spin-n particles

Cor. 1.8.1. Aab··(~r, t) = 1
(2π)3/2

+∞∫
~p=−∞

−n∑
h=n

1√
2nE

εab··(~p, h)[a(~p, h)eip·x + (−1)nb+(~p, h)e−ip·x]d3~p

2 Several examples of spin basis and quasi projection operator for K-G equation
2.1 Quasi projection operator of K-G equation for spin-1 particles

Cor. 2.1.1. ε+
a′(~p, h)ηa

′

a = (−1)hεa(~p,−h)

Thm. 2.1.1.


−1∑
h=1

εa(~p, h)ε+
a′(~p, h) = ηaa′ +

pap
+

a′
m2

−1∑
h=1

εa(~p, h)ε+
a′(~p, h)ηa

′

b =
−1∑
h=1

(−1)hεa(~p, h)εb(~p,−h) = δab + papb
m2

Cor. 2.1.2. [−εa(~p, 1)εb(~p,−1) + εa(~p, 0)εb(~p, 0)− εa(~p,−1)εb(~p, 1)] = δab + papb
m2

Cor. 2.1.3. paεa(~p, h) = 0

2.2 Relations of K-G and 1-spin bases for spin-1 particles

Lem. 2.2.1.{
[σa+εa(~p, κ)]λ(p̂, κ) = 0, [σa+εa(~p,−κ)]λ(p̂, κ) = −iκ

√
2γ5u(~p,−κ2 ), [σa+εa(~p, 0)]λ(p̂, κ) = −iκγ5λ(p̂, κ)

[γaεa(~p, κ)]v(~p, κ2 ) = 0, [γaεa(~p,−κ)]v(~p, κ2 ) = iκ
√

2γ5v(~p,−κ2 ), [γaεa(~p, 0)]v(~p, κ2 ) = iκγ5v(~p, κ2 )

2.3 Quasi projection operator of K-G equation for spin-2 particles

Pro. 2.3.1.

|2, 2〉 = |1〉 ⊗ |1〉;
|2, 1〉 = 1√

2
(|0〉 ⊗ |1〉+ |1〉 ⊗ |0〉);

|2, 0〉 = 1√
6
(| − 1〉 ⊗ |1〉+ 2|0〉 ⊗ |0〉+ |1〉 ⊗ | − 1〉);

|2,−1〉 = 1√
2
(| − 1〉 ⊗ |0〉+ |0〉 ⊗ | − 1〉);

|2,−2〉 = | − 1〉 ⊗ | − 1〉;
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Pro. 2.3.2.

εab(~p, 2) = εa(~p, 1)εb(~p, 1)

εab(~p, 1) = 1√
2
[εa(~p, 1)εb(~p, 0) + εa(~p, 0)εb(~p, 1)]

εab(~p, 0) = 1√
6
[εa(~p, 1)εb(~p,−1) + εa(~p,−1)εb(~p, 1) + 2εa(~p, 0)εb(~p, 0)]

εab(~p,−1) = 1√
2
[εa(~p,−1)εb(~p, 0) + εa(~p, 0)εb(~p,−1)]

εab(~p,−2) = εa(~p,−1)εb(~p,−1)

δabεab(~p, h) = 0, paεab(~p, h) = 0, εab(~p, h) = εba(~p, h)

Cor. 2.3.1. ε+
a′b′(~p, h)ηa

′

a η
b′

b = (−1)hεab(~p,−h)

Thm. 2.3.1.
−2∑
h=2

εab(~p, h)ε+
a′b′(~p, h) = 1

4{[η{a(a′ +
p{ap

+

(a′

m2 ][ηb}b′) +
pb}p

+

b′)
m2 ]− 1

3 [δ{ab} +
p{apb}
m2 ][δ(a′b′) +

p+

(a′p
+

b′)
m2 ]}

Proof:
−2∑
h=2

εab(~p, h)ε+
a′b′(~p, h)

= 1
12{12εa(~p, 1)εb(~p, 1)ε+

a′(~p, 1)ε+
b′(~p, 1)

+ 6[εa(~p, 1)εb(~p, 0) + εa(~p, 0)εb(~p, 1)][ε+
a′(~p, 1)ε+

b′(~p, 0) + ε+
a′(~p, 0)ε+

b′(~p, 1)]
+ 2[εa(~p, 1)εb(~p,−1) + εa(~p,−1)εb(~p, 1) + 2εa(~p, 0)εb(~p, 0)]
[ε+
a′(~p, 1)ε+

b′(~p,−1) + ε+
a′(~p,−1)ε+

b′(~p, 1) + 2εa′(~p, 0)εb′(~p, 0)]
+ 6[εa(~p,−1)εb(~p, 0) + εa(~p, 0)εb(~p,−1)][ε+

a (~p,−1)ε+
b (~p, 0) + ε+

a′(~p, 0)ε+
b′(~p,−1)]

+ 12εa(~p,−1)εb(~p,−1)ε+
a′(~p,−1)ε+

b′(~p,−1)}
= 1

12{
3[εa(~p, 1)ε+

a′(~p, 1) + εa(~p, 0)ε+
a′(~p, 0) + εa(~p,−1)ε+

a′(~p,−1)][εb(~p, 1)ε+
b′(~p, 1) + εb(~p, 0)ε+

b′(~p, 0) + εb(~p,−1)ε+
b′(~p,−1)]

+
3[εa(~p, 1)ε+

b′(~p, 1) + εa(~p, 0)ε+
b′(~p, 0) + εa(~p,−1)ε+

b′(~p,−1)][εb(~p, 1)ε+
a′(~p, 1) + εb(~p, 0)ε+

a′(~p, 0) + εb(~p,−1)ε+
a′(~p,−1)]

+
3[εb(~p, 1)ε+

a′(~p, 1) + εb(~p, 0)ε+
a′(~p, 0) + εb(~p,−1)ε+

a′(~p,−1)][εa(~p, 1)ε+
b′(~p, 1) + εa(~p, 0)ε+

b′(~p, 0) + εa(~p,−1)ε+
b′(~p,−1)]

+
3[εb(~p, 1)ε+

b′(~p, 1) + εb(~p, 0)ε+
b′(~p, 0) + εb(~p,−1)ε+

b′(~p,−1)][εa(~p, 1)ε+
a′(~p, 1) + εa(~p, 0)ε+

a′(~p, 0) + εa(~p,−1)ε+
a′(~p,−1)]

−
4[−εa(~p, 1)εb(~p,−1) + εa(~p, 0)εb(~p, 0)− εa(~p,−1)εb(~p, 1)]
[−ε+

a′(~p, 1)ε+
b′(~p,−1) + ε+

a′(~p, 0)ε+
b′(~p, 0)− ε+

a′(~p,−1)ε+
b′(~p, 1)]}

= 1
4{[η{a(a′ +

p{ap
+

(a′

m2 ][ηb}b′) +
pb}p

+

b′)
m2 ]− 4

3 [δab + papb
m2 ][δa′b′ +

p+

a′p
+

b′
m2 ]}

= 1
4{[η{a(a′ +

p{ap
+

(a′

m2 ][ηb}b′) +
pb}p

+

b′)
m2 ]− 1

3 [δ{ab} +
p{apb}
m2 ][δ(a′b′) +

p+

(a′p
+

b′)
m2 ]}

Cor. 2.3.2.
−2∑
h=2

εa1a2
(~p, h)ε+

b′1b
′
2
(~p, h)η

b′1
b1
η
b′2
b2

= 1
4{[δ{a1(b1 +

p{a1
p(b1

m2 ][δa2}b2) +
pa2}pb2)

m2 ]− 1
3 [δ{a1a2} +

p{a1
pa2}

m2 ][δ(b1b2) +
p(b1

pb2)

m2 ]}

2.4 Another proof method

Pro. 2.4.1.

εa1a2
(~p, 2) = εa1

(~p, 1)εa2
(~p, 1)

εa1a2
(~p, 1) = 1√

2
[εa1

(~p, 1)εa2
(~p, 0) + εa1

(~p, 0)εa2
(~p, 1)]

εa1a2
(~p, 0) = 1√

6
[εa1

(~p, 1)εa2
(~p,−1) + εa1

(~p,−1)εa2
(~p, 1) + 2εa1

(~p, 0)εa2
(~p, 0)]

εa1a2
(~p,−1) = 1√

2
[εa1

(~p,−1)εa2
(~p, 0) + εa1

(~p, 0)εa2
(~p,−1)]

εa1a2(~p,−2) = εa1(~p,−1)εa2(~p,−1)

δa1a2εa1a2
(~p, h) = 0, pa1εa1a2

(~p, h) = 0, εa1a2
(~p, h) = εa2a1

(~p, h)

Pro. 2.4.2.

εb1b2(~p, 2) = εb1(~p, 1)εb2(~p, 1)

εb1b2(~p, 1) = 1√
2
[εb1(~p, 1)εb2(~p, 0) + εb1(~p, 0)εb2(~p, 1)]

εb1b2(~p, 0) = 1√
6
[εb1(~p, 1)εb2(~p,−1) + εb1(~p,−1)εb2(~p, 1) + 2εb1(~p, 0)εb2(~p, 0)]

εb1b2(~p,−1) = 1√
2
[εb1(~p,−1)εb2(~p, 0) + εb1(~p, 0)εb2(~p,−1)]

εb1b2(~p,−2) = εb1(~p,−1)εb2(~p,−1)

δb1b2εb1b2(~p, h) = 0, pb1εb1b2(~p, h) = 0, εb1b2(~p, h) = εb2b1(~p, h)

Cor. 2.4.1. εa(
[

0
0
|~p|

]
, 1) := 1√

2
[−1,−i, 0, 0]a, εa(

[
0
0
|~p|

]
, 0) := 1

m [0, 0, E, i|~p|]a, εa(
[

0
0
|~p|

]
, 1) := 1√

2
[1,−i, 0, 0]a

476



Chapter25 Potential Covariation Scheme for Complex Particles with Mass Shui-Rong Shi

Proof:

2[εa1a2
(~p, 1)εb1b2(~p, 1) + εa1a2

(~p,−1)εb1b2(~p,−1)]
= [εa1

(~p, 1)εa2
(~p, 0) + εa1

(~p, 0)εa2
(~p, 1)][εb1(~p,−1)εb2(~p, 0) + εb1(~p, 0)εb2(~p,−1)]

+ [εa1
(~p,−1)εa2

(~p, 0) + εa1
(~p, 0)εa2

(~p,−1)][εb1(~p, 1)εb2(~p, 0) + εb1(~p, 0)εb2(~p, 1)]
= [εa2(~p, 1)εb2(~p,−1) + εa2(~p,−1)εb2(~p, 1)]εa1(~p, 0)εb1(~p, 0)
+ [εa1(~p, 1)εb1(~p,−1) + εa1(~p,−1)εb1(~p, 1)]εa2(~p, 0)εb2(~p, 0)
+ [εa2

(~p, 1)εb1(~p,−1) + εa2
(~p,−1)εb1(~p, 1)]εa1

(~p, 0)εb2(~p, 0)
+ [εa2

(~p, 1)εb1(~p,−1) + εa2
(~p,−1)εb1(~p, 1)]εa1

(~p, 0)εb2(~p, 0)
= Q{a1(b1 [εa2}(~p, 0)εb2)(~p, 0)]
= −P{a1(b1 [εa2}(~p, 0)εb2)(~p, 0)] + ε{a1

(~p, 0)εa2}(~p, 0)ε(b1(~p, 0)εb2)(~p, 0)

Proof:
−2∑
h=2

εa1a2
(~p, h)ε̄b1b2(~p, h) =

−2∑
h=2

(−1)hεa1a2
(~p, h)εb1b2(~p,−h)

= 1
12

{12εa1(~p, 1)εa2(~p, 1)εb1(~p,−1)εb2(~p,−1)
− 6[εa1

(~p, 1)εa2
(~p, 0) + εa1

(~p, 0)εa2
(~p, 1)][εb1(~p,−1)εb2(~p, 0) + εb1(~p, 0)εb2(~p,−1)]

+ 2[εa1
(~p, 1)εa2

(~p,−1) + εa1
(~p,−1)εa2

(~p, 1) + 2εa1
(~p, 0)εa2

(~p, 0)]
[εb1(~p, 1)εb2(~p,−1) + εb1(~p,−1)εb2(~p, 1) + 2εb1(~p, 0)εb2(~p, 0)]
− 6[εa1(~p,−1)εa2(~p, 0) + εa1(~p, 0)εa2(~p,−1)][εb1(~p, 1)εb2(~p, 0) + εb1(~p, 0)εb2(~p, 1)]
+ 12εa1(~p,−1)εa2(~p,−1)εb1(~p, 1)εb2(~p, 1)}
= 1

12
{12εa1

(~p, 1)εa2
(~p, 1)εb1(~p,−1)εb2(~p,−1) + 12εa1

(~p,−1)εa2
(~p,−1)εb1(~p, 1)εb2(~p, 1)

+ 12εa1
(~p, 0)εa2

(~p, 0)εb1(~p, 0)εb2(~p, 0)
− 4[εa1

(~p, 1)εa2
(~p,−1) + εa1

(~p,−1)εa2
(~p, 1)][εb1(~p, 1)εb2(~p,−1) + εb1(~p,−1)εb2(~p, 1)]

− 4εa1(~p, 0)εa2(~p, 0)εb1(~p, 0)εb2(~p, 0)
+ 4[εa1(~p, 1)εa2(~p,−1) + εa1(~p,−1)εa2(~p, 1)]εb1(~p, 0)εb2(~p, 0)
+ 4[εb1(~p, 1)εb2(~p,−1) + εb1(~p,−1)εb2(~p, 1)]εa1

(~p, 0)εa2
(~p, 0)

+ 6[εa1
(~p, 1)εa2

(~p,−1) + εa1
(~p,−1)εa2

(~p, 1)][εb1(~p, 1)εb2(~p,−1) + εb1(~p,−1)εb2(~p, 1)]
− 6{[εa2

(~p, 1)εb2(~p,−1) + εa2
(~p,−1)εb2(~p, 1)]εa1

(~p, 0)εb1(~p, 0)
+ [εa1(~p, 1)εb1(~p,−1) + εa1(~p,−1)εb1(~p, 1)]εa2(~p, 0)εb2(~p, 0)
+ [εa2(~p, 1)εb1(~p,−1) + εa2(~p,−1)εb1(~p, 1)]εa1(~p, 0)εb2(~p, 0)
+ [εa2

(~p, 1)εb1(~p,−1) + εa2
(~p,−1)εb1(~p, 1)]εa1

(~p, 0)εb2(~p, 0)}}
= 1

12
{12εa1

(~p, 0)εa2
(~p, 0)εb1(~p, 0)εb2(~p, 0)

+ 6[εa1
(~p, 1)εb1(~p,−1) + εa1

(~p,−1)εb1(~p, 1)][εa2
(~p, 1)εb2(~p,−1) + εa2

(~p,−1)εb2(~p, 1)]
+ 6[εa1

(~p, 1)εb2(~p,−1) + εa1
(~p,−1)εb2(~p, 1)][εa2

(~p, 1)εb1(~p,−1) + εa2
(~p,−1)εb1(~p, 1)]

− 6{[εa2(~p, 1)εb2(~p,−1) + εa2(~p,−1)εb2(~p, 1)]εa1(~p, 0)εb1(~p, 0)
+ [εa1(~p, 1)εb1(~p,−1) + εa1(~p,−1)εb1(~p, 1)]εa2(~p, 0)εb2(~p, 0)
+ [εa2

(~p, 1)εb1(~p,−1) + εa2
(~p,−1)εb1(~p, 1)]εa1

(~p, 0)εb2(~p, 0)
+ [εa2

(~p, 1)εb1(~p,−1) + εa2
(~p,−1)εb1(~p, 1)]εa1

(~p, 0)εb2(~p, 0)}
−
4[−εa1(~p, 1)εa2(~p,−1) + εa1(~p, 0)εa2(~p, 0)− εa1(~p,−1)εa2(~p, 1)]
[−εb1(~p, 1)εb2(~p,−1) + εb1(~p, 0)εb2(~p, 0)− εb1(~p,−1)εb2(~p, 1)]}
= 1

12{
6[−εa1(~p, 1)εb1(~p,−1) + εa1(~p, 0)εb1(~p, 0)− εa1(~p,−1)εb1(~p, 1)]
[−εa2

(~p, 1)εb2(~p,−1) + εa2
(~p, 0)εb2(~p, 0)− εa2

(~p,−1)εb2(~p, 1)]
+
6[−εa1

(~p, 1)εb2(~p,−1) + εa1
(~p, 0)εb2(~p, 0)− εa1

(~p,−1)εb2(~p, 1)]
[−εa2(~p, 1)εb1(~p,−1) + εa2(~p, 0)εb1(~p, 0)− εa2(~p,−1)εb1(~p, 1)]
−
4[−εa1

(~p, 1)εa2
(~p,−1) + εa1

(~p, 0)εa2
(~p, 0)− εa1

(~p,−1)εa2
(~p, 1)]

[−εb1(~p, 1)εb2(~p,−1) + εb1(~p, 0)εb2(~p, 0)− εb1(~p,−1)εb2(~p, 1)]
= 1

12{
3[−εa1

(~p, 1)εb1(~p,−1) + εa1
(~p, 0)εb1(~p, 0)− εa1

(~p,−1)εb1(~p, 1)]
[−εa2(~p, 1)εb2(~p,−1) + εa2(~p, 0)εb2(~p, 0)− εa2(~p,−1)εb2(~p, 1)]
+
3[−εa2

(~p, 1)εb1(~p,−1) + εa2
(~p, 0)εb1(~p, 0)− εa2

(~p,−1)εb1(~p, 1)]
[−εa1

(~p, 1)εb2(~p,−1) + εa1
(~p, 0)εb2(~p, 0)− εa1

(~p,−1)εb2(~p, 1)]
+
3[−εa1(~p, 1)εb2(~p,−1) + εa1(~p, 0)εb2(~p, 0)− εa1(~p,−1)εb2(~p, 1)]
[−εa2(~p, 1)εb1(~p,−1) + εa2(~p, 0)εb1(~p, 0)− εa2(~p,−1)εb1(~p, 1)]
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+
3[−εa2

(~p, 1)εb2(~p,−1) + εa2
(~p, 0)εb2(~p, 0)− εa2

(~p,−1)εb2(~p, 1)]
[−εa1

(~p, 1)εb1(~p,−1) + εa1
(~p, 0)εb1(~p, 0)− εa1

(~p,−1)εb1(~p, 1)]
−
4[−εa1(~p, 1)εa2(~p,−1) + εa1(~p, 0)εa2(~p, 0)− εa1(~p,−1)εa2(~p, 1)]
[−εb1(~p, 1)εb2(~p,−1) + εb1(~p, 0)εb2(~p, 0)− εb1(~p,−1)εb2(~p, 1)]
= 1

4{[δ{a1(b1 +
p{a1

p(b1

m2 ][δa2}b2) +
pa2}pb2)

m2 ]− 1
3 [δ{a1a2} +

p{a1
pa2}

m2 ][δ(b1b2) +
p(b1

pb2)

m2 ]}

Cor. 2.4.2. 2[εa1a2
(~p, 1)εb1b2(~p, 1) + εa1a2

(~p,−1)εb1b2(~p,−1)]
= −P{a1(b1 [εa2}(~p, 0)εb2)(~p, 0)] + ε{a1

(~p, 0)εa2}(~p, 0)ε(b1(~p, 0)εb2)(~p, 0)

Cor. 2.4.3.

[εa1
(~p, 1)εb1(~p,−1) + εa1

(~p,−1)εb1(~p, 1)][εa2
(~p, 1)εb2(~p,−1) + εa2

(~p,−1)εb2(~p, 1)]
+
[εa1(~p, 1)εb2(~p,−1) + εa1(~p,−1)εb2(~p, 1)][εa2(~p, 1)εb1(~p,−1) + εa2(~p,−1)εb1(~p, 1)]
= 2[εa1

(~p, 1)εa2
(~p, 1)][εb1(~p,−1)εb2(~p,−1)] + 2[εa1

(~p,−1)εa2
(~p,−1)][εb1(~p, 1)εb2(~p, 1)]

+ [εa1
(~p, 1)εa2

(~p,−1) + εa1
(~p,−1)εa2

(~p, 1)][εb1(~p, 1)εb2(~p,−1) + εb1(~p,−1)εb2(~p, 1)]

Cor. 2.4.4. 2ε{a1
(~p, 1)εb1}(~p,−1)ε(a2

(~p, 1)εb2)(~p,−1) + 2ε{a1
(~p, 1)εb2}(~p,−1)ε(a2

(~p, 1)εb1)(~p,−1)
= ε{a1

(~p, 1)εa2}(~p, 1)ε{b1(~p,−1)εb2}(~p,−1) + ε{a1
(~p,−1)εa2}(~p,−1)ε{b1(~p, 1)εb2}(~p, 1)

+ 2ε{a1
(~p, 1)εa2}(~p,−1)ε{b1(~p, 1)εb2}(~p,−1)

Cor. 2.4.5. Q{a1(b1Qa2}b2)

= ε{a1
(~p, 1)εa2}(~p, 1)ε(b1(~p,−1)εb2)(~p,−1) + ε{a1

(~p,−1)εa2}(~p,−1)ε(b1(~p, 1)εb2)(~p, 1) + 2Qa1a2
Qb1b2

Cor. 2.4.6.

P{a1(b1Pa2}b2) = [Q{a1(b1 − ε{a1
(~p, 0)ε(b1(~p, 0)][Qa2}b2) − εa2}(~p, 0)εb2)(~p, 0)]

= Q{a1(b1Qa2}b2) − 2Q{a1(b1 [εa2}(~p, 0)εb2)(~p, 0)] + ε{a1
(~p, 0)εa2}(~p, 0)ε(b1(~p, 0)εb2)(~p, 0)

2.5 CG coefficients and spin bases of K-G equation for spin-3 particles

Cor. 2.5.1.

〈2, 2; 1, 1|2, 1; 3, 3〉 = 1

〈2, 2; 1, 0|2, 1; 3, 2〉 = 1√
3
, 〈2, 1; 1, 1|2, 1; 3, 2〉 =

√
2√
3

〈2, 2; 1,−1|2, 1; 3, 1〉 = 1√
15
, 〈2, 1; 1, 0|2, 1; 3, 1〉 =

√
8√
15
, 〈2, 0; 1, 1|2, 1; 3, 1〉 =

√
6√
15

〈2, 1; 1,−1|2, 1; 3, 0〉 = 1√
5
, 〈2, 0; 1, 0|2, 1; 3, 0〉 =

√
3√
15
, 〈2,−1; 1, 1|2, 1; 3, 0〉 = 1√

5

〈2,−2; 1, 1|2, 1; 3,−1〉 = 1√
15
, 〈2,−1; 1, 0|2, 1; 3,−1〉 =

√
8√
15
, 〈2, 0; 1,−1|2, 1; 3,−1〉 =

√
6√
15

〈2,−2; 1, 0|2, 1; 3,−2〉 = 1√
3
, 〈2,−1; 1,−1|2, 1; 3,−2〉 =

√
2√
3

〈2,−2; 1,−1|2, 1; 3,−3〉 = 1

Cor. 2.5.2.

εabc(~p, 3) = εab(~p, 2)εc(~p, 1) = 1
3!ε{a(~p, 1)εb(~p, 1)εc}(~p, 1)

εabc(~p, 2) = 1√
3
εab(~p, 2)εc(~p, 0) +

√
2√
3
εab(~p, 1)εc(~p, 1) =

√
3

3! ε{a(~p, 1)εb(~p, 1)εc}(~p, 0)

εabc(~p, 1) = 1√
15
εab(~p, 2)εc(~p,−1) +

√
8√
15
εab(~p, 1)εc(~p, 0) +

√
6√
15
εab(~p, 0)εc(~p, 1)

= 6
3!
√

15
ε{a(~p, 1)εb(~p, 0)εc}(~p, 0) + 3

3!
√

15
ε{a(~p, 1)εb(~p, 1)εc}(~p,−1)

εabc(~p, 0) = 1√
5
εab(~p, 1)εc(~p,−1) +

√
3√
5
εab(~p, 0)εc(~p, 0) + 1√

5
εab(~p,−1)εc(~p, 1)

= 6
3!
√

10
ε{a(~p, 1)εb(~p, 0)εc}(~p,−1) + 2

3!
√

10
ε{a(~p, 0)εb(~p, 0)εc}(~p, 0)

εabc(~p,−1) = 1√
15
εab(~p,−2)εc(~p, 1) +

√
8√
15
εab(~p,−1)εc(~p, 0) +

√
6√
15
εab(~p, 0)εc(~p,−1)

= 6
3!
√

15
ε{a(~p,−1)εb(~p, 0)εc}(~p, 0) + 3

3!
√

15
ε{a(~p,−1)εb(~p,−1)εc}(~p, 1)

εabc(~p,−2) = 1√
3
εab(~p,−2)εc(~p, 0) +

√
2√
3
εab(~p,−1)εc(~p,−1) =

√
3

3! ε{a(~p,−1)εb(~p,−1)εc}(~p, 0)

εabc(~p,−3) = εab(~p,−2)εc(~p,−1) = 1
3!ε{a(~p,−1)εb(~p,−1)εc}(~p,−1)

2.6 Quasi projection operator of K-G equation for spin-n particles

Def. 2.6.1. ε̄a(~p, h) := ε+
a′(~p, h)ηa

′

a , ε̄ab(~p, h) := ε+
a′b′(~p, h)ηa

′

a η
b′

b , Pab := δab + papb
m2

Cor. 2.6.1.
−1∑
h=1

εa1
(~p, h)ε̄b1(~p, h) = Pa1b1 ,

−1∑
h=1

−|h|εa1
(~p, h)ε̄b1(~p, h) := Qa1b1 = ε{a1

(~p, 1)εb1}(~p,−1)

−2∑
h=2

εa1a2(~p, h)ε̄b1b2(~p, h) = 1
(2!)2 [P{a1(b1Pa2}b2) − 1

3P{a1a2}P(b1b2)]
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Ass. 2.6.1.
−n∑
h=n

εa1a2··an(~p, h)ε̄b1b2··bn(~p, h) = 1
(n!)2

[n/2]∑
r=0

An,r[P{a1a2
P(b1b2 · ·Pa2r−1a2r

Pb2r−1b2r ][Pa2r+1b2r+1
· ·Pan}bn)]

An,r = (− 1
2 )r n!(2n−2r−1)!!

r!(n−2r)!(2n−1)!! = (− 1
2 )r 1

r!
n(n−1)··(n−2r+1)

(2n−1)(2n−3)··(2n−2r+1) = (−1)r n!n!
(2n)!

(2n−2r)!
r!(n−r)!(n−2r)! = (−1)rC−n2n C

r
nC

n
2n−2r

An,0 = 1, An,1 = − n(n−1)
2(2n−1) , An,2 = n(n−1)(n−2)(n−3)

8(2n−1)(2n−3) , · · ·

The above formula constructed by Behrends and Fronsdal has not been strictly proven, and is essentially
a conjecture. It is a prerequisite for many latter important conclusions. It need to be proved strictly,
but I can’t finish the proof yet.

Def. 2.6.2. Pa1a2··anb1b2··bn(n) :=
−n∑
h=n

εa1a2··an(~p, h)ε̄b1b2··bn(~p, h)

Ass. 2.6.2.

Pa1a2··anb1b2··bn(n) = 1
(n!)2

[n/2]∑
r=0

(− 1
2 )r 1

r!
n(n−1)··(n−2r+1)

(2n−1)(2n−3)··(2n−2r+1) [P{a1a2
P(b1b2 · ·Pa2r−1a2rPb2r−1b2r ][Pa2r+1b2r+1 · ·Pan}bn)]

= 1
(2n)!

[n/2]∑
r=0

(−1)rCrnC
n
2n−2r[P{a1a2

P(b1b2 · ·Pa2r−1a2r
Pb2r−1b2r ][Pa2r+1b2r+1

· ·Pan}bn)]

Ass. 2.6.3. Pa1a2··anb1b2··bn(n) = P{a1a2··an−1,(b1b2··bn−1
(n− 1)Pan}bn)

+ P{a1a2··an−1,an}(b1b2··bn−2
(n− 1)Pbn−1bn) + P{a1a2··an−2(bn,b1b2··bn−1)(n− 1)Pan−1an}

Ass. 2.6.4.

−n∑
h=n

εab · ·︸ ︷︷ ︸
n

(~p, h)ε+
a
′
b
′ · ·︸ ︷︷ ︸
n

(~p, h) = n+1
2n+3

−(n+1)∑
h=n+1

−1∑
h′=1

εab · ·c︸ ︷︷ ︸
n+1

(~p, h)σc+λm(~p, h′)[εa′b′ · ·c′︸ ︷︷ ︸
n+1

(~p, h)σc
′

+λm(~p, h′)]+

−(n+1/2)∑
h=n+1/2

ε̃ab · ·︸ ︷︷ ︸
n

[τς ](~p, h)ε̃+
a
′
b
′ · ·︸ ︷︷ ︸
n

[τ ′ς ]
(~p, h) = n+1

2n+3

−(n+1)∑
h=n+1

−1/2∑
h′=1/2

εab · ·c︸ ︷︷ ︸
n+1

(~p, h)γcu(~p, h′)[εa′b′ · ·c′︸ ︷︷ ︸
n+1

(~p, h)γc
′
u(~p, h′)]+

3 Anticommutation rules for Rarita-Schwinger equation
3.1 B-W equation is equivalent to R-S equation for s = n+ 1

2 particles with mass [16, 17,20]

Thm. 3.1.1.


(γa∂a +m)ψ[λς ]µςηςξς · ·τς︸ ︷︷ ︸

2n+1

(x) = 0

ψλςµςηςξς · ·τς︸ ︷︷ ︸
2n+1

(x) fully symmetric
⇔



(γc∂c +m)Aab · ·︸ ︷︷ ︸
n

[τς ](x) = 0

δabAab · ·︸ ︷︷ ︸
n

[τς ](x) = 0, γaAab · ·︸ ︷︷ ︸
n

[τς ](x) = 0, Aab · ·︸ ︷︷ ︸
n

[τς ](x) fully symmetric

ψλςµςηςξς · ·τς︸ ︷︷ ︸
2n+1

(x) = 1
2n

n︷ ︸︸ ︷
XaλςµςX

b
ηςξς · ·Aab · ·︸ ︷︷ ︸

n

τς (x)

ψλςµς · ·︸ ︷︷ ︸
2n

(~r, t)

= 1
(2π)3/2

+∞∫
~p=−∞

−(n+1/2)∑
h=n+1/2

En
√

m
E

2n+1
[a(~p, h)Uλςµς · ·︸ ︷︷ ︸

2n

(~p, h)eip·x + b+(~p, h)Vλςµς · ·︸ ︷︷ ︸
2n

(~p, h)e−ip·x]d3~p

Aab··τς (~r, t) = 1
(2π)3/2

+∞∫
~p=−∞

−n∑
h=n

√
m√

2nE
[εab··τς (~p, h)a(~p, h)eip·x + ε̃ab··τς (~p, h)b+(~p, h)e−ip·x]d3~p

Self comment: Treat it the same way as the boson case. The following two corollaries can also be easily
obtained by substituting the respective plane wave solutions into the above two equivalent equations
and using the Fourier component equivalence.

Cor. 3.1.1.



(iγapa +m)U[λς ]µςηςξς · ·τς︸ ︷︷ ︸
2n+1

(~p, h) = 0

Uλςµςηςξς · ·τς︸ ︷︷ ︸
2n+1

(~p, h) fully symmetric, εab · ·︸ ︷︷ ︸
n

τς (~p, h)

= 1
(i
√

2)n

n︷ ︸︸ ︷
(C̄γa)λςµς (C̄γb)

ηςξς · ·Uλςµς · ·τς︸ ︷︷ ︸
2n+1

(~p, h)

⇔



(iγcpc +m)εab · ·︸ ︷︷ ︸
n

[τς ](~p, h) = 0

εab · ·︸ ︷︷ ︸
n

[τς ](~p, h) fully symmetric, δabεab · ·︸ ︷︷ ︸
n

[τς ](~p, h) = 0,

γaεab · ·︸ ︷︷ ︸
n

[τς ](~p, h) = 0, paεab · ·︸ ︷︷ ︸
n

[τς ](~p, h) = 0

Uλςµς · ·τς︸ ︷︷ ︸
2n+1

(~p, h)

= 1
(2
√

2m)n
Xaλςµς (p)X

b
ηςξς (p) · ·︸ ︷︷ ︸

n

εab · ·︸ ︷︷ ︸
n

τς (~p, h)
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Cor. 3.1.2.



(−iγapa +m)V[λς ]µςηςξς · ·τς︸ ︷︷ ︸
2n+1

(~p, h) = 0

Vλςµςηςξς · ·τς︸ ︷︷ ︸
2n+1

(~p, h) fully symmetric, ε̃ab · ·︸ ︷︷ ︸
n

τς (~p, h)

= 1
(i
√

2)n

n︷ ︸︸ ︷
(C̄γa)λςµς (C̄γb)

ηςξς · ·Vλςµς · ·τς︸ ︷︷ ︸
2n+1

(~p, h)

⇔



(−iγcpc +m)ε̃ab · ·︸ ︷︷ ︸
n

[τς ](~p, h) = 0

ε̃ab · ·︸ ︷︷ ︸
n

[τς ](~p, h) fully symmetric, δabε̃ab · ·︸ ︷︷ ︸
n

[τς ](~p, h) = 0

γaε̃ab · ·︸ ︷︷ ︸
n

[τς ](~p, h) = 0, paε̃ab · ·︸ ︷︷ ︸
n

[τς ](~p, h) = 0

Vλςµς · ·τς︸ ︷︷ ︸
2n+1

(~p, h)

= 1
(2
√

2m)n
Xaλςµς (−p)X

b
ηςξς (−p) · ·︸ ︷︷ ︸

n

ε̃ab · ·︸ ︷︷ ︸
n

τς (~p, h)

Cor. 3.1.3. Λ−(~p, 1
2 )γ4εab · ·︸ ︷︷ ︸

n

[τς ](~p, h) = 0,Λ+(~p, 1
2 )γ4ε̃ab · ·︸ ︷︷ ︸

n

[τς ](~p, h) = 0

3.2 Spin basis of Rarita-Schwinger equation for s = n+ 1
2 particles

Thm. 3.2.1.

Uλςµς · ·τς︸ ︷︷ ︸
2n+1

(~p, h) = 1
(2
√

2m)n
Xaλςµς (p)X

b
ηςξς (p) · ·︸ ︷︷ ︸

n

εab · ·︸ ︷︷ ︸
n

τς (~p, h)

[⇒]εab · ·︸ ︷︷ ︸
n

τς (~p, h) = 1
(i
√

2)n

n︷ ︸︸ ︷
(C̄γa)λςµς (C̄γb)

ηςξς · ·Uλςµς · ·τς︸ ︷︷ ︸
2n+1

(~p, h)

Vλςµς · ·τς︸ ︷︷ ︸
2n+1

(~p, h) = 1
(2
√

2m)n
Xaλςµς (p)X

b
ηςξς (p) · ·︸ ︷︷ ︸

n

ε̃ab · ·︸ ︷︷ ︸
n

τς (~p, h)

[⇒]ε̃ab · ·︸ ︷︷ ︸
n

τς (~p, h) = 1
(i
√

2)n

n︷ ︸︸ ︷
(C̄γa)λςµς (C̄γb)

ηςξς · ·Vλςµς · ·τς︸ ︷︷ ︸
2n+1

(~p, h)

Thm. 3.2.2.

Uλςµς · ·τς︸ ︷︷ ︸
2n+1

(~p, h) = 1
(2
√

2m)n
Xaλςµς (p)X

b
ηςξς (p) · ·︸ ︷︷ ︸

n

εab · ·︸ ︷︷ ︸
n

τς (~p, h)

[⇒]εab · ·︸ ︷︷ ︸
n

τς (~p, h) = 1
(i
√

2)n

n︷ ︸︸ ︷
(C̄γa)λςµς (C̄γb)

ηςξς · ·Uλςµς · ·τς︸ ︷︷ ︸
2n+1

(~p, h)

Vλςµς · ·τς︸ ︷︷ ︸
2n+1

(~p, h) = 1
(2
√

2m)n
Xaλςµς (p)X

b
ηςξς (p) · ·︸ ︷︷ ︸

n

ε̃ab · ·︸ ︷︷ ︸
n

τς (~p, h)

[⇒]ε̃ab · ·︸ ︷︷ ︸
n

τς (~p, h) = 1
(i
√

2)n

n︷ ︸︸ ︷
(C̄γa)λςµς (C̄γb)

ηςξς · ·Vλςµς · ·τς︸ ︷︷ ︸
2n+1

(~p, h)

Cor. 3.2.1.

−(n+
1
2 )∑

h=n+
1
2

Uλςµς · ·τς︸ ︷︷ ︸
2n+1

(~p, h)U+
λ
′
ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2n+1

(~p, h)

= 1
(2
√

2m)2n
Xaλςµς (p)X

b
ηςξς (p) · ·︸ ︷︷ ︸

n

X+a′

λ′ςµ
′
ς
(p)X+b′

η′ςξ
′
ς
(p) · ·︸ ︷︷ ︸

n

−(n+
1
2 )∑

h=n+
1
2

εab · ·︸ ︷︷ ︸
n

τς (~p, h)ε+
a
′
b
′ · ·︸ ︷︷ ︸
n

τ ′ς
(~p, h)

−(n+
1
2 )∑

h=n+
1
2

Vλςµς · ·τς︸ ︷︷ ︸
2n+1

(~p, h)V +
λ
′
ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2n+1

(~p, h)

= 1
(2
√

2m)2n
Xaλςµς (p)X

b
ηςξς (p) · ·︸ ︷︷ ︸

n

X+a′

λ′ςµ
′
ς
(p)X+b′

η′ςξ
′
ς
(p) · ·︸ ︷︷ ︸

n

−(n+
1
2 )∑

h=n+
1
2

ε̃ab · ·︸ ︷︷ ︸
n

τς (~p, h)ε̃+
a
′
b
′ · ·︸ ︷︷ ︸
n

τ ′ς
(~p, h)

Cor. 3.2.2.
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−(n+
1
2 )∑

h=n+
1
2

εab · ·︸ ︷︷ ︸
n

τς (~p, h)ε+
a
′
b
′ · ·︸ ︷︷ ︸
n

τ ′ς
(~p, h)

= 1
2n

n︷ ︸︸ ︷
(C̄γa)λςµς (C̄γb)

ηςξς · ·

n︷ ︸︸ ︷
(γa′C)λ

′
ςµ
′
ς (γb′C)η

′
ςξ
′
ς · ·
−(n+

1
2 )∑

h=n+
1
2

Uλςµς · ·τς︸ ︷︷ ︸
2n+1

(~p, h)U+
λ
′
ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2n+1

(~p, h)

−(n+
1
2 )∑

h=n+
1
2

ε̃ab · ·︸ ︷︷ ︸
n

τς (~p, h)ε̃+
a
′
b
′ · ·︸ ︷︷ ︸
n

τ ′ς
(~p, h)

= 1
2n

n︷ ︸︸ ︷
(C̄γa)λςµς (C̄γb)

ηςξς · ·

n︷ ︸︸ ︷
(γa′C)λ

′
ςµ
′
ς (γb′C)η

′
ςξ
′
ς · ·
−(n+

1
2 )∑

h=n+
1
2

Vλςµς · ·τς︸ ︷︷ ︸
2n+1

(~p, h)V +
λ
′
ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2n+1

(~p, h)

Thm. 3.2.3. εab · ·︸ ︷︷ ︸
n

τς (~p, h) = −ς(−1)nγ5τς
σς ε̃ab · ·σς︸ ︷︷ ︸

n

(~p, h)

Proof: εab · ·︸ ︷︷ ︸
n

τς (~p, h) = 1
(i
√

2)n

n︷ ︸︸ ︷
(C̄γa)λςµς (C̄γb)

ηςξς · ·Uλςµςηςξς · ·︸ ︷︷ ︸
2n

τς (~p, h)

= (−ς)2n+1 1
(i
√

2)n

n︷ ︸︸ ︷
(γ5C̄γaγ5)λςµς (γ5C̄γbγ5)ηςξς · · γ5τς

σςVλςµςηςξς · ·︸ ︷︷ ︸
2n

σς (~p, h)

= −ς(−1)n 1
(i
√

2)n

n︷ ︸︸ ︷
(C̄γa)λςµς (C̄γb)

ηςξς · · γ5τς
σςVλςµςηςξς · ·︸ ︷︷ ︸

2n

σς (~p, h)

= −ς(−1)nγ5τς
σς ε̃ab · ·σς︸ ︷︷ ︸

n

(~p, h)

Thm. 3.2.4. ε+
a
′
b
′ · ·︸ ︷︷ ︸
n

τ ′ς
(~p, h) = (−1)h−

1
2 (γ2γ5)τ ′ς

τς

n︷ ︸︸ ︷
ηaa′η

b
b′ · · εab · ·︸ ︷︷ ︸

n

τς (~p,−h)

Proof: ε+
a
′
b
′ · ·︸ ︷︷ ︸
n

τ ′ς
(~p, h) = 1

(−i
√

2)n

n︷ ︸︸ ︷
(C̄γ∗a′)

λςµς (C̄γ∗b′)
ηςξς · ·U+

λςµςηςξς · ·︸ ︷︷ ︸
2n

τ ′ς
(~p, h)

= 1
(−i
√

2)n

n︷ ︸︸ ︷
(C̄γ∗a′)

λςµς (C̄γ∗b′)
ηςξς · ·(−1)n+

1
2 +hς2n+1

4n+2︷ ︸︸ ︷
σy ⊗ σy · ·Vλςµςηςξς · ·︸ ︷︷ ︸

2n

τ ′ς
(~p,−h)

= ς (−1)
n+

1
2 +h

(−i
√

2)n
γ2τ ′ς

τς

n︷ ︸︸ ︷
(γ2C̄γ

∗
a′γ2)λςµς (γ2C̄γ

∗
b′γ2)ηςξς · ·Vλςµςηςξς · ·︸ ︷︷ ︸

2n

τς (~p,−h)

= ς (−1)
n+

1
2 +h

(i
√

2)n
γ2τ ′ς

τς

n︷ ︸︸ ︷
(C̄γaη

a
a′)

λςµς (C̄γbη
b
b′)

ηςξς · ·Vλςµςηςξς · ·︸ ︷︷ ︸
2n

τς (~p,−h)

= ς (−1)
n+

1
2 +h

(i
√

2)n
γ2τ ′ς

τς

n︷ ︸︸ ︷
ηaa′η

b
b′ · ·

n︷ ︸︸ ︷
(C̄γa)λςµς (C̄γb)

ηςξς · ·Vλςµςηςξς · ·︸ ︷︷ ︸
2n

τς (~p,−h)

= ς(−1)n+
1
2 +hγ2τ ′ς

τς

n︷ ︸︸ ︷
ηaa′η

b
b′ · · ε̃ab · ·︸ ︷︷ ︸

n

τς (~p,−h)

= (−1)h−
1
2 (γ2γ5)τ ′ς

τς

n︷ ︸︸ ︷
ηaa′η

b
b′ · · εab · ·︸ ︷︷ ︸

n

τς (~p,−h)

3.3 Plane wave solutions of R-S equation for s = n+ 1
2 particles

Cor. 3.3.1.

Aab··τς (~r, t) = 1
(2π)3/2

+∞∫
~p=−∞

−n∑
h=n

√
m√

2nE
[εab··τς (~p, h)a(~p, h)eip·x + ε̃ab··τς (~p, h)b+(~p, h)e−ip·x]d3~p
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Proof: {Aab · ·︸ ︷︷ ︸
n

τς (x), A+
a
′
b
′ · ·︸ ︷︷ ︸
n

τ ′ς
(x′)}

= 1
(2π)3/2

∫ −n∑
h,h′=n

d3~pd3~p′
√
m√

2nE

√
m√

2nE′

{a(~p, h)εab · ·︸ ︷︷ ︸
n

τς (~p, h)eip·x + b+(~p, h)ε̃ab · ·︸ ︷︷ ︸
n

τς (~p, h)e−ip·x, a+(~p′, h′)ε+
ab · ·︸ ︷︷ ︸
n

τ ′ς
(~p′, h′)e−ip

′·x′ + b(~p′, h′)ε̃+
ab · ·︸ ︷︷ ︸
n

τ ′ς
(~p′, h′)eip

′·x′}

= 1
(2π)3/2

∫ −n∑
h,h′=n

d3~pd3~p′
√
m√

2nE

√
m√

2nE′
e−ip·xeip

′·x′

{εab · ·︸ ︷︷ ︸
n

τς (~p, h)ε+
ab · ·︸ ︷︷ ︸
n

τ ′ς
(~p′, h′){a(~p, h), a+(~p′, h′)}eip·xe−ip′·x′ + ε̃ab · ·︸ ︷︷ ︸

n

τς (~p, h)ε̃+
ab · ·︸ ︷︷ ︸
n

τ ′ς
(~p′, h′){b+(~p, h), b(~p′, h′)}}

= 1
(2π)3/2

∫ −n∑
h,h′=n

d3~pd3~p′
√
m√

2nE

√
m√

2nE′
δhh′δ(~p− ~p′)

[εab · ·︸ ︷︷ ︸
n

τς (~p, h)ε+
ab · ·︸ ︷︷ ︸
n

τ ′ς
(~p′, h′)eip·xe−ip

′·x′ + ε̃ab · ·︸ ︷︷ ︸
n

τς (~p, h)ε̃+
ab · ·︸ ︷︷ ︸
n

τ ′ς
(~p′, h′)e−ip·xeip

′·x′ ]

= im
2n−1

∫ −n∑
h=n

{ 1
(2π)3/2

−i
2E [εab · ·︸ ︷︷ ︸

n

τς (~p, h)ε+
ab · ·︸ ︷︷ ︸
n

τ ′ς
(~p, h)eip·(x−x

′) + ε̃ab · ·︸ ︷︷ ︸
n

τς (~p, h)ε̃+
ab · ·︸ ︷︷ ︸
n

τ ′ς
(~p, h)e−ip·(x−x

′)]d3~p}

= im
2n−1 [

−n∑
h=n

εab · ·︸ ︷︷ ︸
n

τς (−i∂, h)ε+
ab · ·︸ ︷︷ ︸
n

τ ′ς
(−i∂, h)]

∫
{ 1

(2π)3/2
−i
2E [eip·(x−x

′) − e−ip·(x−x′)]d3~p}

= im
2n−1 [

−n∑
h=n

εab · ·︸ ︷︷ ︸
n

τς (−i∂, h)ε+
ab · ·︸ ︷︷ ︸
n

τ ′ς
(−i∂, h)]∆(x− x′)

3.4 Spin basis properties of Rarita-Schwinger equation for s = n+ 1
2 particles

Thm. 3.4.1.

Uλςµς · ·σςτς︸ ︷︷ ︸
2n+1

(~p, n+ 1
2 − l)

= 1√
Cl2n+1

[
√
Cl−1

2n Uλςµς · ·ρςσς︸ ︷︷ ︸
2n

(~p, n− l + 1)uτς (~p,− 1
2 ) +

√
Cl2nUλςµς · ·ρςσς︸ ︷︷ ︸

2n

(~p, n− l)uτς (~p, 1
2 )]

Vλςµς · ·σςτς︸ ︷︷ ︸
2n+1

(~p, n+ 1
2 − l)

= 1√
Cl2n+1

[
√
Cl−1

2n Vλςµς · ·ρςσς︸ ︷︷ ︸
2n

(~p, n− l + 1)vτς (~p,− 1
2 ) +

√
Cl2nVλςµς · ·ρςσς︸ ︷︷ ︸

2n

(~p, n− l)vτς (~p, 1
2 )]

Cor. 3.4.1.
m
E u

+τς (~p,− 1
2 )Uλςµς · ·σςτς︸ ︷︷ ︸

2n+1

(~p, n+ 1
2 − l) =

√
Cl−1

2n√
Cl2n+1

Uλςµς · ·ρςσς︸ ︷︷ ︸
2n

(~p, n− l + 1) =
√

l
2n+1Uλςµς · ·ρςσς︸ ︷︷ ︸

2n

(~p, n− l + 1)

m
E u

+τς (~p, 1
2 )Uλςµς · ·σςτς︸ ︷︷ ︸

2n+1

(~p, n+ 1
2 − l) =

√
Cl2n√
Cl2n+1

Uλςµς · ·ρςσς︸ ︷︷ ︸
2n

(~p, n− l) =
√

2n+1−l
2n+1 Uλςµς · ·ρςσς︸ ︷︷ ︸

2n

(~p, n− l)
m
E v

+τς (~p,− 1
2 )Vλςµς · ·σςτς︸ ︷︷ ︸

2n+1

(~p, n+ 1
2 − l) =

√
Cl−1

2n√
Cl2n+1

Vλςµς · ·ρςσς︸ ︷︷ ︸
2n

(~p, n− l + 1) =
√

l
2n+1Vλςµς · ·ρςσς︸ ︷︷ ︸

2n

(~p, n− l + 1)

m
E v

+τς (~p, 1
2 )Vλςµς · ·σςτς︸ ︷︷ ︸

2n+1

(~p, n+ 1
2 − l) =

√
Cl2n√
Cl2n+1

Vλςµς · ·ρςσς︸ ︷︷ ︸
2n

(~p, n− l) =
√

2n+1−l
2n+1 Vλςµς · ·ρςσς︸ ︷︷ ︸

2n

(~p, n− l)

Thm. 3.4.2. Λ±λςµς · ·︸ ︷︷ ︸
2n

λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2n

(~p, n) = 2n+1
2n+2 (mE )2Λ±λςµς · ·τς︸ ︷︷ ︸

2n+1

λ
′
ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2n+1

(~p, n+ 1
2 )Λ

τ ′ςτς
± (~p, 1

2 )

Cor. 3.4.2.
εab · ·︸ ︷︷ ︸

n

τς (~p, n+ 1
2 − l) = 1√

Cl2n+1

[
√
Cl−1

2n εab · ·︸ ︷︷ ︸
n

(~p, n− l + 1)uτς (~p,− 1
2 ) +

√
Cl2nεab · ·︸ ︷︷ ︸

n

(~p, n− l)uτς (~p, 1
2 )]

ε̃ab · ·︸ ︷︷ ︸
n

τς (~p, n+ 1
2 − l) = 1√

Cl2n+1

[
√
Cl−1

2n ε̃ab · ·︸ ︷︷ ︸
n

(~p, n− l + 1)vτς (~p,− 1
2 ) +

√
Cl2nε̃ab · ·︸ ︷︷ ︸

n

(~p, n− l)vτς (~p, 1
2 )]

Cor. 3.4.3.
m
E u

+τς (~p,− 1
2 )εab · ·︸ ︷︷ ︸

n

τς (~p, n+ 1
2 − l) =

√
Cl−1

2n√
Cl2n+1

εab · ·︸ ︷︷ ︸
n

(~p, n− l + 1) =
√

l
2n+1εab · ·︸ ︷︷ ︸

n

(~p, n− l + 1)

m
E u

+τς (~p, 1
2 )εab · ·︸ ︷︷ ︸

n

τς (~p, n+ 1
2 − l) =

√
Cl2n√
Cl2n+1

εab · ·︸ ︷︷ ︸
n

(~p, n− l) =
√

2n+1−l
2n+1 εab · ·︸ ︷︷ ︸

n

(~p, n− l)
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m
E v

+τς (~p,− 1
2 )ε̃ab · ·︸ ︷︷ ︸

n

τς (~p, n+ 1
2 − l) =

√
Cl−1

2n√
Cl2n+1

ε̃ab · ·︸ ︷︷ ︸
n

(~p, n− l + 1) =
√

l
2n+1 ε̃ab · ·︸ ︷︷ ︸

n

(~p, n− l + 1)

m
E v

+τς (~p, 1
2 )ε̃ab · ·︸ ︷︷ ︸

n

τς (~p, n+ 1
2 − l) =

√
Cl2n√
Cl2n+1

ε̃ab · ·︸ ︷︷ ︸
n

(~p, n− l) =
√

2n+1−l
2n+1 ε̃ab · ·︸ ︷︷ ︸

n

(~p, n− l)

Thm. 3.4.3.
−n∑
h=n

εab · ·︸ ︷︷ ︸
n

(~p, h)ε+
a
′
b
′ · ·︸ ︷︷ ︸
n

(~p, h) = 2n+1
2n+2 (mE )2

−(n+1/2)∑
h=n+1/2

εab · ·︸ ︷︷ ︸
n

τς (~p, h)ε+
a
′
b
′ · ·︸ ︷︷ ︸
n

τ ′ς
(~p, h)Λ

τ ′ςτς
+ (~p, 1

2 )

Proof: (mE )2
2n+1∑
l=0

[uτ
′
ς (~p,− 1

2 )u+τς (~p,− 1
2 ) + uτ

′
ς (~p, 1

2 )u+τς (~p, 1
2 )]εab · ·︸ ︷︷ ︸

n

τς (~p, n+ 1
2 − l)ε

+
a
′
b
′ · ·︸ ︷︷ ︸
n

τ ′ς
(~p, n+ 1

2 − l)

= (mE )2
−(n+1/2)∑
h=n+1/2

εab · ·︸ ︷︷ ︸
n

τς (~p, h)ε+
a
′
b
′ · ·︸ ︷︷ ︸
n

τ ′ς
(~p, h)Λ

τ ′ςτς
+

=
2n+1∑
l=0

[ l
2n+1εab · ·︸ ︷︷ ︸

n

(~p, n− l + 1)ε+
a
′
b
′ · ·︸ ︷︷ ︸
n

(~p, n− l + 1) + 2n+1−l
2n+1 εab · ·︸ ︷︷ ︸

n

(~p, n− l)ε+
a
′
b
′ · ·︸ ︷︷ ︸
n

(~p, n− l)]

= 2n+2
2n+1

2n+1∑
l=1

εab · ·︸ ︷︷ ︸
n

(~p, n− l + 1)ε+
a
′
b
′ · ·︸ ︷︷ ︸
n

(~p, n− l + 1)

= 2n+2
2n+1

−n∑
h=n

εab · ·︸ ︷︷ ︸
n

(~p, h)ε+
a
′
b
′ · ·︸ ︷︷ ︸
n

(~p, h)

Proof:
2n+1∑
l=0

εab · ·︸ ︷︷ ︸
n

τς (~p, n+ 1
2 − l)ε

+
a
′
b
′ · ·︸ ︷︷ ︸
n

τ ′ς
(~p, n+ 1

2 − l)

=
2n+1∑
l=0

1
Cl2n+1

[
√
Cl−1

2n εab · ·︸ ︷︷ ︸
n

(~p, n− l + 1)uτς (~p,− 1
2 ) +

√
Cl2nεab · ·︸ ︷︷ ︸

n

(~p, n− l)uτς (~p, 1
2 )]

[
√
Cl−1

2n εa′b′ · ·︸ ︷︷ ︸
n

(~p, n− l + 1)uτ ′ς (~p,−
1
2 ) +

√
Cl2nεa′b′ · ·︸ ︷︷ ︸

n

(~p, n− l)uτ ′ς (~p,
1
2 )]+

?? =
2n+1∑
l=0

1
Cl2n+1

[Cl−1
2n εab · ·︸ ︷︷ ︸

n

(~p, n− l + 1)ε+
a
′
b
′ · ·︸ ︷︷ ︸
n

(~p, n− l + 1)uτς (~p,− 1
2 )u+

τ ′ς
(~p,− 1

2 )

+
2n+1∑
l=0

1
Cl2n+1

Cl2nεab · ·︸ ︷︷ ︸
n

(~p, n− l)ε+
a
′
b
′ · ·︸ ︷︷ ︸
n

(~p, n− l)uτς (~p, 1
2 )u+

τ ′ς
(~p, 1

2 )

4 Several examples of R-S equation spin basis and quasi projection operators
4.1 Relations of R-S spin basis and Dirac basis for spin-1 particles

Lem. 4.1.1.{
[γaεa(~p, κ)]u(~p, κ2 ) = 0, [γaεa(~p,−κ)]u(~p, κ2 ) = −iκ

√
2γ5u(~p,−κ2 ), [γaεa(~p, 0)]u(~p, κ2 ) = −iκγ5u(~p, κ2 )

[γaεa(~p, κ)]v(~p, κ2 ) = 0, [γaεa(~p,−κ)]v(~p, κ2 ) = iκ
√

2γ5v(~p,−κ2 ), [γaεa(~p, 0)]v(~p, κ2 ) = iκγ5v(~p, κ2 )

Pro. 4.1.1.{
u(~p, 1

2 ) = − iς√
2
[γaεa(~p, 1)]v(~p,− 1

2 ) = iς[γaεa(~p, 0)]v(~p, 1
2 )

u(~p,− 1
2 ) = iς√

2
[γaεa(~p,−1)]v(~p, 1

2 ) = −iς[γaεa(~p, 0)]v(~p,− 1
2 ){

v(~p, 1
2 ) = iς√

2
[γaεa(~p, 1)]u(~p,− 1

2 ) = −iς[γaεa(~p, 0)]u(~p, 1
2 )

v(~p,− 1
2 ) = − iς√

2
[γaεa(~p,−1)]u(~p, 1

2 ) = iς[γaεa(~p, 0)]u(~p,− 1
2 )

Thm. 4.1.1.
−1/2∑
h=1/2

uτς (~p, h)u+
τ ′ς

(~p, h) = 1
3

−1∑
h=1

εa(~p, h)ε+
a′(~p, h)γaΛ−(~p, 1

2 )γa
′

−1/2∑
h=1/2

vτς (~p, h)v+
τ ′ς

(~p, h) = 1
3

−1∑
h=1

εa(~p, h)ε+
a′(~p, h)γaΛ+(~p, 1

2 )γa
′

Proof:
−1/2∑
h=1/2

uτς (~p, h)u+
τ ′ς

(~p, h)

= 1
3

−2∑
h=2

{[εa(~p, h)γav(~p, 1
2 )][εa′(~p, h)γa

′
v(~p, 1

2 )]+ + [εa(~p, h)γav(~p,− 1
2 )][εa′(~p, h)γa

′
v(~p,− 1

2 )]+}

= 1
3

−1∑
h=1

εa(~p, h)ε+
a′(~p, h)γaΛ−(~p, 1

2 )γa
′
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Proof:
−1/2∑
h=1/2

vτς (~p, h)v+
τ ′ς

(~p, h)

= 1
3

−2∑
h=2

{[εa(~p, h)γau(~p, 1
2 )][εa′(~p, h)γa

′
u(~p, 1

2 )]+ + [εa(~p, h)γau(~p,− 1
2 )][εa′(~p, h)γa

′
u(~p,− 1

2 )]+}

= 1
3

−1∑
h=1

εa(~p, h)ε+
a′(~p, h)γaΛ+(~p, 1

2 )γa
′

The direct verification of the above theorem is also valid.
4.2 Relations of R-S spin basis and Dirac basis for spin-2 particles

Lem. 4.2.1.

εab(~p, 2)γbu(~p, 1
2 ) = 0

εab(~p, 1)γbu(~p, 1
2 ) = − i√

2
εa(~p, 1)γ5u(~p, 1

2 )

εab(~p, 0)γbu(~p, 1
2 ) = − i√

3
[εa(~p, 1)γ5u(~p,− 1

2 ) +
√

2εa(~p, 0)γ5u(~p, 1
2 )]

εab(~p,−1)γbu(~p, 1
2 ) = − i√

2
[εa(~p,−1)γ5u(~p, 1

2 ) +
√

2εa(~p, 0)γ5u(~p,− 1
2 )]

εab(~p,−2)γbu(~p, 1
2 ) = −i

√
2εa(~p,−1)γ5u(~p,− 1

2 )

Lem. 4.2.2.

εab(~p, 2)γbu(~p,− 1
2 ) = i

√
2εa(~p, 1)γ5u(~p, 1

2 )

εab(~p, 1)γbu(~p,− 1
2 ) = i√

2
[εa(~p, 1)γ5u(~p,− 1

2 ) +
√

2εa(~p, 0)γ5u(~p, 1
2 )

εab(~p, 0)γbu(~p,− 1
2 ) = i√

3
[εa(~p,−1)γ5u(~p, 1

2 ) +
√

2εa(~p, 0)γ5u(~p,− 1
2 )]

εab(~p,−1)γbu(~p,− 1
2 ) = i√

2
εa(~p,−1)γ5u(~p,− 1

2 )

εab(~p,−2)γbu(~p,− 1
2 ) = 0

Lem. 4.2.3.

εab(~p, 2)γbv(~p, 1
2 ) = 0

εab(~p, 1)γbv(~p, 1
2 ) = i√

2
εa(~p, 1)γ5v(~p, 1

2 )

εab(~p, 0)γbv(~p, 1
2 ) = i√

3
[εa(~p, 1)γ5v(~p,− 1

2 ) +
√

2εa(~p, 0)γ5v(~p, 1
2 )]

εab(~p,−1)γbv(~p, 1
2 ) = i√

2
[εa(~p,−1)γ5v(~p, 1

2 ) +
√

2εa(~p, 0)γ5v(~p,− 1
2 )]

εab(~p,−2)γbv(~p, 1
2 ) = i

√
2εa(~p,−1)γ5v(~p,− 1

2 )

Lem. 4.2.4.

εab(~p, 2)γbv(~p,− 1
2 ) = −i

√
2εa(~p, 1)γ5v(~p, 1

2 )

εab(~p, 1)γbv(~p,− 1
2 ) = − i√

2
[εa(~p, 1)γ5v(~p,− 1

2 ) +
√

2εa(~p, 0)γ5v(~p, 1
2 )]

εab(~p, 0)γbv(~p,− 1
2 ) = − i√

3
[εa(~p,−1)γ5vu(~p, 1

2 ) +
√

2εa(~p, 0)γ5v(~p,− 1
2 )]

εab(~p,−1)γbv(~p,− 1
2 ) = − i√

2
εa(~p,−1)γ5v(~p,− 1

2 )

εab(~p,−2)γbv(~p,− 1
2 ) = 0

4.3 Quasi projection operator of R-S equation for s = 3
2 particles

Pro. 4.3.1.

εaτς (~p,
3
2 ) = εa(~p, 1)uτς (~p,

1
2 )

εaτς (~p,
1
2 ) = 1√

3
[εa(~p, 1)uτς (~p,− 1

2 ) +
√

2εa(~p, 0)uτς (~p,
1
2 )]

εaτς (~p,− 1
2 ) = 1√

3
[εa(~p,−1)uτς (~p,

1
2 ) +

√
2εa(~p, 0)uτς (~p,− 1

2 )]

εaτς (~p,− 3
2 ) = εa(~p,−1)uτς (~p,− 1

2 )

γaεa[τς ](~p, h) = 0

Pro. 4.3.2.

ε̃aτς (~p,
3
2 ) = −εa(~p, 1)vτς (~p,

1
2 )

ε̃aτς (~p,
1
2 ) = − 1√

3
[εa(~p, 1)vτς (~p,− 1

2 ) +
√

2εa(~p, 0)vτς (~p,
1
2 )]

ε̃aτς (~p,− 1
2 ) = − 1√

3
[εa(~p,−1)vτς (~p,

1
2 ) +

√
2εa(~p, 0)vτς (~p,− 1

2 )]

ε̃aτς (~p,− 3
2 ) = −εa(~p,−1)vτς (~p,− 1

2 )

γaε̃a[τς ](~p, h) = 0

Cor. 4.3.1.

484



Chapter25 Potential Covariation Scheme for Complex Particles with Mass Shui-Rong Shi

εa[τς ](~p,
3
2 ) = − iς√

2
εab(~p, 2)γbv(~p,− 1

2 ) = iς
√

2εa(~p, 1)γ5v(~p, 1
2 )

εa[τς ](~p,
1
2 ) = −iς

√
2√
3
εab(~p, 1)γbv(~p,− 1

2 ) = iςεab(~p, 0)γbv(~p, 1
2 )

εa[τς ](~p,− 1
2 ) = iς

√
2√
3
εab(~p,−1)γbv(~p, 1

2 ) = −iςεab(~p, 0)γbv(~p,− 1
2 )

εa[τς ](~p,− 3
2 ) = iς√

2
εab(~p,−2)γbv(~p, 1

2 ) = −iς
√

2εa(~p,−1)γ5v(~p,− 1
2 )

γaεa[τς ](~p, h) = 0

Cor. 4.3.2.

ε̃a[τς ](~p,
3
2 ) = − iς√

2
εab(~p, 2)γbu(~p,− 1

2 ) = iς
√

2εa(~p, 1)γ5u(~p, 1
2 )

ε̃a[τς ](~p,
1
2 ) = −iς

√
2√
3
εab(~p, 1)γbu(~p,− 1

2 ) = iςεab(~p, 0)γbu(~p, 1
2 )

ε̃a[τς ](~p,− 1
2 ) = iς

√
2√
3
εab(~p,−1)γbu(~p, 1

2 ) = −iςεab(~p, 0)γbu(~p,− 1
2 )

ε̃a[τς ](~p,− 3
2 ) = iς√

2
εab(~p,−2)γbu(~p, 1

2 ) = −iς
√

2εa(~p,−1)γ5u(~p,− 1
2 )

γaε̃a[τς ](~p, h) = 0

Thm. 4.3.1.
−3/2∑
h=3/2

εa[τς ](~p, h)ε+
a′[τ ′ς ]

(~p, h) = 2
5

−2∑
h=2

εab(~p, h)ε+
a′b′(~p, h)γbΛ−(~p, 1

2 )γb
′

−3/2∑
h=3/2

ε̃a[τς ](~p, h)ε̃+
a′[τ ′ς ]

(~p, h) = 2
5

−2∑
h=2

εab(~p, h)ε+
a′b′(~p, h)γbΛ+(~p, 1

2 )γb
′

Proof:
−3/2∑
h=3/2

εa[τς ](~p, h)ε+
a′[τ ′ς ]

(~p, h)

= 2
5

−2∑
h=2

{[εab(~p, h)γbv(~p, 1
2 )][εa′b′(~p, h)γb

′
v(~p, 1

2 )]+ + [εab(~p, h)γbv(~p,− 1
2 )][εa′b′(~p, h)γb

′
v(~p,− 1

2 )]+}

= 2
5

−2∑
h=2

εab(~p, h)ε+
a′b′(~p, h)γbΛ−(~p, 1

2 )γb
′

Proof:
−3/2∑
h=3/2

ε̃a[τς ](~p, h)ε̃+
a′[τ ′ς ]

(~p, h)

= 2
5

−2∑
h=2

{[εab(~p, h)γbu(~p, 1
2 )][εa′b′(~p, h)γb

′
u(~p, 1

2 )]+ + [εab(~p, h)γbu(~p,− 1
2 )][εa′b′(~p, h)γb

′
u(~p,− 1

2 )]+}

= 2
5

−2∑
h=2

εab(~p, h)ε+
a′b′(~p, h)γbΛ+(~p, 1

2 )γb
′

4.4 Conjecture proof on quasi projection operator of R-S equation for s = n+ 1
2 particles

Lem. 4.4.1.{
[γaεa(~p, κ)]u(~p, κ2 ) = 0, [γaεa(~p,−κ)]u(~p, κ2 ) = i

√
2κςv(~p,−κ2 ), [γaεa(~p, 0)]u(~p, κ2 ) = iκςv(~p, κ2 )

[γaεa(~p, κ)]v(~p, κ2 ) = 0, [γaεa(~p,−κ)]v(~p, κ2 ) = −i
√

2κςu(~p,−κ2 ), [γaεa(~p, 0)]v(~p, κ2 ) = −iκςu(~p, κ2 )

Lem. 4.4.2. εa · ·b · ·c︸ ︷︷ ︸
n+1

(~p, n+ 1)γcu(~p, 1
2 )

= 1√
C0

2(n+1)

1
(n+1)!

√
20C0

n+1C
0
n+1−0 ε{a(~p, 1)·︸ ︷︷ ︸

n+1

·εb(~p, 0)·︸ ︷︷ ︸
0

·εc}(~p,−1)︸ ︷︷ ︸
0

γcu(~p, 1
2 )

= εa(~p, 1) · ·εb(~p, 1) · ·︸ ︷︷ ︸
n

εc(~p, 1)γcu(~p, 1
2 ) = 0

Lem. 4.4.3. εa · ·b · ·c︸ ︷︷ ︸
n+1

(~p, n+ 1)γcu(~p,− 1
2 )

= 1√
C0

2(n+1)

1
(n+1)!

√
20C0

n+1C
0
n+1−0 ε{a(~p, 1)·︸ ︷︷ ︸

n+1

·εb(~p, 0)·︸ ︷︷ ︸
0

·εc}(~p,−1)︸ ︷︷ ︸
0

γcu(~p,− 1
2 )

= εa(~p, 1) · ·εb(~p, 1) · ·︸ ︷︷ ︸
n

εc(~p, 1)γcu(~p, 1
2 )

= −iς
√

2(−1)n ε̃a(~p, 1) · ·ε̃b(~p, 1) · ·︸ ︷︷ ︸
n

v(~p, 1
2 )

= −iς
√

2(−1)nε̃a · ·b · ·︸ ︷︷ ︸
n

[τς ](~p, n+ 1
2 )
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Lem. 4.4.4. εa · ·b · ·c · ·︸ ︷︷ ︸
n+1

(~p, n)γcu(~p, 1
2 )

= 1√
C1

2(n+1)

1
(n+1)!

√
21C1

n+1C
0
n ε{a(~p, 1) · ·︸ ︷︷ ︸

n

εb(~p, 0) · ·︸ ︷︷ ︸
1

εc}(~p,−1)︸ ︷︷ ︸
0

γcu(~p, 1
2 )

= 1√
n+1

[εa(~p, 1) · ·εb(~p, 1) · ·εc(~p, 0) + · ·+εa(~p, 1) · ·εb(~p, 0) · ·εc(~p, 1) + · ·+εa(~p, 0) · ·εb(~p, 1) · ·εc(~p, 1)]︸ ︷︷ ︸
n+1

γcu(~p, 1
2 )

= 1√
n+1

εa(~p, 1) · ·εb(~p, 1) · ·︸ ︷︷ ︸
n

εc(~p, 0)γcu(~p, 1
2 )

= iς√
n+1

(−1)n ε̃a(~p, 1) · ·ε̃b(~p, 1) · ·︸ ︷︷ ︸
n

v(~p, 1
2 )

= iς√
n+1

(−1)nε̃a · ·b · ·︸ ︷︷ ︸
n

[τς ](~p, n+ 1
2 )

Lem. 4.4.5. εa · ·b · ·c · ·︸ ︷︷ ︸
n+1

(~p, n)γcu(~p,− 1
2 )

= 1√
C1

2(n+1)

1
(n+1)!

√
21C1

n+1C
0
n ε{a(~p, 1) · ·︸ ︷︷ ︸

n

εb(~p, 0) · ·︸ ︷︷ ︸
1

εc}(~p,−1)︸ ︷︷ ︸
0

γcu(~p,− 1
2 )

= 1√
n+1

[εa(~p, 1) · ·εb(~p, 1) · ·εc(~p, 0) + · ·+εa(~p, 1) · ·εb(~p, 0) · ·εc(~p, 1) + · ·+εa(~p, 0) · ·εb(~p, 1) · ·εc(~p, 1)]︸ ︷︷ ︸
n+1

γcu(~p,− 1
2 )

= 1√
n+1

{εa(~p, 1) · ·εb(~p, 1) · ·︸ ︷︷ ︸
n

εc(~p, 0)γcu(~p,− 1
2 ) + [εa(~p, 0) · ·εb(~p, 1) · ·+ · ·+εa(~p, 1) · ·εb(~p, 0) · ·]︸ ︷︷ ︸

n

εc(~p, 1)γcu(~p,− 1
2 )}

= − iς√
n+1

(−1)n{ε̃a(~p, 1) · ·ε̃b(~p, 1) · ·︸ ︷︷ ︸
n

v(~p,− 1
2 ) +

√
2 [ε̃a(~p, 0) · ·ε̃b(~p, 1) · ·+ · ·+ε̃a(~p, 1) · ·ε̃b(~p, 0) · ·]︸ ︷︷ ︸

n

v(~p, 1
2 )}

= − iς√
n+1

(−1)n 1
n! [
√

20C0
nC

0
n−0 ε̃{a(~p, 1) · ·ε̃b(~p, 1) · ·}︸ ︷︷ ︸

n

v(~p,− 1
2 ) +

√
21C1

nC
0
n−1 ε̃{a(~p, 0) · ·ε̃b(~p, 1) · ·}︸ ︷︷ ︸

n

v(~p, 1
2 )]

= − iς
√

2n+1√
n+1

(−1)n 1√
C1

2n+1

[
√
C0

2nε̃a · ·b · ·︸ ︷︷ ︸
n

v(~p,− 1
2 ) +

√
C1

2nε̃a · ·b · ·︸ ︷︷ ︸
n

v(~p, 1
2 )]

= − iς
√

2n+1√
n+1

(−1)nε̃a · ·b · ·︸ ︷︷ ︸
n

[τς ](~p, n− 1
2 )

Lem. 4.4.6. εa · ·b · ·c︸ ︷︷ ︸
n+1

(~p, n− 1)γcu(~p, 1
2 )

= 1√
C2

2(n+1)

1
(n+1)!

[
√

20C0
n+1C

1
n+1−0 ε{a(~p, 1) · ·︸ ︷︷ ︸

n

εb(~p, 0) · ·︸ ︷︷ ︸
0

εc}(~p,−1)︸ ︷︷ ︸
1

+
√

22C2
n+1C

0
n−1 ε{a(~p, 1) · ·︸ ︷︷ ︸

n−1

εb(~p, 0) · ·︸ ︷︷ ︸
2

εc}(~p,−1)︸ ︷︷ ︸
0

]γcu(~p, 1
2 )

= 1√
C2

2(n+1)

(−1)n[ε̃a(~p, 1) · ·ε̃b(~p, 1) · ·︸ ︷︷ ︸
n

εc(~p,−1)γcu(~p, 1
2 ) +

√
2
√

21 1
(n−1)! ε̃{a(~p, 0) · ·ε̃b(~p, 1) · ·}︸ ︷︷ ︸

n

εc(~p, 0)γcu(~p, 1
2 )]

=
i
√

2(2n+1)ς√
C2

2(n+1)

(−1)n 1√
C1

2n+1

[
√

20C0
nC

0
n−0

1
n! ε̃{a(~p, 1) · ·ε̃b(~p, 1) · ·}︸ ︷︷ ︸

n

v(~p,− 1
2 ) +

√
21C1

nC
0
n−1

1
n! ε̃{a(~p, 0) · ·ε̃b(~p, 1) · ·}︸ ︷︷ ︸

n

v(~p, 1
2 )]

= iς
√

2√
n+1

(−1)n 1√
C1

2n+1

[
√
C0

2nε̃a · ·b · ·︸ ︷︷ ︸
n

v(~p,− 1
2 ) +

√
C1

2nε̃a · ·b · ·︸ ︷︷ ︸
n

v(~p, 1
2 )]

= iς
√

2√
n+1

(−1)nε̃a · ·b · ·︸ ︷︷ ︸
n

[τς ](~p, n− 1
2 )

Thm. 4.4.1.
γcu(~p, 1

2 )ε̃a · ·bc︸ ︷︷ ︸
n+1

(~p, h) = −iς
√
n+1−h√
n+1

ε̃a · ·b︸ ︷︷ ︸
n

[τς ](~p, h+ 1
2 )

γcu(~p,− 1
2 )ε̃a · ·bc︸ ︷︷ ︸

n+1

(~p, h) = iς
√
n+1+h√
n+1

ε̃a · ·b︸ ︷︷ ︸
n

[τς ](~p, h− 1
2 )


γcv(~p, 1

2 )εa · ·bc︸ ︷︷ ︸
n+1

(~p, h) = −iς
√
n+1−h√
n+1

εa · ·b︸ ︷︷ ︸
n

[τς ](~p, h+ 1
2 )

γcv(~p,− 1
2 )εa · ·bc︸ ︷︷ ︸

n+1

(~p, h) = iς
√
n+1+h√
n+1

εa · ·b︸ ︷︷ ︸
n

[τς ](~p, h− 1
2 )

Proof: γcu(~p, 1
2 )ε̃a · ·bc︸ ︷︷ ︸

n+1

(~p, h)

=

√
C2
n+1+h√
C2

2n+2

ε̃a · ·b︸ ︷︷ ︸
n

(~p, h− 1)γcu(~p, 1
2 )ε̃c(~p, 1) +

√
C1
n+1+hC

1
n+1−h√

C2
2n+2

ε̃a · ·b︸ ︷︷ ︸
n

(~p, h)γcu(~p, 1
2 )ε̃c(~p, 0)
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+

√
C2
n+1−h√
C2

2n+2

ε̃a · ·b︸ ︷︷ ︸
n

(~p, h+ 1)γcu(~p, 1
2 )ε̃c(~p,−1)

= −
√
C1
n+1+hC

1
n+1−h√

C2
2n+2

ε̃a · ·b︸ ︷︷ ︸
n

(~p, h)iςv(~p, 1
2 )−

√
C2
n+1−h√
C2

2n+2

ε̃a · ·b︸ ︷︷ ︸
n

(~p, h+ 1)i
√

2ςv(~p,− 1
2 )

= −iς
√
n+1−h√
n+1

ε̃a · ·b︸ ︷︷ ︸
n

[τς ](~p, h+ 1
2 )

Proof: γcu(~p,− 1
2 )ε̃a · ·bc︸ ︷︷ ︸

n+1

(~p, h)

=

√
C2
n+1+h√
C2

2n+2

ε̃a · ·b︸ ︷︷ ︸
n

(~p, h− 1)γcu(~p,− 1
2 )ε̃c(~p, 1) +

√
C1
n+1+hC

1
n+1−h√

C2
2n+2

ε̃a · ·b︸ ︷︷ ︸
n

(~p, h)γcu(~p,− 1
2 )ε̃c(~p, 0)

+

√
C2
n+1−h√
C2

2n+2

ε̃a · ·b︸ ︷︷ ︸
n

(~p, h+ 1)γcu(~p,− 1
2 )ε̃c(~p,−1)

=

√
C2
n+1+h√
C2

2n+2

ε̃a · ·b︸ ︷︷ ︸
n

(~p, h− 1)i
√

2ςv(~p, 1
2 ) +

√
C1
n+1+hC

1
n+1−h√

C2
2n+2

ε̃a · ·b︸ ︷︷ ︸
n

(~p, h)iςv(~p,− 1
2 )

= iς
√
n+1+h√
n+1

ε̃a · ·b︸ ︷︷ ︸
n

[τς ](~p, h− 1
2 )

Proof: γcv(~p, 1
2 )εa · ·bc︸ ︷︷ ︸

n+1

(~p, h)

=

√
C2
n+1+h√
C2

2n+2

εa · ·b︸ ︷︷ ︸
n

(~p, h− 1)γcv(~p, 1
2 )εc(~p, 1) +

√
C1
n+1+hC

1
n+1−h√

C2
2n+2

εa · ·b︸ ︷︷ ︸
n

(~p, h)γcv(~p, 1
2 )εc(~p, 0)

+

√
C2
n+1−h√
C2

2n+2

εa · ·b︸ ︷︷ ︸
n

(~p, h+ 1)γcv(~p, 1
2 )εc(~p,−1)

= −
√
C1
n+1+hC

1
n+1−h√

C2
2n+2

εa · ·b︸ ︷︷ ︸
n

(~p, h)iςu(~p, 1
2 )−

√
C2
n+1−h√
C2

2n+2

εa · ·b︸ ︷︷ ︸
n

(~p, h+ 1)i
√

2ςu(~p,− 1
2 )

= −iς
√
n+1−h√
n+1

εa · ·b︸ ︷︷ ︸
n

[τς ](~p, h+ 1
2 )

Proof: γcv(~p,− 1
2 )εa · ·bc︸ ︷︷ ︸

n+1

(~p, h)

=

√
C2
n+1+h√
C2

2n+2

εa · ·b︸ ︷︷ ︸
n

(~p, h− 1)γcv(~p,− 1
2 )εc(~p, 1) +

√
C1
n+1+hC

1
n+1−h√

C2
2n+2

εa · ·b︸ ︷︷ ︸
n

(~p, h)γcv(~p,− 1
2 )εc(~p, 0)

+

√
C2
n+1−h√
C2

2n+2

εa · ·b︸ ︷︷ ︸
n

(~p, h+ 1)γcv(~p,− 1
2 )εc(~p,−1)

=

√
C2
n+1+h√
C2

2n+2

εa · ·b︸ ︷︷ ︸
n

(~p, h− 1)i
√

2ςu(~p, 1
2 ) +

√
C1
n+1+hC

1
n+1−h√

C2
2n+2

εa · ·b︸ ︷︷ ︸
n

(~p, h)iςu(~p,− 1
2 )

= iς
√
n+1+h√
n+1

εa · ·b︸ ︷︷ ︸
n

[τς ](~p, h− 1
2 )

Cor. 4.4.1.

ε̃a · ·b · ·c︸ ︷︷ ︸
n+1

(~p, n+ 1− l)γcu(~p, 1
2 ) = −iς

√
l√

n+1
ε̃a · ·b︸ ︷︷ ︸

n

[τς ](~p, n− l + 3
2 )

ε̃a · ·b · ·c︸ ︷︷ ︸
n+1

(~p, n+ 1− l)γcu(~p,− 1
2 ) = iς

√
2n+2−l√
n+1

ε̃a · ·b︸ ︷︷ ︸
n

[τς ](~p, n− l + 1
2 )

εa · ·b · ·c︸ ︷︷ ︸
n+1

(~p, n+ 1− l)γcv(~p, 1
2 ) = −iς

√
l√

n+1
εa · ·b︸ ︷︷ ︸

n

[τς ](~p, n− l + 3
2 )

εa · ·b · ·c︸ ︷︷ ︸
n+1

(~p, n+ 1− l)γcv(~p,− 1
2 ) = iς

√
2n+2−l√
n+1

εa · ·b︸ ︷︷ ︸
n

[τς ](~p, n− l + 1
2 )

Cor. 4.4.2.

−(n+1/2)∑
h=n+1/2

εab · ·︸ ︷︷ ︸
n

[τς ](~p, h)ε+
a
′
b
′ · ·︸ ︷︷ ︸
n

[τ ′ς ]
(~p, h) = n+1

2n+3

−(n+1)∑
h=n+1

−1/2∑
h′=1/2

[εab · ·c︸ ︷︷ ︸
n+1

(~p, h)γcv(~p, h′)][εa′b′ · ·c′︸ ︷︷ ︸
n+1

(~p, h)γc
′
v(~p, h′]+

−(n+1/2)∑
h=n+1/2

ε̃ab · ·︸ ︷︷ ︸
n

[τς ](~p, h)ε̃+
a
′
b
′ · ·︸ ︷︷ ︸
n

[τ ′ς ]
(~p, h) = n+1

2n+3

−(n+1)∑
h=n+1

−1/2∑
h′=1/2

[ε̃ab · ·c︸ ︷︷ ︸
n+1

(~p, h)γcu(~p, h′)][ε̃a′b′ · ·c′︸ ︷︷ ︸
n+1

(~p, h)γc
′
u(~p, h′]+
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Cor. 4.4.3.

−(n+1/2)∑
h=n+1/2

εab · ·︸ ︷︷ ︸
n

[τς ](~p, h)ε+
a
′
b
′ · ·︸ ︷︷ ︸
n

[τ ′ς ]
(~p, h) = 1

2
2n+2
2n+3

−(n+1)∑
h=n+1

εab · ·c︸ ︷︷ ︸
n+1

(~p, h)ε+
a
′
b
′ · ·c′︸ ︷︷ ︸
n+1

(~p, h)γcΛ−(~p, 1
2 )γc

′

−(n+1/2)∑
h=n+1/2

ε̃ab · ·︸ ︷︷ ︸
n

[τς ](~p, h)ε̃+
a
′
b
′ · ·︸ ︷︷ ︸
n

[τ ′ς ]
(~p, h) = 1

2
2n+2
2n+3

−(n+1)∑
h=n+1

ε̃ab · ·c︸ ︷︷ ︸
n+1

(~p, h)ε̃+
a
′
b
′ · ·c′︸ ︷︷ ︸
n+1

(~p, h)γcΛ+(~p, 1
2 )γc

′

4.5 Synthesis of Rarita-Schwinger equation basis for s = n+ 1
2 particles

Cor. 4.5.1.
εab · ·︸ ︷︷ ︸

n

τς (~p, n+ 1
2 − l) = 1√

Cl2n+1

[
√
Cl−1

2n εab · ·︸ ︷︷ ︸
n

(~p, n− l + 1)uτς (~p,− 1
2 ) +

√
Cl2nεab · ·︸ ︷︷ ︸

n

(~p, n− l)uτς (~p, 1
2 )]

ε̃ab · ·︸ ︷︷ ︸
n

τς (~p, n+ 1
2 − l) = 1√

Cl2n+1

[
√
Cl−1

2n ε̃ab · ·︸ ︷︷ ︸
n

(~p, n− l + 1)vτς (~p,− 1
2 ) +

√
Cl2nε̃ab · ·︸ ︷︷ ︸

n

(~p, n− l)vτς (~p, 1
2 )]

Cor. 4.5.2.
m
E u

+τς (~p,− 1
2 )εab · ·︸ ︷︷ ︸

n

τς (~p, n+ 1
2 − l) =

√
Cl−1

2n√
Cl2n+1

εab · ·︸ ︷︷ ︸
n

(~p, n− l + 1) =
√

l
2n+1εab · ·︸ ︷︷ ︸

n

(~p, n− l + 1)

m
E u

+τς (~p, 1
2 )εab · ·︸ ︷︷ ︸

n

τς (~p, n+ 1
2 − l) =

√
Cl2n√
Cl2n+1

εab · ·︸ ︷︷ ︸
n

(~p, n− l) =
√

2n+1−l
2n+1 εab · ·︸ ︷︷ ︸

n

(~p, n− l)
m
E v

+τς (~p,− 1
2 )ε̃ab · ·︸ ︷︷ ︸

n

τς (~p, n+ 1
2 − l) =

√
Cl−1

2n√
Cl2n+1

ε̃ab · ·︸ ︷︷ ︸
n

(~p, n− l + 1) =
√

l
2n+1 ε̃ab · ·︸ ︷︷ ︸

n

(~p, n− l + 1)

m
E v

+τς (~p, 1
2 )ε̃ab · ·︸ ︷︷ ︸

n

τς (~p, n+ 1
2 − l) =

√
Cl2n√
Cl2n+1

ε̃ab · ·︸ ︷︷ ︸
n

(~p, n− l) =
√

2n+1−l
2n+1 ε̃ab · ·︸ ︷︷ ︸

n

(~p, n− l)

Cor. 4.5.3. εa(~p, κ) = − i√
2
uT (~p, κ2 )C̄γau(~p, κ2 ), εa(~p, 0) = −iuT (~p, κ2 )C̄γau(~p, κ2 )

Cor. 4.5.4. εa · ·bc︸ ︷︷ ︸
n+1

(~p, h)

=

√
C2
n+1+h√
C2

2n+2

εa · ·b︸ ︷︷ ︸
n

(~p, h− 1)εc(~p, 1) +

√
C1
n+1+hC

1
n+1−h√

C2
2n+2

εa · ·b︸ ︷︷ ︸
n

(~p, h)εc(~p, 0) +

√
C2
n+1−h√
C2

2n+2

εa · ·b︸ ︷︷ ︸
n

(~p, h+ 1)εc(~p,−1)

Thm. 4.5.1. εa · ·bc︸ ︷︷ ︸
n+1

(~p, n+ 1− l)

= − i√
2
uT (~p, 1

2 )C̄γc
√

2n+2−l√
2n+2

εa · ·b︸ ︷︷ ︸
n

[τς ](~p, n+ 1
2 − l)−

i√
2
uT (~p,− 1

2 )C̄γc
√
l√

2n+2
εa · ·b︸ ︷︷ ︸

n

[τς ](~p, n+ 3
2 − l)

Proof:

εa · ·bc︸ ︷︷ ︸
n+1

(~p, n+ 1− l)

=

√
C2

2n+2−l√
C2

2n+2

εa · ·b︸ ︷︷ ︸
n

(~p, n− l)εc(~p, 1) +

√
C1

2n+2−lC
1
l√

C2
2n+2

εa · ·b︸ ︷︷ ︸
n

(~p, n+ 1− l)εc(~p, 0) +

√
C2
l√

C2
2n+2

εa · ·b︸ ︷︷ ︸
n

(~p, n+ 2− l)εc(~p,−1)

=

√
C2

2n+2−l√
C2

2n+2

εa · ·b︸ ︷︷ ︸
n

(~p, n− l)[− i√
2
uT (~p, 1

2 )C̄γcu(~p, 1
2 )]

+

√
C1

2n+2−lC
1
l√

C2
2n+2

εa · ·b︸ ︷︷ ︸
n

(~p, n+ 1− l){[− i
2u

T (~p,− 1
2 )C̄γcu(~p, 1

2 )] + [− i
2u

T (~p, 1
2 )C̄γcu(~p,− 1

2 )]}

+

√
C2
l√

C2
2n+2

εa · ·b︸ ︷︷ ︸
n

(~p, n+ 2− l)[− i√
2
uT (~p,− 1

2 )C̄γcu(~p,− 1
2 )]

= − i√
2
uT (~p, 1

2 )C̄γc{
√
C2

2n+2−l√
C2

2n+2

εa · ·b︸ ︷︷ ︸
n

(~p, n− l)u(~p, 1
2 ) +

√
C1

2n+2−lC
1
l√

2C2
2n+2

εa · ·b︸ ︷︷ ︸
n

(~p, n+ 1− l)u(~p,− 1
2 )}

− i√
2
uT (~p,− 1

2 )C̄γc{
√
C1

2n+2−lC
1
l√

2C2
2n+2

εa · ·b︸ ︷︷ ︸
n

(~p, n+ 1− l)u(~p, 1
2 ) +

√
C2
l√

C2
2n+2

εa · ·b︸ ︷︷ ︸
n

(~p, n+ 2− l)u(~p,− 1
2 )}

= − i√
2
uT (~p, 1

2 )C̄γc{
√
C2

2n+2−l√
C2

2n+2

√
Cl2n+1√
Cl2n

√
Cl2n√
Cl2n+1

εa · ·b︸ ︷︷ ︸
n

(~p, n−l)u(~p, 1
2 )+

√
C1

2n+2−lC
1
l√

2C2
2n+2

√
Cl2n+1√
Cl−1

2n

√
Cl−1

2n√
Cl2n+1

εa · ·b︸ ︷︷ ︸
n

(~p, n+1−l)u(~p,− 1
2 )}

− i√
2
uT (~p,− 1

2 )C̄γc{
√
C1

2n+2−lC
1
l√

2C2
2n+2

√
Cl−l2n+1√
Cl−1

2n

√
Cl−1

2n√
Cl−1

2n+1

εa · ·b︸ ︷︷ ︸
n

(~p, n+1−l)u(~p, 1
2 )+

√
C2
l√

C2
2n+2

√
Cl−l2n+1√
Cl−2

2n

√
Cl−2

2n√
Cl−1

2n+1

εa · ·b︸ ︷︷ ︸
n

(~p, n+2−l)u(~p,− 1
2 )}

= − i√
2
uT (~p, 1

2 )C̄γc

√
C2

2n+2−l√
C2

2n+2

√
Cl2n+1√
Cl2n

[

√
Cl2n√
Cl2n+1

εa · ·b︸ ︷︷ ︸
n

(~p, n− l)u(~p, 1
2 ) +

√
Cl−1

2n√
Cl2n+1

εa · ·b︸ ︷︷ ︸
n

(~p, n+ 1− l)u(~p,− 1
2 )]

− i√
2
uT (~p,− 1

2 )C̄γc

√
C2
l√

C2
2n+2

√
Cl−1

2n+1√
Cl−2

2n

{
√
Cl−1

2n√
Cl−1

2n+1

εa · ·b︸ ︷︷ ︸
n

(~p, n+ 1− l)u(~p, 1
2 ) +

√
Cl−2

2n√
Cl−1

2n+1

εa · ·b︸ ︷︷ ︸
n

(~p, n+ 2− l)u(~p,− 1
2 )}
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= − i√
2
uT (~p, 1

2 )C̄γc
√

2n+2−l√
2n+2

εa · ·b︸ ︷︷ ︸
n

[τς ](~p, n+ 1
2 − l)−

i√
2
uT (~p,− 1

2 )C̄γc
√
l√

2n+2
εa · ·b︸ ︷︷ ︸

n

[τς ](~p, n+ 3
2 − l)

= − i√
2
uT (~p, 1

2 )γ4γ2γc
√

2n+2−l√
2n+2

εa · ·b︸ ︷︷ ︸
n

[τς ](~p, n+ 1
2 − l)−

i√
2
uT (~p,− 1

2 )γ4γ2γc
√
l√

2n+2
εa · ·b︸ ︷︷ ︸

n

[τς ](~p, n+ 3
2 − l)

Cor. 4.5.5. εa · ·bc︸ ︷︷ ︸
n+1

(~p, h) = − i
2 [
√
n+1+h√
n+1

uT (~p, 1
2 )C̄γcεa · ·b︸ ︷︷ ︸

n

[τς ](~p, h− 1
2 ) +

√
n+1−h√
n+1

uT (~p,− 1
2 )C̄γcεa · ·b︸ ︷︷ ︸

n

[τς ](~p, h+ 1
2 )]

Cor. 4.5.6. εa · ·bc︸ ︷︷ ︸
n+1

(~p, h) = − i
2 [
√
n+1+h√
n+1

εa · ·b︸ ︷︷ ︸
n

τς (~p, h− 1
2 )uσς (p̂,

1
2 ) +

√
n+1−h√
n+1

εa · ·b︸ ︷︷ ︸
n

τς (~p, h+ 1
2 )uσς (p̂,− 1

2 )](C̄γc)
τςσς

5 Reduction mode for various potential quasi projection operators
5.1 Formal definition of various potential quasi projection operators

Def. 5.1.1.

Λmab · ·︸ ︷︷ ︸
n

a
′
b
′ · ·︸ ︷︷ ︸
n

(~p, n) :=
−n∑
h=n

εab · ·︸ ︷︷ ︸
n

(~p, h)ε+
a
′
b
′ · ·︸ ︷︷ ︸
n

(~p, h) =
−n∑
h=n

ε̃ab · ·︸ ︷︷ ︸
n

(~p, h)ε̃+
a
′
b
′ · ·︸ ︷︷ ︸
n

(~p, h)

Λ+mab · ·︸ ︷︷ ︸
n

τς a
′
b
′ · ·︸ ︷︷ ︸
n

τ ′ς
(~p, n+ 1

2 ) :=
−(n+1/2)∑
h=n+1/2

εab · ·︸ ︷︷ ︸
n

τς (~p, h)ε+
a
′
b
′ · ·︸ ︷︷ ︸
n

τ ′ς
(~p, h)

Λ−mab · ·︸ ︷︷ ︸
n

τς a
′
b
′ · ·︸ ︷︷ ︸
n

τ ′ς
(~p, n+ 1

2 ) :=
−(n+1/2)∑
h=n+1/2

ε̃ab · ·︸ ︷︷ ︸
n

τς (~p, h)ε̃+
a
′
b
′ · ·︸ ︷︷ ︸
n

τ ′ς
(~p, h)

5.2 Relations between various potential quasi projection operators-Minimal reduction mode

Thm. 5.2.1.

−n∑
h=n

εab · ·︸ ︷︷ ︸
n

(~p, h)ε+
a
′
b
′ · ·︸ ︷︷ ︸
n

(~p, h) = 2n+1
2n+2 (mE )2

−(n+1/2)∑
h=n+1/2

εab · ·︸ ︷︷ ︸
n

τς (~p, h)ε+
a
′
b
′ · ·︸ ︷︷ ︸
n

τ ′ς
(~p, h)Λ

τ ′ςτς
+ (~p, 1

2 )

−(n+1/2)∑
h=n+1/2

εab · ·︸ ︷︷ ︸
n

[τς ](~p, h)ε+
a
′
b
′ · ·︸ ︷︷ ︸
n

[τ ′ς ]
(~p, h) = 2n+2

2n+3
1
2

−(n+1)∑
h=n+1

εab · ·c︸ ︷︷ ︸
n+1

(~p, h)ε+
a
′
b
′ · ·c′︸ ︷︷ ︸
n+1

(~p, h)γcΛ−(~p, 1
2 )γc

′

Thm. 5.2.2.

−n∑
h=n

ε̃ab · ·︸ ︷︷ ︸
n

(~p, h)ε̃+
a
′
b
′ · ·︸ ︷︷ ︸
n

(~p, h) = 2n+1
2n+2 (mE )2

−(n+1/2)∑
h=n+1/2

ε̃ab · ·︸ ︷︷ ︸
n

τς (~p, h)ε̃+
a
′
b
′ · ·︸ ︷︷ ︸
n

τ ′ς
(~p, h)Λ

τ ′ςτς
− (~p, 1

2 )

−(n+1/2)∑
h=n+1/2

ε̃ab · ·︸ ︷︷ ︸
n

[τς ](~p, h)ε̃+
a
′
b
′ · ·︸ ︷︷ ︸
n

[τ ′ς ]
(~p, h) = 2n+2

2n+3
1
2

−(n+1)∑
h=n+1

ε̃ab · ·c︸ ︷︷ ︸
n+1

(~p, h)ε̃+
a
′
b
′ · ·c′︸ ︷︷ ︸
n+1

(~p, h)γcΛ+(~p, 1
2 )γc

′

Cor. 5.2.1.

−n∑
h=n

εab · ·︸ ︷︷ ︸
n

(~p, h)ε+
a
′
b
′ · ·︸ ︷︷ ︸
n

(~p, h) = 2n+1
2n+3

−(n+1)∑
h=n+1

εab · ·c︸ ︷︷ ︸
n+1

(~p, h)ε+
a
′
b
′ · ·c′︸ ︷︷ ︸
n+1

(~p, h)ηcc
′

−(n+
1
2 )∑

h=n+
1
2

εab · ·︸ ︷︷ ︸
n

τς (~p, h)ε+
a
′
b
′ · ·︸ ︷︷ ︸
n

τ ′ς
(~p, h) = 2n+2

2n+4

−(n+
3
2 )∑

h=n+
3
2

εab · ·c︸ ︷︷ ︸
n

τς (~p, h)ε+
a
′
b
′ · ·c′︸ ︷︷ ︸
n

τ ′ς
(~p, h)ηcc

′

Proof:
−n∑
h=n

εab · ·︸ ︷︷ ︸
n

(~p, h)ε+
a
′
b
′ · ·︸ ︷︷ ︸
n

(~p, h)

= 2n+1
2n+2 (mE )2

−(n+1/2)∑
h=n+1/2

εab · ·︸ ︷︷ ︸
n

τς (~p, h)ε+
a
′
b
′ · ·︸ ︷︷ ︸
n

τ ′ς
(~p, h)Λ

τ ′ςτς
+ (~p, 1

2 )

= 2n+1
4n+6 (mE )2

−(n+1)∑
h=n+1

εab · ·c︸ ︷︷ ︸
n+1

(~p, h)ε+
a
′
b
′ · ·c′︸ ︷︷ ︸
n+1

(~p, h)[γcΛ−(~p, 1
2 )γc

′
]τςτ ′ςΛ

τ ′ςτς
+ (~p, 1

2 )

= 2n+1
4n+6 (mE )2

−(n+1)∑
h=n+1

εab · ·c︸ ︷︷ ︸
n+1

(~p, h)ε+
a
′
b
′ · ·c′︸ ︷︷ ︸
n+1

(~p, h)tr[γcΛ−(~p, 1
2 )γc

′
Λ+(~p, 1

2 )]

= 2n+1
2n+3

−(n+1)∑
h=n+1

εab · ·c︸ ︷︷ ︸
n+1

(~p, h)ε+
a
′
b
′ · ·c′︸ ︷︷ ︸
n+1

(~p, h)ηcc
′

489



Chapter25 Potential Covariation Scheme for Complex Particles with Mass Shui-Rong Shi

Proof:
−(n+1/2)∑
h=n+1/2

εab · ·︸ ︷︷ ︸
n

τς (~p, h)ε+
a
′
b
′ · ·︸ ︷︷ ︸
n

τ ′ς
(~p, h)

= 2n+2
2n+3

1
2

−(n+1)∑
h=n+1

εab · ·c︸ ︷︷ ︸
n+1

(~p, h)ε+
a
′
b
′ · ·c′︸ ︷︷ ︸
n+1

(~p, h)γcΛ−(~p, 1
2 )γc

′

= 2n+2
2n+3

1
2

2n+3
2n+5

−(n+2)∑
h=n+2

εab · ·cd︸ ︷︷ ︸
n+2

(~p, h)ε+
a
′
b
′ · ·c′d′︸ ︷︷ ︸
n+2

(~p, h)γcΛ−(~p, 1
2 )γc

′
ηdd

′

= 2n+2
2n+5

2n+5
2n+4

1
2

2n+4
2n+5

−(n+2)∑
h=n+2

εab · ·cd︸ ︷︷ ︸
n+2

(~p, h)ε+
a
′
b
′ · ·c′d′︸ ︷︷ ︸
n+2

(~p, h)γcΛ−(~p, 1
2 )γc

′
ηdd

′

= 2n+2
2n+4

1
2

2n+4
2n+5

−(n+2)∑
h=n+2

εab · ·cd︸ ︷︷ ︸
n+2

(~p, h)ε+
a
′
b
′ · ·c′d′︸ ︷︷ ︸
n+2

(~p, h)γdΛ−(~p, 1
2 )γd

′
ηcc
′

= 2n+2
2n+4

−(n+3/2)∑
h=n+3/2

εab · ·c︸ ︷︷ ︸
n+1

τς (~p, h)ε+
a
′
b
′ · ·c′︸ ︷︷ ︸
n+1

τς
(~p, h)ηcc

′

Cor. 5.2.2.

−n∑
h=n

ε̃ab · ·︸ ︷︷ ︸
n

(~p, h)ε̃+
a
′
b
′ · ·︸ ︷︷ ︸
n

(~p, h) = 2n+1
2n+3

−(n+1)∑
h=n+1

ε̃ab · ·c︸ ︷︷ ︸
n+1

(~p, h)ε̃+
a
′
b
′ · ·c′︸ ︷︷ ︸
n+1

(~p, h)ηcc
′

−(n+
1
2 )∑

h=n+
1
2

ε̃ab · ·︸ ︷︷ ︸
n

τς (~p, h)ε̃+
a
′
b
′ · ·︸ ︷︷ ︸
n

τ ′ς
(~p, h) = 2n+2

2n+4

−(n+
3
2 )∑

h=n+
3
2

ε̃ab · ·c︸ ︷︷ ︸
n

τς (~p, h)ε̃+
a
′
b
′ · ·c′︸ ︷︷ ︸
n

τ ′ς
(~p, h)ηcc

′

Cor. 5.2.3.

−n∑
h=n

εa · ·︸︷︷︸
n

(~p, h)ε+
a
′ · ·︸︷︷︸
n

(~p, h) = 2n+1
2(n+m)+1

−(n+m)∑
h=n+m

εa · ·c · ·d︸ ︷︷ ︸
n+m

(~p, h)ε+
a
′ · ·c′ · ·d′︸ ︷︷ ︸
n+m

(~p, h) ηcc
′
· ·ηdd

′︸ ︷︷ ︸
m

−(n+
1
2 )∑

h=n+
1
2

εa · ·︸︷︷︸
n

τς (~p, h)ε+
a
′ · ·︸︷︷︸
n

τ ′ς
(~p, h) = 2n+2

2(n+m)+2

−(n+m+
1
2 )∑

h=n+m+
1
2

εa · ·c · ·d︸ ︷︷ ︸
n

τς (~p, h)ε+
a
′ · ·c′ · ·d′︸ ︷︷ ︸

n

τ ′ς
(~p, h) ηcc

′
· ·ηdd

′︸ ︷︷ ︸
m

Cor. 5.2.4.

−n∑
h=n

ε̃a · ·︸︷︷︸
n

(~p, h)ε̃+
a
′ · ·︸︷︷︸
n

(~p, h) = 2n+1
2(n+m)+1

−(n+m)∑
h=n+m

ε̃a · ·c · ·d︸ ︷︷ ︸
n+m

(~p, h)ε̃+
a
′ · ·c′ · ·d′︸ ︷︷ ︸
n+m

(~p, h) ηcc
′
· ·ηdd

′︸ ︷︷ ︸
m

−(n+
1
2 )∑

h=n+
1
2

ε̃a · ·︸︷︷︸
n

τς (~p, h)ε̃+
a
′ · ·︸︷︷︸
n

τ ′ς
(~p, h) = 2n+2

2(n+m)+2

−(n+m+
1
2 )∑

h=n+m+
1
2

ε̃a · ·c · ·d︸ ︷︷ ︸
n

τς (~p, h)ε̃+
a
′ · ·c′ · ·d′︸ ︷︷ ︸

n

τ ′ς
(~p, h) ηcc

′
· ·ηdd

′︸ ︷︷ ︸
m

5.3 Reorganization of minimal reduction mode for various potential quasi projection operators

Thm. 5.3.1.
Λmab · ·︸ ︷︷ ︸

n

a
′
b
′ · ·︸ ︷︷ ︸
n

(~p, n) = 2n+1
2n+2 (mE )2Λ±mab · ·︸ ︷︷ ︸

n

τς a
′
b
′ · ·︸ ︷︷ ︸
n

τ ′ς
(~p, n+ 1

2 )Λ
τ ′ςτς
± (~p, 1

2 )

Λ±mab · ·︸ ︷︷ ︸
n

[τς ] a
′
b
′ · ·︸ ︷︷ ︸
n

[τ ′ς ]
(~p, n+ 1

2 ) = 2n+2
2n+3

1
2Λmab · ·c︸ ︷︷ ︸

n+1

a
′
b
′ · ·c′︸ ︷︷ ︸
n+1

(~p, n+ 1)γcΛ∓(~p, 1
2 )γc

′

Cor. 5.3.1.
Λmab · ·︸ ︷︷ ︸

n

a
′
b
′ · ·︸ ︷︷ ︸
n

(~p, n) = 2n+1
2n+3Λmab · ·c︸ ︷︷ ︸

n+1

a
′
b
′ · ·c′︸ ︷︷ ︸
n+1

(~p, n+ 1)ηcc
′

Λ±mab · ·︸ ︷︷ ︸
n

τς a
′
b
′ · ·︸ ︷︷ ︸
n

τ ′ς
(~p, n+ 1

2 ) = 2n+2
2n+4Λ±mab · ·c︸ ︷︷ ︸

n+1

τς a
′
b
′ · ·c′︸ ︷︷ ︸
n+1

τ ′ς
(~p, n+ 3

2 )ηcc
′

Cor. 5.3.2.
Λmab · ·︸ ︷︷ ︸

n

a
′
b
′ · ·︸ ︷︷ ︸
n

(~p, n) = 2n+1
2(n+l)+1Λmab · ·c · ·d︸ ︷︷ ︸

n+l

a
′
b
′ · ·c′ · ·d′︸ ︷︷ ︸
n+l

(~p, n+ l) ηcc
′
· ·ηdd

′︸ ︷︷ ︸
l

Λ±mab · ·︸ ︷︷ ︸
n

τς a
′
b
′ · ·︸ ︷︷ ︸
n

τ ′ς
(~p, n+ 1

2 ) =
2(n+

1
2 )+1

2(n+l+
1
2 )+1

Λ±mab · ·c · ·d︸ ︷︷ ︸
n+l

τς a
′
b
′ · ·c′ · ·d′︸ ︷︷ ︸
n+l

τ ′ς
(~p, n+ l + 1

2 ) ηcc
′
· ·ηdd

′︸ ︷︷ ︸
l
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Cor. 5.3.3.
Λmab · ·︸ ︷︷ ︸

n

a
′
b
′ · ·︸ ︷︷ ︸
n

(~p, n) = 2n+1

2(n+l+
1
2 )+1

(mE )2Λ±mab · ·c · ·d︸ ︷︷ ︸
n+l

τς a
′
b
′ · ·c′ · ·d′︸ ︷︷ ︸
n+l

τ ′ς
(~p, n+ l + 1

2 ) ηcc
′
· ·ηdd

′︸ ︷︷ ︸
l

Λ
τ ′ςτς
± (~p, 1

2 )

Λ±mab · ·︸ ︷︷ ︸
n

[τς ] a
′
b
′ · ·︸ ︷︷ ︸
n

[τ ′ς ]
(~p, n+ 1

2 ) =
2(n+

1
2 )+1

2(n+1+l)+1
1
2Λmab · ·c · ·de︸ ︷︷ ︸

n+1+l

a
′
b
′ · ·c′ · ·d′e′︸ ︷︷ ︸
n+1+l

(~p, n+ 1 + l) ηcc
′
· ·ηdd

′︸ ︷︷ ︸
l

γeΛ∓(~p, 1
2 )γe

′

5.4 Relations between various potential quasi projection operators-Physical reduction mode

Cor. 5.4.1.

−n∑
h=n

εab · ·︸ ︷︷ ︸
n

(~p, h)ε+
a
′
b
′ · ·︸ ︷︷ ︸
n

(~p, h) = 2n+1
2n+3

−(n+1)∑
h=n+1

εab · ·c︸ ︷︷ ︸
n+1

(~p, h)ε+
a
′
b
′ · ·c′︸ ︷︷ ︸
n+1

(~p, h)(ηcc
′
+ pcp+c′

m2 )

−(n+
1
2 )∑

h=n+
1
2

εab · ·︸ ︷︷ ︸
n

τς (~p, h)ε+
a
′
b
′ · ·︸ ︷︷ ︸
n

τ ′ς
(~p, h) = 2n+2

2n+4

−(n+
3
2 )∑

h=n+
3
2

εab · ·c︸ ︷︷ ︸
n

τς (~p, h)ε+
a
′
b
′ · ·c′︸ ︷︷ ︸
n

τ ′ς
(~p, h)(ηcc

′
+ pcp+c′

m2 )

Cor. 5.4.2.

−n∑
h=n

ε̃ab · ·︸ ︷︷ ︸
n

(~p, h)ε̃+
a
′
b
′ · ·︸ ︷︷ ︸
n

(~p, h) = 2n+1
2n+3

−(n+1)∑
h=n+1

ε̃ab · ·c︸ ︷︷ ︸
n+1

(~p, h)ε̃+
a
′
b
′ · ·c′︸ ︷︷ ︸
n+1

(~p, h)(ηcc
′
+ pcp+c′

m2 )

−(n+
1
2 )∑

h=n+
1
2

ε̃ab · ·︸ ︷︷ ︸
n

τς (~p, h)ε̃+
a
′
b
′ · ·︸ ︷︷ ︸
n

τ ′ς
(~p, h) = 2n+2

2n+4

−(n+
3
2 )∑

h=n+
3
2

ε̃ab · ·c︸ ︷︷ ︸
n

τς (~p, h)ε̃+
a
′
b
′ · ·c′︸ ︷︷ ︸
n

τ ′ς
(~p, h)(ηcc

′
+ pcp+c′

m2 )

Cor. 5.4.3.

−n∑
h=n

εa · ·︸︷︷︸
n

(~p, h)ε+
a
′ · ·︸︷︷︸
n

(~p, h) = 2n+1
2(n+m)+1

−(n+m)∑
h=n+m

εa · ·c · ·d︸ ︷︷ ︸
n+m

(~p, h)ε+
a
′ · ·c′ · ·d′︸ ︷︷ ︸
n+m

(~p, h) (ηcc
′
+ pcp+c′

m2 ) · ·(ηdd
′
+ pdp+d′

m2 )︸ ︷︷ ︸
m

−(n+
1
2 )∑

h=n+
1
2

εa · ·︸︷︷︸
n

τς (~p, h)ε+
a
′ · ·︸︷︷︸
n

τ ′ς
(~p, h)

= 2n+2
2(n+m)+2

−(n+m+
1
2 )∑

h=n+m+
1
2

εa · ·c · ·d︸ ︷︷ ︸
n

τς (~p, h)ε+
a
′ · ·c′ · ·d′︸ ︷︷ ︸

n

τ ′ς
(~p, h) (ηcc

′
+ pcp+c′

m2 ) · ·(ηdd
′
+ pdp+d′

m2 )︸ ︷︷ ︸
m

Cor. 5.4.4.

−n∑
h=n

ε̃a · ·︸︷︷︸
n

(~p, h)ε̃+
a
′ · ·︸︷︷︸
n

(~p, h) = 2n+1
2(n+m)+1

−(n+m)∑
h=n+m

ε̃a · ·c · ·d︸ ︷︷ ︸
n+m

(~p, h)ε̃+
a
′ · ·c′ · ·d′︸ ︷︷ ︸
n+m

(~p, h) (ηcc
′
+ pcp+c′

m2 ) · ·(ηdd
′
+ pdp+d′

m2 )︸ ︷︷ ︸
m

−(n+
1
2 )∑

h=n+
1
2

ε̃a · ·︸︷︷︸
n

τς (~p, h)ε̃+
a
′ · ·︸︷︷︸
n

τ ′ς
(~p, h)

= 2n+2
2(n+m)+2

−(n+m+
1
2 )∑

h=n+m+
1
2

ε̃a · ·c · ·d︸ ︷︷ ︸
n

τς (~p, h)ε̃+
a
′ · ·c′ · ·d′︸ ︷︷ ︸

n

τ ′ς
(~p, h) (ηcc

′
+ pcp+c′

m2 ) · ·(ηdd
′
+ pdp+d′

m2 )︸ ︷︷ ︸
m

5.5 Reorganization of physical reduction mode for various potential quasi projection operators

Thm. 5.5.1.
Λmab · ·︸ ︷︷ ︸

n

a
′
b
′ · ·︸ ︷︷ ︸
n

(~p, n) = 2n+1
2n+3Λmab · ·c︸ ︷︷ ︸

n+1

a
′
b
′ · ·c′︸ ︷︷ ︸
n+1

(~p, n+ 1)Λcc
′

m (~p, 1)

Λ±mab · ·︸ ︷︷ ︸
n

τς a
′
b
′ · ·︸ ︷︷ ︸
n

τ ′ς
(~p, n+ 1

2 ) = 2n+2
2n+4Λ±mab · ·c︸ ︷︷ ︸

n+1

τς a
′
b
′ · ·c′︸ ︷︷ ︸
n+1

τ ′ς
(~p, n+ 3

2 )Λcc
′

m (~p, 1)

Cor. 5.5.1.
Λmab · ·︸ ︷︷ ︸

n

a
′
b
′ · ·︸ ︷︷ ︸
n

(~p, n) = 2n+1
2(n+l)+1Λmab · ·c · ·d︸ ︷︷ ︸

n+l

a
′
b
′ · ·c′ · ·d′︸ ︷︷ ︸
n+l

(~p, n+ l) Λcc
′

m (~p, 1) · ·Λdd
′

m (~p, 1)︸ ︷︷ ︸
l

Λ±mab · ·︸ ︷︷ ︸
n

τς a
′
b
′ · ·︸ ︷︷ ︸
n

τ ′ς
(~p, n+ 1

2 ) =
2(n+

1
2 )+1

2(n+l+
1
2 )+1

Λ±mab · ·c · ·d︸ ︷︷ ︸
n+l

τς a
′
b
′ · ·c′ · ·d′︸ ︷︷ ︸
n+l

τ ′ς
(~p, n+ l + 1

2 ) Λcc
′

m (~p, 1) · ·Λdd
′

m (~p, 1)︸ ︷︷ ︸
l

Cor. 5.5.2.
Λmab · ·︸ ︷︷ ︸

n

a
′
b
′ · ·︸ ︷︷ ︸
n

(~p, n) = 2n+1
2(n+2)+1Λmab · ·cd︸ ︷︷ ︸

n+2

a
′
b
′ · ·c′d′︸ ︷︷ ︸
n+2

(~p, n+ 2)Λcdc
′d′

m (~p, 2)

Λ±mab · ·︸ ︷︷ ︸
n

τς a
′
b
′ · ·︸ ︷︷ ︸
n

τ ′ς
(~p, n+ 1

2 ) =
2(n+

1
2 )+1

2(n+2+
1
2 )+1

Λ±mab · ·cd︸ ︷︷ ︸
n+2

τς a
′
b
′ · ·c′d′︸ ︷︷ ︸
n+2

τ ′ς
(~p, n+ 2 + 1

2 )Λcdc
′d′

m (~p, 2)
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Cor. 5.5.3.
Λmab · ·︸ ︷︷ ︸

n

a
′
b
′ · ·︸ ︷︷ ︸
n

(~p, n) = 2n+1
2(n+l)+1Λmab · ·c · ·d︸ ︷︷ ︸

n+l

a
′
b
′ · ·c′ · ·d′︸ ︷︷ ︸
n+l

(~p, n+ l)Λ

l︷ ︸︸ ︷
c · ·d

l︷ ︸︸ ︷
c
′ · ·d′

m (~p, l)

Λ±mab · ·︸ ︷︷ ︸
n

τς a
′
b
′ · ·︸ ︷︷ ︸
n

τ ′ς
(~p, n+ 1

2 ) =
2(n+

1
2 )+1

2(n+l+
1
2 )+1

Λ±mab · ·c · ·d︸ ︷︷ ︸
n+l

τς a
′
b
′ · ·c′ · ·d′︸ ︷︷ ︸
n+l

τ ′ς
(~p, n+ l + 1

2 )Λ

l︷ ︸︸ ︷
c · ·d

l︷ ︸︸ ︷
c
′ · ·d′

m (~p, l)

Cor. 5.5.4.
Λmab · ·︸ ︷︷ ︸

n

a
′
b
′ · ·︸ ︷︷ ︸
n

(~p, n) = 2n+1

2(n+l+
1
2 )+1

(mE )2Λ±mab · ·c · ·d︸ ︷︷ ︸
n+l

τς a
′
b
′ · ·c′ · ·d′︸ ︷︷ ︸
n+l

τ ′ς
(~p, n+ l + 1

2 )Λ

l︷ ︸︸ ︷
c · ·d

l︷ ︸︸ ︷
c
′ · ·d′

m (~p, l)Λ
τ ′ςτς
± (~p, 1

2 )

Λ±mab · ·︸ ︷︷ ︸
n

[τς ] a
′
b
′ · ·︸ ︷︷ ︸
n

[τ ′ς ]
(~p, n+ 1

2 ) =
2(n+

1
2 )+1

2(n+1+l)+1
1
2Λmab · ·c · ·de︸ ︷︷ ︸

n+1+l

a
′
b
′ · ·c′ · ·d′e′︸ ︷︷ ︸
n+1+l

(~p, n+ 1 + l)Λ

l︷ ︸︸ ︷
c · ·d

l︷ ︸︸ ︷
c
′ · ·d′

m (~p, l)γeΛ∓(~p, 1
2 )γe

′

5.6 Universal properties of various potential quasi projection operators

Pro. 5.6.1.
Λmab · ·︸ ︷︷ ︸

n

a
′
b
′ · ·︸ ︷︷ ︸
n

(~p, n) = 1
n!Λm {ab · ·}︸ ︷︷ ︸

n

a
′
b
′ · ·︸ ︷︷ ︸
n

(~p, n) = 1
n!Λmab · ·︸ ︷︷ ︸

n

(a
′
b
′ · ·)︸ ︷︷ ︸
n

(~p, n) = 1
(n!)2 Λm {ab · ·}︸ ︷︷ ︸

n

(a
′
b
′ · ·)︸ ︷︷ ︸
n

(~p, n)

δabΛmab · ·︸ ︷︷ ︸
n

a
′
b
′ · ·︸ ︷︷ ︸
n

(~p, n) = δa
′b′Λmab · ·︸ ︷︷ ︸

n

a
′
b
′ · ·︸ ︷︷ ︸
n

(~p, n) = 0, paΛmab · ·︸ ︷︷ ︸
n

a
′
b
′ · ·︸ ︷︷ ︸
n

(~p, n) = p+a′Λmab · ·︸ ︷︷ ︸
n

a
′
b
′ · ·︸ ︷︷ ︸
n

(~p, n) = 0

Pro. 5.6.2.

Λ±mab · ·︸ ︷︷ ︸
n

τς a
′
b
′ · ·︸ ︷︷ ︸
n

τ ′ς
(~p, n+ 1

2 ) = 1
n!Λ±m {ab · ·}︸ ︷︷ ︸

n

τς a
′
b
′ · ·︸ ︷︷ ︸
n

τ ′ς
(~p, n+ 1

2 )

= 1
n!Λ±mab · ·︸ ︷︷ ︸

n

τς (a
′
b
′ · ·)︸ ︷︷ ︸
n

τ ′ς
(~p, n+ 1

2 ) = 1
(n!)2 Λ±m {ab · ·}︸ ︷︷ ︸

n

τς (a
′
b
′ · ·)︸ ︷︷ ︸
n

τ ′ς
(~p, n+ 1

2 )

δabΛ±mab · ·︸ ︷︷ ︸
n

τς a
′
b
′ · ·︸ ︷︷ ︸
n

τ ′ς
(~p, n+ 1

2 ) = δa
′b′Λ±mab · ·︸ ︷︷ ︸

n

τς a
′
b
′ · ·︸ ︷︷ ︸
n

τ ′ς
(~p, n+ 1

2 ) = 0

paΛ±mab · ·︸ ︷︷ ︸
n

τς a
′
b
′ · ·︸ ︷︷ ︸
n

τ ′ς
(~p, n+ 1

2 ) = p+a′Λ±mab · ·︸ ︷︷ ︸
n

τς a
′
b
′ · ·︸ ︷︷ ︸
n

τ ′ς
(~p, n+ 1

2 ) = 0

γaΛ±mab · ·︸ ︷︷ ︸
n

[τς ] a
′
b
′ · ·︸ ︷︷ ︸
n

τ ′ς
(~p, n+ 1

2 ) = 0,Λ±mab · ·︸ ︷︷ ︸
n

τς a
′
b
′ · ·︸ ︷︷ ︸
n

[τ ′ς ]
(~p, n+ 1

2 )γa
′

= 0

(±iγcpc +m)Λ±mab · ·︸ ︷︷ ︸
n

[τς ] a
′
b
′ · ·︸ ︷︷ ︸
n

τ ′ς
(~p, n+ 1

2 ) = 0,Λ±mab · ·︸ ︷︷ ︸
n

τς a
′
b
′ · ·︸ ︷︷ ︸
n

[τ ′ς ]
(~p, n+ 1

2 )(±iγc′p+
c′ −m) = 0

6 Direct solution to commutation rules for potential
(Equivalent transformation method.)
6.1 Lemma

Lem. 6.1.1. Xa{λςµς (p)X
b
ηςξς}(p)[δab + papb

m2 ] = 0

6.2 Transformation solving method of commutation rules for potential Aabc··

Thm. 6.2.1.

[ψλςµς · ·︸ ︷︷ ︸
2n

(x), ψ+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2n

(x′)] = i
23n−1

1
[(2n)!]2 Xa{λςµς (x) · ·}︸ ︷︷ ︸

n

X+a′

(λ′ςµ
′
ς
(x′) · ·)︸ ︷︷ ︸
n

[ηaa′ −
∂a∂

+

a′
m2 ] · ·︸ ︷︷ ︸

n

∆(x− x′)

Aab · ·︸ ︷︷ ︸
n

(x) = 1
(i2m)n

n︷ ︸︸ ︷
(C̄γa)λςµς (C̄γb)

ηςξς · ·ψλςµςηςξς · ·︸ ︷︷ ︸
2n

(x), ψλςµς · ·︸ ︷︷ ︸
2n

(x) = 1
(2n)!ψ{λςµς · ·}︸ ︷︷ ︸

2n

(x)

A+
a
′
b
′ · ·︸ ︷︷ ︸
n

(x) = 1
(−i2m)n

n︷ ︸︸ ︷
(γa′C)λ

′
ςµ
′
ς (γb′C)η

′
ςξ
′
ς · ·ψ+

λ
′
ςµ
′
ςη
′
ςξ
′
ς · ·︸ ︷︷ ︸

2n

(x), ψ+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2n

(x) = 1
(2n)!ψ

+
{λ′ςµ

′
ς · ·}︸ ︷︷ ︸

2n

(x)

⇒ [Aab · ·︸ ︷︷ ︸
n

(x), A+
a
′
b
′ · ·︸ ︷︷ ︸
n

(x′)] = i 1
25n−1m2n

n︷ ︸︸ ︷
(C̄γa)λςµς (C̄γb)

ηςξς · ·

n︷ ︸︸ ︷
(γa′C)λ

′
ςµ
′
ς (γb′C)η

′
ςξ
′
ς · ·

1
[(2n)!]2 Xc{λςµς (x)Xdηςξς (x) · ·}︸ ︷︷ ︸

n

X+c′

(λ′ςµ
′
ς
(x′)X+d′

η′ςξ
′
ς
(x′) · ·)︸ ︷︷ ︸

n

[ηcc′ −
∂c∂

+

c′
m2 ][ηdd′ −

∂d∂
+

d′
m2 ] · ·︸ ︷︷ ︸

n

∆(x− x′)

= i 1
24n−1m2n

n︷ ︸︸ ︷
(C̄γa)λςµς (C̄γb)

ηςξς · ·

n︷ ︸︸ ︷
(γa′C)λ

′
ςµ
′
ς (γb′C)η

′
ςξ
′
ς · ·

492



Chapter25 Potential Covariation Scheme for Complex Particles with Mass Shui-Rong Shi

1
[(2n)!]2 [(m− γa∂a)γ4]{λς(λ′ς [(m− γ

b∂b)γ
4]µςµ′ς · ·})︸ ︷︷ ︸

2n

∆(x− x′)

Proof: [Aab · ·︸ ︷︷ ︸
n

(x), A+
a
′
b
′ · ·︸ ︷︷ ︸
n

(x′)]

= 1
(2m)2n

n︷ ︸︸ ︷
(C̄γa)λςµς (C̄γb)

ηςξς · ·

n︷ ︸︸ ︷
(γa′C)λ

′
ςµ
′
ς (γb′C)η

′
ςξ
′
ς · ·[ψλςµςηςξς · ·︸ ︷︷ ︸

2n

(x), ψ+
λ
′
ςµ
′
ςη
′
ςξ
′
ς · ·︸ ︷︷ ︸

2n

(x′)]

= 1
(2m)2n

i
23n−1[(2n)!]2

n︷ ︸︸ ︷
(C̄γa)λςµς (C̄γb)

ηςξς · ·

n︷ ︸︸ ︷
(γa′C)λ

′
ςµ
′
ς (γb′C)η

′
ςξ
′
ς · ·

Xc{λςµς (x)Xdηςξς (x) · ·}︸ ︷︷ ︸
n

X+c′

(λ′ςµ
′
ς
(x′)X+d′

η′ςξ
′
ς
(x′) · ·)︸ ︷︷ ︸

n

[ηcc′ −
∂c∂

+

c′
m2 ][ηdd′ −

∂d∂
+

d′
m2 ] · ·︸ ︷︷ ︸

n

∆(x− x′)

= i 1
25n−1m2n

n︷ ︸︸ ︷
(C̄γa)λςµς (C̄γb)

ηςξς · ·

n︷ ︸︸ ︷
(γa′C)λ

′
ςµ
′
ς (γb′C)η

′
ςξ
′
ς · ·

1
[(2n)!]2 Xc{λςµς (x)Xdηςξς (x) · ·}︸ ︷︷ ︸

n

X+c′

(λ′ςµ
′
ς
(x′)X+d′

η′ςξ
′
ς
(x′) · ·)︸ ︷︷ ︸

n

[ηcc′ −
∂c∂

+

c′
m2 ][ηdd′ −

∂d∂
+

d′
m2 ] · ·︸ ︷︷ ︸

n

∆(x− x′)

= i 1
24n−1m2n

n︷ ︸︸ ︷
(C̄γa)λςµς (C̄γb)

ηςξς · ·

n︷ ︸︸ ︷
(γa′C)λ

′
ςµ
′
ς (γb′C)η

′
ςξ
′
ς · ·

1
[(2n)!]2 [(m− γa∂a)γ4]{λς(λ′ς [(m− γ

b∂b)γ
4]µςµ′ς · ·})︸ ︷︷ ︸

2n

∆(x− x′)

6.3 Transformation solving method of anticommutation rules for potential Aabc··τς
Thm. 6.3.1.

{ψλςµς · ·τς︸ ︷︷ ︸
2n+1

(x), ψ+
λ
′
ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2n+1

(x′)}

= i
23n[(2n+1)!]2 Xa{λςµς (x) · ·︸ ︷︷ ︸

n

X+a′

(λ′ςµ
′
ς
(x′) · ·︸ ︷︷ ︸
n

[(m− γc∂c)γ4]τς}τ ′ς) [ηaa′ −
∂a∂

+

a′
m2 ] · ·︸ ︷︷ ︸

n

∆(x− x′)

Aab · ·︸ ︷︷ ︸
n

τς (x) = 1
(i2m)n

n︷ ︸︸ ︷
(C̄γa)λςµς (C̄γb)

ηςξς · ·ψλςµςηςξς · ·τς︸ ︷︷ ︸
2n+1

(x), ψλςµς · ·τς︸ ︷︷ ︸
2n+1

(x) = 1
(2n+1)!ψ{λςµς · ·τς}︸ ︷︷ ︸

2n+1

(x)

A+
a
′
b
′ · ·︸ ︷︷ ︸
n

τ ′ς
(x) = 1

(−i2m)n

n︷ ︸︸ ︷
(γa′C)λ

′
ςµ
′
ς (γb′C)η

′
ςξ
′
ς · ·ψ+

λ
′
ςµ
′
ςη
′
ςξ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2n+1

(x), ψ+
λ
′
ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2n+1

(x) = 1
(2n+1)!ψ

+
{λ′ςµ

′
ς · ·τς}︸ ︷︷ ︸

2n+1

(x)

⇒ {Aab · ·︸ ︷︷ ︸
n

τς (x), A+
a
′
b
′ · ·︸ ︷︷ ︸
n

τ ′ς
(x′)}

= i 1
25nm2n

n︷ ︸︸ ︷
(C̄γa)λςµς (C̄γb)

ηςξς · ·

n︷ ︸︸ ︷
(γa′C)λ

′
ςµ
′
ς (γb′C)η

′
ςξ
′
ς · ·

1
[(2n+1)!]2 Xa{λςµς (x) · ·︸ ︷︷ ︸

n

X+a′

(λ′ςµ
′
ς
(x′) · ·︸ ︷︷ ︸
n

[(m− γc∂c)γ4]τς}τ ′ς) [ηaa′ −
∂a∂

+

a′
m2 ] · ·︸ ︷︷ ︸

n

∆(x− x′)

= i 1
24nm2n

n︷ ︸︸ ︷
(C̄γa)λςµς (C̄γb)

ηςξς · ·

n︷ ︸︸ ︷
(γa′C)λ

′
ςµ
′
ς (γb′C)η

′
ςξ
′
ς · ·

1
[(2n+1)!]2 [(m− γa∂a)γ4]{λς(λ′ς [(m− γ

b∂b)γ
4]µςµ′ς · ·[(m− γ

c∂c)γ
4]τς}τ ′ς)︸ ︷︷ ︸

2n+1

∆(x− x′)

Proof: {Aab · ·︸ ︷︷ ︸
n

τς (x), A+
a
′
b
′ · ·︸ ︷︷ ︸
n

τ ′ς
(x′)}

= 1
(2m)2n

n︷ ︸︸ ︷
(C̄γa)λςµς (C̄γb)

ηςξς · ·

n︷ ︸︸ ︷
(γa′C)λ

′
ςµ
′
ς (γb′C)η

′
ςξ
′
ς · ·{ψλςµςηςξς · ·τς︸ ︷︷ ︸

2n+1

(x), ψ+
λ
′
ςµ
′
ςη
′
ςξ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2n+1

(x′)}

= i 1
25nm2n

n︷ ︸︸ ︷
(C̄γa)λςµς (C̄γb)

ηςξς · ·

n︷ ︸︸ ︷
(γa′C)λ

′
ςµ
′
ς (γb′C)η

′
ςξ
′
ς · ·

1
[(2n+1)!]2 Xa{λςµς (x) · ·︸ ︷︷ ︸

n

X+a′

(λ′ςµ
′
ς
(x′) · ·︸ ︷︷ ︸
n

[(m− γc∂c)γ4]τς}τ ′ς) [ηaa′ −
∂a∂

+

a′
m2 ] · ·︸ ︷︷ ︸

n

∆(x− x′)
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= i 1
24nm2n

n︷ ︸︸ ︷
(C̄γa)λςµς (C̄γb)

ηςξς · ·

n︷ ︸︸ ︷
(γa′C)λ

′
ςµ
′
ς (γb′C)η

′
ςξ
′
ς · ·

1
[(2n+1)!]2 [(m− γa∂a)γ4]{λς(λ′ς [(m− γ

b∂b)γ
4]µςµ′ς · ·[(m− γ

c∂c)γ
4]τς}τ ′ς)︸ ︷︷ ︸

2n+1

∆(x− x′)

6.4 Isochronous quantization rules for fully symmetric B-W equation

Thm. 6.4.1.

[ψλςµς · ·︸ ︷︷ ︸
2s

(x), ψ+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(x′)]−2s+1 = i (iς)2s

22s−1

2s︷ ︸︸ ︷
(σ ⊗ σz, iς)a{λς(λ′ς (σ ⊗ σz, iς)

b
µςµ′ς
· ·})

2s︷ ︸︸ ︷
∂a∂b · ·∆(x− x′)

⇒ [ψλςµς · ·ξςης · ·τς︸ ︷︷ ︸
2s

(~r, t), ψ+
λ
′
ςµ
′
ς · ·ξ

′
ςη
′
ς · ·τ

′
ς︸ ︷︷ ︸

2s

(~r′, t)]−2s+1

= − (iς)2s+1

22s−1

[s− 1
2 ]∑

k=0

(2s)!
(2s−2k−1)!(2k)!1!

2s−2k−1︷ ︸︸ ︷
[(σ · ∇)⊗ σz]λςλ′ς [(σ · ∇)⊗ σz]µςµ′ς · ·

2k︷ ︸︸ ︷
δξςξ′ς δηςη′ς · · ∇

2kδτςτ ′ς δ
3(~r − ~r′)

7 Summary and carding of covariant commutation rules for massive particles
7.1 Carding of covariant commutation rules for massive boson

Def. 7.1.1.

P̂a1··ana′1··a′n(n) = 1
(n!)2

P (b)∑
P (a)

[n/2]∑
r=0

krP̂a1a2
P̂a′1a′2 · ·P̂a2r−1a2r

P̂a′2r−1a
′
2r

n∏
i=2r+1

P̂aia′i

kr = (− 1
2 )r n!(2n−2r−1)!!

r!(n−2r)!(2n−1)!!

Def. 7.1.2.

P̂a1··anb1··bn(n) = 1
(n!)2

P (b)∑
P (a)

[n/2]∑
r=0

krP̂a1a2
P̂b1b2 · ·P̂a2r−1a2r

P̂b2r−1b2r

n∏
i=2r+1

P̂aibi

P̂a1··anb1··bn(n) := η
a′1
b1
η
a′2
b2
· ·ηa

′
n

bn
P̂a1··ana′1··a′n(n)

Thm. 7.1.1. [Aa1a2··an(x), Āb1b2··bn(x′)] = iP̂a1a2··anb1b2··bn(n)∆(x− x′), Āb1b2··bn := η
b′1
b1
η
b′2
b2
· ·ηb

′
n

bn
A+
b′1b
′
2··b′n

[m]

Thm. 7.1.2. [Aa1a2··an(x), A+
a′1a
′
2··a′n

(x′)] = iP̂a1a2··ana′1a′2··a′n(n)∆(x− x′)

[m]

Thm. 7.1.3. [Aab · ·︸ ︷︷ ︸
n

(x), A+
a
′
b
′ · ·︸ ︷︷ ︸
n

(x′)] = 1
m2n

i
25n−1[(2n)!]2

n︷ ︸︸ ︷
(C̄γa)λςµς (C̄γb)

ηςξς · ·

n︷ ︸︸ ︷
(γa′C)λ

′
ςµ
′
ς (γb′C)η

′
ςξ
′
ς · ·

Xc{λςµς (x)Xdηςξς (x) · ·}︸ ︷︷ ︸
n

X+c′

(λ′ςµ
′
ς
(x′)X+d′

η′ςξ
′
ς
(x′) · ·)︸ ︷︷ ︸

n

[ηcc′ −
∂c∂

+

c′
m2 ][ηdd′ −

∂d∂
+

d′
m2 ] · ·︸ ︷︷ ︸

n

∆(x− x′)

[m]

Thm. 7.1.4. [Aab · ·︸ ︷︷ ︸
n

(x), A+
a
′
b
′ · ·︸ ︷︷ ︸
n

(x′)] = 1
m2n

i
24n−1[(2n)!]2

n︷ ︸︸ ︷
(C̄γa)λςµς (C̄γb)

ηςξς · ·

n︷ ︸︸ ︷
(γa′C)λ

′
ςµ
′
ς (γb′C)η

′
ςξ
′
ς · ·

[(m− γa∂a)γ4]{λς(λ′ς [(m− γ
b∂b)γ

4]µςµ′ς · ·})︸ ︷︷ ︸
2n

∆(x− x′)

[m]

Thm. 7.1.5. [ψλςµς · ·︸ ︷︷ ︸
2n

(x), ψ+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2n

(x′)] = i
23n−1[(2n)!]2 Xa{λςµς (x) · ·}︸ ︷︷ ︸

n

X+a′

(λ′ςµ
′
ς
(x′) · ·)︸ ︷︷ ︸
n

[ηaa′ −
∂a∂

+

a′
m2 ] · ·︸ ︷︷ ︸

n

∆(x− x′)

[m]

Thm. 7.1.6. [ψλςµς · ·︸ ︷︷ ︸
2n

(x), ψ+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2n

(x′)] = i
22n−1[(2n)!]2 [(m− γa∂a)γ4]{λς(λ′ς [(m− γ

b∂b)γ
4]µςµ′ς · ·})︸ ︷︷ ︸

2n

∆(x− x′)

[⇓]
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Thm. 7.1.7. [ψAςBς · ·︸ ︷︷ ︸
2n

(x), ψ+
A
′
ςB
′
ς · ·︸ ︷︷ ︸

2n

(x′)] = i (iς)2n

22n−1[(2n)!]2

2n︷ ︸︸ ︷
(σ, iς)a{Aς(A′ς (σ, iς)

b
BςB′ς

· ·})

2n︷ ︸︸ ︷
∂a∂b · ·∆(x− x′)

[m]

Thm. 7.1.8. [ψkς (x), ψ+
k′ς

(x′)] = i (−1)2n

2n−1 Γ

2n︷ ︸︸ ︷
abc · ·
kςk′ς

(n)

2s︷ ︸︸ ︷
∂a∂b∂c · ·∆(x− x′)

There are two equivalent expressions for the commutative relationship between potential A and field
ψ, and they are mutually premises and causal each other. You can deduce everything from potential
commutation relations, or you can deduce everything from field commutation relations too. This shows
that the two descriptions of potential and field are completely equivalent for massive particles. And
it can be deduced from the massive particle commutation rules which are completely similar to the
massless particle commutation rules. But not vice versa.
7.2 Relations between commutation rules and quasi projection operators for massive boson

Cor. 7.2.1.
−n∑
h=n

εab · ·︸ ︷︷ ︸
n

(~p, h)ε+
a
′
b
′ · ·︸ ︷︷ ︸
n

(~p, h)

= 1
2n

n︷ ︸︸ ︷
(C̄γa)λςµς (C̄γb)

ηςξς · ·

n︷ ︸︸ ︷
(C̄γa′)

+λ′ςµ
′
ς (C̄γb′)

+η′ςξ
′
ς · ·

−n∑
h=n

Uλςµςηςξς · ·︸ ︷︷ ︸
2n

(~p, h)U+
λ
′
ςµ
′
ςη
′
ςξ
′
ς · ·︸ ︷︷ ︸

2n

(~p, h)

Thm. 7.2.1. [ψλςµς · ·︸ ︷︷ ︸
2s

(x), ψ+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(x′)]−2s+1 = 2im2s
−s∑
h=s

Uλςµςηςξς · ·︸ ︷︷ ︸
2n

(−i∂, h)U+
λ
′
ςµ
′
ςη
′
ςξ
′
ς · ·︸ ︷︷ ︸

2n

(−i∂, h)

Thm. 7.2.2. [Aab · ·︸ ︷︷ ︸
n

(x), A+
a
′
b
′ · ·︸ ︷︷ ︸
n

(x′)] = i
2n−1

−n∑
h=n

εab · ·︸ ︷︷ ︸
n

(−i∂, h)ε+
a
′
b
′ · ·︸ ︷︷ ︸
n

(−i∂, h)

Proof: [Aab · ·︸ ︷︷ ︸
n

(x), A+
a
′
b
′ · ·︸ ︷︷ ︸
n

(x′)] = 1
m2n

i
24n−1[(2n)!]2

n︷ ︸︸ ︷
(C̄γa)λςµς (C̄γb)

ηςξς · ·

n︷ ︸︸ ︷
(γa′C)λ

′
ςµ
′
ς (γb′C)η

′
ςξ
′
ς · ·

[(m− γa∂a)γ4]{λς(λ′ς [(m− γ
b∂b)γ

4]µςµ′ς · ·})︸ ︷︷ ︸
2n

∆(x− x′)

= i
22n−1

n︷ ︸︸ ︷
(C̄γa)λςµς (C̄γb)

ηςξς · ·

n︷ ︸︸ ︷
(γa′C)λ

′
ςµ
′
ς (γb′C)η

′
ςξ
′
ς · ·

−n∑
h=n

Uλςµςηςξς · ·︸ ︷︷ ︸
2n

(−i∂, h)U+
λ
′
ςµ
′
ςη
′
ςξ
′
ς · ·︸ ︷︷ ︸

2n

(−i∂, h)∆(x− x′)

= i
2n−1

−n∑
h=n

εab · ·︸ ︷︷ ︸
n

(−i∂, h)ε+
a
′
b
′ · ·︸ ︷︷ ︸
n

(−i∂, h)

7.3 Carding of covariant anticommutation rules for massive fermion

Def. 7.3.1. P̂a1··anτςa′1··a′nτ ′ς (n+ 1
2 ) = n+1

2n+3 P̂aa1··ana′a′1··a′n(n+ 1)[γa(−m− γc∂c)γ4γa
′
]τςτ ′ς , γ

a′ = γaηa
′

a

Def. 7.3.2.

{
P̂a1··anτςb1··bnτ ′ς (n+ 1

2 ) = n+1
2n+3 P̂aa1··anbb1··bn(n+ 1)[γa(m+ γc∂c)γ

bγ4]τςτ ′ς
P̂a1··anτςb1··bnτ ′ς (n+ 1

2 ) := η
a′1
b1
η
a′2
b2
· ·ηa

′
n

bn
P̂a1··anτςa′1··a′nτ ′ς (n+ 1

2 )

Cor. 7.3.1. P̂a1··anτςb1··bnτ ′ς (n+ 1
2 ) = n+1

2n+3 P̂aa1··anbb1··bn(n+ 1)[(m− γc∂c)γaγbγ4]τςτ ′ς

Thm. 7.3.1. {Aa1a2··anτς (x), Āb1b2··bnτ ′ς (x
′)} = iP̂a1··anτςb1··bnτ ′ς (n+ 1

2 )∆(x− x′)

[m]

Thm. 7.3.2. {Aa1a2··anτς (x), A+
a′1a
′
2··a′nτ ′ς

(x′)} = iP̂a1··anτςa′1··a′nτ ′ς (n+ 1
2 )∆(x− x′)

[m]

Thm. 7.3.3. {Aab · ·︸ ︷︷ ︸
n

τς (x), A+
a
′
b
′ · ·︸ ︷︷ ︸
n

τ ′ς
(x′)} = i 1

m2n
1

25n[(2n+1)!]2

n︷ ︸︸ ︷
(C̄γa)λςµς (C̄γb)

ηςξς · ·

n︷ ︸︸ ︷
(γa′C)λ

′
ςµ
′
ς (γb′C)η

′
ςξ
′
ς · ·

Xa{λςµς (x) · ·︸ ︷︷ ︸
n

X+a′

(λ′ςµ
′
ς
(x′) · ·︸ ︷︷ ︸
n

[(m− γc∂c)γ4]τς}τ ′ς) [ηaa′ −
∂a∂

+

a′
m2 ] · ·︸ ︷︷ ︸

n

∆(x− x′)
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[m]

Thm. 7.3.4. {Aab · ·︸ ︷︷ ︸
n

τς (x), A+
a
′
b
′ · ·︸ ︷︷ ︸
n

τ ′ς
(x′)} = 1

m2n
i

24n[(2n+1)!]2

n︷ ︸︸ ︷
(C̄γa)λςµς (C̄γb)

ηςξς · ·

n︷ ︸︸ ︷
(γa′C)λ

′
ςµ
′
ς (γb′C)η

′
ςξ
′
ς · ·

[(m− γa∂a)γ4]{λς(λ′ς [(m− γ
b∂b)γ

4]µςµ′ς · ·[(m− γ
c∂c)γ

4]τς}τ ′ς)︸ ︷︷ ︸
2n+1

∆(x− x′)

[m]

Thm. 7.3.5. {ψλςµς · ·︸ ︷︷ ︸
2n+1

(x), ψ+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2n+1

(x′)}

= i
23n[(2n+1)!]2 Xa{λςµς (x) · ·︸ ︷︷ ︸

n

X+a′

(λ′ςµ
′
ς
(x′) · ·︸ ︷︷ ︸
n

[(m− γc∂c)γ4]τς}τ ′ς) [ηaa′ −
∂a∂

+

a′
m2 ] · ·︸ ︷︷ ︸

n

∆(x− x′)

[m]

Thm. 7.3.6. {ψλςµς · ·︸ ︷︷ ︸
2n+1

(x), ψ+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2n+1

(x′)} = i
22n[(2n+1)!]2 [(m− γa∂a)γ4]{λς(λ′ς [(m− γ

b∂b)γ
4]µςµ′ς · ·})︸ ︷︷ ︸

2n+1

∆(x− x′)

[⇓]

Thm. 7.3.7. {ψAςBς · ·︸ ︷︷ ︸
2n+1

(x), ψ+
A
′
ςB
′
ς · ·︸ ︷︷ ︸

2n+1

(x′)} = i (iς)2n+1

22n[(2n+1)!]2

2n+1︷ ︸︸ ︷
(σ, iς)a{Aς(A′ς (σ, iς)

b
BςB′ς

· ·})

2n+1︷ ︸︸ ︷
∂a∂b · ·∆(x− x′)

[m]

Thm. 7.3.8. {ψkς (x), ψ+
k′ς

(x′)} = i (−1)2n+1

2n−1/2 Γ

2n+1︷ ︸︸ ︷
abc · ·
kςk′ς

(n+ 1
2 )

2n+1︷ ︸︸ ︷
∂a∂b∂c · ·∆(x− x′)

There are two equivalent expressions for the commutative relationship between potential A and field
ψ, and they are mutually premises and causal each other. You can deduce everything from potential
commutation relations, or you can deduce everything from field commutation relations too. This shows
that the two descriptions of potential and field are completely equivalent for massive particles. And
it can be deduced from the massive particle commutation rules which are completely similar to the
massless particle commutation rules. But not vice versa.
7.4 Relations between commutation rules and quasi projection operators for massive fermion

Cor. 7.4.1.

−(n+
1
2 )∑

h=n+
1
2

εab · ·︸ ︷︷ ︸
n

τς (~p, h)ε+
a
′
b
′ · ·︸ ︷︷ ︸
n

τ ′ς
(~p, h)

= 1
2n

n︷ ︸︸ ︷
(C̄γa)λςµς (C̄γb)

ηςξς · ·

n︷ ︸︸ ︷
(γa′C)λ

′
ςµ
′
ς (γb′C)η

′
ςξ
′
ς · ·
−(n+

1
2 )∑

h=n+
1
2

Uλςµς · ·τς︸ ︷︷ ︸
2n+1

(~p, h)U+
λ
′
ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2n+1

(~p, h)

Thm. 7.4.1. [ψλςµς · ·︸ ︷︷ ︸
2s

(x), ψ+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(x′)]−2s+1 = 2im2s
−s∑
h=s

Uλςµς · ·︸ ︷︷ ︸
2s

(−i∂, h)U+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(−i∂, h)

Thm. 7.4.2. {Aab · ·︸ ︷︷ ︸
n

τς (x), A+
a
′
b
′ · ·︸ ︷︷ ︸
n

τ ′ς
(x′)} = im

2n−1

−(n+
1
2 )∑

h=n+
1
2

εab · ·︸ ︷︷ ︸
n

τς (−i∂, h)ε+
a
′
b
′ · ·︸ ︷︷ ︸
n

τ ′ς
(−i∂, h)

Proof: {Aab · ·︸ ︷︷ ︸
n

τς (x), A+
a
′
b
′ · ·︸ ︷︷ ︸
n

τ ′ς
(x′)} = 1

m2n
i

24n[(2n+1)!]2

n︷ ︸︸ ︷
(C̄γa)λςµς (C̄γb)

ηςξς · ·

n︷ ︸︸ ︷
(γa′C)λ

′
ςµ
′
ς (γb′C)η

′
ςξ
′
ς · ·

[(m− γa∂a)γ4]{λς(λ′ς [(m− γ
b∂b)γ

4]µςµ′ς · ·[(m− γ
c∂c)γ

4]τς}τ ′ς)︸ ︷︷ ︸
2n+1

∆(x− x′)

= im
22n−1

n︷ ︸︸ ︷
(C̄γa)λςµς (C̄γb)

ηςξς · ·

n︷ ︸︸ ︷
(γa′C)λ

′
ςµ
′
ς (γb′C)η

′
ςξ
′
ς · ·
−(n+

1
2 )∑

h=n+
1
2

Uλςµς · ·τς︸ ︷︷ ︸
2n+1

(−i∂, h)U+
λ
′
ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2n+1

(−i∂, h)∆(x− x′)

= im
2n−1

−(n+
1
2 )∑

h=n+
1
2

εab · ·︸ ︷︷ ︸
n

τς (−i∂, h)ε+
a
′
b
′ · ·︸ ︷︷ ︸
n

τ ′ς
(−i∂, h)
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Self comment: Massive real particles are the Majorana particles etc. The positive and negative particles
are the sam. In essence, mathematics can be completely described by real functions. It can be
described by complex functions, but it must meet the Majorana condition. For particles described by
the Bargmann-Wigner equation or Dirac equation, it is generally possible to describe both charged
complex particles and uncharged Majorana particles. The principal commutation rule in both cases
is consistent, but the rest are generally zero for charged complex particles. For uncharged Majorana
particles, the rest of the commutative or anti commutative brackets are naturally derived from the
principal commutative rule and Majorana conditions. And they are generally not zero. In this chapter,
we discuss both the complex particle case and the Majorana particle case. The complete commutation
rules for both cases are given. However, in latter chapters, we will generally not seek completeness,
but only discuss the complex particle case and the principal commutation rule. The Majorana particle
case is no longer specifically discussed. If we want to obtain the quantum field theory of the Majorana
particle case, we only need to add the Majorana condition to the complex particle case. Then we
will naturally obtain it. In this chapter, the corresponding quantum field theory is established for
Majorana particles with any spin in a unified manner. Like complex particles, there is no need to
know the hamiltonian. Then various massive spin particles can be quantized by using a unified new
program. Unified quantization commutation rules and energy momentum operators for fields and
potentials are given. And a partial quantum Poincare algebra is given too. Like complex particles, the
angular momentum operator has only achieved partial success and has not been thoroughly resolved.
Efforts are still needed. The problem of angular momentum operators is a difficult problem that needs
to be solved urgently in the new quantization program.

1 Majorana equation
1.1 Majorana equation under real representation and Dirac separated representation [4]

Def. 1.1.1.{
(γas ∂a +m)ψs = 0, γas = (σ−κσκy, ςσκx), ψ∗s = ψs

(γa∂a +m)ψ = 0, γa = (σ ⊗ σy, ςI ⊗ σx), ψ∗ = −e2iθσy ⊗ σyψ{
ψs = Ss(κ, θ)ψ, Ss(κ, θ) := eiθSem(κ)

STs (κ, θ)Ss(κ, θ) = e2iθSTem(κ)Sem(κ) = −e2iθσy ⊗ σy
, Sem(κ) = 1√

2

[ i 0 0 −i
−1 0 0 −1
0 −i −i 0
0 −κ κ 0

]
1.2 Majorana condition under real representation and Dirac separated representation

Cor. 1.2.1. ψs = ψ∗s ⇔ ψ∗ = −e2iθσy ⊗ σyψ,−σy ⊗ σy = C̄γ4

θ is adjust phase parameters, generally take 0 or π/2.

2 Majorana B-W equation
2.1 Majorana B-W equation under real representation and Dirac separated representation [16]

Def. 2.1.1.
(γas ∂a +m)κς

λςψs λςµς · ·︸ ︷︷ ︸
2s

(~r, t) = 0, γas = (σ−κσκy, ςσκx), ψ∗s = ψs

(γa∂a +m)κς
λςψλςµς · ·︸ ︷︷ ︸

2s

(~r, t) = 0, γa = (σ ⊗ σy, ςI ⊗ σx), ψ∗ = (−1)2se4siθ

4s︷ ︸︸ ︷
σy ⊗ · · ⊗σy ψ

2.2 Majorana condition under real representation and Dirac separated representation

Cor. 2.2.1.

ψs = ψ∗s ⇔ ψ∗ = (−1)2se4siθ

4s︷ ︸︸ ︷
σy ⊗ · · ⊗σy ψ = e4siθ

2s︷ ︸︸ ︷
(C̄γ4)⊗ (C̄γ4) · ·ψ

θ is adjust phase parameters, generally take 0 or π/2.
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3 Plane wave solutions of Majorana B-W equation under separated representation
3.1 Lemma

Lem. 3.1.1.
−s∑
h=s

b+(~p, h)Vλςµς · ·τς︸ ︷︷ ︸
2s

(~p, h) = (−1)2se−4siθ
−s∑
h=s

a+(~p, h)

4s︷ ︸︸ ︷
σy ⊗ σy · ·U+

λςµς · ·τς︸ ︷︷ ︸
2s

(~p, h)

⇔ b+(~p, h) = ς2se−4siθ(−1)s+ha+(~p,−h)⇔ b(~p, h) = ς2se4siθ(−1)s+ha(~p,−h)

Proof:
−s∑
h=s

b+(~p, h)Vλςµς · ·τς︸ ︷︷ ︸
2s

(~p, h) = (−1)2se−4siθ
−s∑
h=s

a+(~p, h)

4s︷ ︸︸ ︷
σy ⊗ σy · ·U+

λςµς · ·τς︸ ︷︷ ︸
2s

(~p, h)

= ς2se−4siθ
−s∑
h=s

(−1)s+ha+(~p,−h)Vλςµς · ·τς︸ ︷︷ ︸
2s

(~p, h)

⇔ b+(~p, h) = ς2se−4siθ(−1)s+ha+(~p,−h)⇔ b(~p, h) = ς2se4siθ(−1)s+ha(~p,−h)

Lem. 3.1.2.

[a(~p, h), a+(~p′, h′)]−2s+1 = δhh′δ
3(~p− ~p′)

[a(~p, h), a(~p′, h′)]−2s+1 = 0

[a+(~p, h), a+(~p′, h′)]−2s+1 = 0

b+(~p, h) = ς2se−4siθ(−1)s+ha+(~p,−h)

b(~p, h) = ς2se4siθ(−1)s+ha(~p,−h)

⇒



[b(~p, h), b+(~p′, h′)]−2s+1 = δhh′δ
3(~p− ~p′)

[b(~p, h), b(~p′, h′)]−2s+1 = 0

[b+(~p, h), b+(~p′, h′)]−2s+1 = 0

[a(~p, h), b+(~p′, h′)]−2s+1 = ς2se−4siθ(−1)s−hδ−h,h′δ
3(~p− ~p′)

[a+(~p, h), b(~p′, h′)]−2s+1 = −ς2se4siθ(−1)s−hδ−h,h′δ
3(~p− ~p′)

[a(~p, h), b(~p′, h′)]−2s+1 = 0

[a+(~p, h), b+(~p′, h′)]−2s+1 = 0

3.2 Plane wave solutions of Majorana B-W equation [16] under separated representation

(The proof needs to be supplemented.)

Thm. 3.2.1. (γa∂a +m)κς
λςψλςµς · ·︸ ︷︷ ︸

2s

(~r, t) = 0, γa = (σ ⊗ σy, ςI ⊗ σx)

ψλςµς · ·︸ ︷︷ ︸
2s

(~r, t) = 1
(2s)!ψ{λςµς · ·}︸ ︷︷ ︸

2s

(~r, t), ψ+
λςµς · ·︸ ︷︷ ︸

2s

(~r, t) = (−1)2se4siθ

4s︷ ︸︸ ︷
σy ⊗ · · ⊗σy ψλςµς · ·︸ ︷︷ ︸

2s

(~r, t)

ψλςµς · ·︸ ︷︷ ︸
2s

(~r, t) = 1
(2π)3/2

∫ −s∑
h=s

√
m2s

E [a(~p, h)Uλςµς · ·︸ ︷︷ ︸
2s

(~p, h)eip·x + b+(~p, h)Vλςµς · ·︸ ︷︷ ︸
2s

(~p, h)e−ip·x]d3~p

b+(~p, h) = ς2se−4siθ(−1)s+ha+(~p,−h)
a(~p, h) = 1

(2π)3/2

+∞∫
~p=−∞

E−(s− 1
2 )√m

E

2s
U+

2s︷ ︸︸ ︷
λςµς · ·τς (~p, h)ψλςµς · ·τς︸ ︷︷ ︸

2s

(~r, t)e−ip·xd3~r

b+(~p, h) = 1
(2π)3/2

+∞∫
~p=−∞

E−(s− 1
2 )√m

E

2s
V +

2s︷ ︸︸ ︷
λςµς · ·τς (~p, h)ψλςµς · ·τς︸ ︷︷ ︸

2s

(~r, t)eip·xd3~r

Cor. 3.2.1. (γa∂a +m)κς
λςψλςµς · ·︸ ︷︷ ︸

2s

(~r, t) = 0, γa = (σ ⊗ σy, ςI ⊗ σx)

ψλςµς · ·︸ ︷︷ ︸
2s

(~r, t) = 1
(2s)!ψ{λςµς · ·}︸ ︷︷ ︸

2s

(~r, t), ψ+
λςµς · ·︸ ︷︷ ︸

2s

(~r, t) = (−1)2se4siθ

4s︷ ︸︸ ︷
σy ⊗ · · ⊗σy ψλςµς · ·︸ ︷︷ ︸

2s

(~r, t)

ψλςµς · ·︸ ︷︷ ︸
2s

(~r, t) = 1
(2π)3/2

∫ −s∑
h=s

√
m2s

E [a(~p, h)Uλςµς · ·︸ ︷︷ ︸
2s

(~p, h)eip·x + (−1)2se−4siθa+(~p, h)

4s︷ ︸︸ ︷
σy ⊗ σy · ·U+

λςµς · ·︸ ︷︷ ︸
2s

(~p, h)e−ip·x]d3~p

a(~p, h) = 1
(2π)3/2

+∞∫
~p=−∞

E−(s− 1
2 )√m

E

2s
U+

2s︷ ︸︸ ︷
λςµς · ·τς (~p, h)ψλςµς · ·τς︸ ︷︷ ︸

2s

(~r, t)e−ip·xd3~r

Cor. 3.2.2. (γa∂a +m)κς
λςψλςµς · ·︸ ︷︷ ︸

2s

(~r, t) = 0, γa = (σ ⊗ σy, ςI ⊗ σx)

ψλςµς · ·︸ ︷︷ ︸
2s

(~r, t) = 1
(2s)!ψ{λςµς · ·}︸ ︷︷ ︸

2s

(~r, t), ψ+
λςµς · ·︸ ︷︷ ︸

2s

(~r, t) = (−1)2se4siθ

4s︷ ︸︸ ︷
σy ⊗ · · ⊗σy ψλςµς · ·︸ ︷︷ ︸

2s

(~r, t)
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ψλςµς · ·︸ ︷︷ ︸
2s

(~r, t) = 1
(2π)3/2

∫ −s∑
h=s

Es−
1
2 [a(~p, h)Ũλςµς · ·︸ ︷︷ ︸

2s

(~p, h)eip·x + (−1)2se−4siθa+(~p, h)

4s︷ ︸︸ ︷
σy ⊗ σy · · Ũ+

λςµς · ·︸ ︷︷ ︸
2s

(~p, h)e−ip·x]d3~p

a(~p, h) = 1
(2π)3/2

+∞∫
~p=−∞

E−(s− 1
2 )Ũ+

2s︷ ︸︸ ︷
λςµς · ·τς (~p, h)ψλςµς · ·τς︸ ︷︷ ︸

2s

(~r, t)e−ip·xd3~r

3.3 Covariant commutation rules for Majorana B-W equation under separated representation

Thm. 3.3.1.
[a(~p, h), a+(~p′, h′)]−2s+1 = δhh′δ

3(~p− ~p′), [b(~p, h), b+(~p′, h′)]−2s+1 = δhh′δ
3(~p− ~p′)

[a(~p, h), b+(~p′, h′)]−2s+1 = ς2se−4siθ(−1)s−hδ−h,h′δ
3(~p− ~p′)

[a+(~p, h), b(~p′, h′)]−2s+1 = −ς2se4siθ(−1)s+hδ−h,h′δ
3(~p− ~p′)

[rest]−2s+1 = 0
⇒⇒

[ψλςµς · ·︸ ︷︷ ︸
2s

(x), ψ+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(x′)]−2s+1 = i
22s−1

1
[(2s)!]2

2s︷ ︸︸ ︷
[(m− γa∂a)γ4]{λς(λ′ς [(m− γ

b∂b)γ
4]µςµ′ς · ·}) ∆(x− x′)

[ψλςµς · ·︸ ︷︷ ︸
2s

(x), ψλ′ςµ
′
ς · ·︸ ︷︷ ︸

2s

(x′)]−2s+1 = i
22s−1

e−4siθ

[(2s)!]2

2s︷ ︸︸ ︷
[(m− γa∂a)C]{λς(λ′ς [(m− γ

b∂b)C]µςµ′ς · ·}) ∆(x− x′)

[ψ+
λςµς · ·︸ ︷︷ ︸

2s

(x), ψ+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(x′)]−2s+1 = i
22s−1

e4siθ

[(2s)!]2

2s︷ ︸︸ ︷
[C+(m− γa∂+

a )]{λς(λ′ς [C
+(m− γb∂+

b )]µςµ′ς · ·}) ∆(x− x′)

Proof: [ψλςµς · ·︸ ︷︷ ︸
2s

(x), ψ+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(x′)]−2s+1 = 1
(2π)3

∫
d3~pd3~p′

−s∑
h,h′=s

(EE′)s−
1
2

√
m2

EE′

2s

[[a(~p, h)Uλςµς · ·︸ ︷︷ ︸
2s

(~p, h)eip·x + b+(~p, h)Vλςµς · ·︸ ︷︷ ︸
2s

(~p, h)e−ip·x, [a+(~p′, h′)U+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(~p′, h)e−ip
′·x′ + b(~p′, h′)V +

λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(~p′, h′)eip
′·x′ ]

= 1
(2π)3

∫
d3~pd3~p′

−s∑
h,h′=s

√
m2s

E

√
m2s

E′ {[Uλςµς · ·︸ ︷︷ ︸
2s

(~p, h)U+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(~p′, h′)[a(~p, h), a+(~p′, h′)]−2s+1ei(p·x−p
′·x′)

+ Vλςµς · ·︸ ︷︷ ︸
2s

(~p, h)V +
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(~p′, h′)[b+(~p, h), b(~p′, h′)]−2s+1e−i(p·x−p
′·x′)}

= 1
(2π)3

∫
d3~pd3~p′

−s∑
h,h′=s

√
m2s

E

√
m2s

E′

[Uλςµς · ·︸ ︷︷ ︸
2s

(~p, h)U+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(~p′, h′)δhh′δ
3(~p− ~p′)ei(p·x−p′·x′) + (−1)2s+1Vλςµς · ·︸ ︷︷ ︸

2s

(~p, h)V +
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(~p′, h′)δhh′δ
3(~p− ~p′)e−i(p·x−p′·x′)]

= 1
(2π)3

∫
d3~pm

2s

E [
−s∑
h=s

Uλςµς · ·︸ ︷︷ ︸
2s

(~p, h)U+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(~p, h)eip·(x−x
′) + (−1)2s+1

−s∑
h=s

Vλςµς · ·︸ ︷︷ ︸
2s

(~p, h)V +
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(~p, h)e−ip·(x−x
′)]

= 1
(2π)3

∫
d3~pm

2s

E [Λ+λςµς · ·︸ ︷︷ ︸
2s

λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(~p, s)eip·(x−x
′) + (−1)2s+1Λ−λςµς · ·︸ ︷︷ ︸

2s

λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(~p, s)e−ip·(x−x
′)]

= 1
(2π)3

∫
d3~pm

2s

E [ 1
[(2s)!]2 Λ+{λς(λ′ς (~p,

1
2 )Λ+µςµ′ς

(~p, 1
2 ) · ·︸ ︷︷ ︸

2s

eip·(x−x
′)

+ (−1)2s+1 1
[(2s)!]2 Λ−{λς(λ′ς (~p,

1
2 )Λ−µςµ′ς (~p,

1
2 ) · ·︸ ︷︷ ︸

2s

e−ip·(x−x
′)]

= 1
(2π)3

∫
d3~pm

2s

E {
1

(2m)2s
1

[(2s)!]2

2s︷ ︸︸ ︷
[(m− γa∂a)γ4]{λς(λ′ς [(m− γ

b∂b)γ
4]µςµ′ς · ·}) e

ip·(x−x′)

+ (−1)2s+1 1
(2m)2s

1
[(2s)!]2

2s︷ ︸︸ ︷
[(−m+ γa∂a)γ4]{λς(λ′ς [(−m+ γb∂b)γ

4]µςµ′ς · ·}) e
−ip·(x−x′)}

= i
22s−1

1
[(2s)!]2

2s︷ ︸︸ ︷
[(m− γa∂a)γ4]{λς(λ′ς [(m− γ

b∂b)γ
4]µςµ′ς · ·})

−i
(2π)3

∫
d3~p 1

2E [[eip·(x−x
′) − e−ip·(x−x′)]

= i
22s−1

1
[(2s)!]2

2s︷ ︸︸ ︷
[(m− γa∂a)γ4]{λς(λ′ς [(m− γ

b∂b)γ
4]µςµ′ς · ·}) ∆(x− x′)
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= i(2m)2s

22s−1 Λ+λςµς · ·︸ ︷︷ ︸
2s

λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(−i∂, s)∆(x− x′)

Proof: [ψλςµς · ·︸ ︷︷ ︸
2s

(x), ψλ′ςµ
′
ς · ·︸ ︷︷ ︸

2s

(x′)]−2s+1 = 1
(2π)3

∫
d3~pd3~p′

−s∑
h,h′=s

(EE′)s−
1
2

√
m2

EE′

2s

[a(~p, h)Uλςµς · ·︸ ︷︷ ︸
2s

(~p, h)eip·x + b+(~p, h)Vλςµς · ·︸ ︷︷ ︸
2s

(~p, h)e−ip·x

, a(~p′, h′)Uλ′ςµ
′
ς · ·︸ ︷︷ ︸

2s

(~p′, h)eip
′·x′ + b+(~p′, h′)Vλ′ςµ

′
ς · ·︸ ︷︷ ︸

2s

(~p′, h′)e−ip
′·x′ ]−2s+1

= 1
(2π)3

∫
d3~pd3~p′

−s∑
h,h′=s

√
m2s

E

√
m2s

E′

[Uλςµς · ·︸ ︷︷ ︸
2s

(~p, h)Vλ′ςµ
′
ς · ·︸ ︷︷ ︸

2s

(~p′, h′)[a(~p, h), b+(~p′, h′)]−2s+1ei(p·x−p
′·x′)

+ Vλςµς · ·︸ ︷︷ ︸
2s

(~p, h)Uλ′ςµ
′
ς · ·︸ ︷︷ ︸

2s

(~p′, h′)[b+(~p, h), a(~p′, h′)]−2s+1e−i(p·x−p
′·x′)

= 1
(2π)3

∫
d3~pd3~p′

−s∑
h,h′=s

√
m2s

E

√
m2s

E′ ς
2se−4siθ(−1)s−hδ−h,h′

[Uλςµς · ·︸ ︷︷ ︸
2s

(~p, h)Vλ′ςµ
′
ς · ·︸ ︷︷ ︸

2s

(~p′, h′)δ3(~p− ~p′)ei(p·x−p′·x′) − Vλςµς · ·︸ ︷︷ ︸
2s

(~p, h)Uλ′ςµ
′
ς · ·︸ ︷︷ ︸

2s

(~p′, h′)δ3(~p− ~p′)e−i(p·x−p′·x′)]

= 1
(2π)3

∫
d3~p

−s∑
h=s

m2s

E ς2se−4siθ

[(−1)s−hUλςµς · ·︸ ︷︷ ︸
2s

(~p, h)Vλ′ςµ
′
ς · ·︸ ︷︷ ︸

2s

(~p,−h)eip·(x−x
′) + (−1)2s+1(−1)s+hVλςµς · ·︸ ︷︷ ︸

2s

(~p, h)Uλ′ςµ
′
ς · ·︸ ︷︷ ︸

2s

(~p,−h)e−ip·(x−x
′)]

= 1
(2π)3

∫
d3~p

−s∑
h=s

m2s

E e−4siθ

[ 1
[(2s)!]2 (Λ+C̄γ4){λς(λ′ς (~p,

1
2 )(Λ+C̄γ4)µςµ′ς (~p,

1
2 ) · ·(Λ+C̄γ4)τς}τ ′ς)(~p,

1
2 )︸ ︷︷ ︸

2s

eip·(x−x
′)

+ (−1)2s+1 1
[(2s)!]2 (Λ−C̄γ4){λς(λ′ς (~p,

1
2 )(Λ−C̄γ4)µςµ′ς (~p,

1
2 ) · ·(Λ−C̄γ4)τς}τ ′ς)(~p,

1
2 )︸ ︷︷ ︸

2s

e−ip·(x−x
′)]

= e−4siθ 1
(2π)3

∫
d3~pm

2s

E {
1

(2m)2s
1

[(2s)!]2

2s︷ ︸︸ ︷
[(m− γa∂a)C]{λς(λ′ς [(m− γ

b∂b)C]µςµ′ς · ·}) e
ip·(x−x′)

+ (−1)2s+1 1
(2m)2s

1
[(2s)!]2

2s︷ ︸︸ ︷
[(−m+ γa∂a)C]{λς(λ′ς [(−m+ γb∂b)C]µςµ′ς · ·}) e

−ip·(x−x′)}

= e−4siθ i
22s−1

1
[(2s)!]2

2s︷ ︸︸ ︷
[(m− γa∂a)C]{λς(λ′ς [(m− γ

b∂b)C]µςµ′ς · ·})
−i

(2π)3

∫
d3~p 1

2E [eip·(x−x
′) − e−ip·(x−x′)]

= e−4siθ i
22s−1

1
[(2s)!]2

2s︷ ︸︸ ︷
[(m− γa∂a)C]{λς(λ′ς [(m− γ

b∂b)C]µςµ′ς · ·}) ∆(x− x′)

Cor. 3.3.1. [a(~p, h), a+(~p′, h′)]−2s+1 = δhh′δ
3(~p− ~p′), [a(~p, h), a(~p′, h′)]−2s+1 = 0, [a+(~p, h), a+(~p′, h′)]−2s+1 = 0

⇒



[ψλςµς · ·︸ ︷︷ ︸
2s

(x), ψ+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(x′)]−2s+1 = i
22s−1

1
[(2s)!]2

2s︷ ︸︸ ︷
[(m− γa∂a)γ4]{λς(λ′ς [(m− γ

b∂b)γ
4]µςµ′ς · ·}) ∆(x− x′)

[ψλςµς · ·︸ ︷︷ ︸
2s

(x), ψλ′ςµ
′
ς · ·︸ ︷︷ ︸

2s

(x′)]−2s+1 = i
22s−1

e−4siθ

[(2s)!]2

2s︷ ︸︸ ︷
[(m− γa∂a)C]{λς(λ′ς [(m− γ

b∂b)C]µςµ′ς · ·}) ∆(x− x′)

[ψ+
λςµς · ·︸ ︷︷ ︸

2s

(x), ψ+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(x′)]−2s+1 = i
22s−1

e4siθ

[(2s)!]2

2s︷ ︸︸ ︷
[C+(m− γa∂+

a )]{λς(λ′ς [C
+(m− γb∂+

b )]µςµ′ς · ·}) ∆(x− x′)
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3.4 Reverse reasoning of Majorana B-W commutation rules under separated representation

Thm. 3.4.1.

[ψλςµς · ·︸ ︷︷ ︸
2s

(x), ψ+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(x′)]−2s+1 = i
22s−1

1
[(2s)!]2

2s︷ ︸︸ ︷
[(m− γa∂a)γ4]{λς(λ′ς [(m− γ

b∂b)γ
4]µςµ′ς · ·}) ∆(x− x′)

[ψλςµς · ·︸ ︷︷ ︸
2s

(x), ψλ′ςµ
′
ς · ·︸ ︷︷ ︸

2s

(x′)]−2s+1 = i
22s−1

e−4siθ

[(2s)!]2

2s︷ ︸︸ ︷
[(m− γa∂a)C]{λς(λ′ς [(m− γ

b∂b)C]µςµ′ς · ·}) ∆(x− x′)

[ψ+
λςµς · ·︸ ︷︷ ︸

2s

(x), ψ+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(x′)]−2s+1 = i
22s−1

e4siθ

[(2s)!]2

2s︷ ︸︸ ︷
[C+(m− γa∂+

a )]{λς(λ′ς [C
+(m− γb∂+

b )]µςµ′ς · ·}) ∆(x− x′)

⇒


[a(~p, h), a+(~p′, h′)]−2s+1 = δhh′δ

3(~p− ~p′), [b(~p, h), b+(~p′, h′)]−2s+1 = δhh′δ
3(~p− ~p′)

[a(~p, h), b+(~p′, h′)]−2s+1 = ς2se−4siθ(−1)s−hδ−h,h′δ
3(~p− ~p′)

[a+(~p, h), b(~p′, h′)]−2s+1 = −ς2se4siθ(−1)s+hδ−h,h′δ
3(~p− ~p′)

[rest]−2s+1 = 0

The following is a detailed proof process for several main commutative brackets.

Proof: [a(~p, h), a+(~p′, h′)]−2s+1

= 1
(2π)3

∫ √
EE′( m

EE′ )
2sU+

2s︷ ︸︸ ︷
λςµς · ·(~p, h)U

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~p′, h′)[ψλςµς · ·︸ ︷︷ ︸

2s

(x), ψ+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(x′)]−2s+1e−i(p·x−p
′·x′)d3~rd3~r′

= 1
(2π)3

∫ √
EE′( m

EE′ )
2sU+

2s︷ ︸︸ ︷
λςµς · ·(~p, h)U

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~p′, h′)

i
22s−1

1
[(2s)!]2

2s︷ ︸︸ ︷
[(m− γa∂a)γ4]{λς(λ′ς [(m− γ

b∂b)γ
4]µςµ′ς · ·}) ∆(x− x′)e−i(p·x−p′·x′)d3~rd3~r′

= 1
(2π)3

∫
d3~rd3~r′

√
EE′( m

EE′ )
2sU+

2s︷ ︸︸ ︷
λςµς · ·(~p, h)U

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~p′, h′)

i
22s−1

1
[(2s)!]2

2s︷ ︸︸ ︷
[(m− γa∂a)γ4]{λς(λ′ς [(m− γ

b∂b)γ
4]µςµ′ς · ·}){

−i
(2π)3

∫
1

2E0
[eip0·(x−x′) − e−ip0·(x−x′)]d3~p0}e−i(p·x−p

′·x′)

= [ 1
(2π)3 ]2

∫ √
EE′

E0
( m

2

EE′ )
2sU+

2s︷ ︸︸ ︷
λςµς · ·(~p, h)U

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~p′, h′)

{ 1
(2m)2s

1
[(2s)!]2

2s︷ ︸︸ ︷
[(m− iγap0a)γ4]{λς(λ′ς [(m− iγ

bp0b)γ
4]µςµ′ς · ·}) e

ip0·(x−x′)e−i(p·x−p
′·x′)

+ (−1)2s+1 1
(2m)2s

1
[(2s)!]2

2s︷ ︸︸ ︷
[(−m− iγap0a)γ4]{λς(λ′ς [(−m− iγ

bp0b)γ
4]µςµ′ς · ·}) e

−ip0·(x−x′)e−i(p·x−p
′·x′)}d3~rd3~r′d3~p0

= [ 1
(2π)3 ]2

∫
d3~rd3~r′d3~p0

√
EE′

E0
( m

2

EE′ )
2s

U+

2s︷ ︸︸ ︷
λςµς · ·(~p, h)U

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~p′, h′){

−s∑
h0=s

Uλςµς · ·τς︸ ︷︷ ︸
2s

(~p0, h0)U+
λ
′
ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2s

(~p0, h0)ei(p0−p)·xe−i(p0−p′)·x′

+ (−1)2s+1
−s∑
h0=s

Vλςµς · ·τς︸ ︷︷ ︸
2s

(~p0, h0)V +
λ
′
ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2s

(~p0, h0)e−i(p0+p)·xei(p0+p′)·x′}

=
∫
d3~p0

√
EE′

E0
( m

2

EE′ )
2s

U+

2s︷ ︸︸ ︷
λςµς · ·(~p, h)U

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~p′, h′){

−s∑
h0=s

Uλςµς · ·τς︸ ︷︷ ︸
2s

(~p0, h0)U+
λ
′
ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2s

(~p0, h0)δ3(~p0 − ~p)δ3(~p0 − ~p′)

+ (−1)2s+1
−s∑
h0=s

Vλςµς · ·τς︸ ︷︷ ︸
2s

(~p0, h0)V +
λ
′
ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2s

(~p0, h0)e2iE0(t−t′)δ3(~p0 + ~p)δ3(~p0 + ~p′)}

= δ3(~p− ~p′)(mE )4sU+

2s︷ ︸︸ ︷
λςµς · ·(~p, h)U

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~p, h′)

{
−s∑
h0=s

Uλςµς · ·τς︸ ︷︷ ︸
2s

(~p, h0)U+
λ
′
ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2s

(~p, h0) + (−1)2s+1
−s∑
h0=s

Vλςµς · ·τς︸ ︷︷ ︸
2s

(−~p, h0)V +
λ
′
ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2s

(−~p, h0)e2iE(t−t′)}
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= δ3(~p− ~p′)(
−s∑
h0=s

δhh0
δh′h0

+ 0)

= δhh′δ
3(~p− ~p′)

Proof: [b+(~p, h), b(~p′, h′)]−2s+1

= 1
(2π)3

∫ √
EE′( m

EE′ )
2sV +

2s︷ ︸︸ ︷
λςµς · ·(~p, h)V

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~p′, h′)[ψλςµς · ·︸ ︷︷ ︸

2s

(x), ψ+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(x′)]−2s+1ei(p·x−p
′·x′)d3~rd3~r′

= 1
(2π)3

∫ √
EE′( m

EE′ )
2sV +

2s︷ ︸︸ ︷
λςµς · ·(~p, h)V

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~p′, h′)

i
22s−1

1
[(2s)!]2

2s︷ ︸︸ ︷
[(m− γa∂a)γ4]{λς(λ′ς [(m− γ

b∂b)γ
4]µςµ′ς · ·}) ∆(x− x′)ei(p·x−p′·x′)d3~rd3~r′

= 1
(2π)3

∫
d3~rd3~r′

√
EE′( m

EE′ )
2sV +

2s︷ ︸︸ ︷
λςµς · ·(~p, h)V

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~p′, h′)

i
22s−1

1
[(2s)!]2

2s︷ ︸︸ ︷
[(m− γa∂a)γ4]{λς(λ′ς [(m− γ

b∂b)γ
4]µςµ′ς · ·}){

−i
(2π)3

∫
1

2E0
[eip0·(x−x′) − e−ip0·(x−x′)]d3~p0}ei(p·x−p

′·x′)

= [ 1
(2π)3 ]2

∫ √
EE′

E0
( m

2

EE′ )
2sV +

2s︷ ︸︸ ︷
λςµς · ·(~p, h)V

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~p′, h′)

{ 1
(2m)2s

1
[(2s)!]2

2s︷ ︸︸ ︷
[(m− iγap0a)γ4]{λς(λ′ς [(m− iγ

bp0b)γ
4]µςµ′ς · ·}) e

ip0·(x−x′)ei(p·x−p
′·x′)d3~rd3~r′

+ (−1)2s+1 1
(2m)2s

1
[(2s)!]2

2s︷ ︸︸ ︷
[(−m− iγap0a)γ4]{λς(λ′ς [(−m− iγ

bp0b)γ
4]µςµ′ς · ·}) e

−ip0·(x−x′)ei(p·x−p
′·x′)}d3~rd3~r′d3~p0

= [ 1
(2π)3 ]2

∫
d3~rd3~r′d3~p0

√
EE′

E0
( m

2

EE′ )
2s

V +

2s︷ ︸︸ ︷
λςµς · ·(~p, h)V

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~p′, h′){

−s∑
h0=s

Uλςµς · ·τς︸ ︷︷ ︸
2s

(~p0, h0)U+
λ
′
ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2s

(~p0, h0)ei(p0+p)·xe−i(p0+p′)·x′

+ (−1)2s+1
−s∑
h0=s

Vλςµς · ·τς︸ ︷︷ ︸
2s

(~p0, h0)V +
λ
′
ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2s

(~p0, h0)e−i(p0−p)·xei(p0−p′)·x′}

=
∫
d3~p0

√
EE′

E0
( m

2

EE′ )
2s

V +

2s︷ ︸︸ ︷
λςµς · ·(~p, h)V

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~p′, h′){

−s∑
h0=s

Uλςµς · ·τς︸ ︷︷ ︸
2s

(~p0, h0)U+
λ
′
ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2s

(~p0, h0)e−2iE0(t−t′)δ3(~p0 + ~p)δ3(~p0 + ~p′)

+ (−1)2s+1
−s∑
h0=s

Vλςµς · ·τς︸ ︷︷ ︸
2s

(~p0, h0)V +
λ
′
ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2s

(~p0, h0)δ3(~p0 − ~p)δ3(~p0 − ~p′)}

= δ3(~p− ~p′)(mE )4sV +

2s︷ ︸︸ ︷
λςµς · ·(~p, h)V

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~p, h′)

{
−s∑
h0=s

Uλςµς · ·τς︸ ︷︷ ︸
2s

(−~p, h0)U+
λ
′
ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2s

(−~p, h0)e−2iE(t−t′) + (−1)2s+1
−s∑
h0=s

Vλςµς · ·τς︸ ︷︷ ︸
2s

(~p, h0)V +
λ
′
ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2s

(~p, h0)}

= (−1)2s+1δ3(~p− ~p′)(0 +
−s∑
h0=s

δhh0δh′h0)

= (−1)2s+1δhh′δ
3(~p− ~p′)

Proof: [a(~p, h), b+(~p′, h′)]−2s+1

= 1
(2π)3

∫ √
EE′( m

EE′ )
2sU+

2s︷ ︸︸ ︷
λςµς · ·(~p, h)V +

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~p′, h′)[ψλςµς · ·︸ ︷︷ ︸

2s

(x), ψλ′ςµ
′
ς · ·︸ ︷︷ ︸

2s

(x′)]−2s+1e−i(p·x−p
′·x′)d3~rd3~r′

= 1
(2π)3

∫ √
EE′( m

EE′ )
2sU+

2s︷ ︸︸ ︷
λςµς · ·(~p, h)V +

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~p′, h′)

i
22s−1

e−4siθ

[(2s)!]2

2s︷ ︸︸ ︷
[(m− γa∂a)C]{λς(λ′ς [(m− γ

b∂b)C]µςµ′ς · ·}) ∆(x− x′)e−i(p·x−p′·x′)d3~rd3~r′
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= 1
(2π)3

∫
d3~rd3~r′

√
EE′( m

EE′ )
2sU+

2s︷ ︸︸ ︷
λςµς · ·(~p, h)V +

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~p′, h′)

i
22s−1

e−4siθ

[(2s)!]2

2s︷ ︸︸ ︷
[(m− γa∂a)C]{λς(λ′ς [(m− γ

b∂b)C]µςµ′ς · ·}){
−i

(2π)3

∫
1

2E0
[eip0·(x−x′) − e−ip0·(x−x′)]d3~p0}e−i(p·x−p

′·x′)

= [ 1
(2π)3 ]2

∫ √
EE′

E0
( m

2

EE′ )
2sU+

2s︷ ︸︸ ︷
λςµς · ·(~p, h)V +

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~p′, h′)

{ 1
(2m)2s

e−4siθ

[(2s)!]2

2s︷ ︸︸ ︷
[(m− iγap0a)C]{λς(λ′ς [(m− iγ

bp0b)C]µςµ′ς · ·}) e
ip0·(x−x′)e−i(p·x−p

′·x′)d3~rd3~r′

+ (−1)2s+1 1
(2m)2s

e−4siθ

[(2s)!]2

2s︷ ︸︸ ︷
[(−m− iγap0a)C]{λς(λ′ς [(−m− iγ

bp0b)C]µςµ′ς · ·}) e
−ip0·(x−x′)e−i(p·x−p

′·x′)}d3~rd3~r′d3~p0

= ς2se−4siθ[ 1
(2π)3 ]2

∫
d3~rd3~r′d3~p0

√
EE′

E0
( m

2

EE′ )
2s

U+

2s︷ ︸︸ ︷
λςµς · ·(~p, h)V +

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~p′, h′){

−s∑
h0=s

(−1)s−h0Uλςµς · ·τς︸ ︷︷ ︸
2s

(~p0, h0)Vλ′ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2s

(~p0,−h0)ei(p0−p)·xe−i(p0−p′)·x′

+ (−1)2s+1
−s∑
h0=s

(−1)s+h0Vλςµς · ·τς︸ ︷︷ ︸
2s

(~p0, h0)Uλ′ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2s

(~p0,−h0)e−i(p0+p)·xei(p0+p′)·x′}

= ς2se−4siθ
∫
d3~p0

√
EE′

E0
( m

2

EE′ )
2s

U+

2s︷ ︸︸ ︷
λςµς · ·(~p, h)V +

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~p′, h′){

−s∑
h0=s

(−1)s−h0Uλςµς · ·τς︸ ︷︷ ︸
2s

(~p0, h0)Vλ′ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2s

(~p0,−h0)δ3(~p0 − ~p)δ3(~p0 − ~p′)

+ (−1)2s+1
−s∑
h0=s

(−1)s+h0Vλςµς · ·τς︸ ︷︷ ︸
2s

(~p0, h0)Uλ′ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2s

(~p0,−h0)δ3(~p0 + ~p)δ3(~p0 + ~p′)}

= ς2se−4siθ(mE )4s

U+

2s︷ ︸︸ ︷
λςµς · ·(~p, h)V +

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~p, h′){

−s∑
h0=s

(−1)s−h0Uλςµς · ·τς︸ ︷︷ ︸
2s

(~p, h0)Vλ′ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2s

(~p,−h0)δ3(~p− ~p′)

+ (−1)2s+1
−s∑
h0=s

(−1)s+h0Vλςµς · ·τς︸ ︷︷ ︸
2s

(−~p, h0)Uλ′ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2s

(−~p,−h0)δ3(~p+ ~p′)}

= ς2se−4siθ(−1)s−hδ−h,h′δ
3(~p− ~p′)

Proof: [a(~p, h), b(~p′, h′)]−2s+1

= 1
(2π)3

∫ √
EE′( m

EE′ )
2sU+

2s︷ ︸︸ ︷
λςµς · ·(~p, h)V

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~p′, h′)[ψλςµς · ·︸ ︷︷ ︸

2s

(x), ψ+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(x′)]−2s+1e−i(p·x+p′·x′)d3~rd3~r′

= 1
(2π)3

∫ √
EE′( m

EE′ )
2sU+

2s︷ ︸︸ ︷
λςµς · ·(~p, h)V

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~p′, h′)

i
22s−1

1
[(2s)!]2

2s︷ ︸︸ ︷
[(m− γa∂a)γ4]{λς(λ′ς [(m− γ

b∂b)γ
4]µςµ′ς · ·}) ∆(x− x′)e−i(p·x+p′·x′)d3~rd3~r′

= 1
(2π)3

∫
d3~rd3~r′

√
EE′( m

EE′ )
2sU+

2s︷ ︸︸ ︷
λςµς · ·(~p, h)V

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~p′, h′)

i
22s−1

1
[(2s)!]2

2s︷ ︸︸ ︷
[(m− γa∂a)γ4]{λς(λ′ς [(m− γ

b∂b)γ
4]µςµ′ς · ·}){

−i
(2π)3

∫
1

2E0
[eip0·(x−x′) − e−ip0·(x−x′)]d3~p0}e−i(p·x+p′·x′)

= [ 1
(2π)3 ]2

∫ √
EE′

E0
( m

2

EE′ )
2sU+

2s︷ ︸︸ ︷
λςµς · ·(~p, h)V

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~p′, h′)

{ 1
(2m)2s

1
[(2s)!]2

2s︷ ︸︸ ︷
[(m− iγap0a)γ4]{λς(λ′ς [(m− iγ

bp0b)γ
4]µςµ′ς · ·}) e

ip0·(x−x′)e−i(p·x+p′·x′)d3~rd3~r′

+ (−1)2s+1 1
(2m)2s

1
[(2s)!]2

2s︷ ︸︸ ︷
[(−m− iγap0a)γ4]{λς(λ′ς [(−m− iγ

bp0b)γ
4]µςµ′ς · ·}) e

−ip0·(x−x′)e−i(p·x+p′·x′)}d3~rd3~r′d3~p0

= [ 1
(2π)3 ]2

∫
d3~rd3~r′d3~p0

√
EE′

E0
( m

2

EE′ )
2s

U+

2s︷ ︸︸ ︷
λςµς · ·(~p, h)V

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~p′, h′){

−s∑
h0=s

Uλςµς · ·τς︸ ︷︷ ︸
2s

(~p0, h0)U+
λ
′
ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2s

(~p0, h0)ei(p0−p)·xe−i(p0+p′)·x′
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+ (−1)2s+1
−s∑
h0=s

Vλςµς · ·τς︸ ︷︷ ︸
2s

(~p0, h0)V +
λ
′
ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2s

(~p0, h0)e−i(p0+p)·xei(p0−p′)·x′}

=
∫
d3~p0

√
EE′

E0
( m

2

EE′ )
2s

U+

2s︷ ︸︸ ︷
λςµς · ·(~p, h)V

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~p′, h′){

−s∑
h0=s

Uλςµς · ·τς︸ ︷︷ ︸
2s

(~p0, h0)U+
λ
′
ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2s

(~p0, h0)e−iE0t
′
δ3(~p0 − ~p)δ3(~p0 + ~p′)

+ (−1)2s+1
−s∑
h0=s

Vλςµς · ·τς︸ ︷︷ ︸
2s

(~p0, h0)V +
λ
′
ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2s

(~p0, h0)eiE0tδ3(~p0 + ~p)δ3(~p0 − ~p′)}

= δ3(~p+ ~p′)(mE )4sU+

2s︷ ︸︸ ︷
λςµς · ·(~p, h)V

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~p′, h′)

{
−s∑
h0=s

Uλςµς · ·τς︸ ︷︷ ︸
2s

(~p, h0)U+
λ
′
ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2s

(~p, h0) + (−1)2s+1
−s∑
h0=s

Vλςµς · ·τς︸ ︷︷ ︸
2s

(~p′, h0)V +
λ
′
ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2s

(~p′, h0)e2iE(t−t′)}

= 0 + 0 = 0

Cor. 3.4.1.

[ψλςµς · ·︸ ︷︷ ︸
2s

(x), ψ+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(x′)]−2s+1 = i
22s−1

1
[(2s)!]2

2s︷ ︸︸ ︷
[(m− γa∂a)γ4]{λς(λ′ς [(m− γ

b∂b)γ
4]µςµ′ς · ·}) ∆(x− x′)

[ψλςµς · ·︸ ︷︷ ︸
2s

(x), ψλ′ςµ
′
ς · ·︸ ︷︷ ︸

2s

(x′)]−2s+1 = i
22s−1

e−4siθ

[(2s)!]2

2s︷ ︸︸ ︷
[(m− γa∂a)C]{λς(λ′ς [(m− γ

b∂b)C]µςµ′ς · ·}) ∆(x− x′)

[ψ+
λςµς · ·︸ ︷︷ ︸

2s

(x), ψ+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(x′)]−2s+1 = i
22s−1

e4siθ

[(2s)!]2

2s︷ ︸︸ ︷
[C+(m− γa∂+

a )]{λς(λ′ς [C
+(m− γb∂+

b )]µςµ′ς · ·}) ∆(x− x′)

⇒ [a(~p, h), a+(~p′, h′)]−2s+1 = δhh′δ
3(~p− ~p′), [a(~p, h), a(~p′, h′)]−2s+1 = 0, [a+(~p, h), a+(~p′, h′)]−2s+1 = 0

3.5 Summary of Majorana B-W covariant commutation rules under separated representation

Thm. 3.5.1.

[ψλςµς · ·︸ ︷︷ ︸
2s

(x), ψ+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(x′)]−2s+1 = i
22s−1

1
[(2s)!]2

2s︷ ︸︸ ︷
[(m− γa∂a)γ4]{λς(λ′ς [(m− γ

b∂b)γ
4]µςµ′ς · ·}) ∆(x− x′)

[ψλςµς · ·︸ ︷︷ ︸
2s

(x), ψλ′ςµ
′
ς · ·︸ ︷︷ ︸

2s

(x′)]−2s+1 = i
22s−1

e−4siθ

[(2s)!]2

2s︷ ︸︸ ︷
[(m− γa∂a)C]{λς(λ′ς [(m− γ

b∂b)C]µςµ′ς · ·}) ∆(x− x′)

[ψ+
λςµς · ·︸ ︷︷ ︸

2s

(x), ψ+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(x′)]−2s+1 = i
22s−1

e4siθ

[(2s)!]2

2s︷ ︸︸ ︷
[C+(m− γa∂+

a )]{λς(λ′ς [C
+(m− γb∂+

b )]µςµ′ς · ·}) ∆(x− x′)

⇔ [a(~p, h), a+(~p′, h′)]−2s+1 = δhh′δ
3(~p− ~p′), [a(~p, h), a(~p′, h′)]−2s+1 = 0, [a+(~p, h), a+(~p′, h′)]−2s+1 = 0

3.6 Important corollary of Majorana B-W covariant rules under separated representation

Def. 3.6.1. (γa∂a +m)κς
λςψλςµς · ·︸ ︷︷ ︸

2s

= 0, γa = (σ ⊗ σy, ςI ⊗ σx), ψλςµς · ·︸ ︷︷ ︸
2s

= ΓKςλςµς · ·︸ ︷︷ ︸
2s

ψKς (s)

Cor. 3.6.1.

[ψλςµς · ·︸ ︷︷ ︸
2s

(x), ψ+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(x′)]−2s+1 = i
22s−1

1
[(2s)!]2

2s︷ ︸︸ ︷
[(m− γa∂a)γ4]{λς(λ′ς [(m− γ

b∂b)γ
4]µςµ′ς · ·}) ∆(x− x′)

⇒ [ψAςBςCς · ·︸ ︷︷ ︸
2s

(x), ψ+
A
′
ςB
′
ςC
′
ς · ·︸ ︷︷ ︸

2s

(x′)]−2s+1 = i (iς)2s

22s−1

2s︷ ︸︸ ︷
(σ, iς)aAςA′ς (σ, iς)

b
BςB′ς

· ·
2s︷ ︸︸ ︷

∂a∂b · ·∆(x− x′)

Proof:

[ψλςµς · ·︸ ︷︷ ︸
2s

(x), ψ+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(x′)]−2s+1 = i
22s−1

1
[(2s)!]2

2s︷ ︸︸ ︷
[(m− γa∂a)γ4]{λς(λ′ς [(m− γ

b∂b)γ
4]µςµ′ς · ·}) ∆(x− x′)
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⇔ [ψλςµς · ·︸ ︷︷ ︸
2s

(x), ψ+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(x′)]−2s+1 , γa = (σ ⊗ σy, ςI ⊗ σx)

= i (iς)2s

22s−1
1

[(2s)!]2

2s︷ ︸︸ ︷
[−imI ⊗ σ(x) + (σ ⊗ σz, iς)a∂a]{λς(λ′ς [−imI ⊗ σ(x) + (σ ⊗ σz, iς)b∂b]µςµ′ς · ·}) ∆(x− x′)

⇒ [ψAςBςCς · ·︸ ︷︷ ︸
2s

(x), ψ+
A
′
ςB
′
ςC
′
ς · ·︸ ︷︷ ︸

2s

(x′)]−2s+1 = i (iς)2s

22s−1
1

[(2s)!]2

2s︷ ︸︸ ︷
(σ, iς)a{Aς(A′ς (σ, iς)

b
BςB′ς

· ·})

2s︷ ︸︸ ︷
∂a∂b · ·∆(x− x′)

⇔ [ψAςBςCς · ·︸ ︷︷ ︸
2s

(x), ψ+
A
′
ςB
′
ςC
′
ς · ·︸ ︷︷ ︸

2s

(x′)]−2s+1 = i (iς)2s

22s−1

2s︷ ︸︸ ︷
(σ, iς)aAςA′ς (σ, iς)

b
BςB′ς

· ·
2s︷ ︸︸ ︷

∂a∂b · ·∆(x− x′)

Cor. 3.6.2.

[ψλςµς · ·︸ ︷︷ ︸
2s

(x), ψλ′ςµ
′
ς · ·︸ ︷︷ ︸

2s

(x′)] = i
22s−1

e−4siθ

[(2s)!]2

2s︷ ︸︸ ︷
[(m− γa∂a)C]{λς(λ′ς [(m− γ

b∂b)C]µςµ′ς · ·}) ∆(x− x′)

⇒ [ψAςBςCς · ·︸ ︷︷ ︸
2s

(x), ψA′ςB
′
ςC
′
ς · ·︸ ︷︷ ︸

2s

(x′)]−2s+1 = ∆(x− x′)

Cor. 3.6.3.

[ψ+
λςµς · ·︸ ︷︷ ︸

2s

(x), ψ+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(x′)] = i
22s−1

e4siθ

[(2s)!]2

2s︷ ︸︸ ︷
[C+(m− γa∂+

a )]{λς(λ′ς [C
+(m− γb∂+

b )]µςµ′ς · ·}) ∆(x− x′)

⇒ [ψ+
AςBςCς · ·︸ ︷︷ ︸

2s

(x), ψ+
A
′
ςB
′
ςC
′
ς · ·︸ ︷︷ ︸

2s

(x′)]−2s+1 = ∆(x− x′)

4 Equivalent Majorana B-W commutation rules under separated representation
4.1 Equivalent Majorana B-W commutation rules under separated representation

Lem. 4.1.1.2Xaλςµς (p)(ηaa′ +
pap

+

a′
m2 )X+a′

λ′ςµ
′
ς
(p) = [(m− iγapa)γ4]{λς(λ′ς [(m− iγ

bpb)γ
4]µς}µ′ς)

2Xaλςµς (p)(ηaa′ +
pap

+

a′
m2 )(C̄γ4X+a′C̄γ4)λ′ςµ′ς (p) = [(m− iγapa)C]{λς(λ′ς [(m− iγ

bpb)C]µς}µ′ς)2Xaλςµς (x)(ηaa′ −
∂a∂

+

a′
m2 )X+a′

λ′ςµ
′
ς
(x′)∆(x− x′) = [(m− γa∂a)γ4]{λς(λ′ς [(m− γ

b∂b)γ
4]µς}µ′ς)∆(x− x′)

2Xaλςµς (x)(ηaa′ −
∂a∂

+

a′
m2 )(C̄γ4X+a′C̄γ4)λ′ςµ′ς (x

′)∆(x− x′) = [(m− γa∂a)C]{λς(λ′ς [(m− γ
b∂b)C]µς}µ′ς)∆(x− x′)

Thm. 4.1.1.

[ψλςµς · ·︸ ︷︷ ︸
2n

(x), ψ+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2n

(x′)] = i
22n−1

1
[(2n)!]2 [(m− γa∂a)γ4]{λς(λ′ς [(m− γ

b∂b)γ
4]µςµ′ς · ·})︸ ︷︷ ︸

2n

∆(x− x′)

⇔

[ψλςµς · ·︸ ︷︷ ︸
2n

(x), ψ+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2n

(x′)] = i
23n−1

1
[(2n)!]2 Xa{λςµς (x) · ·}︸ ︷︷ ︸

n

X+a′

(λ′ςµ
′
ς
(x′) · ·)︸ ︷︷ ︸
n

[ηaa′ −
∂a∂

+

a′
m2 ] · ·︸ ︷︷ ︸

n

∆(x− x′)

⇔

[ψλςµς · ·︸ ︷︷ ︸
2n

(x), ψλ′ςµ
′
ς · ·︸ ︷︷ ︸

2n

(x′)] = i
22n−1

e−4niθ

[(2n)!]2 [(m− γa∂a)C]{λς(λ′ς [(m− γ
b∂b)C]µςµ′ς · ·})︸ ︷︷ ︸

2n

∆(x− x′)

⇔

[ψλςµς · ·︸ ︷︷ ︸
2n

(x), ψλ′ςµ
′
ς · ·︸ ︷︷ ︸

2n

(x′)] = i
23n−1

e−4niθ

[(2s)!]2 Xa{λςµς (x) · ·}︸ ︷︷ ︸
n

(C̄γ4X+a′C̄γ4)(λ′ςµ
′
ς
(x′) · ·)︸ ︷︷ ︸

n

[ηaa′ −
∂a∂

+

a′
m2 ] · ·︸ ︷︷ ︸

n

∆(x− x′)

Thm. 4.1.2.

{ψλςµς · ·τς︸ ︷︷ ︸
2n+1

(x), ψ+
λ
′
ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2n+1

(x′)}

= i
22n

1
[(2n+1)!]2 [(m− γa∂a)γ4]{λς(λ′ς [(m− γ

b∂b)γ
4]µςµ′ς · ·[(m− γ

c∂c)γ
4]τς}τ ′ς)︸ ︷︷ ︸

2n+1

∆(x− x′)

⇔ {ψλςµς · ·τς︸ ︷︷ ︸
2n+1

(x), ψ+
λ
′
ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2n+1

(x′)}

= i
23n[(2n+1)!]2 Xa{λςµς (x) · ·︸ ︷︷ ︸

n

X+a′

(λ′ςµ
′
ς
(x′) · ·︸ ︷︷ ︸
n

[(m− γc∂c)γ4]τς}τ ′ς) [ηaa′ −
∂a∂

+

a′
m2 ] · ·︸ ︷︷ ︸

n

∆(x− x′)
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⇔

{ψλςµς · ·τς︸ ︷︷ ︸
2n+1

(x), ψλ′ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2n+1

(x′)}

= i
22n

e−(4n+2)iθ

[(2n+1)!]2 [(m− γa∂a)C]{λς(λ′ς [(m− γ
b∂b)C]µςµ′ς · ·[(m− γ

c∂c)C]τς}τ ′ς)︸ ︷︷ ︸
2n+1

∆(x− x′)

⇔ {ψλςµς · ·τς︸ ︷︷ ︸
2n+1

(x), ψλ′ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2n+1

(x′)}

= ie−(4n+2)iθ

23n[(2n+1)!]2 Xa{λςµς (x) · ·︸ ︷︷ ︸
n

(C̄γ4X+a′C̄γ4)(λ′ςµ
′
ς
(x′) · ·︸ ︷︷ ︸

n

[(m− γc∂c)C]τς}τ ′ς) [ηaa′ −
∂a∂

+

a′
m2 ] · ·︸ ︷︷ ︸

n

∆(x− x′)

4.2 Summary of commutation rules for Majorana boson under separated representation

Thm. 4.2.1. n ≥ 0
[a(~p, h;n), a+(~p′, h′;n)] = δhh′δ

3(~p− ~p′), [a(~p, h;n), a(~p′, h′;n)] = 0, [a+(~p, h;n), a+(~p′, h′;n)] = 0
⇔ [ψλςµς · ·︸ ︷︷ ︸

2n

(x), ψ+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2n

(x′)] = i
22n−1

1
[(2n)!]2 [(m− γa∂a)γ4]{λς(λ′ς [(m− γ

b∂b)γ
4]µςµ′ς · ·})︸ ︷︷ ︸

2n

∆(x− x′)

⇔ [ψλςµς · ·︸ ︷︷ ︸
2n

(x), ψ+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2n

(x′)] = i
23n−1

1
[(2n)!]2 Xa{λςµς (x) · ·}︸ ︷︷ ︸

n

X+a′

(λ′ςµ
′
ς
(x′) · ·)︸ ︷︷ ︸
n

[ηaa′ −
∂a∂

+

a′
m2 ] · ·︸ ︷︷ ︸

n

∆(x− x′)

4.3 Summary of anticommutation rules for Majorana fermion under separated representation

Thm. 4.3.1. n ≥ 0
{a(~p, h;n+ 1

2 ), a+(~p′, h′;n+ 1
2 )} = δhh′δ

3(~p− ~p′), {rest} = 0

⇔ {ψλςµς · ·τς︸ ︷︷ ︸
2n+1

(x), ψ+
λ
′
ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2n+1

(x′)}

= i
22n

1
[(2n+1)!]2 [(m− γa∂a)γ4]{λς(λ′ς [(m− γ

b∂b)γ
4]µςµ′ς · ·[(m− γ

c∂c)γ
4]τς}τ ′ς)︸ ︷︷ ︸

2n+1

∆(x− x′)

⇔
{ψλςµς · ·τς︸ ︷︷ ︸

2n+1

(x), ψ+
λ
′
ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2n+1

(x′)}

= i
23n[(2n+1)!]2 Xa{λςµς (x) · ·︸ ︷︷ ︸

n

X+a′

(λ′ςµ
′
ς
(x′) · ·︸ ︷︷ ︸
n

[(m− γc∂c)γ4]τς}τ ′ς) [ηaa′ −
∂a∂

+

a′
m2 ] · ·︸ ︷︷ ︸

n

∆(x− x′)

4.4 Plane wave solutions of K-G equation with s = n under separated representation

Thm. 4.4.1. (−∂c∂c +m2)Aab · ·︸ ︷︷ ︸
n

(x) = 0, Aab · ·︸ ︷︷ ︸
n

(x) = ( 1
2im )n

n︷ ︸︸ ︷
(C̄γa)λςµς (C̄γb)

ηςξς · ·ψλςµςηςξς · ·︸ ︷︷ ︸
2n

(x)

Aab · ·︸ ︷︷ ︸
n

(~r, t) = 1
(2π)3/2

+∞∫
~p=−∞

−n∑
h=n

1√
2nE

[a(~p, h)εab · ·︸ ︷︷ ︸
n

(~p, h)ei(~p·~r−Et) + b+(~p, h)ε̃ab · ·︸ ︷︷ ︸
n

(~p, h)e−i(~p·~r−Et)]d3~p

εab · ·︸ ︷︷ ︸
n

(~p, h) = 1
(i
√

2)n

n︷ ︸︸ ︷
(C̄γa)λςµς (C̄γb)

ηςξς · ·Uλςµςηςξς · ·︸ ︷︷ ︸
2n

(~p, h)

ε̃ab · ·︸ ︷︷ ︸
n

(~p, h) = 1
(i
√

2)n

n︷ ︸︸ ︷
(C̄γa)λςµς (C̄γb)

ηςξς · ·Vλςµςηςξς · ·︸ ︷︷ ︸
2n

(~p, h)
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5 Quantum operators for Majorana B-W equation under separated representation
5.1 Extraction of various Majorana B-W operators under separated representation

Thm. 5.1.1.

Pu(s) =
∫
ψ+

2s︷ ︸︸ ︷
λςµς · ·(~r, t)−i∂u(i∂t)

2s−1

(m2−∇2)2s−1 ψλςµς · ·︸ ︷︷ ︸
2s

(~r, t)d3~r =
∫ ∑

h

pu[a+(~p, h)a(~p, h) + (−1)2sa(~p, h)a+(~p, h)]d3~p

Q(s) =
∫
ψ+

2s︷ ︸︸ ︷
λςµς · ·(~r, t) (i∂t)

2s−1

(m2−∇2)2s−1ψλςµς · ·︸ ︷︷ ︸
2s

(~r, t)d3~r =
∫ ∑

h

[a+(~p, h)a(~p, h) + (−1)2s−1a(~p, h)a+(~p, h)]d3~p

N(s) =
∫
ψ+

2s︷ ︸︸ ︷
λςµς · ·(~r, t) (i∂t)

2s

(
√
m2−∇2)4s−1

ψλςµς · ·︸ ︷︷ ︸
2s

(~r, t)d3~r =
∫ ∑

h

[a+(~p, h)a(~p, h) + (−1)2sa(~p, h)a+(~p, h)]d3~p

~S(s) =
∫
ψ+

2s︷ ︸︸ ︷
λςµς · ·(~r, t) ∇̂(i∂t)

2s−1

(m2−∇2)2s−1ψλςµς · ·︸ ︷︷ ︸
2s

(~r, t)d3~r =
∫ ∑

h

p̂[a+(~p, h)a(~p, h) + (−1)2sa(~p, h)a+(~p, h)]d3~p

~M(s) =
∫
ψ+

2s︷ ︸︸ ︷
λςµς · ·(~r, t) ∇̂(i∂t)

2s

(
√
m2−∇2)4s−1

ψλςµς · ·︸ ︷︷ ︸
2s

(~r, t)d3~r =
∫ ∑

h

p̂[a+(~p, h)a(~p, h) + (−1)2s−1a(~p, h)a+(~p, h)]d3~p

6 Commutation rules for K-G equation
6.1 Majorana B-W equation is equivalent to K-G equation [16, 20,21] for massive s = n particles

Def. 6.1.1. Xa ≡ [imγa(ς)− 2Sab(e, ς)∂
b]C

Thm. 6.1.1.


[γa(ς)∂a +m]ψ[λς ]µςηςξς · ·︸ ︷︷ ︸

2n

(x) = 0

ψ[λς ]µςηςξς · ·︸ ︷︷ ︸
2n

(x) fully symmetric
⇔



(−∂c∂c +m2)Aab · ·︸ ︷︷ ︸
n

(x) = 0

δabAab · ·︸ ︷︷ ︸
n

(x) = 0, ∂aAab · ·︸ ︷︷ ︸
n

(x) = 0, Aab · ·︸ ︷︷ ︸
n

(x) fully symmetric

ψλςµςηςξς · ·︸ ︷︷ ︸
2n

(x) = 1
2n

n︷ ︸︸ ︷
XaλςµςX

b
ηςξς · ·Aab · ·︸ ︷︷ ︸

n

(x)

ψλςµς · ·︸ ︷︷ ︸
2n

(~r, t) = 1
(2π)3/2

+∞∫
~p=−∞

−n∑
h=n

En−
1
2
√

m
E

2n
[a(~p, h)Uλςµς · ·︸ ︷︷ ︸

2n

(~p, h)ei(~p·~r−Et) + b+(~p, h)Vλςµς · ·︸ ︷︷ ︸
2n

(~p, h)e−i(~p·~r−Et)]d3~p

Aab · ·︸ ︷︷ ︸
n

(~r, t) = 1
(2π)3/2

+∞∫
~p=−∞

−n∑
h=n

1√
2nE

[a(~p, h)εab · ·︸ ︷︷ ︸
n

(~p, h)ei(~p·~r−Et) + b+(~p, h)ε̃ab · ·︸ ︷︷ ︸
n

(~p, h)e−i(~p·~r−Et)]d3~p

6.2 Plane wave solutions of K-G equation with s = n

Cor. 6.2.1. Aab··(~r, t) = 1
(2π)3/2

+∞∫
~p=−∞

−n∑
h=n

1√
2nE

εab··(~p, h)[a(~p, h)ei(~p·~r−Et) + (−1)nb+(~p, h)e−i(~p·~r−Et)]d3~p

Cor. 6.2.2. Aab··(~r, t) = 1
(2π)3/2

+∞∫
~p=−∞

−n∑
h=n

1√
2nE

εab··(~p, h)[a(~p, h)ei(~p·~r−Et) + e−4niθ(−1)ha+(~p,−h)e−i(~p·~r−Et)]d3~p

Pro. 6.2.1. b+(~p, h) = ς2se−4siθ(−1)s+ha+(~p,−h)⇒ b(~p, h) = ς2se4siθ(−1)s+ha(~p,−h)

Cor. 6.2.3. Aab··(~r, t) = e−4niθ

n︷ ︸︸ ︷
ηa
′

a η
b′

b · ·A+
a′b′··(~r, t)

Proof: e−4niθ

n︷ ︸︸ ︷
ηa
′

a η
b′

b · ·A+
a′b′··(~r, t)

= 1
(2π)3/2

+∞∫
~p=−∞

−n∑
h=n

1√
2nE

n︷ ︸︸ ︷
ηa
′

a η
b′

b · · ε+
a′b′··(~p, h)[e−4niθa+(~p, h)e−i(~p·~r−Et) + (−1)ha(~p,−h)ei(~p·~r−Et)]d3~p

= 1
(2π)3/2

+∞∫
~p=−∞

−n∑
h=n

1√
2nE

(−1)hεab··(~p,−h)[e−4niθa+(~p, h)e−i(~p·~r−Et) + (−1)ha(~p,−h)ei(~p·~r−Et)]d3~p

= 1
(2π)3/2

+∞∫
~p=−∞

−n∑
h=n

1√
2nE

εab··(~p,−h)[a(~p,−h)ei(~p·~r−Et) + (−1)he−4niθa+(~p, h)e−i(~p·~r−Et)]d3~p

= 1
(2π)3/2

+∞∫
~p=−∞

−n∑
h=n

1√
2nE

εab··(~p, h)[a(~p, h)ei(~p·~r−Et) + (−1)he−4niθa+(~p,−h)e−i(~p·~r−Et)]d3~p

= Aab··(~r, t)

From the above conclusion it can be seen that in order to maintain the real property of potential Aab··,
it is appropriate to take θ=0 or π/2.
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7 Anticommutation rules for R-S equation
7.1 Majorana B-W equation⇔R-S equation [16, 17,20] for massive s = n+ 1

2 particles

Thm. 7.1.1.


(γa∂a +m)ψ[λς ]µςηςξς · ·τς︸ ︷︷ ︸

2n+1

(x) = 0

ψλςµςηςξς · ·τς︸ ︷︷ ︸
2n+1

(x) fully symmetric
⇔



(γc∂c +m)Aab · ·︸ ︷︷ ︸
n

[τς ](x) = 0

δabAab · ·︸ ︷︷ ︸
n

[τς ](x) = 0, γaAab · ·︸ ︷︷ ︸
n

[τς ](x) = 0, Aab · ·︸ ︷︷ ︸
n

[τς ](x) fully symmetric

ψλςµςηςξς · ·τς︸ ︷︷ ︸
2n+1

(x) = 1
2n

n︷ ︸︸ ︷
XaλςµςX

b
ηςξς · ·Aab · ·︸ ︷︷ ︸

n

τς (x)

ψλςµς · ·︸ ︷︷ ︸
2n

(~r, t)

= 1
(2π)3/2

+∞∫
~p=−∞

−(n+1/2)∑
h=n+1/2

En−
1
2
√

m
E

2n+1
[a(~p, h)Uλςµς · ·︸ ︷︷ ︸

2n

(~p, h)ei(~p·~r−Et) + b+(~p, h)Vλςµς · ·︸ ︷︷ ︸
2n

(~p, h)e−i(~p·~r−Et)]d3~p

Aab··τς (~r, t) = 1
(2π)3/2

+∞∫
~p=−∞

−n∑
h=n

√
m√

2nE
[εab··τς (~p, h)a(~p, h)ei(~p·~r−Et) + ε̃ab··τς (~p, h)b+(~p, h)e−i(~p·~r−Et)]d3~p

7.2 Plane wave solutions of R-S equation with s = n+ 1
2 under separated representation

Cor. 7.2.1. Aab··τς (~r, t) = 1
(2π)3/2

+∞∫
~p=−∞

−n∑
h=n

√
m√

2nE
[εab··τς (~p, h)a(~p, h)ei(~p·~r−Et) + ε̃ab··τς (~p, h)b+(~p, h)e−i(~p·~r−Et)]d3~p

Cor. 7.2.2. Aab··τς (~r, t)

= 1
(2π)3/2

+∞∫
~p=−∞

−n∑
h=n

√
m√

2nE
εab··σς (~p, h)[δτς

σςa(~p, h)ei(~p·~r−Et) + (−1)h−
1
2 e−(4n+2)iθγ5τς

σςa+(~p,−h)e−i(~p·~r−Et)]d3~p

Thm. 7.2.1. A+
ab··τς (~r, t) = −e(4n+2)iθ

n︷ ︸︸ ︷
ηa
′

a η
b′

b · ·(σy ⊗ σy)τς
τ ′ςAa′b′··τ ′ς (~r, t) = e(4n+2)iθ

n︷ ︸︸ ︷
ηa
′

a η
b′

b · ·(C̄γ4)τς
τ ′ςAa′b′··τ ′ς (~r, t)

Proof: −e−(4n+2)iθ

n︷ ︸︸ ︷
ηa
′

a η
b′

b · ·(σy ⊗ σy)τς
τ ′ςA+

a′b′··τ ′ς
(~r, t)

= − 1
(2π)3/2

+∞∫
~p=−∞

−n∑
h=n

√
m√

2nE

n︷ ︸︸ ︷
ηa
′

a η
b′

b · · γ2τς
τ ′ςε+

a′b′··σ′ς
(~p, h)[e−(4n+2)iθδτ ′ς

σ′ςa+(~p, h)e−i(~p·~r−Et) + (−1)h−
1
2 γ5τς

σςa(~p,−h)ei(~p·~r−Et)]d3~p

= − 1
(2π)3/2

+∞∫
~p=−∞

−n∑
h=n

√
m√

2nE
εab · ·︸ ︷︷ ︸

n

τ ′ς
(~p,−h)[(−1)h−

1
2 e−(4n+2)iθγ5τς

τ ′ςa+(~p, h)e−i(~p·~r−Et) − δτς τ
′
ςa(~p,−h)ei(~p·~r−Et)]d3~p

= 1
(2π)3/2

+∞∫
~p=−∞

−n∑
h=n

√
m√

2nE
εab · ·︸ ︷︷ ︸

n

σς (~p, h)[(−1)h−
1
2 e−(4n+2)iθγ5τς

σςa+(~p,−h)e−i(~p·~r−Et) + δτς
σςa(~p, h)ei(~p·~r−Et)]d3~p

= Aab··τς (~r, t)

From the above conclusion it can be seen that in order to maintain the real property of potential Aab··,
it is appropriate to take θ=0 or π/2. But taking θ = 0 is simpler.
7.3 Isochronous quantization rules for Majorana B-W equation under separated representation

Thm. 7.3.1.

[ψλςµς · ·︸ ︷︷ ︸
2s

(x), ψ+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(x′)]−2s+1 = i (iς)2s

22s−1

2s︷ ︸︸ ︷
(σ ⊗ σz, iς)a{λς(λ′ς (σ ⊗ σz, iς)

b
µςµ′ς
· ·})

2s︷ ︸︸ ︷
∂a∂b · ·∆(x− x′)

⇒ [ψλςµς · ·ξςης · ·τς︸ ︷︷ ︸
2s

(~r, t), ψ+
λ
′
ςµ
′
ς · ·ξ

′
ςη
′
ς · ·τ

′
ς︸ ︷︷ ︸

2s

(~r′, t)]−2s+1

= − (iς)2s+1

22s−1

[s− 1
2 ]∑

k=0

(2s)!
(2s−2k−1)!(2k)!1!

2s−2k−1︷ ︸︸ ︷
[(σ · ∇)⊗ σz]λςλ′ς [(σ · ∇)⊗ σz]µςµ′ς · ·

2k︷ ︸︸ ︷
δξςξ′ς δηςη′ς · · ∇

2kδτςτ ′ς δ
3(~r − ~r′)

8 Card commutation rules for Majorana particles under separated representation
8.1 Definition

Def. 8.1.1.

Γ

n︷ ︸︸ ︷
b1b2 · ·

n︷ ︸︸ ︷
b
′
1b
′
2 · ·

a1a2 · ·︸ ︷︷ ︸
n

a
′
1a
′
2 · ·︸ ︷︷ ︸
n

(p;n)
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:=

n︷ ︸︸ ︷
(C̄γa1)λςµς (C̄γa2)ηςξς · ·

n︷ ︸︸ ︷
(γa′1C)λ

′
ςµ
′
ς (γa′2C)η

′
ςξ
′
ς · ·Xb1{λςµς (p)X

b2
ηςξς

(p) · ·}︸ ︷︷ ︸
n

X+b′1
(λ′ςµ

′
ς
(−p)X+b′2

η′ςξ
′
ς
(−p) · ·)︸ ︷︷ ︸

n

Γ

n︷ ︸︸ ︷
b1b2 · ·

n︷ ︸︸ ︷
b
′
1b
′
2 · ·

a1a2 · ·︸ ︷︷ ︸
n

a
′
1a
′
2 · ·︸ ︷︷ ︸
n

(x, x′;n)

:=

n︷ ︸︸ ︷
(C̄γa1

)λςµς (C̄γa2
)ηςξς · ·

n︷ ︸︸ ︷
(γa′1C)λ

′
ςµ
′
ς (γa′2C)η

′
ςξ
′
ς · ·Xb1{λςµς (x)Xb2ηςξς (x) · ·}︸ ︷︷ ︸

n

X+b′1
(λ′ςµ

′
ς
(x′)X+b′2

η′ςξ
′
ς
(x′) · ·)︸ ︷︷ ︸

n

Def. 8.1.2.

Γa1a2 · ·︸ ︷︷ ︸
n

a
′
1a
′
2 · ·︸ ︷︷ ︸
n

(p;n)

:=

n︷ ︸︸ ︷
(C̄γa1

)λςµς (C̄γa2
)ηςξς · ·

n︷ ︸︸ ︷
(γa′1C)λ

′
ςµ
′
ς (γa′2C)η

′
ςξ
′
ς · · [(m− iγapa)γ4]{λς(λ′ς [(m− iγ

bpb)γ
4]µςµ′ς · ·})︸ ︷︷ ︸

2n

Γa1a2 · ·︸ ︷︷ ︸
n

a
′
1a
′
2 · ·︸ ︷︷ ︸
n

(x;n)

:=

n︷ ︸︸ ︷
(C̄γa1

)λςµς (C̄γa2
)ηςξς · ·

n︷ ︸︸ ︷
(γa′1C)λ

′
ςµ
′
ς (γa′2C)η

′
ςξ
′
ς · · [(m− γa∂a)γ4]{λς(λ′ς [(m− γ

b∂b)γ
4]µςµ′ς · ·})︸ ︷︷ ︸

2n

Cor. 8.1.1. Γa1a2 · ·︸ ︷︷ ︸
n

a
′
1a
′
2 · ·︸ ︷︷ ︸
n

(x;n) = 1
2nΓ

n︷ ︸︸ ︷
b1b2 · ·

n︷ ︸︸ ︷
b
′
1b
′
2 · ·

a1a2 · ·︸ ︷︷ ︸
n

a
′
1a
′
2 · ·︸ ︷︷ ︸
n

(x, x′;n) [ηb1b′1 −
∂b1∂

+

b′1
m2 ][ηb2b′2 −

∂b2∂
+

b′2
m2 ] · ·︸ ︷︷ ︸

n

8.2 Card commutation rules for Majorana boson under separated representation(take θ = 0)

Def. 8.2.1. P̂a1··anτςb1··bn(n) := η
a′1
b1
η
a′2
b2
· ·ηa

′
n

bn
P̂a1··anτςa′1··a′n(n)

Thm. 8.2.1.


[Aa1a2··an(x), A+

a′1a
′
2··a′n

(x′)] = iP̂a1a2··ana′1a′2··a′n(n)∆(x− x′)
[Aa1a2··an(x), Ab1b2··bn(x′)] = iP̂a1a2··ana′1a′2··a′n(n)η

a′1
b1
η
a′2
b2
· ·ηa

′
n

bn
∆(x− x′)

Aa1a2··an = A+
a′1a
′
2··a′n

η
a′1
a1η

a′2
a2 · ·η

a′n
an , A

+
a
′
1a
′
2 · ·︸ ︷︷ ︸
n

= Aa1a2 · ·︸ ︷︷ ︸
n

ηa1

a′1
ηa2

a′2
· ·︸ ︷︷ ︸

n

[m]

Thm. 8.2.2.



[Aa1a2 · ·︸ ︷︷ ︸
n

(x), A+
a
′
1a
′
2 · ·︸ ︷︷ ︸
n

(x′)] = im−2n

24n−1[(2n)!]2 Γa1a2 · ·︸ ︷︷ ︸
n

a
′
1a
′
2 · ·︸ ︷︷ ︸
n

(x;n)∆(x− x′)

[Aa1a2 · ·︸ ︷︷ ︸
n

(x), Ab1b2 · ·︸ ︷︷ ︸
n

(x′)] = im−2n

24n−1[(2n)!]2 Γa1a2 · ·︸ ︷︷ ︸
n

a
′
1a
′
2 · ·︸ ︷︷ ︸
n

(x;n) η
a′1
b1
η
a′2
b2
· ·︸ ︷︷ ︸

n

∆(x− x′)

Aa1a2 · ·︸ ︷︷ ︸
n

= A+
a
′
1a
′
2 · ·︸ ︷︷ ︸
n

η
a′1
a1η

a′2
a2 · ·︸ ︷︷ ︸
n

, A+
a
′
1a
′
2 · ·︸ ︷︷ ︸
n

= Aa1a2 · ·︸ ︷︷ ︸
n

ηa1

a′1
ηa2

a′2
· ·︸ ︷︷ ︸

n

[m]

Thm. 8.2.3.



[Aa1a2 · ·︸ ︷︷ ︸
n

(x), A+
a
′
1a
′
2 · ·︸ ︷︷ ︸
n

(x′)] = im−2n

25n−1[(2n)!]2 Γ

n︷ ︸︸ ︷
b1b2 · ·

n︷ ︸︸ ︷
b
′
1b
′
2 · ·

a1a2 · ·︸ ︷︷ ︸
n

a
′
1a
′
2 · ·︸ ︷︷ ︸
n

(x, x′;n) [ηb1b′1 −
∂b1∂

+

b′1
m2 ] · ·︸ ︷︷ ︸

n

∆(x− x′)

[Aa1a2 · ·︸ ︷︷ ︸
n

(x), Ab1b2 · ·︸ ︷︷ ︸
n

(x′)] = im−2n

25n−1[(2n)!]2 Γ

n︷ ︸︸ ︷
c1c2 · ·

n︷ ︸︸ ︷
c
′
1c
′
2 · ·

a1a2 · ·︸ ︷︷ ︸
n

a
′
1a
′
2 · ·︸ ︷︷ ︸
n

(x, x′;n) [ηc1c′1 −
∂c1∂

+

c′1
m2 ] · ·︸ ︷︷ ︸

n

η
a′1
b1
η
a′2
b2
· ·︸ ︷︷ ︸

n

∆(x− x′)

Aa1a2 · ·︸ ︷︷ ︸
n

= A+
a
′
1a
′
2 · ·︸ ︷︷ ︸
n

η
a′1
a1η

a′2
a2 · ·︸ ︷︷ ︸
n

, A+
a
′
1a
′
2 · ·︸ ︷︷ ︸
n

= Aa1a2 · ·︸ ︷︷ ︸
n

ηa1

a′1
ηa2

a′2
· ·︸ ︷︷ ︸

n

[m]
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Thm. 8.2.4.



[ψλςµς · ·︸ ︷︷ ︸
2n

(x), ψ+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2n

(x′)] = i
23n−1[(2n)!]2 Xa{λςµς (x) · ·}︸ ︷︷ ︸

n

X+a′

(λ′ςµ
′
ς
(x′) · ·)︸ ︷︷ ︸
n

[ηaa′ −
∂a∂

+

a′
m2 ] · ·︸ ︷︷ ︸

n

∆(x− x′)

[ψλςµς · ·︸ ︷︷ ︸
2n

(x), ψλ′ςµ
′
ς · ·︸ ︷︷ ︸

2n

(x′)] = i
23n−1[(2n)!]2 Xa{λςµς (x) · ·}︸ ︷︷ ︸

n

Xa
′

(λ′ςµ
′
ς
(x′) · ·)︸ ︷︷ ︸
n

[δaa′ − ∂a∂a′
m2 ] · ·︸ ︷︷ ︸

n

∆(x− x′)

ψλςµς · ·︸ ︷︷ ︸
2n

= ψ+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2n

γ2
λ′ς
λς
γ2
µ′ς
µς · ·︸ ︷︷ ︸

2n

, ψ+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2n

= ψλςµς · ·︸ ︷︷ ︸
2n

γ2
λς
λ′ς
γ2
µς
µ′ς
· ·︸ ︷︷ ︸

2n

,Xa = γ2X+a′γ2η
a
a′

[m]

Thm. 8.2.5.



[ψλςµς · ·︸ ︷︷ ︸
2n

(x), ψ+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2n

(x′)] = i
22n−1[(2n)!]2 [(m− γa∂a)γ4]{λς(λ′ς [(m− γ

b∂b)γ
4]µςµ′ς · ·})︸ ︷︷ ︸

2n

∆(x− x′)

[ψλςµς · ·︸ ︷︷ ︸
2n

(x), ψλ′ςµ
′
ς · ·︸ ︷︷ ︸

2n

(x′)] = i
22n−1[(2n)!]2 [(m− γa∂a)C]{λς(λ′ς [(m− γ

b∂b)C]µςµ′ς · ·})︸ ︷︷ ︸
2n

∆(x− x′)

ψλςµς · ·︸ ︷︷ ︸
2n

= ψ+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2n

γ2
λ′ς
λς
γ2
µ′ς
µς · ·︸ ︷︷ ︸

2n

, ψ+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2n

= ψλςµς · ·︸ ︷︷ ︸
2n

γ2
λς
λ′ς
γ2
µς
µ′ς
· ·︸ ︷︷ ︸

2n

[⇓]

Thm. 8.2.6. [ψAςBς · ·︸ ︷︷ ︸
2n

(x), ψ+
A
′
ςB
′
ς · ·︸ ︷︷ ︸

2n

(x′)] = i (iς)2n

22n−1[(2n)!]2

2n︷ ︸︸ ︷
(σ, iς)a{Aς(A′ς (σ, iς)

b
BςB′ς

· ·})

2n︷ ︸︸ ︷
∂a∂b · ·∆(x− x′)

[m]

Thm. 8.2.7. [ψkς (x), ψ+
k′ς

(x′)] = i (−1)2n

2n−1 Γ

2n︷ ︸︸ ︷
abc · ·
kςk′ς

(n)

2s︷ ︸︸ ︷
∂a∂b∂c · ·∆(x− x′)

There are two equivalent expressions for the commutative relationship between potential A and field
ψ, and they are mutually premises and causal each other. You can deduce everything from potential
commutation relations, or you can deduce everything from field commutation relations too. This shows
that the two descriptions of potential and field are completely equivalent for massive particles. And
it can be deduced from the massive particle commutation rules which are completely similar to the
massless particle commutation rules. But not vice versa.
8.3 Card anticommutation rules for Majorana fermion under separated representation

Thm. 8.3.1. {Aa1a2··anτς (x), A+
a′1a
′
2··a′nτ ′ς

(x′)} = iP̂a1··anτςa′1··a′nτ ′ς (n+ 1
2 )∆(x− x′)

[m]

Thm. 8.3.2.
{Aa1a2··anτς (x), Ab1b2··bnσς (x

′)} = −iP̂a1··anτςb1··bnτ ′ς (n+ 1
2 )γ2

τ ′ς
σς∆(x− x′)

Aa1a2 · ·︸ ︷︷ ︸
n

τς (~r, t) = −A+
a
′
1a
′
2 · ·︸ ︷︷ ︸
n

τ ′ς
(~r, t) η

a′1
a1η

a′2
a2 · ·︸ ︷︷ ︸
n

γ2
τ ′ς
τς , A

+
a
′
1a
′
2 · ·︸ ︷︷ ︸
n

τ ′ς
(~r, t) = −Aa1a2 · ·︸ ︷︷ ︸

n

τς (~r, t) η
a1

a′1
ηa2

a′2
· ·︸ ︷︷ ︸

n

γ2
τς
τ ′ς

[m]

Thm. 8.3.3.

{Aa1a2 · ·︸ ︷︷ ︸
n

τς (x), A+
a
′
1a
′
2 · ·︸ ︷︷ ︸
n

τ ′ς
(x′)} = im−2n

25n[(2n+1)!]2

n︷ ︸︸ ︷
(C̄γa1)λςµς · ·

n︷ ︸︸ ︷
(γa′1C)λ

′
ςµ
′
ς · ·Xb1{λςµς (x) · ·︸ ︷︷ ︸

n

X+b′1
(λ′ςµ

′
ς
(x′) · ·︸ ︷︷ ︸
n

[(m− γc∂c)γ4]τς}τ ′ς) [ηb1b′1 −
∂b1∂

+

b′1
m2 ] · ·︸ ︷︷ ︸

n

∆(x− x′)

{Aa1a2 · ·︸ ︷︷ ︸
n

τς (x), Aa′1a
′
2 · ·︸ ︷︷ ︸
n

τ ′ς
(x′)} = i(im)−2n

25n[(2n+1)!]2

n︷ ︸︸ ︷
(C̄γa1

)λςµς · ·

n︷ ︸︸ ︷
(C̄γa′1)λ

′
ςµ
′
ς · ·Xb1{λςµς (x) · ·︸ ︷︷ ︸

n

Xb
′
1

(λ′ςµ
′
ς
(x′) · ·︸ ︷︷ ︸
n

[(m− γc∂c)γ4]τς}τ ′ς) [δb1b′1 −
∂b1∂b′1
m2 ] · ·︸ ︷︷ ︸

n

∆(x− x′)

Aa1a2 · ·︸ ︷︷ ︸
n

τς (~r, t) = −A+
a
′
1a
′
2 · ·︸ ︷︷ ︸
n

τ ′ς
(~r, t) η

a′1
a1η

a′2
a2 · ·︸ ︷︷ ︸
n

γ2
τ ′ς
τς , A

+
a
′
1a
′
2 · ·︸ ︷︷ ︸
n

τ ′ς
(~r, t) = −Aa1a2 · ·︸ ︷︷ ︸

n

τς (~r, t) η
a1

a′1
ηa2

a′2
· ·︸ ︷︷ ︸

n

γ2
τς
τ ′ς

C̄γa = −γ2γa′Cγ2η
a′

a ,Xa = γ2X+a′γ2η
a
a′
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[m]

Thm. 8.3.4.

{Aa1a2 · ·︸ ︷︷ ︸
n

τς (x), A+
a
′
1a
′
2 · ·︸ ︷︷ ︸
n

τ ′ς
(x′)}

= im−2n

24n[(2n+1)!]2

n︷ ︸︸ ︷
(C̄γa1)λςµς · ·

n︷ ︸︸ ︷
(γa′1C)λ

′
ςµ
′
ς · · [(m− γa∂a)γ4]{λς(λ′ς · ·[(m− γ

c∂c)γ
4]τς}τ ′ς)︸ ︷︷ ︸

2n+1

∆(x− x′)

{Aa1a2 · ·︸ ︷︷ ︸
n

τς (x), Aa′1a
′
2 · ·︸ ︷︷ ︸
n

τ ′ς
(x′)}

= i(im)−2n

24n[(2n+1)!]2

n︷ ︸︸ ︷
(C̄γa1)λςµς · ·

n︷ ︸︸ ︷
(C̄γa′1)λ

′
ςµ
′
ς · · [(m− γa∂a)C]{λς(λ′ς · ·[(m− γ

c∂c)C]τς}τ ′ς)︸ ︷︷ ︸
2n+1

∆(x− x′)

Aa1a2 · ·︸ ︷︷ ︸
n

τς (~r, t) = −A+
a
′
1a
′
2 · ·︸ ︷︷ ︸
n

τ ′ς
(~r, t) η

a′1
a1η

a′2
a2 · ·︸ ︷︷ ︸
n

γ2
τ ′ς
τς , A

+
a
′
1a
′
2 · ·︸ ︷︷ ︸
n

τ ′ς
(~r, t) = −Aa1a2 · ·︸ ︷︷ ︸

n

τς (~r, t) η
a1

a′1
ηa2

a′2
· ·︸ ︷︷ ︸

n

γ2
τς
τ ′ς
, C̄γa = −γ2γa′Cγ2η

a′

a

[m]

Thm. 8.3.5.

{ψλςµς · ·︸ ︷︷ ︸
2n+1

(x), ψ+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2n+1

(x′)} = i
23n[(2n+1)!]2 Xa{λςµς (x) · ·︸ ︷︷ ︸

n

X+a′

(λ′ςµ
′
ς
(x′) · ·︸ ︷︷ ︸
n

[(m− γc∂c)γ4]τς}τ ′ς) [ηaa′ −
∂a∂

+

a′
m2 ] · ·︸ ︷︷ ︸

n

∆(x− x′)

{ψλςµς · ·︸ ︷︷ ︸
2n+1

(x), ψλ′ςµ
′
ς · ·︸ ︷︷ ︸

2n+1

(x′)} = i
23n[(2n+1)!]2 Xa{λςµς (x) · ·︸ ︷︷ ︸

n

Xa
′

(λ′ςµ
′
ς
(x′) · ·)︸ ︷︷ ︸
n

[(m− γc∂c)C]τς}τ ′ς) [δaa′ − ∂a∂a′
m2 ] · ·︸ ︷︷ ︸

n

∆(x− x′)

ψλςµς · ·︸ ︷︷ ︸
2n+1

= −ψ+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2n+1

γ2
λ′ς
λς
γ2
µ′ς
µς · ·︸ ︷︷ ︸

2n+1

, ψ+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2n+1

= −ψλςµς · ·︸ ︷︷ ︸
2n+1

γ2
λς
λ′ς
γ2
µς
µ′ς
· ·︸ ︷︷ ︸

2n+1

,Xa = γ2X+a′γ2η
a
a′

[m]

Thm. 8.3.6.

{ψλςµς · ·︸ ︷︷ ︸
2n+1

(x), ψ+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2n+1

(x′)} = i
22n[(2n+1)!]2 [(m− γa∂a)γ4]{λς(λ′ς [(m− γ

b∂b)γ
4]µςµ′ς · ·})︸ ︷︷ ︸

2n+1

∆(x− x′)

{ψλςµς · ·︸ ︷︷ ︸
2n+1

(x), ψλ′ςµ
′
ς · ·︸ ︷︷ ︸

2n+1

(x′)} = i
22n[(2n+1)!]2 [(m− γa∂a)C]{λς(λ′ς [(m− γ

b∂b)C]µςµ′ς · ·})︸ ︷︷ ︸
2n+1

∆(x− x′)

ψλςµς · ·︸ ︷︷ ︸
2n+1

= −ψ+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2n+1

γ2
λ′ς
λς
γ2
µ′ς
µς · ·︸ ︷︷ ︸

2n+1

, ψ+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2n+1

= −ψλςµς · ·︸ ︷︷ ︸
2n+1

γ2
λς
λ′ς
γ2
µς
µ′ς
· ·︸ ︷︷ ︸

2n+1

[⇓]

Thm. 8.3.7. {ψAςBς · ·︸ ︷︷ ︸
2n+1

(x), ψ+
A
′
ςB
′
ς · ·︸ ︷︷ ︸

2n+1

(x′)} = i (iς)2n+1

22n[(2n+1)!]2

2n+1︷ ︸︸ ︷
(σ, iς)a{Aς(A′ς (σ, iς)

b
BςB′ς

· ·})

2n+1︷ ︸︸ ︷
∂a∂b · ·∆(x− x′)

[m]

Thm. 8.3.8. {ψkς (x), ψ+
k′ς

(x′)} = i (−1)2n+1

2n−1/2 Γ

2n+1︷ ︸︸ ︷
abc · ·
kςk′ς

(n+ 1
2 )

2n+1︷ ︸︸ ︷
∂a∂b∂c · ·∆(x− x′)

There are two equivalent expressions for the commutative relationship between potential A and field
ψ, and they are mutually premises and causal each other. You can deduce everything from potential
commutation relations, or you can deduce everything from field commutation relations too. This shows
that the two descriptions of potential and field are completely equivalent for massive particles. And
it can be deduced from the massive particle commutation rules which are completely similar to the
massless particle commutation rules. But not vice versa.
8.4 Majorana equation under real representation and Dirac separated representation

Lem. 8.4.1. Sy = 1√
2

[
1 −1
1 1

]
Sy(σx, σy, σz)S

+
y = (−σz, σy, σx), S+

y (σx, σy, σz)Sy = (σz, σy,−σx)
I ⊗ Sy[(σ ⊗ σy, ςI ⊗ σz),−ςI ⊗ σx]I ⊗ S+

y = [(σ ⊗ σy, ςI ⊗ σx), ςI ⊗ σz]
I ⊗ S+

y [(σ ⊗ σy, ςI ⊗ σx), ςI ⊗ σx]I ⊗ Sy = [(σ ⊗ σy, ςI ⊗ σz),−ςI ⊗ σx]
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Def. 8.4.1.{
(γas ∂a +m)ψs = 0, γas = (σ−κσκy, ςσκz), ψ

∗
s = ψs

(γa∂a +m)ψ = 0, γa = (σ ⊗ σy, ςI ⊗ σx), ψ∗ = −e2iθσy ⊗ σyψ{
ψs = Ss(κ, θ)ψ, Ss(κ, θ) := eiθSem(κ)|(I ⊗ S+

y )

STs (κ, θ)Ss(κ, θ) = e2iθSTem(κ)Sem(κ) = −e2iθσy ⊗ σy
, Sem(κ) = 1√

2

[ i 0 0 −i
−1 0 0 −1
0 −i −i 0
0 −κ κ 0

]
, Sy = 1√

2

[
1 −1
1 1

]
9 Bargmann-Wigner equation under real representation
9.1 B-W basis under real representation

Lem. 9.1.1.

2s︷ ︸︸ ︷
Ss ⊗ Ss · ·Uλςµς · ·σςτς︸ ︷︷ ︸

2s

(~p, h) = 1√
(2s)!(s+h)!(s−h)!

[Ssu{λς (~p,
1
2 )][Ssuµς (~p,

1
2 )] · ·︸ ︷︷ ︸

s+h

· · [Ssuσς (~p,− 1
2 )][Ssuτς}(~p,− 1

2 )]︸ ︷︷ ︸
s−h

2s︷ ︸︸ ︷
Ss ⊗ Ss · ·Vλςµς · ·σςτς︸ ︷︷ ︸

2s

(~p, h) = 1√
(2s)!(s+h)!(s−h)!

[Ssv{λς (~p,
1
2 )][Ssvµς (~p,

1
2 )] · ·︸ ︷︷ ︸

s+h

· · [Ssvσς (~p,− 1
2 )][Ssvτς}(~p,− 1

2 )]︸ ︷︷ ︸
s−h

Def. 9.1.1.
Us λςµς · ·σςτς︸ ︷︷ ︸

2s

(~p, h) := 1√
(2s)!(s+h)!(s−h)!

us{λς (~p,
1
2 )usµς (~p,

1
2 ) · ·︸ ︷︷ ︸

s+h

· · usσς (~p,− 1
2 )usτς}(~p,− 1

2 )︸ ︷︷ ︸
s−h

Vs λςµς · ·σςτς︸ ︷︷ ︸
2s

(~p, h) := 1√
(2s)!(s+h)!(s−h)!

vs{λς (~p,
1
2 )vsµς (~p,

1
2 ) · ·︸ ︷︷ ︸

s+h

· · vsσς (~p,− 1
2 )vsτς}(~p,− 1

2 )︸ ︷︷ ︸
s−h

9.2 Relations between B-W bases under real representation

Cor. 9.2.1.


Us λςµς · ·σςτς︸ ︷︷ ︸

2s

(~p, h) = (−ς)2s

2s︷ ︸︸ ︷
γs5 ⊗ γs5 · ·Vs λςµς · ·σςτς︸ ︷︷ ︸

2s

(~p, h)

Vs λςµς · ·σςτς︸ ︷︷ ︸
2s

(~p, h) = (−ς)2s

2s︷ ︸︸ ︷
γs5 ⊗ γs5 · ·Us λςµς · ·σςτς︸ ︷︷ ︸

2s

(~p, h)

Cor. 9.2.2.


U+
s λςµς · ·σςτς︸ ︷︷ ︸

2s

(~p, h) = −(−1)s+hς2sVs λςµς · ·σςτς︸ ︷︷ ︸
2s

(~p,−h)

V +
s λςµς · ·σςτς︸ ︷︷ ︸

2s

(~p, h) = −(−1)s−hς2sUs λςµς · ·σςτς︸ ︷︷ ︸
2s

(~p,−h)

Cor. 9.2.3.


U+
s λςµς · ·σςτς︸ ︷︷ ︸

2s

(~p, h) = −(−1)s−h
2s︷ ︸︸ ︷

γs5 ⊗ γs5 · ·Us λςµς · ·σςτς︸ ︷︷ ︸
2s

(~p,−h)

V +
s λςµς · ·σςτς︸ ︷︷ ︸

2s

(~p, h) = −(−1)s+hς2s
2s︷ ︸︸ ︷

γs5 ⊗ γs5 · ·Vs λςµς · ·σςτς︸ ︷︷ ︸
2s

(~p,−h)

9.3 Relations between B-W basis and vector basis under real representation

Cor. 9.3.1.

Us λςµςηςξς · ·︸ ︷︷ ︸
2n

(~p, h) = 1
(2
√

2m)n
[SsXa(p)STs ]λςµς [SsXb(p)STs ]ηςξς · ·︸ ︷︷ ︸

n

εab · ·︸ ︷︷ ︸
n

(~p, h)

[⇒]εab · ·︸ ︷︷ ︸
n

(~p, h) = 1
(i
√

2)n

n︷ ︸︸ ︷
(S∗s C̄γaS

+
s )λςµς (S∗s C̄γbS

+
s )ηςξς · ·Us λςµςηςξς · ·︸ ︷︷ ︸

2n

(~p, h)

Vs λςµςηςξς · ·︸ ︷︷ ︸
2n

(~p, h) = 1
(2
√

2m)n
[SsXa(−p)STs ]λςµς [SsXb(−p)STs ]ηςξς · ·︸ ︷︷ ︸

n

ε̃ab · ·︸ ︷︷ ︸
n

(~p, h)

[⇒]ε̃ab · ·︸ ︷︷ ︸
n

(~p, h) = 1
(i
√

2)n

n︷ ︸︸ ︷
(S∗s C̄γaS

+
s )λςµς (S∗s C̄γbS

+
s )ηςξς · ·Vs λςµςηςξς · ·︸ ︷︷ ︸

2n

(~p, h)

Cor. 9.3.2.
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Us λςµςηςξς · ·τς︸ ︷︷ ︸
2n+1

(~p, h) = 1
(2
√

2m)n
[SsXa(p)STs ]λςµς [SsXb(p)STs ]ηςξς · ·︸ ︷︷ ︸

n

εs ab · ·︸ ︷︷ ︸
n

τς (~p, h)

[⇒]εs ab · ·︸ ︷︷ ︸
n

τς (~p, h) = 1
(i
√

2)n

n︷ ︸︸ ︷
(S∗s C̄γaS

+
s )λςµς (S∗s C̄γbS

+
s )ηςξς · ·Us λςµςηςξς · ·τς︸ ︷︷ ︸

2n+1

(~p, h)

Vs λςµςηςξς · ·τς︸ ︷︷ ︸
2n+1

(~p, h) = 1
(2
√

2m)n
[SsXa(−p)STs ]λςµς [SsXb(−p)STs ]ηςξς · ·︸ ︷︷ ︸

n

ε̃s ab · ·︸ ︷︷ ︸
n

τς (~p, h)

[⇒]ε̃s ab · ·︸ ︷︷ ︸
n

τς (~p, h) = 1
(i
√

2)n

n︷ ︸︸ ︷
(S∗s C̄γaS

+
s )λςµς (S∗s C̄γbS

+
s )ηςξς · ·Vs λςµςηςξς · ·τς︸ ︷︷ ︸

2n+1

(~p, h)

9.4 vector basis under real representation

Thm. 9.4.1.

ε+
ab · ·︸ ︷︷ ︸
n

(~p, h) = (−1)h

n︷ ︸︸ ︷
ηa
′

a η
b′

b · · εa′b′ · ·︸ ︷︷ ︸
n

(~p,−h)

εab · ·︸ ︷︷ ︸
n

(~p, h) = (−1)h

n︷ ︸︸ ︷
ηa
′

a η
b′

b · · ε+
a
′
b
′ · ·︸ ︷︷ ︸
n

(~p,−h)

εab · ·︸ ︷︷ ︸
n

(~p, h) = (−1)nε̃ab · ·︸ ︷︷ ︸
n

(~p, h)



ε+
sab · ·︸ ︷︷ ︸
n

τ ′ς
(~p, h) = (−1)h+

1
2 e−2iθγs5τ ′ς

τς

n︷ ︸︸ ︷
ηa
′

a η
b′

b · · εs a′b′ · ·︸ ︷︷ ︸
n

τς
(~p,−h)

εsab · ·︸ ︷︷ ︸
n

τ ′ς
(~p, h) = (−1)h−

1
2 e2iθγs5τ ′ς

τς

n︷ ︸︸ ︷
ηa
′

a η
b′

b · · ε+
s a
′
b
′ · ·︸ ︷︷ ︸
n

τς
(~p,−h)

εs ab · ·︸ ︷︷ ︸
n

τς (~p, h) = −ς(−1)nγs5τς
σς ε̃s ab · ·σς︸ ︷︷ ︸

n

(~p, h)

Proof: ε+
sab · ·︸ ︷︷ ︸
n

τς
(~p, h)

= (−1)h−
1
2 (S∗sγ2γ5S

+
s )τς

τ ′ς

n︷ ︸︸ ︷
ηa
′

a η
b′

b · · εs a′b′ · ·︸ ︷︷ ︸
n

τ ′ς
(~p,−h)

= −(−1)h−
1
2 e−2iθ(S∗sS

T
s Ssγ5S

+
s )τς

τ ′ς

n︷ ︸︸ ︷
ηa
′

a η
b′

b · · εs a′b′ · ·︸ ︷︷ ︸
n

τ ′ς
(~p,−h)

= (−1)h+
1
2 e−2iθγs5τς

τ ′ς

n︷ ︸︸ ︷
ηa
′

a η
b′

b · · εs a′b′ · ·︸ ︷︷ ︸
n

τ ′ς
(~p,−h)

9.5 Plane wave solutions of Majorana B-W equation [16] under real representation

Thm. 9.5.1.

(γas ∂a +m)κς
λςψs λςµς · ·︸ ︷︷ ︸

2s

(~r, t) = 0, ψs λςµς · ·︸ ︷︷ ︸
2s

(~r, t) = 1
(2s)!ψs {λςµς · ·}︸ ︷︷ ︸

2s

(~r, t), ψ+
s λςµς · ·︸ ︷︷ ︸

2s

(~r, t) = ψs λςµς · ·︸ ︷︷ ︸
2s

(~r, t)

ψs λςµς · ·︸ ︷︷ ︸
2s

(~r, t) = 1
(2π)3/2

+∞∫
~p=−∞

−s∑
h=s

√
m2s

E [a(~p, h)Us λςµς · ·︸ ︷︷ ︸
2s

(~p, h)ei(~p·~r−Et) + a+(~p, h)U+
s λςµς · ·︸ ︷︷ ︸

2s

(~p, h)e−i(~p·~r−Et)]d3~p

Us λςµς · ·σςτς︸ ︷︷ ︸
2s

(~p, h) = 1√
(2s)!(s+h)!(s−h)!

us{λς (~p,
1
2 )usµς (~p,

1
2 ) · ·︸ ︷︷ ︸

s+h

· · usσς (~p,− 1
2 )usτς}(~p,− 1

2 )︸ ︷︷ ︸
s−h

a(~p, h) = 1
(2π)3/2

+∞∫
~p=−∞

√
m2s

E U+

2s︷ ︸︸ ︷
λςµς · ·τς

s (~p, h)ψs λςµς · ·τς︸ ︷︷ ︸
2s

(~r, t)e−i(~p·~r−Et)d3~r
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9.6 Extraction of various operators for Majorana B-W equation under real representation

Thm. 9.6.1.

Pu(s) =
∫
ψ

2s︷ ︸︸ ︷
λςµς · ·
s (~r, t)−i∂u(i∂t)

2s−1

(m2−∇2)2s−1 ψs λςµς · ·︸ ︷︷ ︸
2s

(~r, t)d3~r =
∫ ∑

h

pu[a+(~p, h)a(~p, h) + (−1)2sa(~p, h)a+(~p, h)]d3~p

Q(s) =
∫
ψ

2s︷ ︸︸ ︷
λςµς · ·
s (~r, t) (i∂t)

2s−1

(m2−∇2)2s−1ψs λςµς · ·︸ ︷︷ ︸
2s

(~r, t)d3~r =
∫ ∑

h

[a+(~p, h)a(~p, h) + (−1)2s−1a(~p, h)a+(~p, h)]d3~p

N(s) =
∫
ψ

2s︷ ︸︸ ︷
λςµς · ·
s (~r, t) (i∂t)

2s

(
√
m2−∇2)4s−1

ψs λςµς · ·︸ ︷︷ ︸
2s

(~r, t)d3~r =
∫ ∑

h

[a+(~p, h)a(~p, h) + (−1)2sa(~p, h)a+(~p, h)]d3~p

~S(s) =
∫
ψ

2s︷ ︸︸ ︷
λςµς · ·
s (~r, t) ∇̂(i∂t)

2s−1

(m2−∇2)2s−1ψs λςµς · ·︸ ︷︷ ︸
2s

(~r, t)d3~r =
∫ ∑

h

p̂[a+(~p, h)a(~p, h) + (−1)2sa(~p, h)a+(~p, h)]d3~p

~M(s) =
∫
ψ

2s︷ ︸︸ ︷
λςµς · ·
s (~r, t) ∇̂(i∂t)

2s

(
√
m2−∇2)4s−1

ψs λςµς · ·︸ ︷︷ ︸
2s

(~r, t)d3~r =
∫ ∑

h

p̂[a+(~p, h)a(~p, h) + (−1)2s−1a(~p, h)a+(~p, h)]d3~p

9.7 Plane wave solutions of K-G equation and R-S equation under real representation

Cor. 9.7.1.

Aab · ·︸ ︷︷ ︸
n

(~r, t) = 1
(2π)3/2

+∞∫
~p=−∞

−n∑
h=n

1√
2nE

[a(~p, h)εab · ·︸ ︷︷ ︸
n

(~p, h)eip·x + e−4niθa+(~p, h)

n︷ ︸︸ ︷
ηa
′

a η
b′

b · · ε+
a
′
b
′ · ·︸ ︷︷ ︸
n

(~p, h)e−ip·x]d3~p

As ab · ·︸ ︷︷ ︸
n

τς (~r, t)

= 1
(2π)3/2

+∞∫
~p=−∞

−n∑
h=n

√
m√

2nE
[a(~p, h)εs ab · ·︸ ︷︷ ︸

n

τς (~p, h)eip·x + e−4niθa+(~p, h)

n︷ ︸︸ ︷
ηa
′

a η
b′

b · · ε+
sa
′
b
′ · ·︸ ︷︷ ︸
n

τς
(~p, h)e−ip·x]d3~p

Cor. 9.7.2.

Aab · ·︸ ︷︷ ︸
n

(x) = 1
(2π)3/2

+∞∫
~p=−∞

−n∑
h=n

1√
2nE

εab · ·︸ ︷︷ ︸
n

(~p, h)[a(~p, h)ei(~p·~r−Et) + e−4niθ(−1)ha+(~p,−h)e−i(~p·~r−Et)]d3~p

As ab · ·︸ ︷︷ ︸
n

τς (x)

= 1
(2π)3/2

+∞∫
~p=−∞

−n∑
h=n

√
m√

2nE
εs ab · ·︸ ︷︷ ︸

n

σς (~p, h)[a(~p, h)δτς
σςeip·x + e−(4n+2)iθ(−1)h−

1
2 a+(~p,−h)γs5τς

σςe−ip·x]d3~p

Cor. 9.7.3.
Aab··(~r, t) = e−4niθ

n︷ ︸︸ ︷
ηa
′

a η
b′

b · ·A+
a′b′··(~r, t), A

+
sab··(~r, t) = e4niθ

n︷ ︸︸ ︷
ηa
′

a η
b′

b · ·Asa′b′··(~r, t)

Asab··τς (~r, t) = e−4niθ

n︷ ︸︸ ︷
ηa
′

a η
b′

b · ·A+
sa′b′··τς (~r, t), A

+
sab··τς (~r, t) = e4niθ

n︷ ︸︸ ︷
ηa
′

a η
b′

b · ·Asa′b′··τς (~r, t)

Proof: A+
sab··τς (~r, t)

= −e(4n+2)iθ(S∗s )τς
σς

n︷ ︸︸ ︷
ηa
′

a η
b′

b · ·(σy ⊗ σy)σς
ξς (S+

s )ξς
ηςAsa′b′··ης (~r, t)

= e4niθ(S∗sS
T
s SsS

+
s )τς

σς

n︷ ︸︸ ︷
ηa
′

a η
b′

b · ·Asa′b′··σς (~r, t)

= e4niθ

n︷ ︸︸ ︷
ηa
′

a η
b′

b · ·Asa′b′··τς (~r, t)

9.8 Covariant commutation rules for Majorana B-W equation under real representation

Cor. 9.8.1.

[ψs λςµς · ·︸ ︷︷ ︸
2s

(x), ψ+
s λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(x′)]−2s+1 = i
22s−1

1
[(2s)!]2

2s︷ ︸︸ ︷
[(m− γas ∂a)γ4

s ]{λς(λ′ς [(m− γ
b
s∂b)γ

4
s ]µςµ′ς · ·}) ∆(x− x′)

[ψs λςµς · ·︸ ︷︷ ︸
2s

(x), ψs λ′ςµ
′
ς · ·︸ ︷︷ ︸

2s

(x′)]−2s+1 = [ψ+
s λςµς · ·︸ ︷︷ ︸

2s

(x), ψ+
s λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(x′)]−2s+1 = [ψs λςµς · ·︸ ︷︷ ︸
2s

(x), ψ+
s λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(x′)]−2s+1

ψs λςµς · ·︸ ︷︷ ︸
2s

(x) = ψ+
s λςµς · ·︸ ︷︷ ︸

2s

(x)

⇔ [a(~p, h), a+(~p′, h′)]−2s+1 = δhh′δ
3(~p− ~p′), [a(~p, h), a(~p′, h′)]−2s+1 = 0, [a+(~p, h), a+(~p′, h′)]−2s+1 = 0
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10 Card commutation rules for Majorana particles under real representation
10.1 Card commutation rules for Majorana boson under real representation(take θ = 0)

Thm. 10.1.1.


[Aa1a2··an(x), A+

a′1a
′
2··a′n

(x′)] = iP̂a1a2··ana′1a′2··a′n(n)∆(x− x′)
[Aa1a2··an(x), Ab1b2··bn(x′)] = iP̂a1a2··ana′1a′2··a′n(n)η

a′1
b1
η
a′2
b2
· ·ηa

′
n

bn
∆(x− x′)

Aa1a2··an = A+
a′1a
′
2··a′n

η
a′1
a1η

a′2
a2 · ·η

a′n
an , A

+
a
′
1a
′
2 · ·︸ ︷︷ ︸
n

= Aa1a2 · ·︸ ︷︷ ︸
n

ηa1

a′1
ηa2

a′2
· ·︸ ︷︷ ︸

n

[m]

Thm. 10.1.2.



[Aa1a2 · ·︸ ︷︷ ︸
n

(x), A+
a
′
1a
′
2 · ·︸ ︷︷ ︸
n

(x′)] = im−2n

24n−1[(2n)!]2 Γa1a2 · ·︸ ︷︷ ︸
n

a
′
1a
′
2 · ·︸ ︷︷ ︸
n

(x;n)∆(x− x′)

[Aa1a2 · ·︸ ︷︷ ︸
n

(x), Ab1b2 · ·︸ ︷︷ ︸
n

(x′)] = im−2n

24n−1[(2n)!]2 Γa1a2 · ·︸ ︷︷ ︸
n

a
′
1a
′
2 · ·︸ ︷︷ ︸
n

(x;n) η
a′1
b1
η
a′2
b2
· ·︸ ︷︷ ︸

n

∆(x− x′)

Aa1a2 · ·︸ ︷︷ ︸
n

= A+
a
′
1a
′
2 · ·︸ ︷︷ ︸
n

η
a′1
a1η

a′2
a2 · ·︸ ︷︷ ︸
n

, A+
a
′
1a
′
2 · ·︸ ︷︷ ︸
n

= Aa1a2 · ·︸ ︷︷ ︸
n

ηa1

a′1
ηa2

a′2
· ·︸ ︷︷ ︸

n

[m]

Thm. 10.1.3.



[Aa1a2 · ·︸ ︷︷ ︸
n

(x), A+
a
′
1a
′
2 · ·︸ ︷︷ ︸
n

(x′)] = im−2n

25n−1[(2n)!]2 Γ

n︷ ︸︸ ︷
b1b2 · ·

n︷ ︸︸ ︷
b
′
1b
′
2 · ·

a1a2 · ·︸ ︷︷ ︸
n

a
′
1a
′
2 · ·︸ ︷︷ ︸
n

(x, x′;n) [ηb1b′1 −
∂b1∂

+

b′1
m2 ] · ·︸ ︷︷ ︸

n

∆(x− x′)

[Aa1a2 · ·︸ ︷︷ ︸
n

(x), Ab1b2 · ·︸ ︷︷ ︸
n

(x′)] = im−2n

25n−1[(2n)!]2 Γ

n︷ ︸︸ ︷
c1c2 · ·

n︷ ︸︸ ︷
c
′
1c
′
2 · ·

a1a2 · ·︸ ︷︷ ︸
n

a
′
1a
′
2 · ·︸ ︷︷ ︸
n

(x, x′;n) [ηc1c′1 −
∂c1∂

+

c′1
m2 ] · ·︸ ︷︷ ︸

n

η
a′1
b1
η
a′2
b2
· ·︸ ︷︷ ︸

n

∆(x− x′)

Aa1a2 · ·︸ ︷︷ ︸
n

= A+
a
′
1a
′
2 · ·︸ ︷︷ ︸
n

η
a′1
a1η

a′2
a2 · ·︸ ︷︷ ︸
n

, A+
a
′
1a
′
2 · ·︸ ︷︷ ︸
n

= Aa1a2 · ·︸ ︷︷ ︸
n

ηa1

a′1
ηa2

a′2
· ·︸ ︷︷ ︸

n

[m]

Thm. 10.1.4.



[ψs λςµς · ·︸ ︷︷ ︸
2n

(x), ψ+
s λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2n

(x′)] = i
23n−1[(2n)!]2 Xsa{λςµς (x) · ·}︸ ︷︷ ︸

n

Xs+a
(λ′ςµ

′
ς
(x′) · ·)︸ ︷︷ ︸
n

[ηaa′ −
∂a∂

+

a′
m2 ] · ·︸ ︷︷ ︸

n

∆(x− x′)

[ψs λςµς · ·︸ ︷︷ ︸
2n

(x), ψs λ′ςµ
′
ς · ·︸ ︷︷ ︸

2n

(x′)] = i
23n−1[(2n)!]2 Xsa{λςµς (x) · ·}︸ ︷︷ ︸

n

Xs+a′

(λ′ςµ
′
ς
(x′) · ·)︸ ︷︷ ︸
n

[ηaa′ −
∂{a∂

+

(a′

m2 ] · ·︸ ︷︷ ︸
n

∆(x− x′)

ψs λςµς · ·︸ ︷︷ ︸
2n

= ψ+
s λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2n

δ
λ′ς
λς
δ
µ′ς
µς · ·︸ ︷︷ ︸

2n

, ψ+
s λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2n

= ψs λςµς · ·︸ ︷︷ ︸
2n

δλςλ′ς
δµςµ′ς · ·︸ ︷︷ ︸
2n

,Xas := SsXaSTs

[m]

Thm. 10.1.5.



[ψs λςµς · ·︸ ︷︷ ︸
2n

(x), ψ+
s λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2n

(x′)] = i
23n−1[(2n)!]2 Xsa{λςµς (x) · ·}︸ ︷︷ ︸

n

Xsa
′

(λ′ςµ
′
ς
(x′) · ·)︸ ︷︷ ︸
n

[δaa′ − ∂a∂a′
m2 ] · ·︸ ︷︷ ︸

n

∆(x− x′)

[ψs λςµς · ·︸ ︷︷ ︸
2n

(x), ψs λ′ςµ
′
ς · ·︸ ︷︷ ︸

2n

(x′)] = i
23n−1[(2n)!]2 Xsa{λςµς (x) · ·}︸ ︷︷ ︸

n

Xsa
′

(λ′ςµ
′
ς
(x′) · ·)︸ ︷︷ ︸
n

[δaa′ − ∂a∂a′
m2 ] · ·︸ ︷︷ ︸

n

∆(x− x′)

ψs λςµς · ·︸ ︷︷ ︸
2n

= ψ+
s λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2n

δ
λ′ς
λς
δ
µ′ς
µς · ·︸ ︷︷ ︸

2n

, ψ+
s λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2n

= ψs λςµς · ·︸ ︷︷ ︸
2n

δλςλ′ς
δµςµ′ς · ·︸ ︷︷ ︸
2n

,Xas := SsXaSTs ,Xas = X+a′

s ηaa′

[m]

Thm. 10.1.6.



[ψs λςµς · ·︸ ︷︷ ︸
2n

(x), ψ+
s λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2n

(x′)] = i
22n−1[(2n)!]2 [(m− γas ∂a)γ4

s ]{λς(λ′ς [(m− γ
b
s∂b)γ

4
s ]µςµ′ς · ·})︸ ︷︷ ︸

2n

∆(x− x′)

[ψs λςµς · ·︸ ︷︷ ︸
2n

(x), ψs λ′ςµ
′
ς · ·︸ ︷︷ ︸

2n

(x′)] = i
22n−1[(2n)!]2 [(m− γas ∂a)γ4

s ]{λς(λ′ς [(m− γ
b
s∂b)γ

4
s ]µςµ′ς · ·})︸ ︷︷ ︸

2n

∆(x− x′)

ψs λςµς · ·︸ ︷︷ ︸
2n

= ψ+
s λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2n

δ
λ′ς
λς
δ
µ′ς
µς · ·︸ ︷︷ ︸

2n

, ψ+
s λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2n

= ψs λςµς · ·︸ ︷︷ ︸
2n

δλςλ′ς
δµςµ′ς · ·︸ ︷︷ ︸
2n

[⇓]
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Thm. 10.1.7. [ψAςBς · ·︸ ︷︷ ︸
2n

(x), ψ+
A
′
ςB
′
ς · ·︸ ︷︷ ︸

2n

(x′)] = i (iς)2n

22n−1[(2n)!]2

2n︷ ︸︸ ︷
(σ, iς)a{Aς(A′ς (σ, iς)

b
BςB′ς

· ·})

2n︷ ︸︸ ︷
∂a∂b · ·∆(x− x′)

[m]

Thm. 10.1.8. [ψkς (x), ψ+
k′ς

(x′)] = i (−1)2n

2n−1 Γ

2n︷ ︸︸ ︷
abc · ·
kςk′ς

(n)

2s︷ ︸︸ ︷
∂a∂b∂c · ·∆(x− x′)

Def. 10.1.1. Xa ≡ [imγa(ς)− 2Sab(e, ς)∂b]C,Xa(p) ≡ i[mγa(ς)− 2Sab(e, ς)pb]C

Def. 10.1.2. Xas ≡ [imγas (ς)− 2Sabs (e, ς)∂b]Cs,Xas(p) ≡ i[mγas (ς)− 2Sabs (e, ς)pb]Cs, Cs := −γ2
sγ

4
sγ

2

There are two equivalent expressions for the commutative relationship between potential A and field
ψ, and they are mutually premises and causal each other. You can deduce everything from potential
commutation relations, or you can deduce everything from field commutation relations too. This shows
that the two descriptions of potential and field are completely equivalent for massive particles. And
it can be deduced from the massive particle commutation rules which are completely similar to the
massless particle commutation rules. But not vice versa.
10.2 Card anticommutation rules for Majorana fermion under real representation

Def. 10.2.1. P̂sa1··anτςa′1··a′nτ ′ς (n+ 1
2 ) = n+1

2n+3 P̂aa1··ana′a′1··a′n(n+ 1)[γas (−m− γcs∂c)γ4
sγ

a′

s ]τςτ ′ς , γ
a′

s = γas η
a′

a

Def. 10.2.2.

{
P̂sa1··anτςb1··bnτ ′ς (n+ 1

2 ) = n+1
2n+3 P̂aa1··anbb1··bn(n+ 1)[γas (m+ γcs∂c)γ

b
sγ

4
s ]τςτ ′ς

P̂sa1··anτςb1··bnτ ′ς (n+ 1
2 ) := η

a′1
b1
η
a′2
b2
· ·ηa

′
n

bn
P̂sa1··anτςa′1··a′nτ ′ς (n+ 1

2 )

Cor. 10.2.1. P̂sa1··anτςb1··bnτ ′ς (n+ 1
2 ) = n+1

2n+3 P̂aa1··anbb1··bn(n+ 1)[(m− γcs∂c)γas γbsγ4
s ]τςτ ′ς

Thm. 10.2.1. {Asa1a2··anτς (x), A+
sa′1a

′
2··a′nτ ′ς

(x′)} = iP̂sa1··anτςa′1··a′nτ ′ς (n+ 1
2 )∆(x− x′)

[m]

Thm. 10.2.2.


{Asa1a2··anτς (x), Asb1b2··bnτ ′ς (x

′)} = iP̂sa1··anτςb1··bnτ ′ς (n+ 1
2 )∆(x− x′)

Asab··τς =

n︷ ︸︸ ︷
ηa
′

a η
b′

b · ·A+
sa′b′··τς , A

+
sab··τς =

n︷ ︸︸ ︷
ηa
′

a η
b′

b · ·Asa′b′··τς

[m]

Thm. 10.2.3.

{As a1a2 · ·︸ ︷︷ ︸
n

τς (x), A+
s a
′
1a
′
2 · ·︸ ︷︷ ︸
n

τ ′ς
(x′)} = im−2n

25n[(2n+1)!]2

n︷ ︸︸ ︷
(γ4
sγsa1)λςµς · ·

n︷ ︸︸ ︷
(γ4
sγsa′1)+λ′ςµ

′
ς · ·Xb1s {λςµς (x) · ·︸ ︷︷ ︸

n

X+b′1
s (λ′ςµ

′
ς
(x′) · ·︸ ︷︷ ︸

n

[(m− γcs∂c)γ4
s ]τς}τ ′ς) [ηb1b′1 −

∂b1∂
+

b′1
m2 ] · ·︸ ︷︷ ︸

n

∆(x− x′)

{As a1a2 · ·︸ ︷︷ ︸
n

τς (x), As a′1a
′
2 · ·︸ ︷︷ ︸
n

τ ′ς
(x′)} = i(im)−2n

25n[(2n+1)!]2

n︷ ︸︸ ︷
(γ4
sγsa1

)λςµς · ·

n︷ ︸︸ ︷
(γ4
sγsa′1)λ

′
ςµ
′
ς · ·Xb1s {λςµς (x) · ·︸ ︷︷ ︸

n

Xb
′
1
s (λ′ςµ

′
ς
(x′) · ·︸ ︷︷ ︸

n

[(m− γcs∂c)γ4
s ]τς}τ ′ς) [δb1b′1 −

∂b1∂b′1
m2 ] · ·︸ ︷︷ ︸

n

∆(x− x′)

Asab··τς =

n︷ ︸︸ ︷
ηa
′

a η
b′

b · ·A+
sa′b′··τς , A

+
sab··τς =

n︷ ︸︸ ︷
ηa
′

a η
b′

b · ·Asa′b′··τς
S∗s C̄γ

aS+
s = γ4

sγ
a
s , Ssγ

a′CSTs = γa
′

s γ
4
s ,Xas := SsXaSTs ,Xas = X+a′

s ηaa′

[m]

Thm. 10.2.4.
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{As a1a2 · ·︸ ︷︷ ︸
n

τς (x), A+
s a
′
1a
′
2 · ·︸ ︷︷ ︸
n

τ ′ς
(x′)}

= im−2n

24n[(2n+1)!]2

n︷ ︸︸ ︷
(γ4
sγsa1)λςµς · ·

n︷ ︸︸ ︷
(γsa′1γ

4
s )λ

′
ςµ
′
ς · · [(m− γas ∂a)γ4

s ]{λς(λ′ς · ·[(m− γ
c
s∂c)γ

4
s ]τς}τ ′ς)︸ ︷︷ ︸

2n+1

∆(x− x′)

{As a1a2 · ·︸ ︷︷ ︸
n

τς (x), As a′1a
′
2 · ·︸ ︷︷ ︸
n

τ ′ς
(x′)}

= i(im)−2n

24n[(2n+1)!]2

n︷ ︸︸ ︷
(γ4
sγsa1)λςµς · ·

n︷ ︸︸ ︷
(γ4
sγsa′1)λ

′
ςµ
′
ς · · [(m− γas ∂a)γ4

s ]{λς(λ′ς · ·[(m− γ
c
s∂c)γ

4
s ]τς}τ ′ς)︸ ︷︷ ︸

2n+1

∆(x− x′)

Asab··τς =

n︷ ︸︸ ︷
ηa
′

a η
b′

b · ·A+
sa′b′··τς , A

+
sab··τς =

n︷ ︸︸ ︷
ηa
′

a η
b′

b · ·Asa′b′··τς , S∗s C̄γaS+
s = γ4

sγ
a
s , Ssγ

a′CSTs = γa
′

s γ
4
s

[m]

Thm. 10.2.5.

{ψs λςµς · ·︸ ︷︷ ︸
2n+1

(x), ψ+
s λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2n+1

(x′)}

= i
23n[(2n+1)!]2 Xsa{λςµς (x) · ·︸ ︷︷ ︸

n

Xs+a′

(λ′ςµ
′
ς
(x′) · ·︸ ︷︷ ︸

n

[(m− γcs∂c)γ4
s ]τς}τ ′ς) [ηaa′ −

∂a∂
+

a′
m2 ] · ·︸ ︷︷ ︸

n

∆(x− x′)

{ψs λςµς · ·︸ ︷︷ ︸
2n+1

(x), ψs λ′ςµ
′
ς · ·︸ ︷︷ ︸

2n+1

(x′)}

= i
23n[(2n+1)!]2 Xsa{λςµς (x) · ·︸ ︷︷ ︸

n

Xs+a′

(λ′ςµ
′
ς
(x′) · ·︸ ︷︷ ︸

n

[(m− γcs∂c)γ4
s ]τς}τ ′ς) [ηaa′ −

∂a∂
+

a′
m2 ] · ·︸ ︷︷ ︸

n

∆(x− x′)

ψs λςµς · ·︸ ︷︷ ︸
2n+1

= ψ+
s λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2n+1

δ
λ′ς
λς
δ
µ′ς
µς · ·︸ ︷︷ ︸

2n+1

, ψ+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2n+1

= ψs λςµς · ·︸ ︷︷ ︸
2n+1

δλςλ′ς
δµςµ′ς · ·︸ ︷︷ ︸

2n+1

,Xas := SsXaSTs

[m]

Thm. 10.2.6.

{ψs λςµς · ·︸ ︷︷ ︸
2n+1

(x), ψ+
s λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2n+1

(x′)}

= i
23n[(2n+1)!]2 Xsa{λςµς (x) · ·︸ ︷︷ ︸

n

Xsa
′

(λ′ςµ
′
ς
(x′) · ·︸ ︷︷ ︸

n

[(m− γcs∂c)γ4
s ]τς}τ ′ς) [δaa′ − ∂a∂a′

m2 ] · ·︸ ︷︷ ︸
n

∆(x− x′)

{ψs λςµς · ·︸ ︷︷ ︸
2n+1

(x), ψs λ′ςµ
′
ς · ·︸ ︷︷ ︸

2n+1

(x′)}

= i
23n[(2n+1)!]2 Xsa{λςµς (x) · ·︸ ︷︷ ︸

n

Xsa
′

(λ′ςµ
′
ς
(x′) · ·︸ ︷︷ ︸

n

[(m− γcs∂c)γ4
s ]τς}τ ′ς) [δaa′ − ∂a∂a′

m2 ] · ·︸ ︷︷ ︸
n

∆(x− x′)

ψs λςµς · ·︸ ︷︷ ︸
2n+1

= ψ+
s λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2n+1

δ
λ′ς
λς
δ
µ′ς
µς · ·︸ ︷︷ ︸

2n+1

, ψ+
s λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2n+1

= ψs λςµς · ·︸ ︷︷ ︸
2n+1

δλςλ′ς
δµςµ′ς · ·︸ ︷︷ ︸

2n+1

,Xas := SsXaSTs ,Xas = X+a′

s ηaa′

[m]

Thm. 10.2.7.

{ψs λςµς · ·︸ ︷︷ ︸
2n+1

(x), ψ+
s λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2n+1

(x′)} = i
22n[(2n+1)!]2 [(m− γas ∂a)γ4

s ]{λς(λ′ς [(m− γ
b
s∂b)γ

4
s ]µςµ′ς · ·})︸ ︷︷ ︸

2n+1

∆(x− x′)

{ψs λςµς · ·︸ ︷︷ ︸
2n+1

(x), ψs λ′ςµ
′
ς · ·︸ ︷︷ ︸

2n+1

(x′)} = i
22n[(2n+1)!]2 [(m− γas ∂a)γ4

s ]{λς(λ′ς [(m− γ
b
s∂b)γ

4
s ]µςµ′ς · ·})︸ ︷︷ ︸

2n+1

∆(x− x′)

ψs λςµς · ·︸ ︷︷ ︸
2n+1

= ψ+
s λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2n+1

δ
λ′ς
λς
δ
µ′ς
µς · ·︸ ︷︷ ︸

2n+1

, ψ+
s λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2n+1

= ψs λςµς · ·︸ ︷︷ ︸
2n+1

δλςλ′ς
δµςµ′ς · ·︸ ︷︷ ︸

2n+1

[⇓]

Thm. 10.2.8. {ψAςBς · ·︸ ︷︷ ︸
2n+1

(x), ψ+
A
′
ςB
′
ς · ·︸ ︷︷ ︸

2n+1

(x′)} = i (iς)2n+1

22n[(2n+1)!]2

2n+1︷ ︸︸ ︷
(σ, iς)a{Aς(A′ς (σ, iς)

b
BςB′ς

· ·})

2n+1︷ ︸︸ ︷
∂a∂b · ·∆(x− x′)
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[m]

Thm. 10.2.9. {ψkς (x), ψ+
k′ς

(x′)} = i (−1)2n+1

2n−1/2 Γ

2n+1︷ ︸︸ ︷
abc · ·
kςk′ς

(n+ 1
2 )

2n+1︷ ︸︸ ︷
∂a∂b∂c · ·∆(x− x′)

There are two equivalent expressions for the commutative relationship between potential A and field
ψ, and they are mutually premises and causal each other. You can deduce everything from potential
commutation relations, or you can deduce everything from field commutation relations too. This shows
that the two descriptions of potential and field are completely equivalent for massive particles. And
it can be deduced from the massive particle commutation rules which are completely similar to the
massless particle commutation rules. But not vice versa.
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Self comment: For particles described by the Bargmann Wigner equation, it is generally possible to
describe both charged complex particles and uncharged Majorana particles. The principal commutation
rule in both cases is consistent, but the rest are generally zero for charged complex particles. For
uncharged Majorana particles, the rest of the commutative or anti commutative brackets are naturally
derived from the principal commutative rule and Majorana conditions. And they are generally not
zero. In this chapter, we discuss both the complex particle case and the Majorana particle case. The
complete commutation rules for both cases are given. However, in latter chapters, we will generally
not seek completeness, but only discuss the complex particle case and the principal commutation rule.
The Majorana particle case is no longer specifically discussed. If we want to obtain the quantum field
theory of the Majorana particle case, we only need to add the Majorana condition to the complex
particle case. Then we will naturally obtain it.

1 Mutual conversion of two equivalent descriptions for massive vector particles
1.1 Two equivalent descriptions of B-W and K-G equation for spin-1 particles [16, 20,21]

Def. 1.1.1. Xa(x) := [imγa(ς)− 2Sab(e, ς)∂
b]C,Xa(p) := i[mγa(ς)− 2Sab(e, ς)p

b]C,C = γ2γ4

γa = (σ ⊗ σy, ςI ⊗ σx)

Thm. 1.1.1.

{
[γa(ς)∂a +m]ψ[λςµς ] = 0, ψλςµς = ψµςλς
imAa

2 = 1
4 tr[C̄γa(ς)ψ[λςµς ]], C = γy(ς)γ4(ς)

⇔

{
∂bFab +m2Aa = 0, Fab = ∂aAb − ∂bAa
ψλςµς = Xaλςµς (x)Aa2

Thm. 1.1.2. Xaλςµς (p)(ηaa′ +
pap

+

a′
m2 )X+a′

λ′ςµ
′
ς
(p) = 1

2 [(m− iγapa)γ4]{λς(λ′ς [(m− iγ
bpb)γ

4]µς}µ′ς)

1.2 Plane wave solutions of Bargmann-Wigner equation for spin-1 particles [16]

Thm. 1.2.1. (γa∂a +m)κς
λςψλςµς (~r, t) = 0, ψλςµς (~r, t) = 1

2!ψ{λςµς}(~r, t)

ψλςµς (~r, t) = 1
(2π)3/2

+∞∫
~p=−∞

−1∑
h=1

√
m2

E [a(~p, h)Uλςµς (~p, h)ei(~p·~r−Et) + b+(~p, h)Vλςµς (~p, h)e−i(~p·~r−Et)]d3~p{
Uλςµς (~p, 1) = uλς (~p,

1
2 )uµς (~p,

1
2 ), Uλςµς (~p,−1) = uλς (~p,− 1

2 )uµς (~p,− 1
2 )

Uλςµς (~p, 0) = 1√
2
[uλς (~p,

1
2 )uµς (~p,− 1

2 ) + uλς (~p,− 1
2 )uµς (~p,

1
2 )]{

Vλςµς (~p, 1) = vλς (~p,
1
2 )vµς (~p,

1
2 ), Vλςµς (~p,−1) = vλς (~p,− 1

2 )vµς (~p,− 1
2 )

Vλςµς (~p, 0) = 1√
2
[vλς (~p,

1
2 )vµς (~p,− 1

2 ) + vλς (~p,− 1
2 )vµς (~p,

1
2 )]

a(~p, h) = 1
(2π)3/2

+∞∫
~p=−∞

√
m2

E3 U
+λςµς (~p, h)ψλςµς (~r, t)e

−i(~p·~r−Et)d3~r

b+(~p, s) = 1
(2π)3/2

+∞∫
~p=−∞

√
m2

E3 V
+λςµς (~p, h)ψλςµς (~r, t)e

i(~p·~r−Et)d3~r

Thm. 1.2.2. [ψλςµς (x), ψ+
λ′ςµ
′
ς
(x′)]

= i
8 [(m− γa∂a)γ4]{λς(λ′ς [(m− γ

b∂b)γ
4]µς}µ′ς)∆(x− x′) = i

4X
a
λςµς

(x)X+a′

λ′ςµ
′
ς
(x′)[ηaa′ −

∂a∂
+

a′
m2 ]∆(x− x′)

Def. 1.2.1.
Λ+λςµςλ′ςµ

′
ς
(~p, 1) :=

−1∑
h=1

Uλςµς (~p, h)U+
λ′ςµ
′
ς
(~p, h)

Λ−λςµςλ′ςµ′ς (~p, 1) :=
−1∑
h=1

Vλςµς (~p, h)V +
λ′ςµ
′
ς
(~p, h)

Thm. 1.2.3.{
Λ+λςµςλ′ςµ

′
ς
(~p, 1) = 1

8m2Xaλςµς (p)Λmaa′(~p, 1)X+a′

λ′ςµ
′
ς
(p) = 1

(2!)2 Λ+{λς(λ′ς (~p,
1
2 )Λ+µς}µ′ς)(~p,

1
2 )

Λ−λςµςλ′ςµ′ς (~p, 1) = 1
8m2Xaλςµς (−p)Λmaa′(~p, 1)X+a′

λ′ςµ
′
ς
(−p) = 1

(2!)2 Λ−{λς(λ′ς (~p,
1
2 )Λ−µς}µ′ς)(~p,

1
2 )
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Thm. 1.2.4.Λ+λςµςλ′ςµ
′
ς
(~p, 1) = 1

8m2Xaλςµς (p)(ηaa′ +
pap

+

a′
m2 )X+a′

λ′ςµ
′
ς
(p) = 1

16m2 [(m− iγapa)γ4]{λς(λ′ς [(m− iγ
bpb)γ

4]µς}µ′ς)

Λ−λςµςλ′ςµ′ς (~p, 1) = 1
8m2Xaλςµς (−p)(ηaa′ +

pap
+

a′
m2 )X+a′

λ′ςµ
′
ς
(−p) = 1

16m2 [(m+ iγapa)γ4]{λς(λ′ς [(m+ iγbpb)γ
4]µς}µ′ς)

⇓
1.3 Derived to plane wave solutions of Klein-Gordon equation for spin-1 particles [25, 37,38]

Thm. 1.3.1. ∂bFab +m2Aa = 0, Fab = ∂aAb − ∂bAa, Aa = 1
2im (C̄γa)λςµςψλςµς

Aa(~r, t) = 1
(2π)3/2

+∞∫
~p=−∞

−1∑
h=1

1√
2E

[a(~p, h)εa(~p, h)ei(~p·~r−Et) + b+(~p, h)ε̃a(~p, h)e−i(~p·~r−Et)]d3~p{
εa(~p, 1) = 1

i
√

2
uT (~p, 1

2 )C̄γau(~p, 1
2 ), εa(~p,−1) = 1

i
√

2
uT (~p,− 1

2 )C̄γau(~p,− 1
2 )

εa(~p, 0) = 1
i
√

2
1√
2
[uT (~p, 1

2 )C̄γau(~p,− 1
2 ) + uT (~p,− 1

2 )C̄γau(~p, 1
2 )]{

ε̃a(~p, 1) = 1
i
√

2
vT (~p, 1

2 )C̄γav(~p, 1
2 ), ε̃a(~p,−1) = 1

i
√

2
vT (~p,− 1

2 )C̄γav(~p,− 1
2 )

ε̃a(~p, 0) = 1
i
√

2
1√
2
[vT (~p, 1

2 )C̄γav(~p,− 1
2 ) + vT (~p,− 1

2 )C̄γav(~p, 1
2 )]

Thm. 1.3.2. ε+(~p, h)ε(~p, h′) = (E
2+p2

m2 )1−|h|δhh′ ,
−1∑
h=1

εa(~p, h)ε+
a′(~p, h) = ηaa′ +

pap
+

a′
m2 ,

−1∑
h=1

hε(~p, h)ε+(~p, h) = R · p̂

Lem. 1.3.1. γa(ς)C =
[

0 (σ,iς)σy
(σ,−iς)σy 0

]
, C̄γa(ς) =

[
0 σy(σ,iς)a

σy(σ,−iς)a 0

]
Def. 1.3.1. u+(~p, 1

2 ) = −iςuT (~p, 1
2 )σy ⊗ σx, u+(~p,− 1

2 ) = iςuT (~p,− 1
2 )σy ⊗ σx

Pro. 1.3.1.
εa(~p, 1) = − i√

2
uT (~p, 1

2 )C̄γau(~p, 1
2 ) = − i√

2
λT (~p, 1

2 )σy(σ, 0)aλ(~p, 1
2 ) = [iλm(~p, 1), 0]a

εa(~p, 0) = −iuT (~p, 1
2 )C̄γau(~p,− 1

2 ) = − i
mλ

T (~p, 1
2 )σy(Eσ, i|~p|)aλ(~p,− 1

2 ) = 1
m [iEλm(~p, 0), i|~p|]a

εa(~p,−1) = − i√
2
uT (~p,− 1

2 )C̄γau(~p,− 1
2 ) = − i√

2
λT (~p,− 1

2 )σy(σ, 0)aλ(~p,− 1
2 ) = [iλm(~p,−1), 0]a

Pro. 1.3.2.
ε̃a(~p, 1) = − i√

2
vT (~p, 1

2 )C̄γav(~p, 1
2 ) = i√

2
λT (~p, 1

2 )σy(σ, 0)aλ(~p, 1
2 ) = −[iλm(~p, 1), 0]a

ε̃a(~p, 0) = −ivT (~p, 1
2 )C̄γav(~p,− 1

2 ) = i
mλ

T (~p, 1
2 )σy(Eσ, i|~p|)aλ(~p,− 1

2 ) = − 1
m [iEλm(~p, 0), i|~p|]a

ε̃a(~p,−1) = − i√
2
vT (~p,− 1

2 )C̄γav(~p,− 1
2 ) = i√

2
λT (~p,− 1

2 )σy(σ, 0)aλ(~p,− 1
2 ) = −[iλm(~p,−1), 0]a

Cor. 1.3.1. ε̃a(~p, 1) = −εa(~p, 1), ε̃a(~p, 0) = −εa(~p, 0), ε̃a(~p,−1) = −εa(~p,−1)

Cor. 1.3.2. ∂bFab +m2Aa = 0, Fab = ∂aAb − ∂bAa, Aa = 1
2im (C̄γa)λςµςψλςµς

Aa(~r, t) = 1
(2π)3/2

+∞∫
~p=−∞

−1∑
h=1

1√
2E
εa(~p, h)[a(~p, h)ei(~p·~r−Et) − b+(~p, h)e−i(~p·~r−Et)]d3~p

εa(~p, 1) = [iλm(~p, 1), 0]a, εa(~p, 0) = 1
m [iEλm(~p, 0), i|~p|]a, εa(~p,−1) = [iλm(~p,−1), 0]a

Thm. 1.3.3. [Aa(x), A+
a′(x

′)] = i(ηaa′ −
∂a∂

+

a′
m2 )∆(x− x′)

Thm. 1.3.4. Λmaa′(~p, 1) :=
−1∑
h=1

εa(~p, h)ε+
a′(~p, h) = ηaa′ +

pap
+

a′
m2

Thm. 1.3.5. Λ±τςτ ′ς (~p,
1
2 ) = 1

3Λmaa′(~p, 1)γaΛ∓(~p, 1
2 )γa

′

⇓
1.4 Back to plane wave solutions of Bargmann-Wigner equation for spin-1 particles [16]

Thm. 1.4.1. (γa∂a +m)κς
λςψλςµς (~r, t) = 0, ψλςµς (~r, t) = [imγa(ς)C − 2Sab(e, ς)C∂b]

Aa(~r,t)
2

ψλςµς (~r, t) = 1
(2π)3/2

+∞∫
~p=−∞

−1∑
h=1

√
m2

E [a(~p, h)Uλςµς (~p, h)ei(~p·~r−Et) + b+(~p, h)Vλςµς (~p, h)e−i(~p·~r−Et)]d3~p

Uλςµς (~p, h) = 1
2
√

2m
Xaλςµς (p)εa(~p, h), Vλςµς (~p, h) = 1

2
√

2m
Xaλςµς (−p)ε̃a(~p, h)

a(~p, h) = 1
(2π)3/2

+∞∫
~p=−∞

√
m2

E3 U
+λςµς (~p, h)ψλςµς (~r, t)e

−i(~p·~r−Et)d3~r

b+(~p, s) = 1
(2π)3/2

+∞∫
~p=−∞

√
m2

E3 V
+λςµς (~p, h)ψλςµς (~r, t)e

i(~p·~r−Et)d3~r
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2 Third equivalent description of massive vector particle equation
2.1 Equivalent description of spin equation for massive vector particles

Thm. 2.1.1. (∂a + iSab∂
b)βς

αςψας = i√
2
im2σabςβςAb, ψας := i√

2
i
2σ

ab
ςαςFab, Sab := iσαςςabγας

Aa(~r, t) = 1
(2π)3/2

+∞∫
~p=−∞

−1∑
h=1

1√
2E
εa(~p, h)[a(~p, h)ei(~p·~r−Et) − b+(~p, h)e−i(~p·~r−Et)]d3~p

Fab(~r, t) = 1
(2π)3/2

+∞∫
~p=−∞

−1∑
h=1

1√
2E

[ipaεb(~p, h)− ipbεa(~p, h)][a(~p, h)ei(~p·~r−Et) + b+(~p, h)e−i(~p·~r−Et)]d3~p

ψας (~r, t) = 1
(2π)3/2

+∞∫
~p=−∞

−1∑
h=1

1√
2E
−i√

2
σabςαςpaεb(~p, h)[a(~p, h)ei(~p·~r−Et) + b+(~p, h)e−i(~p·~r−Et)]d3~p

2.2 Plane wave solutions and projection operators of massive vector particle field Fab

Def. 2.2.1. λab(~p, h) := [ipaεb(~p, h)− ipbεa(~p, h)]

Cor. 2.2.1. Fab(~r, t) = 1
(2π)3/2

+∞∫
~p=−∞

−1∑
h=1

1√
2E
λab(~p, h)[a(~p, h)ei(~p·~r−Et) + b+(~p, h)e−i(~p·~r−Et)]d3~p

Thm. 2.2.1.
−1∑
h=1

λab(~p, h)λ+
a′b′(~p, h) = p[ap

+
[a′ηb]b′]

Proof:
−1∑
h=1

λab(~p, h)λ+
a′b′(~p, h)

=
−1∑
h=1

[ipaεb(~p, h)− ipbεa(~p, h)][ipa′εb′(~p, h)− ipb′εa′(~p, h)]+

= pap
+
a′

−1∑
h=1

εb(~p, h)ε+
b′(~p, h) + pbp

+
b′

−1∑
h=1

εa(~p, h)ε+
a′(~p, h)− pap+

b′

−1∑
h=1

εb(~p, h)ε+
a′(~p, h)− pbp+

a′

−1∑
h=1

εa(~p, h)ε+
b′(~p, h)

= pap
+
a′(ηbb′ +

pbp
+

b′
m2 ) + pbp

+
b′(ηaa′ +

pap
+

a′
m2 )− pap+

b′(ηba′ +
pbp

+

a′
m2 )− pbp+

a′(ηab′ +
pap

+

b′
m2 )

= pap
+
a′ηbb′ + pbp

+
b′ηaa′ − pap

+
b′ηba′ − pbp

+
a′ηab′

= p[ap
+
[a′ηb]b′]

Thm. 2.2.2. [Fab(x), F+
a′b′(x

′)] = −iη[a[a′∂b]∂
+
b′]∆(x− x′)

2.3 Plane wave solutions and projection operators of massive vector particle field Ψας

Def. 2.3.1. λας (~p, h) := −i√
2
σabςαςpaεb(~p, h)

Cor. 2.3.1. ψας (~r, t) = 1
(2π)3/2

+∞∫
~p=−∞

−1∑
h=1

1√
2E
λας (~p, h)[a(~p, h)ei(~p·~r−Et) + b+(~p, h)e−i(~p·~r−Et)]d3~p

Cor. 2.3.2. λας (~p, h) = −ς√
2
h|~p|λmας (~p, h)− −ς√

2
pαςε4(~p, h) + −iς√

2
Eεας (~p, h)

Proof: −ςλας (~p, h) := iς√
2
σabςαςpaεb(~p, h)

= iς√
2
σijςαςpiεj(~p, h) + iς√

2
σi4ςαςpiε4(~p, h) + iς√

2
σ4j
ςαςp4εj(~p, h)

= 1√
2
h|~p|λας (~p, h)− ς√

2
ςpαςε4(~p, h) + ς√

2
ςp4εας (~p, h)

= 1√
2
h|~p|λmας (~p, h)− 1√

2
pαςε4(~p, h) + i√

2
Eεας (~p, h)

Cor. 2.3.3. λας (~p, κ) = 1√
2
(E − ςκ~p|)λmας (~p, κ), λας (~p, 0) = 1√

2
mλmας (~p, 0)

Thm. 2.3.1.
−1∑
h=1

λας (~p, h)λ+
α′ς

(~p, h) = −σabαςα′ςpapb

Proof:
−1∑
h=1

λας (~p, h)λ+
α′ς

(~p, h)

= 1
2 (E − ς~p|)2λmας (~p, 1)λ+

mα′ς
(~p, 1) + 1

2 (E + ς~p|)2λmας (~p,−1)λ+
mα′ς

(~p,−1) + 1
2m

2p̂ας p̂α′ς
= − 1

4 (E − ς|~p|)2(p̂ας p̂α′ς − δαςα′ς + iεkαςα′ς p̂k)− 1
4 (E + ς|~p|)2(p̂ας p̂α′ς − δαςα′ς − iε

k
αςα′ς

p̂k) + 1
2m

2p̂ας p̂α′ς
= −pαςpα′ς + 1

2 (E2 + ~p2)δαςα′ς − iςEε
k
αςα′ς

pk
= −σabαςα′ςpapb
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Proof:
−1∑
h=1

λας (~p, h)λ+
α′ς

(~p, h)

=
−1∑
h=1

−i√
2
σabςαςpaεb(~p, h) −i√

2
σa
′b′

ςα′ς
p′+a′ ε

+
b′(~p, h)

= − 1
2σ

ab
ςαςσ

a′b′

ςα′ς
pap
′+
a′

−1∑
h=1

εb(~p, h)ε+
b′(~p, h)

= − 1
2σ

ab
ςαςσ

a′b′

ςα′ς
pap
′+
a′ (ηbb′ +

pbp
+

b′
m2 )

= − 1
2σ

ab
ςαςσ

a′b′

−ςα′ςpap
′
a′δbb′

= −σabαςα′ςpapb

Thm. 2.3.2. [ψας (x), ψ+
α′ς

(x′)] = iσabαςα′ς∂a∂b∆(x− x′)

2.4 Summary of third equivalent description for massive vector particle equation

Thm. 2.4.1. (∂a + iSab∂
b)βς

αςψας = i√
2
im2σabςβςAb, ψας := i√

2
i
2σ

ab
ςαςFab, Sab := iσαςςabγας

Aa(~r, t) = 1
(2π)3/2

+∞∫
~p=−∞

−1∑
h=1

1√
2E
εa(~p, h)[a(~p, h)ei(~p·~r−Et) − b+(~p, h)e−i(~p·~r−Et)]d3~p

Fab(~r, t) = 1
(2π)3/2

+∞∫
~p=−∞

−1∑
h=1

1√
2E
λab(~p, h)[a(~p, h)ei(~p·~r−Et) + b+(~p, h)e−i(~p·~r−Et)]d3~p

ψας (~r, t) = 1
(2π)3/2

+∞∫
~p=−∞

−1∑
h=1

1√
2E
λας (~p, h)[a(~p, h)ei(~p·~r−Et) + b+(~p, h)e−i(~p·~r−Et)]d3~p

Thm. 2.4.2.



−1∑
h=1

εa(~p, h)ε+
a′(~p, h) = ηaa′ +

pap
+

a′
m2

−1∑
h=1

λab(~p, h)λ+
a′b′(~p, h) = p[ap

+
[a′ηb]b′]

−1∑
h=1

λας (~p, h)λ+
α′ς

(~p, h) = −σabαςα′ςpapb


[Aa(x), A+

a′(x
′)] = i(ηaa′ −

∂a∂
+

a′
m2 )∆(x− x′)

[Fab(x), F+
a′b′(x

′)] = −iη[a[a′∂b]∂
+
b′]∆(x− x′)

[ψας (x), ψ+
α′ς

(x′)] = iσabαςα′ς∂a∂b∆(x− x′)

2.5 m→ 0 formally derived photon case

Thm. 2.5.1. (∂a + iSab∂
b)βς

αςψας → 0, ψας := i√
2
i
2σ

ab
ςαςFab, Sab := iσαςςabγας

Aa(~r, t) = 1
(2π)3/2

+∞∫
~p=−∞

−1∑
h=1

1√
2E
εa(~p, h)[a(~p, h)ei(~p·~r−Et) − b+(~p, h)e−i(~p·~r−Et)]d3~p→∞

Fab(~r, t) = 1
(2π)3/2

+∞∫
~p=−∞

−1∑
h=1

1√
2E
λab(~p, h)[a(~p, h)ei(~p·~r−Et) + b+(~p, h)e−i(~p·~r−Et)]d3~p→∞

ψας (~r, t)→ −ς
(2π)3/2

+∞∫
~p=−∞

√
|~p|λmας (~p,−ς)[a(~p,−ς)ei(~p·~r−Et) + b+(~p,−ς)e−i(~p·~r−Et)]d3~p

Cor. 2.5.1. εa(~p, 1) = [iλm(~p, 1), 0]a, εa(~p, 0) = 1
m [iEλm(~p, 0), i|~p|]a →∞, εa(~p,−1) = [iλm(~p,−1), 0]a

Cor. 2.5.2. λας (~p,−ς)→
√

2|~p|λmας (~p,−ς), λας (~p, ς)→ 0, λας (~p, 0)→ 0

Cor. 2.5.3.


[Aa(x), A+

a′(x
′)] = i(ηaa′ −

∂a∂
+

a′
m2 )∆(x− x′)→∞

[Fab(x), F+
a′b′(x

′)] = −iη[a[a′∂b]∂
+
b′]∆(x− x′)

[ψας (x), ψ+
α′ς

(x′)] = iσabαςα′ς∂a∂b∆(x− x′)

From the above, we can be seen when m → 0 then Aa, Fab → ∞. And it will become meaningless. But
ψας still makes sense and can be naturally transitioned. It is rewrote below. Of course, the strict
approach still requires the method about massless particles. And here is only a formal derivation.

Cor. 2.5.4. (∂a + iSab∂
b)βς

αςψας → 0

ψας (~r, t)→ −ς
(2π)3/2

+∞∫
~p=−∞

√
|~p|λmας (~p,−ς)[a(~p,−ς)ei(~p·~r−Et) + b+(~p,−ς)e−i(~p·~r−Et)]d3~p

λας (~p,−ς)λ+
α′ς

(~p,−ς) = −σabαςα′ςpapb, [ψας (x), ψ+
α′ς

(x′)] = iσabαςα′ς∂a∂b∆(x− x′)
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3 Intuitive proof method of two representations equivalence for massive vector field
Self comment: The simple and ingenious analytical proof method has been given in the previous
chapter, so why should other proof methods be given? here are three reasons: first, I was the first to
prove it by using this complex and intuitive method. The second is that in this complex proof process,
all commutative rules with mass vector field decomposition can be obtained incidentally. Third, we
can obtain a set of useful identities. I have encountered such similar cases many times. Different proof
methods often require completely different mathematical skills. Some abstract proofs are concise, but
the details are unclear. Sometimes it is clearly demonstrated, and there is always some suspicion
because it is not intuitive and too abstract. Constructive proofs are sometimes concise and sometimes
cumbersome. But every step can be clearly seen.
3.1 Mathematical preparation

3.1.1 Introduction of constant invariant tensor Γλςµςηςξς

Def. 3.1.1. Γaλςµς := [γa(ς)C]λςµς =

[
0aAςBς [(σ,iς)σy ]aAς

B′ς

[(σ,−iς)σy ]
A′ς
a Bς 0

A′ςB
′
ς

a

]
Def. 3.1.2. Γabλςµςηςξς := ΓaλςµςΓ

b
ηςξς

,Γλςµςηςξς := Γaλςµς δabΓ
b
ηςξς

Pro. 3.1.1.

Γλςµςηςξς = Γµςλςηςξς ,Γλςµςηςξς = Γλςµςξςης ,Γλςµςηςξς = Γηςξςλςµς
Γ1ς3ς2ς4ς = Γ3ς1ς2ς4ς = Γ1ς3ς4ς2ς = Γ3ς1ς4ς2ς = 1,
Γ2ς4ς1ς3ς = Γ2ς4ς3ς1ς = Γ4ς2ς1ς3ς = Γ4ς2ς3ς1ς = 1,
Γ1ς4ς2ς3ς = Γ4ς1ς2ς3ς = Γ1ς4ς3ς2ς = Γ4ς1ς3ς2ς = −1,
Γ2ς3ς1ς4ς = Γ2ς3ς4ς1ς = Γ3ς2ς1ς4ς = Γ3ς2ς4ς1ς = −1
Γrest = 0,Γ{λςµςηςξς} = 0

Pro. 3.1.2. Γλςµςηςξς = (−1)λς+µςu(λς + µς − 3)u(ης + ξς − 3)|ελςµςηςξς |

3.1.2 Matrix expansion of various quantities

Lem. 3.1.1. γa = (σ ⊗ σy, ςI ⊗ σx) = i
[

0 −(σ,iς)
(σ,−iς) 0

]
, Sab(ς) = i

2σ
ας
ςabσας = − i

4 (σ, iς)[a(σ,−iς)b]

Lem. 3.1.2. imγa(ς)C =
[

0 im(σ,iς)σy
im(σ,−iς)σy 0

]
Proof: imγa(ς)C = im(σ ⊗ σy, ςI ⊗ σx)ςγy(ς)γ4(ς) = im(σ ⊗ σy, ςI ⊗ σx)(σy ⊗ σy)(I ⊗ σx)

= im(σσy ⊗ σx,−ςσy ⊗ σy) =
[

0 im(σ,iς)σy
im(σ,−iς)σy 0

]
Lem. 3.1.3. Sab(e, ς) =

[
Sab(ς) 0

0 Sab(−ς)

]
Proof: Sab(e, ς) = − i

4 [γa(ς), γb(ς)]

= − i
4{
[

0 −i(σ,iς)a
i(σ,−iς)a 0

] [
0 −i(σ,iς)b

i(σ,−iς)b 0

]
−
[

0 −i(σ,iς)b
i(σ,−iς)b 0

] [
0 −i(σ,iς)a

i(σ,−iς)a 0

]
}

= − i
4

[
(σ,iς)[a(σ,−iς)b] 0

0 (σ,−iς)[a(σ,iς)b]

]
=
[
Sab(ς) 0

0 Sab(−ς)

]
Lem. 3.1.4. −2Sab(e, ς)C∂b =

[ 1
2 (σ,iς)[a(σ,−iς)b]σy∂b 0

0 − 1
2 (σ,−iς)[a(σ,iς)b]σy∂

b

]
Proof: −2Sab(e, ς)C∂b = −2

[
Sab(ς)∂b 0

0 Sab(−ς)∂b

]
(σy ⊗ σy)(I ⊗ σx) = 2i

[
Sab(ς)∂bσy 0

0 −Sab(−ς)∂bσy

]
=

[ 1
2 (σ,iς)[a(σ,−iς)b]σy∂b 0

0 − 1
2 (σ,−iς)[a(σ,iς)b]σy∂

b

]

Cor. 3.1.1. Xa =
[

2iSab(ς)σy∂
b im(σ,iς)aσy

im(σ,−iς)aσy −2iSab(−ς)σy∂b

]
=

[
2ςSabAςBς ∂b im(σ,iς)aσy

im(σ,−iς)aσy 2ςSab
A′ςB

′
ς ∂b

]

Cor. 3.1.2. Xa =

[ 1
2 (σ,iς)[a(σ,−iς)b]σy∂b im(σ,iς)aσy

im(σ,−iς)aσy − 1
2 (σ,−iς)[a(σ,iς)b]σy∂

b

]
,X+

a =

[
− 1

2σy(σ,iς)[a(σ,−iς)b]∂+b −imσy(σ,iς)a

−imσy(σ,−iς)a
1
2σy(σ,−iς)[a(σ,iς)b]∂

+b

]
Cor. 3.1.3. ψλςµς = Xa A

a

2 (σ, iς)aAςA′ς = [imγa(ς)C − 2Sab(e, ς)∂
bC]λςµς

Aa

2

= 1
2

[
2ςSabAςBς ∂bAa im[(σ,iς)aσy ]Aς

B′ςAa

im[(σ,−iς)aσy ]AςB′ς
Aa 2ςSab

A′ςB
′
ς ∂bAa

]
= 1

2

[
−ςSabAςBςFab im[(σ,iς)aσy ]Aς

B′ςAa

im[(σ,−iς)aσy ]AςB′ς
Aa −ςSabA

′
ςB
′
ςFab

]
=

[
ψAςBς ψAς

B′ς

ψAςB′ς
ψA
′
ςB
′
ς

]
B−G

= −ς
[

ΨAςBς ΨAς
B′ς

ΨAςB′ς
ΨA
′
ςB
′
ς

]
Two

= i√
2

[
ψAςBς ψAς

B′ς

ψAςB′ς
ψA
′
ςB
′
ς

]
One
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3.1.3 An important lemma

Lem. 3.1.5. [ψλςµς (x), ψ+
λ′ςµ
′
ς
(x′)] = i

4X
a
λςµς

(x)X+a′

λ′ςµ
′
ς
(x′)(ηaa′ −

∂a∂
+

a′
m2 )∆(x− x′)

= − i
4

[
2ςSabAςBς ∂b im[(σ,iς)σy ]aAς

B′ς

im[(σ,−iς)σy ]a
A′ς Bς 2ςSab

A′ςB
′
ς ∂b

]
λςµς

[
2ςSa

′b′
A′ςB

′
ς
∂b′ im[σy(σ,−iς)]a

′
A′ς

Bς

im[σy(σ,iς)]a′
Aς

B′ς
2ςSa′b′

AςBς ∂b
′

]
λ′ςµ
′
ς

(δaa′ − ∂a∂a′
m2 )∆(x− x′)

Proof: [ψλςµς (x), ψ+
λ′ςµ
′
ς
(x′)] = i

4X
a
λςµς

[ηaa′ −
∂a∂

+

a′
m2 ]X+a′

λ′ςµ
′
ς
∆(x− x′)

= i
4{[imγ

a(ς)− 2Sab(e, ς)∂b]C}λςµς [ηaa′ −
∂a∂

+

a′
m2 ]{[imγa′(ς) + 2Sa

′b′(e, ς)∂′b′ ]C}+λ′ςµ′ς
∆(x− x′)
= i

4{[imγ
a(ς)− 2Sab(e, ς)∂b]C}λςµς [ηaa′ −

∂a∂
+

a′
m2 ]{C+[−imγa′(ς)− 2Sa

′b′(e, ς)∂+
′b′ ]}λ′ςµ′ς∆(x− x′)

= i
4{[imγ

a(ς)− 2Sab(e, ς)∂b]C}λςµς (δaa′ −
∂a∂a′
m2 ){C+[−imγa′(−ς)− 2Sa

′b′(e,−ς)∂′b′ ]}λ′ςµ′ς∆(x− x′)
= i

4{[imγ
a(ς)− 2Sab(e, ς)∂b]ςγy(ς)γ4(ς)}λςµς

(δaa′ − ∂a∂a′
m2 ){ςγ4(ς)γy(ς)[−imγa′(−ς)− 2Sa

′b′(e,−ς)∂′b′ ]}λ′ςµ′ς∆(x− x′)
= i

4{[imγ
a(ς)− 2Sab(e, ς)∂b][−ςγ4(ς)γy(ς)]}λςµς

(δaa′ − ∂a∂a′
m2 ){[ςγy(−ς)γ4(−ς)][−imγa′(−ς)− 2Sa

′b′(e,−ς)∂′b′ ]}λ′ςµ′ς∆(x− x′)
= i

4{im
[

0 (σ,iς)σy
(σ,−iς)σy 0

]
+ 2i

[
Sab(ς)σy 0

0 −Sab(−ς)σy

]
∂b}λςµς (δaa′ −

∂a∂a′
m2 )

{−im
[

0 σy(σ,−iς)
σy(σ,iς) 0

]
− 2i

[
σyS

ab(−ς) 0

0 −σySab(ς)

]
∂′b}λ′ςµ′ς∆(x− x′)

= i
4

[
2iSab(ς)σy∂b im(σ,iς)σy

im(σ,−iς)σy −2iSab(−ς)σy∂b

]
λςµς

(δaa′ − ∂a∂a′
m2 )

[
−2iσyS

a′b′ (−ς)∂′b′ −imσy(σ,−iς)
−imσy(σ,iς) 2iσyS

a′b′ (ς)∂′b′

]
λ′ςµ
′
ς

∆(x− x′)

= − i
4

[
2ςSabAςBς ∂b im[(σ,iς)σy ]aAς

B′ς

im[(σ,−iς)σy ]a
A′ς Bς 2ςSab

A′ςB
′
ς ∂b

]
λςµς

[
2ςSa

′b′
A′ςB

′
ς
∂b′ im[σy(σ,−iς)]a

′
A′ς

Bς

im[σy(σ,iς)]a′
Aς

B′ς
2ςSa′b′

AςBς ∂b
′

]
λ′ςµ
′
ς

(δaa′ − ∂a∂a′
m2 )∆(x− x′)

3.2 First intuitive proof of two representations equivalence for massive vector field

Lem. 3.2.1. [(m− γa∂a)γ4]{λς(λ′ς [(m− γ
b∂b)γ

4]µς}µ′ς)∆(x− x′)
= −[−imI ⊗ σx + (σ ⊗ σz, iς)a∂a]{λς(λ′ς [−imI ⊗ σx + (σ ⊗ σz, iς)b∂b]µςµ′ς∆(x− x′), γa = (σ ⊗ σy, ςI ⊗ σx)

Thm. 3.2.1. [ψλςµς (x), ψ+
λ′ςµ
′
ς
(x′)] = i

8 [(m− γa∂a)γ4]{λς(λ′ς [(m− γ
b∂b)γ

4]µς}µ′ς)∆(x− x′)

= − i
8

[
(σ,iς)a

AςA′ς
∂a −imδAς

Bς

−imδA
′
ς
B′ς

−(σ,−iς)
A′ςAς
a ∂a

]
{λς(λ′ς

[
(σ,iς)b

BςB′ς
∂b −imδAς

Bς

−imδA
′
ς
B′ς
−(σ,−iς)

B′ςBς
b ∂b

]
µς}µ′ς)

∆(x− x′)

⇔ [ψλςµς (x), ψ+
λ′ςµ
′
ς
(x′)] = i

4X
a
λςµς

(x)X+a′

λ′ςµ
′
ς
(x′)(ηaa′ −

∂a∂
+

a′
m2 )∆(x− x′)

= − i
4

[
2ςSabAςBς ∂b im[(σ,iς)σy ]aAς

B′ς

im[(σ,−iς)σy ]a
A′ς Bς 2ςSab

A′ςB
′
ς ∂b

]
λςµς

[
2ςSa

′b′
A′ςB

′
ς
∂b′ im[σy(σ,−iς)]a

′
A′ς

Bς

im[σy(σ,iς)]a′
Aς

B′ς
2ςSa′b′

AςBς ∂b
′

]
λ′ςµ
′
ς

(δaa′ − ∂a∂a′
m2 )∆(x− x′)

Proof:{
[ψAςBς (x), ψ+

A′ςB
′
ς
(x′)] = − i

8 (σ, iς)a{Aς(A′ς
(σ, iς)bBς}B′ς)

∂a∂b∆(x− x′) = iSacAςBς δcdS
db
A′ςB

′
ς
∂a∂b∆(x− x′)

[ψA
′
ςB
′
ς (x), ψAςBς+ (x′)] = − i

8 (σ,−iς){A
′
ς(Aς

a (σ,−iς)B
′
ς}Bς)

b ∂a∂b∆(x− x′) = iSac
A′ςB

′
ς δcdSdb

AςBς∂a∂b∆(x− x′){
[ψAςBς (x), ψCςDς+ (x′)] = i

8m
2δ

(Cς
{Aς δ

Dς)
Bς}∆(x− x′) = iSacAςBς δ

d
cSdb

CςDς∂a∂
b∆(x− x′)

[ψA
′
ςB
′
ς (x), ψ+

C′ςD
′
ς
(x′)] = i

8m
2δ
{A′ς
(C′ς

δ
B′ς}
D′ς)

∆(x− x′) = iSac
A′ςB

′
ς δcdS

db
C′ςD

′
ς
∂a∂

b∆(x− x′)
[ψ
B′ς
Aς

(x),+ ψBςA′ς (x′)] = i
4 [(σ, iς)aAςA′ς∂a(σ,−iς)B

′
ςBς

b ∂b +m2δBςAς δ
B′ς
A′ς

]∆(x− x′)

= − i
4{[(σ, iς)σy]aAς

B′ς [σy(σ,−iς)]bA′ς
Bς∂a∂b∆(x− x′)− 2m2δBςAς δ

B′ς
A′ς
}

[ψ
A′ς
Bς

(x),+ ψAςB′ς (x
′)] = i

4 [(σ,−iς)A
′
ςAς

a ∂a(σ, iς)bBςB′ς∂b +m2δAςBς δ
A′ς
B′ς

]∆(x− x′)

= − i
4{[(σ, iς)σy]aBς

A′ς [σy(σ,−iς)]bB′ς
Aς∂a∂b∆(x− x′)− 2m2δAςBς δ

A′ς
B′ς
}{

[ψAςBς (x),+ ψCςA′ς (x
′)] = − 1

4m(σ, iς)a{AςA′ς
δCςBς}∂a∆(x− x′) = ς

2mS
ab
AςBς∂bδaa′ [σy(σ,−iς)]a′A′ς

Cς∆(x− x′)

[ψA
′
ςB
′
ς (x),+ ψAςC′ς (x′)] = 1

4m(σ,−iς){A
′
ςAς

a δ
B′ς}
C′ς

∂a∆(x− x′) = ς
2mSab

A′ςB
′
ς∂bδaa

′
[σy(σ, iς)]a′

Aς
C′ς

∆(x− x′)[ψ
C′ς
Aς

(x), ψ+
A′ςB

′
ς
(x′)] = − 1

4m(σ, iς)aAς{A′ς
δ
C′ς
B′ς}

∂a∆(x− x′) = ς
2mS

ab
A′ςB

′
ς
∂bδaa′ [(σ,−iς)σy]a

′C′ςAς∆(x− x′)

[ψ
A′ς
Cς

(x), ψAςBς+ (x′)] = 1
4m(σ,−iς)A

′
ς{Aς

a δ
Bς}
Cς

∂a∆(x− x′) = ς
2mSab

AςBς∂bδaa
′
[(σ, iς)σy]a′Cς

A′ς∆(x− x′){
[σy(σ,−iς)]aA′ς

Bς = [σy(σ, iς)]aBςA′ς , [(σ, iς)σy]aAς
B′ς = [(σ,−iς)σy]aB

′
ςAς

{[σy(σ,−iς)]aA′ς
Bς}∗ = [(σ, iς)σy]aAς

B′ς , {[σy(σ, iς)]a
Bς
A′ς
}∗ = [(σ,−iς)σy]a

B′ςAς
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Cor. 3.2.1. 2Xaλςµς (x)X+a′

λ′ςµ
′
ς
(x′)(ηaa′ −

∂a∂
+

a′
m2 )∆(x− x′) = [(m− γa∂a)γ4]{λς(λ′ς [(m− γ

b∂b)γ
4]µς}µ′ς)∆(x− x′)

3.3 Second intuitive proof of two representations equivalence for massive vector field

Lem. 3.3.1.

{
(σ, iς)aAςA′ς δab(σ, iς)

b
BςB′ς

= −2εAςBςεA′ςB′ς

(σ,−iς)A
′
ςAς

a δab(σ,−iς)B
′
ςBς

b = −2εAςBςεA
′
ςB
′
ς

(σ, iς)aAςA′ς δ
b
a(σ,−iς)B

′
ςBς

b = 2δBςAς δ
B′ς
A′ς

(σ,−iς)A
′
ςAς

a δab (σ, iς)bBςB′ς = 2δAςBς δ
A′ς
B′ς

Thm. 3.3.1. [ψλςµς (x), ψ+
λ′ςµ
′
ς
(x′)] = i

4X
a
λςµς

(x)(ηaa′ −
∂a∂

+

a′
m2 )X+a′

λ′ςµ
′
ς
(x′)∆(x− x′)

=

[ 1
2 (σ,iς)[a(σ,−iς)b]σy∂b im(σ,iς)aσy

im(σ,−iς)aσy − 1
2 (σ,−iς)[a(σ,iς)b]σy∂

b

]
λςµς

[ 1
2σy(σ,−iς)[a′ (σ,iς)b′]∂

b′ −imσy(σ,−iς)a′

−imσy(σ,iς)a′ − 1
2σy(σ,iς)[a′ (σ,−iς)b′]∂

b′

]
λ′ςµ
′
ς

i
4 (δaa

′ − ∂a∂a
′

m2 )∆(x− x′)
⇔ [ψλςµς (x), ψ+

λ′ςµ
′
ς
(x′)] = i

8 [(m− γa∂a)γ4]{λς(λ′ς [(m− γ
b∂b)γ

4]µς}µ′ς)∆(x− x′)

= − i
8

[
(σ,iς)a

AςA′ς
∂a −imδAς

Bς

−imδA
′
ς
B′ς

−(σ,−iς)
A′ςAς
a ∂a

]
{λς(λ′ς

[
(σ,iς)b

BςB′ς
∂b −imδAς

Bς

−imδA
′
ς
B′ς
−(σ,−iς)

B′ςBς
b ∂b

]
µς}µ′ς)

∆(x− x′)

Proof:
[ψAςBς (x), ψ+

A′ςB
′
ς
(x′)] = i

16{(σ, iς)[a(σ,−iς)b]σy∂b}AςBς δaa
′{σy(σ,−iς)[a′(σ, iς)b′]∂

b′}A′ςB′ς∆(x− x′)
= − i

8 (σ, iς)a{Aς(A′ς
(σ, iς)bBς}B′ς)

∂a∂b∆(x− x′)
[ψA

′
ςB
′
ς (x), ψAςBς+ (x′)] = i

16{(σ,−iς)[a(σ, iς)b]σy∂
b}A′ςB′ς δaa′{σy(σ, iς)[a′(σ,−iς)b′]∂b

′}AςBς∆(x− x′)
= − i

8 (σ,−iς){A
′
ς(Aς

a (σ,−iς)B
′
ς}Bς)

b ∂a∂b∆(x− x′)
[ψAςBς (x), ψCςDς+ (x′)] = − i

16{(σ, iς)[a(σ,−iς)b]σy∂b}AςBς δaa
′{σy(σ, iς)[a′(σ,−iς)b′]∂b

′}CςDς∆(x− x′)
= i

8δ
(Cς
{Aς δ

Dς)
Bς}∂

a∂a∆(x− x′)
[ψA

′
ςB
′
ς (x), ψ+

C′ςD
′
ς
(x′)] = − i

16{(σ,−iς)[a(σ, iς)b]σy∂
b}A′ςB′ς δaa′{σy(σ,−iς)[a′(σ, iς)b′]∂

b′}C′ςD′ς∆(x− x′)

= i
8δ
{A′ς
(C′ς

δ
B′ς}
D′ς)

∂a∂a∆(x− x′)
[ψ
B′ς
Aς

(x),+ ψBςA′ς (x′)] = − i
4{[(σ, iς)σy]aAς

B′ς [σy(σ,−iς)]bA′ς
Bς∂a∂b∆(x− x′)− 2m2δBςAς δ

B′ς
A′ς
}

= i
4 [(σ, iς)aAςA′ς∂a(σ,−iς)B

′
ςBς

b ∂b +m2δBςAς δ
B′ς
A′ς

]∆(x− x′)

[ψ
A′ς
Bς

(x),+ ψAςB′ς (x
′)] = − i

4{[(σ, iς)σy]aBς
A′ς [σy(σ,−iς)]bB′ς

Aς∂a∂b∆(x− x′)− 2m2δAςBς δ
A′ς
B′ς
}

= i
4 [(σ,−iς)A

′
ςAς

a ∂a(σ, iς)bBςB′ς∂b +m2δAςBς δ
A′ς
B′ς

]∆(x− x′)
[ψAςBς (x),+ ψCςA′ς (x

′)] = 1
8m{(σ, iς)[a(σ,−iς)b]σy∂b}AςBς δaa′ [σy(σ,−iς)]a′A′ς

Cς∆(x− x′)
= − 1

4m(σ, iς)a{AςA′ς
δCςBς}∂a∆(x− x′)

[ψA
′
ςB
′
ς (x),+ ψAςC′ς (x′)] = − 1

8m{(σ,−iς)[a(σ, iς)b]σy∂
b}A′ςB′ς δaa′ [σy(σ, iς)]a′

Aς
C′ς

∆(x− x′)

= 1
4m(σ,−iς){A

′
ςAς

a δ
B′ς}
C′ς

∂a∆(x− x′)
[ψ
C′ς
Aς

(x), ψ+
A′ςB

′
ς
(x′)] = − 1

8m{σy(σ,−iς)[a(σ, iς)b]∂
b}A′ςB′ς δ

a
a′ [(σ,−iς)σy]a

′C′ςAς∆(x− x′)

= − 1
4m(σ, iς)aAς{A′ς

δ
C′ς
B′ς}

∂a∆(x− x′)

[ψ
A′ς
Cς

(x), ψAςBς+ (x′)] = 1
8m{σy(σ, iς)[a(σ,−iς)b]∂b}AςBς δaa

′
[(σ, iς)σy]a′Cς

A′ς∆(x− x′)
= 1

4m(σ,−iς)A
′
ς{Aς

a δ
Bς}
Cς

∂a∆(x− x′){
[σy(σ,−iς)]aA′ς

Bς = [σy(σ, iς)]aBςA′ς , [(σ, iς)σy]aAς
B′ς = [(σ,−iς)σy]aB

′
ςAς

{[σy(σ,−iς)]aA′ς
Bς}∗ = [(σ, iς)σy]aAς

B′ς , {[σy(σ, iς)]a
Bς
A′ς
}∗ = [(σ,−iς)σy]a

B′ςAς

4 Extraction of various quantum operators of B-W equation for spin-1 particles
4.1 Isochronous commutation rules of Bargmann-Wigner equation for spin-1 particles [16]

Thm. 4.1.1. (γa∂a +m)κς
λςψλςµς (~r, t) = 0, ψλςµς (~r, t) = 1

2!ψ{λςµς}(~r, t)

ψλςµς (~r, t) = 1
(2π)3/2

+∞∫
~p=−∞

−1∑
h=1

√
m2

E [a(~p, h)Uλςµς (~p, h)ei(~p·~r−Et) + b+(~p, h)Vλςµς (~p, h)e−i(~p·~r−Et)]d3~p
a(~p, h) = 1

(2π)3/2

+∞∫
~p=−∞

√
m2

E3 U
+λςµς (~p, h)ψλςµς (~r, t)e

−i(~p·~r−Et)d3~r

b+(~p, h) = 1
(2π)3/2

+∞∫
~p=−∞

√
m2

E3 V
+λςµς (~p, h)ψλςµς (~r, t)e

i(~p·~r−Et)d3~r

Thm. 4.1.2. [ψλςµς (~r, t), ψ
+
λ′ςµ
′
ς
(~r′, t)] = 1

4 [(mγ4 + γ4~γ · ∇){λς(λ′ς δµς}µ′ς)]δ
3(~r − ~r′)
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Proof: [ψλςµς (~r, t), ψ
+
λ′ςµ
′
ς
(~r′, t)]

= i
8 [(m− γa∂a)γ4]{λς(λ′ς [(m− γ

b∂b)γ
4]µς}µ′ς)∆(x− x′)|t=t′

= i
8 [(mγ4 − ~γγ4 · ∇) + i∂t]{λς(λ′ς [(mγ

4 − ~γγ4 · ∇) + i∂t]µς}µ′ς)∆(x− x′)|t=t′
= i

8 [(mγ4 − ~γγ4 · ∇){λς(λ′ς i∂tδµς}µ′ς) + i∂tδ{λς(λ′ς (mγ
4 − ~γγ4 · ∇)µς}µ′ς)]∆(x− x′)|t=t′

= 1
4 [(mγ4 − ~γγ4 · ∇){λς(λ′ς δµς}µ′ς)]δ

3(~r − ~r′)
= 1

4 [(mγ4 + γ4~γ · ∇){λς(λ′ς δµς}µ′ς)]δ
3(~r − ~r′)

4.2 Extraction of Bargmann-Wigner equation energy operators for spin-1 particles

Thm. 4.2.1. H =
∫ −1∑
h=1

E[a+(~p, h)a(~p, h) + b(~p, h)b+(~p, h)]d3~p =
∫
ψ+λςµς (~r, t)ψλςµς (~r, t)d

3~r

Proof:
∫ −1∑
h=1

E[a+(~p, h)a(~p, h) + b(~p, h)b+(~p, h)]d3~p

= 1
(2π)3

∫
m2

E2 ψ
+
λςµς

(~r, t)ψλ′ςµ′ς (~r
′, t)

−1∑
h=1

[Uλςµς (~p, h)U+λ′ςµ
′
ς (~p, h)ei~p·(~r−~r

′) + V λςµς (~p, h)V +λ′ςµ
′
ς (~p, h)e−i~p·(~r−~r

′)]d3~rd3~r′d3~p

= 1
(2π)3

∫
m2

E2 ψ
+
λςµς

(~r, t)ψλ′ςµ′ς (~r
′, t)

−1∑
h=1

[Uλςµς (~p, h)U+λ′ςµ
′
ς (~p, h) + V λςµς (−~p, h)V +λ′ςµ

′
ς (−~p, h)]ei~p·(~r−~r

′)d3~rd3~r′d3~p

= 1
(2π)3

∫
m2

E2 ψ
+λςµς (~r, t)ψλ

′
ςµ
′
ς (~r′, t)

1
16m2 [[(m− iγapa)γ4]{λς(λ′ς [(m− iγ

bpb)γ
4]µς}µ′ς) + [(m− iγap+

a )γ4]{λς(λ′ς [(m− iγ
bp+
b )γ4]µς}µ′ς)]e

i~p·(~r−~r′)d3~rd3~r′d3~p

= 1
(2π)3

∫
m2

E2 ψ
+λςµς (~r, t)ψλ

′
ςµ
′
ς (~r′, t)

1
16m2 [[(mγ4 − i~γγ4 · ~p) + E]{λς(λ′ς [(mγ

4 − i~γγ4 · ~p) + E]µς}µ′ς)

+ [(mγ4 − i~γγ4 · ~p)− E]{λς(λ′ς [(mγ
4 − i~γγ4 · ~p)− E]µς}µ′ς)]e

i~p·(~r−~r′)d3~rd3~r′d3~p

= 1
(2π)3

∫
ψ+λςµς (~r, t)ψλ

′
ςµ
′
ς (~r′, t)

1
16E2 {[(mγ4 − i~γγ4 · ~p) + E]{λς(λ′ς [(mγ

4 − i~γγ4 · ~p) + E]µς}µ′ς)

+ [(mγ4 − i~γγ4 · ~p)− E]{λς(λ′ς [(mγ
4 − i~γγ4 · ~p)− E]µς}µ′ς)}e

i~p·(~r−~r′)d3~rd3~r′d3~p

= 1
(2π)3

∫
ψ+λςµς (~r, t)ψλ

′
ςµ
′
ς (~r′, t)

1
8E2 {[(mγ4 − i~γγ4 · ~p)]{λς(λ′ς [(mγ

4 − i~γγ4 · ~p)]µς}µ′ς) + E2δ{λς(λ′ς δµς}µ′ς)}e
i~p·(~r−~r′)d3~rd3~r′d3~p

= 1
(2π)3

∫
ψ+λςµς (~r, t)ψλ

′
ςµ
′
ς (~r′, t)

{ 1
8E2 [(mγ4 + iγ4~γ · ~p)]{λς(λ′ς [(mγ

4 + iγ4~γ · ~p)]µς}µ′ς) + 1
2δ{λς(λ′ς δµς}µ′ς)}e

i~p·(~r−~r′)d3~rd3~r′d3~p

= 1
2

1
(2π)3

∫
ψ+λςµς (~r, t)ψλ

′
ςµ
′
ς (~r′, t)

{[(mγ4 + γ4~γ · ∇)]{λς(λ′ς [(mγ
4 + γ4~γ · ∇)]µς}µ′ς)

1
E2 e

i~p·(~r−~r′) + δ{λς(λ′ς δµς}µ′ς)e
i~p·(~r−~r′)}d3~rd3~r′d3~p

= 1
8

∫
ψ+λςµς (~r, t)ψλ

′
ςµ
′
ς (~r′, t){

[(mγ4+γ4~γ·∇)]{λς (λ′ς
[(mγ4+γ4~γ·∇)]µς}µ′ς )

m2−∇2 + δ{λς(λ′ς δµς}µ′ς)}δ
3(~r − ~r′)d3~rd3~r′

= 1
8

∫
ψ+λςµς (~r, t){

[(mγ4+γ4~γ·∇)]{λς (λ′ς
[(mγ4+γ4~γ·∇)]µς}µ′ς )

m2−∇2 + δ{λς(λ′ς δµς}µ′ς)}ψ
λ′ςµ
′
ς (~r, t)d3~r

= 1
2

∫
{ψ+λςµς (~r, t)

[(mγ4+γ4~γ·∇)]λςλ′ς
[(mγ4+γ4~γ·∇)]µςµ′ς

m2−∇2 ψλ
′
ςµ
′
ς (~r, t) + ψ+λςµς (~r, t)ψλςµς (~r, t)}d3~r

= 1
2

∫
{ψ+λςµς (~r, t) (i∂t)

2

m2−∇2ψ
λ′ςµ
′
ς (~r, t) + ψ+λςµς (~r, t)ψλςµς (~r, t)}d3~r

=
∫
ψ+λςµς (~r, t)ψλςµς (~r, t)d

3~r

Thm. 4.2.2. H =
∫
ψ+λςµς (~r, t)ψλςµς (~r, t)d

3~r =
∫
{ 1

2F
+abFab +m2A+a(~r, t)Aa(~r, t)}d3~r

Proof: H =
∫
ψ+λςµς (~r, t)ψλςµς (~r, t)d

3~r
tr[Sab(e, ς)Scd(e, ς)] = Sabcd = δacδdb − δadδcb
=
∫
{C̄[−imγa′(ς)− 2Sa

′b′(e, ς)∂+
b′ ]}λςµς

A+

a′ (~r,t)

2 [imγa(ς)C − 2Sab(e, ς)C∂b]λςµς
Aa(~r,t)

2 d3~r

= 1
4

∫
tr{C̄[−imγa′(ς)− 2Sa

′b′(e, ς)∂+
b′ ][imγ

a(ς)− 2Sab(e, ς)∂b]C}A+
a′(~r, t)Aa(~r, t)d3~r

= 1
4

∫
{m2tr[γa

′
(ς)γa(ς)]A+

a′(~r, t)Aa(~r, t) + 4tr[Sa
′b′(e, ς)Sab(e, ς)]∂+

b′A
+
a′(~r, t)∂bAa(~r, t)}d3~r

=
∫
{m2δa

′aA+
a′(~r, t)Aa(~r, t) + Sa

′b′ab∂+
b′A

+
a′(~r, t)∂bAa(~r, t)}d3~r

=
∫
{m2δa

′aA+
a′(~r, t)Aa(~r, t) + (δa

′aδb
′b − δa′bδb′a)∂+

b′A
+
a′(~r, t)∂bAa(~r, t)}d3~r

=
∫
{m2A+a(~r, t)Aa(~r, t) + ∂+bA+a(~r, t)∂bAa(~r, t)− ∂+aA+b(~r, t)∂bAa(~r, t)}d3~r

=
∫
{ 1

2F
+abFab +m2A+a(~r, t)Aa(~r, t)}d3~r
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5 Massive Majorana vector field(take θ = 0)
5.1 Comparison between massive Majorana vector field and massive vector field

The above conclusions for massive vector fields in this chapter are also valid for massive Majorana
vector fields, but the following additional conditions must be added.

Thm. 5.1.1. ψ = γ2 ⊗ γ2ψ
∗, Aa = A+

a′η
a′

a (Fab = F+
a′b′η

a′

a η
b′

b ), b+(~p, h) = (−1)s+ha+(~p,−h)

The following is a detailed comparison and discussion of the difference between a massive Majorana
vector field and a massive complex vector field.
5.2 Derive equivalent commutation rules of various physical quantities for spin-1 particles

5.2.1 Redefinition

Def. 5.2.1. Third definition of electromagnetic field vector
Fab := ∂aAb − ∂bAa
ψας := − 1

2
√

2
σabςαςFab = − ς√

2
(E − iςB)ας

ψAςBς := iς√
2
σαςAςBςψας ⇔ ψας = iς√

2
σAςBςας ψAςBς

⇒


ψAςBς = −ςSabAςBςFab
Fab = 1√

2
(σ
α−ς
−ςabψα−ς + σαςςabψας )

∗Fab = ς√
2
(σ
α−ς
−ςabψα−ς − σ

ας
ςabψας )

5.3 Equivalent commutation rules for ψλςµς and (Aa, Fab)

5.3.1 Common commutation rules for complex and real fields

Thm. 5.3.1.{
[ψλςµς (x), ψ+

λ′ςµ
′
ς
(x′)] = i

4X
a
λςµς

(x)X+a′

λ′ςµ
′
ς
(x′)(ηaa′ −

∂a∂
+

a′
m2 )∆(x− x′), ψλςµς = ψµςλς

imAa
2 (x) = 1

4 tr{C̄γa(ς)ψ[λςµς ](x)}, iFab2 (x) = 1
2 tr{C̄Sab(e, ς)ψ[λςµς ](x)}

⇔{
[Aa(x), A+

a′(x
′)] = i(ηaa′ −

∂a∂
+

a′
m2 )∆(x− x′), [Fab(x), F+

a′b′(x
′)] = −iη[a<a′∂b]∂

+
b′>∆(x− x′)

ψ[λςµς ] = [imγa(ς)C Aa
2 + Sab(e, ς)C Fab

2 ]

Proof: m2[Aa(x), A+
a′(x

′)] = [imAa(x),−imA+
a′(x

′)]
= [ 1

2 tr[C̄γa(ς)ψ[λςµς ](x)], 1
2 tr

+[C̄γa(ς)ψ[λςµς ](x
′)]]

= [ 1
2 [C̄γa(ς)]λςµςψλςµς (x), 1

2 [γa′(ς)C]λ
′
ςµ
′
ςψ+

λ′ςµ
′
ς
(x′)]

= 1
4 [C̄γa(ς)]λςµς [γa′(ς)C]λ

′
ςµ
′
ς [ψλςµς (x), ψλ′ςµ′ς (x

′)]

= i
16 [C̄γa(ς)]λςµς [γa′(ς)C]λ

′
ςµ
′
ςXbλςµς (x)X+b′

λ′ςµ
′
ς
(x′)(ηbb′ −

∂b∂
+

b′
m2 )∆(x− x′)

= i
16 tr[C̄γa(ς)Xb(x)]tr[X+b′(x′)γa′(ς)C](ηbb′ −

∂b∂
+

b′
m2 )∆(x− x′)

= i
16 tr{C̄γa(ς)[imγb(ς)− 2Sbc(e, ς)∂c]C}tr{C̄[−imγb′(ς)− 2Sb

′c′(e, ς)∂+
′c′ ]γa′(ς)C}(ηbb′ −

∂b∂
+

b′
m2 )∆(x− x′)

= i
16 tr{γa(ς)[imγb(ς)− 2Sbc(e, ς)∂c]}tr{[−imγb

′
(ς)− 2Sb

′c′(e, ς)∂+
′c′ ]γa′(ς)}(ηbb′ −

∂b∂
+

b′
m2 )∆(x− x′)

= i
16m

2tr[γa(ς)γb(ς)]tr[γb
′
(ς)γa′(ς)](ηbb′ −

∂b∂
+

b′
m2 )∆(x− x′)

= im2δbaδ
b′

a′(ηbb′ −
∂b∂

+

b′
m2 )∆(x− x′)

= i(m2ηaa′ − ∂a∂+
a′)∆(x− x′)

Proof: [Fab(x), F+
a′b′(x

′)] = [iFab(x),−iF+
a′b′(x

′)]
= [tr[C̄Sab(e, ς)ψ[λςµς ](x)], tr+[C̄Sa′b′(e, ς)(ς)ψ[λςµς ](x

′)]]

= [[C̄Sab(e, ς)]
λςµςψλςµς (x), [Sa′b′(e, ς)(ς)C]λ

′
ςµ
′
ςψ+

λ′ςµ
′
ς
(x′)]

= [C̄Sab(e, ς)]
λςµς [Sa′b′(e, ς)C]λ

′
ςµ
′
ς [ψλςµς (x), ψλ′ςµ′ς (x

′)]

= i
4 [C̄Sab(e, ς)]

λςµς [Sa′b′(e, ς)C]λ
′
ςµ
′
ςXcλςµς (x)X+c′

λ′ςµ
′
ς
(x′)(ηcc′ −

∂c∂
+

c′
m2 )∆(x− x′)

= i
4 tr[C̄Sab(e, ς)X

c(x)]tr[X+c′(x′)Sa′b′(e, ς)C](ηcc′ −
∂c∂

+

c′
m2 )∆(x− x′)

= i
4 tr{C̄Sab(e, ς)[imγ

c(ς)− 2Scd(e, ς)∂d]C}tr{C̄[−imγc′(ς)− 2Sc
′d′(e, ς)∂+

′d′ ]Sa′b′(e, ς)C}

(ηcc′ −
∂c∂

+

c′
m2 )∆(x− x′)

= i
4 tr{Sab(e, ς)[imγ

c(ς)− 2Scd(e, ς)∂d]}tr{[−imγc
′
(ς)− 2Sc

′d′(e, ς)∂+
′d′ ]Sa′b′(e, ς)}(ηcc′ −

∂c∂
+

c′
m2 )∆(x− x′)

= −itr[Sab(e, ς)Scd(e, ς)]tr[Sc
′d′(e, ς)Sa′b′(e, ς)]∂d∂

+
d′(ηcc′ −

∂c∂
+

c′
m2 )∆(x− x′)

= −itr[Sab(e, ς)Scd(e, ς)]tr[Sc
′d′(e, ς)Sa′b′(e, ς)]ηcc′∂d∂

+
d′∆(x− x′)

= −iSabcdSa′b′c′d′ηcc
′
∂d∂d

′

+ ∆(x− x′)
= −i(δacδbd − δadδbc)(δa′c′δb′d′ − δa′d′δb′c′)ηcc

′
∂d∂d

′

+ ∆(x− x′)
= −iη[a<a′∂b]∂

+
b′>∆(x− x′)
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5.3.2 Complex field condition

Thm. 5.3.2.{
[ψλςµς (x), ψηςξς (x

′)] = 0, [ψ+
λ′ςµ
′
ς
(x), ψ+

η′ςξ
′
ς
(x′)] = 0, , ψλςµς = ψµςλς

imAa
2 (x) = 1

4 tr{C̄γa(ς)ψ[λςµς ](x)}, iFab2 (x) = 1
2 tr{C̄Sab(e, ς)ψ[λςµς ](x)}

⇔{
[Aa(x), Ab(x

′)] = 0, [Fab(x), Fcd(x
′)] = 0; [A+

a′(x), A+
b′(x

′)] = 0, [F+
a′b′(x), F+

c′d′(x
′)] = 0

ψ[λςµς ] = [imγa(ς)C Aa
2 + Sab(e, ς)C Fab

2 ]

5.3.3 Complete commutation rules for complex fields

Thm. 5.3.3.
[ψλςµς (x), ψ+

λ′ςµ
′
ς
(x′)] = i

4X
a
λςµς

(x)X+a′

λ′ςµ
′
ς
(x′)(ηaa′ −

∂a∂
+

a′
m2 )∆(x− x′)

[ψλςµς (x), ψηςξς (x
′)] = 0, [ψ+

λ′ςµ
′
ς
(x), ψ+

η′ςξ
′
ς
(x′)] = 0, ψλςµς = ψµςλς

imAa
2 (x) = 1

4 tr{C̄γa(ς)ψ[λςµς ](x)}, iFab2 (x) = 1
2 tr{C̄Sab(e, ς)ψ[λςµς ](x)}

⇔
[Aa(x), A+

a′(x
′)] = i(ηaa′ −

∂a∂
+

a′
m2 )∆(x− x′), [Fab(x), F+

a′b′(x
′)] = −iη[a<a′∂b]∂

+
b′>∆(x− x′)

[Aa(x), Ab(x
′)] = 0, [Fab(x), Fcd(x

′)] = 0; [A+
a′(x), A+

b′(x
′)] = 0, [F+

a′b′(x), F+
c′d′(x

′)] = 0

ψ[λςµς ] = [imγa(ς)C Aa
2 + Sab(e, ς)C Fab

2 ]

5.3.4 Majorana real field condition

Thm. 5.3.4.
ψ = γ2ψ

+γ2, ψλςµς = ψµςλς
imAa

2 (x) = 1
4 tr{C̄γa(ς)ψ[λςµς ](x)}

iFab2 (x) = 1
2 tr{C̄Sab(e, ς)ψ[λςµς ](x)}

⇔

{
Aa = A+

a′η
a′

a , Fab = F+
a′b′η

a′

a η
b′

b

ψ[λςµς ] = [imγa(ς)C Aa
2 + Sab(e, ς)C Fab

2 ]

5.3.5 Complete commutation rules for Majorana real fields

Thm. 5.3.5.

[ψλςµς (x), ψ+
λ′ςµ
′
ς
(x′)] = i

4X
a
λςµς

(x)X+a′

λ′ςµ
′
ς
(x′)(ηaa′ −

∂a∂
+

a′
m2 )∆(x− x′)

[ψλςµς (x), ψλ′ςµ′ς (x
′)] = i

4X
a
λςµς

(x)Xa′λ′ςµ′ς (x
′)(δaa′ − ∂a∂a′

m2 )∆(x− x′)

[ψ+
λςµς

(x), ψ+
λ′ςµ
′
ς
(x′)] = i

4X
+a
λςµς

(x)X+a′

λ′ςµ
′
ς
(x′)(δaa′ −

∂+
a ∂

+

a′
m2 )∆(x− x′)

ψ = γ2ψ
+γ2, ψλςµς = ψµςλς

imAa
2 (x) = 1

4 tr{C̄γa(ς)ψ[λςµς ](x)}, iFab2 (x) = 1
2 tr{C̄Sab(e, ς)ψ[λςµς ](x)}

⇔

[Aa(x), A+
a′(x

′)] = i(ηaa′ −
∂a∂

+

a′
m2 )∆(x− x′), [Fab(x), F+

a′b′(x
′)] = −iη[a<a′∂b]∂

+
b′>∆(x− x′)

[Aa(x), Ab(x
′)] = i(δab − ∂a∂b

m2 )∆(x− x′), [Fab(x), Fcd(x
′)] = −iδ[a<c∂b]∂d>∆(x− x′)

[A+
a′(x), A+

b′(x
′)] = i(δa′b′ −

∂+

a′∂
+

b′
m2 )∆(x− x′), [F+

a′b′(x), F+
c′d′(x

′)] = −iδ[a′<c′∂+
b′]∂

+
d′>∆(x− x′)

Aa = A+
a′η

a′

a , Fab = F+
a′b′η

a′

a η
b′

b

ψ[λςµς ] = [imγa(ς)C Aa
2 + Sab(e, ς)C Fab

2 ]

5.4 Derive Fab commutative relation from Aa

5.4.1 Common commutation rules for complex and real fields

Thm. 5.4.1.

{
[Aa(x), A+

a′(x
′)] = i(ηaa′ −

∂a∂
+

a′
m2 )∆(x− x′)

Fab := ∂aAb − ∂bAa
⇒ [Fab(x), F+

a′b′(x
′)] = −iη[a<a′∂b]∂

+
b′>∆(x− x′)

5.4.2 Complex field condition

Thm. 5.4.2.

{
[Aa(x), Ab(x

′)] = 0, [A+
a′(x), A+

b′(x
′)] = 0

Fab := ∂aAb − ∂bAa
⇒

{
[Fab(x), Fcd(x

′)] = 0

[F+
a′b′(x), F+

c′d′(x
′)] = 0

5.4.3 Complete commutation rules for complex fields

Thm. 5.4.3.


[Aa(x), A+

a′(x
′)] = i(ηaa′ −

∂a∂
+

a′
m2 )∆(x− x′)

[Aa(x), Ab(x
′)] = 0, [A+

a′(x), A+
b′(x

′)] = 0

Fab := ∂aAb − ∂bAa

⇒

{
[Fab(x), F+

a′b′(x
′)] = −iη[a<a′∂b]∂

+
b′>∆(x− x′)

[Fab(x), Fcd(x
′)] = 0, [F+

a′b′(x), F+
c′d′(x

′)] = 0

5.4.4 Majorana real field condition

Thm. 5.4.4. Aa = A+
a′η

a′

a , Fab := ∂aAb − ∂bAa ⇒ Fab = F+
a′b′η

a′

a η
b′

b
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5.4.5 Complete commutation rules for Majorana real field

Thm. 5.4.5.


[Aa(x), A+

a′(x
′)] = i(ηaa′ −

∂a∂
+

a′
m2 )∆(x− x′)

[Aa(x), Ab(x
′)] = i(δab − ∂a∂b

m2 )∆(x− x′)

[A+
a′(x), A+

b′(x
′)] = i(δa′b′ −

∂+

a′∂
+

b′
m2 )∆(x− x′)

Aa = A+
a′η

a′

a , Fab := ∂aAb − ∂bAa

⇒


[Fab(x), F+

a′b′(x
′)] = −iη[a<a′∂b]∂

+
b′>∆(x− x′)

[Fab(x), Fcd(x
′)] = −iδ[a<c∂b]∂d>∆(x− x′)

[F+
a′b′(x), F+

c′d′(x
′)] = −iδ[a′<c′∂+

b′]∂
+
d′>∆(x− x′)

Fab = F+
a′b′η

a′

a η
b′

b

5.5 Equivalence commutative relations of ψας and Fab

5.5.1 Common commutation rules for complex and real fields

Thm. 5.5.1.{
[Fab(x), F+

a′b′(x
′)] = −iη[a<a′∂b]∂

+
b′>∆(x− x′)

ψας := − 1
2
√

2
σabςαςFab

⇔


[ψας (x), ψ+

α′ς
(x′)] = iσabαςα′ς∂a∂b∆(x− x′)

[ψας (x), ψ+
α′−ς

(x′)] = − i
2m

2δαςα′−ς∆(x− x′)
Fab = 1√

2
(σαςςabψας + σ

α−ς
−ςabψα−ς )

Proof: [ψας (x), ψ+
α′ς

(x′)]

= [− 1
2
√

2
σabςαςFab(x), 1

2
√

2
σa
′b′

ςα′ς
F+
a′b′(x

′)]

= − 1
8σ

ab
ςαςσ

a′b′

ςα′ς
[Fab(x), F+

a′b′(x
′)]

= i
8σ

ab
ςαςσ

a′b′

ςα′ς
η[a<a′∂b]∂

+
b′>∆(x− x′)

= i
2σ

ab
ςαςσ

a′b′

ςα′ς
ηaa′∂b∂

+
b′∆(x− x′)

= i
2σ

ab
ςαςσ

a′b′

−ςα′ς δaa
′∂b∂b′∆(x− x′)

= iσbb
′

αςα′ς
∂b∂b′∆(x− x′)

= iσabαςα′ς∂a∂b∆(x− x′)

5.5.2 Complex field condition

Thm. 5.5.2.{
[Fab(x), Fcd(x

′)] = 0, [F+
a′b′(x), F+

c′d′(x
′)] = 0

ψας := − 1
2
√

2
σabςαςFab

⇔

{
[ψας (x), ψβκ(x′)] = 0, [ψ+

α′ς
(x), ψ+

β′κ
(x′)] = 0

Fab = 1√
2
(σαςςabψας + σ

α−ς
−ςabψα−ς )

5.5.3 Complete commutation rules for complex fields

Thm. 5.5.3.
[Fab(x), F+

a′b′(x
′)] = −iη[a<a′∂b]∂

+
b′>∆(x− x′)

[Fab(x), Fcd(x
′)] = 0, [F+

a′b′(x), F+
c′d′(x

′)] = 0

ψας := − 1
2
√

2
σabςαςFab

⇔


[ψας (x), ψ+

α′ς
(x′)] = iσabαςα′ς∂a∂b∆(x− x′)

[ψας (x), ψ+
α′−ς

(x′)] = − i
2m

2δαςα′−ς∆(x− x′)
[ψας (x), ψβκ(x′)] = 0, [ψ+

α′ς
(x), ψ+

β′κ
(x′)] = 0

Fab = 1√
2
(σαςςabψας + σ

α−ς
−ςabψα−ς )

Thm. 5.5.4.
[Fab(x), A+

c′(x
′)] = −iηc′[a∂b]∆(x− x′)

[F+
a′b′(x), Ac(x

′)] = −iηc[a′∂+
b′]∆(x− x′)

[Fab(x), Ac(x
′)] = 0, [F+

a′b′(x), A+
c′(x

′)] = 0


[ψας (x), A+

c′(x
′)] = − i√

2
(σ+ς ,−iς)b|c′ας∂b∆(x− x′)

[ψ+
α′ς

(x), Ac(x
′)] = − i√

2
(σ+ς ,−iς)b|cα′ς∂b∆(x− x′)

[ψας (x), Ac(x
′)] = 0, [ψ+

α′ς
(x), A+

c′(x
′)] = 0

Proof: [Fab(x), A+
c (x′)] = [∂aAb(x)− ∂bAa(x), A+

c (x′)]

= i(ηbc − ∂b∂
+
c

m2 )∂a∆(x− x′)− i(ηac − ∂a∂
+
c

m2 )∂b∆(x− x′)
= −iηc[a∂b]∆(x− x′)

Proof: [ψας (x), A+
c (x′)] = i√

2
i
2σ

ab
ςας [Fab(x), A+

c (x′)]

= −i i√
2
i
2σ

ab
ςαςηc[a∂b]∆(x− x′)

= i√
2
σabςαςηca∂b∆(x− x′)

= − i√
2
(σς)ας |abηca∂b∆(x− x′), [(σς ,−iς)ας |ab = (σ−ς ,−iς)a|bας ]

= − i√
2
(σ−ς ,−iς)b|aαςηca∂b∆(x− x′)

= − i√
2
(σ+ς ,−iς)b|cας∂b∆(x− x′)
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5.5.4 Partial isochronous commutation rules for complex fields

Cor. 5.5.1.
[Ei(~r, t), A

+
c′(~r
′, t)] = iηic′δ

3(~r − ~r′), [E+
i′ (~r, t), Ac(~r

′, t)] = iηi′cδ
3(~r − ~r′)

[Ei(~r, t), Ac(~r
′, t)] = 0, [E+

i′ (~r, t), A
+
c′(~r
′, t)] = 0

[Bi(~r, t), A
+
c′(~r
′, t)] = 0, [B+

i′ (~r, t), Ac(~r
′, t)] = 0

[Bi(~r, t), Ac(~r
′, t)] = 0, [B+

i′ (~r, t), A
+
c′(~r
′, t)] = 0

Cor. 5.5.2.
[Ei(~r, t), A

+
j (~r′, t)] = iδijδ

3(~r − ~r′), [E+
i (~r, t), Aj(~r

′, t)] = iδijδ
3(~r − ~r′)

[Ei(~r, t), Aj(~r
′, t)] = 0, [E+

i (~r, t), A+
j (~r′, t)] = 0

[Ei(~r, t), E
+
j (~r′, t)] = 0, [E+

i (~r, t), Ej(~r
′, t)] = 0, [Ei(~r, t), Ej(~r

′, t)] = 0, [E+
i (~r, t), E+

j (~r′, t)] = 0

[Ai(~r, t), A
+
j (~r′, t)] = 0, [A+

i (~r, t), Aj(~r
′, t)] = 0, [Ai(~r, t), Aj(~r

′, t)] = 0, [A+
i (~r, t), A+

j (~r′, t)] = 0

[⇓] [⇓]

Cor. 5.5.3.
[Ei(~r, t), B

+
j (~r′, t)] = −iεijk∂kδ3(~r − ~r′), [E+

i (~r, t), Bj(~r
′, t)] = −iεijk∂kδ3(~r − ~r′)

[Ei(~r, t), Bj(~r
′, t)] = 0, [E+

i (~r, t), B+
j (~r′, t)] = 0

[Bi(~r, t), B
+
j (~r′, t)] = 0, [B+

i (~r, t), Bj(~r
′, t)] = 0, [Bi(~r, t), Bj(~r

′, t)] = 0, [B+
i (~r, t), B+

j (~r′, t)] = 0

[Bi(~r, t), A
+
j (~r′, t)] = 0, [B+

i (~r, t), Aj(~r
′, t)] = 0, [Bi(~r, t), Aj(~r

′, t)] = 0, [B+
i (~r, t), A+

j (~r′, t)] = 0

5.5.5 Majorana real field condition

Thm. 5.5.5.{
Fab = F+

a′b′η
a′

a η
b′

b

ψας := − 1
2
√

2
σabςαςFab

⇔

{
ψα−ς (x) = −ψ+

ας (x)

Fab = 1√
2
(σαςςabψας − σ

α′ς
−ςabψ

+
α′ς

)

5.5.6 Complete commutation rules for Majorana real field

Lem. 5.5.1.

2σαςςabσ
α′ς
ςa′b′σ

cc′

αςα′ς
∂c∂c′ = σαςςabσςαςcdσ

α′ς
ςa′b′σςα′ςc′d′η

cc′∂d∂+d′ = (Sabcd − ςεabcd)(Sa′b′c′d′ − ςεa′b′c′d′)ηcc
′
∂d∂+d′

2σας−ςabσ
α′ς
−ςa′b′σ

cc′

αςα′ς
∂c∂c′ = σας−ςabσ−ςαςcdσ

α′ς
−ςa′b′σ−ςα′ςc′d′η

cc′∂d∂+d′ = (Sabcd + ςεabcd)(Sa′b′c′d′ + ςεa′b′c′d′)η
cc′∂d∂+d′

Proof: = − i
2{(σ

ας
ςabσ

α′ς
ςa′b′σ

cc′

αςα′ς
+ σας−ςa′b′σ

α′ς
−ςabσ

c′c
αςα′ς

)∂c∂c′}∆(x− x′)

= − i
4 [(σαςςabσ

α′ς
ςa′b′σςαςcdσ−ςα′ςc′d′δ

dd′ + σας−ςa′b′σ
α′ς
−ςabσςαςc′d′σ−ςα′ςcdδ

dd′)∂c∂c
′
]∆(x− x′)

= − i
4 [(σαςςabσ

α′ς
ςa′b′σςαςcdσςα′ςc′d′ + σας−ςa′b′σ

α′ς
−ςabσ−ςαςc′d′σ−ςα′ςcd)η

dd′∂c∂+c′ ]∆(x− x′)
= − i

4{[(−Sabcd + ςεabcd)(−Sa′b′c′d′ + ςεa′b′c′d′) + (−Sabcd − ςεabcd)(−Sa′b′c′d′ − ςεa′b′c′d′)]ηdd
′
∂c∂+c′}

∆(x− x′)
= − i

2 [(SabcdSa′b′c′d′ + εabcdεa′b′c′d′)η
dd′∂c∂+c′ ]∆(x− x′)

= − i
2{[(δacδbd − δadδbc)(δa′c′δb′d′ − δa′d′δb′c′) + εabcdεa′b′c′d′ ]η

dd′∂c∂+c′}∆(x− x′)
= − i

2 [(δa[cδbd]δa′[c′δb′d′] + δa[a′δbb′δcc′δdd′])η
dd′∂c∂+c′ +m2δa[cδbd]η

c
a′η

d
b′ ]∆(x− x′)

= −iη[a<a′∂b]∂
+
b′>∆(x− x′)

Proof: = − i
2{(σ

ας
ςabσ

α′ς
ςa′b′σ

cc′

αςα′ς
+ σας−ςa′b′σ

α′ς
−ςabσ

c′c
αςα′ς

)∂c∂c′}∆(x− x′)

= − i
4 [(σαςςabσ

α′ς
ςa′b′σςαςcdσ−ςα′ςc′d′δ

dd′ + σας−ςa′b′σ
α′ς
−ςabσςαςc′d′σ−ςα′ςcdδ

dd′)∂c∂c
′
]∆(x− x′)

= − i
4 [(σαςςabσ

α′ς
ςa′b′σςαςcdσςα′ςc′d′ + σας−ςa′b′σ

α′ς
−ςabσ−ςαςc′d′σ−ςα′ςcd)η

dd′∂c∂+c′ ]∆(x− x′)
= − i

4{[(−Sabcd + ςεabcd)(−Sa′b′c′d′ + ςεa′b′c′d′) + (−Sabcd − ςεabcd)(−Sa′b′c′d′ − ςεa′b′c′d′)]ηdd
′
∂c∂+c′}

∆(x− x′)
= − i

2 [(SabcdSa′b′c′d′ + εabcdεa′b′c′d′)η
dd′∂c∂+c′ ]∆(x− x′)

= − i
2{[(δacδbd − δadδbc)(δa′c′δb′d′ − δa′d′δb′c′) + εabcdεa′b′c′d′ ]η

dd′∂c∂+c′}∆(x− x′)
= − i

2 [(δa[cδbd]δa′[c′δb′d′] + δa[a′δbb′δcc′δdd′])η
dd′∂c∂+c′ +m2δa[cδbd]η

c
a′η

d
b′ ]∆(x− x′)

= −iη[a<a′∂b]∂
+
b′>∆(x− x′)

Thm. 5.5.6.
[Fab(x), F+

a′b′(x
′)] = −iη[a<a′∂b]∂

+
b′>∆(x− x′)

[Fab(x), Fcd(x
′)] = −iδ[a<c∂b]∂d>∆(x− x′)

[F+
a′b′(x), F+

c′d′(x
′)] = −iδ[a′<c′∂+

b′]∂
+
d′>∆(x− x′)

Fab = F+
a′b′η

a′

a η
b′

b , ψας := − 1
2
√

2
σabςαςFab

⇔


[ψας (x), ψ+

α′ς
(x′)] = iσabαςα′ς∂a∂b∆(x− x′)

[ψας (x), ψβς (x
′)] = i

2m
2δαςβς∆(x− x′)

[ψ+
α′ς

(x), ψ+
β′ς

(x′)] = i
2m

2δα′ςβ′ς∆(x− x′)

ψα−ς (x) = −ψ+
ας (x), Fab = 1√

2
(σαςςabψας − σ

α′ς
−ςabψ

+
α′ς

)
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Proof: [ψας (x), ψβς (x
′)]

= [− 1
2
√

2
σabςαςFab(x),− 1

2
√

2
σcdςβςFcd(x

′)]

= 1
8σ

ab
ςαςσ

cd
ςβς

[Fab(x), Fcd(x
′)]

= − i
8σ

ab
ςαςσ

cd
ςβς
δ[a<c∂b]∂d>∆(x− x′)

= − i
2σ

ab
ςαςσ

cd
ςβς
δac∂b∂d∆(x− x′)

= i
2 [δbdδαςβς − σbdςγςγ

γς
αςβς ]∂b∂d∆(x− x′)

= i
2δαςβς∂a∂

a∆(x− x′)
= i

2m
2δαςβς∆(x− x′)

Proof: [ψ+
α′ς

(x), ψ+
β′ς

(x′)]

= [ 1
2
√

2
σabςα′ςF

+
ab(x), 1

2
√

2
σcdςβ′ςF

+
cd(x

′)]

= [ 1
2
√

2
σab−ςα′ςFab(x), 1

2
√

2
σcd−ςβ′ςFcd(x

′)]

= 1
8σ

ab
−ςα′ςσ

cd
−ςβ′ς

[Fab(x), Fcd(x
′)]

= − i
8σ

ab
−ςα′ςσ

cd
−ςβ′ς

δ[a<c∂b]∂d>∆(x− x′)
= − i

2σ
ab
−ςα′ςσ

cd
−ςβ′ς

δac∂b∂d∆(x− x′)
= i

2 [δbdδα′ςβ′ς − σ
bd
−ςγ′ςγ

γ′ςα′ςβ
′
ς
]∂b∂d∆(x− x′)

= i
2δα′ςβ′ς∂a∂

a∆(x− x′)
= i

2m
2δα′ςβ′ς∆(x− x′)

Proof: [ψας (x), ψ+
α′ς

(x′)]

= [− 1
2
√

2
σabςαςFab(x), 1

2
√

2
σa
′b′

ςα′ς
F+
a′b′(x

′)]

= − 1
8σ

ab
ςαςσ

a′b′

ςα′ς
[Fab(x), F+

a′b′(x
′)]

= i
8σ

ab
ςαςσ

a′b′

ςα′ς
η[a<a′∂b]∂

+
b′>∆(x− x′)

= i
2σ

ab
ςαςσ

a′b′

ςα′ς
ηaa′∂b∂

+
b′∆(x− x′)

= i
2σ

ab
ςαςσ

a′b′

−ςα′ς δaa
′∂b∂b′∆(x− x′)

= iσbb
′

αςα′ς
∂b∂b′∆(x− x′)

= iσabαςα′ς∂a∂b∆(x− x′)

Proof: [Fab(x), F+
a′b′(x

′)]

= [ 1√
2
(σαςςabψας (x)− σα

′
ς

−ςabψ
+
α′ς

(x)),− 1√
2
(σ
α′ς
ςa′b′ψ

+
α′ς

(x′)− σας−ςa′b′ψας (x′))]

= − 1
2{σ

ας
ςabσ

α′ς
ςa′b′ [ψας (x), ψ+

α′ς
(x′)] + σ

α′ς
−ςabσ

ας
−ςa′b′ [ψ

+
α′ς

(x), ψας (x
′)]

− σαςςabσ
βς
−ςa′b′ [ψας (x), ψβς (x

′)]− σα
′
ς

−ςabσ
β′ς
ςa′b′ [ψ

+
α′ς

(x), ψ+
β′ς

(x′)]}

= − 1
2{σ

ας
ςabσ

α′ς
ςa′b′ [ψας (x), ψ+

α′ς
(x′)]− σας−ςa′b′σ

α′ς
−ςab[ψας (x

′), ψ+
α′ς

(x)]

− σαςςabσ
βς
−ςa′b′ [ψας (x), ψβς (x

′)]− σα
′
ς

−ςabσ
β′ς
ςa′b′ [ψ

+
α′ς

(x), ψ+
β′ς

(x′)]}

= − 1
2{σ

ας
ςabσ

α′ς
ςa′b′iσ

cd
αςα′ς

∂c∂d + σας−ςa′b′σ
α′ς
−ςabiσ

cd
αςα′ς

∂′c∂
′
d − σ

ας
ςabσ

βς
−ςa′b′

i
2m

2δαςβς − σ
α′ς
−ςabσ

β′ς
ςa′b′

i
2m

2δα′ςβ′ς}∆(x− x′)

= − i
2{(σ

ας
ςabσ

α′ς
ςa′b′σ

cc′

αςα′ς
+ σας−ςa′b′σ

α′ς
−ςabσ

c′c
αςα′ς

)∂c∂c′ − 1
2m

2(σαςςabσ
βς
ςcd + σ

α′ς
−ςabσ

β′ς
−ςcd)η

c
a′η

d
b′}∆(x− x′)

= − i
4 [(σαςςabσ

α′ς
ςa′b′σςαςcdσ−ςα′ςc′d′δ

dd′ + σας−ςa′b′σ
α′ς
−ςabσςαςc′d′σ−ςα′ςcdδ

dd′)∂c∂c
′
+ 2m2Sabcdη

c
a′η

d
b′ ]∆(x− x′)

= − i
4 [(σαςςabσ

α′ς
ςa′b′σςαςcdσςα′ςc′d′ + σας−ςa′b′σ

α′ς
−ςabσ−ςαςc′d′σ−ςα′ςcd)η

dd′∂c∂+c′ + 2m2Sabcdη
c
a′η

d
b′ ]∆(x− x′)

= − i
4{[(−Sabcd + ςεabcd)(−Sa′b′c′d′ + ςεa′b′c′d′) + (−Sabcd− ςεabcd)(−Sa′b′c′d′ − ςεa′b′c′d′)]ηdd

′
∂c∂+c′ + 2m2Sabcdη

c
a′η

d
b′}

∆(x− x′)
= − i

2 [(SabcdSa′b′c′d′ + εabcdεa′b′c′d′)η
dd′∂c∂+c′ +m2Sabcdη

c
a′η

d
b′ ]∆(x− x′)

= − i
2{[(δacδbd − δadδbc)(δa′c′δb′d′ − δa′d′δb′c′) + εabcdεa′b′c′d′ ]η

dd′∂c∂+c′ +m2(δacδbd − δadδbc)ηca′ηdb′}∆(x− x′)
= − i

2 [(δa[cδbd]δa′[c′δb′d′] + δa[a′δbb′δcc′δdd′])η
dd′∂c∂+c′ +m2δa[cδbd]η

c
a′η

d
b′ ]∆(x− x′)

= −iη[a<a′∂b]∂
+
b′>∆(x− x′)

Thm. 5.5.7.
[Fab(x), A+

c′(x
′)] = −iηc′[a∂b]∆(x− x′)

[F+
a′b′(x), Ac(x

′)] = −iηc[a′∂+
b′]∆(x− x′)

[Fab(x), Ac(x
′)] = −iδc[a∂b]∆(x− x′)

[F+
a′b′(x), A+

c′(x
′)] = −iδc′[a′∂+

b′]∆(x− x′)


[ψας (x), A+

c′(x
′)] = − i√

2
(σ+ς ,−iς)b|c′ας∂b∆(x− x′)

[ψ+
α′ς

(x), Ac(x
′)] = − i√

2
(σ+ς ,−iς)b|cα′ς∂b∆(x− x′)

[ψας (x), Ac(x
′)] = − i√

2
(σ−ς ,−iς)b|cας∂b∆(x− x′)

[ψ+
α′ς

(x), A+
c′(x

′)] = − i√
2
(σ−ς ,−iς)b|c′α′ς∂b∆(x− x′)
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Proof: [Fab(x), Ac(x
′)] = [∂aAb(x)− ∂bAa(x), Ac(x

′)]
= i(δbc − ∂b∂c

m2 )∂a∆(x− x′)− i(δac − ∂a∂c
m2 )∂b∆(x− x′)

= −iδc[a∂b]∆(x− x′)

Proof: [ψας (x), Ac(x
′)] = i√

2
i
2σ

ab
ςας [Fab(x), Ac(x

′)]

= −i i√
2
i
2σ

ab
ςας δc[a∂b]∆(x− x′)

= i√
2
σabςας δca∂b∆(x− x′)

= − i√
2
(σς)ας |bc∂b∆(x− x′), [(σς ,−iς)ας |ab = (σ−ς ,−iς)a|bας ]

= − i√
2
(σ−ς ,−iς)b|cας∂b∆(x− x′)

5.5.7 Partial isochronous commutation rules for Majorana real fields

Cor. 5.5.4.{
[Ei(~r, t), A

+
c′(~r
′, t)] = iηic′δ

3(~r − ~r′), [Ei(~r, t), Ac(~r′, t)] = iδicδ
3(~r − ~r′)

[Bi(~r, t), A
+
c′(~r
′, t)] = 0, [Bi(~r, t), Ac(~r

′, t)] = 0

Cor. 5.5.5.{
[Ei(~r, t), Aj(~r

′, t)] = iδijδ
3(~r − ~r′)

[Ei(~r, t), Ej(~r
′, t)] = 0, [Ai(~r, t), Aj(~r

′, t)] = 0
[⇒]

{
[Ei(~r, t), Bj(~r

′, t)] = −iεijk∂kδ3(~r − ~r′)
[Bi(~r, t), Aj(~r

′, t)] = 0

5.6 Equivalent commutative relations of ψας and ψAςBς
5.6.1 Common commutation rules for complex and real fields

Thm. 5.6.1.{
[ψας (x), ψ+

α′ς
(x′)] = iσabαςα′ς∂a∂b∆(x− x′)

ψAςBς := iς√
2
σαςAςBςψας

⇔


[ψAςBς (x), ψ+

A′ςB
′
ς
(x′)]

= − i
2 (σ, iς)aAςA′ς (σ, iς)

b
BςB′ς

∂a∂b∆(x− x′)
ψας = iς√

2
σAςBςας ψAςBς

Proof: [ψAςBς (x), ψ+
A′ςB

′
ς
(x′)]

= [ iς√
2
σαςAςBςψας (x), −iς√

2
σ
α′ς
A′ςB

′
ς
ψα′ς (x

′)]

= 1
2σ

ας
AςBς

σ
α′ς
A′ςB

′
ς
[ψας (x), ψα′ς (x

′)]

= 1
2σ

ας
AςBς

σ
α′ς
A′ςB

′
ς
iσabαςα′ς∂a∂b∆(x− x′)

= i
2σ

ας
AςBς

σ
α′ς
A′ςB

′
ς

−iς√
2

(σ, iς)aCςC′ς
−iς√

2
(σ, iς)bDςD′ς

−iς√
2
σ
C′ςD

′
ς

α′ς

iς√
2
σCςDςας ∂a∂b∆(x− x′)

= − i
8σ

ας
AςBς

σCςDςας σ
α′ς
A′ςB

′
ς
σ
C′ςD

′
ς

α′ς
(σ, iς)aCςC′ς (σ, iς)

b
DςD′ς

∂a∂b∆(x− x′)

= − i
8δ
Cς
{Aς δ

Dς
Bς}δ

C′ς
(A′ς

δ
D′ς
B′ς)

(σ, iς)aCςC′ς (σ, iς)
b
DςD′ς

∂a∂b∆(x− x′)
= − i

8 (σ, iς)a{Aς(A′ς (σ, iς)
b
Bς}B′ς)∂a∂b∆(x− x′)

= − i
2 (σ, iς)aAςA′ς (σ, iς)

b
BςB′ς

∂a∂b∆(x− x′)

Proof: [ψας (x), ψ+
α′ς

(x′)]

= [ iς√
2
σAςBςας ψAςBς (x), −iς√

2
σ
A′ςB

′
ς

α′ς
ψ+
A′ςB

′
ς
(x′)]

= 1
2σ

AςBς
ας σ

A′ςB
′
ς

α′ς
[ψAςBς (x), ψ+

A′ςB
′
ς
(x′)]

= − i
4σ

AςBς
ας σ

A′ςB
′
ς

α′ς
(σ, iς)aAςA′ς (σ, iς)

b
BςB′ς

∂a∂b∆(x− x′)
= iσabαςα′ς∂a∂b∆(x− x′)

5.6.2 Complex field condition

Thm. 5.6.2.{
[ψας (x), ψβς (x

′)] = 0, [ψ+
α′ς

(x), ψ+
β′ς

(x′)] = 0

ψAςBς := iς√
2
σαςAςBςψας

⇔

{
[ψAςBς (x), ψCςDς (x

′)] = 0, [ψ+
A′ςB

′
ς
(x), ψ+

C′ςD
′
ς
(x′)] = 0

ψας = iς√
2
σAςBςας ψAςBς

5.6.3 Complete commutation rules for complex fields

Thm. 5.6.3.
[ψας (x), ψ+

α′ς
(x′)] = iσabαςα′ς∂a∂b∆(x− x′)

[ψας (x), ψβς (x
′)] = 0, [ψ+

α′ς
(x), ψ+

β′ς
(x′)] = 0

ψAςBς := iς√
2
σαςAςBςψας

⇔


[ψAςBς (x), ψ+

A′ςB
′
ς
(x′)]

= − i
2 (σ, iς)aAςA′ς (σ, iς)

b
BςB′ς

∂a∂b∆(x− x′)
[ψAςBς (x), ψCςDς (x

′)] = 0, [ψ+
A′ςB

′
ς
(x), ψ+

C′ςD
′
ς
(x′)] = 0

ψας = iς√
2
σAςBςας ψAςBς
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5.6.4 Majorana real field condition

Thm. 5.6.4.{
ψα−ς (x) = −ψ+

ας (x)

ψAςBς := iς√
2
σαςAςBςψας

⇔

{
ψ?? = −σyψ+σy

ψας = iς√
2
σAςBςας ψAςBς

5.6.5 Complete commutation rules for Majorana real fields

Thm. 5.6.5.
[ψας (x), ψ+

α′ς
(x′)] = iσabαςα′ς∂a∂b∆(x− x′)

[ψας (x), ψβς (x
′)] = i

2m
2δαςβς∆(x− x′)

[ψ+
α′ς

(x), ψ+
β′ς

(x′)] = i
2m

2δα′ςβ′ς∆(x− x′)
ψα−ς (x) = −ψ+

ας (x), ψAςBς := iς√
2
σαςAςBςψας

⇔



[ψAςBς (x), ψ+
A′ςB

′
ς
(x′)]

= − i
2 (σ, iς)aAςA′ς (σ, iς)

b
BςB′ς

∂a∂b∆(x− x′)
[ψAςBς (x), ψCςDς (x

′)] = i
8m

2ε{Aς(CςεBς}Dς)∆(x− x′)
[ψ+
A′ςB

′
ς
(x), ψ+

C′ςD
′
ς
(x′)] = i

8m
2ε{A′ς(C′ςεB′ς}D′ς)∆(x− x′)

ψας = iς√
2
σAςBςας ψAςBς

5.7 Equivalent commutative relations of ψkς and ψAςBς
5.7.1 Common commutation rules for complex and real fields

Thm. 5.7.1.
[ψAςBς (x), ψ+

A′ςB
′
ς
(x′)]

= − i
2 (σ, iς)aAςA′ς (σ, iς)

b
BςB′ς

∂a∂b∆(x− x′)
ψkς = ΓAςBςkς

(1)ψAςBς

⇔

{
[ψkς (x), ψ+

k′ς
(x′)] = iΓabkςk′ς∂a∂b∆(x− x′)

ψAςBς = ΓkςAςBς (1)ψkς

Proof: [ψkς (x), ψ+
k′ς

(x′)]

= [ΓAςBςkς
(1)ψAςBς (x),Γ

A′ςB
′
ς

k′ς
(1)ψ+

A′ςB
′
ς
(x′)]

= ΓAςBςkς
(1)Γ

A′ςB
′
ς

k′ς
(1)[ψAςBς (x), ψ+

A′ςB
′
ς
(x′)]

= − i
2ΓAςBςkς

(1)Γ
A′ςB

′
ς

k′ς
(1)(σ, iς)aAςA′ς (σ, iς)

b
BςB′ς

∂a∂b∆(x− x′)
= iΓabkςk′ς∂a∂b∆(x− x′)

Proof: [ψAςBς (x), ψ+
A′ςB

′
ς
(x′)]

= [ΓkςAςBς (1)ψkς (x),Γ
k′ς
A′ςB

′
ς
(1)ψ+

k′ς
(x′)]

= ΓkςAςBς (1)Γ
k′ς
A′ςB

′
ς
(1)[ψkς (x), ψ+

k′ς
(x′)]

= ΓkςAςBς (1)Γ
k′ς
A′ςB

′
ς
(1)iΓabkςk′ς∂a∂b∆(x− x′)

= − i
2ΓkςAςBς (1)Γ

k′ς
A′ςB

′
ς
(1)ΓCςDςkς

(1)Γ
C′ςD

′
ς

k′ς
(1)(σ, iς)aCςC′ς (σ, iς)

b
DςD′ς

∂a∂b∆(x− x′)

= − i
8δ
{Cς
Aς

δ
Dς}
Bς

δ
(C′ς
A′ς

δ
D′ς)

B′ς
(σ, iς)aCςC′ς (σ, iς)

b
DςD′ς

∂a∂b∆(x− x′)
= − i

8 (σ, iς)a{Aς(A′ς (σ, iς)
b
B}ςB′ς)∂a∂b∆(x− x′)

= − i
2 (σ, iς)aAςA′ς (σ, iς)

b
BςB′ς

∂a∂b∆(x− x′)

5.7.2 Complex field condition

Thm. 5.7.2.{
[ψAςBς (x), ψCςDς (x

′)] = 0, [ψ+
A′ςB

′
ς
(x), ψ+

C′ςD
′
ς
(x′)] = 0

ψkς = ΓAςBςkς
(1)ψAςBς

⇔

{
[ψkς (x), ψlς (x

′)] = 0, [ψ+
k′ς

(x), ψ+
l′ς

(x′)] = 0

ψAςBς = ΓkςAςBς (1)ψkς

5.7.3 Complete commutation rules for complex fields

Thm. 5.7.3.
[ψAςBς (x), ψ+

A′ςB
′
ς
(x′)]

= − i
2 (σ, iς)aAςA′ς (σ, iς)

b
BςB′ς

∂a∂b∆(x− x′)
[ψAςBς (x), ψCςDς (x

′)] = 0, [ψ+
A′ςB

′
ς
(x), ψ+

C′ςD
′
ς
(x′)] = 0

ψkς = ΓAςBςkς
(1)ψAςBς

⇔


[ψkς (x), ψ+

k′ς
(x′)] = iΓabkςk′ς∂a∂b∆(x− x′)

[ψkς (x), ψlς (x
′)] = 0, [ψ+

k′ς
(x), ψ+

l′ς
(x′)] = 0

ψAςBς = ΓkςAςBς (1)ψkς
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5.7.4 Majorana real field condition

5.7.5 Complete commutation rules for Majorana real fields

Thm. 5.7.4.

[ψAςBς (x), ψ+
A′ςB

′
ς
(x′)]

= − i
2 (σ, iς)aAςA′ς (σ, iς)

b
BςB′ς

∂a∂b∆(x− x′)
[ψAςBς (x), ψCςDς (x

′)] = i
8m

2ε{Aς(CςεBς}Dς)∆(x− x′)
[ψ+
A′ςB

′
ς
(x), ψ+

C′ςD
′
ς
(x′)] = i

8m
2ε{A′ς(C′ςεB′ς}D′ς)∆(x− x′)

ψkς = ΓAςBςkς
(1)ψAςBς

⇔


[ψkς (x), ψ+

k′ς
(x′)] = iΓabkςk′ς∂a∂b∆(x− x′)

[ψkς (x), ψlς (x
′)] = i

2m
2εkς lς (1)∆(x− x′)

[ψ+
k′ς

(x), ψ+
l′ς

(x′)] = i
2m

2εk′ς l′ς (1)∆(x− x′)
ψAςBς = ΓkςAςBς (1)ψkς

5.8 Equivalent commutative relations of ψας and ψkς
5.8.1 Common commutation rules for complex and real fields

Lem. 5.8.1. σabαςα′ς = Γkςας (1)Γ
k′ς
α′ς

(1)Γabkςk′ς ,Γ
ab
kςk′ς

= Γαςkς (1)Γ
α′ς
k′ς

(1)σabαςα′ς

Thm. 5.8.1.{
[ψας (x), ψ+

α′ς
(x′)] = iσabαςα′ς∂a∂b∆(x− x′)

ψkς = Γαςkς (1)ψας
⇔

{
[ψkς (x), ψ+

k′ς
(x′)] = iΓabkςk′ς∂a∂b∆(x− x′)

ψας = Γkςας (1)ψkς

Proof: [ψkς (x), ψ+
k′ς

(x′)]

= [Γαςkς (1)ψας (x),Γ
α′ς
k′ς

(1)ψ+
α′ς

(x′)]

= Γαςkς (1)Γ
α′ς
k′ς

(1)[ψkς (x), ψ+
k′ς

(x′)]

= Γαςkς (1)Γ
α′ς
k′ς

(1)iσabαςα′ς∂a∂b∆(x− x′)
= iΓabkςk′ς∂a∂b∆(x− x′)

Proof: [ψας (x), ψ+
α′ς

(x′)]

= [Γkςας (1)ψkς (x),Γ
k′ς
α′ς

(1)ψ+
k′ς

(x′)]

= Γkςας (1)Γ
k′ς
α′ς

(1)[ψας (x), ψ+
α′ς

(x′)]

= Γkςας (1)Γ
k′ς
α′ς

(1)iΓabkςk′ς∂a∂b∆(x− x′)
= iσabαςα′ς∂a∂b∆(x− x′)

5.8.2 Complex field condition

Thm. 5.8.2.{
[ψας (x), ψβς (x

′)] = 0, [ψ+
α′ς

(x), ψ+
β′ς

(x′)] = 0

ψkς = Γαςkς (1)ψας
⇔

{
[ψkς (x), ψlς (x

′)] = 0, [ψ+
k′ς

(x), ψ+
l′ς

(x′)] = 0

ψας = Γkςας (1)ψkς

5.8.3 Complete commutation rules for complex fields

Thm. 5.8.3.
[ψας (x), ψ+

α′ς
(x′)] = iσabαςα′ς∂a∂b∆(x− x′)

[ψας (x), ψβς (x
′)] = 0, [ψ+

α′ς
(x), ψ+

β′ς
(x′)] = 0

ψkς = Γαςkς (1)ψας

⇔


[ψkς (x), ψ+

k′ς
(x′)] = iΓabkςk′ς∂a∂b∆(x− x′)

[ψkς (x), ψlς (x
′)] = 0, [ψ+

k′ς
(x), ψ+

l′ς
(x′)] = 0

ψας = Γkςας (1)ψkς

5.8.4 Majorana real field condition

5.8.5 Complete commutation rules for Majorana real fields

Thm. 5.8.4.
[ψας (x), ψ+

α′ς
(x′)] = iσabαςα′ς∂a∂b∆(x− x′)

[ψας (x), ψβς (x
′)] = i

2m
2δαςβς∆(x− x′)

[ψ+
α′ς

(x), ψ+
β′ς

(x′)] = i
2m

2δα′ςβ′ς∆(x− x′)
ψα−ς (x) = −ψ+

ας (x), ψkς = Γαςkς (1)ψας

⇔


[ψkς (x), ψ+

k′ς
(x′)] = iΓabkςk′ς∂a∂b∆(x− x′)

[ψkς (x), ψlς (x
′)] = i

2m
2εkς lς (1)∆(x− x′)

[ψ+
k′ς

(x), ψ+
l′ς

(x′)] = i
2m

2εk′ς l′ς (1)∆(x− x′)
ψας = Γkςας (1)ψkς

5.9 Equivalent commutative relations of massive complex field ψλςµς and complex potential Aa

Thm. 5.9.1. [ψAς
B′ς (x), ψ+

A′ς
Bς (x′)] = i

4 [(σ, iς)aAςA′ς (σ,−iς)
B′ςBς
b ∂a∂

b +m2δAς
Bς δA′ς

B′ς ]∆(x− x′)
⇔ [ψAςB′ς (x), ψ+

A′ςBς
(x′)] = i

4 [−(σ, iς)aAςA′ς (σ, iς)
b
BςB′ς

∂a∂b +m2εA′ςB′ςεAςBς ]∆(x− x′)
ψ[λςµς ] = [imγa(ς)C Aa

2 + Sab(e, ς)C Fab
2 ] = [imγa(ς)C − 2Sab(e, ς)C∂b]

Aa
2
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Thm. 5.9.2.

[Aa(x), A+
a′(x

′)] = i(ηaa′ −
∂a∂

+

a′
m2 )∆(x− x′), ψ[λςµς ] = [imγa(ς)C − 2Sab(e, ς)C∂b]

Aa
2

⇔ [ψλςµς (x), ψ+
λ′ςµ
′
ς
(x′)] = i

8 [(m− γa∂a)γ4]{λς(λ′ς [(m− γ
b∂b)γ

4]µς}µ′ς)∆(x− x′)
⇒ [ψAςBς (x), ψ+

A′ςB
′
ς
(x′)] = − i

2 (σ, iς)aAςA′ς (σ, iς)
b
BςB′ς

∂a∂b∆(x− x′)

5.10 Deriving various commutation rules from real potential for spin-1 Majorana particles

The following is true for real field cases.

Lem. 5.10.1. Fab = 1√
2
(−σα

′
ς

−ςabψ
+
α′ς

+ σαςςabψας ), ∗Fab = ς√
2
(−σα

′
ς

−ςabψ
+
α′ς
− σαςςabψας )

Thm. 5.10.1.

[Aa(x), A+
a′(x

′)] = i(ηaa′ −
∂a∂

+

a′
m2 )∆(x− x′), A+

a′ = Aaη
a
a′ ⇔ [Aa(x), Ab(x

′)] = i(δab − ∂a∂b
m2 )∆(x− x′)

Thm. 5.10.2. [Aa(x), Ab(x
′)] = i(δab − ∂a∂b

m2 )⇒ [Fab(x), Fcd(x
′)] = −iδ[a<c∂b]∂d>∆(x− x′)

Thm. 5.10.3. [Fab(x), Fcd(x
′)] = −iδ[a<c∂b]∂d>∆(x− x′)⇔ [Fab(x), F+

a′b′(x
′)] = −iη[a<a′∂b]∂b′>∆(x− x′)

Thm. 5.10.4. [∗Fab(x), ∗F+
a′b′(x

′)] = −iη[a<a′(∂b]∂
+
b′> −

1
2m

2ηb]b′>)∆(x− x′)

Proof: [∗Fab(x), ∗F+
a′b′(x

′)]

= [ 1√
2
(−σαςςabψας (x)− σα

′
ς

−ςabψ
+
α′ς

(x)),− 1√
2
(−σα

′
ς

ςa′b′ψ
+
α′ς

(x′)− σας−ςa′b′ψας (x′))]

= − 1
2{σ

ας
ςabσ

α′ς
ςa′b′ [ψας (x), ψ+

α′ς
(x′)] + σ

α′ς
−ςabσ

ας
−ςa′b′ [ψ

+
α′ς

(x), ψας (x
′)]

+ σαςςabσ
βς
−ςa′b′ [ψας (x), ψβς (x

′)] + σ
α′ς
−ςabσ

β′ς
ςa′b′ [ψ

+
α′ς

(x), ψ+
β′ς

(x′)]}
= − i

2{[(δacδbd − δadδbc)(δa′c′δb′d′ − δa′d′δb′c′) + εabcdεa′b′c′d′ ]η
dd′∂c∂+c′ −m2(δacδbd − δadδbc)ηca′ηdb′}∆(x− x′)

= − i
2 [(δa[cδbd]δa′[c′δb′d′] + δa[a′δbb′δcc′δdd′])η

dd′∂c∂+c′ +m2δa[cδbd]η
c
a′η

d
b′ − 2m2δa[cδbd]η

c
a′η

d
b′ ]∆(x− x′)

= −iη[a<a′(∂b]∂
+
b′> −

1
2m

2ηb]b′>)∆(x− x′)

Thm. 5.10.5. [∗Fab(x), ∗F+
a′b′(x

′)] = −iη[a<a′(∂b]∂
+
b′> −

1
2m

2ηb]b′>)∆(x− x′)
⇔ [∗Fab(x), ∗Fcd(x′)] = −iδ[a<c(∂b]∂d> − 1

2m
2δb]d>)∆(x− x′)

Proof: [Fab(x), ∗F+
a′b′(x

′)]

= [ 1√
2
(σαςςabψας (x)− σα

′
ς

−ςabψ
+
α′ς

(x)), 1√
2
(σ
α′ς
ςa′b′ψ

+
α′ς

(x′) + σας−ςa′b′ψας (x
′))]

= 1
2{σ

ας
ςabσ

α′ς
ςa′b′ [ψας (x), ψ+

α′ς
(x′)]− σα

′
ς

−ςabσ
ας
−ςa′b′ [ψ

+
α′ς

(x), ψας (x
′)]

+ σαςςabσ
βς
−ςa′b′ [ψας (x), ψβς (x

′)]− σα
′
ς

−ςabσ
β′ς
ςa′b′ [ψ

+
α′ς

(x), ψ+
β′ς

(x′)]}

= 1
2{σ

ας
ςabσ

α′ς
ςa′b′ [ψας (x), ψ+

α′ς
(x′)] + σας−ςa′b′σ

α′ς
−ςab[ψας (x

′), ψ+
α′ς

(x)]

+ σαςςabσ
βς
−ςa′b′ [ψας (x), ψβς (x

′)]− σα
′
ς

−ςabσ
β′ς
ςa′b′ [ψ

+
α′ς

(x), ψ+
β′ς

(x′)]}

= 1
2{σ

ας
ςabσ

α′ς
ςa′b′iσ

cd
αςα′ς

∂c∂d − σας−ςa′b′σ
α′ς
−ςabiσ

cd
αςα′ς

∂′c∂
′
d + σαςςabσ

βς
−ςa′b′

i
2m

2δαςβς − σ
α′ς
−ςabσ

β′ς
ςa′b′

i
2m

2δα′ςβ′ς}∆(x− x′)

= i
2{(σ

ας
ςabσ

α′ς
ςa′b′σ

cc′

αςα′ς
− σας−ςa′b′σ

α′ς
−ςabσ

c′c
αςα′ς

)∂c∂c′ + 1
2m

2(σαςςabσ
βς
ςcd − σ

α′ς
−ςabσ

β′ς
−ςcd)η

c
a′η

d
b′}∆(x− x′)

= i
4 [(σαςςabσ

α′ς
ςa′b′σςαςcdσ−ςα′ςc′d′δ

dd′ − σας−ςa′b′σ
α′ς
−ςabσςαςc′d′σ−ςα′ςcdδ

dd′)∂c∂c
′
+ 2m2ςεabcdη

c
a′η

d
b′ ]∆(x− x′)

= i
4 [(σαςςabσ

α′ς
ςa′b′σςαςcdσςα′ςc′d′ − σ

ας
−ςa′b′σ

α′ς
−ςabσ−ςαςc′d′σ−ςα′ςcd)η

dd′∂c∂+c′ + 2m2ςεabcdη
c
a′η

d
b′ ]∆(x− x′)

= i
4{[(−Sabcd + ςεabcd)(−Sa′b′c′d′ + ςεa′b′c′d′)− (−Sabcd − ςεabcd)(−Sa′b′c′d′ − ςεa′b′c′d′)]ηdd

′
∂c∂+c′ + 2m2ςεabcdη

c
a′η

d
b′}

∆(x− x′)
= −iς

2 [(Sabcdεa′b′c′d′ + εabcdSa′b′c′d′)η
dd′∂c∂+c′ −m2εabcdη

c
a′η

d
b′ ]∆(x− x′)

5.11 Commutation relations of massive Majorana vector fields

Def. 5.11.1. ψ :=
[
λ ξ
η ϕ

]
=

[
λAςBς ξAς

B′ς

ηA
′
ς Bς ϕ

A′ςB
′
ς

]
Thm. 5.11.1.

ψ = γ2ψ
+γ2, ψ = ψT ⇔

[
λ ξ
η ϕ

]
=
[
λT ηT

ξT ϕT

]
,
[
λ∗ ξ∗

η∗ ϕ∗

]
=
[
σyϕσy −σyησy
−σyξσy σyλσy

]
,
[
λ+ η+

ξ+ ϕ+

]
=
[
σyϕσy −σyησy
−σyξσy σyλσy

]
Thm. 5.11.2. λ+ = σyϕσy, ϕ

+ = σyλσy, η
+ = −σyησy, ξ+ = −σyξσy, ηT = ξ, λT = λ

Thm. 5.11.3. ψ = γ2ψ
+γ2, ψ = ψT ⇔ λ+ = σyϕσy, η

+ = −σyησy, ηT = ξ, λT = λ

Thm. 5.11.4. ψ :=
[
λ ηT

η σyλ
∗σy

]
=

[
λAςBς η∗Aς

B′ς

ηA
′
ς Bς λ

∗A′ςB
′
ς

]
λ∗A

′
ςB
′
ς = (ςεA

′
ςC
′
ς )(ςεB

′
ςD
′
ς )λ∗C′ςD′ς , η

B′ςAς = ηTAς
B′ς = η∗Aς

B′ς := (−ςεAςCς )(ςεB
′
ςD
′
ς )η∗CςD′ς
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Proof:
[λAςBς (x), λ+

A′ςB
′
ς
(x′)] = − i

8 (σ, iς)a{Aς(A′ς
(σ, iς)bBς}B′ς)

∂a∂b∆(x− x′)
[λAςBς (x), λCςDς (x

′)] = i
8m

2ε{Aς(CςεBς}Dς)∆(x− x′)
[λ+
A′ςB

′
ς
(x), λ+

C′ςD
′
ς
(x′)] = i

8m
2ε{A′ς(C′ςεB′ς}D′ς)∆(x− x′)

[ηA
′
ςBς (x), η+Aς

B′ς
(x′)] = i

8 [(σ,−iς)A
′
ςAς

a (σ, iς)bBςB′ς∂
a∂b +m2δAςBς δ

A′ς
B′ς

]∆(x− x′)

[ηA
′
ςBς (x), ηB

′
ςAς (x

′)] = i
8{[(σ,−iς)σy]

A′ς
a Aς [(σ,−iς)σy]

B′ς
b Bς∂

a∂b +m2εA
′
ςB
′
ςεAςBς}∆(x− x′)

[η+Aς
B′ς

(x), η+Bς
A′ς

(x′)] = i
8{[σy(σ,−iς)]aA′ς

Aς [σy(σ,−iς)]bB′ς
Bς∂a∂b +m2εAςBςεA′ςB′ς}∆(x− x′)

[λAςBς (x), η+Cς
A′ς

(x′)] = − 1
4m(σ, iς)a{AςA′ς

δCςBς}∂a∆(x− x′)

[λ+
A′ςB

′
ς
(x), ηC

′
ςAς (x

′)] = 1
4m(σ, iς)a{AςA′ς

δ
C′ς
B′ς}

∂a∆(x− x′)

[λAςBς (x), ηA
′
ςCς (x

′)] = i
4m[(σ,−iς)σy]

A′ς
a {AςεBς}Cς∂

a∆(x− x′)
[λ+
A′ςB

′
ς
(x), η+Aς

C′ς
(x′)] = i

4m[σy(σ, iς)]Aςa {A′ςεB′ς}C′ς∂
a∆(x− x′)
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Self comment: For particles described by the Bargmann Wigner equation, it is generally possible to
describe both charged complex particles and uncharged Mayorana particles. The principal commuta-
tion rule in both cases is consistent, but the rest are generally zero for charged complex particles. For
uncharged Mayorana particles, the rest of the commutative or anti commutative brackets are naturally
derived from the principal commutative rule and Mayorana conditions. And they are generally not
zero. In this chapter, we only discuss the case of complex particles and generally only give the principal
commutation rule. The Mayorana particle case is no longer specifically discussed. If we want to obtain
the quantum field theory of the Mayorana particle case, we only need to add the Mayorana condition
to the complex particle case. Then we will naturally obtain it.

1 Mutual conversion of two equivalent descriptions for massive gravitino
1.1 Two equivalent descriptions of B-W equation and R-S equation for spin- 3

2 particles [16, 17,20]

Thm. 1.1.1.


(γa∂a +m)κς

λςψλςµςης = 0

ψλςµςης = 1
3!ψ{λςµςης}

im
Aaης

2 = 1
4 tr[C̄γa(ς)ψλςµςης ]

⇔


[γb(ς)∂b +m]Aa[ης ] = 0

γa(ς)Aa[ης ] = 0

ψλςµςης = Xaλςµς (x)
Aaης

2

Thm. 1.1.2. Xaλςµς (p)(ηaa′ +
pap

+

a′
m2 )X+a′

λ′ςµ
′
ς
(p) = 1

2 [(m− iγapa)γ4]{λς(λ′ς [(m− iγ
bpb)γ

4]µς}µ′ς)

1.2 Plane wave solutions of B-W equation for spin- 3
2 particles [16]

Thm. 1.2.1. (γa∂a +m)κς
λςψλςµςης (~r, t) = 0, ψλςµςης (~r, t) = 1

3!ψ{λςµςης}(~r, t)

ψλςµςης (~r, t) = 1
(2π)3/2

+∞∫
~p=−∞

−3/2∑
h=3/2

√
m3

E [a(~p, h)Uλςµςης (~p, h)ei(~p·~r−Et) + b+(~p, h)Vλςµςης (~p, h)e−i(~p·~r−Et)]d3~p

Uλςµςης (~p,
3
2 ) = uλς (~p,

1
2 )uµς (~p,

1
2 )uης (~p,

1
2 )

Uλςµςης (~p,
1
2 )

= 1√
3
[uλς (~p,− 1

2 )uµς (~p,
1
2 )uης (~p,

1
2 ) + uλς (~p,

1
2 )uµς (~p,− 1

2 )uης (~p,
1
2 ) + uλς (~p,

1
2 )uµς (~p,

1
2 )uης (~p,− 1

2 )]

Uλςµςης (~p,− 1
2 )

= 1√
3
[uλς (~p,

1
2 )uµς (~p,− 1

2 )uης (~p,− 1
2 ) + uλς (~p,− 1

2 )uµς (~p,
1
2 )uης (~p,− 1

2 ) + uλς (~p,− 1
2 )uµς (~p,− 1

2 )uης (~p,
1
2 )]

Uλςµςης (~p,− 3
2 ) = uλς (~p,− 1

2 )uµς (~p,− 1
2 )uης (~p,− 1

2 )

Vλςµςης (~p,
3
2 ) = vλς (~p,

1
2 )vµς (~p,

1
2 )vης (~p,

1
2 )

Vλςµςης (~p,
1
2 )

= 1√
3
[vλς (~p,− 1

2 )vµς (~p,
1
2 )vης (~p,

1
2 ) + vλς (~p,

1
2 )vµς (~p,− 1

2 )vης (~p,
1
2 ) + vλς (~p,

1
2 )vµς (~p,

1
2 )vης (~p,− 1

2 )]

Vλςµςης (~p,− 1
2 )

= 1√
3
[vλς (~p,

1
2 )vµς (~p,− 1

2 )vης (~p,− 1
2 ) + vλς (~p,− 1

2 )vµς (~p,
1
2 )vης (~p,− 1

2 ) + vλς (~p,− 1
2 )vµς (~p,− 1

2 )vης (~p,
1
2 )]

Vλςµςης (~p,− 3
2 ) = vλς (~p,− 1

2 )vµς (~p,− 1
2 )vης (~p,− 1

2 )
a(~p, h) = 1

(2π)3/2

+∞∫
~p=−∞

√
m3

E5 U
+λςµςης (~p, h)ψλςµςης (~r, t)e

−i(~p·~r−Et)d3~r

b+(~p, s) = 1
(2π)3/2

+∞∫
~p=−∞

√
m3

E5 V
+λςµςης (~p, h)ψλςµςης (~r, t)e

i(~p·~r−Et)d3~r

Thm. 1.2.2. [ψλςµςης (x), ψ+
λ′ςµ
′
ςη
′
ς
(x′)]

= i
4

1
(3!)2 [(m− γa∂a)γ4]{λς(λ′ς [(m− γ

b∂b)γ
4]µςµ′ς [(m− γ

c∂c)γ
4]ης}η′ς)∆(x− x′)

= i
8

1
(3!)2Xa{λςµς (x)X+a′

(λ′ςµ
′
ς
(x′)[(m− γc∂c)γ4]ης}η′ς)(ηaa′ −

∂a∂
+

a′
m2 )∆(x− x′)

Def. 1.2.1.
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Λ+λςµςηςλ′ςµ

′
ςη
′
ς
(~p, 3

2 ) :=
−1∑
h=1

Uλςµςης (~p, h)U+
λ′ςµ
′
ςη
′
ς
(~p, h)

Λ−λςµςηςλ′ςµ′ςη′ς (~p,
3
2 ) :=

−1∑
h=1

Vλςµςης (~p, h)V +
λ′ςµ
′
ςη
′
ς
(~p, h)

Thm. 1.2.3.
Λ+λςµςηςλ′ςµ

′
ςη
′
ς
(~p, 3

2 )

= 1
8m2

1
(3!)2Xa{λςµς (p)Λmaa′(~p, 1)X+a′

(λ′ςµ
′
ς
(p)Λ+ης}η′ς)(~p,

1
2 ) = 1

(3!)2 Λ+{λς(λ′ς (~p,
1
2 )Λ+µςµ′ς

(~p, 1
2 )Λ+ης}η′ς)(~p,

1
2 )

Λ−λςµςηςλ′ςµ′ςη′ς (~p,
3
2 )

= 1
8m2

1
(3!)2Xa{λςµς (−p)Λmaa′(~p, 1)X+a′

(λ′ςµ
′
ς
(−p)Λ−ης}η′ς)(~p,

1
2 ) = 1

(3!)2 Λ−{λς(λ′ς (~p,
1
2 )Λ−µςµ′ς (~p,

1
2 )Λ−ης}η′ς)(~p,

1
2 )

Thm. 1.2.4.
Λ+λςµςηςλ′ςµ

′
ςη
′
ς
(~p, 3

2 ) = 1
16m3

1
(3!)2Xa{λςµς (p)(ηaa′ +

pap
+

a′
m2 )X+a′

(λ′ςµ
′
ς
(p)[(m− iγbpb)γ4]ης}η′ς)

= 1
8m3

1
(3!)2 [(m− iγapa)γ4]{λς(λ′ς [(m− iγ

bpb)γ
4]µςµ′ς [(m− iγ

bpb)γ
4]ης}η′ς)

Λ−λςµςηςλ′ςµ′ςη′ς (~p,
3
2 ) = − 1

16m3
1

(3!)2Xa{λςµς (−p)(ηaa′ +
pap

+

a′
m2 )X+a′

(λ′ςµ
′
ς
(−p)[(m+ iγbpb)γ

4]ης}η′ς)

= − 1
8m3

1
(3!)2 [(m+ iγapa)γ4]{λς(λ′ς [(m+ iγbpb)γ

4]µςµ′ς [(m+ iγbpb)γ
4]ης}η′ς)

⇓
1.3 Derived to plane wave solutions of R-S equation for spin- 3

2 particles

1.3.1 Derived to plane wave solutions of R-S equation for spin- 3
2 particles [16]

Thm. 1.3.1. [γb(ς)∂b +m]Aa[ης ] = 0, γa(ς)Aa[ης ] = 0, Aa = 1
2im (C̄γa)λςµςψλςµςης

Aaης (~r, t) = 1
(2π)3/2

+∞∫
~p=−∞

−1∑
h=1

√
m
2E [a(~p, h)εa(~p, h)ei(~p·~r−Et) + b+(~p, h)ε̃a(~p, h)e−i(~p·~r−Et)]d3~p

εaης (~p,
3
2 ) = 1

i
√

2
uT (~p, 1

2 )C̄γau(~p, 1
2 )uης (~p,

1
2 )

εaης (~p,
1
2 )

= 1
i
√

6
[uT (~p,− 1

2 )C̄γau(~p, 1
2 )uης (~p,

1
2 ) + uT (~p, 1

2 )C̄γau(~p,− 1
2 )uης (~p,

1
2 ) + uT (~p, 1

2 )C̄γau(~p, 1
2 )uης (~p,− 1

2 )]

εaης (~p,− 1
2 )

= 1
i
√

6
[uT (~p, 1

2 )C̄γau(~p,− 1
2 )uης (~p,− 1

2 ) + uT (~p,− 1
2 )C̄γau(~p, 1

2 )uης (~p,− 1
2 ) + uT (~p,− 1

2 )C̄γau(~p,− 1
2 )uης (~p,

1
2 )]

εaης (~p,− 3
2 ) = 1

i
√

2
uT (~p,− 1

2 )C̄γau(~p,− 1
2 )uης (~p,− 1

2 )

ε̃aης (~p,
3
2 ) = 1

i
√

2
vT (~p, 1

2 )C̄γav(~p, 1
2 )vης (~p,

1
2 )

ε̃aης (~p,
1
2 )

= 1
i
√

6
[vT (~p,− 1

2 )C̄γav(~p, 1
2 )vης (~p,

1
2 ) + vT (~p, 1

2 )C̄γav(~p,− 1
2 )vης (~p,

1
2 ) + vT (~p, 1

2 )C̄γav(~p, 1
2 )vης (~p,− 1

2 )]

ε̃aης (~p,− 1
2 )

= 1
i
√

6
[vT (~p, 1

2 )C̄γav(~p,− 1
2 )vης (~p,− 1

2 ) + vT (~p,− 1
2 )C̄γav(~p, 1

2 )vης (~p,− 1
2 ) + vT (~p,− 1

2 )C̄γav(~p,− 1
2 )vης (~p,

1
2 )]

ε̃aης (~p,− 3
2 ) = 1

i
√

2
vT (~p,− 1

2 )C̄γav(~p,− 1
2 )vης (~p,− 1

2 )

Lem. 1.3.1. 1
2
√

2m
Uλςµςης (p̂, h)X+a

λςµς
(p) = 1

i
√

2
Uλςµςης (p̂, h)(C̄γa)λςµς = εaης (~p, h)

Cor. 1.3.1. [γb(ς)∂b +m]Aa[ης ] = 0, γa(ς)Aa[ης ] = 0, Aa = 1
2im (C̄γa)λςµςψλςµςης

Aaης (~r, t) = 1
(2π)3/2

+∞∫
~p=−∞

−1∑
h=1

√
m
E [a(~p, h)εa(~p, h)ei(~p·~r−Et) + b+(~p, h)ε̃a(~p, h)e−i(~p·~r−Et)]d3~p

εaης (~p,
3
2 ) = εa(~p, 1)uης (~p,

1
2 )

εaης (~p,
1
2 ) = 1√

3
[
√

2εa(~p, 0)uης (~p,
1
2 ) + εa(~p, 1)uης (~p,− 1

2 )]

εaης (~p,− 1
2 ) = 1√

3
[
√

2εa(~p, 0)uης (~p,− 1
2 ) + εa(~p,−1)uης (~p,

1
2 )]

εaης (~p,− 3
2 ) = εa(~p,−1)uης (~p,− 1

2 )
ε̃aης (~p,

3
2 ) = −εa(~p, 1)vης (~p,

1
2 )

ε̃aης (~p,
1
2 ) = − 1√

3
[
√

2εa(~p, 0)vης (~p,
1
2 ) + εa(~p, 1)vης (~p,− 1

2 )]

ε̃aης (~p,− 1
2 ) = − 1√

3
[
√

2εa(~p, 0)vης (~p,− 1
2 ) + εa(~p,−1)vης (~p,

1
2 )]

ε̃aης (~p,− 3
2 ) = −εa(~p,−1)vης (~p,− 1

2 )

1.3.2 Derivate R-S anticommutative relations for spin- 3
2 particles under classical conventions

Thm. 1.3.2. {Aa1a2··anτς (x), Āb1b2··bnτ ′ς (x
′)} = iP̂a1··anτςb1··bnτ ′ς (n+ 1

2 )∆(x− x′)

538



Chapter28 Covariant Quantization Scheme for Massive Gravitino Shui-Rong Shi

Lem. 1.3.2.
(m− κγb∂b)(γa + κ∂am ) = (γa − κ∂am )(m+ κγb∂b)

(m− γb∂b)(γa + ∂a
m ) = (γa − ∂a

m )(m+ γb∂b)

(m+ γb∂b)(γa − ∂a
m ) = (γa + ∂a

m )(m− γb∂b)

Proof: (m− κγb∂b)(γa + κ∂am )

= m(γa + κ∂am )− κγbγa∂b − κκγb∂b∂a
m

= m(γa + κ∂am )− κ{γb, γa}∂b + κγaγ
b∂b − κκ∂am γ

b∂b
= m(γa + κ∂am )− 2κδba∂b + κ(γa − κ∂am )γb∂b
= m(γa − κ∂am ) + (γa − κ∂am )κγb∂b
= (γa − κ∂am )(m+ κγb∂b)

Thm. 1.3.3.{
P̂a1τςb1τ ′ς

( 3
2 ) = 2

5 P̂aa1bb1(2)[(m− γc∂c)γaγbγ4]τςτ ′ς
P̂aa1bb1(2) = 1

8{[δ{a(b −
∂{a∂(b

m2 ][δa1}b1) −
∂a1}∂b1)

m2 ]− 1
3 [δ{aa1} −

∂{a∂a1}
m2 ][δ(bb1) −

∂(b∂b1)

m2 ]}∆(x− x′)
[⇒]

P̂aτςbτ ′ς (
3
2 ) = 1

2{[(δa1b1 −
∂a1

∂b1
m2 )− 1

3 (γa1
− ∂a1

m )(γb1 +
∂b1
m )](m− γc∂c)γ4}τςτ ′ς∆(x− x′)

Proof: P̂a1τςb1τ ′ς
( 3

2 ) = 2
5 P̂aa1bb1(2)[(m− γc∂c)γaγbγ4]τςτ ′ς

= 2
5

1
8{[δ{a(b −

∂{a∂(b

m2 ][δa1}b1) −
∂a1}∂b1)

m2 ]− 1
3 [δ{aa1} −

∂{a∂a1}
m2 ][δ(bb1) −

∂(b∂b1)

m2 ]}[(m− γc∂c)γaγbγ4]τςτ ′ς∆(x− x′)
= i

10{[δab −
∂a∂b
m2 ][δa1b1 −

∂a1∂b1
m2 ] + [δab1 −

∂a∂b1
m2 ][δa1b −

∂a1
∂b

m2 ]− 2
3 [δaa1

− ∂a∂a1

m2 ][δbb1 −
∂b∂b1
m2 ]}

{(m− γc∂c)γaγbγ4}τςτ ′ς∆(x− x′)
= 1

10{(m− γ
c∂c)[3(δa1b1 −

∂a1
∂b1

m2 ) + (γb1 +
∂b1
m )(γa1

− γc∂c∂a1

m2 )− 2
3 (γa1

+
∂a1

m )(γb1 −
γc∂c∂b1
m2 )]γ4}τςτ ′ς∆(x− x′)

= 1
10{[3(δa1b1 −

∂a1∂b1
m2 )(m− γc∂c)

+ (γb1 −
∂b1
m )(m+ γc∂c)(γa1

− ∂a1

m )− 2
3 (γa1

− ∂a1

m )(m+ γc∂c)(γb1 −
∂b1
m )]γ4}τςτ ′ς∆(x− x′)

= 1
10{[3(δa1b1 −

∂a1∂b1
m2 )(m− γc∂c)

+ (γb1 −
∂b1
m )(γa1

+
∂a1

m )(m− γc∂c)− 2
3 (γa1

− ∂a1

m )(γb1 +
∂b1
m )(m− γc∂c)]γ4}τςτ ′ς∆(x− x′)

= 1
10{[3(δa1b1 −

∂a1∂b1
m2 ) + (γb1 −

∂b1
m )(γa1 +

∂a1

m )− 2
3 (γa1 −

∂a1

m )(γb1 +
∂b1
m )](m− γc∂c)γ4}τςτ ′ς∆(x− x′)

= 1
10{[3δa1b1 − 10

3

∂a1
∂b1

m2 + {γb1 , γa1
} − 5

3γa1
γb1 − 5

3 (γa1

∂b1
m − γb1

∂a1

m )](m− γc∂c)γ4}τςτ ′ς∆(x− x′)
= 1

2{[δa1b1 − 2
3

∂a1
∂b1

m2 − 1
3γa1

γb1 − 1
3 (γa1

∂b1
m − γb1

∂a1

m )](m− γc∂c)γ4}τςτ ′ς∆(x− x′)
= 1

2{[(δa1b1 −
∂a1∂b1
m2 )− 1

3 (γa1 −
∂a1

m )(γb1 +
∂b1
m )](m− γc∂c)γ4}τςτ ′ς∆(x− x′)

= 1
2{(δa1b1 −

∂a1
∂b1

m2 )[(m− γc∂c)γ4]τςτ ′ς∆(x− x′)− 1
3 [(γa1

− ∂a1

m )(m+ γc∂c)(γb1 −
∂b1
m )γ4]τςτ ′ς}∆(x− x′)

Cor. 1.3.2. P̂aτςb′τ ′ς (
3
2 ) = 1

2{[(ηab′ −
∂a∂

+

b′
m2 )− 1

3 (γa − ∂a
m )(γbη

b
b′ +

∂+

b′
m )](m− γc∂c)γ4}τςτ ′ς∆(x− x′)

Cor. 1.3.3.
{Aaτς (x), Ābτ ′ς (x

′)} = i
2{[(δab −

∂a∂b
m2 )− 1

3 (γa − ∂a
m )(γb + ∂b

m )](m− γc∂c)γ4}τςτ ′ς∆(x− x′)

{Aaτς (x), A+
a′τ ′ς

(x′)} = i
2{[(ηaa′ −

∂a∂
+

a′
m2 )− 1

3 (γa − ∂a
m )(γbη

b
a′ +

∂+

a′
m )](m− γc∂c)γ4}τςτ ′ς∆(x− x′)

[Aab(x), A+
a′b′(x

′)] = i
8{[η{a(a′ −

∂{a∂
+

(a′

m2 ][ηb}b′) −
∂b}∂

+

b′)
m2 ]− 1

3 [δ{ab} −
∂{a∂b}
m2 ][δ(a′b′) −

∂+

(a′∂
+

b′)
m2 ]}∆(x− x′)

1.3.3 Comparison of relations between quasi projection operators

Thm. 1.3.4.

Λ+maτςa′τ ′ς
(~p, 3

2 ) :=
−3/2∑
h=3/2

εaτς (~p, h)ε+
a′τ ′ς

(~p, h) = 2
5

−2∑
h=2

εab(~p, h)ε+
a′b′(~p, h)γbΛ−(~p, 1

2 )γb
′

Λ−maτςa′τ ′ς (~p,
3
2 ) :=

−3/2∑
h=3/2

ε̃aτς (~p, h)ε̃+
a′τ ′ς

(~p, h) = 2
5

−2∑
h=2

εab(~p, h)ε+
a′b′(~p, h)γbΛ+(~p, 1

2 )γb
′

Λ±τςτ ′ς (~p,
1
2 ) = 1

2Λ±maτςa′τ ′ς (~p,
3
2 )ηaa

′
,Λmaa′(~p, 1) = 3

4 (mE )2Λ±maτςa′τ ′ς (~p,
3
2 )Λ

τ ′ςτς
±

Thm. 1.3.5.

−1∑
h=1

εa(~p, h)ε+
a′(~p, h) = ηaa′ +

pap
+

a′
m2

−3/2∑
h=3/2

εaτς (~p, h)ε+
a′τ ′ς

(~p, h) = {[(ηaa′ +
pap

+

a′
m2 )− 1

3 (γa − ipa
m )(γbη

b
a′ +

ip+

a′
m )] (m−iγcpc)γ4

2m }τςτ ′ς∆(x− x′)

−2∑
h=2

εab(~p, h)ε+
a′b′(~p, h) = 1

4{[η{a(a′ +
p{ap

+

(a′

m2 ][ηb}b′) +
pb}p

+

b′)
m2 ]− 1

3 [δ{ab} +
p{apb}
m2 ][δ(a′b′) +

p+

(a′p
+

b′)
m2 ]}

⇓
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1.4 Back to plane wave solutions of B-W equation for spin- 3
2 particles [16]

Thm. 1.4.1. (γa∂a +m)κς
λςψλςµςης (~r, t) = 0, ψλςµςης (~r, t) = [imγa(ς)C − 2Sab(e, ς)C∂b]

Aaης (~r,t)

2

ψλςµςης (~r, t) = 1
(2π)3/2

+∞∫
~p=−∞

−3/2∑
h=3/2

√
m3

E [a(~p, h)Uλςµςης (~p, h)ei(~p·~r−Et) + b+(~p, h)Vλςµςης (~p, h)e−i(~p·~r−Et)]d3~p

Uλςµςης (~p, h) = 1
2
√

2m
Xaλςµς (p)εaης (~p, h), Vλςµςης (~p, h) = 1

2
√

2m
Xaλςµς (−p)ε̃aης (~p, h)

a(~p, h) = 1
(2π)3/2

+∞∫
~p=−∞

√
m3

E5 U
+λςµςης (~p, h)ψλςµςης (~r, t)e

−i(~p·~r−Et)d3~r

b+(~p, s) = 1
(2π)3/2

+∞∫
~p=−∞

√
m3

E5 V
+λςµςης (~p, h)ψλςµςης (~r, t)e

i(~p·~r−Et)d3~r

1.5 Anticommutative relation for spin- 3
2 particle field Fabτς , ψακτς

Thm. 1.5.1.{
{Aaτς (x), A+

a′τ ′ς
(x′)} = i

2{[(ηaa′ −
∂a∂

+

a′
m2 )− 1

3 (γa − ∂a
m )(γbη

b
a′ +

∂+

a′
m )](m− γc∂c)γ4}τςτ ′ς∆(x− x′)

Fabτς = ∂aAbτς − ∂bAaτς
⇒ {Fabτς (x), F+

a′b′τ ′ς
(x′)} = − i

2 [(η[a<a′ − 1
3γ[aη

d
<a′γd)γ

cγ4]τςτ ′ς∂b]∂
+
b′>∂c∆(x− x′)

Thm. 1.5.2.{
{Fabτς (x), F+

a′b′τ ′ς
(x′)} = − i

2 [(η[a<a′ − 1
3γ[aη

d
<a′γd)γ

cγ4]τςτ ′ς∂b]∂
+
b′>∂c∆(x− x′)

ψακτς := − 1
2
√

2
σabκακFabτς

⇒ {ψακτς (x), ψ+
α′κτ

′
ς
(x′)} = i

2 [(σabακα′κ + 1
6σ

aa′

κακγa′γb′σ
b′b
−κακ)γcγ4]τςτ ′ς∂a∂b∂c∆(x− x′)

1.6 Extraction of energy momentum operator for massive gravitino field

Thm. 1.6.1. Pu( 3
2 ) =

∫
ψ+λςµςης (~r, t) −i∂um2−∇2ψλςµςης (~r, t)d

3~r

Thm. 1.6.2. Pu( 3
2 ) =

∫
[ 1
2F

+abης (~r, t) −i∂um2−∇2Fabης (~r, t) +m2A+aης (~r, t) −i∂um2−∇2Aaης (~r, t)]d
3~r

Proof: Pu( 3
2 ) =

∫
ψ+λςµςης (~r, t) −i∂um2−∇2ψλςµςης (~r, t)d

3~r

=
∫
{C̄[−imγa′(ς)− 2Sa

′b′(e, ς)∂+
b′ ]}λςµς

A
+ης
a′ (~r,t)

2
−i∂u
m2−∇2 [imγa(ς)C − 2Sab(e, ς)C∂b]λςµς

Aaης (~r,t)

2 d3~r

= 1
4

∫
tr{C̄[−imγa′(ς)− 2Sa

′b′(e, ς)∂+
b′ ]A

+ης
a′ (~r, t) −i∂um2−∇2 [imγa(ς)− 2Sab(e, ς)∂b]CAaης (~r, t)}d3~r

= 1
4

∫
tr{[−imγa′(ς)− 2Sa

′b′(e, ς)∂+
b′ ]A

+ης
a′ (~r, t) −i∂um2−∇2 [imγa(ς)− 2Sab(e, ς)∂b]Aaης (~r, t)}d3~r

= 1
4

∫
tr{[−imγa′(ς)− 2Sa

′b′(e, ς)∂+
b′ ]A

+ης
a′ (~r, t) −i∂um2−∇2 [imγa(ς)− 2Sab(e, ς)∂b]Aaης (~r, t)}d3~r

=
∫
m2A+aης (~r, t) −i∂um2−∇2Aaης (~r, t)d

3~r +
∫
Sa
′b′ab∂+

b′A
+ης
a′ (~r, t) −i∂um2−∇2 ∂bAaης (~r, t)}d3~r

=
∫
m2A+aης (~r, t) −i∂um2−∇2Aaης (~r, t)d

3~r

+ 1
4

∫
Sa
′b′ab[∂+

a′A
+ης
b′ (~r, t)− ∂+

b′A
+ης
a′ (~r, t)] −i∂um2−∇2 [∂aAbης (~r, t)− ∂bAaης (~r, t)]}d3~r

=
∫
m2A+aης (~r, t) −i∂um2−∇2Aaης (~r, t)d

3~r + 1
4

∫
(δa
′aδb

′b − δa′bδb′a)F+ης
a′b′ (~r, t) −i∂um2−∇2Fabης (~r, t)d

3~r

=
∫

[ 1
2F

+abης (~r, t) −i∂um2−∇2Fabης (~r, t) +m2A+aης (~r, t) −i∂um2−∇2Aaης (~r, t)]d
3~r
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Self comment: For particles described by the Bargmann Wigner equation, it is generally possible to
describe both charged complex particles and uncharged Mayorana particles. The principal commuta-
tion rule in both cases is consistent, but the rest are generally zero for charged complex particles. For
uncharged Mayorana particles, the rest of the commutative or anti commutative brackets are naturally
derived from the principal commutative rule and Mayorana conditions. And they are generally not
zero. In this chapter, we only discuss the case of complex particles and generally only give the principal
commutation rule. The Mayorana particle case is no longer specifically discussed. If we want to obtain
the quantum field theory of the Mayorana particle case, we only need to add the Mayorana condition
to the complex particle case. Then we will naturally obtain it.

1 Mutual conversion of two equivalent descriptions for massive graviton
1.1 Two equivalent descriptions of B-W equation for spin-2 particles and K-G equation [16, 20,21]

Def. 1.1.1. Xa(x) := [imγa(ς)− 2Sab(e, ς)∂
b]C,Xa(p) := i[mγa(ς)− 2Sab(e, ς)p

b]C,C = γ2γ4

Thm. 1.1.1.
(γa∂a +m)κς

λςψλςµςηςξς = 0, ψλςµςηςξς = 1
4!ψ{λςµςηςξς}

Aab = 1
(2im)2 [C̄γa(ς)]λςµς [C̄γb(ς)]

ηςξςψλςµςηςξς

C = γ2(ς)γ4(ς)

⇔


∂cFc|ab +m2Aab = 0, Fc|ab = ∂cAab − ∂aAcb
ψλςµςηςξς = 1

4X
a
λςµς

(x)Xbηςξς (x)Aab

Aab = Aba, δ
abAab = 0

1.2 Plane wave solutions of B-W equation for spin-2 particles [16]

Thm. 1.2.1. (γa∂a +m)κς
λςψλςµςηςξς (~r, t) = 0, ψλςµςηςξς (~r, t) = 1

4!ψ{λςµςηςξς}(~r, t)

ψλςµςηςξς (~r, t) = 1
(2π)3/2

+∞∫
~p=−∞

−1∑
h=1

√
m4

E [a(~p, h)Uλςµςηςξς (~p, h)ei(~p·~r−Et) + b+(~p, h)Vλςµςηςξς (~p, h)e−i(~p·~r−Et)]d3~p
a(~p, h) = 1

(2π)3/2

+∞∫
~p=−∞

√
m4

E7 U
+λςµςηςξς (~p, h)ψλςµςηςξς (~r, t)e

−i(~p·~r−Et)d3~r

b+(~p, s) = 1
(2π)3/2

+∞∫
~p=−∞

√
m4

E7 V
+λςµςηςξς (~p, h)ψλςµςηςξς (~r, t)e

i(~p·~r−Et)d3~r

Thm. 1.2.2. [ψλςµςηςξς (x), ψ+
λ′ςµ
′
ςη
′
ςξ
′
ς
(x′)]

= i
23

1
(4!)2 [(m− γa∂a)γ4]{λς(λ′ς [(m− γ

b∂b)γ
4]µςµ′ς [(m− γ

a∂a)γ4]ηςη′ς [(m− γ
b∂b)γ

4]ξς}ξ′ς)∆(x− x′)

= i
25

1
(4!)2Xa{λςµς (x)Xbηςξς}(x)X+a′

(λ′ςµ
′
ς
(x′)X+b′

η′ςξ
′
ς)

(x′)(ηaa′ −
∂a∂

+

a′
m2 )(ηbb′ −

∂b∂
+

b′
m2 )∆(x− x′)

Def. 1.2.1.
Λ+λςµςηςξςλ′ςµ

′
ςη
′
ςξ
′
ς
(~p, 2) :=

−2∑
h=2

Uλςµςηςξς (~p, h)U+
λ′ςµ
′
ςη
′
ςξ
′
ς
(~p, h)

Λ−λςµςηςξςλ′ςµ′ςη′ςξ′ς (~p, 2) :=
−2∑
h=2

Vλςµςηςξς (~p, h)V +
λ′ςµ
′
ςη
′
ςξ
′
ς
(~p, h)

Thm. 1.2.3.
Λ+λςµςηςξςλ′ςµ

′
ςη
′
ςξ
′
ς
(~p, 2) = 1

(4!)2 Λ+{λς(λ′ς (~p,
1
2 )Λ+µςµ′ς

(~p, 1
2 )Λ+ηςη′ς

(~p, 1
2 )Λ+ξς}ξ′ς)(~p,

1
2 )

= 1
26m4

1
(4!)2Xa{λςµς (p)X

b
ηςξς}(p)X

+a′

(λ′ςµ
′
ς
(p)X+b′

η′ςξ
′
ς)

(p)Λmaa′(~p, 1)Λmbb′(~p, 1)

Λ−λςµςηςξςλ′ςµ′ςη′ςξ′ς (~p, 2) = 1
(4!)2 Λ−{λς(λ′ς (~p,

1
2 )Λ−µςµ′ς (~p,

1
2 )Λ−ηςη′ς (~p,

1
2 )Λ−ξς}ξ′ς)(~p,

1
2 )

= 1
26m4

1
(4!)2Xa{λςµς (p)X

b
ηςξς}(−p)X

+a′

(λ′ςµ
′
ς
(p)X+b′

η′ςξ
′
ς)

(−p)Λmaa′(~p, 1)Λmbb′(~p, 1)

Thm. 1.2.4.
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Λ+λςµςηςξςλ′ςµ
′
ςη
′
ςξ
′
ς
(~p, 2)

= 1
(2m)4

1
(4!)2 [(m− iγapa)γ4]{λς(λ′ς [(m− iγ

bpb)γ
4]µςµ′ς [(m− iγ

apa)γ4]ηςη′ς [(m− iγ
bpb)γ

4]ξς}ξ′ς)

= 1
(2
√

2m)4

1
(4!)2Xa{λςµς (p)X

b
ηςξς}(p)X

+a′

(λ′ςµ
′
ς
(p)X+b′

η′ςξ
′
ς)

(p)(ηaa′ +
pap

+

a′
m2 )(ηbb′ +

pbp
+

b′
m2 )

Λ−λςµςηςξςλ′ςµ′ςη′ςξ′ς (~p, 2)

= 1
(2m)4

1
(4!)2 [(−m− iγapa)γ4]{λς(λ′ς [(−m− iγ

bpb)γ
4]µςµ′ς [(−m− iγ

apa)γ4]ηςη′ς [(−m− iγ
bpb)γ

4]ξς}ξ′ς)

= 1
(2
√

2m)4

1
(4!)2Xa{λςµς (−p)X

b
ηςξς}(−p)X

+a′

(λ′ςµ
′
ς
(−p)X+b′

η′ςξ
′
ς)

(−p)(ηaa′ +
pap

+

a′
m2 )(ηbb′ +

pbp
+

b′
m2 )

⇓
1.3 Plane wave solutions of derived to Klein-Gordon equation for spin-2 particles [16]

Thm. 1.3.1.{
∂cFc|ab +m2Aab = 0, Fc|ab = ∂cAab − ∂aAcb, δabAab = 0, Aab = Aba

Aab = ( 1
2im )2(C̄γa)λςµς (C̄γb)

ηςξςψλςµςηςξς

Aab(~r, t) = 1
(2π)3/2

+∞∫
~p=−∞

−2∑
h=2

1√
22E

εab(~p, h)[a(~p, h)ei(~p·~r−Et) + b+(~p, h)e−i(~p·~r−Et)]d3~p

εab(~p, h) = 1
(i
√

2)2
(C̄γa)λςµς (C̄γb)

ηςξςUλςµςηςξς (~p, h) = 1
(i
√

2)2
(C̄γa)λςµς (C̄γb)

ηςξςVλςµςηςξς (~p, h)

Cor. 1.3.1.

εab(~p, 2) = εa(~p, 1)εb(~p, 1)

εab(~p, 1) = 1√
2
[εa(~p, 1)εb(~p, 0) + εa(~p, 0)εb(~p, 1)]

εab(~p, 0) = 1√
6
[εa(~p, 1)εb(~p,−1) + εa(~p,−1)εb(~p, 1) + 2εa(~p, 0)εb(~p, 0)]

εab(~p,−1) = 1√
2
[εa(~p,−1)εb(~p, 0) + εa(~p, 0)εb(~p,−1)]

εab(~p,−2) = εa(~p,−1)εb(~p,−1)

Pro. 1.3.1. εab(~p, h) = εba(~p, h), δabεab(~p, h) = 0

Thm. 1.3.2.
−2∑
h=2

εab(~p, h)ε+
a′b′(~p, h) = 1

4{[η{a(a′ +
p{ap

+

(a′

m2 ][ηb}b′) +
pb}p

+

b′)
m2 ]− 1

3 [δ{ab} +
p{apb}
m2 ][δ(a′b′) +

p+

(a′p
+

b′)
m2 ]}

Thm. 1.3.3. [Aab(x), A+
a′b′(x

′)] = i
8{[η{a(a′ −

∂{a∂
+

(a′

m2 ][ηb}b′) −
∂b}∂

+

b′)
m2 ]− 1

3 [δ{ab} −
∂{a∂b}
m2 ][δ(a′b′) −

∂+

(a′∂
+

b′)
m2 ]}∆(x− x′)

Thm. 1.3.4. {Aaτς (x), Ābτ ′ς (x
′)} = i

2{[(δab −
∂a∂b
m2 )− 1

3 (γa − ∂a
m )(γb + ∂b

m )](m− γc∂c)γ4}τςτ ′ς∆(x− x′)

Thm. 1.3.5. [Aa(x), Āb(x
′)] = i(δab − ∂a∂b

m2 )∆(x− x′)

Lem. 1.3.1. ηbb
′

= δbb
′ − 2δb4δb

′4

Thm. 1.3.6. Λ±τςτ ′ς (~p,
1
2 ) = 1

5Λmaba′b′(~p, 2)ηbb
′
γaΛ∓(~p, 1

2 )γa
′

Thm. 1.3.7. Λ±maτςa′τ ′ς (~p,
3
2 ) = 2

5Λmaba′b′(~p, 2)γbΛ∓(~p, 1
2 )γb

′

Thm. 1.3.8. Λmaa′(~p, 1) = 3
5Λmaba′b′(~p, 2)ηbb

′

⇓
1.4 Back to plane wave solution of B-W equation for spin-2 particles [16]

Thm. 1.4.1. (γa∂a +m)κς
λςψλςµςηςξς (~r, t) = 0, ψλςµςηςξς (~r, t) = 1

4X
a
λςµς

(x)Xbηςξς (x)Aab(~r, t)

ψλςµςηςξς (~r, t) = 1
(2π)3/2

+∞∫
~p=−∞

−2∑
h=2

√
m4

E [a(~p, h)Uλςµςηςξς (~p, h)ei(~p·~r−Et) + b+(~p, h)Vλςµςηςξς (~p, h)e−i(~p·~r−Et)]d3~p

Uλςµςηςξς (~p, h) = 1
8m2Xaλςµς (p)X

b
ηςξς

(p)εab(~p, h), Vλςµςηςξς (~p, h) = 1
8m2Xaλςµς (−p)X

b
ηςξς

(−p)εab(~p, h)

2 Third equivalent description of massive graviton equation
2.1 Equivalent description of massive graviton spin equation

Thm. 2.1.1. (∂a + iSab∂
b)βς

αςψαςc = i√
2
im2σabςβςAbc, ψαςc := i√

2
i
2σ

ab
ςαςFa|bc, Sab := iσαςςabγας

Abc(~r, t) = 1
(2π)3/2

+∞∫
~p=−∞

−2∑
h=2

1√
22E

εbc(~p, h)[a(~p, h)ei(~p·~r−Et) + b+(~p, h)e−i(~p·~r−Et)]d3~p

Fa|bc(~r, t) = 1
(2π)3/2

+∞∫
~p=−∞

−2∑
h=2

1√
22E

[ipaεbc(~p, h)− ipbεac(~p, h)][a(~p, h)ei(~p·~r−Et) − b+(~p, h)e−i(~p·~r−Et)]d3~p

ψαςc(~r, t) = 1
(2π)3/2

+∞∫
~p=−∞

−2∑
h=2

1√
22E

−i√
2
σabςαςpaεbc(~p, h)[a(~p, h)ei(~p·~r−Et) − b+(~p, h)e−i(~p·~r−Et)]d3~p
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2.2 Plane wave solutions and projection operators for massive graviton field Fab

Def. 2.2.1. λabc(~p, h) := [ipaεbc(~p, h)− ipbεac(~p, h)]

Cor. 2.2.1. Fabc(~r, t) = 1
(2π)3/2

+∞∫
~p=−∞

−2∑
h=2

1√
22E

[ipaεbc(~p, h)− ipbεac(~p, h)][a(~p, h)ei(~p·~r−Et) − b+(~p, h)e−i(~p·~r−Et)]d3~p

Thm. 2.2.1.
−2∑
h=2

λabc(~p, h)λ+
a′b′c′(~p, h) = 1

2p[ap
+
[a′ηb]c′ηb′]c + 1

2p[ap
+
[a′ηb]b′][ηcc′ +

pcp
+

c′
m2 ]− 1

3p[aδb]cp
+
[a′δb′]c′

Proof:
−2∑
h=2

λabc(~p, h)λ+
a′b′c′(~p, h)

=
−2∑
h=2

[ipaεbc(~p, h)− ipbεac(~p, h)][ipa′εb′c′(~p, h)− ipb′εa′c′(~p, h)]+

= pap
+
a′

−2∑
h=2

εbc(~p, h)ε+
b′c′(~p, h) + pbp

+
b′

−2∑
h=2

εac(~p, h)ε+
a′c′(~p, h)

− pap+
b′

−2∑
h=2

εbc(~p, h)ε+
a′c′(~p, h)− pbp+

a′

−2∑
h=2

εac(~p, h)ε+
b′c′(~p, h)

= pap
+
a′

1
4{[η{b(b′ +

p{bp
+

(b′

m2 ][ηc}c′) +
pc}p

+

c′)
m2 ]− 1

3 [δ{bc} +
p{bpc}
m2 ][δ(b′c′) +

p+

(b′p
+

c′)
m2 ]}

+ pbp
+
b′

1
4{[η{a(a′ +

p{ap
+

(a′

m2 ][ηc}c′) +
pc}p

+

c′)
m2 ]− 1

3 [δ{ac} +
p{apc}
m2 ][δ(a′c′) +

p+

(a′p
+

c′)
m2 ]}

− pap+
b′

1
4{[η{b(a′ +

p{bp
+

(a′

m2 ][ηc}c′) +
pc}p

+

c′)
m2 ]− 1

3 [δ{bc} +
p{bpc}
m2 ][δ(a′c′) +

p+

(a′p
+

c′)
m2 ]}

− pbp+
a′

1
4{[η{a(b′ +

p{ap
+

(b′

m2 ][ηc}c′) +
pc}p

+

c′)
m2 ]− 1

3 [δ{ac} +
p{apc}
m2 ][δ(b′c′) +

p+

(b′p
+

c′)
m2 ]}

= +pap
+
a′{

1
4 [η{b(b′ +

p{bp
+

(b′

m2 ][ηc}c′) +
pc}p

+

c′)
m2 ]− 1

3 [δbc + pbpc
m2 ][δb′c′ +

p+

b′p
+

c′
m2 ]}

+ pbp
+
b′{

1
4 [η{a(a′ +

p{ap
+

(a′

m2 ][ηc}c′) +
pc}p

+

c′)
m2 ]− 1

3 [δac + papc
m2 ][δa′c′ +

p+

a′p
+

c′
m2 ]}

− pap+
b′{

1
4 [η{b(a′ +

p{bp
+

(a′

m2 ][ηc}c′) +
pc}p

+

c′)
m2 ]− 1

3 [δbc + pbpc
m2 ][δa′c′ +

p+

a′p
+

c′
m2 ]}

− pbp+
a′{

1
4 [η{a(b′ +

p{ap
+

(b′

m2 ][ηc}c′) +
pc}p

+

c′)
m2 ]− 1

3 [δac + papc
m2 ][δb′c′ +

p+

b′p
+

c′
m2 ]}

= 1
2 (pap

+
a′ηbc′ηcb′ + pbp

+
b′ηac′ηa′c − pap

+
b′ηca′ηbc′ − pbp

+
a′ηac′ηcb′)

+ 1
2 (pap

+
a′ηbb′ + pbp

+
b′ηaa′ − pap

+
b′ηba′ − pbp

+
a′ηab′)[ηcc′ +

pcp
+

c′
m2 ]

− 1
3 (paδbc − pbδac)(p+

a′δb′c′ − p
+
b′δa′c′)

= 1
2p[ap

+
[a′ηb]c′ηb′]c + 1

2p[ap
+
[a′ηb]b′][ηcc′ +

pcp
+

c′
m2 ]− 1

3p[aδb]cp
+
[a′δb′]c′

Thm. 2.2.2. [Fabc(x), F+
a′b′c′(x

′)] = −i{ 1
2∂[a∂

+
[a′ηb]c′ηb′]c + 1

2∂[a∂
+
[a′ηb]b′][ηcc′ −

∂c∂
+

c′
m2 ]− 1

3∂[aδb]c∂
+
[a′δb′]c′}∆(x− x′)

2.3 Plane wave solutions and projection operators for massive graviton field Ψας

Def. 2.3.1. λαςc(~p, h) := −i√
2
σabςαςpaεbc(~p, h)

Cor. 2.3.1. ψαςc(~r, t) = 1
(2π)3/2

+∞∫
~p=−∞

−1∑
h=1

1√
2E
λαςc(~p, h)[a(~p, h)ei(~p·~r−Et) + b+(~p, h)e−i(~p·~r−Et)]d3~p

Thm. 2.3.1.
−1∑
h=1

λαςc(~p, h)λ+
α′ςc
′(~p, h) = − 1

8σ
ab
ςαςσ

a′b′

ςα′ς
pap

+
a′ [η{b(b′ηc}c′) −

1
3δ{bc}δ(b′c′)]−

1
2m2σ

aa′

αςα′ς
papa′pcp

+
c′

Proof:
−1∑
h=1

λαςc(~p, h)λ+
α′ςc
′(~p, h)

=
−1∑
h=1

−i√
2
σabςαςpaεbc(~p, h) −i√

2
σa
′b′

ςα′ς
p+
a′ε

+
b′c′(~p, h)

= − 1
2σ

ab
ςαςσ

a′b′

ςα′ς
pap

+
a′

−1∑
h=1

εbc(~p, h)ε+
b′c′(~p, h)

= − 1
2σ

ab
ςαςσ

a′b′

ςα′ς
pap

+
a′

1
4{[η{b(b′ +

p{bp
+

(b′

m2 ][ηc}c′) +
pc}p

+

c′)
m2 ]− 1

3 [δ{bc} +
p{bpc}
m2 ][δ(b′c′) +

p+

(b′p
+

c′)
m2 ]}

= − 1
8σ

ab
ςαςσ

a′b′

ςα′ς
pap

+
a′{2[ηbb′ +

pbp
+

b′
m2 ][ηcc′ +

pcp
+

c′
m2 ] + 2[ηcb′ +

pcp
+

b′
m2 ][ηbc′ +

pbp
+

c′
m2 ]− 4

3 [δbc + pbpc
m2 ][δb′c′ +

p+

b′p
+

c′
m2 ]}

= − 1
4σ

ab
ςαςσ

a′b′

ςα′ς
pap

+
a′{ηbb′ [ηcc′ +

pcp
+

c′
m2 ] + ηcb′ηbc′ − 2

3δbcδb′c′ ]}
= − 1

8σ
ab
ςαςσ

a′b′

ςα′ς
pap

+
a′ [η{b(b′ηc}c′) −

1
3δ{bc}δ(b′c′)]−

1
2m2σ

aa′

αςα′ς
papa′pcp

+
c′

Thm. 2.3.2. [ψαςc(x), ψ+
α′ςc
′(x′)] = i{ 1

2m2σ
aa′

αςα′ς
∂a∂a′∂c∂

+
c′ −

1
8σ

ab
ςαςσ

a′b′

ςα′ς
∂a∂

+
a′ [η{b(b′ηc}c′) −

1
3δ{bc}δ(b′c′)]}∆(x− x′)
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3 Fourth equivalent description of massive graviton equation
3.1 Definitions of various physical quantities formassive graviton

Def. 3.1.1.

{
Weyl complex tensor Cαςβκ := i

2σ
ας
ςabC

abβκ = i
2σ

ας
ςab

i
2σ

βκ
κcdC

abcd

ψαςβς = ( i√
2
)2Cαςβς , ψ

+
αςβς

= −ψα−ςβ−ς

Def. 3.1.2. Gravitational curvature spinor
ψAςBςCκDκ := iς√

2
σAςBςας

iκ√
2
σCκDκβκ

ψαςβκ = i√
2
iς√
2
Sab

AςBς iκ√
2
σCκDκβκ

Cabβκ = i√
2
iς√
2
Sab

AςBς i√
2
iκ√

2
Scd

CκDκCabcd

Cor. 3.1.1. ψαςβκ = iς√
2
σαςAςBς

iκ√
2
σβκCκDκψ

AςBςCκDκ

Cor. 3.1.2. ψαςβς = iς√
2
σAςBςας

iς√
2
σCςDςβς

ψAςBςCςDς = − 1
2σ

AςBς
ας σCςDςβς

ψAςBςCςDς , [σ
AςBς
ας ]∗ = σ

A′ςB
′
ς

α′ς

Def. 3.1.3.

Γ

2n︷ ︸︸ ︷
AςBςCςDς · ·
αςβς · ·︸ ︷︷ ︸

2n

(n) := Γkςαςβς · ·︸ ︷︷ ︸
2n

(n)Γ

2n︷ ︸︸ ︷
AςBςCςDς · ·
kς

(n) = ( iς√
2
)n 1

(2n)! σ
(AςBς
ας σCςDςβς

· ·)︸ ︷︷ ︸
n

Γ

2n︷ ︸︸ ︷
αςβς · ·
AςBςCςDς · ·︸ ︷︷ ︸

2n

(n) := Γ

2n︷ ︸︸ ︷
αςβς · ·
kς

(n)ΓkςAςBςCςDς · ·︸ ︷︷ ︸
2n

(n) = ( iς√
2
)n 1

(2n)!

n︷ ︸︸ ︷
σας(AςBς

σβςCςDς · ·)

3.2 Two equivalent descriptions of general commutation rules for massive particles

Thm. 3.2.1.
[ψAςBςCςDς · ·︸ ︷︷ ︸

2n

(x), ψ+
A
′
ςB
′
ςC
′
ςD
′
ς · ·︸ ︷︷ ︸

2n

(x′)] = i (iς)2n

22n−1

2n︷ ︸︸ ︷
(σ, iς)aAςA′ς (σ, iς)

b
BςB′ς

(σ, iς)cCςC′ς (σ, iς)
d
DςD′ς

· ·
2n︷ ︸︸ ︷

∂a∂b∂c∂d · ·∆(x− x′)

ψαςβς · ·︸ ︷︷ ︸
n

(x) = ( iς√
2
)n σAςBςας σCςDςβς

· ·︸ ︷︷ ︸
n

ψAςBςCςDς · ·︸ ︷︷ ︸
2n

(x)

⇔
[ψαςβς · ·︸ ︷︷ ︸

n

(x), ψ+
α
′
ςβ
′
ς · ·︸ ︷︷ ︸
n

(x′)] = i
2n−1

n︷ ︸︸ ︷
σabαςα′ςσ

cd
βςβ′ς
· ·

2n︷ ︸︸ ︷
∂a∂b∂c∂d · ·∆(x− x′)

ψAςBςCςDς · ·︸ ︷︷ ︸
2n

(x) = ( iς√
2
)n

n︷ ︸︸ ︷
σαςAςBςσ

βς
CςDς

· ·ψαςβς · ·︸ ︷︷ ︸
n

(x)

3.3 Commutation rules for linear gravitational field ψαςβς
Thm. 3.3.1.

[ψαςβς (x), ψ+
α′ςβ

′
ς
(x′)] = i

2σ
ab
αςα′ς

σcdβςβ′ς∂a∂b∂c∂d∆(x− x′)
[ψαςβς (x), ψρςσς (x

′)] = i
32m

4δ{ας(ρς δβς}σς)∆(x− x′)
[ψα′ςβ′ς (x), ψρ′ςσ′ς (x

′)] = i
32m

4δ{α′ς(ρ′ς δβ′ς}σ′ς)∆(x− x′)

Proof: [ψαςβς (x), ψ+
α′ςβ

′
ς
(x′)]

= 1
4σ

AςBς
ας σCςDςβς

σ
A′ςB

′
ς

α′ς
σ
C′ςD

′
ς

β′ς
[ψAςBςCςDς , ψ

+
A′ςB

′
ςC
′
ςD
′
ς
]

= i
25σ

AςBς
ας σCςDςβς

σ
A′ςB

′
ς

α′ς
σ
C′ςD

′
ς

β′ς
(σ, iς)aAςA′ς (σ, iς)

b
BςB′ς

(σ, iς)cCςC′ς (σ, iς)
d
DςD′ς

∆(x− x′)
= i

2Γabcdαςα′ςβςβ
′
ς
(2)∂a∂b∂c∂d∆(x− x′)

= i
2Γabαςα′ς (1)Γcdβςβ′ς (1)∂a∂b∂c∂d∆(x− x′)

= i
2σ

ab
αςα′ς

σcdβςβ′ς∂a∂b∂c∂d∆(x− x′)

3.4 Commutation rules for linear gravitational field Cabcd

Cor. 3.4.1. σabαςα′ς = − 1
2σ

ac
ςας δcdσ

db
−ςα′ς , σ

α′ςας
ab = − 1

2σ
ας
ςacδ

cdσ
α′ς
−ςdb

Lem. 3.4.1.

2σαςςabσ
α′ς
ςa′b′σ

cc′

αςα′ς
∂c∂c′ = σαςςabσςαςcdσ

α′ς
ςa′b′σςα′ςc′d′η

cc′∂d∂+d′ = (Sabcd − ςεabcd)(Sa′b′c′d′ − ςεa′b′c′d′)ηcc
′
∂d∂+d′

2σας−ςabσ
α′ς
−ςa′b′σ

cc′

αςα′ς
∂c∂c′ = σας−ςabσ−ςαςcdσ

α′ς
−ςa′b′σ−ςα′ςc′d′η

cc′∂d∂+d′ = (Sabcd + ςεabcd)(Sa′b′c′d′ + ςεa′b′c′d′)η
cc′∂d∂+d′

Cor. 3.4.2. (Sabc̃d̃εa′b′c̃′d̃′ + εabc̃d̃Sa′b′c̃′d̃′)η
c̃c̃′∂d̃∂+d̃′∆(x− x′)

= [(δac̃δbd̃ − δad̃δbc̃)εa′b′c̃′d̃′ + εabc̃d̃(δa′c̃′δb′d̃′ − δa′d̃′δb′c̃′)]ηc̃c̃
′
∂d̃∂+d̃′∆(x− x′)

= [(ηc̃
′

a ∂b∂
+d̃′ − ηc̃′b ∂a∂+d̃′)εa′b′c̃′d̃′ + εabc̃d̃(η

c̃
a′∂

+
b′∂

d̃ − ηc̃b′∂
+
a′∂

d̃)]∆(x− x′)
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Cor. 3.4.3. (Sãb̃cdεã′b̃′c′d′ + εãb̃cdSã′b̃′c′d′)η
ãã′∂ b̃∂+b̃′∆(x− x′)

= [(ηã
′

c ∂d∂
+b̃′ − ηã′d ∂c∂+b̃′)εã′b̃′c′d′ + εãb̃cd(η

ã
c′∂

+
d′∂

b̃ − ηãd′∂
+
c′∂

b̃)]∆(x− x′)

Cor. 3.4.4.

[(ηc̃
′

a ∂b∂
+d̃′ − ηc̃′b ∂a∂+d̃′)εa′b′c̃′d̃′ + εabc̃d̃(η

c̃
a′∂

+
b′∂

d̃ − ηc̃b′∂
+
a′∂

d̃)]

[(ηã
′

c ∂d∂
+b̃′ − ηã′d ∂c∂+b̃′)εã′b̃′c′d′ + εãb̃cd(η

ã
c′∂

+
d′∂

b̃ − ηãd′∂
+
c′∂

b̃)]∆(x− x′)
= (ηc̃

′

[a∂b]∂
+d̃′εa′b′c̃′d̃′ + εabc̃d̃η

c̃
<a′∂

+
b′>∂

d̃)(ηã
′

[c ∂d]∂
+b̃′εã′b̃′c′d′ + εãb̃cd(η

ã
<c′∂

+
d′>∂

b̃)∆(x− x′)

Cor. 3.4.5. Cabcd = 1
2 (σ

α′ς
−ςabσ

β′ς
−ςcdψ

+
α′ςβ

′
ς

+ σαςςabσ
βς
ςcdψαςβς )

Thm. 3.4.1.
[Cabcd(x), C+

a′b′c′d′(x
′)]? = i

4{η[a<a′∂b]∂
+
b′>η[c<c′∂d]∂

+
d′> + η[c<a′∂d]∂

+
b′>η[a<c′∂b]∂

+
d′>}∆(x− x′)

[Cabcd(x), Ca′b′c′d′(x
′)] = i

4{δ[a<a′∂b]∂b′>η[c<c′∂d]∂d′> + δ[c<a′∂d]∂b′>η[a<c′∂b]∂d′>}∆(x− x′)
[C+
abcd(x), C+

a′b′c′d′(x
′)] = i

4{δ[a<a′∂
+
b]∂

+
b′>η[c<c′∂

+
d]∂

+
d′> + δ[c<a′∂

+
d]∂

+
b′>η[a<c′∂

+
b]∂

+
d′>}∆(x− x′)

[Cαςab (x), C
α′ς
a′b′(x

′)] = − i
2{η[a<a′∂b]∂

+
b′>σ

α′ςας
cd ∂c∂d + 1

2 (σ
α′ς
−ςc[a∂b]∂

c)(σας−ςc′<a′∂
+
b′>∂

+c′)}∆(x− x′)

Proof: [Cabcd(x), C+
a′b′c′d′(x

′)]

= 1
4 [[σ

α′ς
−ςabσ

β′ς
−ςcdψ

+
α′ςβ

′
ς
(x) + σαςςabσ

βς
ςcdψαςβς (x)], [σας−ςa′b′σ

βς
−ςc′d′ψαςβς (x

′) + σ
α′ς
ςa′b′σ

β′ς
ςc′d′ψ

+
α′ςβ

′
ς
(x′)]]

= 1
4{σ

α′ς
−ςabσ

β′ς
−ςcdσ

ας
−ςa′b′σ

βς
−ςc′d′ [ψ

+
α′ςβ

′
ς
(x), ψαςβς (x

′)] + σαςςabσ
βς
ςcdσ

α′ς
ςa′b′σ

β′ς
ςc′d′ [ψαςβς (x), ψ+

α′ςβ
′
ς
(x′)]}

= i
8{σ

α′ς
−ςabσ

β′ς
−ςcdσ

ας
−ςa′b′σ

βς
−ςc′d′ + σαςςabσ

βς
ςcdσ

α′ς
ςa′b′σ

β′ς
ςc′d′}σãb̃αςα′ςσ

c̃d̃
βςβ′ς

∂ã∂b̃∂c̃∂d̃∆(x− x′)

= i
32{2σ

α′ς
−ςabσ

ας
−ςa′b′2σ

β′ς
−ςcdσ

βς
−ςc′d′ + 2σαςςabσ

α′ς
ςa′b′2σ

βς
ςcdσ

β′ς
ςc′d′}σc̃d̃αςα′ς∂c̃∂d̃σ

ãb̃
βςβ′ς

∂ã∂b̃∆(x− x′)
= i

32{(Sabc̃d̃ − ςεabc̃d̃)(Sa′b′c̃′d̃′ − ςεa′b′c̃′d̃′)(Scdãb̃ − ςεcdãb̃)(Sc′d′ã′b̃′ − ςεc′d′ã′b̃′)
+ (Sabc̃d̃ + ςεabc̃d̃)(Sa′b′c̃′d̃′ + ςεa′b′c̃′d̃′)(Scdãb̃ + ςεcdãb̃)(Sc′d′ã′b̃′ + ςεc′d′ã′b̃′)}ηc̃c̃

′
∂d̃∂+d̃′ηãã

′
∂ b̃∂+b̃′∆(x− x′)

= i
32{(Sabc̃d̃ − ςεabc̃d̃)(Sa′b′c̃′d̃′ − ςεa′b′c̃′d̃′)(Sãb̃cd − ςεãb̃cd)(Sã′b̃′c′d′ − ςεã′b̃′c′d′)

+ (Sabc̃d̃ + ςεabc̃d̃)(Sa′b′c̃′d̃′ + ςεa′b′c̃′d̃′)(Sãb̃cd + ςεãb̃cd)(Sã′b̃′c′d′ + ςεã′b̃′c′d′)}ηãã
′
ηc̃c̃
′
∂ b̃∂+b̃′∂d̃∂+d̃′∆(x− x′)

= i
16{(Sabc̃d̃Sa′b′c̃′d̃′Sãb̃cdSã′b̃′c′d′ + εabc̃d̃εa′b′c̃′d̃′εãb̃cdεã′b̃′c′d′)

+ Sabc̃d̃Sa′b′c̃′d̃′εãb̃cdεã′b̃′c′d′ + Sabc̃d̃εa′b′c̃′d̃′Sãb̃cdεã′b̃′c′d′ + Sabc̃d̃εa′b′c̃′d̃′εãb̃cdSã′b̃′c′d′
+ εabc̃d̃εa′b′c̃′d̃′Sãb̃cdSã′b̃′c′d′ + εabc̃d̃Sa′b′c̃′d̃′εãb̃cdSã′b̃′c′d′ + εabc̃d̃Sa′b′c̃′d̃′Sãb̃cdεã′b̃′c′d′}
ηãã

′
ηc̃c̃
′
∂ b̃∂+b̃′∂d̃∂+d̃′∆(x− x′)

= i
16{(Sabc̃d̃Sa′b′c̃′d̃′ + εabc̃d̃εa′b′c̃′d̃′)(Sãb̃cdSã′b̃′c′d′ + εãb̃cdεã′b̃′c′d′)

+ (Sabc̃d̃εa′b′c̃′d̃′ + εabc̃d̃Sa′b′c̃′d̃′)(Sãb̃cdεã′b̃′c′d′ + εãb̃cdSã′b̃′c′d′)}
ηãã

′
ηc̃c̃
′
∂ b̃∂+b̃′∂d̃∂+d̃′∆(x− x′)

= i
16{4η[a<a′∂b]∂

+
b′>η[c<c′∂d]∂

+
d′>∆(x− x′)

+ (Sabc̃d̃εa′b′c̃′d̃′ + εabc̃d̃Sa′b′c̃′d̃′)(Sãb̃cdεã′b̃′c′d′ + εãb̃cdSã′b̃′c′d′)η
ãã′ηc̃c̃

′
∂ b̃∂+b̃′∂d̃∂+d̃′∆(x− x′)}

= i
16{4η[a<a′∂b]∂

+
b′>η[c<c′∂d]∂

+
d′> + 4η[c<a′∂d]∂

+
b′>η[a<c′∂b]∂

+
d′>}∆(x− x′)

= i
4{η[a<a′∂b]∂

+
b′>η[c<c′∂d]∂

+
d′> + η[c<a′∂d]∂

+
b′>η[a<c′∂b]∂

+
d′>}∆(x− x′)

4 Complex direct computation of covariant commutation rules for Aab
4.1 Mathematical preparation

4.1.1 Reverse inference

Cor. 4.1.1. [Aab(x), A+
a′b′(x

′)]
= 1

m4
i

29(4!)2 {64m2(δabδcd−2δc{aδb}d)+64(δabScedf+δ{a[cSe]b}df )∂e∂f}{64m2(δa′b′δc′d′−2δc′(a′δb′)d′)+64(δa′b′Sc′e′d′f ′+

δ{a′[c′Se′]b′}d′f ′)∂
′e′∂

′f ′}[ηcc′ −
∂c∂

+

c′
m2 ][ηdd′ −

∂d∂
+

d′
m2 ]∆(x− x′)

Lem. 4.1.1.

tr[γa(ς)γb(ς)γc(ς)γd(ς)] = 4[δabδcd − δa[cδd]b]
tr[γa(ς)Sbc(e, ς)γd(ς)Sef (e, ς)] = δadSbcef + δa[bSc]def + δd[bSc]aef
tr[γ5(ς)γa(ς)Sbc(e, ς)γd(ς)Sef (e, ς)] = −{δadεbcef + δa[bεc]def + δd[bεc]aef}

4.1.2 Series lemmas

Lem. 4.1.2. tr[C̄γa(ς)Xb(x)] = 4imδab

Proof: tr[C̄γa(ς)Xb(x)]
= tr{C̄γa(ς)[imγb(ς)C − 2Sbc(e, ς)C∂

c]}
= tr{γa(ς)[imγb(ς)− 2Sbc(e, ς)∂

c]}
= imtr{γa(ς)γb(ς)}
= 4imδab
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Lem. 4.1.3. tr[C̄γa(ς)Xb(x)C̄γc(ς)Xd(x)] = −4m2(δabδcd − δa[cδd]b) + 4(δacSbedf + δ{a[bSe]c}df )∂e∂f

Proof: tr[C̄γa(ς)Xb(x)C̄γc(ς)Xd(x)]
= tr{C̄γa(ς)[imγb(ς)C − 2Sbe(e, ς)C∂

e]C̄γc(ς)[imγd(ς)C − 2Sdf (e, ς)C∂f ]}
= tr{γa(ς)[imγb(ς)− 2Sbe(e, ς)∂

e]γc(ς)[imγd(ς)− 2Sdf (e, ς)∂f ]}
= (im)2tr[γa(ς)γb(ς)γc(ς)γd(ς)] + 4tr[γa(ς)Sbe(e, ς)γc(ς)Sdf (e, ς)]∂e∂f

= −4m2(δabδcd − δa[cδd]b) + 4(δacSbedf + δ{a[bSe]c}df )∂e∂f

Lem. 4.1.4. [C̄γa(ς)]λςµς [C̄γb(ς)]
ηςξςXc{λςµς (x)Xdηςξς}(x)

= 64m2(δabδcd − 2δc{aδb}d) + 64(δabScedf + δ{a[cSe]b}df )∂e∂f

Proof: [C̄γa(ς)]λςµς [C̄γb(ς)]
ηςξςXc{λςµς (x)Xdηςξς}(x)

= 4tr[C̄γa(ς)Xc(x)]tr[C̄γb(ς)Xd(x)]+4tr[C̄γa(ς)Xd(x)]tr[C̄γb(ς)Xc(x)]+8tr[C̄γa(ς)Xc(x)C̄γb(ς)Xd(x)]+8tr[C̄γa(ς)Xd(x)C̄γb(ς)Xc(x)]
= 4tr[C̄γa(ς)Xc(x)]tr[C̄γb(ς)Xd(x)] + 4tr[C̄γa(ς)Xd(x)]tr[C̄γb(ς)Xc(x)] + 16tr[C̄γa(ς)Xc(x)C̄γb(ς)Xd(x)]
= −64m2δacδbd − 64m2δadδbc − 64m2{δacδbd − δa[bδd]c}+ 64(δabScedf + δ{a[cSe]b}df )∂e∂f

= 64m2(δabδcd − 2δc{aδb}d) + 64(δabScedf + δ{a[cSe]b}df )∂e∂f

Lem. 4.1.5. [γa′(ς)C]λ
′
ςµ
′
ς [γb′(ς)C]η

′
ςξ
′
ςX+c′

{λ′ςµ′ς
(x)X+d′

η′ςξ
′
ς}

(x′)

= 64m2(δa′b′δc′d′ − 2δc′(a′δb′)d′) + 64(δa′b′Sc′e′d′f ′ + δ{a′[c′Se′]b′}d′f ′)∂
′+e′∂

′+f ′

4.1.3 Series calculation I

Lem. 4.1.6. δ{a[cSe]b}dfδ(a′[c′Se′]b′)d′f ′η
cc′ηdd

′
∂e∂f∂+e′∂+f ′

= [m2η{a(a′ − ∂{a∂+
(a′ ][m

2ηb}b′) − ∂b}∂+
b′)] + 4(m2δab + ∂a∂b)(m

2δa′b′ + ∂+
a′∂

+
b′ )− 4m4δabδa′b′

Proof: δacSebdfδa′c′Se′b′d′f ′η
cc′ηdd

′
∂e∂f∂+e′∂+f ′

= δacδa′c′(δedδfb − δefδdb)(δe′d′δf ′b′ − δe′f ′δd′b′)ηcc
′
ηdd

′
∂e∂f∂+e′∂+f ′

= δacδa′c′(∂d∂b −m2δdb)(∂
+
d′∂

+
b′ −m2δd′b′)η

cc′ηdd
′

= m4(ηaa′ηbb′ − ηaa′
∂b∂

+

b′
m2 )

Proof: δaeScbdfδa′e′Sc′b′d′f ′η
cc′ηdd

′
∂e∂f∂+e′∂+f ′

= δaeδa′e′(δcdδfb − δcfδdb)(δc′d′δf ′b′ − δc′f ′δd′b′)ηcc
′
ηdd

′
∂e∂f∂+e′∂+f ′

= ∂a∂
+
a′(δcd∂b − ∂cδdb)(δc′d′∂

+
b′ − ∂

+
c′ δd′b′)η

cc′ηdd
′

= m2∂a∂
+
a′(ηbb′ +

2∂b∂
+

b′
m2 )

Proof: −δacSebdfδa′e′Sc′b′d′f ′ηcc
′
ηdd

′
∂e∂f∂+e′∂+f ′

= −δacδa′e′(δedδfb − δefδdb)(δc′d′δf ′b′ − δc′f ′δd′b′)ηcc
′
ηdd

′
∂e∂f∂+e′∂+f ′

= −δac∂+
a′(∂d∂b −m2δdb)(δc′d′∂

+
b′ − ∂

+
c′ δd′b′)η

cc′ηdd
′

= m2(δab∂
+
a′∂

+
b′ − ηbb′∂a∂

+
a′)

Proof: −δaeScbdfδa′c′Se′b′d′f ′ηcc
′
ηdd

′
∂e∂f∂+e′∂+f ′ = m2(δa′b′∂a∂b − ηbb′∂a∂+

a′)

Proof: δa[cSe]bdfδa′[c′Se′]b′d′f ′η
cc′ηdd

′
∂e∂f∂+e′∂+f ′

= m4(ηaa′ηbb′ − ηaa′
∂b∂

+

b′
m2 ) +m2∂a∂

+
a′(ηbb′ +

2∂b∂
+

b′
m2 ) +m2(δab∂

+
a′∂

+
b′ − ηbb′∂a∂

+
a′) +m2(δa′b′∂a∂b − ηbb′∂a∂+

a′)

= (m4ηaa′ηbb′ + 2∂a∂
+
a′∂b∂

+
b′ ) +m2(δab∂

+
a′∂

+
b′ − ηbb′∂a∂

+
a′) +m2(δa′b′∂a∂b − ηaa′∂b∂+

b′ )
= (m2ηaa′ − ∂a∂+

a′)(m
2ηbb′ − ∂b∂+

b′ ) + (m2δab + ∂a∂b)(m
2δa′b′ + ∂+

a′∂
+
b′ )−m4δabδa′b′

4.1.4 Series calculation II

Lem. 4.1.7. δabScedfδa′b′Sc′e′d′f ′η
cc′ηdd

′
∂e∂f∂+e′∂+f ′ = 3m4δabδa′b′

Proof: δabScedfδa′b′Sc′e′d′f ′η
cc′ηdd

′
∂e∂f∂+e′∂+f ′

= δabδa′b′(δcdδfe − δcfδde)(δc′d′δf ′e′ − δc′f ′δd′e′)ηcc
′
ηdd

′
∂e∂f∂+e′∂+f ′

= δabδa′b′(δcdm
2 − ∂c∂d)(δc′d′m2 − ∂+

c′∂
+
d′)η

cc′ηdd
′

= 3m4δabδa′b′
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4.1.5 Series calculation III

Lem. 4.1.8.

δabScedfδ{a′[c′Se′]b′}d′f ′η
cc′ηdd

′
∂e∂f∂+e′∂+f ′ = −2m4(δabδa′b′ + 2δab

∂+

a′∂
+

b′
m2 )

δa′b′Sc′e′d′f ′δ{a[cSe]b}dfη
cc′ηdd

′
∂e∂f∂+e′∂+f ′ = −2m4(δabδa′b′ + 2δa′b′

∂a∂b
m2 )

Proof: δabScedfδa′c′Se′b′d′f ′η
cc′ηdd

′
∂e∂f∂+e′∂+f ′

= δabδa′c′(δcdδfe − δcfδde)(δe′d′δf ′b′ − δe′f ′δd′b′)ηcc
′
ηdd

′
∂e∂f∂+e′∂+f ′

= δabδa′c′(δcdm
2 − ∂c∂d)(∂+

d′∂
+
b′ −m2δd′b′)η

cc′ηdd
′

= −m4(δabδa′b′ − δab
∂+

a′∂
+

b′
m2 )

Proof: −δabScedfδa′e′Sc′b′d′f ′ηcc
′
ηdd

′
∂e∂f∂+e′∂+f ′

= −δabδa′e′(δcdδfe − δcfδde)(δc′d′δf ′b′ − δc′f ′δd′b′)ηcc
′
ηdd

′
∂e∂f∂+e′∂+f ′

= −δab(δcdm2 − ∂c∂d)(δc′d′∂+
a′∂

+
b′ − ∂

+
a′∂

+
c′ δd′b′)η

cc′ηdd
′

= −3m2δab∂
+
a′∂

+
b′

Proof: δabScedfδa′[c′Se′]b′d′f ′η
cc′ηdd

′
∂e∂f∂+e′∂+f ′ = −m4(δabδa′b′ + 2δab

∂+

a′∂
+

b′
m2 )

Proof: δabScedfδb′[c′Se′]a′d′f ′η
cc′ηdd

′
∂e∂f∂+e′∂+f ′ = −m4(δabδa′b′ + 2δab

∂+

a′∂
+

b′
m2 )

4.1.6 Series calculation IV

Lem. 4.1.9. (δabScedf + δ{a[cSe]b}df )(δa′b′Sc′e′d′f ′ + δ{a′[c′Se′]b′}d′f ′)ηcc′ηdd′∂
e∂f∂+e′∂+f ′

= −4m4( 1
4δabδa′b′ −

∂a∂b∂
+

a′∂
+

b′
m4 ) +m2[η{a(a′ −

∂{a∂
+

(a′

m2 ][ηb}b′) −
∂b}∂

+

b′)
m2 ]

Proof: (δabScedf + δ{a[cSe]b}df )(δa′b′Sc′e′d′f ′ + δ{a′[c′Se′]b′}d′f ′)ηcc′ηdd′∂
e∂f∂+e′∂+f ′

= 3m4δabδa′b′ −2m2(m2δabδa′b′ +2δab∂
+
a′∂

+
b′ )−2m2(m2δabδa′b′ +2δa′b′∂a∂b)+ [m2η{a(a′ −∂{a∂+

(a′ ][m
2ηb}b′)−∂b}∂+

b′)]+

4(m2δab + ∂a∂b)(m
2δa′b′ + ∂+

a′∂
+
b′ )− 4m4δabδa′b′

= −4m4( 1
4δabδa′b′ −

∂a∂b∂
+

a′∂
+

b′
m4 ) +m2(η{a(a′ −

∂{a∂
+

(a′

m2 )(ηb}b′) −
∂b}∂

+

b′)
m2 )

4.1.7 Proof of Aab commutative relation

Thm. 4.1.1.
[Aa(x), A+

a′(x
′)] = i(ηaa′ −

∂a∂
+

a′
m2 )∆(x− x′), Āa′b′ := ηc

′

a′η
d′

b′A
+
c′d′

[Aab(x), A+
a′b′(x

′)] = i
8{[η{a(a′ −

∂{a∂
+

(a′

m2 ][ηb}b′) −
∂b}∂

+

b′)
m2 ]− 1

3 [δ{ab} −
∂{a∂b}
m2 ][δ(a′b′) −

∂+

(a′∂
+

b′)
m2 ]}∆(x− x′)

[Aab(x), Āa′b′(x
′)] = i

8{[δ{a(a′ −
∂{a∂(a′

m2 ][δb}b′) −
∂b}∂b′)
m2 ]− 1

3 [δ{ab} −
∂{a∂b}
m2 ][δ(a′b′) −

∂(a′∂b′)
m2 ]}∆(x− x′)

Proof: [Aab(x), A+
a′b′(x

′)]

= 1
(i2m)4 [C̄γa(ς)]λςµς [C̄γb(ς)]

ηςξς [γa′(ς)C]λ
′
ςµ
′
ς [γb′(ς)C]η

′
ςξ
′
ς [ψλςµςηςξς (x), ψ+

λ′ςµ
′
ςη
′
ςξ
′
ς
(x′)]

= 1
(i2m)4

i
25(4!)2 [C̄γa(ς)]λςµς [C̄γb(ς)]

ηςξς [γa′(ς)C]λ
′
ςµ
′
ς [γb′(ς)C]η

′
ςξ
′
ςXc{λςµς (x)Xdηςξς}(x)X+c′

(λ′ςµ
′
ς
(x′)X+d′

η′ςξ
′
ς)

(x′)

(ηcc′ −
∂c∂

+

c′
m2 )(ηdd′ −

∂d∂
+

d′
m2 )∆(x− x′)

= 1
m4

i
213(3!)2 [C̄γa(ς)]λςµς [C̄γb(ς)]

ηςξςXc{λςµς (x)Xdηςξς}(x)[γa′(ς)C]λ
′
ςµ
′
ς [γb′(ς)C]η

′
ςξ
′
ςX+c′

(λ′ςµ
′
ς
(x′)X+d′

η′ςξ
′
ς)

(x′)

(ηcc′ −
∂c∂

+

c′
m2 )(ηdd′ −

∂d∂
+

d′
m2 )∆(x− x′)

= 1
m4

i
213(3!)2 {64m2(δabδcd − 2δc{aδb}d) + 64(δabScedf + δ{a[cSe]b}df )∂e∂f}

{64m2(δa′b′δc′d′ − 2δc′(a′δb′)d′) + 64(δa′b′Sc′e′d′f ′ + δ{a′[c′Se′]b′}d′f ′)∂
′+e′∂

′+f ′}

(ηcc′ −
∂c∂

+

c′
m2 )(ηdd′ −

∂d∂
+

d′
m2 )∆(x− x′)

= i
72m4 {m2(δabδcd − 2δc{aδb}d) + (δabScedf + δ{a[cSe]b}df )∂e∂f}

{m2(δa′b′δc′d′ − 2δc′(a′δb′)d′) + (δa′b′Sc′e′d′f ′ + δ{a′[c′Se′]b′}d′f ′)∂
+e′∂+f ′}

(ηcc′ −
∂c∂

+

c′
m2 )(ηdd′ −

∂d∂
+

d′
m2 )∆(x− x′)

= 1
36 | − 2i( 1

4δabδa′b′ −
∂a∂b∂

+

a′∂
+

b′
m4 )− 2i(δab − ∂a∂b

m2 )(δa′b′ −
∂+

a′∂
+

b′
m2 ) + 2i(η{a(a′ −

∂{a∂
+

(a′

m2 )(ηb}b′) −
∂b}∂

+

b′)
m2 )

+ 4i( 1
4δabδa′b′ −

∂a∂b∂
+

a′∂
+

b′
m4 )− 4i(δab − ∂a∂b

m2 )(δa′b′ −
∂+

a′∂
+

b′
m2 ) + 2i(η{a(a′ −

∂{a∂
+

(a′

m2 )(ηb}b′) −
∂b}∂

+

b′)
m2 )

− 2i( 1
4δabδa′b′ −

∂a∂b∂
+

a′∂
+

b′
m4 ) + i

2 (η{a(a′ −
∂{a∂

+

(a′

m2 )(ηb}b′) −
∂b}∂

+

b′)
m2 )∆(x− x′)

= i
8{[η{a(a′ −

∂{a∂
+

(a′

m2 ][ηb}b′) −
∂b}∂

+

b′)
m2 ]− 1

3 [δ{ab} −
∂{a∂b}
m2 ][δ(a′b′) −

∂+

(a′∂
+

b′)
m2 ]}∆(x− x′)
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4.2 Reverse verification of field commutative relation

Lem. 4.2.1. ψλςµςηςξς = 1
4X

a
λςµς

XbηςξςAab, ψ
+
λ′ςµ
′
ςη
′
ςξ
′
ς

= 1
4X

+a′

λ′ςµ
′
ς
X+b′

η′ςξ
′
ς
A+
a′b′

Lem. 4.2.2. Xa{λςµςX
b
ηςξς}[δab −

∂a∂b
m2 ] =[ 1

2 (σ,iς)[a(σ,−iς)c]σy∂c im(σ,iς)aσy

im(σ,−iς)aσy − 1
2 (σ,−iς)[a(σ,iς)c]σy∂

c

]
{λςµς

[ 1
2 (σ,iς)[b(σ,−iς)d]σy∂

d im(σ,iς)bσy

im(σ,−iς)bσy − 1
2 (σ,−iς)[b(σ,iς)d]σy∂

d

]
ηςξς}

[δab − ∂a∂b

m2 ]

= 0

Thm. 4.2.1. [ψλςµςηςξς , ψ
+
λ′ςµ
′
ςη
′
ςξ
′
ς
] = i

25(4!)2Xa{λςµςX
b
ηςξς}X

+a′

(λ′ςµ
′
ς
X+b′

η′ςξ
′
ς)

[ηaa′ −
∂a∂

+

a′
m2 ][ηbb′ −

∂b∂
+

b′
m2 ]∆(x− x′)

Proof: [ψλςµςηςξς , ψ
+
λ′ςµ
′
ςη
′
ςξ
′
ς
]

= 1
24XaλςµςX

b
ηςξς

X+a′

λ′ςµ
′
ς
X+b′

η′ςξ
′
ς
[Aab, A

+
a′b′ ]

= 1
24(4!)2Xa{λςµςX

b
ηςξς}X

+a′

(λ′ςµ
′
ς
X+b′

η′ςξ
′
ς)

[Aab, A
+
a′b′ ]

= i
25(4!)2Xa{λςµςX

b
ηςξς}X

+a′

(λ′ςµ
′
ς
X+b′

η′ςξ
′
ς)
{[ηaa′ −

∂a∂
+

a′
m2 ][ηbb′ −

∂b∂
+

b′
m2 ]− 1

3 [δab − ∂a∂b
m2 ][δa′b′ −

∂+

a′∂
+

b′
m2 ]}∆(x− x′)

= i
25(4!)2Xa{λςµςX

b
ηςξς}X

+a′

(λ′ςµ
′
ς
X+b′

η′ςξ
′
ς)

[ηaa′ −
∂a∂

+

a′
m2 ][ηbb′ −

∂b∂
+

b′
m2 ]∆(x− x′)

4.3 Extraction of energy momentum operator for massive graviton field

Thm. 4.3.1. Pu(2) =
∫
ψ+λςµςηςξς (~r, t) (−i∂u)(i∂t)

(m2−∇2)2 ψλςµςηςξς (~r, t)d
3~r

Thm. 4.3.2. Pu(2) =
∫
m4A+ab(~r, t) (−i∂u)(i∂t)

(m2−∇2)2 Aab(~r, t)}d3~r +
∫
m2F+ab|c(~r, t) (−i∂u)(i∂t)

(m2−∇2)2 Fab|c(~r, t)}d3~r

+ 1
4

∫
F+ab|cd(~r, t) (−i∂u)(i∂t)

(m2−∇2)2 Fab|cd(~r, t)}d3~r

Proof: Pu(2) =
∫
ψ+λςµςηςξς (~r, t) (−i∂u)(i∂t)

(m2−∇2)2 ψλςµςηςξς (~r, t)d
3~r

=
∫
{C̄[−imγa′(ς)− 2Sa

′c′(e, ς)∂+
c′ ]}λςµς{C̄[−imγb′(ς)− 2Sb

′d′(e, ς)∂+
d′ ]}ηςξς

A+

a′b′ (~r,t)

4
(−i∂u)(i∂t)
(m2−∇2)2 [imγa(ς)C − 2Sac(e, ς)C∂c]λςµς [imγ

b(ς)C − 2Sbd(e, ς)C∂d]ηςξς
Aab(~r,t)

4 d3~r

= 1
16

∫
tr{C̄[−imγa′(ς)− 2Sa

′c′(e, ς)∂+
c′ ]{C̄[−imγb′(ς)− 2Sb

′d′(e, ς)∂+
d′ ]}ηςξςA

+
a′b′(~r, t)

(−i∂u)(i∂t)
(m2−∇2)2 [imγa(ς)C − 2Sac(e, ς)C∂c][imγ

b(ς)C − 2Sbd(e, ς)C∂d]ηςξςAab(~r, t)}d3~r

= 1
16

∫
tr{C̄[−imγa′(ς)− 2Sa

′c′(e, ς)∂+
c′ ]{C̄[−imγb′(ς)− 2Sb

′d′(e, ς)∂+
d′ ]}ηςξςA

+
a′b′(~r, t)

(−i∂u)(i∂t)
(m2−∇2)2 [imγa(ς)C − 2Sac(e, ς)C∂c][imγ

b(ς)C − 2Sbd(e, ς)C∂d]ηςξςAab(~r, t)}d3~r

= 1
4

∫
{C̄[−imγb′(ς)− 2Sb

′d′(e, ς)∂+
d′ ]}ηςξςA

+
a′b′(~r, t)m

2δa
′a (−i∂u)(i∂t)

(m2−∇2)2 [imγb(ς)C − 2Sbd(e, ς)C∂d]ηςξςAab(~r, t)}d3~r

+ 1
4

∫
Sa
′c′ac∂+

c′{C̄[−imγb′(ς)− 2Sb
′d′(e, ς)∂+

d′ ]}ηςξςA
+
a′b′(~r, t)

(−i∂u)(i∂t)
(m2−∇2)2 ∂c[imγ

b(ς)C − 2Sbd(e, ς)C∂d]ηςξςAab(~r, t)}d3~r

= 1
4

∫
tr{C̄[−imγb′(ς)− 2Sb

′d′(e, ς)∂+
d′ ]A

+
a′b′(~r, t)m

2δa
′a (−i∂u)(i∂t)

(m2−∇2)2 [imγb(ς)C − 2Sbd(e, ς)C∂d]Aab(~r, t)}d3~r

+ 1
4

∫
Sa
′c′ac∂+

c′ tr{C̄[−imγb′(ς)− 2Sb
′d′(e, ς)∂+

d′ ]A
+
a′b′(~r, t)

(−i∂u)(i∂t)
(m2−∇2)2 ∂c[imγ

b(ς)C − 2Sbd(e, ς)C∂d]Aab(~r, t)}d3~r

=
∫
m4δa

′aδb
′bA+

a′b′(~r, t)
(−i∂u)(i∂t)
(m2−∇2)2 Aab(~r, t)}d3~r

+
∫
m2Sb

′d′bdδa
′a∂+

d′A
+
a′b′(~r, t)

(−i∂u)(i∂t)
(m2−∇2)2 ∂dAab(~r, t)}d3~r

+
∫
m2Sa

′c′acδb
′b∂+

c′A
+
a′b′(~r, t)

(−i∂u)(i∂t)
(m2−∇2)2 ∂cAab(~r, t)}

+
∫
Sa
′c′acSb

′d′bd∂+
c′∂

+
d′A

+
a′b′(~r, t)

(−i∂u)(i∂t)
(m2−∇2)2 ∂c∂dAab(~r, t)}d3~r

=
∫
m4A+ab(~r, t) (−i∂u)(i∂t)

(m2−∇2)2 Aab(~r, t)}d3~r

+
∫

1
2m

2F+bc|a(~r, t) (−i∂u)(i∂t)
(m2−∇2)2 Fbc|a(~r, t)}d3~r +

∫
1
2m

2F+ac|b(~r, t) (−i∂u)(i∂t)
(m2−∇2)2 Fac|b(~r, t)}

+
∫
Sb
′d′bd∂+

d′F
+ac
b′ (~r, t) (−i∂u)(i∂t)

(m2−∇2)2 ∂dFac|b(~r, t)}d3~r

=
∫
m4A+ab(~r, t) (−i∂u)(i∂t)

(m2−∇2)2 Aab(~r, t)}d3~r

+
∫

1
2m

2F+bc|a(~r, t) (−i∂u)(i∂t)
(m2−∇2)2 Fbc|a(~r, t)}d3~r +

∫
1
2m

2F+ac|b(~r, t) (−i∂u)(i∂t)
(m2−∇2)2 Fac|b(~r, t)}

+
∫

1
4F

+ac|bd(~r, t) (−i∂u)(i∂t)
(m2−∇2)2 Fac|bd(~r, t)}d3~r

=
∫
m4A+ab(~r, t) (−i∂u)(i∂t)

(m2−∇2)2 Aab(~r, t)}d3~r +
∫
m2F+ab|c(~r, t) (−i∂u)(i∂t)

(m2−∇2)2 Fab|c(~r, t)}d3~r

+ 1
4

∫
F+ab|cd(~r, t) (−i∂u)(i∂t)

(m2−∇2)2 Fab|cd(~r, t)}d3~r

Pro. 4.3.1. Fab|cd = ∂aFb|cd − ∂bFa|cd = ∂cFab|d − ∂dFab|c = ∂a∂cAbd + ∂b∂dAac − ∂a∂dAbc − ∂b∂cAad

Proof: Fab|cd = ∂aFb|cd − ∂bFa|cd
= ∂a(∂cAbd − ∂dAbc)− ∂b(∂cAad − ∂dAac)
= ∂a∂cAbd + ∂b∂dAac − ∂a∂dAbc − ∂b∂cAad
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Proof: Fab|cd = ∂cFab|d − ∂dFab|c
= ∂c(∂aAbd − ∂bAad)− ∂d(∂aAbc − ∂bAac)
= ∂a∂cAbd + ∂b∂dAac − ∂a∂dAbc − ∂b∂cAad

Pro. 4.3.2. Fab|cd = Fcd|ab, Fab|cd = −Fba|cd, Fab|cd = −Fab|dc, Fab|cd = Fba|dc

5 New nolving methods for massive s = 2 potential commutation relations in 4D
(trial and error)
5.1 Potential commutation relations of massive s = 2 B-W equation in 4D

Lem. 5.1.1. K := (m− γa∂a)γ0, K̃ := CKT C̄ = −γ0(m+ γa∂
a), Q := (m− γa∂a), Q̃ := (m+ γa∂

a)

Lem. 5.1.2.

{
tr[γaQγa′Q̃] = −tr[γ5γaQγ5γa′Q] = −tr[γaγ5Q̃γa′γ5Q̃]

tr[γaQγa′Q̃γbQγb′Q̃] = tr[γ5γaQγ5γa′Qγ5γbQγ5γb′Q] = tr[γaγ5Q̃γa′γ5Q̃γbγ5Q̃γb′γ5Q̃]

Lem. 5.1.3. tr[γaQγa′Q̃] = tr[γa(m− γa1∂
a1)γa′(m+ γa2

∂a2)]
= m2tr(γaγa′)− tr(γaγa1

γa′γa2
)∂a1∂a2

= 4m2δaa′ − 4(δaa1
δa′a2

− δaa′δa1a2
+ δaa2

δa1a′)∂
a1∂a2

= 4m2δaa′ − 4(2∂a∂a′ − δaa′m2)
= 8(m2δaa′ − ∂a∂a′)

Proof: tr[γaQγa′Q̃γbQγb′Q̃] = tr[γa(m− γa1
∂a1)γa′(m+ γa2

∂a2)γb(m− γa3
∂a3)γb′(m+ γa4

∂a4)]
= tr[γaγ5(m+ γa1

∂a1)γa′γ5(m+ γa2
∂a2)γbγ5(m+ γa3

∂a3)γb′γ5(m+ γa4
∂a4)]

= tr{
[(γaγ5mγa′γ5m+ γaγ5γa1∂

a1γa′γ5γa2∂
a2) + (γaγ5γa1∂

a1γa′γ5m+ γaγ5mγa′γ5γa2∂
a2)]

[(γbγ5mγb′γ5m+ γbγ5γa3
∂a3γb′γ5γa4

∂a4) + (γbγ5γa3
∂a3γb′γ5m+ γbγ5mγb′γ5γa4

∂a4)]}

= tr[(γaγ5mγa′γ5m+ γaγ5γa1
∂a1γa′γ5γa2

∂a2)(γbγ5mγb′γ5m+ γbγ5γa3
∂a3γb′γ5γa4

∂a4)]
+ tr[(γaγ5γa1∂

a1γa′γ5m+ γaγ5mγa′γ5γa2∂
a2)(γbγ5γa3∂

a3γb′γ5m+ γbγ5mγb′γ5γa4∂
a4)]

= tr[(γaγ5m)(γa′γ5m)(γbγ5m)(γb′γ5m)] + tr[(γaγ5γa1
∂a1)(γa′γ5γa2

∂a2)(γbγ5γa3
∂a3)(γb′γ5γa4

∂a4)]
+ tr[(γaγ5m)(γa′γ5m)(γbγ5γa3

∂a3)(γb′γ5γa4
∂a4)] + tr[(γaγ5γa1

∂a1)(γa′γ5γa2
∂a2)(γbγ5m)(γb′γ5m)]

+ tr[(γaγ5γa1
∂a1)(γa′γ5m)(γbγ5γa3

∂a3)(γb′γ5m)] + tr[(γaγ5m)(γa′γ5γa2
∂a2)(γbγ5m)(γb′γ5γa4

∂a4)]
+ tr[(γaγ5γa1∂

a1)(γa′γ5m)(γbγ5m)(γb′γ5γa4∂
a4)] + tr[(γaγ5m)(γa′γ5γa2∂

a2)(γbγ5γa3∂
a3)(γb′γ5m)]

Proof: tr[γ{aQγ(a′Q̃γb}Qγb′)Q̃]
= tr[(γ{aγ5m)(γ(a′γ5m)(γb}γ5m)(γb′)γ5m)] + tr[(γ{aγ5γa1

∂a1)(γ(a′γ5γa2
∂a2)(γb}γ5γa3

∂a3)(γb′)γ5γa4
∂a4)]

+ tr[(γ{aγ5m)(γ(a′γ5m)(γb}γ5γa3
∂a3)(γb′)γ5γa4

∂a4)] + tr[(γ{aγ5γa1
∂a1)(γ(a′γ5γa2

∂a2)(γb}γ5m)(γb′)γ5m)]
+ tr[(γ{aγ5γa1

∂a1)(γ(a′γ5m)(γb}γ5γa3
∂a3)(γb′)γ5m)] + tr[(γ{aγ5m)(γ(a′γ5γa2

∂a2)(γb}γ5m)(γb′)γ5γa4
∂a4)]

+ tr[(γ{aγ5γa1∂
a1)(γ(a′γ5m)(γb}γ5m)(γb′)γ5γa4∂

a4)] + tr[(γ{aγ5m)(γ(a′γ5γa2∂
a2)(γb}γ5γa3∂

a3)(γb′)γ5m)]
= tr[(γ{aγ5m)(γ(a′γ5m)(γb}γ5m)(γb′)γ5m)] + tr[(γ{aγ5γa1

∂a1)(γ(a′γ5γa2
∂a2)(γb}γ5γa3

∂a3)(γb′)γ5γa4
∂a4)]

+ 2tr[(γ{aγ5m)(γ(a′γ5m)(γb}γ5γa3
∂a3)(γb′)γ5γa4

∂a4)]
+ tr[(γ{aγ5γa1

∂a1)(γ(a′γ5m)(γb}γ5γa3
∂a3)(γb′)γ5m)] + tr[(γ{aγ5m)(γ(a′γ5γa2

∂a2)(γb}γ5m)(γb′)γ5γa4
∂a4)]

+ 2tr[(γ{aγ5γa1
∂a1)(γ(a′γ5m)(γb}γ5m)(γb′)γ5γa4

∂a4)]
= m4tr[γ{aγ(a′γb}γb′)] + tr[γ{aγa1γ(a′γa2γb}γa3γb′)γa4 ]∂a1∂a2∂a3∂a4

− 2m2tr[γ{aγ(a′γb}γa3γb′)γa4
]∂a3∂a4

+m2tr[γ{aγa1
γ(a′γb}γa3

γb′)]∂
a1∂a3 +m2tr[γ{aγ(a′γa2

γb}γb′)γa4
]∂a2∂a4

− 2m2tr[γ{aγa1
γ(a′γb}γb′)γa4

]∂a1∂a4

= m4tr[γ{aγ(a′γb}γb′)] + tr[γ{aγa1
γ(a′γa2

γb}γa3
γb′)γa4

]∂a1∂a2∂a3∂a4

− 2m2tr[γ{aγ(a′γb}γa1γb′)γa2 ]∂a1∂a2

+m2tr[γ{aγa1γ(a′γb}γa2γb′)]∂
a1∂a2 +m2tr[γ{aγ(a′γa1γb}γb′)γa2 ]∂a1∂a2

− 2m2tr[γ{aγa1
γ(a′γb}γb′)γa2

]∂a1∂a2

Lem. 5.1.4. tr[γ{aγa1
γ(a′γa2

γb}γa3
γb′)γa4

]∂a1∂a2∂a3∂a4

= [γ{a1
γa2

γ(a′3
γa4

γa5}γa6
γa′7)γa8

]∂a2∂a4∂a6∂a8

= δa1a2
[δa3a4

(δa5a6
δa7a8

− δa5a7
δa6a8

+ δa5a8
δa6a7

)− δa3a5
(δa4a6

δa7a8
− δa4a7

δa6a8
+ δa4a8

δa6a7
)

+ δa3a6(δa4a5δa7a8 − δa4a7δa5a8 + δa4a8δa5a7)]∂a2∂a4∂a6∂a8

− δa1a3 [δa2a4(δa5a6δa7a8 − δa5a7δa6a8 + δa5a8δa6a7)− δa2a5(δa4a6δa7a8 − δa4a7δa6a8 + δa4a8δa6a7)
+ δa2a6(δa4a5δa7a8 − δa4a7δa5a8 + δa4a8δa5a7)]∂a2∂a4∂a6∂a8

+ δa1a4
[δa2a3

(δa5a6
δa7a8

− δa5a7
δa6a8

+ δa5a8
δa6a7

)− δa2a5
(δa3a6

δa7a8
− δa3a7

δa6a8
+ δa3a8

δa6a7
)

+ δa2a6
(δa3a5

δa7a8
− δa3a7

δa5a8
+ δa3a8

δa5a7
)]∂a2∂a4∂a6∂a8

− δa1a5 [δa2a3(δa4a6δa7a8 − δa4a7δa6a8 + δa4a8δa6a7)− δa2a4(δa3a6δa7a8 − δa3a7δa6a8 + δa3a8δa6a7)
+ δa2a6(δa3a4δa7a8 − δa3a7δa4a8 + δa3a8δa4a7 ]∂a2∂a4∂a6∂a8
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+ δa1a6 [δa2a3(δa4a5δa7a8 − δa4a7δa5a8 + δa4a8δa5a7)− δa2a4(δa3a5δa7a8 − δa3a7δa5a8 + δa3a8δa5a7)
+ δa2a5(δa3a4δa7a8 − δa3a7δa4a8 + δa3a8δa4a7)]∂a2∂a4∂a6∂a8

− δa1a7
[δa2a3

(δa4a5
δa6a8

− δa4a6
δa5a8

+ δa4a8
δa5a6

)− δa2a4
(δa3a5

δa6a8
− δa3a6

δa5a8
+ δa3a8

δa5a6
)

+ δa2a5
(δa3a4

δa6a8
− δa3a6

δa4a8
+ δa3a8

δa4a6
]∂a2∂a4∂a6∂a8

+ δa1a8 [δa2a3(δa4a5δa6a7 − δa4a6δa5a7 + δa4a7δa5a6)− δa2a4(δa3a5δa6a7 − δa3a6δa5a7 + δa3a7δa5a6)
+ δa2a5(δa3a4δa6a7 − δa3a6δa4a7 + δa3a7δa4a6)]∂a2∂a4∂a6∂a8

Thm. 5.1.1. [Aab · ·︸ ︷︷ ︸
n

(x), A+
a
′
b
′ · ·︸ ︷︷ ︸
n

(x′)] = 1
m2n

i
24n−1[(2n)!]2

n︷ ︸︸ ︷
(C̄γa)λςµς (C̄γb)

ηςξς · ·

n︷ ︸︸ ︷
(γa′C)λ

′
ςµ
′
ς (γb′C)η

′
ςξ
′
ς · ·

[(m− γa∂a)γ4]{λς(λ′ς [(m− γ
b∂b)γ

4]µςµ′ς · ·})︸ ︷︷ ︸
2n

∆(x− x′)

Thm. 5.1.2. [Aab(x), A+
a′b′(x

′)] = 1
m4

i
27(4!)2 [(C̄γa)λςµς (C̄γb)

ηςξς ][(γa′C)λ
′
ςµ
′
ς (γb′C)η

′
ςξ
′
ς ]

[(m− γa1∂a1
)γ4]{λς(λ′ς [(m− γ

a2∂a2
)γ4]µςµ′ς [(m− γ

a3∂a3
)γ4]ηςη′ς [(m− γ

a4∂a4
)γ4]ξς}ξ′ς)∆(x− x′)

= 1
m4

i
23(4!)2 η

a′′

a′ η
b′′

b′ { 3!
1!2!

2!
2!0!0! tr[γ{aQγ(a′′Q̃]tr[γb}Qγb′′)Q̃] + 3!

2!1!
2!

1!1!0! tr[γ{aQγ(a′′Q̃γb}Qγb′′)Q̃]}∆(x− x′)

Proof: [Aab(x), A+
a′b′(x

′)] = 1
m4

i
27(4!)2 [(C̄γa)λςµς (C̄γb)

ηςξς ][(γa′C)λ
′
ςµ
′
ς (γb′C)η

′
ςξ
′
ς ]

[(m− γa1∂a1
)γ4]{λς(λ′ς [(m− γ

a2∂a2
)γ4]µςµ′ς [(m− γ

a3∂a3
)γ4]ηςη′ς [(m− γ

a4∂a4
)γ4]ξς}ξ′ς)∆(x− x′)

= 1
m4

i
27(4!)2 [(C̄γa)λςµς (C̄γb)

ηςξς ][(γa′C)λ
′
ςµ
′
ς (γb′C)η

′
ςξ
′
ς ]

[(m− γa1
∂a1)γ0]{λς(λ′ς [(m− γa2

∂a2)γ0]µςµ′ς [(m− γa3
∂a3)γ0]ηςη′ς [(m− γa4

∂a4)γ0]ξς}ξ′ς)∆(x− x′)
= 1

m4
i

27(4!)2 [(C̄γa){λςµς (C̄γb)
ηςξς}][(γa′C)(λ′ςµ

′
ς (γb′C)η

′
ςξ
′
ς)]

[(m− γa1
∂a1)γ0]λςλ′ς [(m− γa2

∂a2)γ0]µςµ′ς [(m− γa3
∂a3)γ0]ηςη′ς [(m− γa4

∂a4)γ0]ξςξ′ς∆(x− x′)
= 1

m4
i

23(4!)2

[(C̄γa)λςµς (C̄γb)
ηςξς + (C̄γa)ηςξς (C̄γb)

λςµς + (C̄γa)λςης (C̄γb)
µςξς + (C̄γa)µςξς (C̄γb)

λςης

+ (C̄γa)λςξς (C̄γb)
µςης + (C̄γa)µςης (C̄γb)

λςξς ]
[(γa′C)λ

′
ςµ
′
ς (γb′C)η

′
ςξ
′
ς + (γa′C)η

′
ςξ
′
ς (γb′C)λ

′
ςµ
′
ς + (γa′C)λ

′
ςη
′
ς (γb′C)µ

′
ςξ
′
ς + (γa′C)µ

′
ςξ
′
ς (γb′C)λ

′
ςη
′
ς

+ (γa′C)λ
′
ςξ
′
ς (γb′C)µ

′
ςη
′
ς + (γa′C)µ

′
ςη
′
ς (γb′C)λ

′
ςξ
′
ς ]

[(m− γa1
∂a1)γ0]λςλ′ς [(m− γa2

∂a2)γ0]µςµ′ς [(m− γa3
∂a3)γ0]ηςη′ς [(m− γa4

∂a4)γ0]ξςξ′ς∆(x− x′)
= 1

m4
i

23(4!)2

[(C̄γa)λςµς (C̄γb)
ηςξς + (C̄γa)ηςξς (C̄γb)

λςµς + (C̄γa)λςης (C̄γb)
µςξς + (C̄γa)µςξς (C̄γb)

λςης

+ (C̄γa)λςξς (C̄γb)
µςης + (C̄γa)µςης (C̄γb)

λςξς ]
[(γa′C)λ

′
ςµ
′
ς (γb′C)η

′
ςξ
′
ς + (γa′C)η

′
ςξ
′
ς (γb′C)λ

′
ςµ
′
ς + (γa′C)λ

′
ςη
′
ς (γb′C)µ

′
ςξ
′
ς + (γa′C)µ

′
ςξ
′
ς (γb′C)λ

′
ςη
′
ς

+ (γa′C)λ
′
ςξ
′
ς (γb′C)µ

′
ςη
′
ς + (γa′C)µ

′
ςη
′
ς (γb′C)λ

′
ςξ
′
ς ]Kλςλ′ς

Kµςµ′ς
Kηςη′ς

Kξςξ′ς
∆(x− x′)

= 1
m4

i
23(4!)2

[(C̄γ{a)λςµς (C̄γb})
ηςξς + (C̄γ{a)λςης (C̄γb})

µςξς + (C̄γ{a)λςξς (C̄γb})
µςης ]

[(γ(a′C)λ
′
ςµ
′
ς (γb′)C)η

′
ςξ
′
ς + (γ(a′C)λ

′
ςη
′
ς (γb′)C)µ

′
ςξ
′
ς + (γ(a′C)λ

′
ςξ
′
ς (γb′)C)µ

′
ςη
′
ς ]

Kλςλ′ς
Kµςµ′ς

Kηςη′ς
Kξςξ′ς

∆(x− x′)
= 1

m4
i

23(4!)2

{6tr[(C̄γa)K(γa′C)KT ]tr[(C̄γb)K(γb′C)KT ] + 6tr[(C̄γa)K(γb′C)KT ]tr[(C̄γb)K(γa′C)KT ]
+ 12tr[(C̄γa)K(γa′C)KT (C̄γb)K(γb′C)KT ] + 12tr[(C̄γa)K(γb′C)KT (C̄γb)K(γa′C)KT ]}∆(x− x′)
= 1

m4
i

23(4!)2 {3tr[C̄γ{aKγ(a′CK
T ]tr[C̄γb}Kγb′)CK

T ] + 6tr[C̄γ{aKγ(a′CK
T C̄γb}Kγb′)CK

T ]}∆(x− x′)
= 1

m4
i

23(4!)2 {3tr[γ{aKγ(a′K̃]tr[γb}Kγb′)K̃] + 6tr[γ{aKγ(a′K̃γb}Kγb′)K̃]}∆(x− x′)
= 1

m4
i

23(4!)2 η
a′′

a′ η
b′′

b′ { 3!
1!2!

2!
2!0!0! tr[γ{aQγ(a′′Q̃]tr[γb}Qγb′′)Q̃] + 3!

2!1!
2!

1!1!0! tr[γ{aQγ(a′′Q̃γb}Qγb′′)Q̃]}∆(x− x′)
= 1

m4
i

23(4!)2 η
a′′

a′ η
b′′

b′

{c13 2!
2!0!0! tr[γ{aγ5Q̃γ(a′′γ5Q̃]tr[γb}γ5Q̃γb′′)γ5Q̃] + c23

2!
1!1!0! tr[γ{aγ5Q̃γ(a′′γ5Q̃γb}γ5Q̃γb′′)γ5Q̃]}∆(x− x′)

= 1
m4

i
23(4!)2 η

a′′

a′ η
b′′

b′

{c13 2!
2!0!0! tr[γ5γ{aQγ5γ(a′′Q]tr[γ5γb}Qγ5γb′′)Q] + c23

2!
1!1!0! tr[γ5γ{aQγ5γ(a′′Qγ5γb}Qγ5γb′′)Q]}∆(x− x′)

= 1
m4

i
23(4!)2 η

a′′

a′ η
b′′

b′

{ 3!
1!2!

2!
2!0!0! tr[γ5γ{aQγ5γ(a′′Q]tr[γ5γb}Qγ5γb′′)Q] + 3!

2!1!
2!

1!1!0! tr[γ5γ{aQγ5γ(a′′Qγ5γb}Qγ5γb′′)Q]}∆(x− x′)

Ass. 5.1.1. [Aa1a2 · ·︸ ︷︷ ︸
n

(x), A+
a
′
1a
′
2 · ·︸ ︷︷ ︸
n

(x′)] = 1
m2n

i
24n−1[(2n)!]2

n︷ ︸︸ ︷
(C̄γa1

)λςµς (C̄γa2
)ηςξς · ·

n︷ ︸︸ ︷
(γa′1C)λ

′
ςµ
′
ς (γa′2C)η

′
ςξ
′
ς · ·

[(m− γa∂a)γ4]{λς(λ′ς [(m− γ
b∂b)γ

4]µςµ′ς · ·})︸ ︷︷ ︸
2n

∆(x− x′)
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= 1
m2n

i
22n−1[(2n)!]2 η

a′′1
a′1
η
a′′2
a′2
· ·ηa

′′
n

a′n

∑
j1··jn

[3n−2(2n−1)]!
j1!··jn![3n−2(2n−1)−(j1+··+jn)]!

n!
(1!)j1 ··(n!)jn

trj1··jn [γ{a1
Qγ(a′′1

Q̃|γa2
Qγa′′2 Q̃|γa3

Qγa′′3 Q̃| · ·|γan}Qγa′′n)Q̃]∆(x− x′), 1j1 + 2j2 + ·+ ·+ njn = n

5.2 Itemized solution 1

Proof:

δa1a2
[δa3a4

(δa5a6
δa7a8

− δa5a7
δa6a8

+ δa5a8
δa6a7

)− δa3a5
(δa4a6

δa7a8
− δa4a7

δa6a8
+ δa4a8

δa6a7
)

+ δa3a6(δa4a5δa7a8 − δa4a7δa5a8 + δa4a8δa5a7)]∂a2∂a4∂a6∂a8

= δa1a2 [δa3a4(2δa5a6δa7a8 − δa5a7δa6a8)− δa3a5(δa4a6δa7a8) + δa3a6(δa4a8δa5a7)]∂a2∂a4∂a6∂a8

= ∂a1 [∂a3(2∂a5∂a7 − δa5a7m
2)− δa3a5(m2∂a7) + ∂a3(m2δa5a7)]

= 2∂a1
∂a3

∂a5
∂a7
−m2∂a1

δa3a5
∂a7

Proof:

− δa1a3
[δa2a4

(δa5a6
δa7a8

− δa5a7
δa6a8

+ δa5a8
δa6a7

)− δa2a5
(δa4a6

δa7a8
− δa4a7

δa6a8
+ δa4a8

δa6a7
)

+ δa2a6(δa4a5δa7a8 − δa4a7δa5a8 + δa4a8δa5a7)]∂a2∂a4∂a6∂a8

= −δa1a3 [δa2a4(2δa5a6δa7a8 − δa5a7δa6a8)− δa2a5(δa4a6δa7a8) + δa2a6(δa4a8δa5a7)]∂a2∂a4∂a6∂a8

= −δa1a3 [m2(2∂a5∂a7 − δa5a7m
2)− ∂a5m

2∂a7 +m4δa5a7 ]
= −m2δa1a3

∂a5
∂a7

Proof:

+ δa1a4 [δa2a3(δa5a6δa7a8 − δa5a7δa6a8 + δa5a8δa6a7)− δa2a5(δa3a6δa7a8 − δa3a7δa6a8 + δa3a8δa6a7)
+ δa2a6(δa3a5δa7a8 − δa3a7δa5a8 + δa3a8δa5a7)]∂a2∂a4∂a6∂a8

= δa1a4
[δa2a3

(2δa5a6
δa7a8

− δa5a7
δa6a8

)− δa2a5
(2δa3a6

δa7a8
− δa3a7

δa6a8
)

+ δa2a6
(δa3a5

δa7a8
− δa3a7

δa5a8
+ δa3a8

δa5a7
)]∂a2∂a4∂a6∂a8

= +∂a1 [∂a3(2∂a5∂a7 − δa5a7m
2)− ∂a5(2∂a3∂a7 − δa3a7m

2) +m2(δa3a5∂a7 − δa3a7∂a5 + ∂a3δa5a7)]
= m2∂a1δa3a5∂a7

Proof:

− δa1a5
[δa2a3

(δa4a6
δa7a8

− δa4a7
δa6a8

+ δa4a8
δa6a7

)− δa2a4
(δa3a6

δa7a8
− δa3a7

δa6a8
+ δa3a8

δa6a7
)

+ δa2a6
(δa3a4

δa7a8
− δa3a7

δa4a8
+ δa3a8

δa4a7
]∂a2∂a4∂a6∂a8

= −δa1a5 [δa2a3(δa4a6δa7a8)− δa2a4(2δa3a6δa7a8 − δa3a7δa6a8) + δa2a6(2δa3a4δa7a8 − δa3a7δa4a8 ]∂a2∂a4∂a6∂a8

= −δa1a5 [∂a3(m2∂a7)−m2(2∂a3∂a7 − δa3a7m
2) +m2(2∂a3∂a7 − δa3a7m

2)]
= −m2δa1a5

∂a3
∂a7

Proof:

+ δa1a6
[δa2a3

(δa4a5
δa7a8

− δa4a7
δa5a8

+ δa4a8
δa5a7

)− δa2a4
(δa3a5

δa7a8
− δa3a7

δa5a8
+ δa3a8

δa5a7
)

+ δa2a5
(δa3a4

δa7a8
− δa3a7

δa4a8
+ δa3a8

δa4a7
)]∂a2∂a4∂a6∂a8

= δa1a6 [δa2a3(δa4a8δa5a7)− δa2a4(δa3a5δa7a8 − δa3a7δa5a8 + δa3a8δa5a7) + δa2a5(2δa3a4δa7a8 − δa3a7δa4a8)]∂a2∂a4∂a6∂a8

= ∂a1 [∂a3(m2δa5a7)−m2(δa3a5∂a7 − δa3a7∂a5 + ∂a3δa5a7) + ∂a5(2∂a3∂a7 − δa3a7m
2)]

= ∂a1
[−m2(δa3a5

∂a7
) + ∂a5

(2∂a3
∂a7

)]
= 2∂a1

∂a3
∂a5

∂a7
−m2∂a1

δa3a5
∂a7

Proof:

− δa1a7
[δa2a3

(δa4a5
δa6a8

− δa4a6
δa5a8

+ δa4a8
δa5a6

)− δa2a4
(δa3a5

δa6a8
− δa3a6

δa5a8
+ δa3a8

δa5a6
)

+ δa2a5(δa3a4δa6a8 − δa3a6δa4a8 + δa3a8δa4a6)]∂a2∂a4∂a6∂a8

= −δa1a7 [δa2a3(δa4a5δa6a8)− δa2a4(δa3a5δa6a8) + δa2a5(δa3a4δa6a8)]∂a2∂a4∂a6∂a8

= −δa1a7 [∂a3(∂a5m
2)−m2(δa3a5m

2) + ∂a5(∂a3m
2)]

= m4δa1a7
δa3a5

− 2m2δa1a7
∂a3

∂a5

Proof:

+ δa1a8
[δa2a3

(δa4a5
δa6a7

− δa4a6
δa5a7

+ δa4a7
δa5a6

)− δa2a4
(δa3a5

δa6a7
− δa3a6

δa5a7
+ δa3a7

δa5a6
)

+ δa2a5(δa3a4δa6a7 − δa3a6δa4a7 + δa3a7δa4a6)]∂a2∂a4∂a6∂a8

= δa1a8 [δa2a3(2δa4a5δa6a7 − δa4a6δa5a7)− δa2a4(δa3a5δa6a7 − δa3a6δa5a7 + δa3a7δa5a6) + δa2a5(δa3a7δa4a6)]∂a2∂a4∂a6∂a8

= ∂a1 [∂a3(2∂a5∂a7 −m2δa5a7)−m2(δa3a5∂a7 − ∂a3δa5a7 + δa3a7∂a5) + ∂a5(δa3a7m
2)]

= ∂a1
[∂a3

(2∂a5
∂a7

)−m2(δa3a5
∂a7

)]
= 2∂a1

∂a3
∂a5

∂a7
−m2∂a1

δa3a5
∂a7

Proof: [γa1γa2γa3γa4γa5γa6γa7γa8 ]∂a2∂a4∂a6∂a8

= δa1a2 [δa3a4(δa5a6δa7a8 − δa5a7δa6a8 + δa5a8δa6a7)− δa3a5(δa4a6δa7a8 − δa4a7δa6a8 + δa4a8δa6a7)
+ δa3a6(δa4a5δa7a8 − δa4a7δa5a8 + δa4a8δa5a7)]∂a2∂a4∂a6∂a8

− δa1a3
[δa2a4

(δa5a6
δa7a8

− δa5a7
δa6a8

+ δa5a8
δa6a7

)− δa2a5
(δa4a6

δa7a8
− δa4a7

δa6a8
+ δa4a8

δa6a7
)

+ δa2a6
(δa4a5

δa7a8
− δa4a7

δa5a8
+ δa4a8

δa5a7
)]∂a2∂a4∂a6∂a8

+ δa1a4 [δa2a3(δa5a6δa7a8 − δa5a7δa6a8 + δa5a8δa6a7)− δa2a5(δa3a6δa7a8 − δa3a7δa6a8 + δa3a8δa6a7)
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+ δa2a6(δa3a5δa7a8 − δa3a7δa5a8 + δa3a8δa5a7)]∂a2∂a4∂a6∂a8

− δa1a5 [δa2a3(δa4a6δa7a8 − δa4a7δa6a8 + δa4a8δa6a7)− δa2a4(δa3a6δa7a8 − δa3a7δa6a8 + δa3a8δa6a7)
+ δa2a6(δa3a4δa7a8 − δa3a7δa4a8 + δa3a8δa4a7 ]∂a2∂a4∂a6∂a8

+ δa1a6
[δa2a3

(δa4a5
δa7a8

− δa4a7
δa5a8

+ δa4a8
δa5a7

)− δa2a4
(δa3a5

δa7a8
− δa3a7

δa5a8
+ δa3a8

δa5a7
)

+ δa2a5
(δa3a4

δa7a8
− δa3a7

δa4a8
+ δa3a8

δa4a7
)]∂a2∂a4∂a6∂a8

− δa1a7 [δa2a3(δa4a5δa6a8 − δa4a6δa5a8 + δa4a8δa5a6)− δa2a4(δa3a5δa6a8 − δa3a6δa5a8 + δa3a8δa5a6)
+ δa2a5(δa3a4δa6a8 − δa3a6δa4a8 + δa3a8δa4a6 ]∂a2∂a4∂a6∂a8

+ δa1a8
[δa2a3

(δa4a5
δa6a7

− δa4a6
δa5a7

+ δa4a7
δa5a6

)− δa2a4
(δa3a5

δa6a7
− δa3a6

δa5a7
+ δa3a7

δa5a6
)

+ δa2a5
(δa3a4

δa6a7
− δa3a6

δa4a7
+ δa3a7

δa4a6
)]∂a2∂a4∂a6∂a8

= 2∂a1∂a3∂a5∂a7 −m2∂a1δa3a5∂a7 | −m2δa1a3∂a5∂a7 |+m2∂a1δa3a5∂a7 | −m2δa1a5∂a3∂a7 |
+ 2∂a1∂a3∂a5∂a7 −m2∂a1δa3a5∂a7 |+m4δa1a7δa3a5 − 2m2δa1a7∂a3∂a5 |+ 2∂a1∂a3∂a5∂a7 −m2∂a1δa3a5∂a7

= 6∂a1
∂a3

∂a5
∂a7
| − 2m2δa3a5

∂a1
∂a7
− 2m2δa1a7

∂a3
∂a5
| −m2δa1a3

∂a5
∂a7
−m2δa1a5

∂a3
∂a7
|+m4δa1a7

δa3a5

Proof: [γaγa2
γa′γa4

γbγa6
γb′γa8

]∂a2∂a4∂a6∂a8

= 6∂a∂a′∂b∂b′ −m2δaa′∂b∂b′ −m2δab∂a′∂b′ − 2m2δa′b∂a∂b′ − 2m2δab′∂a′∂b +m4δab′δa′b

Proof: 1
22 tr[γ{aγa1

γ(a′γa2
γb}γa3

γb′)γa4
]∂a1∂a2∂a3∂a4

= 24∂a∂a′∂b∂b′ −m2δ{a(a′∂b}∂b′) − 4m2δab∂a′∂b′ − 2m2δ(a′{b∂a}∂b′) − 2m2δ{a(b′∂a′)∂b} +m4δ{a(b′δa′)b}
= 24∂a∂a′∂b∂b′ −m2δ{a(a′∂b}∂b′) − 4m2δab∂a′∂b′ − 2m2δ{a(a′∂b}∂b′) − 2m2δ{a(a′∂b}∂b′) +m4δ{a(a′δb}b′)
= 24∂a∂a′∂b∂b′ − 5m2δ{a(a′∂b}∂b′) − 4m2δab∂a′∂b′ +m4δ{a(a′δb}b′)

5.3 Itemized solution 2

Proof: 1
22 tr[γ{aQγ(a′Q̃γb}Qγb′)Q̃]

= m4tr[γ{aγ(a′γb}γb′)] + tr[γ{aγa1
γ(a′γa2

γb}γa3
γb′)γa4

]∂a1∂a2∂a3∂a4

+m2tr[γ{aγa1
γ(a′γb}γa2

γb′)]∂
a1∂a2 +m2tr[γ{aγ(a′γa1

γb}γb′)γa2
]∂a1∂a2

− 2m2tr[γ{aγ(a′γb}γa1
γb′)γa2

]∂a1∂a2 − 2m2tr[γ{aγa1
γ(a′γb}γb′)γa2

]∂a1∂a2

Proof: 1
22m

4tr[γ{aγ(a′γb}γb′)]
= m4tr[γ{aγ(a′γb}γb′)]
= m4(δ{a(a′δb}b′) − 4δabδa′b′ + δ{a(b′δb}a′))
= 2m4δ{a(a′δb}b′) − 4m4δabδa′b′

5.4 Itemized solution 3

Lem. 5.4.1. γa1γa2γa3γa4γa5γa6constant terms
= δa1a2

(δa3a4
δa5a6

− δa3a5
δa4a6

+ δa3a6
δa4a5

)− δa1a3
(δa2a4

δa5a6
− δa2a5

δa4a6
+ δa2a6

δa4a5
)

+ δa1a4
(δa2a3

δa5a6
− δa2a5

δa3a6
+ δa2a6

δa3a5
)− δa1a5

(δa2a3
δa4a6

− δa2a4
δa3a6

+ δa2a6
δa3a4

)
+ δa1a6(δa2a3δa4a5 − δa2a4δa3a5 + δa2a5δa3a4)

Proof: 1
22 tr(γa1γa2γa3γa4γa5γa6)∂a2∂a5

= δa1a2(δa3a4δa5a6 − δa3a5δa4a6 + δa3a6δa4a5)∂a2∂a5 − δa1a3(δa2a4δa5a6 − δa2a5δa4a6 + δa2a6δa4a5)∂a2∂a5

+ δa1a4(δa2a3δa5a6 − δa2a5δa3a6 + δa2a6δa3a5)∂a2∂a5 − δa1a5(δa2a3δa4a6 − δa2a4δa3a6 + δa2a6δa3a4)∂a2∂a5

+ δa1a6(δa2a3δa4a5 − δa2a4δa3a5 + δa2a5δa3a4)∂a2∂a5

= ∂a1(δa3a4∂a6 − ∂a3δa4a6 + δa3a6∂a4)− δa1a3(2∂a4∂a6 −m2δa4a6)
+ δa1a4

(2∂a3
∂a6
−m2δa3a6

)− ∂a1
(∂a3

δa4a6
− ∂a4

δa3a6
+ ∂a6

δa3a4
)

+ δa1a6
(m2δa3a4

)
= 2∂a1

(−∂a3
δa4a6

+ δa3a6
∂a4

)− δa1a3
(2∂a4

∂a6
−m2δa4a6

) + δa1a4
(2∂a3

∂a6
−m2δa3a6

) + δa1a6
(m2δa3a4

)
= −2∂a1∂a3δa4a6 + 2δa3a6∂a1∂a4 − 2δa1a3∂a4∂a6 + 2δa1a4∂a3∂a6 +m2δa1a3δa4a6 −m2δa1a4δa3a6 +m2δa1a6δa3a4
1
22m

2|tr[γ{aγa1
γ(a′γb}γa2

γb′)]∂
a1∂a2

= m2| − 2∂{a∂(a′δb}b′) + 8δa′b′∂a∂b − 2δ{a(a′∂b}∂b′) + 8δab∂a′∂b′ +m2δ{a(a′δb}b′) − 4m2δabδa′b′ +m2δ{a(b′δb}a′)
= 8m2δa′b′∂a∂b − 4m2δ{a(a′∂b}∂b′) + 8m2δab∂a′∂b′ + 2m4δ{a(a′δb}b′) − 4m4δabδa′b′

Proof: 1
22 tr(γa1

γa2
γa3

γa4
γa5

γa6
)∂a3∂a6

= δa1a2
(δa3a4

δa5a6
− δa3a5

δa4a6
+ δa3a6

δa4a5
)∂a3∂a6 − δa1a3

(δa2a4
δa5a6

− δa2a5
δa4a6

+ δa2a6
δa4a5

)∂a3∂a6

+ δa1a4(δa2a3δa5a6 − δa2a5δa3a6 + δa2a6δa3a5)∂a3∂a6 − δa1a5(δa2a3δa4a6 − δa2a4δa3a6 + δa2a6δa3a4)∂a3∂a6

+ δa1a6(δa2a3δa4a5 − δa2a4δa3a5 + δa2a5δa3a4)∂a3∂a6

= δa1a2(m2δa4a5)− 2∂a1(δa2a4∂a5 − δa2a5∂a4)
+ δa1a4

(2∂a2
∂a5
− δa2a5

m2)− δa1a5
(2∂a2

∂a4
− δa2a4

m2)
= −2∂a1

δa2a4
∂a5

+ 2∂a1
δa2a5

∂a4
+ 2δa1a4

∂a2
∂a5
− 2δa1a5

∂a2
∂a4

+m2δa1a2
δa4a5

−m2δa1a4
δa2a5

+m2δa1a5
δa2a4

1
22m

2tr[γ{aγ(a′γa1
γb}γb′)γa2

]∂a1∂a2

= m2| − 2∂{aδ(a′b}∂b′) + 8∂aδa′b′∂b + 8δab∂a′∂b′ − 2δ{a(b′∂a′)∂b} +m2δ{a(a′δb}b′) − 4m2δabδa′b′ +m2δ{a(b′δa′)b}
= 8m2δa′b′∂a∂b − 4m2δ{a(a′∂b}∂b′) + 8m2δab∂a′∂b′ + 2m4δ{a(a′δb}b′) − 4m4δabδa′b′
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Proof: 1
22 tr(γa1γa2γa3γa4γa5γa6)∂a4∂a6

= δa1a2
(δa3a4

δa5a6
− δa3a5

δa4a6
+ δa3a6

δa4a5
)∂a4∂a6 − δa1a3

(δa2a4
δa5a6

− δa2a5
δa4a6

+ δa2a6
δa4a5

)∂a4∂a6

+ δa1a4
(δa2a3

δa5a6
− δa2a5

δa3a6
+ δa2a6

δa3a5
)∂a4∂a6 − δa1a5

(δa2a3
δa4a6

− δa2a4
δa3a6

+ δa2a6
δa3a4

)∂a4∂a6

+ δa1a6(δa2a3δa4a5 − δa2a4δa3a5 + δa2a5δa3a4)∂a4∂a6

= δa1a2(2∂a3∂a5 − δa3a5m
2)− δa1a3(2∂a2∂a5 − δa2a5m

2)
+ ∂a1

(δa2a3
∂a5
− δa2a5

∂a3
+ ∂a2

δa3a5
)− δa1a5

(δa2a3
m2)

+ ∂a1
(δa2a3

∂a5
− ∂a2

δa3a5
+ δa2a5

∂a3
)

= δa1a2
(2∂a3

∂a5
− δa3a5

m2)− δa1a3
(2∂a2

∂a5
− δa2a5

m2) + 2δa2a3
∂a1

∂a5
− δa1a5

(δa2a3
m2)

= 2δa1a2∂a3∂a5 − 2δa1a3∂a2∂a5 + 2δa2a3∂a1∂a5 −m2δa1a5δa2a3 +m2δa1a3δa2a5 −m2δa1a2δa3a5

− 2m2 1
22 tr[γ{aγ(a′γb}γa1

γb′)γa2
]∂a1∂a2

= −2m2|2δ{a(a′∂b}∂b′) − 8δab∂a′∂b′ + 2δ(a′{b∂a}∂b′) −m2δ{a(b′δa′)b} + 4m2δabδa′b′ −m2δ{a(a′δb}b′)
= −2m2|4δ{a(a′∂b}∂b′) − 8δab∂a′∂b′ + 4m2δabδa′b′ − 2m2δ{a(a′δb}b′)
= −8m2δ{a(a′∂b}∂b′) + 16m2δab∂a′∂b′ − 8m4δabδa′b′ + 4m4δ{a(a′δb}b′)

Proof: 1
22 tr(γa1

γa2
γa3

γa4
γa5

γa6
)∂a2∂a6

= δa1a2(δa3a4δa5a6 − δa3a5δa4a6 + δa3a6δa4a5)∂a2∂a6 − δa1a3(δa2a4δa5a6 − δa2a5δa4a6 + δa2a6δa4a5)∂a2∂a6

+ δa1a4(δa2a3δa5a6 − δa2a5δa3a6 + δa2a6δa3a5)∂a2∂a6 − δa1a5(δa2a3δa4a6 − δa2a4δa3a6 + δa2a6δa3a4)∂a2∂a6

+ δa1a6(δa2a3δa4a5 − δa2a4δa3a5 + δa2a5δa3a4)∂a2∂a6

= δa1a2(δa3a4δa5a6 − δa3a5δa4a6 + δa3a6δa4a5)∂a2∂a6 − δa1a3(m2δa4a5)∂a2∂a6

+ δa1a4
(m2δa3a5

)∂a2∂a6 − δa1a5
(m2δa3a4

)∂a2∂a6

+ δa1a6
(δa2a3

δa4a5
− δa2a4

δa3a5
+ δa2a5

δa3a4
)∂a2∂a6

= 2∂a1(δa3a4∂a5 − δa3a5∂a4 + ∂a3δa4a5)− δa1a3(m2δa4a5)
+ δa1a4(m2δa3a5)− δa1a5(m2δa3a4)
= 2δa3a4

∂a1
∂a5
− 2δa3a5

∂a1
∂a4

+ 2∂a1
∂a3

δa4a5
−m2δa1a3

δa4a5
+m2δa1a4

δa3a5
−m2δa1a5

δa3a4

− 2m2 1
22 tr[γ{aγa1

γ(a′γb}γb′)γa2
]∂a1∂a2

= −2m2|2δ(a′{b∂a}∂b′) − 8δa′b′∂a∂b + 2∂{a∂(a′δb}b′) −m2δ{a(a′δb}b′) + 4m2δabδa′b′ −m2δ{a(b′δa′)b}
= −8m2δ{a(a′∂b}∂b′) + 16m2δa′b′∂a∂b + 4m4δ{a(a′δb}b′) − 8m4δabδa′b′

Proof: 1
22 |m2tr[γ{aγa1

γ(a′γb}γa2
γb′)]∂

a1∂a2 +m2tr[γ{aγ(a′γa1
γb}γb′)γa2

]∂a1∂a2

− 2m2tr[γ{aγ(a′γb}γa1
γb′)γa2

]∂a1∂a2 − 2m2tr[γ{aγa1
γ(a′γb}γb′)γa2

]∂a1∂a2

= 8m2δa′b′∂a∂b − 4m2δ{a(a′∂b}∂b′) + 8m2δab∂a′∂b′ + 2m4δ{a(a′δb}b′) − 4m4δabδa′b′

+ 8m2δa′b′∂a∂b − 4m2δ{a(a′∂b}∂b′) + 8m2δab∂a′∂b′ + 2m4δ{a(a′δb}b′) − 4m4δabδa′b′

− 8m2δ{a(a′∂b}∂b′) + 16m2δab∂a′∂b′ − 8m4δabδa′b′ + 4m4δ{a(a′δb}b′)
− 8m2δ{a(a′∂b}∂b′) + 16m2δa′b′∂a∂b + 4m4δ{a(a′δb}b′) − 8m4δabδa′b′

= 32m2δa′b′∂a∂b + 32m2δab∂a′∂b′ − 24m2δ{a(a′∂b}∂b′) + 12m4δ{a(a′δb}b′) − 24m4δabδa′b′

Thm. 5.4.1. [Aab(x), A+
a′b′(x

′)] = i
8{[η{a(a′ −

∂{a∂
+

(a′

m2 ][ηb}b′) −
∂b}∂

+

b′)
m2 ]− 1

3 [δ{ab} −
∂{a∂b}
m2 ][δ(a′b′) −

∂+

(a′∂
+

b′)
m2 ]}∆(x− x′)

Proof: 2m4δ{a(a′δb}b′) − 4m4δabδa′b′

+ 24∂a∂a′∂b∂b′ − 5m2δ{a(a′∂b}∂b′) − 4m2δab∂a′∂b′ +m4δ{a(a′δb}b′)
+ 32m2δa′b′∂a∂b + 32m2δab∂a′∂b′ − 24m2δ{a(a′∂b}∂b′) + 12m4δ{a(a′δb}b′) − 24m4δabδa′b′

= +24∂a∂a′∂b∂b′ − 5m2δ{a(a′∂b}∂b′) − 4m2δab∂a′∂b′

+ 32m2δa′b′∂a∂b + 32m2δab∂a′∂b′ − 24m2δ{a(a′∂b}∂b′) + 15m4δ{a(a′δb}b′) − 28m4δabδa′b′
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Self comment: This chapter conducts general mathematical analysis and logical deduction for various
spin bases. And I finds that the coefficients of the transformation relationship between spin bases is
just the CG coefficients of the spin coupling system. This also provides a new method for solving
CG coefficients in general. This new method is more intuitive, specific, and simple than traditional
methods for solving spin coupled eigenstates. Because the new method is completely constructive. And
the selected spin basis is more general, universal and rigorous than the traditional one. So it is more
convenient and useful to use. It may provide some help to thoroughly clarify quantum entanglement.

1 Bargmann-WignerReorganization and analysis of equation spin basis
1.1 Dirac spin basis is a common eigenstate of spin, helicity and charge three operators

Def. 1.1.1. Q̂(~p) := iγapa
m , q̂(~p, κ) :=

−ςEσx+iκ|~p|σy
m

Pro. 1.1.1.
σ2( 1

2 )⊗ Iu(~p, κ2 ) = 1
2 ( 1

2 + 1)u(~p, κ2 )

σ( 1
2 ) · p̂⊗ Iu(~p, κ2 ) = κ

2u(~p, κ2 )

Q̂(~p)u(~p, κ2 ) = −u(~p, κ2 )

Describe electron: (s, h;Q) = ( 1
2 ; κ2 ,−1)


σ2( 1

2 )⊗ Iv(~p, κ2 ) = 1
2 ( 1

2 + 1)v(~p, κ2 )

σ( 1
2 ) · p̂⊗ Iv(~p, κ2 ) = κ

2 v(~p, κ2 )

Q̂(~p)v(~p, κ2 ) = v(~p, κ2 )

Describe positive electron: (s, h;Q) = (1
2 ; κ2 , 1)

Proof: Using mathematical induction to prove this theorem.
Step 1: When s′ = 1

2 , the following is established.

Step 2: Assume when s′ = s− 1
2 , the following is established.

Step 3: When s′ = s,
This step proves that when s′ = s, the proposition is established.
Step 4: Based on the above inductive reasoning, the theorem has been proved.

1.2 Quasi projection operator of Dirac equation γa = (σ ⊗ σy, ςI ⊗ σx)

Cor. 1.2.1. µ(~p, κ2 )µ+(~p,−κ2 ) = 1
2m

[
m ςE−κ|~p|

ςE+κ|~p| m

]
= 1

2 (I + ς Emσx − iκ
|~p|
m σy)

Cor. 1.2.2. µ(~p, κ2 )µ+(~p, κ2 ) = ς
2m

[
ςE−κ|~p| m

m ςE+κ|~p|

]
= ς

2 (I + ς Emσx − iκ
|~p|
m σy)σx

Cor. 1.2.3. u(~p, κ2 ) =
λ(p̂,

κ
2 )√

2m(E+κς|~p|)
⊗
[

m
ςE + κ|~p|

]
, v(~p, κ2 ) =

λ(p̂,
κ
2 )√

2m(E+κς|~p|)
⊗
[
−m

ςE + κ|~p|

]
Cor. 1.2.4. u(~p, κ2 )u+(~p, κ2 ) = 1

4 [(κσ · p̂+ I)⊗ (I + ς Emσx − iκ
|~p|
m σy)](ςI ⊗ σx), γa = (σ ⊗ σy, ςI ⊗ σx)

1.3 Corresponding spin basis under special representation γa = (σ ⊗ σy, I ⊗ σx; I ⊗ σz)
Cor. 1.3.1. γa = (σ ⊗ σy, I ⊗ σx)

u(~p, κ2 ) =
λ(p̂,

κ
2 )√

2m(E+κ|~p|)
⊗
[

m
E + κ|~p|

]
, v(~p, κ2 ) =

λ(p̂,
κ
2 )√

2m(E+κ|~p|)
⊗
[
−m

E + κ|~p|

]
1.4 Spin basis combinatorial properties (γa, γ5) := [(σ ⊗ σy, I ⊗ σz),−I ⊗ σx]

Cor. 1.4.1.
λ(p̂, 1

2 )λ+(p̂, 1
2 ) = 1

2 (σ · p̂+ I) = 1
2 (σ,−i)ap̂a, p̂a := (p̂, i)

λ(p̂,− 1
2 )λ+(p̂,− 1

2 ) = − 1
2 (σ · p̂− I) = − 1

2 (σ, i)ap̂a

λ(p̂, 1
2 )λ+(p̂,− 1

2 ) = 1
2 (σ · p̂+ I)iσy = 1

2 (σ, i)ap̂aiσy

λ(p̂,− 1
2 )λ+(p̂, 1

2 ) = − 1
2 iσy(σ · p̂+ I) = − 1

2 iσy(σ, i)ap̂a

Cor. 1.4.2. u(~p, 1
2 ) = 1√

2m
λ(p̂, 1

2 )⊗
[√

E+m√
E−m

]
, u(~p,− 1

2 ) = 1√
2m
λ(p̂,− 1

2 )⊗
[ √

E+m

−
√
E−m

]
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Proof: u(~p, 1
2 )u+(~p, 1

2 ) = 1√
2m
λ(p̂, 1

2 )⊗
[√

E+m√
E−m

]
1√
2m
λ+(p̂, 1

2 )⊗
[√

E+m√
E−m

]+
= 1

2m [λ(p̂, 1
2 )λ+(p̂, 1

2 )]⊗ [
[√

E+m√
E−m

] [√
E+m√
E−m

]+
]

= 1
4m (σ,−i)ap̂a ⊗ (E +mσz + |~p|σx)

Proof: u(~p,− 1
2 )u+(~p,− 1

2 ) = 1√
2m
λ(p̂,− 1

2 )⊗
[ √

E+m

−
√
E−m

]
1√
2m
λ+(p̂,− 1

2 )⊗
[ √

E+m

−
√
E−m

]+
= 1

2m [λ(p̂,− 1
2 )λ+(p̂,− 1

2 )]⊗ [
[ √

E+m

−
√
E−m

] [ √
E+m

−
√
E−m

]+
]

= − 1
4m (σ, i)ap̂a ⊗ (E +mσz − |~p|σx)

Proof: u(~p, 1
2 )u+(~p,− 1

2 ) = 1√
2m
λ(p̂, 1

2 )⊗
[√

E+m√
E−m

]
1√
2m
λ+(p̂,− 1

2 )⊗
[ √

E+m

−
√
E−m

]+
= 1

2m [λ(p̂, 1
2 )λ+(p̂,− 1

2 )]⊗ [
[√

E+m√
E−m

] [ √
E+m

−
√
E−m

]+
]

= 1
4m [(σ, i)ap̂aiσy]⊗ (Eσz +m− i|~p|σy)

Proof: u(~p,− 1
2 )u+(~p, 1

2 ) = 1√
2m
λ(p̂,− 1

2 )⊗
[ √

E+m

−
√
E−m

]
1√
2m
λ+(p̂, 1

2 )⊗
[√

E+m√
E−m

]+
= 1

2m [λ(p̂,− 1
2 )λ+(p̂, 1

2 )]⊗ [
[ √

E+m

−
√
E−m

] [√
E+m√
E−m

]+
]

= 1
2m [λ(p̂,− 1

2 )λ+(p̂, 1
2 )]⊗ [

[ √
E+m

−
√
E−m

] [√
E+m√
E−m

]+
]

= − 1
4m [iσy(σ, i)ap̂a]⊗ (Eσz +m+ i|~p|σy)

======================================

Proof: u(~p, 1
2 )u+(~p, 1

2 ) + u(~p,− 1
2 )u+(~p,− 1

2 )
= 1

4m (σ,−i)ap̂a ⊗ (E +mσz + |~p|σx)− 1
4m (σ, i)ap̂a ⊗ (E +mσz − |~p|σx)

= 1
2m (σ · ~p⊗ σx + E +mI ⊗ σz) = (m−iγapa)γ4

2m

Proof: u(~p, 1
2 )u+(~p, 1

2 )− u(~p,− 1
2 )u+(~p,− 1

2 )
= 1

4m (σ,−i)ap̂a ⊗ (E +mσz + |~p|σx) + 1
4m (σ, i)ap̂a ⊗ (E +mσz − |~p|σx)

= 1
2m [σ · p̂⊗ (E +mσz) + |~p|I ⊗ σx]

= 1
2m [i(γ · p̂)(Eγ4 −m)− |~p|]γ5

Def. 1.4.1. Λ+( 1
2 ) :=

−1/2∑
h=1/2

u(~p, h)u+(~p, h) = (m−iγapa)γ4

2m ,Λ−( 1
2 ) :=

−1/2∑
h=1/2

v(~p, h)v+(~p, h) = (−m−iγapa)γ4

2m

Cor. 1.4.3. u(~p, κ2 ) = λ(p̂, κ2 )⊗ µ(~p, κ2 ), v(~p, κ2 ) = λ(p̂, κ2 )⊗ ν(~p, κ2 )

1.5 Definition-Spin basis decomposition: s = (s− 1
2 )⊕ 1

2

Def. 1.5.1. Uλς · ·σςτς︸ ︷︷ ︸
2s

(~p, h) =
√
s+h√
2s
Uλς · ·σς︸ ︷︷ ︸

2s−1

(~p, h− 1
2 )Uτς (~p,

1
2 ) +

√
s−h√
2s
Uλς · ·σς︸ ︷︷ ︸

2s−1

(~p, h+ 1
2 )Uτς (~p,− 1

2 ),−s ≤ h ≤ s

Cor. 1.5.1. Uλς · ·σςτς︸ ︷︷ ︸
2s

(~p, h) =
−1/2∑
h′=1/2

√
C

1/2+h′
s+h C

1/2−h′
s−h√

C1
2s

Uλς · ·σς︸ ︷︷ ︸
2s−1

(~p, h− h′)Uτς (~p, h′),−s ≤ h ≤ s

Cor. 1.5.2. Uλς · ·σςτς︸ ︷︷ ︸
2s

(~p, h) = Γ̂τς (h)Uλς · ·σς︸ ︷︷ ︸
2s−1

(~p, h)

=
−1/2∑
h′=1/2

√
C

1/2+h′
s+h C

1/2−h′
s−h√

C1
2s

Uτς (~p, h
′)Uλς · ·σς︸ ︷︷ ︸

2s−1

(~p, h− h′),−s ≤ h ≤ s

Def. 1.5.2. Γ̂τς (h) :=
−1/2∑
h′=1/2

√
C

1/2+h′
s+h C

1/2−h′
s−h√

C1
2s

Uτς (~p, h
′)[](~p, h− h′),−s ≤ h ≤ s
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1.6 Corollary-Uλς ··σςτς (~p, h) is a spin eigenstate

Def. 1.6.1. Ω(s;σ( 1
2 )⊗ I) := [σ( 1

2 )⊗ I]⊗ I42s−1 + I4 ⊗ [σ( 1
2 )⊗ I]⊗ I42s−2 + · ·+I42s−1 ⊗ [σ( 1

2 )⊗ I]

Thm. 1.6.1. [Ω(s;σ( 1
2 )⊗ I) · p̂]Uλς ⊗ · · ⊗σς ⊗ τς︸ ︷︷ ︸

2s

(~p, h) = hUλς ⊗ · · ⊗σς ⊗ τς︸ ︷︷ ︸
2s

(~p, h),−s ≤ h ≤ s

Proof: [Ω(s;σ( 1
2 )⊗ I) · p̂]Uλς ⊗ · · ⊗σς ⊗ τς︸ ︷︷ ︸

2s

(~p, h)

= {Ω(s− 1
2 ;σ( 1

2 )⊗ I)⊗ I4 + I42s−1 ⊗ [σ( 1
2 )⊗ I]} · p̂

[
√
s+h√
2s
Uλς ⊗ · · ⊗σς︸ ︷︷ ︸

2s−1

(~p, h− 1
2 )U⊗τς (~p,

1
2 ) +

√
s−h√
2s
Uλς ⊗ · · ⊗σς︸ ︷︷ ︸

2s−1

(~p, h+ 1
2 )U⊗τς (~p,− 1

2 )],−s ≤ h ≤ s

= [
√
s+h√
2s
hUλς ⊗ · · ⊗σς︸ ︷︷ ︸

2s−1

(~p, h− 1
2 )U⊗τς (~p,

1
2 ) +

√
s−h√
2s
hUλς ⊗ · · ⊗σς︸ ︷︷ ︸

2s−1

(~p, h+ 1
2 )U⊗τς (~p,− 1

2 )],−s ≤ h ≤ s

= hUλς ⊗ · · ⊗σς ⊗ τς︸ ︷︷ ︸
2s

(~p, h),−s ≤ h ≤ s

Thm. 1.6.2. Ω2(s;σ( 1
2 )⊗ I)Uλς ⊗ · · ⊗σς ⊗ τς︸ ︷︷ ︸

2s

(~p, h) = s(s+ 1)Uλς ⊗ · · ⊗σς ⊗ τς︸ ︷︷ ︸
2s

(~p, h),−s ≤ h ≤ s

he above theorem can be easily proved using a fully symmetric representation transformation method.
From the above, it can be seen that Uλςµς · ·σςτς︸ ︷︷ ︸

2s

(~p, h) is a spin eigenstate. Therefore, the expansion

coefficients are CG coefficients, and the actual calculation results also indicate that they are indeed
the corresponding CG coefficients. This also provides a unified, standardized, intuitive and complete
new method for calculating CG coefficients.
1.7 Raising and lowering operator of Dirac spin basis under special representation

Dirac spinor boost transformation[γa = (σ ⊗ σy, I ⊗ σz;−I ⊗ σx)]:

Cor. 1.7.1. D~v = e−ln[γv(1+v)]v̂·( i2~γγ4) = 1+γv−iγv~v·~γγ4√
2(γv+1)

= E+m−i~p·~γγ4√
2m(E+m)

= m−iγapaγ4√
2m(E+m)

Thm. 1.7.1. e−ln[γv(1+v)]v̂·( i2~γγ4)(σ ⊗ I)eln[γv(1+v)]v̂·( i2~γγ4) = 1
m(E+m)

[
E(E+m)σi−2pi(σ·~p) (E+m)[(σ·~p)σi−pi]
(E+m)[(σ·~p)σi−pi] E(E+m)σi−2pi(σ·~p)

]
Proof: e−ln[γv(1+v)]v̂·( i2~γγ4)(σ ⊗ I)eln[γv(1+v)]v̂·( i2~γγ4)

= E+m−i~p·~γγ4√
2m(E+m)

(σ ⊗ I)E+m+i~p·~γγ4√
2m(E+m)

= 1√
2m(E+m)

[
E+m σ·~p
σ·~p E+m

] [
σ 0
0 σ

]
1√

2m(E+m)

[
E+m −σ·~p
−σ·~p E+m

]
= 1

2m(E+m)

[
E+m σ·~p
σ·~p E+m

] [
(E+m)σ −σ(σ·~p)
−σ(σ·~p) (E+m)σ

]
= 1

2m(E+m)

[
(E+m)2σ−(σ·~p)σ(σ·~p) (E+m)[(σ·~p)σ−σ(σ·~p)]
(E+m)[(σ·~p)σ−σ(σ·~p)] (E+m)2σ−(σ·~p)σ(σ·~p)

]
= 1

2m(E+m)

[
(E+m)2σi+~p

2σi−2pi(σ·~p) 2(E+m)[(σ·~p)σi−pi]
2(E+m)[(σ·~p)σi−pi] (E+m)2σi+~p

2σi−2pi(σ·~p)

]
= 1

m(E+m)

[
E(E+m)σi−2pi(σ·~p) (E+m)[(σ·~p)σi−pi]
(E+m)[(σ·~p)σi−pi] E(E+m)σi−2pi(σ·~p)

]
Cor. 1.7.2. e−ln[γv(1+v)](

i
2~γzγ4)(σ ⊗ I)eln[γv(1+v)](

i
2~γzγ4) =

x : Emσx ⊗ I + i|~p|
m σy ⊗ σx = E

m (−iγy + |~p|
E γxγ5)γz

y : Emσy ⊗ I −
i|~p|
m σx ⊗ σx = 1

m (iγx + |~p|
E γyγ5)γz

z : σz ⊗ I = −iγxγy

Cor. 1.7.3.
u(
[

0
0
|~p|

]
, 1

2 ) = e−ln[γv(1+v)](
i
2γzγ4)

[
1
0

]
⊗
[

1
0

]
= 1√

2m

[
1
0

]
⊗
[√

E+m√
E−m

]
u(
[

0
0
|~p|

]
,− 1

2 ) = e−ln[γv(1+v)](
i
2~γzγ4)

[
0
1

]
⊗
[

1
0

]
= 1√

2m

[
0
1

]
⊗
[ √

E+m

−
√
E−m

]

v(
[

0
0
|~p|

]
, 1

2 ) = e−ln[γv(1+v)](
i
2~γzγ4)

[
1
0

]
⊗
[

0
1

]
= 1√

2m

[
1
0

]
⊗
[√

E−m√
E+m

]
v(
[

0
0
|~p|

]
,− 1

2 ) = e−ln[γv(1+v)](
i
2~γzγ4)

[
0
1

]
⊗
[

0
1

]
= 1√

2m

[
0
1

]
⊗
[
−
√
E−m√
E+m

]
Proof: u(

[
0
0
|~p|

]
, 1

2 )

= e−ln[γv(1+v)](
i
2γzγ4)

[
1
0

]
⊗
[

1
0

]
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= E+m−i|~p|γzγ4√
2m(E+m)

[
1
0

]
⊗
[

1
0

]
= 1√

2m(E+m)

[
E+m σz|~p|
σz|~p| E+m

] [
1
0

]
⊗
[

1
0

]
= 1√

2m

[
1
0

]
⊗
[√

E+m√
E−m

]
Proof: u(

[
0
0
|~p|

]
,− 1

2 )

= e−ln[γv(1+v)](
i
2γzγ4)

[
0
1

]
⊗
[

1
0

]
= E+m−i|~p|γzγ4√

2m(E+m)

[
0
1

]
⊗
[

1
0

]
= 1√

2m(E+m)

[
E+m σz|~p|
σz|~p| E+m

] [
0
1

]
⊗
[

1
0

]
= 1√

2m

[
0
1

]
⊗
[ √

E+m

−
√
E−m

]
Proof: v(

[
0
0
|~p|

]
, 1

2 )

= e−ln[γv(1+v)](
i
2γzγ4)

[
1
0

]
⊗
[

0
1

]
= E+m−i|~p|γzγ4√

2m(E+m)

[
1
0

]
⊗
[

0
1

]
= 1√

2m(E+m)

[
E+m σz|~p|
σz|~p| E+m

] [
1
0

]
⊗
[

0
1

]
= 1√

2m

[
1
0

]
⊗
[√

E−m√
E+m

]
Proof: v(

[
0
0
|~p|

]
,− 1

2 )

= e−ln[γv(1+v)](
i
2γzγ4)

[
0
1

]
⊗
[

0
1

]
= E+m−i|~p|γzγ4√

2m(E+m)

[
0
1

]
⊗
[

0
1

]
= 1√

2m(E+m)

[
E+m σz|~p|
σz|~p| E+m

] [
0
1

]
⊗
[

0
1

]
= 1√

2m

[
0
1

]
⊗
[
−
√
E−m√
E+m

]
Cor. 1.7.4. ei~ω·

σ⊗I
2 e−ln[γv(1+v)](

i
2~γzγ4)(σ ⊗ I)eln[γv(1+v)](

i
2~γzγ4)e−i~ω·

σ⊗I
2 =

x : Em [σx( 1
2 )− p̂x

σ(
1
2 )·p̂+σz(

1
2 )

1+p̂z
]⊗ I + i|~p|

m [σy( 1
2 )− p̂y

σ(
1
2 )·p̂+σz(

1
2 )

1+p̂z
]⊗ σx

= iE
2m [−γyγz + p̂x

1+p̂z
( 1

2ε
ijkp̂iγjγk + γxγy)]− |~p|2m [−γzγx +

p̂y
1+p̂z

( 1
2ε
ijkp̂iγjγk + γxγy)]γ5

y : Em [σy( 1
2 )− p̂y

σ(
1
2 )·p̂+σz(

1
2 )

1+p̂z
]⊗ I − i|~p|

m [σx( 1
2 )− p̂x

σ(
1
2 )·p̂+σz(

1
2 )

1+p̂z
]⊗ σx

= iE
2m [−γzγx +

p̂y
1+p̂z

( 1
2ε
ijkp̂iγjγk + γxγy)] + |~p|

2m [−γyγz + p̂x
1+p̂z

( 1
2ε
ijkp̂iγjγk + γxγy)]γ5

z : [σ( 1
2 ) · p̂]⊗ I = − i

4ε
ijkp̂iγjγk = 1

2ε
ijkp̂iSjk(e, 1

2 )

Def. 1.7.1.
Ĵx(~0, 1

2 ; γa) := − i
2γyγz

Ĵy(~0, 1
2 ; γa) := − i

2γzγx

Ĵz(~0,
1
2 ; γa) := − i

2γxγy

Def. 1.7.2.

x+ iy : Ĵ+(~p, 1
2 ;m) := {[σx( 1

2 ) + iσy( 1
2 )]− (p̂x+ip̂y)

1+p̂z
[σ( 1

2 ) · p̂+ σz(
1
2 )]} ⊗ I(Em + |~p|

m ⊗ σx)

= [i(γx + iγy)γz +
(p̂x+ip̂y)

1+p̂z
( 1

2ε
ijkp̂iγjγk + γxγy)] i(E−|~p|γ5)

2m

x− iy : Ĵ−(~p, 1
2 ;m) := {[σx( 1

2 )− iσy( 1
2 )]− (p̂x−ip̂y)

1+p̂z
[σ( 1

2 ) · p̂+ σz(
1
2 )]}(Em −

|~p|
m ⊗ σx)

= [−i(γx − iγy)γz +
(p̂x−ip̂y)

1+p̂z
( 1

2ε
ijkp̂iγjγk + γxγy)] i(E+|~p|γ5)

2m

z : Ĵz(~p,
1
2 ;m) := [σ( 1

2 ) · p̂]⊗ I = − i
4ε
ijkp̂iγjγk = 1

2ε
ijkp̂iSjk(e, 1

2 ), Q̂(~p, 1
2 ;m) := iγapa

m

Cor. 1.7.5.u(~p, 1
2 ) = ei~ω·

σ⊗I
2 e−ln[γv(1+v)](

i
2~γzγ4)

[
1
0

]
⊗
[

1
0

]
= 1√

2m
λ(p̂, 1

2 )⊗
[√

E+m√
E−m

]
u(~p,− 1

2 ) = ei~ω·
σ⊗I

2 e−ln[γv(1+v)](
i
2~γzγ4)

[
0
1

]
⊗
[

1
0

]
= 1√

2m
λ(p̂,− 1

2 )⊗
[ √

E+m

−
√
E−m

]
v(~p, 1

2 ) = ei~ω·
σ⊗I

2 e−ln[γv(1+v)](
i
2~γzγ4)

[
1
0

]
⊗
[

0
1

]
= 1√

2m
λ(p̂, 1

2 )⊗
[√

E−m√
E+m

]
v(~p,− 1

2 ) = ei~ω·
σ⊗I

2 e−ln[γv(1+v)](
i
2~γzγ4)

[
0
1

]
⊗
[

0
1

]
= 1√

2m
λ(p̂,− 1

2 )⊗
[
−
√
E−m√
E+m

]
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1.8 Raising and lowering operator of Dirac spin basis under general representation

Def. 1.8.1.
Ĵx(~p, 1

2 ; γa) := iE
2m [−γyγz + p̂x

1+p̂z
( 1

2ε
ijkp̂iγjγk + γxγy)]− |~p|2m [−γzγx +

p̂y
1+p̂z

( 1
2ε
ijkp̂iγjγk + γxγy)]γ5

Ĵy(~p, 1
2 ; γa) := iE

2m [−γzγx +
p̂y

1+p̂z
( 1

2ε
ijkp̂iγjγk + γxγy)] + |~p|

2m [−γyγz + p̂x
1+p̂z

( 1
2ε
ijkp̂iγjγk + γxγy)]γ5

Ĵz(~p,
1
2 ; γa) := − i

4ε
ijkp̂iγjγk = 1

2ε
ijkp̂iSjk(e, 1

2 ), Q̂(~p, 1
2 ; γa) := iγapa

m

Cor. 1.8.1.{
Ĵ2
x(~p, 1

2 ; γa) = 1
4 , Ĵ

2
y (~p, 1

2 ; γa) = 1
4 , Ĵ

2
z (~p, 1

2 ; γa) = 1
4

[Ĵi(~p,
1
2 ; γa), Ĵj(~p,

1
2 ; γa)] = εij

kĴk(~p, 1
2 ; γa), Ĵ2(~p, 1

2 ; γa) = 1
2 ( 1

2 + 1)

Cor. 1.8.2. 1
2δ
λ′′ς
λς

1
2δ
µ′′ς
µς =

[ 1
2δ
λ′ς
λς

1
2δ
µ′ς
µς + Ĵx

λ′ς
λς

(~p, 1
2 ; γa)Ĵx

µ′ς
µς (~p,

1
2 ; γa) + Ĵy

λ′ς
λς

(~p, 1
2 ; γa)Ĵy

µ′ς
µς (~p,

1
2 ; γa) + Ĵz

λ′ς
λς

(~p, 1
2 ; γa)Ĵz

µ′ς
µς (~p,

1
2 ; γa)]

[ 1
2δ
λ′′ς
λ′ς

1
2δ
µ′′ς
µ′ς

+ Ĵx
λ′′ς
λ′ς

(~p, 1
2 ; γa)Ĵx

µ′′ς
µ′ς

(~p, 1
2 ; γa) + Ĵy

λ′′ς
λ′ς

(~p, 1
2 ; γa)Ĵy

µ′′ς
µ′ς

(~p, 1
2 ; γa) + Ĵz

λ′′ς
λ′ς

(~p, 1
2 ; γa)Ĵz

µ′′ς
µ′ς

(~p, 1
2 ; γa)]

Cor. 1.8.3.
Ĵ+(~p, 1

2 ; γa) := [i(γx + iγy)γz +
p̂x+ip̂y
1+p̂z

( 1
2ε
ijkp̂iγjγk + γxγy)] i(E−|~p|γ5)

2m

Ĵ−(~p, 1
2 ; γa) := [−i(γx − iγy)γz +

p̂x−ip̂y
1+p̂z

( 1
2ε
ijkp̂iγjγk + γxγy)] i(E+|~p|γ5)

2m

Ĵz(~p,
1
2 ; γa) := − i

4ε
ijkp̂iγjγk = 1

2ε
ijkp̂iSjk(e, 1

2 ), Q̂(~p, 1
2 ; γa) := iγapa

m

Cor. 1.8.4.
Ĵ+(~p, 1

2 ; γa)u(~p,− 1
2 ) = u(~p, 1

2 ); Ĵ+(~p, 1
2 ; γa)u(~p, 1

2 ) = 0

Ĵ−(~p, 1
2 ; γa)u(~p, 1

2 ) = u(~p,− 1
2 ); Ĵ−(~p, 1

2 ; γa)u(~p,− 1
2 ) = 0

Ĵz(~p,
1
2 ; γa)u(~p, h) = hu(~p, h), Q̂(~p, 1

2 ; γa)u(~p, h) = u(~p, h),− 1
2 ≤ h ≤

1
2

Cor. 1.8.5.
Ĵ+(~p, 1

2 ; γa)v(~p,− 1
2 ) = v(~p, 1

2 ); Ĵ+(~p, 1
2 ; γa)v(~p, 1

2 ) = 0

Ĵ−(~p, 1
2 ; γa)v(~p, 1

2 ) = v(~p,− 1
2 ); Ĵ−(~p, 1

2 ; γa)v(~p,− 1
2 ) = 0

Ĵz(~p,
1
2 ; γa)v(~p, h) = hv(~p, h), Q̂(~p, 1

2 ; γa)v(~p, h) = −v(~p, h),− 1
2 ≤ h ≤

1
2

1.9 Raising and lowering operator of Bargmann-Wigner equation spin basis

Def. 1.9.1.
Ĵ(~p, s; γa) := Ĵ(~p, 1

2 ; γa)⊗ I4 ⊗ · · ⊗I4︸ ︷︷ ︸
2s

+ I4 ⊗ Ĵ(~p, 1
2 ; γa)⊗ · · ⊗I4︸ ︷︷ ︸

2s

+ · · ·+ I4 ⊗ · · ⊗I4 ⊗ Ĵ(~p, 1
2 ; γa)︸ ︷︷ ︸

2s

Q̂(~p, s; γa) := Q̂(~p, 1
2 ; γa)⊗ I4 ⊗ · · ⊗I4︸ ︷︷ ︸

2s

+ I4 ⊗ Q̂(~p, 1
2 ; γa)⊗ · · ⊗I4︸ ︷︷ ︸

2s

+ · · ·+ I4 ⊗ · · ⊗I4 ⊗ Q̂(~p, 1
2 ; γa)︸ ︷︷ ︸

2s

Cor. 1.9.1.{
Ĵ2
x(~p, 1

2 ; γa) = 1
4 , Ĵ

2
y (~p, 1

2 ; γa) = 1
4 , Ĵ

2
z (~p, 1

2 ; γa) = 1
4 , Ĵ

2(~p, 1
2 ; γa) = 1

2 ( 1
2 + 1)

[Ĵi(~p, s; γa), Ĵj(~p, s; γa)] = εij
kĴk(~p, s; γa)

Thm. 1.9.1. Ĵ+(~p, s; γa)Uλς ⊗ · · ⊗σς ⊗ τς︸ ︷︷ ︸
2s

(~p, h) =
√
s(s+ 1)− h(h+ 1)Uλς ⊗ · · ⊗σς ⊗ τς︸ ︷︷ ︸

2s

(~p, h+ 1)

Proof: Using mathematical induction to prove this theorem.
Step 1: When s′ = 1

2 , the following is established.

Ĵ+(~p, 1
2 ; γa)U⊗τς (~p, h) =

√
3
4 − h(h+ 1)U⊗τς (~p, h+ 1),− 1

2 ≤ h ≤
1
2

Step 2: Assume when s′ = s− 1
2 , the following is established.

Ĵ+(~p, s− 1
2 ; γa)Uλς ⊗ · · ⊗σς︸ ︷︷ ︸

2s−1

(~p, h) =
√

(s− 1
2 )(s+ 1

2 )− h(h+ 1)Uλς ⊗ · · ⊗σς︸ ︷︷ ︸
2s−1

(~p, h),−s+ 1
2 ≤ h ≤ s−

1
2

Step 3: When s′ = s, − s ≤ h ≤ s, Ĵ+(~p, s; γa)Uλς ⊗ · · ⊗σς ⊗ τς︸ ︷︷ ︸
2s

(~p, h)

=
√
s+h√
2s

[Ĵ+(~p, s− 1
2 ; γa)Uλς ⊗ · · ⊗σς︸ ︷︷ ︸

2s−1

(~p, h− 1
2 )]U⊗τς (~p,

1
2 ) +

√
s−h√
2s

[Ĵ+(~p, s− 1
2 ; γa)Uλς ⊗ · · ⊗σς︸ ︷︷ ︸

2s−1

(~p, h+ 1
2 )]U⊗τς (~p,− 1

2 )

+
√
s+h√
2s
Uλς ⊗ · · ⊗σς︸ ︷︷ ︸

2s−1

(~p, h− 1
2 )Ĵ+(~p, 1

2 ; γa)U⊗τς (~p,
1
2 ) +

√
s−h√
2s
Uλς ⊗ · · ⊗σς︸ ︷︷ ︸

2s−1

(~p, h+ 1
2 )Ĵ+(~p, 1

2 ; γa)U⊗τς (~p,− 1
2 )

=

√
s+h

√
(s+

1
2 )(s− 1

2 )−(h− 1
2 )(h+

1
2 )

√
2s

Uλς ⊗ · · ⊗σς︸ ︷︷ ︸
2s−1

(~p, h+ 1
2 )U⊗τς (~p,

1
2 ) +

√
s−h√
2s
Uλς ⊗ · · ⊗σς︸ ︷︷ ︸

2s−1

(~p, h+ 1
2 )U⊗τς (~p,

1
2 )
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+

√
s−h

√
(s+

1
2 )(s− 1

2 )−(h+1− 1
2 )(h+1+

1
2 )

√
2s

Uλς ⊗ · · ⊗σς︸ ︷︷ ︸
2s−1

(~p, h+ 3
2 )]U⊗τς (~p,− 1

2 )

=

√
(s−h)(s+h+1)

√
s+h+1√

2s
Uλς ⊗ · · ⊗σς︸ ︷︷ ︸

2s−1

(~p, h+ 1
2 )U⊗τς (~p,

1
2 ) +

√
(s−h)(s+h+1)

√
s−h−1√

2s
Uλς ⊗ · · ⊗σς︸ ︷︷ ︸

2s−1

(~p, h+ 3
2 )U⊗τς (~p,− 1

2 )

=
√
s(s+ 1)− h(h+ 1)Uλς ⊗ · · ⊗σς ⊗ τς︸ ︷︷ ︸

2s

(~p, h+ 1)

This step proves that when s′ = s, the proposition is established.
Step 4: Based on the above inductive reasoning, the theorem has been proved.

Thm. 1.9.2. Ĵ−(~p, s; γa)Uλς ⊗ · · ⊗σς ⊗ τς︸ ︷︷ ︸
2s

(~p, h) =
√
s(s+ 1)− h(h− 1)Uλς ⊗ · · ⊗σς ⊗ τς︸ ︷︷ ︸

2s

(~p, h− 1)

Proof: Using mathematical induction to prove this theorem.
Step 1: When s′ = 1

2 , the following is established.

Ĵ−(~p, 1
2 ; γa)U⊗τς (~p, h) =

√
3
4 − h(h− 1)U⊗τς (~p, h− 1),− 1

2 ≤ h ≤
1
2

Step 2: Assume when s′ = s− 1
2 , the following is established.

Ĵ−(~p, s− 1
2 ; γa)Uλς ⊗ · · ⊗σς︸ ︷︷ ︸

2s−1

(~p, h) =
√

(s− 1
2 )(s+ 1

2 )− h(h− 1)Uλς ⊗ · · ⊗σς︸ ︷︷ ︸
2s−1

(~p, h− 1),−s+ 1
2 ≤ h ≤ s−

1
2

Step 3: When s′ = s, − s ≤ h ≤ s, Ĵ−(~p, s; γa)Uλς ⊗ · · ⊗σς ⊗ τς︸ ︷︷ ︸
2s

(~p, h)

=
√
s+h√
2s

[Ĵ−(~p, s− 1
2 ; γa)Uλς ⊗ · · ⊗σς︸ ︷︷ ︸

2s−1

(~p, h− 1
2 )]U⊗τς (~p,

1
2 ) +

√
s−h√
2s

[Ĵ−(~p, s− 1
2 ; γa)Uλς ⊗ · · ⊗σς︸ ︷︷ ︸

2s−1

(~p, h+ 1
2 )]U⊗τς (~p,− 1

2 )

+
√
s+h√
2s
Uλς ⊗ · · ⊗σς︸ ︷︷ ︸

2s−1

(~p, h− 1
2 )Ĵ−(~p, 1

2 ; γa)U⊗τς (~p,
1
2 ) +

√
s−h√
2s
Ĵ−(~p, s− 1

2 ; γa)Uλς ⊗ · · ⊗σς︸ ︷︷ ︸
2s−1

(~p, h+ 1
2 )Ĵ−(~p, 1

2 ; γa)U⊗τς (~p,− 1
2 )

=

√
s+h

√
(s+

1
2 )(s− 1

2 )−(h−1− 1
2 )(h−1+

1
2 )

√
2s

Uλς ⊗ · · ⊗σς︸ ︷︷ ︸
2s−1

(~p, h− 3
2 )U⊗τς (~p,

1
2 )

+

√
s−h

√
(s+

1
2 )(s− 1

2 )−(h− 1
2 )(h+

1
2 )

√
2s

Uλς ⊗ · · ⊗σς︸ ︷︷ ︸
2s−1

(~p, h− 1
2 )]U⊗τς (~p,− 1

2 ) +
√
s+h√
2s
Uλς ⊗ · · ⊗σς︸ ︷︷ ︸

2s−1

(~p, h− 1
2 )U⊗τς (~p,− 1

2 )

=
√
s+h
√

(s+h−1)(s−h+1)√
2s

Uλς ⊗ · · ⊗σς︸ ︷︷ ︸
2s−1

(~p, h− 3
2 )U⊗τς (~p,

1
2 )

+
√
s−h
√

(s+h)(s−h)√
2s

Uλς ⊗ · · ⊗σς︸ ︷︷ ︸
2s−1

(~p, h− 1
2 )]U⊗τς (~p,− 1

2 ) +
√
s+h√
2s
Uλς ⊗ · · ⊗σς︸ ︷︷ ︸

2s−1

(~p, h− 1
2 )U⊗τς (~p,− 1

2 )

=

√
(s+h)(s−h+1)

√
(s+h−1)√

2s
Uλς ⊗ · · ⊗σς︸ ︷︷ ︸

2s−1

(~p, h− 3
2 )U⊗τς (~p,

1
2 )

+

√
(s+h)(s−h+1)

√
s−h+1√

2s
Uλς ⊗ · · ⊗σς︸ ︷︷ ︸

2s−1

(~p, h− 1
2 )U⊗τς (~p,− 1

2 )

=
√
s(s+ 1)− h(h− 1)Uλς ⊗ · · ⊗σς ⊗ τς︸ ︷︷ ︸

2s

(~p, h− 1)

This step proves that when s′ = s, the proposition is established.
Step 4: Based on the above inductive reasoning, the theorem has been proved.

Cor. 1.9.2.

Ĵ+(~p, s; γa)Uλς ⊗ µς ⊗ ··︸ ︷︷ ︸
2s

(~p, h) =
√
s(s+ 1)− h(h+ 1)Uλς ⊗ µς ⊗ ··︸ ︷︷ ︸

2s

(~p, h+ 1),−s ≤ h ≤ s

Ĵ−(~p, s; γa)Uλς ⊗ µς ⊗ ··︸ ︷︷ ︸
2s

(~p, h) =
√
s(s+ 1)− h(h− 1)Uλς ⊗ µς ⊗ ··︸ ︷︷ ︸

2s

(~p, h− 1),−s ≤ h ≤ s

Ĵz(~p, s; γa)Uλς ⊗ µς ⊗ ··︸ ︷︷ ︸
2s

(~p, h) = hUλς ⊗ µς ⊗ ··︸ ︷︷ ︸
2s

(~p, h),−s ≤ h ≤ s

Q̂(~p, s; γa)Uλς ⊗ µς ⊗ ··︸ ︷︷ ︸
2s

(~p, h) = −2sUλς ⊗ µς ⊗ ··︸ ︷︷ ︸
2s

(~p, h),−s ≤ h ≤ s

Cor. 1.9.3.
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Ĵ+(~p, s; γa)Vλς ⊗ µς ⊗ ··︸ ︷︷ ︸
2s

(~p, h) =
√
s(s+ 1)− h(h+ 1)Vλς ⊗ µς ⊗ ··︸ ︷︷ ︸

2s

(~p, h+ 1),−s ≤ h ≤ s

Ĵ−(~p, s; γa)Vλς ⊗ µς ⊗ ··︸ ︷︷ ︸
2s

(~p, h) =
√
s(s+ 1)− h(h− 1)Vλς ⊗ µς ⊗ ··︸ ︷︷ ︸

2s

(~p, h− 1),−s ≤ h ≤ s

Ĵz(~p, s; γa)Vλς ⊗ µς ⊗ ··︸ ︷︷ ︸
2s

(~p, h) = hVλς ⊗ µς ⊗ ··︸ ︷︷ ︸
2s

(~p, h),−s ≤ h ≤ s

Q̂(~p, s; γa)Vλς ⊗ µς ⊗ ··︸ ︷︷ ︸
2s

(~p, h) = 2sVλς ⊗ µς ⊗ ··︸ ︷︷ ︸
2s

(~p, h),−s ≤ h ≤ s

Cor. 1.9.4.

Ĵ2(~p, s; γa)Uλς ⊗ µς ⊗ ··︸ ︷︷ ︸
2s

(~p, h) = s(s+ 1)Uλς ⊗ µς ⊗ ··︸ ︷︷ ︸
2s

(~p, h), Ĵ2(~p, ∗ 1
2 ; γa)Uλς ⊗ µς ⊗ ··︸ ︷︷ ︸

2s

(~p, h) = 3
4Uλς ⊗ µς ⊗ ··︸ ︷︷ ︸

2s

(~p, h)

Ĵz(~p, s; γa)Uλς ⊗ µς ⊗ ··︸ ︷︷ ︸
2s

(~p, h) = hUλς ⊗ µς ⊗ ··︸ ︷︷ ︸
2s

(~p, h), Q̂(~p, ∗ 1
2 ; γa)Uλς ⊗ µς ⊗ ··︸ ︷︷ ︸

2s

(~p, h) = −Uλς ⊗ µς ⊗ ··︸ ︷︷ ︸
2s

(~p, h)

Uλςµς · ·︸ ︷︷ ︸
2s

(~p, h) = 1
(2s)!U{λςµς · ·}︸ ︷︷ ︸

2s

(~p, h), Ĵ2 = Ĵ2
z + 1

2 (Ĵ+Ĵ− + Ĵ+Ĵ−),−s ≤ h ≤ s

Cor. 1.9.5.

Ĵ2(~p, s; γa)Vλς ⊗ µς ⊗ ··︸ ︷︷ ︸
2s

(~p, h) = s(s+ 1)Vλς ⊗ µς ⊗ ··︸ ︷︷ ︸
2s

(~p, h), Ĵ2(~p, ∗ 1
2 ; γa)Vλς ⊗ µς ⊗ ··︸ ︷︷ ︸

2s

(~p, h) = 3
4Vλς ⊗ µς ⊗ ··︸ ︷︷ ︸

2s

(~p, h)

Ĵz(~p, s; γa)Vλς ⊗ µς ⊗ ··︸ ︷︷ ︸
2s

(~p, h) = hVλς ⊗ µς ⊗ ··︸ ︷︷ ︸
2s

(~p, h), Q̂(~p, ∗ 1
2 ; γa)Vλς ⊗ µς ⊗ ··︸ ︷︷ ︸

2s

(~p, h) = Vλς ⊗ µς ⊗ ··︸ ︷︷ ︸
2s

(~p, h)

Vλςµς · ·︸ ︷︷ ︸
2s

(~p, h) = 1
(2s)!V{λςµς · ·}︸ ︷︷ ︸

2s

(~p, h), Ĵ2 = Ĵ2
z + 1

2 (Ĵ+Ĵ− + Ĵ+Ĵ−),−s ≤ h ≤ s

1.10 Corollary-Uλς ··σςτς (~p, h) orthogonality

Def. 1.10.1. Ūτς (~p, h′)Uτς (~p, h) = δhh′ ,− 1
2 ≤ h, h

′ ≤ 1
2

Thm. 1.10.1. Ū

2s︷ ︸︸ ︷
λς · ·σςτς (~p, h′)Uλς · ·σςτς︸ ︷︷ ︸

2s

(~p, h) = δhh′ ,−s ≤ h′, h ≤ s

Proof: Using mathematical induction to prove this theorem.
Step 1: When s′ = 1

2 , the following is established.
Ūλς (~p, h′)Uλς (~p, h) = δhh′ ,− 1

2 ≤ h, h
′ ≤ 1

2
Step 2: Assume when s′ = s− 1

2 , the following is established.

Ū

2s−1︷ ︸︸ ︷
λς · ·σς (~p, h′)Uλς · ·σς︸ ︷︷ ︸

2s−1

(~p, h) = δhh′ ,−s+ 1
2 ≤ h

′, h ≤ s− 1
2

Step 3: When s′ = s, Ū

2s︷ ︸︸ ︷
λς · ·σςτς (~p, h′)Uλς · ·σςτς︸ ︷︷ ︸

2s

(~p, h),−s ≤ h′, h ≤ s

= [
−1/2∑
h̄′=1/2

√
C

1/2+h̄′
s+h′ C

1/2−h̄′
s−h′√

C1
2s

Ū

2s−1︷ ︸︸ ︷
λς · ·σς (~p, h′ − h̄′)Ūτς (~p, h̄′)][

−1/2∑
h̄=1/2

√
C

1/2+h̄
s+h C

1/2−h̄
s−h√

C1
2s

Uλς · ·σς︸ ︷︷ ︸
2s−1

(~p, h− h̄)Uτς (~p, h̄)]

=
−1/2∑

h̄′,h̄=1/2

[

√
C

1/2+h̄′
s+h′ C

1/2−h̄′
s−h′√

C1
2s

√
C

1/2+h̄
s+h C

1/2−h̄
s−h√

C1
2s

Ū

2s−1︷ ︸︸ ︷
λς · ·σς (~p, h′ − h̄′)Uλς · ·σς︸ ︷︷ ︸

2s−1

(~p, h− h̄)δh̄h̄′ ]

=
−1/2∑
h̄=1/2

[

√
C

1/2+h̄

s+h′ C
1/2−h̄
s−h′√

C1
2s

√
C

1/2+h̄
s+h C

1/2−h̄
s−h√

C1
2s

Ū

2s−1︷ ︸︸ ︷
λς · ·σς (~p, h′ − h̄)Uλς · ·σς︸ ︷︷ ︸

2s−1

(~p, h− h̄)]

=
−1/2∑
h̄=1/2

[

√
C

1/2+h̄

s+h′ C
1/2−h̄
s−h′√

C1
2s

√
C

1/2+h̄
s+h C

1/2−h̄
s−h√

C1
2s

δhh′ ]

=
−1/2∑
h̄=1/2

[

√
C

1/2+h̄
s+h C

1/2−h̄
s−h√

C1
2s

√
C

1/2+h̄
s+h C

1/2−h̄
s−h√

C1
2s

]δhh′

= δhh′

This step proves that when s′ = s, the proposition is established.
Step 4: Based on the above inductive reasoning, the theorem has been proved.
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1.11 Corollary-Spin basis decomposition: 1 = 1
2 ⊕

1
2

Cor. 1.11.1. Uλςµς (~p, h) =
√

1+h√
2
Uλς (~p, h− 1

2 )Uµς (~p,
1
2 ) +

√
1−h√

2
Uλς (~p, h+ 1

2 )Uµς (~p,− 1
2 )

=


Uλς (~p,

1
2 )Uµς (~p,

1
2 ), h = 1

1√
2
U{λς (~p,

1
2 )Uµς}(~p,− 1

2 ), h = 0

Uλς (~p,− 1
2 )Uµς (~p,− 1

2 ), h = −1

Cor. 1.11.2. Uλςµς (~p, h) = Uµςλς (~p, h),−1 ≤ h ≤ 1

1.12 Corollary-Spin basis decomposition: 0 = 1
2 	

1
2

Cor. 1.12.1. Fλςµς (~p, h) = 1√
2
u[λς (~p,

1
2 )uµς ](~p,− 1

2 ), h = 0

Cor. 1.12.2. [(σ ⊗ I) · (I ⊗ σ)][λ(p̂, ς2 )⊗ λ(p̂, −ς2 )− λ(p̂,− ς
2 )⊗ λ(p̂, ς2 )] = −3[λ(p̂, ς2 )⊗ λ(p̂, −ς2 )− λ(p̂,− ς

2 )⊗ λ(p̂, ς2 )]

Proof: σ · [λ(p̂, ς2 )λT (p̂, −ς2 )− λ(p̂,− ς
2 )λT (p̂, ς2 )]σT

= i
2σ · [(σ,−iς)

ap̂aσy − (σ, iς)ap̂aσy]σT

= σ · (iςσy)σT

= σx(iςσy)σTx + σy(iςσy)σTy + σz(iςσy)σTz
= −3(iςσy) = −3[λ(p̂, ς2 )λT (p̂, −ς2 )− λ(p̂,− ς

2 )λT (p̂, ς2 )]

Cor. 1.12.3.{
[σ( 1

2 )⊗ I + I ⊗ σ( 1
2 )]2[λ(p̂, ς2 )⊗ λ(p̂, −ς2 )− λ(p̂,− ς

2 )⊗ λ(p̂, ς2 )] = 0[λ(p̂, ς2 )⊗ λ(p̂, −ς2 )− λ(p̂,− ς
2 )⊗ λ(p̂, ς2 )]

[σ( 1
2 )⊗ I + I ⊗ σ( 1

2 )] · p̂[λ(p̂, ς2 )⊗ λ(p̂, −ς2 )− λ(p̂,− ς
2 )⊗ λ(p̂, ς2 )] = 0[λ(p̂, ς2 )⊗ λ(p̂, −ς2 )− λ(p̂,− ς

2 )⊗ λ(p̂, ς2 )]

Thm. 1.12.1.
F = −[Cφ+ imγa(ς)γ5(ς)CAa + γ5(ς)CΦ]

F = 1√
2
[u(~p, 1

2 )uT (~p,− 1
2 )− u(~p,− 1

2 )uT (~p, 1
2 )] = −m−iγ

apa
2
√

2m
γ5C

εa(~p, 0; 0) := 1
i
√

2
(C̄γaγ5)λςµςFλςµς (~p, h) = pa

m

Proof: −2i
√

2(−imAa) = εa(~p, 0; 0) = 1
i
√

2
(C̄γaγ5)λςµςFλςµς (~p, h)

= 1
2i (C̄γaγ5)λςµςu[λς (~p,

1
2 )uµς ](~p,− 1

2 )

= −i(C̄γaγ5)λςµςuλς (~p,
1
2 )uµς (~p,− 1

2 )
= −iuT (~p, 1

2 )(C̄γaγ5)u(~p,− 1
2 )

= iuT (~p, 1
2 )γ2γ5γ4γau(~p,− 1

2 )
= iu+(~p,− 1

2 )γ4γau(~p,− 1
2 )

= pa
m

Proof: 2i
√

2(−Φ) = 1
i
√

2
(C̄γ5)λςµςFλςµς (~p, h)

= 1
2i (C̄γ5)λςµςu[λς (~p,

1
2 )uµς ](~p,− 1

2 )

= −i(C̄γ5)λςµςuλς (~p,
1
2 )uµς (~p,− 1

2 )
= −iuT (~p, 1

2 )(C̄γ5)u(~p,− 1
2 )

= −iuT (~p, 1
2 )γ2γ5γ4u(~p,− 1

2 )
= −iu+(~p,− 1

2 )γ4u(~p,− 1
2 )

= −i

Proof: 2i
√

2(−φ) = 1
i
√

2
(C̄)λςµςFλςµς (~p, h)

= 1
2i (C̄)λςµςu[λς (~p,

1
2 )uµς ](~p,− 1

2 )

= −i(C̄)λςµςuλς (~p,
1
2 )uµς (~p,− 1

2 )
= −iuT (~p, 1

2 )C̄u(~p,− 1
2 )

= −iuT (~p, 1
2 )γ2γ5γ4γ5u(~p,− 1

2 )
= −iu+(~p,− 1

2 )γ4γ5u(~p,− 1
2 )

= 0

Proof: F = 1√
2
[u(~p, 1

2 )uT (~p,− 1
2 )− u(~p,− 1

2 )uT (~p, 1
2 )]

= 1√
2
[u(~p, 1

2 )u+(~p, 1
2 ) + u(~p,− 1

2 )u+(~p,− 1
2 )]γ2γ5 = m−iγapa

2
√

2m
γ4γ2γ5

= ipa

2m
√

2
γaγ5C − 1

2
√

2
γ5C = −m−iγ

apa
2
√

2m
γ5C

Proof: [u(~p, 1
2 )uT (~p,− 1

2 )− u(~p,− 1
2 )uT (~p, 1

2 )] = ipa

2mγaγ5C − 1
2γ5C
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1.13 Corollary-Spin basis decomposition: s = (s− 1)⊕ 1

Thm. 1.13.1. Uλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p, h) =
−1∑
h′=1

√
C1+h′
s+h C1−h′

s−h√
C2

2s

Uλςµς · ·︸ ︷︷ ︸
2(s−1)

(~p, h− h′)Uσςτς (~p, h′), s ≥ 1,−s ≤ h ≤ s

Proof: Uλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p, h)

=
√
s+h√
2s
Uλςµς · ·σς︸ ︷︷ ︸

2s−1

(~p, h− 1
2 )Uτς (~p,

1
2 ) +

√
s−h√
2s
Uλςµς · ·σς︸ ︷︷ ︸

2s−1

(~p, h+ 1
2 )Uτς (~p,− 1

2 )

=
√
s+h√
2s

[
√
s+h−1√
2s−1

Uλςµς · ·︸ ︷︷ ︸
2s−2

(~p, h− 1)Uσς (~p,
1
2 ) +

√
s−h√
2s−1

Uλςµς · ·︸ ︷︷ ︸
2s−1

(~p, h)Uσς (~p,− 1
2 )]Uτς (~p,

1
2 )

+
√
s−h√
2s

[
√
s+h√
2s−1

Uλςµς · ·︸ ︷︷ ︸
2s−2

(~p, h)Uσς (~p,
1
2 ) +

√
s−h−1√
2s−1

Uλςµς · ·︸ ︷︷ ︸
2s−1

(~p, h+ 1)Uσς (~p,− 1
2 )]Uτς (~p,− 1

2 )

= [
√
s+h√
2s

√
s+h−1√
2s−1

Uλςµς · ·︸ ︷︷ ︸
2s−2

(~p, h− 1)Uσς (~p,
1
2 )Uτς (~p,

1
2 ) +

√
s+h√
2s

√
s−h√
2s−1

Uλςµς · ·︸ ︷︷ ︸
2s−1

(~p, h)Uσς (~p,− 1
2 )Uτς (~p,

1
2 )]

+ [
√
s−h√
2s

√
s+h√
2s−1

Uλςµς · ·︸ ︷︷ ︸
2s−2

(~p, h)Uσς (~p,
1
2 )Uτς (~p,− 1

2 ) +
√
s−h√
2s

√
s−h−1√
2s−1

Uλςµς · ·︸ ︷︷ ︸
2s−1

(~p, h+ 1)Uσς (~p,− 1
2 )Uτς (~p,− 1

2 )]

=

√
C2
s+hC

0
s−h√

C2
2s

Uλςµς · ·︸ ︷︷ ︸
2s−2

(~p, h− 1)Uσς (~p,
1
2 )Uτς (~p,

1
2 ) +

√
C1
s+hC

1
s−h√

C2
2s

Uλςµς · ·︸ ︷︷ ︸
2s−2

(~p, h) 1√
2
U{σς (~p,

1
2 )Uτς}(~p,− 1

2 )

+

√
C0
s+hC

2
s−h√

C2
2s

Uλςµς · ·︸ ︷︷ ︸
2s−1

(~p, h+ 1)Uσς (~p,− 1
2 )Uτς (~p,− 1

2 )

=

√
C2
s+hC

0
s−h√

C2
2s

Uλςµς · ·︸ ︷︷ ︸
2s−2

(~p, h− 1)Uσςτς (~p, 1) +

√
C1
s+hC

1
s−h√

C2
2s

Uλςµς · ·︸ ︷︷ ︸
2s−2

(~p, h)Uσςτς (~p, 0)

+

√
C0
s+hC

2
s−h√

C2
2s

Uλςµς · ·︸ ︷︷ ︸
2s−1

(~p, h+ 1)Uσςτς (~p,−1)

=
−1∑
h′=1

√
C1+h′
s+h C1−h′

s−h√
C2

2s

Uλςµς · ·︸ ︷︷ ︸
2(s−1)

(~p, h− h′)Uσςτς (~p, h′)

Cor. 1.13.1. Uλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p, h) = Uλςµς · ·τςσς︸ ︷︷ ︸
2s

(~p, h), s ≥ 1,−s ≤ h ≤ s

1.14 Corollary-Spin basis decomposition: s+ s′ = s⊕ s′

Thm. 1.14.1. Uλςµς · ·︸ ︷︷ ︸
2s

ρςσς · ·τς︸ ︷︷ ︸
2s′

(~p, h) =
−s′∑
h′=s′

√
Cs
′+h′
s+s′+hC

s′−h′
s+s′−h√

C2s′
2(s+s′)

Uλςµς · ·︸ ︷︷ ︸
2s

(~p, h− h′)Uρςσς · ·τς︸ ︷︷ ︸
2s′

(~p, h′),−s− s′ ≤ h ≤ s+ s′

Proof: For s′ using mathematical induction to prove this theorem.
Step 1: When s′′ = 1

2 , the following is established.

Uλςµς · ·︸ ︷︷ ︸
2s

τς︸︷︷︸
1

(~p, h) =
−1/2∑
h′=1/2

√
C

1/2+h′
s+1/2+h

C
1/2−h′
s+1/2−h√

C1
2(s+1/2)

Uλςµς · ·︸ ︷︷ ︸
2s

(~p, h− h′)U τς︸︷︷︸
1

(~p, h′),−s− 1
2 ≤ h ≤ s+ 1

2

Step 2: Assume when s′′ = s′ − 1
2 , the following is established.

Uλςµς · ·︸ ︷︷ ︸
2s

ρςσς · ·︸ ︷︷ ︸
2s′−1

(~p, h) =
−s′+1/2∑
h′=s′−1/2

√
C
s′−1/2+h′
s+s′−1/2+h

C
s′−1/2−h′
s+s′−1/2−h√

C2s′−1

2(s+s′)−1

Uλςµς · ·︸ ︷︷ ︸
2s

(~p, h− h′)Uρςσς · ·︸ ︷︷ ︸
2s′−1

(~p, h′)

− s− s′ + 1
2 ≤ h ≤ s+ s′ − 1

2
Step 3: When s′′ = s′, − s− s′ ≤ h ≤ s+ s′, Uλςµς · ·︸ ︷︷ ︸

2s

ρςσς · ·τς︸ ︷︷ ︸
2s′

(~p, h)

=
√
s+s′+h√
2(s+s′)

Uλςµς · ·︸ ︷︷ ︸
2s

ρςσς · ·︸ ︷︷ ︸
2s′−1

(~p, h− 1
2 )Uτς (~p,

1
2 ) +

√
s+s′−h√
2(s+s′)

Uλςµς · ·︸ ︷︷ ︸
2s

ρςσς · ·︸ ︷︷ ︸
2s′−1

(~p, h+ 1
2 )Uτς (~p,− 1

2 )

=
√
s+s′+h√
2(s+s′)

[
−s′+1/2∑
h′=s′−1/2

√
C
s′−1/2+h′
s+s′−1+h

C
s′−1/2−h′
s+s′−h√

C2s′−1

2(s+s′)−1

Uλςµς · ·︸ ︷︷ ︸
2s

(~p, h− 1
2 − h

′)Uρςσς · ·︸ ︷︷ ︸
2s′−1

(~p, h′)]Uτς (~p,
1
2 )

+ [
−s′+1/2∑
h′=s′−1/2

√
C
s′−1/2+h′
s+s′+h C

s′−1/2−h′
s+s′−1−h√

C2s′−1

2(s+s′)−1

Uλςµς · ·︸ ︷︷ ︸
2s

(~p, h+ 1
2 − h

′)Uρςσς · ·︸ ︷︷ ︸
2s′−1

(~p, h′)]Uτς (~p,− 1
2 )

= [
−s′+1∑
h′=s′

√
Cs
′−1+h′
s+s′−1+h

Cs
′−h′
s+s′−h√

C2s′
2(s+s′)

Uλςµς · ·︸ ︷︷ ︸
2s

(~p, h− h′)
√
s+s′+h√

2s′
Uρςσς · ·︸ ︷︷ ︸

2s′−1

(~p, h′ − 1
2 )]Uτς (~p,

1
2 )

562



Chapter30 Mathematical Analysis of Spin Bases and CG Coefficients Shui-Rong Shi

+ [
−s′∑

h′=s′−1

√
Cs
′+h′
s+s′+hC

s′−1−h′
s+s′−1−h√

C2s′
2(s+s′)

Uλςµς · ·︸ ︷︷ ︸
2s

(~p, h− h′)
√
s+s′−h√

2s′
Uρςσς · ·︸ ︷︷ ︸

2s′−1

(~p, h′ + 1
2 )]Uτς (~p,− 1

2 )

= [
−s′+1∑
h′=s′

√
Cs
′+h′
s+s′+hC

s′−h′
s+s′−h√

C2s′
2(s+s′)

Uλςµς · ·︸ ︷︷ ︸
2s

(~p, h− h′)
√
s′+h′√

2s′
Uρςσς · ·︸ ︷︷ ︸

2s′−1

(~p, h′ − 1
2 )]Uτς (~p,

1
2 )

+ [
−s′∑

h′=s′−1

√
Cs
′+h′
s+s′+hC

s′−h′
s+s′−h√

C2s′
2(s+s′)

Uλςµς · ·︸ ︷︷ ︸
2s

(~p, h− h′)
√
s′−h′√

2s′
Uρςσς · ·︸ ︷︷ ︸

2s′−1

(~p, h′ + 1
2 )]Uτς (~p,− 1

2 )

= [
−s′∑
h′=s′

√
Cs
′+h′
s+s′+hC

s′−h′
s+s′−h√

C2s′
2(s+s′)

Uλςµς · ·︸ ︷︷ ︸
2s

(~p, h− h′)
√
s′+h′√

2s′
Uρςσς · ·︸ ︷︷ ︸

2s′−1

(~p, h′ − 1
2 )]Uτς (~p,

1
2 )

+ [
−s′∑
h′=s′

√
Cs
′+h′
s+s′+hC

s′−h′
s+s′−h√

C2s′
2(s+s′)

Uλςµς · ·︸ ︷︷ ︸
2s

(~p, h− h′)
√
s′−h′√

2s′
Uρςσς · ·︸ ︷︷ ︸

2s′−1

(~p, h′ + 1
2 )]Uτς (~p,− 1

2 )

=
−s′∑
h′=s′

√
Cs
′+h′
s+s′+hC

s′−h′
s+s′−h√

C2s′
2(s+s′)

Uλςµς · ·︸ ︷︷ ︸
2s

(~p, h− h′)Uρςσς · ·τς︸ ︷︷ ︸
2s′

(~p, h′),−s− s′ ≤ h ≤ s+ s′

This step proves that when s′′ = s′, the proposition is established.
Step 4: Based on the above inductive reasoning, the theorem has been proved.

Cor. 1.14.1. −s1 − s2 ≤ h ≤ s1 + s2
Uλςµς · ·︸ ︷︷ ︸

2s1

ρςσς · ·︸ ︷︷ ︸
2s2

(~p, h) =
−s1∑
h1=s1

−s2∑
h2=s2

√
C
s2+h2
s1+s2+hC

s2−h2
s1+s2−h√

C
2s2
2(s1+s2)

Uλςµς · ·︸ ︷︷ ︸
2s1

(~p, h1)Uρςσς · ·︸ ︷︷ ︸
2s2

(~p, h2)δ(h− h1 − h2)

Uλςµς · ·︸ ︷︷ ︸
2s1

ρςσς · ·︸ ︷︷ ︸
2s2

(~p, h) =
−s1∑
h1=s1

−s2∑
h2=s2

√
C
s1+h1
s1+s2+hC

s1−h1
s1+s2−h√

C
2s1
2(s1+s2)

Uλςµς · ·︸ ︷︷ ︸
2s1

(~p, h1)Uρςσς · ·︸ ︷︷ ︸
2s2

(~p, h2)δ(h− h1 − h2)

Cor. 1.14.2. −s1 − s2 ≤ h ≤ s1 + s2, Uλςµς · ·︸ ︷︷ ︸
2s1

ρςσς · ·︸ ︷︷ ︸
2s2

(~p, h)

=
−s1∑
h1=s1

−s2∑
h2=s2

[ (2s1)!(2s2)!
(2s1+2s2)!

(s1+h1+s2+h2)!
(s1+h1)!(s2+h2)!

(s1−h1+s2−h2)!
(s1−h1)!(s2−h2)! ]

1/2Uλςµς · ·︸ ︷︷ ︸
2s1

(~p, h1)Uρςσς · ·︸ ︷︷ ︸
2s2

(~p, h2)δ(h− h1 − h2)

1.15 Corollary-Spin basis reverse synthesis

Cor. 1.15.1.

√
Cs
′+h′
s+s′+hC

s′−h′
s+s′−h√

C2s′
2(s+s′)

Uλςµς · ·︸ ︷︷ ︸
2s

(~p, h− h′) = Uλςµς · ·︸ ︷︷ ︸
2s

ρςσς · ·τς︸ ︷︷ ︸
2s′

(~p, h)Ū

2s′︷ ︸︸ ︷
ρςσς · ·τς (~p, h′),−s− s′ ≤ h ≤ s+ s′

Cor. 1.15.2.

√
Cs
′+h′
s+s′+hC

s′−h′
s+s′−h√

C2s′
2(s+s′)

Uλςµς · ·︸ ︷︷ ︸
2s

(~p, h− h′) = Ū

2s′︷ ︸︸ ︷
ρςσς · ·τς (~p, h′)Uρςσς · ·τς︸ ︷︷ ︸

2s′

λςµς · ·︸ ︷︷ ︸
2s

(~p, h),−s− s′ ≤ h ≤ s+ s′

Cor. 1.15.3. Uλςµς · ·︸ ︷︷ ︸
2s1

(~p, h1) =

√
C

2s2
2(s1+s2)√

C
s2+h2
s1+h1+s2+h2

C
s2−h2
s1−h1+s2−h2

Uλςµς · ·︸ ︷︷ ︸
2s1

ρςσς · ·︸ ︷︷ ︸
2s2

(~p, h1 + h2)Ū

2s2︷ ︸︸ ︷
ρςσς · ·(~p, h2)

Cor. 1.15.4.


Uλς · ·σςτς︸ ︷︷ ︸

2s

(~p, h)Ūτς (~p, 1
2 ) =

√
s+h√
2s
Uλς · ·σς︸ ︷︷ ︸

2s−1

(~p, h− 1
2 ),−s ≤ h ≤ s

Uλς · ·σςτς︸ ︷︷ ︸
2s

(~p, h)Ūτς (~p,− 1
2 ) =

√
s−h√
2s
Uλς · ·σς︸ ︷︷ ︸

2s−1

(~p, h+ 1
2 ),−s ≤ h ≤ s

1.16 Corollary-Spin basis decomposition: s1 + s2 + s3 = s1 ⊕ s2 ⊕ s3

Cor. 1.16.1. −s1 − s2 − s3 ≤ h ≤ s1 + s2 + s3, Uλςµς · ·︸ ︷︷ ︸
2s1

ηςξς · ·︸ ︷︷ ︸
2s2

ρςσς · ·︸ ︷︷ ︸
2s3

(~p, h)

=
−s1∑
h1=s1

−s2∑
h2=s2

−s3∑
h3=s3

[ (2s1)!(2s2)!(2s3)!
(2s1+2s2+2s3)!

(s1+h1+s2+h2+s3+h3)!
(s1+h1)!(s2+h2)!(s3+h3)!

(s1−h1+s2−h2+s3−h3)!
(s1−h1)!(s2−h2)!(s3−h3)! ]

1/2

Uλςµς · ·︸ ︷︷ ︸
2s1

(~p, h1)Uηςξς · ·︸ ︷︷ ︸
2s2

(~p, h2)Uρςσς · ·︸ ︷︷ ︸
2s3

(~p, h3)δ(h− h1 − h2 − h3)

Proof: −s1 − s2 − s3 ≤ h ≤ s1 + s2 + s3, Uλςµς · ·︸ ︷︷ ︸
2s1

ηςξς · ·︸ ︷︷ ︸
2s2

ρςσς · ·︸ ︷︷ ︸
2s3

(~p, h)

=
−s1∑
h1=s1

−s2−s3∑
h23=s2+s3

[ (2s1)!(2s2+2s3)!
(2s1+2s2+2s3)!

(s1+h1+s2+s3+h23)!
(s1+h1)!(s2+s3+h23)!

(s1−h1+s2+s3−h23)!
(s1−h1)!(s2+s3−h23)! ]

1/2
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Uλςµς · ·︸ ︷︷ ︸
2s1

(~p, h1)Uηςξς · ·︸ ︷︷ ︸
2s2

ρςσς · ·︸ ︷︷ ︸
2s3

(~p, h23)δ(h− h1 − h23)

=
−s1∑
h1=s1

−s2−s3∑
h23=s2+s3

[ (2s1)!(2s2+2s3)!
(2s1+2s2+2s3)!

(s1+h1+s2+s3+h23)!
(s1+h1)!(s2+s3+h23)!

(s1−h1+s2+s3−h23)!
(s1−h1)!(s2+s3−h23)! ]

1/2Uλςµς · ·︸ ︷︷ ︸
2s1

(~p, h1)δ(h− h1 − h23)

−s2∑
h2=s2

−s3∑
h3=s3

[ (2s2)!(2s3)!
(2s2+2s3)!

(s2+h2+s3+h3)!
(s2+h2)!(s3+h3)!

(s2−h2+s3−h3)!
(s2−h2)!(s3−h3)! ]

1/2Uηςξς · ·︸ ︷︷ ︸
2s2

(~p, h2)Uρςσς · ·︸ ︷︷ ︸
2s3

(~p, h3)δ(h23 − h2 − h3)

=
−s1∑
h1=s1

−s2∑
h2=s2

−s3∑
h3=s3

[ (2s1)!(2s2)!(2s3)!
(2s1+2s2+2s3)!

(s1+h1+s2+h2+s3+h3)!
(s1+h1)!(s2+h2)!(s3+h3)!

(s1−h1+s2−h2+s3−h3)!
(s1−h1)!(s2−h2)!(s3−h3)! ]

1/2

Uλςµς · ·︸ ︷︷ ︸
2s1

(~p, h1)Uηςξς · ·︸ ︷︷ ︸
2s2

(~p, h2)Uρςσς · ·︸ ︷︷ ︸
2s3

(~p, h3)δ(h− h1 − h2 − h3)

1.17 Corollary-Spin basis decomposition: s1 + s2 · ·+ sn = s1 ⊕ s2 · · ⊕ sn

Cor. 1.17.1. −
n∑
i=1

si ≤ h ≤
n∑
i=1

si, Uλςµς · ·︸ ︷︷ ︸
2s1

ηςξς · ·︸ ︷︷ ︸
2s2

··ρςσς · ·︸ ︷︷ ︸
2sn

(~p, h)

=
−s1∑
h1=s1

−s2∑
h2=s2

· ·
−sn∑
hn=sn

[

n∏
i=1

(2si)!

[
n∑
i=1

(2si)]!

[
n∑
i=1

(si+hi)]!

n∏
i=1

(si+hi)!

[
n∑
i=1

(si−hi)]!
n∏
i=1

(si−hi)!
]
1
2Uλςµς · ·︸ ︷︷ ︸

2s1

(~p, h1)Uηςξς · ·︸ ︷︷ ︸
2s2

(~p, h2) · ·Uρςσς · ·︸ ︷︷ ︸
2sn

(~p, hn)δ(h−
n∑
i=1

hi)

1.18 Corollary-Uλςµς ··σςτς (~p, h) full symmetry

Thm. 1.18.1. Uλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p, h) = 1
(2s)!U{λςµς · ·τςσς}︸ ︷︷ ︸

2s

(~p, h),−s ≤ h ≤ s

Proof: Using mathematical induction to prove this theorem.
Step 1: When s′ = 1

2 , 1, the following is established.
Uλς (~p, h) = 1

1!Uλς (~p, h),− 1
2 ≤ h ≤

1
2 ;Uλςµς (~p, h) = 1

2!U{λςµς}(~p, h),−1 ≤ h ≤ 1

Step 2: Assume when s′ = s− 1
2 , the following is established.

Uλςµς · ·σς︸ ︷︷ ︸
2s−1

(~p, h) = 1
(2s−1)!U{λςµς · ·τς}︸ ︷︷ ︸

2s−1

(~p, h),−s+ 1
2 ≤ h ≤ s−

1
2

Step 3: When 1 ≤ s′ = s, − s ≤ h ≤ s, Uλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p, h)

=
−1/2∑
h′=1/2

√
C

1/2+h′
s+h C

1/2−h′
s−h√

C1
2s

Uλςµς · ·σς︸ ︷︷ ︸
2s−1

(~p, h− h′)Uτς (~p, h′) =
−1∑
h′=1

√
C1+h′
s+h C1−h′

s−h√
C2

2s

Uλςµς · ·︸ ︷︷ ︸
2(s−1)

(~p, h− h′)Uσςτς (~p, h′)

⇒ Uλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p, h) = 1
(2s−1)!U{λςµς · ·τς}σς︸ ︷︷ ︸

2s

(~p, h), Uλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p, h) = Uλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p, h),−s ≤ h ≤ s

⇔ Uλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p, h) = 1
(2s)!U{λςµς · ·τςσς}︸ ︷︷ ︸

2s

(~p, h),−s ≤ h ≤ s

This step proves that when s′ = s, the proposition is established.
Step 4: Based on the above inductive reasoning, the theorem has been proved.

1.19 Quasi projection operators for spin-s particles with mass

Lem. 1.19.1.

Ĵ+(~p, s− 1
2 ; γa)Uλς ⊗ µς ⊗ ··︸ ︷︷ ︸

2s−1

(~p, h− 1
2 ) =

√
(s− h)(s+ h)Uλς ⊗ µς ⊗ ··︸ ︷︷ ︸

2s−1

(~p, h+ 1
2 ),−s ≤ h ≤ s

Ĵ−(~p, s− 1
2 ; γa)Uλς ⊗ µς ⊗ ··︸ ︷︷ ︸

2s−1

(~p, h+ 1
2 ) =

√
(s+ h)(s− h)Uλς ⊗ µς ⊗ ··︸ ︷︷ ︸

2s−1

(~p, h− 1
2 ),−s ≤ h ≤ s

Ĵz(~p, s; γa)Uλς ⊗ µς ⊗ ··︸ ︷︷ ︸
2s

(~p, h) = hUλς ⊗ µς ⊗ ··︸ ︷︷ ︸
2s

(~p, h),−s ≤ h ≤ s

Ĵ(s) :≺ Ĵ(~p, s; γa)

Thm. 1.19.1. Λ+(s) = [2s+1
4s + 1

s Ĵx(s− 1
2 )⊗ Ĵx( 1

2 ) + 1
s Ĵy(s− 1

2 )⊗ Ĵy( 1
2 ) + 1

s Ĵz(s−
1
2 )⊗ Ĵz( 1

2 )][Λ+(s− 1
2 )⊗ Λ+( 1

2 )]

Proof: Λ+(s) ≺
−s∑
h=s

Uλς · ·σςτς︸ ︷︷ ︸
2s

(~p, h)U+
λ
′
ς · ·σ

′
ςτ
′
ς︸ ︷︷ ︸

2s

(~p, h)

=
−s∑
h=s

[
√
s+h√
2s
Uλς · ·σς︸ ︷︷ ︸

2s−1

(~p, h− 1
2 )Uτς (~p,

1
2 ) +

√
s−h√
2s
Uλς · ·σς︸ ︷︷ ︸

2s−1

(~p, h+ 1
2 )Uτς (~p,− 1

2 )]

[
√
s+h√
2s
U+
λ
′
ς · ·σ

′
ς︸ ︷︷ ︸

2s−1

(~p, h− 1
2 )U+

τ ′ς
(~p, 1

2 ) +
√
s−h√
2s
U+
λ
′
ς · ·σ

′
ς︸ ︷︷ ︸

2s−1

(~p, h+ 1
2 )U+

τ ′ς
(~p,− 1

2 )]
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=
−s∑
h=s

[ s+h2s Uλς · ·σς︸ ︷︷ ︸
2s−1

(~p, h− 1
2 )U+

λ
′
ς · ·σ

′
ς︸ ︷︷ ︸

2s−1

(~p, h− 1
2 )][Uτς (~p,

1
2 )U+

τ ′ς
(~p, 1

2 )]

+
−s∑
h=s

[ s−h2s Uλς · ·σς︸ ︷︷ ︸
2s−1

(~p, h+ 1
2 )U+

λ
′
ς · ·σ

′
ς︸ ︷︷ ︸

2s−1

(~p, h+ 1
2 )][Uτς (~p,− 1

2 )U+
τ ′ς

(~p,− 1
2 )]

+
−s∑
h=s

[

√
(s+h)(s−h)

2s Uλς · ·σς︸ ︷︷ ︸
2s−1

(~p, h− 1
2 )U+

λ
′
ς · ·σ

′
ς︸ ︷︷ ︸

2s−1

(~p, h+ 1
2 )][Uτς (~p,

1
2 )U+

τ ′ς
(~p,− 1

2 )]

+
−s∑
h=s

[

√
(s−h)(s+h)

2s Uλς · ·σς︸ ︷︷ ︸
2s−1

(~p, h+ 1
2 )U+

λ
′
ς · ·σ

′
ς︸ ︷︷ ︸

2s−1

(~p, h− 1
2 )][Uτς (~p,− 1

2 )U+
τ ′ς

(~p, 1
2 )]

= [
s+

1
2 +Ĵz(s− 1

2 )

2s

−s∑
h=s

Uλς · ·σς︸ ︷︷ ︸
2s−1

(~p, h− 1
2 )U+

λ
′
ς · ·σ

′
ς︸ ︷︷ ︸

2s−1

(~p, h− 1
2 )][Uτς (~p,

1
2 )U+

τ ′ς
(~p, 1

2 )]

+ [
s+

1
2−Ĵz(s− 1

2 )

2s

−s∑
h=s

Uλς · ·σς︸ ︷︷ ︸
2s−1

(~p, h+ 1
2 )U+

λ
′
ς · ·σ

′
ς︸ ︷︷ ︸

2s−1

(~p, h+ 1
2 )][Uτς (~p,− 1

2 )U+
τ ′ς

(~p,− 1
2 )]

+ [
Ĵ−(s− 1

2 )

2s

−s∑
h=s

Uλς · ·σς︸ ︷︷ ︸
2s−1

(~p, h+ 1
2 )U+

λ
′
ς · ·σ

′
ς︸ ︷︷ ︸

2s−1

(~p, h+ 1
2 )][Uτς (~p,

1
2 )U+

τ ′ς
(~p,− 1

2 )]

+ [
Ĵ+(s− 1

2 )

2s

−s∑
h=s

Uλς · ·σς︸ ︷︷ ︸
2s−1

(~p, h− 1
2 )U+

λ
′
ς · ·σ

′
ς︸ ︷︷ ︸

2s−1

(~p, h− 1
2 )][Uτς (~p,− 1

2 )U+
τ ′ς

(~p, 1
2 )]

= [
s+

1
2 +Ĵz(s− 1

2 )

2s

−s+1/2∑
h=s−1/2

Uλς · ·σς︸ ︷︷ ︸
2s−1

(~p, h)U+
λ
′
ς · ·σ

′
ς︸ ︷︷ ︸

2s−1

(~p, h)][Uτς (~p,
1
2 )U+

τ ′ς
(~p, 1

2 )]

+ [
s+

1
2−Ĵz(s− 1

2 )

2s

−s+1/2∑
h=s−1/2

Uλς · ·σς︸ ︷︷ ︸
2s−1

(~p, h)U+
λ
′
ς · ·σ

′
ς︸ ︷︷ ︸

2s−1

(~p, h)][Uτς (~p,− 1
2 )U+

τ ′ς
(~p,− 1

2 )]

+ [
Ĵ−(s− 1

2 )

2s

−s+1/2∑
h=s−1/2

Uλς · ·σς︸ ︷︷ ︸
2s−1

(~p, h)U+
λ
′
ς · ·σ

′
ς︸ ︷︷ ︸

2s−1

(~p, h)][Uτς (~p,
1
2 )U+

τ ′ς
(~p,− 1

2 )]

+ [
Ĵ+(s− 1

2 )

2s

−s+1/2∑
h=s−1/2

Uλς · ·σς︸ ︷︷ ︸
2s−1

(~p, h)U+
λ
′
ς · ·σ

′
ς︸ ︷︷ ︸

2s−1

(~p, h)][Uτς (~p,− 1
2 )U+

τ ′ς
(~p, 1

2 )]

= [
s+

1
2 +Ĵz(s− 1

2 )

2s

−s+1/2∑
h=s−1/2

Uλς · ·σς︸ ︷︷ ︸
2s−1

(~p, h)U+
λ
′
ς · ·σ

′
ς︸ ︷︷ ︸

2s−1

(~p, h)][Uτς (~p,
1
2 )U+

τ ′ς
(~p, 1

2 )]

+ [
Ĵ+(s− 1

2 )

2s

−s+1/2∑
h=s−1/2

Uλς · ·σς︸ ︷︷ ︸
2s−1

(~p, h)U+
λ
′
ς · ·σ

′
ς︸ ︷︷ ︸

2s−1

(~p, h)][Ĵ−( 1
2 )Uτς (~p,

1
2 )U+

τ ′ς
(~p, 1

2 )]

+ [
s+

1
2−Ĵz(s− 1

2 )

2s

−s+1/2∑
h=s−1/2

Uλς · ·σς︸ ︷︷ ︸
2s−1

(~p, h)U+
λ
′
ς · ·σ

′
ς︸ ︷︷ ︸

2s−1

(~p, h)][Uτς (~p,− 1
2 )U+

τ ′ς
(~p,− 1

2 )]

+ [
Ĵ−(s− 1

2 )

2s

−s+1/2∑
h=s−1/2

Uλς · ·σς︸ ︷︷ ︸
2s−1

(~p, h)U+
λ
′
ς · ·σ

′
ς︸ ︷︷ ︸

2s−1

(~p, h)][Ĵ+( 1
2 )Uτς (~p,− 1

2 )U+
τ ′ς

(~p,− 1
2 )]

� [ 2s+1
4s + 1

s Ĵx(s− 1
2 )⊗ Ĵx( 1

2 ) + 1
s Ĵy(s− 1

2 )⊗ Ĵy( 1
2 ) + 1

s Ĵz(s−
1
2 )⊗ Ĵz( 1

2 )][Λ+(s− 1
2 )⊗ Λ+( 1

2 )]

Thm. 1.19.2. Λ+λς · ·σςτς︸ ︷︷ ︸
2s

λ
′′
ς · ·σ

′′
ς τ
′′
ς︸ ︷︷ ︸

2s

(s)− 3
4Λ+λς · ·σς︸ ︷︷ ︸

2s−1

λ
′′
ς · ·σ

′′
ς︸ ︷︷ ︸

2s−1

(s− 1
2 )Λ+τςτ ′′ς

( 1
2 )

= [Ĵx

2s−1︷ ︸︸ ︷
λ
′
ς · ·σ

′
ς

λς · ·σς︸ ︷︷ ︸
2s−1

(s− 1
2 )Ĵx

τ ′ς
τς (

1
2 ) + Ĵy

2s−1︷ ︸︸ ︷
λ
′
ς · ·σ

′
ς

λς · ·σς︸ ︷︷ ︸
2s−1

(s− 1
2 )Ĵy

τ ′ς
τς (

1
2 ) + Ĵz

2s−1︷ ︸︸ ︷
λ
′
ς · ·σ

′
ς

λς · ·σς︸ ︷︷ ︸
2s−1

(s− 1
2 )Ĵz

τ ′ς
τς (

1
2 )] 1

sΛ+λ
′
ς · ·σ

′
ς︸ ︷︷ ︸

2s−1

λ
′′
ς · ·σ

′′
ς︸ ︷︷ ︸

2s−1

(s− 1
2 )Λ+τ ′ςτ

′′
ς

( 1
2 )

1.20 Quasi projection operators for spin-1 particles with mass

Thm. 1.20.1. Λ+(1) = [3
4 + Ĵx( 1

2 )⊗ Ĵx( 1
2 ) + Ĵy( 1

2 )⊗ Ĵy( 1
2 ) + Ĵz(

1
2 )⊗ Ĵz( 1

2 )][Λ+( 1
2 )⊗ Λ+( 1

2 )]
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Cor. 1.20.1. Λ+λςµςλ′′ς µ
′′
ς
(1)− 1

2Λ+λςλ′′ς
( 1

2 )Λ+µςµ′′ς
( 1

2 ) =

1
2Λ+λςµ′′ς ( 1

2 )Λ+µςλ′′ς ( 1
2 ) = [1

2δ
λ′ς
λς

1
2δ
µ′ς
µς + Ĵx

λ′ς
λς

( 1
2 )Ĵx

µ′ς
µς (

1
2 ) + Ĵy

λ′ς
λς

( 1
2 )Ĵy

µ′ς
µς (

1
2 ) + Ĵz

λ′ς
λς

( 1
2 )Ĵz

µ′ς
µς (

1
2 )]Λ+λ′ςλ

′′
ς
( 1

2 )Λ+µ′ςµ
′′
ς
( 1

2 )

1.21 Operator expression of plane wave solutions for Bargmann-Wigner equation

Thm. 1.21.1. (γa∂a +m)κς
λςψλςµς · ·︸ ︷︷ ︸

2s

(x) = 0, ψλςµς · ·︸ ︷︷ ︸
2s

(x) = 1
(2s)!ψ{λςµς · ·}︸ ︷︷ ︸

2s

(x)

ψλςµς · ·︸ ︷︷ ︸
2s

(x) = 1
(2π)3/2

+∞∫
~p=−∞

ms√
E

−s∑
h=s

Ĵs−h− (~p,s;γa)

(s−h)!
√
Cs−h2s

[a(~p, h)Uλςµς · ·︸ ︷︷ ︸
2s

(~p, s)eip·x + b+(~p, h)Vλςµς · ·︸ ︷︷ ︸
2s

(~p, s)e−ip·x]d3~p

ψλςµς · ·︸ ︷︷ ︸
2s

(x) = 1
(2π)3/2

+∞∫
~p=−∞

ms√
E

−s∑
h=s

Ĵs+h+ (~p,s;γa)

(s+h)!
√
Cs+h2s

[a(~p, h)Uλςµς · ·︸ ︷︷ ︸
2s

(~p,−s)eip·x + b+(~p, h)Vλςµς · ·︸ ︷︷ ︸
2s

(~p,−s)e−ip·x]d3~p

2 Reorganization and analysis of Klein-Gordon equation spin basis
2.1 Vector spin basis with mass in static system

Cor. 2.1.1. (R · p̂)ε(~p, h) = hε(~p, h), (R · p̂)p[a]

m = 0;R2ε(~p, h) = 1(1 + 1)ε(~p, h)

Cor. 2.1.2.


λm(

[
0
0
1

]
, 1) = 1√

2

[
i
−1
0

]
λm(

[
0
0
1

]
, 0) =

[
0
0
−i

]
λm(

[
0
0
1

]
,−1) = 1√

2

[ −i
−1
0

]
Cor. 2.1.3. εa(

[
0
0
|~p|

]
, 1) := 1√

2
[−1,−i, 0, 0]a, εa(

[
0
0
|~p|

]
, 0) := 1

m [0, 0, E, i|~p|]a, εa(
[

0
0
|~p|

]
,−1) := 1√

2
[1,−i, 0, 0]a

Cor. 2.1.4. εa(~0, 1) := 1√
2
[−1,−i, 0, 0]a, εa(~0, 0) := [0, 0, 1, 0]a, εa(~0,−1) := 1√

2
[1,−i, 0, 0]a

Cor. 2.1.5.

{
(Rx + iRy)εa(~0, h) = εa(~0, h+ 1),−1 ≤ h < 1; (Rx + iRy)εa(~0, 1) = 0

(Rx − iRy)εa(~0, h) = εa(~0, h− 1),−1 < h ≤ 1; (Rx − iRy)εa(~0,−1) = 0

2.2 Vector spin basis with mass in z-axis

Cor. 2.2.1.

L~v = e−ln[γv(1+v)]v̂·L = 1− γv(~v · L) + γv−1
v2 (~v · L)2 = γv(1− ~v · L)− γv−1

v2 (~v ·R)2, L~vL−~v = L−~vL~v = I

Thm. 2.2.1. ε(
[

0
0
|~p|

]
, h) = e−ln[γv(1+v)]Lzε(~0, h)

Proof: e−ln[γv(1+v)]Lzε(~0, 1) = 1
m

[
m 0 0 0
0 m 0 0
0 0 E −i|~p|
0 0 i|~p| E

]
1√
2
[−1,−i, 0, 0]T = 1√

2
[−1,−i, 0, 0]T

Proof: e−ln[γv(1+v)]Lzε(~0, 0) = 1
m

[
m 0 0 0
0 m 0 0
0 0 E −i|~p|
0 0 i|~p| E

]
[0, 0, 1, 0]T = 1

m [0, 0, E, i|~p|]T

Proof: e−ln[γv(1+v)]Lzε(~0,−1) = 1
m

[
m 0 0 0
0 m 0 0
0 0 E −i|~p|
0 0 i|~p| E

]
1√
2
[1,−i, 0, 0]T = 1√

2
[1,−i, 0, 0]T

Thm. 2.2.2.
e−ln[γv(1+v)]LzRxe

ln[γv(1+v)]Lz = E
mRx −

i|~p|
m Ly

e−ln[γv(1+v)]LzRye
ln[γv(1+v)]Lz = E

mRy + i|~p|
m Lx

e−ln[γv(1+v)]LzRze
ln[γv(1+v)]Lz = Rz

Proof: e−ln[γv(1+v)]LzRze
ln[γv(1+v)]Lz

= [1− γvvLz + (γv − 1)L2
z]Rz[1 + γvvLz + (γv − 1)L2

z]
= 1

m2 [m− |~p|Lz + (E −m)L2
z]Rz[m+ |~p|Lz + (E −m)L2

z]

= 1
m2

[
m 0 0 0
0 m 0 0
0 0 E −i|~p|
0 0 i|~p| E

]
Rz

[
m 0 0 0
0 m 0 0
0 0 E i|~p|
0 0 −i|~p| E

]
= Rz

Proof: e−ln[γv(1+v)]LzRxe
ln[γv(1+v)]Lz

= 1
m2

[
m 0 0 0
0 m 0 0
0 0 E −i|~p|
0 0 i|~p| E

] [
0 0 0 0
0 0 −i 0
0 i 0 0
0 0 0 0

] [m 0 0 0
0 m 0 0
0 0 E i|~p|
0 0 −i|~p| E

]
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= 1
m2

[
m 0 0 0
0 m 0 0
0 0 E −i|~p|
0 0 i|~p| E

] [
0 0 0 0
0 0 −iE |~p|
0 im 0 0
0 0 0 0

]
= 1

m

[
0 0 0 0
0 0 −iE |~p|
0 iE 0 0
0 −|~p| 0 0

]
= E

mRx −
i|~p|
m Ly

Proof: e−ln[γv(1+v)]LzRye
ln[γv(1+v)]Lz

= 1
m2

[
m 0 0 0
0 m 0 0
0 0 E −i|~p|
0 0 i|~p| E

] [
0 0 i 0
0 0 0 0
−i 0 0 0
0 0 0 0

] [m 0 0 0
0 m 0 0
0 0 E i|~p|
0 0 −i|~p| E

]

= 1
m2

[
m 0 0 0
0 m 0 0
0 0 E −i|~p|
0 0 i|~p| E

] [
0 0 iE −|~p|
0 0 0 0
−im 0 0 0

0 0 0 0

]
= 1

m

[
0 0 iE −|~p|
0 0 0 0
−iE 0 0 0
|~p| 0 0 0

]
= E

mRy + i|~p|
m Lx

Cor. 2.2.2.
e−ln[γv(1+v)]Lz (Rx + iRy)eln[γv(1+v)]Lz = E

m (Rx + iRy)− |~p|m (Lx + iLy)

e−ln[γv(1+v)]Lz (Rx − iRy)eln[γv(1+v)]Lz = E
m (Rx − iRy) + |~p|

m (Lx − iLy)

e−ln[γv(1+v)]LzRze
ln[γv(1+v)]Lz = Rz

2.3 ei~ω·RRe−i~ω·R properties

Lem. 2.3.1. ei~ω·R = 1 + i(R× p̂)z − (R× p̂)2
z/(1 + p̂z) = 1 + i(Rxp̂y −Ryp̂x)− (Rxp̂y −Ryp̂x)2

z/(1 + p̂z)

= 1−

 p̂2
x p̂xp̂y −p̂x(1+p̂z) 0

p̂y p̂x p̂2
y −p̂y(1+p̂z) 0

(1+p̂z)p̂x (1+p̂z)p̂y 1−p̂2
z 0

0 0 0 0

 /(1 + p̂z)

Thm. 2.3.1. ei~ω·RRxe
−i~ω·R = Rx − p̂x

1+p̂z
(R · p̂+Rz), e

i~ω·RRye
−i~ω·R = Ry − p̂y

1+p̂z
(R · p̂+Rz), e

i~ω·RRze
−i~ω·R = R · p̂

Proof: ei~ω·RRxe
−i~ω·R

= [1−

 p̂2
x p̂xp̂y −p̂x(1+p̂z) 0

p̂y p̂x p̂2
y −p̂y(1+p̂z) 0

(1+p̂z)p̂x (1+p̂z)p̂y 1−p̂2
z 0

0 0 0 0

 /(1 + p̂z)]

[
0 0 0 0
0 0 −i 0
0 i 0 0
0 0 0 0

]
[1−

 p̂2
x p̂xp̂y p̂x(1+p̂z) 0

p̂y p̂x p̂2
y p̂y(1+p̂z) 0

−(1+p̂z)p̂x −(1+p̂z)p̂y 1−p̂2
z 0

0 0 0 0

 /(1 + p̂z)]

= [1−

 p̂2
x p̂xp̂y −p̂x(1+p̂z) 0

p̂y p̂x p̂2
y −p̂y(1+p̂z) 0

(1+p̂z)p̂x (1+p̂z)p̂y 1−p̂2
z 0

0 0 0 0

 /(1 + p̂z)][

[
0 0 0 0
0 0 −i 0
0 i 0 0
0 0 0 0

]
−

[
0 0 0 0

i(1+p̂z)p̂x i(1+p̂z)p̂y −i+ip̂2
z 0

ip̂y p̂x ip̂2
y ip̂y(1+p̂z) 0

0 0 0 0

]
/(1 + p̂z)]

= Rx − i

[
0 0 0 0

(1+p̂z)p̂x (1+p̂z)p̂y −1+p̂2
z 0

p̂y p̂x p̂2
y p̂y(1+p̂z) 0

0 0 0 0

]
/(1 + p̂z)− i

 0 −p̂x(1+p̂z) −p̂xp̂y 0

0 −p̂y(1+p̂z) −p̂2
y 0

0 1−p̂2
z −(1+p̂z)p̂y 0

0 0 0 0

 /(1 + p̂z)

+

 p̂2
x p̂xp̂y −p̂x(1+p̂z) 0

p̂y p̂x p̂2
y −p̂y(1+p̂z) 0

(1+p̂z)p̂x (1+p̂z)p̂y 1−p̂2
z 0

0 0 0 0

 i[ 0 0 0 0
(1+p̂z)p̂x (1+p̂z)p̂y −1+p̂2

z 0

p̂y p̂x p̂2
y p̂y(1+p̂z) 0

0 0 0 0

]
/(1 + p̂z)

2]

= Rx − i

 0 −p̂x(1+p̂z) −p̂xp̂y 0

(1+p̂z)p̂x 0 −p̂2
x−2p̂2

y 0

p̂y p̂x p̂2
x+2p̂2

y 0 0

0 0 0 0

 /(1 + p̂z)− i

 0 0 2p̂xp̂y 0

0 0 2p̂2
y 0

−2p̂xp̂y −2p̂2
y 0 0

0 0 0 0

 /(1 + p̂z)

= Rx − i

[ 0 −p̂x(1+p̂z) p̂xp̂y 0

(1+p̂z)p̂x 0 −p̂2
x 0

−p̂xp̂y p̂2
x 0 0

0 0 0 0

]
/(1 + p̂z)

= Rx − p̂x
1+p̂z

(R · p̂+Rz)

Proof: ei~ω·RRye
−i~ω·R

= [1−

 p̂2
x p̂xp̂y −p̂x(1+p̂z) 0

p̂y p̂x p̂2
y −p̂y(1+p̂z) 0

(1+p̂z)p̂x (1+p̂z)p̂y 1−p̂2
z 0

0 0 0 0

 /(1 + p̂z)]

[
0 0 i 0
0 0 0 0
−i 0 0 0
0 0 0 0

]
[1−

 p̂2
x p̂xp̂y p̂x(1+p̂z) 0

p̂y p̂x p̂2
y p̂y(1+p̂z) 0

−(1+p̂z)p̂x −(1+p̂z)p̂y 1−p̂2
z 0

0 0 0 0

 /(1 + p̂z)]

= [1−

 p̂2
x p̂xp̂y −p̂x(1+p̂z) 0

p̂y p̂x p̂2
y −p̂y(1+p̂z) 0

(1+p̂z)p̂x (1+p̂z)p̂y 1−p̂2
z 0

0 0 0 0

 /(1 + p̂z)][

[
0 0 i 0
0 0 0 0
−i 0 0 0
0 0 0 0

]
−

[
−i(1+p̂z)p̂x −i(1+p̂z)p̂y i−ip̂2

z 0
0 0 0 0
−ip̂2

x −ip̂xp̂y −ip̂x(1+p̂z) 0
0 0 0 0

]
/(1 + p̂z)]

= Ry − i

[
−(1+p̂z)p̂x −(1+p̂z)p̂y 1−p̂2

z 0
0 0 0 0
−p̂2

x −p̂xp̂y −p̂x(1+p̂z) 0
0 0 0 0

]
/(1 + p̂z)]− i

[
p̂x(1+p̂z) 0 p̂2

x 0
p̂y(1+p̂z) 0 p̂y p̂x 0

−1+p̂2
z 0 (1+p̂z)p̂x 0

0 0 0 0

]
/(1 + p̂z)
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− i

 p̂2
x p̂xp̂y −p̂x(1+p̂z) 0

p̂y p̂x p̂2
y −p̂y(1+p̂z) 0

(1+p̂z)p̂x (1+p̂z)p̂y 1−p̂2
z 0

0 0 0 0

[ (1+p̂z)p̂x (1+p̂z)p̂y −1+p̂2
z 0

0 0 0 0
p̂2
x p̂xp̂y p̂x(1+p̂z) 0
0 0 0 0

]
/(1 + p̂z)

2

= Ry − i

 0 −(1+p̂z)p̂y 2p̂2
x+p̂2

y 0

(1+p̂z)p̂y 0 p̂xp̂y 0

−2p̂2
x−p̂

2
y −p̂xp̂y 0 0

0 0 0 0

 /(1 + p̂z)]− i

[
0 0 −2p̂2

x 0
0 0 −2p̂xp̂y 0

2p̂2
x 2p̂xp̂y 0 0

0 0 0 0

]
/(1 + p̂z)

= Ry − i

 0 −(1+p̂z)p̂y p̂2
y 0

(1+p̂z)p̂y 0 −p̂xp̂y 0

−p̂2
y p̂xp̂y 0 0

0 0 0 0

 /(1 + p̂z)]

= Ry − p̂y
1+p̂z

(R · p̂+Rz)

Proof: ei~ω·RRze
−i~ω·R

= [1−

 p̂2
x p̂xp̂y −p̂x(1+p̂z) 0

p̂y p̂x p̂2
y −p̂y(1+p̂z) 0

(1+p̂z)p̂x (1+p̂z)p̂y 1−p̂2
z 0

0 0 0 0

 /(1 + p̂z)]

[
0 −i 0 0
i 0 0 0
0 0 0 0
0 0 0 0

]
[1−

 p̂2
x p̂xp̂y p̂x(1+p̂z) 0

p̂y p̂x p̂2
y p̂y(1+p̂z) 0

−(1+p̂z)p̂x −(1+p̂z)p̂y 1−p̂2
z 0

0 0 0 0

 /(1 + p̂z)]

= [1−

 p̂2
x p̂xp̂y −p̂x(1+p̂z) 0

p̂y p̂x p̂2
y −p̂y(1+p̂z) 0

(1+p̂z)p̂x (1+p̂z)p̂y 1−p̂2
z 0

0 0 0 0

 /(1 + p̂z)][

[
0 −i 0 0
i 0 0 0
0 0 0 0
0 0 0 0

]
−

[
−ip̂y p̂x −ip̂2

y −ip̂y(1+p̂z) 0

ip̂2
x ip̂xp̂y ip̂x(1+p̂z) 0

0 0 0 0
0 0 0 0

]
/(1 + p̂z)]

= Rz − i

[
−p̂y p̂x −p̂2

y −p̂y(1+p̂z) 0

p̂2
x p̂xp̂y p̂x(1+p̂z) 0
0 0 0 0
0 0 0 0

]
/(1 + p̂z)

− i

 p̂2
x p̂xp̂y −p̂x(1+p̂z) 0

p̂y p̂x p̂2
y −p̂y(1+p̂z) 0

(1+p̂z)p̂x (1+p̂z)p̂y 1−p̂2
z 0

0 0 0 0

[ p̂y p̂x p̂2
y p̂y(1+p̂z) 0

−p̂2
x −p̂xp̂y −p̂x(1+p̂z) 0

0 0 0 0
0 0 0 0

]
/(1 + p̂z)

2

= Rz − i

 0 −p̂2
x−p̂

2
y −p̂y(1+p̂z) 0

p̂2
x+p̂2

y 0 p̂x(1+p̂z) 0

p̂y(1+p̂z) −p̂x(1+p̂z) 0 0
0 0 0 0

 /(1 + p̂z)

= R · p̂

2.4 ei~ω·RLe−i~ω·R properties

Thm. 2.4.1. ei~ω·RLxe
−i~ω·R = Lx − p̂x

1+p̂z
(L · p̂+ Lz), e

i~ω·RLye
−i~ω·R = Ly − p̂y

1+p̂z
(L · p̂+ Lz), e

i~ω·RLze
−i~ω·R = L · p̂

Proof: ei~ω·RLxe
−i~ω·R

= [1−

 p̂2
x p̂xp̂y −p̂x(1+p̂z) 0

p̂y p̂x p̂2
y −p̂y(1+p̂z) 0

(1+p̂z)p̂x (1+p̂z)p̂y 1−p̂2
z 0

0 0 0 0

 /(1 + p̂z)]

[
0 0 0 i
0 0 0 0
0 0 0 0
−i 0 0 0

]
[1−

 p̂2
x p̂xp̂y p̂x(1+p̂z) 0

p̂y p̂x p̂2
y p̂y(1+p̂z) 0

−(1+p̂z)p̂x −(1+p̂z)p̂y 1−p̂2
z 0

0 0 0 0

 /(1 + p̂z)]

= [1−

 p̂2
x p̂xp̂y −p̂x(1+p̂z) 0

p̂y p̂x p̂2
y −p̂y(1+p̂z) 0

(1+p̂z)p̂x (1+p̂z)p̂y 1−p̂2
z 0

0 0 0 0

 /(1 + p̂z)][

[
0 0 0 i
0 0 0 0
0 0 0 0
−i 0 0 0

]
+ i

[ 0 0 0 0
0 0 0 0
0 0 0 0
p̂2
x p̂xp̂y p̂x(1+p̂z) 0

]
/(1 + p̂z)]

= Lx + i

[ 0 0 0 0
0 0 0 0
0 0 0 0
p̂2
x p̂xp̂y p̂x(1+p̂z) 0

]
/(1 + p̂z)]− i

[
0 0 0 p̂2

x

0 0 0 p̂y p̂x
0 0 0 (1+p̂z)p̂x
0 0 0 0

]
/(1 + p̂z)]

= Lx − i

 0 0 0 p̂2
x

0 0 0 p̂y p̂x
0 0 0 (1+p̂z)p̂x
−p̂2

x −p̂xp̂y −p̂x(1+p̂z) 0

 /(1 + p̂z)]

= Lx − p̂x
1+p̂z

(L · p̂+ Lz)

Proof: ei~ω·RLye
−i~ω·R

= [1−

 p̂2
x p̂xp̂y −p̂x(1+p̂z) 0

p̂y p̂x p̂2
y −p̂y(1+p̂z) 0

(1+p̂z)p̂x (1+p̂z)p̂y 1−p̂2
z 0

0 0 0 0

 /(1 + p̂z)]

[
0 0 0 0
0 0 0 i
0 0 0 0
0 −i 0 0

]
[1−

 p̂2
x p̂xp̂y p̂x(1+p̂z) 0

p̂y p̂x p̂2
y p̂y(1+p̂z) 0

−(1+p̂z)p̂x −(1+p̂z)p̂y 1−p̂2
z 0

0 0 0 0

 /(1 + p̂z)]

= [1−

 p̂2
x p̂xp̂y −p̂x(1+p̂z) 0

p̂y p̂x p̂2
y −p̂y(1+p̂z) 0

(1+p̂z)p̂x (1+p̂z)p̂y 1−p̂2
z 0

0 0 0 0

 /(1 + p̂z)][

[
0 0 0 0
0 0 0 i
0 0 0 0
0 −i 0 0

]
+ i

[
0 0 0 0
0 0 0 0
0 0 0 0

p̂y p̂x p̂
2
y p̂y(1+p̂z) 0

]
/(1 + p̂z)]

= Ly + i

[
0 0 0 0
0 0 0 0
0 0 0 0

p̂y p̂x p̂
2
y p̂y(1+p̂z) 0

]
/(1 + p̂z)]− i

[ 0 0 0 p̂xp̂y
0 0 0 p̂2

y

0 0 0 (1+p̂z)p̂y
0 0 0 0

]
/(1 + p̂z)

= Ly − i

 0 0 0 p̂xp̂y
0 0 0 p̂2

y

0 0 0 (1+p̂z)p̂y
−p̂y p̂x −p̂2

y −p̂y(1+p̂z) 0

 /(1 + p̂z)

= Ly − p̂y
1+p̂z

(L · p̂+ Lz)
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Proof: ei~ω·RLze
−i~ω·R

= [1−

 p̂2
x p̂xp̂y −p̂x(1+p̂z) 0

p̂y p̂x p̂2
y −p̂y(1+p̂z) 0

(1+p̂z)p̂x (1+p̂z)p̂y 1−p̂2
z 0

0 0 0 0

 /(1 + p̂z)]

[
0 0 0 0
0 0 0 0
0 0 0 i
0 0 −i 0

]
[1−

 p̂2
x p̂xp̂y p̂x(1+p̂z) 0

p̂y p̂x p̂2
y p̂y(1+p̂z) 0

−(1+p̂z)p̂x −(1+p̂z)p̂y 1−p̂2
z 0

0 0 0 0

 /(1 + p̂z)]

= [1−

 p̂2
x p̂xp̂y −p̂x(1+p̂z) 0

p̂y p̂x p̂2
y −p̂y(1+p̂z) 0

(1+p̂z)p̂x (1+p̂z)p̂y 1−p̂2
z 0

0 0 0 0

 /(1 + p̂z)][

[
0 0 0 0
0 0 0 0
0 0 0 i
0 0 −i 0

]
+ i

[ 0 0 0 0
0 0 0 0
0 0 0 0

−(1+p̂z)p̂x −(1+p̂z)p̂y 1−p̂2
z 0

]
/(1 + p̂z)]

= Lz + i

[ 0 0 0 0
0 0 0 0
0 0 0 0

−(1+p̂z)p̂x −(1+p̂z)p̂y 1−p̂2
z 0

]
/(1 + p̂z)− i

[
0 0 0 −p̂x(1+p̂z)
0 0 0 −p̂y(1+p̂z)

0 0 0 1−p̂2
z

0 0 0 0

]
/(1 + p̂z)

= Lz − i

 0 0 0 −p̂x(1+p̂z)
0 0 0 −p̂y(1+p̂z)

0 0 0 1−p̂2
z

(1+p̂z)p̂x (1+p̂z)p̂y −1+p̂2
z 0

 /(1 + p̂z)

= L · p̂

2.5 Raising and lowering operator of ε(~p, h)

Thm. 2.5.1. ε(~p, h) = ei~ω·Re−ln[γv(1+v)]Lzε(~0, h) = [iλm(p̂, 1), 0], [Em iλm(p̂, 0), i|~p|m ], [iλm(p̂,−1), 0]

Cor. 2.5.1.
e−ln[γv(1+v)]LzRxe

ln[γv(1+v)]Lze−i~ω·R = E
m [Rx − p̂x

1+p̂z
(R · p̂+Rz)]− i|~p|

m [Ly − p̂y
1+p̂z

(L · p̂+ Lz)]

ei~ω·Re−ln[γv(1+v)]LzRye
ln[γv(1+v)]Lze−i~ω·R = E

m [Ry − p̂y
1+p̂z

(R · p̂+Rz)] + i|~p|
m [Lx − p̂x

1+p̂z
(L · p̂+ Lz)]

ei~ω·Re−ln[γv(1+v)]LzRze
ln[γv(1+v)]Lze−i~ω·R = R · p̂

Def. 2.5.1.
Ĵx(~p, 1;R,L) := E

m [Rx − p̂x
1+p̂z

(R · p̂+Rz)]− i|~p|
m [Ly − p̂y

1+p̂z
(L · p̂+ Lz)]

Ĵy(~p, 1;R,L) := E
m [Ry − p̂y

1+p̂z
(R · p̂+Rz)] + i|~p|

m [Lx − p̂x
1+p̂z

(L · p̂+ Lz)]

Ĵz(~p, 1;R,L) := R · p̂

Cor. 2.5.2. [Ĵi(~p, 1;R,L), Ĵj(~p, 1;R,L)] = εij
kĴk(~p, 1;R,L)

Cor. 2.5.3.

Ĵ+(~p, 1;R,L) := ei~ω·Re−ln[γv(1+v)]Lz (Rx + iRy)eln[γv(1+v)]Lze−i~ω·R

= E
m [(Rx + iRy)− p̂x+ip̂y

1+p̂z
(R · p̂+Rz)]− |~p|m [(Lx + iLy)− p̂x+ip̂y

1+p̂z
(L · p̂+ Lz)]

Ĵ−(~p, 1;R,L) := ei~ω·Re−ln[γv(1+v)]Lz (Rx − iRy)eln[γv(1+v)]Lze−i~ω·R

= E
m [(Rx − iRy)− p̂x−ip̂y

1+p̂z
(R · p̂+Rz)] + |~p|

m [(Lx − iLy)− p̂x−ip̂y
1+p̂z

(L · p̂+ Lz)]

Ĵz(~p, 1;R,L) := ei~ω·Re−ln[γv(1+v)]LzRze
ln[γv(1+v)]Lze−i~ω·R = R · p̂

Cor. 2.5.4.
Ĵ+(~p, 1;R,L)ε(~p, h) =

√
2− h(h+ 1)ε(~p, h+ 1),−1 ≤ h ≤ 1

Ĵ−(~p, 1;R,L)ε(~p, h) =
√

2− h(h+ 1)ε(~p, h− 1),−1 ≤ h ≤ 1

Ĵz(~p, 1;R,L)ε(~p, h) = hε(~p, h),−1 ≤ h ≤ 1

2.6 Definition-Spin basis decomposition: n = (n− 1)⊕ 1

Def. 2.6.1. −n ≤ h ≤ n
εa · ·bc︸ ︷︷ ︸

n

(~p, h) :=

√
C2
n+h√
C2

2n

εa · ·b︸ ︷︷ ︸
n−1

(~p, h− 1)εc(~p, 1) +

√
C1
n+hC

1
n−h√

C2
2n

εa · ·b︸ ︷︷ ︸
n−1

(~p, h)εc(~p, 0) +

√
C2
n−h√
C2

2n

εa · ·b︸ ︷︷ ︸
n−1

(~p, h+ 1)εc(~p,−1)

Def. 2.6.2. −n− 1
2 ≤ h ≤ n+ 1

2

εab · ·︸ ︷︷ ︸
n

τς (~p, h) =

√
n+1/2+h√

2n+1
εab · ·︸ ︷︷ ︸

n

(~p, h+ 1
2 )uτς (~p,− 1

2 ) +

√
n+1/2−h√

2n+1
εab · ·︸ ︷︷ ︸

n

(~p, h− 1
2 )uτς (~p,

1
2 )

Cor. 2.6.1.

ε̄a · ·bc︸ ︷︷ ︸
n

(~p, h) =

√
C2
n+h√
C2

2n

ε̄a · ·b︸ ︷︷ ︸
n−1

(~p, h− 1)ε̄c(~p, 1) +

√
C1
n+hC

1
n−h√

C2
2n

ε̄a · ·b︸ ︷︷ ︸
n−1

(~p, h)ε̄c(~p, 0) +

√
C2
n−h√
C2

2n

ε̄a · ·b︸ ︷︷ ︸
n−1

(~p, h+ 1)ε̄c(~p,−1)

Cor. 2.6.2.

εa · ·bc︸ ︷︷ ︸
n

(~p, h) =
−1∑
h′=1

√
C1+h′
n+h C

1−h′
n−h√

C2
2n

εa · ·b︸ ︷︷ ︸
n−1

(~p, h− h′)εc(~p, h′), ε̄a · ·bc︸ ︷︷ ︸
n

(~p, h) =
−1∑
h′=1

√
C1+h′
n+h C

1−h′
n−h√

C2
2n

ε̄a · ·b︸ ︷︷ ︸
n−1

(~p, h− h′)ε̄c(~p, h′)
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2.7 Corollary-εa··bc(~p, h) is a spin eigenstate

Def. 2.7.1. Ω(n;R) := R⊗ I4n−1 + I4 ⊗R⊗ I4n−2 + · ·+I4n−1 ⊗R

Thm. 2.7.1. [Ω(n;R) · p̂]εa⊗ · · ⊗b⊗ c︸ ︷︷ ︸
n

(~p, h) = hεa⊗ · · ⊗b⊗ c︸ ︷︷ ︸
n

(~p, h),−n ≤ h ≤ n

Proof: [Ω(n;R) · p̂]εa⊗ · · ⊗b⊗ c︸ ︷︷ ︸
n

(~p, h)

= [Ω(n− 1;R)⊗ I4 + I4n−1 ⊗R] · p̂
[

√
C2
n+h√
C2

2n

εa⊗ · · ⊗b︸ ︷︷ ︸
n−1

(~p, h− 1)ε⊗c(~p, 1) +

√
C1
n+hC

1
n−h√

C2
2n

εa⊗ · · ⊗b︸ ︷︷ ︸
n−1

(~p, h)ε⊗c(~p, 0) +

√
C2
n−h√
C2

2n

εa⊗ · · ⊗b︸ ︷︷ ︸
n−1

(~p, h+ 1)ε⊗c(~p,−1)]

= [

√
C2
n+h√
C2

2n

hεa⊗ · · ⊗b︸ ︷︷ ︸
n−1

(~p, h− 1)ε⊗c(~p, 1) +

√
C1
n+hC

1
n−h√

C2
2n

hεa⊗ · · ⊗b︸ ︷︷ ︸
n−1

(~p, h)ε⊗c(~p, 0) +

√
C2
n−h√
C2

2n

hεa⊗ · · ⊗b︸ ︷︷ ︸
n−1

(~p, h+ 1)ε⊗c(~p,−1)]

= hεa⊗ · · ⊗b⊗ c︸ ︷︷ ︸
n

(~p, h),−n ≤ h ≤ n

Thm. 2.7.2. Ω2(n;R)εa⊗ · · ⊗b⊗ c︸ ︷︷ ︸
n

(~p, h) = n(n+ 1)εa⊗ · · ⊗b⊗ c︸ ︷︷ ︸
n

(~p, h)

he above theorem can be easily proved using a fully symmetric representation transformation method.
From the above, it can be seen that εa · ·bc︸ ︷︷ ︸

n

(~p, h) is a spin eigenstate. Therefore, the expansion coef-

ficients are CG coefficients, and the actual calculation results also indicate that they are indeed the
corresponding CG coefficients. This also provides a unified, standardized, intuitive and complete new
method for calculating CG coefficients.
2.8 Klein-GordonRaising and lowering operator of equation spin basis

Def. 2.8.1.
Ĵ(~p, n;R,L) := Ĵ(~p, 1;R,L)⊗ I4 ⊗ · · ⊗I4︸ ︷︷ ︸

n

+ I4 ⊗ Ĵ(~p, 1;R,L)⊗ · · ⊗I4︸ ︷︷ ︸
n

+ · · ·+ I4 ⊗ · · ⊗I4 ⊗ Ĵ(~p, 1;R,L)︸ ︷︷ ︸
n

Q̂(~p, n;R,L) := Q̂(~p, 1;R,L)⊗ I4 ⊗ · · ⊗I4︸ ︷︷ ︸
n

+ I4 ⊗ Q̂(~p, 1;R,L)⊗ · · ⊗I4︸ ︷︷ ︸
n

+ · · ·+ I4 ⊗ · · ⊗I4 ⊗ Q̂(~p, 1;R,L)︸ ︷︷ ︸
n

Cor. 2.8.1. [Ĵi(~p, n;R,L), Ĵj(~p, n;R,L)] = εij
kĴk(~p, n;R,L)

Thm. 2.8.1. Ĵ+(~p, n;R,L)εa⊗ · · ⊗b⊗ c︸ ︷︷ ︸
n

(~p, h) =
√
n(n+ 1)− h(h+ 1)εa⊗ · · ⊗b⊗ c︸ ︷︷ ︸

n

(~p, h+ 1),−n ≤ h ≤ n

Proof: Using mathematical induction to prove this theorem.
Step 1: When n′ = 1, the following is established.
Ĵ+(~p, 1;R,L)ε(~p, h) =

√
2− h(h+ 1)ε(~p, h+ 1),−1 ≤ h ≤ 1

Step 2: Assume when n′ = n− 1, the following is established.
Ĵ+(~p, n− 1;R,L)εa⊗ · · ⊗b︸ ︷︷ ︸

n−1

(~p, h) =
√

(n− 1)n− h(h+ 1)εa⊗ · · ⊗b︸ ︷︷ ︸
n−1

(~p, h+ 1),−n+ 1 ≤ h ≤ n− 1

Step 3: When n′ = n, − n ≤ h ≤ n, Ĵ+(~p, n;R,L)εa⊗ · · ⊗b⊗ c︸ ︷︷ ︸
n

(~p, h)

=

√
C2
n+h√
C2

2n

[Ĵ+(~p, n− 1;R,L)εa⊗ · · ⊗b︸ ︷︷ ︸
n−1

(~p, h− 1)]ε⊗c(~p, 1) +

√
C1
n+hC

1
n−h√

C2
2n

[Ĵ+(~p, n− 1;R,L)εa⊗ · · ⊗b︸ ︷︷ ︸
n−1

(~p, h)]ε⊗c(~p, 0)

+

√
C2
n−h√
C2

2n

[Ĵ+(~p, n− 1;R,L)εa⊗ · · ⊗b︸ ︷︷ ︸
n−1

(~p, h+ 1)]ε⊗c(~p,−1) +

√
C2
n+h√
C2

2n

εa⊗ · · ⊗b︸ ︷︷ ︸
n−1

(~p, h− 1)Ĵ+(~p, 1
2 ;R,L)ε⊗c(~p, 1)

+

√
C1
n+hC

1
n−h√

C2
2n

εa⊗ · · ⊗b︸ ︷︷ ︸
n−1

(~p, h)Ĵ+(~p, 1
2 ;R,L)ε⊗c(~p, 0) +

√
C2
n−h√
C2

2n

εa⊗ · · ⊗b︸ ︷︷ ︸
n−1

(~p, h+ 1)Ĵ+(~p, 1
2 ;R,L)ε⊗c(~p,−1)

=

√
C2
n+h

√
(n−1)n−(h−1)h√
C2

2n

εa⊗ · · ⊗b︸ ︷︷ ︸
n−1

(~p, h)ε⊗c(~p, 1) +

√
C1
n+hC

1
n−h√

C2
2n

εa⊗ · · ⊗b︸ ︷︷ ︸
n−1

(~p, h)
√

2ε⊗c(~p, 1)

+

√
C1
n+hC

1
n−h

√
(n−1)n−h(h+1)√
C2

2n

εa⊗ · · ⊗b︸ ︷︷ ︸
n−1

(~p, h+ 1)ε⊗c(~p, 0) +

√
C2
n−h√
C2

2n

εa⊗ · · ⊗b︸ ︷︷ ︸
n−1

(~p, h+ 1)
√

2ε⊗c(~p, 0)

+

√
C2
n−h

√
(n−1)n−(h+1)(h+2)√

C2
2n

εa⊗ · · ⊗b︸ ︷︷ ︸
n−1

(~p, h+ 2)ε⊗c(~p,−1)

=

√
n(n+1)−h(h+1)

√
C2
n+h+1√

C2
2n

εa⊗ · · ⊗b︸ ︷︷ ︸
n−1

(~p, h)ε⊗c(~p, 1) +

√
n(n+1)−h(h+1)

√
C1
n+h+1C

1
n−h−1√

C2
2n

εa⊗ · · ⊗b︸ ︷︷ ︸
n−1

(~p, h+ 1)ε⊗c(~p, 0)
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+

√
n(n+1)−h(h+1)

√
C2
n−h−1√

C2
2n

εa⊗ · · ⊗b︸ ︷︷ ︸
n−1

(~p, h+ 2)ε⊗c(~p,−1)

=
√
n(n+ 1)− h(h+ 1)εa⊗ · · ⊗b⊗ c︸ ︷︷ ︸

n

(~p, h+ 1)

This step proves that when n′ = n, the proposition is established.
Step 4: Based on the above inductive reasoning, the theorem has been proved.

Thm. 2.8.2. Ĵ−(~p, n;R,L)εa⊗ · · ⊗b⊗ c︸ ︷︷ ︸
n

(~p, h) =
√
n(n+ 1)− h(h− 1)εa⊗ · · ⊗b⊗ c︸ ︷︷ ︸

n

(~p, h− 1),−n ≤ h ≤ n

Proof: Using mathematical induction to prove this theorem.
Step 1: When n′ = 1, the following is established.
Ĵ−(~p, 1;R,L)ε(~p, h) =

√
2− h(h− 1)ε(~p, h− 1),−1 ≤ h ≤ 1

Step 2: Assume when n′ = n− 1, the following is established.
Ĵ−(~p, n− 1;R,L)εa⊗ · · ⊗b︸ ︷︷ ︸

n−1

(~p, h) =
√

(n− 1)n− h(h− 1)εa⊗ · · ⊗b︸ ︷︷ ︸
n−1

(~p, h− 1),−n+ 1 ≤ h ≤ n− 1

Step 3: When n′ = n, − n ≤ h ≤ n, Ĵ−(~p, n;R,L)εa⊗ · · ⊗b⊗ c︸ ︷︷ ︸
n

(~p, h)

=

√
C2
n+h√
C2

2n

[Ĵ−(~p, n− 1;R,L)εa⊗ · · ⊗b︸ ︷︷ ︸
n−1

(~p, h− 1)]ε⊗c(~p, 1) +

√
C1
n+hC

1
n−h√

C2
2n

[Ĵ−(~p, n− 1;R,L)εa⊗ · · ⊗b︸ ︷︷ ︸
n−1

(~p, h)]ε⊗c(~p, 0)

+

√
C2
n−h√
C2

2n

[Ĵ−(~p, n− 1;R,L)εa⊗ · · ⊗b︸ ︷︷ ︸
n−1

(~p, h+ 1)]ε⊗c(~p,−1) +

√
C2
n+h√
C2

2n

εa⊗ · · ⊗b︸ ︷︷ ︸
n−1

(~p, h− 1)Ĵ−(~p, 1
2 ;R,L)ε⊗c(~p, 1)

+

√
C1
n+hC

1
n−h√

C2
2n

εa⊗ · · ⊗b︸ ︷︷ ︸
n−1

(~p, h)Ĵ−(~p, 1
2 ;R,L)ε⊗c(~p, 0) +

√
C2
n−h√
C2

2n

εa⊗ · · ⊗b︸ ︷︷ ︸
n−1

(~p, h+ 1)Ĵ−(~p, 1
2 ;R,L)ε⊗c(~p,−1)

=

√
C2
n+h

√
(n−1)n−(h−1)(h−2)√

C2
2n

εa⊗ · · ⊗b︸ ︷︷ ︸
n−1

(~p, h− 2)ε⊗c(~p, 1)

+

√
C1
n+hC

1
n−h

√
(n−1)n−h(h−1)√
C2

2n

εa⊗ · · ⊗b︸ ︷︷ ︸
n−1

(~p, h− 1)ε⊗c(~p, 0) +

√
C2
n+h√
C2

2n

εa⊗ · · ⊗b︸ ︷︷ ︸
n−1

(~p, h− 1)
√

2ε⊗c(~p, 0)

+

√
C2
n−h

√
(n−1)n−(h+1)h√
C2

2n

εa⊗ · · ⊗b︸ ︷︷ ︸
n−1

(~p, h)ε⊗c(~p,−1) +

√
C1
n+hC

1
n−h√

C2
2n

εa⊗ · · ⊗b︸ ︷︷ ︸
n−1

(~p, h)
√

2ε⊗c(~p,−1)

=

√
n(n+1)−h(h−1)

√
C2
n+h−1√

C2
2n

εa⊗ · · ⊗b︸ ︷︷ ︸
n−1

(~p, h− 2)ε⊗c(~p, 1) +

√
n(n+1)−h(h−1)

√
C1
n+h−1C

1
n−h+1√

C2
2n

εa⊗ · · ⊗b︸ ︷︷ ︸
n−1

(~p, h− 1)ε⊗c(~p, 0)

+

√
n(n+1)−h(h−1)

√
C2
n−h+1√

C2
2n

εa⊗ · · ⊗b︸ ︷︷ ︸
n−1

(~p, h)ε⊗c(~p,−1)

=
√
n(n+ 1)− h(h− 1)εa⊗ · · ⊗b⊗ c︸ ︷︷ ︸

n

(~p, h− 1)

This step proves that when n′ = n, the proposition is established.
Step 4: Based on the above inductive reasoning, the theorem has been proved.

Cor. 2.8.2. Ĵ2(~p, n;R,L)εa⊗ · · ⊗b⊗ c︸ ︷︷ ︸
n

(~p, h) = n(n+ 1)εa⊗ · · ⊗b⊗ c︸ ︷︷ ︸
n

(~p, h),−n ≤ h ≤ n

Cor. 2.8.3.

Ĵ+(~p, n;R,L)εa⊗ b⊗ ··︸ ︷︷ ︸
n

(~p, h) =
√
n(n+ 1)− h(h+ 1)εa⊗ b⊗ ··︸ ︷︷ ︸

n

(~p, h+ 1),−n ≤ h ≤ n

Ĵ−(~p, n;R,L)εa⊗ b⊗ ··︸ ︷︷ ︸
n

(~p, h) =
√
n(n+ 1)− h(h− 1)εa⊗ b⊗ ··︸ ︷︷ ︸

n

(~p, h− 1),−n ≤ h ≤ n

Ĵz(~p, n;R,L)εa⊗ b⊗ ··︸ ︷︷ ︸
n

(~p, h) = hεa⊗ b⊗ ··︸ ︷︷ ︸
n

(~p, h),−n ≤ h ≤ n

Cor. 2.8.4.

Ĵ2(~p, n;R,L)εa⊗ b⊗ ··︸ ︷︷ ︸
n

(~p, h) = n(n+ 1)εa⊗ b⊗ ··︸ ︷︷ ︸
n

(~p, h), Ĵ2(~p, ∗1;R,L)εa⊗ b⊗ ··︸ ︷︷ ︸
n

(~p, h) = 2εa⊗ b⊗ ··︸ ︷︷ ︸
n

(~p, h)

Ĵz(~p, n;R,L)εa⊗ b⊗ ··︸ ︷︷ ︸
n

(~p, h) = hεa⊗ b⊗ ··︸ ︷︷ ︸
n

(~p, h), Ĵ2 = Ĵ2
z + 1

2 (Ĵ+Ĵ− + Ĵ+Ĵ−),−n ≤ h ≤ n

δabεab · ·︸ ︷︷ ︸
n

(~p, h) = 0, paεab · ·︸ ︷︷ ︸
n

(~p, h) = 0, εab · ·︸ ︷︷ ︸
n

(~p, h) = 1
n!ε{ab · ·}︸ ︷︷ ︸

n

(~p, h)

Lem. 2.8.1. (C̄γa)λςµςXbλςµς (p) = (C̄γa)λςµςXbλςµς (−p) = 4imδba
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Thm. 2.8.3. Ĵ(~p, s;R,L) = 1
(i4m)n

n︷ ︸︸ ︷
(C̄γa)λς⊗µς⊗(C̄γb)

ης⊗ξς⊗ · · Ĵ(~p, s; γa)Xa
′

λ′ς⊗µ′ς⊗(p)Xb
′

η′ς⊗ξ′ς⊗(p) · ·︸ ︷︷ ︸
n

Proof: Ĵ+(~p, s; γa)Uλς ⊗ µς ⊗ ··︸ ︷︷ ︸
2s

(~p, h) =
√
s(s+ 1)− h(h+ 1)Uλς ⊗ µς ⊗ ··︸ ︷︷ ︸

2s

(~p, h+ 1)

⇒ 1
(i
√

2)n

n︷ ︸︸ ︷
(C̄γa)λς⊗µς⊗(C̄γb)

ης⊗ξς⊗ · · Ĵ+(~p, s; γa) 1
(2
√

2m)n
Xa
′

λ′ς⊗µ′ς⊗(p)Xb
′

η′ς⊗ξ′ς⊗(p) · ·︸ ︷︷ ︸
n

εa′b′ · ·︸ ︷︷ ︸
n

(~p, h)

=
√
s(s+ 1)− h(h+ 1)εab · ·︸ ︷︷ ︸

n

(~p, h+ 1)

⇒ Ĵ+(~p, s;R,L) = 1
(i4m)n

n︷ ︸︸ ︷
(C̄γa)λς⊗µς⊗(C̄γb)

ης⊗ξς⊗ · · Ĵ+(~p, s; γa)Xa
′

λ′ς⊗µ′ς⊗(p)Xb
′

η′ς⊗ξ′ς⊗(p) · ·︸ ︷︷ ︸
n

2.9 Corollary-εab··c(~p, h) orthogonality

Def. 2.9.1. ε̄a(~p, h)εa(~p, h′) = δhh′ ,−1 ≤ h′, h ≤ 1

Def. 2.9.2.
−1∑
h=1

εa(~p, h)ε̄b(~p, h) = δab + papb
m2

Thm. 2.9.1. ε̄

n︷ ︸︸ ︷
a · ·bc(~p, h′)εa · ·bc︸ ︷︷ ︸

n

(~p, h) = δhh′ ,−n ≤ h′, h ≤ n

Proof: Using mathematical induction to prove this theorem.
Step 1: When n′ = 1, the following is established.
ε̄a(~p, h′)εa(~p, h) = δhh′ ,−1 ≤ h′, h ≤ 1
Step 2: Assume when n′ = n− 1, the following is established.

ε̄

n−1︷ ︸︸ ︷
a · ·b(~p, h′)εa · ·b︸ ︷︷ ︸

n−1

(~p, h) = δhh′ ,−n+ 1 ≤ h′, h ≤ n− 1

Step 3: When n′ = n, ε̄

n︷ ︸︸ ︷
a · ·bc(~p, h′)εa · ·bc︸ ︷︷ ︸

n

(~p, h),−n ≤ h′, h ≤ n

= [

√
C2
n+h′√
C2

2n

ε̄

n−1︷ ︸︸ ︷
a · ·b(~p, h′ − 1)ε̄c(~p, 1) +

√
C1
n+h′C

1
n−h′√

C2
2n

ε̄

n−1︷ ︸︸ ︷
a · ·b(~p, h′)ε̄c(~p, 0) +

√
C2
n−h′√
C2

2n

ε̄

n−1︷ ︸︸ ︷
a · ·b(~p, h′ + 1)ε̄c(~p,−1)]

[

√
C2
n+h√
C2

2n

εa · ·b︸ ︷︷ ︸
n−1

(~p, h− 1)εc(~p, 1) +

√
C1
n+hC

1
n−h√

C2
2n

εa · ·b︸ ︷︷ ︸
n−1

(~p, h)εc(~p, 0) +

√
C2
n−h√
C2

2n

εa · ·b︸ ︷︷ ︸
n−1

(~p, h+ 1)εc(~p,−1)]

=

√
C2
n+h′√
C2

2n

√
C2
n+h√
C2

2n

δhh′ +

√
C1
n+h′C

1
n−h′√

C2
2n

√
C1
n+hC

1
n−h√

C2
2n

δhh′ +

√
C2
n−h′√
C2

2n

√
C2
n−h√
C2

2n

δhh′ = δhh′

This step proves that when n′ = n, the proposition is established.
Step 4: Based on the above inductive reasoning, the theorem has been proved.

2.10 Corollary-paεab··c(~p, h) nullity

Def. 2.10.1. paεa(~p, h) = 0,−1 ≤ h′, h ≤ 1

Thm. 2.10.1. paεa · ·bc︸ ︷︷ ︸
n

(~p, h) = 0,−n ≤ h ≤ n

Proof: Using mathematical induction to prove this theorem.
Step 1: When n′ = 1, the following is established.
paεa(~p, h) = δhh′ ,−1 ≤ h ≤ 1
Step 2: Assume when n′ = n− 1, the following is established.
paεa · ·b︸ ︷︷ ︸

n−1

(~p, h) = 0,−n+ 1 ≤ h ≤ n− 1

Step 3: When n′ = n, paεa · ·bc︸ ︷︷ ︸
n

(~p, h),−n ≤ h ≤ n

= pa[

√
C2
n+h√
C2

2n

εa · ·b︸ ︷︷ ︸
n−1

(~p, h− 1)εc(~p, 1) +

√
C1
n+hC

1
n−h√

C2
2n

εa · ·b︸ ︷︷ ︸
n−1

(~p, h)εc(~p, 0) +

√
C2
n−h√
C2

2n

εa · ·b︸ ︷︷ ︸
n−1

(~p, h+ 1)εc(~p,−1)]

= 0 + 0 + 0 = 0
This step proves that when n′ = n, the proposition is established.
Step 4: Based on the above inductive reasoning, the theorem has been proved.
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2.11 Corollary-εab··c(~p, h) tracelessness

Def. 2.11.1. ε̄a(~p, h) = (−1)hεa(~p,−h),−1 ≤ h ≤ 1

Lem. 2.11.1. δabεab(~p, h) = 0,−2 ≤ h ≤ 2

Proof: δabεab(~p, h),−2 ≤ h ≤ 2

= δab[

√
C2

2+h√
C2

4

εa(~p, h− 1)εb(~p, 1) +

√
C1

2+hC
1
2−h√

C2
4

εa(~p, h)εb(~p, 0) +

√
C2

2−h√
C2

4

εa(~p, h+ 1)εb(~p,−1)]

=



δabεa(~p, 1)εb(~p, 1) = 0;h = 2

δabεa(~p,−1)εb(~p,−1) = 0;h = −2

δab[

√
C2

3√
C2

4

εa(~p, 0)εb(~p, 1) +

√
C1

3C
1
1√

C2
4

εa(~p, 1)εb(~p, 0)] = 0;h = 1

δab[

√
C1

3C
1
1√

C2
4

εa(~p, 1)εb(~p, 0) +

√
C2

3√
C2

4

εa(~p, 0)εb(~p,−1)] = 0;h = −1

δab[

√
C2

2√
C2

4

εa(~p,−1)εb(~p, 1) +

√
C1

2C
1
2√

C2
4

εa(~p, 0)εb(~p, 0) +

√
C2

2√
C2

4

εa(~p, 1)εb(~p,−1)] = 0;h = 0

Thm. 2.11.1. δabεab · ·c︸ ︷︷ ︸
n

(~p, h) = 0, n ≥ 2,−n ≤ h ≤ n

Proof: Using mathematical induction to prove this theorem.
Step 1: When n′ = 2, the following is established.
δabεab(~p, h) = 0,−2 ≤ h ≤ 2
Step 2: Assume when 2 ≤ n′ = n− 1, the following is established.
δabεab · ·︸ ︷︷ ︸

n−1

(~p, h) = 0,−n+ 1 ≤ h ≤ n− 1

Step 3: When 3 ≤ n′ = n, δabεab · ·c︸ ︷︷ ︸
n

(~p, h),−n ≤ h ≤ n

= δab[

√
C2
n+h√
C2

2n

εab · ·︸ ︷︷ ︸
n−1

(~p, h− 1)εc(~p, 1) +

√
C1
n+hC

1
n−h√

C2
2n

εab · ·︸ ︷︷ ︸
n−1

(~p, h)εc(~p, 0) +

√
C2
n−h√
C2

2n

εab · ·︸ ︷︷ ︸
n−1

(~p, h+ 1)εc(~p,−1)]

= 0 + 0 + 0 = 0
This step proves that when n′ = n, the proposition is established.
Step 4: Based on the above inductive reasoning, the theorem has been proved.

2.12 Corollary-Spin basis decomposition: 2 = 1⊕ 1

Cor. 2.12.1. εab(~p, h) =
−1∑
h′=1

√
C1+h′

2+h C1−h′
2−h√

C2
4

εa(~p, h− h′)εb(~p, h′)

=



εab(~p, 2) = εa(~p, 1)εb(~p, 1)

εab(~p, 1) = 1√
2
[εa(~p, 1)εb(~p, 0) + εa(~p, 0)εb(~p, 1)]

εab(~p, 0) = 1√
6
[εa(~p, 1)εb(~p,−1) + εa(~p,−1)εb(~p, 1) + 2εa(~p, 0)εb(~p, 0)]

εab(~p,−1) = 1√
2
[εa(~p,−1)εb(~p, 0) + εa(~p, 0)εb(~p,−1)]

εab(~p,−2) = εa(~p,−1)εb(~p,−1)

Cor. 2.12.2. εab(~p, h) = εba(~p, h),−2 ≤ h ≤ 2

2.13 Corollary-Spin basis decomposition: n = (n− 2)⊕ 2

Thm. 2.13.1. εa · ·bc︸ ︷︷ ︸
n

(~p, h) =
−2∑
h′=2

√
C2+h′
n+h C

2−h′
n−h√

C4
2n

εa · ·︸︷︷︸
n−2

(~p, h− h′)εbc(~p, h′)

Proof: εa · ·bc︸ ︷︷ ︸
n

(~p, h)

=

√
C2
n+h√
C2

2n

εa · ·b︸ ︷︷ ︸
n−1

(~p, h− 1)εc(~p, 1) +

√
C1
n+hC

1
n−h√

C2
2n

εa · ·b︸ ︷︷ ︸
n−1

(~p, h)εc(~p, 0) +

√
C2
n−h√
C2

2n

εa · ·b︸ ︷︷ ︸
n−1

(~p, h+ 1)εc(~p,−1)

=

√
C2
n+h√
C2

2n

εc(~p, 1)

[

√
C2
n+h−2√
C2

2n−2

εa · ·︸︷︷︸
n−2

(~p, h− 2)εb(~p, 1) +

√
C1
n+h−2C

1
n−h√

C2
2n−2

εa · ·︸︷︷︸
n−2

(~p, h− 1)εb(~p, 0) +

√
C2
n−h√

C2
2n−2

εa · ·︸︷︷︸
n−2

(~p, h)εb(~p,−1)]

+

√
C1
n+hC

1
n−h√

C2
2n

εc(~p, 0)

[

√
C2
n+h−1√
C2

2n−2

εa · ·︸︷︷︸
n−2

(~p, h− 1)εb(~p, 1) +

√
C1
n+h−1C

1
n−h−1√

C2
2n−2

εa · ·︸︷︷︸
n−2

(~p, h)εb(~p, 0) +

√
C2
n−h−1√
C2

2n−2

εa · ·︸︷︷︸
n−2

(~p, h+ 1)εb(~p,−1)]
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+

√
C2
n−h√
C2

2n

εc(~p,−1)

[

√
C2
n+h√

C2
2n−2

εa · ·︸︷︷︸
n−2

(~p, h)εb(~p, 1) +

√
C1
n+hC

1
n−h−2√

C2
2n−2

εa · ·︸︷︷︸
n−2

(~p, h+ 1)εb(~p, 0) +

√
C2
n−h−2√
C2

2n−2

εa · ·︸︷︷︸
n−2

(~p, h+ 2)εb(~p,−1)]

= [

√
C2
n+h−2√
C2

2n−2

√
C2
n+h√
C2

2n

εa · ·︸︷︷︸
n−2

(~p, h− 2)εb(~p, 1)εc(~p, 1)

+ [

√
C2
n+h−1√
C2

2n−2

√
C1
n+hC

1
n−h√

C2
2n

εa · ·︸︷︷︸
n−2

(~p, h− 1)εb(~p, 1)εc(~p, 0) +

√
C1
n+h−2C

1
n−h√

C2
2n−2

√
C2
n+h√
C2

2n

εa · ·︸︷︷︸
n−2

(~p, h− 1)εb(~p, 0)εc(~p, 1)]

+ [

√
C2
n+h√

C2
2n−2

√
C2
n−h√
C2

2n

εa · ·︸︷︷︸
n−2

(~p, h)εb(~p, 1)εc(~p,−1) +

√
C2
n−h√

C2
2n−2

√
C2
n+h√
C2

2n

εa · ·︸︷︷︸
n−2

(~p, h)εb(~p,−1)εc(~p, 1)]

+

√
C1
n+h−1C

1
n−h−1√

C2
2n−2

√
C1
n+hC

1
n−h√

C2
2n

εa · ·︸︷︷︸
n−2

(~p, h)εb(~p, 0)εc(~p, 0)

+ [

√
C1
n+hC

1
n−h−2√

C2
2n−2

√
C2
n−h√
C2

2n

εa · ·︸︷︷︸
n−2

(~p, h+ 1)εb(~p, 0)εc(~p,−1) +

√
C2
n−h−1√
C2

2n−2

√
C1
n+hC

1
n−h√

C2
2n

εa · ·︸︷︷︸
n−2

(~p, h+ 1)εb(~p,−1)εc(~p, 0)]

+

√
C2
n−h−2√
C2

2n−2

√
C2
n−h√
C2

2n

εa · ·︸︷︷︸
n−2

(~p, h+ 2)εb(~p,−1)εc(~p,−1)]

= 1
2!

√
C4
n+hC

2
4√

C4
2nC

2
4

εa · ·︸︷︷︸
n−2

(~p, h− 2)ε{b(~p, 1)εc}(~p, 1) + 1
2!

√
C4
n−hC

2
4√

C4
2nC

2
4

εa · ·︸︷︷︸
n−2

(~p, h+ 2)ε{b(~p,−1)εc}(~p,−1)

+

√
C3
n+hC

1
n−hC

2
3√

C4
2nC

2
4

εa · ·︸︷︷︸
n−2

(~p, h− 1)ε{b(~p, 1)εc}(~p, 0) +

√
C1
n+hC

3
n−hC

2
3√

C4
2nC

2
4

εa · ·︸︷︷︸
n−2

(~p, h+ 1)ε{b(~p, 0)εc}(~p,−1)

+

√
C2
n+hC

2
n−h√

C4
2nC

2
4

εa · ·︸︷︷︸
n−2

(~p, h)ε{b(~p, 1)εc}(~p,−1) +

√
C2
n+hC

2
n−h√

C4
2nC

2
4

εa · ·︸︷︷︸
n−2

(~p, h)ε{b(~p, 0)εc}(~p, 0)

=

√
C4
n+hC

0
n−h√

22C4
2n

εa · ·︸︷︷︸
n−2

(~p, h− 2)ε{b(~p, 1)εc}(~p, 1) +

√
C0
n+hC

4
n−h√

22C4
2n

εa · ·︸︷︷︸
n−2

(~p, h+ 2)ε{b(~p,−1)εc}(~p,−1)

+

√
C3
n+hC

1
n−h√

21C4
2n

εa · ·︸︷︷︸
n−2

(~p, h− 1)ε{b(~p, 1)εc}(~p, 0) +

√
C1
n+hC

3
n−h√

21C4
2n

εa · ·︸︷︷︸
n−2

(~p, h+ 1)ε{b(~p, 0)εc}(~p,−1)

+

√
C2
n+hC

2
n−h√

C4
2nC

2
4

εa · ·︸︷︷︸
n−2

(~p, h)ε{b(~p, 1)εc}(~p,−1) +

√
C2
n+hC

2
n−h√

C4
2nC

2
4

εa · ·︸︷︷︸
n−2

(~p, h)ε{b(~p, 0)εc}(~p, 0)

=

√
C4
n+hC

0
n−h√

C4
2n

εa · ·︸︷︷︸
n−2

(~p, h− 2)εbc(~p, 2) +

√
C0
n+hC

4
n−h√

C4
2n

εa · ·︸︷︷︸
n−2

(~p, h+ 2)εbc(~p,−2)

+

√
C3
n+hC

1
n−h√

C4
2n

εa · ·︸︷︷︸
n−2

(~p, h− 1)εbc(~p, 1) +

√
C1
n+hC

3
n−h√

C4
2n

εa · ·︸︷︷︸
n−2

(~p, h+ 1)εbc(~p,−1)

+

√
C2
n+hC

2
n−h√

C4
2n

εa · ·︸︷︷︸
n−2

(~p, h)εbc(~p, 0)

=
−2∑
h′=2

√
C2+h′
n+h C

2−h′
n−h√

C4
2n

εa · ·︸︷︷︸
n−2

(~p, h− h′)εbc(~p, h′)

Cor. 2.13.1. εa · ·bc︸ ︷︷ ︸
n

(~p, h) = εa · ·cb︸ ︷︷ ︸
n

(~p, h), n ≥ 2,−n ≤ h ≤ n

2.14 Corollary-Spin basis decomposition: n+ n′ = n⊕ n′

Thm. 2.14.1. εa · ·︸︷︷︸
n

b · ·c︸︷︷︸
n′

(~p, h) =
−n′∑
h′=n′

√
Cn
′+h′

n+n′+hC
n′−h′
n+n′−h√

C2n′
2n+2n′

εa · ·︸︷︷︸
n

(~p, h− h′)εb · ·c︸︷︷︸
n′

(~p, h′)

Proof: For n′ using mathematical induction to prove this theorem.
Step 1: When n′′ = 1, the following is established.

εa · ·︸︷︷︸
n

b · ·︸︷︷︸
1

(~p, h) =
−1∑
h′=1

√
C1+h′
n+1+hC

1−h′
n+1−h√

C2
2n+2

εa · ·︸︷︷︸
n

(~p, h− h′)εb · ·︸︷︷︸
1

(~p, h′),−n− 1 ≤ h ≤ n+ 1

Step 2: Assume when n′′ = n′ − 1, the following is established.

εa · ·︸︷︷︸
n

b · ·︸︷︷︸
n′−1

(~p, h) =
−n′+1∑
h′=n′−1

√
Cn
′−1+h′

n+n′−1+h
Cn
′−1−h′

n+n′−1−h√
C2n′−2

2n+2n′−2

εa · ·︸︷︷︸
n

(~p, h− h′)ε b · ·︸︷︷︸
n′−1

(~p, h′),−n− n′ + 1 ≤ h ≤ n+ n′ + 1

Step 3: When n′′ = n′, − n− n′ ≤ h ≤ n+ n′, εa · ·︸︷︷︸
n

b · ·c︸︷︷︸
n′

(~p, h)
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=

√
C2
n+n′+h√
C2

2n+2n′
εa · ·︸︷︷︸
n

b · ·︸︷︷︸
n′−1

(~p, h− 1)εc(~p, 1) +

√
C1
n+n′+hC

1
n+n′−h√

C2
2n+2n′

εa · ·︸︷︷︸
n

b · ·︸︷︷︸
n′−1

(~p, h)εc(~p, 0) +

√
C2
n+n′−h√
C2

2n+2n′
εa · ·︸︷︷︸
n

b · ·︸︷︷︸
n′−1

(~p, h+ 1)εc(~p,−1)

=

√
C2
n+n′+h√
C2

2n+2n′

−n′+1∑
h′=n′−1

√
Cn
′−1+h′

n+n′−2+h
Cn
′−1−h′

n+n′−h√
C2n′

2n+2n′
εa · ·︸︷︷︸
n

(~p, h− 1− h′)ε b · ·︸︷︷︸
n′−1

(~p, h′)εc(~p, 1)

+

√
C1
n+n′+hC

1
n+n′−h√

C2
2n+2n′

−n′+1∑
h′=n′−1

√
Cn
′−1+h′

n+n′−1+h
Cn
′−1−h′

n+n′−1−h√
C2n′−2

2n+2n′−2

εa · ·︸︷︷︸
n

(~p, h− h′)ε b · ·︸︷︷︸
n′−1

(~p, h′)εc(~p, 0)

+

√
C2
n+n′−h√
C2

2n+2n′

−n′+1∑
h′=n′−1

√
Cn
′−1+h′

n+n′+h C
n′−1−h′
n+n′−2−h√

C2n′−2

2n+2n′−2

εa · ·︸︷︷︸
n

(~p, h+ 1− h′)ε b · ·︸︷︷︸
n′−1

(~p, h′)εc(~p,−1)

=
−n′+1∑
h′=n′−1

√
Cn
′+1+h′

n+n′+h C
n′−1−h′
n+n′−h√

C2n′
2n+2n′

√
C2
n′+1+h′√
C2

2n′
εa · ·︸︷︷︸
n

(~p, h− 1− h′)ε b · ·︸︷︷︸
n′−1

(~p, h′)εc(~p, 1)

+
−n′+1∑
h′=n′−1

√
Cn
′+h′

n+n′+hC
n′−h′
n+n′−h√

C2n′
2n+2n′

√
C1
n′+h′C

1
n′−h′√

C2
2n′

εa · ·︸︷︷︸
n

(~p, h− h′)ε b · ·︸︷︷︸
n′−1

(~p, h′)εc(~p, 0)

+
−n′+1∑
h′=n′−1

√
Cn
′−1+h′

n+n′+h C
n′+1−h′
n+n′−h√

C2n′
2n+2n′

√
C2
n′+1−h′√
C2

2n′
εa · ·︸︷︷︸
n

(~p, h+ 1− h′)ε b · ·︸︷︷︸
n′−1

(~p, h′)εc(~p,−1)

=
−n′+2∑
h′=n′

√
Cn
′+h′

n+n′+hC
n′−h′
n+n′−h√

C2n′
2n+2n′

εa · ·︸︷︷︸
n

(~p, h− h′)
√
C2
n′+h′√
C2

2n′
ε b · ·︸︷︷︸
n′−1

(~p, h′ − 1)εc(~p, 1)

+
−n′+1∑
h′=n′−1

√
Cn
′+h′

n+n′+hC
n′−h′
n+n′−h√

C2n′
2n+2n′

εa · ·︸︷︷︸
n

(~p, h− h′)
√
C1
n′+h′C

1
n′−h′√

C2
2n′

ε b · ·︸︷︷︸
n′−1

(~p, h′)εc(~p, 0)

+
−n′∑

h′=n′−2

√
Cn
′+h′

n+n′+hC
n′−h′
n+n′−h√

C2n′
2n+2n′

√
C2
n′−h′√
C2

2n′
εa · ·︸︷︷︸
n

(~p, h− h′)ε b · ·︸︷︷︸
n′−1

(~p, h′ + 1)εc(~p,−1)

=
−n′∑
h′=n′

√
Cn
′+h′

n+n′+hC
n′−h′
n+n′−h√

C2n′
2n+2n′

εa · ·︸︷︷︸
n

(~p, h− h′)
√
C2
n′+h′√
C2

2n′
ε b · ·︸︷︷︸
n′−1

(~p, h′ − 1)εc(~p, 1)

+
−n′∑
h′=n′

√
Cn
′+h′

n+n′+hC
n′−h′
n+n′−h√

C2n′
2n+2n′

εa · ·︸︷︷︸
n

(~p, h− h′)
√
C1
n′+h′C

1
n′−h′√

C2
2n′

ε b · ·︸︷︷︸
n′−1

(~p, h′)εc(~p, 0)

+
−n′∑
h′=n′

√
Cn
′+h′

n+n′+hC
n′−h′
n+n′−h√

C2n′
2n+2n′

√
C2
n′−h′√
C2

2n′
εa · ·︸︷︷︸
n

(~p, h− h′)ε b · ·︸︷︷︸
n′−1

(~p, h′ + 1)εc(~p,−1)

=
−n′∑
h′=n′

√
Cn
′+h′

n+n′+hC
n′−h′
n+n′−h√

C2n′
2n+2n′

εa · ·︸︷︷︸
n

(~p, h− h′)εb · ·c︸︷︷︸
n′

(~p, h′)

This step proves that when n′′ = n′, the proposition is established.
Step 4: Based on the above inductive reasoning, the theorem has been proved.

Cor. 2.14.1. −n1 − n2 ≤ h ≤ n1 + n2
εa · ·︸︷︷︸
n1

b · ·︸︷︷︸
n2

(~p, h) =
−n1∑
h1=n1

−n2∑
h2=n2

√
C
n2+h2
n1+n2+hC

n2−h2
n1+n2−h√

C
2n2
2n1+2n2

εa · ·︸︷︷︸
n1

(~p, h1)εb · ·︸︷︷︸
n2

(~p, h2)δ(h− h1 − h2)

εa · ·︸︷︷︸
n1

b · ·︸︷︷︸
n2

(~p, h) =
−n1∑
h1=n1

−n2∑
h2=n2

√
C
n1+h1
n1+n2+hC

n1−h1
n1+n2−h√

C
2n1
2n1+2n2

εa · ·︸︷︷︸
n1

(~p, h1)εb · ·︸︷︷︸
n2

(~p, h2)δ(h− h1 − h2)

Cor. 2.14.2. −n1 − n2 ≤ h ≤ n1 + n2, εa · ·︸︷︷︸
n1

b · ·︸︷︷︸
n2

(~p, h)

=
−n1∑
h1=n1

−n2∑
h2=n2

[ (2n1)!(2n2)!
(2n1+2n2)!

(n1+h1+n2+h2)!
(n1+h1)!(n2+h2)!

(n1−h1+n2−h2)!
(n1−h1)!(n2−h2)! ]

1/2εa · ·︸︷︷︸
n1

(~p, h1)εb · ·︸︷︷︸
n2

(~p, h2)δ(h− h1 − h2)

2.15 Corollary-Spin basis reverse synthesis

Cor. 2.15.1.

√
Cn
′+h′

n+n′+hC
n′−h′
n+n′−h√

C2n′
2n+2n′

εa · ·︸︷︷︸
n

(~p, h− h′) = εa · ·︸︷︷︸
n

b · ·c︸︷︷︸
n′

(~p, h)ε̄

n′︷︸︸︷
b · ·c(~p, h′)

Cor. 2.15.2.

√
Cn
′+h′

n+n′+hC
n′−h′
n+n′−h√

C2n′
2n+2n′

εa · ·︸︷︷︸
n

(~p, h− h′) = ε̄

n′︷︸︸︷
b · ·c(~p, h′)εb · ·c︸︷︷︸

n′

a · ·︸︷︷︸
n

(~p, h)
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2.16 Corollary-Spin basis decomposition: n1 + n2 · ·+ nn = n1 ⊕ n2 · · ⊕ nn

Cor. 2.16.1. −
n∑
i=1

ni ≤ h ≤
n∑
i=1

ni, εa · ·︸︷︷︸
n1

b · ·︸︷︷︸
n2

··c · ·︸︷︷︸
nn

(~p, h)

=
−n1∑
h1=n1

−n2∑
h2=n2

· ·
−nn∑
hn=nn

[

n∏
i=1

(2ni)!

[
n∑
i=1

(2ni)]!

[
n∑
i=1

(ni+hi)]!

n∏
i=1

(ni+hi)!

[
n∑
i=1

(ni−hi)]!
n∏
i=1

(ni−hi)!
]
1
2 εa · ·︸︷︷︸

n1

(~p, h1)εb · ·︸︷︷︸
n2

(~p, h2) · ·εc · ·︸︷︷︸
nn

(~p, hn)δ(h−
n∑
i=1

hi)

2.17 Corollary-εab··c(~p, h) full symmetry

Thm. 2.17.1. εab · ·c︸ ︷︷ ︸
n

(~p, h) = 1
n!ε{ab · ·c}︸ ︷︷ ︸

n

(~p, h),−n ≤ h ≤ n

Proof: Using mathematical induction to prove this theorem.
Step 1: n′ = 1, 2
εa(~p, h) = 1

1!εa(~p, h),−1 ≤ h ≤ 1; εab(~p, h) = 1
2!ε{ab}(~p, h),−2 ≤ h ≤ 2

Step 2: Assume when n′ = n− 1, the following is established.
εa · ·b︸ ︷︷ ︸
n−1

(~p, h) = 1
(n−1)!ε{a · ·b}︸ ︷︷ ︸

n−1

(~p, h),−n+ 1 ≤ h ≤ n− 1

Step 3: 2 ≤ n′ = n− n ≤ h ≤ n, εa · ·bc︸ ︷︷ ︸
n

(~p, h)

=
−1∑
h′=1

√
C1+h′
n+h C

1−h′
n+h√

C2
2n

εa · ·b︸ ︷︷ ︸
n−1

(~p, h− h′)εc(~p, h′) =
−2∑
h′=2

√
C2+h′
n+h C

2−h′
n−h√

C4
2n

εa · ·︸︷︷︸
n−2

(~p, h− h′)εbc(~p, h′)

⇒ εa · ·bc︸ ︷︷ ︸
n

(~p, h) = 1
(n−1)!ε{a · ·b}c︸ ︷︷ ︸

n

(~p, h), εa · ·bc︸ ︷︷ ︸
n

(~p, h) = εa · ·cb︸ ︷︷ ︸
n

(~p, h),−n ≤ h ≤ n

⇔ εa · ·bc︸ ︷︷ ︸
n

(~p, h) = 1
n!ε{a · ·bc}︸ ︷︷ ︸

n

(~p, h),−n ≤ h ≤ n

This step proves that when n′ = n, the proposition is established.
Step 4: Based on the above inductive reasoning, the theorem has been proved.

2.18 Summary of εab··c(~p, h) properties

Thm. 2.18.1.εab · ·c︸ ︷︷ ︸
n

(~p, h) =
−1∑
h′=1

√
C1+h′
n+h C

1−h′
n+h√

C2
2n

εab · ·︸ ︷︷ ︸
n−1

(~p, h− h′)εc(~p, h′)

ε̄a(~p, h) = (−1)hεa(~p,−h), paεa(~p, h) = 0, ε̄a(~p, h)εa(~p, h′) = δhh′ ,−1 ≤ h′, h ≤ 1
⇒
εab · ·c︸ ︷︷ ︸

n

(~p, h) = 1
n!ε{ab · ·c}︸ ︷︷ ︸

n

(~p, h), δabεab · ·c︸ ︷︷ ︸
n

(~p, h) = 0, paεab · ·c︸ ︷︷ ︸
n

(~p, h) = 0

ε̄

n︷ ︸︸ ︷
ab · ·c(~p, h′)εab · ·c︸ ︷︷ ︸

n

(~p, h) = δhh′ ,−n ≤ h′, h ≤ n

2.19 Operator expression of plane wave solutions for Klein-Gordon equation

Thm. 2.19.1. (−∂c∂c +m2)Aab · ·︸ ︷︷ ︸
n

(x) = 0, δabAab · ·︸ ︷︷ ︸
n

(x) = 0, ∂aAab · ·︸ ︷︷ ︸
n

(x) = 0, Aab · ·︸ ︷︷ ︸
n

(x) = 1
n!A{ab · ·}︸ ︷︷ ︸

n

(x)

Aab · ·︸ ︷︷ ︸
n

(x) = 1
(2π)3/2

+∞∫
~p=−∞

1√
2nE

−n∑
h=n

Ĵn−h− (~p,n;R,L)

(n−h)!
√
Cn−h2n

εab · ·︸ ︷︷ ︸
n

(~p, n)[a(~p, h)eip·x + (−1)nb+(~p, h)e−ip·x]d3~p

Aab · ·︸ ︷︷ ︸
n

(x) = 1
(2π)3/2

+∞∫
~p=−∞

1√
2nE

−n∑
h=n

Ĵn+h
+ (~p,n;R,L)

(n+h)!
√
Cn+h

2n

εab · ·︸ ︷︷ ︸
n

(~p,−n)[a(~p, h)eip·x + (−1)nb+(~p, h)e−ip·x]d3~p

3 Reorganization and analysis of Rarita-Schwinger equation spin basis
3.1 Definition-Spin basis decomposition: n+ 1

2 = n⊕ 1
2

Def. 3.1.1. −n− 1
2 ≤ h ≤ n+ 1

2

εab · ·︸ ︷︷ ︸
n

τς (~p, h) =

√
n+1/2+h√

2n+1
εab · ·︸ ︷︷ ︸

n

(~p, h− 1
2 )uτς (~p,

1
2 ) +

√
n+1/2−h√

2n+1
εab · ·︸ ︷︷ ︸

n

(~p, h+ 1
2 )uτς (~p,− 1

2 )

Cor. 3.1.1. ε̄

n︷ ︸︸ ︷
ab · · τς (~p, h′)εab · ·︸ ︷︷ ︸

n

τς (~p, h) = δhh′ ,−n− 1
2 ≤ h ≤ n+ 1

2

Cor. 3.1.2. paεab · ·︸ ︷︷ ︸
n

τς (~p, h) = 0,−n− 1
2 ≤ h ≤ n+ 1

2
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Cor. 3.1.3. δabεab · ·︸ ︷︷ ︸
n

τς (~p, h) = 0,− 5
2 ≤ h ≤

5
2

3.2 Corollary-εab··cτς (~p, h) is a spin eigenstate

Thm. 3.2.1. [Ω(n;R)⊗ I4 + I4n ⊗ Ĵ(~p, 1
2 ; γa)] · p̂εa⊗ · · ⊗b︸ ︷︷ ︸

n

⊗τς (~p, h) = hεa⊗ · · ⊗b︸ ︷︷ ︸
n

⊗τς (~p, h),−n− 1
2 ≤ h ≤ n+ 1

2

Ass. 3.2.1. [Ω(n;R)⊗ I4 + I4n ⊗ Ĵ(~p, 1
2 ; γa)]2εa⊗ · · ⊗b︸ ︷︷ ︸

n

⊗τς (~p, h) = (n+ 1
2 )(n+ 3

2 )εa⊗ · · ⊗b︸ ︷︷ ︸
n

⊗τς (~p, h)

3.3 Rarita-SchwingerRaising and lowering operator of equation spin basis

Def. 3.3.1. Ĵ(~p, n+ 1
2 ;R,L, γa) := [Ĵ(~p, n;R,L)⊗ I4 + I4n ⊗ Ĵ(~p, 1

2 ; γa)]

Cor. 3.3.1. [Ĵi(~p, n+ 1
2 ;R,L, γa), Ĵj(~p, n+ 1

2 ;R,L, γa)] = εij
kĴk(~p, n+ 1

2 ;R,L, γa)

Thm. 3.3.1.

Ĵ+(~p, n+ 1
2 ;R,L, γa)εa⊗ ··︸ ︷︷ ︸

n

⊗τς (~p, h) =
√

(n+ 1
2 )(n+ 3

2 )− h(h+ 1)εa⊗ ··︸ ︷︷ ︸
n

⊗τς (~p, h+ 1),−n− 1
2 ≤ h ≤ n+ 1

2

Ĵ−(~p, n+ 1
2 ;R,L, γa)εa⊗ ··︸ ︷︷ ︸

n

⊗τς (~p, h) =
√

(n+ 1
2 )(n+ 3

2 )− h(h− 1)εa⊗ ··︸ ︷︷ ︸
n

⊗τς (~p, h− 1),−n− 1
2 ≤ h ≤ n+ 1

2

Ĵz(~p, n+ 1
2 ;R,L, γa)εa⊗ ··︸ ︷︷ ︸

n

⊗τς (~p, h) = hεa⊗ ··︸ ︷︷ ︸
n

⊗τς (~p, h− 1),−n− 1
2 ≤ h ≤ n+ 1

2

Proof: −n− 1
2 ≤ h ≤ n+ 1

2

Ĵ+(~p, n+ 1
2 ;R,L, γa)εab · ·︸ ︷︷ ︸

n

τς (~p, h)

= [Ĵ+(~p, n;R,L)⊗ I4 + I4n ⊗ Ĵ+(~p, 1
2 ; γa)][

√
n+1/2+h√

2n+1
εab · ·︸ ︷︷ ︸

n

(~p, h− 1
2 )uτς (~p,

1
2 ) +

√
n+1/2−h√

2n+1
εab · ·︸ ︷︷ ︸

n

(~p, h+ 1
2 )uτς (~p,− 1

2 )]

= [

√
n+1/2+h√

2n+1
Ĵ+(~p, n;R,L, γa)εab · ·︸ ︷︷ ︸

n

(~p, h− 1
2 )uτς (~p,

1
2 ) +

√
n+1/2−h√

2n+1
Ĵ+(~p, n;R,L, γa)εab · ·︸ ︷︷ ︸

n

(~p, h+ 1
2 )uτς (~p,− 1

2 )]

+

√
n+1/2−h√

2n+1
εab · ·︸ ︷︷ ︸

n

(~p, h+ 1
2 )Ĵ+(~p, 1

2 ;R,L, γa)uτς (~p,− 1
2 )]

=

√
n+1/2+h

√
n(n+1)−(h− 1

2 )(h+
1
2 )

√
2n+1

εab · ·︸ ︷︷ ︸
n

(~p, h+ 1
2 )uτς (~p,

1
2 ) +

√
n+1/2−h√

2n+1
εab · ·︸ ︷︷ ︸

n

(~p, h+ 1
2 )uτς (~p,

1
2 )

+

√
n+1/2−h

√
n(n+1)−(h+

1
2 )(h+

3
2 )

√
2n+1

εab · ·︸ ︷︷ ︸
n

(~p, h+ 3
2 )uτς (~p,− 1

2 )

=

√
n+1/2+(h+1)

√
(n+

1
2 )(n+

3
2 )−h(h+1)

√
2n+1

εab · ·︸ ︷︷ ︸
n

(~p, h+ 1
2 )uτς (~p,

1
2 )

+

√
n+1/2−(h+1)

√
(n+

1
2 )(n+

3
2 )−h(h+1)

√
2n+1

εab · ·︸ ︷︷ ︸
n

(~p, h+ 3
2 )uτς (~p,− 1

2 )

=
√

(n+ 1
2 )(n+ 3

2 )− h(h+ 1)εab · ·︸ ︷︷ ︸
n

τς (~p, h+ 1)

Proof: −n− 1
2 ≤ h ≤ n+ 1

2

Ĵ−(~p, n+ 1
2 ;R,L, γa)εab · ·︸ ︷︷ ︸

n

τς (~p, h)

= [Ĵ−(~p, n;R,L)⊗ I4 + I4n ⊗ Ĵ−(~p, 1
2 ; γa)][

√
n+1/2+h√

2n+1
εab · ·︸ ︷︷ ︸

n

(~p, h− 1
2 )uτς (~p,

1
2 ) +

√
n+1/2−h√

2n+1
εab · ·︸ ︷︷ ︸

n

(~p, h+ 1
2 )uτς (~p,− 1

2 )]

= [

√
n+1/2+h√

2n+1
Ĵ−(~p, n;R,L, γa)εab · ·︸ ︷︷ ︸

n

(~p, h− 1
2 )uτς (~p,

1
2 ) +

√
n+1/2−h√

2n+1
Ĵ−(~p, n;R,L, γa)εab · ·︸ ︷︷ ︸

n

(~p, h+ 1
2 )uτς (~p,− 1

2 )]

+

√
n+1/2−h√

2n+1
εab · ·︸ ︷︷ ︸

n

(~p, h+ 1
2 )Ĵ−(~p, 1

2 ;R,L, γa)uτς (~p,− 1
2 )]

=

√
n+1/2+h

√
n(n+1)−(h− 1

2 )(h− 3
2 )

√
2n+1

εab · ·︸ ︷︷ ︸
n

(~p, h− 3
2 )uτς (~p,

1
2 )

+

√
n+1/2−h

√
n(n+1)−(h+

1
2 )(h− 1

2 )
√

2n+1
εab · ·︸ ︷︷ ︸

n

(~p, h− 1
2 )uτς (~p,− 1

2 ) +

√
n+1/2+h√

2n+1
εab · ·︸ ︷︷ ︸

n

(~p, h− 1
2 )uτς (~p,− 1

2 )
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=

√
n+1/2+(h−1)

√
(n+

1
2 )(n+

3
2 )−h(h−1)

√
2n+1

εab · ·︸ ︷︷ ︸
n

(~p, h− 3
2 )uτς (~p,

1
2 )

+

√
n+1/2−(h−1)

√
(n+

1
2 )(n+

3
2 )−h(h−1)

√
2n+1

εab · ·︸ ︷︷ ︸
n

(~p, h− 1
2 )uτς (~p,− 1

2 )

=
√

(n+ 1
2 )(n+ 3

2 )− h(h− 1)εab · ·︸ ︷︷ ︸
n

τς (~p, h− 1)

Proof: −n− 1
2 ≤ h ≤ n+ 1

2

Ĵz(~p, n+ 1
2 ;R,L, γa)εab · ·︸ ︷︷ ︸

n

τς (~p, h)

= [Ĵz(~p, n;R,L)⊗ I4 + I4n ⊗ Ĵz(~p, 1
2 ; γa)][

√
n+1/2+h√

2n+1
εab · ·︸ ︷︷ ︸

n

(~p, h− 1
2 )uτς (~p,

1
2 ) +

√
n+1/2−h√

2n+1
εab · ·︸ ︷︷ ︸

n

(~p, h+ 1
2 )uτς (~p,− 1

2 )]

= [

√
n+1/2+h√

2n+1
Ĵz(~p, n;R,L)εab · ·︸ ︷︷ ︸

n

(~p, h− 1
2 )uτς (~p,

1
2 ) +

√
n+1/2−h√

2n+1
Ĵz(~p, n;R,L)εab · ·︸ ︷︷ ︸

n

(~p, h+ 1
2 )uτς (~p,− 1

2 )]

+ [

√
n+1/2+h√

2n+1
εab · ·︸ ︷︷ ︸

n

(~p, h− 1
2 )Ĵz(~p,

1
2 ; γa)uτς (~p,

1
2 ) +

√
n+1/2−h√

2n+1
εab · ·︸ ︷︷ ︸

n

(~p, h+ 1
2 )Ĵz(~p,

1
2 ; γa)uτς (~p,− 1

2 )]

= [

√
n+1/2+h√

2n+1
(h− 1

2 )εab · ·︸ ︷︷ ︸
n

(~p, h− 1
2 )uτς (~p,

1
2 ) +

√
n+1/2−h√

2n+1
(h+ 1

2 )εab · ·︸ ︷︷ ︸
n

(~p, h+ 1
2 )uτς (~p,− 1

2 )]

+ [

√
n+1/2+h√

2n+1
εab · ·︸ ︷︷ ︸

n

(~p, h− 1
2 )( 1

2 )uτς (~p,
1
2 ) +

√
n+1/2−h√

2n+1
εab · ·︸ ︷︷ ︸

n

(~p, h+ 1
2 )(− 1

2 )uτς (~p,− 1
2 )]

= h[

√
n+1/2+h√

2n+1
εab · ·︸ ︷︷ ︸

n

(~p, h− 1
2 )uτς (~p,

1
2 ) +

√
n+1/2−h√

2n+1
εab · ·︸ ︷︷ ︸

n

(~p, h+ 1
2 )uτς (~p,− 1

2 )]

= hεab · ·︸ ︷︷ ︸
n

τς (~p, h)

Cor. 3.3.2. Ĵ2 = Ĵ2
z + 1

2 (Ĵ+Ĵ− + Ĵ+Ĵ−)
Ĵ2(~p, n+ 1

2 ;R,L, γa)εa⊗ b⊗ ··︸ ︷︷ ︸
n

τς (~p, h) = (n+ 1
2 )(n+ 3

2 )εa⊗ b⊗ ··︸ ︷︷ ︸
n

τς (~p, h),−n− 1
2 ≤ h ≤ n+ 1

2

Ĵz(~p, n+ 1
2 ;R,L, γa)εa⊗ ··︸ ︷︷ ︸

n

⊗τς (~p, h) = hεa⊗ ··︸ ︷︷ ︸
n

⊗τς (~p, h− 1),−n− 1
2 ≤ h ≤ n+ 1

2

3.4 Corollary-εab··cτς (~p, h) orthogonality

Thm. 3.4.1. ε̄

n︷ ︸︸ ︷
a · ·bc τς (~p, h′)εa · ·bc︸ ︷︷ ︸

n

τς (~p, h) = δhh′ ,−n− 1
2 ≤ h ≤ n+ 1

2

3.5 Corollary-paεab··cτς (~p, h) nullity

Thm. 3.5.1. paεa · ·bc︸ ︷︷ ︸
n

τς (~p, h) = 0, γaεa · ·bc︸ ︷︷ ︸
n

[τς ](~p, h) = 0,−n− 1
2 ≤ h ≤ n+ 1

2

3.6 Corollary-εab··cτς (~p, h) tracelessness

Thm. 3.6.1. δabεab · ·c︸ ︷︷ ︸
n

τς (~p, h) = 0, n ≥ 2,−n− 1
2 ≤ h ≤ n+ 1

2

3.7 Corollary-εab··cτς (~p, h) full symmetry

Thm. 3.7.1. εab · ·c︸ ︷︷ ︸
n

τς (~p, h) = 1
n!ε{ab · ·c}︸ ︷︷ ︸

n

τς (~p, h),−n− 1
2 ≤ h ≤ n+ 1

2

3.8 Corollary-Spin basis decomposition: n+ n′ + 1
2 = n⊕ n′ + 1

2

Thm. 3.8.1. εa · ·︸︷︷︸
n

b · ·︸︷︷︸
n′

τς (~p, h) =
−n′−1/2∑
h′=n′+1/2

√
C
n′+1/2+h′
n+n′+1/2+h

C
n′+1/2−h′
n+n′+1/2−h√

C2n′+1

2n+2n′+1

εa · ·︸︷︷︸
n

(~p, h− h′)εb · ·︸︷︷︸
n′

τς (~p, h
′)

Cor. 3.8.1. −n1 − n2 − 1
2 ≤ h ≤ n1 + n2 + 1

2
εa · ·︸︷︷︸
n1

b · ·︸︷︷︸
n2

τς (~p, h) =
−n1∑
h1=n1

−n2−1/2∑
h2=n2+1/2

√
C
n2+1/2+h2
n1+n2+1/2+h

C
n2+1/2−h2
n1+n2+1/2−h√

C
2n2+1
2n1+2n2+1

εa · ·︸︷︷︸
n1

(~p, h1)εb · ·︸︷︷︸
n2

τς (~p, h2)δ(h− h1 − h2)

εa · ·︸︷︷︸
n1

b · ·︸︷︷︸
n2

τς (~p, h) =
−n1∑
h1=n1

−n2−1/2∑
h2=n2+1/2

√
C
n1+h1
n1+n2+1/2+h

C
n1−h1
n1+n2+1/2−h√

C
2n1
2n1+2n2+1

εa · ·︸︷︷︸
n1

(~p, h1)εb · ·︸︷︷︸
n2

τς (~p, h2)δ(h− h1 − h2)
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Cor. 3.8.2. −n1 − n2 − 1
2 ≤ h ≤ n1 + n2 + 1

2 , εa · ·︸︷︷︸
n1

b · ·︸︷︷︸
n2

τς (~p, h)

=
−n1∑
h1=n1

−n2−1/2∑
h2=n2+1/2

[ (2n1)!(2n2+1)!
(2n1+2n2+1)!

(n1+h1+n2+1/2+h2)!
(n1+h1)!(n2+1/2+h2)!

(n1−h1+n2+1/2−h2)!
(n1−h1)!(n2+1/2−h2)! ]

1/2εa · ·︸︷︷︸
n1

(~p, h1)εb · ·︸︷︷︸
n2

τς (~p, h2)δ(h− h1 − h2)

3.9 Corollary-Spin basis reverse synthesis

Cor. 3.9.1. εa · ·︸︷︷︸
n

(~p, h− h′) =

√
C2n′+1

2n+2n′+1√
C
n′+1/2+h′
n+n′+1/2+h

C
n′+1/2−h′
n+n′+1/2−h

εa · ·︸︷︷︸
n

b · ·︸︷︷︸
n′

τς (~p, h)ε̄

n′︷︸︸︷
b · · τς (~p, h′)

3.10 Corollary-Spin basis decomposition: n1 + n2 · ·+ nn + 1
2 = n1 ⊕ n2 · · ⊕ nn ⊕ 1

2

Cor. 3.10.1. −n− 1
2 ≤ h ≤ n+ 1

2 , n0 = 1
2 ; εa · ·︸︷︷︸

n1

b · ·︸︷︷︸
n2

··c · ·︸︷︷︸
nn

τς (~p, h)

=
−n0∑
h0=n0

−n1∑
h1=n1

· ·
−nn∑
hn=nn

[

n∏
i=0

(2ni)!

[
n∑
i=0

(2ni)]!

[
n∑
i=0

(ni+hi)]!

n∏
i=0

(ni+hi)!

[
n∑
i=0

(ni−hi)]!
n∏
i=0

(ni−hi)!
]
1
2 εa · ·︸︷︷︸

n1

(~p, h1) · ·εc · ·︸︷︷︸
nn

(~p, hn)δ(h−
n∑
i=0

hi)uτς (~p, h0)

Proof: −n− 1
2 ≤ h ≤ n+ 1

2 , n0 = 1
2

εa · ·︸︷︷︸
n1

b · ·︸︷︷︸
n2

··c · ·︸︷︷︸
nn

τς (~p, h) =

√
n+1/2+h√

2n+1
εa · ·︸︷︷︸
n1

b · ·︸︷︷︸
n2

··c · ·︸︷︷︸
nn

(~p, h− 1
2 )uτς (~p,

1
2 ) +

√
n+1/2−h√

2n+1
εa · ·︸︷︷︸
n1

b · ·︸︷︷︸
n2

··c · ·︸︷︷︸
nn

(~p, h+ 1
2 )uτς (~p,− 1

2 )

=

√
n+1/2+h√

2n+1

−n1∑
h1=n1

· ·
−nn∑
hn=nn

[

n∏
i=1

(2ni)!

[
n∑
i=1

(2ni)]!

[
n∑
i=1

(ni+hi)]!

n∏
i=1

(ni+hi)!

[
n∑
i=1

(ni−hi)]!
n∏
i=1

(ni−hi)!
]
1
2 εa · ·︸︷︷︸

n1

(~p, h1) · ·εc · ·︸︷︷︸
nn

(~p, hn)δ(h− 1
2 −

n∑
i=1

hi)uτς (~p,
1
2 )

+

√
n+1/2−h√

2n+1

−n1∑
h1=n1

· ·
−nn∑
hn=nn

[

n∏
i=1

(2ni)!

[
n∑
i=1

(2ni)]!

[
n∑
i=1

(ni+hi)]!

n∏
i=1

(ni+hi)!

[
n∑
i=1

(ni−hi)]!
n∏
i=1

(ni−hi)!
]
1
2 εa · ·︸︷︷︸

n1

(~p, h1) · ·εc · ·︸︷︷︸
nn

(~p, hn)δ(h+ 1
2 −

n∑
i=1

hi)uτς (~p,− 1
2 )

=
−n0∑
h0=n0

−n1∑
h1=n1

· ·
−nn∑
hn=nn

[

n∏
i=0

(2ni)!

[
n∑
i=0

(2ni)]!

[
n∑
i=0

(ni+hi)]!

n∏
i=0

(ni+hi)!

[
n∑
i=0

(ni−hi)]!
n∏
i=0

(ni−hi)!
]
1
2 εa · ·︸︷︷︸

n1

(~p, h1) · ·εc · ·︸︷︷︸
nn

(~p, hn)δ(h−
n∑
i=0

hi)uτς (~p, h0)

3.11 Operator expression of plane wave solutions for Rarita-Schwinger equation

Thm. 3.11.1. s := n+ 1
2

(γc∂c +m)Aab · ·︸ ︷︷ ︸
n

[τς ](x) = 0, δabAab · ·︸ ︷︷ ︸
n

[τς ](x) = 0, γaAab · ·︸ ︷︷ ︸
n

[τς ](x) = 0, Aab · ·︸ ︷︷ ︸
n

τς (x) = 1
n!A{ab · ·}τς︸ ︷︷ ︸

n

(x)

Aab · ·︸ ︷︷ ︸
n

(x) = 1
(2π)3/2

+∞∫
~p=−∞

√
m√

2nE

−s∑
h=s

Ĵs−h− (~p,s;R,L,γa)

(s−h)!
√
Cs−h2s

[a(~p, h)εab · ·︸ ︷︷ ︸
n

τς (~p, s)e
ip·x + b+(~p, h)ε̃ab · ·︸ ︷︷ ︸

n

τς (~p, s)e
−ip·x]d3~p

Aab · ·︸ ︷︷ ︸
n

(x) = 1
(2π)3/2

+∞∫
~p=−∞

√
m√

2nE

−s∑
h=s

Ĵs+h+ (~p,s;R,L,γa)

(s+h)!
√
Cs+h2s

[a(~p, h)εab · ·︸ ︷︷ ︸
n

τς (~p,−s)eip·x + b+(~p, h)ε̃ab · ·︸ ︷︷ ︸
n

τς (~p,−s)e−ip·x]d3~p

4 PenroseReorganization and analysis of equation spin basis
4.1 Neutrino spin bases are common eigenstate of spin and helicity

Pro. 4.1.1.

{
σ2( 1

2 )λ(p̂, ς2 ) = 1
2 ( 1

2 + 1)λ(p̂, ς2 )

σ( 1
2 ) · p̂λ(p̂, ς2 ) = ς

2λ(p̂, ς2 )

4.2 Definition-Spin basis decomposition: s = (s− 1
2 )⊕ 1

2

Def. 4.2.1. λAς · ·BςCς︸ ︷︷ ︸
2s

(p̂, h) =
√
s+h√
2s
λAς · ·Bς︸ ︷︷ ︸

2s−1

(p̂, h− 1
2 )λCς (p̂,

1
2 ) +

√
s−h√
2s
λAς · ·Bς︸ ︷︷ ︸

2s−1

(p̂, h+ 1
2 )λCς (p̂,− 1

2 ),−s ≤ h ≤ s

Cor. 4.2.1. λAς · ·BςCς︸ ︷︷ ︸
2s

(p̂, h) =
−1/2∑
h′=1/2

√
C

1/2+h′
s+h C

1/2−h′
s−h√

C1
2s

λAς · ·Bς︸ ︷︷ ︸
2s−1

(p̂, h− h′)λCς (p̂, h′),−s ≤ h ≤ s

4.3 Corollary-λAς ··BςCς (p̂, h) is a spin eigenstate

Thm. 4.3.1. [Ω(s) · p̂]λAς ⊗ · · ⊗Bς ⊗ Cς︸ ︷︷ ︸
2s

(p̂, h) = hλAς ⊗ · · ⊗Bς ⊗ Cς︸ ︷︷ ︸
2s

(p̂, h),−s ≤ h ≤ s

Proof: [Ω(s) · p̂]λAς ⊗ · · ⊗Bς ⊗ Cς︸ ︷︷ ︸
2s

(p̂, h)

= [Ω(s− 1
2 )⊗ I + I22s−1 ⊗ σ( 1

2 )] · p̂
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[
√
s+h√
2s
λAς ⊗ · · ⊗Bς︸ ︷︷ ︸

2s−1

(p̂, h− 1
2 )λ⊗Cς (p̂,

1
2 ) +

√
s−h√
2s
λAς ⊗ · · ⊗Bς︸ ︷︷ ︸

2s−1

(p̂, h+ 1
2 )λ⊗Cς (p̂,− 1

2 )],−s ≤ h ≤ s

= [
√
s+h√
2s
hλAς ⊗ · · ⊗Bς︸ ︷︷ ︸

2s−1

(p̂, h− 1
2 )λ⊗Cς (p̂,

1
2 ) +

√
s−h√
2s
hλAς ⊗ · · ⊗Bς︸ ︷︷ ︸

2s−1

(p̂, h+ 1
2 )λ⊗Cς (p̂,− 1

2 )],−s ≤ h ≤ s

= hλAς ⊗ · · ⊗Bς ⊗ Cς︸ ︷︷ ︸
2s

(p̂, h),−s ≤ h ≤ s

Thm. 4.3.2. Ω2(s)λAς ⊗ · · ⊗Bς ⊗ Cς︸ ︷︷ ︸
2s

(p̂, h) = s(s+ 1)λAς ⊗ · · ⊗Bς ⊗ Cς︸ ︷︷ ︸
2s

(p̂, h),−s ≤ h ≤ s

The above theorem can be easily proved using a fully symmetric representation transformation method.
From the above, it can be seen that λAς · ·BςCς︸ ︷︷ ︸

2s

(p̂, h) is a spin eigenstate. Therefore, the expansion

coefficients are CG coefficients, and the actual calculation results also indicate that they are indeed
the corresponding CG coefficients. This also provides a unified, standardized, intuitive and complete
new method for calculating CG coefficients.
4.4 Raising and lowering operator of Penrose equation spin basis

Thm. 4.4.1.
ei~ω·Ω(s)Ωx(s)e−i~ω·Ω(s) = Ωx(s)− p̂xΩ(s)·p̂+Ωz(s)

(1+p̂z)

ei~ω·Ω(s)Ωy(s)e−i~ω·Ω(s) = Ωy(s)− p̂y Ω(s)·p̂+Ωz(s)
(1+p̂z)

ei~ω·Ω(s)Ωz(s)e
−i~ω·Ω(s) = Ω(s) · p̂

Def. 4.4.1.
Ĵx(p̂,Ω(s)) := {Ωx(s)− p̂x

(1+p̂z) [Ω(s) · p̂+ Ωz(s)]}
Ĵy(p̂,Ω(s)) := {Ωy(s)− p̂y

(1+p̂z) [Ω(s) · p̂+ Ωz(s)]}
Ĵz(p̂,Ω(s)) := Ω(s) · p̂

Cor. 4.4.1.{
Ĵ2
x(p̂,Ω( 1

2 )) = 1
4 , Ĵ

2
y (p̂,Ω( 1

2 )) = 1
4 , Ĵ

2
z (p̂,Ω( 1

2 )) = 1
4

[Ĵi(p̂,Ω(s)), Ĵj(p̂,Ω(s))] = εij
kĴk(p̂,Ω(s))

Cor. 4.4.2.
Ĵ+(p̂,Ω(s)) := {[Ωx(s) + iΩy(s)]− (p̂x+ip̂y)

(1+p̂z) [Ω(s) · p̂+ Ωz(s)]}
Ĵ−(p̂,Ω(s)) := {[Ωx(s)− iΩy(s)]− (p̂x−ip̂y)

(1+p̂z) [Ω(s) · p̂+ Ωz(s)]}
Ĵz(p̂,Ω(s)) := Ω(s) · p̂

Cor. 4.4.3. Ĵ(p̂,Ω(s)) := Ĵ(~p, σ( 1
2 ))⊗ I4 ⊗ · · ⊗I4︸ ︷︷ ︸

2s

+ I4 ⊗ Ĵ(~p, σ( 1
2 ))⊗ · · ⊗I4︸ ︷︷ ︸

2s

+ · · ·+ I4 ⊗ · · ⊗I4 ⊗ Ĵ(~p, σ( 1
2 ))︸ ︷︷ ︸

2s

Thm. 4.4.2. Ĵ+(p̂,Ω(s))λAς ⊗ · · ⊗Bς ⊗ Cς︸ ︷︷ ︸
2s

(~p, h) =
√
s(s+ 1)− h(h+ 1)λAς ⊗ · · ⊗Bς ⊗ Cς︸ ︷︷ ︸

2s

(~p, h+ 1)

Proof: Using mathematical induction to prove this theorem.
Step 1: When s′ = 1

2 , the following is established.

Ĵ+(~p, σ( 1
2 ))λ⊗Cς (~p, h) =

√
3
4 − h(h+ 1)λ⊗Cς (~p, h+ 1),− 1

2 ≤ h ≤
1
2

Step 2: Assume when s′ = s− 1
2 , the following is established.

Ĵ+(~p, s− 1
2 ;σ)λAς ⊗ · · ⊗Bς︸ ︷︷ ︸

2s−1

(~p, h) =
√

(s− 1
2 )(s+ 1

2 )− h(h+ 1)λAς ⊗ · · ⊗Bς︸ ︷︷ ︸
2s−1

(~p, h),−s+ 1
2 ≤ h ≤ s−

1
2

Step 3: When s′ = s, − s ≤ h ≤ s, Ĵ+(p̂,Ω(s))λAς ⊗ · · ⊗Bς ⊗ Cς︸ ︷︷ ︸
2s

(~p, h)

=
√
s+h√
2s

[Ĵ+(~p, s− 1
2 ;σ)λAς ⊗ · · ⊗Bς︸ ︷︷ ︸

2s−1

(~p, h− 1
2 )]λ⊗Cς (~p,

1
2 ) +

√
s−h√
2s

[Ĵ+(~p, s− 1
2 ;σ)λAς ⊗ · · ⊗Bς︸ ︷︷ ︸

2s−1

(~p, h+ 1
2 )]λ⊗Cς (~p,− 1

2 )

+
√
s+h√
2s
λAς ⊗ · · ⊗Bς︸ ︷︷ ︸

2s−1

(~p, h− 1
2 )Ĵ+(~p, σ( 1

2 ))λ⊗Cς (~p,
1
2 ) +

√
s−h√
2s
λAς ⊗ · · ⊗Bς︸ ︷︷ ︸

2s−1

(~p, h+ 1
2 )Ĵ+(~p, σ( 1

2 ))λ⊗Cς (~p,− 1
2 )

=

√
s+h

√
(s+

1
2 )(s− 1

2 )−(h− 1
2 )(h+

1
2 )

√
2s

λAς ⊗ · · ⊗Bς︸ ︷︷ ︸
2s−1

(~p, h+ 1
2 )λ⊗Cς (~p,

1
2 ) +

√
s−h√
2s
λAς ⊗ · · ⊗Bς︸ ︷︷ ︸

2s−1

(~p, h+ 1
2 )λ⊗Cς (~p,

1
2 )

+

√
s−h

√
(s+

1
2 )(s− 1

2 )−(h+1− 1
2 )(h+1+

1
2 )

√
2s

λAς ⊗ · · ⊗Bς︸ ︷︷ ︸
2s−1

(~p, h+ 3
2 )]λ⊗Cς (~p,− 1

2 )
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=

√
(s−h)(s+h+1)

√
s+h+1√

2s
λAς ⊗ · · ⊗Bς︸ ︷︷ ︸

2s−1

(~p, h+ 1
2 )λ⊗Cς (~p,

1
2 ) +

√
(s−h)(s+h+1)

√
s−h−1√

2s
λAς ⊗ · · ⊗Bς︸ ︷︷ ︸

2s−1

(~p, h+ 3
2 )λ⊗Cς (~p,− 1

2 )

=
√
s(s+ 1)− h(h+ 1)λAς ⊗ · · ⊗Bς ⊗ Cς︸ ︷︷ ︸

2s

(~p, h+ 1)

This step proves that when s′ = s, the proposition is established.
Step 4: Based on the above inductive reasoning, the theorem has been proved.

Thm. 4.4.3. Ĵ−(p̂,Ω(s))λAς ⊗ · · ⊗Bς ⊗ Cς︸ ︷︷ ︸
2s

(~p, h) =
√
s(s+ 1)− h(h− 1)λAς ⊗ · · ⊗Bς ⊗ Cς︸ ︷︷ ︸

2s

(~p, h− 1)

Proof: Using mathematical induction to prove this theorem.
Step 1: When s′ = 1

2 , the following is established.

Ĵ−(~p, σ( 1
2 ))λ⊗Cς (~p, h) =

√
3
4 − h(h− 1)λ⊗Cς (~p, h− 1),− 1

2 ≤ h ≤
1
2

Step 2: Assume when s′ = s− 1
2 , the following is established.

Ĵ−(~p, s− 1
2 ;σ)λAς ⊗ · · ⊗Bς︸ ︷︷ ︸

2s−1

(~p, h) =
√

(s− 1
2 )(s+ 1

2 )− h(h− 1)λAς ⊗ · · ⊗Bς︸ ︷︷ ︸
2s−1

(~p, h− 1),−s+ 1
2 ≤ h ≤ s−

1
2

Step 3: When s′ = s, − s ≤ h ≤ s, Ĵ−(p̂,Ω(s))λAς ⊗ · · ⊗Bς ⊗ Cς︸ ︷︷ ︸
2s

(~p, h)

=
√
s+h√
2s

[Ĵ−(~p, s− 1
2 ;σ)λAς ⊗ · · ⊗Bς︸ ︷︷ ︸

2s−1

(~p, h− 1
2 )]λ⊗Cς (~p,

1
2 ) +

√
s−h√
2s

[Ĵ−(~p, s− 1
2 ;σ)λAς ⊗ · · ⊗Bς︸ ︷︷ ︸

2s−1

(~p, h+ 1
2 )]λ⊗Cς (~p,− 1

2 )

+
√
s+h√
2s
λAς ⊗ · · ⊗Bς︸ ︷︷ ︸

2s−1

(~p, h− 1
2 )Ĵ−(~p, σ( 1

2 ))λ⊗Cς (~p,
1
2 ) +

√
s−h√
2s
Ĵ−(~p, s− 1

2 ;σ)λAς ⊗ · · ⊗Bς︸ ︷︷ ︸
2s−1

(~p, h+ 1
2 )Ĵ−(~p, σ( 1

2 ))λ⊗Cς (~p,− 1
2 )

=

√
s+h

√
(s+

1
2 )(s− 1

2 )−(h−1− 1
2 )(h−1+

1
2 )

√
2s

λAς ⊗ · · ⊗Bς︸ ︷︷ ︸
2s−1

(~p, h− 3
2 )λ⊗Cς (~p,

1
2 )

+

√
s−h

√
(s+

1
2 )(s− 1

2 )−(h− 1
2 )(h+

1
2 )

√
2s

λAς ⊗ · · ⊗Bς︸ ︷︷ ︸
2s−1

(~p, h− 1
2 )]λ⊗Cς (~p,− 1

2 ) +
√
s+h√
2s
λAς ⊗ · · ⊗Bς︸ ︷︷ ︸

2s−1

(~p, h− 1
2 )λ⊗Cς (~p,− 1

2 )

=
√
s+h
√

(s+h−1)(s−h+1)√
2s

λAς ⊗ · · ⊗Bς︸ ︷︷ ︸
2s−1

(~p, h− 3
2 )λ⊗Cς (~p,

1
2 )

+
√
s−h
√

(s+h)(s−h)√
2s

λAς ⊗ · · ⊗Bς︸ ︷︷ ︸
2s−1

(~p, h− 1
2 )]λ⊗Cς (~p,− 1

2 ) +
√
s+h√
2s
λAς ⊗ · · ⊗Bς︸ ︷︷ ︸

2s−1

(~p, h− 1
2 )λ⊗Cς (~p,− 1

2 )

=

√
(s+h)(s−h+1)

√
(s+h−1)√

2s
λAς ⊗ · · ⊗Bς︸ ︷︷ ︸

2s−1

(~p, h− 3
2 )λ⊗Cς (~p,

1
2 ) +

√
(s+h)(s−h+1)

√
s−h+1√

2s
λAς ⊗ · · ⊗Bς︸ ︷︷ ︸

2s−1

(~p, h− 1
2 )λ⊗Cς (~p,− 1

2 )

=
√
s(s+ 1)− h(h− 1)λAς ⊗ · · ⊗Bς ⊗ Cς︸ ︷︷ ︸

2s

(~p, h− 1)

This step proves that when s′ = s, the proposition is established.
Step 4: Based on the above inductive reasoning, the theorem has been proved.

Cor. 4.4.4.

Ĵ+(p̂,Ω(s))λAς ⊗ Bς ⊗ ··︸ ︷︷ ︸
2s

(~p, h) =
√
s(s+ 1)− h(h+ 1)λAς ⊗ Bς ⊗ ··︸ ︷︷ ︸

2s

(~p, h+ 1),−s ≤ h ≤ s

Ĵ−(p̂,Ω(s))λAς ⊗ Bς ⊗ ··︸ ︷︷ ︸
2s

(~p, h) =
√
s(s+ 1)− h(h− 1)λAς ⊗ Bς ⊗ ··︸ ︷︷ ︸

2s

(~p, h− 1),−s ≤ h ≤ s

Ĵz(p̂,Ω(s))λAς ⊗ Bς ⊗ ··︸ ︷︷ ︸
2s

(~p, h) = hλAς ⊗ Bς ⊗ ··︸ ︷︷ ︸
2s

(~p, h),−s ≤ h ≤ s

Cor. 4.4.5. Ĵ2 = Ĵ2
z + 1

2 (Ĵ+Ĵ− + Ĵ+Ĵ−)
Ĵ2(p̂,Ω(s))λAς ⊗ Bς ⊗ ··︸ ︷︷ ︸

2s

(~p, h) = s(s+ 1)λAς ⊗ Bς ⊗ ··︸ ︷︷ ︸
2s

(~p, h), Ĵz(p̂,Ω(s))λAς ⊗ Bς ⊗ ··︸ ︷︷ ︸
2s

(~p, h) = hλAς ⊗ Bς ⊗ ··︸ ︷︷ ︸
2s

(~p, h)

Ĵ2(p̂, ∗σ( 1
2 ))λAς ⊗ Bς ⊗ ··︸ ︷︷ ︸

2s

(~p, h) = 3
4λAς ⊗ Bς ⊗ ··︸ ︷︷ ︸

2s

(~p, h), λAςBς · ·︸ ︷︷ ︸
2s

(~p, h) = 1
(2s)!λ{AςBς · ·}︸ ︷︷ ︸

2s

(~p, h),−s ≤ h ≤ s

4.5 Corollary-λAς ··BςCς (p̂, h) orthogonality

Def. 4.5.1. λ+Aς (p̂, h′)λAς (p̂, h) = δhh′ ,− 1
2 ≤ h, h

′ ≤ 1
2

Thm. 4.5.1. λ+

2s︷ ︸︸ ︷
Aς · ·BςCς (p̂, h′)λAς · ·BςCς︸ ︷︷ ︸

2s

(p̂, h) = δhh′ ,−s ≤ h′, h ≤ s
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Proof: Using mathematical induction to prove this theorem.
Step 1: When s′ = 1

2 , the following is established.
λ+Aς (p̂, h′)λAς (p̂, h) = δhh′ ,− 1

2 ≤ h, h
′ ≤ 1

2
Step 2: Assume when s′ = s− 1

2 , the following is established.

λ+

2s−1︷ ︸︸ ︷
Aς · ·Bς (p̂, h′)λAς · ·Bς︸ ︷︷ ︸

2s−1

(p̂, h) = δhh′ ,−s+ 1
2 ≤ h

′, h ≤ s− 1
2

Step 3: When s′ = s, λ+

2s︷ ︸︸ ︷
Aς · ·BςCς (p̂, h′)λAς · ·BςCς︸ ︷︷ ︸

2s

(p̂, h),−s ≤ h′, h ≤ s

= [
−1/2∑
h̄′=1/2

√
C

1/2+h̄′
s+h′ C

1/2−h̄′
s−h′√

C1
2s

λ+

2s−1︷ ︸︸ ︷
Aς · ·Bς (p̂, h′ − h̄′)λ+Cς (p̂, h̄′)][

−1/2∑
h̄=1/2

√
C

1/2+h̄
s+h C

1/2−h̄
s−h√

C1
2s

λAς · ·Bς︸ ︷︷ ︸
2s−1

(p̂, h− h̄)λCς (p̂, h̄)]

=
−1/2∑

h̄′,h̄=1/2

[

√
C

1/2+h̄′
s+h′ C

1/2−h̄′
s−h′√

C1
2s

√
C

1/2+h̄
s+h C

1/2−h̄
s−h√

C1
2s

λ+

2s−1︷ ︸︸ ︷
Aς · ·Bς (p̂, h′ − h̄′)λAς · ·Bς︸ ︷︷ ︸

2s−1

(p̂, h− h̄)δh̄h̄′ ]

=
−1/2∑
h̄=1/2

[

√
C

1/2+h̄

s+h′ C
1/2−h̄
s−h′√

C1
2s

√
C

1/2+h̄
s+h C

1/2−h̄
s−h√

C1
2s

λ+

2s−1︷ ︸︸ ︷
Aς · ·Bς (p̂, h′ − h̄)λAς · ·Bς︸ ︷︷ ︸

2s−1

(p̂, h− h̄)]

=
−1/2∑
h̄=1/2

[

√
C

1/2+h̄

s+h′ C
1/2−h̄
s−h′√

C1
2s

√
C

1/2+h̄
s+h C

1/2−h̄
s−h√

C1
2s

δhh′ ]

=
−1/2∑
h̄=1/2

[

√
C

1/2+h̄
s+h C

1/2−h̄
s−h√

C1
2s

√
C

1/2+h̄
s+h C

1/2−h̄
s−h√

C1
2s

]δhh′

= δhh′

This step proves that when s′ = s, the proposition is established.
Step 4: Based on the above inductive reasoning, the theorem has been proved.

4.6 Corollary-Spin basis decomposition: 1 = 1
2 ⊕

1
2

Cor. 4.6.1. λAςBς (p̂, h) =
√

1+h√
2
λAς (p̂, h− 1

2 )λBς (p̂,
1
2 ) +

√
1−h√

2
λAς (p̂, h+ 1

2 )λBς (p̂,− 1
2 )

=


λAς (p̂,

1
2 )λBς (p̂,

1
2 ), h = 1

1√
2
λ{Aς (p̂,

1
2 )λBς}(p̂,− 1

2 ), h = 0

λAς (p̂,− 1
2 )λBς (p̂,− 1

2 ), h = −1

Cor. 4.6.2. λAςBς (p̂, h) = λBςAς (p̂, h),−1 ≤ h ≤ 1

Pro. 4.6.1. λ(p̂,− ς
2 )λT (p̂, ς2 ) = i

2 (σ, iς)ap̂aσy

Cor. 4.6.3. [(σ ⊗ I) · (I ⊗ σ)][λ(p̂, ς2 )⊗ λ(p̂, −ς2 ) + λ(p̂,− ς
2 )⊗ λ(p̂, ς2 )] = [λ(p̂, ς2 )⊗ λ(p̂, −ς2 ) + λ(p̂,− ς

2 )⊗ λ(p̂, ς2 )]

Proof: σ · [λ(p̂, ς2 )λT (p̂, −ς2 ) + λ(p̂,− ς
2 )λT (p̂, ς2 )]σT

= i
2σ · [(σ,−iς)

ap̂aσy + (σ, iς)ap̂aσy]σT

= σ · [i(σ · p̂)σy]σT

= [σxi(σ · p̂)σyσTx + σyi(σ · p̂)σyσTy + σzi(σ · p̂)σyσTz ]

= [σxi(σ · p̂)σyσTx + σyi(σ · p̂)σyσTy + σzi(σ · p̂)σyσTz ]

= i(σ · p̂)σy = [λ(p̂, ς2 )λT (p̂, −ς2 ) + λ(p̂,− ς
2 )λT (p̂, ς2 )]

Cor. 4.6.4.{
[σ( 1

2 )⊗ I + I ⊗ σ( 1
2 )]2[λ(p̂, ς2 )⊗ λ(p̂, −ς2 ) + λ(p̂,− ς

2 )⊗ λ(p̂, ς2 )] = 2[λ(p̂, ς2 )⊗ λ(p̂, −ς2 ) + λ(p̂,− ς
2 )⊗ λ(p̂, ς2 )]

[σ( 1
2 )⊗ I + I ⊗ σ( 1

2 )] · p̂[λ(p̂, ς2 )⊗ λ(p̂, −ς2 ) + λ(p̂,− ς
2 )⊗ λ(p̂, ς2 )] = 0[λ(p̂, ς2 )⊗ λ(p̂, −ς2 ) + λ(p̂,− ς

2 )⊗ λ(p̂, ς2 )]

4.7 Corollary-Spin basis decomposition: 0 = 1
2 	

1
2

Cor. 4.7.1. FAςBς (p̂, h) = 1√
2
λ[Aς (p̂,

1
2 )λBς ](p̂,− 1

2 ), h = 0

Cor. 4.7.2. [(σ ⊗ I) · (I ⊗ σ)][λ(p̂, ς2 )⊗ λ(p̂, −ς2 )− λ(p̂,− ς
2 )⊗ λ(p̂, ς2 )] = −3[λ(p̂, ς2 )⊗ λ(p̂, −ς2 )− λ(p̂,− ς

2 )⊗ λ(p̂, ς2 )]

Proof: σ · [λ(p̂, ς2 )λT (p̂, −ς2 )− λ(p̂,− ς
2 )λT (p̂, ς2 )]σT

= i
2σ · [(σ,−iς)

ap̂aσy − (σ, iς)ap̂aσy]σT

= σ · (iςσy)σT

= σx(iςσy)σTx + σy(iςσy)σTy + σz(iςσy)σTz
= −3(iςσy) = −3[λ(p̂, ς2 )λT (p̂, −ς2 )− λ(p̂,− ς

2 )λT (p̂, ς2 )]

582



Chapter30 Mathematical Analysis of Spin Bases and CG Coefficients Shui-Rong Shi

Cor. 4.7.3.{
[σ( 1

2 )⊗ I + I ⊗ σ( 1
2 )]2[λ(p̂, ς2 )⊗ λ(p̂, −ς2 )− λ(p̂,− ς

2 )⊗ λ(p̂, ς2 )] = 0[λ(p̂, ς2 )⊗ λ(p̂, −ς2 )− λ(p̂,− ς
2 )⊗ λ(p̂, ς2 )]

[σ( 1
2 )⊗ I + I ⊗ σ( 1

2 )] · p̂[λ(p̂, ς2 )⊗ λ(p̂, −ς2 )− λ(p̂,− ς
2 )⊗ λ(p̂, ς2 )] = 0[λ(p̂, ς2 )⊗ λ(p̂, −ς2 )− λ(p̂,− ς

2 )⊗ λ(p̂, ς2 )]

Cor. 4.7.4. u(p̂, κ2 ) =
λ(p̂,

κ
2 )√

2m(E+κς|~p|)
⊗
[

m
ςE + κ|~p|

]
, v(p̂, κ2 ) =

λ(p̂,
κ
2 )√

2m(E+κς|~p|)
⊗
[
−m

ςE + κ|~p|

]
4.8 Corollary-Spin basis decomposition: s = (s− 1)⊕ 1

Thm. 4.8.1. λAς · ·BςCς︸ ︷︷ ︸
2s

(p̂, h) =
−1∑
h′=1

√
C1+h′
s+h C1−h′

s−h√
C2

2s

λAς · ·︸ ︷︷ ︸
2(s−1)

(p̂, h− h′)λBςCς (p̂, h′), s ≥ 1,−s ≤ h ≤ s

Proof: λAς · ·BςCς︸ ︷︷ ︸
2s

(p̂, h)

=
√
s+h√
2s
λAς · ·Bς︸ ︷︷ ︸

2s−1

(p̂, h− 1
2 )λCς (p̂,

1
2 ) +

√
s−h√
2s
λAς · ·Bς︸ ︷︷ ︸

2s−1

(p̂, h+ 1
2 )λCς (p̂,− 1

2 )

=
√
s+h√
2s

[
√
s+h−1√
2s−1

λAς · ·︸ ︷︷ ︸
2s−2

(p̂, h− 1)λBς (p̂,
1
2 ) +

√
s−h√
2s−1

λAς · ·︸ ︷︷ ︸
2s−1

(p̂, h)λBς (p̂,− 1
2 )]λCς (p̂,

1
2 )

+
√
s−h√
2s

[
√
s+h√
2s−1

λAς · ·︸ ︷︷ ︸
2s−2

(p̂, h)λBς (p̂,
1
2 ) +

√
s−h−1√
2s−1

λAς · ·︸ ︷︷ ︸
2s−1

(p̂, h+ 1)λBς (p̂,− 1
2 )]λCς (p̂,− 1

2 )

= [
√
s+h√
2s

√
s+h−1√
2s−1

λAς · ·︸ ︷︷ ︸
2s−2

(p̂, h− 1)λBς (p̂,
1
2 )λCς (p̂,

1
2 ) +

√
s+h√
2s

√
s−h√
2s−1

λAς · ·︸ ︷︷ ︸
2s−1

(p̂, h)λBς (p̂,− 1
2 )λCς (p̂,

1
2 )]

+ [
√
s−h√
2s

√
s+h√
2s−1

λAς · ·︸ ︷︷ ︸
2s−2

(p̂, h)λBς (p̂,
1
2 )λCς (p̂,− 1

2 ) +
√
s−h√
2s

√
s−h−1√
2s−1

λAς · ·︸ ︷︷ ︸
2s−1

(p̂, h+ 1)λBς (p̂,− 1
2 )λCς (p̂,− 1

2 )]

=

√
C2
s+hC

0
s−h√

C2
2s

λAς · ·︸ ︷︷ ︸
2s−2

(p̂, h− 1)λBς (p̂,
1
2 )λCς (p̂,

1
2 ) +

√
C1
s+hC

1
s−h√

C2
2s

λAς · ·︸ ︷︷ ︸
2s−2

(p̂, h) 1√
2
λ{Bς (p̂,

1
2 )λCς}(p̂,− 1

2 )

+

√
C0
s+hC

2
s−h√

C2
2s

λAς · ·︸ ︷︷ ︸
2s−1

(p̂, h+ 1)λBς (p̂,− 1
2 )λCς (p̂,− 1

2 )

=

√
C2
s+hC

0
s−h√

C2
2s

λAς · ·︸ ︷︷ ︸
2s−2

(p̂, h− 1)λBςCς (p̂, 1) +

√
C1
s+hC

1
s−h√

C2
2s

λAς · ·︸ ︷︷ ︸
2s−2

(p̂, h)λBςCς (p̂, 0)

+

√
C0
s+hC

2
s−h√

C2
2s

λAς · ·︸ ︷︷ ︸
2s−1

(p̂, h+ 1)λBςCς (p̂,−1)

=
−1∑
h′=1

√
C1+h′
s+h C1−h′

s−h√
C2

2s

λAς · ·︸ ︷︷ ︸
2(s−1)

(p̂, h− h′)λBςCς (p̂, h′)

Cor. 4.8.1. λAς · ·BςCς︸ ︷︷ ︸
2s

(p̂, h) = λAς · ·CςBς︸ ︷︷ ︸
2s

(p̂, h), s ≥ 1,−s ≤ h ≤ s

4.9 Corollary-Spin basis decomposition: s+ s′ = s⊕ s′

Thm. 4.9.1. λAς · ·︸ ︷︷ ︸
2s

Bς · ·Cς︸ ︷︷ ︸
2s′

(p̂, h) =
−s′∑
h′=s′

√
Cs
′+h′
s+s′+hC

s′−h′
s+s′−h√

C2s′
2(s+s′)

λAς · ·︸ ︷︷ ︸
2s

(p̂, h− h′)λBς · ·Cς︸ ︷︷ ︸
2s′

(p̂, h′),−s− s′ ≤ h ≤ s+ s′

Proof: For s′ using mathematical induction to prove this theorem.
Step 1: When s′′ = 1

2 , the following is established.

λAς · ·︸ ︷︷ ︸
2s

Cς︸︷︷︸
1

(p̂, h) =
−1/2∑
h′=1/2

√
C

1/2+h′
s+1/2+h

C
1/2−h′
s+1/2−h√

C1
2(s+1/2)

λAς · ·︸ ︷︷ ︸
2s

(p̂, h− h′)λ Cς︸︷︷︸
1

(p̂, h′),−s− 1
2 ≤ h ≤ s+ 1

2

Step 2: Assume when s′′ = s′ − 1
2 , the following is established.

λAς · ·︸ ︷︷ ︸
2s

Bς · ·︸ ︷︷ ︸
2s′−1

(p̂, h) =
−s′+1/2∑
h′=s′−1/2

√
C
s′−1/2+h′
s+s′−1/2+h

C
s′−1/2−h′
s+s′−1/2−h√

C2s′−1

2(s+s′)−1

λAς · ·︸ ︷︷ ︸
2s

(p̂, h− h′)λBς · ·︸ ︷︷ ︸
2s′−1

(p̂, h′)

− s− s′ + 1
2 ≤ h ≤ s+ s′ − 1

2
Step 3: When s′′ = s′, − s− s′ ≤ h ≤ s+ s′, λAς · ·︸ ︷︷ ︸

2s

Bς · ·Cς︸ ︷︷ ︸
2s′

(p̂, h)

=
√
s+s′+h√
2(s+s′)

λAς · ·︸ ︷︷ ︸
2s

Bς · ·︸ ︷︷ ︸
2s′−1

(p̂, h− 1
2 )λCς (p̂,

1
2 ) +

√
s+s′−h√
2(s+s′)

λAς · ·︸ ︷︷ ︸
2s

Bς · ·︸ ︷︷ ︸
2s′−1

(p̂, h+ 1
2 )λCς (p̂,− 1

2 )
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=
√
s+s′+h√
2(s+s′)

[
−s′+1/2∑
h′=s′−1/2

√
C
s′−1/2+h′
s+s′−1+h

C
s′−1/2−h′
s+s′−h√

C2s′−1

2(s+s′)−1

λAς · ·︸ ︷︷ ︸
2s

(p̂, h− 1
2 − h

′)λBς · ·︸ ︷︷ ︸
2s′−1

(p̂, h′)]λCς (p̂,
1
2 )

+ [
−s′+1/2∑
h′=s′−1/2

√
C
s′−1/2+h′
s+s′+h C

s′−1/2−h′
s+s′−1−h√

C2s′−1

2(s+s′)−1

λAς · ·︸ ︷︷ ︸
2s

(p̂, h+ 1
2 − h

′)λBς · ·︸ ︷︷ ︸
2s′−1

(p̂, h′)]λCς (p̂,− 1
2 )

= [
−s′+1∑
h′=s′

√
Cs
′−1+h′
s+s′−1+h

Cs
′−h′
s+s′−h√

C2s′
2(s+s′)

λAς · ·︸ ︷︷ ︸
2s

(p̂, h− h′)
√
s+s′+h√

2s′
λBς · ·︸ ︷︷ ︸

2s′−1

(p̂, h′ − 1
2 )]λCς (p̂,

1
2 )

+ [
−s′∑

h′=s′−1

√
Cs
′+h′
s+s′+hC

s′−1−h′
s+s′−1−h√

C2s′
2(s+s′)

λAς · ·︸ ︷︷ ︸
2s

(p̂, h− h′)
√
s+s′−h√

2s′
λBς · ·︸ ︷︷ ︸

2s′−1

(p̂, h′ + 1
2 )]λCς (p̂,− 1

2 )

= [
−s′+1∑
h′=s′

√
Cs
′+h′
s+s′+hC

s′−h′
s+s′−h√

C2s′
2(s+s′)

λAς · ·︸ ︷︷ ︸
2s

(p̂, h− h′)
√
s′+h′√

2s′
λBς · ·︸ ︷︷ ︸

2s′−1

(p̂, h′ − 1
2 )]λCς (p̂,

1
2 )

+ [
−s′∑

h′=s′−1

√
Cs
′+h′
s+s′+hC

s′−h′
s+s′−h√

C2s′
2(s+s′)

λAς · ·︸ ︷︷ ︸
2s

(p̂, h− h′)
√
s′−h′√

2s′
λBς · ·︸ ︷︷ ︸

2s′−1

(p̂, h′ + 1
2 )]λCς (p̂,− 1

2 )

= [
−s′∑
h′=s′

√
Cs
′+h′
s+s′+hC

s′−h′
s+s′−h√

C2s′
2(s+s′)

λAς · ·︸ ︷︷ ︸
2s

(p̂, h− h′)
√
s′+h′√

2s′
λBς · ·︸ ︷︷ ︸

2s′−1

(p̂, h′ − 1
2 )]λCς (p̂,

1
2 )

+ [
−s′∑
h′=s′

√
Cs
′+h′
s+s′+hC

s′−h′
s+s′−h√

C2s′
2(s+s′)

λAς · ·︸ ︷︷ ︸
2s

(p̂, h− h′)
√
s′−h′√

2s′
λBς · ·︸ ︷︷ ︸

2s′−1

(p̂, h′ + 1
2 )]λCς (p̂,− 1

2 )

=
−s′∑
h′=s′

√
Cs
′+h′
s+s′+hC

s′−h′
s+s′−h√

C2s′
2(s+s′)

λAς · ·︸ ︷︷ ︸
2s

(p̂, h− h′)λBς · ·Cς︸ ︷︷ ︸
2s′

(p̂, h′),−s− s′ ≤ h ≤ s+ s′

This step proves that when s′′ = s′, the proposition is established.
Step 4: Based on the above inductive reasoning, the theorem has been proved.

Cor. 4.9.1. −s1 − s2 ≤ h ≤ s1 + s2
λAς · ·︸ ︷︷ ︸

2s1

Bς · ·︸ ︷︷ ︸
2s2

(p̂, h) =
−s1∑
h1=s1

−s2∑
h2=s2

√
C
s2+h2
s1+s2+hC

s2−h2
s1+s2−h√

C
2s2
2(s1+s2)

λAς · ·︸ ︷︷ ︸
2s1

(p̂, h1)λBς · ·︸ ︷︷ ︸
2s2

(p̂, h2)δ(h− h1 − h2)

λAς · ·︸ ︷︷ ︸
2s1

Bς · ·︸ ︷︷ ︸
2s2

(p̂, h) =
−s1∑
h1=s1

−s2∑
h2=s2

√
C
s1+h1
s1+s2+hC

s1−h1
s1+s2−h√

C
2s1
2(s1+s2)

λAς · ·︸ ︷︷ ︸
2s1

(p̂, h1)λBς · ·︸ ︷︷ ︸
2s2

(p̂, h2)δ(h− h1 − h2)

Cor. 4.9.2. −s1 − s2 ≤ h ≤ s1 + s2, λAς · ·︸ ︷︷ ︸
2s1

Bς · ·︸ ︷︷ ︸
2s2

(p̂, h)

=
−s1∑
h1=s1

−s2∑
h2=s2

[ (2s1)!(2s2)!
(2s1+2s2)!

(s1+h1+s2+h2)!
(s1+h1)!(s2+h2)!

(s1−h1+s2−h2)!
(s1−h1)!(s2−h2)! ]

1/2λAς · ·︸ ︷︷ ︸
2s1

(p̂, h1)λBς · ·︸ ︷︷ ︸
2s2

(p̂, h2)δ(h− h1 − h2)

4.10 Corollary-Spin basis reverse synthesis

Cor. 4.10.1. λAς · ·︸ ︷︷ ︸
2s

(p̂, h− h′) =

√
C2s′

2(s+s′)√
Cs
′+h′
s+s′+hC

s′−h′
s+s′−h

λAς · ·︸ ︷︷ ︸
2s

Bς · ·Cς︸ ︷︷ ︸
2s′

(p̂, h)λ+

2s′︷ ︸︸ ︷
Bς · ·Cς (p̂, h′),−s− s′ ≤ h ≤ s+ s′

Cor. 4.10.2. λAς · ·︸ ︷︷ ︸
2s

(p̂, h− h′) =

√
C2s′

2(s+s′)√
Cs
′+h′
s+s′+hC

s′−h′
s+s′−h

λ+

2s′︷ ︸︸ ︷
Bς · ·Cς (p̂, h′)λBς · ·Cς︸ ︷︷ ︸

2s′

Aς · ·︸ ︷︷ ︸
2s

(p̂, h),−s− s′ ≤ h ≤ s+ s′

4.11 Corollary-Spin basis decomposition: s1 + s2 + s3 = s1 ⊕ s2 ⊕ s3

Cor. 4.11.1. −s1 − s2 − s3 ≤ h ≤ s1 + s2 + s3, λAς · ·︸ ︷︷ ︸
2s1

Bς · ·︸ ︷︷ ︸
2s2

Cς · ·︸ ︷︷ ︸
2s3

(p̂, h)

=
−s1∑
h1=s1

−s2∑
h2=s2

−s3∑
h3=s3

[ (2s1)!(2s2)!(2s3)!
(2s1+2s2+2s3)!

(s1+h1+s2+h2+s3+h3)!
(s1+h1)!(s2+h2)!(s3+h3)!

(s1−h1+s2−h2+s3−h3)!
(s1−h1)!(s2−h2)!(s3−h3)! ]

1/2

λAς · ·︸ ︷︷ ︸
2s1

(p̂, h1)λBς · ·︸ ︷︷ ︸
2s2

(p̂, h2)λCς · ·︸ ︷︷ ︸
2s3

(p̂, h3)δ(h− h1 − h2 − h3)

Proof: −s1 − s2 − s3 ≤ h ≤ s1 + s2 + s3, λAς · ·︸ ︷︷ ︸
2s1

Bς · ·︸ ︷︷ ︸
2s2

Cς · ·︸ ︷︷ ︸
2s3

(p̂, h)

=
−s1∑
h1=s1

−s2−s3∑
h23=s2+s3

[ (2s1)!(2s2+2s3)!
(2s1+2s2+2s3)!

(s1+h1+s2+s3+h23)!
(s1+h1)!(s2+s3+h23)!

(s1−h1+s2+s3−h23)!
(s1−h1)!(s2+s3−h23)! ]

1/2
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λAς · ·︸ ︷︷ ︸
2s1

(p̂, h1)λBς · ·︸ ︷︷ ︸
2s2

Cς · ·︸ ︷︷ ︸
2s3

(p̂, h23)δ(h− h1 − h23)

=
−s1∑
h1=s1

−s2−s3∑
h23=s2+s3

[ (2s1)!(2s2+2s3)!
(2s1+2s2+2s3)!

(s1+h1+s2+s3+h23)!
(s1+h1)!(s2+s3+h23)!

(s1−h1+s2+s3−h23)!
(s1−h1)!(s2+s3−h23)! ]

1/2λAς · ·︸ ︷︷ ︸
2s1

(p̂, h1)δ(h− h1 − h23)

−s2∑
h2=s2

−s3∑
h3=s3

[ (2s2)!(2s3)!
(2s2+2s3)!

(s2+h2+s3+h3)!
(s2+h2)!(s3+h3)!

(s2−h2+s3−h3)!
(s2−h2)!(s3−h3)! ]

1/2λBς · ·︸ ︷︷ ︸
2s2

(p̂, h2)λCς · ·︸ ︷︷ ︸
2s3

(p̂, h3)δ(h23 − h2 − h3)

=
−s1∑
h1=s1

−s2∑
h2=s2

−s3∑
h3=s3

[ (2s1)!(2s2)!(2s3)!
(2s1+2s2+2s3)!

(s1+h1+s2+h2+s3+h3)!
(s1+h1)!(s2+h2)!(s3+h3)!

(s1−h1+s2−h2+s3−h3)!
(s1−h1)!(s2−h2)!(s3−h3)! ]

1/2

λAς · ·︸ ︷︷ ︸
2s1

(p̂, h1)λBς · ·︸ ︷︷ ︸
2s2

(p̂, h2)λCς · ·︸ ︷︷ ︸
2s3

(p̂, h3)δ(h− h1 − h2 − h3)

4.12 Corollary-Spin basis decomposition: s1 + s2 · ·+ sn = s1 ⊕ s2 · · ⊕ sn

Cor. 4.12.1. −
n∑
i=1

si ≤ h ≤
n∑
i=1

si, λAς · ·︸ ︷︷ ︸
2s1

Bς · ·︸ ︷︷ ︸
2s2

··Cς · ·︸ ︷︷ ︸
2sn

(p̂, h)

=
−s1∑
h1=s1

−s2∑
h2=s2

· ·
−sn∑
hn=sn

[

n∏
i=1

(2si)!

[
n∑
i=1

(2si)]!

[
n∑
i=1

(si+hi)]!

n∏
i=1

(si+hi)!

[
n∑
i=1

(si−hi)]!
n∏
i=1

(si−hi)!
]
1
2λAς · ·︸ ︷︷ ︸

2s1

(p̂, h1)λBς · ·︸ ︷︷ ︸
2s2

(p̂, h2) · ·λCς · ·︸ ︷︷ ︸
2sn

(p̂, hn)δ(h−
n∑
i=1

hi)

4.13 An important mathematical corollary

Cor. 4.13.1.
−s1∑
h1=s1

−s2∑
h2=s2

· ·
−sn∑
hn=sn

[
n∑
i=1

(si+hi)]!

n∏
i=1

(si+hi)!

[
n∑
i=1

(si−hi)]!
n∏
i=1

(si−hi)!
δ(h−

n∑
i=1

hi) =
[
n∑
i=1

(2si)]!

n∏
i=1

(2si)!
,−

n∑
i=1

si ≤ h ≤
n∑
i=1

si

4.14 Corollary-λAς ··BςCς (p̂, h) full symmetry

Thm. 4.14.1. λAς · ·BςCς︸ ︷︷ ︸
2s

(p̂, h) = 1
(2s)!λ{Aς · ·BςCς}︸ ︷︷ ︸

2s

(p̂, h),−s ≤ h ≤ s

Proof: Using mathematical induction to prove this theorem.
Step 1: When s′ = 1

2 , 1, the following is established.
λAς (p̂, h) = 1

1!λAς (p̂, h),− 1
2 ≤ h ≤

1
2 ;λAςBς (p̂, h) = 1

2!λ{AςBς}(p̂, h),−1 ≤ h ≤ 1

Step 2: Assume when s′ = s− 1
2 , the following is established.

λAς · ·Bς︸ ︷︷ ︸
2s−1

(p̂, h) = 1
(2s−1)!λ{Aς · ·Bς}︸ ︷︷ ︸

2s−1

(p̂, h),−s+ 1
2 ≤ h ≤ s−

1
2

Step 3: When 1 ≤ s′ = s, − s ≤ h ≤ s, λAς · ·BςCς︸ ︷︷ ︸
2s

(p̂, h)

=
−1/2∑
h′=1/2

√
C

1/2+h′
s+h C

1/2−h′
s−h√

C1
2s

λAς · ·Bς︸ ︷︷ ︸
2s−1

(p̂, h− h′)λCς (p̂, h′) =
−1∑
h′=1

√
C1+h′
s+h C1−h′

s−h√
C2

2s

λAς · ·︸ ︷︷ ︸
2(s−1)

(p̂, h− h′)λBςCς (p̂, h′)

⇒ λAς · ·BςCς︸ ︷︷ ︸
2s

(p̂, h) = 1
(2s−1)!λ{Aς · ·Bς}Cς︸ ︷︷ ︸

2s

(p̂, h), λAς · ·BςCς︸ ︷︷ ︸
2s

(p̂, h) = λAς · ·CςBς︸ ︷︷ ︸
2s

(p̂, h),−s ≤ h ≤ s

⇔ λAς · ·BςCς︸ ︷︷ ︸
2s

(p̂, h) = 1
(2s)!λ{Aς · ·CςBς}︸ ︷︷ ︸

2s

(p̂, h),−s ≤ h ≤ s

This step proves that when s′ = s, the proposition is established.
Step 4: Based on the above inductive reasoning, the theorem has been proved.

5 Reorganization and analysis of spin equation spin basis
5.1 Definition-Spin basis decomposition: s = (s− 1

2 )⊕ 1
2

Def. 5.1.1. −s ≤ h ≤ s

λkς (p̂, h; s) = Γ

2s+1︷ ︸︸ ︷
Aς · ·Bς
kς

ΓlςAς · ·︸ ︷︷ ︸
2s

[
√
s+h√
2s
λlς (p̂, h− 1

2 ; s− 1
2 )λBς (p̂,

1
2 ) +

√
s−h√
2s
λlς (p̂, h+ 1

2 ; s− 1
2 )λBς (p̂,− 1

2 )]

Cor. 5.1.1. λ(p̂, h; s) = Γ

2s+1︷ ︸︸ ︷
Aς · ·Bς
kς

ΓlςAς · ·︸ ︷︷ ︸
2s

−1/2∑
h′=1/2

√
C

1/2+h′
s+h C

1/2−h′
s−h√

C1
2s

λ(p̂, h− h′; s− 1
2 )λBς (p̂, h

′),−s ≤ h ≤ s

Cor. 5.1.2. λ(p̂, h; s) = NAς (s)
−1/2∑
h′=1/2

√
C

1/2+h′
s+h C

1/2−h′
s−h√

C1
2s

λ(p̂, h− h′; s− 1
2 )λAς (p̂, h

′),−s ≤ h ≤ s
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5.2 Corollary-λ(p̂, h; s) is a spin eigenstate

Thm. 5.2.1. [σ(s) · p̂]λ(p̂, h; s) = hλ(p̂, h; s),−s ≤ h ≤ s

Thm. 5.2.2. σ2(s)λ(p̂, h; s) = s(s+ 1)λ(p̂, h; s),−s ≤ h ≤ s

So λ(p̂, h; s) is a spin eigenstate. Therefore, the expansion coefficients are just the CG coefficients.
5.3 Corollary-Spin eigenstate λ(p̂, h; s) raising and lowering operator

Thm. 5.3.1.
ei~ω·σ(s)σx(s)e−i~ω·σ(s) = σx(s)− p̂x σ(s)·p̂+σz(s)

(1+p̂z)

ei~ω·σ(s)σy(s)e−i~ω·σ(s) = σy(s)− p̂y σ(s)·p̂+σz(s)
(1+p̂z)

ei~ω·σ(s)σz(s)e
−i~ω·σ(s) = σ(s) · p̂

Proof: ei~ω·σ(s)σi(s)e
−i~ω·σ(s) = (e−i~ω·γ)i

jσj(s)
= [1− i(γ × p̂)z − (γ × p̂)2

z/(1 + p̂z)]i
jσj(s)

= [1− i(γxp̂y − γyp̂x)− (γxp̂y − γyp̂x)2/(1 + p̂z)]i
jσj(s)

= [1− i
[

0 0 −ip̂x
0 0 −ip̂y
ip̂x ip̂y 0

]
−

[
p̂2
x p̂xp̂y 0

p̂xp̂y p̂2
y 0

0 0 p̂2
x+p̂2

y

]
/(1 + p̂z)]i

jσj(s)

= [1−

[
p̂2
x p̂xp̂y p̂x(1+p̂z)

p̂xp̂y p̂2
y p̂y(1+p̂z)

−p̂x(1+p̂z) −p̂y(1+p̂z) p̂2
x+p̂2

y

]
/(1 + p̂z)]i

jσj(s)

= σi(s)− [

[
p̂2
x p̂xp̂y p̂xp̂z+p̂x

p̂xp̂y p̂2
y p̂y p̂z+p̂y

−p̂x(1+p̂z) −p̂y(1+p̂z) (1−p̂z)(1+p̂z)

]
/(1 + p̂z)]i

jσj(s)

=

[
σx(s)−p̂x[σz(s)+σ(s)·p̂]/(1+p̂z)
σy(s)−p̂y [σz(s)+σ(s)·p̂]/(1+p̂z)

σ(s)·p̂

]
i

Def. 5.3.1.
Ĵx(p̂, σ(s)) := Γ̄(s)Ĵx(p̂,Ω(s))Γ(s) = {σx(s)− p̂x

(1+p̂z) [σ(s) · p̂+ σz(s)]}
Ĵy(p̂, σ(s)) := Γ̄(s)Ĵy(p̂,Ω(s))Γ(s) = {σy(s)− p̂y

(1+p̂z) [σ(s) · p̂+ σz(s)]}
Ĵz(p̂, σ(s)) := Γ̄(s)Ĵz(p̂,Ω(s))Γ(s) = σ(s) · p̂

Cor. 5.3.1.{
Ĵ2
x(p̂, σ( 1

2 )) = 1
4 , Ĵ

2
y (p̂, σ( 1

2 )) = 1
4 , Ĵ

2
z (p̂, σ( 1

2 )) = 1
4

[Ĵi(p̂, σ(s)), Ĵj(p̂, σ(s))] = εij
kĴk(p̂, σ(s)), Ĵ2(p̂, σ(s)) = s(s+ 1)

Cor. 5.3.2.
Ĵ+(p̂, σ(s)) := Γ̄(s)Ĵ+(p̂,Ω(s))Γ(s) = {[σx(s) + iσy(s)]− (p̂x+ip̂y)

(1+p̂z) [σ(s) · p̂+ σz(s)]}
Ĵ−(p̂, σ(s)) := Γ̄(s)Ĵ−(p̂,Ω(s))Γ(s) = {[σx(s)− iσy(s)]− (p̂x−ip̂y)

(1+p̂z) [σ(s) · p̂+ σz(s)]}
Ĵz(p̂, σ(s)) := Γ̄(s)Ĵz(p̂,Ω(s))Γ(s) = σ(s) · p̂

Cor. 5.3.3.
Ĵ+(p̂, σ(s))λ(~p, h; s) =

√
s(s+ 1)− h(h+ 1)λ(~p, h+ 1; s),−s ≤ h ≤ s

Ĵ−(p̂, σ(s))λ(~p, h; s) =
√
s(s+ 1)− h(h− 1)λ(~p, h− 1; s),−s ≤ h ≤ s

Ĵz(p̂, σ(s))λ(~p, h; s) = hλ(~p, h; s),−s ≤ h ≤ s

Cor. 5.3.4. Ĵ2 = Ĵ2
z + 1

2 (Ĵ+Ĵ− + Ĵ+Ĵ−){
Ĵ2(p̂, σ(s))λ(~p, h; s) = s(s+ 1)λ(~p, h; s),−s ≤ h ≤ s
Ĵz(p̂, σ(s))λ(~p, h; s) = hλ(~p, h; s),−s ≤ h ≤ s

5.4 Corollary-λAς ··BςCς (p̂, h) orthogonality

Thm. 5.4.1. λ+(p̂, h′; s)λ(p̂, h; s) = δhh′ ,−s ≤ h ≤ s

5.5 Corollary-Spin basis decomposition: 1 = 1
2 ⊕

1
2

Cor. 5.5.1.

λkς (p̂, h; 1) = ΓAςBςkς
[
√

1+h√
2
λAς (p̂, h− 1

2 )λBς (p̂,
1
2 ) +

√
1−h√

2
λAς (p̂, h+ 1

2 )λBς (p̂,− 1
2 )],−1 ≤ h ≤ 1

5.6 Corollary-Spin basis decomposition: s+ s′ = s⊕ s′

Thm. 5.6.1.

λkς (p̂, h; s+ s′) = Γ

2s+2s′︷ ︸︸ ︷
Aς · ·Bς · ·
kς

ΓlςAς · ·︸ ︷︷ ︸
2s

ΓmςBς · ·︸ ︷︷ ︸
2s′

−s′∑
h′=s′

√
Cs
′+h′
s+s′+hC

s′−h′
s+s′−h√

C2s′
2(s+s′)

λlς (p̂, h− h′; s)λmς (p̂, h′; s′),−s− s′ ≤ h ≤ s+ s′
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5.7 Corollary-Spin basis decomposition: s1 + s2 · ·+ sn = s1 ⊕ s2 · · ⊕ sn

Cor. 5.7.1. −
n∑
i=1

si ≤ h ≤
n∑
i=1

si, λkς (p̂, h;
n∑
i=1

si) = Γ

2s1︷ ︸︸ ︷
Aς · ·

2s2︷ ︸︸ ︷
Bς · ····

2sn︷ ︸︸ ︷
Cς · ·

kς
ΓlςAς · ·︸ ︷︷ ︸

2s1

ΓmςBς · ·︸ ︷︷ ︸
2s2

· · ·ΓnςCς · ·︸ ︷︷ ︸
2sn

−s1∑
h1=s1

−s2∑
h2=s2

· ·
−sn∑
hn=sn

[

n∏
i=1

(2si)!

[
n∑
i=1

(2si)]!

[
n∑
i=1

(si+hi)]!

n∏
i=1

(si+hi)!

[
n∑
i=1

(si−hi)]!
n∏
i=1

(si−hi)!
]
1
2λlς (p̂, h1; s1)λmς (p̂, h2; s2) · ·λnς (p̂, hn; sn)δ(h−

n∑
i=1

hi)

5.8 Introducing a new constant invariant tensor

Def. 5.8.1. Γlςmς ··nςkς
:= Γ

2s1︷ ︸︸ ︷
Aς · ·

2s2︷ ︸︸ ︷
Bς · ····

2sn︷ ︸︸ ︷
Cς · ·

kς
ΓlςAς · ·︸ ︷︷ ︸

2s1

ΓmςBς · ·︸ ︷︷ ︸
2s2

· · ·ΓnςCς · ·︸ ︷︷ ︸
2sn

Cor. 5.8.1. −
n∑
i=1

si ≤ h ≤
n∑
i=1

si, λkς (p̂, h;
n∑
i=1

si) =
−s1∑
h1=s1

−s2∑
h2=s2

· ·
−sn∑
hn=sn

[

n∏
i=1

(2si)!

[
n∑
i=1

(2si)]!

[
n∑
i=1

(si+hi)]!

n∏
i=1

(si+hi)!

[
n∑
i=1

(si−hi)]!
n∏
i=1

(si−hi)!
]
1
2 Γlςmς ··nςkς

λlς (p̂, h1; s1)λmς (p̂, h2; s2) · ·λnς (p̂, hn; sn)δ(h−
n∑
i=1

hi)

6 On unitary transformation of spin bases
6.1 Momentum transformation is equivalent to unitary transformation

Def. 6.1.1. p̂′ = A(p̂→ p̂′)p̂, A(p̂→ p̂′) := exp{i (γ×p̂′)z√
1−p̂′2z

arccosp̂′z}exp{−i
(γ×p̂)z√

1−p̂2
z

arccosp̂z}

= [1 + i(γ × p̂′)z − (γ × p̂′)2
z/(1 + p̂′z)][1− i(γ × p̂)z − (γ × p̂)2

z/(1 + p̂z)]

Cor. 6.1.1.

[σ(s) · p̂′] = [σ(s) ·A(p̂→ p̂′)p̂] = [A(p̂′ → p̂)σ(s) · p̂]
= exp{i [σ(s)×p̂′]z√

1−p̂′2z
arccosp̂′z}exp{−i

[σ(s)×p̂]z√
1−p̂2

z

arccosp̂z}[σ(s) · p̂]exp{i [σ(s)×p̂]z√
1−p̂2

z

arccosp̂z}exp{i [σ(s)×p̂′]z√
1−p̂′2z

arccosp̂′z}

[Ω(s) · p̂′] = [Ω(s) ·A(p̂→ p̂′)p̂] = [A(p̂′ → p̂)Ω(s) · p̂]
= exp{i [Ω(s)×p̂′]z√

1−p̂′2z
arccosp̂′z}exp{−i

[Ω(s)×p̂]z√
1−p̂2

z

arccosp̂z}[Ω(s) · p̂]exp{i [Ω(s)×p̂]z√
1−p̂2

z

arccosp̂z}exp{i [Ω(s)×p̂′]z√
1−p̂′2z

arccosp̂′z}

Cor. 6.1.2.

[Ω(s;σ( 1
2 )⊗ I) · p̂′] = [Ω(s;σ( 1

2 )⊗ I) ·A(p̂→ p̂′)p̂] = [A(p̂′ → p̂)Ω(s;σ( 1
2 )⊗ I) · p̂]

= exp{i [Ω(s;σ(
1
2 )⊗I)×p̂′]z√
1−p̂′2z

arccosp̂′z}exp{−i
[Ω(s;σ(

1
2 )⊗I)×p̂]z√
1−p̂2

z

arccosp̂z}[Ω(s;σ( 1
2 )⊗ I) · p̂]

exp{i [Ω(s;σ(
1
2 )⊗I)×p̂]z√
1−p̂2

z

arccosp̂z}exp{i
[Ω(s;σ(

1
2 )⊗I)×p̂′]z√
1−p̂′2z

arccosp̂′z}

[Ω(s;R) · p̂′] = [Ω(s;R) ·A(p̂→ p̂′)p̂] = [A(p̂′ → p̂)Ω(s;R) · p̂]
= exp{i [Ω(s;R)×p̂′]z√

1−p̂′2z
arccosp̂′z}exp{−i

[Ω(s;R)×p̂]z√
1−p̂2

z

arccosp̂z}[Ω(s;R) · p̂]

exp{i [Ω(s;R)×p̂]z√
1−p̂2

z

arccosp̂z}exp{i [Ω(s;R)×p̂′]z√
1−p̂′2z

arccosp̂′z}

Cor. 6.1.3.
σ(s) · p̂ = ei~ω·σ(s)σze

−i~ω·σ(s),Ω(s) · p̂ = ei~ω·Ω(s)Ωz(s)e
−i~ω·Ω(s)

Ω(s;σ( 1
2 )⊗ I) · p̂ = ei~ω·Ω(s;σ(

1
2 )⊗I)Ωz(s;σ( 1

2 )⊗ I)e−i~ω·Ω(s;σ(
1
2 )⊗I)

Ω(s;R) · p̂ = ei~ω·Ω(s;R)Ωz(s;R)e−i~ω·Ω(s;R)

Cor. 6.1.4.

σ(s) · p̂ = exp{i [σ(s)×p̂]z√
1−p̂2

z

arccosp̂z}σzexp{−i [σ(s)×p̂]z√
1−p̂2

z

arccosp̂z}

Ω(s) · p̂ = exp{i [Ω(s)×p̂]z√
1−p̂2

z

arccosp̂z}Ωz(s)exp{−i [Ω(s)×p̂]z√
1−p̂2

z

arccosp̂z}

Ω(s;σ( 1
2 )⊗ I) · p̂ = exp{i [Ω(s;σ(

1
2 )⊗I)×p̂]z√
1−p̂2

z

arccosp̂z}Ωz(s;σ( 1
2 )⊗ I)exp{−i [Ω(s;σ(

1
2 )⊗I)×p̂]z√
1−p̂2

z

arccosp̂z}

Ω(s;R) · p̂ = exp{i [Ω(s;R)×p̂]z√
1−p̂2

z

arccosp̂z}Ωz(s;R)exp{−i [Ω(s;R)×p̂]z√
1−p̂2

z

arccosp̂z}

6.2 Spin basis physical decomposition: 1 = 1
2 ⊕

1
2

Cor. 6.2.1. λAςBς (p̂
′, p̂, h) =

√
1+h√

2
λAς (p̂

′, h− 1
2 )λBς (p̂,

1
2 ) +

√
1−h√

2
λAς (p̂

′, h+ 1
2 )λBς (p̂,− 1

2 )
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Cor. 6.2.2. λAςBς (p̂
′, p̂, h) =


λAς (p̂

′, 1
2 )λBς (p̂,

1
2 ), h = 1

1√
2
λ{Aς (p̂

′, 1
2 )λBς}(p̂,− 1

2 ), h = 0

λAς (p̂
′,− 1

2 )λBς (p̂,− 1
2 ), h = −1

Cor. 6.2.3. λ(p̂′, p̂, h) =


λ(p̂′, 1

2 )⊗ λ(p̂, 1
2 ), h = 1

1√
2
[λ(p̂′, 1

2 )⊗ λ(p̂,− 1
2 ) + λ(p̂′,− 1

2 )⊗ λ(p̂, 1
2 )], h = 0

λ(p̂′,− 1
2 )⊗ λ(p̂,− 1

2 ), h = −1

Cor. 6.2.4. λ+(p̂′, p̂, h′)λ(p̂′, p̂, h) = δhh′

Cor. 6.2.5. λ̃(p̂′, p̂, h) =


λ(p̂′, 1

2 )⊗ λ(p̂, 1
2 ) + λ(p̂, 1

2 )⊗ λ(p̂′, 1
2 ), h = 1

λ(p̂′, 1
2 )⊗ λ(p̂,− 1

2 ) + λ(p̂,− 1
2 )⊗ λ(p̂′, 1

2 ), h = 0

λ(p̂′,− 1
2 )⊗ λ(p̂,− 1

2 ) + λ(p̂,− 1
2 )⊗ λ(p̂′,− 1

2 ), h = −1

Cor. 6.2.6.{
{[σ( 1

2 ) · p̂′]⊗ I + I ⊗ [σ( 1
2 ) · p̂]}λ(p̂′, p̂, h) = hλ(p̂′, p̂, h)

{[A(p̂′ → p̂)σ( 1
2 ) · p̂]⊗ I + I ⊗ [σ( 1

2 ) · p̂]}λ(p̂′, p̂, h) = hλ(p̂′, p̂, h)

Cor. 6.2.7.{
[A(p̂′ → p̂)σ( 1

2 )] · p̂λ(p̂′, h) = hλ(p̂′, h),− 1
2 ≤ h ≤

1
2

[A(p̂′ → p̂)σ( 1
2 )]2λ(p̂′, h) = 1

2 ( 1
2 + 1)λ(p̂′, h)

{
[σ( 1

2 ) · p̂]λ(p̂, h) = hλ(p̂, h),− 1
2 ≤ h ≤

1
2

[σ( 1
2 )]2λ(p̂, h) = 1

2 ( 1
2 + 1)λ(p̂, h){

{[A(p̂′ → p̂)σ( 1
2 )]⊗ I} · p̂λ(p̂′, p̂, h) = h

2λ(p̂′, p̂, h)

{[A(p̂′ → p̂)σ( 1
2 )]⊗ I}2λ(p̂′, p̂, h) = 1

2 ( 1
2 + 1)λ(p̂′, p̂, h)

{
{I ⊗ σ( 1

2 )} · p̂λ(p̂′, p̂, h) = h
2λ(p̂′, p̂, h)

{I ⊗ σ( 1
2 )}2λ(p̂′, p̂, h) = 1

2 ( 1
2 + 1)λ(p̂′, p̂, h){

{[A(p̂′ → p̂)σ( 1
2 )]⊗ I + I ⊗ σ( 1

2 )} · p̂λ(p̂′, p̂, h) = hλ(p̂′, p̂, h),−1 ≤ h ≤ 1

{[A(p̂′ → p̂)σ( 1
2 )]⊗ I + I ⊗ σ( 1

2 )}2λ(p̂′, p̂, h) = 1(1 + 1)λ(p̂′, p̂, h)

Cor. 6.2.8. λ+(p̂′, p̂, h){[A(p̂′ → p̂)σ( 1
2 )]⊗ I} · {I ⊗ σ( 1

2 )}λ(p̂′, p̂, h) = 1
4λ(p̂′, p̂, h)

Cor. 6.2.9. {[A(p̂′ → p̂)σ( 1
2 )]⊗ I} · {I ⊗ σ( 1

2 )}λ(p̂′, p̂, h) =?

Cor. 6.2.10. H = −
∑
i,j

kij [A(p̂i)σi(
1
2 )] · [A(p̂j)σj(

1
2 )]

6.3 Unitary transformation→ Z-direction representation of spin basis decomposition for B-W equation:
s1 + s2 · ·+ sn = s1 ⊕ s2 · · ⊕ sn

Def. 6.3.1. −
n∑
i=1

si ≤ h ≤
n∑
i=1

si, Uλςµς · ·︸ ︷︷ ︸
2s1

ηςξς · ·︸ ︷︷ ︸
2s2

··ρςσς · ·︸ ︷︷ ︸
2sn

(
[

0
0
p

]
, h) :=

−s1∑
h1=s1

−s2∑
h2=s2

· ·
−sn∑
hn=sn

[

n∏
i=1

(2si)!

[
n∑
i=1

(2si)]!

[
n∑
i=1

(si+hi)]!

n∏
i=1

(si+hi)!

[
n∑
i=1

(si−hi)]!
n∏
i=1

(si−hi)!
]
1
2Uλςµς · ·︸ ︷︷ ︸

2s1

(
[

0
0
p

]
, h1)Uηςξς · ·︸ ︷︷ ︸

2s2

(
[

0
0
p

]
, h2) · ·Uρςσς · ·︸ ︷︷ ︸

2sn

(
[

0
0
p

]
, hn)δ(h−

n∑
i=1

hi)

Cor. 6.3.1.


Ω2(s;σ( 1

2 )⊗ I)Uλς ⊗ · · ⊗σς ⊗ τς︸ ︷︷ ︸
2s

(
[

0
0
p

]
, h) = s(s+ 1)Uλς ⊗ · · ⊗σς ⊗ τς︸ ︷︷ ︸

2s

(
[

0
0
p

]
, h),−s ≤ h ≤ s

Ωz(s;σ( 1
2 )⊗ I)Uλς ⊗ · · ⊗σς ⊗ τς︸ ︷︷ ︸

2s

(
[

0
0
p

]
, h) = hUλς ⊗ · · ⊗σς ⊗ τς︸ ︷︷ ︸

2s

(
[

0
0
p

]
, h),−s ≤ h ≤ s

Def. 6.3.2. −
n∑
i=1

si ≤ h ≤
n∑
i=1

si, Vλςµς · ·︸ ︷︷ ︸
2s1

ηςξς · ·︸ ︷︷ ︸
2s2

··ρςσς · ·︸ ︷︷ ︸
2sn

(
[

0
0
p

]
, h) :=

−s1∑
h1=s1

−s2∑
h2=s2

· ·
−sn∑
hn=sn

[

n∏
i=1

(2si)!

[
n∑
i=1

(2si)]!

[
n∑
i=1

(si+hi)]!

n∏
i=1

(si+hi)!

[
n∑
i=1

(si−hi)]!
n∏
i=1

(si−hi)!
]
1
2Vλςµς · ·︸ ︷︷ ︸

2s1

(
[

0
0
p

]
, h1)Vηςξς · ·︸ ︷︷ ︸

2s2

(
[

0
0
p

]
, h2) · ·Vρςσς · ·︸ ︷︷ ︸

2sn

(
[

0
0
p

]
, hn)δ(h−

n∑
i=1

hi)

Cor. 6.3.2.


Ω2(s;σ( 1

2 )⊗ I)Vλς ⊗ · · ⊗σς ⊗ τς︸ ︷︷ ︸
2s

(
[

0
0
p

]
, h) = s(s+ 1)Vλς ⊗ · · ⊗σς ⊗ τς︸ ︷︷ ︸

2s

(
[

0
0
p

]
, h),−s ≤ h ≤ s

Ωz(s;σ( 1
2 )⊗ I)Vλς ⊗ · · ⊗σς ⊗ τς︸ ︷︷ ︸

2s

(
[

0
0
p

]
, h) = hVλς ⊗ · · ⊗σς ⊗ τς︸ ︷︷ ︸

2s

(
[

0
0
p

]
, h),−s ≤ h ≤ s
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6.4 Unitary transformation → Stationary representation of spin basis decomposition for B-W equation:
s1 + s2 · ·+ sn = s1 ⊕ s2 · · ⊕ sn

Def. 6.4.1. −
n∑
i=1

si ≤ h ≤
n∑
i=1

si, Uλςµς · ·︸ ︷︷ ︸
2s1

ηςξς · ·︸ ︷︷ ︸
2s2

··ρςσς · ·︸ ︷︷ ︸
2sn

(~0, h) :=
−s1∑
h1=s1

−s2∑
h2=s2

· ·
−sn∑
hn=sn

[

n∏
i=1

(2si)!

[
n∑
i=1

(2si)]!

[
n∑
i=1

(si+hi)]!

n∏
i=1

(si+hi)!

[
n∑
i=1

(si−hi)]!
n∏
i=1

(si−hi)!
]
1
2Uλςµς · ·︸ ︷︷ ︸

2s1

(~0, h1)Uηςξς · ·︸ ︷︷ ︸
2s2

(~0, h2) · ·Uρςσς · ·︸ ︷︷ ︸
2sn

(~0, hn)δ(h−
n∑
i=1

hi)

Cor. 6.4.1.


Ω2(s;σ( 1

2 )⊗ I)Uλς ⊗ · · ⊗σς ⊗ τς︸ ︷︷ ︸
2s

(~0, h) = s(s+ 1)Uλς ⊗ · · ⊗σς ⊗ τς︸ ︷︷ ︸
2s

(~0, h),−s ≤ h ≤ s

Ωz(s;σ( 1
2 )⊗ I)Uλς ⊗ · · ⊗σς ⊗ τς︸ ︷︷ ︸

2s

(~0, h) = hUλς ⊗ · · ⊗σς ⊗ τς︸ ︷︷ ︸
2s

(~0, h),−s ≤ h ≤ s

Def. 6.4.2. −
n∑
i=1

si ≤ h ≤
n∑
i=1

si, Vλςµς · ·︸ ︷︷ ︸
2s1

ηςξς · ·︸ ︷︷ ︸
2s2

··ρςσς · ·︸ ︷︷ ︸
2sn

(~0, h) :=
−s1∑
h1=s1

−s2∑
h2=s2

· ·
−sn∑
hn=sn

[

n∏
i=1

(2si)!

[
n∑
i=1

(2si)]!

[
n∑
i=1

(si+hi)]!

n∏
i=1

(si+hi)!

[
n∑
i=1

(si−hi)]!
n∏
i=1

(si−hi)!
]
1
2Vλςµς · ·︸ ︷︷ ︸

2s1

(~0, h1)Vηςξς · ·︸ ︷︷ ︸
2s2

(~0, h2) · ·Vρςσς · ·︸ ︷︷ ︸
2sn

(~0, hn)δ(h−
n∑
i=1

hi)

Cor. 6.4.2.


Ω2(s;σ( 1

2 )⊗ I)Vλς ⊗ · · ⊗σς ⊗ τς︸ ︷︷ ︸
2s

(~0, h) = s(s+ 1)Vλς ⊗ · · ⊗σς ⊗ τς︸ ︷︷ ︸
2s

(~0, h),−s ≤ h ≤ s

Ωz(s;σ( 1
2 )⊗ I)Vλς ⊗ · · ⊗σς ⊗ τς︸ ︷︷ ︸

2s

(~0, h) = hVλς ⊗ · · ⊗σς ⊗ τς︸ ︷︷ ︸
2s

(~0, h),−s ≤ h ≤ s

6.5 Unitary transformation → Z-direction representation of spin basis decomposition for K-G equation:
s1 + s2 · ·+ sn = s1 ⊕ s2 · · ⊕ sn

Def. 6.5.1. −
n∑
i=1

ni ≤ h ≤
n∑
i=1

ni, εa · ·︸︷︷︸
2n1

b · ·︸︷︷︸
2n2

··c · ·︸︷︷︸
2nn

(
[

0
0
p

]
, h)

:=
−n1∑
h1=n1

−n2∑
h2=n2

· ·
−nn∑
hn=nn

[

n∏
i=1

(2ni)!

[
n∑
i=1

(2ni)]!

[
n∑
i=1

(ni+hi)]!

n∏
i=1

(ni+hi)!

[
n∑
i=1

(ni−hi)]!
n∏
i=1

(ni−hi)!
]
1
2 εa · ·︸︷︷︸

2n1

(
[

0
0
p

]
, h1)εb · ·︸︷︷︸

2n2

(
[

0
0
p

]
, h2) · ·εc · ·︸︷︷︸

2nn

(
[

0
0
p

]
, hn)δ(h−

n∑
i=1

hi)

Cor. 6.5.1.


Ω2(n;R)εa⊗ · · ⊗b⊗ c︸ ︷︷ ︸

n

(
[

0
0
p

]
, h) = n(n+ 1)εa⊗ · · ⊗b⊗ c︸ ︷︷ ︸

n

(
[

0
0
p

]
, h),−n ≤ h ≤ n

Ωz(n;R)εa⊗ · · ⊗b⊗ c︸ ︷︷ ︸
n

(
[

0
0
p

]
, h) = hεa⊗ · · ⊗b⊗ c︸ ︷︷ ︸

n

(
[

0
0
p

]
, h),−n ≤ h ≤ n

6.6 Unitary transformation → Stationary representation of spin basis decomposition for K-G equation:
s1 + s2 · ·+ sn = s1 ⊕ s2 · · ⊕ sn

Def. 6.6.1. −
n∑
i=1

ni ≤ h ≤
n∑
i=1

ni, εa · ·︸︷︷︸
2n1

b · ·︸︷︷︸
2n2

··c · ·︸︷︷︸
2nn

(~0, h)

:=
−n1∑
h1=n1

−n2∑
h2=n2

· ·
−nn∑
hn=nn

[

n∏
i=1

(2ni)!

[
n∑
i=1

(2ni)]!

[
n∑
i=1

(ni+hi)]!

n∏
i=1

(ni+hi)!

[
n∑
i=1

(ni−hi)]!
n∏
i=1

(ni−hi)!
]
1
2 εa · ·︸︷︷︸

2n1

(~0, h1)εb · ·︸︷︷︸
2n2

(~0, h2) · ·εc · ·︸︷︷︸
2nn

(~0, hn)δ(h−
n∑
i=1

hi)

Cor. 6.6.1.


Ω2(n;R)εa⊗ · · ⊗b⊗ c︸ ︷︷ ︸

n

(~0, h) = n(n+ 1)εa⊗ · · ⊗b⊗ c︸ ︷︷ ︸
n

(~0, h),−n ≤ h ≤ n

Ωz(n;R)εa⊗ · · ⊗b⊗ c︸ ︷︷ ︸
n

(~0, h) = hεa⊗ · · ⊗b⊗ c︸ ︷︷ ︸
n

(~0, h),−n ≤ h ≤ n

6.7 Unitary transformation → Z-direction representation of spin basis decomposition for Penrose equa-
tion: s1 + s2 · ·+ sn = s1 ⊕ s2 · · ⊕ sn

Def. 6.7.1. −
n∑
i=1

si ≤ h ≤
n∑
i=1

si, λAς · ·︸ ︷︷ ︸
2s1

Bς · ·︸ ︷︷ ︸
2s2

··Cς · ·︸ ︷︷ ︸
2sn

(
[

0
0
1

]
, h) :=

−s1∑
h1=s1

−s2∑
h2=s2

· ·
−sn∑
hn=sn

[

n∏
i=1

(2si)!

[
n∑
i=1

(2si)]!

[
n∑
i=1

(si+hi)]!

n∏
i=1

(si+hi)!

[
n∑
i=1

(si−hi)]!
n∏
i=1

(si−hi)!
]
1
2λAς · ·︸ ︷︷ ︸

2s1

(
[

0
0
1

]
, h1)λBς · ·︸ ︷︷ ︸

2s2

(
[

0
0
1

]
, h2) · ·λCς · ·︸ ︷︷ ︸

2sn

(
[

0
0
1

]
, hn)δ(h−

n∑
i=1

hi)
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Cor. 6.7.1.


Ω2(s)λAς ⊗ · · ⊗Bς ⊗ Cς︸ ︷︷ ︸

2s

(
[

0
0
1

]
, h) = s(s+ 1)λAς ⊗ · · ⊗Bς ⊗ Cς︸ ︷︷ ︸

2s

(
[

0
0
1

]
, h),−s ≤ h ≤ s

Ωz(s)λAς ⊗ · · ⊗Bς ⊗ Cς︸ ︷︷ ︸
2s

(
[

0
0
1

]
, h) = hλAς ⊗ · · ⊗Bς ⊗ Cς︸ ︷︷ ︸

2s

(
[

0
0
1

]
, h),−s ≤ h ≤ s

6.8 Unitary transformation → Z-direction representation of spin basis decomposition for spin equation:
s1 + s2 · ·+ sn = s1 ⊕ s2 · · ⊕ sn

Def. 6.8.1. −
n∑
i=1

si ≤ h ≤
n∑
i=1

si, λkς (
[

0
0
1

]
, h;

n∑
i=1

si) :=
−s1∑
h1=s1

−s2∑
h2=s2

· ·
−sn∑
hn=sn

[

n∏
i=1

(2si)!

[
n∑
i=1

(2si)]!

[
n∑
i=1

(si+hi)]!

n∏
i=1

(si+hi)!

[
n∑
i=1

(si−hi)]!
n∏
i=1

(si−hi)!
]
1
2 Γlςmς ··nςkς

λlς (
[

0
0
1

]
, h1; s1)λmς (

[
0
0
1

]
, h2; s2) · ·λnς (

[
0
0
1

]
, hn; sn)δ(h−

n∑
i=1

hi)

Cor. 6.8.1.

σ
2(s)λ(

[
0
0
1

]
, h; s) = s(s+ 1)λ(

[
0
0
1

]
, h; s),−s ≤ h ≤ s

σz(s)λ(
[

0
0
1

]
, h; s) = hλ(

[
0
0
1

]
, h; s),−s ≤ h ≤ s

7 Unitary transformation → Real physical representation of spin basis decomposition:
s1 + s2 · ·+ sn = s1 ⊕ s2 · · ⊕ sn

7.1 The case of arbitrary spin particles with mass

Def. 7.1.1.

Uλς ⊗ µς ⊗ ··︸ ︷︷ ︸
2(s1+··+sn)

(
n∏
i=1

(~pi, si);h) :=
n∏
i=1

[⊗exp{i [(σ(
1
2 )⊗I)×p̂i]z√

1−p̂2
iz

arccosp̂iz}E+m−i|~pi|γzγ4√
2m(E+m)

]2siUλς ⊗ µς ⊗ ··︸ ︷︷ ︸
2(s1+··+sn)

(~0,
n∑
i=1

si;h)

Ĵ(
n∏
i=1

(~pi, si); γa) :=
n∏
i=1

[⊗exp{i [(σ(
1
2 )⊗I)×p̂i]z√

1−p̂2
iz

arccosp̂iz}E+m−i|~pi|γzγ4√
2m(E+m)

]2si

Ω(
n∑
i=1

si;σ( 1
2 )⊗ I)

n∏
i=1

[⊗E+m+i|~pi|γzγ4√
2m(E+m)

exp{−i [(σ(
1
2 )⊗I)×p̂i]z√

1−p̂2
iz

arccosp̂iz}]2si

Cor. 7.1.1. −
n∑
i=1

si ≤ h ≤
n∑
i=1

si, Uλςµς · ·︸ ︷︷ ︸
2s1

ηςξς · ·︸ ︷︷ ︸
2s2

··ρςσς · ·︸ ︷︷ ︸
2sn

(
n∏
i=1

(~pi, si);h) :=
−s1∑
h1=s1

−s2∑
h2=s2

· ·
−sn∑
hn=sn

[

n∏
i=1

(2si)!

[
n∑
i=1

(2si)]!

[
n∑
i=1

(si+hi)]!

n∏
i=1

(si+hi)!

[
n∑
i=1

(si−hi)]!
n∏
i=1

(si−hi)!
]
1
2Uλςµς · ·︸ ︷︷ ︸

2s1

(~p1, h1)Uηςξς · ·︸ ︷︷ ︸
2s2

(~p2, h2) · ·Uρςσς · ·︸ ︷︷ ︸
2sn

(~pn, hn)δ(h−
n∑
i=1

hi)

Cor. 7.1.2.

Ĵ+(
n∏
i=1

(~pi, si); γa)Uλς ⊗ µς ⊗ ··︸ ︷︷ ︸
2(s1+··+sn)

(
n∏
i=1

(~pi, si);h) =

√
(
n∑
i=1

si)(
n∑
i=1

si + 1)− h(h+ 1)Uλς ⊗ µς ⊗ ··︸ ︷︷ ︸
2(s1+··+sn)

(
n∏
i=1

(~pi, si);h+ 1)

Ĵ−(
n∏
i=1

(~pi, si); γa)Uλς ⊗ µς ⊗ ··︸ ︷︷ ︸
2(s1+··+sn)

(
n∏
i=1

(~pi, si);h) =

√
(
n∑
i=1

si)(
n∑
i=1

si + 1)− h(h− 1)Uλς ⊗ µς ⊗ ··︸ ︷︷ ︸
2(s1+··+sn)

(
n∏
i=1

(~pi, si);h− 1)

Ĵz(
n∏
i=1

(~pi, si); γa)Uλς ⊗ µς ⊗ ··︸ ︷︷ ︸
2(s1+··+sn)

(
n∏
i=1

(~pi, si);h) = hUλς ⊗ µς ⊗ ··︸ ︷︷ ︸
2(s1+··+sn)

(
n∏
i=1

(~pi, si);h),−
n∑
i=1

si ≤ h ≤
n∑
i=1

si

Q̂(
n∏
i=1

(~pi, si); γa)Uλς ⊗ µς ⊗ ··︸ ︷︷ ︸
2(s1+··+sn)

(
n∏
i=1

(~pi, si);h) = −2sUλς ⊗ µς ⊗ ··︸ ︷︷ ︸
2(s1+··+sn)

(
n∏
i=1

(~pi, si);h)

Cor. 7.1.3.

Ĵ2(
n∏
i=1

(~pi, si); γa)Uλς ⊗ µς ⊗ ··︸ ︷︷ ︸
2(s1+··+sn)

(
n∏
i=1

(~pi, si);h) = (
n∑
i=1

si)(
n∑
i=1

si + 1)Uλς ⊗ µς ⊗ ··︸ ︷︷ ︸
2(s1+··+sn)

(
n∏
i=1

(~pi, si);h)

Ĵ2(~pi, ∗ 1
2 ; γa)Uλς ⊗ µς ⊗ ··︸ ︷︷ ︸

2(s1+··+sn)

(
n∏
i=1

(~pi, si);h) = 1
2 ( 1

2 + 1)Uλς ⊗ µς ⊗ ··︸ ︷︷ ︸
2(s1+··+sn)

(
n∏
i=1

(~pi, si);h)

Ĵz(
n∏
i=1

(~pi, si); γa)Uλς ⊗ µς ⊗ ··︸ ︷︷ ︸
2(s1+··+sn)

(
n∏
i=1

(~pi, si);h) = hUλς ⊗ µς ⊗ ··︸ ︷︷ ︸
2(s1+··+sn)

(
n∏
i=1

(~pi, si);h)

Q̂(~pi, ∗ 1
2 ; γa)Uλς ⊗ µς ⊗ ··︸ ︷︷ ︸

2(s1+··+sn)

(
n∏
i=1

(~pi, si);h) = −Uλς ⊗ µς ⊗ ··︸ ︷︷ ︸
2(s1+··+sn)

(
n∏
i=1

(~pi, si);h)

[Ĵα(
n∏
i=1

(~pi, si); γa), Ĵβ(
n∏
i=1

(~pi, si); γa)] = εαβ
γ Ĵγ(

n∏
i=1

(~pi, si); γa),−
n∑
i=1

si ≤ h ≤
n∑
i=1

si

−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
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Cor. 7.1.4. −
n∑
i=1

si ≤ h ≤
n∑
i=1

si, Vλςµς · ·︸ ︷︷ ︸
2s1

ηςξς · ·︸ ︷︷ ︸
2s2

··ρςσς · ·︸ ︷︷ ︸
2sn

(
n∏
i=1

(~pi, si);h) :=
−s1∑
h1=s1

−s2∑
h2=s2

· ·
−sn∑
hn=sn

[

n∏
i=1

(2si)!

[
n∑
i=1

(2si)]!

[
n∑
i=1

(si+hi)]!

n∏
i=1

(si+hi)!

[
n∑
i=1

(si−hi)]!
n∏
i=1

(si−hi)!
]
1
2Vλςµς · ·︸ ︷︷ ︸

2s1

(~p1, h1)Vηςξς · ·︸ ︷︷ ︸
2s2

(~p2, h2) · ·Vρςσς · ·︸ ︷︷ ︸
2sn

(~pn, hn)δ(h−
n∑
i=1

hi)

Cor. 7.1.5.

Ĵ+(
n∏
i=1

(~pi, si); γa)Vλς ⊗ µς ⊗ ··︸ ︷︷ ︸
2(s1+··+sn)

(
n∏
i=1

(~pi, si);h) =

√
(
n∑
i=1

si)(
n∑
i=1

si + 1)− h(h+ 1)Vλς ⊗ µς ⊗ ··︸ ︷︷ ︸
2(s1+··+sn)

(
n∏
i=1

(~pi, si);h+ 1)

Ĵ−(
n∏
i=1

(~pi, si); γa)Vλς ⊗ µς ⊗ ··︸ ︷︷ ︸
2(s1+··+sn)

(
n∏
i=1

(~pi, si);h) =

√
(
n∑
i=1

si)(
n∑
i=1

si + 1)− h(h− 1)Vλς ⊗ µς ⊗ ··︸ ︷︷ ︸
2(s1+··+sn)

(
n∏
i=1

(~pi, si);h− 1)

Ĵz(
n∏
i=1

(~pi, si); γa)Vλς ⊗ µς ⊗ ··︸ ︷︷ ︸
2(s1+··+sn)

(
n∏
i=1

(~pi, si);h) = hVλς ⊗ µς ⊗ ··︸ ︷︷ ︸
2(s1+··+sn)

(
n∏
i=1

(~pi, si);h),−
n∑
i=1

si ≤ h ≤
n∑
i=1

si

Q̂(
n∏
i=1

(~pi, si); γa)Vλς ⊗ µς ⊗ ··︸ ︷︷ ︸
2(s1+··+sn)

(
n∏
i=1

(~pi, si);h) = 2sVλς ⊗ µς ⊗ ··︸ ︷︷ ︸
2(s1+··+sn)

(
n∏
i=1

(~pi, si);h)

Cor. 7.1.6.

Ĵ2(
n∏
i=1

(~pi, si); γa)Vλς ⊗ µς ⊗ ··︸ ︷︷ ︸
2(s1+··+sn)

(
n∏
i=1

(~pi, si);h) = (
n∑
i=1

si)(
n∑
i=1

si + 1)Vλς ⊗ µς ⊗ ··︸ ︷︷ ︸
2(s1+··+sn)

(
n∏
i=1

(~pi, si);h)

Ĵ2(~pi, ∗ 1
2 ; γa)Vλς ⊗ µς ⊗ ··︸ ︷︷ ︸

2(s1+··+sn)

(
n∏
i=1

(~pi, si);h) = 1
2 ( 1

2 + 1)Vλς ⊗ µς ⊗ ··︸ ︷︷ ︸
2(s1+··+sn)

(
n∏
i=1

(~pi, si);h)

Ĵz(
n∏
i=1

(~pi, si); γa)Vλς ⊗ µς ⊗ ··︸ ︷︷ ︸
2(s1+··+sn)

(
n∏
i=1

(~pi, si);h) = hVλς ⊗ µς ⊗ ··︸ ︷︷ ︸
2(s1+··+sn)

(
n∏
i=1

(~pi, si);h)

Q̂(~pi, ∗ 1
2 ; γa)Vλς ⊗ µς ⊗ ··︸ ︷︷ ︸

2(s1+··+sn)

(
n∏
i=1

(~pi, si);h) = Vλς ⊗ µς ⊗ ··︸ ︷︷ ︸
2(s1+··+sn)

(
n∏
i=1

(~pi, si);h)

[Ĵα(
n∏
i=1

(~pi, si); γa), Ĵβ(
n∏
i=1

(~pi, si); γa)] = εαβ
γ Ĵγ(

n∏
i=1

(~pi, si); γa),−
n∑
i=1

si ≤ h ≤
n∑
i=1

si

7.2 The case of integral spin particles with mass

Def. 7.2.1.

εa · ·︸︷︷︸
l1

b · ·︸︷︷︸
l2

··c · ·︸︷︷︸
ln

(
n∏
i=1

(~pi, li);h) :=
n∏
i=1

[⊗exp{i [R×p̂i]z√
1−p̂2

iz

arccosp̂iz}m−|~pi|Lz+(Ei−m)L2
z

m ]liεa · ·︸︷︷︸
l1

b · ·︸︷︷︸
l2

··c · ·︸︷︷︸
ln

(~0, h)

Ĵ(
n∏
i=1

(~pi, li);R) :=
n∏
i=1

[⊗exp{i [R×p̂i]z√
1−p̂2

iz

arccosp̂iz}m−|~pi|Lz+(Ei−m)L2
z

m ]li

Ω(
n∑
i=1

li;R)
n∏
i=1

[⊗m+|~pi|Lz+(Ei−m)L2
z

m exp{−i [R×p̂i]z√
1−p̂2

iz

arccosp̂iz}]li

Cor. 7.2.1. −
n∑
i=1

li ≤ h ≤
n∑
i=1

li, εa · ·︸︷︷︸
l1

b · ·︸︷︷︸
l2

··c · ·︸︷︷︸
ln

(
n∏
i=1

(~pi, li);h)

:=
−l1∑
h1=l1

−l2∑
h2=l2

· ·
−ln∑
hn=ln

[

n∏
i=1

(2li)!

[
n∑
i=1

(2li)]!

[
n∑
i=1

(li+hi)]!

n∏
i=1

(li+hi)!

[
n∑
i=1

(li−hi)]!
n∏
i=1

(li−hi)!
]
1
2 εa · ·︸︷︷︸

l1

(~p1, h1)εb · ·︸︷︷︸
l2

(~p2, h2) · ·εc · ·︸︷︷︸
ln

(~pn, hn)δ(h−
n∑
i=1

hi)

Cor. 7.2.2.

Ĵ+(
n∏
i=1

(~pi, li);R)εa · ·︸︷︷︸
l1

b · ·︸︷︷︸
l2

··c · ·︸︷︷︸
ln

(
n∏
i=1

(~pi, li);h) =

√
(
n∑
i=1

li)(
n∑
i=1

li + 1)− h(h+ 1)εa · ·︸︷︷︸
l1

b · ·︸︷︷︸
l2

··c · ·︸︷︷︸
ln

(
n∏
i=1

(~pi, li);h+ 1)

Ĵ−(
n∏
i=1

(~pi, li);R)εa · ·︸︷︷︸
l1

b · ·︸︷︷︸
l2

··c · ·︸︷︷︸
ln

(
n∏
i=1

(~pi, li);h) =

√
(
n∑
i=1

li)(
n∑
i=1

li + 1)− h(h− 1)εa · ·︸︷︷︸
l1

b · ·︸︷︷︸
l2

··c · ·︸︷︷︸
ln

(
n∏
i=1

(~pi, li);h− 1)

Ĵz(
n∏
i=1

(~pi, li);R)εa · ·︸︷︷︸
l1

b · ·︸︷︷︸
l2

··c · ·︸︷︷︸
ln

(
n∏
i=1

(~pi, li);h) = hεa · ·︸︷︷︸
l1

b · ·︸︷︷︸
l2

··c · ·︸︷︷︸
ln

(
n∏
i=1

(~pi, li);h),−
n∑
i=1

li ≤ h ≤
n∑
i=1

li

Cor. 7.2.3.
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Ĵ2(
n∏
i=1

(~pi, li);R)εa · ·︸︷︷︸
l1

b · ·︸︷︷︸
l2

··c · ·︸︷︷︸
ln

(
n∏
i=1

(~pi, li);h) = (
n∑
i=1

li)(
n∑
i=1

li + 1)εa · ·︸︷︷︸
l1

b · ·︸︷︷︸
l2

··c · ·︸︷︷︸
ln

(
n∏
i=1

(~pi, li);h)

Ĵ2(~pi, ∗1;R,L)εa · ·︸︷︷︸
l1

b · ·︸︷︷︸
l2

··c · ·︸︷︷︸
ln

(
n∏
i=1

(~pi, li);h) = 1(1 + 1)εa · ·︸︷︷︸
l1

b · ·︸︷︷︸
l2

··c · ·︸︷︷︸
ln

(
n∏
i=1

(~pi, li);h)

Ĵz(
n∏
i=1

(~pi, li);R)εa · ·︸︷︷︸
l1

b · ·︸︷︷︸
l2

··c · ·︸︷︷︸
ln

(
n∏
i=1

(~pi, li);h) = hεa · ·︸︷︷︸
l1

b · ·︸︷︷︸
l2

··c · ·︸︷︷︸
ln

(
n∏
i=1

(~pi, li);h)

[Ĵα(
n∏
i=1

(~pi, li);R), Ĵβ(
n∏
i=1

(~pi, li);R)] = εαβ
γ Ĵγ(

n∏
i=1

(~pi, li);R),−
n∑
i=1

li ≤ h ≤
n∑
i=1

li

7.3 The case of arbitrary spin particles without mass

Def. 7.3.1.
λAς ⊗ Bς ⊗ ··︸ ︷︷ ︸

2(s1+··+sn)

(
n∏
i=1

(p̂i, si);h) :=
n∏
i=1

⊗exp{i [σ(
1
2 )×p̂i]z√
1−p̂2

iz

arccosp̂iz}λAς ⊗ Bς ⊗ ··︸ ︷︷ ︸
2(s1+··+sn)

(
[

0
0
1

]
, h)

Ĵ(
n∏
i=1

(p̂i, si);σ( 1
2 )) :=

n∏
i=1

⊗exp{i [σ(
1
2 )×p̂i]z√
1−p̂2

iz

arccosp̂iz}Ω(s)
n∏
i=1

⊗exp{−i [σ(
1
2 )×p̂i]z√
1−p̂2

iz

arccosp̂iz}

Cor. 7.3.1. −
n∑
i=1

si ≤ h ≤
n∑
i=1

si, λAς · ·︸ ︷︷ ︸
2s1

Bς · ·︸ ︷︷ ︸
2s2

··Cς · ·︸ ︷︷ ︸
2sn

(
n∏
i=1

(p̂i, si);h)

:=
−s1∑
h1=s1

−s2∑
h2=s2

· ·
−sn∑
hn=sn

[

n∏
i=1

(2si)!

[
n∑
i=1

(2si)]!

[
n∑
i=1

(si+hi)]!

n∏
i=1

(si+hi)!

[
n∑
i=1

(si−hi)]!
n∏
i=1

(si−hi)!
]
1
2λAς · ·︸ ︷︷ ︸

2s1

(p̂1, h1)λBς · ·︸ ︷︷ ︸
2s2

(p̂2, h2) · ·λCς · ·︸ ︷︷ ︸
2sn

(p̂n, hn)δ(h−
n∑
i=1

hi)

Cor. 7.3.2.

Ĵ+(
n∏
i=1

(p̂i, si);σ( 1
2 ))λAς ⊗ Bς ⊗ ··︸ ︷︷ ︸

2(s1+··+sn)

(
n∏
i=1

(p̂i, si);h) =

√
(
n∑
i=1

si)(
n∑
i=1

si + 1)− h(h+ 1)λAς ⊗ Bς ⊗ ··︸ ︷︷ ︸
2(s1+··+sn)

(
n∏
i=1

(p̂i, si);h+ 1)

Ĵ−(
n∏
i=1

(p̂i, si);σ( 1
2 ))λAς ⊗ Bς ⊗ ··︸ ︷︷ ︸

2(s1+··+sn)

(
n∏
i=1

(p̂i, si);h) =

√
(
n∑
i=1

si)(
n∑
i=1

si + 1)− h(h− 1)λAς ⊗ Bς ⊗ ··︸ ︷︷ ︸
2(s1+··+sn)

(
n∏
i=1

(p̂i, si);h− 1)

Ĵz(
n∏
i=1

(p̂i, si);σ( 1
2 ))λAς ⊗ Bς ⊗ ··︸ ︷︷ ︸

2(s1+··+sn)

(
n∏
i=1

(p̂i, si);h) = hλAς ⊗ Bς ⊗ ··︸ ︷︷ ︸
2(s1+··+sn)

(
n∏
i=1

(p̂i, si);h),−
n∑
i=1

si ≤ h ≤
n∑
i=1

si

Cor. 7.3.3.

Ĵ2(
n∏
i=1

(p̂i, si);σ( 1
2 ))λAς ⊗ Bς ⊗ ··︸ ︷︷ ︸

2(s1+··+sn)

(
n∏
i=1

(p̂i, si);h) = (
n∑
i=1

si)(
n∑
i=1

si + 1)λAς ⊗ Bς ⊗ ··︸ ︷︷ ︸
2(s1+··+sn)

(
n∏
i=1

(p̂i, si);h)

Ĵ2(p̂i, ∗σ( 1
2 ))λAς ⊗ Bς ⊗ ··︸ ︷︷ ︸

2(s1+··+sn)

(
n∏
i=1

(p̂i, si);h) = 1
2 ( 1

2 + 1)λAς ⊗ Bς ⊗ ··︸ ︷︷ ︸
2(s1+··+sn)

(
n∏
i=1

(p̂i, si);h)

Ĵz(
n∏
i=1

(p̂i, si);σ( 1
2 ))λAς ⊗ Bς ⊗ ··︸ ︷︷ ︸

2(s1+··+sn)

(
n∏
i=1

(p̂i, si);h) = hλAς ⊗ Bς ⊗ ··︸ ︷︷ ︸
2(s1+··+sn)

(
n∏
i=1

(p̂i, si);h),−
n∑
i=1

si ≤ h ≤
n∑
i=1

si

[Ĵα(
n∏
i=1

(p̂i, si);σ( 1
2 )), Ĵβ(

n∏
i=1

(p̂i, si);σ( 1
2 ))] = εαβ

γ Ĵγ(
n∏
i=1

(p̂i, si);σ( 1
2 ))

−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−

Cor. 7.3.4. −
n∑
i=1

si ≤ h ≤
n∑
i=1

si, λkς (
n∏
i=1

(p̂i, si);h;
n∑
i=1

si) :=
−s1∑
h1=s1

−s2∑
h2=s2

· ·
−sn∑
hn=sn

[

n∏
i=1

(2si)!

[
n∑
i=1

(2si)]!

[
n∑
i=1

(si+hi)]!

n∏
i=1

(si+hi)!

[
n∑
i=1

(si−hi)]!
n∏
i=1

(si−hi)!
]
1
2 Γlςmς ··nςkς

λlς (p̂1, h1; s1)λmς (p̂2, h2; s2) · ·λnς (p̂n, hn; sn)δ(h−
n∑
i=1

hi)

7.4 Self review

The above spin bases are obtained by unitary transformation for the corresponding isomomentum case.
Except for the full symmetry breaking, all other properties are still satisfied. In fact its full symmetry
still exists, but it is only hidden after unitary transformation. Essentially it still satisfies full symmetry,
but it is only visually broken. The above spin bases can also be inverted to return to the isomomentum
situation (especially in the z-axis direction). So this also indicates that the total spin of a multi-particle
system is independent of the velocity of each particle and is entirely determined by the internal freedom
degrees of the particle. After unitary transformation, only the probability is constant and real. But
the physical image is not necessarily true, such as the momentum is changed. It can also be argued
in another way that the momentum remains unchanged and the representation changes. But this is
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not intuitive and natural. I prefer the former, which is more natural and intuitive in physics. It can
be considered that the momentum in the expression at this time is the physical and real momentum.
Therefore, the spin base at this time is also a physical and real spin base. These physical spin bases are a
powerful mathematical tool for latter entanglement analysis. he spin transformation relationship in the
above chapter represents a physical system as follows: Multiple different spin particles are combined
to form the maximum total spin in a physical system. If the localization is small enough, then they
are completely equivalent to a high spin particle. On the contrary, it is an entangled multi particles
system. herefore, an entangled system is a state between a completely free system and a completely
bound system. Perhaps various elementary particles are synthesized through quantum entanglement.
his spin base no longer satisfies the original equation, but satisfies the new equation. But what does
the new equation look like? It can be further studied. It perhaps implies new physical content.

8 General theory of spin coupling and CG coefficients [33, 39–41]

8.1 Single spin eigenstate

Axi. 8.1.1.


σ(s)× σ(s) = iσ(s), σ2(s) = s(s+ 1)

σ2(s)|s,m = s, · · · ,−s〉 = s(s+ 1)|s,m = s, · · · ,−s〉
σz(s)|s,m = s, · · · ,−s〉 = m|s,m = s, · · · ,−s〉

Axi. 8.1.2.


Ĵk × Ĵk = iĴk

Ĵ2
k |(jk,mk)〉 = jk(jk + 1)|(jk,mk)〉
Jkz|(jk,mk)〉 = mk|(jk,mk)〉

,

{
Ĵk = σ(jk)

|(jk,mk)〉 ∼ e(iω+ςε)·σ(jk)

Axi. 8.1.3. 〈(jk,m′k)|(jk,mk)〉 = δm′kmk ,
∑
mk

|(jk,mk)〉〈(jk,mk)| = 1

8.2 Multi spin coupling eigenstates

Def. 8.2.1. |(j1,m1); · · · ; (jn,mn)〉 := |(j1,m1)〉 ⊗ · · · ⊗ |(jn,mn)〉

Def. 8.2.2. Ĵk := I2j1+1 ⊗ · · · ⊗ I2jk−1+1 ⊗ σ(jk)⊗ I2jk+1+1 ⊗ · · · ⊗ I2jn+1, Ĵ =
n∑
k=1

Ĵk

Def. 8.2.3.

{
Ĵ2
k |(j1,m1); · · · ; (jn,mn)〉 = jk(jk + 1)|(j1,m1); · · · ; (jn,mn)〉
Jkz|(j1,m1); · · · ; (jn,mn)〉 = mk|(j1,m1); · · · ; (jn,mn)〉

Def. 8.2.4.


Ĵ2
k |j1, j2 · · · jn; (j,m)〉 = jk(jk + 1)|j1, j2 · · · jn; (j,m)〉
Ĵ2|j1, j2 · · · jn; (j,m)〉 = j(j + 1)|j1, j2 · · · jn; (j,m)〉
Jz|j1, j2 · · · jn; (j,m)〉 = m|j1, j2 · · · jn; (j,m)〉

8.3 Spin eigenstate expansion

Cor. 8.3.1.


|j1, j2 · · · jn; (j,m)〉 =

∑
mk

|(j1,m1); · · · ; (jn,mn)〉〈(j1,m1); · · · ; (jn,mn)|j1, j2 · · · jn; (j,m)〉

|j1, j2; (j,m)〉 =
∑
mk

|(j1,m1); (j2,m2)〉〈(j1,m1); (j2,m2)|j1, j2; (j,m)〉

[m]

Cor. 8.3.2.


|(j1,m1); · · · ; (jn,mn)〉 =

∑
mk

|j1, j2 · · · jn; (j,m)〉〈j1, j2 · · · jn; (j,m)|(j1,m1); · · · ; (jn,mn)〉

|(j1,m1); (j2,m2)〉 =
∑
mk

|j1, j2; (j,m)〉〈j1, j2; (j,m)|(j1,m1); (j2,m2)〉

8.4 Matrix transformation of spin eigenstate

Cor. 8.4.1.

{
|j1, j2 · · · jn; (j,m)〉 = S1···n|(j1,m1); · · · ; (jn,mn)〉
|j1, j2; (j,m)〉 = S12|(j1,m1); (j2,m2)〉

[m]

Cor. 8.4.2.

{
|(j1,m1); · · · ; (jn,mn)〉 = S−1

1···n|j1, j2 · · · jn; (j,m)〉
|(j1,m1); (j2,m2)〉 = S−1

12 |j1, j2; (j,m)〉
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8.5 Spin eigenstate orthogonality

Cor. 8.5.1.

{
〈(j1,m′1); · · · ; (jn,m

′
n)|(j1,m1); · · · ; (jn,mn)〉 = δm′1m1

· ·δm′nmn
〈(j1,m′1); (j2,m

′
2)|(j1,m1); (j2,m2)〉 = δm′1m1

δm′2m2

[m]

Cor. 8.5.2.

{
〈j1, j2 · · · jn; (j,m′)|j1, j2 · · · jn; (j,m)〉 = δm′m

〈j1, j2; (j,m′)|j1, j2; (j,m)〉 = δm′m

8.6 Spin eigenstate completeness

Cor. 8.6.1.


∑
mk

|(j1,m1); · · · ; (jn,mn)〉〈(j1,m1); · · · ; (jn,mn)| = 1∑
mk

|(j1,m1); (j2,m2)〉〈(j1,m1); (j2,m2)| = 1

[m]

Cor. 8.6.2.


∑
mk

|j1, j2 · · · jn; (j,m)〉〈j1, j2 · · · jn; (j,m)| = 1∑
mk

|j1, j2; (j,m)〉〈j1, j2; (j,m)| = 1

8.7 General Racah formula for coupling CG coefficients of two angular momentum

Thm. 8.7.1. |j1, j2; (j3,m3)〉 =
−j1∑

m1=j1

−j2∑
m2=j2

|(j1,m1); (j2,m2)〉〈(j1,m1); (j2,m2)|j1, j2; (j3,m3)〉

CGRacah = 〈(j1,m1); (j2,m2)|j1, j2; (j3,m3)〉 = δ(m1 +m2 −m3)

{(2j3 + 1) (j1+j2−j3)!(j1−j2+j3)!(−j1+j2+j3)!
(j1+j2+j3+1)! (j1 +m1)!(j1 −m1)!(j2 +m2)!(j2 −m2)!(j3 +m3)!(j3 −m3)!}1/2

[
∑
r

(−1)rr!(j1 + j2 − j3 − r)!(j1 −m1 − r)!(j3 − j1 −m2 + r)!(j2 +m2 − r)!(j3 − j2 +m1 + r)!]−1

8.8 Racah formula of CG coefficients for synthesizing two particles into one particle

Thm. 8.8.1. |j1, j2; (j1 + j2,m3)〉 =
−j1∑

m1=j1

−j2∑
m2=j2

|(j1,m1); (j2,m2)〉〈(j1,m1); (j2,m2)|j1, j2; (j1 + j2,m3)〉

〈(j1,m1); (j2,m2)|j1, j2; (j1 + j2,m3)〉 = δ(m1 +m2 −m3){ (2j1)!(2j2)!(j1+j2+m3)!(j1+j2−m3)!
(2j1+2j2)!(j1+m1)!(j1−m1)!(j2+m2)!(j2−m2)!}

1/2

Proof: 〈(j1,m1); (j2,m2)|j1, j2; (j1 + j2,m3)〉
= δ(m1 +m2 −m3){ (2j1)!(2j2)!

(2j1+2j2)! (j1 +m1)!(j1 −m1)!(j2 +m2)!(j2 −m2)!(j3 +m3)!(j3 −m3)!}1/2

[(j1 −m1)!(j2 −m2)!(j2 +m2)!(j1 +m1)!]−1

= δ(m1 +m2 −m3){ (2j1)!(2j2)!(j1+j2+m3)!(j1+j2−m3)!
(2j1+2j2)!(j1+m1)!(j1−m1)!(j2+m2)!(j2−m2)!}

1/2

Cor. 8.8.1. |n, 1; (n+ 1,m3)〉 =
−n∑

m1=n

−1∑
m2=1

|(n,m1); (1,m2)〉〈(n,m1); (1,m2)|n, 1; (n+ 1,m3)〉

〈(n,m1); (1,m2)|n, 1; (n+ 1,m3)〉
= δ(m1 +m2 −m3){ (2n)!2!(n+1+m3)!(n+1−m3)!

(2n+2)!(n+m1)!(n−m1)!(1+m2)!(1−m2)!}
1/2 = δ(m1 +m2 −m3){ 2!C

n−m1
2n

(1+m2)!(1−m2)!C
n+1−m3
2n+2

}1/2

Cor. 8.8.2.

|n, 1; (n+ 1, n+ 1)〉 =

√
C0

2n√
C0

2n+2

|(n, n); (1, 1)〉

|n, 1; (n+ 1, n)〉 =

√
C1

2n√
C1

2n+2

|(n, n− 1); (1, 1)〉+

√
2C0

2n√
C1

2n+2

|(n, n); (1, 0)〉

|n, 1; (n+ 1, n− 1)〉 =

√
C2

2n√
C2

2n+2

|(n, n− 2); (1, 1)〉+

√
2C1

2n√
C2

2n+2

|(n, n− 1); (1, 0)〉+

√
C0

2n√
C2

2n+2

|(n, n); (1,−1)〉

|n, 1; (n+ 1, n− 2)〉 =

√
C3

2n√
C3

2n+2

|(n, n− 3); (1, 1)〉+

√
2C2

2n√
C3

2n+2

|(n, n− 2); (1, 0)〉+

√
C1

2n√
C3

2n+2

|(n, n− 1); (1,−1)〉

|n, 1; (n+ 1, n+ 1− l)〉 =

√
Cl2n√
Cl2n+2

|(n, n− l); (1, 1)〉+

√
2Cl−1

2n√
Cl2n+2

|(n, n+ 1− l); (1, 0)〉+

√
Cl−2

2n√
Cl2n+2

|(n, n+ 2− l); (1,−1)〉

8.9 Concrete expression of CG coefficients for synthesizing two particles into one Particle

Thm. 8.9.1. 〈(j1,m1); (j2,m2)|j1, j2; (j1 + j2,m3)〉 = δ(m1 +m2 −m3){ (2j1)!(2j2)!(j1+j2+m3)!(j1+j2−m3)!
(2j1+2j2)!(j1+m1)!(j1−m1)!(j2+m2)!(j2−m2)!}

1/2

= δ(m1 +m2 −m3){
C

2j1
2j1+2j2

}1/2
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Cor. 8.9.1.

〈(j1, j1); (j2, j2)|j1, j2; (j1 + j2, j1 + j2)〉 = 1

〈(j1, j1); (j2, j2 − 1)|j1, j2; (j1 + j2, j1 + j2 − 1)〉 =
√

2j2√
2j1+2j2

〈(j1, j1 − 1); (j2, j2)|j1, j2; (j1 + j2, j1 + j2 − 1)〉 =
√

2j1√
2j1+2j2

〈(j1, j1); (j2, j2 − 2)|j1, j2; (j1 + j2, j1 + j2 − 2)〉 =

√
2j2(2j2−1)√

(2j1+2j2)(2j1+2j2−1)

〈(j1, j1 − 1); (j2, j2 − 1)|j1, j2; (j1 + j2, j1 + j2 − 2)〉 = 2
√

2j1j2√
(2j1+2j2)(2j1+2j2−1)

〈(j1, j1 − 2); (j2, j2)|j1, j2; (j1 + j2, j1 + j2 − 2)〉 =

√
2j1(2j1−1)√

(2j1+2j2)(2j1+2j2−1)

· · · · · · · · ·

〈(j1,−j1); (j2,−j2 + 2)|j1, j2; (j1 + j2,−j1 − j2 + 2)〉 =

√
2j2(2j2−1)√

(2j1+2j2)(2j1+2j2−1)

〈(j1,−j1 + 1); (j2,−j2 + 1)|j1, j2; (j1 + j2,−j1 − j2 + 2)〉 = 2
√

2j1j2√
(2j1+2j2)(2j1+2j2−1)

〈(j1,−j1 + 2); (j2,−j2)|j1, j2; (j1 + j2,−j1 − j2 + 2)〉 =

√
2j1(2j1−1)√

(2j1+2j2)(2j1+2j2−1)

〈(j1,−j1); (j2,−j2 + 1)|j1, j2; (j1 + j2,−j1 − j2 + 1)〉 =
√

2j2√
2j1+2j2

〈(j1,−j1 + 1); (j2,−j2)|j1, j2; (j1 + j2,−j1 − j2 + 1)〉 =
√

2j1√
2j1+2j2

〈(j1,−j1); (j2,−j2)|j1, j2; (j1 + j2,−j1 − j2)〉 = 1

Cor. 8.9.2. 〈(1,m1); (1,m2)|1, 1; (2,m3)〉 = δ(m1 +m2 −m3){ 2!2!(2+m3)!(2−m3)!
4!(1+m1)!(1−m1)!(1+m2)!(1−m2)!}

1/2

Cor. 8.9.3.

〈(1, 1); (1, 1)|1, 1; (2, 2)〉 = 1

〈(1, 1); (1, 0)|1, 1; (2, 1)〉 = 1√
2
, 〈(1, 0); (1, 1)|1, 1; (2, 1)〉 = 1√

2

〈(1, 1); (1,−1)|1, 1; (2, 0)〉 = 1√
6
, 〈(1, 0); (1, 0)|1, 1; (2, 0)〉 = 2√

6
, 〈(1,−1); (1, 1)|1, 1; (2, 0)〉 = 1√

6

〈(1,−1); (1, 0)|1, 1; (2,−1)〉 = 1√
2
, 〈(1, 0); (1,−1)|1, 1; (2,−1)〉 = 1√

2

〈(1,−1); (1,−1)|1, 1; (2,−2)〉 = 1

Cor. 8.9.4. 〈(2,m1); (1,m2)|2, 1; (3,m3)〉 = δ(m1 +m2 −m3){ 4!2!(3+m3)!(3−m3)!
6!(2+m1)!(2−m1)!(1+m2)!(1−m2)!}

1/2

Cor. 8.9.5.

〈(2, 2); (1, 1)|2, 1; (3, 3)〉 = 1

〈(2, 2); (1, 0)|2, 1; (3, 2)〉 = 1√
3
, 〈(2, 1); (1, 1)|2, 1; (3, 2)〉 =

√
2√
3

〈(2, 2); (1,−1)|2, 1; (3, 1)〉 = 1√
15
, 〈(2, 1); (1, 0)|2, 1; (3, 1)〉 =

√
8√
15
, 〈(2, 0); (1, 1)|2, 1; (3, 1)〉 =

√
6√
15

〈(2, 1); (1,−1)|2, 1; (3, 0)〉 = 1√
5
, 〈(2, 0); (1, 0)|2, 1; (3, 0)〉 =

√
3√
15
, 〈(2,−1); (1, 1)|2, 1; (3, 0)〉 = 1√

5

〈(2,−2); (1, 1)|2, 1; (3,−1)〉 = 1√
15
, 〈(2,−1); (1, 0)|2, 1; (3,−1)〉 =

√
8√
15
, 〈(2, 0); (1,−1)|2, 1; (3,−1)〉 =

√
6√
15

〈(2,−2); (1, 0)|2, 1; (3,−2)〉 = 1√
3
, 〈(2,−1); (1,−1)|2, 1; (3,−2)〉 =

√
2√
3

〈(2,−2); (1,−1)|2, 1; (3,−3)〉 = 1

9 CG coefficients formula for synthesizing multiple particles into one particle [33, 39–41]

9.1 CG coefficients formula for synthesizing multiple photons into a particle

Lem. 9.1.1. |(n+ 1,m3)〉 = |n, 1; (n+ 1,m3)〉 =
−n∑

m1=n

−1∑
m2=1

|(n,m1); (1,m2)〉〈(n,m1); (1,m2)|n, 1; (n+ 1,m3)〉

=
−n∑

m1=n

−1∑
m2=1

δ(m1 +m2 −m3){ (2n)!2!(n+1+m3)!(n+1−m3)!
(2n+2)!(n+m1)!(n−m1)!(1+m2)!(1−m2)!}

1/2|(n,m1); (1,m2)〉

Thm. 9.1.1. |
n+1︷ ︸︸ ︷

1, ··, 1; (n+ 1,mn+1)〉 =
−n∑

mn=n
· ·
−1∑

m1=1

−1∑
l1,··,ln=1

|(1,m1); (1, ln); ··; (1, l1)〉

δ(mn + l1 −mn+1) · · · δ(m1 + ln −m2){ 2!n+1

(2n+2)!}
1/2{ (n+1+mn+1)!(n+1−mn+1)!

(1+m1)!(1−m1)!(1+l1)!(1−l1)!··(1+ln)!(1−ln)!}
1/2

Proof: |
n+1︷ ︸︸ ︷

1, ··, 1; (n+ 1,mn+1)〉 =
−n∑

mn=n

−1∑
l1=1

|(n,mn); (1, l1)〉〈(n,mn); (1, l1)|n, 1; (n+ 1,mn+1)〉

=
−n∑

mn=n

−1∑
l1=1

δ(mn + l1 −mn+1){ (2n)!2!(n+1+mn+1)!(n+1−mn+1)!
(2n+2)!(n+mn)!(n−mn)!(1+l1)!(1−l1)!}

1/2|(n,mn); (1, l1)〉
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=
−n∑

mn=n

−(n−1)∑
mn−1=n−1

−1∑
l1,l2=1

|(n− 1,mn−1); (1, l2); (1, l1)〉

δ(mn + l1 −mn+1)δ(mn−1 + l2 −mn)

{ (2n)!2!(n+1+mn+1)!(n+1−mn+1)!
(2n+2)!(n+mn)!(n−mn)!(1+l1)!(1−l1)!}

1/2{ (2n−2)!2!(n+mn)!(n−mn)!
(2n)!(n−1+mn−1)!(n−1−mn−1)!(1+l2)!(1−l2)!}

1/2

=
−n∑

mn=n

−(n−1)∑
mn−1=n−1

−1∑
l1,l2=1

|(n− 1,mn−1); (1, l2); (1, l1)〉δ(mn + l1 −mn+1)δ(mn−1 + l2 −mn)δ(mn−2 + l3 −mn−1)

{ (2n)!2!(n+1+mn+1)!(n+1−mn+1)!
(2n+2)!(n+mn)!(n−mn)!(1+l1)!(1−l1)!}

1/2{ (2n−2)!2!(n+mn)!(n−mn)!
(2n)!(n−1+mn−1)!(n−1−mn−1)!(1+l2)!(1−l2)!}

1/2

{ (2n−4)!2!(n−1+mn−1)!(n−1−mn−1)!
(2n−2)!(n−2+mn−2)!(n−2−mn−2)!(1+l3)!(1−l3)!}

1/2

=
−n∑

mn=n

−(n−1)∑
mn−1=n−1

−(n−2)∑
mn−2=n−2

−1∑
l1,l2=1

|(n− 2,mn−2); (1, l3); (1, l2); (1, l1)〉

δ(mn + l1 −mn+1)δ(mn−1 + l2 −mn)δ(mn−2 + l3 −mn−1)

{ (2n−4)!2!3

(2n+2)! }
1/2{ (n+1+mn+1)!(n+1−mn+1)!

(n−2+mn−2)!(n−2−mn−2)!}
1/2{ 1

(1+l1)!(1−l1)!(1+l2)!(1−l2)!(1+l3)!(1−l3)!}
1/2

=
−n∑

mn=n

−(n−1)∑
mn−1=n−1

· ·
−1∑

m1=1

−1∑
l1,··,ln=1

|(1,m1); (1, ln); ··; (1, l1)〉

δ(mn + l1 −mn+1)δ(mn−1 + l2 −mn) · · · δ(m1 + ln −m2){ 2!n+1

(2n+2)!}
1/2{ (n+1+mn+1)!(n+1−mn+1)!

(1+m1)!(1−m1)!(1+l1)!(1−l1)!··(1+ln)!(1−ln)!}
1/2

=
−1∑

m1=1

−1∑
l1,··,ln=1

|(1,m1); (1, ln); ··; (1, l1)〉

δ(mn+1 −m1 − l1 · · − ln){ 2!n+1

(2n+2)!}
1/2{ (n+1+mn+1)!(n+1−mn+1)!

(1+m1)!(1−m1)!(1+l1)!(1−l1)!··(1+ln)!(1−ln)!}
1/2

Cor. 9.1.1. |
n+1︷ ︸︸ ︷

1, ··, 1; (n+ 1,mn+1)〉 =
−n∑

mn=n
· ·
−1∑

m1=1

−1∑
l1,··,ln=1

|(1,m1); (1, ln); ··; (1, l1)〉

δ(mn + l1 −mn+1) · · · δ(m1 + ln −m2){ 2!n+1

(2n+2)!}
1/2{ (n+1+mn+1)!(n+1−mn+1)!

(1+m1)!(1−m1)!(1+l1)!(1−l1)!··(1+ln)!(1−ln)!}
1/2

=
−1∑

l1,··,ln=1

|(1,m1); (1, l1); ··; (1, ln)〉{ 2!n+1

(2n+2)!}
1/2{ (n+1+mn+1)!(n+1−mn+1)!

(1+m1)!(1−m1)!(1+l1)!(1−l1)!··(1+ln)!(1−ln)!}
1/2;m1 = mn+1 −

n∑
i=1

li

=

√
(2!)n+1√
(2n+2)!

−1∑
h2=1

· ·
−1∑

hn+1=1

|(1, h1); ··; (1, hn+1)〉
√

(n+1+h)!√
(1+h1)!··(1+hn+1)!

√
(n+1−h)!√

(1−h1)!··(1−hn+1)!
;h = mn+1, h1 = h−

n+1∑
i=2

hi

Proof: |
n+1︷ ︸︸ ︷

1, ··, 1; (n+ 1,mn+1)〉 =
−n∑

mn=n
· ·
−1∑

m1=1

−1∑
l1,··,ln=1

|(1,m1); (1, ln); ··; (1, l1)〉

δ(mn + l1 −mn+1) · · · δ(m1 + ln −m2){ 2!n+1

(2n+2)!}
1/2{ (n+1+mn+1)!(n+1−mn+1)!

(1+m1)!(1−m1)!(1+l1)!(1−l1)!··(1+ln)!(1−ln)!}
1/2

=
−1∑

l1,··,ln=1

|(1,m1); (1, l1); ··; (1, ln)〉{ 2!n+1

(2n+2)!}
1/2{ (n+1+mn+1)!(n+1−mn+1)!

(1+m1)!(1−m1)!(1+l1)!(1−l1)!··(1+ln)!(1−ln)!}
1/2;m1 = mn+1 −

n∑
i=1

li

=

√
(2!)n+1√
(2n+2)!

−1∑
h2=1

· ·
−1∑

hn+1=1

|(1, h1); ··; (1, hn+1)〉
√

(n+1+h)!√
(1+h1)!··(1+hn+1)!

√
(n+1−h)!√

(1−h1)!··(1−hn+1)!
;h = mn+1, h1 = h−

n+1∑
i=2

hi



mn + l1 −mn+1 = 0

mn−1 + l2 −mn = 0

· · ·
m2 + ln−1 −m3 = 0

m1 + ln −m2 = 0

⇔



mn = mn+1 −
1∑
i=1

li

· · ·

m3 = mn+1 −
n−2∑
i=1

li

m2 = mn+1 −
n−1∑
i=1

li

m1 = mn+1 −
n∑
i=1

li

The above proofs are initially mainly solved through mental thinking and concrete verification.
Sometimes, although it is possible to think clearly through the arrangement and combination, but it is
difficult to write them down clearly and clearly. Later, I have found a more rigorous method to prove
it.
9.2 CG coefficients formula for multiple angular momentum coupling in special cases

Can the CG coefficients of multiple angular momentum couplings be obtained in principle by repeatly
using the Racah formula? It seems only feasible in special single particle cases. The most common case
has already been solved by Racah and Wigner. The formula is complex and physically inconvenient to
use. Therefore, in some cases, it is still necessary to regain convenient expressions.

Def. 9.2.1. jk+1 = n1 + · ·+nk + nk+1, jk = n2 + · ·+nk + nk+1, · · · , j2 = nk + nk+1, j1 = nk+1,
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Lem. 9.2.1.

〈(jk−1,mk−1); (n2, l2)|jk−1, n2; (jk,mk)〉 = δ(mk−1 + lk −mk){ (2jk−1)!(2n2)!(jk+mk)!(jk−mk)!
(2jk)!(jk−1+mk−1)!(jk−1−mk−1)!(n2+l2)!(n2−l2)!}

1/2

Thm. 9.2.1. |j1, nk, ··, n2, n1; (j,m)〉 = |jk, n1; (j,m)〉 = |(j,m)〉

=
−jk∑

mk=jk

· ·
−j1∑

m1=j1

−n1∑
l1=n1

· ·
−nk∑
lk=nk

|(j1,m1); (nk, lk); ··; (n2, l2); (n1, l1)〉

δ(mk + l1 −m)δ(mk−1 + l2 −mk) · ·δ(m1 + lk −m2)

{(2j + 1) (jk+n1−j)!(jk−n1+j)!(−jk+n1+j)!
(jk+n1+j+1)! (jk +mk)!(jk −mk)!(n1 + l1)!(n1 − l1)!(j +m)!(j −m)!}1/2

[
∑
r

(−1)r(jk + n1 − j − r)!(jk −mk − r)!(j − jk − l1 + r)!(n1 + l1 − r)!(j − n1 +mk − r)!]−1

{ (2j1)!(jk+mk)!(jk−mk)!
(2jk)!(j1+m1)!(j1−m1)!

(2n2)!··(2nk)!
(n2+l2)!(n2−l2)!··(nk+lk)!(nk−lk)!}

1/2

Proof: |jk, n1; (j,m)〉 =
−jk∑

mk=jk

−n1∑
l1=n1

|(jk,mk); (n1, l1)〉〈(jk,mk); (n1, l1)|jk, n1; (j,m)〉

=
−jk∑

mk=jk

−n1∑
l1=n1

|(jk,mk); (n1, l1)〉δ(mk + l1 −m)

{(2j + 1) (jk+n1−j)!(jk−n1+j)!(−jk+n1+j)!
(jk+n1+j+1)! (jk +mk)!(jk −mk)!(n1 + l1)!(n1 − l1)!(j +m)!(j −m)!}1/2

[
∑
r

(−1)r(jk + n1 − j − r)!(jk −mk − r)!(j − jk − l1 + r)!(n1 + l1 − r)!(j − n1 +mk − r)!]−1

=
−jk∑

mk=jk

−jk−1∑
mk−1=jk−1

−n1∑
l1=n1

−n2∑
l2=n2

|(jk−1,mk−1); (n2, l2); (n1, l1)〉δ(mk + l1 −m)δ(mk−1 + l2 −mk)

{(2j + 1) (jk+n1−j)!(jk−n1+j)!(−jk+n1+j)!
(jk+n1+j+1)! (jk +mk)!(jk −mk)!(n1 + l1)!(n1 − l1)!(j +m)!(j −m)!}1/2

[
∑
r

(−1)r(jk + n1 − j − r)!(jk −mk − r)!(j − jk − l1 + r)!(n1 + l1 − r)!(j − n1 +mk − r)!]−1

{ (2jk−1)!(2n2)!(jk+mk)!(jk−mk)!
(2jk)!(jk−1+mk−1)!(jk−1−mk−1)!(n2+l2)!(n2−l2)!}

1/2

=
−jk∑

mk=jk

−jk−1∑
mk−1=jk−1

−jk−2∑
mk−2=jk−2

−n1∑
l1=n1

−n2∑
l2=n2

−n3∑
l3=n3

|jk−2,mk−2; (n3, l3); (n2, l2); (n1, l1)〉

δ(mk + l1 −m)δ(mk−1 + l2 −mk)δ(mk−2 + l3 −mk−1)

{(2j + 1) (jk+n1−j)!(jk−n1+j)!(−jk+n1+j)!
(jk+n1+j+1)! (jk +mk)!(jk −mk)!(n1 + l1)!(n1 − l1)!(j +m)!(j −m)!}1/2

[
∑
r

(−1)r(jk + n1 − j − r)!(jk −mk − r)!(j − jk − l1 + r)!(n1 + l1 − r)!(j − n1 +mk − r)!]−1

{ (2jk−1)!(2n2)!(jk+mk)!(jk−mk)!
(2jk)!(jk−1+mk−1)!(jk−1−mk−1)!(n2+l2)!(n2−l2)!}

1/2{ (2jk−2)!(2n3)!(jk−1+mk−1)!(jk−1−mk−1)!
(2jk−1)!(jk−2+mk−2)!(jk−2−mk−2)!(n3+l3)!(n3−l3)!}

1/2

=
−jk∑

mk=jk

−jk−1∑
mk−1=jk−1

−jk−2∑
mk−2=jk−2

−n1∑
l1=n1

−n2∑
l2=n2

−n3∑
l3=n3

|jk−2,mk−2; (n3, l3); (n2, l2); (n1, l1)〉

δ(mk + l1 −m)δ(mk−1 + l2 −mk)δ(mk−2 + l3 −mk−1)

{(2j + 1) (jk+n1−j)!(jk−n1+j)!(−jk+n1+j)!
(jk+n1+j+1)! (jk +mk)!(jk −mk)!(n1 + l1)!(n1 − l1)!(j +m)!(j −m)!}1/2

[
∑
r

(−1)r(jk + n1 − j − r)!(jk −mk − r)!(j − jk − l1 + r)!(n1 + l1 − r)!(j − n1 +mk − r)!]−1

{ (2jk−2)!(jk+mk)!(jk−mk)!
(2jk)!(jk−2+mk−2)!(jk−2−mk−2)!

(2n2)!(2n3)!
(n2+l2)!(n2−l2)!(n3+l3)!(n3−l3)!}

1/2

=
−jk∑

mk=jk

· ·
−j1∑

m1=j1

−n1∑
l1=n1

· ·
−nk∑
lk=nk

|(j1,m1); (nk, lk); ··; (n2, l2); (n1, l1)〉

δ(mk + l1 −m)δ(mk−1 + l2 −mk) · ·δ(m1 + lk −m2)

{(2j + 1) (jk+n1−j)!(jk−n1+j)!(−jk+n1+j)!
(jk+n1+j+1)! (jk +mk)!(jk −mk)!(n1 + l1)!(n1 − l1)!(j +m)!(j −m)!}1/2

[
∑
r

(−1)r(jk + n1 − j − r)!(jk −mk − r)!(j − jk − l1 + r)!(n1 + l1 − r)!(j − n1 +mk − r)!]−1

{ (2j1)!(jk+mk)!(jk−mk)!
(2jk)!(j1+m1)!(j1−m1)!

(2n2)!··(2nk)!
(n2+l2)!(n2−l2)!··(nk+lk)!(nk−lk)!}

1/2

9.3 CG coefficients formula for synthesizing multiple particles into one particle

Thm. 9.3.1. |j1, nk, ··, n1; (jk+1,mk+1)〉? = |(jk+1,mk+1)〉

=
−jk∑

mk=jk

· ·
−j1∑

m1=j1

−n1∑
l1=n1

· ·
−nk∑
lk=nk

|(j1,m1); (nk, lk); ··; (n1, l1)〉

δ(mk + l1−mk+1)δ(mk−1 + l2−mk) · ·δ(m1 + lk−m2){ (2j1)!(jk+1+mk+1)!(jk+1−mk+1)!
(2jk+1)!(j1+m1)!(j1−m1)!

(2n1)!··(2nk)!
(n1+l1)!(n1−l1)!··(nk+lk)!(nk−lk)!}

1/2

=
−n1∑
l1=n1

· ·
−nk∑
lk=nk

|(j1,m1); (nk, lk); ··; (n1, l1)〉{ (2j1)!(2n1)!··(2nk)!
(2jk+1)!(j1+m1)!(j1−m1)!

(jk+1+mk+1)!(jk+1−mk+1)!
(n1+l1)!(n1−l1)!··(nk+lk)!(nk−lk)!}

1/2

;m1 = mk+1 −
k∑
i=1

li
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mk + l1 −mk+1 = 0

mk−1 + l2 −mk = 0

· · ·
m2 + lk−1 −m3 = 0

m1 + lk −m2 = 0

⇔



mk = mk+1 −
1∑
i=1

li

· · ·

m3 = mk+1 −
k−2∑
i=1

li

m2 = mk+1 −
k−1∑
i=1

li

m1 = mk+1 −
k∑
i=1

li

The CG coefficients formula for synthesizing multiple photons into a particle is only a special case of
it.

10 Some special cases for CG coefficients of two angular momentum coupling
10.1 Special case: 1

2 ⊕
1
2 = (0, 0)

Thm. 10.1.1. |j1, j2; (j3,m3)〉 =
−j1∑

m1=j1

−j2∑
m2=j2

|(j1,m1); (j2,m2)〉〈(j1,m1); (j2,m2)|j1, j2; (j3,m3)〉

CGRacah = 〈(j1,m1); (j2,m2)|j1, j2; (j3,m3)〉 = δ(m1 +m2 −m3)

{(2j3 + 1) (j1+j2−j3)!(j1−j2+j3)!(−j1+j2+j3)!
(j1+j2+j3+1)! (j1 +m1)!(j1 −m1)!(j2 +m2)!(j2 −m2)!(j3 +m3)!(j3 −m3)!}1/2

[
∑
r

(−1)rr!(j1 + j2 − j3 − r)!(j1 −m1 − r)!(j3 − j1 −m2 + r)!(j2 +m2 − r)!(j3 − j2 +m1 + r)!]−1

Cor. 10.1.1. |j1, 1
2 ; (j3,m3)〉 =

−j1∑
m1=j1

− 1
2∑

m2=
1
2

|(j1,m1); ( 1
2 ,m2)〉〈(j1,m1); ( 1

2 ,m2)|j1, 1
2 ; (j3,m3)〉

CGRacah = 〈(j1,m1); ( 1
2 ,m2)|j1, 1

2 ; (j3,m3)〉 = δ(m1 +m2 −m3)

{(2j3 + 1)
(j1+

1
2−j3)!(j1−

1
2 +j3)!(−j1+

1
2 +j3)!

(j1+
1
2 +j3+1)!

(j1 +m1)!(j1 −m1)!(j3 +m3)!(j3 −m3)!}1/2

[
∑
r

(−1)rr!(j1 + 1
2 − j3 − r)!(j1 −m1 − r)!(j3 − j1 −m2 + r)!( 1

2 +m2 − r)!(j3 − 1
2 +m1 + r)!]−1

Cor. 10.1.2.CGRacah = 〈(j1,m1); ( 1
2 ,

1
2 )|j1, 1

2 ; (j1 + 1
2 ,m3)〉 = δ(m1 + 1

2 −m3){ j1+
1
2 +m3

2j1+1 }
1/2

CGRacah = 〈(j1,m1); ( 1
2 ,−

1
2 )|j1, 1

2 ; (j1 + 1
2 ,m3)〉 = δ(m1 − 1

2 −m3){ j1+
1
2−m3

2j1+1 }
1/2CGRacah = 〈(j1,m1); ( 1

2 ,
1
2 )|j1, 1

2 ; (j1 − 1
2 ,m3)〉 = −δ(m1 + 1

2 −m3){ j1+
1
2−m3

2j1+1 }
1/2

CGRacah = 〈(j1,m1); ( 1
2 ,−

1
2 )|j1, 1

2 ; (j1 − 1
2 ,m3)〉 = δ(m1 − 1

2 −m3){ j1+
1
2 +m3

2j1+1 }
1/2

Thm. 10.1.2. | 12 ,
1
2 ; (0, 0)〉 =

−1/2∑
m1=1/2

−1/2∑
m2=1/2

|( 1
2 ,m1); ( 1

2 ,m2)〉〈( 1
2 ,m1); ( 1

2 ,m2)| 12 ,
1
2 ; (0, 0)〉

CGRacah = 〈( 1
2 ,m1); ( 1

2 ,m2)| 12 ,
1
2 ; (0, 0)〉 = δ(m1 +m2 − 0)

{(2 · 0 + 1)
(
1
2 +

1
2−0)!(

1
2−

1
2 +0)!(− 1

2 +
1
2 +0)!

(
1
2 +

1
2 +0+1)!

( 1
2 +m1)!( 1

2 −m1)!( 1
2 +m2)!( 1

2 −m2)!(0 + 0)!(0− 0)!}1/2

[
∑
r

(−1)rr!( 1
2 + 1

2 − 0− r)!( 1
2 −m1 − r)!(0− 1

2 −m2 + r)!( 1
2 +m2 − r)!(0− 1

2 +m1 + r)!]−1

= δ(m1 +m2){ 1
2! (

1
2 +m1)!( 1

2 −m1)!( 1
2 +m2)!( 1

2 −m2)!}1/2
[
∑
r

(−1)rr!(1− r)!( 1
2 −m1 − r)!(− 1

2 −m2 + r)!( 1
2 +m2 − r)!(− 1

2 +m1 + r)!]−1

= δ(m1 +m2) 1√
2!

( 1
2 +m1)!( 1

2 −m1)![
∑
r

(−1)rr!(1− r)![( 1
2 −m1 − r)!]2[(− 1

2 +m1 + r)!]2]−1

Cor. 10.1.3.{
〈( 1

2 ,
1
2 ); ( 1

2 ,−
1
2 )| 12 ,

1
2 ; (0, 0)〉 = 1√

2

〈( 1
2 ,−

1
2 ); ( 1

2 ,
1
2 )| 12 ,

1
2 ; (0, 0)〉 = − 1√

2

| 12 ,
1
2 ; (0, 0)〉 = 1√

2
|( 1

2 ,
1
2 ); ( 1

2 ,−
1
2 )〉 − 1√

2
|( 1

2 ,−
1
2 ); ( 1

2 ,
1
2 )〉

10.2 Special case: 1⊕ 1 = (0, 0)

Thm. 10.2.1. |1, 1; (0, 0)〉 =
−1∑

m1=1

−1∑
m2=1

|(1,m1); (1,m2)〉〈(1,m1); (1,m2)|1, 1; (0, 0)〉

CGRacah = 〈(1,m1); (1,m2)|1, 1; (0, 0)〉 = δ(m1 +m2 − 0)

{(2 · 0 + 1) (1+1−0)!(1−1+0)!(−1+1+0)!
(1+1+0+1)! (1 +m1)!(1−m1)!(1 +m2)!(1−m2)!(0 + 0)!(0− 0)!}1/2
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[
∑
r

(−1)rr!(1 + 1− 0− r)!(1−m1 − r)!(0− 1−m2 + r)!(1 +m2 − r)!(0− 1 +m1 + r)!]−1

= δ(m1 +m2) 1√
3
(1 +m1)!(1−m1)![

∑
r

(−1)rr!(2− r)![(1−m1 − r)!]2[(−1 +m1 + r)!]2]−1

Cor. 10.2.1.
〈(1, 1); (1,−1)|1, 1; (0, 0)〉 = 1√

3

〈(1, 0); (1, 0)|1, 1; (0, 0)〉 = − 1√
3

〈(1,−1); (1, 1)|1, 1; (0, 0)〉 = 1√
3

|1, 1; (0, 0)〉 = 1√
3
|(1, 1); (1,−1)〉 − 1√

3
|(1, 0); (1, 0)〉+ 1√

3
|(1,−1); (1, 1)〉

10.3 Special case: 1⊕ 1 = (1, 0)

Thm. 10.3.1. |1, 1; (1,m3)〉 =
−1∑

m1=1

−1∑
m2=1

|(1,m1); (1,m2)〉〈(1,m1); (1,m2)|1, 1; (1,m3)〉

CGRacah = 〈(1,m1); (1,m2)|1, 1; (1,m3)〉 = δ(m1 +m2 −m3)

{(2 · 1 + 1) (1+1−1)!(1−1+1)!(−1+1+1)!
(1+1+1+1)! (1 +m1)!(1−m1)!(1 +m2)!(1−m2)!(1 +m3)!(1−m3)!}1/2

[
∑
r

(−1)rr!(1 + 1− 1− r)!(1−m1 − r)!(1− 1−m2 + r)!(1 +m2 − r)!(1− 1 +m1 + r)!]−1

= δ(m1 +m2 −m3){ 3
4! (1 +m1)!(1−m1)!(1 +m2)!(1−m2)!(1 +m3)!(1−m3)!}1/2

[
∑
r

(−1)rr!(1− r)!(1−m1 − r)!(−m2 + r)!(1 +m2 − r)!(m1 + r)!]−1

Cor. 10.3.1. 〈(1,m1); (1,m2)|1, 1; (1,m3)〉
= δ(m1 +m2 −m3){ 3

4! (1 +m1)!(1−m1)!(1 +m2)!(1−m2)!(1 +m3)!(1−m3)!}1/2
[
∑
r

(−1)rr!(1− r)!(1−m1 − r)!(−m2 + r)!(1 +m2 − r)!(m1 + r)!]−1

Cor. 10.3.2. 〈(1,m1); (1,m2)|1, 1; (1, 0)〉
= δ(m1 +m2) 1√

8
(1 +m1)!(1−m1)![

∑
r

(−1)rr!(1− r)![(1−m1 − r)!(m1 + r)!]2]−1

Cor. 10.3.3.
〈(1, 1); (1,−1)|1, 1; (1, 0)〉 = 1√

2

〈(1, 0); (1, 0)|1, 1; (1, 0)〉 = 0

〈(1,−1); (1, 1)|1, 1; (1, 0)〉 = − 1√
2

|1, 1; (1, 0)〉 = 1√
2
|(1, 1); (1,−1)〉 − 1√

2
|(1,−1); (1, 1)〉

10.4 Special case: 1⊕ 1 = (1, 1)

Cor. 10.4.1. 〈(1,m1); (1,m2)|1, 1; (1,m3)〉
= δ(m1 +m2 −m3){ 3

4! (1 +m1)!(1−m1)!(1 +m2)!(1−m2)!(1 +m3)!(1−m3)!}1/2
[
∑
r

(−1)rr!(1− r)!(1−m1 − r)!(−m2 + r)!(1 +m2 − r)!(m1 + r)!]−1

Cor. 10.4.2. 〈(1,m1); (1,m2)|1, 1; (1, 1)〉
= δ(m1 +m2 − 1){ 1

4 (1 +m1)!(1−m1)!(1 +m2)!(1−m2)!}1/2
[
∑
r

(−1)rr!(1− r)!(1−m1 − r)!(−m2 + r)!(1 +m2 − r)!(m1 + r)!]−1

Cor. 10.4.3.{
〈(1, 1); (1, 0)|1, 1; (1, 1)〉 = 1√

2

〈(1, 0); (1, 1)|1, 1; (1, 1)〉 = − 1√
2

|1, 1; (1, 1)〉 = 1√
2
|(1, 1); (1, 0)〉 − 1√

2
|(1, 0); (1, 1)〉

10.5 Special case: 1⊕ 1 = (1,−1)

Cor. 10.5.1. 〈(1,m1); (1,m2)|1, 1; (1,m3)〉
= δ(m1 +m2 −m3){ 3

4! (1 +m1)!(1−m1)!(1 +m2)!(1−m2)!(1 +m3)!(1−m3)!}1/2
[
∑
r

(−1)rr!(1− r)!(1−m1 − r)!(−m2 + r)!(1 +m2 − r)!(m1 + r)!]−1

Cor. 10.5.2. 〈(1,m1); (1,m2)|1, 1; (1,−1)〉
= δ(m1 +m2 + 1){ 1

4 (1 +m1)!(1−m1)!(1 +m2)!(1−m2)!}1/2
[
∑
r

(−1)rr!(1− r)!(1−m1 − r)!(−m2 + r)!(1 +m2 − r)!(m1 + r)!]−1

Cor. 10.5.3.{
〈(1,−1); (1, 0)|1, 1; (1,−1)〉 = − 1√

2

〈(1, 0); (1,−1)|1, 1; (1,−1)〉 = 1√
2

|1, 1; (1,−1)〉 = 1√
2
|(1, 0); (1,−1)〉 − 1√

2
|(1,−1); (1, 0)〉
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10.6 Special case: 1⊕ 1 = (1,−1)

Cor. 10.6.1.
Ĵ+|s, h〉 =

√
s(s+ 1)− h(h+ 1)|s, h+ 1〉 =

√
(s− h)(s+ h+ 1)|s, h+ 1〉,−s ≤ h ≤ s

Ĵ−|s, h〉 =
√
s(s+ 1)− h(h− 1)|s, h− 1〉 =

√
(s− h+ 1)(s+ h)|s, h− 1〉,−s ≤ h ≤ s

Ĵz|s, h〉 = h|s, h− 1〉,−s ≤ h ≤ s

11 Invariant tensor operator
11.1 Invariant tensor operator

Cor. 11.1.1.
Ĵ2 = U(ω)Ĵ2U+(ω)⇔ U(−ω)Ĵ2U+(−ω) = Ĵ2

Ĵi = eiωR|ijU(ω)ĴjU
+(ω)⇔ U(−ω)ĴiU

+(−ω) = eiωR|ij Ĵj
Tij = eiωR|ikeiωR|j lU(ω)TklU

+(ω)⇔ U(−ω)TijU
+(−ω) = eiωR|ikeiωR|j lTkl

Ti··j = eiωR|ik · ·eiωR|j lU(ω)Tk··lU
+(ω)⇔ U(−ω)Ti··jU

+(−ω) = eiωR|ikeiωR|j lTk··l
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1 Polynomial theorem and its generalization with fully symmetric indices
1.1 Binomial expansion of zero order fully symmetric indices

Pro. 1.1.1.
(A+B)2 = A2 + 2AB +B2

(A−B)2 = A2 − 2AB +B2

(A+B)(A−B) = A2 −B2

(A−B)(A+B) = A2 −B2

Thm. 1.1.1. (A+B)n =
n∑
i=0

CinA
iBn−i

1.2 Zero order fully symmetric indices polynomial expansion

Thm. 1.2.1. (A1 + · ·+Al)n =
∑

n1n2··nl

n!
n1!n2!··nl!A

n1
1 An2

2 · ·A
n1

l , n1 + n2 + · ·+nl = n

1.3 Binomial expansion of first order fully symmetric indices

Pro. 1.3.1.

[A{a1
+B{a1

][Aa2} +Ba2}] = A{a1
Aa2} + 2A{a1

Ba2} +B{a1
Ba2}

[A{a1
−B{a1

][Aa2} −Ba2}] = A{a1
Aa2} − 2A{a1

Ba2} +B{a1
Ba2}

[A{a1
+B{a1

][Aa2} −Ba2}] = A{a1
Aa2} −B{a1

Ba2}

[A{a1
−B{a1

][Aa2} +Ba2}] = A{a1
Aa2} −B{a1

Ba2}

A{a1
Ba2} = A{a2

Ba1}, A{··ai··aj ··} = A{··aj ··ai··}

Thm. 1.3.1. [A{a1
+B{a1

] · ·[Aan} +Ban}] =
n∑
i=0

Cin[A{a1
· ·Aai ][Bai+1

· ·Ban}]

Cor. 1.3.1. (Aa +Ba)n =
n∑
i=0

CinA
i
aB

n−i
a

1.4 First order fully symmetric indices polynomial expansion

Thm. 1.4.1. [A1{a1
+ · ·+Al{a1

] · ·[A1an} + · ·+Alan}], n1 + n2 + · ·+nl = n

=
∑

n1n2··nl

n!
n1!n2!··nl! [A1{a1

· ·A1an1
][A2an1+1 · ·A2an1+n2

] · ·[Alan1+··+nl−1+1 · ·Alan}]

Cor. 1.4.1. (A1a + · ·+Ala)n =
∑

n1n2··nl

n!
n1!n2!··nl!A

n1
1aA

n2
2 · ·A

n1

la , n1 + n2 + · ·+nl = n

1.5 Binomial expansion of second order fully symmetric indices

Pro. 1.5.1.
[A{a1(b1 +B{a1(b1 ][Aa2}b2) +Ba2}b2)] = A{a1(b1Aa2}b2) + 2A{a1(b1Ba2}b2) +B{a1(b1Ba2}b2)

[A{a1(b1 −B{a1(b1 ][Aa2}b2) −Ba2}b2)] = A{a1(b1Aa2}b2) − 2A{a1(b1Ba2}b2) +B{a1(b1Ba2}b2)

[A{a1(b1 +B{a1(b1 ][Aa2}b2) −Ba2}b2)] = A{a1(b1Aa2}b2) −B{a1(b1Ba2}b2)

[A{a1(b1 −B{a1(b1 ][Aa2}b2) +Ba2}b2)] = A{a1(b1Aa2}b2) −B{a1(b1Ba2}b2)

Thm. 1.5.1. [A{a1(b1 +B{a1(b1 ] · ·[Aan}bn) +Ban}bn)] =
n∑
i=0

Cin[A{a1(b1 · ·Aaibi ][Bai+1bi+1
· ·Ban}bn)]

Cor. 1.5.1. (Aab +Bab)
n =

n∑
i=0

CinA
i
abB

n−i
ab
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1.6 Second order fully symmetric indices polynomial expansion

Thm. 1.6.1. [A1{a1(b1 + · ·+Al{a1(b1 ] · ·[A1an}bn) + · ·+Alan}bn)], n1 + n2 + · ·+nl = n

=
∑

n1n2··nl

n!
n1!n2!··nl! [A1{a1(b1 · ·A1an1

bn1
][A2an1+1bn1+1

· ·A2an1+n2
bn1+n2

] · ·[Alan1+··+nl−1+1bn1+··+nl−1+1
· ·Alan}bn)

]

Cor. 1.6.1. (A1ab + · ·+Alab)n =
∑

n1n2··nl

n!
n1!n2!··nl!A

n1

1abA
n2

2ab · ·A
nl
lab, n1 + n2 + · ·+nl = n

1.7 Binomial expansion of multiple order fully symmetric indices

Thm. 1.7.1. [A1{a1··(b1 + · ·+Al{a1··(b1 ] · ·[A1an}··bn) + · ·+Alan}··bn)], n1 + n2 + · ·+nl = n

=
∑

n1n2··nl

n!
n1!n2!··nl! [A1{a1··(b1 · ·A1an1 ··bn1

][A2an1+1··bn1+1
· ·A2an1+n2 ··bn1+n2

] · ·[Alan1+··+nl−1+1··bn1+··+nl−1+1
· ·Alan}··bn)]

Cor. 1.7.1. (A1a··b + · ·+Ala··b)n =
∑

n1n2··nl

n!
n1!n2!··nl!A

n1

1abA
n2

2a··b · ·A
nl
la··b, n1 + n2 + · ·+nl = n

1.8 Multiple order fully symmetric indices polynomial expansion

Cor. 1.8.1.

[A{a1
B(b1 +B{a1

A(b1 ][Aa2}Bb2) +Ba2}Ab2)] = A{a1
Aa2}B(b1Bb2) + 2A{a1

Ba2}A(b1Bb2) +B{a1
Ba2}A(b1Ab2)

Cor. 1.8.2.

[A{a1
B(b1 −B{a1

A(b1 ][Aa2}Bb2) −Ba2}Ab2)] = A{a1
Aa2}B(b1Bb2) − 2A{a1

Ba2}A(b1Bb2) +B{a1
Ba2}A(b1Ab2)

Cor. 1.8.3. [A{a1
B(b1 +B{a1

A(b1 ][Aa2}Bb2) −Ba2}Ab2)] = A{a1
Aa2}B(b1Bb2) −B{a1

Ba2}A(b1Ab2)

Cor. 1.8.4. [A{a1
B(b1 −B{a1

A(b1 ][Aa2}Bb2) +Ba2}Ab2)] = A{a1
Aa2}B(b1Bb2) −B{a1

Ba2}A(b1Ab2)

Thm. 1.8.1. [A{a1
B(b1 +B{a1

A(b1 ] · ·[Aan}Bbn) +Ban}Abn)] =
n∑
i=0

Cin[A{a1
· ·AaiBai+1

· ·Ban}][B(b1 · ·BbiAbi+1
· ·Abn)]

Thm. 1.8.2. [A{a1
B(b1 −B{a1

A(b1 ] · ·[Aan}Bbn) −Ban}Abn)]

=
n∑
i=0

(−1)n−iCin[A{a1
· ·AaiBai+1

· ·Ban}][B(b1 · ·BbiAbi+1
· ·Abn)]

Thm. 1.8.3. [A{a1
B(b1 +B{a1

A(b1 + C{a1
C(b1 ] · ·[Aan}Bbn) +Ban}Abn) + Can}Cbn)]

=
∑

n1n2··nl

n!
n1!n2!··nl! [A{a1

· ·Aan1
Ban1+1 · ·Bn1+n2Can1+n2+1 · ·Can}][B(b1 · ·Bbn1

Abn1+1
· ·An1+n2

Cbn1+n2+1
· ·Cbn)]

Cor. 1.8.5. [A{a1
B(b1 +B{a1

A(b1 + C{a1
C(b1 ][Aa2}Bb2) +Ba2}Ab2) + Ca2}Cb2)]

= [A{a1
B(b1 +B{a1

A(b1 ][Aa2}Bb2) +Ba2}Ab2)] + 2[A{a1
B(b1 +B{a1

A(b1 ]Ca2}Cb2) + [C{a1
Ca2}][C(b1Cb2)]

= A{a1
Aa2}B(b1Bb2) +B{a1

Ba2}A(b1Ab2) + C{a1
Ca2}C(b1Cb2)

+ 2A{a1
Ba2}A(b1Bb2) + 2A{a1

Ca2}B(b1Cb2) + 2B{a1
Ca2}A(b1Cb2)

2 Polynomial theorem and its generalization of antisymmetric indices
2.1 Binomial expansion of first order fully symmetric indices

Pro. 2.1.1.
[A[a1

+B[a1
][Aa2] +Ba2]] = 0

[A[a1
−B[a1

][Aa2] −Ba2]] = 0

[A[a1
+B[a1

][Aa2] −Ba2]] = 2B[a1
Aa2]

[A[a1
−B[a1

][Aa2] +Ba2]] = 2A[a1
Ba2]

Thm. 2.1.1. [A[a1
+B[a1

] · ·[Aan] +Ban]] = 0

2.2 First order fully symmetric indices polynomial expansion

Thm. 2.2.1. [A1[a1
+ · ·+Al[a1

] · ·[A1an] + · ·+Alan]] = 0

2.3 Binomial expansion of antisymmetric indices

Pro. 2.3.1.
[A[a1〈b1 +B[a1〈b1 ][Aa2]b2〉 +Ba2]b2〉] = A[a1〈b1Aa2]b2〉 + 2A[a1〈b1Ba2]b2〉 +B[a1〈b1Ba2]b2〉

[A[a1〈b1 −B[a1〈b1 ][Aa2]b2〉 −Ba2]b2〉] = A[a1〈b1Aa2]b2〉 − 2A[a1〈b1Ba2]b2〉 +B[a1〈b1Ba2]b2〉

[A[a1〈b1 +B[a1〈b1 ][Aa2]b2〉 −Ba2]b2〉] = A[a1〈b1Aa2]b2〉 −B[a1〈b1Ba2]b2〉

[A[a1〈b1 −B[a1〈b1 ][Aa2]b2〉 +Ba2]b2〉] = A[a1〈b1Aa2]b2〉 −B[a1〈b1Ba2]b2〉

Thm. 2.3.1. [A[a1〈b1 +B[a1〈b1 ] · ·[Aan]bn〉 +Ban]bn〉] =
n∑
i=1

Cin[A[a1〈b1 · ·Aaibi ][Bai+1bi+1
· ·Ban]bn〉]

Cor. 2.3.1. [A[a1
B〈b1 +B[a1

A〈b1 + C[a1
C〈b1 ][Aa2]Bb2〉 +Ba2]Ab2〉 + Ca2]Cb2〉]

= 2A[a1
Ba2]A〈b1Bb2〉 + 2A[a1

Ca2]B〈b1Cb2〉 + 2B[a1
Ca2]A〈b1Cb2〉
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2.4 Antisymmetric indices polynomial expansion(Wrong?)

Thm. 2.4.1. [A1[a1〈b1 + · ·+Al[a1〈b1 ] · ·[A1an]bn〉 + · ·+Alan]bn〉], n1 + n2 + · ·+nl = n

=
∑

n1n2··nl

n!
n1!n2!··nl! [A1[a1〈b1 · ·A1an1

bn1
][A2an1+1bn1+1

· ·A2an1+n2
bn1+n2

] · ·[Alan1+··+nl−1+1bn1+··+nl−1+1
· ·Alan]bn〉]

Thm. 2.4.2. Even indices: [A1[a1··〈b1 + · ·+Al[a1··〈b1 ] · ·[A1an]··bn〉 + · ·+Alan]··bn〉], n1 + n2 + · ·+nl = n

=
∑

n1n2··nl

n!
n1!n2!··nl! [A1[a1··〈b1 · ·A1an1

··bn1
][A2an1+1··bn1+1 · ·A2an1+n2

··bn1+n2
] · ·[Alan1+··+nl−1+1··bn1+··+nl−1+1 · ·Alan]··bn〉]

3 Projection operator for spin-n particle Klein-Gordon equation
3.1 Classic expression of projection operator for spin-n particle Klein-Gordon equation

Cor. 3.1.1.
−2∑
h=2

(−1)hε{a1a2}(~p, h)ε(b1b2)(~p,−h)

= [
−1∑
h=1

(−1)hε{a1
(~p, h)ε(b1(~p,−h)][

−1∑
h=1

(−1)hεa2}(~p, h)εb2)(~p,−h)]

− 1
3 [
−1∑
h=1

(−1)hε{a1
(~p, h)εa2}(~p,−h)][

−1∑
h=1

(−1)hε(b1(~p, h)εb2)(~p,−h)]

Cor. 3.1.2.
−3∑
h=3

(−1)hε{a1a2a3}(~p, h)ε(b1b2b3)(~p,−h)

= [
−1∑
h=1

(−1)hε{a1
(~p, h)ε(b1(~p,−h)][

−1∑
h=1

(−1)hεa2
(~p, h)εb2(~p,−h)][

−1∑
h=1

(−1)hεa3}(~p, h)εb3)(~p,−h)]

− 3
5 [
−1∑
h=1

(−1)hε{a1
(~p, h)εa2

(~p,−h)][
−1∑
h=1

(−1)hε(b1(~p, h)εb2(~p,−h)][
−1∑
h=1

(−1)hεa3}(~p, h)εb3)(~p,−h)]

Cor. 3.1.3.
−4∑
h=4

(−1)hε{a1a2a3a4}(~p, h)ε(b1b2b3b4)(~p,−h)

= [
−1∑
h=1

(−1)hε{a1
(~p, h)ε(b1(~p,−h)][

−1∑
h=1

(−1)hεa2
(~p, h)εb2(~p,−h)][

−1∑
h=1

(−1)hεa3
(~p, h)εb3(~p,−h)]

[
−1∑
h=1

(−1)hεa4}(~p, h)εb4)(~p,−h)]− 6
7 [
−1∑
h=1

(−1)hε{a1
(~p, h)εa2(~p,−h)][

−1∑
h=1

(−1)hε(b1(~p, h)εb2(~p,−h)]

[
−1∑
h=1

(−1)hεa3(~p, h)εb3(~p,−h)][
−1∑
h=1

(−1)hεa4}(~p, h)εb4)(~p,−h)] + 3
35 [
−1∑
h=1

(−1)hε{a1
(~p, h)εa2

(~p,−h)]

[
−1∑
h=1

(−1)hε(b1(~p, h)εb2(~p,−h)][
−1∑
h=1

(−1)hεa3
(~p, h)εa4}(~p,−h)][

−1∑
h=1

(−1)hεb3(~p, h)εb4)(~p,−h)]

Ass. 3.1.1.
−n∑
h=n

(−1)hε{a1a2··an}(~p, h)ε(b1b2··bn)(~p,−h) =
[n/2]∑
r=0

(−1)r n!n!
(2n)!

(2n−2r)!
r!(n−r)!(n−2r)!

{[
−1∑
h=1

(−1)hε{a1
(~p, h)εa2

(~p,−h)][
−1∑
h=1

(−1)hε(b1(~p, h)εb2(~p,−h)] · ·

[
−1∑
h=1

(−1)hεa2r−1
(~p, h)εa2r

(~p,−h)][
−1∑
h=1

(−1)hεb2r−1
(~p, h)εb2r (~p,−h)]}

[
−1∑
h=1

(−1)hεa2r+1(~p, h)εb2r+1(~p,−h)] · ·[
−1∑
h=1

(−1)hεan}(~p, h)εbn}(~p,−h)]

=
[n/2]∑
r=0

(−1)r n!n!
(2n)!

(2n−2r)!
r!(n−r)!(n−2r)!

{[C{a1
Ca2
−A{a1

Ba2
−B{a1

Aa2
][C(b1Cb2 −A(b1Bb2 −B(b1Ab2 ] · ·

[Ca2r−1Ca2r −Aa2r−1Ba2r −Ba2r−1Aa2r ][Cb2r−1Cb2r −Ab2r−1Bb2r −Bb2r−1Ab2r ]}
[Ca2r+1Cb2r+1 −Aa2r+1Bb2r+1 −Ba2r+1Ab2r+1 ] · ·[Can}Cbn) −Aan}Bbn) −Ban}Abn)]

The above conjecture is equivalently transformed from the formula constructed by Behrends and
Fronsdal [50, 51]. It has not been strictly proven and is essentially a conjecture. It is a prerequisite for
many important conclusions to follow.
3.2 Definition expression of projection operator for spin-n particle Klein-Gordon equation

In particular, this section uses the conclusions of the latter chapter in advance, and then uses them to
derive important conjectures.

Def. 3.2.1. A = ε(~p, 1), B = ε(~p,−1), C = ε(~p, 0)

Cor. 3.2.1. Ar,n = (− 1
2 )r n!(2n−2r−1)!!

r!(n−2r)!(2n−1)!! = (−1)r n!n!
(2n)!

(2n−2r)!
r!(n−r)!(n−2r)!
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Thm. 3.2.1. ε{a1a2··an}(~p, n− 2k)

= 1√
C2k

2n

k|(n−k)∑
i=0

(
√

2)2in!
(n−k−i)!(k−i)!(2i)! [A{a1

· ·Aan−k−i ][Ban+1−k−i · ·Ban−2i
][Can+1−2i

· ·Can}]

Thm. 3.2.2. ε{a1a2··an}(~p, n− 2k − 1)

= 1√
C2k+1

2n

k|(n−1−k)∑
i=0

(
√

2)2i+1n!
(n−k−i−1)!(k−i)!(2i+1)! [A{a1

· ·Aan−k−i−1
][Ban−k−i · ·Ban−2i−1 ][Can−2i · ·Can}]

Thm. 3.2.3. ε{a1a2··an}(~p, n− 2k)ε(b1b2··bn)(~p, n− 2(n− k))

= 1
C2k

2n

k|(n−k)∑
i,j=0

2i+jn!n!
(n−k−i)!(n−k−j)!(k−i)!(k−j)!(2i)!(2j)!

{[A{a1
· ·Aan−k−i ][Ban+1−k−i · ·Ban−2i

][Can+1−2i
· ·Can}]}{[B(b1 · ·Bbn−k−j ][Abn+1−k−j · ·Abn−2j

][Cbn+1−2j
· ·Cbn)]}

Thm. 3.2.4. ε{a1a2··an}(~p, n− 2k − 1)ε(b1b2··bn)(~p, n− 2(n− 1− k)− 1)

= 1

C2k+1
2n

k|(n−1−k)∑
i,j=0

2i+j+1n!n!
(n−k−i−1)!(n−k−j−1)!(k−i)!(k−j)!(2i+1)!(2j+1)!

{[A{a1
· ·Aan−k−i−1

][Ban−k−i · ·Ban−2i−1
][Can−2i

· ·Can}]}{[B(b1 · ·Bbn−k−j−1
][Abn−k−j · ·Abn−2j−1

][Cbn−2j
· ·Cbn)]}

Thm. 3.2.5.
−n∑
h=n

(−1)hε{a1a2··an}(~p, h)ε(b1b2··bn)(~p,−h)

=
n∑
k=0

(−1)n

C2k
2n

k|(n−k)∑
i,j=0

2i+jn!n!
(n−k−i)!(n−k−j)!(k−i)!(k−j)!(2i)!(2j)!

{[A{a1
· ·Aan−k−i ][Ban+1−k−i · ·Ban−2i ][Can+1−2i · ·Can}]}{[B(b1 · ·Bbn−k−j ][Abn+1−k−j · ·Abn−2j

][Cbn+1−2j
· ·Cbn)]}

−
n−1∑
k=0

(−1)n

C2k+1
2n

k|(n−1−k)∑
i,j=0

2i+j+1n!n!
(n−k−i−1)!(n−k−j−1)!(k−i)!(k−j)!(2i+1)!(2j+1)!

{[A{a1
· ·Aan−k−i−1

][Ban−k−i · ·Ban−2i−1 ][Can−2i · ·Can}]}{[B(b1 · ·Bbn−k−j−1
][Abn−k−j · ·Abn−2j−1 ][Cbn−2j · ·Cbn)]}

The above theorems were proposed by me through inductive exploration and have been strictly proved
in the following chapter.
3.3 Important conjecture of projection operator for spin-n particle Klein-Gordon equation

Ass. 3.3.1.
[n/2]∑
r=0

(−1)r n!n!
(2n)!

(2n−2r)!
r!(n−r)!(n−2r)!

{[C{a1
Ca2
−A{a1

Ba2
−B{a1

Aa2
][C(b1Cb2 −A(b1Bb2 −B(b1Ab2 ] · ·

[Ca2r−1
Ca2r

−Aa2r−1
Ba2r

−Ba2r−1
Aa2r

][Cb2r−1
Cb2r −Ab2r−1

Bb2r −Bb2r−1
Ab2r ]}

[Ca2r+1Cb2r+1 −Aa2r+1Bb2r+1 −Ba2r+1Ab2r+1 ] · ·[Can}Cbn) −Aan}Bbn) −Ban}Abn)]

=
n∑
k=0

(−1)n

C2k
2n

k|(n−k)∑
i,j=0

2i+jn!n!
(n−k−i)!(n−k−j)!(k−i)!(k−j)!(2i)!(2j)!

{[A{a1
· ·Aan−k−i ][Ban+1−k−i · ·Ban−2i

][Can+1−2i
· ·Can}]}{[B(b1 · ·Bbn−k−j ][Abn+1−k−j · ·Abn−2j

][Cbn+1−2j
· ·Cbn)]}

−
n−1∑
k=0

(−1)n

C2k+1
2n

k|(n−1−k)∑
i,j=0

2i+j+1n!n!
(n−k−i−1)!(n−k−j−1)!(k−i)!(k−j)!(2i+1)!(2j+1)!

{[A{a1
· ·Aan−k−i−1

][Ban−k−i · ·Ban−2i−1
][Can−2i

· ·Can}]}{[B(b1 · ·Bbn−k−j−1
][Abn−k−j · ·Abn−2j−1

][Cbn−2j
· ·Cbn)]}

The above conjecture is obtained by combining the formula (conjecture) constructed by Behrends
and Frontdal [50, 51] with the theorem proposed by me in the previous section. It is a prerequisite for
many following important conclusions. And in many cases the verification is correct. Currently, no
counter examples have been encountered. However, to strictly prove it, it is necessary to first prove
the formula constructed by Behrends and Frontdal. At present, I can’t finish this proof. Of course, if
this conjecture is proved by other methods, the formula constructed by Behrends and Frontdal can be
strictly proved.

4 From physics to mathematical abstraction: Projection operator conjecture
In this section, A, B, and C are no longer specifically referred to, but generally refer to commutative
variables.
4.1 Mathematical conjecture derived from projection operator for s = n K-G equation

Ass. 4.1.1.
[n/2]∑
r=0

(−1)r n!n!
(2n)!

(2n−2r)!
r!(n−r)!(n−2r)!

{[A{a1
Ba2 +B{a1

Aa2 + C{a1
Ca2 ][A(b1Bb2 +B(b1Ab2 + C(b1Cb2 ] · ·

[Aa2r−1
Ba2r

+Ba2r−1
Aa2r

+ Ca2r−1
Ca2r

][Ab2r−1
Bb2r +Bb2r−1

Ab2r + Cb2r−1
Cb2r ]}

[Aa2r+1
Bb2r+1

+Ba2r+1
Ab2r+1

+ Ca2r+1
Cb2r+1

] · ·[Aan}Bbn) +Ban}Abn) + Can}Cbn)]
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=
n∑
k=0

1
C2k

2n

k|(n−k)∑
i,j=0

(−2)i+jn!n!
(n−k−i)!(n−k−j)!(k−i)!(k−j)!(2i)!(2j)!

{[A{a1
· ·Aan−k−i ][Ban+1−k−i · ·Ban−2i ][Can+1−2i · ·Can}]}{[B(b1 · ·Bbn−k−j ][Abn+1−k−j · ·Abn−2j ][Cbn+1−2j · ·Cbn)]}

−
n−1∑
k=0

1

C2k+1
2n

k|(n−1−k)∑
i,j=0

(−2)i+j+1n!n!
(n−k−i−1)!(n−k−j−1)!(k−i)!(k−j)!(2i+1)!(2j+1)!

{[A{a1
· ·Aan−k−i−1

][Ban−k−i · ·Ban−2i−1 ][Can−2i · ·Can}]}{[B(b1 · ·Bbn−k−i−1
][Abn−k−i · ·Abn−2i−1 ][Cbn−2i · ·Cbn)]}

The above is a more general conjecture. If it holds, the conjecture in the previous section will naturally
hold.

Cor. 4.1.1. C = 0⇒
[n/2]∑
r=0

(−1)r (2n−2r)!
r!(n−r)!(n−2r)!

{[A{a1
Ba2 +B{a1

Aa2 ][A(b1Bb2 +B(b1Ab2 ] · ·[Aa2r−1Ba2r +Ba2r−1Aa2r ][Ab2r−1Bb2r +Bb2r−1Ab2r ]}
[Aa2r+1Bb2r+1 +Ba2r+1Ab2r+1 ] · ·[Aan}Bbn) +Ban}Abn)]

=
n∑
k=0

(2k)!
k!k!

(2n−2k)!
(n−k)!(n−k)! [A{a1

· ·Aan−kBan+1−k · ·Ban}][B(b1 · ·Bbn−kAbn+1−k · ·Abn)]

4.2 New combinatorial identities obtained from projection operator conjecture

Cor. 4.2.1. A = 0, B = 0, C = ±1⇒
[n/2]∑
r=0

(−1)r (2n−2r)!
r!(n−r)!(n−2r)! = 2n

Cor. 4.2.2. A = ±1, B = ±1, C = 0⇒
[n/2]∑
r=0

(−1)r (2n−2r)!
r!(n−r)!(n−2r)! =

n∑
k=0

1
2n

(2k)!
k!k!

(2n−2k)!
(n−k)!(n−k)! = 2n

Cor. 4.2.3.
n∑
k=0

(2k)!
k!k!

(2n−2k)!
(n−k)!(n−k)! =

n∑
k=0

Ck2kC
n−k
2n−2k = 22n,

n∑
k=0

(2k−1)!!
(2k)!!

(2n−2k−1)!!
(2n−2k)!! = 1

4.3 Projection operator conjecture C(2i,2j) case

Thm. 4.3.1.
[n/2]∑
r=0

≤i,j,n/2−r∑
l≥0,i|j−r

(−1)r n!n!
(2n)!

(2n−2r)!
r!(n−r)!(n−2r)!

Ci−lr {[C{a1
Ca2

] · ·[Ca2i−2l−1
Ca2i−2l

][Aa2i−2l+1
Ba2i−2l+2

+Ba2i−2l+1
Aa2i−2l+2

] · ·[Aa2r−1
Ba2r

+Ba2r−1
Aa2r

]

Cj−lr [C(b1Cb2 ] · ·[Cb2j−2l−1
Cb2j−2l

][Ab2j−2l+1
Bb2j−2l+2

+Bb2j−2l+1
Ab2j−2l+2

] · ·[Ab2r−1
Bb2r +Bb2r−1

Ab2r ]}
C2l
n−2r[Aa2r+1

Bb2r+1
+Ba2r+1

Ab2r+1
] · ·[Aan−2l

Bbn−2l
+Ban−2l

Abn−2l
][Can−2l+1

Cbn−2l+1
] · ·[Can}Cbn)]

= n!n!
(2n)!

≤n−i|j∑
k≥i|j

(−2)i+j

(2i)!(2j)!
(2k)!

(k−i)!(k−j)!
(2n−2k)!

(n−k−i)!(n−k−j)!

{[A{a1
· ·Aan−k−i ][Ban+1−k−i · ·Ban−2i

][Can+1−2i
· ·Can}]}{[B(b1 · ·Bbn−k−j ][Abn+1−k−j · ·Abn−2j

][Cbn+1−2j
· ·Cbn)]}

The above is an identity which contains denominator term (2i)!(2j)! after (AB +BA), CC type binomial
expansion.

Cor. 4.3.1.
[n/2]∑
r=0

≤i,j,n/2−r∑
l≥0,i|j−r

(−1)r n!n!
(2n)!

(2n−2r)!
r!(n−r)!(n−2r)!C

i−l
r 2r+l−iCj−lr 2r+l−jC2l

n−2r

[C{a1
Ca2 ] · ·[Ca2i−2l−1

Ca2i−2l
][Aa2i−2l+1

Ba2i−2l+2
] · ·[Aa2r−1Ba2r ]

[C(b1Cb2 ] · ·[Cb2j−2l−1
Cb2j−2l

][Ab2j−2l+1
Bb2j−2l+2

] · ·[Ab2r−1
Bb2r ]

[Aa2r+1
Bb2r+1

+Ba2r+1
Ab2r+1

] · ·[Aan−2l
Bbn−2l

+Ban−2l
Abn−2l

][Can−2l+1
Cbn−2l+1

] · ·[Can}Cbn)]

= n!n!
(2n)!

≤n−i|j∑
k≥i|j

(−2)i+j

(2i)!(2j)!
(2k)!

(k−i)!(k−j)!
(2n−2k)!

(n−k−i)!(n−k−j)!

{[A{a1
· ·Aan−k−i ][Ban+1−k−i · ·Ban−2i

][Can+1−2i
· ·Can}]}{[B(b1 · ·Bbn−k−j ][Abn+1−k−j · ·Abn−2j

][Cbn+1−2j
· ·Cbn)]}

Cor. 4.3.2. A = 1, B = 1, C = 1⇒
[n/2]∑
r=0

≤i,j,n/2−r∑
l≥0,i|j−r

(−1)r+i+j (2n−2r)!
r!(n−r)!(n−2r)!C

i−l
r Cj−lr C2l

n−2r =
≤n−i|j∑
k≥i|j

22i+2j−n

(2i)!(2j)!
(2k)!

(k−i)!(k−j)!
(2n−2k)!

(n−k−i)!(n−k−j)!

Cor. 4.3.3.
[n/2]∑
r=0

[
≤i,j,k−r,n−r−k∑

l≥0,i|j−r
](−1)r n!n!

(2n)!
(2n−2r)!

r!(n−r)!(n−2r)!C
i−l
r 2r+l−iCj−lr 2r+l−jC2l

n−2rC
k−r−l
n−2r−2l

[C{a1
Ca2

] · ·[Ca2i−2l−1
Ca2i−2l

][Aa2i−2l+1
Ba2i−2l+2

] · ·[Aa2r−1
Ba2r

]
[C(b1Cb2 ] · ·[Cb2j−2l−1

Cb2j−2l
][Ab2j−2l+1

Bb2j−2l+2
] · ·[Ab2r−1Bb2r ]

[Aa2r+1Bb2r+1 ] · ·[Aan+r−l−kBbn+r−l−k ][Ban+r−l−k+1
Abn+r−l−k+1

] · ·[Ban−2l
Abn−2l

][Can−2l+1
Cbn−2l+1

] · ·[Can}Cbn)]
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= n!n!
(2n)!

n∑
k=0

(−2)i+j

(2i)!(2j)!
(2k)!

(k−i)!(k−j)!
(2n−2k)!

(n−k−i)!(n−k−j)!

{[A{a1
· ·Aan−k−i ][Ban+1−k−i · ·Ban−2i

][Can+1−2i
· ·Can}]}{[B(b1 · ·Bbn−k−j ][Abn+1−k−j · ·Abn−2j

][Cbn+1−2j
· ·Cbn)]}

⇔
[n/2]∑
r=0

[
≤i,j,k−r,n−r−k∑

l≥0,i|j−r
](−1)r+i+j22r+2l (2n−2r)!

r!(n−r)!(n−2r)!C
i−l
r Cj−lr C2l

n−2rC
k−r−l
n−2r−2l = (−2)2i+2j

(2i)!(2j)!
(2k)!

(k−i)!(k−j)!
(2n−2k)!

(n−k−i)!(n−k−j)!

The above final form is the k-order item identity.
4.4 Projection operator conjecture C(2i+1,2j+1) case

Thm. 4.4.1.
[n/2]∑
r=0

≤i,j,(n−1)/2−r∑
l≥0,i|j−r

(−1)r n!n!
(2n)!

(2n−2r)!
r!(n−r)!(n−2r)!

Ci−lr {[C{a1
Ca2

] · ·[Ca2i−2l−1
Ca2i−2l

][Aa2i−2l+1
Ba2i−2l+2

+Ba2i−2l+1
Aa2i−2l+2

] · ·[Aa2r−1
Ba2r

+Ba2r−1
Aa2r

]

Cj−lr [C(b1Cb2 ] · ·[Cb2j−2l−1
Cb2j−2l

][Ab2j−2l+1
Bb2j−2l+2

+Bb2j−2l+1
Ab2j−2l+2

] · ·[Ab2r−1
Bb2r +Bb2r−1

Ab2r ]}
C2l+1
n−2r[Aa2r+1

Bb2r+1
+Ba2r+1

Ab2r+1
] · ·[Aan−2l−1

Bbn−2l−1
+Ban−2l−1

Abn−2l−1
][Can−2l

Cbn−2l
] · ·[Can}Cbn)]

= −
≤n−1−i|j∑
k≥i|j

n!n!
(2n)!

(−2)i+j+1

(2i+1)!(2j+1)!
(2k+1)!

(k−i)!(k−j)!
(2n−2k−1)!

(n−k−i−1)!(n−k−j−1)!

{[A{a1
· ·Aan−k−i−1

][Ban−k−i · ·Ban−2i−1
][Can−2i

· ·Can}]}{[B(b1 · ·Bbn−k−j−1
][Abn−k−j · ·Abn−2j−1

][Cbn−2j
· ·Cbn)]}

The above is an identity which contains denominator term (2i + 1)!(2j + 1)! after (AB + BA), CC type
binomial expansion.

Cor. 4.4.1.
[n/2]∑
r=0

≤i,j,(n−1)/2−r∑
l≥0,i|j−r

(−1)r n!n!
(2n)!

(2n−2r)!
r!(n−r)!(n−2r)!C

i−l
r 2r+l−iCj−lr 2r+l−jC2l+1

n−2r

[C{a1
Ca2

] · ·[Ca2i−2l−1
Ca2i−2l

][Aa2i−2l+1
Ba2i−2l+2

] · ·[Aa2r−1
Ba2r

]
[C(b1Cb2 ] · ·[Cb2j−2l−1

Cb2j−2l
][Ab2j−2l+1

Bb2j−2l+2
] · ·[Ab2r−1

Bb2r ]
[Aa2r+1

Bb2r+1
+Ba2r+1

Ab2r+1
] · ·[Aan−2l−1

Bbn−2l−1
+Ban−2l−1

Abn−2l−1
][Can−2l

Cbn−2l
] · ·[Can}Cbn)]

= −
≤n−1−i|j∑
k≥i|j

n!n!
(2n)!

(−2)i+j+1

(2i+1)!(2j+1)!
(2k+1)!

(k−i)!(k−j)!
(2n−2k−1)!

(n−k−i−1)!(n−k−j−1)!

{[A{a1
· ·Aan−k−i−1

][Ban−k−i · ·Ban−2i−1
][Can−2i

· ·Can}]}{[B(b1 · ·Bbn−k−j−1
][Abn−k−j · ·Abn−2j−1

][Cbn−2j
· ·Cbn)]}

Cor. 4.4.2. A = 1, B = 1, C = 1⇒
[n/2]∑
r=0

≤i,j,(n−1)/2−r∑
l≥0,i|j−r

(−1)r+i+j (2n−2r)!
r!(n−r)!(n−2r)!C

i−l
r Cj−lr C2l+1

n−2r =
≤n−1−i|j∑
k≥i|j

22i+2j+2−n

(2i+1)!(2j+1)!
(2k+1)!

(k−i)!(k−j)!
(2n−2k−1)!

(n−k−i−1)!(n−k−j−1)!

Cor. 4.4.3.
[n/2]∑
r=0

[
≤i,j,k−r,n−1−r−k∑

l≥0,i|j−r
](−1)r n!n!

(2n)!
(2n−2r)!

r!(n−r)!(n−2r)!C
i−l
r 2r+l−iCj−lr 2r+l−jC2l+1

n−2rC
k−r−l
n−2r−2l−1

[C{a1
Ca2

] · ·[Ca2i−2l−1
Ca2i−2l

][Aa2i−2l+1
Ba2i−2l+2

] · ·[Aa2r−1
Ba2r

]
[C(b1Cb2 ] · ·[Cb2j−2l−1

Cb2j−2l
][Ab2j−2l+1

Bb2j−2l+2
] · ·[Ab2r−1Bb2r ]

[Aa2r+1Bb2r+1 ] · ·[Aan+r−l−k−1
Bbn+r−l−k−1

][Ban+r−l−kAbn+r−l−k ] · ·[Ban−2l−1
Abn−2l−1

][Can−2l
Cbn−2l

] · ·[Can}Cbn)]

= −
n−1∑
k=0

n!n!
(2n)!

(−2)i+j+1

(2i+1)!(2j+1)!
(2k+1)!

(k−i)!(k−j)!
(2n−2k−1)!

(n−k−i−1)!(n−k−j−1)!

{[A{a1
· ·Aan−k−i−1

][Ban−k−i · ·Ban−2i−1
][Can−2i

· ·Can}]}{[B(b1 · ·Bbn−k−j−1
][Abn−k−j · ·Abn−2j−1

][Cbn−2j
· ·Cbn)]}

⇔
[n/2]∑
r=0

[
≤i,j,k−r,n−1−r−k∑

l≥0,i|j−r
](−1)r+i+j22r+2l (2n−2r)!

r!(n−r)!(n−2r)!C
i−l
r Cj−lr C2l+1

n−2rC
k−r−l
n−2r−2l−1

= − (−2)2i+2j+1

(2i+1)!(2j+1)!
(2k+1)!

(k−i)!(k−j)!
(2n−2k−1)!

(n−k−i−1)!(n−k−j−1)!

The above final form is the identity for k-item.
4.5 Combinatorial identities equivalent to projection operator conjecture

Thm. 4.5.1.
[n/2]∑
r=0

(−1)r n!n!
(2n)!

(2n−2r)!
r!(n−r)!(n−2r)!

{[C{a1
Ca2
−A{a1

Ba2
−B{a1

Aa2
][C(b1Cb2 −A(b1Bb2 −B(b1Ab2 ] · ·

[Ca2r−1
Ca2r

−Aa2r−1
Ba2r

−Ba2r−1
Aa2r

][Cb2r−1
Cb2r −Ab2r−1

Bb2r −Bb2r−1
Ab2r ]}

[Ca2r+1Cb2r+1 −Aa2r+1Bb2r+1 −Ba2r+1Ab2r+1 ] · ·[Can}Cbn) −Aan}Bbn) −Ban}Abn)]

=
n∑
k=0

(−1)n

C2k
2n

k|(n−k)∑
i,j=0

2i+jn!n!
(n−k−i)!(n−k−j)!(k−i)!(k−j)!(2i)!(2j)!

{[A{a1
· ·Aan−k−i ][Ban+1−k−i · ·Ban−2i ][Can+1−2i · ·Can}]}{[B(b1 · ·Bbn−k−j ][Abn+1−k−j · ·Abn−2j ][Cbn+1−2j · ·Cbn)]}

−
n−1∑
k=0

(−1)n

C2k+1
2n

k|(n−1−k)∑
i,j=0

2i+j+1n!n!
(n−k−i−1)!(n−k−j−1)!(k−i)!(k−j)!(2i+1)!(2j+1)!
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{[A{a1
· ·Aan−k−i−1

][Ban−k−i · ·Ban−2i−1 ][Can−2i · ·Can}]}{[B(b1 · ·Bbn−k−j−1
][Abn−k−j · ·Abn−2j−1

][Cbn−2j
· ·Cbn)]}

⇔

[n/2]∑
r=0

[
≤i,j,k−r,n−r−k∑

l≥0,i|j−r
](−1)r+i+j22r+2l (2n−2r)!

r!(n−r)!(n−2r)!C
i−l
r Cj−lr C2l

n−2rC
k−r−l
n−2r−2l

= 22i+2j

(2i)!(2j)!
(2k)!

(k−i)!(k−j)!
(2n−2k)!

(n−k−i)!(n−k−j)!
[n/2]∑
r=0

[
≤i,j,k−r,n−1−r−k∑

l≥0,i|j−r
](−1)r+i+j22r+2l (2n−2r)!

r!(n−r)!(n−2r)!C
i−l
r Cj−lr C2l+1

n−2rC
k−r−l
n−2r−2l−1

= 22i+2j+1

(2i+1)!(2j+1)!
(2k+1)!

(k−i)!(k−j)!
(2n−2k−1)!

(n−k−i−1)!(n−k−j−1)!

If the above two combinatorial identities are true, then the projection operator conjecture and the
important conjecture in the previous section are naturally true.
4.6 Equivalent Analysis of combinatorial identities for projection operator conjecture

Cor. 4.6.1.

[n/2]∑
r=0

[
≤i,j,k−r,n−r−k∑

l≥0,i|j−r
](−1)r+i+j 22r+2l(2n−2r)!

(n−r)!(n−k−r−l)!(k−r−l)!(2l)!
r!

(i−l)!(j−l)!(r+l−i)!(r+l−j)!

= 22i+2j

(2i)!(2j)!
(2k)!

(k−i)!(k−j)!
(2n−2k)!

(n−k−i)!(n−k−j)!
[n/2]∑
r=0

[
≤i,j,k−r,n−1−r−k∑

l≥0,i|j−r
](−1)r+i+j 22r+2l(2n−2r)!

(n−r)!(n−k−r−l−1)!(k−r−l)!(2l+1)!
r!

(i−l)!(j−l)!(r+l−i)!(r+l−j)!

= 22i+2j+1

(2i+1)!(2j+1)!
(2k+1)!

(k−i)!(k−j)!
(2n−2k−1)!

(n−k−i−1)!(n−k−j−1)!⇔

k|(n−k)∑
r=0

[
≤i,j,k−r,n−r−k∑

l≥0,i|j−r
](−4)r 4l(2n−2r)!

(n−r)!(n−k−r−l)!(k−r−l)!(2l)!
r!

(i−l)!(j−l)!(r+l−i)!(r+l−j)!

= (−4)i+j

(2i)!(2j)!
(2k)!

(k−i)!(k−j)!
(2n−2k)!

(n−k−i)!(n−k−j)!
k|(n−k)∑
r=0

[
≤i,j,k−r,n−r−k∑

l≥0,i|j−r
](−4)r 4l(2n−2r+1)!

(n−r)!(n−k−r−l)!(k−r−l)!(2l+1)!
r!

(i−l)!(j−l)!(r+l−i)!(r+l−j)!

= (−4)i+j

(2i+1)!(2j+1)!
(2k+1)!

(k−i)!(k−j)!
(2n−2k+1)!

(n−k−i)!(n−k−j)!

If the above two combinatorial identities are true, then the projection operator conjecture and the
important conjecture in the previous section are naturally true. Thus the conjecture has obviously
been greatly simplified. The next step is to strive to prove the above two combinatorial identities, and
I will do this again when I have spare time.
4.7 Strict proof of combinatorial identities for projection operator conjecture???

Thm. 4.7.1.
k|(n−k)∑
r=0

[
≤i,j,k−r,n−r−k∑
l≥0,(i|j)−r

] (−4)r4l(2n−2r)!
(n−r)!(n−k−r−l)!(k−r−l)!(2l)!

r!
(i−l)!(j−l)!(r+l−i)!(r+l−j)! = (−4)i+j

(2i)!(2j)!
(2k)!

(k−i)!(k−j)!
(2n−2k)!

(n−k−i)!(n−k−j)!

Proof:
k|(n−k)∑
r=0

i|j∑
l=0

(−4)r4l (2n−2r)!
(n−r)!(n−k−r−l)!(k−r−l)!(2l)!

r!
(i−l)!(j−l)!(r+l−i)!(r+l−j)! = (−4)i+j

(2i)!(2j)!
(2k)!

(k−i)!(k−j)!
(2n−2k)!

(n−k−i)!(n−k−j)!

Thm. 4.7.2.
k|(n−k)∑
r=0

[
≤i,j,k−r,n−r−k∑
l≥0,(i|j)−r

] (−4)r4l(2n−2r+1)!
(n−r)!(n−k−r−l)!(k−r−l)!(2l+1)!

r!
(i−l)!(j−l)!(r+l−i)!(r+l−j)! = (−4)i+j

(2i+1)!(2j+1)!
(2k+1)!

(k−i)!(k−j)!
(2n−2k+1)!

(n−k−i)!(n−k−j)!

Proof:
k|(n−k)∑
r=0

i|j∑
l=0

(−4)r4l (2n−2r+1)!
(n−r)!(n−k−r−l)!(k−r−l)!(2l+1)!

r!
(i−l)!(j−l)!(r+l−i)!(r+l−j)! = (−4)i+j

(2i+1)!(2j+1)!
(2k+1)!

(k−i)!(k−j)!
(2n−2k+1)!

(n−k−i)!(n−k−j)!

5 Expression and verification of specific situation for projection operator conjecture
5.1 Value range analysis

Cor. 5.1.1.
[n/2]∑
r=0

[
≤i,j,k−r,n−r−k∑

l≥0,i|j−r
](−1)r+i+j22r+2l (2n−2r)!

r!(n−r)!(n−2r)!C
i−l
r Cj−lr C2l

n−2rC
k−r−l
n−2r−2l = 22i+2j

(2i)!(2j)!
(2k)!

(k−i)!(k−j)!
(2n−2k)!

(n−k−i)!(n−k−j)!

Cor. 5.1.2. 0, i|j − r ≤ l≤ i, j, k − r, n− r − k ⇒ |i− j| ≤ r ≤ k|(n− k), i|j ≤ k ≤ n− i|j

Cor. 5.1.3.
[n/2]∑
r=0

[
≤i,j,k−r,n−1−r−k∑

l≥0,i|j−r
](−1)r+i+j22r+2l (2n−2r)!

r!(n−r)!(n−2r)!C
i−l
r Cj−lr C2l+1

n−2rC
k−r−l
n−2r−2l−1

= 22i+2j+1

(2i+1)!(2j+1)!
(2k+1)!

(k−i)!(k−j)!
(2n−2k−1)!

(n−k−i−1)!(n−k−j−1)!

Cor. 5.1.4. 0, i|j − r ≤ l≤ i, j, k − r, n− 1− r − k ⇒ |i− j| ≤ r ≤ k|(n− 1− k), i|j ≤ k ≤ n− 1− i|j
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5.2 i=0,j=0 case

5.2.1 C(2i,2j)=(0,0) case

Cor. 5.2.1. i = 0, j = 0⇒ l = 0, r ≤ k|(n− k), 0 ≤ k ≤ n

Cor. 5.2.2.
k|(n−k)∑
r=0

(−4)r (2n−2r)!
r!(n−r)!(k−r)!(n−k−r)! = (2k)!

k!k!
(2n−2k)!

(n−k)!(n−k)!

Cor. 5.2.3.
[n/2]∑
r=0

(−1)r (2n−2r)!
r!(n−r)!(n−2r)!

{[A{a1
Ba2

+B{a1
Aa2

][A(b1Bb2 +B(b1Ab2 ] · ·[Aa2r−1
Ba2r

+Ba2r−1
Aa2r

][Ab2r−1
Bb2r +Bb2r−1

Ab2r ]}
[Aa2r+1

Bb2r+1
+Ba2r+1

Ab2r+1
] · ·[Aan}Bbn) +Ban}Abn)]

=
n∑
k=0

(2k)!
k!k!

(2n−2k)!
(n−k)!(n−k)! [A{a1

· ·Aan−kBan+1−k · ·Ban}][B(b1 · ·Bbn−kAbn+1−k · ·Abn)]

⇔
k|(n−k)∑
r=0

(−4)r (2n−2r)!
r!(n−r)!(k−r)!(n−k−r)! = (2k)!

k!k!
(2n−2k)!

(n−k)!(n−k)!

Cor. 5.2.4.
[n/2]∑
r=0

(−1)r (2n−2r)!2n

r!(n−r)!(n−2r)! =
n∑
k=0

(2k)!
k!k!

(2n−2k)!
(n−k)!(n−k)! = 22n

5.2.2 C(2i+1,2j+1)=(1,1) case

Cor. 5.2.5. i = 0, j = 0⇒ l = 0, r ≤ k|(n− 1− k), 0 ≤ k ≤ n− 1

Cor. 5.2.6.
k|(n−1−k)∑

r=0
(−4)r (2n−2r−1)!

r!(n−1−r)!(k−r)!(n−1−k−r)! = (2k+1)!
k!k!

(2n−2k−1)!
(n−1−k)!(n−1−k)!

Thm. 5.2.1.
[n/2]∑
r=0

(−1)r n!n!
(2n)!

(2n−2r)!
r!(n−r)!(n−2r)!

{[A{a1
Ba2

+B{a1
Aa2

][A(b1Bb2 +B(b1Ab2 ] · ·[Aa2r−1
Ba2r

+Ba2r−1
Aa2r

][Ab2r−1
Bb2r +Bb2r−1

Ab2r ]}
C1
n−2r[Aa2r+1

Bb2r+1
+Ba2r+1

Ab2r+1
] · ·[Aan−1

Bbn−1
+Ban−1

Abn−1
][Can}Cbn)]

=
n−1∑
k=0

2

C2k+1
2n

n!n!
(n−k−1)!(n−k−1)!k!k!1!1!{[A{a1

· ·Aan−k−1
][Ban−k · ·Ban−1 ][Can}]}{[B{b1 · ·Bbn−k−1

][Abn−k · ·Abn−1 ][Cbn}]}

⇔
k|(n−1−k)∑

r=0
(−4)r (2n−2r−1)!

r!(n−1−r)!(k−r)!(n−1−k−r)! = (2k+1)!
k!k!

(2n−2k−1)!
(n−1−k)!(n−1−k)!

Cor. 5.2.7.
[n/2]∑
r=0

(−1)r (2n−2r)!(n−2r)2n−2

r!(n−r)!(n−2r)! =
n−1∑
k=0

(2k+1)!
k!k!

(2n−2k−1)!
(n−1−k)!(n−1−k)! = 22n−3n(n+ 1)

5.2.3 (1,1)⇒(0,0)

Thm. 5.2.2.
k|(n−k)∑
r=0

(−4)r (2n−2r+1)!
r!(n−r)!(k−r)!(n−k−r)! = (2k+1)!

k!k!
(2n−2k+1)!

(n−k)!(n−k)! ⇒
k|(n−k)∑
r=0

(−4)r (2n−2r)!
r!(n−r)!(k−r)!(n−k−r)! = (2k)!

k!k!
(2n−2k)!

(n−k)!(n−k)!

n ≥ 0, 0 ≤ k ≤ n

Proof:
k|(n−k)∑
r=0

(−4)r (2n−2r+1)!
r!(n−r)!(k−r)!(n−k−r)! = (2k+1)!

k!k!
(2n−2k+1)!

(n−k)!(n−k)! , n ≥ 0, 0 ≤ k ≤ n

⇔
k|(n−k−2)∑

r=0
(−4)r (2n−2r−3)!

r!(n−r−2)!(k−r)!(n−k−r−2)! = (2k+1)!
k!k!

(2n−2k−3)!
(n−k−2)!(n−k−2)! , n ≥ 2, 0 ≤ k ≤ n− 2

⇔
(k+1)|(n−k−1)∑

r=1
(−4)r−1 (2n−2r−1)!

(r−1)!(n−r−1)!(k−r+1)!(n−k−r−1)! = (2k+1)!
k!k!

(2n−2k−3)!
(n−k−2)!(n−k−2)! , n ≥ 2, 0 ≤ k ≤ n− 2

⇔
k|(n−k)∑
r=1

(−4)r−1 (2n−2r−1)!
(r−1)!(n−r−1)!(k−r)!(n−k−r)! = (2k−1)!

(k−1)!(k−1)!
(2n−2k−1)!

(n−k−1)!(n−k−1)! , n ≥ 2, 1 ≤ k ≤ n− 1

⇔
k|(n−k)∑
r=0

(−4)r (2r)(2n−2r)!
r!(n−r)!(k−r)!(n−k−r)! = − (2n−2k)(2k)!

k!k!
(2k)(2n−2k)!
(n−k)!(n−k)! , n ≥ 2, 1 ≤ k ≤ n− 1

⇔
k|(n−k)∑
r=0

(−4)r (2r)(2n−2r)!
r!(n−r)!(k−r)!(n−k−r)! = − (2n−2k)(2k)!

k!k!
(2k)(2n−2k)!
(n−k)!(n−k)! , n ≥ 2, 0 ≤ k ≤ n

⇔
k|(n−k)∑
r=0

(−4)r (2r)(2n−2r)!
r!(n−r)!(k−r)!(n−k−r)! = − (2n−2k)(2k)!

k!k!
(2k)(2n−2k)!
(n−k)!(n−k)! , n ≥ 0, 0 ≤ k ≤ n

⇔
k|(n−k)∑
r=0

(−4)r (2n−2r+1)!−(2n+1)(2n−2r)!
r!(n−r)!(k−r)!(n−k−r)! = (2n−2k)(2k)!

k!k!
(2k)(2n−2k)!
(n−k)!(n−k)! , n ≥ 0, 0 ≤ k ≤ n
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⇒ (2k+1)!
k!k!

(2n−2k+1)!
(n−k)!(n−k)! −

k|(n−k)∑
r=0

(−4)r (2n+1)(2n−2r)!
r!(n−r)!(k−r)!(n−k−r)! = (2n−2k)(2k)!

k!k!
(2k)(2n−2k)!
(n−k)!(n−k)! , n ≥ 0, 0 ≤ k ≤ n

⇔
k|(n−k)∑
r=0

(−4)r (2n−2r)!
r!(n−r)!(k−r)!(n−k−r)! = (2k)!

k!k!
(2n−2k)!

(n−k)!(n−k)! , n ≥ 0, 0 ≤ k ≤ n

5.2.4 Summary

Cor. 5.2.8.
[n/2]∑
r=0

(−1)r (2n−2r)!
r!(n−r)!(n−2r)! = 2n,

[n/2]∑
r=0

(−1)r (2n−2r)!(n−2r)
r!(n−r)!(n−2r)! = n(n+ 1)2n−1

Cor. 5.2.9.
[n/2]∑
r=0

(−1)r r(2n−2r)!
r!(n−r)!(n−2r)! = −n(n− 1)2n−2,

[n/2]∑
r=0

(−1)r (n−r)(2n−2r)!
r!(n−r)!(n−2r)! = n(n+ 3)2n−2

Cor. 5.2.10.
n∑
k=0

(2k−1)!!
(2k)!!

(2n−2k−1)!!
(2n−2k)!! = 1,

n∑
k=0

(2k+1)!!
(2k)!!

(2n−2k+1)!!
(2n−2k)!! = C2

n+2

Cor. 5.2.11.
k|(n−k)∑
r=0

(−4)r (2n−2r)!
r!(n−r)!(k−r)!(n−k−r)! = (2k)!

k!k!
(2n−2k)!

(n−k)!(n−k)! ,
k|(n−k)∑
r=0

(−4)r (2n−2r+1)!
r!(n−r)!(k−r)!(n−k−r)! = (2k+1)!

k!k!
(2n−2k+1)!

(n−k)!(n−k)!

5.3 i=1,j=0 and i=0,j=1 cases

5.3.1 C(2i,2j)=(2,0) and C(2i,2j)=(0,2) cases

Cor. 5.3.1. i = 1, j = 0|i = 0, j = 1⇒ l = 0, 1 ≤ r ≤ k|(n− k), 1 ≤ k ≤ n− 1

Cor. 5.3.2.
k|(n−k)∑
r=1

(−1)r+122r−1 (2n−2r)!
(r−1)!(n−r)!(k−r)!(n−k−r)! = (2k)!

(k−1)!k!
(2n−2k)!

(n−1−k)!(n−k)!

Thm. 5.3.1.
[n/2]∑
r=0

(−1)r n!n!
(2n)!

(2n−2r)!
r!(n−r)!(n−2r)!

C1
rC

0
r{[A{a1

Ba2
+B{a1

Aa2
][A(b1Bb2 +B(b1Ab2 ] · ·

[Aa2r−3Ba2r−1 +Ba2r−3Aa2r−1 ][Ab2r−3Bb2r−1 +Bb2r−3Ab2r−1 ][Ca2r−1Ca2r ][Ab2r−1Bb2r +Bb2r−1Ab2r ]}
C0
n−2r[Aa2r+1Bb2r+1 +Ba2r+1Ab2r+1 ] · ·[Aan}Bbn) +Ban}Abn)]

= −
n∑
k=0

n!n!
(2n)!

(2n−2k)!(2k)!
(n−k−1)!(n−k)!(k−1)!k!

{[A{a1
· ·Aan−k−1

][Ban−k · ·Ban−2
][Can−1

· ·Can}]}{[B(b1 · ·Bbn−k ][Abn+1−k · ·Abn)]}

Thm. 5.3.2.
[n/2]∑
r=0

(−1)r n!n!
(2n)!

(2n−2r)!
r!(n−r)!(n−2r)!

C0
rC

1
r{[A{a1

Ba2
+B{a1

Aa2
][A(b1Bb2 +B(b1Ab2 ] · ·

[Aa2r−3
Ba2r−1

+Ba2r−3
Aa2r−1

][Ab2r−3
Bb2r−1

+Bb2r−3
Ab2r−1

][Aa2r−1
Ba2r

+Ba2r−1
Aa2r

][Cb2r−1
Cb2r ]}

C0
n−2r[Aa2r+1Bb2r+1 +Ba2r+1Ab2r+1 ] · ·[Aan}Bbn) +Ban}Abn)]

= −
n∑
k=0

n!n!
(2n)!

(2n−2k)!(2k)!
(n−k)!(n−k−1)!k!(k−1)!

{[A{a1
· ·Aan−k ][Ban−k+1

· ·Ban ]}{[B(b1 · ·Bbn−k−1
][Abn−k · ·Abn−2)][Cbn−1

· ·Cbn}]}

Cor. 5.3.3. −
[n/2]∑
r=0

(−1)r (2r)(2n−2r)!2n

r!(n−r)!(n−2r)! =
n∑
k=0

(2k)!(2k)
k!k!

(2n−2k)!(2n−2k)
(n−k)!(n−k)! = n(n− 1)22n−1

5.3.2 C(2i+1,2j+1)=(3,1) and C(2i+1,2j+1)=(1,3) cases

Cor. 5.3.4.
k|(n−k)∑
r=0

(−4)r (2n−2r+1)!
(n−r)!(n−k−r)!(k−r)!1!

r!
1!0!(r−1)!r! = (−4)1

3!1!
(2k+1)!
(k−1)!k!

(2n−2k+1)!
(n−k−1)!(n−k)!

k|(n−k)∑
r=0

(−4)r (2n−2r+1)!
(r−1)!(n−r)!(n−k−r)!(k−r)! = − 2

3
(2k+1)!
(k−1)!k!

(2n−2k+1)!
(n−k−1)!(n−k)!

Thm. 5.3.3.
[n/2]∑
r=0

(−1)r (2n−2r)!
r!(n−r)!(n−2r)!

C1
r [C{a1

Ca2
][Aa3

Ba4
+Ba3

Aa4
] · ·[Aa2r−1

Ba2r
+Ba2r−1

Aa2r
]C0
r [Ab1Bb2 +Bb1Ab2 ] · ·[Ab2r−1

Bb2r +Bb2r−1
Ab2r ]

C1
n−2r[Aa2r+1Bb2r+1 +Ba2r+1Ab2r+1 ] · ·[Aan−1Bbn−1 +Ban−1Abn−1 ][Can}Cbn)]

= −
n−2∑
k=1

(−2)2

3!1!
(2k+1)!
(k−1)!k!

(2n−2k−1)!
(n−k−2)!(n−k−1)!

{[A{a1
· ·Aan−k−2

][Ban−k−1
· ·Ban−3 ][Can−2 · ·Can}]}{[B(b1 · ·Bbn−k−1

][Abn−k · ·Abn−1
][Cbn)]}
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Thm. 5.3.4.
[n/2]∑
r=0

(−1)r (2n−2r)!
r!(n−r)!(n−2r)!

C0
r [Aa1Ba2 +Ba1Aa2 ] · ·[Aa2r−1Ba2r +Ba2r−1Aa2r ]C

1
r [C{a1

Ca2
][Ab3Bb4 +Bb3Ab4 ] · ·[Ab2r−1

Bb2r +Bb2r−1
Ab2r ]

C1
n−2r[Aa2r+1

Bb2r+1
+Ba2r+1

Ab2r+1
] · ·[Aan−1

Bbn−1
+Ban−1

Abn−1
][Can}Cbn)]

= −
n−2∑
k=1

(−2)2

1!3!
(2k+1)!
k!(k−1)!

(2n−2k−1)!
(n−k−1)!(n−k−2)!

{[A{a1
· ·Aan−k−1

][Ban−k · ·Ban−1
][Can}]}{[B(b1 · ·Bbn−k−2

][Abn−k−1
· ·Abn−3

][Cbn−2
· ·Cbn)]}

Cor. 5.3.5. 3
8

[n/2]∑
r=0

(−1)r (2n−2r)!
r!(n−r)!(n−2r)!r(n− 2r)2n = −

n−2∑
k=1

(2k+1)!
(k−1)!k!

(2n−2k−1)!
(n−k−2)!(n−k−1)!

5.4 i=1,j=1 case

5.4.1 C(2i,2j)=(2,2) case

Cor. 5.4.1. 0, i|j − r ≤ l≤ i, j, k − r, n− r − k ⇒ |i− j| ≤ r ≤ k|(n− k), 1 ≤ k ≤ n− 1

Thm. 5.4.1.
[n/2]∑
r=0

(−1)r n!n!
(2n)!

(2n−2r)!
r!(n−r)!(n−2r)!

{(C1
r )2{[A{a1

Ba2
+B{a1

Aa2
][A(b1Bb2 +B(b1Ab2 ] · ·[Aa2r−3

Ba2r−2
+Ba2r−3

Aa2r−2
][Ab2r−3

Bb2r−2
+Bb2r−3

Ab2r−2
]

[Ca2r−1
Ca2r

][Cb2r−1
Cb2r ]}[Aa2r+1

Bb2r+1
+Ba2r+1

Ab2r+1
] · ·[Aan}Bbn) +Ban}Abn)]

+ {[A{a1
Ba2 +B{a1

Aa2 ][A(b1Bb2 +B(b1Ab2 ] · ·[Aa2r−1Ba2r +Ba2r−1Aa2r ][Ab2r−1Bb2r +Bb2r−1Ab2r ]}
C2
n−2r[Aa2r+1Bb2r+1 +Ba2r+1Ab2r+1 ] · ·[Aan−2Bbn−2 +Ban−2Abn−2 ][Can−1Cbn−1Can}Cbn)]}

=
n∑
k=0

n!n!
(2n)!

(2n−2k)!(2k)!
(n−k−1)!(n−k−1)!(k−1)!(k−1)!

{[A{a1
· ·Aan−k−1

][Ban−k · ·Ban−2
][Can−1

· ·Can}]}{[B(b1 · ·Bbn−k−1
][Abn−k · ·Abn−2

][Cbn−1
· ·Cbn)]}

Cor. 5.4.2.
[n/2]∑
r=0

(−1)r (2n−2r)!
r!(n−r)!(n−2r)! [3r

2 − (2n− 1)r + n(n−1)
2 ]2n−2 =

n∑
k=0

(2n−2k)!(2k)!
(n−k−1)!(n−k−1)!(k−1)!(k−1)!

5.4.2 C(2i+1,2j+1)=(3,3) case

Cor. 5.4.3.
k|(n−k)∑
r=0

≤1,k−r,n−r−k∑
l≥0,1−r

(−4)r 4l(2n−2r+1)!
(n−r)!(n−k−r−l)!(k−r−l)!(2l+1)!

r!
(1−l)!(1−l)!(r+l−1)!(r+l−1)!

= (−4)2

3!3!
(2k+1)!

(k−1)!(k−1)!
(2n−2k+1)!

(n−k−1)!(n−k−1)!

Cor. 5.4.4.
k|(n−k)∑
r=0

(−4)r 40(2n−2r+1)!
(n−r)!(n−k−r)!(k−r)!1!

r!
1!1!(r−1)!(r−1)! + (−4)r 41(2n−2r+1)!

(n−r)!(n−k−r−1)!(k−r−1)!3!
r!

0!0!r!r!

= (−4)2

3!3!
(2k+1)!

(k−1)!(k−1)!
(2n−2k+1)!

(n−k−1)!(n−k−1)!

k|(n−k)∑
r=0

(−4)r (2n−2r+1)!
(n−r)!(n−k−r)!(k−r)!

r2

r! + (−4)r 41(2n−2r+1)!
(n−r)!(n−k−r−1)!(k−r−1)!3!

1
r! = (−4)2

3!3!
(2k+1)!

(k−1)!(k−1)!
(2n−2k+1)!

(n−k−1)!(n−k−1)!

k|(n−k)∑
r=0

(−4)r (2n−2r+1)!
(n−r)!(n−k−r)!(k−r)!

r2

r! + (−4)r 41(2n−2r+1)!
(n−r)!(n−k−r)!(k−r)!3!

(n−k−r)(k−r)
r! = (−4)2

3!3!
(2k+1)!

(k−1)!(k−1)!
(2n−2k+1)!

(n−k−1)!(n−k−1)!

k|(n−k)∑
r=0

−(−4)r−1 (2n−2r+1)!
r!(n−r)!(n−k−r)!(k−r)! [9r

2 + 6(n− k − r)(k − r)] = (2k+1)!
(k−1)!(k−1)!

(2n−2k+1)!
(n−k−1)!(n−k−1)!

Thm. 5.4.2.
[n/2]∑
r=0

≤1,(n−1)/2−r∑
l≥0,1−r

(−1)r n!n!
(2n)!

(2n−2r)!
r!(n−r)!(n−2r)!

C1−l
r [C{a1

Ca2
] · ·[Ca1−2l

Ca2−2l
]2r+l−1[Aa3−2l

Ba4−2l
] · ·[Aa2r−1

Ba2r
]

C1−l
r [C(b1Cb2 ] · ·[Cb1−2l

Cb2−2l
]2r+l−1[Ab3−2l

Bb4−2l
] · ·[Ab2r−1

Bb2r ]

C2l+1
n−2r[Aa2r+1

Bb2r+1
+Ba2r+1

Ab2r+1
] · ·[Aan−2l−1

Bbn−2l−1
+Ban−2l−1

Abn−2l−1
][Can−2l

Cbn−2l
] · ·[Can}Cbn)]

= −
≤n−2∑
k≥1

n!n!
(2n)!

(−2)3

3!3!
(2k+1)!

(k−1)!(k−1)!
(2n−2k−1)!

(n−k−2)!(n−k−2)!

{[A{a1
· ·Aan−k−2

][Ban−k−1
· ·Ban−3 ][Can−2 · ·Can}]}{[B(b1 · ·Bbn−k−2

][Abn−k−1
· ·Abn−3 ][Cbn−2 · ·Cbn)]}

Cor. 5.4.5. 9
16

[n/2]∑
r=0

(−1)r (2n−2r)!
r!(n−r)!(n−2r)!2

n[r2(n− 2r) + C3
n−2r] =

n−2∑
k=1

(2k+1)!
(k−1)!(k−1)!

(2n−2k−1)!
(n−k−2)!(n−k−2)!

6 Analysis of recursive relation for Klein-Gordon equation projection operators
Klein Gordon n+1-projection operator can uniquely expand by 1-projection operator. Then we can
assume that it is equal to all possible combinations of n-projection operators multiplied by 1-projection
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operators (including undetermined coefficients). Finally, we can calculate out the expansion coefficients
of n+1-projection operator=

∑
n-projection operator multiplied by 1-projection operator. However

the solution is not unique. And there are generally infinite solutions. So there is no clear physical
meaning.

Def. 6.0.1.

P̂a1··anb1··bn(n) = 1
(n!)2

P (b)∑
P (a)

[n/2]∑
r=0

krP̂a1a2
P̂b1b2 · ·P̂a2r−1a2r

P̂b2r−1b2r

n∏
i=2r+1

P̂aibi

P̂a1··anb1··bn(n) := η
a′1
b1
η
a′2
b2
· ·ηa

′
n

bn
P̂a1··ana′1··a′n(n)

6.1 Basic properties of projection operator for spin-1 particle Klein-Gordon equation

Cor. 6.1.1. Pa1b1 = Pb1a1
, pa1Pa1b1 = 0, Pa1c1δ

c1d1Pd1b1 = Pa1b1

Cor. 6.1.2.

{
Pa1b1 , Pa1a2 ;Pb1b2 , Pa2b2 ;

Pa1b1Pa2b2 , Pa1a2Pb1b2 ;

6.2 Basic properties of projection operator for spin-2 particle Klein-Gordon equation

Cor. 6.2.1.

{
Pa1b1;a2b2 , Pa1a2;b1b2 ;Pa1a2;a3b1 , Pa1b1;b2b3 ;

Pa1b1;a2b2Pa3b3 , Pa1a2;b1b2Pa3b3 ;Pa1a2;a3b1Pb2b3 ;

Cor. 6.2.2.
Pa1a2;b1b2(2) = 1

(2!)2 {[P{a1(b1Pa2}b2)]− 1
3 [P{a1a2}P(b1b2)]} = 2

(2!)2 {Pa1b1Pa2b2 + Pa1b2Pa2b1 − 2
3Pa1a2

Pb1b2}
Pa1b1;a2b2(2) = 2

(2!)2 {Pa1a2Pb1b2 + Pa1b2Pa2b1 − 2
3Pa1b1Pa2b2}

Pa1a2;a3b1(2) = 2
(2!)2 {Pa1b1Pa2a3

+ Pa1a3
Pa2b1 − 2

3Pa1a2
Pb1a3

}
Pb1b2;b3a1

(2) = 2
(2!)2 {Pb1a1

Pb2b3 + Pb1b3Pb2a1
− 2

3Pb1b2Pa1b3}

6.3 Basic properties of projection operator for spin-3 particle Klein-Gordon equation

Cor. 6.3.1.

{
Pa1a2b3;b1b2a3

, Pa1a2a3;b1b2b3 ;Pa1a2b1;a3a4b2 , Pb1b2a1;b3b4a2
;Pa1a2a3;a4b1b2 , Pa1a2b4;b1b2b3 ;

Pa1a2b3;b1b2a3
Pa4b4 , Pa1a2a3;b1b2b3Pa4b4 ;Pa1a2b1;a3a4b2Pb3b4 , Pa1a2a3;a4b1b2Pb3b4 ;

6.4 Basic properties of projection operator for spin-n particle Klein-Gordon equation

Cor. 6.4.1.

Pa1··akbk+1··bn;b1··bkak+1··an ;Pa1··akbk+1··bn−1an+1;b1··bkak+1··an ;

Pa1··akbk+1··bn;b1··bkak+1··anPan+1bn+1 : (n+ 1)− [(n+ 1)/2];

Pa1··albl··bn−1;b1··bl−1al+1··an+1Pbnbn+1 : n− [n/2];

k = n, · · · , [(n+ 1)/2], l = n, · · · , [n/2] + 1

(n+ 1)− [(n+ 1)/2] + n− [n/2] = n+ 1

Cor. 6.4.2. Pa1··an+1;b1··bn+1

= 1
[(n+1)!]2 {

[(n+1)/2]∑
k=n

BkP{a1··akbk+1··bn;(b1··bkak+1··anPan+1}bn+1) +
[n/2]+1∑
l=n

ClP{a1··albl··bn−1;(b1··bl−1al+1··an+1}Pbnbn+1)}

Cor. 6.4.3.

Pa1··akbk+1··bn;b1··bkak+1··an ;Pa1··akbk+1··bn−1an+1;b1··bkak+1··an ;

Pa1··akbk+1··bn;b1··bkak+1··anPan+1bn+1 : (n+ 1)− [(n+ 1)/2];

Pa1··albl··bn−1;b1··bl−1al+1··an+1Pbnbn+1 : n− [n/2];

k = 0, · · · , [n/2], l = 1, · · · , [(n+ 1)/2]

[n/2] + [(n− 1)/2] + 2 = n+ 1

Cor. 6.4.4. Pa1··an+1;b1··bn+1

= 1
[(n+1)!]2 {

[n/2]∑
k=0

BkP{a1··akbk+1··bn;(b1··bkak+1··anPan+1}bn+1)

+
[(n+1)/2]∑
j=1

AjP{a1··aj−1bj+1··bn+1;(b1··bjaj ··an−1}Panan+1) +
[(n+1)/2]∑

l=1

ClP{a1··albl··bn−1;(b1··bl−1al+1··an+1}Pbnbn+1)}

Cor. 6.4.5. Pa1··an+1;b1··bn+1

= 1
[(n+1)!]2 {

[n/2]∑
k=0

BkP{a1··akbk+1··bn;(b1··bkak+1··anPan+1}bn+1)

+
[(n+1)/2]∑

l=1

ClP{a1··al−1bl+1··bn+1;(b1··blal··an−1}Panan+1) +
[(n+1)/2]∑

l=1

ClP{a1··albl··bn−1;(b1··bl−1al+1··an+1}Pbnbn+1)}
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Cor. 6.4.6. Pa1··an+1;b1··bn+1

= 1
[(n+1)!]2 {

0∑
k=0

BkP{a1··akbk+1··bn;(b1··bkak+1··anPan+1}bn+1)

+
1∑
l=1

ClP{a1··al−1bl+1··bn+1;(b1··blal··an−1}Panan+1) +
1∑
l=1

ClP{a1··albl··bn−1;(b1··bl−1al+1··an+1}Pbnbn+1)}

6.5 Expansion of projection operator for spin-2 particle Klein-Gordon equation(Unique)

Cor. 6.5.1. Pa1a2b1b2(2) = 1
(2!)2 {[P{a1(b1Pa2}b2)]− 1

3 [P{a1a2}P(b1b2)]}

Proof: Pa1a2;b1b2

= 1
(2!)2 {

0∑
k=0

Bk(2)P{a1··akbk+1··(b1;b1··bkak+1··a1
Pa2}b2) +

1∑
l=1

Cl(2)P{a1··albl··b0;(b1··bl−1al+1··a2}Pb1b2)}

= 1
(2!)2 {B0(2)P(b1{a1

Pa2}b2) + C1(2)P{a1a2}P(b1b2)}
⇒ B0(2) = 1, C1(2) = − 1

3

6.6 Expansion of projection operator for spin-3 particle Klein-Gordon equation

(Not unique, so it has no significant physical meaning.)

Cor. 6.6.1. Pa1a2a3b1b2b3(3) = 1
(3!)2 {[P{a1(b1Pa2b2Pa3}b3)]− 3

5 [P{a1a2
P(b1b2 ][Pa3}b3)]}

Lem. 6.6.1.
P{a1a2(b1b2(2)Pa3}b3) = {P{a1(b1Pa2b2 − 1

3 [P{a1a2
P(b1b2 ]}Pa3}b3)

P{a1(b1;a2b2(2)Pa3}b3) = 1
2{P{a1a2

P(b1b2 + 1
3 [P{a1(b1Pa2b2 ]}Pa3}b3)

P{a1a2;a3}(b1(2)Pb2b3) = 2
3P{a1a2

Pa3}(b1Pb2b3)

Proof:

P{a1a2;(b1b2(2)Pa3}b3) = 2
(2!)2 {P{a1(b1P{a2(b2 + P{a1(b2Pa2b1 − 2

3Pa1a2Pb1b2}Pa3}b3)

= {P{a1(b1Pa2b2 − 1
3 [P{a1a2

P(b1b2 ]}Pa3}b3)

P{a1(b1;a2b2(2)Pa3}b3) = 2
(2!)2 {P{a1a2

P(b1b2 + P{a1(b2Pa2b1 − 2
3P{a1(b1Pa2b2}Pa3}b3)

= 1
2{P{a1a2

P(b1b2 + 1
3 [P{a1(b1Pa2b2 ]}Pa3}b3)

P{a1a2;a3}(b1(2)Pb2b3) = 2
(2!)2 {P{a1(b1Pa2a3

+ P{a1a3
Pa2(b1 − 2

3P{a1a2
P(b1a3

}Pb2b3) = 2
3P{a1a2

P(b1b2Pa3}b3)

P(b1b2;b3){a1
(2)Pa2a3} = 2

(2!)2 {P(b1{a1
Pb2b3 + P(b1b3Pb2{a1

− 2
3P(b1b2P{a1b3}Pa2a3} = 2

3P{a1a2
P(b1b2Pa3}b3)

Thm. 6.6.1. Pa1a2a3;b1b2b3(3)
= 1

(3!)2 {P{a1a2;(b1b2(2)Pa3}b3) − 2
5P{a1a2;a3}(b1(2)Pb2b3)}

= 1
(3!)2 {6P{a1(b1;a2b2(2)Pa3}b3) − 27

5 P{a1a2;a3}(b1(2)Pb2b3)}
= 1

(3!)2 { 27
25P{a1a2;(b1b2(2)Pa3}b3) − 12

25P{a1(b1;a2b2(2)Pa3}b3)}
= 1

(3!)2 { 6
7P{a1a2;(b1b2(2)Pa3}b3) + 6

7P{a1(b1;a2b2(2)Pa3}b3) − 39
35P{a1a2;a3}(b1(2)Pb2b3)}

= 1
(3!)2 { 6

5P{a1a2;(b1b2(2)Pa3}b3) − 6
5P{a1(b1;a2b2(2)Pa3}b3) + 3

5P{a1a2;a3}(b1(2)Pb2b3)}

Proof: Pa1a2a3;b1b2b3

= 1
(3!)2 {

1∑
k=0

BkP{a1··akbk+1··b2;(b1··bkak+1··a2
Pa3}b3) +

1∑
l=1

ClP{a1··al(bl··b1;b1··bl−1al+1··a3}Pb2b3)}

= 1
(3!)2 {B1(3)P{a1(b2;b1a2

Pa3}b3) +B0(3)P(b1b2;{a1a2
Pa3}b3) + C1(3)P{a1(b1;a2a3}Pb2b3)}

= 1
(3!)2 {B1(3)P{a1(b1;a2b2Pa3}b3) +B0(3)P{a1a2;(b1b2Pa3}b3) + C1(3)P{a1a2;a3}(b1Pb2b3)}

= 1
(3!)2 {B1(3) 1

2{P{a1a2
P(b1b2 + 1

3 [P{a1(b1Pa2b2 ]}Pa3}b3) +B0(3){P{a1(b1Pa2b2 − 1
3 [P{a1a2

P(b1b2 ]}Pa3}b3)

+ C1(3) 2
3P{a1a2

Pa3}(b1Pb2b3)}
= 1

(3!)2 {[ 1
6B1(3) +B0(3)]P{a1(b1Pa2b2Pa3}b3) + [ 1

2B1(3)− 1
3B0(3) + 2

3C1(3)]P{a1a2
P(b1b2Pa3}b3)}

⇔ [ 1
6B1(3) +B0(3)] = 1, [ 1

2B1(3)− 1
3B0(3) + 2

3C1(3)] = − 3
5

⇐ B0(3) = 1, B1(3) = 0, C1(3) = − 2
5

B0(3) = 0, B1(3) = 6, C1(3) = − 27
5

B0(3) = 27
25 , B1(3) = − 12

25 , C1(3) = 0
B0(3) = 6

7 , B1(3) = 6
7 , C1(3) = − 39

35
B0(3) = 6

5 , B1(3) = − 6
5 , C1(3) = 3

5

6.7 Expansion of projection operator for spin-4 particle Klein-Gordon equation

(Not unique and complex, temporarily placed.)

Cor. 6.7.1.

{
Pa1a2b3;b1b2a3

, Pa1a2a3;b1b2b3 ;Pa1a2b1;a3a4b2 , Pb1b2a1;b3b4a2
;Pa1a2a3;a4b1b2 , Pa1a2b4;b1b2b3 ;

Pa1a2b3;b1b2a3Pa4b4 , Pa1a2a3;b1b2b3Pa4b4 ;Pa1a2b1;a3a4b2Pb3b4 , Pa1a2a3;a4b1b2Pb3b4 ;

612



Chapter31 B-F Formula and Projection Operator Conjecture Shui-Rong Shi

Cor. 6.7.2. Pa1a2a3b1b2b3(3) = 1
(3!)2 {[P{a1(b1Pa2b2Pa3}b3)]− 3

5 [P{a1a2
P(b1b2 ][Pa3}b3)]}

Cor. 6.7.3. Pa1a2a3a4b1b2b3b4(4)
= 1

(4!)2 {[P{a1(b1Pa2b2Pa3b3Pa4}b4)]− 6
7 [P{a1a2

P(b1b2 ][Pa3b3Pa4}b4)] + 3
35 [P{a1a2

P(b1b2Pa3a4}Pb3b4)]}

6.8 Expansion of projection operator for spin-n particle Klein-Gordon equation

(Not unique and complex)

Cor. 6.8.1. Pa1··an+1;b1··bn+1
= 1

[(n+1)!]2 {
[n/2]∑
k=0

BkP{a1··akbk+1··bn;(b1··bkak+1··anPan+1}bn+1)

+
[(n+1)/2]∑

l=1

ClP{a1··al−1bl+1··bn+1;(b1··blal··an−1}Panan+1) +
[(n+1)/2]∑

l=1

ClP{a1··albl··bn−1;(b1··bl−1al+1··an+1}Pbnbn+1)}

Pa1··an+1;b1··bn+1 = 1
(n+1)!P{a1··an+1};b1··bn+1

, Pa1··an+1;b1··bn+1 = 1
(n+1)!Pa1··an+1;(b1··bn+1)

Pa1··an+1;b1··bn+1 = Pb1··bn+1;a1··an+1 , p
a1Pa1··an+1;b1··bn+1 = 0

δa1a2Pa1··an+1;b1··bn+1 = 0, δan+1bn+1Pa1··an+1;b1··bn+1 = 2n+3
2n+1Pa1··an;b1··bn

⇔ Pa1··an+1;b1··bn+1
= 1

[(n+1)!]2 {
[n/2]∑
k=0

BkP{a1··akbk+1··bn;(b1··bkak+1··anPan+1}bn+1)

+
[(n+1)/2]∑

l=1

ClP{a1··al−1bl+1··bn+1;(b1··blal··an−1}Panan+1) +
[(n+1)/2]∑

l=1

ClP{a1··albl··bn−1;(b1··bl−1al+1··an+1}Pbnbn+1)}

δa1a2Pa1··an+1;b1··bn+1
= 0, δan+1bn+1Pa1··an+1;b1··bn+1

= 2n+3
2n+1Pa1··an;b1··bn

⇔ Pa1··an+1;b1··bn+1 = 1
[(n+1)!]2 {

[n/2]∑
k=0

BkP{a1··akbk+1··bn;(b1··bkak+1··anPan+1}bn+1)

+
[(n+1)/2]∑

l=1

ClP{a1··al−1bl+1··bn+1;(b1··blal··an−1}Panan+1) +
[(n+1)/2]∑

l=1

ClP{a1··albl··bn−1;(b1··bl−1al+1··an+1}Pbnbn+1)}

7 Translational quasi projection operator
7.1 Spin-1 basis completeness

Def. 7.1.1. εa(~p, κ) := [iλm(~p, κ), 0]a, εa(~p, 0) := 1
m [iEλm(~p, 0), i|~p|]a, εa(~p, 0; 0) := pa

m

Cor. 7.1.1.
−1∑
h=1

εa(~p, h)ε̄b(~p, h)− εa(~p, 0; 0)ε̄b(~p, 0; 0) = δab, ε̄a(~p, h; s) := ε+
a′(~p, h; s)ηa

′

a

ε̄a(~p, h′)εa(~p, h) = δh′h, ε̄
a(~p, 0; 0)εa(~p, 0; 0) = −1, ε̄a(~p, 0; 0)εa(~p, h) = 0, ε̄a(~p, h)εa(~p, 0; 0) = 0

Cor. 7.1.2.

ε̄a(~p, h′; s′)εb(~p, h; s) = ηs′sδh′h,
0∑
s=1

−s∑
h=s

ηssεa(~p, h; s)ε̄b(~p, h; s) = δab; η11 := 1, η00 := −1, η10 := 0, η01 := 0

7.2 Conjecture on completeness of general spin bases

Ass. 7.2.1.

ε̄

n︷ ︸︸ ︷
a · ·b(~p, h′; s′)εa · ·b︸ ︷︷ ︸

n

(~p, h; s) = ηs′sδh′h,
0∑

s=n

−s∑
h=s

ηssεa · ·b︸ ︷︷ ︸
n

(~p, h; s)ε̄a′ · ·b′︸ ︷︷ ︸
n

(~p, h; s) = 1
(2n)!2

n︷ ︸︸ ︷
δ{a(a′ · ·δb}b′)

Ū

2sm︷ ︸︸ ︷
λς · ·µς (~p, h′; s′)Uλς · ·µς︸ ︷︷ ︸

2sm

(~p, h; s) = ηs′sδh′h,
−sm∑
s=sm

−s∑
h=s

Uλς · ·µς︸ ︷︷ ︸
2sm

(~p, h; s)Ūλ′ς · ·µ
′
ς︸ ︷︷ ︸

2sm

(~p, h; s) = 1
(2sm)!2

2sm︷ ︸︸ ︷
δ{λς(λ′ς · ·δµς}µ′ς)

Uλς · ·µς︸ ︷︷ ︸
2sm

(~p, h;−s) := Vλς · ·µς︸ ︷︷ ︸
2sm

(~p, h; s), 0 ≤ s ≤ sm

7.3 Mass conjecture(Motion in high dimensional space-time)

Ass. 7.3.1. E2 = ~p2 + ~p2
m, (γa, γ5) := [(σ ⊗ σy, ςI ⊗ σx), ςI ⊗ σz]

7.4 Mathematical preparation (Conclusions from previous chapters)

Cor. 7.4.1.
λ(p̂, κ2 )λ+(p̂, κ2 ) = 1

2 (κσ · p̂+ I) = 1
2 (κσ,−i)ap̂a, p̂a := (p̂, i)

λ(p̂,− 1
2 )λ+(p̂,− 1

2 ) = − 1
2 (σ · p̂− I) = − 1

2 (σ, i)ap̂a

λ(p̂, κ2 )λ+(p̂,−κ2 ) = κ
2 (σ · p̂+ I)iσy = κ

2 (σ, i)ap̂aiσy
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Cor. 7.4.2.{
µ(~p, κ2 )µ+(~p,−κ2 ) = 1

2 (I + ς Emσx − iκ
|~p|
m σy)

µ(~p, κ2 )µ+(~p, κ2 ) = ς
2 (I + ς Emσx − iκ

|~p|
m σy)σx

Cor. 7.4.3. u(~p, κ2 ) = λ(p̂, κ2 )⊗ µ(~p, κ2 ), v(~p, κ2 ) = λ(p̂, κ2 )⊗ ν(~p, κ2 )

Cor. 7.4.4. u(~p, κ2 )u+(~p, κ2 ) = 1
4 [(κσ · p̂+ I)⊗ (I + ς Emσx − iκ

|~p|
m σy)](ςI ⊗ σx)

= 1
4 (iκ~γ · p̂γ4γ5 + I4)(I4 + E

mγ4 + κ |~p|m γ4γ5)γ4

= 1
4 (iκ~γ · p̂− γ4γ5)(γ4γ5 − E

mγ5 − κ |~p|m )γ4

Cor. 7.4.5. u(~p, κ2 )u+(~p,−κ2 ) = 1
4 [κ(σ · p̂+ I)iσy]⊗ (I + ς Emσx − iκ

|~p|
m σy)

= 1
4κ(i~γ · p̂γ2 − γ2γ4γ5)(I4 + E

mγ4 + κ |~p|m γ4γ5)

= 1
4κ(i~γ · p̂− γ4γ5)(γ4γ5 − E

mγ5 − κ |~p|m )γ4γ2γ5

Cor. 7.4.6.
Uλςµς (~p, h) = 1

2
√

2m
Xaλςµς (p)εa(~p, h), Vλςµς (~p, h) = − 1

2
√

2m
Xaλςµς (−p)εa(~p, h)

εa(~p, h) = − i√
2
(C̄γa)λςµςUλςµς (p̂, h) = i√

2
(C̄γa)λςµςVλςµς (p̂, h)

ε+
a′(~p, h) = i√

2
(γa′C)λ

′
ςµ
′
ςU+

λ′ςµ
′
ς
(p̂, h) = − i√

2
(γa′C)λ

′
ςµ
′
ςV +
λ′ςµ
′
ς
(p̂, h)

Cor. 7.4.7. λm(p̂,−1) = λ∗m(p̂, 1), λm(p̂, 0) = −λ∗m(p̂, 0), λm(p̂, 1) = λ∗m(p̂,−1)

Def. 7.4.1. εa(~p, κ) := [iλm(~p, κ), 0]a, εa(~p, 0) := 1
m [iEλm(~p, 0), i|~p|]a, ε̄a(~p, h) := ε+

a′(~p, h)ηa
′

a

Cor. 7.4.8.

λm(p̂, 1; 1) = 1
2p̂−

[
i(p̂xp̂z−ip̂y)
−1(p̂x−ip̂y p̂z)
−2i(p̂+p̂−)

]
, λm(−p̂, 1; 1) = p̂+

p̂−
λm(p̂,−1; 1)

λm(p̂, 0; 1) = −i
[
p̂x
p̂y
p̂z

]
= −ip̂, λm(−p̂, 0; 1) = −λm(p̂, 0; 1)

λm(p̂,−1; 1) = 1
2p̂+

[ −i(p̂xp̂z+ip̂y)
−1(p̂x+ip̂y p̂z)

2i(p̂+p̂−)

]
, λm(−p̂,−1; 1) = p̂−

p̂+
λm(p̂, 1; 1)

Proof: λm(p̂, 1)λ+
m(p̂,−1) = 1

2p̂−

[
i(p̂xp̂z−ip̂y)
−1(p̂x−ip̂y p̂z)
−2i(p̂+p̂−)

]
1

2p̂−

[
i(p̂xp̂z−ip̂y)
−1(p̂x−ip̂y p̂z)
−2i(p̂+p̂−)

]T
7.5 Second-order translational quasi projection operator

Def. 7.5.1.
−1∑
h=1

Uλςµς (~p, h)U+
λ′ςµ
′
ς
(~p, h− h′)

Uλςµς (~p, 1) = uλς (~p,
1
2 )uµς (~p,

1
2 )

Uλςµς (~p, 0) = 1√
2
[uλς (~p,

1
2 )uµς (~p,− 1

2 ) + uµς (~p,
1
2 )uλς (~p,− 1

2 )]

Uλςµς (~p,−1) = uλς (~p,− 1
2 )uµς (~p,− 1

2 )

Proof:
−1∑
h=1

Uλςµς (~p, h)U+
λ′ςµ
′
ς
(~p, h− 2) = Uλςµς (~p, 1)U+

λ′ςµ
′
ς
(~p,−1)

= uλς (~p,
1
2 )uµς (~p,

1
2 )u+

λ′ς
(~p,− 1

2 )u+
µ′ς

(~p,− 1
2 )

= [ 1
4 (i~γ · p̂− γ4γ5)(γ4γ5 − E

mγ5 − |~p|m )γ4γ2γ5]λςλ′ς [
1
4 (i~γ · p̂− γ4γ5)(γ4γ5 − E

mγ5 − |~p|m )γ4γ2γ5]µςµ′ς
= 1

16{[(i~γ · p̂− γ4γ5)(γ4γ5 − E
mγ5 − |~p|m )γ4γ2γ5]⊗ [(i~γ · p̂− γ4γ5)(γ4γ5 − E

mγ5 − |~p|m )γ4γ2γ5]}λςλ′ςµςµ′ς
= 1

16{[(i~γ · p̂− γ4γ5)⊗ (i~γ · p̂− γ4γ5)][(I4 − E
mγ4 + |~p|

m γ4γ5)⊗ (I4 − E
mγ4 + |~p|

m γ4γ5)][γ2 ⊗ γ2]}λςλ′ςµςµ′ς

Proof:
−1∑
h=1

Uλςµς (~p, h)U+
λ′ςµ
′
ς
(~p, h− 1) = Uλςµς (~p, 1)U+

λ′ςµ
′
ς
(~p, 0) + Uλςµς (~p, 0)U+

λ′ςµ
′
ς
(~p,−1)

= 1√
2
uλς (~p,

1
2 )uµς (~p,

1
2 )[u+

λ′ς
(~p, 1

2 )u+
µ′ς

(~p,− 1
2 ) + u+

µ′ς
(~p, 1

2 )u+
λ′ς

(~p,− 1
2 )]

+ 1√
2
[uλς (~p,

1
2 )uµς (~p,− 1

2 ) + uµς (~p,
1
2 )uλς (~p,− 1

2 )]u+
λ′ς

(~p,− 1
2 )u+

µ′ς
(~p,− 1

2 )

= 1√
2
uλς (~p,

1
2 )u+

λ′ς
(~p,− 1

2 )[uµς (~p,
1
2 )u+

µ′ς
(~p, 1

2 ) + uµς (~p,− 1
2 )u+

µ′ς
(~p,− 1

2 )]

+ 1√
2
uµς (~p,

1
2 )u+

µ′ς
(~p,− 1

2 )[uλς (~p,
1
2 )u+

λ′ς
(~p, 1

2 ) + uλς (~p,− 1
2 )u+

λ′ς
(~p,− 1

2 )]

= 1√
2
[ 1
4 (i~γ · p̂− γ4γ5)(γ4γ5 − E

mγ5 − |~p|m )γ4γ2γ5]λςλ′ςΛ+µςµ′ς
(~p, 1

2 )

+ 1√
2
Λ+λςλ′ς

(~p, 1
2 )[ 1

4 (i~γ · p̂− γ4γ5)(γ4γ5 − E
mγ5 − |~p|m )γ4γ2γ5]µςµ′ς
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Proof:
−1∑
h=1

Uλςµς (~p, h)U+
λ′ςµ
′
ς
(~p, h) = Uλςµς (~p, 1)U+

λ′ςµ
′
ς
(~p, 1) + Uλςµς (~p, 0)U+

λ′ςµ
′
ς
(~p, 0) + Uλςµς (~p,−1)U+

λ′ςµ
′
ς
(~p,−1)

= uλς (~p,
1
2 )uµς (~p,

1
2 )u+

λ′ς
(~p, 1

2 )u+
µ′ς

(~p, 1
2 )

+ 1
2 [uλς (~p,

1
2 )uµς (~p,− 1

2 ) + uµς (~p,
1
2 )uλς (~p,− 1

2 )][u+
λ′ς

(~p, 1
2 )u+

µ′ς
(~p,− 1

2 ) + u+
µ′ς

(~p, 1
2 )u+

λ′ς
(~p,− 1

2 )]

+ uλς (~p,− 1
2 )uµς (~p,− 1

2 )u+
λ′ς

(~p,− 1
2 )u+

µ′ς
(~p,− 1

2 )

= 1
(2!)2 Λ+{λς(λ′ς (~p,

1
2 )Λ+µς}µ′ς)(~p,

1
2 )

Proof:
−1∑
h=1

Uλςµς (~p, h)U+
λ′ςµ
′
ς
(~p, h+ 1) = Uλςµς (~p,−1)U+

λ′ςµ
′
ς
(~p, 0) + Uλςµς (~p, 0)U+

λ′ςµ
′
ς
(~p, 1)

= 1√
2
uλς (~p,− 1

2 )uµς (~p,− 1
2 )[u+

λ′ς
(~p, 1

2 )u+
µ′ς

(~p,− 1
2 ) + u+

µ′ς
(~p, 1

2 )u+
λ′ς

(~p,− 1
2 )]

+ 1√
2
[uλς (~p,

1
2 )uµς (~p,− 1

2 ) + uµς (~p,
1
2 )uλς (~p,− 1

2 )]u+
λ′ς

(~p, 1
2 )u+

µ′ς
(~p, 1

2 )

= 1√
2
uλς (~p,− 1

2 )u+
λ′ς

(~p, 1
2 )[uµς (~p,

1
2 )u+

µ′ς
(~p, 1

2 ) + uµς (~p,− 1
2 )u+

µ′ς
(~p,− 1

2 )]

+ 1√
2
uµς (~p,− 1

2 )u+
µ′ς

(~p, 1
2 )[uλς (~p,

1
2 )u+

λ′ς
(~p, 1

2 ) + uλς (~p,− 1
2 )u+

λ′ς
(~p,− 1

2 )]

= 1√
2
[ 1
4 (i~γ · p̂− γ4γ5)(γ4γ5 − E

mγ5 + |~p|
m )γ4γ2γ5]λςλ′ςΛ+µςµ′ς

(~p, 1
2 )

+ 1√
2
Λ+λςλ′ς

(~p, 1
2 )[ 1

4 (i~γ · p̂− γ4γ5)(γ4γ5 + E
mγ5 − |~p|m )γ4γ2γ5]µςµ′ς

Proof:
−1∑
h=1

Uλςµς (~p, h)U+
λ′ςµ
′
ς
(~p, h+ 2) = Uλςµς (~p,−1)U+

λ′ςµ
′
ς
(~p, 1)

= uλς (~p,− 1
2 )uµς (~p,− 1

2 )u+
λ′ς

(~p, 1
2 )u+

µ′ς
(~p, 1

2 )

= [ 1
4 (i~γ · p̂− γ4γ5)(γ4γ5 − E

mγ5 + |~p|
m )γ4γ2γ5]λςλ′ς [

1
4 (i~γ · p̂− γ4γ5)(γ4γ5 − E

mγ5 + |~p|
m )γ4γ2γ5]µςµ′ς

= 1
16{[(i~γ · p̂− γ4γ5)(γ4γ5 − E

mγ5 + |~p|
m )γ4γ2γ5]⊗ [(i~γ · p̂− γ4γ5)(γ4γ5 − E

mγ5 + |~p|
m )γ4γ2γ5]}λςλ′ςµςµ′ς

= 1
16{[(i~γ · p̂− γ4γ5)⊗ (i~γ · p̂− γ4γ5)][(I4 − E

mγ4 − |~p|m γ4γ5)⊗ (I4 − E
mγ4 − |~p|m γ4γ5)][γ2 ⊗ γ2]}λςλ′ςµςµ′ς

Proof: Uλςµς (~p, 1)U+
λ′ςµ
′
ς
(~p,−1) + Uλςµς (~p,−1)U+

λ′ςµ
′
ς
(~p, 1)

= 2[ 1
4 (i~γ · p̂− γ4γ5)(γ4γ5 − E

mγ5)γ4γ2γ5]λςλ′ς [
1
4 (i~γ · p̂− γ4γ5)(γ4γ5 − E

mγ5)γ4γ2γ5]µςµ′ς
+ 2[ 1

4 (i~γ · p̂− γ4γ5) |~p|m γ4γ2γ5]λςλ′ς [
1
4 (i~γ · p̂− γ4γ5) |~p|m γ4γ2γ5]µςµ′ς

= 2[ 1
4 (i~γ · p̂− γ4γ5)(γ4γ5 − E

mγ5)γ4γ2γ5]⊗ [ 1
4 (i~γ · p̂− γ4γ5)(γ4γ5 − E

mγ5)γ4γ2γ5]λςλ′ςµςµ′ς
+ 2[ 1

4 (i~γ · p̂− γ4γ5) |~p|m γ4γ2γ5]⊗ [ 1
4 (i~γ · p̂− γ4γ5) |~p|m γ4γ2γ5]λςλ′ςµςµ′ς

= 1
8{[(i~γ · p̂− γ4γ5)(I4 − E

mγ4)γ2]⊗ [(i~γ · p̂− γ4γ5)(I4 − E
mγ4)γ2]

+ [(i~γ · p̂− γ4γ5) |~p|m γ4γ5γ2]⊗ [(i~γ · p̂− γ4γ5) |~p|m γ4γ5γ2]}λςλ′ςµςµ′ς
= 1

8{[(i~γ · p̂− γ4γ5)⊗ (i~γ · p̂− γ4γ5)][(I4 − E
mγ4)⊗ (I4 − E

mγ4) + ~p2

m2 (γ4γ5)⊗ (γ4γ5)][γ2 ⊗ γ2]}λςλ′ςµςµ′ς
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1 Single-mode plane wave solutions of electron equation
1.1 Double electron synthesis: 1

2 ⊕
1
2 = (1, 1)

Cor. 1.1.1.

{
(γa∂1a +m)κς

λς [Uλς (~p1,
1
2 )eip1x1 ][Uµς (~p2,

1
2 )eip2x2 ] = 0

(γa∂2a +m)κς
µς [Uλς (~p1,

1
2 )eip1x1 ][Uµς (~p2,

1
2 )eip2x2 ] = 0

Cor. 1.1.2.

{
(γa∂a +m)κς

λς [Uλς (~p1 + ~p2,
1
2 )eip1x][Uµς (~p1 + ~p2,

1
2 )eip2x] = 0

(γa∂a +m)κς
µς [Uλς (~p1 + ~p2,

1
2 )eip1x][Uµς (~p1 + ~p2,

1
2 )eip2x] = 0

Cor. 1.1.3.

{
(γa∂a +m)κς

λς [Uλς (2~p,
1
2 )eipx][Uµς (2~p,

1
2 )eipx] = 0

(γa∂a +m)κς
µς [Uλς (2~p,

1
2 )eipx][Uµς (2~p,

1
2 )eipx] = 0

Cor. 1.1.4. (γa∂a +m)κς
λς [Uλς (~p,

1
2 )Uµς (~p,

1
2 )eipx] = 0

1.2 Double electron synthesis: 1
2 ⊕

1
2 = (1,−1)

Cor. 1.2.1.

{
(γa∂1a +m)κς

λς [Uλς (~p1,− 1
2 )eip1x1 ][Uµς (~p2,− 1

2 )eip2x2 ] = 0

(γa∂2a +m)κς
µς [Uλς (~p1,− 1

2 )eip1x1 ][Uµς (~p2,− 1
2 )eip2x2 ] = 0

Cor. 1.2.2.

{
(γa∂a +m)κς

λς [Uλς (~p1 + ~p2,− 1
2 )eip1x][Uµς (~p1 + ~p2,− 1

2 )eip2x] = 0

(γa∂a +m)κς
µς [Uλς (~p1 + ~p2,− 1

2 )eip1x][Uµς (~p1 + ~p2,− 1
2 )eip2x] = 0

Cor. 1.2.3.

{
(γa∂a +m)κς

λς [Uλς (2~p,− 1
2 )eipx][Uµς (2~p,− 1

2 )eipx] = 0

(γa∂a +m)κς
µς [Uλς (2~p,− 1

2 )eipx][Uµς (2~p,− 1
2 )eipx] = 0

Cor. 1.2.4. (γa∂a +m)κς
λς [Uλς (~p,− 1

2 )Uµς (~p,− 1
2 )eipx] = 0

1.3 Double electron synthesis: 1
2 ⊕

1
2 = (1, 0)

Cor. 1.3.1.{
(γa∂1a +m)κς

λς{[Uλς (~p1,
1
2 )eip1x1 ][Uµς (~p2,− 1

2 )eip2x2 ] + [Uλς (~p1,− 1
2 )eip1x1 ][Uµς (~p2,

1
2 )eip2x2 ]} = 0

(γa∂2a +m)κς
µς{[Uλς (~p1,

1
2 )eip1x1 ][Uµς (~p2,− 1

2 )eip2x2 ] + [Uλς (~p1,− 1
2 )eip1x1 ][Uµς (~p2,

1
2 )eip2x2 ]} = 0

Cor. 1.3.2.{
(γa∂a +m)κς

λς{[Uλς (~p1 + ~p2,
1
2 )eip1x][Uµς (~p1 + ~p2,− 1

2 )eip2x] + [Uλς (~p1 + ~p2,− 1
2 )eip1x][Uµς (~p1 + ~p2,

1
2 )eip2x]} = 0

(γa∂a +m)κς
µς{[Uλς (~p1 + ~p2,

1
2 )eip1x][Uµς (~p1 + ~p2,− 1

2 )eip2x] + [Uλς (~p1 + ~p2,− 1
2 )eip1x][Uµς (~p1 + ~p2,

1
2 )eip2x]} = 0

Cor. 1.3.3.{
(γa∂a +m)κς

λς{[Uλς (2~p, 1
2 )eipx][Uµς (2~p,− 1

2 )eipx] + [Uλς (2~p,− 1
2 )eipx][Uµς (2~p,

1
2 )eipx]} = 0

(γa∂a +m)κς
µς{[Uλς (2~p, 1

2 )eipx][Uµς (2~p,− 1
2 )eipx] + [Uλς (2~p,− 1

2 )eipx][Uµς (2~p,
1
2 )eipx]} = 0

Cor. 1.3.4. (γa∂a +m)κς
λς{[Uλς (~p, 1

2 )Uµς (~p,− 1
2 )eipx] + [Uλς (~p,− 1

2 )Uµς (~p,
1
2 )eipx]} = 0

1.4 Double electron synthesis: 1
2 ⊕

1
2 = (0, 0)

Cor. 1.4.1.{
(γa∂1a +m)κς

λς{[Uλς (~p1,
1
2 )eip1x1 ][Uµς (~p2,− 1

2 )eip2x2 ]− [Uλς (~p1,− 1
2 )eip1x1 ][Uµς (~p2,

1
2 )eip2x2 ]} = 0

(γa∂2a +m)κς
µς{[Uλς (~p1,

1
2 )eip1x1 ][Uµς (~p2,− 1

2 )eip2x2 ]− [Uλς (~p1,− 1
2 )eip1x1 ][Uµς (~p2,

1
2 )eip2x2 ]} = 0

Cor. 1.4.2.{
(γa∂a +m)κς

λς{[Uλς (~p1 + ~p2,
1
2 )eip1x][Uµς (~p1 + ~p2,− 1

2 )eip2x]− [Uλς (~p1 + ~p2,− 1
2 )eip1x][Uµς (~p1 + ~p2,

1
2 )eip2x]} = 0

(γa∂a +m)κς
µς{[Uλς (~p1 + ~p2,

1
2 )eip1x][Uµς (~p1 + ~p2,− 1

2 )eip2x]− [Uλς (~p1 + ~p2,− 1
2 )eip1x][Uµς (~p1 + ~p2,

1
2 )eip2x]} = 0

Cor. 1.4.3.{
(γa∂a +m)κς

λς{[Uλς (2~p, 1
2 )eipx][Uµς (2~p,− 1

2 )eipx]− [Uλς (2~p,− 1
2 )eipx][Uµς (2~p,

1
2 )eipx]} = 0

(γa∂a +m)κς
µς{[Uλς (2~p, 1

2 )eipx][Uµς (2~p,− 1
2 )eipx]− [Uλς (2~p,− 1

2 )eipx][Uµς (2~p,
1
2 )eipx]} = 0

Cor. 1.4.4. (γa∂a +m)κς
λς{[Uλς (~p, 1

2 )Uµς (~p,− 1
2 )eipx]− [Uλς (~p,− 1

2 )Uµς (~p,
1
2 )eipx]} = 0
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2 Single-mode plane wave solutions of photon equation
2.1 Double photon synthesis: 1⊕ 1 = (2, 2)

Thm. 2.1.1. [∂a + iSab(γ, ς)∂
b]κς

αςψαςβς = 0, Sab(γ, ς) = iσαςςabγας , λας (p̂, h)

Cor. 2.1.1.{
[∂a + iSab(γ, ς)∂

b]κς
ας [λας (p̂1, 1)eip1x1 ][λβς (p̂2, 1)eip2x2 ] = 0

[∂a + iSab(γ, ς)∂
b]κς

βς [λας (p̂1, 1)eip1x1 ][λβς (p̂2, 1)eip2x2 ] = 0

Cor. 2.1.2.{
[∂a + iSab(γ, ς)∂

b]κς
ας [λας (~p1 + ~p2, 1)eip1x][λβς (~p1 + ~p2, 1)eip2x] = 0

[∂a + iSab(γ, ς)∂
b]κς

βς [λας (~p1 + ~p2, 1)eip1x][λβς (~p1 + ~p2, 1)eip2x] = 0

Cor. 2.1.3.{
[∂a + iSab(γ, ς)∂

b]κς
ας [λας (2~p, 1)eipx][λβς (2~p, 1)eipx] = 0

[∂a + iSab(γ, ς)∂
b]κς

βς [λας (2~p, 1)eipx][λβς (2~p, 1)eipx] = 0

Cor. 2.1.4. [∂a + iSab(γ, ς)∂
b]κς

ας [λας (p̂, 1)λβς (p̂, 1)eipx] = 0

2.2 Double photon synthesis: 1⊕ 1 = (2,−2)

Cor. 2.2.1.{
[∂a + iSab(γ, ς)∂

b]κς
ας [λας (p̂1,−1)eip1x1 ][λβς (p̂2,−1)eip2x2 ] = 0

[∂a + iSab(γ, ς)∂
b]κς

βς [λας (p̂1,−1)eip1x1 ][λβς (p̂2,−1)eip2x2 ] = 0

Cor. 2.2.2.{
[∂a + iSab(γ, ς)∂

b]κς
ας [λας (~p1 + ~p2,−1)eip1x][λβς (~p1 + ~p2,−1)eip2x] = 0

[∂a + iSab(γ, ς)∂
b]κς

βς [λας (~p1 + ~p2,−1)eip1x][λβς (~p1 + ~p2,−1)eip2x] = 0

Cor. 2.2.3.{
[∂a + iSab(γ, ς)∂

b]κς
ας [λας (2~p,−1)eipx][λβς (2~p,−1)eipx] = 0

[∂a + iSab(γ, ς)∂
b]κς

βς [λας (2~p,−1)eipx][λβς (2~p,−1)eipx] = 0

Cor. 2.2.4. [∂a + iSab(γ, ς)∂
b]κς

ας [λας (p̂,−1)λβς (p̂,−1)eipx] = 0

2.3 Double photon synthesis: 1⊕ 1 = (2, 0)

Cor. 2.3.1.{
[∂a + iSab(γ, ς)∂

b]κς
ας{[λας (p̂1, 1)eip1x1 ][λβς (p̂2,−1)eip2x2 ] + [λας (p̂1,−1)eip1x1 ][λβς (p̂2, 1)eip2x2 ]} = 0

[∂a + iSab(γ, ς)∂
b]κς

βς{[λας (p̂1, 1)eip1x1 ][λβς (p̂2,−1)eip2x2 ] + [λας (p̂1,−1)eip1x1 ][λβς (p̂2, 1)eip2x2 ]} = 0

Cor. 2.3.2.{
[∂a + iSab(γ, ς)∂

b]κς
ας{[λας (~p1 + ~p2, 1)eip1x][λβς (~p1 + ~p2,−1)eip2x] + [λας (~p1 + ~p2,−1)eip1x][λβς (~p1 + ~p2, 1)eip2x]} = 0

[∂a + iSab(γ, ς)∂
b]κς

βς{[λας (~p1 + ~p2, 1)eip1x][λβς (~p1 + ~p2,−1)eip2x] + [λας (~p1 + ~p2,−1)eip1x][λβς (~p1 + ~p2, 1)eip2x]} = 0

Cor. 2.3.3.{
[∂a + iSab(γ, ς)∂

b]κς
ας{[λας (2~p, 1)eipx][λβς (2~p,−1)eipx] + [λας (2~p,−1)eipx][λβς (2~p, 1)eipx]} = 0

[∂a + iSab(γ, ς)∂
b]κς

βς{[λας (2~p, 1)eipx][λβς (2~p,−1)eipx] + [λας (2~p,−1)eipx][λβς (2~p, 1)eipx]} = 0

Cor. 2.3.4. [∂a + iSab(γ, ς)∂
b]κς

ας{[λας (p̂, 1)λβς (p̂,−1)eipx] + [λας (p̂,−1)λβς (p̂, 1)eipx]} = 0

2.4 Double photon synthesis: 1⊕ 1 = (0, 0)

Cor. 2.4.1.{
[∂a + iSab(γ, ς)∂

b]κς
ας{[λας (p̂1, 1)eip1x1 ][λβς (p̂2,−1)eip2x2 ]− [λας (p̂1,−1)eip1x1 ][λβς (p̂2, 1)eip2x2 ]} = 0

[∂a + iSab(γ, ς)∂
b]κς

βς{[λας (p̂1, 1)eip1x1 ][λβς (p̂2,−1)eip2x2 ]− [λας (p̂1,−1)eip1x1 ][λβς (p̂2, 1)eip2x2 ]} = 0

Cor. 2.4.2.{
[∂a + iSab(γ, ς)∂

b]κς
ας{[λας (~p1 + ~p2, 1)eip1x][λβς (~p1 + ~p2,−1)eip2x]− [λας (~p1 + ~p2,−1)eip1x][λβς (~p1 + ~p2, 1)eip2x]} = 0

[∂a + iSab(γ, ς)∂
b]κς

βς{[λας (~p1 + ~p2, 1)eip1x][λβς (~p1 + ~p2,−1)eip2x]− [λας (~p1 + ~p2,−1)eip1x][λβς (~p1 + ~p2, 1)eip2x]} = 0

Cor. 2.4.3.{
[∂a + iSab(γ, ς)∂

b]κς
ας{[λας (2~p, 1)eipx][λβς (2~p,−1)eipx]− [λας (2~p,−1)eipx][λβς (2~p, 1)eipx]} = 0

[∂a + iSab(γ, ς)∂
b]κς

βς{[λας (2~p, 1)eipx][λβς (2~p,−1)eipx]− [λας (2~p,−1)eipx][λβς (2~p, 1)eipx]} = 0

Cor. 2.4.4. [∂a + iSab(γ, ς)∂
b]κς

ας{[λας (p̂, 1)λβς (p̂,−1)eipx]− [λας (p̂,−1)λβς (p̂, 1)eipx]} = 0
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3 Single-mode plane wave solutions of vector field equations
3.1 Double photon synthesis: 1⊕ 1 = (2, 2)

Cor. 3.1.1.{
(−∂1c∂1c +m2)[εa(~p1, 1)eip1x1 ][εb(~p2, 1)eip2x2 ] = 0, ∂1a[εa(~p1, 1)eip1x1 ][εb(~p2, 1)eip2x2 ] = 0

(−∂2c∂2c +m2)[εa(~p1, 1)eip1x1 ][εb(~p2, 1)eip2x2 ] = 0, ∂2b[εa(~p1, 1)eip1x1 ][εb(~p2, 1)eip2x2 ] = 0

Cor. 3.1.2.{
(−∂c∂c +m2)[εa(~p1 + ~p2, 1)eip1x][εb(~p1 + ~p2, 1)eip2x] = 0, ∂a[εa(~p1 + ~p2, 1)eip1x][εb(~p1 + ~p2, 1)eip2x] = 0

(−∂c∂c +m2)[εa(~p1 + ~p2, 1)eip1x][εb(~p1 + ~p2, 1)eip2x] = 0, ∂b[εa(~p1 + ~p2, 1)eip1x][εb(~p1 + ~p2, 1)eip2x] = 0

Cor. 3.1.3.{
(−∂c∂c +m2)[εa(2~p, 1)eipx][εb(2~p, 1)eipx] = 0, ∂a[εa(2~p, 1)eipx][εb(2~p, 1)eipx] = 0

(−∂c∂c +m2)[εa(2~p, 1)eipx][εb(2~p, 1)eipx] = 0, ∂b[εa(2~p, 1)eipx][εb(2~p, 1)eipx] = 0

Cor. 3.1.4. (−∂c∂c +m2)[εa(~p, 1)εb(~p, 1)eipx] = 0, ∂a[εa(~p, 1)εb(~p, 1)eipx] = 0

3.2 Double photon synthesis: 1⊕ 1 = (2,−2)

Cor. 3.2.1.{
(−∂1c∂1c +m2)[εa(~p1,−1)eip1x1 ][εb(~p2,−1)eip2x2 ] = 0, ∂1a[εa(~p1,−1)eip1x1 ][εb(~p2,−1)eip2x2 ] = 0

(−∂2c∂2c +m2)[εa(~p1,−1)eip1x1 ][εb(~p2,−1)eip2x2 ] = 0, ∂2b[εa(~p1,−1)eip1x1 ][εb(~p2,−1)eip2x2 ] = 0

Cor. 3.2.2.{
(−∂c∂c +m2)[εa(~p1 + ~p2,−1)eip1x][εb(~p1 + ~p2,−1)eip2x] = 0, ∂a[εa(~p1 + ~p2,−1)eip1x][εb(~p1 + ~p2,−1)eip2x] = 0

(−∂c∂c +m2)[εa(~p1 + ~p2,−1)eip1x][εb(~p1 + ~p2,−1)eip2x] = 0, ∂b[εa(~p1 + ~p2,−1)eip1x][εb(~p1 + ~p2,−1)eip2x] = 0

Cor. 3.2.3.{
(−∂c∂c +m2)[εa(2~p,−1)eipx][εb(2~p,−1)eipx] = 0, ∂a[εa(2~p,−1)eipx][εb(2~p,−1)eipx] = 0

(−∂c∂c +m2)[εa(2~p,−1)eipx][εb(2~p,−1)eipx] = 0, ∂b[εa(2~p,−1)eipx][εb(2~p,−1)eipx] = 0

Cor. 3.2.4. (−∂c∂c +m2)[εa(~p,−1)εb(~p,−1)eipx] = 0, ∂a[εa(~p,−1)εb(~p,−1)eipx] = 0

3.3 Double photon synthesis: 1⊕ 1→ (2, 0)

Cor. 3.3.1.
(−∂1c∂1c +m2){[εa(~p1, 1)eip1x1 ][εb(~p2,−1)eip2x2 ] + [εa(~p1,−1)eip1x1 ][εb(~p2, 1)eip2x2 ]} = 0

∂1a{[εa(~p1, 1)eip1x1 ][εb(~p2,−1)eip2x2 ] + [εa(~p1,−1)eip1x1 ][εb(~p2, 1)eip2x2 ]} = 0

(−∂2c∂2c +m2){[εa(~p1, 1)eip1x1 ][εb(~p2,−1)eip2x2 ] + [εa(~p1,−1)eip1x1 ][εb(~p2, 1)eip2x2 ]} = 0

∂2b{[εa(~p1, 1)eip1x1 ][εb(~p2,−1)eip2x2 ] + [εa(~p1,−1)eip1x1 ][εb(~p2, 1)eip2x2 ]} = 0

Cor. 3.3.2.
(−∂c∂c +m2){[εa(~p1 + ~p2, 1)eip1x][εb(~p1 + ~p2,−1)eip2x] + [εa(~p1 + ~p2,−1)eip1x][εb(~p1 + ~p2, 1)eip2x]} = 0

∂a{[εa(~p1 + ~p2, 1)eip1x][εb(~p1 + ~p2,−1)eip2x] + [εa(~p1 + ~p2,−1)eip1x][εb(~p1 + ~p2, 1)eip2x]} = 0

(−∂c∂c +m2){[εa(~p1 + ~p2, 1)eip1x][εb(~p1 + ~p2,−1)eip2x] + [εa(~p1 + ~p2,−1)eip1x][εb(~p1 + ~p2, 1)eip2x]} = 0

∂b{[εa(~p1 + ~p2, 1)eip1x][εb(~p1 + ~p2,−1)eip2x] + [εa(~p1 + ~p2,−1)eip1x][εb(~p1 + ~p2, 1)eip2x]} = 0

Cor. 3.3.3.
(−∂c∂c +m2){[εa(2~p, 1)eipx][εb(2~p,−1)eipx] + [εa(2~p,−1)eipx][εb(2~p, 1)eipx]} = 0

∂a{[εa(2~p, 1)eipx][εb(2~p,−1)eipx] + [εa(2~p,−1)eipx][εb(2~p, 1)eipx]} = 0

(−∂c∂c +m2){[εa(2~p, 1)eipx][εb(2~p,−1)eipx] + [εa(2~p,−1)eipx][εb(2~p, 1)eipx]} = 0

∂b{[εa(2~p, 1)eipx][εb(2~p,−1)eipx] + [εa(2~p,−1)eipx][εb(2~p, 1)eipx]} = 0

Cor. 3.3.4.{
(−∂c∂c +m2){[εa(~p, 1)εb(~p,−1)eipx] + [εa(~p,−1)εb(~p, 1)eipx]} = 0

∂a{[εa(~p, 1)εb(~p,−1)eipx] + [εa(~p,−1)εb(~p, 1)eipx]} = 0

3.4 Double photon synthesis: 1⊕ 1→ (1, 0)

Cor. 3.4.1.
(−∂1c∂1c +m2){[εa(~p1, 1)eip1x1 ][εb(~p2,−1)eip2x2 ]− [εa(~p1,−1)eip1x1 ][εb(~p2, 1)eip2x2 ]} = 0

∂1a{[εa(~p1, 1)eip1x1 ][εb(~p2,−1)eip2x2 ]− [εa(~p1,−1)eip1x1 ][εb(~p2, 1)eip2x2 ]} = 0

(−∂2c∂2c +m2){[εa(~p1, 1)eip1x1 ][εb(~p2,−1)eip2x2 ]− [εa(~p1,−1)eip1x1 ][εb(~p2, 1)eip2x2 ]} = 0

∂2b{[εa(~p1, 1)eip1x1 ][εb(~p2,−1)eip2x2 ]− [εa(~p1,−1)eip1x1 ][εb(~p2, 1)eip2x2 ]} = 0
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Cor. 3.4.2.
(−∂c∂c +m2){[εa(~p1 + ~p2, 1)eip1x][εb(~p1 + ~p2,−1)eip2x]− [εa(~p1 + ~p2,−1)eip1x][εb(~p1 + ~p2, 1)eip2x]} = 0

∂a{[εa(~p1 + ~p2, 1)eip1x][εb(~p1 + ~p2,−1)eip2x]− [εa(~p1 + ~p2,−1)eip1x][εb(~p1 + ~p2, 1)eip2x]} = 0

(−∂c∂c +m2){[εa(~p1 + ~p2, 1)eip1x][εb(~p1 + ~p2,−1)eip2x]− [εa(~p1 + ~p2,−1)eip1x][εb(~p1 + ~p2, 1)eip2x]} = 0

∂b{[εa(~p1 + ~p2, 1)eip1x][εb(~p1 + ~p2,−1)eip2x]− [εa(~p1 + ~p2,−1)eip1x][εb(~p1 + ~p2, 1)eip2x]} = 0

Cor. 3.4.3.
(−∂c∂c +m2){[εa(2~p, 1)eipx][εb(2~p,−1)eipx]− [εa(2~p,−1)eipx][εb(2~p, 1)eipx]} = 0

∂a{[εa(2~p, 1)eipx][εb(2~p,−1)eipx]− [εa(2~p,−1)eipx][εb(2~p, 1)eipx]} = 0

(−∂c∂c +m2){[εa(2~p, 1)eipx][εb(2~p,−1)eipx]− [εa(2~p,−1)eipx][εb(2~p, 1)eipx]} = 0

∂b{[εa(2~p, 1)eipx][εb(2~p,−1)eipx]− [εa(2~p,−1)eipx][εb(2~p, 1)eipx]} = 0

Cor. 3.4.4.{
(−∂c∂c +m2){[εa(~p, 1)eipx][εb(~p,−1)eipx]− [εa(~p,−1)eipx][εb(~p, 1)eipx]} = 0

∂a{[εa(~p, 1)eipx][εb(~p,−1)eipx]− [εa(~p,−1)eipx][εb(~p, 1)eipx]} = 0

4 Single-mode plane wave solutions of particle spin equation
4.1 s-spin equation and its single-mode plane wave solutions

Thm. 4.1.1. [s∂a + iSab(s, ς)∂
b]ψ(x) = 0

Cor. 4.1.1.


ψ(~r, t) := 1

(2π)3/2

∫
~p6=0

|~p|(s−
1
2 )λ(p̂,−sς)[a1(~p,−sς)eip·x + a+

2 (~p,−sς)e−ip·x]d3~p

|~p|(s−
1
2 )a1(~p,−sς) = 1

(2π)3/2

∫
λ+(p̂,−sς)ψ(~r, t)e−ip·xd3~r = 1

(2π)3/2

∫
i
|~p|λ

+(p̂,−sς)ψ̇(~r, t)e−ip·xd3~r

|~p|(s−
1
2 )a+

2 (~p,−sς) = 1
(2π)3/2

∫
λ+(p̂,−sς)ψ(~r, t)eip·xd3~r = 1

(2π)3/2

∫ −i
|~p|λ

+(p̂,−sς)ψ̇(~r, t)eip·xd3~r

Cor. 4.1.2.

ψ+(~p,−sς;x) = 1
(2π)3/2 |~p|(s−

1
2 )a1(~p,−sς)λ(p̂,−sς)eip·x = A+(~p,−sς)λ(p̂,−sς)eip·x

ψ−(~p,−sς;x) = 1
(2π)3/2 |~p|(s−

1
2 )a+

2 (~p,−sς)λ(p̂,−sς)e−ip·x = A−(~p,−sς)λ(p̂,−sς)e−ip·x

Cor. 4.1.3. [s∂a + iSab(s, ς)∂
b]ψ±(~p,−sς;x) = 0[⇔][spa + iSab(s, ς)p

b]ψ±(~p,−sς;x) = 0

4.2 Several equivalent forms of single-mode spin equation

Thm. 4.2.1.

[sp̂a + iSab(s, ς)p̂
b]ψ±(~p,−sς;x) = 0 [⇔] σ(s) · p̂ψ±(~p,−sς;x) = ∓sςψ±(~p,−sς;x), O(s) · p̂ψ±(~p,−sς;x) = 0

[m] [m]

[sp̂− iσ(s)× p̂± ςσ(s)]ψ±(~p,−sς;x) = 0 [⇔]

{
σ(s) · p̂ψ±(~p,−sς;x) = ∓sςψ±(~p,−sς;x)

{s2p̂− isσ(s)× p̂− σ(s)[σ(s) · p̂]}ψ±(~p,−sς;x) = 0

[m] [m]

{sp̂− [σ(s) · p̂, σ(s)]± ςσ(s)}ψ±(~p,−sς;x) = 0[⇔]

{
σ(s) · p̂ψ±(~p,−sς;x) = ∓sςψ±(~p,−sς;x)

{s2p̂+ (s− 1)σ(s)[σ(s) · p̂]− s[σ(s) · p̂]σ(s)}ψ±(~p,−sς;x) = 0

Cor. 4.2.1.

{
σ(1) · p̂ψ±(~p,−ς;x) = ∓ςψ±(~p,−ς;x)

[σ(1) · p̂]σ(1)ψ±(~p,−ς;x) = p̂ψ±(~p,−ς;x)

4.3 Single-mode plane wave solutions of spin equation moving along z-axis

Single-mode plane wave solutions of spin equation moving in forward direction along z-axis p̂a =
(0, 0, 1, 1):

Thm. 4.3.1.

[sp̂a + iSab(s, ς)p̂
b]ψ±(~p,−sς;x) = 0 [⇔] σz(s)ψ±(~p,−sς;x) = ∓sςψ±(~p,−sς;x), Oz(s)ψ±(~p,−sς;x) = 0

[m] [m]

[sp̂− iσ(s)× p̂± ςσ(s)]ψ±(~p,−sς;x) = 0 [⇔]

{
σz(s)ψ±(~p,−sς;x) = ∓sςψ±(~p,−sς;x)

{s2p̂− isσ(s)× p̂− σ(s)σz(s)}ψ±(~p,−sς;x) = 0

[m] [m]

{sp̂− [σz(s), σ(s)]± ςσ(s)}ψ±(~p,−sς;x) = 0[⇔]

{
σz(s)ψ±(~p,−sς;x) = ∓sςψ±(~p,−sς;x)

{s2p̂+ (s− 1)σ(s)σz(s)− sσz(s)σ(s)}ψ±(~p,−sς;x) = 0

Cor. 4.3.1. [sp̂a + iSab(s, ς)p̂
b]ψ±(~p,−sς;x) = 0[⇔]

{
σz(s)ψ±(~p,−sς;x) = ∓sςψ±(~p,−sς;x)

[σx(s)∓ iςσy(s)]ψ±(~p,−sς;x) = 0
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Cor. 4.3.2.

{
σz(1)ψ±(~p,−ς;x) = ∓ςψ±(~p,−ς;x)

σz(1)σ(1)ψ±(~p,−ς;x) = p̂ψ±(~p,−ς;x)

Single-mode plane wave solutions of spin equation moving in backward direction along z-axis p̂a =
(0, 0,−1, 1):

Thm. 4.3.2.

[sp̂a + iSab(s, ς)p̂
b]ψ±(~p,−sς;x) = 0 [⇔] σz(s)ψ±(~p,−sς;x) = ±sςψ±(~p,−sς;x), Oz(s)ψ±(~p,−sς;x) = 0

[m] [m]

[sp̂− iσ(s)× p̂± ςσ(s)]ψ±(~p,−sς;x) = 0 [⇔]

{
σz(s)ψ±(~p,−sς;x) = ±sςψ±(~p,−sς;x)

{s2p̂− isσ(s)× p̂+ σ(s)σz(s)}ψ±(~p,−sς;x) = 0

[m] [m]

{sp̂+ [σz(s), σ(s)]± ςσ(s)}ψ±(~p,−sς;x) = 0[⇔]

{
σz(s)ψ±(~p,−sς;x) = ±sςψ±(~p,−sς;x)

{s2p̂− (s− 1)σ(s)σz(s) + sσz(s)σ(s)}ψ±(~p,−sς;x) = 0

Cor. 4.3.3. [sp̂a + iSab(s, ς)p̂
b]ψ±(~p,−sς;x) = 0[⇔]

{
σz(s)ψ±(~p,−sς;x) = ±sςψ±(~p,−sς;x)

[σx(s)± iςσy(s)]ψ±(~p,−sς;x) = 0

Cor. 4.3.4.

{
σz(1)ψ±(~p,−ς;x) = ±ςψ±(~p,−ς;x)

σz(1)σ(1)ψ±(~p,−ς;x) = −p̂ψ±(~p,−ς;x)

4.4 Single-mode plane wave solutions of 1-spin equation moving along z-axis

Single-mode plane wave solutions of spin equation moving in forward direction along z-axis p̂a =
(0, 0, 1, 1):

Thm. 4.4.1.

[p̂a + iSab(1, ς)p̂
b]ψ±(~p,−ς;x) = 0 [⇔] σz(1)ψ±(~p,−ς;x) = ∓ςψ±(~p,−ς;x), Oz(1)ψ±(~p,−ς;x) = 0

[m] [m]

[p̂− iσ(1)× p̂± ςσ(1)]ψ±(~p,−ς;x) = 0 [⇔]

{
σz(1)ψ±(~p,−ς;x) = ∓ςψ±(~p,−ς;x)

{p̂− iσ(1)× p̂− σ(1)σz(1)}ψ±(~p,−ς;x) = 0

[m] [m]

{p̂− [σz(1), σ(1)]± ςσ(1)}ψ±(~p,−ς;x) = 0[⇔]

{
σz(1)ψ±(~p,−ς;x) = ∓ςψ±(~p,−ς;x)

{p̂− σz(1)σ(1)}ψ±(~p,−ς;x) = 0

Cor. 4.4.1. [p̂a + iSab(1, ς)p̂
b]ψ±(~p,−ς;x) = 0[⇔]

{
σz(1)ψ±(~p,−ς;x) = ∓ςψ±(~p,−ς;x)

[σx(1)∓ iςσy(1)]ψ±(~p,−ς;x) = 0

Cor. 4.4.2.

{
σz(1)ψ±(~p,−ς;x) = ∓ςψ±(~p,−ς;x)

σz(1)σ(1)ψ±(~p,−ς;x) = p̂ψ±(~p,−ς;x)

Single-mode plane wave solutions of spin equation moving in backward direction along z-axis p̂a =
(0, 0,−1, 1):

Thm. 4.4.2.

[p̂a + iSab(1, ς)p̂
b]ψ±(~p,−ς;x) = 0 [⇔] σz(1)ψ±(~p,−ς;x) = ±ςψ±(~p,−ς;x), Oz(1)ψ±(~p,−ς;x) = 0

[m] [m]

[p̂− iσ(1)× p̂± ςσ(1)]ψ±(~p,−ς;x) = 0 [⇔]

{
σz(1)ψ±(~p,−ς;x) = ±ςψ±(~p,−ς;x)

{p̂− iσ(1)× p̂+ σ(1)σz(1)}ψ±(~p,−ς;x) = 0

[m] [m]

{p̂+ [σz(1), σ(1)]± ςσ(1)}ψ±(~p,−ς;x) = 0[⇔]

{
σz(1)ψ±(~p,−ς;x) = ±ςψ±(~p,−ς;x)

{s2p̂+ σz(1)σ(1)}ψ±(~p,−ς;x) = 0

Cor. 4.4.3. [p̂a + iSab(1, ς)p̂
b]ψ±(~p,−ς;x) = 0[⇔]

{
σz(1)ψ±(~p,−ς;x) = ±ςψ±(~p,−ς;x)

[σx(1)± iςσy(1)]ψ±(~p,−ς;x) = 0

Cor. 4.4.4.

{
σz(1)ψ±(~p,−ς;x) = ±ςψ±(~p,−ς;x)

σz(1)σ(1)ψ±(~p,−ς;x) = −p̂ψ±(~p,−ς;x)
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4.5 Single-mode plane wave solutions of spin vector

Cor. 4.5.1.

{
[s∂a + iSab(s, ς)∂

b]ψ±(~p,−sς;x) = 0

P̂a := −i∂a, Ŵa(s, ς) := ςSab(s, ς)∂
b

⇒

{
P̂aψ±(~p,−sς;x) = ±paψ±(~p,−sς;x)

Ŵa(s, ς)ψ±(~p,−sς;x) = ∓sςpaψ±(~p,−sς;x)

Cor. 4.5.2. Wa(s, ς)ψ±(~p,−sς;x) = −sς~paψ±(~p,−sς;x),Wa(s, ς) = −i ∗ Sab(s, ς)pb = iςSab(s, ς)p
b

4.6 Complete quantum states of single-mode plane wave solutions along positive z-axis

Cor. 4.6.1.


σ2(s)ψ±(~p,−sς;x) = s(s+ 1)ψ±(~p,−sς;x), σ(s)× σ(s) = iσ(s), σ2(s) = s(s+ 1)

σz(s)ψ±(~p,−sς;x) = ∓sςψ±(~p,−sς;x), [σx(s)∓ iςσy(s)]ψ±(~p,−sς;x) = 0

P̂aψ±(~p,−sς;x) = ±paψ±(~p,−sς;x), Ŵa(s, ς)ψ±(~p,−sς;x) = ∓sςpaψ±(~p,−sς;x)

4.7 Complete quantum states of single-mode photon along positive z-axis

Cor. 4.7.1.


γ2Ψ±(~p,−ς;x) = 2Ψ±(~p,−ς;x), γ × γ = iγ, γ2 = 2

γzΨ±(~p,−ς;x) = ∓ςΨ±(~p,−ς;x), [γx ∓ iςγy]Ψ±(~p,−ς;x) = 0

P̂aΨ±(~p,−ς;x) = ±paΨ±(~p,−ς;x), Ŵa(1, ς)Ψ±(~p,−ς;x) = ∓ςpaΨ±(~p,−ς;x)

4.8 Dual-mode syntropic and synchronous plane wave solutions of s-spin equation

Def. 4.8.1.

{
[s∂a + iSab(s, ς)∂

b]ψ(x) = 0, ~p 6= 0

ψ(x) := 1
(2π)3/2 |~p|(s−

1
2 )λ(p̂,−sς)[a1(~p,−sς)eip·x + a+

2 (~p,−sς)e−ip·x]

4.9 Dual-mode heterotropic and synchronous positive plane wave solutions of s-spin equation

Def. 4.9.1.

{
[s∂a + iSab(s, ς)∂

b]ψ(x) = 0, ~p 6= 0

ψ(x) := 1
(2π)3/2 |~p|(s−

1
2 )λ(p̂,−sς)[a1(~p,−sς)ei~p·~r + a2(−~p,−sς)e−i~p·~r]e−iEt

4.10 Dual-mode heterotropic and synchronous negative plane wave solutions of s-spin equation

Def. 4.10.1.

{
[s∂a + iSab(s, ς)∂

b]ψ(x) = 0, ~p 6= 0

ψ(x) := 1
(2π)3/2 |~p|(s−

1
2 )λ(p̂,−sς)[a+

1 (~p,−sς)e−i~p·~r + a+
2 (−~p,−sς)ei~p·~r]eiEt

4.11 Guess on dual-mode entangled plane wave solutions of s-spin equation

Ass. 4.11.1.{
[σ(s)⊗ I + I ⊗ σ(s)]∂tψ(~r, ~r′; t) = sς(∇−∇′)ψ(~r, ~r′; t)− iς{[σ(s)⊗ I]×∇− [I ⊗ σ(s)]×∇′}ψ(~r, ~r′; t)

ψ(~r, ~r′; t) = a(~p)λ(p̂,−sς)⊗ Iei(~p·~r−Et) + b(~p)I ⊗ λ(p̂, sς)ei(−~p·~r
′−Et) + c(~p)λ(p̂,−sς)⊗ λ(p̂, sς)ei~p·(~r−~r

′)−iEt

5 Several examples of particles spin coupling
5.1 Diagonally coupling representation of two electron spins

Cor. 5.1.1. Diagonal coupling representation

[σ(1)⊕ σ(0)]2
[

1
0
0
0

]
= 2

[
1
0
0
0

]
, [σ(1)⊕ σ(0)]z

[
1
0
0
0

]
=

[
1
0
0
0

]
[σ(1)⊕ σ(0)]2

[
0
1
0
0

]
= 2

[
0
1
0
0

]
, [σ(1)⊕ σ(0)]z

[
0
1
0
0

]
= 0

[
0
1
0
0

]
[σ(1)⊕ σ(0)]2

[
0
0
1
0

]
= 2

[
0
0
1
0

]
, [σ(1)⊕ σ(0)]z

[
0
0
1
0

]
= −

[
0
0
1
0

]
[σ(1)⊕ σ(0)]2

[
0
0
0
1

]
= 0

[
0
0
0
1

]
, [σ(1)⊕ σ(0)]z

[
0
0
0
1

]
= 0

[
0
0
0
1

]
5.2 Separated uncoupling representation of two electron spins

Cor. 5.2.1. Separated uncoupling representation

[σ( 1
2 )⊗ I]2

[
1
0
0
0

]
= 3

4

[
1
0
0
0

]
, [I ⊗ σ( 1

2 )]2
[

1
0
0
0

]
= 3

4

[
1
0
0
0

]
, [σ( 1

2 )⊗ I]z

[
1
0
0
0

]
= 1

2

[
1
0
0
0

]
, [I ⊗ σ( 1

2 )]z

[
1
0
0
0

]
= 1

2

[
1
0
0
0

]
[σ( 1

2 )⊗ I]2
[

0
1
0
0

]
= 3

4

[
0
1
0
0

]
, [I ⊗ σ( 1

2 )]2
[

0
1
0
0

]
= 3

4

[
0
1
0
0

]
, [σ( 1

2 )⊗ I]z

[
0
1
0
0

]
= − 1

2

[
0
1
0
0

]
, [I ⊗ σ( 1

2 )]z

[
0
1
0
0

]
= 1

2

[
0
1
0
0

]
[σ( 1

2 )⊗ I]2
[

0
0
1
0

]
= 3

4

[
0
0
1
0

]
, [I ⊗ σ( 1

2 )]2
[

0
0
1
0

]
= 3

4

[
0
0
1
0

]
, [σ( 1

2 )⊗ I]z

[
0
0
1
0

]
= 1

2

[
0
0
1
0

]
, [I ⊗ σ( 1

2 )]z

[
0
0
1
0

]
= − 1

2

[
0
0
1
0

]
[σ( 1

2 )⊗ I]2
[

0
0
0
1

]
= 3

4

[
0
0
0
1

]
, [I ⊗ σ( 1

2 )]2
[

0
0
0
1

]
= 3

4

[
0
0
0
1

]
, [σ( 1

2 )⊗ I]z

[
0
0
0
1

]
= − 1

2

[
0
0
0
1

]
, [I ⊗ σ( 1

2 )]z

[
0
0
0
1

]
= − 1

2

[
0
0
0
1

]
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5.3 Separated coupling representation of two electron spins

Cor. 5.3.1. Ŝ(1) = 1√
2

√2 0 0 0

0
√

1
√

1 0

0 0 0
√

2

0 −
√

1
√

1 0

 , Ŝ+(1) = 1√
2

√2 0 0 0

0
√

1 0 −
√

1

0
√

1 0
√

1

0 0
√

2 0


Cor. 5.3.2. 1√

2

√2 0 0 0

0
√

1 0
√

1

0 0
√

2 0

0
√

1 0 −
√

1

 = 1√
2

√2 0 0 0

0
√

1
√

1 0

0 0 0
√

2

0 −
√

1
√

1 0

[ 1 0 0 0
0 0 1 0
0 1 0 0
0 0 0 1

] [
1 0 0 0
0 1 0 0
0 0 0 1
0 0 1 0

]

Cor. 5.3.3.
{
| 12 〉 =

[
1
0

]
, |−1

2 〉 =
[

0
1

] {
|1〉 =

[
1
0
0

]
, |0〉 =

[
0
1
0

]
, | − 1〉 =

[
0
0
1

]
Thm. 5.3.1. S(1)[σ( 1

2 )⊗ I + I ⊗ σ( 1
2 )]S+(1) = σ(1)⊕ σ(0)

Cor. 5.3.4. Separated coupling representation

[σ(
1
2 )⊗I]2

[I⊗σ(
1
2 )]2

[
1
0
0
0

]
= 3

4

[
1
0
0
0

]
, [σ( 1

2 )⊗ I + I ⊗ σ( 1
2 )]2

[
1
0
0
0

]
= 2

[
1
0
0
0

]
, [σ( 1

2 )⊗ I + I ⊗ σ( 1
2 )]z

[
1
0
0
0

]
=

[
1
0
0
0

]
[σ(

1
2 )⊗I]2

[I⊗σ(
1
2 )]2


0
1√
2

1√
2

0

 = 3
4


0
1√
2

1√
2

0

 , [σ( 1
2 )⊗ I + I ⊗ σ( 1

2 )]2


0
1√
2

1√
2

0

 = 2


0
1√
2

1√
2

0

 , [σ( 1
2 )⊗ I + I ⊗ σ( 1

2 )]z


0
1√
2

1√
2

0

 = 0

[σ(
1
2 )⊗I]2

[I⊗σ(
1
2 )]2

[
0
0
0
1

]
= 3

4

[
0
0
0
1

]
, [σ( 1

2 )⊗ I + I ⊗ σ( 1
2 )]2

[
0
0
0
1

]
= 2

[
0
0
0
1

]
, [σ( 1

2 )⊗ I + I ⊗ σ( 1
2 )]z

[
0
0
0
1

]
= −

[
0
0
0
1

]
[σ(

1
2 )⊗I]2

[I⊗σ(
1
2 )]2


0

− 1√
2

1√
2

0

 = 3
4


0

− 1√
2

1√
2

0

 , [σ( 1
2 )⊗ I + I ⊗ σ( 1

2 )]2


0

− 1√
2

1√
2

0

 = 0, [σ( 1
2 )⊗ I + I ⊗ σ( 1

2 )]z


0

− 1√
2

1√
2

0

 = 0

Cor. 5.3.5. Ŝ+(1) = 1√
2

√2 0 0 0

0
√

1 0 −
√

1

0
√

1 0
√

1

0 0
√

2 0

⇒ |s,m〉 =



Ŝ+(1)

[
1
0
0
0

]
= |1, 1〉 = | 12 〉 ⊗ |

1
2 〉;

Ŝ+(1)

[
0
1
0
0

]
= |1, 0〉 = 1√

2
(|−1

2 〉 ⊗ |
1
2 〉+ | 12 〉 ⊗ |

−1
2 〉);

Ŝ+(1)

[
0
0
1
0

]
= |1,−1〉 = |−1

2 〉 ⊗ |
−1
2 〉;

Ŝ+(1)

[
0
0
0
1

]
= |0, 0〉 = 1√

2
(−|−1

2 〉 ⊗ |
1
2 〉+ | 12 〉 ⊗ |

−1
2 〉);

Cor. 5.3.6.

[ |1,1〉
|1,0〉
|1,−1〉
|0,0〉

]
= [Ŝ+(1)⊗ I4]

[
| 12 〉

|−1
2 〉

]
⊗
[
| 12 〉

|−1
2 〉

]
= [I4 ⊗ Ŝ(1)]

[
| 12 〉

|−1
2 〉

]
⊗
[
| 12 〉

|−1
2 〉

]

Cor. 5.3.7.


| 12 〉⊗|

1
2 〉

| 12 〉⊗|
−1
2 〉

|−1
2 〉⊗|

−1
2 〉

|−1
2 〉⊗|

1
2 〉

 = 1√
2

√2 0 0 0

0
√

1 0
√

1

0 0
√

2 0

0
√

1 0 −
√

1

[ |1,1〉|1,0〉
|1,−1〉
|0,0〉

]
,

[ |1,1〉
|1,0〉
|1,−1〉
|0,0〉

]
= 1√

2

√2 0 0 0

0
√

1 0
√

1

0 0
√

2 0

0
√

1 0 −
√

1



| 12 〉⊗|

1
2 〉

| 12 〉⊗|
−1
2 〉

|−1
2 〉⊗|

−1
2 〉

|−1
2 〉⊗|

1
2 〉



Cor. 5.3.8.


| 12 〉⊗|

1
2 〉

|−1
2 〉⊗|

1
2 〉

|−1
2 〉⊗|

−1
2 〉

| 12 〉⊗|
−1
2 〉

 = 1√
2

√2 0 0 0

0 −
√

1 0
√

1

0 0
√

2 0

0
√

1 0
√

1

[ |1,1〉|0,0〉
|1,−1〉
|1,0〉

]
,

[ |1,1〉
|0,0〉
|1,−1〉
|1,0〉

]
= 1√

2

√2 0 0 0

0 −
√

1 0
√

1

0 0
√

2 0

0
√

1 0
√

1



| 12 〉⊗|

1
2 〉

|−1
2 〉⊗|

1
2 〉

|−1
2 〉⊗|

−1
2 〉

| 12 〉⊗|
−1
2 〉



Cor. 5.3.9.


| 12 〉⊗|

1
2 〉

|−1
2 〉⊗|

−1
2 〉

| 12 〉⊗|
−1
2 〉

|−1
2 〉⊗|

1
2 〉

 = 1√
2

√2 0 0 0

0
√

2 0 0

0 0
√

1
√

1

0 0
√

1 −
√

1

[ |1,1〉|1,−1〉
|1,0〉
|0,0〉

]
,

[ |1,1〉
|1,−1〉
|1,0〉
|0,0〉

]
= 1√

2

√2 0 0 0

0
√

2 0 0

0 0
√

1
√

1

0 0
√

1 −
√

1



| 12 〉⊗|

1
2 〉

|−1
2 〉⊗|

−1
2 〉

| 12 〉⊗|
−1
2 〉

|−1
2 〉⊗|

1
2 〉


5.4 Spin coupling representation of two massive photons

Thm. 5.4.1. S(1⊗ 1)[σ(1)⊗ I3 + I3 ⊗ σ(1)]S+(1⊗ 1) = σ(2)⊕ σ(1)⊕ σ(0)

Cor. 5.4.1.

S(1⊗ 1) = 1√
6



√
6 0 0 0 0 0 0 0 0

0
√

3 0
√

3 0 0 0 0 0

0 0
√

1 0
√

4 0
√

1 0 0

0 0 0 0 0
√

3 0
√

3 0

0 0 0 0 0 0 0 0
√

6

0 −
√

3 0
√

3 0 0 0 0 0

0 0 −
√

3 0 0 0
√

3 0 0

0 0 0 0 0 −
√

3 0
√

3 0

0 0
√

2 0 −
√

2 0
√

2 0 0


, S+(1⊗ 1) = 1√

6



√
6 0 0 0 0 0 0 0 0

0
√

3 0 0 0 −
√

3 0 0 0

0 0
√

1 0 0 0 −
√

3 0
√

2

0
√

3 0 0 0
√

3 0 0 0

0 0
√

4 0 0 0 0 0 −
√

2

0 0 0
√

3 0 0 0 −
√

3 0

0 0
√

1 0 0 0
√

3 0
√

2

0 0 0
√

3 0 0 0
√

3 0

0 0 0 0
√

6 0 0 0 0
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Cor. 5.4.2.



|2, 2〉 = |1〉 ⊗ |1〉;
|2, 1〉 = 1√

2
(|1〉 ⊗ |0〉) + |0〉 ⊗ |1〉;

|2, 0〉 = 1√
6
(|1〉 ⊗ | − 1〉+ 2|0〉 ⊗ |0〉+ | − 1〉 ⊗ |1〉);

|2,−1〉 = 1√
2
(|0〉 ⊗ | − 1〉) + | − 1〉 ⊗ |0〉;

|2,−2〉 = | − 1〉 ⊗ | − 1〉;
|2; 1, 1〉 = 1√

2
(|1〉 ⊗ |0〉)− |0〉 ⊗ |1〉;

|2; 1, 0〉 = 1√
2
(|1〉 ⊗ | − 1〉)− | − 1〉 ⊗ |1〉;

|2; 1,−1〉 = 1√
2
(|0〉 ⊗ | − 1〉)− | − 1〉 ⊗ |0〉;{

|2; 0, 0〉 = 1√
3
(|1〉 ⊗ | − 1〉)− |0〉 ⊗ |0〉+ | − 1〉 ⊗ |1〉;





|1〉 ⊗ |1〉 = |2, 2〉;
|0〉 ⊗ |1〉 = 1√

2
(|2, 1〉 − |1, 1〉);

| − 1〉 ⊗ |1〉 = 1√
6
(|2, 0〉 −

√
3|1, 0〉+

√
2|0, 0〉);

|1〉 ⊗ |0〉 = 1√
2
(|2, 1〉+ |1, 1〉);

|0〉 ⊗ |0〉 = 1√
3
(
√

2|2, 0〉 − |0, 0〉);
| − 1〉 ⊗ |0〉 = 1√

2
(|2,−1〉 − |1,−1〉);

|1〉 ⊗ | − 1〉 = 1√
6
(|2, 0〉+

√
3|1, 0〉+

√
2|0, 0〉);

|0〉 ⊗ | − 1〉 = 1√
2
(|2,−1〉+ |1,−1〉);{

| − 1〉 ⊗ | − 1〉 = |2,−2〉;

Cor. 5.4.3.



|2, 2〉 = |1〉 ⊗ |1〉;
|2, 1〉 = 1√

2
(|1〉 ⊗ |0〉) + |0〉 ⊗ |1〉;

|2, 0〉 = 1√
6
(|1〉 ⊗ | − 1〉+ 2|0〉 ⊗ |0〉+ | − 1〉 ⊗ |1〉);

|2,−1〉 = 1√
2
(|0〉 ⊗ | − 1〉) + | − 1〉 ⊗ |0〉;

|2,−2〉 = | − 1〉 ⊗ | − 1〉;
|2; 1, 1〉 = 1√

2
(|1〉 ⊗ |0〉)− |0〉 ⊗ |1〉;

|2; 1, 0〉 = 1√
2
(|1〉 ⊗ | − 1〉)− | − 1〉 ⊗ |1〉;

|2; 1,−1〉 = 1√
2
(|0〉 ⊗ | − 1〉)− | − 1〉 ⊗ |0〉;{

|2; 0, 0〉 = 1√
3
(|1〉 ⊗ | − 1〉)− |0〉 ⊗ |0〉+ | − 1〉 ⊗ |1〉;





|1〉 ⊗ |1〉 = |2, 2〉;
|1〉 ⊗ |0〉 = 1√

2
(|2, 1〉+ |1, 1〉);

|1〉 ⊗ | − 1〉 = 1√
6
(|2, 0〉+

√
3|1, 0〉+

√
2|0, 0〉);

|0〉 ⊗ | − 1〉 = 1√
2
(|2,−1〉+ |1,−1〉);

| − 1〉 ⊗ | − 1〉 = |2,−2〉;
|0〉 ⊗ |1〉 = 1√

2
(|2, 1〉 − |1, 1〉);

|0〉 ⊗ |0〉 = 1√
3
(
√

2|2, 0〉 − |0, 0〉);
| − 1〉 ⊗ |0〉 = 1√

2
(|2,−1〉 − |1,−1〉);{

| − 1〉 ⊗ |1〉 = 1√
6
(|2, 0〉 −

√
3|1, 0〉+

√
2|0, 0〉);

Cor. 5.4.4.

{
|2, 2〉 = |1〉 ⊗ |1〉;
|2,−2〉 = | − 1〉 ⊗ | − 1〉;
|2, 1〉 = 1√

2
(|1〉 ⊗ |0〉) + |0〉 ⊗ |1〉;

|1, 1〉 = 1√
2
(|1〉 ⊗ |0〉)− |0〉 ⊗ |1〉;

|1,−1〉 = 1√
2
(|0〉 ⊗ | − 1〉)− | − 1〉 ⊗ |0〉;

|2,−1〉 = 1√
2
(|0〉 ⊗ | − 1〉) + | − 1〉 ⊗ |0〉;

|2, 0〉 = 1√
6
(|1〉 ⊗ | − 1〉+ 2|0〉 ⊗ |0〉+ | − 1〉 ⊗ |1〉);

|1, 0〉 = 1√
2
(|1〉 ⊗ | − 1〉)− | − 1〉 ⊗ |1〉;

|0, 0〉 = 1√
3
(|1〉 ⊗ | − 1〉)− |0〉 ⊗ |0〉+ | − 1〉 ⊗ |1〉;



{
|1〉 ⊗ |1〉 = |2, 2〉;
| − 1〉 ⊗ | − 1〉 = |2,−2〉;
|1〉 ⊗ |0〉 = 1√

2
(|2, 1〉+ |1, 1〉);

|0〉 ⊗ |1〉 = 1√
2
(|2, 1〉 − |1, 1〉);

| − 1〉 ⊗ |0〉 = 1√
2
(|2,−1〉 − |1,−1〉);

|0〉 ⊗ | − 1〉 = 1√
2
(|2,−1〉+ |1,−1〉);

|1〉 ⊗ | − 1〉 = 1√
6
(|2, 0〉+

√
3|1, 0〉+

√
2|0, 0〉);

|0〉 ⊗ |0〉 = 1√
3
(
√

2|2, 0〉 − |0, 0〉);
| − 1〉 ⊗ |1〉 = 1√

6
(|2, 0〉 −

√
3|1, 0〉+

√
2|0, 0〉);

Cor. 5.4.5.

[
|2,2〉
|2,−2〉

]
=
[

1 0
0 1

] [
|1〉⊗|1〉
|−1〉⊗|−1〉

]
,
[
|1〉⊗|1〉
|−1〉⊗|−1〉

]
=
[

1 0
0 1

] [
|2,2〉
|2,−2〉

]
[ |2,1〉
|1,1〉
|1,−1〉
|2,−1〉

]
= 1√

2

[
1 1 0 0
1 −1 0 0
0 0 −1 1
0 0 1 1

][ |1〉⊗|0〉
|0〉⊗|1〉
|−1〉⊗|0〉
|0〉⊗|−1〉

]
,

[ |1〉⊗|0〉
|0〉⊗|1〉
|−1〉⊗|0〉
|0〉⊗|−1〉

]
= 1√

2

[
1 1 0 0
1 −1 0 0
0 0 −1 1
0 0 1 1

][ |2,1〉
|1,1〉
|1,−1〉
|2,−1〉

]
[
|2,0〉
|1,0〉
|0,0〉

]
=


1√
6

2√
6

1√
6

1√
2

0 − 1√
2

1√
3
− 1√

3
1√
3

[ |1〉⊗|−1〉
|0〉⊗|0〉
|−1〉⊗|1〉

]
,

[
|1〉⊗|−1〉
|0〉⊗|0〉
|−1〉⊗|1〉

]
=


1√
6

1√
2

1√
3

2√
6

0 − 1√
3

1√
6
− 1√

2
1√
3

[ |2,0〉|1,0〉
|0,0〉

]

Cor. 5.4.6.

S+(1⊗ 1)⇒ |s,m〉 =





|2, 2〉 = |1〉 ⊗ |1〉;
|2, 1〉 = 1√

2
(|0〉 ⊗ |1〉+ |1〉 ⊗ |0〉);

|2, 0〉 = 1√
6
(| − 1〉 ⊗ |1〉+ 2|0〉 ⊗ |0〉+ |1〉 ⊗ | − 1〉);

|2,−1〉 = 1√
2
(| − 1〉 ⊗ |0〉+ |0〉 ⊗ | − 1〉);

|2,−2〉 = | − 1〉 ⊗ | − 1〉;
|2; 1, 1〉 = 1√

2
(−|0〉 ⊗ |1〉+ |1〉 ⊗ |0〉);

|2; 1, 0〉 = 1√
2
(−| − 1〉 ⊗ |1〉+ |1〉 ⊗ | − 1〉);

|2; 1,−1〉 = 1√
2
(−| − 1〉 ⊗ |0〉+ |0〉 ⊗ | − 1〉);{

|2; 0, 0〉 = 1√
3
(| − 1〉 ⊗ |1〉 − |0〉 ⊗ |0〉+ |1〉 ⊗ | − 1〉);
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Cor. 5.4.7.



|2,2〉
|2,1〉
|2,0〉
|2,−1〉
|2,−2〉
|1,1〉
|1,0〉
|1,−1〉
|0,0〉

 = [S+(1⊗ 1)⊗ I9]

[
|1〉
|0〉
|−1〉

]
⊗
[
|1〉
|0〉
|−1〉

]
= [I9 ⊗ S(1⊗ 1)]

[
|1〉
|0〉
|−1〉

]
⊗
[
|1〉
|0〉
|−1〉

]

5.5 Spin coupling of two massless photons

Cor. 5.5.1. Diagonal coupling representation

[σ(2)⊕ σ(1)⊕ σ(0)]2


1
0
0
0
0
0
0
0
0

 = 6


1
0
0
0
0
0
0
0
0

 , [σ(2)⊕ σ(1)⊕ σ(0)]z


1
0
0
0
0
0
0
0
0

 = 2


1
0
0
0
0
0
0
0
0



[σ(2)⊕ σ(1)⊕ σ(0)]2


0
0
0
0
1
0
0
0
0

 = 6


0
0
0
0
1
0
0
0
0

 , [σ(2)⊕ σ(1)⊕ σ(0)]z


0
0
0
0
1
0
0
0
0

 = −2


0
0
0
0
1
0
0
0
0



[σ(2)⊕ σ(1)⊕ σ(0)]2


0
0
1
0
0
0
0
0
0

 = 6


0
0
1
0
0
0
0
0
0

 , [σ(2)⊕ σ(1)⊕ σ(0)]z


0
0
1
0
0
0
0
0
0

 = 0

[σ(2)⊕ σ(1)⊕ σ(0)]2


0
0
0
0
0
0
1
0
0

 = 2


0
0
0
0
0
0
1
0
0

 , [σ(2)⊕ σ(1)⊕ σ(0)]z


0
0
0
0
0
0
1
0
0

 = 0

[σ(2)⊕ σ(1)⊕ σ(0)]2


0
0
0
0
0
0
0
0
1

 = 0, [σ(2)⊕ σ(1)⊕ σ(0)]z


0
0
0
0
0
0
0
0
1

 = 0

Cor. 5.5.2. Non diagonal coupling representation

[σ(1)⊗ I3 + I3 ⊗ σ(1)]2


1
0
0
0
0
0
0
0
0

 = 6


1
0
0
0
0
0
0
0
0

 , [σ(1)⊗ I3 + I3 ⊗ σ(1)]z


1
0
0
0
0
0
0
0
0

 = 2


1
0
0
0
0
0
0
0
0



[σ(1)⊗ I3 + I3 ⊗ σ(1)]2


0
0
0
0
0
0
0
0
1

 = 6


0
0
0
0
0
0
0
0
1

 , [σ(1)⊗ I3 + I3 ⊗ σ(1)]z


0
0
0
0
0
0
0
0
1

 = −2


0
0
0
0
0
0
0
0
1



[σ(1)⊗ I3 + I3 ⊗ σ(1)]2


0
0
1
0
2
0
1
0
0

 = 6


0
0
1
0
2
0
1
0
0

 , [σ(1)⊗ I3 + I3 ⊗ σ(1)]z


0
0
1
0
2
0
1
0
0

 = 0

[σ(1)⊗ I3 + I3 ⊗ σ(1)]2


0
0
−1
0
0
0
1
0
0

 = 2


0
0
−1
0
0
0
1
0
0

 , [σ(1)⊗ I3 + I3 ⊗ σ(1)]z


0
0
−1
0
0
0
1
0
0

 = 0

[σ(1)⊗ I3 + I3 ⊗ σ(1)]2


0
0
1
0
−1
0
1
0
0

 = 0, [σ(1)⊗ I3 + I3 ⊗ σ(1)]z


0
0
1
0
−1
0
1
0
0

 = 0

Cor. 5.5.3. S+(2)⇒ |s,m〉 =




|2, 2〉 = |1〉 ⊗ |1〉;
√

1√
3
|2, 0〉+

√
2√
3
|2; 0, 0〉 = 1√

2
(| − 1〉 ⊗ |1〉+ |1〉 ⊗ | − 1〉);

|2,−2〉 = | − 1〉 ⊗ | − 1〉;{
|2; 1, 0〉 = 1√

2
(−| − 1〉 ⊗ |1〉+ |1〉 ⊗ | − 1〉);
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Cor. 5.5.4.


|1〉 ⊗ |1〉 = |2, 2〉;
| − 1〉 ⊗ |1〉) = 1√

6
|2, 0〉 − 1√

2
|2; 1, 0〉+ 1√

3
|2; 0, 0〉;

|1〉 ⊗ | − 1〉) = 1√
6
|2, 0〉+ 1√

2
|2; 1, 0〉+ 1√

3
|2; 0, 0〉;

| − 1〉 ⊗ | − 1〉 = |2,−2〉;

Cor. 5.5.5.




|2, 2〉 = |1〉 ⊗ |1〉ei~p·(~r1−~r2);
√

1√
3
|2, 0〉+

√
2√
3
|2; 0, 0〉 = 1√

2
(| − 1〉 ⊗ |1〉e−2iςpt + |1〉 ⊗ | − 1〉e2iςpt)ei~p·(~r1−~r2);

|2,−2〉 = | − 1〉 ⊗ | − 1〉ei~p·(~r1−~r2);{
|2; 1, 0〉 = 1√

2
(−| − 1〉 ⊗ |1〉e−2iςpt + |1〉 ⊗ | − 1〉e2iςpt)ei~p·(~r1−~r2);

= [I9 ⊗ Ŝ(1)]
[
|1〉ei(~p·~r1+ςpt)

|−1〉ei(~p·~r1−ςpt)

]
⊗
[
|1〉e−i(~p·~r2+ςpt)

|−1〉e−i(~p·~r2−ςpt)

]
Cor. 5.5.6.


|2, 2〉 = |1〉 ⊗ |1〉;
i|2; 1, 0〉sin(2ςpt) + (

√
1√
3
|2, 0〉+

√
2√
3
|2; 0, 0〉)cos(2ςpt) = 1√

2
(| − 1〉 ⊗ |1〉e−2iςpt + |1〉 ⊗ | − 1〉e2iςpt);

|2,−2〉 = | − 1〉 ⊗ | − 1〉;{
|2; 1, 0〉cos(2ςpt) + i(

√
1√
3
|2, 0〉+

√
2√
3
|2; 0, 0〉)sin(2ςpt) = 1√

2
(−| − 1〉 ⊗ |1〉e−2iςpt + |1〉 ⊗ | − 1〉e2iςpt);

= [I9 ⊗ Ŝ(1)]
[
|1〉eiςpt

|−1〉e−iςpt

]
⊗
[
|1〉e−iςpt

|−1〉eiςpt

]

Cor. 5.5.7.


|2,2〉√

1√
3
|2,0〉+

√
2√
3
|0,0〉

|2,−2〉
|1,0〉

 = [I9 ⊗ Ŝ(1)]
[
|1〉
|−1〉

]
⊗
[
|1〉
|−1〉

]
,

[ |1,1〉
|1,0〉
|1,−1〉
|0,0〉

]
= [I4 ⊗ Ŝ(1)]

[
| 12 〉

|−1
2 〉

]
⊗
[
| 12 〉

|−1
2 〉

]

Cor. 5.5.8.


|2,2〉√

1√
3
|2,0〉+

√
2√
3
|0,0〉

|2,−2〉
|1,0〉

 = [Ŝ+(1)⊗ I9]


|1〉⊗|1〉√

1√
3
|−1〉⊗|1〉+

√
2√
3
|−1〉⊗|−1〉

|0〉⊗|0〉
|1〉⊗|−1〉

 = [I9 ⊗ Ŝ(1)]
[
|1〉
|−1〉

]
⊗
[
|1〉
|−1〉

]
5.6 Spin coupling of three electrons

Cor. 5.6.1. Ŝ( 3
2 ) = 1√

6



√
6 0 0 0 0 0 0 0

0
√

2
√

2 0
√

2 0 0 0

0 0 0
√

2 0
√

2
√

2 0

0 0 0 0 0 0 0
√

6

0 −
√

4
√

1 0
√

1 0 0 0

0 0 0 −
√

1 0 −
√

1
√

4 0

0 0 −
√

3 0
√

3 0 0 0

0 0 0 −
√

3 0
√

3 0 0

 , Ŝ+( 3
2 ) = 1√

6



√
6 0 0 0 0 0 0 0

0
√

2 0 0 −
√

4 0 0 0

0
√

2 0 0
√

1 0 −
√

3 0

0 0
√

2 0 0 −
√

1 0 −
√

3

0
√

2 0 0
√

1 0
√

3 0

0 0
√

2 0 0 −
√

1 0
√

3

0 0
√

2 0 0
√

4 0 0

0 0 0
√

6 0 0 0 0


Cor. 5.6.2. Ŝ+( 3

2 )⇒

|s,m〉 =




| 32 ,

3
2 〉 = | 12 〉 ⊗ |

1
2 〉 ⊗ |

1
2 〉;

| 32 ,
1
2 〉 = 1√

3
(|−1

2 〉 ⊗ |
1
2 〉 ⊗ |

1
2 〉+ | 12 〉 ⊗ |

−1
2 〉 ⊗ |

1
2 〉+ | 12 〉 ⊗ |

1
2 〉 ⊗ |

−1
2 〉);

| 32 ,−
1
2 〉 = 1√

3
(|−1

2 〉 ⊗ |
−1
2 〉 ⊗ |

1
2 〉+ |−1

2 〉 ⊗ |
1
2 〉 ⊗ |

−1
2 〉+ | 12 〉 ⊗ |

−1
2 〉 ⊗ |

−1
2 〉);

| − 3
2 ,−

3
2 〉 = |−1

2 〉 ⊗ |
−1
2 〉 ⊗ |

−1
2 〉;{

| 32 ; 1
2 ,

1
2 〉1 = 1√

6
(−2|−1

2 〉 ⊗ |
1
2 〉 ⊗ |

1
2 〉+ | 12 〉 ⊗ |

−1
2 〉 ⊗ |

1
2 〉+ | 12 〉 ⊗ |

1
2 〉 ⊗ |

−1
2 〉);

| 32 ; 1
2 ,−

1
2 〉1 = 1√

6
(−|−1

2 〉 ⊗ |
−1
2 〉 ⊗ |

1
2 〉 − |

−1
2 〉 ⊗ |

1
2 〉 ⊗ |

−1
2 〉+ 2| 12 〉 ⊗ |

−1
2 〉 ⊗ |

−1
2 〉);{

| 32 ; 1
2 ,

1
2 〉2 = 1√

2
(−| 12 〉 ⊗ |

−1
2 〉 ⊗ |

1
2 〉+ | 12 〉 ⊗ |

1
2 〉 ⊗ |

−1
2 〉);

| 32 ; 1
2 ,−

1
2 〉2 = 1√

2
(−|−1

2 〉 ⊗ |
−1
2 〉 ⊗ |

1
2 〉+ |−1

2 〉 ⊗ |
1
2 〉 ⊗ |

−1
2 〉);

Cor. 5.6.3.



| 32 ,
3
2 〉

| 32 ,
1
2 〉

| 32 ,
−1
2 〉

| 32 ,
−3
2 〉

| 12 ,
1
2 〉1

| 12 ,
−1
2 〉1

| 12 ,
1
2 〉2

| 12 ,
−1
2 〉2


= [Ŝ+( 3

2 )⊗ I8]

[
| 12 〉

|−1
2 〉

]
⊗
[
| 12 〉

|−1
2 〉

]
⊗
[
| 12 〉

|−1
2 〉

]
= [I8 ⊗ Ŝ( 3

2 )]

[
| 12 〉

|−1
2 〉

]
⊗
[
| 12 〉

|−1
2 〉

]
⊗
[
| 12 〉

|−1
2 〉

]

6 Explain photon entanglement by classical physics and probability theory
(Just exploratory.)
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6.1 Description of spin polarization in classical electromagnetism

Def. 6.1.1. | 	〉 := ~E	 = A[cos(p · x+ θ)êx + sin(p · x+ θ)êy], | �〉 := ~E� = A[cos(p · x+ θ)êx − sin(p · x+ θ)êy]

Def. 6.1.2. | →〉 := ~E→ =
√

2Acos(p · x+ θ)êx, | ↑〉 := ~E↑ =
√

2Asin(p · x+ θ)êy

Proof: I	 = 1
2

∫
V

( ~E2
	 + ~B2

	)d3~r =
∫
V
~E2
	d

3~r = 1
T

∫ T
0
~E2
	dt = A2 = hν

Proof: I� = 1
2

∫
V

( ~E2
� + ~B2

�)d3~r =
∫
V
~E2
�d

3~r = 1
T

∫ T
0
~E2
�dt = A2 = hν

Proof: I→ = 1
2

∫
V

( ~E2
→ + ~B2

→)d3~r =
∫
V
~E2
→d

3~r = 1
T

∫ T
0
~E2
→dt = A2 = hν

Proof: I↑ = 1
2

∫
V

( ~E2
↑ + ~B2

↑)d
3~r =

∫
V
~E2
↑d

3~r = 1
T

∫ T
0
~E2
↑dt = A2 = hν

Cor. 6.1.1.

{
| 	〉 = 1√

2
{| →〉+ | ↑〉}, | �〉 = 1√

2
{| →〉 − | ↑〉}

| →〉 = 1√
2
{| 	〉+ | �〉}, | ↑〉 = 1√

2
{| 	〉 − | �〉}

6.2 Description of linear polarization in classical electromagnetics

Def. 6.2.1. | →〉 := ~E→ =
√

2Acos(p · x+ θ)êx, | ↑〉 := ~E↑ =
√

2Acos(p · x+ θ)êy

Cor. 6.2.1.

{
| ↗〉 = 1√

2
{| →〉+ | ↑〉}, | ↘〉 = 1√

2
{| →〉 − | ↑〉}

| →〉 = 1√
2
{| ↗〉+ | ↘〉}, | ↑〉 = 1√

2
{| ↗〉 − | ↘〉}

Cor. 6.2.2.
{
P (→) = 1 → �→

{
P (↗) = 1

2

P (↘) = 0
→ 	→

{
P (→) = 1

4

P (↑) = 0
→ 	→

{
P (→) = 1

4

P (↑) = 0

Cor. 6.2.3.
{
P (→) = 1 → ⊗→

{
P (↗) = 1

2

P (↘) = 1
2

→ ⊕→

{
P (↑) = 1

2

P (→) = 1
2

→ ⊗→

{
P (↗) = 1

2

P (↘) = 1
2

7 Multi particles spin system
7.1 Total spin of two electrons tightly coupled system

Cor. 7.1.1. ~s = σ( 1
2 )⊗ I + I ⊗ σ( 1

2 )

7.2 Total spin of two electrons loosely coupled system

Cor. 7.2.1. sij = σi(
1
2 )⊗ σj( 1

2 )

7.3 Total spin of multi electrons tightly coupled system

Cor. 7.3.1. ~s = Ω(s)

7.4 Total spin of multi electrons loosely coupled system

Cor. 7.4.1. si1i2··i2s = σi1( 1
2 )⊗ σi2( 1

2 )⊗ · · ⊗σi2s( 1
2 )

8 Conjecture on multi particles entanglement equation
8.1 Physical meaning 1 of fourth order matrix

Thm. 8.1.1. Xab(~r, t) =

spin-2 particle︷ ︸︸ ︷
1
2! [X{ab}(~r, t)−

1
2δabtrX(~r, t)] +

spin-1 particle︷ ︸︸ ︷
1
2!X[ab](~r, t) +

spin-0 particle︷ ︸︸ ︷
1
4δabtrX(~r, t)

Thm. 8.1.2. (∂c∂c −m2)

spin-2 particle︷ ︸︸ ︷
1
2! [X{ab}(~r, t)−

1
2δabtrX(~r, t)] = 0, ∂a

spin-2 particle︷ ︸︸ ︷
1
2! [X{ab}(~r, t)−

1
2δabtrX(~r, t)] = 0

spin-2 particle︷ ︸︸ ︷
1
2! [X{ab}(~r, t)−

1
2δabtrX(~r, t)] = 1

(2π)3/2

+∞∫
~p=−∞

−2∑
h=2

1√
22E

εab(~p, h; 2)[a(~p, h; 2)eip·x + b+(~p, h; 2)e−ip·x]d3~p

Thm. 8.1.3. (∂c∂c −m2)

spin-1 particle︷ ︸︸ ︷
1
2!X[ab](~r, t) = 0, ∂a

spin-1 particle︷ ︸︸ ︷
1
2!X[ab](~r, t) = 0

spin-1 particle︷ ︸︸ ︷
1
2!X[ab](~r, t) = 1

(2π)3/2

+∞∫
~p=−∞

−1∑
h=1

1√
2E
εab(~p, h; 1)[a(~p, h; 1)eip·x + b+(~p, h; 1)e−ip·x]d3~p

Thm. 8.1.4. (∂c∂c −m2)

spin-0 particle︷ ︸︸ ︷
1
4δabtrX(~r, t) = 0

spin-0 particle︷ ︸︸ ︷
1
4δabtrX(~r, t) = 1

(2π)3/2

+∞∫
~p=−∞

1√
2E

[εab(~p, 0; 0) + papb
m2 ][a(~p, 0; 0)eip·x + b+(~p, 0; 0)e−ip·x]d3~p
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8.2 Physical meaning 2 of fourth order matrix

Thm. 8.2.1. Xλςµς (~r, t) =

spin-1 particle︷ ︸︸ ︷
1
2!X{λςµς}(~r, t) +

spin-0 particle︷ ︸︸ ︷
1
2!X[λςµς ](~r, t)

Thm. 8.2.2. (γa∂a +m)κς
λς

spin-1 particle︷ ︸︸ ︷
1
2!X{λςµς}(~r, t) = 0

spin-1 particle︷ ︸︸ ︷
1
2!X{λςµς}(~r, t) = 1

(2π)3/2

+∞∫
~p=−∞

−1∑
h=1

√
m2

E [a(~p, h; 1)Uλςµς (~p, h; 1)eip·x + b+(~p, h; 1)Vλςµς (~p, h; 1)e−ip·x]d3~p

Thm. 8.2.3. (γa∂a +m)κς
λς

spin-0 particle︷ ︸︸ ︷
1
2!X[λςµς ](~r, t) = 0

spin-0 particle︷ ︸︸ ︷
1
2!X[λςµς ](~r, t) = 1

(2π)3/2

+∞∫
~p=−∞

1√
2E

[a(~p, 0; 0)Uλςµς (~p, 0; 0)eip·x + b+(~p, 0; 0)Vλςµς (~p, 0; 0)e−ip·x]d3~p

8.3 Massive dual-photon entanglement equation

Thm. 8.3.1. (∂c∂c −m2)Xab(~r, t) = 0, ∂aXab(~r, t) = 0, ∂bXab(~r, t) = 0

Xab(~r, t) = 1
(2π)3/2

+∞∫
~p=−∞

−2∑
h=2

1√
22E

εab(~p, h; 2)[a(~p, h; 2)eip·x + b+(~p, h; 2)e−ip·x]d3~p

+ 1
(2π)3/2

+∞∫
~p=−∞

−1∑
h=1

1√
2E
εab(~p, h; 1)[a(~p, h; 1)eip·x + b+(~p, h; 1)e−ip·x]d3~p

+ 1
(2π)3/2

+∞∫
~p=−∞

1√
2E
εab(~p, 0; 0)[a(~p, 0; 0)eip·x + b+(~p, 0; 0)e−ip·x]d3~p

Thm. 8.3.2.

Ĵ2(~p, 2;R,L)εa⊗b(~p, h; 2) = 2(2 + 1)εa⊗b(~p, h; 2), Ĵz(~p, 2;R,L)εa⊗b(~p, h; 2) = hεa⊗b(~p, h; 2), 2 ≤ h ≤ 2

Ĵ2(~p, 2;R,L)εa⊗b(~p, h; 1) = 1(1 + 1)εa⊗b(~p, h; 1), Ĵz(~p, 2;R,L)εa⊗b(~p, h; 1) = hεa⊗b(~p, h; 1), 1 ≤ h ≤ 1

Ĵ2(~p, 2;R,L)δa⊗b(~p, 0; 0) = 0(0 + 1)δa⊗b(~p, 0; 0), Ĵz(~p, 2;R,L)δa⊗b(~p, 0; 0) = 0δa⊗b(~p, 0; 0)

Ĵ2(~p, 2;R,L)εa⊗b(~p, 0; 0) = 0(0 + 1)εa⊗b(~p, 0; 0), Ĵz(~p, 2;R,L)εa⊗b(~p, 0; 0) = 0εa⊗b(~p, 0; 0)

Ĵ2(~p, 2;R,L)pa⊗pbm2 = 0(0 + 1)pa⊗pbm2 , Ĵz(~p, 2;R,L)pa⊗pbm2 = 0pa⊗pbm2 , εab(~p, 0; 0) + papb
m2 = −δab

8.4 Dual-electron entanglement equation

Thm. 8.4.1. (γa∂a +m)κς
λςXλςµς (~r, t) = 0, Xλςµς (~r, t)

= 1
(2π)3/2

+∞∫
~p=−∞

−1∑
h=1

√
m2

E [a(~p, h; 1)Uλςµς (~p, h; 1)eip·x + b+(~p, h; 1)Vλςµς (~p, h; 1)e−ip·x]d3~p

+ 1
(2π)3/2

+∞∫
~p=−∞

1√
2E

[a(~p, 0; 0)Uλςµς (~p, 0; 0)eip·x + b+(~p, 0; 0)Vλςµς (~p, 0; 0)e−ip·x]d3~p

Thm. 8.4.2.{
Ĵ2(~p, 1; γa)Uλς⊗µς (~p, h; 1) = 1(1 + 1)Uλς⊗µς (~p, h; 1), Ĵz(~p, 1; γa)Uλς⊗µς (~p, h; 1) = hUλς⊗µς (~p, h; 1),−1 ≤ h ≤ 1

Ĵ2(~p, 1; γa)Uλς⊗µς (~p, 0; 0) = 0(0 + 1)Uλς⊗µς (~p, 0; 0), Ĵz(~p, 1; γa)Uλς⊗µς (~p, 0; 0) = 0Uλς⊗µς (~p, 0; 0){
Ĵ2(~p, 1; γa)Vλς⊗µς (~p, h; 1) = 1(1 + 1)Vλς⊗µς (~p, h; 1), Ĵz(~p, 1; γa)Vλς⊗µς (~p, h; 1) = hVλς⊗µς (~p, h; 1),−1 ≤ h ≤ 1

Ĵ2(~p, 1; γa)Vλς⊗µς (~p, 0; 0) = 0(0 + 1)Vλς⊗µς (~p, 0; 0), Ĵz(~p, 1; γa)Vλς⊗µς (~p, 0; 0) = 0Vλς⊗µς (~p, 0; 0)

8.5 Physical meaning of second order matrix

Thm. 8.5.1. XAB(~r, t) =

spin-1 particle︷ ︸︸ ︷
1
2!X{AB}(~r, t) +

spin-0 particle︷ ︸︸ ︷
1
2!X[AB](~r, t)

Thm. 8.5.2. (∂c∂c −m2)

spin-1 particle︷ ︸︸ ︷
1
2!X{AB}(~r, t) = 0

spin-1 particle︷ ︸︸ ︷
1
2!X{AB}(~r, t) = 1

(2π)3/2

+∞∫
~p=−∞

−1∑
h=1

√
|~p|λAB(p̂, h; 1)[a(~p, h; 1)eip·x + b+(~p, h; 1)e−ip·x]d3~p

Thm. 8.5.3. (∂c∂c −m2)

spin-0 particle︷ ︸︸ ︷
1
2!X[AB](~r, t) = 0

spin-0 particle︷ ︸︸ ︷
1
2!X[AB](~r, t) = 1

(2π)3/2

+∞∫
~p=−∞

1√
2E
λAB(p̂, 0; 0)[a(~p, 0; 0)eip·x + b+(~p, 0; 0)e−ip·x]d3~p
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8.6 Dual-neutrinos entanglement equation

Thm. 8.6.1. (∂c∂c −m2)XAB(~r, t) = 0, XAB(~r, t)

= 1
(2π)3/2

+∞∫
~p=−∞

−1∑
h=1

√
|~p|λAB(p̂, h; 1)[a(~p, h; 1)eip·x + b+(~p, h; 1)e−ip·x]d3~p

+ 1
(2π)3/2

+∞∫
~p=−∞

1√
2E
λAB(p̂, 0; 0)[a(~p, 0; 0)eip·x + b+(~p, 0; 0)e−ip·x]d3~p

Thm. 8.6.2.{
Ĵ2(~p, 1; Ω(1))λA⊗B(~p, h; 1) = 1(1 + 1)λA⊗B(~p, h; 1), Ĵz(~p, 1; Ω(1))λA⊗B(~p, h; 1) = hλA⊗B(~p, h; 1),−1 ≤ h ≤ 1

Ĵ2(~p, 1; Ω(1))λA⊗B(~p, 0; 0) = 0(0 + 1)λA⊗B(~p, 0; 0), Ĵz(~p, 1; Ω(1))λA⊗B(~p, 0; 0) = 0λA⊗B(~p, 0; 0)

8.7 Physical meaning of third order matrix

Thm. 8.7.1. Xαβ(~r, t) =

spin-2 particle︷ ︸︸ ︷
1
2! [X{αβ}(~r, t)−

1
2δαβtrX(~r, t)] +

spin-1 particle︷ ︸︸ ︷
1
2!X[αβ](~r, t) +

spin-0 particle︷ ︸︸ ︷
1
4δαβtrX(~r, t)

Thm. 8.7.2. (∂c∂c −m2)

spin-2 particle︷ ︸︸ ︷
1
2! [X{αβ}(~r, t)−

1
2δαβtrX(~r, t)] = 0

spin-2 particle︷ ︸︸ ︷
1
2! [X{αβ}(~r, t)−

1
2δαβtrX(~r, t)] = 1

(2π)3/2

+∞∫
~p=−∞

−2∑
h=2

1√
22E

εαβ(~p, h; 2)[a(~p, h; 2)eip·x + b+(~p, h; 2)e−ip·x]d3~p

Thm. 8.7.3. (∂c∂c −m2)

spin-1 particle︷ ︸︸ ︷
1
2!X[αβ](~r, t) = 0

spin-1 particle︷ ︸︸ ︷
1
2!X[αβ](~r, t) = 1

(2π)3/2

+∞∫
~p=−∞

−1∑
h=1

1√
2E
εαβ(~p, h; 1)[a(~p, h; 1)eip·x + b+(~p, h; 1)e−ip·x]d3~p

Thm. 8.7.4. (∂c∂c −m2)

spin-0 particle︷ ︸︸ ︷
1
4δαβtrX(~r, t) = 0

spin-0 particle︷ ︸︸ ︷
1
4δαβtrX(~r, t) = 1

(2π)3/2

+∞∫
~p=−∞

1√
2E
εαβ(~p, 0; 0)[a(~p, 0; 0)eip·x + b+(~p, 0; 0)e−ip·x]d3~p

8.8 Massive dual entangled photons equation of third order matrix

Thm. 8.8.1. (∂c∂c −m2)Xαβ(~r, t) = 0

Xαβ(~r, t) = 1
(2π)3/2

+∞∫
~p=−∞

−2∑
h=2

1√
22E

εαβ(~p, h; 2)[a(~p, h; 2)eip·x + b+(~p, h; 2)e−ip·x]d3~p

+ 1
(2π)3/2

+∞∫
~p=−∞

−1∑
h=1

1√
2E
εαβ(~p, h; 1)[a(~p, h; 1)eip·x + b+(~p, h; 1)e−ip·x]d3~p

+ 1
(2π)3/2

+∞∫
~p=−∞

1√
2E
εαβ(~p, 0; 0)[a(~p, 0; 0)eip·x + b+(~p, 0; 0)e−ip·x]d3~p

Cor. 8.8.1. εαβ(~p, h; 2) =
−1∑
h′=1

√
C1+h′

2+h C1−h′
2−h√

C2
4

εα(~p, h− h′)εβ(~p, h′) =

εαβ(~p, 2; 2) = εα(~p, 1)εβ(~p, 1)

εαβ(~p, 1; 2) = 1√
2
[εα(~p, 1; 2)εβ(~p, 0) + εα(~p, 0)εβ(~p, 1)]

εαβ(~p, 0; 2) = 1√
6
[εα(~p, 1)εβ(~p,−1) + εα(~p,−1)εβ(~p, 1) + 2εα(~p, 0)εβ(~p, 0)]

εαβ(~p,−1; 2) = 1√
2
[εα(~p,−1)εβ(~p, 0) + εα(~p, 0)εβ(~p,−1)]

εαβ(~p,−2; 2) = εα(~p,−1)εβ(~p,−1)

Cor. 8.8.2. εαβ(~p, h; 1) =
εαβ(~p, 1; 1) = 1√

2
[εα(~p, 1)εβ(~p, 0)− εα(~p, 0)εβ(~p, 1)]

εαβ(~p, 0; 1) = 1√
2
[εα(~p, 1)εβ(~p,−1)− εα(~p,−1)εβ(~p, 1)]

εαβ(~p,−1; 1) = 1√
2
[εα(~p,−1)εβ(~p, 0)− εα(~p, 0)εβ(~p,−1)]

Cor. 8.8.3. εαβ(~p, 0; 0) = 1√
3
[εα(~p, 1)εβ(~p,−1) + εα(~p,−1)εβ(~p, 1)− εα(~p, 0)εβ(~p, 0)] = 1√

3
δαβ
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Thm. 8.8.2.
Ĵ2(~p, 2; γ)εα⊗β(~p, h; 2) = 2(2 + 1)εα⊗β(~p, h; 2), Ĵz(~p, 2; γ)εα⊗β(~p, h; 2) = hεα⊗β(~p, h; 2), 2 ≤ h ≤ 2

Ĵ2(~p, 2; γ)εα⊗β(~p, h; 1) = 1(1 + 1)εα⊗β(~p, h; 1), Ĵz(~p, 2; γ)εα⊗β(~p, h; 1) = hεα⊗β(~p, h; 1), 1 ≤ h ≤ 1

Ĵ2(~p, 2; γ)εα⊗β(~p, 0; 0) = 0(0 + 1)εα⊗β(~p, 0; 0), Ĵz(~p, 2; γ)εα⊗β(~p, 0; 0) = 0εα⊗β(~p, 0; 0)

8.9 Massive dual entangled gravitinos equation of fourth order matrix

Thm. 8.9.1. (∂c∂c −m2)Xkl(~r, t) = 0

Xkl(~r, t) = 1
(2π)3/2

+∞∫
~p=−∞

−3∑
h=3

1√
23E

λkl(~p, h; 3)[a(~p, h; 3)eip·x + b+(~p, h; 3)e−ip·x]d3~p

+ 1
(2π)3/2

+∞∫
~p=−∞

−2∑
h=2

1√
22E

λkl(~p, h; 2)[a(~p, h; 2)eip·x + b+(~p, h; 2)e−ip·x]d3~p

+ 1
(2π)3/2

+∞∫
~p=−∞

−1∑
h=1

1√
2E
λkl(~p, h; 1)[a(~p, h; 1)eip·x + b+(~p, h; 1)e−ip·x]d3~p

+ 1
(2π)3/2

+∞∫
~p=−∞

1√
2E
λkl(~p, 0; 0)[a(~p, 0; 0)eip·x + b+(~p, 0; 0)e−ip·x]d3~p

8.10 Massive dual entangled s-spin particles equation of 2s+ 1-order matrix

Thm. 8.10.1. (∂c∂c −m2)Xkk′(~r, t) = 0, (2s+ 1)2 = (4s+ 1) + (4s− 1) + · ·+3 + 1
Xkk′(~r, t) = 1

(2π)3/2

2s∑
n=1

+∞∫
~p=−∞

−(2n+1)∑
h=2n+1

1√
2nE

λkk′(~p, h;n)[a(~p, h;n)eip·x + b+(~p, h;n)e−ip·x]d3~p

+ 1
(2π)3/2

+∞∫
~p=−∞

1√
2E
λkk′(~p, 0; 0)[a(~p, 0; 0)eip·x + b+(~p, 0; 0)e−ip·x]d3~p

8.11 s1 ⊗ s2 entanglement equation conjecture of (2s1 + 1)× (2s2 + 1) matrix

Thm. 8.11.1. (∂c∂c −m2)Xkk′(~r, t) = 0, (s1 + s2 + 1)2 = [2(s1 + s2) + 1] + [2(s1 + s2)− 1] + · ·+[2|s1 − s2|+ 1]

Xkk′(~r, t) = 1
(2π)3/2

2(s1+s2)+1∑
s=2|s1−s2|+1

+∞∫
~p=−∞

−(2s+1)∑
h=2s+1

ms−[s]
√

2[s]E
λkk′(~p, h; s)[a(~p, h; s)eip·x + b+(~p, h; s)e−ip·x]d3~p
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Chapter33 Internal Component Interaction of Elementary Particles

1 Basic particle internal component hypothesis
Basic particle internal component hypothesis: It is assumed that the elementary particle has internal
components, each corresponding to a geometric point. Scalar particle has an internal component
corresponding to a geometric point. Neutrino [5] has two internal components corresponding to two
geometric points. Photon [7, 8] has three internal components corresponding to three geometric points.
Gravitino [17] has four internal components corresponding to four geometric points. Graviton [11–14]

has five internal components corresponding to five geometric points. electron [4] has four internal
components corresponding to four geometric points.

The internal component interaction is essentially quantum entanglement. The form of interaction is
different from traditional one, not attraction and repulsion, but mutual internal component correlation.
It is a new interaction. owever, the transmission speed of the interaction is still the speed of light,
not instantaneous transmission. The formation of baryons by several quarks is a complete internal
component interaction. The normal plane wave superposition has no internal component action.

2 Particle recombination theory

2.1 Physical mechanism of two neutrinos synthesizing one photon

Initially, there were two independent neutrinos χ and ϕ. Then a new interaction occurs that is not
yet known, namely the interaction between internal quantities. This interaction makes the second
component of the first neutrino χ equal to the first component of the second neutrino ϕ in any reference
system. That is χ2 ≡ ϕ1. That is, the two geometric points of the internal component coincide.
After this effect occurs, the previously independent covariancy cannot be maintaine. Because of their
independent Lorentz transforms to other reference systems, χ2 ≡ ϕ1 can’t establish. The result is that
the two particles form a new covariance together. It will create a new spin and that becomes a new
particle: a photon. The process is as follows:

(σ,−iς)a∂a

[
χ1

χ2

]
= 0,

[
χ1

χ2

]
∼ e(iω+ςε)·σ(

1
2 )

(σ,−iς)a∂a

[
ϕ1

ϕ2

]
= 0,

[
ϕ1

ϕ2

]
∼ e(iω+ςε)·σ(

1
2 )

⇔ (σ ⊗ I,−iς)a∂a


χ1

χ2

ϕ1

ϕ2

 = 0,


χ1

χ2

ϕ1

ϕ2

 ∼ e(iω+ςε)·σ(
1
2 ) ⊗ I (33.1)

The geometric points of the two internal components coincide: χ2 ≡ ϕ1. The meaningful equation
becomes:

→ (σ ⊗ I,−iς)a∂a


χ1

χ2 ≡ ϕ1

ϕ1 ≡ χ2

ϕ2

 = 0,


χ1

χ2 ≡ ϕ1

ϕ1 ≡ χ2

ϕ2

 ∼ e(iω+ςε)·σ(
1
2 ) ⊗ e(iω+ςε)·σ(

1
2 ) (33.2)

⇔ [∂a + Sab(1, ς)∂
b]

 χ1

χ2 ≡ ϕ1

ϕ2

 = 0,

 χ1

χ2 ≡ ϕ1

ϕ2

 ∼ e(iω+ςε)·τ(1) (33.3)

2.2 Physical mechanism of 2s neutrinos synthesizing one s-spin particle

Initially, there were 2s independent neutrinos iϕ, i = 1, 2, · · · , 2s. Then a new interaction occurs that is
not yet known, namely the interaction between internal quantities. This interaction makes the second
component of the i-order neutrino iϕ equal to the first component of the i+1-order neutrino i+1ϕ in
any reference system. That is iϕ2 ≡i+1 ϕ1. That is, the two geometric points of the internal component
coincide. After this effect occurs, the previously independent covariancy cannot be maintaine. Because
of their independent Lorentz transforms to other reference systems, iϕ2 ≡i+1 ϕ1 can’t establish. The
result is that the 2s particles form a new covariance together. It will create a new spin and that
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becomes a new particle: a s-spin particle. The process is as follows:

(σ,−iς)a∂a

[
1ϕ1

1ϕ2

]
= 0,

[
1ϕ1

1ϕ2

]
∼ e(iω+ςε)·σ(

1
2 )

(σ,−iς)a∂a

[
2ϕ1

2ϕ2

]
= 0,

[
2ϕ1

2ϕ2

]
∼ e(iω+ςε)·σ(

1
2 )

· · · · · ·

(σ,−iς)a∂a

[
2sϕ1

2sϕ2

]
= 0,

[
2sϕ1

2sϕ2

]
∼ e(iω+ςε)·σ(

1
2 )

(33.4)

⇔(σ ⊗ I2s,−iς)a∂a



1ϕ1
1ϕ2
2ϕ1
2ϕ2

· · ·
2sϕ1
2sϕ2


= 0,



1ϕ1
1ϕ2
2ϕ1
2ϕ2

· · ·
2sϕ1
2sϕ2


∼ e(iω+ςε)·σ(

1
2 ) ⊗ I2s (33.5)

The geometric points of internal components of two adjacent particles coincide: iϕ2 ≡ i+1ϕ1. The
meaningful equation becomes:

→(σ ⊗ I2s,−iς)a∂a



1ϕ1
1ϕ2 ≡ 2ϕ1
2ϕ1 ≡ 1ϕ2
2ϕ2 ≡ 3ϕ1

· · ·
2s−1ϕ2 ≡ 2sϕ1

2sϕ2


= 0,



1ϕ1
1ϕ2 ≡ 2ϕ1
2ϕ1 ≡ 1ϕ2
2ϕ2 ≡ 3ϕ1

· · ·
2s−1ϕ2 ≡ 2sϕ1

2sϕ2


∼ e(iω+ςε)·σ(

1
2 )
old ⊗ e(iω+ςε)·τ(s− 1

2 )
new (33.6)

⇔ [s∂a + Sab(s, ς)∂
b]



1ϕ1
1ϕ2 ≡ 2ϕ1
2ϕ2 ≡ 3ϕ1

· · ·
2s−2ϕ2 ≡ 2s−1ϕ1

2s−1ϕ2 ≡ 2sϕ1
2sϕ2


= 0,



1ϕ1
1ϕ2 ≡ 2ϕ1
2ϕ2 ≡ 3ϕ1

· · ·
2s−2ϕ2 ≡ 2s−1ϕ1

2s−1ϕ2 ≡ 2sϕ1
2sϕ2


∼ e(iω+ςε)·τ(s) (33.7)

The above mathematical process can be correctly understood in various ways. That is, several neutrinos
are first divided into several groups. Each group is synthesized into a new particle. Then these new
particles are grouped again and each group is also synthesized into a new particle. This process can
be repeated until it is synthesized into a single spin-s particle. Therefore, this synthesis process can
be implemented in many combinations. So two neutrinos can be synthesized into one photon. hree
neutrinos can be synthesized into a gravitino. A neutrino and a photon can be synthesized into a
gravitino. Four neutrinos can be synthesized into one graviton. wo neutrinos and a photon can be
synthesized into a graviton. Two photons can be synthesized into a graviton. A neutrino and a
gravitational neutrino can be synthesized into a graviton, and so on.

3 Constant tensors and new interaction

3.1 New interaction

Def. 3.1.1. SI = G
∫
dx4ψkς (s)Γ

kς
AςBςCς · · ·︸ ︷︷ ︸

2s

(s)

2s︷ ︸︸ ︷
ψAς1 ψBς2 ψCς3 · · ·+{}∗

3.2 Graviton synthesis interaction

Def. 3.2.1. SI1111 = G
∫
dx4ψkς (2)ΓkςAςBςCςDς (2)ψAς1 ψBς2 ψCς3 ψDς4 + {}∗

Def. 3.2.2. SI211 = G
∫
dx4ψkς (2)ΓkςAςBςCςDς (2)ψAςBς1 ψCς2 ψDς3 + {}∗

Def. 3.2.3. SI22 = G
∫
dx4ψkς (2)ΓkςAςBςCςDς (2)ψAςBς1 ψCςDς2 + {}∗

Def. 3.2.4. SI31 = G
∫
dx4ψkς (2)ΓkςAςBςCςDς (2)ψAςBςCς1 ψDς2 + {}∗
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3.3 Gravitino synthesis interaction

Def. 3.3.1. SI111 = G
∫
dx4ψkς (

3
2 )ΓkςAςBςCς (

3
2 )ψAς1 ψBς2 ψCς3 + {}∗

Def. 3.3.2. SI21 = G
∫
dx4ψkς (

3
2 )ΓkςAςBςCςDς (

3
2 )ψAςBς1 ψCς2 + {}∗

3.4 Photon synthesis interaction

Def. 3.4.1. SI11 = G
∫
dx4ψkς (1)ΓkςAςBς (1)ψAς1 ψBς2 + {}∗

Def. 3.4.2. SI11 = G
∫
dx4ψαςσ

ας
AςBς

ψAς1 ψBς2 + {}∗

Def. 3.4.3. SI11 = G
∫
dx4ψαςσ

ας
kς lς

(s)ψkς1 (s)ψlς2 (s) + {}∗

3.5 New similar electromagnetic interactions

Thm. 3.5.1. S =
∫
dx4{− e4F

abFab − ν+
e (σ,−i)a∂aνe − ν+

µ (σ,−i)a∂aνµ − ν+
τ (σ,−i)a∂aντ}

+ 1
2G
∫
dx4{Fabσab+ασ

α
AB [(me −mµ)νAe ν

B
µ + (mµ −mτ )νAµ ν

B
τ + (mτ −me)ν

A
τ ν

B
e ]}

Thm. 3.5.2. SI = 1
2G
∫
dx4{Fabσab+ασ

α
AB [αeµν

A
e ν

B
µ + αµτν

A
µ ν

B
τ + ατeν

A
τ ν

B
e ]}

Thm. 3.5.3. SI = 1
2G
∫
dx4{Fabσab+ασ

α
AB(νAe ν

B
µ + νAµ ν

B
τ + νAτ ν

B
e )}

Thm. 3.5.4.

νe → γ + ν̄µ → ντ : αeµαµτ
νe → γ + ν̄τ → νµ : αµτατe
νe → γ + ν̄µ → νe : αeµαeµ
νe → γ + ν̄τ → νe : ατeατe
νµ → γ + ν̄τ → νe
Ψ = ~E + i ~B = ~E + i∇× ~A
Ψi = Ei + iεi

jk∂jAk
[Ψi(x),Ψj(x

′)] = iεi
kl∂xk [Al(x), Ej(x

′)] + iεj
kl∂x′k [Ei(x), Al(x

′)]

[Ψi(x),Ψj(x
′)] = −εijk(∂xk + ∂x′k)δ3(x− x′) = 0

Thm. 3.5.5.

Ψ = ~E + i ~B = ~E + i∇× ~A
Ψi = Ei + iεi

jk∂jAk
[Ψi(x),Ψ+

j (x′)] = iεi
kl∂xk [Al(x), Ej(x

′)]− iεjkl∂x′k [Ei(x), Al(x
′)]

[Ψi(x),Ψ+
j (x′)] = −εijk(∂xk − ∂x′k)δ3(x− x′) = −2εij

k∂(xk−x′k)δ
3(x− x′)

4 Internal component interaction of particles

4.1 Internal component interaction of photon pair

Ass. 4.1.1. εab(~p1, ~p2; 0; 1) = 1√
2
[εa(~p1, 1)εb(~p2,−1)− εa(~p1,−1)εb(~p2, 1)]

Ass. 4.1.2. εab(~p, 0; 1) = 1√
2
[εa(~p, 1)εb(−~p, 1)− εa(−~p, 1)εb(~p, 1)]
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Self comment: This chapter provides a unified solution for plane wave solutions of various fully sym-
metric and antisymmetric equations and also provides leading knowledge for latter physical research.

1 plane wave solutions of Bargmann-Wigner equation

1.1 Two corollaries

Cor. 1.1.1.
Uλςµς · ·σςτς︸ ︷︷ ︸

2s

(~p, h) =
√
s+h√
2s
Uλςµς · ·σς︸ ︷︷ ︸

2s−1

(~p, h− 1
2 )uτς (~p,

1
2 ) +

√
s−h√
2s
Uλςµς · ·σς︸ ︷︷ ︸

2s−1

(~p, h+ 1
2 )uτς (~p,− 1

2 )

Uλςµς · ·σςτςης︸ ︷︷ ︸
2s+1

(~p, h) =

√
s+1/2+h√

2s+1
Uλςµς · ·σςτς︸ ︷︷ ︸

2s

(~p, h− 1
2 )uης (~p,

1
2 ) +

√
s+1/2−h√

2s+1
Uλςµς · ·σςτς︸ ︷︷ ︸

2s

(~p, h+ 1
2 )uης (~p,− 1

2 )

Cor. 1.1.2.
Vλςµς · ·σςτς︸ ︷︷ ︸

2s

(~p, h) =
√
s+h√
2s
Vλςµς · ·σς︸ ︷︷ ︸

2s−1

(~p, h− 1
2 )vτς (~p,

1
2 ) +

√
s−h√
2s
Vλςµς · ·σς︸ ︷︷ ︸

2s−1

(~p, h+ 1
2 )vτς (~p,− 1

2 )

Vλςµς · ·σςτςης︸ ︷︷ ︸
2s+1

(~p, h) =

√
s+1/2+h√

2s+1
Vλςµς · ·σςτς︸ ︷︷ ︸

2s

(~p, h− 1
2 )vης (~p,

1
2 ) +

√
s+1/2−h√

2s+1
Vλςµς · ·σςτς︸ ︷︷ ︸

2s

(~p, h+ 1
2 )vης (~p,− 1

2 )

1.2 Two lemmas on U-spin basis

Lem. 1.2.1.
−s∑
h=s

aης (~p, h)Uλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p, h) =
−s∑
h=s

aτς (~p, h)Uλςµς · ·σςης︸ ︷︷ ︸
2s

(~p, h)

⇔
√
s+h√
2s
a[ης (~p, h)uτς ](~p,

1
2 ) +

√
s+1−h√

2s
a[ης (~p, h− 1)uτς ](~p,− 1

2 ) = 0,−(s− 1) ≤ h ≤ s

Proof:
−s∑
h=s

aης (~p, h)Uλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p, h) =
−s∑
h=s

aτς (~p, h)Uλςµς · ·σςης︸ ︷︷ ︸
2s

(~p, h)

⇔
−s∑
h=s

aης (~p, h)[
√
s+h√
2s
Uλςµς · ·σς︸ ︷︷ ︸

2s−1

(~p, h− 1
2 )uτς (~p,

1
2 ) +

√
s−h√
2s
Uλςµς · ·σς︸ ︷︷ ︸

2s−1

(~p, h+ 1
2 )uτς (~p,− 1

2 )

=
−s∑
h=s

aτς (~p, h)
√
s+h√
2s
Uλςµς · ·σς︸ ︷︷ ︸

2s−1

(~p, h− 1
2 )uης (~p,

1
2 ) +

√
s−h√
2s
Uλςµς · ·σς︸ ︷︷ ︸

2s−1

(~p, h+ 1
2 )uης (~p,− 1

2 )

⇔
√
s+h√
2s
aης (~p, h)uτς (~p,

1
2 ) +

√
s+1−h√

2s
aης (~p, h− 1)uτς (~p,− 1

2 )]

=
√
s+h√
2s
aτς (~p, h)uης (~p,

1
2 ) +

√
s+1−h√

2s
aτς (~p, h− 1)uης (~p,− 1

2 ),−(s− 1) ≤ h ≤ s

⇔
√
s+h√
2s
a[ης (~p, h)uτς ](~p,

1
2 ) +

√
s+1−h√

2s
a[ης (~p, h− 1)uτς ](~p,− 1

2 ) = 0,−(s− 1) ≤ h ≤ s

Lem. 1.2.2.
√
s+h√
2s
a[ης (~p, h)uτς ](~p,

1
2 ) +

√
s+1−h√

2s
a[ης (~p, h− 1)uτς ](~p,− 1

2 ) = 0,−(s− 1) ≤ h ≤ s

⇔

{
aης (~p, h) = c+(~p, h)uης (~p,

1
2 ) +

√
s+1−h√
s+h

c+(~p, h− 1)uης (~p,− 1
2 ),−(s− 1) ≤ h ≤ s

aης (~p,−s) = c+(~p,−s)uης (~p, 1
2 ) + c−(~p,−s)uης (~p,− 1

2 ), h = −s

Proof:
√
s+h√
2s
a[ης (~p, h)uτς ](~p,

1
2 ) +

√
s+1−h√

2s
a[ης (~p, h− 1)uτς ](~p,− 1

2 ) = 0,−(s− 1) ≤ h ≤ s

⇔
√
s+h√
2s
{c+(~p, h)u[ης (~p,

1
2 ) + c−(~p, h)u[ης (~p,− 1

2 ) + d+(~p, h)v[ης (~p,
1
2 ) + d−(~p, h)v[ης (~p,− 1

2 )}uτς ](~p, 1
2 ) +

√
s+1−h√

2s

{c+(~p, h−1)u[ης (~p,
1
2 )+c−(~p, h−1)u[ης (~p,− 1

2 )+d+(~p, h−1)v[ης (~p,
1
2 )+d−(~p, h−1)v[ης (~p,− 1

2 )}uτς ](~p,− 1
2 ) = 0,−(s−1) ≤

h ≤ s
⇔ c+(~p, h)u[ης (~p,

1
2 )uτς ](~p,

1
2 ) +

√
s+1−h√
s+h

c−(~p, h− 1)u[ης (~p,− 1
2 )uτς ](~p,− 1

2 )

+ [c−(~p, h)−
√
s+1−h√
s+h

c+(~p, h− 1)]u[ης (~p,− 1
2 )uτς ](~p,

1
2 )

+ d+(~p, h)v[ης (~p,
1
2 )uτς ](~p,

1
2 ) +

√
s+1−h√
s+h

d−(~p, h− 1)v[ης (~p,− 1
2 )uτς ](~p,− 1

2 )

+ d−(~p, h)v[ης (~p,− 1
2 )uτς ](~p,

1
2 ) +

√
s+1−h√
s+h

d+(~p, h− 1)v[ης (~p,
1
2 )uτς ](~p,− 1

2 ) = 0,−(s− 1) ≤ h ≤ s
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⇔ [c−(~p, h)−
√
s+1−h√
s+h

c+(~p, h− 1)]u[ης (~p,− 1
2 )uτς ](~p,

1
2 )

+ d+(~p, h)v[ης (~p,
1
2 )uτς ](~p,

1
2 ) +

√
s+1−h√
s+h

d−(~p, h− 1)v[ης (~p,− 1
2 )uτς ](~p,− 1

2 )

+ d−(~p, h)v[ης (~p,− 1
2 )uτς ](~p,

1
2 ) +

√
s+1−h√
s+h

d+(~p, h− 1)v[ης (~p,
1
2 )uτς ](~p,− 1

2 ) = 0,−(s− 1) ≤ h ≤ s

⇔

{√
s+h√
2s
c−(~p, h) =

√
s+1−h√

2s
c+(~p, h− 1),−(s− 1) ≤ h ≤ s

d+(~p, h) = 0, d−(~p, h) = 0,−s ≤ h ≤ s

⇔

{
aης (~p, h) = c+(~p, h)uης (~p,

1
2 ) +

√
s+1−h√
s+h

c+(~p, h− 1)uης (~p,− 1
2 ),−(s− 1) ≤ h ≤ s

aης (~p,−s) = c+(~p,−s)uης (~p, 1
2 ) + c−(~p,−s)uης (~p,− 1

2 ), h = −s

1.3 Two lemmas on V-spin basis

Lem. 1.3.1.
−s∑
h=s

b+ης (~p, h)Vλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p, h) =
−s∑
h=s

b+τς (~p, h)Vλςµς · ·σςης︸ ︷︷ ︸
2s

(~p, h)

⇔
√
s+h√
2s
b+[ης (~p, h)vτς ](~p,

1
2 ) +

√
s+1−h√

2s
b+[ης (~p, h− 1)vτς ](~p,− 1

2 ) = 0,−(s− 1) ≤ h ≤ s

Proof:
−s∑
h=s

b+ης (~p, h)Vλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p, h) =
−s∑
h=s

b+τς (~p, h)Vλςµς · ·σςης︸ ︷︷ ︸
2s

(~p, h)

⇔
−s∑
h=s

b+ης (~p, h)[
√
s+h√
2s
Vλςµς · ·σς︸ ︷︷ ︸

2s−1

(~p, h− 1
2 )vτς (~p,

1
2 ) +

√
s−h√
2s
Vλςµς · ·σς︸ ︷︷ ︸

2s−1

(~p, h+ 1
2 )vτς (~p,− 1

2 )

=
−s∑
h=s

b+τς (~p, h)
√
s+h√
2s
Vλςµς · ·σς︸ ︷︷ ︸

2s−1

(~p, h− 1
2 )vης (~p,

1
2 ) +

√
s−h√
2s
Vλςµς · ·σς︸ ︷︷ ︸

2s−1

(~p, h+ 1
2 )vης (~p,− 1

2 )

⇔
√
s+h√
2s
b+ης (~p, h)vτς (~p,

1
2 ) +

√
s+1−h√

2s
b+ης (~p, h− 1)vτς (~p,− 1

2 )]

=
√
s+h√
2s
b+τς (~p, h)vης (~p,

1
2 ) +

√
s+1−h√

2s
b+τς (~p, h− 1)vης (~p,− 1

2 ),−(s− 1) ≤ h ≤ s

⇔
√
s+h√
2s
b+[ης (~p, h)vτς ](~p,

1
2 ) +

√
s+1−h√

2s
b+[ης (~p, h− 1)vτς ](~p,− 1

2 ) = 0,−(s− 1) ≤ h ≤ s

Lem. 1.3.2.
√
s+h√
2s
b+[ης (~p, h)vτς ](~p,

1
2 ) +

√
s+1−h√

2s
b+[ης (~p, h− 1)vτς ](~p,− 1

2 ) = 0,−(s− 1) ≤ h ≤ s

⇔

{
b+ης (~p, h) = d+(~p, h)vης (~p,

1
2 ) +

√
s+1−h√
s+h

d+(~p, h− 1)vης (~p,− 1
2 ),−(s− 1) ≤ h ≤ s

b+ης (~p,−s) = d+(~p,−s)vης (~p, 1
2 ) + d−(~p,−s)vης (~p,− 1

2 ), h = −s

Proof:
√
s+h√
2s
b+[ης (~p, h)vτς ](~p,

1
2 ) +

√
s+1−h√

2s
b+[ης (~p, h− 1)vτς ](~p,− 1

2 ) = 0,−(s− 1) ≤ h ≤ s

⇔
√
s+h√
2s
{c+(~p, h)u[ης (~p,

1
2 ) + c−(~p, h)u[ης (~p,− 1

2 ) + d+(~p, h)v[ης (~p,
1
2 ) + d−(~p, h)v[ης (~p,− 1

2 )}vτς ](~p, 1
2 ) +

√
s+1−h√

2s

{c+(~p, h−1)u[ης (~p,
1
2 )+c−(~p, h−1)u[ης (~p,− 1

2 )+d+(~p, h−1)v[ης (~p,
1
2 )+d−(~p, h−1)v[ης (~p,− 1

2 )}vτς ](~p,− 1
2 ) = 0,−(s−1) ≤

h ≤ s
⇔ d+(~p, h)v[ης (~p,

1
2 )vτς ](~p,

1
2 ) +

√
s+1−h√
s+h

d−(~p, h− 1)v[ης (~p,− 1
2 )vτς ](~p,− 1

2 )

+ [d−(~p, h)−
√
s+1−h√
s+h

d+(~p, h− 1)]v[ης (~p,− 1
2 )vτς ](~p,

1
2 )

+ c+(~p, h)u[ης (~p,
1
2 )vτς ](~p,

1
2 ) +

√
s+1−h√
s+h

c−(~p, h− 1)u[ης (~p,− 1
2 )vτς ](~p,− 1

2 )

+ c−(~p, h)u[ης (~p,− 1
2 )vτς ](~p,

1
2 ) +

√
s+1−h√
s+h

c+(~p, h− 1)u[ης (~p,
1
2 )vτς ](~p,− 1

2 ) = 0,−(s− 1) ≤ h ≤ s
⇔ [d−(~p, h)−

√
s+1−h√
s+h

d+(~p, h− 1)]v[ης (~p,− 1
2 )vτς ](~p,

1
2 )

+ c+(~p, h)u[ης (~p,
1
2 )vτς ](~p,

1
2 ) +

√
s+1−h√
s+h

c−(~p, h− 1)u[ης (~p,− 1
2 )vτς ](~p,− 1

2 )

+ c−(~p, h)u[ης (~p,− 1
2 )vτς ](~p,

1
2 ) +

√
s+1−h√
s+h

c+(~p, h− 1)u[ης (~p,
1
2 )vτς ](~p,− 1

2 ) = 0,−(s− 1) ≤ h ≤ s

⇔

{√
s+h√
2s
d−(~p, h) =

√
s+1−h√

2s
d+(~p, h− 1),−(s− 1) ≤ h ≤ s

c+(~p, h) = 0, c−(~p, h) = 0,−s ≤ h ≤ s

⇔

{
b+ης (~p, h) = d+(~p, h)vης (~p,

1
2 ) +

√
s+1−h√
s+h

d+(~p, h− 1)vης (~p,− 1
2 ),−(s− 1) ≤ h ≤ s

b+ης (~p,−s) = d+(~p,−s)vης (~p, 1
2 ) + d−(~p,−s)vης (~p,− 1

2 ), h = −s

1.3.1 Two important theorems

Thm. 1.3.1.{
aης (~p, h) = c+(~p, h)uης (~p,

1
2 ) +

√
s+1−h√
s+h

c+(~p, h− 1)uης (~p,− 1
2 ),−(s− 1) ≤ h ≤ s

aης (~p,−s) = c+(~p,−s)uης (~p, 1
2 ) + c−(~p,−s)uης (~p,− 1

2 ), h = −s
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⇔
−s∑
h=s

aης (~p, h)Uλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p, h) =
−(s+1/2)∑

(h+1/2)=(s+1/2)

a(~p, h+ 1
2 )Uλςµς · ·σςτςης︸ ︷︷ ︸

2s+1

(~p, h+ 1
2 )

a(~p,−s− 1
2 ) := c−(~p,−s), a(~p, h+ 1

2 ) :=
√

2s+1√
s+h+1

c+(~p, h),−s ≤ h ≤ s

Proof:{
aης (~p, h) = c+(~p, h)uης (~p,

1
2 ) +

√
s+1−h√
s+h

c+(~p, h− 1)uης (~p,− 1
2 ),−(s− 1) ≤ h ≤ s

aης (~p,−s) = c+(~p,−s)uης (~p, 1
2 ) + c−(~p,−s)uης (~p,− 1

2 ), h = −s

⇔
−s∑
h=s

aης (~p, h)Uλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p, h) =
−s+1∑
h=s

[c+(~p, h)uης (~p,
1
2 ) +

√
s+1−h√
s+h

c+(~p, h− 1)uης (~p,− 1
2 )]Uλςµς · ·σςτς︸ ︷︷ ︸

2s

(~p, h)

+
∑
h=−s

[c+(~p,−s)uης (~p, 1
2 ) + c−(~p,−s)uης (~p,− 1

2 )]Uλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p,−s)

=
−s+1∑
h=s

c+(~p, h)uης (~p,
1
2 )Uλςµς · ·σςτς︸ ︷︷ ︸

2s

(~p, h) +
−s+1∑
h=s

√
s+1−h√
s+h

c+(~p, h− 1)uης (~p,− 1
2 )Uλςµς · ·σςτς︸ ︷︷ ︸

2s

(~p, h)

+
∑
h=−s

[c+(~p,−s)uης (~p, 1
2 ) + c−(~p,−s)uης (~p,− 1

2 )]Uλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p,−s)

= [
−s∑

h=s−1

c+(~p, h)uης (~p,
1
2 )Uλςµς · ·σςτς︸ ︷︷ ︸

2s

(~p, h) +
−s∑

h=s−1

√
s−h√
s+h+1

c+(~p, h)uης (~p,− 1
2 )Uλςµς · ·σςτς︸ ︷︷ ︸

2s

(~p, h+ 1)]

+ [
∑
h=s

c+(~p, s)uης (~p,
1
2 )Uλςµς · ·σςτς︸ ︷︷ ︸

2s

(~p, s) +
∑
h=−s

c−(~p,−s)uης (~p,− 1
2 )Uλςµς · ·σςτς︸ ︷︷ ︸

2s

(~p,−s)]

=
−s∑

h=s−1

√
2s+1√
s+h+1

c+(~p, h)[
√
s+h+1√
2s+1

Uλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p, h)uης (~p,
1
2 ) +

√
s−h√
2s+1

c+(~p, h)Uλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p, h+ 1)uης (~p,− 1
2 )]

+ [
∑
h=s

c+(~p, s)uης (~p,
1
2 )Uλςµς · ·σςτς︸ ︷︷ ︸

2s

(~p, s) +
∑
h=−s

c−(~p,−s)uης (~p,− 1
2 )Uλςµς · ·σςτς︸ ︷︷ ︸

2s

(~p,−s)]

=
−s∑

h=s−1

√
2s+1√
s+h+1

c+(~p, h)

[

√
(s+

1
2 )+(h+

1
2 )

√
2s+1

Uλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p, (h+ 1
2 )− 1

2 )uης (~p,
1
2 ) +

√
(s+

1
2 )−(h+

1
2 )

√
2s+1

Uλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p, (h+ 1
2 ) + 1

2 )uης (~p,− 1
2 )]

+ [c+(~p, s)Uλςµς · ·σςτςης︸ ︷︷ ︸
2s+1

(~p, s+ 1
2 ) + c−(~p,−s)Uλςµς · ·σςτςης︸ ︷︷ ︸

2s+1

(~p,−s− 1
2 )]

=
−(s−1/2)∑

(h+1/2)=(s−1/2)

√
2s+1√
s+h+1

c+(~p, h)Uλςµς · ·σςτςης︸ ︷︷ ︸
2s+1

(~p, h+ 1
2 ) + c+(~p, s)Uλςµς · ·σςτςης︸ ︷︷ ︸

2s+1

(~p, s+ 1
2 )

+ c−(~p,−s)Uλςµς · ·σςτςης︸ ︷︷ ︸
2s+1

(~p,−s− 1
2 )

=
−(s−1/2)∑

(h+1/2)=(s+1/2)

√
2s+1√
s+h+1

c+(~p, h)Uλςµς · ·σςτςης︸ ︷︷ ︸
2s+1

(~p, h+ 1
2 ) + c−(~p,−s)Uλςµς · ·σςτςης︸ ︷︷ ︸

2s+1

(~p,−s− 1
2 )

=
−(s+1/2)∑

(h+1/2)=(s+1/2)

a(~p, h+ 1
2 )Uλςµς · ·σςτςης︸ ︷︷ ︸

2s+1

(~p, h+ 1
2 )

, a(~p, h+ 1
2 ) :=

√
2s+1√
s+h+1

c+(~p, h),−s ≤ h ≤ s; a(~p,−s− 1
2 ) := c−(~p,−s)

Thm. 1.3.2.{
b+ης (~p, h) = d+(~p, h)vης (~p,

1
2 ) +

√
s+1−h√
s+h

d+(~p, h− 1)vης (~p,− 1
2 ),−(s− 1) ≤ h ≤ s

b+ης (~p,−s) = d+(~p,−s)vης (~p, 1
2 ) + d−(~p,−s)vης (~p,− 1

2 ), h = −s
⇔
−s∑
h=s

b+ης (~p, h)Vλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p, h) =
−(s+1/2)∑

(h+1/2)=(s+1/2)

b+(~p, h+ 1
2 )Vλςµς · ·σςτςης︸ ︷︷ ︸

2s+1

(~p, h+ 1
2 )

b+(~p,−s− 1
2 ) := d−(~p,−s), b+(~p, h+ 1

2 ) :=
√

2s+1√
s+h+1

d+(~p, h),−s ≤ h ≤ s

Proof:{
b+ης (~p, h) = d+(~p, h)vης (~p,

1
2 ) +

√
s+1−h√
s+h

d+(~p, h− 1)vης (~p,− 1
2 ),−(s− 1) ≤ h ≤ s

b+ης (~p,−s) = d+(~p,−s)vης (~p, 1
2 ) + d−(~p,−s)vης (~p,− 1

2 ), h = −s

⇔
−s∑
h=s

b+ης (~p, h)Vλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p, h) =
−s+1∑
h=s

[d+(~p, h)vης (~p,
1
2 ) +

√
s+1−h√
s+h

d+(~p, h− 1)vης (~p,− 1
2 )]Vλςµς · ·σςτς︸ ︷︷ ︸

2s

(~p, h)
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+
∑
h=−s

[d+(~p,−s)vης (~p, 1
2 ) + d−(~p,−s)vης (~p,− 1

2 )]Vλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p,−s)

=
−s+1∑
h=s

d+(~p, h)vης (~p,
1
2 )Vλςµς · ·σςτς︸ ︷︷ ︸

2s

(~p, h) +
−s+1∑
h=s

√
s+1−h√
s+h

d+(~p, h− 1)vης (~p,− 1
2 )Vλςµς · ·σςτς︸ ︷︷ ︸

2s

(~p, h)

+
∑
h=−s

[d+(~p,−s)vης (~p, 1
2 ) + d−(~p,−s)vης (~p,− 1

2 )]Vλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p,−s)

= [
−s∑

h=s−1

d+(~p, h)vης (~p,
1
2 )Vλςµς · ·σςτς︸ ︷︷ ︸

2s

(~p, h) +
−s∑

h=s−1

√
s−h√
s+h+1

d+(~p, h)vης (~p,− 1
2 )Vλςµς · ·σςτς︸ ︷︷ ︸

2s

(~p, h+ 1)]

+ [
∑
h=s

d+(~p, s)vης (~p,
1
2 )Vλςµς · ·σςτς︸ ︷︷ ︸

2s

(~p, s) +
∑
h=−s

d−(~p,−s)vης (~p,− 1
2 )Vλςµς · ·σςτς︸ ︷︷ ︸

2s

(~p,−s)]

=
−s∑

h=s−1

√
2s+1√
s+h+1

d+(~p, h)[
√
s+h+1√
2s+1

Vλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p, h)vης (~p,
1
2 ) +

√
s−h√
2s+1

d+(~p, h)Vλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p, h+ 1)vης (~p,− 1
2 )]

+ [
∑
h=s

d+(~p, s)vης (~p,
1
2 )Vλςµς · ·σςτς︸ ︷︷ ︸

2s

(~p, s) +
∑
h=−s

d−(~p,−s)vης (~p,− 1
2 )Vλςµς · ·σςτς︸ ︷︷ ︸

2s

(~p,−s)]

=
−s∑

h=s−1

√
2s+1√
s+h+1

d+(~p, h)

[

√
(s+

1
2 )+(h+

1
2 )

√
2s+1

Vλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p, (h+ 1
2 )− 1

2 )vης (~p,
1
2 ) +

√
(s+

1
2 )−(h+

1
2 )

√
2s+1

Vλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p, (h+ 1
2 ) + 1

2 )vης (~p,− 1
2 )]

+ [d+(~p, s)Vλςµς · ·σςτςης︸ ︷︷ ︸
2s+1

(~p, s+ 1
2 ) + d−(~p,−s)Vλςµς · ·σςτςης︸ ︷︷ ︸

2s+1

(~p,−s− 1
2 )]

=
−(s−1/2)∑

(h+1/2)=(s−1/2)

√
2s+1√
s+h+1

d+(~p, h)Vλςµς · ·σςτςης︸ ︷︷ ︸
2s+1

(~p, h+ 1
2 ) + d+(~p, s)Vλςµς · ·σςτςης︸ ︷︷ ︸

2s+1

(~p, s+ 1
2 )

+ d−(~p,−s)Vλςµς · ·σςτςης︸ ︷︷ ︸
2s+1

(~p,−s− 1
2 )

=
−(s−1/2)∑

(h+1/2)=(s+1/2)

√
2s+1√
s+h+1

d+(~p, h)Vλςµς · ·σςτςης︸ ︷︷ ︸
2s+1

(~p, h+ 1
2 ) + d−(~p,−s)Vλςµς · ·σςτςης︸ ︷︷ ︸

2s+1

(~p,−s− 1
2 )

=
−(s+1/2)∑

(h+1/2)=(s+1/2)

b+(~p, h+ 1
2 )Vλςµς · ·σςτςης︸ ︷︷ ︸

2s+1

(~p, h+ 1
2 )

, b+(~p, h+ 1
2 ) :=

√
2s+1√
s+h+1

d+(~p, h),−s ≤ h ≤ s; b+(~p,−s− 1
2 ) := d−(~p,−s)

1.4 Use mathematical induction to strictly solve plane wave solutions of B-W equation

Thm. 1.4.1. (γa∂a +m)κς
λςψλςµς · ·σςτς︸ ︷︷ ︸

2s

(x) = 0, ψλςµς · ·σςτς︸ ︷︷ ︸
2s

(x) = 1
(2s)!ψ{λςµς · ·σςτς}︸ ︷︷ ︸

2s

(x)

ψλςµς · ·σςτς︸ ︷︷ ︸
2s

(x) = 1
(2π)3/2

+∞∫
~p=−∞

−s∑
h=s

ms√
E

[a(~p, h)Uλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p, h)eip·x + b+(~p, h)Vλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p, h)e−ip·x]d3~p

Uλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p, h) = 1
(2s)!

√
Cs−h2s u{λς (~p,

1
2 )uµς (~p,

1
2 ) · ·︸ ︷︷ ︸

s+h

· · uσς (~p,− 1
2 )uτς}(~p,− 1

2 )︸ ︷︷ ︸
s−h

Vλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p, h) = 1
(2s)!

√
Cs−h2s v{λς (~p,

1
2 )vµς (~p,

1
2 ) · ·︸ ︷︷ ︸

s+h

· · vσς (~p,− 1
2 )vτς}(~p,− 1

2 )︸ ︷︷ ︸
s−h

Proof: Use mathematical induction to prove this theorem.
Step 1: When s′ = 1/2, the following is established.
(γa∂a +m)κς

λςψλς (x) = 0, ψλς (x) = ψλς (x)
⇔

ψλς (x) = 1
(2π)3/2

+∞∫
~p=−∞

−1/2∑
h=1/2

m1/2
√
E

[a(~p, h)Uλς (~p, h)eip·x + b+(~p, h)Vλς (~p, h)e−ip·x]d3~p

Step 1: Assume when s′ = s, the following is established.

(γa∂a +m)κς
λςψλςµς · ·σςτς︸ ︷︷ ︸

2s

(x) = 0, ψλςµς · ·σςτς︸ ︷︷ ︸
2s

(x) = 1
(2s)!ψ{λςµς · ·σςτς}︸ ︷︷ ︸

2s

(x)

⇔
ψλςµς · ·σςτς︸ ︷︷ ︸

2s

(x) = 1
(2π)3/2

+∞∫
~p=−∞

−s∑
h=s

ms√
E

[a(~p, h)Uλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p, h)eip·x + b+(~p, h)Vλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p, h)e−ip·x]d3~p

Step 3: When s′ = s+ 1/2,
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(γa∂a +m)κς
λςψλςµς · ·σςτςης︸ ︷︷ ︸

2s+1

(x) = 0, ψλςµς · ·σςτςης︸ ︷︷ ︸
2s+1

(x) = 1
(2s+1)!ψ{λςµς · ·σςτςης}︸ ︷︷ ︸

2s+1

(x)

⇔
ψλςµς · ·σςτςης︸ ︷︷ ︸

2s+1

(x) = 1
(2π)3/2

+∞∫
~p=−∞

−s∑
h=s

ms√
E

[aης (~p, h)Uλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p, h)eip·x + b+ης (~p, h)Vλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p, h)e−ip·x]d3~p

ψλςµς · ·σςτςης︸ ︷︷ ︸
2s+1

(x) = ψλςµς · ·σςηςτς︸ ︷︷ ︸
2s+1

(x)

⇔

ψλςµς · ·σςτςης︸ ︷︷ ︸
2s+1

(x) = 1
(2π)3/2

+∞∫
~p=−∞

−s∑
h=s

ms√
E

[aης (~p, h)Uλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p, h)eip·x + b+ης (~p, h)Vλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p, h)e−ip·x]d3~p

+∞∫
~p=−∞

−s∑
h=s

ms√
E

[aης (~p, h)Uλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p, h)eip·x + b+ης (~p, h)Vλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p, h)e−ip·x]d3~p

=
+∞∫

~p=−∞

−s∑
h=s

ms√
E

[aτς (~p, h)Uλςµς · ·σςης︸ ︷︷ ︸
2s

(~p, h)eip·x + b+τς (~p, h)Vλςµς · ·σςης︸ ︷︷ ︸
2s

(~p, h)e−ip·x]d3~p

⇔

ψλςµς · ·σςτςης︸ ︷︷ ︸
2s+1

(x) = 1
(2π)3/2

+∞∫
~p=−∞

−s∑
h=s

ms√
E

[aης (~p, h)Uλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p, h)eip·x + b+ης (~p, h)Vλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p, h)e−ip·x]d3~p

−s∑
h=s

aης (~p, h)Uλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p, h) =
−s∑
h=s

aτς (~p, h)Uλςµς · ·σςης︸ ︷︷ ︸
2s

(~p, h)

−s∑
h=s

b+ης (~p, h)Vλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p, h) =
−s∑
h=s

b+τς (~p, h)Vλςµς · ·σςης︸ ︷︷ ︸
2s

(~p, h)

⇔

ψλςµς · ·σςτςης︸ ︷︷ ︸
2s+1

(x) = 1
(2π)3/2

+∞∫
~p=−∞

−s∑
h=s

ms√
E

[aης (~p, h)Uλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p, h)eip·x + b+ης (~p, h)Vλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p, h)e−ip·x]d3~p

aης (~p, h) = c+(~p, h)uης (~p,
1
2 ) +

√
s+1−h√
s+h

c+(~p, h− 1)uης (~p,− 1
2 ),−(s− 1) ≤ h ≤ s

aης (~p,−s) = c+(~p,−s)uης (~p, 1
2 ) + c−(~p,−s)uης (~p,− 1

2 ), h = −s
b+ης (~p, h) = d+(~p, h)vης (~p,

1
2 ) +

√
s+1−h√
s+h

d+(~p, h− 1)vης (~p,− 1
2 ),−(s− 1) ≤ h ≤ s

b+ης (~p,−s) = d+(~p,−s)vης (~p, 1
2 ) + d−(~p,−s)vης (~p,− 1

2 ), h = −s
⇔

ψλςµς · ·σςτςης︸ ︷︷ ︸
2s+1

(x) = 1
(2π)3/2

+∞∫
~p=−∞

−(s+1/2)∑
(h+1/2)=(s+1/2)

ms√
E

[
√
ma(~p, h+ 1

2 )Uλςµς · ·σςτςης︸ ︷︷ ︸
2s+1

(~p, h+ 1
2 )eip·x +

√
mb+(~p, h+ 1

2 )Vλςµς · ·σςτςης︸ ︷︷ ︸
2s+1

(~p, h+ 1
2 )e−ip·x]d3~p

√
ma(~p,−s− 1

2 ) := c−(~p,−s),
√
ma(~p, h+ 1

2 ) :=
√

2s+1√
(s+

1
2 )+(h+

1
2 )

c+(~p, h),−s ≤ h ≤ s

√
mb+(~p,−s− 1

2 ) := d−(~p,−s),
√
mb+(~p, h+ 1

2 ) :=
√

2s+1√
(s+

1
2 )+(h+

1
2 )

d+(~p, h),−s ≤ h ≤ s

⇔

ψλςµς · ·ης︸ ︷︷ ︸
2s+1

(x) = 1
(2π)3/2

+∞∫
~p=−∞

−(s+1/2)∑
h=s+1/2

ms+1/2
√
E

[a(~p, h)Uλςµς · ·ης︸ ︷︷ ︸
2s+1

(~p, h)eip·x + b+(~p, h)Vλςµς · ·ης︸ ︷︷ ︸
2s+1

(~p, h)e−ip·x]d3~p

a(~p,−s− 1
2 ) := c−(~p,−s)√

m
, a(~p, h) :=

√
2s+1√

(s+
1
2 )+h

c+(~p,h− 1
2 )

√
m

,−s+ 1
2 ≤ h ≤ s+ 1

2

b+(~p,−s− 1
2 ) := d−(~p,−s)√

m
, b+(~p, h) :=

√
2s+1√

(s+
1
2 )+h

d+(~p,h− 1
2 )

√
m

,−s+ 1
2 ≤ h ≤ s+ 1

2

This step proves that when s′ = s+ 1/2, the proposition is established.
Step 4: Based on the above inductive reasoning, the theorem has been proved.

2 Plane wave solutions of B-W equation in N+1 dimensional space-time

2.1 Properties of U-spin basis for B-W equation in N+1 dimensional space-time

2.1.1 U-spin basis lemma on symmetry conditions

Lem. 2.1.1.
=2s∑

n1+··+nl
aης (~p;n1, ··, nl)Uλςµς · ·σςτς︸ ︷︷ ︸

2s

(~p;n1, ··, nl) =
=2s∑

n1+··+nl
aτς (~p;n1, ··, nl)Uλςµς · ·σςης︸ ︷︷ ︸

2s

(~p;n1, ··, nl)

⇔

{√
n1+1√

2s
a[ης (~p;n1 + 1, n2, ··, nl)uτς ](~p; 1) +

√
n2+1√

2s
a[ης (~p;n1, n2 + 1, ··, nl)uτς ](~p; 2)

+ · ·+
√
nl+1√

2s
a[ης (~p;n1, n2, ··, nl + 1)uτς ](~p; l) = 0
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Proof:
=2s∑

n1+··+nl
aης (~p;n1, ··, nl)Uλςµς · ·σςτς︸ ︷︷ ︸

2s

(~p;n1, ··, nl) =
=2s∑

n1+··+nl
aτς (~p;n1, ··, nl)Uλςµς · ·σςης︸ ︷︷ ︸

2s

(~p;n1, ··, nl)

⇔
=2s∑

n1+··+nl
aης (~p;n1, ··, nl)[

√
n1√
2s
Uλςµς · ·σς︸ ︷︷ ︸

2s−1

(~p;n1 − 1, n2, ··, nl)Uτς (~p; 1)

+
√
n2√
2s
Uλςµς · ·σς︸ ︷︷ ︸

2s−1

(~p;n1, n2 − 1, ··, nl)Uτς (~p; 2) + · ·+
√
nl√
2s
Uλςµς · ·σς︸ ︷︷ ︸

2s−1

(~p;n1, n2, ··, nl − 1)Uτς (~p; l)]

=
=2s∑

n1+··+nl
aτς (~p;n1, ··, nl)[

√
n1√
2s
Uλςµς · ·σς︸ ︷︷ ︸

2s−1

(~p;n1 − 1, n2, ··, nl)Uης (~p; 1)

+
√
n2√
2s
Uλςµς · ·σς︸ ︷︷ ︸

2s−1

(~p;n1, n2 − 1, ··, nl)Uης (~p; 2) + · ·+
√
nl√
2s
Uλςµς · ·σς︸ ︷︷ ︸

2s−1

(~p;n1, n2, ··, nl − 1)Uης (~p; l)]

⇔



√
n1√
2s
a[ης (~p;n1, n2, ··, nl)uτς ](~p; 1) +

√
n2+1√

2s
a[ης (~p;n1 − 1, n2 + 1, ··, nl)uτς ](~p; 2)

+ · ·+
√
nl+1√

2s
a[ης (~p;n1 − 1, n2, ··, nl + 1)uτς ](~p; l) = 0

√
n1+1√

2s
a[ης (~p;n1 + 1, n2 − 1, ··, nl)uτς ](~p; 1) +

√
n2√
2s
a[ης (~p;n1, n2, ··, nl)uτς ](~p; 2)

+ · ·+
√
nl+1√

2s
a[ης (~p;n1, n2 − 1, ··, nl + 1)uτς ](~p; l) = 0 · · · · · ·

√
n1+1√

2s
a[ης (~p;n1 + 1, n2, ··, nl − 1)uτς ](~p; 1) +

√
n2+1√

2s
a[ης (~p;n1, n2 + 1, ··, nl)uτς ](~p; 2)

+ · ·+
√
nl√
2s
a[ης (~p;n1, n2, ··, nl)uτς ](~p; l) = 0

⇔

{√
n1√
2s
a[ης (~p;n1, n2, ··, nl)uτς ](~p; 1) +

√
n2+1√

2s
a[ης (~p;n1 − 1, n2 + 1, ··, nl)uτς ](~p; 2)

+ · ·+
√
nl+1√

2s
a[ης (~p;n1 − 1, n2, ··, nl + 1)uτς ](~p; l) = 0

⇔

{√
n1+1√

2s
a[ης (~p;n1 + 1, n2, ··, nl)uτς ](~p; 1) +

√
n2+1√

2s
a[ης (~p;n1, n2 + 1, ··, nl)uτς ](~p; 2)

+ · ·+
√
nl+1√

2s
a[ης (~p;n1, n2, ··, nl + 1)uτς ](~p; l) = 0

————————————————————

Lem. 2.1.2.
aης (~p;n1, n2, ··, nl) =

l∑
k=1

c(~p;n1, n2, ··, nl; k)uης (~p; k) +
l∑

k=1

d(~p;n1, n2, ··, nl; k)vης (~p; k)
√
n1+1√

2s
a[ης (~p;n1 + 1, n2, ··, nl)uτς ](~p; 1) +

√
n2+1√

2s
a[ης (~p;n1, n2 + 1, ··, nl)uτς ](~p; 2)

+ · ·+
√
nl+1√

2s
a[ης (~p;n1, n2, ··, nl + 1)uτς ](~p; l) = 0

⇔
aης (~p;n1, n2, ··, nl) =

l∑
k=1

c(~p;n1, n2, ··, nl; k)uης (~p; k), d(~p;n1, n2, ··, nl; k) = 0{
aης (~p;n1, n2, ··, nl) =

√
n1√
n1
c(~p;n1, n2, ··, nl; 1)uης (~p; 1) +

√
n2+1√
n1

c(~p;n1 − 1, n2 + 1, ··, nl; 1)uης (~p; 2)

+ · · ·+
√
nl+1√
n1

c(~p;n1 − 1, n2, ··, nl + 1; 1)uης (~p; l), n1 ≥ 1
aης (~p; 0, n2, ··, nl) = c(~p; 0, n2, ··, nl; 1)uης (~p; 1)

+
√
n2√
n2
c(~p; 0, n2, ··, nl; 2)uης (~p; 2) +

√
n3+1√
n2

c(~p; 0, n2 − 1, n3 + 1, ··, nl; 2)uης (~p; 3) + · · ·
+
√
nl+1√
n2

c(~p; 0, n2 − 1, n3, ··, nl + 1; 2)uης (~p; l), n2 ≥ 1
aης (~p; 0, 0, n3, ··, nl) = c(~p; 0, 0, n3, ··, nl; 1)uης (~p; 1) + c(~p; 0, 0, n3, ··, nl; 2)uης (~p; 2)

+
√
n3√
n3
c(~p; 0, 0, n3, n4, ··, nl; 3)uης (~p; 3) +

√
n4+1√
n3

c(~p; 0, 0, n3 − 1, n4 + 1, ··, nl; 3)uης (~p; 4) + · · ·
+
√
nl+1√
n3

c(~p; 0, 0, n3 − 1, ··, nl + 1; 3)uης (~p; l), n3 ≥ 1
· · · · · · · · ·{
aης (~p; 0, ··, 0, nl) = c(~p; 0, ··, 0, nl; 1)uης (~p; 1) + c(~p; 0, ··, 0, nl; 2)uης (~p; 2)

+ · · ·+ c(~p; 0, ··, 0, nl; l − 1)uης (~p; l − 1) +
√
nl√
nl
c(~p; 0, ··, 0, nl; l)uης (~p; l), nl = 2s ≥ 1

Proof:
aης (~p;n1, n2, ··, nl) =

l∑
k=1

c(~p;n1, n2, ··, nl; k)uης (~p; k) +
l∑

k=1

d(~p;n1, n2, ··, nl; k)vης (~p; k)
√
n1+1√

2s
a[ης (~p;n1 + 1, n2, ··, nl)uτς ](~p; 1) +

√
n2+1√

2s
a[ης (~p;n1, n2 + 1, ··, nl)uτς ](~p; 2)

+ · ·+
√
nl+1√

2s
a[ης (~p;n1, n2, ··, nl + 1)uτς ](~p; l) = 0

⇔
aης (~p;n1, n2, ··, nl) =

l∑
k=1

c(~p;n1, n2, ··, nl; k)uης (~p; k), d(~p;n1, n2, ··, nl; k) = 0{
c(~p;n1 + 1, n2, ··, nl; 2) =

√
n2+1√
n1+1

c(~p;n1, n2 + 1, ··, nl; 1) · · ·
c(~p;n1 + 1, n2, ··, nl; l) =

√
nl+1√
n1+1

c(~p;n1, n2, ··, nl + 1; 1)
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c(~p; 0, n2 + 1, ··, nl; 3) =

√
n3+1√
n2+1

c(~p; 0, n2, n3 + 1, ··, nl; 2) · · ·
c(~p; 0, n2 + 1, ··, nl; l) =

√
nl+1√
n2+1

c(~p; 0, n2, ··, nl + 1; 2){
c(~p; 0, 0, n3 + 1, ··, nl; 4) =

√
n4+1√
n3+1

c(~p; 0, 0, n3, n4 + 1, ··, nl; 3) · · ·
c(~p; 0, 0, n3 + 1, ··, nl; l) =

√
nl+1√
n3+1

c(~p; 0, 0, n3, n4, ··, nl + 1; 3)
· · ·{
c(~p; 0, ·, 0, nl−1 + 1, nl; l) =

√
nl+1√
nl−1+1

c(~p; 0, ··, 0, nl−1, nl + 1; l − 1)

⇔
aης (~p;n1, n2, ··, nl) =

l∑
k=1

c(~p;n1, n2, ··, nl; k)uης (~p; k), d(~p;n1, n2, ··, nl; k) = 0{
aης (~p;n1, n2, ··, nl) =

√
n1√
n1
c(~p;n1, n2, ··, nl; 1)uης (~p; 1) +

√
n2+1√
n1

c(~p;n1 − 1, n2 + 1, ··, nl; 1)uης (~p; 2)

+ · · ·+
√
nl+1√
n1

c(~p;n1 − 1, n2, ··, nl + 1; 1)uης (~p; l), n1 ≥ 1
aης (~p; 0, n2, ··, nl) = c(~p; 0, n2, ··, nl; 1)uης (~p; 1)

+
√
n2√
n2
c(~p; 0, n2, ··, nl; 2)uης (~p; 2) +

√
n3+1√
n2

c(~p; 0, n2 − 1, n3 + 1, ··, nl; 2)uης (~p; 3) + · · ·
+
√
nl+1√
n2

c(~p; 0, n2 − 1, n3, ··, nl + 1; 2)uης (~p; l), n2 ≥ 1
aης (~p; 0, 0, n3, ··, nl) = c(~p; 0, 0, n3, ··, nl; 1)uης (~p; 1) + c(~p; 0, 0, n3, ··, nl; 2)uης (~p; 2)

+
√
n3√
n3
c(~p; 0, 0, n3, n4, ··, nl; 3)uης (~p; 3) +

√
n4+1√
n3

c(~p; 0, 0, n3 − 1, n4 + 1, ··, nl; 3)uης (~p; 4) + · · ·
+
√
nl+1√
n3

c(~p; 0, 0, n3 − 1, ··, nl + 1; 3)uης (~p; l), n3 ≥ 1
· · · · · · · · ·{
aης (~p; 0, ··, 0, nl) = c(~p; 0, ··, 0, nl; 1)uης (~p; 1) + c(~p; 0, ··, 0, nl; 2)uης (~p; 2)

+ · · ·+ c(~p; 0, ··, 0, nl; l − 1)uης (~p; l − 1) +
√
nl√
nl
c(~p; 0, ··, 0, nl; l)uης (~p; l), nl = 2s ≥ 1

————————————————————

Cor. 2.1.1. aης (~p;n1, n2, ··, nl) =
l∑

k=1

c(~p;n1, n2, ··, nl; k)uης (~p; k){
c(~p;n1, n2, ··, nl; 2) =

√
n2+1√
n1

c(~p;n1 − 1, n2 + 1, ··, nl; 1), n1 ≥ 1 · · ·
c(~p;n1, n2, ··, nl; l) =

√
nl+1√
n1

c(~p;n1 − 1, n2, ··, nl + 1; 1), n1 ≥ 1{
c(~p; 0, n2, ··, nl; 3) =

√
n3+1√
n2

c(~p; 0, n2 − 1, n3 + 1, ··, nl; 2), n2 ≥ 1 · · ·
c(~p; 0, n2, ··, nl; l) =

√
nl+1√
n2

c(~p; 0, n2 − 1, n3, ··, nl + 1; 2), n2 ≥ 1
· · ·{
c(~p; 0, ··, 0, nl−1, nl; l) =

√
nl+1√
nl−1

c(~p; 0, ··, 0, nl−1 − 1, nl + 1; l), nl−1 ≥ 1
⇔
aης (~p;n1, n2, ··, nl) =

l∑
k=1

c(~p;n1, n2, ··, nl; k)uης (~p; k){
aης (~p;n1, n2, ··, nl) =

√
n1√
n1
c(~p;n1, n2, ··, nl; 1)uης (~p; 1) +

√
n2+1√
n1

c(~p;n1 − 1, n2 + 1, ··, nl; 1)uης (~p; 2)

+ · · ·+
√
nl+1√
n1

c(~p;n1 − 1, n2, ··, nl + 1; 1)uης (~p; l), n1 ≥ 1
aης (~p; 0, n2, ··, nl) = c(~p; 0, n2, ··, nl; 1)uης (~p; 1)

+
√
n2√
n2
c(~p; 0, n2, ··, nl; 2)uης (~p; 2) +

√
n3+1√
n2

c(~p; 0, n2 − 1, n3 + 1, ··, nl; 2)uης (~p; 3) + · · ·
+
√
nl+1√
n2

c(~p; 0, n2 − 1, n3, ··, nl + 1; 2)uης (~p; l), n2 ≥ 1
aης (~p; 0, 0, n3, ··, nl) = c(~p; 0, 0, n3, ··, nl; 1)uης (~p; 1) + c(~p; 0, 0, n3, ··, nl; 2)uης (~p; 2)

+
√
n3√
n3
c(~p; 0, 0, n3, n4, ··, nl; 3)uης (~p; 3) +

√
n4+1√
n3

c(~p; 0, 0, n3 − 1, n4 + 1, ··, nl; 3)uης (~p; 4) + · · ·
+
√
nl+1√
n3

c(~p; 0, 0, n3 − 1, ··, nl + 1; 3)uης (~p; l), n3 ≥ 1
· · · · · · · · ·{
aης (~p; 0, ··, 0, nl) = c(~p; 0, ··, 0, nl; 1)uης (~p; 1) + c(~p; 0, ··, 0, nl; 2)uης (~p; 2)

+ · · ·+ c(~p; 0, ··, 0, nl; l − 1)uης (~p; l − 1) +
√
nl√
nl
c(~p; 0, ··, 0, nl; l)uης (~p; l), nl = 2s ≥ 1

————————————————————

Lem. 2.1.3.{
c(~p;n1, n2, ··, nl; 2) =

√
n2+1√
n1

c(~p;n1 − 1, n2 + 1, ··, nl; 1), n1 ≥ 1 · · ·
c(~p;n1, n2, ··, nl; l) =

√
nl+1√
n1

c(~p;n1 − 1, n2, ··, nl + 1; 1), n1 ≥ 1

⇔ ∑
n1··+nl=2s

l∑
k=1

c(~p;n1, n2, ··, nl; k)uης (~p; k)Uλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p;n1, ··, nl)
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=
∑

n1··+nl=2s

√
2s+1√
n1+1

c(~p;n1, n2, ··, nl; 1)Uλςµς · ·σςτςης︸ ︷︷ ︸
2s+1

(~p;n1 + 1, n2, ··, nl)

+
∑

n2··+nl=2s

l∑
k=2

c(~p; 0, n2, ··, nl; k)uης (~p; k)Uλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p; 0, n2, ··, nl)

Proof:{
c(~p;n1, n2, ··, nl; 2) =

√
n2+1√
n1

c(~p;n1 − 1, n2 + 1, ··, nl; 1), n1 ≥ 1 · · ·
c(~p;n1, n2, ··, nl; l) =

√
nl+1√
n1

c(~p;n1 − 1, n2, ··, nl + 1; 1), n1 ≥ 1

⇔ ∑
n1··+nl=2s

l∑
k=1

c(~p;n1, n2, ··, nl; k)uης (~p; k)Uλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p;n1, ··, nl)

=
n1 6=0∑

n1+··+nl=2s
Uλςµς · ·σςτς︸ ︷︷ ︸

2s

(~p;n1, n2, ··, nl)[
√
n1√
n1
c(~p;n1, n2, ··, nl; 1)uης (~p; 1)

+
√
n2+1√
n1

c(~p;n1 − 1, n2 + 1, ··, nl; 1)uης (~p; 2) + · ·+
√
nl+1√
n1

c(~p;n1 − 1, n2, ··, nl + 1; 1)uης (~p; l)]

+
n1=0∑

n1+··+nl=2s
Uλςµς · ·σςτς︸ ︷︷ ︸

2s

(~p; 0, n2, ··, nl)[c(~p; 0, n2, ··, nl; 1)uης (~p; 1)

+ c(~p; 0, n2, ··, nl; 2)uης (~p; 2) + · ·+c(~p; 0, n2, ··, nl; l)uης (~p; l)]

=
1≤n1≤2s∑
n1··+nl=2s

Uλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p;n1, n2, ··, nl)c(~p;n1, n2, ··, nl; 1)uης (~p; 1)

+
0≤n1≤2s−1,1≤n2≤2s∑

n1··+nl=2s
Uλςµς · ·σςτς︸ ︷︷ ︸

2s

(~p;n1 + 1, n2 − 1, ··, nl)
√
n2√
n1+1

c(~p;n1, n2, ··, nl; 1)uης (~p; 2) + · ·

+
0≤n1≤2s−1,1≤nl≤2s∑

n1··+nl=2s
Uλςµς · ·σςτς︸ ︷︷ ︸

2s

(~p;n1 + 1, n2, ··, nl − 1)
√
nl+1√
n1

c(~p;n1, n2, ··, nl; 1)uης (~p; l)

+
n1=0∑

n1··+nl=2s
Uλςµς · ·σςτς︸ ︷︷ ︸

2s

(~p; 0, n2, ··, nl)[c(~p; 0, n2, ··, nl; 1)uης (~p; 1)

+ c(~p; 0, n2, ··, nl; 2)uης (~p; 2) + · ·+c(~p; 0, n2, ··, nl; l)uης (~p; l)]
=

∑
n1··+nl=2s

Uλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p;n1, n2, ··, nl)c(~p;n1, n2, ··, nl; 1)uης (~p; 1)

+
∑

n1··+nl=2s
Uλςµς · ·σςτς︸ ︷︷ ︸

2s

(~p;n1 + 1, n2 − 1, ··, nl)
√
n2√
n1+1

c(~p;n1, n2, ··, nl; 1)uης (~p; 2) + · ·

+
∑

n1··+nl=2s
Uλςµς · ·σςτς︸ ︷︷ ︸

2s

(~p;n1 + 1, n2, ··, nl − 1)
√
nl√

n1+1
c(~p;n1, n2, ··, nl; 1)uης (~p; l)

+
n1=0∑

n1··+nl=2s
Uλςµς · ·σςτς︸ ︷︷ ︸

2s

(~p; 0, n2, ··, nl)[c(~p; 0, n2, ··, nl; 2)uης (~p; 2) + · ·+c(~p; 0, n2, ··, nl; l)uης (~p; l)]

=
∑

n1··+nl=2s

√
2s+1√
n1+1

c(~p;n1, n2, ··, nl; 1)Uλςµς · ·σςτςης︸ ︷︷ ︸
2s+1

(~p;n1 + 1, n2, ··, nl)

+
∑

n2··+nl=2s

l∑
k=2

c(~p; 0, n2, ··, nl; k)uης (~p; k)Uλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p; 0, n2, ··, nl)

————————————————————

Cor. 2.1.2.{
c(~p;n1, n2, ··, nl; 2) =

√
n2+1√
n1

c(~p;n1 − 1, n2 + 1, ··, nl; 1), n1 ≥ 1 · · ·
c(~p;n1, n2, ··, nl; l) =

√
nl+1√
n1

c(~p;n1 − 1, n2, ··, nl + 1; 1), n1 ≥ 1{
c(~p; 0, n2, ··, nl; 3) =

√
n3+1√
n2

c(~p; 0, n2 − 1, n3 + 1, ··, nl; 2), n2 ≥ 1 · · ·
c(~p; 0, n2, ··, nl; l) =

√
nl+1√
n2

c(~p; 0, n2 − 1, n3, ··, nl + 1; 2), n2 ≥ 1
· · ·{
c(~p; 0, ··, 0, nl−1, nl; l) =

√
nl+1√
nl−1

c(~p; 0, ··, 0, nl−1 − 1, nl + 1; l), nl−1 ≥ 1
⇔ ∑
n1··+nl=2s

l∑
k=1

c(~p;n1, n2, ··, nl; k)uης (~p; k)Uλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p;n1, ··, nl)

=
∑

n1+··+nl=2s

√
2s+1√
n1+1

c(~p;n1, n2, ··, nl; 1)Uλςµς · ·σςτςης︸ ︷︷ ︸
2s+1

(~p;n1 + 1, n2, ··, nl)
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+
∑

n2+··+nl=2s

√
2s+1√
n2+1

c(~p; 0, n2, n3, ··, nl; 2)Uλςµς · ·σςτςης︸ ︷︷ ︸
2s+1

(~p; 0, n2 + 1, n3, ··, nl)

+
∑

n3+··+nl=2s

√
2s+1√
n3+1

c(~p; 0, 0, n3, ··, nl; 3)Uλςµς · ·σςτςης︸ ︷︷ ︸
2s+1

(~p; 0, 0, n3 + 1, ··, nl)

+ · · ·+
∑

nl=2s

√
2s+1√
nl+1

c(~p; 0, ··, 0, nl; l)Uλςµς · ·σςτςης︸ ︷︷ ︸
2s+1

(~p; 0, ··, 0, nl + 1)

————————————————————

Lem. 2.1.4.∑
n1+··+nl=2s

√
2s+1√
n1+1

c(~p;n1, n2, ··, nl; 1)Uλςµς · ·σςτςης︸ ︷︷ ︸
2s+1

(~p;n1 + 1, n2, ··, nl)

+
∑

n2+··+nl=2s

√
2s+1√
n2+1

c(~p; 0, n2, n3, ··, nl; 2)Uλςµς · ·σςτςης︸ ︷︷ ︸
2s+1

(~p; 0, n2 + 1, n3, ··, nl)

+
∑

n3+··+nl=2s

√
2s+1√
n3+1

c(~p; 0, 0, n3, ··, nl; 3)Uλςµς · ·σςτςης︸ ︷︷ ︸
2s+1

(~p; 0, 0, n3 + 1, ··, nl)

+ · · ·+
∑

nl=2s

√
2s+1√
nl+1

c(~p; 0, ··, 0, nl; l)Uλςµς · ·σςτςης︸ ︷︷ ︸
2s+1

(~p; 0, ··, 0, nl + 1)

=
∑

n1+··+nl=2s+1
a(~p;n1, n2, ··, nl)Uλςµς · ·σςτςης︸ ︷︷ ︸

2s+1

(~p;n1, n2, ··, nl)

a(~p;n1, n2, ··, nl) :=
√

2s+1√
n1

c(~p;n1 − 1, n2, ··, nl; 1), n1 6= 0

a(~p; 0, n2, ··, nl) :=
√

2s+1√
n2

c(~p; 0, n2 − 1, n3, ··, nl; 2), n2 6= 0

a(~p; 0, 0, n3, ··, nl) :=
√

2s+1√
n3

c(~p; 0, 0, n3 − 1, ··, nl; 3), n3 6= 0

· · ·
a(~p; 0, 0, ··, 0, nl) :=

√
2s+1√
nl

c(~p; 0, ··, 0, nl − 1; l), nl 6= 0

Proof:
∑

n1··+nl=2s

l∑
k=1

c(~p;n1, n2, ··, nl; k)uης (~p; k)Uλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p;n1, ··, nl)

=
∑

n1+··+nl=2s

√
2s+1√
n1+1

c(~p;n1, n2, ··, nl; 1)Uλςµς · ·σςτςης︸ ︷︷ ︸
2s+1

(~p;n1 + 1, n2, ··, nl)

+
∑

n2+··+nl=2s

√
2s+1√
n2+1

c(~p; 0, n2, n3, ··, nl; 2)Uλςµς · ·σςτςης︸ ︷︷ ︸
2s+1

(~p; 0, n2 + 1, n3, ··, nl)

+
∑

n3+··+nl=2s

√
2s+1√
n3+1

c(~p; 0, 0, n3, ··, nl; 3)Uλςµς · ·σςτςης︸ ︷︷ ︸
2s+1

(~p; 0, 0, n3 + 1, ··, nl)

+ · · ·+
∑

nl=2s

√
2s+1√
nl+1

c(~p; 0, ··, 0, nl; l)Uλςµς · ·σςτςης︸ ︷︷ ︸
2s+1

(~p; 0, ··, 0, nl + 1)

=
n1 6=0∑

n1+··+nl=2s+1

√
2s+1√
n1

c(~p;n1 − 1, n2, ··, nl; 1)Uλςµς · ·σςτςης︸ ︷︷ ︸
2s+1

(~p;n1, n2, ··, nl)

+
n1=0,n2 6=0∑

n2+··+nl=2s+1

√
2s+1√
n2

c(~p; 0, n2 − 1, n3, ··, nl; 2)Uλςµς · ·σςτςης︸ ︷︷ ︸
2s+1

(~p; 0, n2, n3, ··, nl)

+
n1=0,n2=0,n3 6=0∑
n3+··+nl=2s+1

√
2s+1√
n3

c(~p; 0, 0, n3 − 1, ··, nl; 3)Uλςµς · ·σςτςης︸ ︷︷ ︸
2s+1

(~p; 0, 0, n3, ··, nl)

+ · · ·+
n1=0,··,nl−1=0,nl 6=0∑

nl=2s+1

√
2s+1√
nl

c(~p; 0, ··, 0, nl − 1; l)Uλςµς · ·σςτςης︸ ︷︷ ︸
2s+1

(~p; 0, ··, 0, nl)

=
∑

n1+··+nl=2s+1
a(~p;n1, n2, ··, nl)Uλςµς · ·σςτςης︸ ︷︷ ︸

2s+1

(~p;n1, n2, ··, nl)

a(~p;n1, n2, ··, nl) =
√

2s+1√
n1

c(~p;n1 − 1, n2, ··, nl; 1), n1 6= 0

a(~p; 0, n2, ··, nl) =
√

2s+1√
n2

c(~p; 0, n2 − 1, n3, ··, nl; 2), n2 6= 0

a(~p; 0, 0, n3, ··, nl) =
√

2s+1√
n3

c(~p; 0, 0, n3 − 1, ··, nl; 3), n3 6= 0

· · ·
a(~p; 0, 0, ··, 0, nl) =

√
2s+1√
nl

c(~p; 0, ··, 0, nl − 1; l), nl 6= 0
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2.1.2 Several corollaries

Cor. 2.1.3. Uλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p;n1, n2, ··, nl) =
√
n1√
2s
Uλςµς · ·σς︸ ︷︷ ︸

2s−1

(~p;n1 − 1, n2, ··, nl)Uτς (~p; 1)

+
√
n2√
2s
Uλςµς · ·σς︸ ︷︷ ︸

2s−1

(~p;n1, n2 − 1, ··, nl)Uτς (~p; 2) + · ·+
√
nl√
2s
Uλςµς · ·σς︸ ︷︷ ︸

2s−1

(~p;n1, n2, ··, nl − 1)Uτς (~p; l)

Cor. 2.1.4. Uλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p; 0, n2, ··, nl) =
√
n2√
2s
Uλςµς · ·σς︸ ︷︷ ︸

2s−1

(~p; 0, n2 − 1, ··, nl)Uτς (~p; 2)

+
√
n3√
2s
Uλςµς · ·σς︸ ︷︷ ︸

2s−1

(~p; 0, n2, n3 − 1, ··, nl)Uτς (~p; 0, 0, 1, ··, 0) + · ·+
√
nl√
2s
Uλςµς · ·σς︸ ︷︷ ︸

2s−1

(~p; 0, n2, ··, nl − 1)Uτς (~p; l)

Cor. 2.1.5. Uλςµς · ·σςτςης︸ ︷︷ ︸
2s+1

(~p;n1, n2, ··, nl) =
√
n1√

2s+1
Uλςµς · ·σςτς︸ ︷︷ ︸

2s

(~p;n1 − 1, n2, ··, nl)Uης (~p; 1)

+
√
n2√

2s+1
Uλςµς · ·σςτς︸ ︷︷ ︸

2s

(~p;n1, n2 − 1, ··, nl)Uης (~p; 2) + · ·+
√
nl√

2s+1
Uλςµς · ·σςτς︸ ︷︷ ︸

2s

(~p;n1, n2, ··, nl − 1)Uης (~p; l)

2.1.3 An important theorem

Thm. 2.1.1.∑
n1+··+nl=2s

aης (~p;n1, ··, nl)Uλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p;n1, ··, nl) =
∑

n1+··+nl=2s
aτς (~p;n1, ··, nl)Uλςµς · ·σςης︸ ︷︷ ︸

2s

(~p;n1, ··, nl)

⇔
aης (~p;n1, n2, ··, nl) =

l∑
k=1

c(~p;n1, n2, ··, nl; k)uης (~p; k)

=2s∑
n1··+nl

aης (~p;n1, n2, ··, nl)Uλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p;n1, ··, nl) =
=2s+1∑
n1+··+nl

a(~p;n1, n2, ··, nl)Uλςµς · ·σςτςης︸ ︷︷ ︸
2s+1

(~p;n1, n2, ··, nl)

a(~p;n1, n2, ··, nl) =
√

2s+1√
n1

c(~p;n1 − 1, n2, ··, nl; 1), n1 6= 0

a(~p; 0, n2, ··, nl) =
√

2s+1√
n2

c(~p; 0, n2 − 1, n3, ··, nl; 2), n2 6= 0

a(~p; 0, 0, n3, ··, nl) =
√

2s+1√
n3

c(~p; 0, 0, n3 − 1, ··, nl; 3), n3 6= 0

· · ·
a(~p; 0, 0, ··, 0, nl) =

√
2s+1√
nl

c(~p; 0, ··, 0, nl − 1; l), nl 6= 0

Proof:∑
n1+··+nl=2s

aης (~p;n1, ··, nl)Uλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p;n1, ··, nl) =
∑

n1+··+nl=2s
aτς (~p;n1, ··, nl)Uλςµς · ·σςης︸ ︷︷ ︸

2s

(~p;n1, ··, nl)

⇔{√
n1+1√

2s
a[ης (~p;n1 + 1, n2, ··, nl)uτς ](~p; 1) +

√
n2+1√

2s
a[ης (~p;n1, n2 + 1, ··, nl)uτς ](~p; 2)

+ · ·+
√
nl+1√

2s
a[ης (~p;n1, n2, ··, nl + 1)uτς ](~p; l) = 0

⇔
aης (~p;n1, n2, ··, nl) =

l∑
k=1

c(~p;n1, n2, ··, nl; k)uης (~p; k){
aης (~p;n1, n2, ··, nl) =

√
n1√
n1
c(~p;n1, n2, ··, nl; 1)uης (~p; 1) +

√
n2+1√
n1

c(~p;n1 − 1, n2 + 1, ··, nl; 1)uης (~p; 2)

+ · · ·+
√
nl+1√
n1

c(~p;n1 − 1, n2, ··, nl + 1; 1)uης (~p; l), n1 ≥ 1
aης (~p; 0, n2, ··, nl) = c(~p; 0, n2, ··, nl; 1)uης (~p; 1)

+
√
n2√
n2
c(~p; 0, n2, ··, nl; 2)uης (~p; 2) +

√
n3+1√
n2

c(~p; 0, n2 − 1, n3 + 1, ··, nl; 2)uης (~p; 3) + · · ·
+
√
nl+1√
n2

c(~p; 0, n2 − 1, n3, ··, nl + 1; 2)uης (~p; l), n2 ≥ 1
aης (~p; 0, 0, n3, ··, nl) = c(~p; 0, 0, n3, ··, nl; 1)uης (~p; 1) + c(~p; 0, 0, n3, ··, nl; 2)uης (~p; 2)

+
√
n3√
n3
c(~p; 0, 0, n3, n4, ··, nl; 3)uης (~p; 3) +

√
n4+1√
n3

c(~p; 0, 0, n3 − 1, n4 + 1, ··, nl; 3)uης (~p; 4) + · · ·
+
√
nl+1√
n3

c(~p; 0, 0, n3 − 1, ··, nl + 1; 3)uης (~p; l), n3 ≥ 1
· · · · · · · · ·{
aης (~p; 0, ··, 0, nl) = c(~p; 0, ··, 0, nl; 1)uης (~p; 1) + c(~p; 0, ··, 0, nl; 2)uης (~p; 2)

+ · · ·+ c(~p; 0, ··, 0, nl; l − 1)uης (~p; l − 1) +
√
nl√
nl
c(~p; 0, ··, 0, nl; l)uης (~p; l), nl = 2s ≥ 1

⇔
aης (~p;n1, n2, ··, nl) =

l∑
k=1

c(~p;n1, n2, ··, nl; k)uης (~p; k)

=2s∑
n1··+nl

aης (~p;n1, n2, ··, nl)Uλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p;n1, ··, nl) =
=2s+1∑
n1+··+nl

a(~p;n1, n2, ··, nl)Uλςµς · ·σςτςης︸ ︷︷ ︸
2s+1

(~p;n1, n2, ··, nl)
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a(~p;n1, n2, ··, nl) =
√

2s+1√
n1

c(~p;n1 − 1, n2, ··, nl; 1), n1 6= 0

a(~p; 0, n2, ··, nl) =
√

2s+1√
n2

c(~p; 0, n2 − 1, n3, ··, nl; 2), n2 6= 0

a(~p; 0, 0, n3, ··, nl) =
√

2s+1√
n3

c(~p; 0, 0, n3 − 1, ··, nl; 3), n3 6= 0

· · ·
a(~p; 0, 0, ··, 0, nl) =

√
2s+1√
nl

c(~p; 0, ··, 0, nl − 1; l), nl 6= 0

2.2 Properties of V-spin basis for B-W equation in N+1 dimensional space-time

2.2.1 V-spin basis lemma on symmetry conditions

Lem. 2.2.1.
=2s∑

n1+··+nl
b+ης (~p;n1, ··, nl)Vλςµς · ·σςτς︸ ︷︷ ︸

2s

(~p;n1, ··, nl) =
=2s∑

n1+··+nl
b+τς (~p;n1, ··, nl)Vλςµς · ·σςης︸ ︷︷ ︸

2s

(~p;n1, ··, nl)

⇔

{√
n1+1√

2s
b+[ης (~p;n1 + 1, n2, ··, nl)vτς ](~p; 1) +

√
n2+1√

2s
b+[ης (~p;n1, n2 + 1, ··, nl)vτς ](~p; 2)

+ · ·+
√
nl+1√

2s
b+[ης (~p;n1, n2, ··, nl + 1)vτς ](~p; l) = 0

Proof:
=2s∑

n1+··+nl
b+ης (~p;n1, ··, nl)Vλςµς · ·σςτς︸ ︷︷ ︸

2s

(~p;n1, ··, nl) =
=2s∑

n1+··+nl
b+τς (~p;n1, ··, nl)Vλςµς · ·σςης︸ ︷︷ ︸

2s

(~p;n1, ··, nl)

⇔
=2s∑

n1+··+nl
b+ης (~p;n1, ··, nl)[

√
n1√
2s
Vλςµς · ·σς︸ ︷︷ ︸

2s−1

(~p;n1 − 1, n2, ··, nl)Vτς (~p; 1)

+
√
n2√
2s
Vλςµς · ·σς︸ ︷︷ ︸

2s−1

(~p;n1, n2 − 1, ··, nl)Vτς (~p; 2) + · ·+
√
nl√
2s
Vλςµς · ·σς︸ ︷︷ ︸

2s−1

(~p;n1, n2, ··, nl − 1)Vτς (~p; l)]

=
=2s∑

n1+··+nl
b+τς (~p;n1, ··, nl)[

√
n1√
2s
Vλςµς · ·σς︸ ︷︷ ︸

2s−1

(~p;n1 − 1, n2, ··, nl)Vης (~p; 1)

+
√
n2√
2s
Vλςµς · ·σς︸ ︷︷ ︸

2s−1

(~p;n1, n2 − 1, ··, nl)Vης (~p; 2) + · ·+
√
nl√
2s
Vλςµς · ·σς︸ ︷︷ ︸

2s−1

(~p;n1, n2, ··, nl − 1)Vης (~p; l)]

⇔



√
n1√
2s
b+[ης (~p;n1, n2, ··, nl)vτς ](~p; 1) +

√
n2+1√

2s
b+[ης (~p;n1 − 1, n2 + 1, ··, nl)vτς ](~p; 2)

+ · ·+
√
nl+1√

2s
b+[ης (~p;n1 − 1, n2, ··, nl + 1)vτς ](~p; l) = 0

√
n1+1√

2s
b+[ης (~p;n1 + 1, n2 − 1, ··, nl)vτς ](~p; 1) +

√
n2√
2s
b+[ης (~p;n1, n2, ··, nl)vτς ](~p; 2)

+ · ·+
√
nl+1√

2s
b+[ης (~p;n1, n2 − 1, ··, nl + 1)vτς ](~p; l) = 0 · · · · · ·

√
n1+1√

2s
b+[ης (~p;n1 + 1, n2, ··, nl − 1)vτς ](~p; 1) +

√
n2+1√

2s
b+[ης (~p;n1, n2 + 1, ··, nl)vτς ](~p; 2)

+ · ·+
√
nl√
2s
b+[ης (~p;n1, n2, ··, nl)vτς ](~p; l) = 0

⇔

{√
n1√
2s
b+[ης (~p;n1, n2, ··, nl)vτς ](~p; 1) +

√
n2+1√

2s
b+[ης (~p;n1 − 1, n2 + 1, ··, nl)vτς ](~p; 2)

+ · ·+
√
nl+1√

2s
b+[ης (~p;n1 − 1, n2, ··, nl + 1)vτς ](~p; l) = 0

⇔

{√
n1+1√

2s
b+[ης (~p;n1 + 1, n2, ··, nl)vτς ](~p; 1) +

√
n2+1√

2s
b+[ης (~p;n1, n2 + 1, ··, nl)vτς ](~p; 2)

+ · ·+
√
nl+1√

2s
b+[ης (~p;n1, n2, ··, nl + 1)vτς ](~p; l) = 0

————————————————————

Lem. 2.2.2.
b+ης (~p;n1, n2, ··, nl) =

l∑
k=1

d(~p;n1, n2, ··, nl; k)vης (~p; k) +
l∑

k=1

c(~p;n1, n2, ··, nl; k)uης (~p; k)
√
n1+1√

2s
b+[ης (~p;n1 + 1, n2, ··, nl)vτς ](~p; 1) +

√
n2+1√

2s
b+[ης (~p;n1, n2 + 1, ··, nl)vτς ](~p; 2)

+ · ·+
√
nl+1√

2s
b+[ης (~p;n1, n2, ··, nl + 1)vτς ](~p; l) = 0

⇔
b+ης (~p;n1, n2, ··, nl) =

l∑
k=1

d(~p;n1, n2, ··, nl; k)vης (~p; k), c(~p;n1, n2, ··, nl; k) = 0{
b+ης (~p;n1, n2, ··, nl) =

√
n1√
n1
d(~p;n1, n2, ··, nl; 1)vης (~p; 1) +

√
n2+1√
n1

d(~p;n1 − 1, n2 + 1, ··, nl; 1)vης (~p; 2)

+ · · ·+
√
nl+1√
n1

d(~p;n1 − 1, n2, ··, nl + 1; 1)vης (~p; l), n1 ≥ 1
b+ης (~p; 0, n2, ··, nl) = d(~p; 0, n2, ··, nl; 1)vης (~p; 1)

+
√
n2√
n2
d(~p; 0, n2, ··, nl; 2)vης (~p; 2) +

√
n3+1√
n2

d(~p; 0, n2 − 1, n3 + 1, ··, nl; 2)vης (~p; 3) + · · ·
+
√
nl+1√
n2

d(~p; 0, n2 − 1, n3, ··, nl + 1; 2)vης (~p; l), n2 ≥ 1
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b+ης (~p; 0, 0, n3, ··, nl) = d(~p; 0, 0, n3, ··, nl; 1)vης (~p; 1) + d(~p; 0, 0, n3, ··, nl; 2)vης (~p; 2)

+
√
n3√
n3
d(~p; 0, 0, n3, n4, ··, nl; 3)vης (~p; 3) +

√
n4+1√
n3

d(~p; 0, 0, n3 − 1, n4 + 1, ··, nl; 3)vης (~p; 4) + · · ·
+
√
nl+1√
n3

d(~p; 0, 0, n3 − 1, ··, nl + 1; 3)vης (~p; l), n3 ≥ 1
· · · · · · · · ·{
b+ης (~p; 0, ··, 0, nl) = d(~p; 0, ··, 0, nl; 1)vης (~p; 1) + d(~p; 0, ··, 0, nl; 2)vης (~p; 2)

+ · · ·+ d(~p; 0, ··, 0, nl; l − 1)vης (~p; l − 1) +
√
nl√
nl
d(~p; 0, ··, 0, nl; l)vης (~p; l), nl = 2s ≥ 1

Proof:
b+ης (~p;n1, n2, ··, nl) =

l∑
k=1

d(~p;n1, n2, ··, nl; k)vης (~p; k) +
l∑

k=1

c(~p;n1, n2, ··, nl; k)uης (~p; k)
√
n1+1√

2s
b+[ης (~p;n1 + 1, n2, ··, nl)vτς ](~p; 1) +

√
n2+1√

2s
b+[ης (~p;n1, n2 + 1, ··, nl)vτς ](~p; 2)

+ · ·+
√
nl+1√

2s
b+[ης (~p;n1, n2, ··, nl + 1)vτς ](~p; l) = 0

⇔
b+ης (~p;n1, n2, ··, nl) =

l∑
k=1

d(~p;n1, n2, ··, nl; k)vης (~p; k), c(~p;n1, n2, ··, nl; k) = 0{
d(~p;n1 + 1, n2, ··, nl; 2) =

√
n2+1√
n1+1

d(~p;n1, n2 + 1, ··, nl; 1) · · ·
d(~p;n1 + 1, n2, ··, nl; l) =

√
nl+1√
n1+1

d(~p;n1, n2, ··, nl + 1; 1){
d(~p; 0, n2 + 1, ··, nl; 3) =

√
n3+1√
n2+1

d(~p; 0, n2, n3 + 1, ··, nl; 2) · · ·
d(~p; 0, n2 + 1, ··, nl; l) =

√
nl+1√
n2+1

d(~p; 0, n2, ··, nl + 1; 2){
d(~p; 0, 0, n3 + 1, ··, nl; 4) =

√
n4+1√
n3+1

d(~p; 0, 0, n3, n4 + 1, ··, nl; 3) · · ·
d(~p; 0, 0, n3 + 1, ··, nl; l) =

√
nl+1√
n3+1

d(~p; 0, 0, n3, n4, ··, nl + 1; 3)
· · ·{
d(~p; 0, ·, 0, nl−1 + 1, nl; l) =

√
nl+1√
nl−1+1

d(~p; 0, ··, 0, nl−1, nl + 1; l − 1)

⇔
b+ης (~p;n1, n2, ··, nl) =

l∑
k=1

d(~p;n1, n2, ··, nl; k)vης (~p; k), c(~p;n1, n2, ··, nl; k) = 0{
b+ης (~p;n1, n2, ··, nl) =

√
n1√
n1
d(~p;n1, n2, ··, nl; 1)vης (~p; 1) +

√
n2+1√
n1

d(~p;n1 − 1, n2 + 1, ··, nl; 1)vης (~p; 2)

+ · · ·+
√
nl+1√
n1

d(~p;n1 − 1, n2, ··, nl + 1; 1)vης (~p; l), n1 ≥ 1
b+ης (~p; 0, n2, ··, nl) = d(~p; 0, n2, ··, nl; 1)vης (~p; 1)

+
√
n2√
n2
d(~p; 0, n2, ··, nl; 2)vης (~p; 2) +

√
n3+1√
n2

d(~p; 0, n2 − 1, n3 + 1, ··, nl; 2)vης (~p; 3) + · · ·
+
√
nl+1√
n2

d(~p; 0, n2 − 1, n3, ··, nl + 1; 2)vης (~p; l), n2 ≥ 1
b+ης (~p; 0, 0, n3, ··, nl) = d(~p; 0, 0, n3, ··, nl; 1)vης (~p; 1) + d(~p; 0, 0, n3, ··, nl; 2)vης (~p; 2)

+
√
n3√
n3
d(~p; 0, 0, n3, n4, ··, nl; 3)vης (~p; 3) +

√
n4+1√
n3

d(~p; 0, 0, n3 − 1, n4 + 1, ··, nl; 3)vης (~p; 4) + · · ·
+
√
nl+1√
n3

d(~p; 0, 0, n3 − 1, ··, nl + 1; 3)vης (~p; l), n3 ≥ 1
· · · · · · · · ·{
b+ης (~p; 0, ··, 0, nl) = d(~p; 0, ··, 0, nl; 1)vης (~p; 1) + d(~p; 0, ··, 0, nl; 2)vης (~p; 2)

+ · · ·+ d(~p; 0, ··, 0, nl; l − 1)vης (~p; l − 1) +
√
nl√
nl
d(~p; 0, ··, 0, nl; l)vης (~p; l), nl = 2s ≥ 1

————————————————————

Cor. 2.2.1. b+ης (~p;n1, n2, ··, nl) =
l∑

k=1

d(~p;n1, n2, ··, nl; k)vης (~p; k){
d(~p;n1, n2, ··, nl; 2) =

√
n2+1√
n1

d(~p;n1 − 1, n2 + 1, ··, nl; 1), n1 ≥ 1 · · ·
d(~p;n1, n2, ··, nl; l) =

√
nl+1√
n1

d(~p;n1 − 1, n2, ··, nl + 1; 1), n1 ≥ 1{
d(~p; 0, n2, ··, nl; 3) =

√
n3+1√
n2

d(~p; 0, n2 − 1, n3 + 1, ··, nl; 2), n2 ≥ 1 · · ·
d(~p; 0, n2, ··, nl; l) =

√
nl+1√
n2

d(~p; 0, n2 − 1, n3, ··, nl + 1; 2), n2 ≥ 1
· · ·{
d(~p; 0, ··, 0, nl−1, nl; l) =

√
nl+1√
nl−1

d(~p; 0, ··, 0, nl−1 − 1, nl + 1; l), nl−1 ≥ 1
⇔
b+ης (~p;n1, n2, ··, nl) =

l∑
k=1

d(~p;n1, n2, ··, nl; k)vης (~p; k){
b+ης (~p;n1, n2, ··, nl) =

√
n1√
n1
d(~p;n1, n2, ··, nl; 1)vης (~p; 1) +

√
n2+1√
n1

d(~p;n1 − 1, n2 + 1, ··, nl; 1)vης (~p; 2)

+ · · ·+
√
nl+1√
n1

d(~p;n1 − 1, n2, ··, nl + 1; 1)vης (~p; l), n1 ≥ 1
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b+ης (~p; 0, n2, ··, nl) = d(~p; 0, n2, ··, nl; 1)vης (~p; 1)

+
√
n2√
n2
d(~p; 0, n2, ··, nl; 2)vης (~p; 2) +

√
n3+1√
n2

d(~p; 0, n2 − 1, n3 + 1, ··, nl; 2)vης (~p; 3) + · · ·
+
√
nl+1√
n2

d(~p; 0, n2 − 1, n3, ··, nl + 1; 2)vης (~p; l), n2 ≥ 1
b+ης (~p; 0, 0, n3, ··, nl) = d(~p; 0, 0, n3, ··, nl; 1)vης (~p; 1) + d(~p; 0, 0, n3, ··, nl; 2)vης (~p; 2)

+
√
n3√
n3
d(~p; 0, 0, n3, n4, ··, nl; 3)vης (~p; 3) +

√
n4+1√
n3

d(~p; 0, 0, n3 − 1, n4 + 1, ··, nl; 3)vης (~p; 4) + · · ·
+
√
nl+1√
n3

d(~p; 0, 0, n3 − 1, ··, nl + 1; 3)vης (~p; l), n3 ≥ 1
· · · · · · · · ·{
b+ης (~p; 0, ··, 0, nl) = d(~p; 0, ··, 0, nl; 1)vης (~p; 1) + d(~p; 0, ··, 0, nl; 2)vης (~p; 2)

+ · · ·+ d(~p; 0, ··, 0, nl; l − 1)vης (~p; l − 1) +
√
nl√
nl
d(~p; 0, ··, 0, nl; l)vης (~p; l), nl = 2s ≥ 1

————————————————————

Lem. 2.2.3.{
d(~p;n1, n2, ··, nl; 2) =

√
n2+1√
n1

d(~p;n1 − 1, n2 + 1, ··, nl; 1), n1 ≥ 1 · · ·
d(~p;n1, n2, ··, nl; l) =

√
nl+1√
n1

d(~p;n1 − 1, n2, ··, nl + 1; 1), n1 ≥ 1

⇔ ∑
n1··+nl=2s

l∑
k=1

d(~p;n1, n2, ··, nl; k)vης (~p; k)Vλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p;n1, ··, nl)

=
∑

n1··+nl=2s

√
2s+1√
n1+1

d(~p;n1, n2, ··, nl; 1)Vλςµς · ·σςτςης︸ ︷︷ ︸
2s+1

(~p;n1 + 1, n2, ··, nl)

+
∑

n2··+nl=2s

l∑
k=2

d(~p; 0, n2, ··, nl; k)vης (~p; k)Vλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p; 0, n2, ··, nl)

Proof:{
d(~p;n1, n2, ··, nl; 2) =

√
n2+1√
n1

d(~p;n1 − 1, n2 + 1, ··, nl; 1), n1 ≥ 1 · · ·
d(~p;n1, n2, ··, nl; l) =

√
nl+1√
n1

d(~p;n1 − 1, n2, ··, nl + 1; 1), n1 ≥ 1

⇔ ∑
n1··+nl=2s

l∑
k=1

d(~p;n1, n2, ··, nl; k)vης (~p; k)Vλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p;n1, ··, nl)

=
n1 6=0∑

n1+··+nl=2s
Vλςµς · ·σςτς︸ ︷︷ ︸

2s

(~p;n1, n2, ··, nl)[
√
n1√
n1
d(~p;n1, n2, ··, nl; 1)vης (~p; 1)

+
√
n2+1√
n1

d(~p;n1 − 1, n2 + 1, ··, nl; 1)vης (~p; 2) + · ·+
√
nl+1√
n1

d(~p;n1 − 1, n2, ··, nl + 1; 1)vης (~p; l)]

+
n1=0∑

n1+··+nl=2s
Vλςµς · ·σςτς︸ ︷︷ ︸

2s

(~p; 0, n2, ··, nl)[d(~p; 0, n2, ··, nl; 1)vης (~p; 1)

+ d(~p; 0, n2, ··, nl; 2)vης (~p; 2) + · ·+d(~p; 0, n2, ··, nl; l)vης (~p; l)]

=
1≤n1≤2s∑
n1··+nl=2s

Vλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p;n1, n2, ··, nl)d(~p;n1, n2, ··, nl; 1)vης (~p; 1)

+
0≤n1≤2s−1,1≤n2≤2s∑

n1··+nl=2s
Vλςµς · ·σςτς︸ ︷︷ ︸

2s

(~p;n1 + 1, n2 − 1, ··, nl)
√
n2√
n1+1

d(~p;n1, n2, ··, nl; 1)vης (~p; 2) + · ·

+
0≤n1≤2s−1,1≤nl≤2s∑

n1··+nl=2s
Vλςµς · ·σςτς︸ ︷︷ ︸

2s

(~p;n1 + 1, n2, ··, nl − 1)
√
nl+1√
n1

d(~p;n1, n2, ··, nl; 1)vης (~p; l)

+
n1=0∑

n1··+nl=2s
Vλςµς · ·σςτς︸ ︷︷ ︸

2s

(~p; 0, n2, ··, nl)[d(~p; 0, n2, ··, nl; 1)vης (~p; 1)

+ d(~p; 0, n2, ··, nl; 2)vης (~p; 2) + · ·+d(~p; 0, n2, ··, nl; l)vης (~p; l)]
=

∑
n1··+nl=2s

Vλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p;n1, n2, ··, nl)d(~p;n1, n2, ··, nl; 1)vης (~p; 1)

+
∑

n1··+nl=2s
Vλςµς · ·σςτς︸ ︷︷ ︸

2s

(~p;n1 + 1, n2 − 1, ··, nl)
√
n2√
n1+1

d(~p;n1, n2, ··, nl; 1)vης (~p; 2) + · ·

+
∑

n1··+nl=2s
Vλςµς · ·σςτς︸ ︷︷ ︸

2s

(~p;n1 + 1, n2, ··, nl − 1)
√
nl√

n1+1
d(~p;n1, n2, ··, nl; 1)vης (~p; l)

+
n1=0∑

n1··+nl=2s
Vλςµς · ·σςτς︸ ︷︷ ︸

2s

(~p; 0, n2, ··, nl)[d(~p; 0, n2, ··, nl; 2)vης (~p; 2) + · ·+d(~p; 0, n2, ··, nl; l)vης (~p; l)]
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=
∑

n1··+nl=2s

√
2s+1√
n1+1

d(~p;n1, n2, ··, nl; 1)Vλςµς · ·σςτςης︸ ︷︷ ︸
2s+1

(~p;n1 + 1, n2, ··, nl)

+
∑

n2··+nl=2s

l∑
k=2

d(~p; 0, n2, ··, nl; k)vης (~p; k)Vλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p; 0, n2, ··, nl)

————————————————————

Cor. 2.2.2.{
d(~p;n1, n2, ··, nl; 2) =

√
n2+1√
n1

d(~p;n1 − 1, n2 + 1, ··, nl; 1), n1 ≥ 1 · · ·
d(~p;n1, n2, ··, nl; l) =

√
nl+1√
n1

d(~p;n1 − 1, n2, ··, nl + 1; 1), n1 ≥ 1{
d(~p; 0, n2, ··, nl; 3) =

√
n3+1√
n2

d(~p; 0, n2 − 1, n3 + 1, ··, nl; 2), n2 ≥ 1 · · ·
d(~p; 0, n2, ··, nl; l) =

√
nl+1√
n2

d(~p; 0, n2 − 1, n3, ··, nl + 1; 2), n2 ≥ 1
· · ·{
d(~p; 0, ··, 0, nl−1, nl; l) =

√
nl+1√
nl−1

d(~p; 0, ··, 0, nl−1 − 1, nl + 1; l), nl−1 ≥ 1
⇔ ∑
n1··+nl=2s

l∑
k=1

d(~p;n1, n2, ··, nl; k)vης (~p; k)Vλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p;n1, ··, nl)

=
∑

n1+··+nl=2s

√
2s+1√
n1+1

d(~p;n1, n2, ··, nl; 1)Vλςµς · ·σςτςης︸ ︷︷ ︸
2s+1

(~p;n1 + 1, n2, ··, nl)

+
∑

n2+··+nl=2s

√
2s+1√
n2+1

d(~p; 0, n2, n3, ··, nl; 2)Vλςµς · ·σςτςης︸ ︷︷ ︸
2s+1

(~p; 0, n2 + 1, n3, ··, nl)

+
∑

n3+··+nl=2s

√
2s+1√
n3+1

d(~p; 0, 0, n3, ··, nl; 3)Vλςµς · ·σςτςης︸ ︷︷ ︸
2s+1

(~p; 0, 0, n3 + 1, ··, nl)

+ · · ·+
∑

nl=2s

√
2s+1√
nl+1

d(~p; 0, ··, 0, nl; l)Vλςµς · ·σςτςης︸ ︷︷ ︸
2s+1

(~p; 0, ··, 0, nl + 1)

————————————————————

Lem. 2.2.4.∑
n1+··+nl=2s

√
2s+1√
n1+1

d(~p;n1, n2, ··, nl; 1)Vλςµς · ·σςτςης︸ ︷︷ ︸
2s+1

(~p;n1 + 1, n2, ··, nl)

+
∑

n2+··+nl=2s

√
2s+1√
n2+1

d(~p; 0, n2, n3, ··, nl; 2)Vλςµς · ·σςτςης︸ ︷︷ ︸
2s+1

(~p; 0, n2 + 1, n3, ··, nl)

+
∑

n3+··+nl=2s

√
2s+1√
n3+1

d(~p; 0, 0, n3, ··, nl; 3)Vλςµς · ·σςτςης︸ ︷︷ ︸
2s+1

(~p; 0, 0, n3 + 1, ··, nl)

+ · · ·+
∑

nl=2s

√
2s+1√
nl+1

d(~p; 0, ··, 0, nl; l)Vλςµς · ·σςτςης︸ ︷︷ ︸
2s+1

(~p; 0, ··, 0, nl + 1)

=
∑

n1+··+nl=2s+1
b+(~p;n1, n2, ··, nl)Vλςµς · ·σςτςης︸ ︷︷ ︸

2s+1

(~p;n1, n2, ··, nl)

b+(~p;n1, n2, ··, nl) :=
√

2s+1√
n1

d(~p;n1 − 1, n2, ··, nl; 1), n1 6= 0

b+(~p; 0, n2, ··, nl) :=
√

2s+1√
n2

d(~p; 0, n2 − 1, n3, ··, nl; 2), n2 6= 0

b+(~p; 0, 0, n3, ··, nl) :=
√

2s+1√
n3

d(~p; 0, 0, n3 − 1, ··, nl; 3), n3 6= 0

· · ·
b+(~p; 0, 0, ··, 0, nl) :=

√
2s+1√
nl

d(~p; 0, ··, 0, nl − 1; l), nl 6= 0

Proof:
∑

n1··+nl=2s

l∑
k=1

d(~p;n1, n2, ··, nl; k)vης (~p; k)Vλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p;n1, ··, nl)

=
∑

n1+··+nl=2s

√
2s+1√
n1+1

d(~p;n1, n2, ··, nl; 1)Vλςµς · ·σςτςης︸ ︷︷ ︸
2s+1

(~p;n1 + 1, n2, ··, nl)

+
∑

n2+··+nl=2s

√
2s+1√
n2+1

d(~p; 0, n2, n3, ··, nl; 2)Vλςµς · ·σςτςης︸ ︷︷ ︸
2s+1

(~p; 0, n2 + 1, n3, ··, nl)

+
∑

n3+··+nl=2s

√
2s+1√
n3+1

d(~p; 0, 0, n3, ··, nl; 3)Vλςµς · ·σςτςης︸ ︷︷ ︸
2s+1

(~p; 0, 0, n3 + 1, ··, nl)

+ · · ·+
∑

nl=2s

√
2s+1√
nl+1

d(~p; 0, ··, 0, nl; l)Vλςµς · ·σςτςης︸ ︷︷ ︸
2s+1

(~p; 0, ··, 0, nl + 1)
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=
n1 6=0∑

n1+··+nl=2s+1

√
2s+1√
n1

d(~p;n1 − 1, n2, ··, nl; 1)Vλςµς · ·σςτςης︸ ︷︷ ︸
2s+1

(~p;n1, n2, ··, nl)

+
n1=0,n2 6=0∑

n2+··+nl=2s+1

√
2s+1√
n2

d(~p; 0, n2 − 1, n3, ··, nl; 2)Vλςµς · ·σςτςης︸ ︷︷ ︸
2s+1

(~p; 0, n2, n3, ··, nl)

+
n1=0,n2=0,n3 6=0∑
n3+··+nl=2s+1

√
2s+1√
n3

d(~p; 0, 0, n3 − 1, ··, nl; 3)Vλςµς · ·σςτςης︸ ︷︷ ︸
2s+1

(~p; 0, 0, n3, ··, nl)

+ · · ·+
n1=0,··,nl−1=0,nl 6=0∑

nl=2s+1

√
2s+1√
nl

d(~p; 0, ··, 0, nl − 1; l)Vλςµς · ·σςτςης︸ ︷︷ ︸
2s+1

(~p; 0, ··, 0, nl)

=
∑

n1+··+nl=2s+1
b+(~p;n1, n2, ··, nl)Vλςµς · ·σςτςης︸ ︷︷ ︸

2s+1

(~p;n1, n2, ··, nl)

b+(~p;n1, n2, ··, nl) =
√

2s+1√
n1

d(~p;n1 − 1, n2, ··, nl; 1), n1 6= 0

b+(~p; 0, n2, ··, nl) =
√

2s+1√
n2

d(~p; 0, n2 − 1, n3, ··, nl; 2), n2 6= 0

b+(~p; 0, 0, n3, ··, nl) =
√

2s+1√
n3

d(~p; 0, 0, n3 − 1, ··, nl; 3), n3 6= 0

· · ·
b+(~p; 0, 0, ··, 0, nl) =

√
2s+1√
nl

d(~p; 0, ··, 0, nl − 1; l), nl 6= 0

2.2.2 Several corollaries

Cor. 2.2.3. Vλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p;n1, n2, ··, nl) =
√
n1√
2s
Vλςµς · ·σς︸ ︷︷ ︸

2s−1

(~p;n1 − 1, n2, ··, nl)vτς (~p; 1)

+
√
n2√
2s
Vλςµς · ·σς︸ ︷︷ ︸

2s−1

(~p;n1, n2 − 1, ··, nl)vτς (~p; 2) + · ·+
√
nl√
2s
Vλςµς · ·σς︸ ︷︷ ︸

2s−1

(~p;n1, n2, ··, nl − 1)vτς (~p; l)

Cor. 2.2.4. Vλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p; 0, n2, ··, nl) =
√
n2√
2s
Vλςµς · ·σς︸ ︷︷ ︸

2s−1

(~p; 0, n2 − 1, ··, nl)vτς (~p; 2)

+
√
n3√
2s
Vλςµς · ·σς︸ ︷︷ ︸

2s−1

(~p; 0, n2, n3 − 1, ··, nl)vτς (~p; 0, 0, 1, ··, 0) + · ·+
√
nl√
2s
Vλςµς · ·σς︸ ︷︷ ︸

2s−1

(~p; 0, n2, ··, nl − 1)vτς (~p; l)

Cor. 2.2.5. Vλςµς · ·σςτςης︸ ︷︷ ︸
2s+1

(~p;n1, n2, ··, nl) =
√
n1√

2s+1
Vλςµς · ·σςτς︸ ︷︷ ︸

2s

(~p;n1 − 1, n2, ··, nl)vης (~p; 1)

+
√
n2√

2s+1
Vλςµς · ·σςτς︸ ︷︷ ︸

2s

(~p;n1, n2 − 1, ··, nl)vης (~p; 2) + · ·+
√
nl√

2s+1
Vλςµς · ·σςτς︸ ︷︷ ︸

2s

(~p;n1, n2, ··, nl − 1)vης (~p; l)

2.2.3 An important theorem

Thm. 2.2.1.∑
n1+··+nl=2s

b+ης (~p;n1, ··, nl)Vλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p;n1, ··, nl) =
∑

n1+··+nl=2s
b+τς (~p;n1, ··, nl)Vλςµς · ·σςης︸ ︷︷ ︸

2s

(~p;n1, ··, nl)

⇔
b+ης (~p;n1, n2, ··, nl) =

l∑
k=1

d(~p;n1, n2, ··, nl; k)vης (~p; k)

=2s∑
n1··+nl

b+ης (~p;n1, n2, ··, nl)Vλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p;n1, ··, nl) =
=2s+1∑
n1+··+nl

b+(~p;n1, n2, ··, nl)Vλςµς · ·σςτςης︸ ︷︷ ︸
2s+1

(~p;n1, n2, ··, nl)

b+(~p;n1, n2, ··, nl) =
√

2s+1√
n1

d(~p;n1 − 1, n2, ··, nl; 1), n1 6= 0

b+(~p; 0, n2, ··, nl) =
√

2s+1√
n2

d(~p; 0, n2 − 1, n3, ··, nl; 2), n2 6= 0

b+(~p; 0, 0, n3, ··, nl) =
√

2s+1√
n3

d(~p; 0, 0, n3 − 1, ··, nl; 3), n3 6= 0

· · ·
b+(~p; 0, 0, ··, 0, nl) =

√
2s+1√
nl

d(~p; 0, ··, 0, nl − 1; l), nl 6= 0

Proof:∑
n1+··+nl=2s

b+ης (~p;n1, ··, nl)Vλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p;n1, ··, nl) =
∑

n1+··+nl=2s
b+τς (~p;n1, ··, nl)Vλςµς · ·σςης︸ ︷︷ ︸

2s

(~p;n1, ··, nl)

⇔{√
n1+1√

2s
b+[ης (~p;n1 + 1, n2, ··, nl)vτς ](~p; 1) +

√
n2+1√

2s
b+[ης (~p;n1, n2 + 1, ··, nl)vτς ](~p; 2)

+ · ·+
√
nl+1√

2s
b+[ης (~p;n1, n2, ··, nl + 1)vτς ](~p; l) = 0

⇔
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b+ης (~p;n1, n2, ··, nl) =
l∑

k=1

d(~p;n1, n2, ··, nl; k)vης (~p; k){
b+ης (~p;n1, n2, ··, nl) =

√
n1√
n1
d(~p;n1, n2, ··, nl; 1)vης (~p; 1) +

√
n2+1√
n1

d(~p;n1 − 1, n2 + 1, ··, nl; 1)vης (~p; 2)

+ · · ·+
√
nl+1√
n1

d(~p;n1 − 1, n2, ··, nl + 1; 1)vης (~p; l), n1 ≥ 1
b+ης (~p; 0, n2, ··, nl) = d(~p; 0, n2, ··, nl; 1)vης (~p; 1)

+
√
n2√
n2
d(~p; 0, n2, ··, nl; 2)vης (~p; 2) +

√
n3+1√
n2

d(~p; 0, n2 − 1, n3 + 1, ··, nl; 2)vης (~p; 3) + · · ·
+
√
nl+1√
n2

d(~p; 0, n2 − 1, n3, ··, nl + 1; 2)vης (~p; l), n2 ≥ 1
b+ης (~p; 0, 0, n3, ··, nl) = d(~p; 0, 0, n3, ··, nl; 1)vης (~p; 1) + d(~p; 0, 0, n3, ··, nl; 2)vης (~p; 2)

+
√
n3√
n3
d(~p; 0, 0, n3, n4, ··, nl; 3)vης (~p; 3) +

√
n4+1√
n3

d(~p; 0, 0, n3 − 1, n4 + 1, ··, nl; 3)vης (~p; 4) + · · ·
+
√
nl+1√
n3

d(~p; 0, 0, n3 − 1, ··, nl + 1; 3)vης (~p; l), n3 ≥ 1
· · · · · · · · ·{
b+ης (~p; 0, ··, 0, nl) = d(~p; 0, ··, 0, nl; 1)vης (~p; 1) + d(~p; 0, ··, 0, nl; 2)vης (~p; 2)

+ · · ·+ d(~p; 0, ··, 0, nl; l − 1)vης (~p; l − 1) +
√
nl√
nl
d(~p; 0, ··, 0, nl; l)vης (~p; l), nl = 2s ≥ 1

⇔
b+ης (~p;n1, n2, ··, nl) =

l∑
k=1

d(~p;n1, n2, ··, nl; k)vης (~p; k)

=2s∑
n1··+nl

b+ης (~p;n1, n2, ··, nl)Vλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p;n1, ··, nl) =
=2s+1∑
n1+··+nl

b+(~p;n1, n2, ··, nl)Vλςµς · ·σςτςης︸ ︷︷ ︸
2s+1

(~p;n1, n2, ··, nl)

b+(~p;n1, n2, ··, nl) =
√

2s+1√
n1

d(~p;n1 − 1, n2, ··, nl; 1), n1 6= 0

b+(~p; 0, n2, ··, nl) =
√

2s+1√
n2

d(~p; 0, n2 − 1, n3, ··, nl; 2), n2 6= 0

b+(~p; 0, 0, n3, ··, nl) =
√

2s+1√
n3

d(~p; 0, 0, n3 − 1, ··, nl; 3), n3 6= 0

· · ·
b+(~p; 0, 0, ··, 0, nl) =

√
2s+1√
nl

d(~p; 0, ··, 0, nl − 1; l), nl 6= 0

2.3 Use mathematical induction to solve plane wave solutions of B-W equation in N+1-D

Thm. 2.3.1.

(γa∂a +m)κς
λςψλςµς · ·σςτς︸ ︷︷ ︸

2s

(x) = 0, ψλςµς · ·σςτς︸ ︷︷ ︸
2s

(x) = 1
(2s)!ψ{λςµς · ·σςτς}︸ ︷︷ ︸

2s

(x)

⇔
ψλςµς · ·σςτς︸ ︷︷ ︸

2s

(x) = 1
(2π)3/2

+∞∫
~p=−∞

=2s∑
n1+··+nl

ms√
E

[a(~p;n1, ··, nl)Uλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p;n1, ··, nl)eip·x + b+(~p;n1, ··, nl)Vλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p;n1, ··, nl)e−ip·x]d3~p

Proof: Use mathematical induction to prove this theorem.
Step 1: When s′ = 1/2, the following is established.
(γa∂a +m)κς

λςψλς (x) = 0, ψλς (x) = ψλς (x)
⇔
ψλς (x) = 1

(2π)3/2

+∞∫
~p=−∞

=1∑
n1+··+nl

m1/2
√
E

[a(~p;n1, ··, nl)Uλς (~p;n1, ··, nl)eip·x + b+(~p, h)Vλς (~p;n1, ··, nl)e−ip·x]d3~p

Step 1: Assume when s′ = s, the following is established.

(γa∂a +m)κς
λςψλςµς · ·σςτς︸ ︷︷ ︸

2s

(x) = 0, ψλςµς · ·σςτς︸ ︷︷ ︸
2s

(x) = 1
(2s)!ψ{λςµς · ·σςτς}︸ ︷︷ ︸

2s

(x)

⇔
ψλςµς · ·σςτς︸ ︷︷ ︸

2s

(x) = 1
(2π)3/2

+∞∫
~p=−∞

=2s∑
n1+··+nl

ms√
E

[a(~p;n1, ··, nl)Uλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p;n1, ··, nl)eip·x + b+(~p;n1, ··, nl)Vλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p;n1, ··, nl)e−ip·x]d3~p

Step 3: When s′ = s+ 1/2,
(γa∂a +m)κς

λςψλςµς · ·σςτςης︸ ︷︷ ︸
2s+1

(x) = 0, ψλςµς · ·σςτςης︸ ︷︷ ︸
2s+1

(x) = 1
(2s+1)!ψ{λςµς · ·σςτςης}︸ ︷︷ ︸

2s+1

(x)

⇔
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ψλςµς · ·σςτςης︸ ︷︷ ︸
2s+1

(x) = 1
(2π)3/2

+∞∫
~p=−∞

=2s∑
n1+··+nl

ms√
E

[aης (~p;n1, ··, nl)Uλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p;n1, ··, nl)eip·x + b+ης (~p;n1, ··, nl)Vλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p;n1, ··, nl)e−ip·x]d3~p

ψλςµς · ·σςτςης︸ ︷︷ ︸
2s+1

(x) = ψλςµς · ·σςηςτς︸ ︷︷ ︸
2s+1

(x)

⇔

ψλςµς · ·σςτςης︸ ︷︷ ︸
2s+1

(x) = 1
(2π)3/2

+∞∫
~p=−∞

=2s∑
n1+··+nl

ms√
E

[aης (~p;n1, ··, nl)Uλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p;n1, ··, nl)eip·x + b+ης (~p;n1, ··, nl)Vλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p;n1, ··, nl)e−ip·x]d3~p

+∞∫
~p=−∞

=2s∑
n1+··+nl

ms√
E

[aης (~p;n1, ··, nl)Uλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p;n1, ··, nl)eip·x + b+ης (~p;n1, ··, nl)Vλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p;n1, ··, nl)e−ip·x]d3~p

=
+∞∫

~p=−∞

=2s∑
n1+··+nl

ms√
E

[aτς (~p;n1, ··, nl)Uλςµς · ·σςης︸ ︷︷ ︸
2s

(~p;n1, ··, nl)eip·x + b+τς (~p;n1, ··, nl)Vλςµς · ·σςης︸ ︷︷ ︸
2s

(~p;n1, ··, nl)e−ip·x]d3~p

⇔

ψλςµς · ·σςτςης︸ ︷︷ ︸
2s+1

(x) = 1
(2π)3/2

+∞∫
~p=−∞

=2s∑
n1+··+nl

ms√
E

[aης (~p;n1, ··, nl)Uλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p;n1, ··, nl)eip·x + b+ης (~p;n1, ··, nl)Vλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p;n1, ··, nl)e−ip·x]d3~p

=2s∑
n1+··+nl

aης (~p;n1, ··, nl)Uλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p;n1, ··, nl) =
=2s∑

n1+··+nl
aτς (~p;n1, ··, nl)Uλςµς · ·σςης︸ ︷︷ ︸

2s

(~p;n1, ··, nl)

=2s∑
n1+··+nl

b+ης (~p;n1, ··, nl)Vλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p;n1, ··, nl) =
=2s∑

n1+··+nl
b+τς (~p;n1, ··, nl)Vλςµς · ·σςης︸ ︷︷ ︸

2s

(~p;n1, ··, nl)

⇔
ψλςµς · ·σςτςης︸ ︷︷ ︸

2s+1

(x) = 1
(2π)3/2

+∞∫
~p=−∞

−s∑
h=s

ms+1/2
√
E

[a(~p;n1, n2, ··, nl)Uλςµς · ·σςτςης︸ ︷︷ ︸
2s+1

(~p;n1, n2, ··, nl)eip·x + b+(~p;n1, n2, ··, nl)Vλςµς · ·σςτςης︸ ︷︷ ︸
2s+1

(~p;n1, n2, ··, nl)e−ip·x]d3~p

This step proves that when s′ = s, the proposition is established.
Step 4: Based on the above inductive reasoning, the theorem has been proved.

3 An intuitive solution for plane wave solution of K-G equation

3.1 Mathematical basis of intuitive solution

Lem. 3.1.1.

−n∑
h=n

[ad(~p, h)εab · ·︸ ︷︷ ︸
n

(~p, h)] =
−n∑
h=n

[ad(~p, h)εab · ·︸ ︷︷ ︸
n

(~p, h)]

(pcpc +m2)εab · ·︸ ︷︷ ︸
n

(~p, h) = 0, δabεab · ·︸ ︷︷ ︸
n

(~p, h) = 0, paεab · ·︸ ︷︷ ︸
n

(~p, h) = 0, εab · ·︸ ︷︷ ︸
n

(~p, h) = 1
n!ε{ab · ·}︸ ︷︷ ︸

n

(~p, h)

ad(~p, h)εab · ·︸ ︷︷ ︸
n

(~p, h) = aa(~p, h)εdb · ·︸ ︷︷ ︸
n

(~p, h), ad(~p, h) := a(~p, h; 1)εd(~p, 1) + a(~p, h; 0)εd(~p, 0) + a(~p, h;−1)εd(~p,−1)

Lem. 3.1.2.
εa · ·bc︸ ︷︷ ︸

n

(~p, h) =

√
C2
n+h√
C2

2n

εa · ·b︸ ︷︷ ︸
n−1

(~p, h− 1)εc(~p, 1) +

√
C1
n+hC

1
n−h√

C2
2n

εa · ·b︸ ︷︷ ︸
n−1

(~p, h)εc(~p, 0) +

√
C2
n−h√
C2

2n

εa · ·b︸ ︷︷ ︸
n−1

(~p, h+ 1)εc(~p,−1)

−n∑
h=n

[ad(~p, h)εab · ·︸ ︷︷ ︸
n

(~p, h)] =
−n∑
h=n

[aa(~p, h)εdb · ·︸ ︷︷ ︸
n

(~p, h)],−n ≤ h ≤ n

⇔

εa · ·bc︸ ︷︷ ︸
n

(~p, h) =

√
C2
n+h√
C2

2n

εa · ·b︸ ︷︷ ︸
n−1

(~p, h− 1)εc(~p, 1) +

√
C1
n+hC

1
n−h√

C2
2n

εa · ·b︸ ︷︷ ︸
n−1

(~p, h)εc(~p, 0) +

√
C2
n−h√
C2

2n

εa · ·b︸ ︷︷ ︸
n−1

(~p, h+ 1)εc(~p,−1)

a(~p, h; 1) =

√
C2
n+h+1√

C1
n+hC

1
n−h

a(~p, h+ 1; 0), a(~p, h;−1) =

√
C2
n−h+1√

C1
n+hC

1
n−h

a(~p, h− 1; 0)

a(~p, n;−1) = 1√
C2

2n

a(~p, n− 2; 1), a(~p,−n; 1) = 1√
C2

2n

a(~p,−n+ 2;−1)

−n+ 1 ≤ h ≤ n− 1
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Proof:
−n∑
h=n

[ad(~p, h)εab · ·︸ ︷︷ ︸
n

(~p, h)] =
−n∑
h=n

[aa(~p, h)εdb · ·︸ ︷︷ ︸
n

(~p, h)]

ad(~p, h) := a(~p, h; 1)εd(~p, 1) + a(~p, h; 0)εd(~p, 0) + a(~p, h;−1)εd(~p,−1)

⇔
−n∑
h=n

[a(~p, h; 1)εd(~p, 1) + a(~p, h; 0)εd(~p, 0) + a(~p, h;−1)εd(~p,−1)]εab · ·︸ ︷︷ ︸
n

(~p, h)

=
−n∑
h=n

[a(~p, h; 1)εa(~p, 1) + a(~p, h; 0)εa(~p, 0) + a(~p, h;−1)εa(~p,−1)]εdb · ·︸ ︷︷ ︸
n

(~p, h)

⇔
−n∑
h=n

[a(~p, h; 1)εd(~p, 1) + a(~p, h; 0)εd(~p, 0) + a(~p, h;−1)εd(~p,−1)]

[

√
C2
n+h√
C2

2n

εb · ·︸︷︷︸
n−1

(~p, h− 1)εa(~p, 1) +

√
C1
n+hC

1
n−h√

C2
2n

εb · ·︸︷︷︸
n−1

(~p, h)εa(~p, 0) +

√
C2
n−h√
C2

2n

εb · ·︸︷︷︸
n−1

(~p, h+ 1)εa(~p,−1)]

=
−n∑
h=n

[a(~p, h; 1)εa(~p, 1) + a(~p, h; 0)εa(~p, 0) + a(~p, h;−1)εa(~p,−1)]

[

√
C2
n+h√
C2

2n

εb · ·︸︷︷︸
n−1

(~p, h− 1)εd(~p, 1) +

√
C1
n+hC

1
n−h√

C2
2n

εb · ·︸︷︷︸
n−1

(~p, h)εd(~p, 0) +

√
C2
n−h√
C2

2n

εb · ·︸︷︷︸
n−1

(~p, h+ 1)εd(~p,−1)]

⇔

−n∑
h=n

√
C2
n+h√
C2

2n

εb · ·︸︷︷︸
n−1

(~p, h− 1)a(~p, h; 1) =
−n∑
h=n

a(~p, h; 1)

√
C2
n+h√
C2

2n

εb · ·︸︷︷︸
n−1

(~p, h− 1)

−n∑
h=n

√
C2
n+h√
C2

2n

εb · ·︸︷︷︸
n−1

(~p, h− 1)a(~p, h; 0) =
−n∑
h=n

a(~p, h; 1)

√
C1
n+hC

1
n−h√

C2
2n

εb · ·︸︷︷︸
n−1

(~p, h)

−n∑
h=n

√
C2
n+h√
C2

2n

εb · ·︸︷︷︸
n−1

(~p, h− 1)a(~p, h;−1) =
−n∑
h=n

a(~p, h; 1)

√
C2
n−h√
C2

2n

εb · ·︸︷︷︸
n−1

(~p, h+ 1)

−n∑
h=n

√
C1
n+hC

1
n−h√

C2
2n

εb · ·︸︷︷︸
n−1

(~p, h)a(~p, h; 1) =
−n∑
h=n

a(~p, h; 0)

√
C2
n+h√
C2

2n

εb · ·︸︷︷︸
n−1

(~p, h− 1)

−n∑
h=n

√
C1
n+hC

1
n−h√

C2
2n

εb · ·︸︷︷︸
n−1

(~p, h)a(~p, h; 0) =
−n∑
h=n

a(~p, h; 0)

√
C1
n+hC

1
n−h√

C2
2n

εb · ·︸︷︷︸
n−1

(~p, h)

−n∑
h=n

√
C1
n+hC

1
n−h√

C2
2n

εb · ·︸︷︷︸
n−1

(~p, h)a(~p, h;−1) =
−n∑
h=n

a(~p, h; 0)

√
C2
n−h√
C2

2n

εb · ·︸︷︷︸
n−1

(~p, h+ 1)

−n∑
h=n

√
C2
n−h√
C2

2n

εb · ·︸︷︷︸
n−1

(~p, h+ 1)a(~p, h; 1) =
−n∑
h=n

a(~p, h;−1)

√
C2
n+h√
C2

2n

εb · ·︸︷︷︸
n−1

(~p, h− 1)

−n∑
h=n

√
C2
n−h√
C2

2n

εb · ·︸︷︷︸
n−1

(~p, h+ 1)a(~p, h; 0) =
−n∑
h=n

a(~p, h;−1)

√
C1
n+hC

1
n−h√

C2
2n

εb · ·︸︷︷︸
n−1

(~p, h)

−n∑
h=n

√
C2
n−h√
C2

2n

εb · ·︸︷︷︸
n−1

(~p, h+ 1)a(~p, h;−1) =
−n∑
h=n

a(~p, h;−1)

√
C2
n−h√
C2

2n

εb · ·︸︷︷︸
n−1

(~p, h+ 1)

⇔

−n∑
h=n

√
C2
n+h√
C2

2n

εb · ·︸︷︷︸
n−1

(~p, h− 1)a(~p, h; 0) =
−n∑
h=n

a(~p, h; 1)

√
C1
n+hC

1
n−h√

C2
2n

εb · ·︸︷︷︸
n−1

(~p, h)

−n∑
h=n

√
C2
n+h√
C2

2n

εb · ·︸︷︷︸
n−1

(~p, h− 1)a(~p, h;−1) =
−n∑
h=n

a(~p, h; 1)

√
C2
n−h√
C2

2n

εb · ·︸︷︷︸
n−1

(~p, h+ 1)

−n∑
h=n

√
C2
n−h√
C2

2n

εb · ·︸︷︷︸
n−1

(~p, h+ 1)a(~p, h; 0) =
−n∑
h=n

a(~p, h;−1)

√
C1
n+hC

1
n−h√

C2
2n

εb · ·︸︷︷︸
n−1

(~p, h)

⇔

−n−1∑
h=n−1

√
C2
n+h+1√
C2

2n

εb · ·︸︷︷︸
n−1

(~p, h)a(~p, h+ 1; 0) =
−n∑
h=n

a(~p, h; 1)

√
C1
n+hC

1
n−h√

C2
2n

εb · ·︸︷︷︸
n−1

(~p, h)

−n−1∑
h=n−1

√
C2
n+h+1√
C2

2n

εb · ·︸︷︷︸
n−1

(~p, h)a(~p, h+ 1;−1) =
−n+1∑
h=n+1

a(~p, h− 1; 1)

√
C2
n−h+1√
C2

2n

εb · ·︸︷︷︸
n−1

(~p, h)

−n+1∑
h=n+1

√
C2
n−h+1√
C2

2n

εb · ·︸︷︷︸
n−1

(~p, h)a(~p, h− 1; 0) =
−n∑
h=n

a(~p, h;−1)

√
C1
n+hC

1
n−h√

C2
2n

εb · ·︸︷︷︸
n−1

(~p, h)

⇔
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−n+1∑
h=n−1

√
C2
n+h+1√
C2

2n

εb · ·︸︷︷︸
n−1

(~p, h)a(~p, h+ 1; 0) =
−n+1∑
h=n−1

a(~p, h; 1)

√
C1
n+hC

1
n−h√

C2
2n

εb · ·︸︷︷︸
n−1

(~p, h)

−n+1∑
h=n−1

√
C2
n+h+1√
C2

2n

εb · ·︸︷︷︸
n−1

(~p, h)a(~p, h+ 1;−1) =
−n+1∑
h=n−1

a(~p, h− 1; 1)

√
C2
n−h+1√
C2

2n

εb · ·︸︷︷︸
n−1

(~p, h)

−n+1∑
h=n−1

√
C2
n−h+1√
C2

2n

εb · ·︸︷︷︸
n−1

(~p, h)a(~p, h− 1; 0) =
−n+1∑
h=n−1

a(~p, h;−1)

√
C1
n+hC

1
n−h√

C2
2n

εb · ·︸︷︷︸
n−1

(~p, h)

⇔

√
C2
n+h+1√
C2

2n

a(~p, h+ 1; 0) =

√
C1
n+hC

1
n−h√

C2
2n

a(~p, h; 1)
√
C2
n+h+1√
C2

2n

a(~p, h+ 1;−1) =

√
C2
n−h+1√
C2

2n

a(~p, h− 1; 1)
√
C2
n−h+1√
C2

2n

a(~p, h− 1; 0) =

√
C1
n+hC

1
n−h√

C2
2n

a(~p, h;−1)

−n+ 1 ≤ h ≤ n− 1
⇔
a(~p, h; 1) =

√
C2
n+h+1√

C1
n+hC

1
n−h

a(~p, h+ 1; 0), a(~p, h;−1) =

√
C2
n−h+1√

C1
n+hC

1
n−h

a(~p, h− 1; 0)

a(~p, n;−1) = 1√
C2

2n

a(~p, n− 2; 1), a(~p,−n; 1) = 1√
C2

2n

a(~p,−n+ 2;−1)

−n+ 1 ≤ h ≤ n− 1

Cor. 3.1.1.
εa · ·bc︸ ︷︷ ︸

n

(~p, h) =

√
C2
n+h√
C2

2n

εa · ·b︸ ︷︷ ︸
n−1

(~p, h− 1)εc(~p, 1) +

√
C1
n+hC

1
n−h√

C2
2n

εa · ·b︸ ︷︷ ︸
n−1

(~p, h)εc(~p, 0) +

√
C2
n−h√
C2

2n

εa · ·b︸ ︷︷ ︸
n−1

(~p, h+ 1)εc(~p,−1)

−n∑
h=n

[ad(~p, h)εab · ·︸ ︷︷ ︸
n

(~p, h)] =
−n∑
h=n

[aa(~p, h)εdb · ·︸ ︷︷ ︸
n

(~p, h)],−n ≤ h ≤ n

⇔

εa · ·bc︸ ︷︷ ︸
n

(~p, h) =

√
C2
n+h√
C2

2n

εa · ·b︸ ︷︷ ︸
n−1

(~p, h− 1)εc(~p, 1) +

√
C1
n+hC

1
n−h√

C2
2n

εa · ·b︸ ︷︷ ︸
n−1

(~p, h)εc(~p, 0) +

√
C2
n−h√
C2

2n

εa · ·b︸ ︷︷ ︸
n−1

(~p, h+ 1)εc(~p,−1)

a(~p, h; 1) =

√
C2
n+h+1√

C1
n+hC

1
n−h

a(~p, h+ 1; 0), a(~p, h;−1) =

√
C2
n−h+1√

C1
n+hC

1
n−h

a(~p, h− 1; 0)

a(~p, n;−1) = 1√
C2

2n

a(~p, n− 2; 1) = 1√
4n
a(~p, n− 1; 0), a(~p,−n; 1) = 1√

C2
2n

a(~p,−n+ 2;−1) = 1√
4n
a(~p,−n+ 1; 0)

−n+ 1 ≤ h ≤ n− 1

⇒
−n∑
h=n

[ad(~p, h)εab · ·︸ ︷︷ ︸
n

(~p, h)]

=
−n+1∑
h=n−1

[ad(~p, h)εab · ·︸ ︷︷ ︸
n

(~p, h)] + [ad(~p, n)εab · ·︸ ︷︷ ︸
n

(~p, n)] + [ad(~p,−n)εab · ·︸ ︷︷ ︸
n

(~p,−n)]

=
−n+1∑
h=n−1

[a(~p, h; 1)εd(~p, 1) + a(~p, h; 0)εd(~p, 0) + a(~p, h;−1)εd(~p,−1)]εab · ·︸ ︷︷ ︸
n

(~p, h)

+ [a(~p, n; 1)εd(~p, 1) + a(~p, n; 0)εd(~p, 0) + a(~p, n;−1)εd(~p,−1)]εab · ·︸ ︷︷ ︸
n

(~p, n)

+ [a(~p,−n; 1)εd(~p, 1) + a(~p,−n; 0)εd(~p, 0) + a(~p,−n;−1)εd(~p,−1)]εab · ·︸ ︷︷ ︸
n

(~p,−n)

=
−n+1∑
h=n−1

[

√
C2
n+h+1√

C1
n+hC

1
n−h

a(~p, h+ 1; 0)εd(~p, 1) + a(~p, h; 0)εd(~p, 0) +

√
C2
n−h+1√

C1
n+hC

1
n−h

a(~p, h− 1; 0)εd(~p,−1)]εab · ·︸ ︷︷ ︸
n

(~p, h)

+ [a(~p, n; 1)εd(~p, 1) + a(~p, n; 0)εd(~p, 0) + a(~p, n;−1)εd(~p,−1)]εab · ·︸ ︷︷ ︸
n

(~p, n)

+ [a(~p,−n; 1)εd(~p, 1) + a(~p,−n; 0)εd(~p, 0) + a(~p,−n;−1)εd(~p,−1)]εab · ·︸ ︷︷ ︸
n

(~p,−n)

= [
−n+2∑
h=n

√
C2
n+h√

C1
n+h−1C

1
n−h+1

a(~p, h; 0)εd(~p, 1)εab · ·︸ ︷︷ ︸
n

(~p, h− 1) +
−n+1∑
h=n−1

a(~p, h; 0)εd(~p, 0)εab · ·︸ ︷︷ ︸
n

(~p, h)

+
−n∑

h=n−2

√
C2
n−h√

C1
n+h+1C

1
n−h−1

a(~p, h; 0)εd(~p,−1)εab · ·︸ ︷︷ ︸
n

(~p, h+ 1)]

+ [a(~p, n; 1)εd(~p, 1) + a(~p, n; 0)εd(~p, 0) + 1√
4n
a(~p, n− 1; 0)εd(~p,−1)]εab · ·︸ ︷︷ ︸

n

(~p, n)

+ [ 1√
4n
a(~p,−n+ 1; 0)εd(~p, 1) + a(~p,−n; 0)εd(~p, 0) + a(~p,−n;−1)εd(~p,−1)]εab · ·︸ ︷︷ ︸

n

(~p,−n)

= [
−n+2∑
h=n

√
C2
n+1+h√

C1
n+1+hC

1
n+1−h

a(~p, h; 0)εd(~p, 1)εab · ·︸ ︷︷ ︸
n

(~p, h− 1) +
−n+1∑
h=n−1

a(~p, h; 0)εd(~p, 0)εab · ·︸ ︷︷ ︸
n

(~p, h)
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+
−n∑

h=n−2

√
C2
n+1−h√

C1
n+1+hC

1
n+1−h

a(~p, h; 0)εd(~p,−1)εab · ·︸ ︷︷ ︸
n

(~p, h+ 1)]

+ [a(~p, n; 1)εd(~p, 1) + a(~p, n; 0)εd(~p, 0) + 1√
4n
a(~p, n− 1; 0)εd(~p,−1)]εab · ·︸ ︷︷ ︸

n

(~p, n)

+ [ 1√
4n
a(~p,−n+ 1; 0)εd(~p, 1) + a(~p,−n; 0)εd(~p, 0) + a(~p,−n;−1)εd(~p,−1)]εab · ·︸ ︷︷ ︸

n

(~p,−n)

=
−n+2∑
h=n−2

√
C2

2n+2√
C1
n+1+hC

1
n+1−h

a(~p, h; 0)

[

√
C2
n+1+h√
C2

2n+2

εd(~p, 1)εab · ·︸ ︷︷ ︸
n

(~p, h− 1) +

√
C1
n+1+hC

1
n+1−h√

C2
2n+2

εd(~p, 0)εab · ·︸ ︷︷ ︸
n

(~p, h) +

√
C2
n+1−h√
C2

2n+2

εd(~p,−1)εab · ·︸ ︷︷ ︸
n

(~p, h+ 1)]

+
√
na(~p, n; 0)εd(~p, 1)εab · ·︸ ︷︷ ︸

n

(~p, n− 1) +
√

2n−1
2 a(~p, n− 1; 0)εd(~p, 1)εab · ·︸ ︷︷ ︸

n

(~p, n− 2)

+ a(~p, n− 1; 0)εd(~p, 0)εab · ·︸ ︷︷ ︸
n

(~p, n− 1) + a(~p,−n+ 1; 0)εd(~p, 0)εab · ·︸ ︷︷ ︸
n

(~p,−n+ 1)

+
√
na(~p,−n; 0)εd(~p,−1)εab · ·︸ ︷︷ ︸

n

(~p,−n+ 1) +
√

2n−1
2 a(~p,−n+ 1; 0)εd(~p,−1)εab · ·︸ ︷︷ ︸

n

(~p,−n+ 2)

+ [a(~p, n; 1)εd(~p, 1) + a(~p, n; 0)εd(~p, 0) + 1√
4n
a(~p, n− 1; 0)εd(~p,−1)]εab · ·︸ ︷︷ ︸

n

(~p, n)

+ [ 1√
4n
a(~p,−n+ 1; 0)εd(~p, 1) + a(~p,−n; 0)εd(~p, 0) + a(~p,−n;−1)εd(~p,−1)]εab · ·︸ ︷︷ ︸

n

(~p,−n)

=
−n+2∑
h=n−2

√
C2

2n+2√
C1
n+1+hC

1
n+1−h

a(~p, h; 0)

[

√
C2
n+1+h√
C2

2n+2

εd(~p, 1)εab · ·︸ ︷︷ ︸
n

(~p, h− 1) +

√
C1
n+1+hC

1
n+1−h√

C2
2n+2

εd(~p, 0)εab · ·︸ ︷︷ ︸
n

(~p, h) +

√
C2
n+1−h√
C2

2n+2

εd(~p,−1)εab · ·︸ ︷︷ ︸
n

(~p, h+ 1)]

+ a(~p, n− 1; 0)[
√

2n−1
2 εd(~p, 1)εab · ·︸ ︷︷ ︸

n

(~p, n− 2) + εd(~p, 0)εab · ·︸ ︷︷ ︸
n

(~p, n− 1) + 1√
4n
εd(~p,−1)εab · ·︸ ︷︷ ︸

n

(~p, n)]

+ a(~p,−n+ 1; 0)[ 1√
4n
εd(~p, 1)εab · ·︸ ︷︷ ︸

n

(~p, n)+)εd(~p, 0)εab · ·︸ ︷︷ ︸
n

(~p,−n+ 1) +
√

2n−1
2 εd(~p,−1)εab · ·︸ ︷︷ ︸

n

(~p,−n+ 2)]

+ a(~p, n; 0)[
√
nεd(~p, 1)εab · ·︸ ︷︷ ︸

n

(~p, n− 1) + εd(~p, 0)εab · ·︸ ︷︷ ︸
n

(~p, n)]

+ a(~p,−n; 0)[εd(~p, 0)εab · ·︸ ︷︷ ︸
n

(~p,−n) +
√
nεd(~p,−1)εab · ·︸ ︷︷ ︸

n

(~p,−n+ 1)]

+ a(~p, n; 1)εd(~p, 1)εab · ·︸ ︷︷ ︸
n

(~p, n) + a(~p,−n;−1)εd(~p,−1)εab · ·︸ ︷︷ ︸
n

(~p,−n)

=
−n+1∑
h=n−1

√
C2

2n+2√
C1
n+1+hC

1
n+1−h

a(~p, h; 0)

[

√
C2
n+1+h√
C2

2n+2

εd(~p, 1)εab · ·︸ ︷︷ ︸
n

(~p, h− 1) +

√
C1
n+1+hC

1
n+1−h√

C2
2n+2

εd(~p, 0)εab · ·︸ ︷︷ ︸
n

(~p, h) +

√
C2
n+1−h√
C2

2n+2

εd(~p,−1)εab · ·︸ ︷︷ ︸
n

(~p, h+ 1)]

+ a(~p, n; 0)[
√
nεd(~p, 1)εab · ·︸ ︷︷ ︸

n

(~p, n− 1) + εd(~p, 0)εab · ·︸ ︷︷ ︸
n

(~p, n)]

+ a(~p,−n; 0)[εd(~p, 0)εab · ·︸ ︷︷ ︸
n

(~p,−n) +
√
nεd(~p,−1)εab · ·︸ ︷︷ ︸

n

(~p,−n+ 1)]

+ a(~p, n; 1)εd(~p, 1)εab · ·︸ ︷︷ ︸
n

(~p, n) + a(~p,−n;−1)εd(~p,−1)εab · ·︸ ︷︷ ︸
n

(~p,−n)

=
−n∑
h=n

√
C2

2n+2√
C1
n+1+hC

1
n+1−h

a(~p, h; 0)

[

√
C2
n+1+h√
C2

2n+2

εd(~p, 1)εab · ·︸ ︷︷ ︸
n

(~p, h− 1) +

√
C1
n+1+hC

1
n+1−h√

C2
2n+2

εd(~p, 0)εab · ·︸ ︷︷ ︸
n

(~p, h) +

√
C2
n+1−h√
C2

2n+2

εd(~p,−1)εab · ·︸ ︷︷ ︸
n

(~p, h+ 1)]

+ a(~p, n; 1)εd(~p, 1)εab · ·︸ ︷︷ ︸
n

(~p, n) + a(~p,−n;−1)εd(~p,−1)εab · ·︸ ︷︷ ︸
n

(~p,−n)

=
−n−1∑
h=n+1

a(~p, h)

[

√
C2
n+1+h√
C2

2n+2

εd(~p, 1)εab · ·︸ ︷︷ ︸
n

(~p, h− 1) +

√
C1
n+1+hC

1
n+1−h√

C2
2n+2

εd(~p, 0)εab · ·︸ ︷︷ ︸
n

(~p, h) +

√
C2
n+1−h√
C2

2n+2

εd(~p,−1)εab · ·︸ ︷︷ ︸
n

(~p, h+ 1)]

a(~p, h) :=

√
C2

2n+2√
C1
n+1+hC

1
n+1−h

a(~p, h; 0),−n ≤ h ≤ n; a(~p, n+ 1) := a(~p, n; 1), a(~p,−n− 1) := a(~p,−n;−1)

=
−n−1∑
h=n+1

a(~p, h)εab · ·d︸ ︷︷ ︸
n+1

(~p, h)
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a(~p, h) :=

√
C2

2n+2√
C1
n+1+hC

1
n+1−h

a(~p, h; 0),−n ≤ h ≤ n; a(~p, n+ 1) := a(~p, n; 1), a(~p,−n− 1) := a(~p,−n;−1)

εab · ·d︸ ︷︷ ︸
n+1

(~p, h) :=

√
C2
n+1+h√
C2

2n+2

εd(~p, 1)εab · ·︸ ︷︷ ︸
n

(~p, h− 1) +

√
C1
n+1+hC

1
n+1−h√

C2
2n+2

εd(~p, 0)εab · ·︸ ︷︷ ︸
n

(~p, h)

+

√
C2
n+1−h√
C2

2n+2

εd(~p,−1)εab · ·︸ ︷︷ ︸
n

(~p, h+ 1),−n− 1 ≤ h ≤ n+ 1

3.2 An intuitive solution to plane wave solution of K-G equation?

Thm. 3.2.1.

(−∂c∂c +m2)Aab · ·︸ ︷︷ ︸
n

(x) = 0, δabAab · ·︸ ︷︷ ︸
n

(x) = 0, ∂aAab · ·︸ ︷︷ ︸
n

(x) = 0, Aab · ·︸ ︷︷ ︸
n

(x) fully symmetric⇔

Aab · ·︸ ︷︷ ︸
n

(~r, t) = 1
(2π)3/2

+∞∫
~p=−∞

−n∑
h=n

1√
2nE

[a(~p, h)εab · ·︸ ︷︷ ︸
n

(~p, h)eip·x + b+(~p, h)ε̃ab · ·︸ ︷︷ ︸
n

(~p, h)e−ip·x]d3~p

(pcpc +m2)εab · ·︸ ︷︷ ︸
n

(~p, h) = 0, δabεab · ·︸ ︷︷ ︸
n

(~p, h) = 0, paεab · ·︸ ︷︷ ︸
n

(~p, h) = 0, εab · ·︸ ︷︷ ︸
n

(~p, h) fully symmetric

(pcpc +m2)ε̃ab · ·︸ ︷︷ ︸
n

(~p, h) = 0, δabε̃ab · ·︸ ︷︷ ︸
n

(~p, h) = 0, paε̃ab · ·︸ ︷︷ ︸
n

(~p, h) = 0, ε̃ab · ·︸ ︷︷ ︸
n

(~p, h) fully symmetric

Proof: Use mathematical induction to prove this theorem.
Step 1: When n′ = 1, the following is established.
(−∂c∂c +m2)Aa(x) = 0, ∂aAab · ·︸ ︷︷ ︸

n

(x) = 0⇔

Aa(~r, t) = 1
(2π)3/2

+∞∫
~p=−∞

−1∑
h=1

1√
2E

[a(~p, h)εa(~p, h)eip·x + b+(~p, h)ε̃a(~p, h)e−ip·x]d3~p

(pcpc +m2)εa(~p, h) = 0, paεab · ·︸ ︷︷ ︸
n

(~p, h) = 0

(pcpc +m2)ε̃a(~p, h) = 0, paε̃ab · ·︸ ︷︷ ︸
n

(~p, h) = 0

Step 2: When n′ = n, the following is established.
(−∂c∂c +m2)Aab · ·︸ ︷︷ ︸

n

(x) = 0, δabAab · ·︸ ︷︷ ︸
n

(x) = 0, ∂aAab · ·︸ ︷︷ ︸
n

(x) = 0, Aab · ·︸ ︷︷ ︸
n

(x) fully symmetric⇔

Aab · ·︸ ︷︷ ︸
n

(~r, t) = 1
(2π)3/2

+∞∫
~p=−∞

−n∑
h=n

1√
2nE

[a(~p, h)εab · ·︸ ︷︷ ︸
n

(~p, h)eip·x + b+(~p, h)ε̃ab · ·︸ ︷︷ ︸
n

(~p, h)e−ip·x]d3~p

(pcpc +m2)εab · ·︸ ︷︷ ︸
n

(~p, h) = 0, δabεab · ·︸ ︷︷ ︸
n

(~p, h) = 0, paεab · ·︸ ︷︷ ︸
n

(~p, h) = 0, εab · ·︸ ︷︷ ︸
n

(~p, h) fully symmetric

(pcpc +m2)ε̃ab · ·︸ ︷︷ ︸
n

(~p, h) = 0, δabε̃ab · ·︸ ︷︷ ︸
n

(~p, h) = 0, paε̃ab · ·︸ ︷︷ ︸
n

(~p, h) = 0, ε̃ab · ·︸ ︷︷ ︸
n

(~p, h) fully symmetric

Step 3: When n′ = n+ 1,
(−∂c∂c +m2)Aab · ·︸ ︷︷ ︸

n+1

(x) = 0, δabAab · ·︸ ︷︷ ︸
n+1

(x) = 0, ∂aAab · ·︸ ︷︷ ︸
n+1

(x) = 0, Aab · ·︸ ︷︷ ︸
n+1

(x) fully symmetric

⇔
(−∂c∂c +m2)Aab · ·︸ ︷︷ ︸

n

d(x) = 0, δabAab · ·︸ ︷︷ ︸
n

d(x) = 0, ∂aAab · ·︸ ︷︷ ︸
n

d(x) = 0

Aab · ·︸ ︷︷ ︸
n

d(x) = 1
n!A{ab · ·}︸ ︷︷ ︸

n

d(x), Aab · ·︸ ︷︷ ︸
n

d(x) = Adb · ·︸ ︷︷ ︸
n

a(x)

⇔

Aab · ·︸ ︷︷ ︸
n

d(~r, t) = 1
(2π)3/2

+∞∫
~p=−∞

−n∑
h=n

1√
2nE

[ad(~p, h)εab · ·︸ ︷︷ ︸
n

(~p, h)eip·x + b+d (~p, h)ε̃ab · ·︸ ︷︷ ︸
n

(~p, h)e−ip·x]d3~p

(pcpc +m2)εab · ·︸ ︷︷ ︸
n

(~p, h) = 0, δabεab · ·︸ ︷︷ ︸
n

(~p, h) = 0, paεab · ·︸ ︷︷ ︸
n

(~p, h) = 0, εab · ·︸ ︷︷ ︸
n

(~p, h) = 1
n!ε{ab · ·}︸ ︷︷ ︸

n

(~p, h)

(pcpc +m2)ε̃ab · ·︸ ︷︷ ︸
n

(~p, h) = 0, δabε̃ab · ·︸ ︷︷ ︸
n

(~p, h) = 0, paε̃ab · ·︸ ︷︷ ︸
n

(~p, h) = 0, ε̃ab · ·︸ ︷︷ ︸
n

(~p, h) = 1
n! ε̃{ab · ·}︸ ︷︷ ︸

n

(~p, h)

Aab · ·︸ ︷︷ ︸
n

d(x) = Adb · ·︸ ︷︷ ︸
n

a(x), ad(~p, h) := a(~p, h; 1)εd(~p, 1) + a(~p, h; 0)εd(~p, 0) + a(~p, h;−1)εd(~p,−1)

b+d (~p, h) := b+(~p, h; 1)ε̃d(~p, 1) + b+(~p, h; 0)ε̃d(~p, 0) + b+(~p, h;−1)ε̃d(~p,−1)
⇔
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Aab · ·︸ ︷︷ ︸
n

d(~r, t) = 1
(2π)3/2

+∞∫
~p=−∞

−n∑
h=n

1√
2nE

[ad(~p, h)εab · ·︸ ︷︷ ︸
n

(~p, h)eip·x + b+d (~p, h)ε̃ab · ·︸ ︷︷ ︸
n

(~p, h)e−ip·x]d3~p

(pcpc +m2)εab · ·︸ ︷︷ ︸
n

(~p, h) = 0, δabεab · ·︸ ︷︷ ︸
n

(~p, h) = 0, paεab · ·︸ ︷︷ ︸
n

(~p, h) = 0, εab · ·︸ ︷︷ ︸
n

(~p, h) = 1
n!ε{ab · ·}︸ ︷︷ ︸

n

(~p, h)

(pcpc +m2)ε̃ab · ·︸ ︷︷ ︸
n

(~p, h) = 0, δabε̃ab · ·︸ ︷︷ ︸
n

(~p, h) = 0, paε̃ab · ·︸ ︷︷ ︸
n

(~p, h) = 0, ε̃ab · ·︸ ︷︷ ︸
n

(~p, h) = 1
n! ε̃{ab · ·}︸ ︷︷ ︸

n

(~p, h)

ad(~p, h)εab · ·︸ ︷︷ ︸
n

(~p, h) = aa(~p, h)εdb · ·︸ ︷︷ ︸
n

(~p, h), b+d (~p, h)ε̃ab · ·︸ ︷︷ ︸
n

(~p, h) = b+a (~p, h)ε̃db · ·︸ ︷︷ ︸
n

(~p, h)

ad(~p, h) := a(~p, h; 1)εd(~p, 1) + a(~p, h; 0)εd(~p, 0) + a(~p, h;−1)εd(~p,−1)

b+d (~p, h) := b+(~p, h; 1)ε̃d(~p, 1) + b+(~p, h; 0)ε̃d(~p, 0) + b+(~p, h;−1)ε̃d(~p,−1)

This step proves that when n′ = n+ 1, the proposition is established.
Step 4: Based on the above inductive reasoning, the theorem has been proved.

4 Plane wave solutions of antisymmetric tensor field equations in 4D

4.1 Plane wave solutions of Klein-Gordon equation for spin-1 particles

Thm. 4.1.1. ∂bFab +m2Aa = 0, Fab = ∂aAb − ∂bAa ⇔ (∂b∂b −m2)Aa = 0, ∂aAa = 0

Aa(~r, t) = 1
(2π)3/2

+∞∫
~p=−∞

−1∑
h=1

1√
2E

[a(~p, h)εa(~p, h)ei(~p·~r−Et) + b+(~p, h)ε̃a(~p, h)e−i(~p·~r−Et)]d3~p

Thm. 4.1.2.

{
1
2!∂

[aF bc] +mF abc = 0, ∂aF
ab = 0

∂[aF bcd] = 0, ∂aF
abc +mF bc = 0

⇔

{
∂aF

abc +mF bc = 0, 1
2!∂

[aF bc] +mF abc = 0

∂cFcab −m2Aab = 0, Fcab = 1
2!∂[cAab];Aab := −1

m Fab

Thm. 4.1.3. ∂cFcab −m2Aab = 0, Fcab = 1
2!∂[cAab] ⇔ (∂c∂c −m2)Aab = 0, ∂aAab = 0, Aab = −Aba

Thm. 4.1.4. (∂c∂c −m2)Aab = 0, ∂aAab = 0, Aab = −Aba

⇔ Aab(~r, t) = 1
(2π)3/2

+∞∫
~p=−∞

−1∑
h=1

1√
2E

[a(~p, h)εab(~p, h)eip·x + b+(~p, h)ε̃ab(~p, h)e−ip·x]d3~p

Proof: (∂c∂c −m2)Aab = 0, ∂aAab = 0, Aab = −Aba

⇔ Aab(~r, t) = 1
(2π)3/2

+∞∫
~p=−∞

−1∑
h=1

1√
2E

[ab(~p, h)εa(~p, h)eip·x + b+b (~p, h)ε̃a(~p, h)e−ip·x]d3~p,Aab = −Aba

⇔
−1∑
h=1

a{a(~p, h)εb}(~p, h) = 0, aa(~p, h) =
−1∑
h′=1

a(~p, h;h′)εa(~p, h′) + c(~p, h; 0)pam

⇔
−1∑

h,h′=1

a(~p, h;h′)ε{a(~p, h′)εb}(~p, h) + c(~p, h; 0) 1
mp{aεb}(~p, h) = 0

⇔
−1∑

h,h′=1

a(~p, h;h′)ε{a(~p, h′)εb}(~p, h) = 0, c(~p, h; 0) = 0

⇔ a(~p,−1; 1) = −a(~p, 1;−1), a(~p, 0; 1) = −a(~p, 1; 0), a(~p,−1; 0) = −a(~p, 0;−1), a(~p, h;h) = 0

⇔
−1∑
h=1

ab(~p, h)εa(~p, h) =
−1∑

h′,h=1

a(~p, h;h′)εa(~p, h)εb(~p, h
′)

= a(~p, 1; 0)ε[a(~p, 1)εb](~p, 0) + a(~p, 1;−1)ε[a(~p, 1)εb](~p,−1) + a(~p, 0;−1)ε[a(~p, 0)εb](~p,−1)

= a(1)εab(~p, 1) + a(0)εab(~p, 0) + a(−1)εab(~p,−1) =
−1∑
h=1

a(h)εab(~p, h)

a(1) =
√

2a(~p, 1; 0), a(0) =
√

2a(~p, 1;−1), a(−1) =
√

2a(~p, 0;−1)
εab(~p, 1) := 1√

2
ε[a(~p, 1)εb](~p, 0), εab(~p, 0) := 1√

2
ε[a(~p, 1)εb](~p,−1), εab(~p,−1) := 1√

2
ε[a(~p, 0)εb](~p,−1)

⇔ Aab(~r, t) = 1
(2π)3/2

+∞∫
~p=−∞

−1∑
h=1

1√
2E

[a(~p, h)εab(~p, h)eip·x + b+(~p, h)ε̃ab(~p, h)e−ip·x]d3~p

Thm. 4.1.5. ∂dFdabc −m2Aabc = 0, Fdabc = 1
3!∂[dAabc] ⇔ (∂d∂d −m2)Aabc = 0, ∂aAabc = 0, Aabc = 1

3!A[abc]

4.2 Plane wave solutions of Klein-Gordon equation for spin-1 particles in n=N+1-D

Thm. 4.2.1. ∂bFab +m2Aa = 0, Fab = ∂aAb − ∂bAa ⇔ (∂b∂b −m2)Aa = 0, ∂aAa = 0

Aa(~r, t) = 1
(2π)3/2

+∞∫
~p=−∞

N∑
h=1

1√
2E

[a(~p, h)εa(~p, h)ei(~p·~r−Et) + b+(~p, h)ε̃a(~p, h)e−i(~p·~r−Et)]d3~p

Def. 4.2.1. L = {


0 0 0 0 0 0 i
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 ··
0 0 0 0 0 0 0
0 0 0 0 0 0 0
−i 0 0 ·· 0 0 0

 ,


0 0 0 0 0 0 0
0 0 0 0 0 0 i
0 0 0 0 0 0 0
0 0 0 0 0 0 ··
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 −i 0 ·· 0 0 0

 ,


0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 i
0 0 0 0 0 0 ··
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 −i ·· 0 0 0

 , ··,


0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 ··
0 0 0 0 0 0 i
0 0 0 0 0 0 0
0 0 0 ·· −i 0 0

 ,


0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 ··
0 0 0 0 0 0 0
0 0 0 0 0 0 i
0 0 0 ·· 0 −i 0

}
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Cor. 4.2.1. L~p := L~v = e−{ln[γv(1+v)]}v̂·L = 1− γv(~v · L) + γv−1
v2 (~v · L)2 = 1− 1

m (~p · L) + 1
m(E+m) (~p · L)2

Cor. 4.2.2. L~p = 1
m

[
m 0 0 −ipx
0 m 0 −ipy
0 0 m −ipz
ipx ipy ipz E

]
+ 1

m(E+m)

[
pxpx pxpy pxpz 0
pypx pypy pypz 0
pzpx pzpy pzpz 0

0 0 0 0

]

Cor. 4.2.3. ε(~p, h) := L~p

[
01
··
1h
··
0n

]
=

[
01
··
1h
··
0n

]
+ ph

m(E+m)

[
~p

i(E +m)

]
, εa(~p, n) := L~p

[
01
··
00
··
1n

]
= −ipam ;h = 1, ··, N

Cor. 4.2.4. paεa(~p, h) = 0, εa(~p, h)ηaa
′
ε+
a′(~p, h

′) = δhh′ ,
N∑
h=1

εa(~p, h)ε+
a′(~p, h) = ηaa′ +

pap
+

a′
m2

Cor. 4.2.5. L~v

[
~0
i

]
= e−ln[γv(1+v)]v̂·L

[
~0
i

]
=

[
γv~v
iγv

]
, L~v

[
~0
im

]
= e−ln[γv(1+v)]v̂·L

[
~0
im

]
=

[
~p
iE

]
Thm. 4.2.2. − i

4 [Γi,Γj ] = Sij ⇒ Γi =?

Cor. 4.2.6.



λm(p̂, 1; 1) = Sm(1)λ(p̂, 1; 1) = ei~ω·γ 1√
2

[
i
−1
0

]
= 1

2p̂−

[
i(p̂xp̂z−ip̂y)
−1(p̂x−ip̂y p̂z)
−2i(p̂+p̂−)

]
, λm(−p̂, 1; 1) = p̂+

p̂−
λm(p̂,−1; 1)

λm(p̂, 0; 1) = Sm(1)λ(p̂, 0; 1) = ei~ω·γ
[

0
0
−i

]
= −i

[
p̂x
p̂y
p̂z

]
= −ip̂, λm(−p̂, 0; 1) = −λm(p̂, 0; 1)

λm(p̂,−1; 1) = Sm(1)λ(p̂,−1; 1) = ei~ω·γ 1√
2

[ −i
−1
0

]
= 1

2p̂+

[ −i(p̂xp̂z+ip̂y)
−1(p̂x+ip̂y p̂z)

2i(p̂+p̂−)

]
, λm(−p̂,−1; 1) = p̂−

p̂+
λem(p̂, 1; 1)

Cor. 4.2.7. ε(~p,±1) = [L~pS
+
m(1)e−i~ω·R]ε(~p,±1; 1)

Cor. 4.2.8. 1
2p̂−

[
i(p̂xp̂z−ip̂y)
−1(p̂x−ip̂y p̂z)
−2i(p̂+p̂−)

]
= [](

[
01
··
1h
··
0n

]
+ px

m(E+m)

[
~p

i(E +m)

]
)

Cor. 4.2.9. (γa ⊗ σy∂a + I ⊗ σz ⊗ σy∂u + I4 ⊗ σx∂v +m)ψ = 0
⇒ (γa ⊗ σy∂a + I ⊗ σz ⊗ σyiM + I4 ⊗ σx0 +m)ψ = 0
⇒ (γa ⊗ σz∂a + I ⊗ σz ⊗ σziM +m)ψ′ = 0

4.3 Plane wave solutions of Klein-Gordon equation for spin-2 particles in n=N+1-D

Thm. 4.3.1. (∂c∂c −m2)Aab = 0, ∂aAab = 0, Aab = −Aba

Aab(~r, t) = 1
(2π)3/2

+∞∫
~p=−∞

N∑
h,h′=1

1√
2E

[a(~p;h, h′)ε[a(~p, h)εb](~p, h
′)eip·x + b+(~p;h, h′)ε̃[a(~p, h)ε̃b](~p, h

′)e−ip·xd3~p
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Self comment: In this chapter, the covariant quantization of massive particles is generalized to the
general N+1 dimensional space-time. N+1 dimensional space-time case is similar to 4-dimensional
space-time case. For particles described by the Bargmann-Wigner equation or Dirac equation, it
is generally possible to describe both charged complex particles and uncharged Majorana particles.
The principal commutation rule in both cases is consistent, but the rest are generally zero for charged
complex particles. For uncharged Majorana particles, the rest of the commutative or anti commutative
brackets are naturally derived from the principal commutative rule and Majorana conditions. And they
are generally not zero. In this chapter, we only discuss the case of complex particles and generally only
give the principal commutation rule. The Majorana particle case is no longer specifically discussed. If
we want to obtain the quantum field theory of the Majorana particle case, we only need to add the
Majorana condition to the complex particle case. Then we will naturally obtain it.

1 Lorentz boost transformation in N+1 dimensional space-time

1.1 Lorentz boost transformation for vector in N+1 dimensional space-time

Def. 1.1.1. Ω(s) := 1
2 (Γ⊗ Il2s−1 + Il ⊗ Γ⊗ Il2s−2 + · ·+Il2s−1 ⊗ Γ), l = 2[

N−1
2 ]

Def. 1.1.2. L = {


0 0 0 0 0 0 i
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 ··
0 0 0 0 0 0 0
0 0 0 0 0 0 0
−i 0 0 ·· 0 0 0

 ,


0 0 0 0 0 0 0
0 0 0 0 0 0 i
0 0 0 0 0 0 0
0 0 0 0 0 0 ··
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 −i 0 ·· 0 0 0

 ,


0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 i
0 0 0 0 0 0 ··
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 −i ·· 0 0 0

 , ··,


0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 ··
0 0 0 0 0 0 i
0 0 0 0 0 0 0
0 0 0 ·· −i 0 0

 ,


0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 ··
0 0 0 0 0 0 0
0 0 0 0 0 0 i
0 0 0 ·· 0 −i 0

}
Cor. 1.1.1. L~v = e−{ln[γv(1+v)]}v̂·L = 1− γv(~v · L) + γv−1

v2 (~v · L)2, L~vL−~v = L−~vL~v = I

Cor. 1.1.2. L~v

[
~0
i

]
= e−ln[γv(1+v)]v̂·L

[
~0
i

]
=

[
γv~v
iγv

]
, L~v

[
~0
im

]
= e−ln[γv(1+v)]v̂·L

[
~0
im

]
=

[
~p
iE~p

]
1.2 Lorentz boost transformation for neutrino spinor in N+1 dimensional space-time

Pro. 1.2.1. (~v · Γ)2 = v2, (~v · i~γγ0)2 = v2

Cor. 1.2.1. Λς~v = e−ςln[γv(1+v)]v̂· 12 Γ = 1√
2(γv+1)

(1 + γv − ςγv~v · Γ), c = (1+γv)√
2(γv+1)

, s = − ςγv√
2(γv+1)

1.3 Lorentz boost transformation for electron spinor in N+1 dimensional space-time

Cor. 1.3.1. Dς~v = e−ςln[γv(1+v)]v̂·( i2~γγ0) = 1√
2(γv+1)

[1 + γv − iςγv~v · ~γγ0]

Cor. 1.3.2. D~v = e−ln
E+|~p|
m p̂·( i2~γγ0) = m−iγapaγ0√

2m(E+m)

Proof: D~v = e−ln[γv(1+v)]v̂·( i2~γγ0) = 1+γv−iγv~v·~γγ0√
2(γv+1)

= E+m−i~p·~γγ0√
2m(E+m)

= m−iγapaγ0√
2m(E+m)

1.4 Polynomial representation of Lorentz boost transformation for photon spinor in N+1-D

Cor. 1.4.1. e−ςln[γv(1+v)]v̂·Ω(1) = 1− ςγvv[v̂ · Ω(1)] + (γv − 1)[v̂ · Ω(1)]2

1.5 Polynomial representation of Lorentz boost transformation for gravitino spinor in N+1-D

Cor. 1.5.1. e−ςln[γv(1+v)]v̂·Ω(
3
2 ) = (γv+1)√

2(γv+1)
(1− γv−1

4 )− 2ςγvv√
2(γv+1)

(1− γv−1
12 )[v̂ · Ω( 3

2 )]

+
γ2
v−1√

2(γv+1)
[v̂ · Ω( 3

2 )]2 − 1
3

2ςγvv(γv−1)√
2(γv+1)

[v̂ · Ω( 3
2 )]3

1.6 Polynomial representation of Lorentz boost transformation for graviton spinor in N+1-D

Cor. 1.6.1. e−ςln[γv(1+v)]v̂·Ω(2) = 1− ςγv(1− γv−1
3 )[~v · Ω(2)] + γv−1

v2 (1− γv−1
6 )[~v · Ω(2)]2

− 1
3
ςγv(γv−1)

v2 [~v · Ω(2)]3 + 1
6

(γv−1)2

v4 [~v · Ω(2)]4

656



Chapter35 Covariant Quantization of Massive Particles in High Dimension Shui-Rong Shi

2 Electron covariant quantization in N+1 dimensional space-time

2.1 Electron equation in N+1 dimensional space-time [4]

Electronic equations in even dimensional space-time:

Def. 2.1.1. (γa∂a +m)ψ = 0, ψ =

[
ϕ
η

]
, γa = (Γ⊗ σy, ςI∗ ⊗ σz) = (~γ, ςI∗ ⊗ σz)

Electronic equations in odd dimensional space-time:

Def. 2.1.2. (γa∂a +m)ψ = 0, ψ =

[
ϕ
η

]
, γa = (Γ⊗ σy, I∗ ⊗ σx, ςI∗ ⊗ σz) = (~γ, ςI∗ ⊗ σz)

2.2 Electron static and kinetic solutions in N+1 dimensional space-time

Unified writing method for electronic equation in N+1 dimensional space-time:

Def. 2.2.1. (γa∂a +m)ψ = 0, ψ =

[
ϕ
η

]
, γa = (~γ, ςI∗ ⊗ σz)

Cor. 2.2.1. ∂t0ψ(~0) = −imγ0ψ(~0)⇔ ψ(~0) = e−iγ0mt0ψ0,∀ψ0

Cor. 2.2.2. ψ(~p) = m−iγapaγ0√
2m(E+m)

eiγ0(~p·~r−Et)ψp =
√

E+m
2m (1− i~p·~γγ0

E+m )eiγ0(~p·~r−Et)ψp

Cor. 2.2.3. ψ(+ς)(~p) =
√

E+m
2m (1− i~p·~γγ0

E+m )

[
ϕ
0

]
eiς(~p·~r−Et), ψ(−ς)(~p) =

√
E+m
2m (1− i~p·~γγ0

E+m )

[
0
η

]
e−iς(~p·~r−Et)

2.3 Properties of plane wave solutions for electron in N+1 dimensional space-time

Cor. 2.3.1.



[
√

E+m
2m (1− i~p·~γγ0

E+m )]+ =
√

E+m
2m (1− i~p·~γγ0

E+m )

[
√

E+m
2m (1− i~p·~γγ0

E+m )][
√

E+m
2m (1− i~p·~γγ0

E+m )] = − iγ
apaγ0

m

[
√

E+m
2m (1− i~p·~γγ0

E+m )]γ0[
√

E+m
2m (1− i~p·~γγ0

E+m )] = γ0

[
√

E+m
2m (1− i~p·~γγ0

E+m )][
√

E+m
2m (1 + i~p·~γγ0

E+m )] = 1

Pro. 2.3.1.

[
√

E+m
2m (1− i~p·~γγ0

E+m )]
[
I 0
0 0

]
[
√

E+m
2m (1− i~p·~γγ0

E+m )] = (ςm−iγapa)γ0

2m

[
√

E+m
2m (1− i~p·~γγ0

E+m )]
[

0 0
0 I

]
[
√

E+m
2m (1− i~p·~γγ0

E+m )] = (−ςm−iγapa)γ0

2m

Pro. 2.3.2.
[ ϕ

0

]+ i~p·~γγ0

E+m

[ η
0

]
≡ 0,

[
0
ϕ

]+ i~p·~γγ0

E+m

[
0
η

]
≡ 0

Pro. 2.3.3.


[
ϕ
0

]+
[
√

E+m
2m (1− i~p·~γγ0

E+m )][
√

E+m
2m (1− i~p·~γγ0

E+m )]
[
η
0

]
= E

mϕ
+η[

0
ϕ

]+
[
√

E+m
2m (1− i~p·~γγ0

E+m )][
√

E+m
2m (1− i~p·~γγ0

E+m )]
[

0
η

]
= E

mϕ
+η

Pro. 2.3.4.


[
ϕ
0

]+
[
√

E+m
2m (1− i~p·~γγ0

E+m )][
√

E+m
2m (1 + i~p·~γγ0

E+m )]
[

0
η

]
= 0[

0
ϕ

]+
[
√

E+m
2m (1− i~p·~γγ0

E+m )][
√

E+m
2m (1 + i~p·~γγ0

E+m )]
[
η
0

]
= 0

Pro. 2.3.5.


[
ϕ
0

]+
[
√

E+m
2m (1− i~p·~γγ0

E+m )]γ0[
√

E+m
2m (1− i~p·~γγ0

E+m )]
[
η
0

]
= ϕ+η[

0
ϕ

]+
[
√

E+m
2m (1− i~p·~γγ0

E+m )]γ0[
√

E+m
2m (1− i~p·~γγ0

E+m )]
[

0
η

]
= −ϕ+η

Pro. 2.3.6.


[
ϕ
0

]+
[
√

E+m
2m (1− i~p·~γγ0

E+m )]γ0[
√

E+m
2m (1− i~p·~γγ0

E+m )]
[

0
η

]
= 0[

0
ϕ

]+
[
√

E+m
2m (1− i~p·~γγ0

E+m )]γ0[
√

E+m
2m (1− i~p·~γγ0

E+m )]
[
η
0

]
= 0

2.4 Electron spin basis in N+1 dimensional space-time

Def. 2.4.1. uς(~p, h) :=
√

E+m
2m (1− i~p·~γγ0

E+m )

[ 1
0

0l−2

0l

]
,
√

E+m
2m (1− i~p·~γγ0

E+m )

[ 0
1

0l−2

0l

]
, ··,
√

E+m
2m (1− i~p·~γγ0

E+m )

[ 0l−2

0
1
0l

]

Def. 2.4.2. vς(~p, h) :=
√

E+m
2m (1− i~p·~γγ0

E+m )

[ 0l
1
0

0l−2

]
,
√

E+m
2m (1− i~p·~γγ0

E+m )

[ 0l
0
1

0l−2

]
, ··,
√

E+m
2m (1− i~p·~γγ0

E+m )

[ 0l
0l−2

0
1

]
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2.5 Dirac basis is a common eigenstate of spin, helicity and charge three operators in N+1-D

Pro. 2.5.1.

σ2( 1
2 )⊗ I∗u(~p, h) = 1

2 ( 1
2 + 1)u(~p, h)

σ( 1
2 ) · p̂⊗ I∗u(~p, h) = (−1)h+1 1

2u(~p, h)

Q̂(~p)u(~p, h) = −u(~p, h), h = 1, 2, ··, l
E+m
2m (1− i~p·~γγ0

E+m )[( l+1
2 )− σz( l−1

2 )](1 + i~p·~γγ0

E+m )u(~p, h) = hu(~p, h)

Description electronics: (s, h;Q) = (1
2 ;h,−1)

σ2( 1
2 )⊗ I∗v(~p, h) = 1

2 ( 1
2 + 1)v(~p, h)

σ( 1
2 ) · p̂⊗ I∗v(~p, h) = (−1)h+1 1

2v(~p, h)

Q̂(~p)v(~p, h) = v(~p, h), h = 1, 2, ··, l
E+m
2m (1− i~p·~γγ0

E+m )[( l+1
2 )− σz( l−1

2 )](1 + i~p·~γγ0

E+m )v(~p, h) = hv(~p, h)

Description positron: (s, h;Q) = (1
2 ;h, 1)

2.6 Electron spin space in N+1 dimensional space-time

2.7 Properties of electron spin basis in N+1 dimensional space-time

(Also true under general representation)

Cor. 2.7.1. ūς(~p, h)uς(~p, h
′) = ςδhh′ , v̄ς(~p, h)vς(~p, h

′) = −ςδhh′ , ūς(~p, h)vς(~p, h
′) = 0, v̄ς(~p, h)uς(~p, h

′) = 0

Cor. 2.7.2.

u+
ς (~p, h)uς(~p, h

′) = E
mδhh′ , v

+
ς (~p, h)vς(~p, h

′) = E
mδhh′ , u

+
ς (~p, h)vς(−~p, h′) = 0, v+

ς (~p, h)uς(−~p, h′) = 0

Cor. 2.7.3.
∑
h

uς(~p, h)ūς(~p, h) = ςm−iγapa
2m ,

∑
h

vς(~p, h)v̄ς(~p, h) = −ςm−iγapa
2m

Cor. 2.7.4.
∑
h

uς(~p, h)u+
ς (~p, h) = (ςm−iγapa)γ0

2m ,
∑
h

vς(~p, h)v+
ς (~p, h) = (−ςm−iγapa)γ0

2m

Cor. 2.7.5.



∑
h

uς(~p, h)ūς(~p, h)− vς(~p, h)v̄ς(~p, h)] = ς∑
h

uς(~p, h)ūς(~p, h) + vς(~p, h)v̄ς(~p, h)] = −iγapa
m∑

h

uς(~p, h)u+
ς (~p, h) + vς(−~p, h)v+

ς (−~p, h)] = E
m

2.8 Plane wave solutions of electron in N+1 dimensional space-time

Cor. 2.8.1.

ψ(~r, t) = 1
(2π)N/2

+∞∫
~p=−∞

l∑
h=1

[aς(~p, h)
√

m
E uς(~p, h)eiς(~p·~r−Et) + b+ς (~p, h)

√
m
E vς(~p, h)e−iς(~p·~r−Et)]dN~p

aς(~p, h) = 1
(2π)3/2

+∞∫
~p=−∞

√
E
mu

+
ς (~p, h)ψ(~r, t)e−iς(~p·~r−Et)d3~r

b+ς (~p, h) = 1
(2π)3/2

+∞∫
~p=−∞

√
E
mv

+
ς (~p, h)ψ(~r, t)eiς(~p·~r−Et)d3~r

2.9 Covariant quantization rules for electron in N+1 dimensional space-time

Cor. 2.9.1.


{aς(~p, h), a+

ς (~p′, h′)} = δhh′δ
3(~p− ~p′)

{aς(~p, h), aς(~p
′, h′)} = 0

{a+
ς (~p, h), a+

ς (~p′, h′)} = 0

⇒


{ψα(~r, t), ψ+

β (~r′, t)} = δαβδ
3(~r − ~r′)

{ψα(~r, t), ψβ(~r′, t)} = 0

{ψ+
α (~r, t), ψ+

β (~r′, t)} = 0

Thm. 2.9.1. {ψ(x), ψ+(x′)} = i(m− γa∂a)γ0∆(x− x′)

Proof:

{ψ(x), ψ+(x′)} = 1
(2π)N

∫ √
m
E

√
m
E′

l∑
h,h′=1

uς(~p, h)u+
ς (~p′, h′)eiς(p·x−p

′·x′){aς(~p, h), a+
ς (~p, h)}

+ vς(~p, h)v+
ς (~p′, h′)e−iς(p·x−p

′·x′){b+ς (~p, h), bς(~p
′, h′)}dN~pdN~p′

= 1
(2π)N

∫ √
m
E

√
m
E′

l∑
h,h′=1

δhh′δ
N (~p− ~p′)[uς(~p, h)u+

ς (~p′, h′)eiς(p·x−p
′·x′) + vς(~p, h)v+

ς (~p′, h′)e−iς(p·x−p
′·x′)]dN~pdN~p′

= 1
(2π)N

∫
m
E [

l∑
h=1

uς(~p, h)u+
ς (~p, h)eiςp·(x−x

′) +
l∑

h=1

vς(~p, h)v+
ς (~p, h)e−iςp·(x−x

′)]dN~p

= 1
(2π)N

∫
m
E [ (ςm−iγapa)γ0

2m eiςp·(x−x
′) + (−ςm−iγapa)γ0

2m e−iςp·(x−x
′)]dN~p
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= 1
(2π)N

∫
1

2E ς(m− γ
a∂a)γ0[eiςp·(x−x

′) − e−iςp·(x−x′)]dN~p
= i(m− γa∂a)γ0 −iς

(2π)N

∫
1

2E [eiςp·(x−x
′) − e−iςp·(x−x′)]dN~p

= i(m− γa∂a)γ0∆(x− x′)

2.10 Conserved charge of Dirac equation in N+1 dimensional space-time

Cor. 2.10.1. Q =
∫
ψ+ψdrN =

∫ ∑
h

[a+
ς (~p, h)aς(~p, h) + bς(~p, h)b+ς (~p, h)]dN~p

Proof: Q =
∫
ψ+ψdrN

= 1
(2π)N

∫ ∑
h,h′

[a+
ς (~p, h)

√
m
E u

+
ς (~p, h)e−iς(~p·~r−Et) + bς(~p, h)

√
m
E v

+
ς (~p, h)eiς(~p·~r−Et)]

[aς(~p
′, h′)

√
m
E′uς(~p

′, h′)eiς(~p
′·~r−E′t) + b+ς (~p′, h′)

√
m
E′ vς(~p

′, h′)e−iς(~p
′·~r−E′t)]dN~p′dN~pdrN

=
∫ ∑
h,h′

m
E [a+

ς (~p, h)aς(~p, h
′)u+

ς (~p, h)uς(~p, h
′) + bς(~p, h)b+ς (~p, h′)v+

ς (~p, h)vς(~p, h
′)]δN (~p− ~p′)dN~p′dN~p

=
∫ ∑
h,h′

m
E [a+

ς (~p, h)aς(~p, h
′)u+

ς (~p, h)uς(~p, h
′) + bς(~p, h)b+ς (~p, h′)v+

ς (~p, h)vς(~p, h
′)]dN~p

=
∫ ∑

h

[a+
ς (~p, h)aς(~p, h) + bς(~p, h)b+ς (~p, h)]dN~p

Cor. 2.10.2. H = i
∫
ψ+∂tψdr

N = ς
∫ ∑

h

E(~p)[a+
ς (~p, h)aς(~p, h)− bς(~p, h)b+ς (~p, h)]dN~p

Proof: H = i
∫
ψ+∂tψdr

N

= i 1
(2π)N

∫ ∑
h,h′

[a+
ς (~p, h)

√
m
E u

+
ς (~p, h)e−iς(~p·~r−Et) + bς(~p, h)

√
m
E v

+
ς (~p, h)eiς(~p·~r−Et)]

(−iςE′)[aς(~p′, h′)
√

m
E′uς(~p

′, h′)eiς(~p
′·~r−E′t) − b+ς (~p′, h′)

√
m
E′ vς(~p

′, h′)e−iς(~p
′·~r−E′t)]dN~p′dN~pdrN

= −i
∫ ∑
h,h′

m
E (−iςE′)[a+

ς (~p, h)aς(~p, h
′)u+

ς (~p, h)uς(~p, h
′)− bς(~p, h)b+ς (~p, h′)v+

ς (~p, h)vς(~p, h
′)]δN (~p− ~p′)dN~p′dN~p

= −i
∫ ∑
h,h′

m
E (−iςE′)[a+

ς (~p, h)aς(~p, h
′)u+

ς (~p, h)uς(~p, h
′)− bς(~p, h)b+ς (~p, h′)v+

ς (~p, h)vς(~p, h
′)]dN~p

= ς
∫ ∑

h

E(~p)[a+
ς (~p, h)aς(~p, h)− bς(~p, h)b+ς (~p, h)]dN~p

Cor. 2.10.3. ~P = −i
∫
ψ+∇ψdrN = ς

∫ ∑
h

~p[a+
ς (~p, h)aς(~p, h)− bς(~p, s)b+ς (~p, h)]dN~p

Proof: ~P = −i
∫
ψ+∇ψdrN

= −i 1
(2π)N

∫ ∑
h,h′

[a+
ς (~p, h)

√
m
E u

+
ς (~p, h)e−iς(~p·~r−Et) + bς(~p, h)

√
m
E v

+
ς (~p, h)eiς(~p·~r−Et)]

(iς~p′)[aς(~p
′, h′)

√
m
E′uς(~p

′, h′)eiς(~p
′·~r−E′t) − b+ς (~p′, h′)

√
m
E′ vς(~p

′, h′)e−iς(~p
′·~r−E′t)]dN~p′dN~pdrN

= −i
∫ ∑
h,h′

m
E (iς~p′)[a+

ς (~p, h)aς(~p, h
′)u+

ς (~p, h)uς(~p, h
′)− bς(~p, h)b+ς (~p, h′)v+

ς (~p, h)vς(~p, h
′)]δN (~p− ~p′)dN~p′dN~p

= −i
∫ ∑
h,h′

m
E (iς~p)[a+

ς (~p, h)aς(~p, h
′)u+

ς (~p, h)uς(~p, h
′)− bς(~p, h)b+ς (~p, h′)v+

ς (~p, h)vς(~p, h
′)]dN~p

= ς
∫ ∑

h

~p[a+
ς (~p, h)aς(~p, h)− bς(~p, h)b+ς (~p, h)]dN~p

Cor. 2.10.4. Pu = −i
∫
ψ+∂uψdr

N = ς
∫ ∑

h

pu[a+
ς (~p, h)aς(~p, h)− bς(~p, h)b+ς (~p, h)]dN~p

Proof: Pu = −i
∫
ψ+∂uψdr

N

= i 1
(2π)N

∫ ∑
h,h′

[a+
ς (~p, h)

√
m
E u

+
ς (~p, h)e−iς(~p·~r−Et) + bς(~p, h)

√
m
E v

+
ς (~p, h)eiς(~p·~r−Et)]

(iςp′u)[aς(~p
′, h′)

√
m
E′uς(~p

′, h′)eiς(~p
′·~r−E′t) − b+ς (~p′, h′)

√
m
E′ vς(~p

′, h′)e−iς(~p
′·~r−E′t)]dN~p′dN~pdrN

= −i
∫ ∑
h,h′

m
E (iςp′u)[a+

ς (~p, h)aς(~p, h
′)u+

ς (~p, h)uς(~p, h
′)− bς(~p, h)b+ς (~p, h′)v+

ς (~p, h)vς(~p, h
′)]δN (~p− ~p′)dN~p′dN~p

= −i
∫ ∑
h,h′

m
E (iςp′u)[a+

ς (~p, h)aς(~p, h
′)u+

ς (~p, h)uς(~p, h
′)− bς(~p, h)b+ς (~p, h′)v+

ς (~p, h)vς(~p, h
′)]dN~p

= ς
∫ ∑

h

pu[a+
ς (~p, h)aς(~p, h)− bς(~p, h)b+ς (~p, h)]dN~p

3 Covariant quantization of B-W equation in N+1 dimensional space-time
In this section the proof can refer to the methods in 4-dimensional space-time. It is completely
possible to translate the proof methods in four dimensional space-time into N+1 dimensional space
time. Therefore, it is generally not provided in detail.
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3.1 Properties of electron normal spin basis in N+1 dimensional space-time

(Also true under general representation)

Def. 3.1.1. u(~p, h) :=

{
u+(~p, h), ς = 1

v−(~p, h), ς = −1
, v(~p, h) :=

{
v+(~p, h), ς = 1

u−(~p, h), ς = −1

Cor. 3.1.1. ū(~p, h)u(~p, h′) = δhh′ , v̄(~p, h)v(~p, h′) = −δhh′ , ū(~p, h)v(~p, h′) = 0, v̄(~p, h)u(~p, h′) = 0

Cor. 3.1.2. u+(~p, h)u(~p, h′) = E
mδhh′ , v

+(~p, h)v(~p, h′) = E
mδhh′ , u

+(~p, h)v(−~p, h′) = 0, v+(~p, h)u(−~p, h′) = 0

Cor. 3.1.3.
∑
h

u(~p, h)ū(~p, h) = m−iγapa
2m ,

∑
h

v(~p, h)v̄(~p, h) = −m−iγapa
2m

Cor. 3.1.4.
∑
h

u(~p, h)u+(~p, h) = (m−iγapa)γ0

2m ,
∑
h

v(~p, h)v+(~p, h) = (−m−iγapa)γ0

2m

Cor. 3.1.5.



∑
h

u(~p, h)ū(~p, h)− v(~p, h)v̄(~p, h)] = 1∑
h

u(~p, h)ū(~p, h) + v(~p, h)v̄(~p, h)] = −iγapa
m∑

h

u(~p, h)u+(~p, h) + v(−~p, h)v+(−~p, h)] = E
m

3.2 Generalized polynomial theorem for spin basis of Dirac equation in N+1-D

Thm. 3.2.1.∑∑
ni=2s

(2s)!
n1!n2!··nl! u{λς (~p, 1) · ·︸ ︷︷ ︸

n1

uµς (~p, 2) · ·︸ ︷︷ ︸
n2

· · uτς (~p, l) · ·}︸ ︷︷ ︸
nl

u+
(λ′ς

(~p, 1) · ·︸ ︷︷ ︸
n1

u+
µ′ς

(~p, 2) · ·︸ ︷︷ ︸
n2

· · u+
τ ′ς

(~p, l) · ·)︸ ︷︷ ︸
nl

=

2s︷ ︸︸ ︷
l∑

h=1

u{λς (~p, h)u+
(λ′ς

(~p, h) · ·
l∑

h=1

uµς (~p, h)u+
µ′ς

(~p, h) · ·
l∑

h=1

uτς (~p, h)u+
τ ′ς

(~p, h) · ·})

Cor. 3.2.1.∑
n1··nl

(2s)!
n1!n2!··nl! u{iς (~p, 1) · ·︸ ︷︷ ︸

n1

uiς (~p, 2) · ·︸ ︷︷ ︸
n2

· · uiς (~p, l) · ·}︸ ︷︷ ︸
nl

u+
(i′ς

(~p, 1) · ·︸ ︷︷ ︸
n1

u+
i′ς

(~p, 2) · ·︸ ︷︷ ︸
n2

· · u+
i′ς

(~p, l) · ·)︸ ︷︷ ︸
nl

=

2s︷ ︸︸ ︷
l∑

h=1

u{iς (~p, h)u+
(i′ς

(~p, h) · ·
l∑

h=1

uiς (~p, h)u+
i′ς

(~p, h) · ·
l∑

h=1

uiς (~p, h)u+
i′ς

(~p, h) · ·})
⇔∑
n1··nl

(2s)!
n1!n2!··nl! [uiς (~p, 1)u+

i′ς
(~p, 1)]n1 [uiς (~p, 2)u+

i′ς
(~p, 2)]n2 · ·[uiς (~p, l)u+

i′ς
(~p, l)]nl = [

l∑
h=1

uiς (~p, h)u+
i′ς

(~p, h)]2s

The above corollary happens to be the polynomial expansion theorem.
3.3 Spin basis for B-W equation in N+1 dimensional space-time

Def. 3.3.1.
Uλς · ·µς · ·τς︸ ︷︷ ︸

2s

(~p;n1, n2, ··, nl) := 1√
(2s)!n1!n2!··nl!

u{λς (~p, 1) · ·︸ ︷︷ ︸
n1

uµς (~p, 2) · ·︸ ︷︷ ︸
n2

· · uτς (~p, l) · ·}︸ ︷︷ ︸
nl

, n1 + n2 + · · nl = 2s

Vλς · ·µς · ·τς︸ ︷︷ ︸
2s

(~p;n1, n2, ··, nl) := 1√
(2s)!n1!n2!··nl!

v{λς (~p, 1) · ·︸ ︷︷ ︸
n1

vµς (~p, 2) · ·︸ ︷︷ ︸
n2

· · vτς (~p, l) · ·}︸ ︷︷ ︸
nl

, n1 + n2 + · · nl = 2s

3.4 Orthogonal properties of spin basis for B-W equation in N+1 dimensional space-time

(Can be seen directly)

Cor. 3.4.1.
Ū

2s︷ ︸︸ ︷
λς · ·µς · ·τς (~p;n1, n2, ··, nl)Uλς · ·µς · ·τς︸ ︷︷ ︸

2s

(~p;n′1, n
′
2, ··, n′l) = δn1n′1

δn2n′2
· ·δnln′l

V̄

2s︷ ︸︸ ︷
λς · ·µς · ·τς (~p;n1, n2, ··, nl)Vλς · ·µς · ·τς︸ ︷︷ ︸

2s

(~p;n′1, n
′
2, ··, n′l) = δn1n′1

δn2n′2
· ·δnln′l

Ū

2s︷ ︸︸ ︷
λς · ·µς · ·τς (~p;n1, n2, ··, nl)Vλς · ·µς · ·τς︸ ︷︷ ︸

2s

(~p;n′1, n
′
2, ··, n′l) = 0

V̄

2s︷ ︸︸ ︷
λς · ·µς · ·τς (~p;n1, n2, ··, nl)Uλς · ·µς · ·τς︸ ︷︷ ︸

2s

(~p;n′1, n
′
2, ··, n′l) = 0
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Cor. 3.4.2.
U+

2s︷ ︸︸ ︷
λς · ·µς · ·τς (~p;n1, n2, ··, nl)Uλς · ·µς · ·τς︸ ︷︷ ︸

2s

(~p;n′1, n
′
2, ··, n′l) = (Em )2sδn1n′1

δn2n′2
· ·δnln′l

V +

2s︷ ︸︸ ︷
λς · ·µς · ·τς (~p;n1, n2, ··, nl)Vλς · ·µς · ·τς︸ ︷︷ ︸

2s

(~p;n′1, n
′
2, ··, n′l) = (Em )2sδn1n′1

δn2n′2
· ·δnln′l

U+

2s︷ ︸︸ ︷
λς · ·µς · ·τς (~p;n1, n2, ··, nl)Vλς · ·µς · ·τς︸ ︷︷ ︸

2s

(−~p;n′1, n′2, ··, n′l) = 0

V +

2s︷ ︸︸ ︷
λς · ·µς · ·τς (~p;n1, n2, ··, nl)Uλς · ·µς · ·τς︸ ︷︷ ︸

2s

(−~p;n′1, n′2, ··, n′l) = 0

3.5 Decomposition of U-spin basis for B-W equation in N+1 dimensional space-time

Thm. 3.5.1. Uλςµς · ·σςτςλ′ςµ
′
ς · ·σ

′
ςτ
′
ς︸ ︷︷ ︸

2s

(~p;n1, n2, ··, nl)

=
=2s′∑

n′1+··+n′l

√
C
n′1
n1
C
n′2
n2
··C

n′
l

nl√
C2s′

2s

Uλςµς · ·σςτς︸ ︷︷ ︸
2(s−s′)

(~p;n1 − n′1, n2 − n′2, ··, nl − n′l)Uλ′ςµ′ς · ·σ′ςτ ′ς︸ ︷︷ ︸
2s′

(~p;n′1, n
′
2, ··, n′l)

Proof: Uλςµς · ·σςτςλ′ςµ
′
ς · ·σ

′
ςτ
′
ς︸ ︷︷ ︸

2s

(~p, h) = 1√
(2s)!n1!n2!··nl!

=2s′∑
n′1+··+n′l

C
n′1
n1C

n′2
n2 · ·C

n′l
nl u{λς (~p, 1)uµς (~p, 1) · ·︸ ︷︷ ︸

n1−n′1

· · uσς (~p, l)uτς}(~p, l)︸ ︷︷ ︸
nl−n′l

u(λ′ς
(~p, 1)uµ′ς (~p, 1) · ·︸ ︷︷ ︸

n′1

· · uσ′ς (~p, l)uτ ′ς)(~p, l)︸ ︷︷ ︸
n′l

= 1√
(2s)!n1!n2!··nl!

=2s′∑
n′1+··+n′l

C
n′1
n1C

n′2
n2 · ·C

n′l
nl√

(2s− 2s′)!(n1 − n′1)!(n2 − n′2)! · ·(nl − n′l)!Uλςµς · ·σςτς︸ ︷︷ ︸
2(s−s′)

(~p;n1 − n′1, n2 − n′2, ··, nl − n′l)√
(2s′)!n′1!n′2! · ·n′l!Uλ′ςµ′ς · ·σ′ςτ ′ς︸ ︷︷ ︸

2s′

(~p;n′1, n
′
2, ··, n′l)

=
=2s′∑

n′1+··+n′l

√
C
n′1
n1
C
n′2
n2
··C

n′
l

nl√
C2s′

2s

Uλςµς · ·σςτς︸ ︷︷ ︸
2(s−s′)

(~p;n1 − n′1, n2 − n′2, ··, nl − n′l)Uλ′ςµ′ς · ·σ′ςτ ′ς︸ ︷︷ ︸
2s′

(~p;n′1, n
′
2, ··, n′l)

Cor. 3.5.1. Uλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p;n1, n2, ··, nl) =
√
n1√
2s
Uλςµς · ·σς︸ ︷︷ ︸

2s−1

(~p;n1 − 1, n2, ··, nl)Uτς (~p; 1, 0, ··, 0)

+
√
n2√
2s
Uλςµς · ·σς︸ ︷︷ ︸

2s−1

(~p;n1, n2 − 1, ··, nl)Uτς (~p; 0, 1, ··, 0) + · ·+
√
nl√
2s
Uλςµς · ·σς︸ ︷︷ ︸

2s−1

(~p;n1, n2, ··, nl − 1)Uτς (~p; 0, 0, ··, 1)

Cor. 3.5.2. Uλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p; 0, n2, ··, nl)

=
√
n2√
2s
Uλςµς · ·σς︸ ︷︷ ︸

2s−1

(~p; 0, n2 − 1, ··, nl)Uτς (~p; 0, 1, ··, 0) + · ·+
√
nl√
2s
Uλςµς · ·σς︸ ︷︷ ︸

2s−1

(~p; 0, n2, ··, nl − 1)Uτς (~p; 0, 0, ··, 1)

3.6 Decomposition of V-spin basis for B-W equation in N+1 dimensional space-time

Thm. 3.6.1. Vλςµς · ·σςτςλ′ςµ
′
ς · ·σ

′
ςτ
′
ς︸ ︷︷ ︸

2s

(~p;n1, n2, ··, nl)

=
=2s′∑

n′1+··+n′l

√
C
n′1
n1
C
n′2
n2
··C

n′
l

nl√
C2s′

2s

Vλςµς · ·σςτς︸ ︷︷ ︸
2(s−s′)

(~p;n1 − n′1, n2 − n′2, ··, nl − n′l)Vλ′ςµ′ς · ·σ′ςτ ′ς︸ ︷︷ ︸
2s′

(~p;n′1, n
′
2, ··, n′l)

Proof: Vλςµς · ·σςτςλ′ςµ
′
ς · ·σ

′
ςτ
′
ς︸ ︷︷ ︸

2s

(~p, h) = 1√
(2s)!n1!n2!··nl!

=2s′∑
n′1+··+n′l

C
n′1
n1C

n′2
n2 · ·C

n′l
nl v{λς (~p, 1)vµς (~p, 1) · ·︸ ︷︷ ︸

n1−n′1

· · vσς (~p, l)vτς}(~p, l)︸ ︷︷ ︸
nl−n′l

v(λ′ς
(~p, 1)vµ′ς (~p, 1) · ·︸ ︷︷ ︸

n′1

· · vσ′ς (~p, l)vτ ′ς)(~p, l)︸ ︷︷ ︸
n′l

= 1√
(2s)!n1!n2!··nl!

=2s′∑
n′1+··+n′l

C
n′1
n1C

n′2
n2 · ·C

n′l
nl
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(2s− 2s′)!(n1 − n′1)!(n2 − n′2)! · ·(nl − n′l)!Vλςµς · ·σςτς︸ ︷︷ ︸

2(s−s′)

(~p;n1 − n′1, n2 − n′2, ··, nl − n′l)√
(2s′)!n′1!n′2! · ·n′l!Vλ′ςµ′ς · ·σ′ςτ ′ς︸ ︷︷ ︸

2s′

(~p;n′1, n
′
2, ··, n′l)

=
=2s′∑

n′1+··+n′l

√
C
n′1
n1
C
n′2
n2
··C

n′
l

nl√
C2s′

2s

Vλςµς · ·σςτς︸ ︷︷ ︸
2(s−s′)

(~p;n1 − n′1, n2 − n′2, ··, nl − n′l)Vλ′ςµ′ς · ·σ′ςτ ′ς︸ ︷︷ ︸
2s′

(~p;n′1, n
′
2, ··, n′l)

Cor. 3.6.1. Vλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p;n1, n2, ··, nl) =
√
n1√
2s
Vλςµς · ·σς︸ ︷︷ ︸

2s−1

(~p;n1 − 1, n2, ··, nl)Vτς (~p; 1, 0, ··, 0)

+
√
n2√
2s
Vλςµς · ·σς︸ ︷︷ ︸

2s−1

(~p;n1, n2 − 1, ··, nl)Vτς (~p; 0, 1, ··, 0) + · ·+
√
nl√
2s
Vλςµς · ·σς︸ ︷︷ ︸

2s−1

(~p;n1, n2, ··, nl − 1)Vτς (~p; 0, 0, ··, 1)

Cor. 3.6.2. Vλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p; 0, n2, ··, nl)

=
√
n2√
2s
Vλςµς · ·σς︸ ︷︷ ︸

2s−1

(~p; 0, n2 − 1, ··, nl)Vτς (~p; 0, 1, ··, 0) + · ·+
√
nl√
2s
Vλςµς · ·σς︸ ︷︷ ︸

2s−1

(~p; 0, n2, ··, nl − 1)Vτς (~p; 0, 0, ··, 1)

3.7 Quasi projection operators of B-W equation in N+1 dimensional space-time

Def. 3.7.1.
Λ+λςµς · ·τς︸ ︷︷ ︸

2s

λ
′
ςµ
′
ς · ·τς︸ ︷︷ ︸
2s

(~p, s) :=
∑

n1··nl
Uλςµς · ·τς︸ ︷︷ ︸

2s

(~p;n1, n2, ··, nl)U+
λ
′
ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2s

(~p;n1, n2, ··, nl)

Λ−λςµς · ·τς︸ ︷︷ ︸
2s

λ
′
ςµ
′
ς · ·τς︸ ︷︷ ︸
2s

(~p, s) :=
∑

n1··nl
Uλςµς · ·τς︸ ︷︷ ︸

2s

(~p;n1, n2, ··, nl)U+
λ
′
ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2s

(~p;n1, n2, ··, nl)

Cor. 3.7.1.
Λ+λςµς · ·τς︸ ︷︷ ︸

2s

λ
′
ςµ
′
ς · ·τς︸ ︷︷ ︸
2s

(~p, s) = 1
[(2s)!]2 Λ+{λς(λ′ς (~p,

1
2 )Λ+µςµ′ς

(~p, 1
2 ) · ·Λ+τς}τ ′ς)(~p,

1
2 )︸ ︷︷ ︸

2s

Λ−λςµς · ·τς︸ ︷︷ ︸
2s

λ
′
ςµ
′
ς · ·τς︸ ︷︷ ︸
2s

(~p, s) = 1
[(2s)!]2 Λ−{λς(λ′ς (~p,

1
2 )Λ−µςµ′ς (~p,

1
2 ) · ·Λ−τς}τ ′ς)(~p,

1
2 )︸ ︷︷ ︸

2s

The above inference can be directly obtained from the generalized polynomial theorem with symmetric
indices.
3.8 Conjecture on plane wave solutions for B-W equation in N+1 dimensional space-time [16]

(Proof will be provided in the following chapters.)

Thm. 3.8.1. (γa∂a +m)κς
λςψλςµς · ·τς︸ ︷︷ ︸

2s

(~r, t) = 0, ψλςµς · ·τς︸ ︷︷ ︸
2s

(~r, t) = 1
(2s)!ψ{λςµς · ·τς}︸ ︷︷ ︸

2s

(~r, t)

ψλςµς · ·τς︸ ︷︷ ︸
2s

(~r, t)

= 1
(2π)N/2

+∞∫
~p=−∞

=2s∑
n1+··+nl

ms√
E

[a(~p;n1, ··, nl)Uλςµς · ·τς︸ ︷︷ ︸
2s

(~p;n1, ··, nl)eip·x + b+(~p;n1, ··, nl)Vλςµς · ·τς︸ ︷︷ ︸
2s

(~p;n1, ··, nl)e−ip·x]dN~p

Uλς · ·µς · ·τς︸ ︷︷ ︸
2s

(~p;n1, n2, ··, nl) := 1√
(2s)!n1!n2!··nl!

u{λς (~p, 1) · ·︸ ︷︷ ︸
n1

uµς (~p, 2) · ·︸ ︷︷ ︸
n2

· · uτς (~p, l) · ·}︸ ︷︷ ︸
nl

, n1 + n2 + · · nl = 2s

Vλς · ·µς · ·τς︸ ︷︷ ︸
2s

(~p;n1, n2, ··, nl) := 1√
(2s)!n1!n2!··nl!

v{λς (~p, 1) · ·︸ ︷︷ ︸
n1

vµς (~p, 2) · ·︸ ︷︷ ︸
n2

· · vτς (~p, l) · ·}︸ ︷︷ ︸
nl

, n1 + n2 + · · nl = 2s

3.9 Covariant quantization rules for B-W equation in N+1 dimensional space-time

Def. 3.9.1. ~h := (n1, ··, nl), δ~h~h′ := δn1n′1
· ·δn1n′1

Thm. 3.9.1.{
[a(~p;~h), a+(~p′;~h′)]−2s+1 = δ~h~h′δ

N (~p− ~p′)
[b(~p;~h), b+(~p′;~h′)]−2s+1 = δ~h~h′δ

N (~p− ~p′)


[a(~p;~h), a(~p′;~h′)]−2s+1 = 0

[a+(~p;~h), a+(~p′;~h′)]−2s+1 = 0

[b(~p;~h), b(~p′;~h′)]−2s+1 = 0

[b+(~p;~h), b+(~p′;~h′)]−2s+1 = 0


[a(~p;~h), b+(~p′;~h′)]−2s+1 = 0

[a+(~p;~h), b(~p′;~h′)]−2s+1 = 0

[a(~p;~h), b(~p′;~h′)]−2s+1 = 0

[a+(~p;~h), b+(~p′;~h′)]−2s+1 = 0
⇒
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[ψλςµς · ·︸ ︷︷ ︸
2s

(x), ψ+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(x′)]−2s+1 = i
22s−1

1
[(2s)!]2

2s︷ ︸︸ ︷
[(m− γa∂a)γ0]{λς(λ′ς [(m− γ

b∂b)γ
0]µςµ′ς · ·}) ∆(x− x′)

[ψ
(+)
λςµς · ·︸ ︷︷ ︸

2s

(x), ψ
(+)+

λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(x′)]−2s+1 = i
22s−1

1
[(2s)!]2

2s︷ ︸︸ ︷
[(m− γa∂a)γ0]{λς(λ′ς [(m− γ

b∂b)γ
0]µςµ′ς · ·}) ∆(+)(x− x′)

[ψ
(−)
λςµς · ·︸ ︷︷ ︸

2s

(x), ψ
(−)+

λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(x′)]−2s+1 = i
22s−1

1
[(2s)!]2

2s︷ ︸︸ ︷
[(m− γa∂a)γ0]{λς(λ′ς [(m− γ

b∂b)γ
0]µςµ′ς · ·}) ∆(−)(x− x′)

Proof: [ψλςµς · ·︸ ︷︷ ︸
2s

(x), ψ+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(x′)] = 1
(2π)N

∫
dN~pdN~p′

∑
~h,~h′

(EE′)s−
1
2

√
m2

EE′

2s

[[a(~p,~h)Uλςµς · ·︸ ︷︷ ︸
2s

(~p,~h)eip·x + b+(~p,~h)Vλςµς · ·︸ ︷︷ ︸
2s

(~p,~h)e−ip·x, [a+(~p′,~h′)U+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(~p′,~h)e−ip
′·x′ + b(~p′,~h′)V +

λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(~p′,~h′)eip
′·x′ ]

= 1
(2π)N

∫
dN~pdN~p′

∑
~h,~h′

√
m2s

E

√
m2s

E′

[Uλςµς · ·︸ ︷︷ ︸
2s

(~p,~h)U+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(~p′,~h′)[a(~p,~h), a+(~p′,~h′)]ei(p·x−p
′·x′) + Vλςµς · ·︸ ︷︷ ︸

2s

(~p,~h)V +
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(~p′,~h′)[b+(~p,~h), b(~p′,~h′)]e−i(p·x−p
′·x′)

= 1
(2π)N

∫
dN~pdN~p′

∑
~h,~h′

√
m2s

E

√
m2s

E′

[Uλςµς · ·︸ ︷︷ ︸
2s

(~p,~h)U+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(~p′,~h′)δ~h~h′δ
N (~p− ~p′)ei(p·x−p′·x′) + (−1)2s+1Vλςµς · ·︸ ︷︷ ︸

2s

(~p,~h)V +
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(~p′,~h′)δ~h~h′δ
N (~p− ~p′)e−i(p·x−p′·x′)]

= 1
(2π)N

∫
dN~pm

2s

E [
∑
~h

Uλςµς · ·︸ ︷︷ ︸
2s

(~p,~h)U+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(~p,~h)eip·(x−x
′) + (−1)2s+1

∑
~h

Vλςµς · ·︸ ︷︷ ︸
2s

(~p,~h)V +
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(~p,~h)e−ip·(x−x
′)]

= 1
(2π)N

∫
dN~pm

2s

E [Λ+λςµς · ·︸ ︷︷ ︸
2s

λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(~p, s)eip·(x−x
′) + (−1)2s+1Λ−λςµς · ·︸ ︷︷ ︸

2s

λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(~p, s)e−ip·(x−x
′)]

= 1
(2π)N

∫
dN~pm

2s

E [ 1
[(2s)!]2 Λ+{λς(λ′ς (~p,

1
2 )Λ+µςµ′ς

(~p, 1
2 ) · ·︸ ︷︷ ︸

2s

eip·(x−x
′)

+ (−1)2s+1 1
[(2s)!]2 Λ−{λς(λ′ς (~p,

1
2 )Λ−µςµ′ς (~p,

1
2 ) · ·︸ ︷︷ ︸

2s

e−ip·(x−x
′)]

= 1
(2π)N

∫
dN~pm

2s

E {
1

(2m)2s
1

[(2s)!]2

2s︷ ︸︸ ︷
[(m− γa∂a)γ0]{λς(λ′ς [(m− γ

b∂b)γ
0]µςµ′ς · ·}) e

ip·(x−x′)

+ (−1)2s+1 1
(2m)2s

1
[(2s)!]2

2s︷ ︸︸ ︷
[(−m+ γa∂a)γ0]{λς(λ′ς [(−m+ γb∂b)γ

0]µςµ′ς · ·}) e
−ip·(x−x′)}

= i
22s−1

1
[(2s)!]2

2s︷ ︸︸ ︷
[(m− γa∂a)γ0]{λς(λ′ς [(m− γ

b∂b)γ
0]µςµ′ς · ·})

−i
(2π)N

∫
dN~p 1

2E [[eip·(x−x
′) − e−ip·(x−x′)]

= i
22s−1

1
[(2s)!]2

2s︷ ︸︸ ︷
[(m− γa∂a)γ0]{λς(λ′ς [(m− γ

b∂b)γ
0]µςµ′ς · ·}) ∆(x− x′)

= i(2m)2s

22s−1 Λ+λςµς · ·︸ ︷︷ ︸
2s

λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(−i∂, s)∆(x− x′)

Proof: [ψ
(+)
λςµς · ·︸ ︷︷ ︸

2s

(x), ψ
(+)+

λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(x′)]−2s+1

= 1
(2π)N

∫
dN~pdN~p′

∑
~h,~h′

(EE′)s−
1
2

√
m2

EE′

2s

[a(~p,~h)Uλςµς · ·︸ ︷︷ ︸
2s

(~p,~h)eip·x, a+(~p′,~h′)U+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(~p′,~h)e−ip
′·x′ ]

= 1
(2π)N

∫
dN~pdN~p′

∑
~h,~h′

√
m2s

E

√
m2s

E′ [Uλςµς · ·︸ ︷︷ ︸
2s

(~p,~h)U+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(~p′,~h′)[a(~p,~h), a+(~p′,~h′)]ei(p·x−p
′·x′)

= 1
(2π)N

∫
dN~pdN~p′

∑
~h,~h′

√
m2s

E

√
m2s

E′ Uλςµς · ·︸ ︷︷ ︸
2s

(~p,~h)U+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(~p′,~h′)δ~h~h′δ
N (~p− ~p′)ei(p·x−p′·x′)
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= 1
(2π)N

∫
dN~pm

2s

E

∑
~h

Uλςµς · ·︸ ︷︷ ︸
2s

(~p,~h)U+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(~p,~h)eip·(x−x
′)

= 1
(2π)N

∫
dN~pm

2s

E Λ+λςµς · ·︸ ︷︷ ︸
2s

λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(~p, s)eip·(x−x
′)

= 1
(2π)N

∫
dN~pm

2s

E
1

[(2s)!]2 Λ+{λς(λ′ς (~p,
1
2 )Λ+µςµ′ς

(~p, 1
2 ) · ·︸ ︷︷ ︸

2s

eip·(x−x
′)

= 1
(2π)N

∫
dN~pm

2s

E {
1

(2m)2s
1

[(2s)!]2

2s︷ ︸︸ ︷
[(m− γa∂a)γ0]{λς(λ′ς [(m− γ

b∂b)γ
0]µςµ′ς · ·}) e

ip·(x−x′)

= i
22s−1

1
[(2s)!]2

2s︷ ︸︸ ︷
[(m− γa∂a)γ0]{λς(λ′ς [(m− γ

b∂b)γ
0]µςµ′ς · ·})

−i
(2π)N

∫
dN~p 1

2E e
ip·(x−x′)

= i
22s−1

1
[(2s)!]2

2s︷ ︸︸ ︷
[(m− γa∂a)γ0]{λς(λ′ς [(m− γ

b∂b)γ
0]µςµ′ς · ·}) ∆(+)(x− x′)

= i(2m)2s

22s−1 Λ+λςµς · ·︸ ︷︷ ︸
2s

λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(−i∂, s)∆(+)(x− x′)

Proof: [ψ
(−)
λςµς · ·︸ ︷︷ ︸

2s

(x), ψ
(−)+

λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(x′)]−2s+1

= 1
(2π)N

∫
dN~pdN~p′

∑
~h,~h′

(EE′)s−
1
2

√
m2

EE′

2s

[b+(~p,~h)Vλςµς · ·︸ ︷︷ ︸
2s

(~p,~h)e−ip·x, b(~p′,~h′)V +
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(~p′,~h′)eip
′·x′ ]

= 1
(2π)N

∫
dN~pdN~p′

∑
~h,~h′

√
m2s

E

√
m2s

E′ Vλςµς · ·︸ ︷︷ ︸
2s

(~p,~h)V +
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(~p′,~h′)[b+(~p,~h), b(~p′,~h′)]e−i(p·x−p
′·x′)

= 1
(2π)N

∫
dN~pdN~p′

∑
~h,~h′

√
m2s

E

√
m2s

E′ (−1)2s+1Vλςµς · ·︸ ︷︷ ︸
2s

(~p,~h)V +
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(~p′,~h′)δ~h~h′δ
N (~p− ~p′)e−i(p·x−p′·x′)

= 1
(2π)N

∫
dN~pm

2s

E (−1)2s+1
∑
~h

Vλςµς · ·︸ ︷︷ ︸
2s

(~p,~h)V +
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(~p,~h)e−ip·(x−x
′)

= 1
(2π)N

∫
dN~pm

2s

E (−1)2s+1Λ−λςµς · ·︸ ︷︷ ︸
2s

λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(~p, s)e−ip·(x−x
′)

= 1
(2π)N

∫
dN~pm

2s

E (−1)2s+1 1
[(2s)!]2 Λ−{λς(λ′ς (~p,

1
2 )Λ−µςµ′ς (~p,

1
2 ) · ·︸ ︷︷ ︸

2s

e−ip·(x−x
′)

= 1
(2π)N

∫
dN~pm

2s

E (−1)2s+1 1
(2m)2s

1
[(2s)!]2

2s︷ ︸︸ ︷
[(−m+ γa∂a)γ0]{λς(λ′ς [(−m+ γb∂b)γ

0]µςµ′ς · ·}) e
−ip·(x−x′)

= i
22s−1

1
[(2s)!]2

2s︷ ︸︸ ︷
[(m− γa∂a)γ0]{λς(λ′ς [(m− γ

b∂b)γ
0]µςµ′ς · ·})

i
(2π)N

∫
dN~p 1

2E e
−ip·(x−x′)

= i
22s−1

1
[(2s)!]2

2s︷ ︸︸ ︷
[(m− γa∂a)γ0]{λς(λ′ς [(m− γ

b∂b)γ
0]µςµ′ς · ·}) ∆(−)(x− x′)

= i(2m)2s

22s−1 Λ+λςµς · ·︸ ︷︷ ︸
2s

λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(−i∂, s)∆(−)(x− x′)

3.10 Reverse reasoning for covariant quantization rules for B-W equation in N+1-D

Thm. 3.10.1. [ψλςµς · ·︸ ︷︷ ︸
2s

(x), ψ+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(x′)]−2s+1 = i
22s−1

1
[(2s)!]2

2s︷ ︸︸ ︷
[(m− γa∂a)γ0]{λς(λ′ς [(m− γ

b∂b)γ
0]µςµ′ς · ·}) ∆(x− x′)

⇒ [a(~p,~h), a+(~p′,~h′)]−2s+1 = δ~h~h′δ
N (~p− ~p′), [b(~p,~h), b+(~p′,~h′)]−2s+1 = δ~h~h′δ

N (~p− ~p′), [rest]−2s+1 = 0

The following has given a detailed proof process for several main commutative brackets.

Proof: [a(~p,~h), a+(~p′,~h′)]−2s+1

= 1
(2π)N

∫ √
EE′( m

EE′ )
2sU+

2s︷ ︸︸ ︷
λςµς · ·(~p,~h)U

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~p′,~h′)[ψλςµς · ·︸ ︷︷ ︸

2s

(x), ψ+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(x′)]−2s+1e−i(p·x−p
′·x′)dN~rdN~r′

= 1
(2π)N

∫ √
EE′( m

EE′ )
2sU+

2s︷ ︸︸ ︷
λςµς · ·(~p,~h)U

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~p′,~h′)
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i
22s−1

1
[(2s)!]2

2s︷ ︸︸ ︷
[(m− γa∂a)γ0]{λς(λ′ς [(m− γ

b∂b)γ
0]µςµ′ς · ·}) ∆(x− x′)e−i(p·x−p′·x′)dN~rdN~r′

= 1
(2π)N

∫
dN~rdN~r′

√
EE′( m

EE′ )
2sU+

2s︷ ︸︸ ︷
λςµς · ·(~p,~h)U

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~p′,~h′)

i
22s−1

1
[(2s)!]2

2s︷ ︸︸ ︷
[(m− γa∂a)γ0]{λς(λ′ς [(m− γ

b∂b)γ
0]µςµ′ς · ·}){

−i
(2π)N

∫
1

2E0
[eip0·(x−x′) − e−ip0·(x−x′)]dN~p0}e−i(p·x−p

′·x′)

= [ 1
(2π)N

]2
∫ √

EE′

E0
( m

2

EE′ )
2sU+

2s︷ ︸︸ ︷
λςµς · ·(~p,~h)U

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~p′,~h′)

{ 1
(2m)2s

1
[(2s)!]2

2s︷ ︸︸ ︷
[(m− iγap0a)γ0]{λς(λ′ς [(m− iγ

bp0b)γ
0]µςµ′ς · ·}) e

ip0·(x−x′)e−i(p·x−p
′·x′)dN~rdN~r′

+ (−1)2s+1 1
(2m)2s

1
[(2s)!]2

2s︷ ︸︸ ︷
[(−m− iγap0a)γ0]{λς(λ′ς [(−m− iγ

bp0b)γ
0]µςµ′ς · ·}) e

−ip0·(x−x′)e−i(p·x−p
′·x′)}dN~rdN~r′dN~p0

= [ 1
(2π)N

]2
∫
dN~rdN~r′dN~p0

√
EE′

E0
( m

2

EE′ )
2s

U+

2s︷ ︸︸ ︷
λςµς · ·(~p,~h)U

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~p′,~h′){

∑
~h0

Uλςµς · ·τς︸ ︷︷ ︸
2s

(~p0,~h0)U+
λ
′
ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2s

(~p0,~h0)ei(p0−p)·xe−i(p0−p′)·x′

+ (−1)2s+1
∑
~h0

Vλςµς · ·τς︸ ︷︷ ︸
2s

(~p0,~h0)V +
λ
′
ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2s

(~p0,~h0)e−i(p0+p)·xei(p0+p′)·x′}

=
∫
dN~p0

√
EE′

E0
( m

2

EE′ )
2s

U+

2s︷ ︸︸ ︷
λςµς · ·(~p,~h)U

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~p′,~h′){

∑
~h0

Uλςµς · ·τς︸ ︷︷ ︸
2s

(~p0,~h0)U+
λ
′
ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2s

(~p0,~h0)δN (~p0 − ~p)δN (~p0 − ~p′)

+ (−1)2s+1
∑
~h0

Vλςµς · ·τς︸ ︷︷ ︸
2s

(~p0,~h0)V +
λ
′
ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2s

(~p0,~h0)e2iE0(t−t′)δN (~p0 + ~p)δN (~p0 + ~p′)}

= δN (~p− ~p′)(mE )4sU+

2s︷ ︸︸ ︷
λςµς · ·(~p,~h)U

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~p,~h′)

{
∑
~h0

Uλςµς · ·τς︸ ︷︷ ︸
2s

(~p,~h0)U+
λ
′
ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2s

(~p,~h0) + (−1)2s+1
∑
~h0

Vλςµς · ·τς︸ ︷︷ ︸
2s

(−~p,~h0)V +
λ
′
ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2s

(−~p,~h0)e2iE(t−t′)}

= δN (~p− ~p′)(
∑
~h0

δ~h~h0
δ~h′~h0

+ 0)

= δ~h~h′δ
N (~p− ~p′)

Proof: [b+(~p,~h), b(~p′,~h′)]−2s+1

= 1
(2π)N

∫ √
EE′( m

EE′ )
2sV +

2s︷ ︸︸ ︷
λςµς · ·(~p,~h)V

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~p′,~h′)[ψλςµς · ·︸ ︷︷ ︸

2s

(x), ψ+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(x′)]−2s+1ei(p·x−p
′·x′)dN~rdN~r′

= 1
(2π)N

∫ √
EE′( m

EE′ )
2sV +

2s︷ ︸︸ ︷
λςµς · ·(~p,~h)V

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~p′,~h′)

i
22s−1

1
[(2s)!]2

2s︷ ︸︸ ︷
[(m− γa∂a)γ0]{λς(λ′ς [(m− γ

b∂b)γ
0]µςµ′ς · ·}) ∆(x− x′)ei(p·x−p′·x′)dN~rdN~r′

= 1
(2π)N

∫
dN~rdN~r′

√
EE′( m

EE′ )
2sV +

2s︷ ︸︸ ︷
λςµς · ·(~p,~h)V

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~p′,~h′)

i
22s−1

1
[(2s)!]2

2s︷ ︸︸ ︷
[(m− γa∂a)γ0]{λς(λ′ς [(m− γ

b∂b)γ
0]µςµ′ς · ·}){

−i
(2π)N

∫
1

2E0
[eip0·(x−x′) − e−ip0·(x−x′)]dN~p0}ei(p·x−p

′·x′)

= [ 1
(2π)N

]2
∫ √

EE′

E0
( m

2

EE′ )
2sV +

2s︷ ︸︸ ︷
λςµς · ·(~p,~h)V

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~p′,~h′)

{ 1
(2m)2s

1
[(2s)!]2

2s︷ ︸︸ ︷
[(m− iγap0a)γ0]{λς(λ′ς [(m− iγ

bp0b)γ
0]µςµ′ς · ·}) e

ip0·(x−x′)ei(p·x−p
′·x′)dN~rdN~r′

+ (−1)2s+1 1
(2m)2s

1
[(2s)!]2

2s︷ ︸︸ ︷
[(−m− iγap0a)γ0]{λς(λ′ς [(−m− iγ

bp0b)γ
0]µςµ′ς · ·}) e

−ip0·(x−x′)ei(p·x−p
′·x′)}dN~rdN~r′dN~p0

= [ 1
(2π)N

]2
∫
dN~rdN~r′dN~p0

√
EE′

E0
( m

2

EE′ )
2s
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V +

2s︷ ︸︸ ︷
λςµς · ·(~p,~h)V

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~p′,~h′){

∑
~h0

Uλςµς · ·τς︸ ︷︷ ︸
2s

(~p0,~h0)U+
λ
′
ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2s

(~p0,~h0)ei(p0+p)·xe−i(p0+p′)·x′

+ (−1)2s+1
∑
~h0

Vλςµς · ·τς︸ ︷︷ ︸
2s

(~p0,~h0)V +
λ
′
ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2s

(~p0,~h0)e−i(p0−p)·xei(p0−p′)·x′}

=
∫
dN~p0

√
EE′

E0
( m

2

EE′ )
2s

V +

2s︷ ︸︸ ︷
λςµς · ·(~p,~h)V

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~p′,~h′){

∑
~h0

Uλςµς · ·τς︸ ︷︷ ︸
2s

(~p0,~h0)U+
λ
′
ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2s

(~p0,~h0)e−2iE0(t−t′)δN (~p0 + ~p)δN (~p0 + ~p′)

+ (−1)2s+1
∑
~h0

Vλςµς · ·τς︸ ︷︷ ︸
2s

(~p0,~h0)V +
λ
′
ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2s

(~p0,~h0)δN (~p0 − ~p)δN (~p0 − ~p′)}

= δN (~p− ~p′)(mE )4sV +

2s︷ ︸︸ ︷
λςµς · ·(~p,~h)V

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~p,~h′)

{
∑
~h0

Uλςµς · ·τς︸ ︷︷ ︸
2s

(−~p,~h0)U+
λ
′
ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2s

(−~p,~h0)e−2iE(t−t′) + (−1)2s+1
∑
~h0

Vλςµς · ·τς︸ ︷︷ ︸
2s

(~p,~h0)V +
λ
′
ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2s

(~p,~h0)}

= (−1)2s+1δN (~p− ~p′)(0 +
∑
~h0

δ~h~h0
δ~h′~h0

)

= (−1)2s+1δ~h~h′δ
N (~p− ~p′)

Proof: [a(~p,~h), b(~p′,~h′)]−2s+1

= 1
(2π)N

∫ √
EE′( m

EE′ )
2sU+

2s︷ ︸︸ ︷
λςµς · ·(~p,~h)V

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~p′,~h′)[ψλςµς · ·︸ ︷︷ ︸

2s

(x), ψ+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(x′)]−2s+1e−i(p·x+p′·x′)dN~rdN~r′

= 1
(2π)N

∫ √
EE′( m

EE′ )
2sU+

2s︷ ︸︸ ︷
λςµς · ·(~p,~h)V

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~p′,~h′)

i
22s−1

1
[(2s)!]2

2s︷ ︸︸ ︷
[(m− γa∂a)γ0]{λς(λ′ς [(m− γ

b∂b)γ
0]µςµ′ς · ·}) ∆(x− x′)e−i(p·x+p′·x′)dN~rdN~r′

= 1
(2π)N

∫
dN~rdN~r′

√
EE′( m

EE′ )
2sU+

2s︷ ︸︸ ︷
λςµς · ·(~p,~h)V

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~p′,~h′)

i
22s−1

1
[(2s)!]2

2s︷ ︸︸ ︷
[(m− γa∂a)γ0]{λς(λ′ς [(m− γ

b∂b)γ
0]µςµ′ς · ·}){

−i
(2π)N

∫
1

2E0
[eip0·(x−x′) − e−ip0·(x−x′)]dN~p0}e−i(p·x+p′·x′)

= [ 1
(2π)N

]2
∫ √

EE′

E0
( m

2

EE′ )
2sU+

2s︷ ︸︸ ︷
λςµς · ·(~p,~h)V

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~p′,~h′)

{ 1
(2m)2s

1
[(2s)!]2

2s︷ ︸︸ ︷
[(m− iγap0a)γ0]{λς(λ′ς [(m− iγ

bp0b)γ
0]µςµ′ς · ·}) e

ip0·(x−x′)e−i(p·x+p′·x′)dN~rdN~r′

+ (−1)2s+1 1
(2m)2s

1
[(2s)!]2

2s︷ ︸︸ ︷
[(−m− iγap0a)γ0]{λς(λ′ς [(−m− iγ

bp0b)γ
0]µςµ′ς · ·}) e

−ip0·(x−x′)e−i(p·x+p′·x′)}dN~rdN~r′dN~p0

= [ 1
(2π)N

]2
∫
dN~rdN~r′dN~p0

√
EE′

E0
( m

2

EE′ )
2s

U+

2s︷ ︸︸ ︷
λςµς · ·(~p,~h)V

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~p′,~h′){

∑
~h0

Uλςµς · ·τς︸ ︷︷ ︸
2s

(~p0,~h0)U+
λ
′
ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2s

(~p0,~h0)ei(p0−p)·xe−i(p0+p′)·x′

+ (−1)2s+1
∑
~h0

Vλςµς · ·τς︸ ︷︷ ︸
2s

(~p0,~h0)V +
λ
′
ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2s

(~p0,~h0)e−i(p0+p)·xei(p0−p′)·x′}

=
∫
dN~p0

√
EE′

|~p0| ( m
2

EE′ )
2s

U+

2s︷ ︸︸ ︷
λςµς · ·(~p,~h)V

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~p′,~h′){

∑
~h0

Uλςµς · ·τς︸ ︷︷ ︸
2s

(~p0,~h0)U+
λ
′
ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2s

(~p0,~h0)e−iE0t
′
δN (~p0 − ~p)δN (~p0 + ~p′)

+ (−1)2s+1
∑
~h0

Vλςµς · ·τς︸ ︷︷ ︸
2s

(~p0,~h0)V +
λ
′
ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2s

(~p0,~h0)eiE0tδN (~p0 + ~p)δN (~p0 − ~p′)}

= δN (~p+ ~p′)(mE )4sU+

2s︷ ︸︸ ︷
λςµς · ·(~p,~h)V

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~p′,~h′)
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{
∑
~h0

Uλςµς · ·τς︸ ︷︷ ︸
2s

(~p,~h0)U+
λ
′
ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2s

(~p,~h0) + (−1)2s+1
∑
~h0

Vλςµς · ·τς︸ ︷︷ ︸
2s

(~p′,~h0)V +
λ
′
ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2s

(~p′,~h0)e2iE(t−t′)}

= 0 + 0 = 0

3.11 Summary of covariant quantization rules for B-W equation in N+1-D

Combining the proofs in the above two sections, the following important theorems are obtained.

Thm. 3.11.1.

[ψλςµς · ·︸ ︷︷ ︸
2s

(x), ψ+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(x′)]−2s+1 = i
22s−1

1
[(2s)!]2

2s︷ ︸︸ ︷
[(m− γa∂a)γ0]{λς(λ′ς [(m− γ

b∂b)γ
0]µςµ′ς · ·}) ∆(x− x′)

⇔ [a(~p,~h), a+(~p′,~h′)]−2s+1 = δ~h~h′δ
N (~p− ~p′), [b(~p,~h), b+(~p′,~h′)]−2s+1 = δ~h~h′δ

N (~p− ~p′), [rest]−2s+1 = 0

3.12 Various physical operators of B-W equation in N+1 dimensional space-time

Thm. 3.12.1.

Pu(s) =
∫
ψ+

2s︷ ︸︸ ︷
λςµς · ·(~r, t)−i∂u(i∂t)

2s−1

(m2−∇2)2s−1 ψλςµς · ·︸ ︷︷ ︸
2s

(~r, t)dN~r =
∫ ∑

~h

pu[a+(~p,~h)a(~p,~h) + (−1)2sb(~p,~h)b+(~p,~h)]dN~p

Proof: Pu(s) =
∫
ψ+

2s︷ ︸︸ ︷
λςµς · ·(~r, t)−i∂u(i∂t)

2s−1

(m2−∇2)2s−1 ψλςµς · ·︸ ︷︷ ︸
2s

(~r, t)dN~r

=
∫

1
(2π)N/2

+∞∫
~p′=−∞

∑
~h′

E′s−
1
2
√

m
E′

2s
[a+(~p′,~h′)U+

2s︷ ︸︸ ︷
λςµς · ·(~p′,~h′)e−i(~p

′·~r−E′t) + b(~p′,~h′)V +

2s︷ ︸︸ ︷
λςµς · ·(~p′,~h′)ei(~p

′·~r−E′t)]dN~p′

1
(2π)N/2

+∞∫
~p=−∞

∑
~h

Es−
1
2
√

m
E

2s puE
2s−1

(E2)2s−1 [a(~p,~h)Uλςµς · ·︸ ︷︷ ︸
2s

(~p,~h)ei(~p·~r−Et) + (−1)2sb+(~p,~h)Vλςµς · ·︸ ︷︷ ︸
2s

(~p,~h)e−i(~p·~r−Et)]dN~pdN~r

= 1
(2π)N

∫ ∑
~h,~h′

(E
′

E )s−
1
2

√
m2

E′E

2s

[a+(~p′,~h′)U+

2s︷ ︸︸ ︷
λςµς · ·(~p′,~h′)e−i(~p

′·~r−E′t) + b(~p′,~h′)V +

2s︷ ︸︸ ︷
λςµς · ·(~p′,~h′)ei(~p

′·~r−E′t)]

pu[a(~p,~h)Uλςµς · ·︸ ︷︷ ︸
2s

(~p,~h)ei(~p·~r−Et) + (−1)2sb+(~p,~h)Vλςµς · ·︸ ︷︷ ︸
2s

(~p,~h)e−i(~p·~r−Et)]dN~p′dN~pdN~r

=
∫
dN~p′dN~p

∑
~h,~h′

(mE )2spu

{δN (~p− ~p′)[a+(~p,~h′)a(~p,~h)U+

2s︷ ︸︸ ︷
λςµς · ·(~p,~h′)Uλςµς · ·︸ ︷︷ ︸

2s

(~p,~h) + (−1)2sb(~p,~h′)b+(~p,~h)V +

2s︷ ︸︸ ︷
λςµς · ·(~p,~h′)Vλςµς · ·︸ ︷︷ ︸

2s

(~p,~h)]

+ δN (~p+ ~p′)[(−1)2se2iEta+(−~p,~h′)b+(~p,~h)U+

2s︷ ︸︸ ︷
λςµς · ·(−~p,~h′)Vλςµς · ·︸ ︷︷ ︸

2s

(~p,~h)

+ e−2iEtb(~p,~h′)a(~p,~h)V +

2s︷ ︸︸ ︷
λςµς · ·(−~p,~h′)Uλςµς · ·︸ ︷︷ ︸

2s

(~p,~h)]}

=
∫ ∑

~h

pu[a+(~p,~h)a(~p,~h) + (−1)2sb(~p,~h)b+(~p,~h)]dN~p

Thm. 3.12.2.

Q(s) =
∫
ψ+

2s︷ ︸︸ ︷
λςµς · ·(~r, t) (i∂t)

2s−1

(m2−∇2)2s−1ψλςµς · ·︸ ︷︷ ︸
2s

(~r, t)dN~r =
∫ ∑

~h

[a+(~p,~h)a(~p,~h) + (−1)2s−1b(~p,~h)b+(~p,~h)]dN~p

Proof: Q(s) =
∫
ψ+

2s︷ ︸︸ ︷
λςµς · ·(~r, t) (i∂t)

2s−1

(m2−∇2)2s−1ψλςµς · ·︸ ︷︷ ︸
2s

(~r, t)dN~r

=
∫

1
(2π)N/2

+∞∫
~p′=−∞

∑
~h′

E′s−
1
2
√

m
E′

2s
[a+(~p′,~h′)U+

2s︷ ︸︸ ︷
λςµς · ·(~p′,~h′)e−i(~p

′·~r−E′t) + b(~p′,~h′)V +

2s︷ ︸︸ ︷
λςµς · ·(~p′,~h′)ei(~p

′·~r−E′t)]dN~p′

1
(2π)N/2

+∞∫
~p=−∞

∑
~h

Es−
1
2
√

m
E

2s E2s−1

(E2)2s−1 [a(~p,~h)Uλςµς · ·︸ ︷︷ ︸
2s

(~p,~h)ei(~p·~r−Et) + (−1)2s−1b+(~p,~h)Vλςµς · ·︸ ︷︷ ︸
2s

(~p,~h)e−i(~p·~r−Et)]dN~pdN~r

= 1
(2π)N

∫ ∑
~h,~h′

(E
′

E )s−
1
2

√
m2

E′E

2s

[a+(~p′,~h′)U+

2s︷ ︸︸ ︷
λςµς · ·(~p′,~h′)e−i(~p

′·~r−E′t) + b(~p′,~h′)V +

2s︷ ︸︸ ︷
λςµς · ·(~p′,~h′)ei(~p

′·~r−E′t)]
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[a(~p,~h)Uλςµς · ·︸ ︷︷ ︸
2s

(~p,~h)ei(~p·~r−Et) + (−1)2s−1b+(~p,~h)Vλςµς · ·︸ ︷︷ ︸
2s

(~p,~h)e−i(~p·~r−Et)]dN~p′dN~pdN~r

=
∫
dN~p′dN~p

∑
~h,~h′

(mE )2s

{δN (~p− ~p′)[a+(~p,~h′)a(~p,~h)U+

2s︷ ︸︸ ︷
λςµς · ·(~p,~h′)Uλςµς · ·︸ ︷︷ ︸

2s

(~p,~h) + (−1)2s−1b(~p,~h′)b+(~p,~h)V +

2s︷ ︸︸ ︷
λςµς · ·(~p,~h′)Vλςµς · ·︸ ︷︷ ︸

2s

(~p,~h)]

+ δN (~p+ ~p′)[(−1)2s−1e2iEta+(−~p,~h′)b+(~p,~h)U+

2s︷ ︸︸ ︷
λςµς · ·(−~p,~h′)Vλςµς · ·︸ ︷︷ ︸

2s

(~p,~h)

+ e−2iEtb(~p,~h′)a(~p,~h)V +

2s︷ ︸︸ ︷
λςµς · ·(−~p,~h′)Uλςµς · ·︸ ︷︷ ︸

2s

(~p,~h)]}

=
∫ ∑

~h

[a+(~p,~h)a(~p,~h) + (−1)2s−1b(~p,~h)b+(~p,~h)]dN~p

Thm. 3.12.3.

N(s) =
∫
ψ+

2s︷ ︸︸ ︷
λςµς · ·(~r, t) (i∂t)

2s

(
√
m2−∇2)4s−1

ψλςµς · ·︸ ︷︷ ︸
2s

(~r, t)dN~r =
∫ ∑

~h

[a+(~p,~h)a(~p,~h) + (−1)2sb(~p,~h)b+(~p,~h)]dN~p

Proof: N(s) =
∫
ψ+

2s︷ ︸︸ ︷
λςµς · ·(~r, t) (i∂t)

2s

(
√
m2−∇2)4s−1

ψλςµς · ·︸ ︷︷ ︸
2s

(~r, t)dN~r

=
∫

1
(2π)N/2

+∞∫
~p′=−∞

∑
~h′

E′s−
1
2
√

m
E′

2s
[a+(~p′,~h′)U+

2s︷ ︸︸ ︷
λςµς · ·(~p′,~h′)e−i(~p

′·~r−E′t) + b(~p′,~h′)V +

2s︷ ︸︸ ︷
λςµς · ·(~p′,~h′)ei(~p

′·~r−E′t)]dN~p′

1
(2π)N/2

+∞∫
~p=−∞

∑
~h

Es−
1
2
√

m
E

2s E2s

E4s−1 [a(~p,~h)Uλςµς · ·︸ ︷︷ ︸
2s

(~p,~h)ei(~p·~r−Et) + (−1)2sb+(~p,~h)Vλςµς · ·︸ ︷︷ ︸
2s

(~p,~h)e−i(~p·~r−Et)]dN~pdN~r

= 1
(2π)N

∫ ∑
~h,~h′

(E
′

E )s−
1
2

√
m2

E′E

2s

[a+(~p′,~h′)U+

2s︷ ︸︸ ︷
λςµς · ·(~p′,~h′)e−i(~p

′·~r−E′t) + b(~p′,~h′)V +

2s︷ ︸︸ ︷
λςµς · ·(~p′,~h′)ei(~p

′·~r−E′t)]

[a(~p,~h)Uλςµς · ·︸ ︷︷ ︸
2s

(~p,~h)ei(~p·~r−Et) + (−1)2sb+(~p,~h)Vλςµς · ·︸ ︷︷ ︸
2s

(~p,~h)e−i(~p·~r−Et)]dN~p′dN~pdN~r

=
∫
dN~p′dN~p

∑
~h,~h′

(mE )2s

{δN (~p− ~p′)[a+(~p,~h′)a(~p,~h)U+

2s︷ ︸︸ ︷
λςµς · ·(~p,~h′)Uλςµς · ·︸ ︷︷ ︸

2s

(~p,~h) + (−1)2sb(~p,~h′)b+(~p,~h)V +

2s︷ ︸︸ ︷
λςµς · ·(~p,~h′)Vλςµς · ·︸ ︷︷ ︸

2s

(~p,~h)]

+ δN (~p+ ~p′)[(−1)2se2iEta+(−~p,~h′)b+(~p,~h)U+

2s︷ ︸︸ ︷
λςµς · ·(−~p,~h′)Vλςµς · ·︸ ︷︷ ︸

2s

(~p,~h)

+ e−2iEtb(~p,~h′)a(~p,~h)V +

2s︷ ︸︸ ︷
λςµς · ·(−~p,~h′)Uλςµς · ·︸ ︷︷ ︸

2s

(~p,~h)]}

=
∫ ∑

~h

[a+(~p,~h)a(~p,~h) + (−1)2sb(~p,~h)b+(~p,~h)]dN~p

Thm. 3.12.4.

~S(s) =
∫
ψ+

2s︷ ︸︸ ︷
λςµς · ·(~r, t) ∇̂(i∂t)

2s−1

(m2−∇2)2s−1ψλςµς · ·︸ ︷︷ ︸
2s

(~r, t)dN~r =
∫ ∑

~h

p̂[a+(~p,~h)a(~p,~h) + (−1)2sb(~p,~h)b+(~p,~h)]dN~p

Proof: ~S(s) =
∫
ψ+

2s︷ ︸︸ ︷
λςµς · ·(~r, t) ∇̂(i∂t)

2s−1

(m2−∇2)2s−1ψλςµς · ·︸ ︷︷ ︸
2s

(~r, t)dN~r

=
∫

1
(2π)N/2

+∞∫
~p′=−∞

∑
~h′

E′s−
1
2
√

m
E′

2s
[a+(~p′,~h′)U+

2s︷ ︸︸ ︷
λςµς · ·(~p′,~h′)e−i(~p

′·~r−E′t) + b(~p′,~h′)V +

2s︷ ︸︸ ︷
λςµς · ·(~p′,~h′)ei(~p

′·~r−E′t)]dN~p′

1
(2π)N/2

+∞∫
~p=−∞

∑
~h

Es−
1
2
√

m
E

2s p̂E2s−1

(E2)2s−1 [a(~p,~h)Uλςµς · ·︸ ︷︷ ︸
2s

(~p,~h)ei(~p·~r−Et) + (−1)2sb+(~p,~h)Vλςµς · ·︸ ︷︷ ︸
2s

(~p,~h)e−i(~p·~r−Et)]dN~pdN~r

= 1
(2π)N

∫ ∑
~h,~h′

(E
′

E )s−
1
2

√
m2

E′E

2s

p̂[a+(~p′,~h′)U+

2s︷ ︸︸ ︷
λςµς · ·(~p′,~h′)e−i(~p

′·~r−E′t) + b(~p′,~h′)V +

2s︷ ︸︸ ︷
λςµς · ·(~p′,~h′)ei(~p

′·~r−E′t)]
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[a(~p,~h)Uλςµς · ·︸ ︷︷ ︸
2s

(~p,~h)ei(~p·~r−Et) + (−1)2sb+(~p,~h)Vλςµς · ·︸ ︷︷ ︸
2s

(~p,~h)e−i(~p·~r−Et)]dN~p′dN~pdN~r

=
∫
dN~p′dN~p

∑
~h,~h′

(mE )2sp̂

{δN (~p− ~p′)[a+(~p,~h′)a(~p,~h)U+

2s︷ ︸︸ ︷
λςµς · ·(~p,~h′)Uλςµς · ·︸ ︷︷ ︸

2s

(~p,~h) + (−1)2sb(~p,~h′)b+(~p,~h)V +

2s︷ ︸︸ ︷
λςµς · ·(~p,~h′)Vλςµς · ·︸ ︷︷ ︸

2s

(~p,~h)]

+ δN (~p+ ~p′)[(−1)2se2iEta+(−~p,~h′)b+(~p,~h)U+

2s︷ ︸︸ ︷
λςµς · ·(−~p,~h′)Vλςµς · ·︸ ︷︷ ︸

2s

(~p,~h)

+ e−2iEtb(~p,~h′)a(~p,~h)V +

2s︷ ︸︸ ︷
λςµς · ·(−~p,~h′)Uλςµς · ·︸ ︷︷ ︸

2s

(~p,~h)]}

=
∫ ∑

~h

p̂[a+(~p,~h)a(~p,~h) + (−1)2sb(~p,~h)b+(~p,~h)]dN~p

Thm. 3.12.5.

~M(s) =
∫
ψ+

2s︷ ︸︸ ︷
λςµς · ·(~r, t) ∇̂(i∂t)

2s

(
√
m2−∇2)4s−1

ψλςµς · ·︸ ︷︷ ︸
2s

(~r, t)dN~r =
∫ ∑

~h

p̂[a+(~p,~h)a(~p,~h) + (−1)2s−1b(~p,~h)b+(~p,~h)]dN~p

Proof: ~M(s) =
∫
ψ+

2s︷ ︸︸ ︷
λςµς · ·(~r, t) ∇̂(i∂t)

2s

(
√
m2−∇2)4s−1

ψλςµς · ·︸ ︷︷ ︸
2s

(~r, t)dN~r

=
∫

1
(2π)N/2

+∞∫
~p′=−∞

∑
~h′

E′s−
1
2
√

m
E′

2s
[a+(~p′,~h′)U+

2s︷ ︸︸ ︷
λςµς · ·(~p′,~h′)e−i(~p

′·~r−E′t) + b(~p′,~h′)V +

2s︷ ︸︸ ︷
λςµς · ·(~p′,~h′)ei(~p

′·~r−E′t)]dN~p′

1
(2π)N/2

+∞∫
~p=−∞

∑
~h

Es−
1
2
√

m
E

2s p̂E2s

E4s−1 [a(~p,~h)Uλςµς · ·︸ ︷︷ ︸
2s

(~p,~h)ei(~p·~r−Et) + (−1)2s−1b+(~p,~h)Vλςµς · ·︸ ︷︷ ︸
2s

(~p,~h)e−i(~p·~r−Et)]dN~pdN~r

= 1
(2π)N

∫ ∑
~h,~h′

(E
′

E )s−
1
2

√
m2

E′E

2s

p̂[a+(~p′,~h′)U+

2s︷ ︸︸ ︷
λςµς · ·(~p′,~h′)e−i(~p

′·~r−E′t) + b(~p′,~h′)V +

2s︷ ︸︸ ︷
λςµς · ·(~p′,~h′)ei(~p

′·~r−E′t)]

[a(~p,~h)Uλςµς · ·︸ ︷︷ ︸
2s

(~p,~h)ei(~p·~r−Et) + (−1)2s−1b+(~p,~h)Vλςµς · ·︸ ︷︷ ︸
2s

(~p,~h)e−i(~p·~r−Et)]dN~p′dN~pdN~r

=
∫
dN~p′dN~p

∑
~h,~h′

(mE )2sp̂

{δN (~p− ~p′)[a+(~p,~h′)a(~p,~h)U+

2s︷ ︸︸ ︷
λςµς · ·(~p,~h′)Uλςµς · ·︸ ︷︷ ︸

2s

(~p,~h) + (−1)2s−1b(~p,~h′)b+(~p,~h)V +

2s︷ ︸︸ ︷
λςµς · ·(~p,~h′)Vλςµς · ·︸ ︷︷ ︸

2s

(~p,~h)]

+ δN (~p+ ~p′)[(−1)2s−1e2iEta+(−~p,~h′)b+(~p,~h)U+

2s︷ ︸︸ ︷
λςµς · ·(−~p,~h′)Vλςµς · ·︸ ︷︷ ︸

2s

(~p,~h)

+ e−2iEtb(~p,~h′)a(~p,~h)V +

2s︷ ︸︸ ︷
λςµς · ·(−~p,~h′)Uλςµς · ·︸ ︷︷ ︸

2s

(~p,~h)]}

=
∫ ∑

~h

p̂[a+(~p,~h)a(~p,~h) + (−1)2s−1b(~p,~h)b+(~p,~h)]dN~p

3.13 Conjecture on potential commutation rules for B-W equation in N+1-D

(Probably wrong?)

Ass. 3.13.1.
[Aa(x), A+

a′(x
′)] = i(ηaa′ −

∂a∂
+

a′
m2 )∆(x− x′)

[Aab(x), A+
a′b′(x

′)] = i
8{−

1
N [δ{ab} −

∂{a∂b}
m2 ][δ(a′b′) −

∂+

(a′∂
+

b′)
m2 ] + [η{a(a′ −

∂{a∂
+

(a′

m2 ][ηb}b′) −
∂b}∂

+

b′)
m2 ]}∆(x− x′)

[Aabc(x), A+
a′b′c′(x

′)]

? = i
144{−

1
N [δ{ab −

∂{a∂b
m2 ][δ(a′b′ −

∂+

(a′∂
+

b′

m2 ] + [η{a(a′ −
∂{a∂

+

(a′

m2 ][ηbb′ −
∂b∂

+

b′
m2 ]}[ηc}c′) −

∂c}∂
+

c′)
m2 ]∆(x− x′)

Ass. 3.13.2. [Aabc · ·︸ ︷︷ ︸
n

(x), A+
a
′
b
′
c
′ · ·︸ ︷︷ ︸

n

(x′)]

? = i
2n−1(n!)2 {− 1

N [δ{ab −
∂{a∂b
m2 ][δ(a′b′ −

∂+

(a′∂
+

b′

m2 ] + [η{a(a′ −
∂{a∂

+

(a′

m2 ][ηbb′ −
∂b∂

+

b′
m2 ]} [ηcc′ −

∂c∂
+

c′
m2 ] · ·})︸ ︷︷ ︸

n−2

∆(x− x′)
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Self comment: In this chapter, the covariant quantization of massless particles is generalized to the
general N+1 dimensional space-time. Specially, N+1 dimensional space-time case is different from four
dimensional space-time case for fully symmetric Penrose equation. It is generally possible to describe
both charged complex particles and uncharged Majorana particles. The principal commutation rule in
both cases is consistent, but the rest are generally zero for charged complex particles. For uncharged
Majorana particles, the rest of the commutative or anti commutative brackets are naturally derived
from the principal commutative rule and Majorana conditions. And they are generally not zero.
In this chapter, we only discuss the case of complex particles and generally only give the principal
commutation rule. The Majorana particle case is no longer specifically discussed. If we want to obtain
the quantum field theory of the Majorana particle case, we only need to add the Majorana condition
to the complex particle case. Then we will naturally obtain it.

1 Helicity eigenfunction in N+1 dimensional space-time

1.1 Electron equation under separated representation in even N+1=2n-D space-time [4]

Def. 1.1.1. (γa∂a +m)ψ = 0, ψ =

[
ϕ
η

]
, γa = (Γ⊗ σy, ςI∗ ⊗ σx)⇔

{
(Γ,−iς)a∂aϕ = imη

(Γ, iς)a∂aη = −imϕ

1.2 Neutrino equation in N+1=2n even dimensional space-time [5]

When the mass m=0, it degenerates into two Weyl neutrino equations:

Cor. 1.2.1. (Γ,−iς)a∂aϕ = 0, (Γ, iς)a∂aη = 0

1.3 Helicity eigenfunction along motion direction in N+1=2n even dimensional space-time

Def. 1.3.1.

(I∗ ⊗ σz)λ(p̂, 1
2 ) = 1

2λ(~p, 1
2 ), (I∗ ⊗ σz)λ(p̂,− 1

2 ) = − 1
2λ(~p,− 1

2 ), l = 2[
N−1

2 ] = 2n−1

λ(

[
0
··
0
1

]
, 1

2 ; 1) =

[
1
0

0l/2−2

0l/2

]
, λ(

[
0
··
0
1

]
, 1

2 ; 2) =

[
0
1

0l/2−2

0l/2

]
, ··, λ(

[
0
··
0
1

]
, 1

2 ; l2 − 1) =

[
0l/2−2

1
0

0l/2

]
, λ(

[
0
··
0
1

]
, 1

2 ; l2 ) =

[
0l/2−2

0
1

0l/2

]

λ(

[
0
··
0
1

]
, −1

2 ; 1) =

[
0l/2

0l/2−2

0
1

]
, λ(

[
0
··
0
1

]
, −1

2 ; 2) =

[
0l/2

0l/2−2

1
0

]
, ··, λ(

[
0
··
0
1

]
, −1

2 ; l2 − 1) =

[
0l/2

0
1

0l/2−2

]
, λ(

[
0
··
0
1

]
, −1

2 ; l2 ) =

[
0l/2

1
0

0l/2−2

]

1.4 Helicity eigenfunction along motion direction in N+1=2n-1 odd dimensional space-time

Def. 1.4.1.
(I∗ ⊗ σz)λ(p̂, 1

2 ) = 1
2λ(~p, 1

2 ), (I∗ ⊗ σz)λ(p̂,− 1
2 ) = − 1

2λ(~p,− 1
2 ), l = 2[

N−1
2 ] = 2n−2

λ(

[
0
··
0
1

]
, 1

2 ; 1) =

[ 1
0

0l−2

0l

]
, λ(

[
0
··
0
1

]
, 1

2 ; 2) =

[ 0
1

0l−2

0l

]
, ··, λ(

[
0
··
0
1

]
, 1

2 ; l − 1) =

[ 0l−2

1
0
0l

]
, λ(

[
0
··
0
1

]
, 1

2 ; l) =

[ 0l−2

0
1
0l

]
λ(

[
0
··
0
1

]
, −1

2 ; 1) =

[ 0l
0l−2

0
1

]
, λ(

[
0
··
0
1

]
, −1

2 ; 2) =

[ 0l
0l−2

1
0

]
, ··, λ(

[
0
··
0
1

]
, −1

2 ; l − 1) =

[ 0l
0
1

0l−2

]
, λ(

[
0
··
0
1

]
, −1

2 ; l) =

[ 0l
1
0

0l−2

]
Def. 1.4.2. (Γ · p̂)λ(p̂, 1

2 ;h) = λ(p̂, 1
2 ;h), (Γ · p̂)λ(p̂,− 1

2 ;h) = −λ(p̂,− 1
2 ;h)

1.5 Helicity Γ · p̂ eigenfunction in N+1 dimensional space-time

Def. 1.5.1. r :=

{
l/2, even dimensional space-time

l, odd dimensional space-time
, l = 2[

N−1
2 ]

Def. 1.5.2.(Γ · p̂)λ(p̂,− ς
2 ;h) = −ςλ(p̂,− ς

2 ;h), λ(p̂,− ς
2 ;h) := e

1
8ϑ

ij(p̂)[Γi,Γj ]λ(

[
0
··
0
1

]
,− ς

2 ;h)

e−
1
8ϑ

ij(p̂)[Γi,Γj ](Γ · p̂)e
1
8ϑ

ij(p̂)[Γi,Γj ] = ΓN ,Γ · p̂ = e
1
8ϑ

ij(p̂)[Γi,Γj ]ΓNe
− 1

8ϑ
ij(p̂)[Γi,Γj ]

Def. 1.5.3. (Γ · p̂)λ(p̂, 1
2 ;h) = λ(p̂, 1

2 ;h), (Γ · p̂)λ(p̂,− 1
2 ;h) = −λ(p̂,− 1

2 ;h)
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Def. 1.5.4.(Γ · p̂)λ(p̂,− ς
2 ;h) = −ςλ(p̂,− ς

2 ;h), λ(p̂,− ς
2 ;h) := e

1
8ϑ

ij(p̂)[Γi,Γj ]λ(

[
0
··
0
1

]
,− ς

2 ;h)

e−
1
8ϑ

ij(p̂)[Γi,Γj ](Γ · p̂)e
1
8ϑ

ij(p̂)[Γi,Γj ] = ΓN ,Γ · p̂ = e
1
8ϑ

ij(p̂)[Γi,Γj ]ΓNe
− 1

8ϑ
ij(p̂)[Γi,Γj ]

1.6 Orthogonality and completeness of helicity Γ · p̂ eigenfunction in N+1-D

Def. 1.6.1. λ(p̂, 1
2 ;h) := λ(p̂;h), λ(p̂,− 1

2 ;h) := λ(p̂;−h), λ(p̂, ς2 ;h) := λ(p̂;hς), λ(p̂,− ς
2 ;h) := λ(p̂;−hς)

Cor. 1.6.1. λ+(p̂;h)λ(p̂;h′) = δhh′
r∑

h=1

[λ(p̂;h)λ+(p̂;h) + λ(p̂;−h)λ+(p̂;−h)] = 1,
r∑

h=1

[λ(p̂;h)λ+(p̂;h)− λ(p̂;−h)λ+(p̂;−h)] = Γ · p̂

Cor. 1.6.2.
r∑

h=1

λ(p̂;h)λ+(p̂;h) = 1
2 (Γ,−i)ap̂a,

r∑
h=1

λ(p̂;−h)λ+(p̂;−h) = − 1
2 (Γ,−i)ap̂a

Cor. 1.6.3.
r∑

h=1

λ(p̂;hς)λ+(p̂;hς) = − ς
2 (Γ, iς)ap̂a

1.7 High spin helicity eigenfunction in N+1 dimensional space-time

Def. 1.7.1.

λAς · ·Bς · ·Cς · ·︸ ︷︷ ︸
2s

(~p;n1, n2, ··, n2r) := 1√
(2s)!n1!n2!··nr!

λ{Aς (~p;−1ς) · ·︸ ︷︷ ︸
n1

λBς (~p;−2ς) · ·︸ ︷︷ ︸
n2

· · λCς (~p;−2rς) · ·}︸ ︷︷ ︸
n2r

λkς (~p;n1, n2, ··, n2r) :=

√
(2s)!√

n1!n2!··n2r!
Γ

2s︷ ︸︸ ︷
AςBςCς · ·
kς

(s;w)λAς (~p;−1ς) · ·︸ ︷︷ ︸
n1

λBς (~p;−2ς) · ·︸ ︷︷ ︸
n2

· · λCς (~p;−2rς) · ·︸ ︷︷ ︸
n2r

λAς (~p;−(r + k)ς) := λAς (~p; kς), k = 1, 2, ··, r,
2r∑
k=1

nk = 2s

Cor. 1.7.1.
[σ(s, w) · p̂]λς(~p;n1, n2, ··, n2r) = − ς

2 [
r∑

k=1

(nk − nr+k)]λς(~p;n1, n2, ··, n2r)

σ(s;w) = sΓ̄(s;w)(Γ⊗ I∗)Γ(s;w),
2r∑
k=1

nk = 2s

Cor. 1.7.2.[σ(s, w) · p̂]λς(~p;n1, n2, ··, nr) = −ςsλς(~p;n1, n2, ··, nr),
r∑

k=1

nk = 2s

λkς (~p;n1, n2, ··, nr) := λkς (~p;n1, n2, ··, nr; 01, 02, ··, 0r)[σ(s, w) · p̂]λς(~p;nr+1, nr+2, ··, n2r) = ςsλς(~p;nr+1, nr+2, ··, n2r),
2r∑

k=r+1

nk = 2s

λkς (~p;nr+1, nr+2, ··, n2r) := λkς (~p; 01, 02, ··, 0r;nr+1, nr+2, ··, n2r)

2 Spin basis and basic properties for Penrose fully symmetric equation in N+1-D

2.1 Generalized polynomial theorem of spin basis for Penrose equation in N+1-D

Thm. 2.1.1.
=2s∑

n1+··+nr

(2s)!
n1!n2!··nr!

λ{Aς (~p;−1ς) · ·︸ ︷︷ ︸
n1

λBς (~p;−2ς) · ·︸ ︷︷ ︸
n2

· · λCς (~p;−rς) · ·}︸ ︷︷ ︸
nr

λ+
(A′ς

(~p;−1ς) · ·︸ ︷︷ ︸
n1

λ+
B′ς

(~p;−2ς) · ·︸ ︷︷ ︸
n2

· · λ+
C′ς

(~p;−rς) · ·)︸ ︷︷ ︸
nr

=

2s︷ ︸︸ ︷
[

r∑
h=1

λ{Aς (~p;−hς)λ
+
(A′ς

(~p;−hς)] · ·[
r∑

h=1

λBς (~p;−hς)λ+
B′ς

(~p;−hς)] · ·[
r∑

h=1

λCς (~p;−hς)λ+
C′ς

(~p;−hς)] · ·})

Cor. 2.1.1.
=2s∑

n1+··+nr

(2s)!
n1!n2!··nr!

[
r∑

h=1

λAς (~p;−1ς)λ+
A′ς

(~p;−1ς)]n1 [
r∑

h=1

λAς (~p;−2ς)λ+
A′ς

(~p;−2ς)]n2 · ·[
r∑

h=1

λAς (~p;−rς)λ+
A′ς

(~p;−rς)]nr

= [
r∑

h=1

λAς (~p;−hς)λ+
A′ς

(~p;−hς)]2s

The above corollary is just the polynomial expansion theorem.
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2.2 Spin basis for Penrose fully symmetric equationin in N+1 dimensional space-time

Def. 2.2.1.
[σ( 1

2 , w) · p̂]λ(~p;n1, n2, ··, nr) = − ς
2λ(~p;n1, n2, ··, nr), n1 + n2 + · · nr = 2s

λAς · ·Bς · ·Cς · ·︸ ︷︷ ︸
2s

(~p;n1, n2, ··, nr) := 1√
(2s)!n1!n2!··nr!

λ{Aς (~p;−1ς) · ·︸ ︷︷ ︸
n1

λBς (~p;−2ς) · ·︸ ︷︷ ︸
n2

· · λCς (~p;−rς) · ·}︸ ︷︷ ︸
nr

Def. 2.2.2.
[σ(s, w) · p̂]λ(~p;−sς;n1, n2, ··, nr) = −sςλ(~p;−sς;n1, n2, ··, nr), n1 + n2 + · · nr = 2s

λkς (~p;−sς;n1, n2, ··, nr) :=

√
(2s)!√

n1!n2!··nr!
Γ

2s︷ ︸︸ ︷
AςBςCς · ·
kς

(s;w)λAς (~p;−1ς) · ·︸ ︷︷ ︸
n1

λBς (~p;−2ς) · ·︸ ︷︷ ︸
n2

· · λCς (~p;−rς) · ·︸ ︷︷ ︸
nr

2.3 Orthogonal properties of spin basis for Penrose fully symmetric equationin in N+1-D

Cor. 2.3.1. λ+

2s︷ ︸︸ ︷
Aς · ·Bς · ·Cς · ·(~p,−sς;n1, n2, ··, nr)λAς · ·Bς · ·Cς · ·︸ ︷︷ ︸

2s

(~p,−sς;n′1, n′2, ··, n′r) = δn1n′1
δn2n′2

· ·δnrn′r

Cor. 2.3.2. λ+

2s︷ ︸︸ ︷
Aς · ·Bς · ·Cς · ·(−~p,−sς;n1, n2, ··, nr)λAς · ·Bς · ·Cς · ·︸ ︷︷ ︸

2s

(~p,−sς;n′1, n′2, ··, n′r) = 0

Cor. 2.3.3. λ+

2s︷ ︸︸ ︷
AςBς · ·(~p,−sς;~h)λAςBς · ·︸ ︷︷ ︸

2s

(~p,−sς;~h′) = δ~h~h′ ,
~h := (n1, n2, ··, nr)

Cor. 2.3.4. λ+

2s︷ ︸︸ ︷
AςBς · ·(−~p,−sς;~h)λAςBς · ·︸ ︷︷ ︸

2s

(~p,−sς;~h′) = 0

2.4 Decomposition of spin basis for Penrose fully symmetric equation in N+1-D

Thm. 2.4.1. λAςBς · ·CςDςA′ςB
′
ς · ·C

′
ςD
′
ς︸ ︷︷ ︸

2s

(~p;n1, n2, ··, nr)

=
=2s′∑

n′1+··+n′r

√
C
n′1
n1
C
n′2
n2
··Cn

′
r

nr√
C2s′

2s

λAςBς · ·CςDς︸ ︷︷ ︸
2(s−s′)

(~p;n1 − n′1, n2 − n′2, ··, nr − n′r)λA′ςB′ς · ·C′ςD′ς︸ ︷︷ ︸
2s′

(~p;n′1, n
′
2, ··, n′r)

Proof: λAςBς · ·CςDςA′ςB
′
ς · ·C

′
ςD
′
ς︸ ︷︷ ︸

2s

(~p;n1, n2, ··, nr) = 1√
(2s)!n1!n2!··nr!

=2s′∑
n′1+··+n′r

C
n′1
n1C

n′2
n2 · ·C

n′r
nr

λ{Aς (~p;−1ς)λBς (~p;−2ς) · ·︸ ︷︷ ︸
n1−n′1

· · λCς (~p;−rς)λDς}(~p;−rς)︸ ︷︷ ︸
nr−n′r

λ(A′ς
(~p;−1ς)λB′ς (~p;−2ς) · ·︸ ︷︷ ︸

n′1

· · λC′ς (~p;−rς)λD′ς)(~p;−rς)︸ ︷︷ ︸
n′r

= 1√
(2s)!n1!n2!··nr!

=2s′∑
n′1+··+n′r

C
n′1
n1C

n′2
n2 · ·C

n′r
nr√

(2s− 2s′)!(n1 − n′1)!(n2 − n′2)! · ·(nr − n′r)!λAςBς · ·CςDς︸ ︷︷ ︸
2(s−s′)

(~p;n1 − n′1, n2 − n′2, ··, nr − n′r)√
(2s′)!n′1!n′2! · ·n′r!λA′ςB′ς · ·C′ςD′ς︸ ︷︷ ︸

2s′

(~p;n′1, n
′
2, ··, n′r)

=
=2s′∑

n′1+··+n′r

√
C
n′1
n1
C
n′2
n2
··Cn

′
r

nr√
C2s′

2s

λAςBς · ·CςDς︸ ︷︷ ︸
2(s−s′)

(~p;n1 − n′1, n2 − n′2, ··, nr − n′r)λA′ςB′ς · ·C′ςD′ς︸ ︷︷ ︸
2s′

(~p;n′1, n
′
2, ··, n′r)

Cor. 2.4.1. λAςBς · ·CςDς︸ ︷︷ ︸
2s

(~p;n1, n2, ··, nr) =
√
n1√
2s
λAςBς · ·Cς︸ ︷︷ ︸

2s−1

(~p;n1 − 1, n2, ··, nr)λDς (~p; 1, 0, ··, 0)

+
√
n2√
2s
λAςBς · ·Cς︸ ︷︷ ︸

2s−1

(~p;n1, n2 − 1, ··, nr)λDς (~p; 0, 1, ··, 0) + · ·+
√
nr√
2s
λAςBς · ·Cς︸ ︷︷ ︸

2s−1

(~p;n1, n2, ··, nr − 1)λDς (~p; 0, 0, ··, 1)

Cor. 2.4.2. λAςBς · ·CςDς︸ ︷︷ ︸
2s

(~p; 0, n2, ··, nr)

=
√
n2√
2s
λAςBς · ·Cς︸ ︷︷ ︸

2s−1

(~p; 0, n2 − 1, ··, nr)λDς (~p; 0, 1, ··, 0) + · ·+
√
nr√
2s
λAςBς · ·Cς︸ ︷︷ ︸

2s−1

(~p; 0, n2, ··, nr − 1)λDς (~p; 0, 0, ··, 1)
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2.5 Projection operator of Penrose fully symmetric equation in N+1 dimensional space-time

Cor. 2.5.1.
∑
~h

λAςBς · ·︸ ︷︷ ︸
2s

(~p,−sς;~h)λ+
A
′
ςB
′
ς · ·︸ ︷︷ ︸

2s

(~p,−sς;~h) = (− ς
2 )2s 1

[(2s)!]2

2s︷ ︸︸ ︷
(Γ, iς)a{Aς(A′ς (Γ, iς)

b
BςB′ς

· ·})

2s︷ ︸︸ ︷
p̂ap̂b · ·

Lem. 2.5.1.

{
(Γ, iς)aAςA′ςpa(Γ, iς)bBςB′ςpb 6= (Γ, iς)aBςA′ςpa(Γ, iς)bAςB′ςpb, p

apa = 0

(Γ, iς)aAςA′ςpa(Γ, iς)bBςB′ςpb 6= (Γ, iς)aAςB′ςpa(Γ, iς)bBςA′ςpb, p
apa = 0

Lem. 2.5.2.

{
(Γ, iς)aAςA′ς∂a(Γ, iς)bBςB′ς∂b 6= (Γ, iς)aBςA′ς∂a(Γ, iς)bAςB′ς∂b, ∂

a∂a = 0

(Γ, iς)aAςA′ς∂a(Γ, iς)bBςB′ς∂b 6= (Γ, iς)aAςB′ς∂a(Γ, iς)bBςA′ς∂b, ∂
a∂a = 0

Direct verification can prove the above two lemmas.

Cor. 2.5.2.
∑
~h

λAςBς · ·︸ ︷︷ ︸
2s

(~p,−sς;~h)λ+
A
′
ςB
′
ς · ·︸ ︷︷ ︸

2s

(~p,−sς;~h) 6= (− ς
2 )2s

2s︷ ︸︸ ︷
(Γ, iς)aAςA′ς (Γ, iς)

b
BςB′ς

· ·
2s︷ ︸︸ ︷

p̂ap̂b · ·

3 Covariant quantization of Penrose fully symmetric equation in N+1-D

3.1 Conjecture on commutative rules for Penrose fully symmetric equation [1, 2] in N+1-D

Cor. 3.1.1. (Γ,−iς)A
′
ςAς

a ∂aψAςBς · ·︸ ︷︷ ︸
2s

(x) = 0

ψAςBς · ·︸ ︷︷ ︸
2s

(x) = 1
(2π)N/2

∫
~p6=0

∑
~h

|~p|(s−
1
2 )λAςBς · ·︸ ︷︷ ︸

2s

(~p,−sς;~h)[a1(~p,−sς;~h)eip·x + a+
2 (~p,−sς;~h)e−ip·x]dN~p

~p|(s−
1
2 )a1(~p,−sς;~h) = 1

(2π)N/2

∫
λ+

2s︷ ︸︸ ︷
AςBς · ·(~p,−sς;~h)ψAςBς · ·︸ ︷︷ ︸

2s

(x)e−ip·xdN~r

|~p|(s−
1
2 )a+

2 (~p,−sς;~h) = 1
(2π)N/2

∫
λ+

2s︷ ︸︸ ︷
AςBς · ·(~p,−sς;~h)ψAςBς · ·︸ ︷︷ ︸

2s

(x)eip·xdN~r

Cor. 3.1.2. (Γ,−iς)A
′
ςAς

a ∂aψAς (x) = 0
ψAς (x) = 1

(2π)N/2

∫
~p6=0

l/4∑
h=1

λAς (p̂;−hς)[a1(~p,−sς;~h)eip·x + a+
2 (~p,−sς;~h)e−ip·x]dN~p

a1(~p,−sς;~h) = 1
(2π)N/2

∫
λ+Aς (p̂,− ς

2 ;~h)ψAς (x)e−ip·xdN~r

a+
2 (~p,−sς;~h) = 1

(2π)N/2

∫
λ+Aς (p̂,− ς

2 ;~h)ψAς (x)eip·xdN~r

Ass. 3.1.1. [ψAςBς · ·︸ ︷︷ ︸
2s

(x), ψ+
A
′
ςB
′
ς · ·︸ ︷︷ ︸

2s

(x′)]−2s+1 = i (iς)2s

22s−1[(2s)!]2

2s︷ ︸︸ ︷
(Γ, iς)a{Aς(A′ς (Γ, iς)

b
BςB′ς

· ·})

2s︷ ︸︸ ︷
∂a∂b · ·∆(x− x′)

3.2 Recursive relations between spin bases for Penrose fully symmetric equation in N+1-D

3.2.1 Penrose spin basis lemma on symmetry conditions

Lem. 3.2.1.
=2s∑

n1+··+nr
aEς (~p;n1, ··, nr)λAςBς · ·CςDς︸ ︷︷ ︸

2s

(~p;n1, ··, nr) =
=2s∑

n1+··+nr
aDς (~p;n1, ··, nr)λAςBς · ·CςEς︸ ︷︷ ︸

2s

(~p;n1, ··, nr)

⇔

{√
n1+1√

2s
a[Eς (~p;n1 + 1, n2, ··, nr)λDς ](~p; 1) +

√
n2+1√

2s
a[Eς (~p;n1, n2 + 1, ··, nr)λDς ](~p; 2)

+ · ·+
√
nr+1√

2s
a[Eς (~p;n1, n2, ··, nr + 1)λDς ](~p; r) = 0

Proof:
=2s∑

n1+··+nr
aEς (~p;n1, ··, nr)λAςBς · ·CςDς︸ ︷︷ ︸

2s

(~p;n1, ··, nr) =
=2s∑

n1+··+nr
aDς (~p;n1, ··, nr)λAςBς · ·CςEς︸ ︷︷ ︸

2s

(~p;n1, ··, nr)

⇔
=2s∑

n1+··+nr
aEς (~p;n1, ··, nr)[

√
n1√
2s
λAςBς · ·Cς︸ ︷︷ ︸

2s−1

(~p;n1 − 1, n2, ··, nr)λDς (~p; 1)

+
√
n2√
2s
λAςBς · ·Cς︸ ︷︷ ︸

2s−1

(~p;n1, n2 − 1, ··, nr)λDς (~p; 2) + · ·+
√
nr√
2s
λAςBς · ·Cς︸ ︷︷ ︸

2s−1

(~p;n1, n2, ··, nr − 1)λDς (~p; r)]

=
=2s∑

n1+··+nr
aDς (~p;n1, ··, nr)[

√
n1√
2s
λAςBς · ·Cς︸ ︷︷ ︸

2s−1

(~p;n1 − 1, n2, ··, nr)λEς (~p; 1)
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+
√
n2√
2s
λAςBς · ·Cς︸ ︷︷ ︸

2s−1

(~p;n1, n2 − 1, ··, nr)λEς (~p; 2) + · ·+
√
nr√
2s
λAςBς · ·Cς︸ ︷︷ ︸

2s−1

(~p;n1, n2, ··, nr − 1)λEς (~p; r)]

⇔



√
n1√
2s
a[Eς (~p;n1, n2, ··, nr)λDς ](~p; 1) +

√
n2+1√

2s
a[Eς (~p;n1 − 1, n2 + 1, ··, nr)λDς ](~p; 2)

+ · ·+
√
nr+1√

2s
a[Eς (~p;n1 − 1, n2, ··, nr + 1)λDς ](~p; r) = 0

√
n1+1√

2s
a[Eς (~p;n1 + 1, n2 − 1, ··, nr)λDς ](~p; 1) +

√
n2√
2s
a[Eς (~p;n1, n2, ··, nr)λDς ](~p; 2)

+ · ·+
√
nr+1√

2s
a[Eς (~p;n1, n2 − 1, ··, nr + 1)λDς ](~p; r) = 0 · · · · · ·

√
n1+1√

2s
a[Eς (~p;n1 + 1, n2, ··, nr − 1)λDς ](~p; 1) +

√
n2+1√

2s
a[Eς (~p;n1, n2 + 1, ··, nr)λDς ](~p; 2)

+ · ·+
√
nr√
2s
a[Eς (~p;n1, n2, ··, nr)λDς ](~p; r) = 0

⇔

{√
n1√
2s
a[Eς (~p;n1, n2, ··, nr)λDς ](~p; 1) +

√
n2+1√

2s
a[Eς (~p;n1 − 1, n2 + 1, ··, nr)λDς ](~p; 2)

+ · ·+
√
nr+1√

2s
a[Eς (~p;n1 − 1, n2, ··, nr + 1)λDς ](~p; r) = 0

⇔

{√
n1+1√

2s
a[Eς (~p;n1 + 1, n2, ··, nr)λDς ](~p; 1) +

√
n2+1√

2s
a[Eς (~p;n1, n2 + 1, ··, nr)λDς ](~p; 2)

+ · ·+
√
nr+1√

2s
a[Eς (~p;n1, n2, ··, nr + 1)λDς ](~p; r) = 0

————————————————————

Lem. 3.2.2.
aEς (~p;n1, n2, ··, nr) =

r∑
k=1

c(~p;n1, n2, ··, nr; k)λEς (~p; k) +
r∑

k=1

d(~p;n1, n2, ··, nr; k)λEς (~p;−k)
√
n1+1√

2s
a[Eς (~p;n1 + 1, n2, ··, nr)λDς ](~p; 1) +

√
n2+1√

2s
a[Eς (~p;n1, n2 + 1, ··, nr)λDς ](~p; 2)

+ · ·+
√
nr+1√

2s
a[Eς (~p;n1, n2, ··, nr + 1)λDς ](~p; r) = 0

⇔
aEς (~p;n1, n2, ··, nr) =

r∑
k=1

c(~p;n1, n2, ··, nr; k)λEς (~p; k), d(~p;n1, n2, ··, nr; k) = 0{
aEς (~p;n1, n2, ··, nr) =

√
n1√
n1
c(~p;n1, n2, ··, nr; 1)λEς (~p; 1) +

√
n2+1√
n1

c(~p;n1 − 1, n2 + 1, ··, nr; 1)λEς (~p; 2)

+ · · ·+
√
nr+1√
n1

c(~p;n1 − 1, n2, ··, nr + 1; 1)λEς (~p; r), n1 ≥ 1
aEς (~p; 0, n2, ··, nr) = c(~p; 0, n2, ··, nr; 1)λEς (~p; 1)

+
√
n2√
n2
c(~p; 0, n2, ··, nr; 2)λEς (~p; 2) +

√
n3+1√
n2

c(~p; 0, n2 − 1, n3 + 1, ··, nr; 2)λEς (~p; 3) + · · ·
+
√
nr+1√
n2

c(~p; 0, n2 − 1, n3, ··, nr + 1; 2)λEς (~p; r), n2 ≥ 1
aEς (~p; 0, 0, n3, ··, nr) = c(~p; 0, 0, n3, ··, nr; 1)λEς (~p; 1) + c(~p; 0, 0, n3, ··, nr; 2)λEς (~p; 2)

+
√
n3√
n3
c(~p; 0, 0, n3, n4, ··, nr; 3)λEς (~p; 3) +

√
n4+1√
n3

c(~p; 0, 0, n3 − 1, n4 + 1, ··, nr; 3)λEς (~p; 4) + · · ·
+
√
nr+1√
n3

c(~p; 0, 0, n3 − 1, ··, nr + 1; 3)λEς (~p; r), n3 ≥ 1
· · · · · · · · ·{
aEς (~p; 0, ··, 0, nr) = c(~p; 0, ··, 0, nr; 1)λEς (~p; 1) + c(~p; 0, ··, 0, nr; 2)λEς (~p; 2)

+ · · ·+ c(~p; 0, ··, 0, nr; r − 1)λEς (~p; r − 1) +
√
nr√
nr
c(~p; 0, ··, 0, nr; r)λEς (~p; r), nr = 2s ≥ 1

Proof:
aEς (~p;n1, n2, ··, nr) =

r∑
k=1

c(~p;n1, n2, ··, nr; k)λEς (~p; k) +
r∑

k=1

d(~p;n1, n2, ··, nr; k)λEς (~p;−k)
√
n1+1√

2s
a[Eς (~p;n1 + 1, n2, ··, nr)λDς ](~p; 1) +

√
n2+1√

2s
a[Eς (~p;n1, n2 + 1, ··, nr)λDς ](~p; 2)

+ · ·+
√
nr+1√

2s
a[Eς (~p;n1, n2, ··, nr + 1)λDς ](~p; r) = 0

⇔
aEς (~p;n1, n2, ··, nr) =

r∑
k=1

c(~p;n1, n2, ··, nr; k)λEς (~p; k), d(~p;n1, n2, ··, nr; k) = 0{
c(~p;n1 + 1, n2, ··, nr; 2) =

√
n2+1√
n1+1

c(~p;n1, n2 + 1, ··, nr; 1) · · ·
c(~p;n1 + 1, n2, ··, nr; r) =

√
nr+1√
n1+1

c(~p;n1, n2, ··, nr + 1; 1){
c(~p; 0, n2 + 1, ··, nr; 3) =

√
n3+1√
n2+1

c(~p; 0, n2, n3 + 1, ··, nr; 2) · · ·
c(~p; 0, n2 + 1, ··, nr; r) =

√
nr+1√
n2+1

c(~p; 0, n2, ··, nr + 1; 2){
c(~p; 0, 0, n3 + 1, ··, nr; 4) =

√
n4+1√
n3+1

c(~p; 0, 0, n3, n4 + 1, ··, nr; 3) · · ·
c(~p; 0, 0, n3 + 1, ··, nr; r) =

√
nr+1√
n3+1

c(~p; 0, 0, n3, n4, ··, nr + 1; 3)
· · ·{
c(~p; 0, ·, 0, nr−1 + 1, nr; r) =

√
nr+1√
nr−1+1

c(~p; 0, ··, 0, nr−1, nr + 1; r − 1)

⇔
aEς (~p;n1, n2, ··, nr) =

r∑
k=1

c(~p;n1, n2, ··, nr; k)λEς (~p; k), d(~p;n1, n2, ··, nr; k) = 0
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aEς (~p;n1, n2, ··, nr) =

√
n1√
n1
c(~p;n1, n2, ··, nr; 1)λEς (~p; 1) +

√
n2+1√
n1

c(~p;n1 − 1, n2 + 1, ··, nr; 1)λEς (~p; 2)

+ · · ·+
√
nr+1√
n1

c(~p;n1 − 1, n2, ··, nr + 1; 1)λEς (~p; r), n1 ≥ 1
aEς (~p; 0, n2, ··, nr) = c(~p; 0, n2, ··, nr; 1)λEς (~p; 1)

+
√
n2√
n2
c(~p; 0, n2, ··, nr; 2)λEς (~p; 2) +

√
n3+1√
n2

c(~p; 0, n2 − 1, n3 + 1, ··, nr; 2)λEς (~p; 3) + · · ·
+
√
nr+1√
n2

c(~p; 0, n2 − 1, n3, ··, nr + 1; 2)λEς (~p; r), n2 ≥ 1
aEς (~p; 0, 0, n3, ··, nr) = c(~p; 0, 0, n3, ··, nr; 1)λEς (~p; 1) + c(~p; 0, 0, n3, ··, nr; 2)λEς (~p; 2)

+
√
n3√
n3
c(~p; 0, 0, n3, n4, ··, nr; 3)λEς (~p; 3) +

√
n4+1√
n3

c(~p; 0, 0, n3 − 1, n4 + 1, ··, nr; 3)λEς (~p; 4) + · · ·
+
√
nr+1√
n3

c(~p; 0, 0, n3 − 1, ··, nr + 1; 3)λEς (~p; r), n3 ≥ 1
· · · · · · · · ·{
aEς (~p; 0, ··, 0, nr) = c(~p; 0, ··, 0, nr; 1)λEς (~p; 1) + c(~p; 0, ··, 0, nr; 2)λEς (~p; 2)

+ · · ·+ c(~p; 0, ··, 0, nr; r − 1)λEς (~p; r − 1) +
√
nr√
nr
c(~p; 0, ··, 0, nr; r)λEς (~p; r), nr = 2s ≥ 1

————————————————————

Cor. 3.2.1. aEς (~p;n1, n2, ··, nr) =
r∑

k=1

c(~p;n1, n2, ··, nr; k)λEς (~p; k){
c(~p;n1, n2, ··, nr; 2) =

√
n2+1√
n1

c(~p;n1 − 1, n2 + 1, ··, nr; 1), n1 ≥ 1 · · ·
c(~p;n1, n2, ··, nr; r) =

√
nr+1√
n1

c(~p;n1 − 1, n2, ··, nr + 1; 1), n1 ≥ 1{
c(~p; 0, n2, ··, nr; 3) =

√
n3+1√
n2

c(~p; 0, n2 − 1, n3 + 1, ··, nr; 2), n2 ≥ 1 · · ·
c(~p; 0, n2, ··, nr; r) =

√
nr+1√
n2

c(~p; 0, n2 − 1, n3, ··, nr + 1; 2), n2 ≥ 1
· · ·{
c(~p; 0, ··, 0, nr−1, nr; r) =

√
nr+1√
nr−1

c(~p; 0, ··, 0, nr−1 − 1, nr + 1; r), nr−1 ≥ 1
⇔
aEς (~p;n1, n2, ··, nr) =

r∑
k=1

c(~p;n1, n2, ··, nr; k)λEς (~p; k){
aEς (~p;n1, n2, ··, nr) =

√
n1√
n1
c(~p;n1, n2, ··, nr; 1)λEς (~p; 1) +

√
n2+1√
n1

c(~p;n1 − 1, n2 + 1, ··, nr; 1)λEς (~p; 2)

+ · · ·+
√
nr+1√
n1

c(~p;n1 − 1, n2, ··, nr + 1; 1)λEς (~p; r), n1 ≥ 1
aEς (~p; 0, n2, ··, nr) = c(~p; 0, n2, ··, nr; 1)λEς (~p; 1)

+
√
n2√
n2
c(~p; 0, n2, ··, nr; 2)λEς (~p; 2) +

√
n3+1√
n2

c(~p; 0, n2 − 1, n3 + 1, ··, nr; 2)λEς (~p; 3) + · · ·
+
√
nr+1√
n2

c(~p; 0, n2 − 1, n3, ··, nr + 1; 2)λEς (~p; r), n2 ≥ 1
aEς (~p; 0, 0, n3, ··, nr) = c(~p; 0, 0, n3, ··, nr; 1)λEς (~p; 1) + c(~p; 0, 0, n3, ··, nr; 2)λEς (~p; 2)

+
√
n3√
n3
c(~p; 0, 0, n3, n4, ··, nr; 3)λEς (~p; 3) +

√
n4+1√
n3

c(~p; 0, 0, n3 − 1, n4 + 1, ··, nr; 3)λEς (~p; 4) + · · ·
+
√
nr+1√
n3

c(~p; 0, 0, n3 − 1, ··, nr + 1; 3)λEς (~p; r), n3 ≥ 1
· · · · · · · · ·{
aEς (~p; 0, ··, 0, nr) = c(~p; 0, ··, 0, nr; 1)λEς (~p; 1) + c(~p; 0, ··, 0, nr; 2)λEς (~p; 2)

+ · · ·+ c(~p; 0, ··, 0, nr; r − 1)λEς (~p; r − 1) +
√
nr√
nr
c(~p; 0, ··, 0, nr; r)λEς (~p; r), nr = 2s ≥ 1

————————————————————

Lem. 3.2.3.{
c(~p;n1, n2, ··, nr; 2) =

√
n2+1√
n1

c(~p;n1 − 1, n2 + 1, ··, nr; 1), n1 ≥ 1 · · ·
c(~p;n1, n2, ··, nr; r) =

√
nr+1√
n1

c(~p;n1 − 1, n2, ··, nr + 1; 1), n1 ≥ 1

⇔ ∑
n1··+nr=2s

r∑
k=1

c(~p;n1, n2, ··, nr; k)λEς (~p; k)λAςBς · ·CςDς︸ ︷︷ ︸
2s

(~p;n1, ··, nr)

=
∑

n1··+nr=2s

√
2s+1√
n1+1

c(~p;n1, n2, ··, nr; 1)λAςBς · ·CςDςEς︸ ︷︷ ︸
2s+1

(~p;n1 + 1, n2, ··, nr)

+
∑

n2··+nr=2s

r∑
k=2

c(~p; 0, n2, ··, nr; k)λEς (~p; k)λAςBς · ·CςDς︸ ︷︷ ︸
2s

(~p; 0, n2, ··, nr)

Proof:{
c(~p;n1, n2, ··, nr; 2) =

√
n2+1√
n1

c(~p;n1 − 1, n2 + 1, ··, nr; 1), n1 ≥ 1 · · ·
c(~p;n1, n2, ··, nr; r) =

√
nr+1√
n1

c(~p;n1 − 1, n2, ··, nr + 1; 1), n1 ≥ 1

⇔
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n1··+nr=2s

r∑
k=1

c(~p;n1, n2, ··, nr; k)λEς (~p; k)λAςBς · ·CςDς︸ ︷︷ ︸
2s

(~p;n1, ··, nr)

=
n1 6=0∑

n1+··+nr=2s
λAςBς · ·CςDς︸ ︷︷ ︸

2s

(~p;n1, n2, ··, nr)[
√
n1√
n1
c(~p;n1, n2, ··, nr; 1)λEς (~p; 1)

+
√
n2+1√
n1

c(~p;n1 − 1, n2 + 1, ··, nr; 1)λEς (~p; 2) + · ·+
√
nr+1√
n1

c(~p;n1 − 1, n2, ··, nr + 1; 1)λEς (~p; r)]

+
n1=0∑

n1+··+nr=2s
λAςBς · ·CςDς︸ ︷︷ ︸

2s

(~p; 0, n2, ··, nr)[c(~p; 0, n2, ··, nr; 1)λEς (~p; 1)

+ c(~p; 0, n2, ··, nr; 2)λEς (~p; 2) + · ·+c(~p; 0, n2, ··, nr; r)λEς (~p; r)]

=
1≤n1≤2s∑
n1··+nr=2s

λAςBς · ·CςDς︸ ︷︷ ︸
2s

(~p;n1, n2, ··, nr)c(~p;n1, n2, ··, nr; 1)λEς (~p; 1)

+
0≤n1≤2s−1,1≤n2≤2s∑

n1··+nr=2s
λAςBς · ·CςDς︸ ︷︷ ︸

2s

(~p;n1 + 1, n2 − 1, ··, nr)
√
n2√
n1+1

c(~p;n1, n2, ··, nr; 1)λEς (~p; 2) + · ·

+
0≤n1≤2s−1,1≤nr≤2s∑

n1··+nr=2s
λAςBς · ·CςDς︸ ︷︷ ︸

2s

(~p;n1 + 1, n2, ··, nr − 1)
√
nr+1√
n1

c(~p;n1, n2, ··, nr; 1)λEς (~p; r)

+
n1=0∑

n1··+nr=2s
λAςBς · ·CςDς︸ ︷︷ ︸

2s

(~p; 0, n2, ··, nr)[c(~p; 0, n2, ··, nr; 1)λEς (~p; 1)

+ c(~p; 0, n2, ··, nr; 2)λEς (~p; 2) + · ·+c(~p; 0, n2, ··, nr; r)λEς (~p; r)]
=

∑
n1··+nr=2s

λAςBς · ·CςDς︸ ︷︷ ︸
2s

(~p;n1, n2, ··, nr)c(~p;n1, n2, ··, nr; 1)λEς (~p; 1)

+
∑

n1··+nr=2s
λAςBς · ·CςDς︸ ︷︷ ︸

2s

(~p;n1 + 1, n2 − 1, ··, nr)
√
n2√
n1+1

c(~p;n1, n2, ··, nr; 1)λEς (~p; 2) + · ·

+
∑

n1··+nr=2s
λAςBς · ·CςDς︸ ︷︷ ︸

2s

(~p;n1 + 1, n2, ··, nr − 1)
√
nr√
n1+1

c(~p;n1, n2, ··, nr; 1)λEς (~p; r)

+
n1=0∑

n1··+nr=2s
λAςBς · ·CςDς︸ ︷︷ ︸

2s

(~p; 0, n2, ··, nr)[c(~p; 0, n2, ··, nr; 2)λEς (~p; 2) + · ·+c(~p; 0, n2, ··, nr; r)λEς (~p; r)]

=
∑

n1··+nr=2s

√
2s+1√
n1+1

c(~p;n1, n2, ··, nr; 1)λAςBς · ·CςDςEς︸ ︷︷ ︸
2s+1

(~p;n1 + 1, n2, ··, nr)

+
∑

n2··+nr=2s

r∑
k=2

c(~p; 0, n2, ··, nr; k)λEς (~p; k)λAςBς · ·CςDς︸ ︷︷ ︸
2s

(~p; 0, n2, ··, nr)

————————————————————

Cor. 3.2.2.{
c(~p;n1, n2, ··, nr; 2) =

√
n2+1√
n1

c(~p;n1 − 1, n2 + 1, ··, nr; 1), n1 ≥ 1 · · ·
c(~p;n1, n2, ··, nr; r) =

√
nr+1√
n1

c(~p;n1 − 1, n2, ··, nr + 1; 1), n1 ≥ 1{
c(~p; 0, n2, ··, nr; 3) =

√
n3+1√
n2

c(~p; 0, n2 − 1, n3 + 1, ··, nr; 2), n2 ≥ 1 · · ·
c(~p; 0, n2, ··, nr; r) =

√
nr+1√
n2

c(~p; 0, n2 − 1, n3, ··, nr + 1; 2), n2 ≥ 1
· · ·{
c(~p; 0, ··, 0, nr−1, nr; r) =

√
nr+1√
nr−1

c(~p; 0, ··, 0, nr−1 − 1, nr + 1; r), nr−1 ≥ 1
⇔ ∑
n1··+nr=2s

r∑
k=1

c(~p;n1, n2, ··, nr; k)λEς (~p; k)λAςBς · ·CςDς︸ ︷︷ ︸
2s

(~p;n1, ··, nr)

=
∑

n1+··+nr=2s

√
2s+1√
n1+1

c(~p;n1, n2, ··, nr; 1)λAςBς · ·CςDςEς︸ ︷︷ ︸
2s+1

(~p;n1 + 1, n2, ··, nr)

+
∑

n2+··+nr=2s

√
2s+1√
n2+1

c(~p; 0, n2, n3, ··, nr; 2)λAςBς · ·CςDςEς︸ ︷︷ ︸
2s+1

(~p; 0, n2 + 1, n3, ··, nr)

+
∑

n3+··+nr=2s

√
2s+1√
n3+1

c(~p; 0, 0, n3, ··, nr; 3)λAςBς · ·CςDςEς︸ ︷︷ ︸
2s+1

(~p; 0, 0, n3 + 1, ··, nr)

+ · · ·+
∑

nr=2s

√
2s+1√
nr+1

c(~p; 0, ··, 0, nr; r)λAςBς · ·CςDςEς︸ ︷︷ ︸
2s+1

(~p; 0, ··, 0, nr + 1)

————————————————————

Lem. 3.2.4.∑
n1+··+nr=2s

√
2s+1√
n1+1

c(~p;n1, n2, ··, nr; 1)λAςBς · ·CςDςEς︸ ︷︷ ︸
2s+1

(~p;n1 + 1, n2, ··, nr)
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+
∑

n2+··+nr=2s

√
2s+1√
n2+1

c(~p; 0, n2, n3, ··, nr; 2)λAςBς · ·CςDςEς︸ ︷︷ ︸
2s+1

(~p; 0, n2 + 1, n3, ··, nr)

+
∑

n3+··+nr=2s

√
2s+1√
n3+1

c(~p; 0, 0, n3, ··, nr; 3)λAςBς · ·CςDςEς︸ ︷︷ ︸
2s+1

(~p; 0, 0, n3 + 1, ··, nr)

+ · · ·+
∑

nr=2s

√
2s+1√
nr+1

c(~p; 0, ··, 0, nr; r)λAςBς · ·CςDςEς︸ ︷︷ ︸
2s+1

(~p; 0, ··, 0, nr + 1)

=
∑

n1+··+nr=2s+1
a(~p;n1, n2, ··, nr)λAςBς · ·CςDςEς︸ ︷︷ ︸

2s+1

(~p;n1, n2, ··, nr)

a(~p;n1, n2, ··, nr) :=
√

2s+1√
n1

c(~p;n1 − 1, n2, ··, nr; 1), n1 6= 0

a(~p; 0, n2, ··, nr) :=
√

2s+1√
n2

c(~p; 0, n2 − 1, n3, ··, nr; 2), n2 6= 0

a(~p; 0, 0, n3, ··, nr) :=
√

2s+1√
n3

c(~p; 0, 0, n3 − 1, ··, nr; 3), n3 6= 0

· · ·
a(~p; 0, 0, ··, 0, nr) :=

√
2s+1√
nr

c(~p; 0, ··, 0, nr − 1; r), nr 6= 0

Proof:
∑

n1··+nr=2s

r∑
k=1

c(~p;n1, n2, ··, nr; k)λEς (~p; k)λAςBς · ·CςDς︸ ︷︷ ︸
2s

(~p;n1, ··, nr)

=
∑

n1+··+nr=2s

√
2s+1√
n1+1

c(~p;n1, n2, ··, nr; 1)λAςBς · ·CςDςEς︸ ︷︷ ︸
2s+1

(~p;n1 + 1, n2, ··, nr)

+
∑

n2+··+nr=2s

√
2s+1√
n2+1

c(~p; 0, n2, n3, ··, nr; 2)λAςBς · ·CςDςEς︸ ︷︷ ︸
2s+1

(~p; 0, n2 + 1, n3, ··, nr)

+
∑

n3+··+nr=2s

√
2s+1√
n3+1

c(~p; 0, 0, n3, ··, nr; 3)λAςBς · ·CςDςEς︸ ︷︷ ︸
2s+1

(~p; 0, 0, n3 + 1, ··, nr)

+ · · ·+
∑

nr=2s

√
2s+1√
nr+1

c(~p; 0, ··, 0, nr; r)λAςBς · ·CςDςEς︸ ︷︷ ︸
2s+1

(~p; 0, ··, 0, nr + 1)

=
n1 6=0∑

n1+··+nr=2s+1

√
2s+1√
n1

c(~p;n1 − 1, n2, ··, nr; 1)λAςBς · ·CςDςEς︸ ︷︷ ︸
2s+1

(~p;n1, n2, ··, nr)

+
n1=0,n2 6=0∑

n2+··+nr=2s+1

√
2s+1√
n2

c(~p; 0, n2 − 1, n3, ··, nr; 2)λAςBς · ·CςDςEς︸ ︷︷ ︸
2s+1

(~p; 0, n2, n3, ··, nr)

+
n1=0,n2=0,n3 6=0∑
n3+··+nr=2s+1

√
2s+1√
n3

c(~p; 0, 0, n3 − 1, ··, nr; 3)λAςBς · ·CςDςEς︸ ︷︷ ︸
2s+1

(~p; 0, 0, n3, ··, nr)

+ · · ·+
n1=0,··,nr−1=0,nr 6=0∑

nr=2s+1

√
2s+1√
nr

c(~p; 0, ··, 0, nr − 1; r)λAςBς · ·CςDςEς︸ ︷︷ ︸
2s+1

(~p; 0, ··, 0, nr)

=
∑

n1+··+nr=2s+1
a(~p;n1, n2, ··, nr)λAςBς · ·CςDςEς︸ ︷︷ ︸

2s+1

(~p;n1, n2, ··, nr)

a(~p;n1, n2, ··, nr) =
√

2s+1√
n1

c(~p;n1 − 1, n2, ··, nr; 1), n1 6= 0

a(~p; 0, n2, ··, nr) =
√

2s+1√
n2

c(~p; 0, n2 − 1, n3, ··, nr; 2), n2 6= 0

a(~p; 0, 0, n3, ··, nr) =
√

2s+1√
n3

c(~p; 0, 0, n3 − 1, ··, nr; 3), n3 6= 0

· · ·
a(~p; 0, 0, ··, 0, nr) =

√
2s+1√
nr

c(~p; 0, ··, 0, nr − 1; r), nr 6= 0

3.2.2 Several corollaries

Cor. 3.2.3. λAςBς · ·CςDς︸ ︷︷ ︸
2s

(~p;n1, n2, ··, nr) =
√
n1√
2s
λAςBς · ·Cς︸ ︷︷ ︸

2s−1

(~p;n1 − 1, n2, ··, nr)λDς (~p; 1)

+
√
n2√
2s
λAςBς · ·Cς︸ ︷︷ ︸

2s−1

(~p;n1, n2 − 1, ··, nr)λDς (~p; 2) + · ·+
√
nr√
2s
λAςBς · ·Cς︸ ︷︷ ︸

2s−1

(~p;n1, n2, ··, nr − 1)λDς (~p; r)

Cor. 3.2.4. λAςBς · ·CςDς︸ ︷︷ ︸
2s

(~p; 0, n2, ··, nr) =
√
n2√
2s
λAςBς · ·Cς︸ ︷︷ ︸

2s−1

(~p; 0, n2 − 1, ··, nr)λDς (~p; 2)

+
√
n3√
2s
λAςBς · ·Cς︸ ︷︷ ︸

2s−1

(~p; 0, n2, n3 − 1, ··, nr)λDς (~p; 0, 0, 1, ··, 0) + · ·+
√
nr√
2s
λAςBς · ·Cς︸ ︷︷ ︸

2s−1

(~p; 0, n2, ··, nr − 1)λDς (~p; r)

Cor. 3.2.5. λAςBς · ·CςDςEς︸ ︷︷ ︸
2s+1

(~p;n1, n2, ··, nr) =
√
n1√

2s+1
λAςBς · ·CςDς︸ ︷︷ ︸

2s

(~p;n1 − 1, n2, ··, nr)λEς (~p; 1)
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+
√
n2√

2s+1
λAςBς · ·CςDς︸ ︷︷ ︸

2s

(~p;n1, n2 − 1, ··, nr)λEς (~p; 2) + · ·+
√
nr√

2s+1
λAςBς · ·CςDς︸ ︷︷ ︸

2s

(~p;n1, n2, ··, nr − 1)λEς (~p; r)

3.2.3 An important theorem

Thm. 3.2.1.∑
n1+··+nr=2s

aEς (~p;n1, ··, nr)λAςBς · ·CςDς︸ ︷︷ ︸
2s

(~p;n1, ··, nr) =
∑

n1+··+nr=2s
aDς (~p;n1, ··, nr)λAςBς · ·CςEς︸ ︷︷ ︸

2s

(~p;n1, ··, nr)

⇔
aEς (~p;n1, n2, ··, nr) =

r∑
k=1

c(~p;n1, n2, ··, nr; k)λEς (~p; k)

=2s∑
n1··+nr

aEς (~p;n1, n2, ··, nr)λAςBς · ·CςDς︸ ︷︷ ︸
2s

(~p;n1, ··, nr) =
=2s+1∑

n1+··+nr
a(~p;n1, n2, ··, nr)λAςBς · ·CςDςEς︸ ︷︷ ︸

2s+1

(~p;n1, n2, ··, nr)

a(~p;n1, n2, ··, nr) =
√

2s+1√
n1

c(~p;n1 − 1, n2, ··, nr; 1), n1 6= 0

a(~p; 0, n2, ··, nr) =
√

2s+1√
n2

c(~p; 0, n2 − 1, n3, ··, nr; 2), n2 6= 0

a(~p; 0, 0, n3, ··, nr) =
√

2s+1√
n3

c(~p; 0, 0, n3 − 1, ··, nr; 3), n3 6= 0

· · ·
a(~p; 0, 0, ··, 0, nr) =

√
2s+1√
nr

c(~p; 0, ··, 0, nr − 1; r), nr 6= 0

Proof:∑
n1+··+nr=2s

aEς (~p;n1, ··, nr)λAςBς · ·CςDς︸ ︷︷ ︸
2s

(~p;n1, ··, nr) =
∑

n1+··+nr=2s
aDς (~p;n1, ··, nr)λAςBς · ·CςEς︸ ︷︷ ︸

2s

(~p;n1, ··, nr)

⇔{√
n1+1√

2s
a[Eς (~p;n1 + 1, n2, ··, nr)λDς ](~p; 1) +

√
n2+1√

2s
a[Eς (~p;n1, n2 + 1, ··, nr)λDς ](~p; 2)

+ · ·+
√
nr+1√

2s
a[Eς (~p;n1, n2, ··, nr + 1)λDς ](~p; r) = 0

⇔
aEς (~p;n1, n2, ··, nr) =

r∑
k=1

c(~p;n1, n2, ··, nr; k)λEς (~p; k){
aEς (~p;n1, n2, ··, nr) =

√
n1√
n1
c(~p;n1, n2, ··, nr; 1)λEς (~p; 1) +

√
n2+1√
n1

c(~p;n1 − 1, n2 + 1, ··, nr; 1)λEς (~p; 2)

+ · · ·+
√
nr+1√
n1

c(~p;n1 − 1, n2, ··, nr + 1; 1)λEς (~p; r), n1 ≥ 1
aEς (~p; 0, n2, ··, nr) = c(~p; 0, n2, ··, nr; 1)λEς (~p; 1)

+
√
n2√
n2
c(~p; 0, n2, ··, nr; 2)λEς (~p; 2) +

√
n3+1√
n2

c(~p; 0, n2 − 1, n3 + 1, ··, nr; 2)λEς (~p; 3) + · · ·
+
√
nr+1√
n2

c(~p; 0, n2 − 1, n3, ··, nr + 1; 2)λEς (~p; r), n2 ≥ 1
aEς (~p; 0, 0, n3, ··, nr) = c(~p; 0, 0, n3, ··, nr; 1)λEς (~p; 1) + c(~p; 0, 0, n3, ··, nr; 2)λEς (~p; 2)

+
√
n3√
n3
c(~p; 0, 0, n3, n4, ··, nr; 3)λEς (~p; 3) +

√
n4+1√
n3

c(~p; 0, 0, n3 − 1, n4 + 1, ··, nr; 3)λEς (~p; 4) + · · ·
+
√
nr+1√
n3

c(~p; 0, 0, n3 − 1, ··, nr + 1; 3)λEς (~p; r), n3 ≥ 1
· · · · · · · · ·{
aEς (~p; 0, ··, 0, nr) = c(~p; 0, ··, 0, nr; 1)λEς (~p; 1) + c(~p; 0, ··, 0, nr; 2)λEς (~p; 2)

+ · · ·+ c(~p; 0, ··, 0, nr; r − 1)λEς (~p; r − 1) +
√
nr√
nr
c(~p; 0, ··, 0, nr; r)λEς (~p; r), nr = 2s ≥ 1

⇔
aEς (~p;n1, n2, ··, nr) =

r∑
k=1

c(~p;n1, n2, ··, nr; k)λEς (~p; k)

=2s∑
n1··+nr

aEς (~p;n1, n2, ··, nr)λAςBς · ·CςDς︸ ︷︷ ︸
2s

(~p;n1, ··, nr) =
=2s+1∑

n1+··+nr
a(~p;n1, n2, ··, nr)λAςBς · ·CςDςEς︸ ︷︷ ︸

2s+1

(~p;n1, n2, ··, nr)

a(~p;n1, n2, ··, nr) =
√

2s+1√
n1

c(~p;n1 − 1, n2, ··, nr; 1), n1 6= 0

a(~p; 0, n2, ··, nr) =
√

2s+1√
n2

c(~p; 0, n2 − 1, n3, ··, nr; 2), n2 6= 0

a(~p; 0, 0, n3, ··, nr) =
√

2s+1√
n3

c(~p; 0, 0, n3 − 1, ··, nr; 3), n3 6= 0

· · ·
a(~p; 0, 0, ··, 0, nr) =

√
2s+1√
nr

c(~p; 0, ··, 0, nr − 1; r), nr 6= 0

3.3 Use mathematical induction to solve plane wave solutions of Penrose equation in N+1-D

Thm. 3.3.1. (Γ,−iς)A
′
ςAς

a ∂aψAςBς · ·CςDς︸ ︷︷ ︸
2s

(x) = 0, ψAςBς · ·CςDς︸ ︷︷ ︸
2s

(x) = 1
(2s)!ψ{AςBς · ·CςDς}︸ ︷︷ ︸

2s

(x)

⇔ ψAςBς · ·CςDς︸ ︷︷ ︸
2s

(x)
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= 1
(2π)N/2

∫
~p6=0

dN~p|~p|(s−
1
2 )

=2s∑
n1+··+nr

λAςBς · ·CςDς︸ ︷︷ ︸
2s

(~p;n1, ··, nr)[a1(~p;n1, ··, nr)eip·x + a+
2 (~p;n1, ··, nr)e−ip·x]

|~p|(s−
1
2 )a1(~p;n1, ··, nr) = 1

(2π)N/2

∫
λ+

2s︷ ︸︸ ︷
AςBς · ·CςDς (~p;n1, ··, nr)ψAςBς · ·CςDς︸ ︷︷ ︸

2s

(x)e−ip·xdN~r

|~p|(s−
1
2 )a+

2 (~p;n1, ··, nr) = 1
(2π)N/2

∫
λ+

2s︷ ︸︸ ︷
AςBς · ·CςDς (~p;n1, ··, nr)ψAςBς · ·CςDς︸ ︷︷ ︸

2s

(x)eip·xdN~r

Proof: Using mathematical induction to prove this theorem.
Step 1: When s′ = 1

2 , the following is established.

(Γ,−iς)A
′
ςAς

a ∂aψAς (x) = 0, ψAς (x) = ψAς (x)
⇔
ψAς (x) = 1

(2π)N/2

∫
~p6=0

dN~p
=1∑

n1+··+nr
λAς (~p;n1, ··, nr)[a1(~p;n1, ··, nr)eip·x + a+

2 (~p;n1, ··, nr)e−ip·x]

Step 2: Assume when s′ = s, the following is established.

(Γ,−iς)A
′
ςAς

a ∂aψAςBς · ·CςDς︸ ︷︷ ︸
2s

(x) = 0, ψAςBς · ·CςDς︸ ︷︷ ︸
2s

(x) = 1
(2s)!ψ{AςBς · ·CςDς}︸ ︷︷ ︸

2s

(x)

⇔
ψAςBς · ·CςDς︸ ︷︷ ︸

2s

(x) = 1
(2π)N/2

∫
~p6=0

dN~p|~p|(s−
1
2 )

=2s∑
n1+··+nr

λAςBς · ·CςDς︸ ︷︷ ︸
2s

(~p;n1, ··, nr)[a1(~p;n1, ··, nr)eip·x + a+
2 (~p;n1, ··, nr)e−ip·x]

Step 3: When s′ = s+ 1/2,

(Γ,−iς)A
′
ςAς

a ∂aψAςBς · ·CςDς︸ ︷︷ ︸
2s

(x) = 0, ψAςBς · ·CςDςEς︸ ︷︷ ︸
2s+1

(x) = 1
(2s+1)!ψ{AςBς · ·CςDςEς}︸ ︷︷ ︸

2s+1

(x)

⇔

ψAςBς · ·CςDςEς}︸ ︷︷ ︸
2s+1

(x) = 1
(2π)N/2

∫
~p6=0

dN~p|~p|(s−
1
2 )

=2s∑
n1+··+nr

λAςBς · ·CςDς︸ ︷︷ ︸
2s

(~p;n1, ··, nr)[a1Eς (~p;n1, ··, nr)eip·x + a+
2Eς

(~p;n1, ··, nr)e−ip·x]

ψAςBς · ·CςDςEς︸ ︷︷ ︸
2s+1

(x) = ψAςBς · ·CςEςDς︸ ︷︷ ︸
2s+1

(x)

⇔

ψAςBς · ·CςDςEς}︸ ︷︷ ︸
2s+1

(x) = 1
(2π)N/2

∫
~p6=0

dN~p|~p|(s−
1
2 )

=2s∑
n1+··+nr

λAςBς · ·CςDς︸ ︷︷ ︸
2s

(~p;n1, ··, nr)[a1Eς (~p;n1, ··, nr)eip·x + a+
2Eς

(~p;n1, ··, nr)e−ip·x]

=2s∑
n1+··+nr

λAςBς · ·CςDς︸ ︷︷ ︸
2s

(~p;n1, ··, nr)a1Eς (~p;n1, ··, nr) =
=2s∑

n1+··+nr
λAςBς · ·CςEς︸ ︷︷ ︸

2s

(~p;n1, ··, nr)a1Dς (~p;n1, ··, nr)

=2s∑
n1+··+nr

λAςBς · ·CςDς︸ ︷︷ ︸
2s

(~p;n1, ··, nr)a+
2Eς

(~p;n1, ··, nr) =
=2s∑

n1+··+nr
λAςBς · ·CςEς︸ ︷︷ ︸

2s

(~p;n1, ··, nr)a+
2Dς

(~p;n1, ··, nr)

⇔
ψAςBς · ·CςDςEς︸ ︷︷ ︸

2s+1

(x)

= 1
(2π)N/2

∫
~p 6=0

dN~p|~p|s
=2s+1∑

n1+··+nr
λAςBς · ·CςDςEς︸ ︷︷ ︸

2s+1

(~p;n1, ··, nr)[a1(~p;n1, ··, nr)eip·x + a+
2 (~p;n1, ··, nr)e−ip·x]

This step proves that when s′ = s+ 1/2, the proposition is established.
Step 4: Based on the above inductive reasoning, the theorem has been proved.

3.4 Covariant commutation rules for Penrose fully symmetric equation in N+1-D

Thm. 3.4.1.{
[aσ(~p,−sς;~h), a+

σ′(~p
′,−sς;~h′)]−2s+1 = δσσ′δ~h~h′δ

3(~p− ~p′)
[aσ(~p,−sς;~h), aσ′(~p

′,−sς;~h′)]−2s+1 = 0, [a+
σ (~p,−sς;~h), a+

σ′(~p
′,−sς;~h′)]−2s+1 = 0

⇔
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[ψAςBς · ·︸ ︷︷ ︸

2s

(x), ψ+
A
′
ςB
′
ς · ·︸ ︷︷ ︸

2s

(x′)]−2s+1 = i (iς)2s

22s−1[(2s)!]2

2s︷ ︸︸ ︷
(Γ, iς)a{Aς(A′ς (Γ, iς)

b
BςB′ς

· ·})

2s︷ ︸︸ ︷
∂a∂b · ·∆(x− x′)

[ψAςBς · ·︸ ︷︷ ︸
2s

(x), ψEςFς · ·︸ ︷︷ ︸
2s

(x′)]−2s+1 = 0, [ψ+
A
′
ςB
′
ς · ·︸ ︷︷ ︸

2s

(x), ψ+
E
′
ςF
′
ς · ·︸ ︷︷ ︸

2s

(x′)]−2s+1 = 0, s ≥ 0

Proof: [ψAςBς · ·︸ ︷︷ ︸
2s

(x), ψ+
A
′
ςB
′
ς · ·︸ ︷︷ ︸

2s

(x′)]−2s+1

= 1
(2π)3

∫ ∑
~h,~h′

d3~pd3~p′(|~p||~p′|)(s− 1
2 )λAςBς · ·︸ ︷︷ ︸

2s

(~p,−sς;~h)λ+
A
′
ςB
′
ς · ·︸ ︷︷ ︸

2s

(~p′,−sς;~h′)

[[a1(~p,−sς;~h)eip·x + a+
2 (~p,−sς;~h)e−ip·x], [a+

1 (~p′,−sς;~h′)e−ip′·x′ + a2(~p′,−sς;~h′)eip′·x′ ]]−2s+1

= 1
(2π)3

∫ ∑
~h,~h′

d3~pd3~p′(|~p||~p′|)(s− 1
2 )λAςBς · ·︸ ︷︷ ︸

2s

(~p,−sς;~h)λ+
A
′
ςB
′
ς · ·︸ ︷︷ ︸

2s

(~p′,−sς;~h′)

{[a1(~p,−sς;~h), a+
1 (~p′,−sς;~h′)]−2s+1ei(p·x−p

′·x′) + [a+
2 (~p,−sς;~h), a2(~p′,−sς;~h′)]−2s+1e−i(p·x−p

′·x′)}

= 1
(2π)3

∫ ∑
~h,~h′

d3~pd3~p′(|~p||~p′|)(s− 1
2 )λAςBς · ·︸ ︷︷ ︸

2s

(~p,−sς;~h)λ+
A
′
ςB
′
ς · ·︸ ︷︷ ︸

2s

(~p′,−sς;~h′)δ3(~p− ~p′)δ~h~h′

[ei(p·x−p
′·x′) + (−1)2s+1e−i(p·x−p

′·x′)]

= 1
(2π)3

∫ ∑
~h

d3~p|~p|2s−1λAςBς · ·︸ ︷︷ ︸
2s

(~p,−sς;~h)λ+
A
′
ςB
′
ς · ·︸ ︷︷ ︸

2s

(~p,−sς;~h)[ei(p·x−p·x
′) + (−1)2s+1e−i(p·x−p·x

′)]

= i (−ς)2s

22s−1[(2s)!]2
1

(2π)3

∫ −i
|2~p|

2s︷ ︸︸ ︷
(Γ, iς)a{Aς(A′ς (Γ, iς)

b
BςB′ς

· ·})
2s︷ ︸︸ ︷

papb · ·[eip·(x−x
′) − e−ip·(x−x′)]d3~p

= i (iς)2s

22s−1[(2s)!]2

2s︷ ︸︸ ︷
(Γ, iς)a{Aς(A′ς (Γ, iς)

b
BςB′ς

· ·})

2s︷ ︸︸ ︷
∂a∂b · · 1

(2π)3

∫ −i
|2~p| [e

ip·(x−x′) − e−ip·(x−x′)]d3~p

= i (iς)2s

22s−1[(2s)!]2

2s︷ ︸︸ ︷
(Γ, iς)a{Aς(A′ς (Γ, iς)

b
BςB′ς

· ·})

2s︷ ︸︸ ︷
∂a∂b · ·∆(x− x′)

Proof: [a1(~p,−sς;~h), a+
1 (~p′,−sς;~h′)]

= 1
(2π)3

∫
|~p|−(2s−1)λ+

2s︷ ︸︸ ︷
AςBς · ·(~p,−sς;~h)λ

2s︷ ︸︸ ︷
A
′
ςB
′
ς · ·(~p′,−sς;~h′)[ψAςBς · ·︸ ︷︷ ︸

2s

(x), ψ+
A
′
ςB
′
ς · ·︸ ︷︷ ︸

2s

(x′)]e−i(p·x−p
′·x′)d3~rd3~r′

= 1
(2π)3

∫
|~p|−(2s−1)λ+

2s︷ ︸︸ ︷
AςBς · ·(~p,−sς;~h)λ

2s︷ ︸︸ ︷
A
′
ςB
′
ς · ·(~p′,−sς;~h′)

i (iς)2s

22s−1[(2s)!]2

2s︷ ︸︸ ︷
(Γ, iς)a{Aς(A′ς (Γ, iς)

b
BςB′ς

· ·})

2s︷ ︸︸ ︷
∂a∂b · ·∆(x− x′)e−i(p·x−p′·x′)d3~rd3~r′

= 1
(2π)3

∫
|~p|−(2s−1)λ+

2s︷ ︸︸ ︷
AςBς · ·(~p,−sς;~h)λ

2s︷ ︸︸ ︷
A
′
ςB
′
ς · ·(~p′,−sς;~h′)

i (iς)2s

22s[(2s)!]2

2s−1︷ ︸︸ ︷
(Γ, iς)a{Aς(A′ς (Γ, iς)

b
BςB′ς

· ·})

2s︷ ︸︸ ︷
∂a∂b · · −i(2π)3

∫
1

2|~p0| [e
ip0·(x−x′) − e−ip0·(x−x′)]d3~p0}e−i(p·x−p

′·x′)d3~rd3~r′

= [ 1
(2π)3 ]2

∫
d3~p0d

3~rd3~r′|~p|−(2s−1)λ+

2s︷ ︸︸ ︷
AςBς · ·(~p,−sς;~h)λ

2s︷ ︸︸ ︷
A
′
ςB
′
ς · ·(~p′,−sς;~h′)(− ς

2 )2s 1
[(2s)!]2 |~p0|(2s−1)

2s︷ ︸︸ ︷
(Γ, iς)a{Aς(A′ς (Γ, iς)

b
BςB′ς

· ·})

2s︷ ︸︸ ︷
p̂0ap̂0b · ·[ei(p0−p)·xe−i(p0−p′)·x′ + (−1)2s+1e−i(p0+p)·xei(p0+p′)·x′ ]

= [ 1
(2π)3 ]2

∫
d3~p0d

3~rd3~r′|~p|−(2s−1)|~p0|(2s−1)λ+

2s︷ ︸︸ ︷
AςBς · ·(~p,−sς;~h)λ

2s︷ ︸︸ ︷
A
′
ςB
′
ς · ·(~p′,−sς;~h′)∑

~h0

λAςBς · ·︸ ︷︷ ︸
2s

(~p0,−sς;~h0)λ+
A
′
ςB
′
ς · ·︸ ︷︷ ︸

2s

(~p0,−sς;~h0)[ei(p0−p)·xe−i(p0−p′)·x′ + (−1)2s+1e−i(p0+p)·xei(p0+p′)·x′ ]

=
∫
λ+

2s︷ ︸︸ ︷
AςBς · ·(~p,−sς;~h)λ

2s︷ ︸︸ ︷
A
′
ςB
′
ς · ·(~p′,−sς;~h′)

∑
~h0

λAςBς · ·︸ ︷︷ ︸
2s

(~p0,−sς;~h0)λ+
A
′
ςB
′
ς · ·︸ ︷︷ ︸

2s

(~p0,−sς;~h0)

[δ3(~p0 − ~p)δ3(~p0 − ~p′) + (−1)2s+1e2iE0(t−t′)δ3(~p0 + ~p)δ3(~p0 + ~p′)]d3~p0
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=
∫ ∑
~h0

λ+

2s︷ ︸︸ ︷
AςBς · ·(~p,−sς;~h)λ

2s︷ ︸︸ ︷
A
′
ςB
′
ς · ·(~p′,−sς;~h′)λAςBς · ·︸ ︷︷ ︸

2s

(~p0,−sς;~h0)λ+
A
′
ςB
′
ς · ·︸ ︷︷ ︸

2s

(~p0,−sς;~h0)δ3(~p0 − ~p)δ3(~p0 − ~p′)d3~p0

=
∑
~h0

λ+

2s︷ ︸︸ ︷
AςBς · ·(~p,−sς;~h)λAςBς · ·︸ ︷︷ ︸

2s

(~p′,−sς;~h0)λ+
A
′
ςB
′
ς · ·︸ ︷︷ ︸

2s

(~p′,−sς;~h0)λ

2s︷ ︸︸ ︷
A
′
ςB
′
ς · ·(~p′,−sς;~h′)δ3(~p− ~p′)

=
∑
~h0

λ+

2s︷ ︸︸ ︷
AςBς · ·(~p,−sς;~h)λAςBς · ·︸ ︷︷ ︸

2s

(~p,−sς;~h0)λ+
A
′
ςB
′
ς · ·︸ ︷︷ ︸

2s

(~p,−sς;~h0)λ

2s︷ ︸︸ ︷
A
′
ςB
′
ς · ·(~p,−sς;~h′)δ3(~p− ~p′)

=
∑
~h0

δ~h~h0
δ~h′~h0

δ3(~p− ~p′) = δ~h~h′δ
3(~p− ~p′)

Self comment: The above proof method is no longer based on the isochronous commutation rule, but
directly based on the covariant commutation rule. It seems more difficult, but it’s actually simpler.
Because there is no need to find complex isochronal commutation rules. Even if it is calculated out,
it is still difficult to use. The covariant commutation rule itself is known and very regular and can
also be decomposed into the product of spin bases. The entire proof process basically depends on the
properties of the spin base and hasn’t complex calculations. The other commutative brackets can also
be calculated out by using the same method and will not be listed.

Thm. 3.4.2.
[ψAςBς · ·︸ ︷︷ ︸

2s

(x), ψ+
A
′
ςB
′
ς · ·︸ ︷︷ ︸

2s

(x′)]−2s+1 = i (iς)2s

22s−1[(2s)!]2

2s︷ ︸︸ ︷
(Γ, iς)a{Aς(A′ς (Γ, iς)

b
BςB′ς

· ·})

2s︷ ︸︸ ︷
∂a∂b · ·∆(x− x′)

[ψAςBς · ·︸ ︷︷ ︸
2s

(x), ψEςFς · ·︸ ︷︷ ︸
2s

(x′)]−2s+1 = 0, [ψ+
A
′
ςB
′
ς · ·︸ ︷︷ ︸

2s

(x), ψ+
E
′
ςF
′
ς · ·︸ ︷︷ ︸

2s

(x′)]−2s+1 = 0, s ≥ 0

⇔[ψkς (x), ψ+
k′ς

(x′)]−2s+1 = i (−1)2s

2s−1 Γ

2s︷ ︸︸ ︷
abc · ·
kςk′ς

(s, w)

2s︷ ︸︸ ︷
∂a∂b∂c · ·∆(x− x′),Γ(0) := 1

[ψkς (x), ψlς (x
′)]−2s+1 = 0, [ψ+

k′ς
(x), ψ+

l′ς
(x′)]−2s+1 = 0, s ≥ 0

3.5 Various physical operators of Penrose fully symmetric equation in N+1-D

Thm. 3.5.1. Pu(s) =
∫
ψ+

2s︷ ︸︸ ︷
AςBς · ·(~r, t)−i∂u(i∂t)

2s−1

(−∇2)2s−1 ψAςBς · ·︸ ︷︷ ︸
2s

(~r, t)d3~r

=
∫ ∑

~h

pu[a+
1 (~p,−sς;~h)a1(~p,−sς;~h) + (−1)2sa2(~p,−sς;~h)a+

2 (~p,−sς;~h)]d3~p

Proof: Pu(s) =
∫
ψ+

2s︷ ︸︸ ︷
AςBς · ·(~r, t)−i∂u(i∂t)

2s−1

(−∇2)2s−1 ψAςBς · ·︸ ︷︷ ︸
2s

(~r, t)d3~r

= 1
(2π)3

∫
d3~p′d3~pd3~r

∑
~h,~h′

|~p′|s−
1
2 |~p|s−

1
2λ+

2s︷ ︸︸ ︷
AςBς · ·(~p′,−sς;~h′)λAςBς · ·︸ ︷︷ ︸

2s

(~p,−sς;~h) pu
|~p|2s−1

[a+
1 (~p′,−sς;~h′)e−i(~p′·~r−|~p′|t) + a2(~p′,−sς;~h′)ei(~p′·~r−|~p′|t)][a1(~p,−sς;~h)ei(~p·~r−|~p|t) + (−1)2sa+

2 (~p,−sς;~h)e−i(~p·~r−|~p|t)]

=
∫ ∑
~h,~h′

~p|2s−1λ+

2s︷ ︸︸ ︷
AςBς · ·(~p′,−sς;~h′)λAςBς · ·︸ ︷︷ ︸

2s

(~p,−sς;~h) pu
|~p|2s−1

{[a+
1 (~p,−sς;~h)a1(~p,−sς;~h) + (−1)2sa2(~p,−sς;~h)a+

2 (~p,−sς;~h)]δ3(~p′ − ~p)
+ [(−1)2sa+

1 (−~p,−sς;~h)a+
2 (~p,−sς;~h)e−2i|~p|t + a2(−~p,−sς;~h)a1(~p,−sς;~h)e2i|~p|t]δ3(~p′ + ~p)}d3~p′d3~p

=
∫ ∑
~h,~h′

λ+

2s︷ ︸︸ ︷
AςBς · ·(~p′,−sς;~h′)λAςBς · ·︸ ︷︷ ︸

2s

(~p,−sς;~h)pu[a+
1 (~p,−sς;~h)a1(~p,−sς;~h) + (−1)2sa2(~p,−sς;~h)a+

2 (~p,−sς;~h)]d3~p

=
∫ ∑

~h

pu[a+
1 (~p,−sς;~h)a1(~p,−sς;~h) + (−1)2sa2(~p,−sς;~h)a+

2 (~p,−sς;~h)]d3~p

Thm. 3.5.2. Q(s) =
∫
ψ+

2s︷ ︸︸ ︷
AςBς · ·(~r, t) (i∂t)

2s−1

(−∇2)2s−1ψAςBς · ·︸ ︷︷ ︸
2s

(~r, t)d3~r

=
∫ ∑

~h

[a+
1 (~p,−sς;~h)a1(~p,−sς;~h) + (−1)2s−1a2(~p,−sς;~h)a+

2 (~p,−sς;~h)]d3~p
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Proof: Q(s) =
∫
ψ+

2s︷ ︸︸ ︷
AςBς · ·(~r, t) (i∂t)

2s−1

(−∇2)2s−1ψAςBς · ·︸ ︷︷ ︸
2s

(~r, t)d3~r

= 1
(2π)3

∫
d3~p′d3~pd3~r

∑
~h,~h′

|~p′|s−
1
2 |~p|s−

1
2λ+

2s︷ ︸︸ ︷
AςBς · ·(~p′,−sς;~h′)λAςBς · ·︸ ︷︷ ︸

2s

(~p,−sς;~h) 1
|~p|2s−1

[a+
1 (~p′,−sς;~h′)e−i(~p′·~r−|~p′|t) + a2(~p′,−sς;~h′)ei(~p′·~r−|~p′|t)][a1(~p,−sς;~h)ei(~p·~r−|~p|t) + (−1)2s−1a+

2 (~p,−sς;~h)e−i(~p·~r−|~p|t)]

=
∫ ∑
~h,~h′

~p|2s−1λ+

2s︷ ︸︸ ︷
AςBς · ·(~p′,−sς;~h′)λAςBς · ·︸ ︷︷ ︸

2s

(~p,−sς;~h) 1
|~p|2s−1

{[a+
1 (~p,−sς;~h)a1(~p,−sς;~h) + (−1)2s−1a2(~p,−sς;~h)a+

2 (~p,−sς;~h)]δ3(~p′ − ~p)
+ [(−1)2s−1a+

1 (−~p,−sς;~h)a+
2 (~p,−sς;~h)e−2i|~p|t + a2(−~p,−sς;~h)a1(~p,−sς;~h)e2i|~p|t]δ3(~p′ + ~p)}d3~p′d3~p

=
∫ ∑

~h

[a+
1 (~p,−sς;~h)a1(~p,−sς;~h) + (−1)2s−1a2(~p,−sς;~h)a+

2 (~p,−sς;~h)]d3~p

Thm. 3.5.3. N(s) =
∫
ψ+

2s︷ ︸︸ ︷
AςBς · ·(~r, t) (i∂t)

2s

(
√
−∇2)4s−1

ψAςBς · ·︸ ︷︷ ︸
2s

(~r, t)d3~r

=
∫ ∑

~h

[a+
1 (~p,−sς;~h)a1(~p,−sς;~h) + (−1)2sa2(~p,−sς;~h)a+

2 (~p,−sς;~h)]d3~p

Proof: N(s) =
∫
ψ+

2s︷ ︸︸ ︷
AςBς · ·(~r, t) (i∂t)

2s

(
√
−∇2)4s−1

ψAςBς · ·︸ ︷︷ ︸
2s

(~r, t)d3~r

= 1
(2π)3

∫
d3~p′d3~pd3~r

∑
~h,~h′

|~p′|s−
1
2 |~p|s−

1
2λ+

2s︷ ︸︸ ︷
AςBς · ·(~p′,−sς;~h′)λAςBς · ·︸ ︷︷ ︸

2s

(~p,−sς;~h) 1
|~p|2s−1

[a+
1 (~p′,−sς;~h′)e−i(~p′·~r−|~p′|t) + a2(~p′,−sς;~h′)ei(~p′·~r−|~p′|t)][a1(~p,−sς;~h)ei(~p·~r−|~p|t) + (−1)2sa+

2 (~p,−sς;~h)e−i(~p·~r−|~p|t)]

=
∫ ∑
~h,~h′

~p|2s−1λ+

2s︷ ︸︸ ︷
AςBς · ·(~p′,−sς;~h′)λAςBς · ·︸ ︷︷ ︸

2s

(~p,−sς;~h) 1
|~p|2s−1

{[a+
1 (~p,−sς;~h)a1(~p,−sς;~h) + (−1)2sa2(~p,−sς;~h)a+

2 (~p,−sς;~h)]δ3(~p′ − ~p)
+ [(−1)2sa+

1 (−~p,−sς;~h)a+
2 (~p,−sς;~h)e−2i|~p|t + a2(−~p,−sς;~h)a1(~p,−sς;~h)e2i|~p|t]δ3(~p′ + ~p)}d3~p′d3~p

=
∫ ∑

~h

[a+
1 (~p,−sς;~h)a1(~p,−sς;~h) + (−1)2sa2(~p,−sς;~h)a+

2 (~p,−sς;~h)]d3~p

Thm. 3.5.4. ~S(s) =
∫
ψ+

2s︷ ︸︸ ︷
AςBς · ·(~r, t) ∇̂(i∂t)

2s−1

(−∇2)2s−1ψAςBς · ·︸ ︷︷ ︸
2s

(~r, t)d3~r

=
∫ ∑

~h

p̂[a+
1 (~p,−sς;~h)a1(~p,−sς;~h) + (−1)2sa2(~p,−sς;~h)a+

2 (~p,−sς;~h)]d3~p

Proof: ~S(s) =
∫
ψ+

2s︷ ︸︸ ︷
AςBς · ·(~r, t) ∇̂(i∂t)

2s−1

(−∇2)2s−1ψAςBς · ·︸ ︷︷ ︸
2s

(~r, t)d3~r

= 1
(2π)3

∫
d3~p′d3~pd3~r

∑
~h,~h′

|~p′|s−
1
2 |~p|s−

1
2λ+

2s︷ ︸︸ ︷
AςBς · ·(~p′,−sς;~h′)λAςBς · ·︸ ︷︷ ︸

2s

(~p,−sς;~h) p̂
|~p|2s−1

[a+
1 (~p′,−sς;~h′)e−i(~p′·~r−|~p′|t) + a2(~p′,−sς;~h′)ei(~p′·~r−|~p′|t)][a1(~p,−sς;~h)ei(~p·~r−|~p|t) + (−1)2sa+

2 (~p,−sς;~h)e−i(~p·~r−|~p|t)]

=
∫ ∑
~h,~h′

~p|2s−1λ+

2s︷ ︸︸ ︷
AςBς · ·(~p′,−sς;~h′)λAςBς · ·︸ ︷︷ ︸

2s

(~p,−sς;~h) p̂
|~p|2s−1

{[a+
1 (~p,−sς;~h)a1(~p,−sς;~h) + (−1)2sa2(~p,−sς;~h)a+

2 (~p,−sς;~h)]δ3(~p′ − ~p)
+ [(−1)2sa+

1 (−~p,−sς;~h)a+
2 (~p,−sς;~h)e−2i|~p|t + a2(−~p,−sς;~h)a1(~p,−sς;~h)e2i|~p|t]δ3(~p′ + ~p)}d3~p′d3~p

=
∫ ∑

~h

p̂[a+
1 (~p,−sς;~h)a1(~p,−sς;~h) + (−1)2sa2(~p,−sς;~h)a+

2 (~p,−sς;~h)]d3~p

Thm. 3.5.5. ~M(s) =
∫
ψ+

2s︷ ︸︸ ︷
AςBς · ·(~r, t) ∇̂(i∂t)

2s

(
√
−∇2)4s−1

ψAςBς · ·︸ ︷︷ ︸
2s

(~r, t)d3~r

=
∫ ∑

~h

p̂[a+
1 (~p,−sς;~h)a1(~p,−sς;~h) + (−1)2s−1a2(~p,−sς;~h)a+

2 (~p,−sς;~h)]d3~p
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Proof: ~M(s) =
∫
ψ+

2s︷ ︸︸ ︷
AςBς · ·(~r, t) ∇̂(i∂t)

2s

(
√
−∇2)4s−1

ψAςBς · ·︸ ︷︷ ︸
2s

(~r, t)d3~r

= 1
(2π)3

∫
d3~p′d3~pd3~r

∑
~h,~h′

|~p′|s−
1
2 |~p|s−

1
2λ+

2s︷ ︸︸ ︷
AςBς · ·(~p′,−sς;~h′)λAςBς · ·︸ ︷︷ ︸

2s

(~p,−sς;~h) p̂
|~p|2s−1

[a+
1 (~p′,−sς;~h′)e−i(~p′·~r−|~p′|t) + a2(~p′,−sς;~h′)ei(~p′·~r−|~p′|t)][a1(~p,−sς;~h)ei(~p·~r−|~p|t) + (−1)2s−1a+

2 (~p,−sς;~h)e−i(~p·~r−|~p|t)]

=
∫ ∑
~h,~h′

~p|2s−1λ+

2s︷ ︸︸ ︷
AςBς · ·(~p′,−sς;~h′)λAςBς · ·︸ ︷︷ ︸

2s

(~p,−sς;~h) p̂
|~p|2s−1

{[a+
1 (~p,−sς;~h)a1(~p,−sς;~h) + (−1)2s−1a2(~p,−sς;~h)a+

2 (~p,−sς;~h)]δ3(~p′ − ~p)
+ [(−1)2s−1a+

1 (−~p,−sς;~h)a+
2 (~p,−sς;~h)e−2i|~p|t + a2(−~p,−sς;~h)a1(~p,−sς;~h)e2i|~p|t]δ3(~p′ + ~p)}d3~p′d3~p

=
∫ ∑

~h

p̂[a+
1 (~p,−sς;~h)a1(~p,−sς;~h) + (−1)2s−1a2(~p,−sς;~h)a+

2 (~p,−sς;~h)]d3~p

3.6 Action of Bargmann-Wigner equation

Thm. 3.6.1. S? =
∫
ψ+
A′ςB

′
ς ··

(x)γ
A′ςZς
0 γ

B′ςBς
0 · ·(γaZςAς∂a +mδZς

Aς )ψAςBς ··(x)d4x
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Self comment: For particles described by the Bargmann-Wigner equation or Dirac equation, it is gen-
erally possible to describe both charged complex particles and uncharged Majorana particles. The
principal commutation rule in both cases is consistent, but the rest are generally zero for charged
complex particles. For uncharged Majorana particles, the rest of the commutative or anti commu-
tative brackets are naturally derived from the principal commutative rule and Majorana conditions.
And they are generally not zero. In this chapter, we only discuss the case of complex particles and
generally only give the principal commutation rule. The Majorana particle case is no longer specifically
discussed. If we want to obtain the quantum field theory of the Majorana particle case, we only need
to add the Majorana condition to the complex particle case. Then we will naturally obtain it. The
two or three dimensional space-time particles described in this chapter can be considered as the result
of four dimensional space-time particles being constrained on the y, z, or z axes. Therefore it has
practical significance and can be applied to condensed matter physics. In addition, two-dimensional s-
patiotemporal particles can also be considered as the result of further confinement of three-dimensional
spatiotemporal particles on the y-axis. Three dimensional spatiotemporal particles correspond to quan-
tum surfaces. Two dimensional spatiotemporal particles correspond to quantum wire. One dimensional
spatiotemporal particles correspond to quantum dot.

1 Covariate quantization for massive particles in 3-dimensional space-time

1.1 B-W equation with mass in 3-dimensional space-time

1.1.1 Dirac equation spin basis and its plane wave solutions in 3-dimensional space-time

Def. 1.1.1. u(~p) :=
√

E+m
2m (1− ςσ·~p

E+m )( 1+ς
2 + 1−ς

2 σx)
[

1
0

]
, v(~p) :=

√
E+m
2m (1− ςσ·~p

E+m )( 1+ς
2 + 1−ς

2 σx)
[

0
1

]
Cor. 1.1.1. u(~p) = σxv

∗(~p), v(~p) = σxu
∗(~p)

Thm. 1.1.1. (γa∂a +m)ψ = 0, γa = (−σy, σx, ςσz)

ψ(~r, t) = 1
(2π)1/2

+∞∫
~p=−∞

[a(~p)
√

m
E u(~p)ei(~p·~r−Et) + b+(~p)

√
m
E v(~p)e−i(~p·~r−Et)]d~p

a(~p) = 1
(2π)1/2

+∞∫
~p=−∞

√
E
mu

+(~p)ψ(~r, t)e−i(~p·~r−Et)d~r, b+(~p) = 1
(2π)1/2

+∞∫
~p=−∞

√
E
mv

+(~p)ψ(~r, t)ei(~p·~r−Et)d~r

1.1.2 Properties of Dirac spin basis in 3-dimensional space-time

Cor. 1.1.2.

{
ū(~p)u(~p) = 1, v̄(~p)v(~p) = −1, ū(~p)v(~p) = 0, v̄(~p)u(~p) = 0

u+(~p)u(~p) = E
m , v

+(~p)v(~p) = E
m , u

+(~p)v(−~p) = 0, v+(~p)u(−~p) = 0

Cor. 1.1.3.

{
u(~p)ū(~p) = m−iγapa

2m

v(~p)v̄(~p) = −m−iγapa
2m

{
u(~p)u+(~p) = (m−iγapa)γ0

2m = mσz−(σ,iς)apa
ς2m

v(~p)v+(~p) = (−m−iγapa)γ0

2m = −mσz−(σ,iς)apa
ς2m

Cor. 1.1.4. u(~p)ū(~p)− v(~p, h)v̄(~p) = 1, u(~p)ū(~p) + v(~p, h)v̄(~p) = −iγapa
m , u(~p)u+(~p) + v(−~p, h)v+(−~p) = E

m

1.1.3 Covariant quantization rules for Dirac equation in 3-dimensional space-time

Cor. 1.1.5.

{
{a(~p), a+(~p′)} = δ(~p− ~p′)
{a(~p), a(~p′)} = 0, {a+(~p), a+(~p′)} = 0

⇒ {ψλς (x), ψ+
λ′ς

(x′)} = i[(m− γa∂a)γ0]λςλ′ς∆(x− x′)

1.2 B-W equation in 3-dimensional space-time

1.2.1 Spin basis and its plane wave solutions of B-W equation in 3-dimensional space-time [16]

Def. 1.2.1. Uλςµς · ·︸ ︷︷ ︸
2s

(~p) := uλς (~p)uµς (~p) · ·︸ ︷︷ ︸
2s

, Vλςµς · ·︸ ︷︷ ︸
2s

(~p) := vλς (~p)vµς (~p) · ·︸ ︷︷ ︸
2s

Cor. 1.2.1. Uλςµς · ·︸ ︷︷ ︸
2s

(~p) = σx ⊗ σx · ·︸ ︷︷ ︸
2s

V +
λςµς · ·︸ ︷︷ ︸

2s

(~p), Vλςµς · ·︸ ︷︷ ︸
2s

(~p) = σx ⊗ σx · ·︸ ︷︷ ︸
2s

U+
λςµς · ·︸ ︷︷ ︸

2s

(~p)
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Thm. 1.2.1. (γa∂a +m)κς
λςψλςµς · ·︸ ︷︷ ︸

2s

(~r, t) = 0, ψλςµς · ·︸ ︷︷ ︸
2s

(~r, t) = 1
(2s)!ψ{λςµς · ·}︸ ︷︷ ︸

2s

(~r, t)

ψλςµς · ·︸ ︷︷ ︸
2s

(~r, t) = 1
(2π)N/2

+∞∫
~p=−∞

Es−
1
2
√

m
E

2s
[a(~p)Uλςµς · ·︸ ︷︷ ︸

2s

(~p)ei(~p·~r−Et) + b+(~p)Vλςµς · ·︸ ︷︷ ︸
2s

(~p)e−i(~p·~r−Et)]dN~p
a(~p) = 1

(2π)N/2

+∞∫
~p=−∞

E−(s− 1
2 )√m

E

2s
U+

2s︷ ︸︸ ︷
λςµς · ·(~p)ψλςµς · ·︸ ︷︷ ︸

2s

(~r, t)e−i(~p·~r−Et)dN~r

b+(~p) = 1
(2π)N/2

+∞∫
~p=−∞

E−(s− 1
2 )√m

E

2s
V +

2s︷ ︸︸ ︷
λςµς · ·(~p)ψλςµς · ·︸ ︷︷ ︸

2s

(~r, t)ei(~p·~r−Et)dN~r

1.2.2 Orthogonal properties of B-W equation spin basis in 3-dimensional space-time

Cor. 1.2.2.
Ū

2s︷ ︸︸ ︷
λςµς · ·(~p)Uλςµς · ·︸ ︷︷ ︸

2s

(~p) = 1, V̄

2s︷ ︸︸ ︷
λςµς · ·(~p)Vλςµς · ·︸ ︷︷ ︸

2s

(~p) = 1

Ū

2s︷ ︸︸ ︷
λςµς · ·(~p)Vλςµς · ·︸ ︷︷ ︸

2s

(~p) = 0, V̄

2s︷ ︸︸ ︷
λςµς · ·(~p)Uλςµς · ·︸ ︷︷ ︸

2s

(~p) = 0
U+

2s︷ ︸︸ ︷
λςµς · ·(~p)Uλςµς · ·︸ ︷︷ ︸

2s

(~p) = (Em )2s, V +

2s︷ ︸︸ ︷
λςµς · ·(~p)Vλςµς · ·︸ ︷︷ ︸

2s

(~p) = (Em )2s

U+

2s︷ ︸︸ ︷
λςµς · ·(~p)Vλςµς · ·︸ ︷︷ ︸

2s

(−~p) = 0, V +

2s︷ ︸︸ ︷
λςµς · ·(~p)Uλςµς · ·︸ ︷︷ ︸

2s

(−~p) = 0

1.2.3 Quasi projection operator of B-W equation in 3-dimensional space-time

Cor. 1.2.3.
Uλςµς · ·︸ ︷︷ ︸

2s

(~p)U+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(~p) = 1
(2m)2s [(m− iγbpb)γ0]λςλ′ς [(m− iγ

cpc)γ
0]µςµ′ς · · ·︸ ︷︷ ︸

2s

Vλςµς · ·︸ ︷︷ ︸
2s

(~p)V +
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(~p) = 1
(2m)2s [(−m− iγbpb)γ0]λςλ′ς [(−m− iγ

cpc)γ
0]µςµ′ς · · ·︸ ︷︷ ︸

2s

Cor. 1.2.4.
Uλςµς · ·︸ ︷︷ ︸

2s

(~p)U+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(~p) = 1
(ς2m)2s [mσz − (σ, iς)apa]λςλ′ς [mσz − (σ, iς)bpb]µςµ′ς · · ·︸ ︷︷ ︸

2s

Vλςµς · ·︸ ︷︷ ︸
2s

(~p)V +
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(~p) = 1
(ς2m)2s [−mσz − (σ, iς)apa]λςλ′ς [−mσz − (σ, iς)bpb]µςµ′ς · · ·︸ ︷︷ ︸

2s

Cor. 1.2.5. Uλςµς · ·︸ ︷︷ ︸
2s

(p)U+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(p) = (−1)2sVλςµς · ·︸ ︷︷ ︸
2s

(−p)V +
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(−p)

1.2.4 Covariant commutation rules for B-W equation in 3-dimensional space-time

Thm. 1.2.2. [ψλςµς · ·︸ ︷︷ ︸
2s

(x), ψ+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(x′)] = i
22s−1 [(m− γa∂a)γ0]λςλ′ς [(m− γ

b∂b)γ
0]µςµ′ς · ·︸ ︷︷ ︸

2s

∆(x− x′)

[m]

Thm. 1.2.3. [ψλςµς · ·︸ ︷︷ ︸
2s

(x), ψ+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(x′)] = i (iς)2s

22s−1 [−imσz + (σ, iς)a∂a]λςλ′ς [−imσz + (σ, iς)b∂b]µςµ′ς · ·︸ ︷︷ ︸
2s

∆(x− x′)

1.3 Concrete expression of massive particle potential equation in 3-dimensional space-time

Self comment: This section compares wit four dimensional space-time case. Explore whether is there
a K-G or R-S equation equivalent to B-W equation in 3-dimensional space time?
1.3.1 Massive B-W equation with s = 1 is equivalent to similar K-G equation in 3D

Thm. 1.3.1. (γa∂a +m)κς
λςψλςµς (x) = 0, ψλςµς = ψµςλς , Aa = 1√

2im
(ε̄γa)λςµςψλςµς , γ

a = (−σy, σx, ςσz)
⇔ ∂aAb − ∂bAa = iςmεab

cAc, ψ = imγaεAa ⇒ (∂b∂b −m2)Aa = 0, ∂aAa = 0

Thm. 1.3.2. (γa∂a +m)ψ(x) = 0, ψT (x) = ψ(x), Aa = 1√
2im

tr(ε̄γaψ), γa = (−σy, σx, ςσz)
⇔ ∂aAb − ∂bAa = iςmεab

cAc, ψ = im√
2
γaεAa ⇒ (∂b∂b −m2)Aa = 0, ∂aAa = 0
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Proof: (γa∂a +m)ψ(x) = 0, ψ = im√
2
γaεAa

⇔ (γa∂a +m) im√
2
γbεAb = 0

⇔ (γa∂a +m)γbAb = 0
⇔ δab∂aAb + iςεabc∂aAbγc +mγcA

c = 0
⇔ ∂aAa + (iςεabc∂aAb +mAc)γ

c = 0
⇔ ∂aAa = 0, iςεabc∂aAb +mAc = 0
⇔ εabc∂aAb = iςmAc ⇔ ∇× ~A = iςm ~A
⇔ εa

′b′cεabc∂aAb = iςmεa′b′
cAc

⇔ (δa
′aδb

′b − δa′bδb′a)∂aAb = iςmεa′b′
cAc

⇔ ∂aAb − ∂bAa = iςmεab
cAc

⇒ ∂a∂aAb − ∂b∂aAa = iςmεab
c∂aAc

⇔ (∂a∂a −m2)Ab = 0

Thm. 1.3.3. γa∂aψ(x) = 0, ψT (x) = ψ(x), Aa = 1√
2im

tr(ε̄γaψ), γa = (−σy, σx, ςσz)
⇔ ∂aAb − ∂bAa = 0, ∂aAa = 0, ψ = imγaεAa ⇒ ∂b∂bAa = 0, ∂aAa = 0

Proof: γa∂aψ(x) = 0, ψ = im√
2
γaεAa

⇔ γa∂a
im√

2
γbεAb = 0

⇔ γa∂aγ
bAb = 0

⇔ δab∂aAb + iςεabc∂aAbγc = 0
⇔ ∂aAa + iςεabc∂aAb = 0
⇔ ∂aAa = 0, iςεabc∂aAb = 0
⇔ ∂aAa = 0, εabc∂aAb = 0⇔ ∂aAa = 0,∇× ~A = 0
⇔ ∂aAa = 0, εa

′b′cεabc∂aAb = 0
⇔ ∂aAa = 0, (δa

′aδb
′b − δa′bδb′a)∂aAb = 0

⇔ ∂aAa = 0, ∂aAb − ∂bAa = 0
⇒ ∂aAa = 0, ∂a∂aAb − ∂b∂aAa = 0
⇔ ∂a∂aAb = 0, ∂aAa = 0

1.3.2 Massive B-W equation with s = 3
2 is equivalent to similar R-S equation in 3D

Thm. 1.3.4. (γa∂a +m)κς
λςψλςµςης (x) = 0, ψλςµςης = 1

3!ψ{λςµςης}, Aaης = 1√
2im

(ε̄γa)λςµςψλςµςης

⇔

{
∂aAbης − ∂bAaης = iςmεab

cAcης
ψλςµςης = im√

2
(γaε)λςµςAaης , γ

aAa[ης ] = 0
⇒ (γb∂b +m)Aa[ης ] = 0, γaAa[ης ] = 0

Proof:

{
(γa∂a +m)κς

λςψλςµςης (x) = 0, ψλςµςης = 1
3!ψ{λςµςης}

Aaης = 1√
2im

(ε̄γa)λςµςψλςµςης , γ
a = (σx, σy, ςσz)

⇔

{
∂aAbης − ∂bAaης = iςmεab

cAcης
ψλςµςης = im√

2
(γaε)λςµςAaης , ψλςµςης = ψλςηςµς

⇔

{
∂aAbης − ∂bAaης = iςmεab

cAcης
ψλςµςης = im√

2
(γaε)λςµςAaης , ε

µςηςψλςµςης = 0

⇔ ∂aAbης − ∂bAaης = iςmεab
cAcης , γ

aAa[ης ] = 0
⇒ γa∂aAb[ης ] − ∂bγaAa[ης ] = iςmεab

cγaAc[ης ], γ
aAaης = 0

⇔ γa∂aAb[ης ] + 1
2m[γc, γb]A

c
[ης ]

= 0, γaAaης = 0

⇔ γa∂aAbης + 1
2m{γc, γb}A

c
[ης ]

= 0, γaAaης = 0

⇔ (γb∂b +m)Aa[ης ] = 0, γaAa[ης ] = 0

⇔ (γb∂b +m)Aa[ης ] = 0, γaAa[ης ] = 0, ∂aAaης = 0

1.3.3 Massive B-W equation with s = 2 is equivalent to similar K-G equation in 3D

Thm. 1.3.5. (γa∂a +m)κς
λςψλςµςηςξς (x) = 0, ψλςµςηςξς = 1

4!ψ{λςµςηςξς}, Aab = ( 1√
2im

)2(ε̄γa)λςµς (ε̄γb)
ηςξςψλςµςηςξς

⇔

{
∂aAbd − ∂bAad = iςmεab

cAcd, Aab = Aba

ψλςµςηςξς = ( im√
2
)2(γaε)λςµς (γ

bε)ηςξςAab, δ
abAab = 0

⇒

{
(∂c∂c −m2)Aab = 0, Aab = Aba

δabAab = 0, ∂aAab = 0

Proof:{
(γa∂a +m)κς

λςψλςµςηςξς (x) = 0, ψλςµςηςξς = 1
4!ψ{λςµςηςξς}

Aab := ( 1√
2im

)2(ε̄γa)λςµς (ε̄γb)
ηςξςψλςµςηςξς , γ

a = (−σy, σx, ςσz)

⇔

{
(γa∂a +m)κς

λςψλςµςηςξς (x) = 0, ψλςµςηςξς = 1
4!ψ{λςµςηςξς}

Aaηςξς := 1√
2im

(ε̄γa)λςµςψλςµςηςξς
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⇔

{
∂aAbηςξς − ∂bAaηςξς = iςmεab

cAcηςξς , Aaηςξς = Aaξςης
ψλςµςηςξς = im√

2
(γaε)λςµςAaηςξς , γ

aAa[ης ]ξς = 0

⇔

{
∂aAbηςξς − ∂bAaηςξς = iςmεab

cAcηςξς , Aaηςξς = Aaξςης
ψλςµςηςξς = im√

2
(γaε)λςµςAaηςξς , γ

aAa[ης ]ξς = 0

⇔

{
∂aAbd − ∂bAad = iςmεab

cAcd, Aab = Aba, δ
abAab = 0

ψλςµςηςξς = ( im√
2
)2(γaε)λςµς (γ

bε)ηςξςAab

⇒ (∂c∂c −m2)Aab = 0, Aab = Aba, δ
abAab = 0, ∂aAab = 0

1.4 General expression of massive boson potential equation in 3-dimensional space-time

1.4.1 Mathematical preparation

Pro. 1.4.1. (γaε)λ′ςµ′ς (ε̄γa)λςµς = δ
{λς
λ′ς

δ
µς}
µ′ς

Pro. 1.4.2. (γaε)λ′ςµ′ςηaa′(ε̄γ
a′)λςµς = δ

{λς
λ′ς

δ
µς}
µ′ς
− 2|ελ′ςµ′ς ||ε

λςµς |

1.4.2 Massive B-W equation with s = n is equivalent to similar K-G equation in 3D

Thm. 1.4.1.

(γa∂a +m)κς
λςψλςµςηςξς · ·︸ ︷︷ ︸

2n

(x) = 0

ψλςµςηςξς · ·︸ ︷︷ ︸
2n

= 1
(2n)!ψ{λςµςηςξς · ·}︸ ︷︷ ︸

2n

Aab · ·︸ ︷︷ ︸
n

= ( 1√
2im

)n (ε̄γa)λςµς (ε̄γb)
ηςξς · ·︸ ︷︷ ︸

n

ψλςµςηςξς · ·︸ ︷︷ ︸
2n

⇔



∂aAbd · ·︸ ︷︷ ︸
n

(x)− ∂bAad · ·︸ ︷︷ ︸
n

(x) = iςmεab
cAcd · ·︸ ︷︷ ︸

n

(x)

Aab · ·︸ ︷︷ ︸
n

= 1
n!A{ab · ·}︸ ︷︷ ︸

n

, δabAab · ·︸ ︷︷ ︸
n

= 0

ψλςµςηςξς · ·︸ ︷︷ ︸
2n

= ( im√
2
)n (γaε)λςµς (γ

bε)ηςξς · ·︸ ︷︷ ︸
n

Aab · ·︸ ︷︷ ︸
n

⇒⇒
(∂c∂c −m2)Aab · ·︸ ︷︷ ︸

n

= 0

Aab · ·︸ ︷︷ ︸
n

= 1
n!A{ab · ·}︸ ︷︷ ︸

n

, δabAab · ·︸ ︷︷ ︸
n

= 0, ∂aAab · ·︸ ︷︷ ︸
n

= 0

ψλςµς · ·︸ ︷︷ ︸
2n

(~r, t) = 1
(2π)N/2

+∞∫
~p=−∞

En−
1
2
√

m
E

2n
[a(~p)Uλςµς · ·︸ ︷︷ ︸

2n

(~p)ei(~p·~r−Et) + b+(~p)Vλςµς · ·︸ ︷︷ ︸
2n

(~p)e−i(~p·~r−Et)]dN~p

Aab · ·︸ ︷︷ ︸
n

(~r, t) = 1
(2π)N/2

+∞∫
~p=−∞

1√
2nE

[a(~p)εab · ·︸ ︷︷ ︸
n

(~p)ei(~p·~r−Et) + b+(~p)ε̃ab · ·︸ ︷︷ ︸
n

(~p)e−i(~p·~r−Et)]dN~p

εab · ·︸ ︷︷ ︸
n

(~p) = 1
in

n︷ ︸︸ ︷
(ε̄γa)λςµς (ε̄γb)

ηςξς · ·Uλςµςηςξς · ·︸ ︷︷ ︸
2n

(~p), ε̃ab · ·︸ ︷︷ ︸
n

(~p) = 1
in

n︷ ︸︸ ︷
(ε̄γa)λςµς (ε̄γb)

ηςξς · ·Vλςµςηςξς · ·︸ ︷︷ ︸
2n

(~p)

1.4.3 Spin bases relations for massive s = n B-W equation and similar K-G equation in 3D

Cor. 1.4.1.

(iγapa +m)U[λς ]µςηςξς · ·︸ ︷︷ ︸
2n

(~p) = 0

Uλςµςηςξς · ·︸ ︷︷ ︸
2n

(~p) fully symmetric

εab · ·︸ ︷︷ ︸
n

(~p) = 1
in

n︷ ︸︸ ︷
(ε̄γa)λςµς (ε̄γb)

ηςξς · ·Uλςµςηςξς · ·︸ ︷︷ ︸
2n

(~p)

⇔



(pcpc +m2)εab · ·︸ ︷︷ ︸
n

(~p) = 0

paεbd · ·︸ ︷︷ ︸
n

(x)− pbεad · ·︸ ︷︷ ︸
n

= ςmεab
cεcd · ·︸ ︷︷ ︸

n

δabεab · ·︸ ︷︷ ︸
n

(~p) = 0, paεab · ·︸ ︷︷ ︸
n

(~p) = 0, εab · ·︸ ︷︷ ︸
n

(~p) fully symmetric

Uλςµςηςξς · ·︸ ︷︷ ︸
2n

(~p) = ( i2 )n
n︷ ︸︸ ︷

(γaε)λςµς (γbε)ηςξς · · εab · ·︸ ︷︷ ︸
n

(~p)

Cor. 1.4.2.

(−iγapa +m)V[λς ]µςηςξς · ·︸ ︷︷ ︸
2n

(~p) = 0

Vλςµςηςξς · ·︸ ︷︷ ︸
2n

(~p) fully symmetric

ε̃ab · ·︸ ︷︷ ︸
n

(~p) = 1
in

n︷ ︸︸ ︷
(ε̄γa)λςµς (ε̄γb)

ηςξς · ·Vλςµςηςξς · ·︸ ︷︷ ︸
2n

(~p)

⇔



(pcpc +m2)ε̃ab · ·︸ ︷︷ ︸
n

(~p) = 0

paε̃bd · ·︸ ︷︷ ︸
n

(x)− pbε̃ad · ·︸ ︷︷ ︸
n

= −ςmεabcε̃cd · ·︸ ︷︷ ︸
n

δabε̃ab · ·︸ ︷︷ ︸
n

(~p) = 0, paε̃ab · ·︸ ︷︷ ︸
n

(~p) = 0, ε̃ab · ·︸ ︷︷ ︸
n

(~p) fully symmetric

Vλςµςηςξς · ·︸ ︷︷ ︸
2n

(~p) = ( i2 )n
n︷ ︸︸ ︷

(γaε)λςµς (γbε)ηςξς · · ε̃ab · ·︸ ︷︷ ︸
n

(~p)
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Cor. 1.4.3.
Uλςµςηςξς · ·︸ ︷︷ ︸

2n

(~p) = ( i2 )n
n︷ ︸︸ ︷

(γaε)λςµς (γbε)ηςξς · · εab · ·︸ ︷︷ ︸
n

(~p)[⇔]εab · ·︸ ︷︷ ︸
n

(~p) = 1
in

n︷ ︸︸ ︷
(ε̄γa)λςµς (ε̄γb)

ηςξς · ·Uλςµςηςξς · ·︸ ︷︷ ︸
2n

(~p)

Vλςµςηςξς · ·︸ ︷︷ ︸
2n

(~p) = ( i2 )n
n︷ ︸︸ ︷

(γaε)λςµς (γbε)ηςξς · · ε̃ab · ·︸ ︷︷ ︸
n

(~p)[⇔]ε̃ab · ·︸ ︷︷ ︸
n

(~p) = 1
in

n︷ ︸︸ ︷
(ε̄γa)λςµς (ε̄γb)

ηςξς · ·Vλςµςηςξς · ·︸ ︷︷ ︸
2n

(~p)

Cor. 1.4.4. εab · ·︸ ︷︷ ︸
n

(~p) = εa(~p)εb(~p) · ·︸ ︷︷ ︸
n

, ε̃ab · ·︸ ︷︷ ︸
n

(~p) = ε̃a(~p)ε̃b(~p) · ·︸ ︷︷ ︸
n

1.4.4 Spin basis εa(~p) and its properties of similar Klein-Gordon equation in 3D

Cor. 1.4.5. u(~p) :=
√

E+m
2m (1− ςσ·~p

E+m )( 1+ς
2 + 1−ς

2 σx)
[

1
0

]
Thm. 1.4.2. εa(~p) = (iς +

iςpx(px+iςpy)
m(E+m) ,−1 +

iςpy(px+iςpy)
m(E+m) ,−ς px+iςpy

m )

Proof: uT (~p)u(~p)

= E+m
2m

[
1
0

]T
( 1+ς

2 + 1−ς
2 σx)(1− ςσ∗·~p

E+m )(1− ςσ·~p
E+m )( 1+ς

2 + 1−ς
2 σx)

[
1
0

]
= E+m

2m

[
1
0

]T
( 1+ς

2 + 1−ς
2 σx)(1 + σ∗·~p

E+m
σ·~p
E+m )( 1+ς

2 + 1−ς
2 σx)

[
1
0

]
= E+m

2m

[
1
0

]T
( 1+ς

2 + 1−ς
2 σx)(1 +

p2
x−p

2
y+2ipxpyσz

(E+m)2 )( 1+ς
2 + 1−ς

2 σx)
[

1
0

]
= 1

2m(E+m) [(E +m)2 + p2
x − p2

y + 2iςpxpy]

= 1 +
px(px+iςpy)
m(E+m)

Proof: uT (~p)σzu(~p)

= E+m
2m

[
1
0

]T
( 1+ς

2 + 1−ς
2 σx)(1− ςσ∗·~p

E+m )σz(1− ςσ·~p
E+m )( 1+ς

2 + 1−ς
2 σx)

[
1
0

]
= E+m

2m

[
1
0

]T
( 1+ς

2 + 1−ς
2 σx)(1− σ∗·~p

E+m
σ·~p
E+m )( 1+ς

2 + 1−ς
2 σx)ς

[
1
0

]
= E+m

2m

[
1
0

]T
( 1+ς

2 + 1−ς
2 σx)(1− p2

x−p
2
y+2ipxpyσz

(E+m)2 )( 1+ς
2 + 1−ς

2 σx)ς
[

1
0

]
= ς

2m(E+m) [(E +m)2 − p2
x + p2

y − 2iςpxpy]

= ς − ipy(px+iςpy)
m(E+m)

Proof: uT (~p)σxu(~p)

= E+m
2m

[
1
0

]T
( 1+ς

2 + 1−ς
2 σx)(1− ςσ∗·~p

E+m )σx(1− ςσ·~p
E+m )( 1+ς

2 + 1−ς
2 σx)

[
1
0

]
= E+m

2m

[
1
0

]T
σx( 1+ς

2 + 1−ς
2 σx)(1− ςσ·~p

E+m )(1− ςσ·~p
E+m )( 1+ς

2 + 1−ς
2 σx)

[
1
0

]
= E+m

2m

[
1
0

]T
σx( 1+ς

2 + 1−ς
2 σx)−2ςσ·~p

E+m ( 1+ς
2 + 1−ς

2 σx)
[

1
0

]
= −ς (px+iςpy)

m

Proof: εa(~p) = −i(ε̄γa)λςµςUλςµς (~p)
= −iuT (~p)(ε̄γa)u(~p)
= uT (~p)(1, iσz,−iςσx)u(~p)

= (1 +
px(px+iςpy)
m(E+m) , iς +

py(px+iςpy)
m(E+m) , i

px+iςpy
m )

= (1 +
px(px−iςpy)
m(E+m) ,−iς +

py(px−iςpy)
m(E+m) , i

(px−iςpy)
m )

Cor. 1.4.6. εa(~p)ε+
a′(~p) =


1+

p2
x

m2

pxpy
m2 −

ςpπ
m −pxpπm2 −

ςpy
m

pxpy
m2 +

ςpπ
m 1+

p2
y

m2 −
pypπ
m2 +

ςpx
m

pxpπ
m2 −

ςpy
m

pypπ
m2 +

ςpx
m −1−

p2
π

m2

 = 1
m

[ m −ςpπ −ςpy
ςpπ m ςpx
−ςpy ςpx −m

]
+ 1

m2

[
pxp

+
x pxp

+
y pxp

+
π

pyp
+
x pyp

+
y pyp

+
π

pπp
+
x pπp

+
y pπp

+
π

]

Cor. 1.4.7. εa(~p)ε+
a′(~p) = ηaa′ +

pap
+

a′
m2 −

ςεacdη
c
a′p

d

m

Cor. 1.4.8. εa(~p)δabεb(~p) = 0, εa(~p)pa = 0, ε+
a (~p)ηaa

′
εa′(~p) = 2, ε+

a (~p)δaa
′
εa′(~p) = 2(Em )2

Cor. 1.4.9. εab · ·︸ ︷︷ ︸
n

(~p)ε+
a
′
b
′ · ·︸ ︷︷ ︸
n

(~p) = (ηaa′ +
pap

+

a′
m2 −

ςεacdη
c
a′p

d

m )(ηbb′ +
pbp

+

b′
m2 −

ςεbcdη
c
b′p

d

m ) · · ·︸ ︷︷ ︸
n
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1.4.5 Spin basis ε̃a(~p) and its properties of similar Klein-Gordon equation in 3D

Cor. 1.4.10. v(~p) :=
√

E+m
2m (1− ςσ·~p

E+m )( 1+ς
2 + 1−ς

2 σx)
[

0
1

]
Thm. 1.4.3. εa(~p) = (iς +

iςpx(px+iςpy)
m(E+m) ,−1 +

iςpy(px+iςpy)
m(E+m) ,−ς px+iςpy

m )

Proof: vT (~p)v(~p)

= E+m
2m

[
0
1

]T
( 1+ς

2 + 1−ς
2 σx)(1− ςσ∗·~p

E+m )(1− ςσ·~p
E+m )( 1+ς

2 + 1−ς
2 σx)

[
0
1

]
= E+m

2m

[
0
1

]T
( 1+ς

2 + 1−ς
2 σx)(1 + σ∗·~p

E+m
σ·~p
E+m )( 1+ς

2 + 1−ς
2 σx)

[
0
1

]
= E+m

2m

[
0
1

]T
( 1+ς

2 + 1−ς
2 σx)(1 +

p2
x−p

2
y+2ipxpyσz

(E+m)2 )( 1+ς
2 + 1−ς

2 σx)
[

0
1

]
= 1

2m(E+m) [(E +m)2 + p2
x − p2

y − 2iςpxpy]

= 1 +
px(px−iςpy)
m(E+m)

Proof: vT (~p)σzv(~p)

= E+m
2m

[
0
1

]T
( 1+ς

2 + 1−ς
2 σx)(1− ςσ∗·~p

E+m )σz(1− ςσ·~p
E+m )( 1+ς

2 + 1−ς
2 σx)

[
0
1

]
= −E+m

2m

[
0
1

]T
( 1+ς

2 + 1−ς
2 σx)(1− σ∗·~p

E+m
σ·~p
E+m )( 1+ς

2 + 1−ς
2 σx)ς

[
0
1

]
= −E+m

2m

[
0
1

]T
( 1+ς

2 + 1−ς
2 σx)(1− p2

x−p
2
y+2ipxpyσz

(E+m)2 )( 1+ς
2 + 1−ς

2 σx)ς
[

0
1

]
= −ς

2m(E+m) [(E +m)2 − p2
x + p2

y + 2iςpxpy]

= −ς − ipy(px−iςpy)
m(E+m)

Proof: vT (~p)σxv(~p)

= E+m
2m

[
0
1

]T
( 1+ς

2 + 1−ς
2 σx)(1− ςσ∗·~p

E+m )σx(1− ςσ·~p
E+m )( 1+ς

2 + 1−ς
2 σx)

[
0
1

]
= E+m

2m

[
0
1

]T
σx( 1+ς

2 + 1−ς
2 σx)(1− ςσ·~p

E+m )(1− ςσ·~p
E+m )( 1+ς

2 + 1−ς
2 σx)

[
0
1

]
= E+m

2m

[
0
1

]T
σx( 1+ς

2 + 1−ς
2 σx)−2ςσ·~p

E+m ( 1+ς
2 + 1−ς

2 σx)
[

0
1

]
= −ς (px−iςpy)

m

Proof: ε̃a(~p) = −i(ε̄γa)λςµςVλςµς (~p)
= −ivT (~p)(ε̄γa)v(~p)
= vT (~p)(1, iσz,−iςσx)v(~p)

= (1 +
px(px−iςpy)
m(E+m) ,−iς +

py(px−iςpy)
m(E+m) , i

(px−iςpy)
m )

Cor. 1.4.11. ε̃a(~p) = ε+
a′(~p)η

a′

a , ε̃ab · ·︸ ︷︷ ︸
n

(~p) = ε+
a
′
b
′ · ·︸ ︷︷ ︸
n

(~p) ηa
′

a η
b′

b · ·︸ ︷︷ ︸
n

Cor. 1.4.12. ε̃a(~p)ε̃+
a′(~p) = ηaa′ +

pap
+

a′
m2 +

ςεacdη
c
a′p

d

m

Cor. 1.4.13. ε̃a(~p)δabε̃b(~p) = 0, ε̃a(~p)pa = 0, ε̃+
a (~p)ηaa

′
ε̃a′(~p) = 2, ε̃+

a (~p)δaa
′
ε̃a′(~p) = 2(Em )2

Cor. 1.4.14. ε̃ab · ·︸ ︷︷ ︸
n

(~p)ε̃+
a
′
b
′ · ·︸ ︷︷ ︸
n

(~p) = (ηaa′ +
pap

+

a′
m2 +

ςεacdη
c
a′p

d

m )(ηbb′ +
pbp

+

b′
m2 +

ςεbcdη
c
b′p

d

m ) · · ·︸ ︷︷ ︸
n

1.4.6 Relations between various quasi projection operators for massive bosons in 3D

Cor. 1.4.15.



εab · ·︸ ︷︷ ︸
n

(~p)ε+
a
′
b
′ · ·︸ ︷︷ ︸
n

(~p) =

n︷ ︸︸ ︷
(ε̄γa)λςµς (ε̄γb)

ηςξς · ·

n︷ ︸︸ ︷
(γa′ε)

λ′ςµ
′
ς (γb′ε)

η′ςξ
′
ς · ·Uλςµςηςξς · ·︸ ︷︷ ︸

2n

(~p)U+
λ
′
ςµ
′
ςη
′
ςξ
′
ς · ·︸ ︷︷ ︸

2n

(~p)

ε̃ab · ·︸ ︷︷ ︸
n

(~p)ε̃+
a
′
b
′ · ·︸ ︷︷ ︸
n

(~p) =

n︷ ︸︸ ︷
(ε̄γa)λςµς (ε̄γb)

ηςξς · ·

n︷ ︸︸ ︷
(γa′ε)

λ′ςµ
′
ς (γb′ε)

η′ςξ
′
ς · ·Vλςµςηςξς · ·︸ ︷︷ ︸

2n

(~p)V +
λ
′
ςµ
′
ςη
′
ςξ
′
ς · ·︸ ︷︷ ︸

2n

(~p)

Cor. 1.4.16.



Uλςµς · ·︸ ︷︷ ︸
2n

(~p)U+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2n

(~p) = 1
22n

n︷ ︸︸ ︷
(γaε)

λςµς · ·

n︷ ︸︸ ︷
(ε̄γa′)

λ′ςµ
′
ς · · εab · ·︸ ︷︷ ︸

n

(~p)ε+
a
′
b
′ · ·︸ ︷︷ ︸
n

(~p)

Vλςµς · ·︸ ︷︷ ︸
2n

(~p)V +
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2n

(~p) = 1
22n

n︷ ︸︸ ︷
(γaε)

λςµς · ·

n︷ ︸︸ ︷
(ε̄γa′)

λ′ςµ
′
ς · · ε̃ab · ·︸ ︷︷ ︸

n

(~p)ε̃+
a
′
b
′ · ·︸ ︷︷ ︸
n

(~p)
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Cor. 1.4.17.



[Aab · ·︸ ︷︷ ︸
n

(x), A+
a
′
b
′ · ·︸ ︷︷ ︸
n

(x′)] = 1
m2n2n

n︷ ︸︸ ︷
(ε̄γa)λςµς · ·

n︷ ︸︸ ︷
(γa′ε)

λ′ςµ
′
ς · ·[ψλςµς · ·︸ ︷︷ ︸

2n

(x), ψ+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2n

(x′)]

[ψλςµς · ·︸ ︷︷ ︸
2n

(x), ψ+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2n

(x′)] = m2n

2n

n︷ ︸︸ ︷
(γaε)

λςµς · ·

n︷ ︸︸ ︷
(ε̄γa′)

λ′ςµ
′
ς · ·[Aab · ·︸ ︷︷ ︸

n

(x), A+
a
′
b
′ · ·︸ ︷︷ ︸
n

(x′)]

1.4.7 Equivalent expression of quasi projection operators for massive bosons in 3D

Lem. 1.4.1.u(~p)u+(~p) = (m−iγapa)γ0

2m , uλς (~p)u
+
λ′ς

(~p)uµς (~p)u
+
µ′ς

(~p) = uλς (~p)u
+
µ′ς

(~p)uµς (~p)u
+
λ′ς

(~p)

εa(~p)ε+
a′(~p) = ηaa′ +

pap
+

a′
m2 −

ςεacdη
c
a′p

d

m , εa(~p)ε+
a′(~p)εb(~p)ε

+
b′(~p) = εa(~p)ε+

b′(~p)εb(~p)ε
+
a′(~p)

⇔
[(m− iγapa)γ0]λςλ′ς [(m− iγ

bpb)γ
0]µςµ′ς = [(m− iγapa)γ0]µςλ′ς [(m− iγ

bpb)γ
0]λςµ′ς

(ηaa′ +
pap

+

a′
m2 −

ςεacdη
c
a′p

d

m )(ηbb′ +
pbp

+

b′
m2 −

ςεbcdη
c
b′p

d

m ) = (ηab′ +
pap

+

b′
m2 −

ςεacdη
c
b′p

d

m )(ηba′ +
pbp

+

a′
m2 −

ςεbcdη
c
a′p

d

m )

[(m− iγbpb)γ0]λςλ′ς [(m− iγ
cpc)γ

0]µςµ′ς = m2(γaε)λςµς (ε̄γ
a′)λ′ςµ′ς (ηaa′ +

pap
+

a′
m2 −

ςεacdη
c
a′p

d

m )

Cor. 1.4.18.
Uλςµς · ·︸ ︷︷ ︸

2n

(~p)U+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2n

(~p) = 1
22n [(γaε)λςµς (ε̄γ

a′)λ′ςµ′ς (ηaa′ +
pap

+

a′
m2 −

ςεacdη
c
a′p

d

m )] · · ·︸ ︷︷ ︸
n

Vλςµς · ·︸ ︷︷ ︸
2n

(~p)V +
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2n

(~p) = 1
22n [(γaε)λςµς (ε̄γ

a′)λ′ςµ′ς (ηaa′ +
pap

+

a′
m2 +

ςεacdη
c
a′p

d

m )] · · ·︸ ︷︷ ︸
n

1.4.8 Covariant commutation rules for massive bosons in 3-dimensional space-time

Thm. 1.4.4. [ψλςµς · ·︸ ︷︷ ︸
2n

(x), ψ+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2n

(x′)] = i
22n−1 [(m− γa∂a)γ0]λςλ′ς [(m− γ

b∂b)γ
0]µςµ′ς · ·︸ ︷︷ ︸

2n

∆(x− x′)

[m]

Thm. 1.4.5. [ψλςµς · ·︸ ︷︷ ︸
2n

(x), ψ+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2n

(x′)] = i i2n

22n−1 [−imσz + (σ, iς)a∂a]λςλ′ς [−imσz + (σ, iς)b∂b]µςµ′ς · ·︸ ︷︷ ︸
2n

∆(x− x′)

[m]

Thm. 1.4.6. [ψλςµς · ·︸ ︷︷ ︸
2n

(x), ψ+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2n

(x′)] = i
22n−1 Xaλςµς (x) · ·︸ ︷︷ ︸

n

X+a′

λ′ςµ
′
ς
(x′) · ·︸ ︷︷ ︸
n

(ηaa′ −
∂a∂

+

a′
m2 +

iςεacdη
c
a′∂

d

m ) · ·︸ ︷︷ ︸
n

∆(x− x′)

[m]

Thm. 1.4.7. [Aab · ·︸ ︷︷ ︸
n

(x), A+
a
′
b
′ · ·︸ ︷︷ ︸
n

(x′)] = i
2n−1 (ηaa′ −

∂a∂
+

a′
m2 +

iςεacdη
c
a′∂

d

m ) · ·︸ ︷︷ ︸
n

∆(x− x′)

1.5 General expression of fermion potential equation in 3-dimensional space-time

1.5.1 Massive B-W equation with s = n+ 1
2 is equivalent to similar R-S equationin 3D

Thm. 1.5.1.

(γa∂a +m)κς
λςψλςµςηςξς · ·τς︸ ︷︷ ︸

2n+1

(x) = 0

ψλςµςηςξς · ·τς︸ ︷︷ ︸
2n+1

= 1
(2n+1)!ψ{λςµςηςξς · ·τς}︸ ︷︷ ︸

2n+1

Aab · ·︸ ︷︷ ︸
n

τς

= ( 1√
2im

)n (ε̄γa)λςµς (ε̄γb)
ηςξς · ·︸ ︷︷ ︸

n

ψλςµςηςξς · ·τς︸ ︷︷ ︸
2n+1

⇔



∂aAbd · ·︸ ︷︷ ︸
n

τς − ∂bAad · ·︸ ︷︷ ︸
n

τς = iςmεab
cAcd · ·︸ ︷︷ ︸

n

τς

Aab · ·︸ ︷︷ ︸
n

τς = 1
n!A{ab · ·}︸ ︷︷ ︸

n

τς , δ
abAab · ·︸ ︷︷ ︸

n

τς = 0, γaAab · ·︸ ︷︷ ︸
n

[τς ] = 0

ψλςµςηςξς · ·τς︸ ︷︷ ︸
2n+1

= ( im√
2
)n (γaε)λςµς (γ

bε)ηςξς · ·︸ ︷︷ ︸
n

Aab · ·︸ ︷︷ ︸
n

τς

⇒⇒
(γc∂c +m)Aab · ·︸ ︷︷ ︸

n

[τς ] = 0, γaAab · ·︸ ︷︷ ︸
n

[τς ] = 0

Aab · ·︸ ︷︷ ︸
n

τς = 1
n!A{ab · ·}︸ ︷︷ ︸

n

τς , δ
abAab · ·︸ ︷︷ ︸

n

τς = 0, ∂aAab · ·︸ ︷︷ ︸
n

τς = 0

ψλςµς · ·τς︸ ︷︷ ︸
2n+1

(~r, t) = 1
(2π)N/2

+∞∫
~p=−∞

En
√

m
E

2n+1
[a(~p)Uλςµς · ·τς︸ ︷︷ ︸

2n+1

(~p)ei(~p·~r−Et) + b+(~p)Vλςµς · ·τς︸ ︷︷ ︸
2n+1

(~p)e−i(~p·~r−Et)]dN~p
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Aab · ·︸ ︷︷ ︸
n

τς (~r, t) = 1
(2π)N/2

+∞∫
~p=−∞

√
m√

2nE
[a(~p)εab · ·︸ ︷︷ ︸

n

τς (~p)e
i(~p·~r−Et) + b+(~p)ε̃ab · ·︸ ︷︷ ︸

n

τς (~p)e
−i(~p·~r−Et)]dN~p

εab · ·︸ ︷︷ ︸
n

τς (~p) = 1
in

n︷ ︸︸ ︷
(ε̄γa)λςµς (ε̄γb)

ηςξς · ·Uλςµςηςξς · ·τς︸ ︷︷ ︸
2n+1

(~p), ε̃ab · ·︸ ︷︷ ︸
n

τς (~p) = 1
in

n︷ ︸︸ ︷
(ε̄γa)λςµς (ε̄γb)

ηςξς · ·Vλςµςηςξς · ·τς︸ ︷︷ ︸
2n+1

(~p)

Cor. 1.5.1. εab · ·︸ ︷︷ ︸
n

τς (~p) = εa(~p)εb(~p) · ·︸ ︷︷ ︸
n

uτς (~p), ε̃ab · ·︸ ︷︷ ︸
n

τς (~p) = ε̃a(~p)ε̃b(~p) · ·︸ ︷︷ ︸
n

vτς (~p)

1.5.2 Spin bases relations for massive s = n+ 1
2 B-W and similar R-S equation in 3D

Cor. 1.5.2.

(iγapa +m)U[λς ]µςηςξς · ·τς︸ ︷︷ ︸
2n+1

(~p) = 0

Uλςµςηςξς · ·︸ ︷︷ ︸
2n

(~p) fully symmetric

εab · ·︸ ︷︷ ︸
n

τς (~p)

= 1
in

n︷ ︸︸ ︷
(ε̄γa)λςµς (ε̄γb)

ηςξς · ·Uλςµςηςξς · ·τς︸ ︷︷ ︸
2n+1

(~p)

⇔



(pcpc +m2)εab · ·︸ ︷︷ ︸
n

τς (~p) = 0, εab · ·︸ ︷︷ ︸
n

τς (~p) fully symmetric

paεbd · ·︸ ︷︷ ︸
n

τς (x)− pbεad · ·︸ ︷︷ ︸
n

τς = ςmεab
cεcd · ·︸ ︷︷ ︸

n

τς

δabεab · ·︸ ︷︷ ︸
n

τς (~p) = 0, paεab · ·︸ ︷︷ ︸
n

τς (~p) = 0, γaεab · ·︸ ︷︷ ︸
n

[τς ] = 0

Uλςµςηςξς · ·τς︸ ︷︷ ︸
2n+1

(~p) = ( i2 )n
n︷ ︸︸ ︷

(γaε)λςµς (γbε)ηςξς · · εab · ·︸ ︷︷ ︸
n

τς (~p)

Cor. 1.5.3.

(−iγapa +m)V[λς ]µςηςξς · ·τς︸ ︷︷ ︸
2n+1

(~p) = 0

Vλςµςηςξς · ·τς︸ ︷︷ ︸
2n+1

(~p) fully symmetric

ε̃ab · ·︸ ︷︷ ︸
n

τς (~p)

= 1
in

n︷ ︸︸ ︷
(ε̄γa)λςµς (ε̄γb)

ηςξς · ·Vλςµςηςξς · ·τς︸ ︷︷ ︸
2n+1

(~p)

⇔



(pcpc +m2)ε̃ab · ·︸ ︷︷ ︸
n

τς (~p) = 0, ε̃ab · ·︸ ︷︷ ︸
n

τς (~p) fully symmetric

paε̃bd · ·︸ ︷︷ ︸
n

τς (x)− pbε̃ad · ·︸ ︷︷ ︸
n

τς = −ςmεabcε̃cd · ·︸ ︷︷ ︸
n

τς

δabε̃ab · ·︸ ︷︷ ︸
n

τς (~p) = 0, paε̃ab · ·︸ ︷︷ ︸
n

τς (~p) = 0, γaε̃ab · ·︸ ︷︷ ︸
n

[τς ] = 0

Vλςµςηςξς · ·τς︸ ︷︷ ︸
2n+1

(~p) = ( i2 )n
n︷ ︸︸ ︷

(γaε)λςµς (γbε)ηςξς · · ε̃ab · ·︸ ︷︷ ︸
n

τς (~p)

Cor. 1.5.4.
Uλςµςηςξς · ·τς︸ ︷︷ ︸

2n+1

(~p) = ( i2 )n
n︷ ︸︸ ︷

(γaε)λςµς (γbε)ηςξς · · εab · ·︸ ︷︷ ︸
n

τς (~p)[⇔]εab · ·︸ ︷︷ ︸
n

τς (~p) = 1
in

n︷ ︸︸ ︷
(ε̄γa)λςµς (ε̄γb)

ηςξς · ·Uλςµςηςξς · ·τς︸ ︷︷ ︸
2n+1

(~p)

Vλςµςηςξς · ·τς︸ ︷︷ ︸
2n+1

(~p) = ( i2 )n
n︷ ︸︸ ︷

(γaε)λςµς (γbε)ηςξς · · ε̃ab · ·︸ ︷︷ ︸
n

τς (~p)[⇔]ε̃ab · ·︸ ︷︷ ︸
n

τς (~p) = 1
in

n︷ ︸︸ ︷
(ε̄γa)λςµς (ε̄γb)

ηςξς · ·Vλςµςηςξς · ·τς︸ ︷︷ ︸
2n+1

(~p)

Cor. 1.5.5. ε̃a[τς ](~p) = σxε
+
a′[τ ′ς ]

(~p)ηa
′

a , ε̃ab · ·︸ ︷︷ ︸
n

[τς ](~p) = σxε
+
a
′
b
′ · ·︸ ︷︷ ︸
n

[τ ′ς ]
(~p) ηa

′

a η
b′

b · ·︸ ︷︷ ︸
n

1.5.3 Relations between various quasi projection operators for massive fermions in 3D

Cor. 1.5.6.

εab · ·τς︸ ︷︷ ︸
n

(~p)ε+
a
′
b
′ · ·τ ′ς︸ ︷︷ ︸
n

(~p) =

n︷ ︸︸ ︷
(ε̄γa)λςµς (ε̄γb)

ηςξς · ·

n︷ ︸︸ ︷
(γa′ε)

λ′ςµ
′
ς (γb′ε)

η′ςξ
′
ς · ·Uλςµςηςξς · ·τς︸ ︷︷ ︸

2n+1

(~p)U+
λ
′
ςµ
′
ςη
′
ςξ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2n+1

(~p)

ε̃ab · ·τς︸ ︷︷ ︸
n

(~p)ε̃+
a
′
b
′ · ·τ ′ς︸ ︷︷ ︸
n

(~p) =

n︷ ︸︸ ︷
(ε̄γa)λςµς (ε̄γb)

ηςξς · ·

n︷ ︸︸ ︷
(γa′ε)

λ′ςµ
′
ς (γb′ε)

η′ςξ
′
ς · ·Vλςµςηςξς · ·τς︸ ︷︷ ︸

2n+1

(~p)V +
λ
′
ςµ
′
ςη
′
ςξ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2n+1

(~p)

Cor. 1.5.7.

Uλςµς · ·τς︸ ︷︷ ︸
2n+1

(~p)U+
λ
′
ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2n+1

(~p) = 1
22n

n︷ ︸︸ ︷
(γaε)

λςµς · ·

n︷ ︸︸ ︷
(ε̄γa′)

λ′ςµ
′
ς · · εab · ·︸ ︷︷ ︸

n

τς (~p)ε
+
a
′
b
′ · ·︸ ︷︷ ︸
n

τ ′ς
(~p)

Vλςµς · ·τς︸ ︷︷ ︸
2n+1

(~p)V +
λ
′
ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2n+1

(~p) = 1
22n

n︷ ︸︸ ︷
(γaε)

λςµς · ·

n︷ ︸︸ ︷
(ε̄γa′)

λ′ςµ
′
ς · · ε̃ab · ·︸ ︷︷ ︸

n

τς (~p)ε̃
+
a
′
b
′ · ·︸ ︷︷ ︸
n

τ ′ς
(~p)
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Cor. 1.5.8.

{Aab · ·︸ ︷︷ ︸
n

τς (x), A+
a
′
b
′ · ·︸ ︷︷ ︸
n

τ ′ς
(x′)} = 1

m2n2n

n︷ ︸︸ ︷
(ε̄γa)λςµς · ·

n︷ ︸︸ ︷
(γa′ε)

λ′ςµ
′
ς · ·{ψλςµς · ·τς︸ ︷︷ ︸

2n+1

(x), ψ+
λ
′
ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2n+1

(x′)}

{ψλςµς · ·τς︸ ︷︷ ︸
2n+1

(x), ψ+
λ
′
ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2n+1

(x′)} = m2n

2n

n︷ ︸︸ ︷
(γaε)

λςµς · ·

n︷ ︸︸ ︷
(ε̄γa′)

λ′ςµ
′
ς · ·{Aab · ·︸ ︷︷ ︸

n

τς (x), A+
a
′
b
′ · ·︸ ︷︷ ︸
n

τ ′ς
(x′)}

1.5.4 Equivalent expression of quasi projection operators for massive fermions in 3D

Cor. 1.5.9.
Uλςµς · ·τς︸ ︷︷ ︸

2n+1

(~p)U+
λ
′
ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2n+1

(~p) = 1
22n+1m [(γaε)λςµς (ε̄γ

a′)λ′ςµ′ς (ηaa′ +
pap

+

a′
m2 −

ςεacdη
c
a′p

d

m )] · · ·︸ ︷︷ ︸
n

[(m− iγcpc)γ0]τςτ ′ς

Vλςµς · ·τς︸ ︷︷ ︸
2n+1

(~p)V +
λ
′
ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2n+1

(~p) = 1
22n+1m [(γaε)λςµς (ε̄γ

a′)λ′ςµ′ς (ηaa′ +
pap

+

a′
m2 +

ςεacdη
c
a′p

d

m )] · · ·︸ ︷︷ ︸
n

[(−m− iγcpc)γ0]τςτ ′ς

1.5.5 Covariant commutation rules for massive fermions in 3-dimensional space-time

Thm. 1.5.2. {ψλςµς · ·︸ ︷︷ ︸
2n+1

(x), ψ+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2n+1

(x′)} = i
22n [(m− γa∂a)γ0]λςλ′ς [(m− γ

b∂b)γ
0]µςµ′ς · ·︸ ︷︷ ︸

2n+1

∆(x− x′)

[m]

Thm. 1.5.3. {ψλςµς · ·︸ ︷︷ ︸
2n+1

(x), ψ+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2n+1

(x′)} = i (iς)2n+1

22n [−imσz + (σ, iς)a∂a]λςλ′ς [−imσz + (σ, iς)b∂b]µςµ′ς · ·︸ ︷︷ ︸
2n+1

∆(x− x′)

[m]

Thm. 1.5.4. {ψλςµς · ·τς︸ ︷︷ ︸
2n+1

(x), ψ+
λ
′
ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2n+1

(x′)}

= i
22nm Xaλςµς (x) · ·︸ ︷︷ ︸

n

X+a′

λ′ςµ
′
ς
(x′) · ·︸ ︷︷ ︸
n

(ηaa′ −
∂a∂

+

a′
m2 +

iςεacdη
c
a′∂

d

m ) · ·︸ ︷︷ ︸
n

[(m− γc∂c)γ0]τςτ ′ς∆(x− x′)

[m]

Thm. 1.5.5. {Aab · ·︸ ︷︷ ︸
n

τς (x), A+
a
′
b
′ · ·︸ ︷︷ ︸
n

τ ′ς
(x′)} = i

2n (ηaa′ −
∂a∂

+

a′
m2 +

iςεacdη
c
a′∂

d

m ) · ·︸ ︷︷ ︸
n

[(m− γc∂c)γ0]τςτ ′ς∆(x− x′)

Self comment: In 3-dimensional space-time there are indeed K-G or R-S equation that is equivalent
to B-W equations, and the form is simpler and clearer than four-dimensional ones.
1.6 s-spin equation in 3-dimensional space-time

Thm. 1.6.1. [γa∂a +m]ψ[λς ]µς · ·︸ ︷︷ ︸
2s

(x) = 0, ψλςµς · ·︸ ︷︷ ︸
2s

(x) fully symmetric, γa := [−σy, σx, ςσz]

⇔ [s∂a +mγa(s) + iSab(s, ς)∂
b]ψ(s) = 0, Sab(s, ς) = −i[γa(s), γb(s)], γa(s) := [−σy(s), σx(s), ςσz(s)]

Proof: [γa∂a +m]ψ[λς ]µς · ·︸ ︷︷ ︸
2s

(x) = 0, ψλςµς · ·︸ ︷︷ ︸
2s

(x) fully symmetric

⇔ [γa∂a +m]ψ̂(s) = 0

⇔ (σ ⊗ I22s−1 ,−iς)aDaψ̂(s) = imσz ⊗ I22s−1 ψ̂(s), Da = (∂x, ∂y, 0, ∂π)

⇔ (σ ⊗ I22s−1 ,−iς)aDa[I ⊗ Γ(s)]N(s)ψ(s) = imσz ⊗ I22s−1 ψ̂(s)

⇔ [I ⊗ Γ(s)](σ ⊗ I2s,−iς)aDaN(s)ψ(s) = imσz ⊗ I22s−1 ψ̂(s)

⇔ (σ ⊗ I2s,−iς)aDaN(s)ψ(s) = im[I ⊗ Γ̄(s)](σz ⊗ I22s−1)ψ̂(s)

⇔ (σ ⊗ I2s,−iς)aDaN(s)ψ(s) = im(σz ⊗ I2s)[I ⊗ Γ̄(s)]ψ̂(s)
⇔ (σ ⊗ I2s,−iς)aDaN(s)ψ(s) = im(σz ⊗ I2s)N(s)ψ(s)
⇔ ZbD

bψ(s) = im iς√
2
(σz ⊗ I2s)N(s)ψ(s)

⇔ Z̄aZbD
bψ(s) = im iς√

2
Z̄a(σz ⊗ I2s)N(s)ψ(s)

⇔ Z̄aZbD
bψ(s) = im iς√

2
−iς√

2
N̄(s)(σ ⊗ I2s, iς)a(σz ⊗ I2s)N(s)ψ(s)

⇔ Z̄aZbD
bψ(s) = −m

2sN̄(s)[(−σy, σx,−i)⊗ I2s, ςσz ⊗ I2s]aN(s)ψ(s)
⇔ [sDa + iSab(s, ς; 4)Db]ψ(s) = −m[(−σy(s), σx(s),−is), ςσz(s)]aψ(s)
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Sab(s, ς; 4) �

 0 σz(s) −σy(s) −ςσx(s)
−σz(s) 0 σx(s) −ςσy(s)
σy(s) −σx(s) 0 −ςσz(s)
ςσx(s) ςσy(s) ςσz(s) 0


⇔ [s∂a + iSab(s, ς)∂

b]ψ(s) = −mγa(s)ψ(s), Sab(s, ς) = −i[γa(s), γb(s)] �
[

0 σz(s) −ςσx(s)
−σz(s) 0 −ςσy(s)
ςσx(s) ςσy(s) 0

]
⇔ [s∂a +mγa(s) + iSab(s, ς)∂

b]ψ(s) = 0

Lem. 1.6.1. γa(s) = [eϑ]a
be

1
2ϑ

ab[γa(s),γb(s)]γb(s)e
− 1

2ϑ
ab[γa(s),γb(s)] = [eiωRz+ε·L]a

beiωσz(s)+ςε·σ(s)γb(s)e
−iωσz(s)−ςε·σ(s)

Thm. 1.6.2.
[γa∂a +m]ψ[λς ]µςηςξς · ·︸ ︷︷ ︸

2s

(x) = 0, ψλςµςηςξς · ·︸ ︷︷ ︸
2s

(x) fully symmetric

ψkς (x) := Γ

2s︷ ︸︸ ︷
λςµςηςξς · ·
kς

ψλςµςηςξς · ·︸ ︷︷ ︸
2s

(x)

⇒


[γa(s)∂a + sm]ψ[kς ](x) = 0

ψλςµςηςξς · ·︸ ︷︷ ︸
2s

(x) = Γkςλςµςηςξς · ·︸ ︷︷ ︸
2s

ψkς (x)

1.7 B-W equation [16] is equivalent to Penrose equation [1, 2] in 3-dimensional space-time

Thm. 1.7.1.
[γa∂a +m]ψ[λς ]µςηςξς · ·︸ ︷︷ ︸

2s

(x) = 0, ψλςµςηςξς · ·︸ ︷︷ ︸
2s

(x) fully symmetric

ψkς (x) := Γ

2s︷ ︸︸ ︷
λςµςηςξς · ·
kς

ψλςµςηςξς · ·︸ ︷︷ ︸
2s

(x)

⇔


[s∂a + iSab(s, ς)∂

b]ψ[kς ](x) = −mγa(s)ψ[kς ](x)

ψλςµςηςξς · ·︸ ︷︷ ︸
2s

(x) = Γkςλςµςηςξς · ·︸ ︷︷ ︸
2s

ψkς (x)

ψλςµς · ·︸ ︷︷ ︸
2s

(~r, t) = 1
(2π)N/2

+∞∫
~p=−∞

En−
1
2
√

m
E

2s
[a(~p, h)Uλςµς · ·︸ ︷︷ ︸

2s

(~p)ei(~p·~r−Et) + b+(~p, h)Vλςµς · ·︸ ︷︷ ︸
2s

(~p)e−i(~p·~r−Et)]dN~p

ψkς (~r, t) = 1
(2π)N/2

+∞∫
~p=−∞

En−
1
2
√

m
E

2n
[a(~p, h)Ukς (~p; s)e

i(~p·~r−Et) + b+(~p, h)Vkς (~p; s)e
−i(~p·~r−Et)]dN~p

Ukς (~p; s) := Γ

2s︷ ︸︸ ︷
λςµς · ·
kς

Uλςµς · ·︸ ︷︷ ︸
2s

(~p)⇔ Uλςµς · ·︸ ︷︷ ︸
2s

(~p) = Γkςλςµς · ·︸ ︷︷ ︸
2s

Ukς (~p; s)

Vkς (~p; s) := Γ

2s︷ ︸︸ ︷
λςµς · ·
kς

Vλςµς · ·︸ ︷︷ ︸
2s

(~p)⇔ Vλςµς · ·︸ ︷︷ ︸
2s

(~p) = Γkςλςµς · ·︸ ︷︷ ︸
2s

Vkς (~p; s)

Thm. 1.7.2. (γa∂a +m)ψ(x) = 0, γa = (−σy, σx, ςσz)⇔ (σ,−iς)a∂aψ(x) = imσzψ(x), σ = (σx, σy)

Thm. 1.7.3. (γa∂a +m)ψ(x) = Mσxψ
∗(x), γa = (−σy, σx, ςσz)⇔ (σ,−iς)a∂aψ(x) = imσzψ(x) +Mσyψ

∗(x)

1.8 Majorana equation with z-restricted in 4D is equivalent to Penrose equation [1, 2] in 3D

Cor. 1.8.1.{
(σ,−iς)a∂aν(x)−me−2iθσyν

∗(x) = 0

ψ(x) = 1√
2

[
ν(x)−ie−2iθσyν

∗(x)

−ν(x)−ie−2iθσyν
∗(x)

] ⇔


(γa∂a +m)ψ(x) = 0, γa = (σ ⊗ σy, ςI ⊗ σz)
ψ∗(x) = −e2iθσy ⊗ σyψ(x)

ν(x) = 1√
2
[ψ1(x) + ie−2iθσyψ

∗
1(x)]

ν(x) = 1
(2π)N/2

∫
E+m−ς~p·σ√

2m(E+m)

1√
2
(ξ0e

iςp·x + ie−2iθσyξ
∗
0e
−iςp·x)dN~p

ψ(x) = 1
(2π)N/2

∫
E+m+ς~p·σ⊗σx√

2m(E+m)

[
ξ0e

iςp·x

−ie−2iθσyξ
∗
0e
−iςp·x

]
d3~p = 1

(2π)N/2

∫  (E+m)ξ0e
iςp·x−ς~p·σ(ie−2iθσyξ

∗
0 )e−iςp·x√

2m(E+m)

−(E+m)(ie−2iθσyξ
∗
0 )e−iςp·x+ς~p·σξ0eiςp·x√

2m(E+m)

 dN~p
ξ0 = a(~p, 1

2 )
[

1
0

]
+ a(~p,− 1

2 )
[

0
1

]
ξ0 = a(~p,− ς

2 )λ(p̂,− ς
2 ) + a(~p, ς2 )λ(p̂, ς2 )

2 Generalized B-W equation in 3-dimensional space-time

2.1 Generalized B-W equation in 3-dimensional space-time

Cor. 2.1.1.

(σ,−iς)a∂aν(x)− imσzν(x)−Me−2iθσyν
∗(x) = 0⇔ (γa∂a +m)ν(x) = Mσxe

−2iθν∗(x), γa = (−σy, σx, ςσz)
[iςγa(~p, iE+)a + (m+M)]ξ+(~p) = 0, [−iςγa(~p, iE+)a + (m+M)]η+(~p) = 0

[iςγa(~p, iE−)a + (m−M)]ξ−(~p) = 0, [−iςγa(~p, iE−)a + (m−M)]η−(~p) = 0

ν(x) = 1
(2π)N/2

∫
dN~p{ξ+(~p)eiς[~p·~r−E+t] − e2iθσxξ

∗
+(~p)e−iς[~p·~r−E+t] + ξ−(~p)eiς[~p·~r−E−t] + e2iθσxξ

∗
−(~p)e−iς[~p·~r−E−t]}
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Proof:

(σ,−iς)a∂aν(x)− imσzν(x)−Me−2iθσyν
∗(x) = 0⇔ (γa∂a +m)ν(x) = Mσxe

−2iθν∗(x), γa = (−σy, σx, ςσz)

⇒ [∂a∂a − (m+M)2][∂a∂a − (m−M)2]ν(x) = 0, E+ =
√
~p2 + (m+M)2, E− =

√
~p2 + (m−M)2

ν(x) = 1
(2π)3/2

∫
d3~p{ξ+(~p)eiς[~p·~r−E+t] + η+(~p)e−iς[~p·~r−E+t] + ξ−(~p)eiς[~p·~r−E−t] + η−(~p)e−iς[~p·~r−E−t]}

⇔
iς(σ,−iς)a(~p, iE+)a{ξ+(~p)eiς[~p·~r−E+t] − η+(~p)e−iς[~p·~r−E+t]}
+ iς(σ,−iς)a(~p, iE−)a{ξ−(~p)eiς[~p·~r−E−t] − η−(~p)e−iς[~p·~r−E−t]}
− imσz
{ξ+(~p)eiς[~p·~r−E+t] + η+(~p)e−iς[~p·~r−E+t]

+ ξ−(~p)eiς[~p·~r−E−t] + η−(~p)e−iς[~p·~r−E−t]}
−Me−2iθσy
{ξ∗+(~p)e−iς[~p·~r−E+t] + η∗+(~p)eiς[~p·~r−E+t]

+ ξ∗−(~p)e−iς[~p·~r−E−t] + η∗−(~p)eiς[~p·~r−E−t]} = 0
⇔
{[iς(σ,−iς)a(~p, iE+)a − imσz]ξ+(~p)−Me−2iθσyη

∗
+(~p)}eiς[~p·~r−E+t]

+ {[−iς(σ,−iς)a(~p, iE+)a − imσz]η+(~p)−Me−2iθσyξ
∗
+(~p)}e−iς[~p·~r−E+t]

+ {[iς(σ,−iς)a(~p, iE−)a − imσz]ξ−(~p)−Me−2iθσyη
∗
−(~p)}{eiς[~p·~r−E−t]

+ {[−iς(σ,−iς)a(~p, iE−)a − imσz]η−(~p)−Me−2iθσyξ
∗
−(~p)}e−iς[~p·~r−E−t] = 0

⇔ (M 6= 0,m 6= 0)
[iς(σ,−iς)a(~p, iE+)a − imσz]ξ+(~p)−Me−2iθσyη

∗
+(~p) = 0

[−iς(σ,−iς)a(~p, iE+)a − imσz]η+(~p)−Me−2iθσyξ
∗
+(~p) = 0

[iς(σ,−iς)a(~p, iE−)a − imσz]ξ−(~p)−Me−2iθσyη
∗
−(~p) = 0

[−iς(σ,−iς)a(~p, iE−)a − imσz]η−(~p)−Me−2iθσyξ
∗
−(~p) = 0

⇔ (M 6= 0,m 6= 0)
Mη+(~p) = −e−2iθσy[−iς(σ∗,−iς)a(~p, iE+)a + imσz]ξ

∗
+(~p)

[−iς(σ,−iς)a(~p, iE+)a − imσz]η+(~p)−Me−2iθσyξ
∗
+(~p) = 0

Me−2iθσyη
∗
−(~p) = −e−2iθσy[−iς(σ∗,−iς)a(~p, iE−)a + imσz]ξ

∗
−(~p)

[−iς(σ,−iς)a(~p, iE−)a − imσz]η−(~p)−Me−2iθσyξ
∗
−(~p) = 0

⇔ (M 6= 0,m 6= 0)
(σ,−iς)a(~p, iE+)aξ+(~p) = ςσz(m+M)ξ+(~p), (σ,−iς)a(~p, iE+)aη+(~p) = −ςσz(m+M)η+(~p)

Mη∗+(~p) = e2iθσy[iς(σ,−iς)a(~p, iE+)a − imσz]ξ+(~p)

(σ,−iς)a(~p, iE−)aξ−(~p) = ςσz(m−M)ξ−(~p), (σ,−iς)a(~p, iE−)aη−(~p) = −ςσz(m−M)η−(~p)

Mη∗−(~p) = e2iθσy[iς(σ,−iς)a(~p, iE−)a − imσz]ξ−(~p)

⇔ (M 6= 0,m 6= 0)
(σ,−iς)a(~p, iE+)aξ+(~p) = ςσz(m+M)ξ+(~p), (σ,−iς)a(~p, iE+)aη+(~p) = −ςσz(m+M)η+(~p)

η+(~p) = −e−2iθσxξ
∗
+(~p)

(σ,−iς)a(~p, iE−)aξ−(~p) = ςσz(m−M)ξ−(~p), (σ,−iς)a(~p, iE−)aη−(~p) = −ςσz(m−M)η−(~p)

η−(~p) = e−2iθσxξ
∗
−(~p)

⇔
(σ,−iς)a(~p, iE+)aξ+(~p) = ςσz(m+M)ξ+(~p), (σ,−iς)a(~p, iE+)aη+(~p) = −ςσz(m+M)η+(~p)

(σ,−iς)a(~p, iE−)aξ−(~p) = ςσz(m−M)ξ−(~p), (σ,−iς)a(~p, iE−)aη−(~p) = −ςσz(m−M)η−(~p)

ν(x) = 1
(2π)N/2

∫
dN~p{ξ+(~p)eiς[~p·~r−E+t] − e−2iθσxξ

∗
+(~p)e−iς[~p·~r−E+t]

+ξ−(~p)eiς[~p·~r−E−t] + e−2iθσxξ
∗
−(~p)e−iς[~p·~r−E−t]}

⇔
[iςγa(~p, iE+)a + (m+M)]ξ+(~p) = 0, [−iςγa(~p, iE+)a + (m+M)]η+(~p) = 0

[iςγa(~p, iE−)a + (m−M)]ξ−(~p) = 0, [−iςγa(~p, iE−)a + (m−M)]η−(~p) = 0

ν(x) = 1
(2π)N/2

∫
dN~p{ξ+(~p)eiς[~p·~r−E+t] − e−2iθσxξ

∗
+(~p)e−iς[~p·~r−E+t]

+ξ−(~p)eiς[~p·~r−E−t] + e−2iθσxξ
∗
−(~p)e−iς[~p·~r−E−t]}

2.2 Generalized Majorana B-W equation in 3-dimensional space-time

Cor. 2.2.1.

(σ,−iς)a∂aν(x)− i(m±M)σzν(x) = 0⇔ (γa∂a +m±M)ν(x) = 0, γa = (−σy, σx, ςσz)
ν(x) = iσxν

∗(x), e−2iθ = −± i{
[iςγa(~p, iE±)a + (m±M)]ξ±(~p) = 0, [−iςγa(~p, iE±)a + (m±M)]σxξ

∗
±(~p) = 0

ν(x) = 1
(2π)N/2

∫
dN~p{ξ±(~p)eiς[~p·~r−E±t] + iσxξ

∗
±(~p)e−iς[~p·~r−E±t]}
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Cor. 2.2.2.

(σ,−iς)a∂aν(x)− imσzν(x) = 0⇔ (γa∂a +m)ν(x) = 0, γa = (−σy, σx, ςσz)
ν(x) = iσxν

∗(x), e−2iθ = −i{
[iςγa(~p, iE)a +m]ξ(~p) = 0, [−iςγa(~p, iE)a +m]σxξ

∗(~p) = 0

ν(x) = 1
(2π)N/2

∫
dN~p{ξ(~p)eiς[~p·~r−Et] + iσxξ

∗(~p)e−iς[~p·~r−Et]}

2.3 Generalized B-W equation under real representation in 3-dimensional space-time

Cor. 2.3.1.

SxySc(
1
2 ) = 1√

2

[
i 1
1 i

]
, [SxySc(

1
2 )]+ = 1√

2

[
−i 1
1 −i

]
SxySc(

1
2 )σx = 1√

2

[
1 i
i 1

]
, [SxySc(

1
2 )σx]+ = 1√

2

[
1 −i
−i 1

]
σx[SxySc(

1
2 )]+(−σy, σx, ςσz)SxySc( 1

2 )σ+
x = σx(σz, σx, ςσy)σ+

x = (−σz, σx,−ςσy)

Cor. 2.3.2.

(σ,−iς)a∂aν(x) + imσyν(x)−Me−2iθσyν
∗(x) = 0⇔ (γa∂a +m)ν(x) = −iMe−2iθν∗(x), γa = (−σz, σx,−ςσy)xzπ

[iςγa(~p, iE+)a + (m+M)]ξ+(~p) = 0, [−iςγa(~p, iE+)a + (m+M)]η+(~p) = 0

[iςγa(~p, iE−)a + (m−M)]ξ−(~p) = 0, [−iςγa(~p, iE−)a + (m−M)]η−(~p) = 0

ν(x) = 1
(2π)N/2

∫
dN~p{ξ+(~p)eiς[~p·~r−E+t] + ie−2iθξ∗+(~p)e−iς[~p·~r−E+t] + ξ−(~p)eiς[~p·~r−E−t] − ie−2iθξ∗−(~p)e−iς[~p·~r−E−t]}

2.4 Generalized Majorana B-W equation under real representation in 3D

Cor. 2.4.1.

(σ,−iς)a∂aν(x) + i(m±M)σyν(x) = 0⇔ (γa∂a +m±M)ν(x) = 0, γa = (−σz, σx,−ςσy), ν∗(x) = ν(x){
[iςγa(~p, iE±)a + (m±M)]ξ±(~p) = 0, [−iςγa(~p, iE±)a + (m±M)]ξ∗±(~p) = 0

ν(x) = 1
(2π)N/2

∫
dN~p{ξ±(~p)eiς[~p·~r−E±t] + ξ∗±(~p)e−iς[~p·~r−E±t]}

Cor. 2.4.2.

(σ,−iς)a∂aν(x) + imσyν(x) = 0⇔ (γa∂a +m)ν(x) = 0, γa = (−σz, σx,−ςσy), ν∗(x) = ν(x){
[iςγa(~p, iE)a +m]ξ(~p) = 0, [−iςγa(~p, iE)a +m]ξ∗(~p) = 0

ν(x) = 1
(2π)N/2

∫
dN~p{ξ(~p)eiς[~p·~r−Et] + ξ∗(~p)e−iς[~p·~r−Et]}

3 B-W equation under visual representation in 3-dimensional space-time

3.1 Dirac equation under visual representation in 3-dimensional space-time

Proof: D~v = e−ln[γv(1+v)]v̂·( i2~γγ0) = 1+γv−iγv~v·~γγ0√
2(γv+1)

= E+m−i~p·~γγ0√
2m(E+m)

= m−iγapaγ0√
2m(E+m)

Def. 3.1.1. (γa∂a +m)ψ = 0, γa = (1⊗ σx, 1⊗ σy, ς1⊗ σz)

Def. 3.1.2. u(~p) :=
√

E+m
2m (1− iςσ·~pσz

E+m )( 1+ς
2 + 1−ς

2 σx)
[

1
0

]
, v(~p) :=

√
E+m
2m (1− iςσ·~pσz

E+m )( 1+ς
2 + 1−ς

2 σx)
[

0
1

]
Cor. 3.1.1. u(~p) = σxv

∗(~p), v(~p) = σxu
∗(~p)

Cor. 3.1.2. Sxy(σx, σy, σz)S
+
xy = (−σy, σx, σz), Sxy =

[
1 0
0 −i

]
, S+
xy =

[
1 0
0 i

]
3.2 K-G spin basis εa(~p), ε̃a(~p) and its properties under visual representation in 3D

Thm. 3.2.1. u(~p) :=
√

E+m
2m (1− iςσ·~pσz

E+m )( 1+ς
2 + 1−ς

2 σx)
[

1
0

]
, γa = (σx, σy, ςσz)

⇒ εa(~p) = −i(ε̄γa)λςµςUλςµς (~p) = −iuT (~p)(ε̄γa)u(~p)

= (iς +
iςpx(px+iςpy)
m(E+m) ,−1 +

iςpy(px+iςpy)
m(E+m) ,−ς px+iςpy

m ) = iς(1 +
px(px+iςpy)
m(E+m) , iς +

py(px+iςpy)
m(E+m) , i

px+iςpy
m )

Thm. 3.2.2. v(~p) :=
√

E+m
2m (1− iςσ·~pσz

E+m )( 1+ς
2 + 1−ς

2 σx)
[

0
1

]
, γa = (σx, σy, ςσz)

⇒ ε̃a(~p) = −i(ε̄γa)λςµςVλςµς (~p)

= (−iς − iςpx(px−iςpy)
m(E+m) ,−1− iςpy(px−iςpy)

m(E+m) , ς
px−iςpy

m ) = −iς(1 +
px(px−iςpy)
m(E+m) ,−iς +

py(px−iςpy)
m(E+m) , i

(px−iςpy)
m )

Cor. 3.2.1. ε̃a(~p) = ε+
a′(~p)η

a′

a , ε̃ab · ·︸ ︷︷ ︸
n

(~p) = ε+
a
′
b
′ · ·︸ ︷︷ ︸
n

(~p) ηa
′

a η
b′

b · ·︸ ︷︷ ︸
n
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3.3 s-spin equation under visual representation in 3-dimensional space-time

Thm. 3.3.1. [γa∂a +m]ψ[λς ]µς · ·︸ ︷︷ ︸
2s

(x) = 0, ψλςµς · ·︸ ︷︷ ︸
2s

(x) fully symmetric, γa := [σx, σy, ςσz]

⇔ [s∂a +mγa(s) + iSab(s, ς)∂
b]ψ(s) = iςm

s
√

2
γa(s)ψ(s), Sab(s, ς) = −i[γa(s), γb(s)], γa(s) := [σx(s), σy(s), ςσz(s)]

Proof: [γa∂a +m]ψ[λς ]µς · ·︸ ︷︷ ︸
2s

(x) = 0, ψλςµς · ·︸ ︷︷ ︸
2s

(x) fully symmetric

⇔ [γa∂a +m]ψ̂(s) = 0

⇔ (σ ⊗ I22s−1 ,−iς)aDaψ̂(s) = −mψ̂(s), Da = (∂x, ∂y, ς∂π, 0)

⇔ (σ ⊗ I22s−1 ,−iς)aDa[I ⊗ Γ(s)]N(s)ψ(s) = −mψ̂(s)

⇔ [I ⊗ Γ(s)](σ ⊗ I2s,−iς)aDaN(s)ψ(s) = −mψ̂(s)

⇔ (σ ⊗ I2s,−iς)aDaN(s)ψ(s) = −m[I ⊗ Γ̄(s)]ψ̂(s)
⇔ (σ ⊗ I2s,−iς)aDaN(s)ψ(s) = −mN(s)ψ(s)
⇔ ZbD

bψ(s) = −m iς√
2
N(s)ψ(s)

⇔ Z̄aZbD
bψ(s) = −m−iς√

2
Z̄aN(s)ψ(s)

⇔ Z̄aZbD
bψ(s) = −m2 N̄(s)(σ ⊗ I2s, iς)aN(s)ψ(s)

⇔ Z̄aZbD
bψ(s) = −m

2s [σ(s), isς]aψ(s)

⇔ [sDa + iSab(s, ς; 4)Db]ψ(s) = −m[σ(s), isς]aψ(s), Sab(s, ς; 4) �

 0 σz(s) −σy(s) −ςσx(s)
−σz(s) 0 σx(s) −ςσy(s)
σy(s) −σx(s) 0 −ςσz(s)
ςσx(s) ςσy(s) ςσz(s) 0


⇔ [s∂a + iSab(s, ς)∂

b]ψ(s) = −mγa(s)ψ(s), Sab(s, ς) = −i[γa(s), γb(s)] �
[

0 σz(s) −ςσy(s)
−σz(s) 0 ςσx(s)
ςσy(s) −ςσx(s) 0

]
⇔ [s∂a +mγa(s) + iSab(s, ς)∂

b]ψ(s) = 0

4 B-W equation without mass in 3-dimensional space-time(m is only a parameter.)

4.1 Penrose equation for massless particles in 3-dimensional space-time

4.1.1 Helicity function for massless particles in 3-dimensional space-time

Def. 4.1.1. σ( 1
2 ) · p̂λ(p̂, h) = hλ(p̂, h), h = − 1

2 ,
1
2

4.1.2 Penrose equation [1, 2] and helicity eigenfunction for massless particles in 3D

Def. 4.1.2. γa∂aψ(x) = 0, γa = (−σy, σx, ςσz) = Sxy(σx, σy, ςσz)S
+
xy ⇔ (σ,−iς)a∂aψ(x) = 0, σ = (σx, σy)

Proof: γa∂aψ(x) = 0, γa = (−σy, σx, ςσz)
⇔ (−σy∂x + σx∂y)ψ(x) = −ςσz∂πψ(x)
⇔ (σx∂x + σy∂y)ψ(x) = iς∂πψ(x)
⇔ (σy∂y + σx∂x)ψ(x) = iς∂πψ(x)
⇔ (σy∂y + σx∂x)ψ(~p)eip·x = iς∂πψ(~p)eip·x

⇔ (σxpx + σypy)ψ(~p)eip·x = iςpπψ(~p)eip·x

⇔ (σxp̂x + σyp̂y)λ(p̂,− ς
2 ) = −ςλ(p̂,− ς

2 )

⇔ (σxp̂x + σyp̂y)λ(

[
p̂x
p̂y
0

]
,− ς

2 ) = −ςλ(

[
p̂x
p̂y
0

]
,− ς

2 )

Cor. 4.1.1. λ(p̂, 1
2 ) = λ(

[
p̂x
p̂y
0

]
, 1

2 ) = 1√
2

[
1

p̂x + ip̂y

]
, λ(p̂,− 1

2 ) = λ(

[
p̂x
p̂y
0

]
,− 1

2 ) = 1√
2

[
−(p̂x − ip̂y)

1

]

Cor. 4.1.2. λ(p̂, 1
2 )λ+(p̂, 1

2 ) =

{
− i

2γ
0γap̂a, ς = 1

− i
2γ

ap̂aγ
0, ς = −1

λ(p̂,− 1
2 )λ+(p̂,− 1

2 ) =

{
− i

2γ
ap̂aγ

0, ς = 1

− i
2γ

0γap̂a, ς = −1

Cor. 4.1.3.

{
λ(p̂,− ς

2 )λ+(p̂,− ς
2 ) = − i

2γ
ap̂aγ

0 = − ς
2 (σ, iς)ap̂a

λ(p̂, ς2 )λ+(p̂, ς2 ) = − i
2γ

0γap̂a = ς
2 (σ,−iς)ap̂a

Cor. 4.1.4. σ( 1
2 ) · p̂λ(p̂, h) = hλ(p̂, h), h = − 1

2 ,
1
2

Cor. 4.1.5. λ+(p̂, h)λ(p̂, h′) = δhh′ ,
−1/2∑
h=1/2

λ(p̂, h)λ+(p̂, h) = 1,
−1/2∑
h=1/2

hλ(p̂, h)λ+(p̂, h) = σ( 1
2 ) · p̂
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4.1.3 Plane wave solutions and its spin basis for massless particles in 3D

Thm. 4.1.1. γa∂aψ(x) = 0⇔ (σ,−iς)a∂aψ(x) = 0

Cor. 4.1.6.


ψ(~r, t) := 1

(2π)N/2

∫
~p6=0

λ(p̂,− ς
2 )[a1(~p,− ς

2 )eip·x + a+
2 (~p,− ς

2 )e−ip·x]dN~p

a1(~p,− ς
2 ) = 1

(2π)N/2

∫
λ+(p̂,− ς

2 )ψ(~r, t)e−ip·xdN~r

a+
2 (~p,− ς

2 ) = 1
(2π)N/2

∫
λ+(p̂,− ς

2 )ψ(~r, t)eip·xdN~r

Thm. 4.1.2. γaZς
Aς∂aψAςBς · · ·︸ ︷︷ ︸

2s

(x) = 0⇔ (σ,−iς)A
′
ςAς

a ∂aψAςBς · · ·︸ ︷︷ ︸
2s

(x) = 0

Cor. 4.1.7.

ψAςBς · ·︸ ︷︷ ︸
2s

(x) = 1
(2π)3/2

∫
~p6=0

|~p|(s−
1
2 ) λAς (p̂,− ς

2 )λBς (p̂,− ς
2 ) · ·︸ ︷︷ ︸

2s

[a1(~p,−sς)eip·x + a+
2 (~p,−sς)e−ip·x]d3~p

~p|(s−
1
2 )a1(~p,−sς) = 1

(2π)3/2

∫ 2s︷ ︸︸ ︷
λ+Aς (p̂,− ς

2 )λ+Bς (p̂,− ς
2 ) · ·ψAςBς · ·︸ ︷︷ ︸

2s

(x)e−ip·xd3~r

|~p|(s−
1
2 )a+

2 (~p,−sς) = 1
(2π)3/2

∫ 2s︷ ︸︸ ︷
λ+Aς (p̂,− ς

2 )λ+Bς (p̂,− ς
2 ) · ·ψAςBς · ·︸ ︷︷ ︸

2s

(x)eip·xd3~r

Def. 4.1.3. λAςBς · ·︸ ︷︷ ︸
2s

(p̂,−sς) := λAς (p̂,− ς
2 )λBς (p̂,− ς

2 ) · ·︸ ︷︷ ︸
2s

Cor. 4.1.8. λ+

2s︷ ︸︸ ︷
AςBς · ·(p̂,−sς)λAςBς · ·︸ ︷︷ ︸

2s

(p̂,−sς) = 1

Cor. 4.1.9. λAςBς · ·︸ ︷︷ ︸
2s

(p̂,−sς)λ+
A
′
ςB
′
ς · ·︸ ︷︷ ︸

2s

(p̂,−sς) = 1
(2|~p|)2s [(−iγapa)γ0]AςA′ς [(−iγ

bpb)γ
0]BςB′ς · ·︸ ︷︷ ︸

2s

Cor. 4.1.10. λAςBς · ·︸ ︷︷ ︸
2s

(p̂,−sς)λ+
A
′
ςB
′
ς · ·︸ ︷︷ ︸

2s

(p̂,−sς) = 1
(−ς2|~p|)2s (σ, iς)aAςA′ς (σ, iς)

b
BςB′ς

· ·︸ ︷︷ ︸
2s

papb · ·︸ ︷︷ ︸
2s

4.2 Concrete expression of massless particle potential equation in 3-dimensional space-time

4.2.1 Massless B-W equation with s = 1 is equivalent to similar K-G equation in 3D

Thm. 4.2.1. γa∂aψ(x) = 0, ψT (x) = ψ(x), Aa = 1√
2im

tr(ε̄γaψ), γa = (−σy, σx, ςσz)
⇔ ∂aAb − ∂bAa = 0, ∂aAa = 0, ψ = im√

2
γaεAa ⇒ ∂b∂bAa = 0, ∂aAa = 0

Proof: γa∂aψ(x) = 0, ψ = im√
2
γaεAa

⇔ γa∂a
im√

2
γbεAb = 0

⇔ γa∂aγ
bAb = 0

⇔ δab∂aAb + iςεabc∂aAbγc = 0
⇔ ∂aAa + iςεabc∂aAbγ

c = 0
⇔ ∂aAa = 0, iςεabc∂aAb = 0
⇔ ∂aAa = 0, εabc∂aAb = 0⇔ ∂aAa = 0,∇× ~A = 0
⇔ ∂aAa = 0, εa

′b′cεabc∂aAb = 0
⇔ ∂aAa = 0, (δa

′aδb
′b − δa′bδb′a)∂aAb = 0

⇔ ∂aAa = 0, ∂aAb − ∂bAa = 0
⇒ ∂aAa = 0, ∂a∂aAb − ∂b∂aAa = 0
⇔ ∂a∂aAb = 0, ∂aAa = 0

4.2.2 Massless B-W equation with s = 3
2 is equivalent to similar R-S equation in 3D

Thm. 4.2.2. (γa∂a)κς
λςψλςµςης (x) = 0, ψλςµςης = 1

3!ψ{λςµςης}, Aaης = 1√
2im

(ε̄γa)λςµςψλςµςης

⇔

{
∂aAbης − ∂bAaης = 0, ∂aAaης = 0

ψλςµςης = im√
2
(γaε)λςµςAaης , γ

aAa[ης ] = 0
⇒ γb∂bAa[ης ] = 0, γaAa[ης ] = 0, ∂aAaης = 0

Proof:

{
(γa∂a)κς

λςψλςµςης (x) = 0, ψλςµςης = 1
3!ψ{λςµςης}

Aaης = 1√
2im

(ε̄γa)λςµςψλςµςης , γ
a = (−σy, σx, ςσz)

⇔

{
∂aAbης − ∂bAaης = 0, ∂aAaης = 0

ψλςµςης = im√
2
(γaε)λςµςAaης , ψλςµςης = ψλςηςµς
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⇔

{
∂aAbης − ∂bAaης = 0, ∂aAaης = 0

ψλςµςης = im√
2
(γaε)λςµςAaης , ε

µςηςψλςµςης = 0

⇔ ∂aAbης − ∂bAaης = 0, γaAa[ης ] = 0, ∂aAaης = 0
⇒ γa∂aAb[ης ] − ∂bγaAa[ης ] = 0, γaAaης = 0, ∂aAaης = 0
⇔ γa∂aAb[ης ] = 0, γaAaης = 0, ∂aAaης = 0
⇔ γa∂aAbης = 0, γaAaης = 0, ∂aAaης = 0
⇔ γb∂bAa[ης ] = 0, γaAa[ης ] = 0, ∂aAaης = 0

4.2.3 Massless B-W equation with s = 2 is equivalent to similar K-G equation in 3D

Thm. 4.2.3. (γa∂a)κς
λςψλςµςηςξς (x) = 0, ψλςµςηςξς = 1

4!ψ{λςµςηςξς}, Aab = ( 1√
2im

)2(ε̄γa)λςµς (ε̄γb)
ηςξςψλςµςηςξς

⇔

{
∂aAbd − ∂bAad = 0, ∂aAab = 0, Aab = Aba, δ

abAab = 0

ψλςµςηςξς = ( im√
2
)2(γaε)λςµς (γ

bε)ηςξςAab
⇒

{
∂c∂cAab = 0, ∂aAab = 0

Aab = Aba, δ
abAab = 0

Proof:{
(γa∂a)κς

λςψλςµςηςξς (x) = 0, ψλςµςηςξς = 1
4!ψ{λςµςηςξς}

Aab := ( 1√
2im

)2(ε̄γa)λςµς (ε̄γb)
ηςξςψλςµςηςξς , γ

a = (−σy, σx, ςσz)

⇔

{
(γa∂a)κς

λςψλςµςηςξς (x) = 0, ψλςµςηςξς = 1
4!ψ{λςµςηςξς}

Aaηςξς := 1√
2im

(ε̄γa)λςµςψλςµςηςξς

⇔

{
∂aAbηςξς − ∂bAaηςξς = 0, Aaηςξς = Aaξςης
ψλςµςηςξς = im√

2
(γaε)λςµςAaηςξς , γ

aAa[ης ]ξς = 0, ∂aAaηςξς = 0

⇔

{
∂aAbηςξς − ∂bAaηςξς = 0, Aaηςξς = Aaξςης
ψλςµςηςξς = im√

2
(γaε)λςµςAaηςξς , γ

aAa[ης ]ξς = 0, ∂aAaηςξς = 0

⇔

{
∂aAbd − ∂bAad = 0, ∂aAab = 0, Aab = Aba, δ

abAab = 0

ψλςµςηςξς = ( im√
2
)2(γaε)λςµς (γ

bε)ηςξςAab

⇒ ∂c∂cAab = 0, ∂aAab = 0, Aab = Aba, δ
abAab = 0

4.3 General expression of massless particle potential equation in 3-dimensional space-time

4.3.1 Massless B-W equation with s = n is equivalent to similar K-G equation in 3D

Thm. 4.3.1.

(γa∂a)κς
λςψλςµςηςξς · ·︸ ︷︷ ︸

2n

(x) = 0

ψλςµςηςξς · ·︸ ︷︷ ︸
2n

= 1
(2n)!ψ{λςµςηςξς · ·}︸ ︷︷ ︸

2n

Aab · ·︸ ︷︷ ︸
n

= ( 1√
2im

)n (ε̄γa)λςµς (ε̄γb)
ηςξς · ·︸ ︷︷ ︸

n

ψλςµςηςξς · ·︸ ︷︷ ︸
2n

⇔



∂aAbd · ·︸ ︷︷ ︸
n

− ∂bAad · ·︸ ︷︷ ︸
n

= 0, ∂aAab · ·︸ ︷︷ ︸
n

= 0

Aab · ·︸ ︷︷ ︸
n

= 1
n!A{ab · ·}︸ ︷︷ ︸

n

, δabAab · ·︸ ︷︷ ︸
n

= 0

ψλςµςηςξς · ·︸ ︷︷ ︸
2n

= ( im√
2
)n (γaε)λςµς (γ

bε)ηςξς · ·︸ ︷︷ ︸
n

Aab · ·︸ ︷︷ ︸
n

⇒⇒
∂c∂cAab · ·︸ ︷︷ ︸

n

= 0, ∂aAab · ·︸ ︷︷ ︸
n

= 0

Aab · ·︸ ︷︷ ︸
n

= 1
n!A{ab · ·}︸ ︷︷ ︸

n

, δabAab · ·︸ ︷︷ ︸
n

= 0

Cor. 4.3.1.

ψλςµςηςξς · ·︸ ︷︷ ︸
2n

(x) = 1
(2π)N/2

∫
~p 6=0

|~p|(n−
1
2 )λλςµςηςξς · ·︸ ︷︷ ︸

2n

(p̂,−nς2 )[a1(~p,−nς)eip·x + a+
2 (~p,−nς)e−ip·x]dN~p

Aab · ·︸ ︷︷ ︸
n

(x) = 1
(2π)N/2

∫
~p 6=0

1√
2nE

λab · ·︸ ︷︷ ︸
n

(~p)[a1(~p,−sς)eip·x + a+
2 (~p,−sς)e−ip·x]dN~p

λab · ·︸ ︷︷ ︸
n

(~p) = 1
in

n︷ ︸︸ ︷
(ε̄γa)λςµς (ε̄γb)

ηςξς · ·λλςµςηςξς · ·︸ ︷︷ ︸
2n

(~p,−nς2 )
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4.3.2 Spin bases relations on massive s = n B-W equation and similar K-G equation in 3D

Cor. 4.3.2.

(iγapa +m)λ[λς ]µςηςξς · ·︸ ︷︷ ︸
2n

(p̂,−nς2 ) = 0

λλςµςηςξς · ·︸ ︷︷ ︸
2n

(p̂,−nς2 ) fully symmetric

λab · ·︸ ︷︷ ︸
n

(~p)

= 1
in

n︷ ︸︸ ︷
(ε̄γa)λςµς (ε̄γb)

ηςξς · ·λλςµςηςξς · ·︸ ︷︷ ︸
2n

(~p,−nς2 )

⇔



(pcpc +m2)λab · ·︸ ︷︷ ︸
n

(~p) = 0

paλbd · ·︸ ︷︷ ︸
n

(x)− pbλad · ·︸ ︷︷ ︸
n

= ςmλab
cλcd · ·︸ ︷︷ ︸

n

δabλab · ·︸ ︷︷ ︸
n

(~p) = 0, paλab · ·︸ ︷︷ ︸
n

(~p) = 0, λab · ·︸ ︷︷ ︸
n

(~p) fully symmetric

λλςµςηςξς · ·︸ ︷︷ ︸
2n

(~p,−nς2 ) = ( i2 )n
n︷ ︸︸ ︷

(γaε)λςµς (γbε)ηςξς · ·λab · ·︸ ︷︷ ︸
n

(~p)

Cor. 4.3.3.

λλςµςηςξς · ·︸ ︷︷ ︸
2n

(~p,−nς2 ) = ( i2 )n
n︷ ︸︸ ︷

(γaε)λςµς (γbε)ηςξς · ·λab · ·︸ ︷︷ ︸
n

(~p)[⇔]λab · ·︸ ︷︷ ︸
n

(~p) = 1
in

n︷ ︸︸ ︷
(ε̄γa)λςµς (ε̄γb)

ηςξς · ·λλςµςηςξς · ·︸ ︷︷ ︸
2n

(~p,−nς2 )

Cor. 4.3.4. λλςµς · ·︸ ︷︷ ︸
2n

(p̂,−sς) = λλς (p̂,− ς
2 )λµς (p̂,− ς

2 ) · ·︸ ︷︷ ︸
2n

, λab · ·︸ ︷︷ ︸
n

(~p) = λa(~p)λb(~p) · ·︸ ︷︷ ︸
n

Cor. 4.3.5. λa(~p,−ς)
= 1

i (ε̄γa)λςµςλλςµς (~p,−ς)
= 1

i λλς (~p,−
ς
2 )(ε̄γa)λςµςλµς (~p,− ς

2 )
= (p̂x − iςp̂y)(p̂x, p̂y, i)a
= (p̂x − iςp̂y)p̂a
λ+a(~p,−ς)λa(~p,−ς) = 2, λa(~p,−ς)λ+

a′(~p,−ς) = p̂ap̂
+
a′

Cor. 4.3.6. λ(p̂, 1
2 ) = λ(

[
p̂x
p̂y
0

]
, 1

2 ) = 1√
2

[
1

p̂x + ip̂y

]
, λ(p̂,− 1

2 ) = λ(

[
p̂x
p̂y
0

]
,− 1

2 ) = 1√
2

[
−(p̂x − ip̂y)

1

]
4.3.3 Massless B-W equation with s = n+ 1

2 is equivalent to similar R-S equationin 3D

Thm. 4.3.2.

(γa∂a)κς
λςψλςµςηςξς · ·τς︸ ︷︷ ︸

2n+1

(x) = 0

ψλςµςηςξς · ·τς︸ ︷︷ ︸
2n+1

= 1
(2n+1)!ψ{λςµςηςξς · ·τς}︸ ︷︷ ︸

2n+1

Aab · ·︸ ︷︷ ︸
n

τς

= ( 1√
2im

)n (ε̄γa)λςµς (ε̄γb)
ηςξς · ·︸ ︷︷ ︸

n

ψλςµςηςξς · ·τς︸ ︷︷ ︸
2n+1

⇔



∂aAbd · ·︸ ︷︷ ︸
n

τς − ∂bAad · ·︸ ︷︷ ︸
n

τς = 0, ∂aAab · ·︸ ︷︷ ︸
n

τς = 0

Aab · ·︸ ︷︷ ︸
n

τς = 1
n!A{ab · ·}︸ ︷︷ ︸

n

τς , δ
abAab · ·︸ ︷︷ ︸

n

τς = 0, γaAab · ·︸ ︷︷ ︸
n

[τς ] = 0

ψλςµςηςξς · ·τς︸ ︷︷ ︸
2n+1

= ( im√
2
)n (γaε)λςµς (γ

bε)ηςξς · ·︸ ︷︷ ︸
n

Aab · ·︸ ︷︷ ︸
n

τς

⇒⇒
γc∂cAab · ·︸ ︷︷ ︸

n

[τς ] = 0, ∂aAab · ·︸ ︷︷ ︸
n

τς = 0

Aab · ·︸ ︷︷ ︸
n

τς = 1
n!A{ab · ·}︸ ︷︷ ︸

n

τς , δ
abAab · ·︸ ︷︷ ︸

n

τς = 0, γaAab · ·︸ ︷︷ ︸
n

[τς ] = 0

Cor. 4.3.7.

ψλςµςηςξς · ·τς︸ ︷︷ ︸
2n+1

(x) = 1
(2π)N/2

∫
~p6=0

|~p|nλλςµςηςξς · ·τς︸ ︷︷ ︸
2n+1

(p̂,− sς2 )[a1(~p,−sς)eip·x + a+
2 (~p,−sς)e−ip·x]dN~p

Aab · ·︸ ︷︷ ︸
n

τς (x) = 1
(2π)N/2

∫
~p 6=0

1√
2nE

λab · ·︸ ︷︷ ︸
n

τς (~p)[a1(~p,−sς)eip·x + a+
2 (~p,−sς)e−ip·x]dN~p

λab · ·︸ ︷︷ ︸
n

τς (~p) = 1
in

n︷ ︸︸ ︷
(ε̄γa)λςµς (ε̄γb)

ηςξς · ·λλςµςηςξς · ·τς︸ ︷︷ ︸
2n+1

(~p,− sς2 )
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4.3.4 Spin bases relations on massive s = n+ 1
2 B-W and similar R-S equation in 3D

Cor. 4.3.8.

(iγapa +m)λ[λς ]µςηςξς · ·τς︸ ︷︷ ︸
2n+1

(p̂,−nς2 ) = 0

λλςµςηςξς · ·τς︸ ︷︷ ︸
2n+1

(p̂,−nς2 ) fully symmetric

λab · ·︸ ︷︷ ︸
n

τς (~p) = 1
in

n︷ ︸︸ ︷
(ε̄γa)λςµς (ε̄γb)

ηςξς · ·

λλςµςηςξς · ·τς︸ ︷︷ ︸
2n+1

(~p,−nς2 )

⇔



(pcpc +m2)λab · ·︸ ︷︷ ︸
n

τς (~p) = 0, paλab · ·︸ ︷︷ ︸
n

τς (~p) = 0

paλbd · ·︸ ︷︷ ︸
n

τς (x)− pbλad · ·︸ ︷︷ ︸
n

τς = ςmλab
cλcd · ·︸ ︷︷ ︸

n

τς

δabλab · ·︸ ︷︷ ︸
n

τς (~p) = 0, γaλab · ·︸ ︷︷ ︸
n

[τς ] = 0, λab · ·︸ ︷︷ ︸
n

τς (~p) fully symmetric

λλςµςηςξς · ·τς︸ ︷︷ ︸
2n+1

(~p,−nς2 ) = ( i2 )n
n︷ ︸︸ ︷

(γaε)λςµς (γbε)ηςξς · ·λab · ·︸ ︷︷ ︸
n

τς (~p)

Cor. 4.3.9. λλςµςηςξς · ·τς︸ ︷︷ ︸
2n+1

(~p,−nς2 ) = ( i2 )n
n︷ ︸︸ ︷

(γaε)λςµς (γbε)ηςξς · ·λab · ·︸ ︷︷ ︸
n

τς (~p)

[⇔]λab · ·︸ ︷︷ ︸
n

τς (~p) = 1
in

n︷ ︸︸ ︷
(ε̄γa)λςµς (ε̄γb)

ηςξς · ·λλςµςηςξς · ·τς︸ ︷︷ ︸
2n+1

(~p,−nς2 )

Cor. 4.3.10.

λλςµς · ·τς︸ ︷︷ ︸
2n+1

(p̂,−sς) = λλς (p̂,− ς
2 )λµς (p̂,− ς

2 ) · ·λτς (p̂,− ς
2 )︸ ︷︷ ︸

2n+1

, λab · ·︸ ︷︷ ︸
n

τς (~p) = λa(~p)λb(~p) · ·︸ ︷︷ ︸
n

λτς (p̂,− ς
2 ) = λab · ·︸ ︷︷ ︸

n

(~p)λτς (p̂,− ς
2 )

4.4 s-spin equation without mass in 3-dimensional space-time

Thm. 4.4.1.
γa∂aψ[λς ]µς · ·︸ ︷︷ ︸

2s

(x) = 0, ψλςµς · ·︸ ︷︷ ︸
2s

(x) fully symmetric

ψkς (s, ς) := Γ

2s︷ ︸︸ ︷
λςµς · ·
kς

ψλςµς · ·︸ ︷︷ ︸
2s

, γa = (−σy, σx, ςσz)

⇔
[s∂a + iSab(s, ς)∂

b]ψ(s, ς) = 0, Sab(s, ς) = −i[γa(s), γb(s)]

ψλςµς · ·︸ ︷︷ ︸
2s

= Γkςλςµς · ·︸ ︷︷ ︸
2s

ψkς (s, ς), Sab(s, ς) =

[
0 σz(s) −ςσx(s)

−σz(s) 0 −ςσy(s)
ςσx(s) ςσy(s) 0

]
ψλςµς · ·︸ ︷︷ ︸

2s

(x) = 1
(2π)N/2

∫
~p6=0

|~p|(s−
1
2 )λλςµς · ·︸ ︷︷ ︸

2s

(p̂,−sς)[a1(~p,−sς)eip·x + a+
2 (~p,−sς)e−ip·x]dN~p

ψkς (x) = 1
(2π)N/2

∫
~p6=0

|~p|(s−
1
2 )λkς (p̂,−sς)[a1(~p,−sς)eip·x + a+

2 (~p,−sς)e−ip·x]dN~p

λkς (~p,−sς) := Γ

2s︷ ︸︸ ︷
λςµς · ·
kς

λλςµς · ·︸ ︷︷ ︸
2s

(~p,−sς)⇔ λλςµς · ·︸ ︷︷ ︸
2s

(~p,−sς) = Γkςλςµς · ·︸ ︷︷ ︸
2s

λkς (~p,−sς)

4.4.1 Covariant commutation rules for massless particles in 3-dimensional space-time

Thm. 4.4.2. [ψλςµς · ·︸ ︷︷ ︸
2s

(x), ψ+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(x′)] = i
22s−1 [(−γa∂a)γ0]λςλ′ς [(−γ

b∂b)γ
0]µςµ′ς · ·︸ ︷︷ ︸

2s

∆(x− x′)

[m]

Thm. 4.4.3. [ψλςµς · ·︸ ︷︷ ︸
2s

(x), ψ+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(x′)] = i (iς)2s

22s−1 [(σ, iς)a∂a]λςλ′ς [(σ, iς)
b∂b]µςµ′ς · ·︸ ︷︷ ︸

2s

∆(x− x′)

[m]

Thm. 4.4.4. [ψkς (x), ψ+
k′ς

(x′)] = i (−1)2s

2s−1 Γ

2s︷ ︸︸ ︷
abc · ·
kςk′ς

(s)

2s︷ ︸︸ ︷
∂a∂b∂c · ·∆(x− x′)

[m]

Thm. 4.4.5. [Aab · ·︸ ︷︷ ︸
n

(x), A+
a
′
b
′ · ·︸ ︷︷ ︸
n

(x′)] = i
2n−1

∂a∂
+

a′
∇2

∂b∂
+

b′
∇2 · ·︸ ︷︷ ︸
n

∆(x− x′)

[m]

700



Chapter37 Covariate Quantization of Particles in Low Dimensional Space-time Shui-Rong Shi

Thm. 4.4.6. {Aab · ·︸ ︷︷ ︸
n

τς (x), A+
a
′
b
′ · ·︸ ︷︷ ︸
n

τ ′ς
(x′)} = i

2n
∂a∂

+

a′
∇2

∂b∂
+

b′
∇2 · ·︸ ︷︷ ︸
n

[(−γc∂c)γ0]τςτ ′ς∆(x− x′)

[m]

Thm. 4.4.7. {Aab · ·︸ ︷︷ ︸
n

τς (x), A+
a
′
b
′ · ·︸ ︷︷ ︸
n

τ ′ς
(x′)} = iς i

2n
∂a∂

+

a′
∇2

∂b∂
+

b′
∇2 · ·︸ ︷︷ ︸
n

[(σ, iς)c∂c]τςτ ′ς∆(x− x′)

5 Covariate quantization for massive particles in 2-dimensional space-time

5.1 Dirac equation in 2-dimensional space-time

5.1.1 Dirac spin basis in 2-dimensional space-time

Def. 5.1.1. u(~p) :=
√

E+m
2m (1− ςpxσx

E+m )( 1+ς
2 + 1−ς

2 σx)
[

1
0

]
, v(~p) :=

√
E+m
2m (1− ςpxσx

E+m )( 1+ς
2 + 1−ς

2 σx)
[

0
1

]
Cor. 5.1.1. u(~p) = σxv(~p), v(~p) = σxu(~p), u∗(~p) = u(~p), v∗(~p) = v(~p)

5.1.2 Properties of Dirac spin basis in 2-dimensional space-time

Pro. 5.1.1.

{
ū(~p)u(~p) = 1, v̄(~p)v(~p) = −1, ū(~p)v(~p) = 0, v̄(~p)u(~p) = 0

u+(~p)u(~p) = E
m , v

+(~p)v(~p) = E
m , u

+(~p)v(−~p) = 0, v+(~p)u(−~p) = 0

Pro. 5.1.2.

{
u(~p)ū(~p) = m−iγapa

2m

v(~p)v̄(~p) = −m−iγapa
2m

{
u(~p)u+(~p) = (m−iγapa)γ0

2m = mσz−(σ,iς)apa
ς2m

v(~p)v+(~p) = (−m−iγapa)γ0

2m = −mσz−(σ,iς)apa
ς2m

Pro. 5.1.3. u(~p)ū(~p)− v(~p, h)v̄(~p) = 1, u(~p)ū(~p) + v(~p, h)v̄(~p) = −iγapa
m , u(~p)u+(~p) + v(−~p, h)v+(−~p) = E

m

5.1.3 Dirac equation [4] and its plane wave solutions in 2-dimensional space-time

Thm. 5.1.1. (γa∂a +m)ψ = 0, γa = (−σy, ςσz)

ψ(~r, t) = 1
(2π)1/2

+∞∫
~p=−∞

[a(~p)
√

m
E u(~p)ei(~p·~r−Et) + b+(~p)

√
m
E v(~p)e−i(~p·~r−Et)]d~p

a(~p) = 1
(2π)1/2

+∞∫
~p=−∞

√
E
mu

+(~p)ψ(~r, t)e−i(~p·~r−Et)d~r, b+(~p) = 1
(2π)1/2

+∞∫
~p=−∞

√
E
mv

+(~p)ψ(~r, t)ei(~p·~r−Et)d~r

5.1.4 Covariant quantization rules for Dirac equation in 2-dimensional space-time

Cor. 5.1.2.

{
{a(~p), a+(~p′)} = δ(~p− ~p′)
{a(~p), a(~p′)} = 0, {a+(~p), a+(~p′)} = 0

⇒ {ψ(x), ψ+(x′)} = i(m− γa∂a)γ0∆(x− x′)

5.2 B-W equation in 2-dimensional space-time

5.2.1 Spin basis and plane wave solutions of B-W equation [16] in 2-dimensional space-time

Def. 5.2.1. Uλςµς · ·︸ ︷︷ ︸
2s

(~p) := uλς (~p)uµς (~p) · ·︸ ︷︷ ︸
2s

, Vλςµς · ·︸ ︷︷ ︸
2s

(~p) := vλς (~p)vµς (~p) · ·︸ ︷︷ ︸
2s

Cor. 5.2.1. Uλςµς · ·︸ ︷︷ ︸
2s

(~p) = σx ⊗ σx · ·︸ ︷︷ ︸
2s

Vλςµς · ·︸ ︷︷ ︸
2s

(~p), Vλςµς · ·︸ ︷︷ ︸
2s

(~p) = σx ⊗ σx · ·︸ ︷︷ ︸
2s

Uλςµς · ·︸ ︷︷ ︸
2s

(~p)

Thm. 5.2.1. (γa∂a +m)κς
λςψλςµς · ·︸ ︷︷ ︸

2s

(~r, t) = 0, ψλςµς · ·︸ ︷︷ ︸
2s

(~r, t) = 1
(2s)!ψ{λςµς · ·}︸ ︷︷ ︸

2s

(~r, t)

ψλςµς · ·︸ ︷︷ ︸
2s

(~r, t) = 1
(2π)N/2

+∞∫
~p=−∞

Es−
1
2
√

m
E

2s
[a(~p)Uλςµς · ·︸ ︷︷ ︸

2s

(~p)ei(~p·~r−Et) + b+(~p)Vλςµς · ·︸ ︷︷ ︸
2s

(~p)e−i(~p·~r−Et)]dN~p
a(~p) = 1

(2π)N/2

+∞∫
~p=−∞

E−(s− 1
2 )√m

E

2s
U+

2s︷ ︸︸ ︷
λςµς · ·(~p)ψλςµς · ·︸ ︷︷ ︸

2s

(~r, t)e−i(~p·~r−Et)dN~r

b+(~p) = 1
(2π)N/2

+∞∫
~p=−∞

E−(s− 1
2 )√m

E

2s
V +

2s︷ ︸︸ ︷
λςµς · ·(~p)ψλςµς · ·︸ ︷︷ ︸

2s

(~r, t)ei(~p·~r−Et)dN~r
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5.2.2 Orthogonal properties of spin basis for B-W equation in 2-dimensional space-time

Cor. 5.2.2.


Ū

2s︷ ︸︸ ︷
λςµς · ·(~p)Uλςµς · ·︸ ︷︷ ︸

2s

(~p) = 1, V̄

2s︷ ︸︸ ︷
λςµς · ·(~p)Vλςµς · ·︸ ︷︷ ︸

2s

(~p) = 1

Ū

2s︷ ︸︸ ︷
λςµς · ·(~p)Vλςµς · ·︸ ︷︷ ︸

2s

(~p) = 0, V̄

2s︷ ︸︸ ︷
λςµς · ·(~p)Uλςµς · ·︸ ︷︷ ︸

2s

(~p) = 0

Cor. 5.2.3.


U+

2s︷ ︸︸ ︷
λςµς · ·(~p)Uλςµς · ·︸ ︷︷ ︸

2s

(~p) = (Em )2s, U+

2s︷ ︸︸ ︷
λςµς · ·(~p)Vλςµς · ·︸ ︷︷ ︸

2s

(−~p) = 0

V +

2s︷ ︸︸ ︷
λςµς · ·(~p)Vλςµς · ·︸ ︷︷ ︸

2s

(~p) = (Em )2s, V +

2s︷ ︸︸ ︷
λςµς · ·(~p)Uλςµς · ·︸ ︷︷ ︸

2s

(−~p) = 0

5.2.3 Quasi projection operator of B-W equation in 2-dimensional space-time

Cor. 5.2.4.


Uλςµς · ·︸ ︷︷ ︸

2s

(~p)U+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(~p) = 1
(2m)2s [(m− iγbpb)γ0]λςλ′ς [(m− iγ

cpc)γ
0]µςµ′ς · · ·︸ ︷︷ ︸

2s

Vλςµς · ·︸ ︷︷ ︸
2s

(~p)V +
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(~p) = 1
(2m)2s [(−m− iγbpb)γ0]λςλ′ς [(−m− iγ

cpc)γ
0]µςµ′ς · · ·︸ ︷︷ ︸

2s

Cor. 5.2.5.


Uλςµς · ·︸ ︷︷ ︸

2s

(~p)U+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(~p) = 1
(ς2m)2s [mσz − (σ, iς)apa]λςλ′ς [mσz − (σ, iς)bpb]µςµ′ς · · ·︸ ︷︷ ︸

2s

Vλςµς · ·︸ ︷︷ ︸
2s

(~p)V +
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(~p) = 1
(ς2m)2s [−mσz − (σ, iς)apa]λςλ′ς [−mσz − (σ, iς)bpb]µςµ′ς · · ·︸ ︷︷ ︸

2s

Cor. 5.2.6. Uλςµς · ·︸ ︷︷ ︸
2s

(p)U+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(p) = (−1)2sVλςµς · ·︸ ︷︷ ︸
2s

(−p)V +
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(−p)

5.2.4 Covariant commutation rules for B-W equation in 2-dimensional space-time

Thm. 5.2.2. [ψλςµς · ·︸ ︷︷ ︸
2s

(x), ψ+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(x′)] = i
22s−1 [(m− γa∂a)γ0]λςλ′ς [(m− γ

b∂b)γ
0]µςµ′ς · ·︸ ︷︷ ︸

2s

∆(x− x′)

[m]

Thm. 5.2.3. [ψλςµς · ·︸ ︷︷ ︸
2s

(x), ψ+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(x′)] = i (iς)2s

22s−1 [−imσz + (σ, iς)a∂a]λςλ′ς [−imσz + (σ, iς)b∂b]µςµ′ς · ·︸ ︷︷ ︸
2s

∆(x− x′)

5.2.5 Properties of Xa
λςµς

(p) in 2-dimensional space-time

Def. 5.2.2. Xa
λςµς

(x) := [(imγa + ςσxε
ab∂b)ε]λςµς , X

a
λςµς

(p) := [(imγa + iςσxε
abpb)ε]λςµς

Pro. 5.2.1. (γaε)λ′ςµ′ς (ε̄γa)λςµς = −δ{λςλ′ς
δ
µς}
µ′ς
− σxλ′ςµ′ςσ

λςµς
x

Pro. 5.2.2. (ε̄γa
′
)λςµςXa

λςµς
(p) = i2mδa

′a

Proof: (ε̄γa
′
)λςµςXa

λςµς
(p)

= (ε̄γa
′
)λςµς [(imγa + iςσxε

abpb)ε]λςµς
= tr[ε̄γa

′
(imγa + iςσxε

abpb)ε]
= tr[γa

′
(imγa + iςσxε

abpb)]
= imtr(γa

′
γa)

= i2mδa
′a

Pro. 5.2.3. [(imγa + ςσxε
ab∂b)ε]λ′ςµ′ς (ε̄γa)λςµς = −imδ{λςλ′ς

δ
µς}
µ′ς
− imσxλ′ςµ′ςσ

λςµς
x + · · ·

5.2.6 Equivalent expression of quasi projection operators for B-W equation in 2D

Lem. 5.2.1.u(~p)u+(~p) = (m−iγapa)γ0

2m , uλς (~p)u
+
λ′ς

(~p)uµς (~p)u
+
µ′ς

(~p) = uλς (~p)u
+
µ′ς

(~p)uµς (~p)u
+
λ′ς

(~p)

εa(~p)ε+
a′(~p) = ηaa′ +

pap
+

a′
m2 , εa(~p)ε+

a′(~p)εb(~p)ε
+
b′(~p) = εa(~p)ε+

b′(~p)εb(~p)ε
+
a′(~p)

⇔
[(m− iγbpb)γ0]λςλ′ς [(m− iγ

cpc)γ
0]µςµ′ς = [(m− iγbpb)γ0]µςλ′ς [(m− iγ

cpc)γ
0]λςµ′ς

(ηaa′ +
pap

+

a′
m2 )(ηbb′ +

pbp
+

b′
m2 ) = (ηba′ +

pbp
+

a′
m2 )(ηab′ +

pap
+

b′
m2 )

[(m− iγbpb)γ0]λςλ′ς [(m− iγ
cpc)γ

0]µςµ′ς = Xa
λςµς

(p)X+a′

λ′ςµ
′
ς
(−p)(ηaa′ +

pap
+

a′
m2 )
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Cor. 5.2.7.


Uλςµς · ·︸ ︷︷ ︸

2n

(~p)U+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2n

(~p) = 1
(2m)2n [Xa

λςµς (p)X
+a′

λ′ςµ
′
ς
(−p)(ηaa′ +

pap
+

a′
m2 )] · · ·︸ ︷︷ ︸

n

Vλςµς · ·︸ ︷︷ ︸
2n

(~p)V +
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2n

(~p) = 1
(2m)2n [Xa

λςµς (−p)X
+a′

λ′ςµ
′
ς
(p)(ηaa′ +

pap
+

a′
m2 )] · · ·︸ ︷︷ ︸

n

Cor. 5.2.8.


Uλςµς · ·τς︸ ︷︷ ︸

2n+1

(~p)U+
λ
′
ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2n+1

(~p) = 1
(2m)2n+1 [Xa

λςµς (p)X
+a′

λ′ςµ
′
ς
(−p)(ηaa′ +

pap
+

a′
m2 )] · · ·︸ ︷︷ ︸

n

[(m− iγcpc)γ0]τςτ ′ς

Vλςµς · ·τς︸ ︷︷ ︸
2n+1

(~p)V +
λ
′
ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2n+1

(~p) = 1
(2m)2n+1 [Xa

λςµς (−p)X
+a′

λ′ςµ
′
ς
(p)(ηaa′ +

pap
+

a′
m2 )] · · ·︸ ︷︷ ︸

n

[(−m− iγcpc)γ0]τςτ ′ς

5.2.7 Equivalent expression of covariant commutation rules for B-W equation in 2D

Thm. 5.2.4. [ψλςµς · ·︸ ︷︷ ︸
2n

(x), ψ+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2n

(x′)] = i
22n−1 Xaλςµς (x) · ·︸ ︷︷ ︸

n

X+a′

λ′ςµ
′
ς
(x′) · ·︸ ︷︷ ︸
n

[ηaa′ −
∂a∂

+

a′
m2 ] · ·︸ ︷︷ ︸

n

∆(x− x′)

Thm. 5.2.5.

[ψλςµς · ·τς︸ ︷︷ ︸
2n+1

(x), ψ+
λ
′
ςµ
′
ς · ·τς︸ ︷︷ ︸

2n+1

(x′)] = i
22n Xaλςµς (x) · ·︸ ︷︷ ︸

n

X+a′

λ′ςµ
′
ς
(x′) · ·︸ ︷︷ ︸
n

[ηaa′ −
∂a∂

+

a′
m2 ] · ·︸ ︷︷ ︸

n

[(m− γc∂c)γ0]τςτ ′ς∆(x− x′)

[m]

Thm. 5.2.6.

[ψλςµς · ·τς︸ ︷︷ ︸
2n+1

(x), ψ+
λ
′
ςµ
′
ς · ·τς︸ ︷︷ ︸

2n+1

(x′)] = i iς22n Xaλςµς (x) · ·︸ ︷︷ ︸
n

X+a′

λ′ςµ
′
ς
(x′) · ·︸ ︷︷ ︸
n

[ηaa′ −
∂a∂

+

a′
m2 ] · ·︸ ︷︷ ︸

n

[−imσz + (σ, iς)b∂b]τςτ ′ς∆(x− x′)

5.3 Potential equation in 2-dimensional space-time

Self comment: This section compares with four dimensional space-time case. Explore whether is there
a K-G or R-S equation equivalent to B-W equation in 2-dimensional space time?
5.3.1 B-W equation with s = 1 is equivalent to K-G equationin 2-dimensional space-time

Def. 5.3.1. (γa∂a +m)κςλςψ

2s︷ ︸︸ ︷
λςµς · · · ζς = J

2s︷ ︸︸ ︷
κςµς · · · ζς , ψ

2s︷ ︸︸ ︷
λςµς · · · ζς fully symmetric, J

2s︷ ︸︸ ︷
κςµς · · · ζςκς , γ

a = (−σy, ςσz)

Thm. 5.3.1. (γa∂a +m)ψ(x) = 0, ψT (x) = ψ(x), Aa = 1√
2im

tr(ε̄γaψ)

⇔ (∂b∂b −m2)Aa = 0, ∂aAa = 0;Fab := ∂aAb − ∂bAa, ψ = (imγa + ςεabσx∂b)ε
Aa√

2
, Sab(e) = 1

2 ςε
abσx

Proof: (γa∂a +m)ψ(x) = 0, ψT (x) = ψ(x) = 1√
2
(γaεimAa − ςσxεFxy)

⇔ (γa∂a +m)(γbεimAb − ςσxεFxy) = 0, ψ(x) = 1√
2
(γaεimAa − ςσxεFxy)

⇔ (γa∂a +m)(γbimAb − ςσxFxy) = 0, ψ(x) = 1√
2
(γaεimAa − ςσxεFxy)

⇔ (δab − iςεabσx)im∂aAb +m(imγbA
b − ςσxFxy)− iεabγb∂aFxy = 0, ψ(x) = 1√

2
(γaεimAa − ςσxεFxy)

⇔ im∂aAa −m(Fxy − εab∂aAb)ςσx + i(m2Ab − εab∂aFxy)γb = 0, ψ(x) = 1√
2
(γaεimAa − ςσxεFxy)

⇔ im∂aAa = 0,m(Fxy − εab∂aAb) = 0, i(m2Ab − εab∂aFxy)γb = 0, ψ(x) = 1√
2
(γaεimAa − ςσxεFxy)

⇔ ∂aAa = 0, Fxy = εab∂aAb, ε
ab∂aFxy −m2Ab = 0, ψ(x) = 1√

2
(γaεimAa + ςσxεFxy)

⇔ ∂aAa = 0, Fxy = ∂xAy − ∂yAx, ∂aF ab −m2Ab = 0
Fab := ∂aAb − ∂bAa = εabFxy, ψ(x) = 1√

2
(γaεimAa − ςσxεFxy)

⇔ ∂aFab −m2Ab = 0;Fab := ∂aAb − ∂bAa = εabFxy, ψ(x) = 1√
2
(γaεimAa − ςσxεFxy)

⇔ (∂b∂b −m2)Aa = 0, ∂aAa = 0, ψ = (imγa + ςεabσx∂b)ε
Aa√

2

Proof: Aa = 1√
2im

(ε̄γa)λςµςψλςµς

⇒ [Aa(x), A+
a′(x

′)] = 1
(
√

2m)2
(ε̄γa)λςµς (γa′ε)

λ′ςµ
′
ς [ψλςµς , ψ

+
λ′ςµ
′
ς
]

= 1
(
√

2m)2
(ε̄γa)λςµς (γa′ε)

λ′ςµ
′
ς i

8 [(m− γb∂b)γ0]{λς(λ′ς [(m− γ
c∂c)γ

0]µς}µ′ς)∆(x− x′)
= i

2
1

(
√

2m)2
(ε̄γa)λςµς (γa′ε)

λ′ςµ
′
ς [(m− γb∂b)γ0]λςλ′ς [(m− γ

c∂c)γ
0]µςµ′ς∆(x− x′)

= i
2

1
(2m)2 [(ε̄γa)(m− γb∂b)γ0(γa′ε)]

µςµ
′
ς [(m− γc∂c)γ0]µςµ′ς∆(x− x′)

= i
2

1
(
√

2m)2
tr{[(ε̄γa)(m− γb∂b)γ0(γa′ε)][−γ0(m− γ∗c∂c)]}∆(x− x′)

= i
2

1
(
√

2m)2
tr{[(γ0γa)(m− γb∂b)γ0(γa′γ

0)][(−m− γc∂c)γ0]}∆(x− x′)
= i

2
1

(2m)2 tr{γa(m− γb∂b)γ∗a′(m+ γc∂c)}∆(x− x′)
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= i
2

1
(
√

2m)2
tr{γa(m− γb∂b)γb′(m+ γc∂

c)}ηb′a′∆(x− x′)
= i

2
1

(2m)2 tr{γa[γb′(m+ γb∂
b)− 2δbb′∂

b](m+ γc∂
c)}ηb′a′∆(x− x′)

= i
(2m)2 tr{γa[mγb′ − ∂b′ ](m+ γc∂

c)}ηb′a′∆(x− x′)
= i

(2m)2 tr{γa(m2γb′ − γc∂b′∂c)}ηb
′

a′∆(x− x′)
= i

(
√

2m)2
tr{(m2δab′ − δac∂b′∂c)}ηb

′

a′∆(x− x′)

= i(ηaa′ −
∂a∂

+

a′
m2 )∆(x− x′)

Thm. 5.3.2. [(m− γb∂b)γ0]{λς(λ′ς [(m− γ
c∂c)γ

0]µς}µ′ς)∆(x− x′) = X{λςµς}(x)X+
(λ′ςµ

′
ς)

(x′)(ηaa′ −
∂a∂

+

a′
m2 )∆(x− x′)

Proof: ψ = (imγa + ςεabσx∂b)ε
Aa√

2

⇒ Aa = 1√
2im

tr(ε̄γaψ)

⇒ ψ = [(imγa + ςεabσx∂b)ε]
1

2im tr(ε̄γaψ)

⇒ ψλςµς = [(imγa + ςεabσx∂b)ε]λςµς [
1

2im (ε̄γa)λ̃ς µ̃ςψλ̃ς µ̃ς ]

⇒ [ψλςµς (x), ψ+
λ′ςµ
′
ς
(x′)]

= [(imγa + ςεabσx∂b)ε]λςµς [(imγ
a′ + εa

′b′ςσx∂
′
b′)ε]

+
λ′ςµ
′
ς
[ 1
2im (ε̄γa)λ̃ς µ̃ς ][ 1

−2im (γaε)
λ̃′ς µ̃
′
ς ][ψλ̃′ς µ̃′ς

(x), ψλ̃′ς µ̃′ς
(x′)]

⇒ i
8 [(m− γb∂b)γ0]{λς(λ′ς [(m− γ

c∂c)γ
0]µς}µ′ς)∆(x− x′)

= [(imγa + ςεabσx∂b)ε]λςµς [(imγ
a′ + εa

′b′ςσx∂
′
b′)ε]

+
λ′ςµ
′
ς

[ 1
2im (ε̄γa)λ̃ς µ̃ς ][ 1

−2im (γaε)
λ̃′ς µ̃
′
ς ] i8 [(m− γb∂b)γ0]{λ̃ς(λ̃′ς

[(m− γc∂c)γ0]µ̃ς}µ̃′ς)∆(x− x′)

= i
2 [(imγa + ςεabσx∂b)ε]λςµς [ε̄(−imγa

′
+ εa

′b′ςσx∂
+
b′ )]λ′ςµ′ς (ηaa′ −

∂a∂
+

a′
m2 )∆(x− x′)

= i
2X

a
λςµς

(x)X+a′

λ′ςµ
′
ς
(x′)(ηaa′ −

∂a∂
+

a′
m2 )∆(x− x′), Xa

λςµς
(x) := [(imγa + ςεabσx∂b)ε]λςµς

⇒ [(m− γb∂b)γ0]{λς(λ′ς [(m− γ
c∂c)γ

0]µς}µ′ς)∆(x− x′) = Xa
{λςµς}(x)X+a′

(λ′ςµ
′
ς)

(x′)(ηaa′ −
∂a∂

+

a′
m2 )∆(x− x′)

Thm. 5.3.3. [Fab(x), F+
a′b′(x

′)] = −iη[a<a′∂b]∂
+
b′>∆(x− x′)

Thm. 5.3.4. [Fxy(x), F+
xy(x′)] = im2∆(x− x′)

5.3.2 Similar Klein-Gordon equation with s = n in 2-dimensional space-time

Thm. 5.3.5.
[γa(ς)∂a +m]ψ[λς ]µςηςξς · ·︸ ︷︷ ︸

2n

(x) = 0, ψλςµςηςξς · ·︸ ︷︷ ︸
2n

(x) fully symmetric

Aab · ·︸ ︷︷ ︸
n

(x) := ( 1√
2im

)n

n︷ ︸︸ ︷
(ε̄γa)λςµς (ε̄γb)

ηςξς · ·ψλςµςηςξς · ·︸ ︷︷ ︸
2n

(x)

⇒


(−∂c∂c +m2)Aab · ·︸ ︷︷ ︸

n

(x) = 0

∂aAab · ·︸ ︷︷ ︸
n

(x) = 0, Aab · ·︸ ︷︷ ︸
n

(x) fully symmetric

ψλςµς · ·︸ ︷︷ ︸
2n

(~r, t) = 1
(2π)N/2

+∞∫
~p=−∞

En−
1
2
√

m
E

2n
[a(~p, h)Uλςµς · ·︸ ︷︷ ︸

2n

(~p)ei(~p·~r−Et) + b+(~p, h)Vλςµς · ·︸ ︷︷ ︸
2n

(~p)e−i(~p·~r−Et)]dN~p

Aab · ·︸ ︷︷ ︸
n

(~r, t) = 1
(2π)N/2

+∞∫
~p=−∞

1√
2nE

[a(~p)εab · ·︸ ︷︷ ︸
n

(~p)ei(~p·~r−Et) + b+(~p)ε̃ab · ·︸ ︷︷ ︸
n

(~p)e−i(~p·~r−Et)]dN~p

εab · ·︸ ︷︷ ︸
n

(~p) = 1
in

n︷ ︸︸ ︷
(ε̄γa)λςµς (ε̄γb)

ηςξς · ·Uλςµςηςξς · ·︸ ︷︷ ︸
2n

(~p), ε̃ab · ·︸ ︷︷ ︸
n

(~p) = 1
in

n︷ ︸︸ ︷
(ε̄γa)λςµς (ε̄γb)

ηςξς · ·Vλςµςηςξς · ·︸ ︷︷ ︸
2n

(~p)

5.3.3 Properties of spin basis for similar Klein-Gordon equation in 2D

Cor. 5.3.1. εab · ·︸ ︷︷ ︸
n

(~p) = εa(~p)εb(~p) · ·︸ ︷︷ ︸
n

, ε̃ab · ·︸ ︷︷ ︸
n

(~p) = ε̃a(~p)ε̃b(~p) · ·︸ ︷︷ ︸
n

Cor. 5.3.2. εa(~p) = ε̃a(~p) = 1
m (E, ipx), εab · ·︸ ︷︷ ︸

n

(~p) = ε̃ab · ·︸ ︷︷ ︸
n

(~p)

Proof: εa(~p) = −i(ε̄γa)λςµςUλςµς (~p)
= −iuT (~p)(ε̄γa)u(~p)
= −iu+(~p)(i, ςσx)au(~p)
= (Em ,−iςu

+(~p)v(~p))a
= (Em , i

px
m )a

Cor. 5.3.3. εa(~p)δabεb(~p) = 1
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Proof: Xλςµς
a (~p)εa(~p)

= Xλςµς
a (−E

m ,−i
px
m )a

6= Uλςµς (~p)

Cor. 5.3.4. εab · ·︸ ︷︷ ︸
n

(~p)ε+
a
′
b
′ · ·︸ ︷︷ ︸
n

(~p) =

n︷ ︸︸ ︷
(ε̄γa)λςµς (ε̄γb)

ηςξς · ·

n︷ ︸︸ ︷
(γa′ε)

λ′ςµ
′
ς (γb′ε)

η′ςξ
′
ς · ·Uλςµςηςξς · ·︸ ︷︷ ︸

2n

(x)U+
λ
′
ςµ
′
ςη
′
ςξ
′
ς · ·︸ ︷︷ ︸

2n

(x)

Cor. 5.3.5. εab · ·︸ ︷︷ ︸
n

(~p)ε+
a
′
b
′ · ·︸ ︷︷ ︸
n

(~p) = (ηaa′ +
pap

+

a′
m2 )(ηbb′ +

pbp
+

b′
m2 ) · · ·︸ ︷︷ ︸

n

Cor. 5.3.6. εa(~p)ε+
a′(~p) = ηaa′ +

pap
+

a′
m2 , εa(~p)ε+

a′(~p)η
a′

b = εa(~p)εb(~p) = δab + papb
m2

Cor. 5.3.7.


Uλςµς · ·︸ ︷︷ ︸

2n

(~p)U+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2n

(~p) = 1
(2m)2n [Xa

λςµς (p)X
+a′

λ′ςµ
′
ς
(−p)] · · ·︸ ︷︷ ︸

n

εab · ·︸ ︷︷ ︸
n

(~p)ε+
a
′
b
′ · ·︸ ︷︷ ︸
n

(~p)

Vλςµς · ·︸ ︷︷ ︸
2n

(~p)V +
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2n

(~p) = 1
(2m)2n [Xa

λςµς (−p)X
+a′

λ′ςµ
′
ς
(p)] · · ·︸ ︷︷ ︸

n

ε̃ab · ·︸ ︷︷ ︸
n

(~p)ε̃+
a
′
b
′ · ·︸ ︷︷ ︸
n

(~p)

Cor. 5.3.8.


[Aab · ·︸ ︷︷ ︸

n

(x), A+
a
′
b
′ · ·︸ ︷︷ ︸
n

(x′)] = 1
m2n2n

n︷ ︸︸ ︷
(ε̄γa)λςµς · ·

n︷ ︸︸ ︷
(γa′ε)

λ′ςµ
′
ς · ·[ψλςµς · ·︸ ︷︷ ︸

2n

(x), ψ+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2n

(x′)]

[ψλςµς · ·︸ ︷︷ ︸
2n

(x), ψ+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2n

(x′)] = 1
22n−1 Xaλςµς (x) · ·︸ ︷︷ ︸

n

X+a′

λ′ςµ
′
ς
(x′) · ·︸ ︷︷ ︸
n

[Aab · ·︸ ︷︷ ︸
n

(x), A+
a
′
b
′ · ·︸ ︷︷ ︸
n

(x′)]

5.3.4 Similar R-S equation with s = n+ 1
2 in 2-dimensional space-time

Thm. 5.3.6.
[γa(ς)∂a +m]ψ[λς ]µςηςξς · ·τς︸ ︷︷ ︸

2n+1

(x) = 0, ψλςµςηςξς · ·τς︸ ︷︷ ︸
2n+1

(x) fully symmetric

Aab · ·︸ ︷︷ ︸
n

τς (x) := ( 1√
2im

)n

n︷ ︸︸ ︷
(ε̄γa)λςµς (ε̄γb)

ηςξς · ·ψλςµςηςξς · ·τς︸ ︷︷ ︸
2n+1

(x)

⇒


(−∂c∂c +m2)Aab · ·︸ ︷︷ ︸

n

τς (x) = 0

∂aAab · ·︸ ︷︷ ︸
n

τς (x) = 0, Aab · ·︸ ︷︷ ︸
n

τς (x) fully symmetric

ψλςµς · ·τς︸ ︷︷ ︸
2n+1

(~r, t) = 1
(2π)N/2

+∞∫
~p=−∞

En
√

m
E

2n+1
[a(~p, h)Uλςµς · ·τς︸ ︷︷ ︸

2n+1

(~p)ei(~p·~r−Et) + b+(~p, h)Vλςµς · ·τς︸ ︷︷ ︸
2n+1

(~p)e−i(~p·~r−Et)]dN~p

Aab · ·︸ ︷︷ ︸
n

τς (~r, t) = 1
(2π)N/2

+∞∫
~p=−∞

√
m√

2nE
[a(~p)εab · ·︸ ︷︷ ︸

n

τς (~p)e
i(~p·~r−Et) + b+(~p)ε̃ab · ·︸ ︷︷ ︸

n

τς (~p)e
−i(~p·~r−Et)]dN~p

εab · ·︸ ︷︷ ︸
n

τς (~p) = 1
in

n︷ ︸︸ ︷
(ε̄γa)λςµς (ε̄γb)

ηςξς · ·Uλςµςηςξς · ·τς︸ ︷︷ ︸
2n+1

(~p), ε̃ab · ·︸ ︷︷ ︸
n

(~p) = 1
in

n︷ ︸︸ ︷
(ε̄γa)λςµς (ε̄γb)

ηςξς · ·Vλςµςηςξς · ·τς︸ ︷︷ ︸
2n+1

(~p)

5.3.5 Properties of similar R-S equation spin basis in 2-dimensional space-time

Cor. 5.3.9. εab · ·︸ ︷︷ ︸
n

τς (~p) = I ⊗ I ⊗ · · I︸ ︷︷ ︸
2n

⊗σxε̃ab · ·︸ ︷︷ ︸
n

τς (~p)

Cor. 5.3.10. εab · ·︸ ︷︷ ︸
n

τς (~p)ε
+
a
′
b
′ · ·︸ ︷︷ ︸
n

τ ′ς
(~p) =

n︷ ︸︸ ︷
(ε̄γa)λςµς (ε̄γb)

ηςξς · ·

n︷ ︸︸ ︷
(γa′ε)

λ′ςµ
′
ς (γb′ε)

η′ςξ
′
ς · ·Uλςµςηςξς · ·τς︸ ︷︷ ︸

2n+1

(x)U+
λ
′
ςµ
′
ςη
′
ςξ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2n+1

(x)

Cor. 5.3.11. εab · ·︸ ︷︷ ︸
n

τς (~p)ε
+
a
′
b
′ · ·︸ ︷︷ ︸
n

τ ′ς
(~p) = 1

2m (ηaa′ +
pap

+

a′
m2 )(ηbb′ +

pbp
+

b′
m2 ) · · ·︸ ︷︷ ︸

n

[(m− iγcpc)γ0]τςτ ′ς

Cor. 5.3.12.


Uλςµς · ·τς︸ ︷︷ ︸

2n+1

(~p)U+
λ
′
ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2n+1

(~p) = 1
(2m)2n+1 [Xa

λςµς (p)X
+a′

λ′ςµ
′
ς
(−p)] · · ·︸ ︷︷ ︸

n

εab · ·︸ ︷︷ ︸
n

τς (~p)ε
+
a
′
b
′ · ·︸ ︷︷ ︸
n

τ ′ς
(~p)

Vλςµς · ·τς︸ ︷︷ ︸
2n+1

(~p)V +
λ
′
ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2n+1

(~p) = 1
(2m)2n+1 [Xa

λςµς (−p)X
+a′

λ′ςµ
′
ς
(p)] · · ·︸ ︷︷ ︸

n

ε̃ab · ·︸ ︷︷ ︸
n

τς (~p)ε̃
+
a
′
b
′ · ·︸ ︷︷ ︸
n

τ ′ς
(~p)
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Cor. 5.3.13.


[Aab · ·︸ ︷︷ ︸

n

τς (x), A+
a
′
b
′ · ·︸ ︷︷ ︸
n

τ ′ς
(x′)] = 1

m2n2n

n︷ ︸︸ ︷
(ε̄γa)λςµς · ·

n︷ ︸︸ ︷
(γa′ε)

λ′ςµ
′
ς · ·[ψλςµς · ·τς︸ ︷︷ ︸

2n+1

(x), ψ+
λ
′
ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2n+1

(x′)]

[ψλςµς · ·τς︸ ︷︷ ︸
2n+1

(x), ψ+
λ
′
ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2n+1

(x′)] = 1
22n−1 Xaλςµς (x) · ·︸ ︷︷ ︸

n

X+a′

λ′ςµ
′
ς
(x′) · ·︸ ︷︷ ︸
n

[Aab · ·︸ ︷︷ ︸
n

τς (x), A+
a
′
b
′ · ·︸ ︷︷ ︸
n

τ ′ς
(x′)]

Self comment: In 2-dimensional space-time, only a small number of B-W equations have equivalent
K-G equations, but there are still similar communication rules.
5.4 B-W [16] equation with s = 3

2 in 2-dimensional space-time

Proof: (γa∂a +m)κςλςψ
λςµςης = 0, ψλςµςης fully symmetric, γa = (−σy, ςσz)

⇔ (∂b∂b −m2)Aaης = 0, ∂aAaης = 0, ψλςµςης = [(imγa + ςεabσx∂b)ε]
λςµςAηςa , ε̄µςηςψ

λςµςης = 0

Proof: ψλςµςης = [(imγa + ςεabσx∂b)ε]
λςµςAηςa , ψ

λςµςης = 0
⇒ [(imγa + ςεabσx∂b)ε]

λςµς ε̄µςηςA
ης
a = 0

⇔ [(imγa + ςεabσx∂b)]
λς
ηςA

ης
a = 0

5.5 Spin equation in 2-dimensional space-time

5.5.1 Spin equation for spin-s particles in 2-dimensional space-time

Thm. 5.5.1. [γa∂a +m]ψ[λς ]µς · ·︸ ︷︷ ︸
2s

(x) = 0, ψλςµς · ·︸ ︷︷ ︸
2s

(x) fully symmetric, γa := [−σy, ςσz]

⇔

{
[s∂a +mγa(s) + iSab(s, ς)∂

b]ψ(s) = 0

[γx(s)∂π − γπ(s)∂x]ψ(s) = iςmγy(s)ψ(s)
, Sab(s, ς) = −i[γa(s), γb(s)], γa(s) := [−σy(s), ςσz(s)]

Proof: [γa∂a +m]ψ[λς ]µς · ·︸ ︷︷ ︸
2s

(x) = 0, ψλςµς · ·︸ ︷︷ ︸
2s

(x) fully symmetric

⇔ [γa∂a +m]ψ̂(s) = 0

⇔ (σ ⊗ I22s−1 ,−iς)aDaψ̂(s) = imσz ⊗ I22s−1 ψ̂(s), Da = (∂x, 0, 0, ∂π)

⇔ (σ ⊗ I22s−1 ,−iς)aDa[I ⊗ Γ(s)]N(s)ψ(s) = imσz ⊗ I22s−1 ψ̂(s)

⇔ [I ⊗ Γ(s)](σ ⊗ I2s,−iς)aDaN(s)ψ(s) = imσz ⊗ I22s−1 ψ̂(s)

⇔ (σ ⊗ I2s,−iς)aDaN(s)ψ(s) = im[I ⊗ Γ̄(s)](σz ⊗ I22s−1)ψ̂(s)

⇔ (σ ⊗ I2s,−iς)aDaN(s)ψ(s) = im(σz ⊗ I2s)[I ⊗ Γ̄(s)]ψ̂(s)
⇔ (σ ⊗ I2s,−iς)aDaN(s)ψ(s) = im(σz ⊗ I2s)N(s)ψ(s)
⇔ ZbD

bψ(s) = im iς√
2
(σz ⊗ I2s)N(s)ψ(s)

⇔ Z̄aZbD
bψ(s) = im iς√

2
Z̄a(σz ⊗ I2s)N(s)ψ(s)

⇔ Z̄aZbD
bψ(s) = im iς√

2
−iς√

2
N̄(s)(σ ⊗ I2s, iς)a(σz ⊗ I2s)N(s)ψ(s)

⇔ Z̄aZbD
bψ(s) = −m

2sN̄(s)[(−σy, σx,−i)⊗ I2s, ςσz ⊗ I2s]aN(s)ψ(s)
⇔ [sDa + iSab(s, ς; 4)Db]ψ(s) = −m[(−σy(s), σx(s),−is), ςσz(s)]aψ(s)

Sab(s, ς; 4) �

 0 σz(s) −σy(s) −ςσx(s)
−σz(s) 0 σx(s) −ςσy(s)
σy(s) −σx(s) 0 −ςσz(s)
ςσx(s) ςσy(s) ςσz(s) 0


⇔

{
[s∂a + iSab(s, ς)∂

b]ψ(s) = −mγa(s)ψ(s)

[γx(s)∂π − γπ(s)∂x]ψ(s) = iςmγy(s)ψ(s)
, Sab(s, ς) = −i[γa(s), γb(s)] �

[
0 −ςσx(s)

ςσx(s)0

]
⇔

{
[s∂a +mγa(s) + iSab(s, ς)∂

b]ψ(s) = 0

[γx(s)∂π − γπ(s)∂x]ψ(s) = iςmγy(s)ψ(s)

5.5.2 Plane wave solutions and its spin basis of spin equation in 2-dimensional space-time

Thm. 5.5.2.
[γa∂a +m]ψ[λς ]µςηςξς · ·︸ ︷︷ ︸

2s

(x) = 0, ψλςµςηςξς · ·︸ ︷︷ ︸
2s

(x) fully symmetric

ψkς (x) := Γ

2s︷ ︸︸ ︷
λςµςηςξς · ·
kς

ψλςµςηςξς · ·︸ ︷︷ ︸
2s

(x)

⇔


[s∂a +mγa(s) + iSab(s, ς)∂

b]ψ(s) = 0

[γx(s)∂π − γπ(s)∂x]ψ(s) = iςmγy(s)ψ(s)

ψλςµςηςξς · ·︸ ︷︷ ︸
2s

(x) = Γkςλςµςηςξς · ·︸ ︷︷ ︸
2s

ψkς (x)

ψλςµς · ·︸ ︷︷ ︸
2s

(~r, t) = 1
(2π)N/2

+∞∫
~p=−∞

En−
1
2
√

m
E

2s
[a(~p, h)Uλςµς · ·︸ ︷︷ ︸

2s

(~p)ei(~p·~r−Et) + b+(~p, h)Vλςµς · ·︸ ︷︷ ︸
2s

(~p)e−i(~p·~r−Et)]dN~p

ψkς (~r, t) = 1
(2π)N/2

+∞∫
~p=−∞

En−
1
2
√

m
E

2n
[a(~p, h)Ukς (~p; s)e

i(~p·~r−Et) + b+(~p, h)Vkς (~p; s)e
−i(~p·~r−Et)]dN~p
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Thm. 5.5.3.
Ukς (~p; s) := Γ

2s︷ ︸︸ ︷
λςµς · ·
kς

Uλςµς · ·︸ ︷︷ ︸
2s

(~p)⇔ Uλςµς · ·︸ ︷︷ ︸
2s

(~p) = Γkςλςµς · ·︸ ︷︷ ︸
2s

Ukς (~p; s)

Vkς (~p; s) := Γ

2s︷ ︸︸ ︷
λςµς · ·
kς

Vλςµς · ·︸ ︷︷ ︸
2s

(~p)⇔ Vλςµς · ·︸ ︷︷ ︸
2s

(~p) = Γkςλςµς · ·︸ ︷︷ ︸
2s

Vkς (~p; s)

5.5.3 Orthogonality of spin basis for spin equation in 2-dimensional space-time

Thm. 5.5.4. U+kς (~p; s)Ukς (~p; s) = (Em )2s, V +kς (~p; s)Vkς (~p; s) = (Em )2s

Thm. 5.5.5.



Ukς (~p; s)U
+
k′ς

(~p; s) = 1
(ς2m)2sΓ

2s︷ ︸︸ ︷
λςµς · ·
kς

Γ

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·

k′ς
[mσz − (σ, iς)apa]λςλ′ς [mσz − (σ, iς)bpb]µςµ′ς · · ·︸ ︷︷ ︸

2s

Vkς (~p; s)V
+
k′ς

(~p; s) = 1
(ς2m)2sΓ

2s︷ ︸︸ ︷
λςµς · ·
kς

Γ

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·

k′ς
[−mσz − (σ, iς)apa]λςλ′ς [−mσz − (σ, iς)bpb]µςµ′ς · · ·︸ ︷︷ ︸

2s

5.6 Covariant commutation rules for in 2-dimensional space-time

5.6.1 Carding of covariant commutation rules for massive bosons in 2D

Thm. 5.6.1. [ψλςµς · ·︸ ︷︷ ︸
2n

(x), ψ+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2n

(x′)] = i
22n−1 [(m− γa∂a)γ0]λςλ′ς [(m− γ

b∂b)γ
0]µςµ′ς · ·︸ ︷︷ ︸

2n

∆(x− x′)

[m]

Thm. 5.6.2. [ψλςµς · ·︸ ︷︷ ︸
2n

(x), ψ+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2n

(x′)] = i i2n

22n−1 [−imσz + (σ, iς)a∂a]λςλ′ς [−imσz + (σ, iς)b∂b]µςµ′ς · ·︸ ︷︷ ︸
2n

∆(x− x′)

[m]

Thm. 5.6.3. [ψλςµς · ·︸ ︷︷ ︸
2n

(x), ψ+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2n

(x′)] = i
22n−1 Xaλςµς (x) · ·︸ ︷︷ ︸

n

X+a′

λ′ςµ
′
ς
(x′) · ·︸ ︷︷ ︸
n

[ηaa′ −
∂a∂

+

a′
m2 ] · ·︸ ︷︷ ︸

n

∆(x− x′)

5.6.2 Carding of covariant commutation rules for massive fermions in 2D

Thm. 5.6.4. [ψλςµς · ·︸ ︷︷ ︸
2n+1

(x), ψ+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2n+1

(x′)] = i
22n [(m− γa∂a)γ0]λςλ′ς [(m− γ

b∂b)γ
0]µςµ′ς · ·︸ ︷︷ ︸

2n+1

∆(x− x′)

[m]

Thm. 5.6.5. [ψλςµς · ·︸ ︷︷ ︸
2n+1

(x), ψ+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2n+1

(x′)] = i i
2n+1

22n [−imσz + (σ, iς)a∂a]λςλ′ς [−imσz + (σ, iς)b∂b]µςµ′ς · ·︸ ︷︷ ︸
2n+1

∆(x− x′)

[m]

Thm. 5.6.6.

[ψλςµς · ·τς︸ ︷︷ ︸
2n+1

(x), ψ+
λ
′
ςµ
′
ς · ·τς︸ ︷︷ ︸

2n+1

(x′)] = i
22n Xaλςµς (x) · ·︸ ︷︷ ︸

n

X+a′

λ′ςµ
′
ς
(x′) · ·︸ ︷︷ ︸
n

[ηaa′ −
∂a∂

+

a′
m2 ] · ·︸ ︷︷ ︸

n

[(m− γc∂c)γ0]τςτ ′ς∆(x− x′)

[m]

Thm. 5.6.7.

[ψλςµς · ·τς︸ ︷︷ ︸
2n+1

(x), ψ+
λ
′
ςµ
′
ς · ·τς︸ ︷︷ ︸

2n+1

(x′)] = i iς22n Xaλςµς (x) · ·︸ ︷︷ ︸
n

X+a′

λ′ςµ
′
ς
(x′) · ·︸ ︷︷ ︸
n

[ηaa′ −
∂a∂

+

a′
m2 ] · ·︸ ︷︷ ︸

n

[−imσz + (σ, iς)b∂b]τςτ ′ς∆(x− x′)

6 B-W equation without mass in 2-dimensional space-time

6.1 Dirac equation without mass in 2-dimensional space-time

Proof: γa∂aψ(x) = 0, γa = (−σy, ςσz)
⇔ (σx,−iς)a∂aψ(x) = 0
⇔ (σx,−iς)apaλ(p̂,− ς

2 ) = 0
⇔ σxpxλ(p̂,− ς

2 ) = −ς|px|λ(p̂,− ς
2 )

⇔ σxp̂xλ(p̂,− ς
2 ) = −ςλ(p̂,− ς

2 )

⇔ λ(p̂,− ς
2 ) = 1

2
√

2

[
(1− ς)− (1 + ς)p̂x
(1 + ς) + (1− ς)p̂x

]
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Cor. 6.1.1.
ψ(~r, t) := 1

(2π)N/2

∫
~p6=0

λ(p̂,− ς
2 )[a1(~p,− ς

2 )eip·x + a+
2 (~p,− ς

2 )e−ip·x]dN~p

a1(~p,− ς
2 ) = 1

(2π)N/2

∫
λ+(p̂,− ς

2 )ψ(~r, t)e−ip·xdN~r

a+
2 (~p,− ς

2 ) = 1
(2π)N/2

∫
λ+(p̂,− ς

2 )ψ(~r, t)eip·xdN~r

λ+(p̂,− ς
2 )λ(p̂,− ς

2 ) = 1, λ(p̂,− ς
2 )λ+(p̂,− ς

2 ) = 1
2 (1− ςσxp̂x) = − ς

2 (σx, iς)
ap̂a = − ς

2 (σ, iς)ap̂a

6.2 B-W equation without mass [16] in 2-dimensional space-timePlane wave solutions of

Thm. 6.2.1. γaκς
λς∂aψλςµς · ·︸ ︷︷ ︸

2s

(x) = 0, γa = (−σy, ςσz)

ψ(~r, t) := 1
(2π)N/2

∫
~p6=0

λλςµς · ·︸ ︷︷ ︸
2s

(p̂,−sς)[a1(~p,− ς
2 )eip·x + a+

2 (~p,− ς
2 )e−ip·x]dN~p

a1(~p,−sς) = 1
(2π)N/2

∫
λ+
λςµς · ·︸ ︷︷ ︸

2s

(p̂,−sς)ψ(~r, t)e−ip·xdN~r

a+
2 (~p,− ς

2 ) = 1
(2π)N/2

∫
λ+
λςµς · ·︸ ︷︷ ︸

2s

(p̂,−sς)ψ(~r, t)eip·xdN~r

λ+
λςµς · ·︸ ︷︷ ︸

2s

(p̂,−sς)λλςµς · ·︸ ︷︷ ︸
2s

(p̂,−sς) = 1, λλςµς · ·︸ ︷︷ ︸
2s

(p̂,−sς)λ+
λςµς · ·︸ ︷︷ ︸

2s

(p̂,−sς) = (− ς
2 )2s

2s︷ ︸︸ ︷
(σ, iς)a(σ, iς)b · ·

2s︷ ︸︸ ︷
p̂ap̂b · ·

6.3 Potential description of B-W equation without mass in 2-dimensional space-time

Thm. 6.3.1. γa∂aψ(x) = 0, ψT (x) = ψ(x), Aa = 1√
2im

tr(ε̄γaψ), γa = (−σy, ςσz)
⇔ (∂b∂b −m2)Aa = 0, ∂aAa = 0;Fab := ∂aAb − ∂bAa, ψ = (imγa + ςεabσx∂b)ε

Aa√
2
, Sab(e) = 1

2 ςε
abσx

Proof: γa∂aψ(x) = 0, ψT (x) = ψ(x) = 1√
2
(γaεimAa − ςσxεFxy)

⇔ γa∂a(γbεimAb − ςσxεFxy) = 0, ψ(x) = 1√
2
(γaεimAa − ςσxεFxy)

⇔ γa∂a(γbimAb − ςσxFxy) = 0, ψ(x) = 1√
2
(γaεimAa − ςσxεFxy)

⇔ (δab − iςεabσx)im∂aAb − iεabγb∂aFxy = 0, ψ(x) = 1√
2
(γaεimAa − ςσxεFxy)

⇔ im∂aAa +mεab∂aAbςσx − iεab∂aFxyγb = 0, ψ(x) = 1√
2
(γaεimAa − ςσxεFxy)

⇔ im∂aAa = 0,mεab∂aAb = 0,−iεab∂aFxyγb = 0, ψ(x) = 1√
2
(γaεimAa − ςσxεFxy)

⇔ ∂aAa = 0, εab∂aAb = 0, εab∂aFxy = 0, ψ(x) = 1√
2
(γaεimAa − ςσxεFxy)

⇔ ∂aAa = 0, ∂aAb − ∂bAa = 0, ∂aFxy = 0, ψ(x) = 1√
2
(γaεimAa − ςσxεFxy)

6.4 s-spin equation without mass in 2-dimensional space-time

Thm. 6.4.1. γa∂aψ[λς ]µς · ·︸ ︷︷ ︸
2s

(x) = 0, ψλςµς · ·︸ ︷︷ ︸
2s

(x) fully symmetric, γa := [−σy, ςσz]

⇔

{
[s∂a + iSab(s, ς)∂

b]ψ(s) = 0

[γx(s)∂π − γπ(s)∂x]ψ(s) = 0
, Sab(s, ς) = −i[γa(s), γb(s)], γa(s) := [−σy(s), ςσz(s)]

6.5 Covariant commutation rules for massless B-W equation in 2-dimensional space-time

Thm. 6.5.1. [ψλςµς · ·︸ ︷︷ ︸
2s

(x), ψ+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(x′)] = i
22s−1 [(−γa∂a)γ0]λςλ′ς [(−γ

b∂b)γ
0]µςµ′ς · ·︸ ︷︷ ︸

2s

∆(x− x′)

[m]

Thm. 6.5.2. [ψλςµς · ·︸ ︷︷ ︸
2s

(x), ψ+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(x′)] = i (iς)2s

22s−1 [(σ, iς)a∂a]λςλ′ς [(σ, iς)
b∂b]µςµ′ς · ·︸ ︷︷ ︸

2s

∆(x− x′)

[m]

Thm. 6.5.3. [ψkς (x), ψ+
k′ς

(x′)] = i (−1)2s

2s−1 Γ

2s︷ ︸︸ ︷
abc · ·
kςk′ς

(s)

2s︷ ︸︸ ︷
∂a∂b∂c · ·∆(x− x′)

7 Penrose equation for massless particles in 2-dimensional space-time

7.1 Dirac equation [4, 5] under separated representation in 2-dimensional space-time

Def. 7.1.1. (γa∂a +m)ψ = 0, ψ =

[
ϕ
ϕ̄

]
, γa = (1⊗ σy, ς1⊗ σx)⇔

{
(1,−iς)a∂aϕ = imϕ̄

(1, iς)a∂aϕ̄ = −imϕ
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Def. 7.1.2. ϑ =

[
0 iε
−iε 0

]
, Sab =

[
0 σy
−σy 0

]
, Sab(e, ς) = − i

4 [σa, σb] =

[
0 −ς

2 σz
ς
2σz 0

]
, ψ :=

[
ϕ
ϕ̄

]

Cor. 7.1.1. Λ(

[
σ
iτ

]
) = e

i
2ϑ

abSab = e−εσy ,Λ(

[
ϕ
ϕ̄

]
) = e

i
2ϑ

abSab(e,ς) = e
ς
2 εσz

When the mass m=0, it degenerates into two Weyl neutrino equations:

Cor. 7.1.2. (1,−iς)a∂aϕ = 0, (1, iς)a∂aϕ̄ = 0,Λ(ϕ) = e
ς
2 ε,Λ(ϕ̄) = e−

ς
2 ε

7.2 Helicity eigenfunction of massless Dirac equation under separated representation in 2D

Def. 7.2.1. γa∂aψ(x) = 0, ψ =

[
ϕ
ϕ̄

]
, γa = (1⊗ σy, ς1⊗ σx)⇔

{
(1,−iς)a∂aϕ = 0

(1, iς)a∂aϕ̄ = 0

Proof: (σz,−iς)a∂aψ(x) = 0
⇔ (σz,−iς)apaλ(p̂,− ς

2 ) = 0
⇔ σzpzλ(p̂,− ς

2 ) = −ς|pz|λ(p̂,− ς
2 )

⇔ σz p̂zλ(p̂,− ς
2 ) = −ςλ(p̂,− ς

2 )

⇔ λ(p̂,−ς) = 1
2

[
−1 + ςp̂z
1 + ςp̂z

]
Cor. 7.2.1. λ+(p̂,− ς

2 )λ(p̂,− ς
2 ) = 1, λ(p̂,− ς

2 )λ+(p̂,− ς
2 ) = − ς

2 (σz, iς)
ap̂a

7.3 Vector and spinor in two dimensions [42]

7.3.1 Light cone coordinates and derivatives in two dimensions

Def. 7.3.1. z ≡ τ + σ, z̃ ≡ τ − σ, τ = 1
2 (z + z̃), σ = 1

2 (z − z̃), zς := τ + ςσ, z̄ς := τ − ςσ

Def. 7.3.2.

[
z
z̃

]
=

[
1 −i
−1 −i

] [
σ
iτ

]
,

[
σ
iτ

]
= 1

2

[
1 −1
i i

] [
z
z̃

]

Cor. 7.3.1.

{
dz = dτ + dσ, dz̃ = dτ − dσ
∂z = 1

2 (∂τ + ∂σ), ∂z̃ = 1
2 (∂τ − ∂σ)

{
dτ = 1

2 (dz + dz̃), dσ = 1
2 (dz − dz̃)

∂τ = ∂z + ∂z̃, ∂σ = ∂z − ∂z̃

Cor. 7.3.2. dz ∧ dz̃ = 2dσ ∧ dτ

Def. 7.3.3. Pz ≡ −i∂z, Pz̃ ≡ −i∂z̃, Pτ ≡ i∂τ , Pσ ≡ −i∂σ

Cor. 7.3.3. Pz = − 1
2 (Pτ − Pσ), Pz̃ = − 1

2 (Pτ + Pσ),−Pτ = Pz + Pz̃, Pσ = Pz − Pz̃

Cor. 7.3.4. ei(Pσσ−Pττ) = ei(Pzz+Pz̃ z̃)

7.3.2 Lorentz transformation law of vector and spinor in two dimensions

Cor. 7.3.5. Vector: Λ(

[
σ
iτ

]
) = e−εσy , σ, τ ∈ R⇔ Light cone vector: Λ(

[
z
z̃

]
) = e−εσz , z, z̃ ∈ R

Cor. 7.3.6. Dirac spinor: Λ(ψ) = e
ς
2 εσz , ψ ∈ C,Weyl spinor: Λ(ϕ) = e

ς
2 ε,Λ(ϕ̄) = e−

ς
2 ε, ϕ, ϕ̄ ∈ C

Cor. 7.3.7. Majorana spinor: Λ(ψ) = e
ς
2 εσz , ψ ∈ R,Majorana-Weyl spinor: Λ(ϕ) = e

ς
2 ε,Λ(ϕ̄) = e−

ς
2 ε, ϕ, ϕ̄ ∈ R

Prop. 7.3.1. Constant tensor: (1,−iς)a = e−εσy |abe−
ς
2 ε(1,−i)be− ς2 ε, (1,−iς)a′∂a′ = e−ςε(1,−iς)a∂a

Prop. 7.3.2. Constant tensor: (1, iς)a = e−εσy |abe
ς
2 ε(1, iς)be

ς
2 ε, (1, iς)a

′
∂a′ = eςε(1, iς)a∂a

Cor. 7.3.8. ∂zς = 1
2 (1, iς)a∂a, ∂z̃ς = − 1

2 (1,−iς)a∂a; ∂z = 1
2 (1, i)a∂a, ∂z̃ = − 1

2 (1,−i)a∂a

Cor. 7.3.9.

{
∂z′ς = eςε∂zς , dz

′
ς = e−ςεdzς , z

′
ς = e−ςεzς

∂z̃′ς = e−ςε∂z̃ς , dz̃
′
ς = eςεdz̃ς , z̃

′
ς = eςεz̃ς

{
∂z′ = eε∂z, dz

′ = e−εdz, z′ = e−εz

∂z̃′ = e−ε∂z̃, dz̃
′ = eεdz̃, z̃′ = eεz̃

Cor. 7.3.10. Invariant: dzς∂zς , dz̃ς∂z̃ς , dzςdz̃ς , ∂zς∂z̃ς ; dz∂z, dz̃∂z̃, dzdz̃, ∂z∂z̃

Cor. 7.3.11. Light cone vector: Λ(

[
zς
z̃ς

]
) = e−ςεσz ,Λ(

[
∂zς
∂z̃ς

]
) = eςεσz , spinor: Λ(

[
ϕ
ϕ̄

]
) = e

ς
2 εσz

In two dimensions the light cone vector is very similar to the spin and it is just the spinor representation
of the vector.
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7.3.3 Wick rotation (not used)

Def. 7.3.4. z ≡ σ + iτ, z̄ ≡ z∗ = σ − iτ, σ = 1
2 (z + z̄), iτ = 1

2 (z − z̄)

Cor. 7.3.12.

{
dz = dσ + idτ, dz̄ = dσ − idτ, dσ = 1

2 (dz + dz̄), idτ = 1
2 (dz − dz̄)

∂z = 1
2 (∂σ + ∂iτ ), ∂z̄ = 1

2 (∂σ − ∂iτ ), ∂σ = ∂z + ∂z̄, ∂iτ = ∂z − ∂z̄

{
dz = d∗z̄

∂z = ∂∗z̄

7.4 Plane wave solutions of Penrose equation [1, 2] in 2-dimensional space-time

Thm. 7.4.1. (1,−iς)a∂aϕ(x) = 0

⇒ ϕ(x) = 1√
π

∫
a(p, ς)eip(τ+ςσ)dp =


1√
π

+∞∫
0

[a(p)ei(pσ−|p|τ) + b+(p)e−i(pσ−|p|τ)]dp, ς = −

1√
π

0∫
−∞

[a(p)ei(pσ−|p|τ) + b+(p)e−i(pσ−|p|τ)]dp, ς = +

Proof: (1,−iς)a∂aϕ(x) = 0
⇔ ∂a∂aϕ(x) = 0, (1,−iς)a∂aϕ(x) = 0
⇒ ϕ(x) = 1√

π

∫
[a(p)ei(pσ−|p|τ) + b+(p)e−i(pσ−|p|τ)]dp

⇒ (∂σ − ς∂τ )ϕ(x) = 0
⇔ 1√

π

∫
[i(p+ ς|p|)a(p)ei(pσ−|p|τ) − i(p+ ς|p|)b+(p)e−i(pσ−|p|τ)]dp

⇔ (p+ ς|p|)a(p) = 0, (p+ ς|p|)b+(p) = 0
⇔ a(ςp > 0) = 0, b+(ςp > 0) = 0

⇔


ϕ(x) = 1√

π

+∞∫
0

[a(p)ei(pσ−|p|τ) + b+(p)e−i(pσ−|p|τ)]dp, ς = −

ϕ(x) = 1√
π

0∫
−∞

[a(p)ei(pσ−|p|τ) + b+(p)e−i(pσ−|p|τ)]dp, ς = +

⇔


ϕ(x) = 1√

π

+∞∫
0

[a(p)eip(σ−τ) + b+(p)e−ip(σ−τ)]dp, ς = −

ϕ(x) = 1√
π

0∫
−∞

[a(p)eip(σ+τ) + b+(p)e−ip(σ+τ)]dp, ς = +

⇔


ϕ(x) = 1√

π

+∞∫
−∞

a(p)eip(σ−τ); a(p) := b+(−p), p < 0; ς = −

ϕ(x) = 1√
π

+∞∫
−∞

a(p)eip(σ+τ)dp; a(p) := b+(−p), p > 0; ς = +

⇔


ϕ(x) = 1√

π

+∞∫
−∞

a′(p)eip(τ−σ)dp, ς = −

ϕ(x) = 1√
π

+∞∫
−∞

a(p)eip(τ+σ)dp, ς = +

⇔ ϕ(x) = 1√
π

+∞∫
−∞

a(p, ς)eip(τ+ςσ)dp

7.5 Causal function in 2-dimensional space-time

Def. 7.5.1. ∆(zς) := i
π

+∞∫
0

1
2p (eipzς − e−ipzς )dp = i

2π

+∞∫
−∞

1
2p (eipzς − e−ipzς )dp = i

2π

+∞∫
−∞

1
pe
ipzςdp

Def. 7.5.2.


∆(+)(zς) := i

π

+∞∫
p=0

1
2pe

ipzςd~p,∆(−)(zς) := − i
π

+∞∫
p=0

1
2pe
−ipzςd~p,∆(−)(zς) = −∆(+)(−zς)

∆(zς) := i
π

+∞∫
−∞

1
2p [eipzς − e−ipzς}d~p,∆(zς) = ∆(+)(zς) + ∆(−)(zς)

Def. 7.5.3.


1√
−∇2

∆(zς) := i
π

+∞∫
0

1
2p2 (eipzς − e−ipzς )dp = i

2π

+∞∫
−∞

1
2p|p| (e

ipzς − e−ipzς )dp = i
2π

+∞∫
−∞

1
p|p|e

ipzςdp

√
−∇2∆(zς) := i

π

+∞∫
0

1
2 (eipzς − e−ipzς )dp = i

2π

+∞∫
−∞

|p|
2p (eipzς − e−ipzς )dp = i

2π

+∞∫
−∞

|p|
p e

ipzςdp

Pro. 7.5.1. ∆∗(zς) = ∆(zς),∆(−zς) = −∆(zς), (∇2 − ∂2
τ )∆(zς) = 0, ∂zς∆(zς)|τ=0 = −δ(σ)

Pro. 7.5.2. ∆(zς − z′ς) := i
2π

+∞∫
−∞

1
2p [eip·(zς−z

′
ς) − e−ip·(zς−z′ς)}d~p
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∂u∆(zς − z′ς) = −∂′u∆(zς − z′ς)
∇∆(zς − z′ς) = −∇′∆(zς − z′ς)
∂π∆(zς − z′ς) = −∂′π∆(zς − z′ς)


(
√
−∇2)n∆(zς − z′ς) = (

√
−∇′2)n∆(zς − z′ς)

1
(
√
−∇2)n

∆(zς − z′ς) = 1
(
√
−∇′2)n

∆(zς − z′ς)
∂2n
π ∆(zς − z′ς) = ∂′2nπ ∆(zς − z′ς)

7.6 Commutation rules for s-spin equation in 2-dimensional space-time

Cor. 7.6.1. [s∂a + iSab(s, ς)∂
b]ϕ(x) = 0, ϕ(x) = 1√

π

+∞∫
−∞

a(p, ς)eip(τ+ςσ)dp

Thm. 7.6.1. [a(p, ς), a+(p′, ς)]−2s+1 = δ(p− p′)⇒ [ϕ(zς), ϕ
+(z′ς)]−2s+1 = i (iς)2s

22s−1

2s︷ ︸︸ ︷
(1, iς)a∂a(1, iς)b∂b · ·∆(zς − z′ς)

Proof: [a(p, ς), a+(p′, ς)]−2s+1 = δ(p− p′)
⇒ [a(p), a+(p′)]−2s+1 = [b(p), b+(p′)]−2s+1 = δ(p− p′)
⇒ [ϕ(zς), ϕ

+(z′ς)]−2s+1

=


1
π

+∞∫
0

{ei(pσ−|p|τ)e−i(p
′σ′−|p′|τ ′)[a(p), a+(p′)]−2s+1 + e−i(pσ−|p|τ)ei(p

′σ′−|p′|τ ′)[b+(p), b(p′)]−2s+1}dpdp′, ς = −

1
π

0∫
−∞
{ei(pσ−|p|τ)e−i(p

′σ′−|p′|τ ′)[a(p), a+(p′)]−2s+1 + e−i(pσ−|p|τ)ei(p
′σ′−|p′|τ ′)[b+(p), b(p′)]−2s+1}dpdp′, ς = +

=


1
π

+∞∫
0

{ei(pσ−|p|τ)e−i(p
′σ′−|p′|τ ′) + (−1)2s−1e−i(pσ−|p|τ)ei(p

′σ′−|p′|τ ′)}[a(p), a+(p′)]−2s+1dpdp′, ς = −

1
π

0∫
−∞
{ei(pσ−|p|τ)e−i(p

′σ′−|p′|τ ′) + (−1)2s−1e−i(pσ−|p|τ)ei(p
′σ′−|p′|τ ′)}[a(p), a+(p′)]−2s+1dpdp′, ς = +

=


1
π

+∞∫
0

{ei(pσ−|p|τ)e−i(p
′σ′−|p′|τ ′) + (−1)2s−1e−i(pσ−|p|τ)ei(p

′σ′−|p′|τ ′)}|p|2s−1δ(p− p′)dpdp′, ς = −

1
π

0∫
−∞
{ei(pσ−|p|τ)e−i(p

′σ′−|p′|τ ′) + (−1)2s−1e−i(pσ−|p|τ)ei(p
′σ′−|p′|τ ′)}|p|2s−1δ(p− p′)dpdp′, ς = +

=


1
π

+∞∫
0

{ei(pσ−|p|τ)e−i(pσ
′−|p|τ ′) + (−1)2s−1e−i(pσ−|p|τ)ei(pσ

′−|p|τ ′)}|p|2s−1dp, ς = −

1
π

0∫
−∞
{ei(pσ−|p|τ)e−i(pσ

′−|p|τ ′) + (−1)2s−1e−i(pσ−|p|τ)ei(pσ
′−|p|τ ′)}|p|2s−1dp, ς = +

=


1
π

+∞∫
0

{ei(pσ−|p|τ)e−i(pσ
′−|p|τ ′) + (−1)2s−1e−i(pσ−|p|τ)ei(pσ

′−|p|τ ′)}|p|2s−1dp, ς = −

1
π

+∞∫
0

{ei(−pσ−|p|τ)e−i(pσ
′−|p|τ ′) + (−1)2s−1e−i(−pσ−|p|τ)ei(−pσ

′−|p|τ ′)}|p|2s−1dp, ς = +

=


1
π

+∞∫
0

{eip(σ−τ)e−ip(σ
′−τ ′) + (−1)2s−1e−ip(σ−τ)eip(σ

′−τ ′)}p2s−1dp, ς = −

1
π

+∞∫
0

{(−1)2s−1eip(σ+τ)e−ip(σ
′+τ ′) + e−ip(σ+τ)eip(σ

′+τ ′)}p2s−1dp, ς = +

=


[−i2 (1,−i)a∂a]2s 1

π

+∞∫
0

{eip(σ−τ)e−ip(σ
′−τ ′) − e−ip(σ−τ)eip(σ

′−τ ′)}p−1dp, ς = −

[−i2 (1, i)a∂a]2s 1
π

+∞∫
0

{(−1)2s−1eip(σ+τ)e−ip(σ
′+τ ′) + (−1)2se−ip(σ+τ)eip(σ

′+τ ′)}p−1dp, ς = +

=


[−i2 (1,−i)a∂a]2s 1

π

+∞∫
0

{eip(σ−τ)e−ip(σ
′−τ ′) − e−ip(σ−τ)eip(σ

′−τ ′)}p−1dp, ς = −

[ i2 (1, i)a∂a]2s 1
π

+∞∫
0

{−eip(σ+τ)e−ip(σ
′+τ ′) + e−ip(σ+τ)eip(σ

′+τ ′)}p−1dp, ς = +

=


i[−i2 (1,−i)a∂a]2s iπ

+∞∫
0

{eip(τ−σ)e−ip(τ
′−σ′) − e−ip(τ−σ)eip(τ

′−σ′)}p−1dp, ς = −

+i[ i2 (1, i)a∂a]2s iπ

+∞∫
0

{eip(τ+σ)e−ip(τ
′+σ′) − e−ip(τ+σ)eip(τ

′+σ′)}p−1dp, ς = +

= 2i[ iς2 (1, iς)a∂a]2s i
2π

+∞∫
0

{eip(τ+ςσ)e−ip(τ
′+ςσ′) − e−ip(τ+ςσ)eip(τ

′+ςσ′)}p−1dp

= i (iς)2s

22s−1

2s︷ ︸︸ ︷
(1, iς)a∂a(1, iς)b∂b · ·∆(zς − z′ς)

= 2i2s+1∂2s
zς ∆(zς − z′ς)

= 2i2s−1∂2s−1
zς δ(zς − z′ς)

711



Chapter37 Covariate Quantization of Particles in Low Dimensional Space-time Shui-Rong Shi

7.7 Hotchpotch of Penrose equation [1, 2] in 2-dimensional space-time

Thm. 7.7.1. (1,−iς)A
′
ςAς

a ∂aϕAςBςCς · ·︸ ︷︷ ︸
2s

(x) = 0, ϕAςBςCς · ·︸ ︷︷ ︸
2s

(x) = k(τ + ςσ) + 1√
π

∫
a(p, ς)eip(τ+ςσ)dp

Thm. 7.7.2. (1,−iς)a∂aϕAςBςCς · ·︸ ︷︷ ︸
2s

(x) = 0, ∂a∂aϕAςBςCς · ·︸ ︷︷ ︸
2s

(x) = 0

Thm. 7.7.3. (1,−iς)a∂aϕAςBςCς · ·︸ ︷︷ ︸
2s

(x) = 0⇔ [s∂a + iSab(s)∂
b]ϕAςBςCς · ·︸ ︷︷ ︸

2s

(x) = 0, iSab(s) =

[
0 is
−is 0

]

Prop. 7.7.1. [s∂a + iSab(s)∂
b]ϕ(s) = 0, ϕ′(s) = e

i
2ϑ

abSab(s)ϕ(s) = e−sεϕ(s), ϑab �
[

0 iε
−iε 0

]
7.8 Commutation rules for 1

3 -spin equation in 2-dimensional space-time

Cor. 7.8.1. [ 1
3∂a + iSab(

1
3 , ς)∂

b]ϕ(x) = 0, ϕ(x) = 1√
π

∫
a(p, ς)eip(τ+ςσ)dp

Thm. 7.8.1. [a(p, ς), a+(p′, ς)]ϕ = δ(p− p′)⇒ [ϕ(zς), ϕ
+(z′ς)]−2s+1 = i (iς)2s

22s−1

2s︷ ︸︸ ︷
(1, iς)a∂a(1, iς)b∂b · ·∆(zς − z′ς)

Ass. 7.8.1. [a(p, ς), a+(p′, ς)]
− 5

3
= δ(p− p′)⇒ [ϕ(zς), ϕ

+(z′ς)]− 5
3

= i (iς)
2
3

2
−

1
3

[(1, iς)a∂a]
2
3 ∆(zς − z′ς)
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Chapter38 Potential Analysis of B-W Equation in N+1 Dimensional Space-time

Self comment: This chapter imitates the four-dimensional case. It conducts potential decomposition
and detailed mathematical analysis on B-W equation in N+1 dimensional space time. In the spin
1 case, antisymmetric tensor fields naturally appear. And based on commutation rules for the B-W
equation, the commutation rules for antisymmetric tensor field are derived. Compared with the four-
dimensional case, the potential analysis of the B-W equation is much more complex in N+1 dimensional
space-time. Moreover, the fully symmetric B-W equation no longer describes a single spin state, but
rather describes multiple fundamental fields. It is precisely this that leads to complexity. As a result,
this promotion has lost some of its aesthetic appeal and made the description ugly, which seems to
imply that this promotion has become meaningless. For example, it is sufficient to directly study the
basic antisymmetric tensor field in the spin-1 case. Because it is a single fundamental field, it is simpler
and more fundamental. This chapter does not provide a detailed discussion on higher spin cases such
as spin- 3

2 ,2,etc. But it only provides two conjectures for the high spin case. It will be strictly proved
it until I have spare time in the future.

Through the research in this chapter, I found that the fully symmetric B-W equation is no longer
a good method for describing physical fields in above four-dimensional spacetime. At this point, B-W
equation does not describe a basic field similar in four dimensional space time, but rather a mixed
field. So at this point, it is more appropriate to directly use antisymmetric tensor field description
method.

1 Dirac matrix in N+1 dimensional space-time

1.1 Conventional representation of Dirac matrix in N+1 dimensional space-time

Def. 1.1.1.{
γa(1) = (1)

γ1(1) = 1

Def. 1.1.2.
γa(2) := (γa(1)⊗ σx, 1⊗ σy) = (σx, σy),Γa(2) := [γa(1), iς] = (1, iς)

C(2) := γ2(2) = σy, C̄(2) = C+(2) = C(2), γ1(2)γ2(2) = iσz = iγ0(2)

CT (2) = −C(2), γa(2)C(2) = [γa(2)C(2)]T , γ[a(2)γb](2)C(2) = {γ[a(2)γb](2)C(2)}T

Def. 1.1.3.
γa(3) = [γa(2), 1⊗ σz] = (σx, σy, σz)

C(3) := γ2(3) = σy, C̄(3) = C+(3) = C(3), γ1(3) · · · γ3(3) = i = iγ0(3)

CT (3) = −C(3), [γa(3)C(3)]T = γa(3)C(3)

Def. 1.1.4.

γa(4) = [γa(3)⊗ σy, I ⊗ σx] = (σ ⊗ σy, I ⊗ σx),Γa(4) = [γa(3), iς]

C(4) := γ2(4)γ4(4) = −iσy ⊗ σz, C̄(4) = C+(4) = −C(4), γ1(4) · · · γ4(4) = I ⊗ σz = γ0(4)

[γa(4)C(4)]T = γa(4)C(4), {γ[a(4)γb](4)C(4)}T = γ[a(4)γb](4)C(4)

CT (4) = −C(4), {γ[a(4)γb(4)γc](4)C(4)}T = −γ[a(4)γb(4)γc](4)C(4)

{γ[a(4)γb(4)γc(4)γd](4)C(4)}T = −γ[a(4)γb(4)γc(4)γd](4)C(4)

Def. 1.1.5.
γa(5) = [γa(4), I ⊗ σz] = (σ ⊗ σy, I ⊗ σx, I ⊗ σz)
C(5) := γ2(5)γ4(5)γ5(5) = −iσy ⊗ I, C̄(5) = C+(5) = −C(5), γ1(5) · · · γ5(5) = 1 = γ0(5)

CT (5) = −C(5), [γa(5)C(5)]T = −γa(5)C(5), {γ[a(5)γb](5)C(5)}T = γ[a(5)γb](5)C(5)

Def. 1.1.6.

γa(10) = [[[((σx, σy, σz)⊗ σy, I ⊗ σx, I ⊗ σz)⊗ σy, I4 ⊗ σx, I4 ⊗ σz]⊗ σy, I8 ⊗ σx, I8 ⊗ σz]⊗ σy, I16 ⊗ σx]
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Def. 1.1.7.

γa(6) = [γa(5)⊗ σy, I4 ⊗ σx],Γa(6) = [γa(5), iς]

C(6) := γ2(6)γ4(6)γ5(6) = −iσy ⊗ I ⊗ σy, C̄(6) = C+(6) = −C(6), γ1(6) · · · γ6(6) = −iI4 ⊗ σz = −iγ0(6)

[γa(6)C(6)]T = −γa(6)C(6), [γ[a(6)γb](6)C(6)]T = −γ[a(6)γb](6)C(6)

[γ[a(6)γb(6)γc(6)γd(6)γe](6)C(6)]T = −γ[a(6)γb(6)γc(6)γd(6)γe](6)C(6)

[γ[a(6)γb(6)γc(6)γd(6)γe(6)γf ](6)C(6)]T = −γ[a(6)γb(6)γc(6)γd(6)γe(6)γf ](6)C(6)

CT (6) = C(6), [γ[a(6)γb(6)γc](6)C(6)]T = γ[a(6)γb(6)γc](6)C(6)

[γ[a(6)γb(6)γc(6)γd](6)C(6)]T = γ[a(6)γb(6)γc(6)γd](6)C(6)

Def. 1.1.8.
γa(7) = [γa(6), I4 ⊗ σz]
C(7) := γ2(7)γ4(7)γ5(7) = −iσy ⊗ I ⊗ σy, C(7) = C(6), C̄(7) = C+(7) = −C(7), γ1(7) · · · γ7(7) = −i = −iγ0(7)

[γa(7)C(7)]T = −γa(7)C(7), [γ[a(7)γb](7)C(7)]T = −γ[a(7)γb](7)C(7)

CT (7) = C(7), [γ[a(7)γb(7)γc](7)C(7)]T = γ[a(7)γb(7)γc](7)C(7)

Def. 1.1.9.

γa(8) = [γa(7)⊗ σy, I8 ⊗ σx],Γa(8) = [γa(7), iς]

C(8) := γ2(8)γ4(8)γ5(8)γ8(8) = −σy ⊗ I ⊗ σy ⊗ σz, C̄(8) = C+(8) = C(8), γ1(8) · · · γ8(8) = −I8 ⊗ σz = −γ0(8)

[γa(8)C(8)]T = −γa(8)C(8), [γ[a(8)γb](8)C(8)]T = −γ[a(8)γb](8)C(8)

[γ[a(8)γb(8)γc(8)γd(8)γe](8)C(8)]T = −γ[a(8)γb(8)γc(8)γd(8)γe](8)C(8)

[γ[a(8)γb(8)γc(8)γd(8)γe(8)γf ](8)C(8)]T = −γ[a(8)γb(8)γc(8)γd(8)γe(8)γf ](8)C(8)

CT (8) = C(8), [γ[a(8)γb(8)γc](8)C(8)]T = γ[a(8)γb(8)γc](8)C(8)

[γ[a(8)γb(8)γc(8)γd](8)C(8)]T = γ[a(8)γb(8)γc(8)γd](8)C(8)

[γ[a(8)γb(8)γc(8)γd(8)γe(8)γf (8)γg](8)C(8)]T = γ[a(8)γb(8)γc(8)γd(8)γe(8)γf (8)γg](8)C(8)

[γ[a(8)γb(8)γc(8)γd(8)γe(8)γf (8)γg(8)γh](8)C(8)]T = γ[a(8)γb(8)γc(8)γd(8)γe(8)γf (8)γg(8)γh](8)C(8)

Def. 1.1.10.
γa(9) = [γa(8), I8 ⊗ σz] = [γa(7)⊗ σy, I8 ⊗ σx, I8 ⊗ σz]
C(9) := γ2(9)γ4(9)γ5(9)γ8(9)γ9(9) = −σy ⊗ I ⊗ σy ⊗ I, C̄(9) = C+(9) = C(9), γ1(9) · · · γ9(9) = −1 = −γ0(9)

[γ[a(9)γb](9)C(9)]T = −γ[a(9)γb](9)C(9), [γ[a(9)γb(9)γc](9)C(9)]T = −γ[a(9)γb(9)γc](9)C(9)

CT (9) = C(9), [γa(9)C(9)]T = γa(9)C(9), [γ[a(9)γb(9)γc(9)γd](9)C(9)]T = γ[a(9)γb(9)γc(9)γd](9)C(9)

Def. 1.1.11.{
γa(10) = [γa(9)⊗ σy, I16 ⊗ σx],Γa(10) = [γa(9), iς], γ1(10) · · · γ10(10) = iI16 ⊗ σz = iγ0(10)

C(10) := γ2(10)γ4(10)γ5(10)γ8(10)γ9(10) = −σy ⊗ I ⊗ σy ⊗ I ⊗ σy, C̄(10) = C+(10) = C(10)

CT (10) = −C(10), [γa(10)C(10)]T = γa(10)C(10)

[γ[a(10)γb](10)C(10)]T = γ[a(10)γb](10)C(10)

[γ[a(10)γb(10)γc](10)C(10)]T = −γ[a(10)γb(10)γc](10)C(10)

[γ[a(10)γb(10)γc(10)γd](10)C(10)]T = −γ[a(10)γb(10)γc(10)γd](10)C(10)

[γ[a(10)γb(10)γc(10)γd(10)γe](10)C(10)]T = γ[a(10)γb(10)γc(10)γd(10)γe](10)C(10)

[γ[a(10)γb(10)γc(10)γd(10)γe(10)γf ](10)C(10)]T = γ[a(10)γb(10)γc(10)γd(10)γe(10)γf ](10)C(10)

[γ[a(10)γb(10)γc(10)γd(10)γe(10)γf (10)γg](10)C(10)]T = −γ[a(10)γb(10)γc(10)γd(10)γe(10)γf (10)γg](10)C(10)

[γ[a(10)γb(10)γc(10)γd(10)γe(10)γf (10)γg(10)γh](10)C(10)]T = −γ[a(10)γb(10)γc(10)γd(10)γe(10)γf (10)γg(10)γh](10)C(10)

[γ[a(10)γb(10)γc(10)γd(10)γe(10)γf (10)γg(10)γh(10)γi](10)C(10)]T = γ[a(10)γb(10)γc(10)γd(10)γe(10)γf (10)γg(10)γh(10)γi](10)C(10)

[γ[a(10)γb(10)γc(10)γd(10)γe(10)γf (10)γg(10)γh(10)γi(10)γj](10)C(10)]T = γ[a(10)γb(10)γc(10)γd(10)γe(10)γf (10)γg(10)γh(10)γi(10)γj](10)C(10)

Def. 1.1.12. γa(10) = [σx ⊗ σy ⊗ σy ⊗ σy ⊗ σy, σy ⊗ σy ⊗ σy ⊗ σy ⊗ σy, σz ⊗ σy ⊗ σy ⊗ σy ⊗ σy, I ⊗ σx ⊗ σy ⊗ σy ⊗ σy,
I ⊗ σz ⊗ σy ⊗ σy ⊗ σy, I4 ⊗ σx ⊗ σy ⊗ σy, I4 ⊗ σz ⊗ σy ⊗ σy, I8 ⊗ σx ⊗ σy, I8 ⊗ σz ⊗ σy, I16 ⊗ σx]

Def. 1.1.13.

γa(11) = [γa(10), I16 ⊗ σz], γ1(11) · · · γ11(11) = i = iγ0(11)

C(11) := γ2(11)γ4(11)γ5(11)γ8(11)γ9(11) = −σy ⊗ I ⊗ σy ⊗ I ⊗ σy, C(11) = C(10), C̄(11) = C+(11) = C(11)

CT (11) = −C(11), [γa(11)C(11)]T = γa(11)C(11)

[γ[a(11)γb](11)C(11)]T = γ[a(11)γb](11)C(11)

[γ[a(11)γb(11)γc](11)C(11)]T = −γ[a(11)γb(11)γc](11)C(11)

[γ[a(11)γb(11)γc(11)γd](11)C(11)]T = −γ[a(11)γb(11)γc(11)γd](11)C(11)

[γ[a(11)γb(11)γc(11)γd(11)γe](11)C(11)]T = γ[a(11)γb(11)γc(11)γd(11)γe](11)C(11)
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Ass. 1.1.1.C̄(n) = C+(n), C+(n) = (−1)[
n
4 ]C(n), CT (n) = (−1)[

n+2
4 ]C(n)

[γa(n)C(n)]T = (−1)[
n−1

4 ][γa(n)C(n)], [C+(n)γa(n)]T = (−1)[
n−1

4 ][C+(n)γa(n)]

Self comment: The above selection of Dirac matrix is not unique in N+1 dimensional space time. In
principle, there are infinite options and just perform a representation transformation. Then the C
matrix will also change and no longer be in its original form.

2 Antisymmetric tensor field expansion of second-order matrix in n=N+1-D [43]

2.1 Antisymmetric tensor field expansion of general matrix in even n=N+1-D

Def. 2.1.1.

X = 1
(0!)2F + 1

(1!)2F
a1γa1

+ 1
(2!)2F

a1a2γ[a1
γa2] + 1

(3!)2F
a1a2a3γ[a1

γa2
γa3] + · ·+ 1

(n!)2F
a1a2a3··anγ[a1

γa2
γa3
· ·γan]

F = 2−[
n
2 ]tr(X), Fa1 = 2−[

n
2 ]tr(γa1X)

Fa1a2 = −2−[
n
2 ]tr( 1

2!γ[a1
γa2]X), Fa1a2a3 = −2−[

n
2 ]tr( 1

3!γ[a1
γa2γa3]X)

Fa1a2a3a4 = 2−[
n
2 ]tr( 1

4!γ[a1
γa2γa3γa4]X), Fa1a2a3a4a5 = 2−[

n
2 ]tr( 1

5!γ[a1
γa2γa3γa4γa5]X)

· · ·Fa1a2··an = (−1)[(n%4)/2]2−[
n
2 ]tr( 1

n!γ[a1
γa2 · ·γan]X)

Def. 2.1.2.
Xλςµςης (x) =

n∑
i=0

1
(i!)2F

a1··ai |ης (x)(γ[a1
· ·γai])λςµς

Fa1··ai|ης (x) = (−1)[(i%4)/2] 2
−[
n
2 ]

i! (γ[a1
· ·γai])µςλςXλςµςης (x)

Def. 2.1.3.
even∑
i∈

1
(i!)2F

a1··ai |ης (x)(γ[a1
· ·γai]C)λςµς (C

+γ[c1 · ·γck])|ηςµςodd = 0

even∑
i∈

1
(i!)2 (γ[a1

· ·γai]C)(C+γ[c1 · ·γck])|oddF a1··ai(x) = 0

Def. 2.1.4.
Xλςµςηςξς (x) =

n∑
i,j=0

1
(i!j!)2F

a1··ai|b1··bj (x)(γ[a1
· ·γai])λςµς (γ[b1 · ·γbj ])ηςξς

Fa1··ai|b1··bj (x) = (−1)[(i%4)/2]+[(j%4)/2] 4
−[
n
2 ]

i!j! (γ[a1
· ·γai])µςλς (γ[b1 · ·γbj ])ξςηςXλςµςηςξς (x)

Def. 2.1.5.
even∑
i,j∈

1
(i!j!)2F

a1··ai|b1··bj (x)(γ[a1
· ·γai]C)λςµς (C

+γ[c1 · ·γck])|ηςµςodd (γ[b1 · ·γbj ]C)ηςξς = 0

even∑
i,j∈

1
(i!j!)2F

a1··ai|b1··bj (x)(γ[a1
· ·γai]C)(C+γ[c1 · ·γck])|odd(γ[b1 · ·γbj ]C) = 0

2.2 Antisymmetric tensor field expansion of general matrix in odd n=N+1-D

Def. 2.2.1.

X = 1
(0!)2F + 1

(1!)2F
a1γa1

+ 1
(2!)2F

a1a2γ[a1
γa2] + 1

(3!)2F
a1a2a3γ[a1

γa2
γa3] + · ·+ 1

{[n/2]!}2F
a1a2··a[n/2]]γ[a1

γa2
· ·γa[n/2]]

F = 2−[
n
2 ]tr(X), Fa1 = 2−[

n
2 ]tr(γa1X)

Fa1a2 = −2−[
n
2 ]tr( 1

2!γ[a1
γa2]X), Fa1a2a3 = −2−[

n
2 ]tr( 1

3!γ[a1
γa2γa3]X)

Fa1a2a3a4 = 2−[
n
2 ]tr( 1

4!γ[a1
γa2γa3γa4]X), Fa1a2a3a4a5 = 2−[

n
2 ]tr( 1

5!γ[a1
γa2γa3γa4γa5]X)

· · ·Fa1a2··a[n/2]
= (−1)[([

n
2 ]%4)/2]2−[

n
2 ]tr( 1

n!γ[a1
γa2 · ·γa[n/2]]X)

Def. 2.2.2.Xλςµςης (x) =
[n/2]∑
i=0

1
(i!)2F

a1··ai |ης (x)(γ[a1
· ·γai])λςµς

Fa1··ai|ης (x) = (−1)[(i%4)/2] 2
−[
n
2 ]

i! (γ[a1
· ·γai])µςλςXλςµςης (x)

Def. 2.2.3.
even∑
i∈

1
(i!)2F

a1··ai |ης (x)(γ[a1
· ·γai]C)λςµς (C

+γ[c1 · ·γck])|ηςµςodd = 0

even∑
i∈

1
(i!)2 (γ[a1

· ·γai]C)(C+γ[c1 · ·γck])|oddF a1··ai(x) = 0

Def. 2.2.4.
Xλςµςηςξς (x) =

[n/2]∑
i,j=0

1
(i!j!)2F

a1··ai|b1··bj (x)(γ[a1
· ·γai])λςµς (γ[b1 · ·γbj ])ηςξς

Fa1··ai|b1··bj (x) = (−1)[(i%4)/2]+[(j%4)/2] 4
−[
n
2 ]

i!j! (γ[a1
· ·γai])µςλς (γ[b1 · ·γbj ])ξςηςXλςµςηςξς (x)
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Def. 2.2.5.
even∑
i,j∈

1
(i!j!)2F

a1··ai|b1··bj (x)(γ[a1
· ·γai]C)λςµς (C

+γ[c1 · ·γck])|ηςµςodd (γ[b1 · ·γbj ]C)ηςξς = 0

even∑
i,j∈

1
(i!j!)2F

a1··ai|b1··bj (x)(γ[a1
· ·γai]C)(C+γ[c1 · ·γck])|odd(γ[b1 · ·γbj ]C) = 0

Self comment: The second-order Dirac tensor(spin-1) can be naturally decomposed into a set of anti-
symmetric tensors, so it concretely demonstrates spin-1 theory must be a gauge theory.
2.3 Symmetric matrix expansion in n=N+1 even dimensional space-time

Pro. 2.3.1. X(2) = { 1
(1!)2F

a1γa1 + 1
(2!)2F

a1a2γ[a1
γa2]}C

Pro. 2.3.2. X(4) = { 1
1!F

a1γa1
+ 1

(2!)2F
a1a2γ[a1

γa2]}C

Pro. 2.3.3. X(6) = { 1
0!F + 1

(3!)2F
a1a2a3γ[a1

γa2
γa3] + 1

(4!)2F
a1a2a3a4γ[a1

γa2
γa3

γa4]}C

Pro. 2.3.4.

X(8) = { 1
(0!)2F + 1

3!F
a1a2a3γ[a1

γa2
γa3] + 1

(4!)2F
a1··a4γ[a1

· ·γa4] + 1
(7!)2F

a1··a7γ[a1
· ·γa7] + 1

(8!)2F
a1··a8γ[a1

· ·γa8]}C

Pro. 2.3.5.

X(10) = { 1
(0!)2F + 1

2!F
a1a2γ[a1

γa2] + 1
(5!)2F

a1··a5γ[a1
· ·γa5] + 1

(6!)2F
a1··a6γ[a1

· ·γa6] + 1
(9!)2F

a1··a9γ[a1
· ·γa9]

+ 1
(10!)2F

a1··a10γ[a1
· ·γa10]}C

2.4 Antisymmetric matrix expansion in n=N+1 even dimensional space-time

Pro. 2.4.1. X(2) = 1
(0!)2FC

Pro. 2.4.2. X(4) = { 1
(0!)2F + 1

(3!)2F
a1··a3γ[a1

· ·γa3] + 1
(4!)2F

a1··a4γ[a1
· ·γa4]}C

Pro. 2.4.3. X(6) = { 1
(1!)2F

a1γa1
+ 1

(2!)2F
a1a2γ[a1

γa2] + 1
(5!)2F

a1··a5γ[a1
· ·γa5] + 1

(6!)2F
a1··a6γ[a1

· ·γa6]}C

Pro. 2.4.4. X(8) = { 1
(1!)2F

a1γa1
+ 1

(2!)2F
a1a2γ[a1

γa2] + 1
(5!)2F

a1··a5γ[a1
· ·γa5] + 1

(6!)2F
a1··a6γ[a1

· ·γa6]}C

Pro. 2.4.5. X(10) =
{ 1

1!F
a1γa1 + 1

(3!)2F
a1··a3γ[a1

· ·γa3] + 1
(4!)2F

a1··a4γ[a1
· ·γa4] + 1

(7!)2F
a1··a7γ[a1

· ·γa7] + 1
(8!)2F

a1··a8γ[a1
· ·γa8]}C

2.5 Symmetric matrix expansion in n=N+1 odd dimensional space-time

Pro. 2.5.1. X(3) = 1
(1!)2F

a1γa1
C

Pro. 2.5.2. X(5) = 1
(2!)2F

a1a2γ[a1
γa2]C

Pro. 2.5.3. X(7) = { 1
(0!)2F + 1

(3!)2F
a1a2a3γ[a1

γa2
γa3]}C

Pro. 2.5.4. X(9) = { 1
(0!)2F + 1

1!F
a1γa1 + 1

(4!)2F
a1a2a3a4γ[a1

γa2γa3γa4]}C

Pro. 2.5.5. X(11) = { 1
(1!)2F

a1γa1
+ 1

(2!)2F
a1a2γ[a1

γa2] + 1
(5!)2F

a1··a5γ[a1
· ·γa5]}C

2.6 Antisymmetric matrix expansion in n=N+1 odd dimensional space-time

Pro. 2.6.1. X(3) = 1
(0!)2FC

Pro. 2.6.2. X(5) = { 1
(0!)2F + 1

(1!)2F
a1γa1

}C

Pro. 2.6.3. X(7) = { 1
(1!)2F

aγa + 1
(2!)2F

abγ[aγb]}C

Pro. 2.6.4. X(9) = { 1
(2!)2F

a1a2γ[a1
γa2] + 1

(3!)2F
a1··a3γ[a1

· ·γa3]}C

Pro. 2.6.5. X(11) = { 1
(3!)2F

a1··a3γ[a1
· ·γa3] + 1

(4!)2F
a1··a4γ[a1

· ·γa4]}C

3 Common properties of basic antisymmetric tensor field in N+1 dimensional space-time

3.1 Antisymmetric tensor field without mass in N+1 dimensional space-time

Def. 3.1.1. ∂[a0Aa1··al] = 0, ∂a1A
a1··al = 0; ∂[a0F a1··al] = 0, ∂a1F

a1··al = 0

3.2 Antisymmetric tensor field with mass in N+1 dimensional space-time

Def. 3.2.1. 1
l!∂

[a0Aa1··al] +mF a0··al = 0, ∂a0
F a0··al +mAa1··al = 0

⇔ ∂a0
∂a0Aa1··al −m2Aa1··al = 0, ∂a1

Aa1··al = 0, F a0··al = − 1
(l+1)!m∂

[a0Aa1··al]
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3.3 Relations between dual bases of antisymmetric tensor field in N+1-D

Thm. 3.3.1. 1
l!γ[a1

· ·γal] = −(−1)(n−l−1)(n−l)/2i−[n/2]εa1··an
1

[(n−l)!]2 Γ0γ
[al+1 · ·γan],Γ0 := −i[n/2]γ1 · ·γn

Cor. 3.3.1.

{
1
l!γ[a1

· ·γal] = −i[n/2]+l[l+(−1)n]εa1··an
1

[(n−l)!]2 Γ0γ
[al+1 · ·γan],Γ0 := −i[n/2]γ1 · ·γn,Γ0|odd = 1

1
l!γ[a1

· ·γal] = −i[n/2]+l(l−1)εa1··an
1

[(n−l)!]2 γ
[al+1 · ·γan]Γ0,Γ0 := −i[n/2]γ1 · ·γn,Γ0|odd = 1

3.4 Equivalent dual representation of antisymmetric tensor field in N+1-D

Lem. 3.4.1. ∗Aa1··al = 1
(n−l)!ε

a1a2··anAal+1··an ⇔ Aal+1··an = 1
l!εa1a2··an∗Aa1··al = (−1)Nl∗∗Aal+1··an

Proof: ∗Aa1··al = 1
(n−l)!ε

a1a2··anAal+1··an
⇒ εa1··albl+1··bn∗Aa1··al

= εa1··albl+1··bn
1

(n−l)!ε
a1··alal+1··anAal+1··an

= l!
(n−l)!δ

[al+1

bl+1
· ·δan]

bn
Aal+1··an

= l!
(n−l)! (n− l)!δ

bl+1
al+1 · ·δbnanAal+1··an

= l!Abl+1··bn
⇒ Aal+1··an = 1

l!εa1a2··an∗Aa1··al = (−1)Nl∗∗Aal+1··an

Proof: Aal+1··an = (−1)Nl∗∗Aal+1··an = 1
l!εa1a2··an∗Aa1··al

⇒ εb1··blal+1··anAal+1··an
= εb1··blal+1··an 1

l!εa1a2··an∗Aa1··al

= (n−l)!
l! δb1[a1

· ·δblal]∗A
a1··al

= (n−l)!
l! l!δb1a1

· ·δblal∗A
a1··al

= (n− l)!∗Ab1··bl
⇒∗Aa1··al = 1

(n−l)!ε
a1a2··anAal+1··an

Thm. 3.4.1.
1
l!∂

[a0Aa1··al] +mF a0··al = 0

∗Aal+1··an = (−1)Nl

l! εa1··anA
a1··al

∗Fal+1··an−1 = (−1)N(l+1)

(l+1)! εa0··an−1
F a0··al

⇔


∂a0∗Aa0a1··an−l−1

+ (−1)n−l−1m∗Fa1··an−l−1
= 0

Aa1··al = (−1)Nl

(n−l)! ε
a1··an∗Aal+1··an

F a0··al = (−1)N(l+1)

(n−l−1)! ε
a0··an−1∗Fal+1··an−1

Proof: 1
l!∂

[a0Aa1··al] +mF a0··al = 0⇔ 1
(l+1)!εa0a1a2··an−1{ 1

l!∂
[a0Aa1··al] +mF a0··al} = 0

⇔ 1
l!εa0a1a2··an−1∂

a0Aa1··al + 1
(l+1)!εa0a1a2··an−1mF

a0··al = 0

⇔ (−1)Nl−l∂a0∗Aa0al+1··an−1 +m(−1)N(l+1)∗Fal+1··an−1 = 0
⇔ ∂a0∗Aa0al+1··an−1 − (−1)n−lm∗Fal+1··an−1 = 0
⇔ ∂a0∗Aa0a1··an−l−1

+ (−1)n−l−1m∗Fa1··an−l−1
= 0

Thm. 3.4.2.
∂a0

F a0··al +mAa1··al = 0

∗Aal+1··an = (−1)Nl

l! εa1··anA
a1··al

∗Fal+1··an−1 = (−1)N(l+1)

(l+1)! εa0··an−1F
a0··al

⇔


1

(n−l−1)!∂[a0
∗Fa1··an−l−1] + (−1)n−l−1m∗Aa0a1··an−l−1

= 0

Aa1··al = (−1)Nl

(n−l)! ε
a1··an∗Aal+1··an

F a0··al = (−1)N(l+1)

(n−l−1)! ε
a0··an−1∗Fal+1··an−1

Proof: ∂a0
F a0··al +mAa1··al = 0⇔ 1

l!εa1a2··an{∂a0
F a0a1··al +mAa1··al} = 0

⇔ 1
l!εa1a2··an{∂a0

(−1)N(l+1)

(n−l−1)! ε
a0a1··bl+1bn−1∗Fbl+1··bn−1

+mAa1··al} = 0

⇔ 1
l!εa1a2··an∂a0

(−1)Nl

(n−l−1)!ε
a1··bl+1bn−1a0∗Fbl+1··bn−1

+ (−1)Nlm∗Aal+1··an = 0

⇔ 1
(n−l−1)!δ

bl+1

[al+1
· ·δbn−1

an−1δ
a0

an]∂a0
∗Fbl+1··bn−1

+m∗Aal+1··an = 0

⇔ 1
(n−l−1)!∂[an∗Fal+1··an−1] +m∗Aal+1··an = 0

⇔ 1
(n−l−1)!∂[a0

∗Fa1··an−l−1] + (−1)n−l−1m∗Aa0a1··an−l−1
= 0

Cor. 3.4.1.{
1
l!∂

[a0Aa1··al] +mF a0··al = 0

∂a0
F a0··al +mAa1··al = 0

⇔

{
∂a0
∗Aa0a1··an−l−1 + (−1)n−l−1m∗F a1··an−l−1 = 0
1

(n−l−1)!∂
[a0∗F a1··an−l−1] + (−1)n−l−1m∗Aa0a1··an−l−1 = 0

Cor. 3.4.2.{
1
l!∂

[a0Aa1··al] +mF a0··al = 0

∂a0F
a0··al +mAa1··al = 0

⇔

{
∂a0∗Aa0a1··an−l−1 + (−1)n−l−1m∗F a1··an−l−1 = 0

∂a0F
a0··al +mAa1··al = 0
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Cor. 3.4.3.{
1
l!∂

[a0Aa1··al] +mF a0··al = 0

∂a0
F a0··al +mAa1··al = 0

⇔

{
1
l!∂

[a0Aa1··al] +mF a0··al = 0
1

(n−l−1)!∂
[a0∗F a1··an−l−1] + (−1)n−l−1m∗Aa0a1··an−l−1 = 0

Cor. 3.4.4.{
∂[a0F a1··al] = 0

∂a1
F a1··al = 0

⇔

{
∂a1
∗F a1··an−l = 0

∂[a0∗F a1··an−l] = 0
⇔

{
∂a1
∗F a1··an−l = 0

∂a1
F a1··al = 0

⇔

{
∂[a0F a1··al] = 0

∂[a0∗F a1··an−l] = 0

3.5 B-W equation derives basic antisymmetric tensor field in even n=N+1-D

Lem. 3.5.1. (γa∂a +m){ 1
(l!)2F

a1··alγ[a1
· ·γal] + 1

[(l+1)!]2F
a1··al+1γ[a1

· ·γal+1]}C = 0

⇔

{
1
l!∂

[a0F a1··al] +mF a0a1··al = 0, ∂a1
F a1··al = 0

∂[a0F a1··al+1] = 0, ∂a0
F a0a1··al +mF a1··al = 0

; 1 ≤ l ≤ n− 1

Proof: (γa∂a +m){ 1
(l!)2F

a1··alγ[a1
· ·γal] + 1

[(l+1)!]2F
a1··al+1γ[a1

· ·γal+1]} = 0; 1 ≤ l ≤ n− 1

⇔ (γa0
∂a0 +m){ 1

l!F
a1··alγa1

· ·γal + 1
(l+1)!F

a1··al+1γa1
· ·γal+1

} = 0

⇔ { 1
(l+1)!γ[a0

γa1 · ·γal] + 1
(l−1)! (δa0a1γ[a2

· ·γal] + ··) + ··}∂a0 1
l!F

a1··al +m 1
(l+1)!F

a1··al+1γa1 · ·γal+1

+ { 1
(l+2)!γ[a0

γa1 · ·γal+1] + 1
l! (δa0a1γ[a2

· ·γal+1] + ··) + ··}∂a0 1
(l+1)!F

a1··al+1 +m 1
l!F

a1··alγa1 · ·γal = 0

⇔ { 1
(l+1)!γ[a0

γa1
· ·γal] + l

(l−1)!δa0a1
γ[a2
· ·γal]}∂a0 1

l!F
a1··al + 1

(l+1)!m
1

(l+1)!F
a1··al+1γ[a1

· ·γal+1]

+ { 1
(l+2)!γ[a0

γa1
· ·γal+1] + l+1

l! δa0a1
γ[a2
· ·γal+1]}∂a0 1

(l+1)!F
a1··al+1 + 1

l!m
1
l!F

a1··alγ[a1
· ·γal] = 0

⇔

{
1

(l+1)!∂
[a0 1

l!F
a1··al] +m 1

(l+1)!F
a0a1··al = 0, ∂a1

1
l!F

a1··al = 0

∂[a0 1
(l+1)!F

a1··al+1] = 0, ∂a0

1
(l+1)!F

a0a1··al + 1
l+1m

1
l!F

a1··al = 0

⇔

{
1
l!∂

[a0F a1··al] +mF a0a1··al = 0, ∂a1
F a1··al = 0

∂[a0F a1··al+1] = 0, ∂a0
F a0a1··al +mF a1··al = 0

; 1 ≤ l ≤ n− 1

Lem. 3.5.2. (γa∂a +m){ 1
(0!)2F + 1

(1!)2F
a1γa1}C = 0⇔

{
1
0!∂

a0F +mF a0 = 0

∂[a0F a1] = 0, ∂a0
F a0 +mF = 0

; l = 0

Proof: (γa∂a +m){ 1
(0!)2F + 1

(1!)2F
a1γa1

}C
⇔ (γa0

∂a0 +m){ 1
0!F + 1

1!F
a1γa1

} = 0
⇔ 1

1!γa0∂
a0 1

0!F +m 1
1!F

a1γa1 + { 1
2!γ[a0

γa1] + 1
0!δa0a1}∂a0 1

1!F
a1 +m 1

0!F = 0

⇔

{
1
1!∂

a0 1
0!F +m 1

1!F
a0 = 0

∂[a0 1
1!F

a1] = 0, ∂a0

1
1!F

a0 + 1
1m

1
0!F = 0

⇔

{
1
0!∂

a0F +mF a0 = 0

∂[a0F a1] = 0, ∂a0
F a0 +mF = 0

; l = 0

Lem. 3.5.3. (γa∂a +m){ 1
(n!)2F

a1··anγ[a1
· ·γan]}C = 0⇔

{
∂[a0F a1··an] = 0, ∂a1

F a1··an = 0

mF a1··an = 0
; l = n

Proof: (γa∂a +m){ 1
(n!)2F

a1··anγ[a1
· ·γan]}C = 0; l = n

⇔ (γa0
∂a0 +m){ 1

n!F
a1··anγa1 · ·γan} = 0

⇔ { 1
(n+1)!γ[a0

γa1
· ·γan] + 1

(n−1)! (δa0a1
γ[a2
· ·γan] + ··) + ··}∂a0 1

n!F
a1··an +m 1

n!F
a1··anγa1

· ·γan = 0

⇔ { 1
(n+1)!γ[a0

γa1
· ·γan] + n

(n−1)!δa0a1
γ[a2
· ·γan]}∂a0 1

n!F
a1··an + 1

n!m
1
n!F

a1··anγ[a1
· ·γan] = 0

⇔

{
1

(n+1)!∂
[a0 1

n!F
a1··an] = 0, ∂a1

1
n!F

a1··an = 0
1

n+1m
1
n!F

a1··an = 0

⇔

{
∂[a0F a1··an] = 0, ∂a1

F a1··an = 0

mF a1··an = 0
; l = n

3.6 Properties of basic antisymmetric tensor field in n=N+1 even dimensional space-time

Cor. 3.6.1. 1
l!γ[a1

· ·γal] = −i[n/2]+l(l+1)εa1··an
1

[(n−l)!]2 Γ0γ
[al+1 · ·γan]

Thm. 3.6.1. (γa∂a +m){ 1
(l!)2F

a1··alγ[a1
· ·γal] + 1

[(l+1)!]2F
a1··al+1γ[a1

· ·γal+1]}C = 0

⇔

{
1
l!∂

[a0F a1··al] +mF a0a1··al = 0, ∂a1
F a1··al = 0

∂[a0F a1··al+1] = 0, ∂a0
F a0a1··al +mF a1··al = 0
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Cor. 3.6.2. γa∂a{ 1
(l!)2F

a1··alγ[a1
· ·γal] + 1

[(l+1)!]2F
a1··al+1γ[a1

· ·γal+1]}C = 0

⇔

{
∂[a0F a1··al] = 0, ∂a1

F a1··al = 0

∂[a0F a1··al+1] = 0, ∂a0
F a0a1··al = 0

Cor. 3.6.3. (γa∂a +m){ 1
(l!)2F

a1··alγ[a1
· ·γal] + 1

[(l+1)!]2F
a1··al+1γ[a1

· ·γal+1]}C = 0,m 6= 0

⇔

{
1
l!∂

[a0F a1··al] +mF a0a1··al = 0

∂a0
F a0a1··al +mF a1··al = 0

⇔

{
∂a0

∂a0F a1··al −m2F a1··al = 0, ∂a1
F a1··al = 0

F a0a1··al = − 1
l!m∂

[a0F a1··al]

Cor. 3.6.4.{
1
l!∂

[a0F a1··al] +mF a0a1··al = 0

∂a0
F a0a1··al +mF a1··al = 0

⇔

{
1

(n−l−1)!∂
[a0∗F a1··an−l−1] + (−1)n−l−1m∗F a0a1··an−l−1 = 0

∂a0
∗F a0a1··an−l−1 + (−1)n−l−1m∗F a1··an−l−1 = 0

3.7 Properties of basic antisymmetric tensor field in n=N+1 odd dimensional space-time

Cor. 3.7.1. 1
l!γ[a1

· ·γal] = −i[n/2]+l(l−1)εa1··an
1

[(n−l)!]2 γ
[al+1 · ·γan]

Cor. 3.7.2. 1

([
n
2 ]+1)!

γ[a1
· ·γa[n/2]+1] = −(−i)[

n
2 ]%2εa1··an

1

([
n
2 ]!)2

γ[a[n/2]+2 · ·γan]

Thm. 3.7.1. (γa∂a +m){ 1
(l!)2F

a1··alγ[a1
· ·γal] + 1

[(l+1)!]2F
a1··al+1γ[a1

· ·γal+1]}C = 0

⇔

{
1
l!∂

[a0F a1··al] +mF a0a1··al = 0, ∂a1
F a1··al = 0

∂[a0F a1··al+1] = 0, ∂a0
F a0a1··al +mF a1··al = 0

; l ≤ [n2 ]− 2

Lem. 3.7.1. (γa0
∂a0 +m){ 1

([
n
2 ]!)2

F a1··a[n/2]γ[a1
· ·γa[n/2]]}C = 0

⇔ 1

[
n
2 ]!
εa1··an∂a[n/2]+1

Fa[n/2]+2··an − i
[
n
2 ]%2mF a1··a[n/2] = 0, ∂a1F

a1··a[n/2] = 0

Proof: (γa0∂
a0 +m){ 1

([
n
2 ]!)2

F a1··a[n/2]γ[a1
· ·γa[n/2]]}C = 0

⇔ (γa0∂
a0 +m){ 1

([
n
2 ]!)2

F a1··a[n/2]γ[a1
· ·γa[n/2]]} = 0

⇔ (γa0∂
a0 +m){F a1··a[n/2]γa1 · ·γa[n/2]

} = 0
⇔ γa0

γa1
· ·γa[n/2]

∂a0F a1··a[n/2] +mF a1··a[n/2]γa1
· ·γa[n/2]

= 0

⇔ { 1
([n/2]+1)!γ[a0

γa1 · ·γa[n/2]] + 1
([n/2]−1)! (δa0a1γ[a2

· ·γa[n/2]] + ··) + ··}∂a0F a1··a[n/2] +mF a1··a[n/2]γa1 · ·γa[n/2]
= 0

⇔ 1

([
n
2 ]+1)!

γ[a0
γa1
· ·γa[n/2]]∂

a0F a1··a[n/2] +
[
n
2 ]

([
n
2 ]−1)!

δa0a1
γ[a2
· ·γa[n/2]]∂

a0F a1··a[n/2] +mF a1··a[n/2]γa1
· ·γa[n/2]

= 0

⇔ −(−i)[
n
2 ]%2εa0··an−1 1

([
n
2 ]!)2

γ[a[n/2]+1
· ·γan−1]∂a0

Fa1··a[n/2]

+
[
n
2 ]

([
n
2 ]−1)!

δa0a1γ[a2
· ·γa[n/2]]∂

a0F a1··a[n/2] + 1

[
n
2 ]!
mF a[n/2]+1··an−1γ[a[n/2]+1

· ·γan−1] = 0

⇔ 1

[
n
2 ]!
εa0··an−1∂a0Fa1··a[n/2]

− i[
n
2 ]%2mF a[n/2]+1··an−1 = 0, ∂a1F

a1··a[n/2] = 0

⇔ 1

[
n
2 ]!
εa1··an∂a[n/2]+1

Fa[n/2]+2··an − i
[
n
2 ]%2mF a1··a[n/2] = 0, ∂a1

F a1··a[n/2] = 0

Cor. 3.7.3.

γa0
∂a0{ 1

([
n
2 ]!)2

F a1··a[n/2]γ[a1
· ·γa[n/2]]}C = 0⇔ εa1··an∂a[n/2]+1

Fa[n/2]+2··an = 0, ∂a1
F a1··a[n/2] = 0

Cor. 3.7.4. (γa0
∂a0 +m){ 1

([
n
2 ]!)2

F a1··a[n/2]γ[a1
· ·γa[n/2]]}C = 0,m 6= 0

⇔ 1

[
n
2 ]!
εa1··an∂a[n/2]+1

Fa[n/2]+2··an − i
[
n
2 ]%2mF a1··a[n/2] = 0

Cor. 3.7.5. 1

[
n
2 ]!
εa1··an∂a[n/2]+1

Fa[n/2]+2··an − i
[
n
2 ]%2mF a1··a[n/2] = 0

⇔ ∂a0
∗F a0··a[n/2] − (−i)[

n
2 ]%2mF a1··a[n/2] = 0⇔ 1

[
n
2 ]!
∂[a0

Fa1··a[n/2]] − i
[
n
2 ]%2m∗Fa0··a[n/2]

= 0
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4 Covariant commutation rules for basic antisymmetric tensor field in N+1-D

4.1 Derive commutation rules for basic antisymmetric tensor field from B-W equation

Ass. 4.1.1.

C̄(n) = C+(n), C+(n) = (−1)[
n
4 ]C(n), CT (n) = (−1)[

n+2
4 ]C(n)

[γa(n)C(n)]T = (−1)[
n−1

4 ][γa(n)C(n)], [C+(n)γa(n)]T = (−1)[
n−1

4 ][C+(n)γa(n)]

γT0 (n) = γ0(n), n ≥ 3; γT0 (2) = −γ0(2)

C(n)γT0 (n)C+(n) = (−1)ξ(n)γT0 (n), C(n)γT0 (n)γTa (n)C+(n) = (−1)ξ(n)+η(n)γT0 (n)γa(n)

(−1)ξ(n) = (−1)η(n) := (−1)[
n−1

4 ](−1)[
n+2

4 ], n ≥ 3

(−1)ξ(n)+1 = (−1)η(n) := (−1)[
n−1

4 ](−1)[
n+2

4 ], n ≥ 3

Thm. 4.1.1. [Fa1a2··al(x), F+
a′1a
′
2··a′l

(x′)] = −i (−1)δ2,n

2
[
n
2 ]

{
1

(l+1)!η
[a1

[a′1
ηa2

a′2
· ·ηala′lη

a]
a′]∂a∂

+a′∆(x− x′), (−1)η(n)+l = 1

− 1
(l−1)!η

[a1

[a′1
· ·ηal−1

a′l−1
∂al]∂a′l]∆(x− x′), (−1)η(n)+l = −1

Proof: [Fa1a2··al(x), F+
a′1a
′
2··a′l

(x′)]

= 4
−[
n
2 ]

(l!)2 (C+γ[a1
γa2 · ·γal])µλ(C+γ[a′1

γa′2 · ·γa′l])
∗µ′λ′ [ψλµ(x), ψ+

λ′µ′(x
′)]

= 4
−[
n
2 ]

(l!)2 (C+γ[a1
γa2
· ·γal])µλ(C+γ[a′1

γa′2 · ·γa′l])
+λ′µ′ [ψλµ(x), ψ+

λ′µ′(x
′)]

= 4
−[
n
2 ]

(l!)2 (C+γ[a1
γa2
· ·γal])µλ(γ[a′l

· ·γa′2γa′1]C)λ
′µ′ [ψλµ(x), ψ+

λ′µ′(x
′)]

= 4
−[
n
2 ]

(l!)2 i
l(l−1)(C+γ[a1

γa2 · ·γal])µλ(γ[a′1
γa′2 · ·γa′l]C)λ

′µ′ [ψλµ(x), ψ+
λ′µ′(x

′)]

= i 4
−[
n
2 ]

2(l!)2 i
l(l−1)(C+γ[a1

γa2 · ·γal])µλ(γ[a′1
γa′2 · ·γa′l]C)λ

′µ′ [(m− γa∂a)γ0]λλ′ [(m− γb∂b)γ0]µµ′∆(x− x′)

= i 4
−[
n
2 ]

2(l!)2 i
l(l−1)(C+γ[a1

γa2
· ·γal])µλ[(m− γa∂a)γ0]λλ′(γ[a′1

γa′2 · ·γa′l]C)λ
′µ′ [(m− γb∂b)γ0]Tµ′µ∆(x− x′)

= i 4
−[
n
2 ]

2(l!)2 i
l(l−1)tr{C+γ[a1

γa2
· ·γal][(m− γa∂a)γ0]γ[a′1

γa′2 · ·γa′l]C[(m− γb∂b)γ0]T }∆(x− x′)

= i 4
−[
n
2 ]

2(l!)2 i
l(l−1)tr{γ[a1

γa2 · ·γal][(m− γa∂a)γ0]λλ′γ[a′1
γa′2 · ·γa′l]C[(m− γb∂b)γ0]TC+}∆(x− x′)

= i 4
−[
n
2 ]

2(l!)2 i
l(l−1)(−1)ξ(n)tr{γ[a1

γa2
· ·γal][(m− γa∂a)γ0]γ[a′1

γa′2 · ·γa′l][γ
0(m− (−1)η(n)γb∂b)]}∆(x− x′)

= i 4
−[
n
2 ]

2(l!)2 i
l(l−1)(−1)ξ(n)tr{γ[a1

γa2
· ·γal][(m− γa∂a)γ0]γ[a′1

γa′2 · ·γa′l][(m+ (−1)η(n)γb∂+
b )γ0]}∆(x− x′)

= i 4
−[
n
2 ]

2(l!)2 i
l(l−1)(−1)ξ(n)

{tr(m2γ[a1
γa2
· ·γal]γ0γ[a′1

γa′2 · ·γa′l]γ
0)− (−1)η(n)tr(γ[a1

γa2
· ·γal]γaγ0γ[a′1

γa′2 · ·γa′l]γa′γ0)∂a∂+a′}∆(x− x′)

= i 4
−[
n
2 ]

2(l!)2 i
l(l−1)(−1)ξ(n){il(l+1)2[

n
2 ](l!)2m2 1

l!η
[a1

[a′1
ηa2

a′2
· ·ηal]a′l]

− (−1)η(n)i(l+1)(l+2)2[
n
2 ](l!)2{ 1

(l+1)!η
[a1

[a′1
ηa2

a′2
· ·ηala′lη

a]
a′] −

1
(l−1)!η

[a1

[a′1
· ·ηal−1

a′l−1
δal]aδa′l]a′}∂a∂

+a′}∆(x− x′)

= i2−[
n
2 ]−1i2l

2

(−1)ξ(n)

{ 1
l!η

[a1

[a′1
ηa2

a′2
· ·ηal]a′l]

m2 + (−1)η(n)+l{ 1
(l+1)!η

[a1

[a′1
ηa2

a′2
· ·ηala′lη

a]
a′] −

1
(l−1)!η

[a1

[a′1
· ·ηal−1

a′l−1
δal]aδa′l]a′}∂a∂

+a′}∆(x− x′)

= i2−[
n
2 ](−1)ξ(n)+l

{ 1+(−1)η(n)+l

2
1
l!η

[a1

[a′1
ηa2

a′2
· ·ηal]a′l]

m2 − (−1)η(n)+l 1
(l−1)!η

[a1

[a′1
· ·ηal−1

a′l−1
∂al]∂a′l]}∆(x− x′)

= i (−1)ξ(n)+l

2
[
n
2 ]

{
1

(l+1)!η
[a1

[a′1
ηa2

a′2
· ·ηala′lη

a]
a′]∂a∂

+a′∆(x− x′), (−1)η(n)+l = 1
1

(l−1)!η
[a1

[a′1
· ·ηal−1

a′l−1
∂al]∂a′l]∆(x− x′), (−1)η(n)+l = −1

= −i (−1)δ2,n

2
[
n
2 ]

{
1

(l+1)!η
[a1

[a′1
ηa2

a′2
· ·ηala′lη

a]
a′]∂a∂

+a′∆(x− x′), (−1)η(n)+l = 1

− 1
(l−1)!η

[a1

[a′1
· ·ηal−1

a′l−1
∂al]∂a′l]∆(x− x′), (−1)η(n)+l = −1

4.2 Conjecture on commutation rules for basic antisymmetric tensor field in n=N+1-D

Def. 4.2.1. 1
l!∂

[a0Aa1··al] +mF a0··al = 0, ∂a0
F a0··al +mAa1··al = 0

⇔ ∂a0
∂a0Aa1··al −m2Aa1··al = 0, ∂a1

Aa1··al = 0, F a0··al = − 1
(l+1)!m∂

[a0Aa1··al]

Cor. 4.2.1.{
1
l!∂

[a0Aa1··al] +mF a0a1··al = 0

∂a0
F a0a1··al +mAa1··al = 0

⇔

{
1

(n−l−1)!∂
[a0∗F a1··an−l−1] + (−1)n−l−1m∗Aa0a1··an−l−1 = 0

∂a0∗Aa0a1··an−l−1 + (−1)n−l−1m∗F a1··an−l−1 = 0
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Lem. 4.2.1. 1
(l+1)!η[a1〈a′1ηa2a′2

· ·ηal−1a′l−1
ηala′lηal+1]a′l+1〉∂

al+1∂+a′l+1∆(x− x′)
= { 1

l!η[a1〈a′1ηa2a′2
· ·ηal−1a′l−1

ηal]a′l〉m
2 − 1

(l−1)!η[a1〈a′1ηa2a′2
· ·ηal−1a′l−1

∂al]∂
+
a′l〉
}∆(x− x′)

Ass. 4.2.1.[Aa1··al(x), A+
a′1··a′l

(x′)] = i 2
−[
n
2 ]

(l+1)!η
[a1

[a′1
· ·ηala′lη

a]
a′]∂a∂

+a′∆(x− x′)

[Fa0a1··al(x), F+
a′0a
′
1··a′l

(x′)] = −i 2
−[
n
2 ]

l! η
[a0

[a′0
· ·ηal−1

a′l−1
∂al]∂a′l]∆(x− x′)

[⇔][∗Aa0··an−l−1
(x),∗A+

a′0··a′n−l−1
(x′)] = −i 2

−[
n
2 ]

(n−l−1)!η
[a0

[a′0
· ·ηan−l−2

a′n−l−2
∂an−l−1]∂a′n−l−1]∆(x− x′)

[∗Fa1··an−l−1
(x),∗F+

a′1··a′n−l−1
(x′)] = i 2

−[
n
2 ]

(n−l)!η
[a1

[a′1
· ·ηan−l−1

a′n−l−1
η
a]
a′]∂a∂

+a′∆(x− x′)

5 Full coupling antisymmetric tensor field set

5.1 B-W general vector field equation in n=N+1 even dimensional space-time

Def. 5.1.1.

X = 1
(0!)2F + 1

(1!)2F
a1γa1 + 1

(2!)2F
a1a2γ[a1

γa2] + 1
(3!)2F

a1a2a3γ[a1
γa2γa3] + · ·+ 1

(n!)2F
a1a2a3··anγ[a1

γa2γa3 · ·γan]
F = 2−[

n
2 ]tr(X), Fa1

= 2−[
n
2 ]tr(γa1

X)

Fa1a2
= −2−[

n
2 ]tr( 1

2!γ[a1
γa2]X), Fa1a2a3

= −2−[
n
2 ]tr( 1

3!γ[a1
γa2

γa3]X)

Fa1a2a3a4
= 2−[

n
2 ]tr( 1

4!γ[a1
γa2

γa3
γa4]X), Fa1a2a3a4a5

= 2−[
n
2 ]tr( 1

5!γ[a1
γa2

γa3
γa4

γa5]X)

· · ·Fa1a2··an = (−1)[(n%4)/2]2−[
n
2 ]tr( 1

n!γ[a1
γa2
· ·γan]X)

Thm. 5.1.1. (γa∂
a +m)ψ(x) = 0⇔

mF + ∂a0
F a0 = 0, 1

0!∂
a1F +mF a1 + ∂a0

F a0a1 = 0, 1
1!∂

[a1F a2] +mF a1a2 + ∂a0
F a0a1a2 = 0

1
2!∂

[a1F a2a3] +mF a1a2a3 + ∂a0
F a0a1a2a3 = 0, · · · , 1

(n−2)!∂
[a1F a2··an−1] +mF a1··an−1 + ∂a0

F a0a1··an−1 = 0
1

(n−1)!∂
[a1F a2··an] +mF a1··an = 0, 1

n!∂
[a0F a1··an] = 0

Proof:

(γa∂
a +m)ψ(x) = 0⇔

{
(γa∂

a +m)ψ(x) = 0

X = { 1
(0!)2F + 1

(1!)2F
a1γa1 + 1

(2!)2F
a1a2γ[a1

γa2] + · ·+ 1
(n!)2F

a1··anγ[a1
· ·γan]}C

⇔
(γa0∂

a0 +m){ 1
(0!)2F + 1

(1!)2F
a1γa1

+ 1
(2!)2F

a1a2γ[a1
γa2] + · ·+ 1

(n!)2F
a1··anγ[a1

· ·γan]}C = 0
⇔
(γa0∂

a0 +m){ 1
0!F + 1

1!F
a1γa1 + 1

2!F
a1a2γa1γa2 + · ·+ 1

n!F
a1··anγa1 · ·γan} = 0

⇔
∂a0{ 1

0!γa0
F + 1

1!F
a1γa0

γa1
+ 1

2!F
a1a2γa0

γa1
γa2

+ · ·+ 1
n!F

a1··anγa0
γa1
· ·γan}

+m{ 1
0!F + 1

1!F
a1γa1

+ 1
2!F

a1a2γa1
γa2

+ · ·+ 1
n!F

a1··anγa1
· ·γan} = 0

⇔
{ 1

0!γa0∂
a0F + 1

1!∂
a0F a1( 1

2!γ[a0
γa1] + 1

0!δa0a1) + 1
2!∂

a0F a1a2( 1
3!γ[a0

γa1γa2] + 1
1!δa0[a1

γa2])

+ 1
3!∂

a0F a1··a3( 1
4!γ[a0

γa1
· ·γa3] + 1

2!δa0[a1
γa2
· ·γa3])

+ 1
4!∂

a0F a1··a4( 1
5!γ[a0

γa1
· ·γa4] + 1

3!δa0[a1
γa2
· ·γa4])

+ · ·+ 1
n!∂

a0F a1··an( 1
(n+1)!γ[a0

γa1
· ·γan] + 1

(n−1)!δa0[a1
γa2
· ·γan])}

+m{ 1
(0!)2F + 1

(1!)2F
a0γa0

+ 1
(2!)2F

a0a1γ[a0
γa1] + · ·+ 1

(n!)2F
a0··an−1γ[a0

· ·γan−1]} = 0
⇔
mF + ∂a0

F a0 = 0
1
0!∂

a1F +mF a1 + ∂a0
F a0a1 = 0

1
1!∂

[a1F a2] +mF a1a2 + ∂a0
F a0a1a2 = 0

1
2!∂

[a1F a2a3] +mF a1a2a3 + ∂a0F
a0a1a2a3 = 0

1
3!∂

[a1F a2··a4] +mF a1··a4 + ∂a0
F a0a1··a4 = 0

· · ·
1

(n−3)!∂
[a1F a2··an−2] +mF a1··an−2 + ∂a0

F a0a1··an−2 = 0
1

(n−2)!∂
[a1F a2··an−1] +mF a1··an−1 + ∂a0

F a0a1··an−1 = 0
1

(n−1)!∂
[a1F a2··an] +mF a1··an = 0

1
n!∂

[a0F a1··an] ≡ 0

Cor. 5.1.1. γa∂
aψ(x) = 0⇔


∂a0

F a0 = 0, 1
0!∂

a1F + ∂a0
F a0a1 = 0, 1

1!∂
[a1F a2] + ∂a0

F a0a1a2 = 0
1
2!∂

[a1F a2a3] + ∂a0
F a0a1a2a3 = 0, · · · , 1

(n−2)!∂
[a1F a2··an−1] + ∂a0

F a0a1··an−1 = 0
1

(n−1)!∂
[a1F a2··an] = 0, 1

n!∂
[a0F a1··an] = 0
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5.2 Commutation rules for full coupling antisymmetric tensor field

Lem. 5.2.1. 1
(l+1)!η[a1〈a′1ηa2a′2

· ·ηal−1a′l−1
ηala′lηal+1]a′l+1〉∂

al+1∂+a′l+1∆(x− x′)
= { 1

l!η[a1〈a′1ηa2a′2
· ·ηal−1a′l−1

ηal]a′l〉m
2 − 1

(l−1)!η[a1〈a′1ηa2a′2
· ·ηal−1a′l−1

∂al]∂
+
a′l〉
}∆(x− x′)

Ass. 5.2.1.
[F a1a2··al(x), F+

a′1a
′
2··a′l

(x′)] = −i (−1)δ2,n

2
[
n
2 ]+1

{ 1
(l+1)!η

[a1

[a′1
ηa2

a′2
· ·ηala′lη

a]
a′]∂a∂

+a′ − 1
(l−1)!η

[a1

[a′1
· ·ηal−1

a′l−1
∂al]∂a′l]}∆(x− x′)

[F a1a2··al(x), F+
a′1a
′
2··a′l

(x′)] = −i (−1)δ2,n

2
[
n
2 ]+1

{ 1
l!η

[a1

[a′1
ηa2

a′2
· ·ηal]a′l]

m2 − 2
(l−1)!η

[a1

[a′1
· ·ηal−1

a′l−1
∂al]∂a′l]}∆(x− x′)

5.3 Relations between antisymmetric tensor field basis and B-W basis in even n=N+1-D

Def. 5.3.1.
u(~p, h)uT (~p, h′) =

n∑
l=0

1
(l!)2Ua1··al(~p;h, h

′)γ[a1 · ·γal]C, v(~p, h)vT (~p, h′) =
n∑
l=0

1
(l!)2Va1··al(~p;h, h

′)γ[a1 · ·γal]C

u(~p, h)vT (~p, h′) =
n∑
l=0

1
(l!)2Xa1··al(~p;h, h

′)γ[a1 · ·γal]C, v(~p, h)uT (~p, h′) =
n∑
l=0

1
(l!)2Ya1··al(~p;h, h

′)γ[a1 · ·γal]C

h, h′ = 1, ··, 2[
N−1

2 ]

⇔u(~p, h)uT (~p, h′) =
n∑
l=0

1
l!Ua1··al(~p;h, h

′) 1
l!γ

[a1 · ·γal];h, h′ = −2[
N−1

2 ], ··,−1, 1, ··, 2[
N−1

2 ]

Ua1a2··al(~p;h, h
′) = (−1)[(l%4)/2]2−[

n
2 ]uT (~p, h′) 1

l!C
+γ[a1

· ·γal]u(~p, h)

Def. 5.3.2.
1
l!γ

[a1 · ·γal] = m2

E2

∑
h,h′

W a1··al(~p;h, h′)u(~p, h)uT (~p, h′);h, h′ = −2[
N−1

2 ], ··,−1, 1, ··, 2[
N−1

2 ]

W a1··al(~p;h, h′) = u+(~p, h) 1
l!γ

[a1 · ·γal]u∗(~p, h′)

Cor. 5.3.1.
u(~p, h)uT (~p, h′) = m2

E2

n∑
l=0

∑
h′′,h′′′

1
l!Ua1··al(~p;h, h

′)W a1··al(~p;h′′, h′′′)u(~p, h′′)uT (~p, h′′′)

n∑
l=0

1
l!Ua1··al(~p;h, h

′)W a1··al(~p;h, h′) = 1

Cor. 5.3.2.
1
l!γ

[a1 · ·γal] = m2

E2

n∑
l=0

∑
h,h′

1
l!W

a1··al(~p;h, h′)Ua′1··a′l(~p;h, h
′) 1
l!γ

[a′1 · ·γa′l]

m2

E2

∑
h,h′

W a1··al(~p;h, h′)Ua1··al(~p;h, h
′) = 1

5.4 Conjecture of commutation rules for antisymmetric tensor field without mass in N+1-D

Ass. 5.4.1. ∂[a0
Fa1··al] = 0, ∂a1Fa1··al = 0, Fa1··al = 1

l!F[a1··al]

⇒ [F a1a2··al(x), F+
a′1a
′
2··a′l

(x′)] =?− i 1

2
[
n
2 ]

1
(l−1)!η

[a1

[a′1
· ·ηal−1

a′l−1
∂al]∂a′l]∆(x− x′)

6 B-W vector field equation in even dimensional space-time

6.1 Symmetric B-W vector field equation in two dimensional space-time

Lem. 6.1.1.

{
(γa∂a +m)X(2) = 0

X(2) = { 1
(1!)2F

aγa + 1
(2!)2F

abγ[aγb]}C
⇔

{
∂[aF b] +mF ab = 0, ∂aF

a = 0

∂[aF bc] = 0, ∂aF
ab +mF b = 0

Proof: (γa∂a +m)X(2) = 0, X(2) = { 1
(1!)2F

aγa + 1
(2!)2F

abγ[aγb]}C
⇔ (γa∂

a +m){ 1
(1!)2F

bγb + 1
(2!)2F

bcγ[bγc]}C = 0

⇔ (γa∂
a +m){ 1

1!F
bγb + 1

2!F
bcγbγc} = 0

⇔ γaγb∂
a 1

1!F
b + γaγbγc∂

a 1
2!F

bc +m 1
1!F

bγb +m 1
2!F

bcγbγc = 0
⇔ { 1

2!γ[aγb] + δab}∂a 1
1!F

b +m 1
2!F

bcγbγc + { 1
3!γ[aγbγc] + (δa[bγc] + γaδbc)}∂a 1

2!F
bc +m 1

1!F
bγb = 0

⇔ 1
2!γ[aγb]∂

a 1
1!F

b + δab∂
a 1

1!F
b +m 1

2!F
bcγbγc + 1

3!γ[aγbγc]∂
a 1

2!F
bc + 2

1!δabγc∂
a 1

2!F
bc +m 1

1!F
bγb = 0

⇔ 1
2!γ[aγb]∂

a 1
1!F

b + ∂a
1
1!F

a + 1
2!m

1
2!F

abγ[aγb] + 1
3!γ[aγbγc]∂

a 1
2!F

bc + 2
1!γb∂a

1
2!F

ab +m 1
1!F

bγb = 0

⇔

{
1
2!∂

[a 1
1!F

b] +m 1
2!F

ab = 0, ∂a
1
1!F

a = 0

∂[a 1
2!F

bc] = 0, ∂a
1
2!F

ab + 1
2m

1
1!F

b = 0

⇔

{
∂[aF b] +mF ab = 0, ∂aF

a = 0

∂[aF bc] = 0, ∂aF
ab +mF b = 0
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Cor. 6.1.1.

{
γa∂aX(2) = 0

X(2) = { 1
(1!)2F

aγa + 1
(2!)2F

abγ[aγb]}C
⇔

{
∂[aF b] = 0, ∂aF

a = 0

∂[aF bc] = 0, ∂aF
ab = 0

Cor. 6.1.2. (γa∂a +m)X(2) = 0, X(2) = { 1
(1!)2F

aγa + 1
(2!)2F

abγ[aγb]}C,m 6= 0

⇔ ∂aF
ab +mF b = 0, ∂[aF b] +mF ab = 0⇔ ∂b∂

bF a −m2F a = 0, ∂aF
a = 0, F ab = − 1

m∂
[aF b]

Thm. 6.1.1.

{
(γa∂a +m)X(2) = 0

X(2) = XT (2)
⇔

{
∂b∂

bF a −m2F a = 0, ∂aF
a = 0

X(2) = { 1
1!γa + 1

2!mγ[aγb]∂
b}CF a

Cor. 6.1.3.

{
∂[aF b] +mF ab = 0

∂aF
ab +mF b = 0

⇔

{
∂a∗F +m∗F a = 0

∂a∗F a +m∗F = 0

6.2 Antisymmetric B-W vector field equation in two dimensional space-time

Lem. 6.2.1. (γa∂a +m)X(2) = 0, X(2) = 1
(0!)2FC ⇔ ∂aF = 0,mF = 0

Proof: (γa∂a +m)X(2) = 0, X(2) = 1
(0!)2FC

⇔ (γa∂
a +m) 1

(0!)2FC = 0

⇔ (γa∂
a +m) 1

0!F = 0
⇔ ∂aF = 0,mF = 0

Cor. 6.2.1. γa∂aX(2) = 0, X(2) = 1
(0!)2FC ⇔ ∂aF = 0

Cor. 6.2.2. (γa∂a +m)X(2) = 0, X(2) = 1
(0!)2FC,m 6= 0⇔ F = 0

Thm. 6.2.1. (γa∂a +m)X(2) = 0, X(2) = −XT (2)⇔ F = 0

Cor. 6.2.3. F = 0⇔∗F ab = 0

6.3 Symmetric B-W vector field equation in four dimensional space-time

Lem. 6.3.1.

{
(γa∂a +m)X(4) = 0

X(4) = { 1
(1!)2F

aγa + 1
(2!)2F

abγ[aγb]}C
⇔

{
∂[aF b] +mF ab = 0, ∂aF

a = 0

∂[aF bc] = 0, ∂aF
ab +mF b = 0

Proof: (γa∂a +m)X(4) = 0, X(4) = { 1
(1!)2F

aγa + 1
(2!)2F

abγ[aγb]}C
⇔ (γa∂

a +m){ 1
(1!)2F

bγb + 1
(2!)2F

bcγ[bγc]}C = 0

⇔ (γa∂
a +m){ 1

1!F
bγb + 1

2!F
bcγbγc} = 0

⇔ γaγb∂
a 1

1!F
b + γaγbγc∂

a 1
2!F

bc +m 1
1!F

bγb +m 1
2!F

bcγbγc = 0
⇔ { 1

2!γ[aγb] + δab}∂a 1
1!F

b +m 1
2!F

bcγbγc + { 1
3!γ[aγbγc] + (δa[bγc] + γaδbc)}∂a 1

2!F
bc +m 1

1!F
bγb = 0

⇔ 1
2!γ[aγb]∂

a 1
1!F

b + δab∂
a 1

1!F
b +m 1

2!F
bcγbγc + 1

3!γ[aγbγc]∂
a 1

2!F
bc + 2

1!δabγc∂
a 1

2!F
bc +m 1

1!F
bγb = 0

⇔ 1
2!γ[aγb]∂

a 1
1!F

b + ∂a
1
1!F

a + 1
2!m

1
2!F

abγ[aγb] + 1
3!γ[aγbγc]∂

a 1
2!F

bc + 2
1!γb∂a

1
2!F

ab +m 1
1!F

bγb = 0

⇔

{
1
2!∂

[a 1
1!F

b] +m 1
2!F

ab = 0, ∂a
1
1!F

a = 0

∂[a 1
2!F

bc] = 0, ∂a
1
2!F

ab + 1
2m

1
1!F

b = 0

⇔

{
∂[aF b] +mF ab = 0, ∂aF

a = 0

∂[aF bc] = 0, ∂aF
ab +mF b = 0

Cor. 6.3.1.

{
γa∂aX(4) = 0

X(4) = { 1
(1!)2F

aγa + 1
(2!)2F

abγ[aγb]}C
⇔

{
∂[aF b] = 0, ∂aF

a = 0

∂[aF bc] = 0, ∂aF
ab = 0

Cor. 6.3.2. (γa∂a +m)X(4) = 0, X(4) = { 1
(1!)2F

aγa + 1
(2!)2F

abγ[aγb]}C,m 6= 0

⇔ ∂aF
ab +mF b = 0, ∂[aF b] +mF ab = 0⇔ ∂b∂

bF a −m2F a = 0, ∂aF
a = 0, F ab = − 1

m∂
[aF b]

Thm. 6.3.1.

{
(γa∂a +m)X(4) = 0

X(4) = XT (4)
⇔


∂b∂

bF a −m2F a = 0, ∂aF
a = 0

X(4) = { 1
1!γa + 1

2!mγ[aγb]∂
b}CF a

= {− 1
2!γ

[a1γa2] + 1
3!mγ

[a1γa2γa3]∂a3
}Γ0C

1
2!∗Fa1a2

Cor. 6.3.3.

{
∂[aF b] +mF ab = 0

∂aF
ab +mF b = 0

⇔

{
1
2!∂

[a∗F bc] +m∗F abc = 0

∂a∗F abc +m∗F bc = 0
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Lem. 6.3.2.
1
2!γ[a1

γa2] = −εa1a2a3a4

1
(2!)2 Γ0γ

[a3γa4] = −εa1a2a3a4

1
(2!)2 γ

[a3γa4]Γ0

1
1!γa1

= −εa1a2a3a4

1
(3!)2 Γ0γ

[a2γa3γa4] = εa1a2a3a4

1
(3!)2 γ

[a2γa3γa4]Γ0

Cor. 6.3.4. X(4) = 1
2!γ

[a1γa2]C 1
2!Fa1a2

+ 1
3!mγ

[a1γa2γa3]∂a3
Γ0C

1
2!∗Fa1a2

Proof:

X(4) = { 1
(1!)2F

aγa + 1
(2!)2F

abγ[aγb]}C
= { 1

1!F
a1εa1a2a3a4

1
(3!)2 γ

[a2γa3γa4] − 1
2!F

a1a2εa1a2a3a4

1
(2!)2 γ

[a3γa4]}Γ0C

= {− 1
(3!)2∗Fa2a3a4

γ[a2γa3γa4] − 1
(2!)2∗Fa3a4

γ[a3γa4]}Γ0C

= {− 1
(2!)2∗Fa1a2

γ[a1γa2] − 1
(3!)2∗Fa1a2a3

γ[a1γa2γa3]}Γ0C

= {− 1
2!γ

[a1γa2] + 1
3!mγ

[a1γa2γa3]∂a3
Γ0C

1
2!∗Fa1a2

= 1
2!γ

[a1γa2]C 1
2!Fa1a2

+ 1
3!mγ

[a1γa2γa3]∂a3
Γ0C

1
2!∗Fa1a2

= { 1
(2!)2 γ

[a3γa4] + 1
3!mγ

[a1γa2γa
′
3]∂a′3Γ0C

1
(2!)2 εa1a2a3a4

}F a3a4

Def. 6.3.1.

γa(4) = [γa(3)⊗ σy, I ⊗ σx] = (σ ⊗ σy, I ⊗ σx),Γa(4) = [γa(3), iς]

C(4) := γ2(4)γ4(4) = −iσy ⊗ σz, γ1(4) · · · γ4(4) = I ⊗ σz = γ0(4)

[γa(4)C(4)]T = γa(4)C(4), {γ[a(4)γb](4)C(4)}T = γ[a(4)γb](4)C(4)

CT (4) = −C(4), {γ[a(4)γb(4)γc](4)C(4)}T = −γ[a(4)γb(4)γc](4)C(4)

{γ[a(4)γb(4)γc(4)γd](4)C(4)}T = −γ[a(4)γb(4)γc(4)γd](4)C(4)

Proof: [Fa1
(x), F+

a′1
(x′)]

= 2−4

(1!)2 C̄
λη(γa1

)η
µ(γa′1)µ

′
η′C̄

+η′λ′ [ψλµ(x), ψ+
λ′µ′(x

′)]

= 2−4

(1!)2 (C̄γa1)λµ(γa′1C)λ
′µ′ i

23 [(m− γa∂a)γ0]{λ(λ′ [(m− γb∂b)γ0]µ}µ′)∆(x− x′)
= i 2−5

(1!)2 (C̄γa1
)λµ(γa′1C)λ

′µ′ [(m− γa∂a)γ0]λλ′ [(m− γb∂b)γ0]µµ′∆(x− x′)
= i 2−5

(1!)2 (C̄γa1
)µλ[(m− γa∂a)γ0]λλ′(γa′1C)λ

′µ′ [(m− γb∂b)γ0]Tµ′µ∆(x− x′)
= i 2−5

(1!)2 tr{(C̄γa1)[(m− γa∂a)γ0](γa′1C)[(m− γb∂b)γ0]T }∆(x− x′)
= i 2−5

(1!)2 tr{γa1
[(m− γa∂a)γ0]γa′1C[(m− γb∂b)γ0]T C̄}∆(x− x′)

= −i 2−5

(1!)2 tr{γa1
[(m− γa∂a)γ0]γa′1 [γ0(m+ γb∂b)]}∆(x− x′)

= −i 2−5

(1!)2 tr{γa1
[(m− γa∂a)γ0]γa′1 [(m− γb∂+

b )γ0]}∆(x− x′)
= −i 2−5

(1!)2 {m2tr(γa1γ
0γa′1γ

0) + tr(γa1γ
a∂aγ

0γa′1γ
b∂+
b γ

0)}∆(x− x′)
= i

4 (m2ηa1a′1
− ∂a1

∂+
a′1

)∆(x− x′)

6.4 Antisymmetric B-W vector field equation in four dimensional space-time

Lem. 6.4.1.{
(γa∂a +m)X(4) = 0

X(4) = { 1
(0!)2F + 1

(3!)2F
abcγ[aγbγc] + 1

(4!)2F
abcdγ[aγbγcγd]}C

⇔


F = 0
1
3!∂

[aF bcd] +mF abcd = 0, ∂aF
abc = 0

∂[aF bcde] = 0, ∂aF
abcd +mF bcd = 0

Cor. 6.4.1.{
γa∂aX(4) = 0

X(4) = { 1
(0!)2F + 1

(3!)2F
abcγ[aγbγc] + 1

(4!)2F
abcdγ[aγbγcγd]}C

⇔


F = 0

∂[aF bcd] = 0, ∂aF
abc = 0

∂[aF bcde] = 0, ∂aF
abcd = 0

Cor. 6.4.2. (γa∂a +m)X(4) = 0, X(4) = { 1
(0!)2F + 1

(3!)2F
abcγ[aγbγc] + 1

(4!)2F
abcdγ[aγbγcγd]}C,m 6= 0

⇔


F = 0
1
3!∂

[aF bcd] +mF abcd = 0

∂aF
abcd +mF bcd = 0

⇔


F = 0, ∂aF

abc = 0

∂a∂
aF bcd −m2F bcd = 0

F abcd = − 1
3!m∂

[aF bcd]

Thm. 6.4.1.

{
(γa∂a +m)X(4) = 0

X(4) = −XT (4)
⇔

{
∂d∂

dF abc −m2F abc = 0, ∂aF
abc = 0

X(4) = { 1
3!γ[aγbγc] + 1

4!mγ[aγbγcγd]∂
d}C 1

3!F
abc

Cor. 6.4.3.

{
1
3!∂

[aF bcd] +mF abcd = 0

∂aF
abcd +mF bcd = 0

⇔

{
1
0!∂

a∗F +m∗F a = 0

∂a∗F a +m∗F = 0
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6.5 Symmetric B-W vector field equation in six dimensional space-time

Lem. 6.5.1.{
(γa∂a +m)X(6) = 0

X(6) = { 1
(0!)2F + 1

(3!)2F
abcγ[aγbγc] + 1

(4!)2F
abcdγ[aγbγcγd]}C

⇔


F = 0
1
3!∂

[aF bcd] +mF abcd = 0, ∂aF
abc = 0

∂[aF bcde] = 0, ∂aF
abcd +mF bcd = 0

Proof: (γa∂a +m)X(6) = 0, X(6) = { 1
(0!)2F + 1

(3!)2F
abcγ[aγbγc] + 1

(4!)2F
abcdγ[aγbγcγd]}C

⇔ (γa∂
a +m){ 1

(0!)2F + 1
(3!)2F

bcdγ[bγcγd] + 1
(4!)2F

bcdeγ[bγcγdγe]}C = 0

⇔ (γa∂
a +m){ 1

3!F
bcdγbγcγd + 1

4!F
bcdeγbγcγdγe} = 0, F = 0

⇔ γaγbγcγd∂
a 1

3!F
bcd + γaγbγcγdγe∂

a 1
4!F

bcde +m 1
3!F

bcdγbγcγd +m 1
4!F

bcdeγbγcγdγe = 0
⇔ { 1

4!γ[aγbγcγd] + 1
2! (δabγ[cγd] + δacγ[dγb] + δadγ[bγc] + γ[aγb]δcd + γ[cγa]δbd + γ[aγd]δbc)

+ (δabδcd − δacδbd + δadδbc)}∂a 1
3!F

bcd + γaγbγcγdγe∂
a 1

4!F
bcde +m 1

3!F
bcdγbγcγd +m 1

4!F
bcdeγbγcγdγe = 0

⇔ { 1
4!γ[aγbγcγd] + 3δabγ[cγd]}∂a 1

3!F
bcd + γaγbγcγdγe∂

a 1
4!F

bcde +m 1
3!F

bcdγbγcγd +m 1
4!F

bcdeγbγcγdγe = 0

⇔ γaγbγcγdγe∂
a 1

4!F
bcde +m 1

3!F
bcdγbγcγd = 0, ∂a

1
3!F

abc = 0, 1
4!∂

[a 1
3!F

bcd] +m 1
4!F

abcd = 0
⇔ { 1

5!γ[aγbγcγdγe] + 1
3! (δabγ[cγdγe] + ··) + 1

1! (δabδcdγe + ··)}∂a 1
4!F

bcde +m 1
3!F

bcdγbγcγd = 0

⇔ { 1
5!γ[aγbγcγdγe] + 4

3!δabγ[cγdγe]}∂a 1
4!F

bcde +m 1
3!F

bcdγbγcγd = 0

⇔

{
1
4!∂

[a 1
3!F

bcd] +m 1
4!F

abcd = 0, ∂a
1
3!F

abc = 0

∂[a 1
4!F

bcde] = 0, ∂a
1
4!F

abcd + 1
4m

1
3!F

bcd = 0

⇔

{
1
3!∂

[aF bcd] +mF abcd = 0, ∂aF
abc = 0

∂[aF bcde] = 0, ∂aF
abcd +mF bcd = 0

Cor. 6.5.1.

{
γa∂aX(6) = 0

X(6) = { 1
(0!)2F + 1

(3!)2F
abcγ[aγbγc] + 1

(4!)2F
abcdγ[aγbγcγd]}C

⇔


F = 0

∂[aF bcd] = 0, ∂aF
abc = 0

∂[aF bcde] = 0, ∂aF
abcd = 0

Cor. 6.5.2. (γa∂a +m)X(6) = 0, X(6) = { 1
(0!)2F + 1

(3!)2F
abcγ[aγbγc] + 1

(4!)2F
abcdγ[aγbγcγd]}C,m 6= 0

⇔


F = 0
1
3!∂

[aF bcd] +mF abcd = 0

∂aF
abcd +mF bcd = 0

⇔


F = 0, ∂aF

abc = 0

∂a∂
aF bcd −m2F bcd = 0

F abcd = − 1
3!m∂

[aF bcd]

Thm. 6.5.1.

{
(γa∂a +m)X(6) = 0

X(6) = XT (6)
⇔

{
∂d∂

dF abc −m2F abc = 0, ∂aF
abc = 0

X(6) = { 1
3!γ[aγbγc] + 1

4!mγ[aγbγcγd]∂
d}C 1

3!F
abc

Cor. 6.5.3.

{
1
3!∂

[aF bcd] +mF abcd = 0

∂aF
abcd +mF bcd = 0

⇔

{
1
2!∂

[a∗F bc] +m∗F abc = 0

∂a∗F abc +m∗F bc = 0

6.6 Antisymmetric B-W vector field equation in six dimensional space-time

Lem. 6.6.1. (γa∂a +m)X(6) = 0
X(6) = { 1

(1!)2F
a1γa1

+ 1
(2!)2F

a1a2γ[a1
γa2] + 1

(5!)2F
a1··a5γ[a1

· ·γa5] + 1
(6!)2F

a1··a6γ[a1
· ·γa6]}C

⇔

{
∂[a0F a1] +mF a0a1 = 0, ∂a1F

a1 = 0

∂[a0F a1a2] = 0, ∂a0F
a0a1 +mF a1 = 0

{
1
5!∂

[a0F a1··a5] +mF a0a1··a5 = 0, ∂a1
F a1··a5 = 0

∂[a0F a1··a6] = 0, ∂a0
F a0a1··a5 +mF a1··a5 = 0

Cor. 6.6.1. γa∂aX(6) = 0, X(6) = { 1
(1!)2F

aγa + 1
(2!)2F

abγ[aγb] + 1
(5!)2F

a1··a5γ[a1
· ·γa5] + 1

(6!)2F
a1··a6γ[a1

· ·γa6]}C

⇔

{
∂[a0F a1] = 0, ∂a1F

a1 = 0

∂[a0F a1a2] = 0, ∂a0
F a0a1 = 0

{
∂[a0F a1··a5] = 0, ∂a1

F a1··a5 = 0

∂[a0F a1··a6] = 0, ∂a0
F a0a1··a5 = 0

Cor. 6.6.2. (γa∂a +m)X(6) = 0,m 6= 0
X(6) = { 1

(1!)2F
aγa + 1

(2!)2F
abγ[aγb] + 1

(5!)2F
a1··a5γ[a1

· ·γa5] + 1
(6!)2F

a1··a6γ[a1
· ·γa6]}C

⇔


∂[a0F a1] +mF a0a1 = 0

∂a0
F a0a1 +mF a1 = 0

1
5!∂

[a0F a1··a5] +mF a0a1··a5 = 0

∂a0
F a0a1··a5 +mF a1··a5 = 0

⇔


∂a0

∂a0F a1 −m2F a1 = 0, ∂a1
F a1 = 0

F a0a1 = − 1
m∂

[a0F a1]

∂a0
∂a0F a1··a5 −m2F a1··a5 = 0, ∂a1

F a1··a5 = 0

F a0a1··a5 = − 1
5!m∂

[a0F a1··a5]

725



Chapter38 Potential Analysis of B-W Equation in N+1 Dimensional Space-time Shui-Rong Shi

Thm. 6.6.1. (γa∂a +m)X(6) = 0, X(6) = −XT (6)

⇔

{
∂a0

∂a0F a1 −m2F a1 = 0, ∂a1
F a1 = 0; ∂a0

∂a0F a1··a5 −m2F a1··a5 = 0, ∂a1
F a1··a5 = 0

X(6) = { 1
1!γa1

+ 1
2!mγ[a1

γa2]∂
a2}C 1

1!F
a1 + { 1

5!γ[a1
· ·γa5] + 1

6!γ[a1
· ·γa6]∂

a6}C 1
5!F

a1··a5

Cor. 6.6.3.


1
1!∂

[a0F a1] +mF a0a1 = 0

∂a0F
a0a1 +mF a1 = 0

1
5!∂

[a0F a1··a5] +mF a0a1··a5 = 0

∂a0
F a0a1··a5 +mF a1··a5 = 0

⇔


1
4!∂

[a0∗F a1··a4] +m∗F a0a1··a4 = 0

∂a0∗F a0a1··a4 +m∗F a1··a4 = 0
1
0!∂

a0∗F +m∗F a0 = 0

∂a0
∗F a0 +m∗F = 0

6.7 Symmetric B-W vector field equation in eight dimensional space-time

Lem. 6.7.1. (γa∂a +m)X(8) = 0
X(8) = { 1

(0!)2F + 1
(3!)2F

a1a2a3γ[a1
γa2

γa3] + 1
(4!)2F

a1··a4γ[a1
· ·γa4] + 1

(7!)2F
a1··a7γ[a1

· ·γa7] + 1
(8!)2F

a1··a8γ[a1
· ·γa8]}C

⇔


F = 0
1
3!∂

[a0F a1··a3] +mF a0··a3 = 0, ∂a1F
a1··a3 = 0; ∂[a0F a1··a4] = 0, ∂a0F

a0a1··a3 +mF a1··a3 = 0
1
7!∂

[a0F a1··a7] +mF a0a1··a7 = 0, ∂a1
F a1··a7 = 0; ∂[a0F a1··a8] = 0, ∂a0

F a0a1··a7 +mF a1··a7 = 0

Proof: (γa∂a +m)X(8) = 0
X(8) = { 1

(0!)2F + 1
(3!)2F

a1a2a3γ[a1
γa2

γa3] + 1
(4!)2F

a1··a4γ[a1
· ·γa4] + 1

(7!)2F
a1··a7γ[a1

· ·γa7] + 1
(8!)2F

a1··a8γ[a1
· ·γa8]}C

⇔
F = 0

(γa∂a +m){ 1
(3!)2F

a1··a3γ[a1
· ·γa3] + 1

(4!)2F
a1··a4γ[a1

· ·γa4]} = 0

(γa∂a +m){ 1
(7!)2F

a1··a7γ[a1
· ·γa7] + 1

(8!)2F
a1··a8γ[a1

· ·γa8]} = 0
⇔
F = 0
1
3!∂

[a0F a1··a3] +mF a0··a3 = 0, ∂a1
F a1··a3 = 0; ∂[a0F a1··a4] = 0, ∂a0

F a0a1··a3 +mF a1··a3 = 0
1
7!∂

[a0F a1··a7] +mF a0a1··a7 = 0, ∂a1
F a1··a7 = 0; ∂[a0F a1··a8] = 0, ∂a0

F a0a1··a7 +mF a1··a7 = 0

Cor. 6.7.1. γa∂aX(8) = 0
X(8) = { 1

(0!)2F + 1
(3!)2F

a1a2a3γ[a1
γa2

γa3] + 1
(4!)2F

a1··a4γ[a1
· ·γa4] + 1

(7!)2F
a1··a7γ[a1

· ·γa7] + 1
(8!)2F

a1··a8γ[a1
· ·γa8]}C

⇔


F = 0

∂[a0F a1··a3] = 0, ∂a1F
a1··a3 = 0; ∂[a0F a1··a4] = 0, ∂a1F

a1··a4 = 0

∂[a0F a1··a7] = 0, ∂a1F
a1··a7 = 0; ∂[a0F a1··a8] = 0, ∂a1F

a1··a8 = 0

Cor. 6.7.2. (γa∂a +m)X(8) = 0,m 6= 0
X(8) = { 1

(0!)2F + 1
(3!)2F

a1a2a3γ[a1
γa2

γa3] + 1
(4!)2F

a1··a4γ[a1
· ·γa4] + 1

(7!)2F
a1··a7γ[a1

· ·γa7] + 1
(8!)2F

a1··a8γ[a1
· ·γa8]}C

⇔


F = 0
1
3!∂

[a0F a1··a3] +mF a0··a3 = 0, ∂a0
F a0··a3 +mF a1··a3 = 0

1
7!∂

[a0F a1··a7] +mF a0··a7 = 0, ∂a0
F a0··a7 +mF a1··a7 = 0

⇔


F = 0

∂a0∂
a0F a1··a3 −m2F a1··a3 = 0, ∂a1F

a1··a3 = 0, F a0··a3 = − 1
3!m∂

[a0F a1··a3]

∂a0∂
a0F a1··a7 −m2F a1··a7 = 0, ∂a1F

a1··a7 = 0, F a0··a7 = − 1
7!m∂

[a0F a1··a7]

Thm. 6.7.1.{
(γa∂a +m)X(8) = 0

X(8) = XT (8)
⇔


∂a0

∂a0F a1··a3 −m2F a1··a3 = 0, ∂a1
F a1··a3 = 0

∂a0
∂a0F a1··a7 −m2F a1··a7 = 0, ∂a1

F a1··a7 = 0

X(8) = { 1
3!γ[a1

· ·γa3] + 1
4!mγ[a1

· ·γa4]∂
a4}C 1

3!F
a1··a3

+{ 1
7!γ[a1

· ·γa7] + 1
8!mγ[a1

· ·γa8]∂
a8}C 1

7!F
a1··a7

Cor. 6.7.3.
1
3!∂

[a0F a1··a3] +mF a0··a3 = 0

∂a0
F a0··a3 +mF a1··a3 = 0

1
7!∂

[a0F a1··a7] +mF a0··a7 = 0

∂a0F
a0··a7 +mF a1··a7 = 0

⇔


1
4!∂

[a0∗F a1··a4] +m∗F a0··a4 = 0

∂a0
∗F a0··a4 +m∗F a1··a4 = 0

∂a0∗F +m∗F a0 = 0

∂a0∗F a0 +m∗F = 0

6.8 Antisymmetric B-W vector field equation in eight dimensional space-time

Lem. 6.8.1. (γa∂a +m)X(8) = 0
X(8) = { 1

(1!)2F
a1γa1

+ 1
(2!)2F

a1a2γ[a1
γa2] + 1

(5!)2F
a1··a5γ[a1

· ·γa5] + 1
(6!)2F

a1··a6γ[a1
· ·γa6]}C
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⇔

{
∂[a0F a1] +mF a0a1 = 0, ∂a1

F a1 = 0

∂[a0F a1a2] = 0, ∂a0
F a0a1 +mF a1 = 0

{
1
5!∂

[a0F a1··a5] +mF a0a1··a5 = 0, ∂a1
F a1··a5 = 0

∂[a0F a1··a6] = 0, ∂a0
F a0a1··a5 +mF a1··a5 = 0

Cor. 6.8.1. γa∂aX(8) = 0, X(8) = { 1
(1!)2F

aγa + 1
(2!)2F

abγ[aγb] + 1
(5!)2F

a1··a5γ[a1
· ·γa5] + 1

(6!)2F
a1··a6γ[a1

· ·γa6]}C

⇔

{
∂[a0F a1] = 0, ∂a1

F a1 = 0

∂[a0F a1a2] = 0, ∂a0
F a0a1 = 0

{
∂[a0F a1··a5] = 0, ∂a1

F a1··a5 = 0

∂[a0F a1··a6] = 0, ∂a0
F a0a1··a5 = 0

Cor. 6.8.2. (γa∂a +m)X(8) = 0,m 6= 0
X(8) = { 1

(1!)2F
aγa + 1

(2!)2F
abγ[aγb] + 1

(5!)2F
a1··a5γ[a1

· ·γa5] + 1
(6!)2F

a1··a6γ[a1
· ·γa6]}C

⇔


∂[a0F a1] +mF a0a1 = 0

∂a0
F a0a1 +mF a1 = 0

1
5!∂

[a0F a1··a5] +mF a0a1··a5 = 0

∂a0
F a0a1··a5 +mF a1··a5 = 0

⇔


∂a0∂

a0F a1 −m2F a1 = 0, ∂a1F
a1 = 0

F a0a1 = − 1
m∂

[a0F a1]

∂a0
∂a0F a1··a5 −m2F a1··a5 = 0, ∂a1

F a1··a5 = 0

F a0a1··a5 = − 1
5!m∂

[a0F a1··a5]

Thm. 6.8.1. (γa∂a +m)X(8) = 0, X(8) = −XT (8)

⇔

{
∂a0∂

a0F a1 −m2F a1 = 0, ∂a1F
a1 = 0; ∂a0∂

a0F a1··a5 −m2F a1··a5 = 0, ∂a1F
a1··a5 = 0

X(6) = { 1
1!γa1

+ 1
2!mγ[a1

γa2]∂
a2}CF a1 + { 1

5!γ[a1
· ·γa5] + 1

6!γ[a1
· ·γa6]∂

a6}C 1
5!F

a1··a5

Cor. 6.8.3.


1
1!∂

[a0F a1] +mF a0a1 = 0

∂a0
F a0a1 +mF a1 = 0

1
5!∂

[a0F a1··a5] +mF a0a1··a5 = 0

∂a0
F a0a1··a5 +mF a1··a5 = 0

⇔


1
6!∂

[a0∗F a1··a6] +m∗F a0a1··a6 = 0

∂a0
∗F a0a1··a6 +m∗F a1··a6 = 0

1
2!∂

[a0∗F a1a2] +m∗F a0a1a2 = 0

∂a0
∗F a0a1a2 +m∗F a1a2 = 0

6.9 Symmetric B-W vector field equation in ten dimensional space-time

Lem. 6.9.1. (γa∂a +m)X(10) = 0, X(10) = { 1
(0!)2F + 1

2!F
a1a2γ[a1

γa2]

+ 1
(5!)2F

a1··a5γ[a1
· ·γa5] + 1

(6!)2F
a1··a6γ[a1

· ·γa6] + 1
(9!)2F

a1··a9γ[a1
· ·γa9] + 1

(10!)2F
a1··a10γ[a1

· ·γa10]}C

⇔


F = 0, F a1a2 = 0
1
5!∂

[a0F a1··a5] +mF a0a1··a5 = 0, ∂a1
F a1··a5 = 0; ∂[a0F a1··a6] = 0, ∂a0

F a0a1··a5 +mF a1··a5 = 0
1
9!∂

[a0F a1··a9] +mF a0a1··a9 = 0, ∂a1
F a1··a9 = 0; ∂[a0F a1··a10] = 0, ∂a0

F a0a1··a9 +mF a1··a9 = 0

Proof: (γa∂a +m)X(10) = 0, X(10) = { 1
(0!)2F + 1

2!F
a1a2γ[a1

γa2]

+ 1
(5!)2F

a1··a5γ[a1
· ·γa5] + 1

(6!)2F
a1··a6γ[a1

· ·γa6] + 1
(9!)2F

a1··a9γ[a1
· ·γa9] + 1

(10!)2F
a1··a10γ[a1

· ·γa10]}C
⇔
F = 0, F a1a2 = 0

(γb∂b +m){ 1
(5!)2F

a1··a5γ[a1
· ·γa5] + 1

(6!)2F
a1··a6γ[a1

· ·γa6]} = 0

(γb∂b +m){ 1
(9!)2F

a1··a9γ[a1
· ·γa9] + 1

(10!)2F
a1··a10γ[a1

· ·γa10]} = 0
⇔{

1
5!∂

[a0F a1··a5] +mF a0a1··a5 = 0, ∂a1F
a1··a5 = 0; ∂[a0F a1··a6] = 0, ∂a0F

a0a1··a5 +mF a1··a5 = 0
1
9!∂

[a0F a1··a9] +mF a0a1··a9 = 0, ∂a1
F a1··a9 = 0; ∂[a0F a1··a10] = 0, ∂a0

F a0a1··a9 +mF a1··a9 = 0

Cor. 6.9.1. γa∂aX(10) = 0, X(10) = { 1
(0!)2F + 1

2!F
a1a2γ[a1

γa2] + 1
(5!)2F

a1··a5γ[a1
· ·γa5] + 1

(6!)2F
a1··a6γ[a1

· ·γa6]

+ 1
(9!)2F

a1··a9γ[a1
· ·γa9] + 1

(10!)2F
a1··a10γ[a1

· ·γa10]}C

⇔


F = 0, F a1a2 = 0

∂[a0F a1··a5] = 0, ∂a1
F a1··a5 = 0; ∂[a0F a1··a6] = 0, ∂a1

F a1··a6 = 0

∂[a0F a1··a9] = 0, ∂a1
F a1··a9 = 0; ∂[a0F a1··a10] = 0, ∂a1

F a1··a10 = 0

Cor. 6.9.2.

(γb∂b +m)X(10) = 0, X(10) = { 1
(0!)2F + 1

2!F
a1a2γ[a1

γa2] + 1
(5!)2F

a1··a5γ[a1
· ·γa5] + 1

(6!)2F
a1··a6γ[a1

· ·γa6]

+ 1
(9!)2F

a1··a9γ[a1
· ·γa9] + 1

(10!)2F
a1··a10γ[a1

· ·γa10]}C,m 6= 0

⇔


F = 0, F a1a2 = 0
1
5!∂

[a0F a1··a5] +mF a0··a5 = 0, ∂a0F
a0··a5 +mF a1··a5 = 0

1
9!∂

[a0F a1··a9] +mF a0··a9 = 0, ∂a0F
a0··a9 +mF a1··a9 = 0

⇔


F = 0, F a1a2 = 0

∂a0
∂a0F a1··a5 −m2F a1··a5 = 0, ∂a1

F a1··a5 = 0, F a0··a5 = − 1
5!m∂

[a0F a1··a5]

∂a0∂
a0F a1··a9 −m2F a1··a9 = 0, ∂a1

F a1··a9 = 0, F a0··a9 = − 1
9!m∂

[a0F a1··a9]
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Thm. 6.9.1.{
(γa∂a +m)X(10) = 0

X(10) = XT (10)
⇔


∂a0

∂a0F a1··a5 −m2F a1··a5 = 0, ∂a1
F a1··a5 = 0

∂a0
∂a0F a1··a9 −m2F a1··a9 = 0, ∂a1

F a1··a9 = 0

X(10) = { 1
5!γ[a1

· ·γa5] + 1
6!mγ[a1

· ·γa6]∂
a6}C 1

5!F
a1··a5

+{ 1
9!γ[a1

· ·γa9] + 1
10!mγ[a1

· ·γa10]∂
a10}C 1

9!F
a1··a9

Cor. 6.9.3.{
1
5!∂

[a0F a1··a5] +mF a0··a5 = 0, ∂a0F
a0··a5 +mF a1··a5 = 0

1
9!∂

[a0F a1··a9] +mF a0··a9 = 0, ∂a0F
a0··a9 +mF a1··a9 = 0

⇔{
1
4!∂

[a0∗F a1··a4] +m∗F a0··a4 = 0, ∂a0
∗F a0··a4 +m∗F a1··a4 = 0

∂a0∗F +m∗F a0 = 0, ∂a0
∗F a0 +m∗F = 0

Cor. 6.9.4.{
∂[a0F a1··a5] = 0, ∂a1

F a1··a5 = 0; ∂[a0F a1··a6] = 0, ∂a1
F a1··a6 = 0

∂[a0F a1··a9] = 0, ∂a1
F a1··a9 = 0; ∂[a0F a1··a10] = 0, ∂a1

F a1··a10 = 0
⇔{
∂[a0∗F a1··a5] = 0, ∂a1

∗F a1··a5 = 0; ∂[a0∗F a1··a4] = 0, ∂a1
∗F a1··a4 = 0

∂[a0∗F a1] = 0, ∂a1
∗F a1 = 0; ∂a0∗F = 0

6.10 Antisymmetric B-W vector field equation in ten dimensional space-time

Lem. 6.10.1. (γb∂b +m)X(10) = 0, X(10) =
{ 1

1!F
a1γa1 + 1

(3!)2F
a1··a3γ[a1

· ·γa3] + 1
(4!)2F

a1··a4γ[a1
· ·γa4] + 1

(7!)2F
a1··a7γ[a1

· ·γa7] + 1
(8!)2F

a1··a8γ[a1
· ·γa8]}C

⇔


F a1 = 0
1
3!∂

[a0F a1··a3] +mF a0a1··a3 = 0, ∂a1
F a1··a3 = 0; ∂[a0F a1··a4] = 0, ∂a0

F a0a1··a3 +mF a1··a3 = 0
1
7!∂

[a0F a1··a7] +mF a0a1··a7 = 0, ∂a1
F a1··a7 = 0; ∂[a0F a1··a8] = 0, ∂a0

F a0a1··a7 +mF a1··a7 = 0

Cor. 6.10.1. γb∂bX(10) = 0, X(10) =
{ 1

1!F
a1γa1

+ 1
(3!)2F

a1··a3γ[a1
· ·γa3] + 1

(4!)2F
a1··a4γ[a1

· ·γa4] + 1
(7!)2F

a1··a7γ[a1
· ·γa7] + 1

(8!)2F
a1··a8γ[a1

· ·γa8]}C

⇔


F a1 = 0

∂[a0F a1··a3] = 0, ∂a1
F a1··a3 = 0; ∂[a0F a1··a4] = 0, ∂a0

F a0a1··a3 = 0

∂[a0F a1··a7] = 0, ∂a1
F a1··a7 = 0; ∂[a0F a1··a8] = 0, ∂a0

F a0a1··a7 = 0

Cor. 6.10.2.

(γb∂b +m)X(10) = 0,m 6= 0, X(10) =
{ 1

1!F
a1γa1

+ 1
(3!)2F

a1··a3γ[a1
· ·γa3] + 1

(4!)2F
a1··a4γ[a1

· ·γa4] + 1
(7!)2F

a1··a7γ[a1
· ·γa7] + 1

(8!)2F
a1··a8γ[a1

· ·γa8]}C

⇔


F a1 = 0
1
3!∂

[a0F a1··a3] +mF a0a1··a3 = 0, ∂a0F
a0a1··a3 +mF a1··a3 = 0

1
7!∂

[a0F a1··a7] +mF a0a1··a7 = 0, ∂a0
F a0a1··a7 +mF a1··a7 = 0

⇔


F a1 = 0

∂a0∂
a0F a1··a3 −m2F a1··a3 = 0, ∂a1F

a1··a3 = 0, F a0a1··a3 = − 1
3!m∂

[a0F a1··a3]

∂a0∂
a0F a1··a7 −m2F a1··a7 = 0, ∂a1F

a1··a7 = 0, F a0a1··a7 = − 1
7!m∂

[a0F a1··a7]

Thm. 6.10.1. (γa∂a +m)X(10) = 0, X(10) = −XT (10)

⇔

{
∂a0

∂a0F a1··a3 −m2F a1··a3 = 0, ∂a1
F a1··a3 = 0; ∂a0

∂a0F a1··a7 −m2F a1··a7 = 0, ∂a1
F a1··a7 = 0

X(10) = { 1
3!γ[a1

· ·γa3] + 1
4!mγ[a1

· ·γa4]∂
a4}C 1

3!F
a1··a3 + { 1

7!γ[a1
· ·γa7] + 1

8!mγ[a1
· ·γa8]∂

a8}C 1
7!F

a1··a7

Cor. 6.10.3.
1
3!∂

[a0F a1··a3] +mF a0a1··a3 = 0

∂a0
F a0a1··a3 +mF a1··a3 = 0

1
7!∂

[a0F a1··a7] +mF a0a1··a7 = 0

∂a0
F a0a1··a7 +mF a1··a7 = 0

⇔


1
6!∂

[a0∗F a1··a6] +m∗F a0··a6 = 0

∂a0
∗F a0··a6 +m∗F a1··a6 = 0

1
2!∂

[a0∗F a1a2] +m∗F a0a1a2 = 0

∂a0
∗F a0a1a2 +m∗F a1a2 = 0

6.11 Commutation rules for B-W vector field equation in ten dimensional space-time

Lem. 6.11.1. 1
(l+1)!η[a1〈a′1ηa2a′2

· ·ηal−1a′l−1
ηala′lηal+1]a′l+1〉∂

al+1∂+a′l+1∆(x− x′)
= { 1

l!η[a1〈a′1ηa2a′2
· ·ηal−1a′l−1

ηal]a′l〉m
2 − 1

(l−1)!η[a1〈a′1ηa2a′2
· ·ηal−1a′l−1

∂al]∂
+
a′l〉
}∆(x− x′)

Cor. 6.11.1. Fa1a2a3a4a5
(x) = 2−5tr{ 1

5! C̄γ[a1
γa2

γa3
γa4

γa5]X(x)} = 2−5

5! C̄
λη{γ[a1

γa2
γa3

γa4
γa5]}ηµXλµ(x)
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Pro. 6.11.1. tr{ 1
5!γ

[b1 · ·γb5] 1
5!γ[a1

· ·γa5]} = 25δb1[a1
· ·δb5a5]

Cor. 6.11.2.
Ua1a2a3a4a5

(~p, h) := 2−5

5! C̄
λη{γ[a1

γa2
γa3

γa4
γa5]}ηµUλµ(~p, h) = 2−5tr{C̄ 1

5!γ[a1
γa2

γa3
γa4

γa5]U(~p, h)}
Va1a2a3a4a5

(~p, h) := 2−5

5! C̄
λη{γ[a1

γa2
γa3

γa4
γa5]}ηµVλµ(~p, h) = 2−5tr{C̄ 1

5!γ[a1
γa2

γa3
γa4

γa5]V (~p, h)}
C(10) := γ2(10)γ4(10)γ5(10)γ8(10)γ9(10) = −σy ⊗ I ⊗ σy ⊗ I ⊗ σy
C̄ = C+, CT = −C

Ass. 6.11.1.C̄(n) = C+(n), C+(n) = (−1)[
n
4 ]C(n), CT (n) = (−1)[

n+2
4 ]C(n)

[γa(n)C(n)]T = (−1)[
n−1

4 ][γa(n)C(n)], [C+(n)γa(n)]T = (−1)[
n−1

4 ][C+(n)γa(n)]

Thm. 6.11.1. [Fa1a2a3a4a5
(x), F+

a′1a
′
2a
′
3a
′
4a
′
5
(x′)] = − i

25
1
6!η[a1〈a′1ηa2a′2

· ·ηa5a′5
ηa6]a′6〉∂

a6∂+a′6∆(x− x′)

Proof: [Fa1a2a3a4a5
(x), F+

a′1a
′
2a
′
3a
′
4a
′
5
(x′)]

= 2−10

(5!)2 (C+γ[a1
γa2

γa3
γa4

γa5])
µλ(C+γ[a′1

γa′2γa′3γa′4γa′5])
∗µ′λ′ [ψλµ(x), ψ+

λ′µ′(x
′)]

= 2−10

(5!)2 (C+γ[a1
γa2γa3γa4γa5])

λµ(C+γ[a′1
γa′2γa′3γa′4γa′5])

+λ′µ′ [ψλµ(x), ψ+
λ′µ′(x

′)]

= 2−10

(5!)2 (C+γ[a1
γa2

γa3
γa4

γa5])
λµ(γ[a′5

γa′4γa′3γa′2γa′1]C)λ
′µ′ [ψλµ(x), ψ+

λ′µ′(x
′)]

= 2−10

(5!)2 (C+γ[a1
γa2

γa3
γa4

γa5])
λµ(γ[a′1

γa′2γa′3γa′4γa′5]C)λ
′µ′ [ψλµ(x), ψ+

λ′µ′(x
′)]

= 2−10

(5!)2 (C+γ[a1
γa2

γa3
γa4

γa5])
λµ(γ[a′1

γa′2γa′3γa′4γa′5]C)λ
′µ′ i

23 [(m− γa∂a)γ0]{λ(λ′ [(m− γb∂b)γ0]µ}µ′)∆(x− x′)
= i 2−11

(5!)2 (C+γ[a1
γa2γa3γa4γa5])

λµ(γ[a′1
γa′2γa′3γa′4γa′5]C)λ

′µ′ [(m− γa∂a)γ0]λλ′ [(m− γb∂b)γ0]µµ′∆(x− x′)
= i 2−11

(5!)2 (C+γ[a1
γa2

γa3
γa4

γa5])
λµ[(m− γa∂a)γ0]λλ′(γ[a′1

γa′2γa′3γa′4γa′5]C)λ
′µ′ [(m− γb∂b)γ0]Tµ′µ∆(x− x′)

= i 2−11

(5!)2 tr{C+γ[a1
γa2

γa3
γa4

γa5][(m− γa∂a)γ0]λλ′γ[a′1
γa′2γa′3γa′4γa′5]C[(m− γb∂b)γ0]T }∆(x− x′)

= i 2−11

(5!)2 tr{γ[a1
γa2γa3γa4γa5][(m− γa∂a)γ0]λλ′γ[a′1

γa′2γa′3γa′4γa′5]C[(m− γb∂b)γ0]TC+}∆(x− x′)
= −i 2−11

(5!)2 tr{γ[a1
γa2

γa3
γa4

γa5][(m− γa∂a)γ0]λλ′γ[a′1
γa′2γa′3γa′4γa′5][γ

0(m+ γb∂b)]}∆(x− x′)
= −i 2−11

(5!)2 tr{γ[a1
γa2

γa3
γa4

γa5][(m− γa∂a)γ0]λλ′γ[a′1
γa′2γa′3γa′4γa′5][(m− γb∂+

b )γ0]}∆(x− x′)
= −i 2−11

(5!)2 tr{m2(γ[a1
γa2

γa3
γa4

γa5])γ
0(γ[a′1

γa′2γa′3γa′4γa′5])γ
0}∆(x− x′)

− i 2−11

(5!)2 tr{(γ[a1
γa2γa3γa4γa5])γaγ0(γ[a′1

γa′2γa′3γa′4γa′5])γbγ0}∂a∂b∆(x− x′)
= −i 2−11

(5!)2 i
5∗625(5!)2m2 1

5!η
[a1

[a′1
ηa2

a′2
· ·ηa5]

a′5]∆(x− x′)
− i 2−11

(5!)2 i
6∗725(5!)2{ 1

6!η
[a1

[a′1
ηa2

a′2
· ·ηa5

a′5
η
a]
b] −

1
4!η

[a1

[a′1
· ·ηa4

a′4
δa5]aδa′5]b}∂a∂+b∆(x− x′)

= i
26 { 1

5!η
[a1

[a′1
ηa2

a′2
· ·ηa5]

a′5]m
2 + ( 1

6!η
[a1

[a′1
ηa2

a′2
· ·ηa5

a′5
η
a]
b] −

1
4!η

[a1

[a′1
· ·ηa4

a′4
δa5]aδa′5]b)∂a∂

+b}∆(x− x′)
= i

26 {ηa1

[a′1
ηa2

a′2
· ·ηa5

a′5]m
2 + (ηa1

[a′1
ηa2

a′2
· ·ηa5

a′5
ηab] −

1
4!η

[a1

[a′1
· ·ηa4

a′4
δa5]aδa′5]b)∂a∂

+b}∆(x− x′)
= i

26 {ηa1

[a′1
ηa2

a′2
· ·ηa5

a′5]m
2 + (ηa1

[a′1
ηa2

a′2
· ·ηa5

a′5
ηab]∂a∂

+b − 1
4!η

[a1

[a′1
· ·ηa4

a′4
∂a5]∂+

a′5])}∆(x− x′)
= i

25 { 1
5!η

[a1

[a′1
ηa2

a′2
· ·ηa5]

a′5]m
2 − 1

4!η
[a1

[a′1
· ·ηa4

a′4
∂a5]∂+

a′5]}∆(x− x′)
= i

25
1
6!η

[a1

[a′1
ηa2

a′2
· ·ηa5

a′5
η
a6]
a′6]∂a6

∂+a′6∆(x− x′)
= i

25
1
6!η[a1〈a′1ηa2a′2

· ·ηa5a′5
ηa6]a′6〉∂

a6∂+a′6∆(x− x′)

Cor. 6.11.3. [Fa1a2··a6
(x), F+

a′1a
′
2··a′6

(x′)] = −i 2−5

5! η[a1〈a′1ηa2a′2
· ·ηa5a′5

∂a6]∂
+
a′6〉

∆(x− x′)

7 B-W vector field equation in odd dimensional space-time

7.1 Symmetric B-W vector field equation in three dimensional space-time

Lem. 7.1.1. (γa∂a +m)X(3) = 0, X(3) = 1
(1!)2F

aγaC ⇔ εabc∂bFc − imF a = 0, ∂aF
a = 0

Proof: (γa∂a +m)X(3) = 0, X(3) = 1
(1!)2F

aγaC

⇔ (γa∂
a +m) 1

(1!)2F
bγbC = 0

⇔ (γa∂
a +m)F bγb = 0

⇔ γaγb∂
aF b +mF bγb = 0

⇔ { 1
2!γ[aγb] + δab}∂aF b + 1

1!mF
bγb = 0

⇔ 1
2!γ[aγb]∂

aF b + δab∂
aF b + 1

1!mF
bγb = 0

⇔ iεabc 1
(1!)2 γc∂aFb + δab∂

aF b + 1
1!mF

cγc = 0

⇔ εabc∂aFb − imF c = 0, ∂aF
a = 0

⇔ εabc∂bFc − imF a = 0, ∂aF
a = 0
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Cor. 7.1.1. γa∂aX(3) = 0, X(3) = 1
(1!)2F

aγaC ⇔ εabc∂bFc = 0, ∂aF
a = 0⇒ ∂b∂

bF a = 0

Cor. 7.1.2. (γa∂a +m)X(3) = 0, X(3) = 1
(1!)2F

aγaC,m 6= 0⇔ εabc∂bFc − imF a = 0⇒ ∂b∂
bF a −m2F a = 0

Thm. 7.1.1. (γa∂a +m)X(3) = 0, X(3) = XT (3),m 6= 0⇔ εabc∂bFc − imF a = 0, X(3) = 1
(1!)2F

aγaC

Cor. 7.1.3. εabc∂bFc − imF a = 0⇔ ∂a∗F ab + imF b = 0⇔ ∂[aFb] − im∗Fab = 0

7.2 Antisymmetric B-W vector field equation in three dimensional space-time

Lem. 7.2.1. (γa∂a +m)X(3) = 0, X(3) = 1
(0!)2FC ⇔ ∂aF = 0,mF = 0

Proof: (γa∂a +m)X(3) = 0, X(3) = 1
(0!)2FC

⇔ (γa∂
a +m) 1

(0!)2FC = 0

⇔ (γa∂
a +m)F = 0

⇔ ∂aF = 0,mF = 0

Cor. 7.2.1. γa∂a
1

(0!)2FC = 0⇔ ∂aF = 0

Cor. 7.2.2. (γa∂a +m) 1
(0!)2FC = 0,m 6= 0⇔ F = 0

Thm. 7.2.1. (γa∂a +m)X(3) = 0, X(3) = −XT (3),m 6= 0⇔ F = 0, X(3) = 1
(0!)2FC = 0

Cor. 7.2.3. F = 0⇔∗Fab = 0

7.3 Symmetric B-W vector field equation in five dimensional space-time

Lem. 7.3.1. (γa∂a +m)X(5) = 0, X(5) = 1
(2!)2F

abγ[aγb]C ⇔ εabcde∂cFde −mF ab = 0, ∂aF
ab = 0

Proof: (γa∂a +m)X(5) = 0, X(5) = 1
(2!)2F

abγ[aγb]C

⇔ (γa∂
a +m) 1

(2!)2F
bcγ[bγc]C = 0

⇔ (γa∂
a +m)F bcγbγc = 0

⇔ γaγbγc∂
aF bc +mF bcγbγc = 0

⇔ { 1
3!γ[aγbγc] + (δa[bγc] + γaδbc)}∂aF bc + 1

2!mF
bcγ[bγc] = 0

⇔ 1
3!γ[aγbγc]∂

aF bc + 2δabγc∂
aF bc + 1

2!mF
bcγ[bγc] = 0

⇔ −εabcde 1
(2!)2 γ[dγe]∂aFbc + 2δabγc∂

aF bc + 1
2!mF

deγ[dγe] = 0

⇔ 1
2!ε

abcde∂aFbc −mF de = 0, ∂aF
ab = 0

⇔ 1
2!ε

abcde∂cFde −mF ab = 0, ∂aF
ab = 0

Cor. 7.3.1. γa∂aX(5) = 0, X(5) = 1
(2!)2F

abγ[aγb]C ⇔ εabcde∂cFde = 0, ∂aF
ab = 0

Cor. 7.3.2. (γa∂a +m)X(5) = 0, X(5) = 1
(2!)2F

abγ[aγb]C,m 6= 0⇔ 1
2!ε

abcde∂cFde −mF ab = 0

Thm. 7.3.1. (γa∂a +m)X(5) = 0, X(5) = XT (5),m 6= 0⇔ 1
2!ε

abcde∂cFde −mF ab = 0, X(5) = 1
(2!)2F

abγ[aγb]C

Cor. 7.3.3. 1
2!ε

abcde∂cFde −mF ab = 0⇔ ∂a∗F abc −mF bc = 0⇔ 1
2!∂[aFbc] −m∗Fabc = 0

7.4 Antisymmetric B-W vector field equation in five dimensional space-time

Lem. 7.4.1.

{
(γa∂a +m)X(5) = 0

X(5) = { 1
(0!)2F + 1

(1!)2F
a1γa1

}C
⇔

{
1
0!∂

a0F +mF a0 = 0

∂[a0F a1] = 0, ∂a0
F a0 +mF = 0

Cor. 7.4.1.

{
γa∂aX(5) = 0

X(5) = { 1
(0!)2F + 1

(1!)2F
a1γa1

}C
⇔

{
∂a0F = 0

∂[a0F a1] = 0, ∂a0F
a0 = 0

Cor. 7.4.2.

{
(γa∂a +m)X(5) = 0,m 6= 0

X(5) = { 1
(0!)2F + 1

(1!)2F
a1γa1}C

⇔

{
1
0!∂

a0F +mF a0 = 0

∂a0
F a0 +mF = 0

⇔

{
∂a0

∂a0F −m2F = 0

F a0 = − 1
0!m∂

a0F

Thm. 7.4.1.

{
(γa∂a +m)X(5) = 0,m 6= 0

X(5) = −XT (5)
⇔

{
∂a0∂

a0F −m2F = 0

X(5) = { 1
0!F −

1
1!mγa1∂

a1}C

Cor. 7.4.3.

{
1
0!∂

a0F +mF a0 = 0

∂a0
F a0 +mF = 0

⇔

{
1
4!∂

[a0∗F a1··a4] +m∗F a0a1··a4 = 0

∂a0
∗F a0a1··a4 +m∗F a1··a4 = 0
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7.5 Symmetric B-W vector field equation in seven dimensional space-time

Lem. 7.5.1. (γa0∂a0
+m)X(7) = 0, X(7) = { 1

(0!)2F + 1
(3!)2F

a1··a3γ[a1
· ·γa3]}C

⇔ εa1··a7∂a4
Fa5··a7

− imF a1··a3 = 0, ∂a1
F a1··a3 = 0

Proof: (γa0∂a0 +m)X(7) = 0, X(7) = { 1
(0!)2F + 1

(3!)2F
a1··a3γ[a1

· ·γa3]}C
⇔ (γa0

∂a0 +m){ 1
(0!)2F + 1

(3!)2F
a1··a3γ[a1

· ·γa3]}C = 0

⇔ F = 0, (γa0
∂a0 +m){ 1

(3!)2F
a1··a3γ[a1

· ·γa3]}C = 0

⇔ 1
3!ε

a1··a7∂a4
Fa5··a7

− imF a1··a3 = 0, ∂a1
F a1··a3 = 0

Cor. 7.5.1. γa0∂a0
= 0, X(7) = { 1

(0!)2F + 1
(3!)2F

a1··a3γ[a1
· ·γa3]}C

⇔ εa1··a7∂a4
Fa5··a7

= 0, ∂a1
F a1··a3 = 0

Cor. 7.5.2. (γa0∂a0 +m)X(7) = 0, X(7) = { 1
(0!)2F + 1

(3!)2F
a1··a3γ[a1

· ·γa3]}C,m 6= 0

⇔ 1
3!ε

a1··a7∂a4Fa5··a7 − imF a1··a3 = 0

Thm. 7.5.1. (γa∂a +m)X(7) = 0, X(7) = XT (7),m 6= 0
⇔ 1

3!ε
a1··a7∂a4

Fa5··a7
− imF a1··a3 = 0, X(7) = 1

(3!)2F
a1··a3γ[a1

· ·γa3]C

Cor. 7.5.3.
1
3!ε

a1··a7∂a4
Fa5··a7

− imF a1··a3 = 0⇔ ∂a0
∗F a0··a3 + imF a1··a3 = 0⇔ 1

3!∂[a0
Fa1··a3] − im∗Fa0··a3

= 0

7.6 Antisymmetric B-W vector field equation in seven dimensional space-time

Lem. 7.6.1.

{
(γa∂a +m)X(7) = 0

X(7) = { 1
(1!)2F

aγa + 1
(2!)2F

abγ[aγb]}C
⇔

{
∂[aF b] +mF ab = 0, ∂aF

a = 0

∂[aF bc] = 0, ∂aF
ab +mF b = 0

Cor. 7.6.1.

{
γa∂aX(7) = 0

X(7) = { 1
(1!)2F

aγa + 1
(2!)2F

abγ[aγb]}C
⇔

{
∂[aF b] = 0, ∂aF

a = 0

∂[aF bc] = 0, ∂aF
ab = 0

Cor. 7.6.2. (γa∂a +m)X(7) = 0, X(7) = { 1
(1!)2F

aγa + 1
(2!)2F

abγ[aγb]}C,m 6= 0

⇔ ∂aF
ab +mF b = 0, ∂[aF b] +mF ab = 0⇔ ∂b∂

bF a −m2F a = 0, ∂aF
a = 0, F ab = − 1

m∂
[aF b]

Thm. 7.6.1.

{
(γa∂a +m)X(7) = 0

X(7) = −XT (7)
⇔

{
∂b∂

bF a −m2F a = 0, ∂aF
a = 0

X(7) = { 1
1!γa + 1

2!mγ[aγb]∂
b}CF a

Cor. 7.6.3.

{
1
1!∂

[a0F a1] +mF a0a1 = 0

∂a0F
a0a1 +mF a1 = 0

⇔

{
1
5!∂

[a0∗F a1··a5] −m∗F a0a1··a5 = 0

∂a0∗F a0a1··a5 −m∗F a1··a5 = 0

7.7 Symmetric B-W vector field equation in nine dimensional space-time

Lem. 7.7.1. (γa0∂a0
+m)X(9) = 0, X(9) = { 1

(0!)2F + 1
(1!)2F

a1γa1
+ 1

(4!)2F
a1a2a3a4γ[a1

γa2
γa3

γa4]}C

⇔

{
∂a1F +mF a1 = 0, ∂[a0F a1] = 0, ∂a1F

a1 +mF = 0
1
4!ε

a1··a9∂a5
Fa6··a9

−mF a1··a4 = 0, ∂a1
F a1··a4 = 0

Proof: (γa0∂a0
+m)X(9) = 0, X(9) = { 1

(0!)2F + 1
(1!)2F

a1γa1
+ 1

(4!)2F
a1a2a3a4γ[a1

γa2
γa3

γa4]}C
⇔ (γa0

∂a0 +m){ 1
(0!)2F + 1

(1!)2F
a1γa1

+ 1
(4!)2F

a1a2a3a4γ[a1
γa2

γa3
γa4]}C = 0

⇔ (γa0
∂a0 +m){ 1

(0!)2F + 1
(1!)2F

a1γa1}C = 0, (γa0∂
a0 +m){ 1

(4!)2F
a1a2a3a4γ[a1

γa2
γa3

γa4]}C = 0

⇔

{
∂a1F +mF a1 = 0, ∂[a0F a1] = 0, ∂a1

F a1 +mF = 0
1
4!ε

a1··a9∂a5
Fa6··a9

−mF a1··a4 = 0, ∂a1
F a1··a4 = 0

Cor. 7.7.1. γa0∂a0
X(9) = 0, X(9) = { 1

(0!)2F + 1
(1!)2F

a1γa1
+ 1

(4!)2F
a1a2a3a4γ[a1

γa2
γa3

γa4]}C

⇔

{
∂a1F = 0, ∂[a0F a1] = 0, ∂a1F

a1 = 0

εa1··a9∂a5Fa6··a9 = 0, ∂a1F
a1··a4 = 0

Cor. 7.7.2. (γa0∂a0
+m)X(9) = 0, X(9) = { 1

(0!)2F + 1
(1!)2F

a1γa1
+ 1

(4!)2F
a1a2a3a4γ[a1

γa2
γa3

γa4]}C,m 6= 0

⇔

{
∂a1F +mF a1 = 0, ∂a1F

a1 +mF = 0⇔ ∂a1∂
a1F −m2F = 0, F a1 = − 1

m∂
a1F

1
4!ε

a1··a9∂a5Fa6··a9 −mF a1··a4 = 0

Thm. 7.7.1.

{
(γa∂a +m)X(9) = 0

X(9) = XT (9)
⇔

{
∂a1∂

a1F −m2F = 0, 1
4!ε

a1··a9∂a5Fa6··a9 −mF a1··a4 = 0

X(9) = {(1− 1
mγa1

∂a1)F + 1
(4!)2F

a1a2a3a4γ[a1
γa2

γa3
γa4]}C

Cor. 7.7.3. 1
4!ε

a1··a9∂a5Fa6··a9 −mF a1··a4 = 0⇔ ∂a0∗F a0··a4 −mF a1··a4 = 0⇔ 1
4!∂[a0

Fa1··a4] −m∗Fa0··a4
= 0
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7.8 Antisymmetric B-W vector field equation in nine dimensional space-time

Lem. 7.8.1.{
(γa∂a +m)X(9) = 0

X(9) = { 1
(2!)2F

a1a2γ[a1
γa2] + 1

(3!)2F
a1··a3γ[a1

· ·γa3]}C
⇔

{
1
2!∂

[a0F a1a2] +mF a0a1a2 = 0, ∂a1
F a1a2 = 0

∂[a0F a1a2a3] = 0, ∂a0
F a0a1a2 +mF a1a2 = 0

Cor. 7.8.1.{
γa∂aX(9) = 0

X(9) = { 1
(2!)2F

a1a2γ[a1
γa2] + 1

(3!)2F
a1··a3γ[a1

· ·γa3]}C
⇔

{
∂[a0F a1a2] = 0, ∂a1

F a1a2 = 0

∂[a0F a1a2a3] = 0, ∂a0
F a0a1a2 = 0

Cor. 7.8.2. (γa∂a +m)X(9) = 0,m 6= 0, X(9) = { 1
(2!)2F

a1a2γ[a1
γa2] + 1

(3!)2F
a1··a3γ[a1

· ·γa3]}C

⇔

{
1
2!∂

[a0F a1a2] +mF a0a1a2 = 0

∂a0
F a0a1a2 +mF a1a2 = 0

⇔

{
∂a0

∂a0F a1a2 −m2F a1a2 = 0, ∂a1
F a1a2 = 0

F a0a1a2 = − 1
2!m∂

[a0F a1a2]

Thm. 7.8.1.{
(γa∂a +m)X(9) = 0,m 6= 0

X(9) = −XT (9)
⇔

{
∂a0∂

a0F a1a2 −m2F a1a2 = 0, ∂a1
F a1a2 = 0

X(9) = { 1
2!γ[a1

γa2] − 1
3!mF

a1··a3γ[a1
· ·γa3]∂

a3}C 1
2!F

a1a2

Cor. 7.8.3.{
1
2!∂

[a0F a1a2] +mF a0a1a2 = 0

∂a0
F a0a1a2 +mF a1a2 = 0

⇔

{
1
6!∂

[a0∗F a1··a6] +m∗F a0a1··a6 = 0

∂a0
∗F a0a1··a6 +m∗F a1··a6 = 0

7.9 Symmetric B-W vector field equation in eleven dimensional space-time

Lem. 7.9.1. (γa0∂a0 +m)X(11) = 0, X(11) = { 1
(1!)2F

a1γa1
+ 1

(2!)2F
a1a2γ[a1

γa2] + 1
(5!)2F

a1··a5γ[a1
· ·γa5]}C

⇔

{
∂[a0F a1] +mF a0a1 = 0, ∂a1

F a1 = 0; ∂[a0F a1a2] = 0, ∂a0
F a0a1 +mF a1 = 0

1
5!ε

a1··a11∂a6Fa7··a11 −mF a1··a5 = 0, ∂a1F
a1··a5 = 0

Proof: (γa0∂a0 +m)X(11) = 0, X(11) = { 1
(1!)2F

a1γa1 + 1
(2!)2F

a1a2γ[a1
γa2] + 1

(5!)2F
a1··a5γ[a1

· ·γa5]}C
⇔ (γa0

∂a0 +m){ 1
(1!)2F

a1γa1 + 1
(2!)2F

a1a2γ[a1
γa2] + 1

(5!)2F
a1··a5γ[a1

· ·γa5]}C = 0

⇔ (γa0
∂a0 +m){ 1

(1!)2F
a1γa1

+ 1
(2!)2F

a1a2γ[a1
γa2]}C = 0, (γa0

∂a0 +m){ 1
(5!)2F

a1··a5γ[a1
· ·γa5]}C = 0

⇔

{
∂[a0F a1] +mF a0a1 = 0, ∂a1

F a1 = 0; ∂[a0F a1a2] = 0, ∂a0
F a0a1 +mF a1 = 0

1
5!ε

a1··a11∂a6
Fa7··a11

−mF a1··a5 = 0, ∂a1
F a1··a5 = 0

Cor. 7.9.1. γa0∂a0
X(11) = 0, X(11) = { 1

(1!)2F
a1γa1

+ 1
(2!)2F

a1a2γ[a1
γa2] + 1

(5!)2F
a1··a5γ[a1

· ·γa5]}C

⇔

{
∂[a0F a1] = 0, ∂a1F

a1 = 0, ∂[a0F a1a2] = 0, ∂a0F
a0a1 = 0

εa1··a11∂a6
Fa7··a11

= 0, ∂a1
F a1··a5 = 0

Cor. 7.9.2. (γa0∂a0
+m)X(11) = 0, X(11) = { 1

(1!)2F
a1γa1

+ 1
(2!)2F

a1a2γ[a1
γa2] + 1

(5!)2F
a1··a5γ[a1

· ·γa5]}C,m 6= 0

⇔

{
∂[a0F a1] +mF a0a1 = 0, ∂a0F

a0a1 +mF a1 = 0

εa1··a11∂a6Fa7··a11 −mF a1··a5 = 0

⇔

{
∂a0

∂a0F a1 −m2F a1 = 0, ∂a1
F a1 = 0, F a0a1 = − 1

m∂
[a0F a1]

1
5!ε

a1··a11∂a6
Fa7··a11

−mF a1··a5 = 0

Thm. 7.9.1.

{
(γa∂a +m)X(11) = 0

X(11) = XT (11),m 6= 0
⇔

{
∂a0

∂a0F a1 −m2F a1 = 0, 1
5!ε

a1··a11∂a6
Fa7··a11

−mF a1··a5 = 0

X(11) = {( 1
1!γa1

+ 1
2!mγ[a1

γa2]∂
a2)F a1 + 1

(5!)2F
a1··a5γ[a1

· ·γa5]}C

Cor. 7.9.3. 1
5!ε

a1··a11∂a6
Fa7··a11

−mF a1··a5 = 0⇔ ∂a0
∗F a0··a5 +mF a1··a5 = 0⇔ 1

5!∂[a0
Fa1··a5] −m∗Fa0··a5

= 0

7.10 Antisymmetric B-W vector field equation in eleven dimensional space-time

Lem. 7.10.1.{
(γa∂a +m)X(11) = 0, X(11) =

{ 1
(3!)2F

a1··a3γ[a1
· ·γa3] + 1

(4!)2F
a1··a4γ[a1

· ·γa4]}C
⇔

{
1
3!∂

[a0F a1a2a3] +mF a0a1a2a3 = 0, ∂a1F
a1a2a3 = 0

∂[a0F a1··a4] = 0, ∂a0
F a0a1a2a3 +mF a1a2a3 = 0

Cor. 7.10.1.{
γa∂aX(11) = 0

X(11) = { 1
(3!)2F

a1··a3γ[a1
· ·γa3] + 1

(4!)2F
a1··a4γ[a1

· ·γa4]}C
⇔

{
∂[a0F a1a2a3] = 0, ∂a1F

a1a2a3 = 0

∂[a0F a1··a4] = 0, ∂a0F
a0a1a2a3 = 0

Cor. 7.10.2. (γa∂a +m)X(11) = 0,m 6= 0, X(11) = { 1
(3!)2F

a1··a3γ[a1
· ·γa3] + 1

(4!)2F
a1··a4γ[a1

· ·γa4]}C

⇔

{
1
3!∂

[a0F a1a2a3] +mF a0a1a2a3 = 0

∂a0
F a0a1a2a3 +mF a1a2a3 = 0

⇔

{
∂a0

∂a0F a1a2a3 −m2F a1a2a3 = 0, ∂a1
F a1a2a3 = 0

F a0a1a2a3 = − 1
m∂

[a0F a1a2a3]
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Thm. 7.10.1.{
(γa∂a +m)X(11) = 0,m 6= 0

X(11) = −XT (11)
⇔

{
∂a1

∂a1F a1a2a3 −m2F a1a2a3 = 0, ∂a1
F a1a2a3 = 0

X(11) = { 1
3!γ[a1

· ·γa3] + 1
4!γ[a1

· ·γa4]∂
a4}C 1

3!F
a1a2a3

Cor. 7.10.3.{
1
3!∂

[a0F a1a2a3] +mF a0a1a2a3 = 0

∂a0F
a0a1a2a3 +mF a1a2a3 = 0

⇔

{
1
7!∂

[a0∗F a1··a7] −m∗F a0a1··a7 = 0

∂a0∗F a0a1··a7 −m∗F a1··a7 = 0

8 Antisymmetric B-W vector field equation in n=N+1 even dimensional space-time

8.1 On antisymmetric relation lemma

Lem. 8.1.1.
l∑

h=1

a{µς (~p, h)uλς}(~p, h) = 0⇔ [a(~p;h, h′) + a(~p;h′, h)] = 0, c(~p;h, h′) = 0

Proof:
l∑

h=1

a{µς (~p, h)uλς}(~p, h) = 0

⇔
l∑

h=1

u{λς (~p, h)aµς}(~p, h) = 0

⇔
l∑

h,h′=1

u{λς (~p, h)[a(~p;h, h′)uµς}(~p, h
′) + c(~p;h, h′)vµς}(~p, h

′)] = 0

⇔
l∑

h,h′=1

[a(~p;h, h′)u{λς (~p, h)uµς}(~p, h
′) + c(~p;h, h′)u{λς (~p, h)vµς}(~p, h

′)] = 0

⇔
l∑

h,h′=1

[a(~p;h, h′) + a(~p;h′, h)]uλς (~p, h)uµς (~p, h
′) +

l∑
h,h′=1

c(~p;h, h′)u{λς (~p, h)vµς}(~p, h
′)] = 0

⇔ [a(~p;h, h′) + a(~p;h′, h)] = 0, c(~p;h, h′) = 0

8.2 Plane wave solutions of antisymmetric B-W vector field equation in even n=N+1-D

Thm. 8.2.1. (γa∂a +m)κς
λςψλςµς (x) = 0, ψλςµς (x) = −ψµςλς (x)

⇔
ψλςµς (x) = 1

(2π)N/2

+∞∫
−∞

m√
E

l∑
h〈h′=1

[a(~p;h〈h′) 1√
2
u[λς (~p, h)uµς ](~p, h

′)eip·x + b+(~p;h〈h′) 1√
2
v[λς (~p, h)vµς ](~p, h

′)e−ip·x]dN~p

Proof:

(γa∂a +m)κς
λςψλςµς (x) = 0, ψλςµς (x) = −ψµςλς (x)

⇔
ψλςµς (x) = 1

(2π)N/2

+∞∫
−∞

√
m
E

l∑
h=1

[aµς (~p, h)uλς (~p, h)eip·x + b+µς (~p, h)vλς (~p, h)e−ip·x]dN~p, ψλςµς (x) = −ψµςλς (x)

⇔

ψλςµς (x) = 1
(2π)N/2

+∞∫
−∞

√
m
E

l∑
h=1

[aµς (~p, h)uλς (~p, h)eip·x + b+µς (~p, h)vλς (~p, h)e−ip·x]dN~p

+∞∫
−∞

√
m
E

l∑
h=1

[aµς (~p, h)uλς (~p, h)eip·x + b+µς (~p, h)vλς (~p, h)e−ip·x]dN~p

= −
+∞∫
−∞

√
m
E

l∑
h=1

[aλς (~p, h)uµς (~p, h)eip·x + b+λς (~p, h)vµς (~p, h)e−ip·x]dN~p

⇔
ψλςµς (x) = 1

(2π)N/2

+∞∫
−∞

√
m
E

l∑
h=1

[aµς (~p, h)uλς (~p, h)eip·x + b+µς (~p, h)vλς (~p, h)e−ip·x]dN~p

+∞∫
−∞

√
m
E

l∑
h=1

[a{µς (~p, h)uλς}(~p, h)eip·x + b+{µς (~p, h)vλς}(~p, h)e−ip·x]dN~p = 0

⇔
ψλςµς (x) = 1

(2π)N/2

+∞∫
−∞

√
m
E

l∑
h=1

[aµς (~p, h)uλς (~p, h)eip·x + b+µς (~p, h)vλς (~p, h)e−ip·x]dN~p

l∑
h=1

a{µς (~p, h)uλς}(~p, h) = 0,
l∑

h=1

b+{µς (~p, h)vλς}(~p, h) = 0

⇔ψλςµς (x) = 1
(2π)N/2

+∞∫
−∞

√
m
E

l∑
h,h′=1

[a(~p;h, h′)uλς (~p, h)uµς (~p, h
′)eip·x + b+(~p;h, h′)vλς (~p, h)vµς (~p, h

′)e−ip·x]dN~p

a(~p;h, h′) + a(~p;h′, h) = 0, b+(~p;h, h′) + b+(~p;h′, h) = 0
⇔ψλςµς (x) = 1

(2π)N/2

+∞∫
−∞

√
m
E

l∑
h,h′=1

[a(~p;h, h′) 1
2!u[λς (~p, h)uµς ](~p, h

′)eip·x + b+(~p;h, h′) 1
2!v[λς (~p, h)vµς ](~p, h

′)e−ip·x]dN~p

a(~p;h, h′) + a(~p;h′, h) = 0, b+(~p;h, h′) + b+(~p;h′, h) = 0
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⇔ψλςµς (x) = 1
(2π)N/2

+∞∫
−∞

m√
E

l∑
h〈h′=1

[a(~p;h〈h′) 1√
2
u[λς (~p, h)uµς ](~p, h

′)eip·x + b+(~p;h〈h′) 1√
2
v[λς (~p, h)vµς ](~p, h

′)e−ip·x]dN~p

a(~p;h〈h′) =
√

2√
m
a(~p;h, h′), b+(~p;h〈h′) =

√
2√
m
b+(~p;h, h′)

9 Direct solution of antisymmetric tensor field in N+1 dimensional space-time

9.1 Electronic equation [4] in N+1 dimensional space-time

The electron equation in even dimensional spacetime:

Def. 9.1.1. (γa∂a +m)ψ = 0, ψ =

[
ϕ
η

]
, γa = (Γ⊗ σy, ςI∗ ⊗ σz) = (~γ, ςI∗ ⊗ σz)

The electron equation in odd dimensional spacetime:

Def. 9.1.2. (γa∂a +m)ψ = 0, ψ =

[
ϕ
η

]
, γa = (Γ⊗ σy, I∗ ⊗ σx, ςI∗ ⊗ σz) = (~γ, ςI∗ ⊗ σz)

9.2 Electron spin basis in N+1 dimensional space-time

Def. 9.2.1. uς(~p, h) :=
√

E+m
2m (1− i~p·~γγ0

E+m )

[ 1
0

0l−2

0l

]
,
√

E+m
2m (1− i~p·~γγ0

E+m )

[ 0
1

0l−2

0l

]
, ··,
√

E+m
2m (1− i~p·~γγ0

E+m )

[ 0l−2

0
1
0l

]

Def. 9.2.2. vς(~p, h) :=
√

E+m
2m (1− i~p·~γγ0

E+m )

[ 0l
1
0

0l−2

]
,
√

E+m
2m (1− i~p·~γγ0

E+m )

[ 0l
0
1

0l−2

]
, ··,
√

E+m
2m (1− i~p·~γγ0

E+m )

[ 0l
0l−2

0
1

]
9.3 Plane wave solutions of electron in N+1 dimensional space-time

Cor. 9.3.1.
ψλς (x) = 1

(2π)N/2

+∞∫
~p=−∞

√
m
E

l∑
h=1

[a(~p, h)uλς (~p, h)eip·x + b+(~p, h)vλς (~p, h)e−ip·x]dN~p

a(~p, h) = 1
(2π)3/2

+∞∫
~p=−∞

√
E
mu

+(~p, h)ψ(x)e−ip·xd3~r, b+(~p, h) = 1
(2π)3/2

+∞∫
~p=−∞

√
E
mv

+(~p, h)ψ(x)eip·xd3~r

Thm. 9.3.1.Aa1··al(x) = 2−[
n
2 ]tr{ 1

l! C̄γ[a1
· ·γal]ψ(x)} = 1

(2π)N/2

∫ √
E
m

l∑
h=1

[a(~p, h)Ua1··al(~p, h)eip·x + b+(~p, h)V +
a1··al(~p, h)e−ip·x]dN~p

Ua1··al(~p, h) = 2−[
n
2 ]tr{ 1

l! C̄γ[a1
· ·γal]u(~p, h), Va1··al(~p, h) = 2−[

n
2 ]tr{ 1

l! C̄γ[a1
· ·γal]v(~p, h)

9.4 Spin basis of B-W vector field in N+1 dimensional space-time

Def. 9.4.1.Uλςµς (~p;h, h) = 1
2u{λς (~p, h)uµς}(~p, h), Uλςµς (~p;h < h′) = 1√

2
u{λς (~p, h)uµς}(~p, h

′);h, h′ = 1, 2, ··, 2[
N−1

2 ]

Vλςµς (~p;h, h) = 1
2v{λς (~p, h)vµς}(~p, h), Vλςµς (~p;h < h′) = 1√

2
v{λς (~p, h)vµς}(~p, h

′);h, h′ = 1, 2, ··, 2[
N−1

2 ]Xλςµς (~p;h < h′) = 1√
2
u[λς (~p, h)uµς ](~p, h

′);h, h′ = 1, 2, ··, 2[
N−1

2 ]

Yλςµς (~p;h < h′) = 1√
2
v[λς (~p, h)vµς ](~p, h

′);h, h′ = 1, 2, ··, 2[
N−1

2 ]

9.5 Spin basis and properties of antisymmetric tensor field in N+1 dimensional space-time

Thm. 9.5.1.


Ua1··al(~p;h, h) = 2−[

n
2 ]{( 1

l!C
+γ[a1

· ·γal])µςλςuλς (~p, h)uµς (~p, h)}
Ua1··al(~p;h < h′) = 2−[

n
2 ]
√

2{( 1
l!C

+γ[a1
· ·γal])µςλςuλς (~p, h)uµς (~p, h

′)}
Ua1··al(~p;h, h

′) = 2−[
n
2 ]
√

2
1−δhh′{( 1

l!C
+γ[a1

· ·γal])µςλςuλς (~p, h)uµς (~p, h
′)}

Proof: ???Ua1··al(~p;h, h
′) = 2−[

n
2 ]
√

2
1−δhh′{( 1

l!C
+γ[a1

· ·γal])µςλςuλς (~p, h)uµς (~p, h
′)}

= 2−[
n
2 ]
√

2
1−δhh′{ 1

l!uµς (~p, h
′)(C+γ[a1

· ·γal])µςλςuλς (~p, h)}
= 2−[

n
2 ]
√

2
1−δhh′ 1

l!u
T (~p, h′)C+γ[a1

· ·γal]u(~p, h)

Proof:
∑
h≤h′

√
2

1−δhh′ [ 1
l!u

T (~p, h′)C+γ[a1
· ·γal]u(~p, h)][ 1

l!u
T (~p, h′)C+γ[a′1

· ·γa′l]u(~p, h)]+

=
∑
h≤h′

√
2

1−δhh′ [ 1
l!u

T (~p, h′)(C+γ[a1
· ·γal])u(~p, h) 1

l!u
+(~p, h)(C+γ[a′1

· ·γa′l])
+u∗(~p, h′)

= 1
(l!)2

∑
h≤h′

√
2

1−δhh′ [uT (~p, h′)(C+γ[a1
· ·γal])u(~p, h)u+(~p, h)(γ[a′l

· ·γa′1]C)u∗(~p, h′)
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= il(l−1)

(l!)2

∑
h≤h′

√
2

1−δhh′ [uT (~p, h′)(C+γ[a1
· ·γal])u(~p, h)u+(~p, h)(γ[a′1

· ·γa′l]C)u∗(~p, h′)

= il(l−1)

(l!)2

∑
h≤h′

√
2

1−δhh′ [uµ(~p, h′)(C+γ[a1
· ·γal])µλuλ(~p, h)u+

λ′(~p, h)(γ[a′1
· ·γa′l]C)λ

′µ′u+
µ′(~p, h

′)

= il(l−1)

(l!)2 [(C+γ[a1
· ·γal])µλ[

∑
h

uλ(~p, h)u+
λ′(~p, h)](γ[a′1

· ·γa′l]C)λ
′µ′ [
∑
h′
uµ(~p, h′)u+

µ′(~p, h
′)]

= il(l−1)

4m2(l!)2 [(C+γ[a1
· ·γal])µλ[(m− iγapa)γ0]λλ′(γ[a′1

· ·γa′l]C)λ
′µ′ [(m− iγbpb)γ0]Tµ′µ

= il(l−1)

4m2(l!)2 tr{[(C+γ[a1
· ·γal])[(m− iγapa)γ0](γ[a′1

· ·γa′l]C)[(m− iγbpb)γ0]T }

= i 4
−[
n
2 ]

2(l!)2 i
l(l−1)tr{C+γ[a1

γa2
· ·γal][(m− iγapa)γ0]γ[a′1

γa′2 · ·γa′l]C[(m− iγbpb)γ0]T }∆(x− x′)

= − 2
[
n
2 ]

(−1)ξ(n)+l

2m2

{
1

(l+1)!η
[a1

[a′1
ηa2

a′2
· ·ηala′lη

a]
a′]pap

+a′ , (−1)η(n)+l = 1
1

(l−1)!η
[a1

[a′1
· ·ηal−1

a′l−1
pal]pa′l], (−1)η(n)+l = −1

= 2
[
n
2 ]

(−1)δ2,n

2m2

{
1

(l+1)!η
[a1

[a′1
ηa2

a′2
· ·ηala′lη

a]
a′]pap

+a′ , (−1)η(n)+l = 1

− 1
(l−1)!η

[a1

[a′1
· ·ηal−1

a′l−1
pal]pa′l], (−1)η(n)+l = −1

Cor. 9.5.1.
∑
h≤h′

Ua1··al(~p;h, h
′)U+

a′1··a′l
(~p;h, h′) = (−1)δ2,n

2m22
[
n
2 ]

{
1

(l+1)!η
[a1

[a′1
ηa2

a′2
· ·ηala′lη

a]
a′]pap

+a′ , (−1)η(n)+l = 1

− 1
(l−1)!η

[a1

[a′1
· ·ηal−1

a′l−1
pal]pa′l], (−1)η(n)+l = −1

Proof: U+a′1··a
′
l(~p;h, h′)ηa1

a′1
· ·ηala′lUa1··al(~p;h, h

′)

= 4−[
n
2 ]21−δhh′ il(l−1){ 1

l!u
+
µ′ς

(~p, h′)u+
λ′ς

(~p, h)(γ[a′1 · ·γa′l]C)λ
′
ςµ
′
ς}ηa1

a′1
· ·ηala′l{(

1
l!C

+γ[a1
· ·γal])µςλςuλς (~p, h)uµς (~p, h

′)}

= 4−[
n
2 ]21−δhh′ il(l−1)[u+

λ′ς
(~p, h)uλς (~p, h)][u+

µ′ς
(~p, h′)uµς (~p, h

′)]{( 1
l!γ

[a′1 · ·γa′l]C)λ
′
ςµ
′
ςηa1

a′1
· ·ηala′l (

1
l!C

+γ[a1
· ·γal])µςλς}

= 4−[
n
2 ]21−δhh′ il(l+1)[u+

λ′ς
(~p, h)uλς (~p, h)][u+

µ′ς
(~p, h′)uµς (~p, h

′)]{( 1
l!γ0γ

[a1 · ·γal]Cγ0)λ
′
ςµ
′
ς ( 1
l!C

+γ[a1
· ·γal])µςλς}

= 4−[
n
2 ]21−δhh′ il(l+1)[ūλ′ς (~p, h)uλς (~p, h)][ūµ′ς (~p, h

′)uµς (~p, h
′)]{( 1

l!γ
[a1 · ·γal]C)λ

′
ςµ
′
ς ( 1
l!C

+γ[a1
· ·γal])µςλς}

9.6 Orthogonality of Dirac matrix in N+1 dimensional space-time?

Proof: ( 1
l!γ

[a1 · ·γal]C)λ
′
ςµ
′
ς ( 1
l!C

+γ[a1
· ·γal])µςλς =???δλςλ

′
ς δµςµ

′
ς + · · ·

10 Special antisymmetric tensor field in four dimensional space-time

10.1 Summary of relevant properties

Cor. 10.1.1. v(~p, h) = −γ5u(~p, h), u(~p, h) = −γ5v(~p, h)

Pro. 10.1.1.

{
uT (~p, h)C+u(~p, h′) = 0, uT (~p, h)C+v(~p, h) = 0

uT (~p, 1
2 )C+v(~p,− 1

2 ) = −ς, uT (~p,− 1
2 )C+v(~p, 1

2 ) = ς

Pro. 10.1.2.

{
uT (~p, h)C+γ5u(~p, h) = 0, uT (~p, h)C+γ5v(~p, h′) = 0

uT (~p,− 1
2 )C+γ5u(~p, 1

2 ) = −1, uT (~p, 1
2 )C+γ5u(~p,− 1

2 ) = 1

Pro. 10.1.3.

{
uT (p̂, κ2 )C̄γau(p̂, κ2 ) = i

√
2εa(~p, κ), uT (p̂, κ2 )C̄γau(p̂,−κ2 ) = iεa(~p, 0)

uT (~p, κ2 )C+γav(~p, κ2 ) = 0, uT (~p, 1
2 )C+γav(~p,− 1

2 ) = −iςpa
m , uT (~p,− 1

2 )C+γav(~p, 1
2 ) = iςpa

m

10.2 Plane wave solutions of special antisymmetric tensor field in 4D

Lem. 10.2.1.{
(γa∂a +m)X(4) = 0

X(4) = { 1
(2!)2F

abγ[aγb] + 1
(3!)2F

abcγ[aγbγc]}C
⇔

{
1
2!∂

[aF bc] +mF abc = 0, ∂aF
ab = 0

∂[aF bcd] = 0, ∂aF
abc +mF bc = 0

⇔

{
1
1!∂

[a∗F b] +m∗F ab = 0

∂a∗F ab +m∗F b = 0

Lem. 10.2.2.
(γa∂a +m)ψ(x) = 0

tr{C+ψ(x)} = 0, tr{C+γaψ(x)} = 0, tr{C+γ[aγbγcγd]ψ(x)} = 0

ψ(x) = { 1
(2!)2F

abγ[aγb] + 1
(3!)2F

abcγ[aγbγc]}C
⇔

{
1
2!∂

[aF bc] +mF abc = 0, ∂aF
ab = 0

∂[aF bcd] = 0, ∂aF
abc +mF bc = 0

Proof:{
(γa∂a +m)ψ(x) = 0

tr{C+ψ(x)} = 0, tr{C+γaψ(x)} = 0, tr{C+γ[aγbγcγd]ψ(x)} = 0

735



Chapter38 Potential Analysis of B-W Equation in N+1 Dimensional Space-time Shui-Rong Shi

⇔

ψλςµς (x) = 1
(2π)N/2

∫ √
m
E

−1/2∑
h=1/2

[aµς (~p, h)uλς (~p, h)eip·x + b+µς (~p, h)vλς (~p, h)e−ip·x]dN~p

−1/2∑
h=1/2

C+µςλςaµς (~p, h)uλς (~p, h) = 0,
−1/2∑
h=1/2

(C+γa)µςλςaµς (~p, h)uλς (~p, h) = 0

−1/2∑
h=1/2

(C+γ[aγbγcγd])
µςλςaµς (~p, h)uλς (~p, h) = 0

Proof:

−1/2∑
h=1/2

C+µςλςaµς (~p, h)uλς (~p, h) = 0

−1/2∑
h=1/2

(C+γa)µςλςaµς (~p, h)uλς (~p, h) = 0

−1/2∑
h=1/2

(C+γ[aγbγcγd])
µςλςaµς (~p, h)uλς (~p, h) = 0

⇔



−1/2∑
h=1/2

C+µςλςaµς (~p, h)uλς (~p, h) = 0

−1/2∑
h=1/2

(C+γa)µςλςaµς (~p, h)uλς (~p, h) = 0

−1/2∑
h=1/2

(C+γ5)µςλςaµς (~p, h)uλς (~p, h) = 0

⇔

−1/2∑
h,h′=1/2

C+µςλς [a(~p;h, h′)uµς (~p, h
′) + c(~p;h, h′)vµς (~p, h

′)]uλς (~p, h) = 0

−1/2∑
h,h′=1/2

(C+γa)µςλς [a(~p;h, h′)uµς (~p, h
′) + c(~p;h, h′)vµς (~p, h

′)]uλς (~p, h) = 0

−1/2∑
h,h′=1/2

(C+γ5)µςλς [a(~p;h, h′)uµς (~p, h
′) + c(~p;h, h′)vµς (~p, h

′)]uλς (~p, h) = 0

⇔

−1/2∑
h,h′=1/2

C+µςλς [a(~p;h, h′)u[λς (~p, h)uµς ](~p, h
′) + c(~p;h, h′)u[λς (~p, h)vµς ](~p, h

′)] = 0

−1/2∑
h,h′=1/2

(C+γa)µςλς [a(~p;h, h′)u{λς (~p, h)uµς}(~p, h
′) + c(~p;h, h′)u{λς (~p, h)vµς}(~p, h

′)] = 0

−1/2∑
h,h′=1/2

(C+γ5)µςλς [a(~p;h, h′)u[λς (~p, h)uµς ](~p, h
′) + c(~p;h, h′)u[λς (~p, h)vµς ](~p, h

′)] = 0

⇔

−1/2∑
h,h′=1/2

C+λςµς [a(~p;h, h′)uλς (~p, h)uµς (~p, h
′) + c(~p;h, h′)uλς (~p, h)vµς (~p, h

′)] = 0

−1/2∑
h,h′=1/2

(C+γa)λςµς [a(~p;h, h′)uλς (~p, h)uµς (~p, h
′) + c(~p;h, h′)uλς (~p, h)vµς (~p, h

′)] = 0

−1/2∑
h,h′=1/2

(C+γ5)λςµς [a(~p;h, h′)uλς (~p, h)uµς (~p, h
′) + c(~p;h, h′)uλς (~p, h)vµς (~p, h

′)] = 0

⇔

−1/2∑
h,h′=1/2

[a(~p;h, h′)uT (~p, h)C+u(~p, h′) + c(~p;h, h′)uT (~p, h)C+v(~p, h′)] = 0

−1/2∑
h,h′=1/2

[a(~p;h, h′)uT (~p, h)C+γau(~p, h′) + c(~p;h, h′)uT (~p, h)C+γav(~p, h′)] = 0

−1/2∑
h,h′=1/2

[a(~p;h, h′)uT (~p, h)C+γ5u(~p, h′) + c(~p;h, h′)uT (~p, h)C+γ5v(~p, h′)] = 0

⇔
c(~p; 1

2 ,−
1
2 ) = c(~p;− 1

2 ,
1
2 )

i
√

2εa(~p, 1)a(~p; 1
2 ,

1
2 ) + i

√
2εa(~p,−1)a(~p;− 1

2 ,−
1
2 ) + iεa(~p, 0)[a(~p; 1

2 ,−
1
2 ) + a(~p;− 1

2 ,
1
2 )] = 0

a(~p; 1
2 ,−

1
2 ) = a(~p;− 1

2 ,
1
2 )

⇔{
c(~p; 1

2 ,−
1
2 ) = c(~p;− 1

2 ,
1
2 )

a(~p;h, h′) = 0
⇒

ψλςµς (x) = 1
(2π)N/2

∫
dN~p

√
m
E

−1/2∑
h,h′=1/2

[a(~p;h, h′)uλς (~p, h)uµς (~p, h
′) + c(~p;h, h′)uλς (~p, h)vµς (~p, h

′)]eip·x + · · ·
⇒

ψλςµς (x) = 1
(2π)N/2

∫
dN~p

√
m
E

−1/2∑
h,h′=1/2

c(~p;h, h′)uλς (~p, h)vµς (~p, h
′)eip·x + · · ·

⇒
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ψλςµς (x) = 1
(2π)N/2

∫
dN~p

√
m
E e

ip·x

{c(~p; 1
2 ,

1
2 )uλς (~p,

1
2 )vµς (~p,

1
2 ) + c(~p;− 1

2 ,−
1
2 )uλς (~p,− 1

2 )vµς (~p,− 1
2 )

+ c(~p; 1
2 ,−

1
2 )[uλς (~p,

1
2 )vµς (~p,− 1

2 ) + uλς (~p,− 1
2 )vµς (~p,

1
2 )]}+ · · ·

⇒
ψλςµς (x) = 1

(2π)N/2

∫
dN~p

√
m
E e

ip·x

{c(~p; 1)uλς (~p,
1
2 )vµς (~p,

1
2 ) + c(~p;−1)uλς (~p,− 1

2 )vµς (~p,− 1
2 ) + c(~p; 0) 1√

2
[uλς (~p,

1
2 )vµς (~p,− 1

2 ) + uλς (~p,− 1
2 )vµς (~p,

1
2 )]}+ · · ·

10.3 B-W quasi projection operator of special antisymmetric tensor field in 4D

Proof:

uλς (~p,
1
2 )vµς (~p,

1
2 )u+

λ′ς
(~p, 1

2 )v+
µ′ς

(~p, 1
2 ) + uλς (~p,− 1

2 )vµς (~p,− 1
2 )u+

λ′ς
(~p,− 1

2 )v+
µ′ς

(~p,− 1
2 )

+ 1√
2
[uλς (~p,

1
2 )vµς (~p,− 1

2 ) + uλς (~p,− 1
2 )vµς (~p,

1
2 )] 1√

2
[u+
λ′ς

(~p, 1
2 )v+

µ′ς
(~p,− 1

2 ) + u+
λ′ς

(~p,− 1
2 )v+

µ′ς
(~p, 1

2 )]

= [uλς (~p,
1
2 )u+

λ′ς
(~p, 1

2 )][vµς (~p,
1
2 )v+

µ′ς
(~p, 1

2 )] + [uλς (~p,− 1
2 )u+

λ′ς
(~p,− 1

2 )][vµς (~p,− 1
2 )v+

µ′ς
(~p,− 1

2 )]

+ 1
2 [uλς (~p,

1
2 )u+

λ′ς
(~p, 1

2 )][vµς (~p,− 1
2 )v+

µ′ς
(~p,− 1

2 )] + 1
2 [uλς (~p,− 1

2 )u+
λ′ς

(~p,− 1
2 )][vµς (~p,

1
2 )v+

µ′ς
(~p, 1

2 )]

+ 1
2 [uλς (~p,

1
2 )u+

λ′ς
(~p,− 1

2 )][vµς (~p,− 1
2 )v+

µ′ς
(~p, 1

2 )] + 1
2 [uλς (~p,− 1

2 )u+
λ′ς

(~p, 1
2 )][vµς (~p,

1
2 )v+

µ′ς
(~p,− 1

2 )]

= 1
2

−1/2∑
h=1/2

[uλς (~p, h)u+
λ′ς

(~p, h)]
−1/2∑
h′=1/2

[vµς (~p, h
′)v+

µ′ς
(~p, h′)]

+ 1
2 [uλς (~p,

1
2 )u+

λ′ς
(~p, 1

2 )][vµς (~p,
1
2 )v+

µ′ς
(~p, 1

2 )] + 1
2 [uλς (~p,− 1

2 )u+
λ′ς

(~p,− 1
2 )][vµς (~p,− 1

2 )v+
µ′ς

(~p,− 1
2 )]

+ 1
2 [uλς (~p,

1
2 )u+

λ′ς
(~p,− 1

2 )][vµς (~p,− 1
2 )v+

µ′ς
(~p, 1

2 )] + 1
2 [uλς (~p,− 1

2 )u+
λ′ς

(~p, 1
2 )][vµς (~p,

1
2 )v+

µ′ς
(~p,− 1

2 )]

= 1
2

−1/2∑
h=1/2

[uλς (~p, h)u+
λ′ς

(~p, h)]
−1/2∑
h′=1/2

[vµς (~p, h
′)v+

µ′ς
(~p, h′)]

+ 1
2 [uλς (~p,

1
2 )v+

µ′ς
(~p, 1

2 )][vµς (~p,
1
2 )u+

λ′ς
(~p, 1

2 )] + 1
2 [uλς (~p,− 1

2 )v+
µ′ς

(~p,− 1
2 )][vµς (~p,− 1

2 )u+
λ′ς

(~p,− 1
2 )]

+ 1
2 [uλς (~p,

1
2 )v+

µ′ς
(~p, 1

2 )][vµς (~p,− 1
2 )u+

λ′ς
(~p,− 1

2 )] + 1
2 [uλς (~p,− 1

2 )v+
µ′ς

(~p,− 1
2 )][vµς (~p,

1
2 )u+

λ′ς
(~p, 1

2 )]

= 1
2

−1/2∑
h=1/2

[uλς (~p, h)u+
λ′ς

(~p, h)]
−1/2∑
h′=1/2

[vµς (~p, h
′)v+

µ′ς
(~p, h′)] + 1

2

−1/2∑
h=1/2

[uλς (~p, h)v+
µ′ς

(~p, h)]
−1/2∑
h′=1/2

[vµς (~p, h
′)u+

λ′ς
(~p, h′)]

= 1
2

−1/2∑
h=1/2

[uλς (~p, h)u+
λ′ς

(~p, h)]
−1/2∑
h′=1/2

[vµς (~p, h
′)v+

µ′ς
(~p, h′)]

+ 1
2

−1/2∑
h=1/2

[uλς (~p, h)[u+(~p, h)γ5]µ′ς ]
−1/2∑
h′=1/2

[vµς (~p, h
′)[v+(~p, h′)γ5]λ′ς ]

= 1
2

[(m−iγapa)γ0]λςλ′ς
2m

[(−m−iγapa)γ0]µςµ′ς
2m + 1

2

[(m−iγapa)γ0γ5]λςµ′ς
2m

[(−m−iγapa)γ0γ5]µςλ′ς
2m

10.4 Potential commutation rules for special antisymmetric tensor field in 4D

Thm. 10.4.1. [Fa1a2(x), F+
a′1a
′
2
(x′)] = i

22 { 1
2!η

[a1

[a′1
η
a2]
a′2]m

2 − 1
1!η

[a1

[a′1
∂a2]∂+

a′2]}∆(x− x′) = i
22

1
3!η

[a1

[a′1
ηa2

a′2
η
a]
b] ∂a∂

+b∆(x− x′)

Proof: [Fa1a2
(x), F+

a′1a
′
2
(x′)]

= 2−4

(2!)2 (C+γ[a1
γa2])

µλ(C+γ[a′1
γa′2])

∗µ′λ′ [ψλµ(x), ψ+
λ′µ′(x

′)]

= 2−4

(2!)2 (C+γ[a1
γa2])

λµ(C+γ[a′1
γa′2])

+λ′µ′ [ψλµ(x), ψ+
λ′µ′(x

′)]

= 2−4

(2!)2 (C+γ[a1
γa2])

λµ(γ[a′2
γa′1]C)λ

′µ′ [ψλµ(x), ψ+
λ′µ′(x

′)]

= − 2−4

(2!)2 (C+γ[a1
γa2])

λµ(γ[a′1
γa′2]C)λ

′µ′ [ψλµ(x), ψ+
λ′µ′(x

′)]

= − 2−4

(2!)2 (C+γ[a1
γa2])

λµ(γ[a′1
γa′2]C)λ

′µ′

i
22 {[(m− γa∂a)γ0]λλ′ [(−m− γb∂b)γ0]µµ′ + [(m− γa∂a)γ0γ5]µλ′ [(−m− γb∂b)γ0γ5]λµ′}∆(x− x′)
= −i 2−6

(2!)2 (C+γ[a1
γa2])

λµ(γ[a′1
γa′2]C)λ

′µ′

{[(m− γa∂a)γ0]λλ′ [(−m− γb∂b)γ0]µµ′ + [(m− γa∂a)γ0γ5]λλ′ [(−m− γb∂b)γ0γ5]µµ′}∆(x− x′)
= −i 2−6

(2!)2 {(C+γ[a1
γa2])

λµ[(m− γa∂a)γ0]λλ′(γ[a′1
γa′2]C)λ

′µ′ [(−m− γb∂b)γ0]Tµ′µ∆(x− x′)
+ (C+γ[a1

γa2])
λµ[(m− γa∂a)γ0γ5]λλ′(γ[a′1

γa′2]C)λ
′µ′ [(−m− γb∂b)γ0γ5]Tµ′µ∆(x− x′)}

= −i 2−6

(2!)2 tr{(C+γ[a1
γa2])[(m− γa∂a)γ0](γ[a′1

γa′2]C)[(−m− γb∂b)γ0]T

+ (C+γ[a1
γa2])[(m− γa∂a)γ0γ5](γ[a′1

γa′2]C)[(−m− γb∂b)γ0γ5]T }∆(x− x′)
= −i 2−6

(2!)2 tr{γ[a1
γa2][(m− γa∂a)γ0]γ[a′1

γa′2]C[(−m− γb∂b)γ0]TC+

+ γ[a1
γa2][(m− γa∂a)γ0γ5]γ[a′1

γa′2]C[(−m− γb∂b)γ0γ5]TC+}∆(x− x′)
= i 2−6

(2!)2 tr{γ[a1
γa2][(m−γa∂a)γ0]γ[a′1

γa′2][γ
0(−m+γb∂b)]+γ[a1

γa2][(m−γa∂a)γ0γ5]γ[a′1
γa′2][γ

5γ0(−m+γb∂b)]}∆(x−x′)
= i 2−5

(2!)2 tr{γ[a1
γa2][(m− γa∂a)γ0]γ[a′1

γa′2][(−m− γb∂+
b )γ0]}∆(x− x′)
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= i 2−5

(2!)2 tr{−m2(γ[a1
γa2])γ

0(γ[a′1
γa′2])γ

0}∆(x− x′) + i 2−5

(2!)2 tr{(γ[a1
γa2])γaγ0(γ[a′1

γa′2])γbγ0}∂a∂b∆(x− x′)
= −i 2−5

(2!)2 i
2∗322(2!)2m2 1

2!η
[a1

[a′1
η
a2]
a′2]∆(x− x′)

+ i 2−5

(2!)2 i
3∗422(2!)2{ 1

3!η
[a1

[a′1
ηa2

a′2
η
a]
b] −

1
1!η

[a1

[a′1
δa2]aδa′2]b}∂a∂+b∆(x− x′)

= i
23 { 1

2!η
[a1

[a′1
η
a2]
a′2]m

2 + ( 1
3!η

[a1

[a′1
ηa2

a′2
η
a]
b] −

1
1!η

[a1

[a′1
δa2]aδa′2]b)∂a∂

+b}∆(x− x′)
= i

22 { 1
2!η

[a1

[a′1
η
a2]
a′2]m

2 − 1
1!η

[a1

[a′1
∂a2]∂+

a′2]}∆(x− x′)
= i

22
1
3!η

[a1

[a′1
ηa2

a′2
η
a]
b] ∂a∂

+b∆(x− x′)

Cor. 10.4.1. [F a1a2a3(x), F+
a′1a
′
2a
′
3
(x′)] = − i

22
1
2!η

[a1

[a′1
ηa2

a′2
∂a3]∂+

a′3]∆(x− x′)

Thm. 10.4.2.{
[F a1a2a3(x), F+

a′1a
′
2a
′
3
(x′)] = − i

22
1
2!η

[a1

[a′1
ηa2

a′2
∂a3]∂+

a′3]∆(x− x′)⇔ [∗Fa0 ,∗F+
a′0

] = i
22

1
2!η

[a1

[a′1
η
a]
a′]∂a∂

+a′∆(x− x′)
[Fa1a2(x), F+

a′1a
′
2
(x′)] = i

22
1
3!η

[a1

[a′1
ηa2

a′2
η
a]
b] ∂a∂

+b∆(x− x′)⇔ [∗Fa1a2(x),∗F+
a′1a
′
2
(x′)] = − i

22 η[a1[a′1
∂a2]∂

+
a′2]∆(x− x′)

Proof: [ 1
3!εa0a1a2a3

F a1a2a3(x), 1
3!ε

a′0a
′
1a
′
2a
′
3F+

a′1a
′
2a
′
3
(x′)]

= − 1
(3!)2 εa0a1a2a3ε

a′0a
′
1a
′
2a
′
3 i

22
1
2!η

[a1

[a′1
ηa2

a′2
∂a3]∂+

a′3]∆(x− x′)
= − i

22
1
2!εa0a1a2a3

εa
′
0a
′
1a
′
2a
′
3ηa1

a′1
ηa2

a′2
∂a3∂+

a′3

= − i
22

1
2!δ

a′0
[a0
δ
a′1
a1 δ

a′2
a2 δ

a′3
a3]η

a1

a′1
ηa2

a′2
∂a3∂+

a′3
∆(x− x′)

= − i
22

1
2! (δ

a′0
a0 δ

a′1
[a1
δ
a′2
a2 δ

a′3
a3] − δ

a′0
a1 δ

a′1
[a0
δ
a′2
a2 δ

a′3
a3] + δ

a′0
a2 δ

a′1
[a0
δ
a′2
a1 δ

a′3
a3] − δ

a′0
a3 δ

a′1
[a0
δ
a′2
a1 δ

a′3
a2])η

a1

a′1
ηa2

a′2
∂a3∂+

a′3
∆(x− x′)

= − i
22

1
2!{δ

a′0
a0 (δ

a′1
a1 δ

a′2
a2 δ

a′3
a3 − δ

a′1
a1 δ

a′2
a3 δ

a′3
a2 + δ

a′1
a2 δ

a′2
a3 δ

a′3
a1 − δ

a′1
a2 δ

a′2
a1 δ

a′3
a3 + δ

a′1
a3 δ

a′2
a1 δ

a′3
a2 − δ

a′1
a3 δ

a′2
a2 δ

a′3
a1 )ηa1

a′1
ηa2

a′2
∂a3∂+

a′3

− δa
′
0
a1 (δ

a′1
a0 δ

a′2
a2 δ

a′3
a3 − δ

a′1
a0 δ

a′2
a3 δ

a′3
a2 + δ

a′1
a2 δ

a′2
a3 δ

a′3
a0 − δ

a′1
a2 δ

a′2
a0 δ

a′3
a3 + δ

a′1
a3 δ

a′2
a0 δ

a′3
a2 − δ

a′1
a3 δ

a′2
a2 δ

a′3
a0 )ηa1

a′1
ηa2

a′2
∂a3∂+

a′3

− δa
′
0
a2 (δ

a′1
a1 δ

a′2
a0 δ

a′3
a3 − δ

a′1
a1 δ

a′2
a3 δ

a′3
a0 + δ

a′1
a0 δ

a′2
a3 δ

a′3
a1 − δ

a′1
a0 δ

a′2
a1 δ

a′3
a3 + δ

a′1
a3 δ

a′2
a1 δ

a′3
a0 − δ

a′1
a3 δ

a′2
a0 δ

a′3
a1 )ηa1

a′1
ηa2

a′2
∂a3∂+

a′3

− δa
′
0
a3 (δ

a′1
a1 δ

a′2
a2 δ

a′3
a0 − δ

a′1
a1 δ

a′2
a0 δ

a′3
a2 + δ

a′1
a2 δ

a′2
a0 δ

a′3
a1 − δ

a′1
a2 δ

a′2
a1 δ

a′3
a0 + δ

a′1
a0 δ

a′2
a1 δ

a′3
a2 − δ

a′1
a0 δ

a′2
a2 δ

a′3
a1 )ηa1

a′1
ηa2

a′2
∂a3∂+

a′3
}∆(x− x′)

= − i
22

1
2!{δ

a′0
a0 (ηa1

a1
ηa2
a2
∂a3∂+

a3
− ηa1

a1
ηa2
a3
∂a3∂+

a2
+ ηa1

a2
ηa2
a3
∂a3∂+

a1
− ηa1

a2
ηa2
a1
∂a3∂+

a3
+ ηa1

a3
ηa2
a1
∂a3∂+

a2
− ηa1

a3
ηa2
a2
∂a3∂+

a1
)

− δa
′
0
a1 (ηa1

a0
ηa2
a2
∂a3∂+

a3
− ηa1

a0
ηa2
a3
∂a3∂+

a2
+ ηa1

a2
ηa2
a3
∂a3∂+

a0
− ηa1

a2
ηa2
a0
∂a3∂+

a3
+ ηa1

a3
ηa2
a0
∂a3∂+

a2
− ηa1

a3
ηa2
a2
∂a3∂+

a0
)

− δa
′
0
a2 (ηa1

a1
ηa2
a0
∂a3∂+

a3
− ηa1

a1
ηa2
a3
∂a3∂+

a0
+ ηa1

a0
ηa2
a3
∂a3∂+

a1
− ηa1

a0
ηa2
a1
∂a3∂+

a3
+ ηa1

a3
ηa2
a1
∂a3∂+

a0
− ηa1

a3
ηa2
a0
∂a3∂+

a1
)

− δa
′
0
a3 (ηa1

a1
ηa2
a2
∂a3∂+

a0
− ηa1

a1
ηa2
a0
∂a3∂+

a2
+ ηa1

a2
ηa2
a0
∂a3∂+

a1
− ηa1

a2
ηa2
a1
∂a3∂+

a0
+ ηa1

a0
ηa2
a1
∂a3∂+

a2
− ηa1

a0
ηa2
a2
∂a3∂+

a1
)}∆(x− x′)

= − i
22

1
2!{δ

a′0
a0 (4∂a3∂+

a3
− 2∂a3∂a3

+ ∂a3∂+
a3
− 4∂a3∂+

a3
+ ∂a3∂+

a3
− 2∂a3∂a3

)

− δa
′
0
a1 (2ηa1

a0
∂a3∂+

a3
− ηa1

a0
∂a3∂a3 + ∂a1∂+

a0
− δa1

a0
∂a3∂+

a3
+ ∂+a1∂a0 − 2∂+a1∂+

a0
)

− δa
′
0
a2 (2ηa2

a0
∂a3∂+

a3
− 2∂+a2∂+

a0
+ ∂+a2∂a0

− δa2
a0
∂a3∂+

a3
+ ∂a2∂+

a0
− ηa2

a0
∂+a1∂+

a1
)

− δa
′
0
a3 (4∂a3∂+

a0
− 2∂a3∂a0 + ∂a3∂+

a0
− 4∂a3∂+

a0
+ ∂a3∂+

a0
− 2∂a3∂a0)}∆(x− x′)

= − i
22

1
2!{δ

a′0
a0 (4∂a3∂+

a3
− 2∂a3∂a3

+ ∂a3∂+
a3
− 4∂a3∂+

a3
+ ∂a3∂+

a3
− 2∂a3∂a3

)

− (2η
a′0
a0∂

a3∂+
a3
− ηa

′
0
a0∂

a3∂a3 + ∂a
′
0∂+
a0
− δa

′
0
a0∂

a3∂+
a3

+ ∂+a′0∂a0 − 2∂+a′0∂+
a0

)

− (2η
a′0
a0∂

a3∂+
a3
− 2∂+a′0∂+

a0
+ ∂+a′0∂a0

− δa
′
0
a0∂

a3∂+
a3

+ ∂a
′
0∂+
a0
− ηa

′
0
a0∂

+a1∂+
a1

)

− (4∂a
′
0∂+
a0
− 2∂a

′
0∂a0 + ∂a

′
0∂+
a0
− 4∂a

′
0∂+
a0

+ ∂a
′
0∂+
a0
− 2∂a

′
0∂a0)}∆(x− x′)

= − i
22

1
2!{δ

a′0
a0 (4∂a3∂+

a3
− 4∂a3∂a3

)− 2(2η
a′0
a0∂

a3∂+
a3
− ηa

′
0
a0∂

a3∂a3
+ ∂a

′
0∂+
a0

+ ∂+a′0∂a0
− 2∂+a′0∂+

a0
)

− (2∂a
′
0∂+
a0
− 4∂a

′
0∂a0)}∆(x− x′)

= − i
22

1
2!{−8δ

a′0
a0∂

2
π − 2[η

a′0
a0 (∇2 − 3∂2

π) + ∂a
′
0∂+
a0

+ ∂+a′0∂a0
− 2∂+a′0∂+

a0
]− (2∂a

′
0∂+
a0
− 4∂a

′
0∂a0

)}

= i
22m

2(η
a′0
a0 −

∂a0
∂+a′0

m2 )∆(x− x′)
= i

22
1
2!η

[a1

[a′1
η
a]
a′]∂a∂

+a′∆(x− x′)

11 Concrete calculations of related properties

11.1 Concrete calculation 1 for special antisymmetric tensor field in 4D

Pro. 11.1.1.

{
uT (~p, h)C+u(~p, h′) = 0, uT (~p, h)C+v(~p, h) = 0

uT (~p, 1
2 )C+v(~p,− 1

2 ) = −ς, uT (~p,− 1
2 )C+v(~p, 1

2 ) = ς

Proof: uT (~p, h)C+u(~p, h) = 0
uT (~p, 1

2 )C+u(~p,− 1
2 ) = −uT (~p,− 1

2 )C+u(~p, 1
2 )

=
λT (p̂,

1
2 )√

2m(E+ς|~p|)
⊗
[

m
ςE + |~p|

]T
(iςσy ⊗ σz)

λ(p̂,− 1
2 )√

2m(E−ς|~p|)
⊗
[

m
ςE − |~p|

]

738



Chapter38 Potential Analysis of B-W Equation in N+1 Dimensional Space-time Shui-Rong Shi

=
iςλT (p̂,

1
2 )σyλ(p̂,− 1

2 )

2m3 ⊗ (

[
m

ςE + |~p|

]T [
m

−ςE + |~p|

]
)

= 0

Proof: uT (~p, h)C+v(~p, h) = 0
uT (~p, 1

2 )C+v(~p,− 1
2 )

=
λT (p̂,

1
2 )√

2m(E+ς|~p|)
⊗
[

m
ςE + |~p|

]T
(iςσy ⊗ σz)

λ(p̂,− 1
2 )√

2m(E−ς|~p|)
⊗
[
−m

ςE − |~p|

]
=

iςλT (p̂,
1
2 )σyλ(p̂,− 1

2 )

2m2 ⊗ (

[
m

ςE + |~p|

]T [ −m
−ςE + |~p|

]
)

= −iςλT (p̂, 1
2 )σyλ(p̂,− 1

2 )
= −ςλ+(p̂,− 1

2 )λ(p̂,− 1
2 )

= −ς

Proof:

uT (~p,− 1
2 )C+v(~p, 1

2 )

=
λT (p̂,− 1

2 )√
2m(E−ς|~p|)

⊗
[

m
ςE − |~p|

]T
(iςσy ⊗ σz)

λ(p̂,
1
2 )√

2m(E+ς|~p|)
⊗
[
−m

ςE + |~p|

]
=

iςλT (p̂,− 1
2 )σyλ(p̂,

1
2 )

2m2 ⊗ (

[
m

ςE − |~p|

]T [ −m
−ςE − |~p|

]
)

= −iςλT (p̂,− 1
2 )σyλ(p̂, 1

2 )
= ςλ+(p̂, 1

2 )σyλ(p̂, 1
2 )

= ς

11.2 Concrete calculation 2 for special antisymmetric tensor field in 4D

Pro. 11.2.1.

{
uT (~p, h)C+γ5u(~p, h) = 0, uT (~p, h)C+γ5v(~p, h′) = 0

uT (~p,− 1
2 )C+γ5u(~p, 1

2 ) = −1, uT (~p, 1
2 )C+γ5u(~p,− 1

2 ) = 1

Proof:

uT (~p, 1
2 )C+γ5v(~p,− 1

2 )

=
λT (p̂,

1
2 )√

2m(E+ς|~p|)
⊗
[

m
ςE + |~p|

]T
(iσy ⊗ I)

λ(p̂,− 1
2 )√

2m(E−ς|~p|)
⊗
[
−m

ςE − |~p|

]
=

iλT (p̂,
1
2 )σyλ(p̂,− 1

2 )

2m2 ⊗ (

[
m

ςE + |~p|

]T [ −m
ςE − |~p|

]
)

= 0

Proof:

uT (~p, 1
2 )C+γ5u(~p,− 1

2 ) = −uT (~p,− 1
2 )C+γ5u(~p, 1

2 )

=
λT (p̂,

1
2 )√

2m(E+ς|~p|)
⊗
[

m
ςE + |~p|

]T
(iσy ⊗ I)

λ(p̂,− 1
2 )√

2m(E−ς|~p|)
⊗
[

m
ςE − |~p|

]
=

iλT (p̂,
1
2 )σyλ(p̂,− 1

2 )

2m2 ⊗ (

[
m

ςE + |~p|

]T [
m

ςE − |~p|

]
)

= 1

11.3 Concrete calculation 3 for special antisymmetric tensor field in 4D

Pro. 11.3.1.

{
uT (p̂, κ2 )C̄γau(p̂, κ2 ) = i

√
2εa(~p, κ), uT (p̂, κ2 )C̄γau(p̂,−κ2 ) = iεa(~p, 0)

uT (~p, κ2 )C+γav(~p, κ2 ) = 0, uT (~p, 1
2 )C+γav(~p,− 1

2 ) = −iςpa
m , uT (~p,− 1

2 )C+γav(~p, 1
2 ) = iςpa

m

Proof:

uT (~p, 1
2 )C+γav(~p,− 1

2 )

=
λT (p̂,

1
2 )√

2m(E+ς|~p|)
⊗
[

m
ςE + |~p|

]T
(iςσy ⊗ σz)γa

λ(p̂,− 1
2 )√

2m(E−ς|~p|)
⊗
[
−m

ςE − |~p|

]
=

λ+(p̂,− 1
2 )√

2m(E+ς|~p|)
⊗
[

m
ςE + |~p|

]T
(ςI ⊗ σz)(σx ⊗ σy, σy ⊗ σy, σz ⊗ σy, ςI ⊗ σx)

λ(p̂,− 1
2 )√

2m(E−ς|~p|)
⊗
[
−m

ςE − |~p|

]
=

λ+(p̂,− 1
2 )√

2m(E+ς|~p|)
⊗
[

m
ςE + |~p|

]T
(−iςσ ⊗ σx, iI ⊗ σy)

λ(p̂,− 1
2 )√

2m(E−ς|~p|)
⊗
[
−m

ςE − |~p|

]
= (−iς~pm , ςEm )

= −iςpa
m
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Proof:

uT (~p,− 1
2 )C+γav(~p, 1

2 )

=
λT (p̂,− 1

2 )√
2m(E−ς|~p|)

⊗
[

m
ςE − |~p|

]T
(iςσy ⊗ σz)γa

λ(p̂,
1
2 )√

2m(E+ς|~p|)
⊗
[
−m

ςE + |~p|

]
= − λ+(p̂,

1
2 )√

2m(E−ς|~p|)
⊗
[

m
ςE − |~p|

]T
(ςI ⊗ σz)(σx ⊗ σy, σy ⊗ σy, σz ⊗ σy, ςI ⊗ σx)

λ(p̂,
1
2 )√

2m(E+ς|~p|)
⊗
[
−m

ςE + |~p|

]
= − λ+(p̂,

1
2 )√

2m(E−ς|~p|)
⊗
[

m
ςE − |~p|

]T
(−iςσ ⊗ σx, iI ⊗ σy)

λ(p̂,
1
2 )√

2m(E+ς|~p|)
⊗
[
−m

ςE + |~p|

]
= ( iς~pm ,− ςEm )

= iςpa
m

Proof:

uT (~p, 1
2 )C+γav(~p, 1

2 )

=
λT (p̂,

1
2 )√

2m(E+ς|~p|)
⊗
[

m
ςE + |~p|

]T
(iςσy ⊗ σz)γa

λ(p̂,
1
2 )√

2m(E+ς|~p|)
⊗
[
−m

ςE + |~p|

]
=

λ+(p̂,− 1
2 )√

2m(E+ς|~p|)
⊗
[

m
ςE + |~p|

]T
(ςI ⊗ σz)(σx ⊗ σy, σy ⊗ σy, σz ⊗ σy, ςI ⊗ σx)

λ(p̂,
1
2 )√

2m(E+ς|~p|)
⊗
[
−m

ςE + |~p|

]
=

λ+(p̂,− 1
2 )√

2m(E+ς|~p|)
⊗
[

m
ςE + |~p|

]T
(−iςσ ⊗ σx, iI ⊗ σy)

λ(p̂,
1
2 )√

2m(E+ς|~p|)
⊗
[
−m

ςE + |~p|

]
= 0

11.4 Concrete calculation 4 for special antisymmetric tensor field in 4D

Pro. 11.4.1. uT (p̂, κ2 )C̄γ[aγb]u(p̂, κ2 ) = i
√

2paεb(~p, κ)

Proof:

uT (~p, 1
2 )C+γ[aγb]v(~p,− 1

2 )

=
λT (p̂,

1
2 )√

2m(E+ς|~p|)
⊗
[

m
ςE + |~p|

]T
(iςσy ⊗ σz)γ[aγb]

λ(p̂,− 1
2 )√

2m(E−ς|~p|)
⊗
[
−m

ςE − |~p|

]
=

λ+(p̂,− 1
2 )√

2m(E+ς|~p|)
⊗
[

m
ςE + |~p|

]T
(ςI ⊗ σz)(iσz ⊗ I, iσx ⊗ I, iσy ⊗ I,−iςσx ⊗ σz,−iςσy ⊗ σz,−iςσz ⊗ σz)

λ(p̂,− 1
2 )√

2m(E−ς|~p|)
⊗
[
−m

ςE − |~p|

]
=

λ+(p̂,− 1
2 )√

2m(E+ς|~p|)
⊗
[

m
ςE + |~p|

]T
(iςσz ⊗ σz, iςσx ⊗ σz, iςσy ⊗ σz,−iσx ⊗ I,−iσy ⊗ I,−iσz ⊗ I)

λ(p̂,− 1
2 )√

2m(E−ς|~p|)
⊗
[
−m

ςE − |~p|

]
= (iςp̂z, iςp̂x, iςp̂y, 0, 0, 0)

Proof:

uT (~p, 1
2 )C+γ[aγb]v(~p, 1

2 )

=
λT (p̂,

1
2 )√

2m(E+ς|~p|)
⊗
[

m
ςE + |~p|

]T
(iςσy ⊗ σz)γ[aγb]

λ(p̂,
1
2 )√

2m(E+ς|~p|)
⊗
[
−m

ςE + |~p|

]
=

λ+(p̂,− 1
2 )√

2m(E+ς|~p|)
⊗
[

m
ςE + |~p|

]T
(ςI ⊗ σz)(iσz ⊗ I, iσx ⊗ I, iσy ⊗ I,−iςσx ⊗ σz,−iςσy ⊗ σz,−iςσz ⊗ σz)

λ(p̂,
1
2 )√

2m(E+ς|~p|)
⊗
[
−m

ςE + |~p|

]
=

λ+(p̂,− 1
2 )√

2m(E+ς|~p|)
⊗
[

m
ςE + |~p|

]T
(iςσz ⊗ σz, iςσx ⊗ σz, iςσy ⊗ σz,−iσx ⊗ I,−iσy ⊗ I,−iσz ⊗ I)

λ(p̂,
1
2 )√

2m(E+ς|~p|)
⊗
[
−m

ςE + |~p|

]
=

740
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12 Conjecture on higher order generalization of antisymmetric tensor field in N+1-D

12.1 Conjecture of B-W equation with mass and s = n in N+1 dimensional space-time

Def. 12.1.1. Xa1··al := { 1
l!γ

[a1 · ·γal] + (−1)l

(l+1)!mγ
[a1 · ·γal+1]∂al+1

}C 1
l!

Ass. 12.1.1.
[γa(ς)∂a +m]ψ[λς ]µςηςξς · ·ζς︸ ︷︷ ︸

2n

σ = 0, ψλςµςηςξς · ·ζς︸ ︷︷ ︸
2n

σ = 1
(2n)!ψ{λςµςηςξς · ·ζς}︸ ︷︷ ︸

2n

σ

ψλςµςηςξς · ·ζς︸ ︷︷ ︸
2n

σ = 1
(l!)2Fa1··al ηςξς · ·ζς︸ ︷︷ ︸

2n−2

σγ[a1 · ·γal]C + 1
[(l+1)!]2Fa1··al+1 ηςξς · ·ζς︸ ︷︷ ︸

2n−2

σγ[a1 · ·γal+1]C

⇔

(−∂d∂d +m2)Aa1 · ·al|b1 · ·bl|c1 · ·cl| · ·︸ ︷︷ ︸
n

σ = 0

δa1b1Aa1 · ·al|b1 · ·bl|c1 · ·cl| · ·︸ ︷︷ ︸
n

σ = 0, ∂a1Aa1 · ·al|b1 · ·bl|c1 · ·cl| · ·︸ ︷︷ ︸
n

σ = 0

Aa1 · ·al|b1 · ·bl|c1 · ·cl| · ·︸ ︷︷ ︸
n

σ is fully symmetric for a1b1c1 · ·, fully antisymmetric for a1 · ·al, b1 · ·bl, c1 · ·cl, ··

ψλςµςηςξςρςτς · ·︸ ︷︷ ︸
2n

σ =

n︷ ︸︸ ︷
Xa1··al
λςµς

Xb1··blηςξς
Xc1··clρςτς · ·Aa1 · ·al|b1 · ·bl|c1 · ·cl| · ·︸ ︷︷ ︸

n

σ

12.2 Conjecture of B-W equation with mass and s = n+ 1
2 in N+1 dimensional space-time

Ass. 12.2.1.
[γa(ς)∂a +m]ψ[λς ]µςηςξς · ·ζς︸ ︷︷ ︸

2n+1

σ = 0, ψλςµςηςξς · ·ζς︸ ︷︷ ︸
2n+1

σ = 1
(2n+1)!ψ{λςµςηςξς · ·ζς}︸ ︷︷ ︸

2n+1

σ

ψλςµςηςξς · ·ζς︸ ︷︷ ︸
2n+1

σ = 1
(l!)2Fa1··al ηςξς · ·ζς︸ ︷︷ ︸

2n−1

σγ[a1 · ·γal]C + 1
[(l+1)!]2Fa1··al+1 ηςξς · ·ζς︸ ︷︷ ︸

2n−1

σγ[a1 · ·γal+1]C

⇔

[γd(ς)∂d +m]Aa1 · ·al|b1 · ·bl|c1 · ·cl| · ·︸ ︷︷ ︸
n

[ζς ]
σ = 0

δa1b1Aa1 · ·al|b1 · ·bl|c1 · ·cl| · ·︸ ︷︷ ︸
n

[ζς ]
σ = 0, γa1(ς)Aa1 · ·al|b1 · ·bl|c1 · ·cl| · ·︸ ︷︷ ︸

n

[ζς ]
σ = 0

Aa1 · ·al|b1 · ·bl|c1 · ·cl| · ·︸ ︷︷ ︸
n

ζς
σ is fully symmetric for a1b1c1 · ·, fully antisymmetric for a1 · ·al, b1 · ·bl, c1 · ·cl, ··

ψλςµςηςξςρςτς · ·ζς︸ ︷︷ ︸
2n+1

σ =

n︷ ︸︸ ︷
Xa1··al
λςµς

Xb1··blηςξς
Xc1··clρςτς · ·Aa1 · ·al|b1 · ·bl|c1 · ·cl| · ·︸ ︷︷ ︸

n

ζς
σ

Self comment: The above two conjectures can be strictly proved by mathematical induction. I will
talk about them later when I have time. At the same time, it also reveals that physics is far from
complete. Because many interesting physical equations can be constructed, which can be infinite in
principle. Therefore the development of physics is endless. And it makes people yearn for it endlessly,
but also makes people despair to the extreme!

13 Analysis of electromagnetic field equations in N+1 dimensional space-time

13.1 B-W vector field equation in N+1 dimensional space-time

Def. 13.1.1. Xa := [imγa − 2Sab(e)∂
b]C,Xa := [imγa − 2Sab(e)∂b]C

Lem. 13.1.1.

{
(γa∂a +m)X = 0

X = { 1
(1!)2F

aγa + 1
(2!)2F

abγ[aγb]}C
⇔

{
∂[aF b] +mF ab = 0, ∂aF

a = 0

∂[aF bc] = 0, ∂aF
ab +mF b = 0

Cor. 13.1.1.

{
(γa∂a +m)ψ = 0

ψ = { 1
(1!)2 imA

aγa − i
(2!)2F

abγ[aγb]}C
⇔

{
∂aF

ab −m2Ab = 0

F ab = ∂[aAb], ∂aA
a = 0

Lem. 13.1.2. 2−5

im tr(C̄γa′Xa)Aa = 2−5

im (C̄γa′)
λςµςXaλςµςAa = Aa′ , (C̄γa′)

λςµςXaλςµς = im25δaa′

Lem. 13.1.3. XaλςµςX
b
ηςξς

Aab = XaηςξςX
b
λςµς

Aab ⇔ Aab = Aba

Cor. 13.1.2. (γb∂b +m)XaAa ⇔ (∂b∂b −m2)Aa = 0, ∂aAa = 0

Proof: (γc∂c +m)XaAa = 0
⇔ (γc∂c +m)[imγa − 2Sab(e)∂b]CAa = 0
⇔ (γc∂c +m)[imγa − 2Sab(e)∂b]Aa = 0
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⇔ imγcγa∂cAa + im2γaAa + i
2γ

cγ[aγb]∂c∂bAa + i
2mγ

[aγb]∂bAa = 0

⇔ − i
2γ

aγ[bγc]∂a∂bAc + im2γaAa + i
2mγ

{aγb}∂bAa = 0

⇔ − i
2 ( 1

3γ[aγbγc] + 2δa[bγc])∂a∂bAc + im2γaAa + imδab∂bAa = 0
⇔ −iδa[bγc]∂a∂bAc + im2γaAa + im∂aAa = 0

⇔ −iγc∂a∂aAc + iγb∂b(∂
aAa) + im2γaAa + im∂aAa = 0

⇔ γa[−i∂b∂bAa + i∂a(∂bAb) + im2Aa] + im∂aAa = 0
⇔ −i∂b∂bAa + i∂a(∂bAb) + im2Aa = 0, im∂aAa = 0
⇔ (∂b∂

b −m2)Aa = 0, ∂aAa = 0

Cor. 13.1.3. (γc∂c +m)κς
λςXaλςµςX

b
ηςξς

Aab = 0⇔ (∂c∂c −m2)Aab = 0, ∂aAab = 0

Proof: (γc∂c +m)κς
λςXaλςµςX

b
ηςξς

Aab = 0

⇔ (γc∂c +m)XaXbηςξςAab = 0

⇔ (∂c∂
c −m2)XbηςξςAab = 0, ∂aXbηςξςAab = 0

⇔ (∂c∂
c −m2)XbAab = 0, ∂aXbAab = 0

⇔ (∂d∂
d −m2)[imγb − 2Sbc(e)∂c]CAab = 0, ∂a[imγb − 2Sbc(e)∂c]CAab = 0

⇔ (∂d∂
d −m2)Aab = 0, (∂d∂

d −m2)(∂cAab − ∂bAac) = 0, ∂aAab = 0, ∂a(∂cAab − ∂bAac) = 0
⇔ (∂c∂

c −m2)Aab = 0, ∂aAab = 0

Cor. 13.1.4.

{
(γc∂c +m)κς

λςXaλςµςX
b
ηςξς

Aab = 0

XaλςµςX
b
ηςξς

Aab = XaηςξςX
b
λςµς

Aab
⇔

{
(∂c∂c −m2)Aab = 0

∂aAab = 0, Aab = Aba

Cor. 13.1.5. XaλςµςX
b
ηςξς

Aab = XaηςξςX
b
λςµς

Aab ⇔ Aab = Aba

Proof: XaλςµςX
b
ηςξς

Aab = XaηςξςX
b
λςµς

Aab
⇔ [imγaC − 2Sac(e)C∂c]λςµς [imγ

bC − 2Sbd(e)C∂d]ηςξςAab = [imγaC − 2Sac(e)C∂c]λςµς [imγ
bC − 2Sbd(e)C∂d]ηςξςAba

⇔ (im)2Aab[γ
aC]λςµς [γ

bC]ηςξς + 4∂c∂dAab[S
ac(e)C]λςµς [S

bd(e)C]ηςξς
− 2im∂dAab[γ

aC]λςµς [S
bd(e)C]ηςξς − 2im∂cAab[S

ac(e)C]λςµς [γ
bC]ηςξς

= (im)2Aba[γaC]λςµς [γ
bC]ηςξς + 4∂c∂dAba[Sac(e)C]λςµς [S

bd(e)C]ηςξς
− 2im∂dAba[γaC]λςµς [S

bd(e)C]ηςξς − 2im∂cAba[Sac(e)C]λςµς [γ
bC]ηςξς

⇔ Aab = Aba, ∂c∂dAab + ∂a∂bAcd − ∂a∂dAcb − ∂c∂dAab = ∂c∂dAba + ∂a∂bAdc − ∂a∂dAbc − ∂c∂dAba,
∂dAab − ∂bAad = ∂dAba − ∂bAda, ∂cAab − ∂aAcb = ∂cAba − ∂aAbc
⇔ Aab = Aba

Cor. 13.1.6.

{
(γc∂c +m)κς

λςXaλςµςX
b
ηςξς

Aab = 0

XaλςµςX
b
ηςξς

Aab = XaηςξςX
b
λςµς

Aab
??⇔

{
(∂c∂c −m2)Aab = 0

∂aAab = 0, Aab = Aba, δ
abAab = 0

Cor. 13.1.7.


[γa(ς)∂a +m]κς

λς

n︷ ︸︸ ︷
XaλςµςX

b
ηςξς · ·Aabc · ·︸ ︷︷ ︸

n

σ = 0⇔ (−∂d∂d +m2)Aabc · ·︸ ︷︷ ︸
n

σ = 0

Aabc · ·︸ ︷︷ ︸
n

σ = 1
n!A{abc · ·}︸ ︷︷ ︸

n

σ, δabAabc · ·︸ ︷︷ ︸
n

σ = 0, ∂aAabc · ·︸ ︷︷ ︸
n

σ = 0

Cor. 13.1.8.


[γa(ς)∂a +m]κς

λς

n︷ ︸︸ ︷
XaλςµςX

b
ηςξς · ·Aabc · ·︸ ︷︷ ︸

n

[ζς ]
σ = 0⇔ [γd(ς)∂d +m]Aabc · ·︸ ︷︷ ︸

n

[ζς ]
σ = 0

Aabc · ·︸ ︷︷ ︸
n

[ζς ]
σ = 1

n!A{abc · ·}︸ ︷︷ ︸
n

[ζς ]
σ, δabAabc · ·︸ ︷︷ ︸

n

[ζς ]
σ = 0, γa(ς)Aabc · ·︸ ︷︷ ︸

n

[ζς ]
σ = 0

Ass. 13.1.1. (γc∂c +m)XaXbAab = 0⇔??(∂c∂c −m2)Aab = 0, ∂aAab = 0, δabAab = 0

Proof: (γc∂c +m)XaXbAab = 0
⇔ (γc∂c +m)[imγa − 2Sac(e)∂c]C[imγb − 2Sbd(e)∂d]CAab = 0
⇔ (γc∂c +m)[−m2γaCγbC + 4Sac(e)CSbd(e)C∂c∂d − 2imγaCSbd(e)C∂d − 2imSac(e)CγbC∂c]Aab = 0
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1 Mathematical preparation

1.1 Properties of δ(x) function

Pro. 1.1.1.
+∞∫

x=−∞
xδ′(x)dx = −

+∞∫
x=−∞

δ(x)dx

Pro. 1.1.2. xδ′(x) = −δ(x), xnδ(n)(x) = (−1)nn!δ(x), xδ(n)(x) = −nδ(n−1)(x)

Pro. 1.1.3. xδ(x) = 0, x2δ′(x) = 0, xnδ(n−1)(x) = 0

Pro. 1.1.4.
0+∫

k=0−

δ(k)eikxdx = 1,
0+∫

k=0−

δ′(k)eikxdx = −ix,
0+∫

k=0−

δ(n)(k)eikxdx = (−ix)n

1.2 δ(x) function solution of algebraic equation

Pro. 1.2.1. xf(x) = 0⇐ f(x) = cδ(x)

Pro. 1.2.2. ψ(k,E)(E2 − k2) = 0⇐ ψ(k,E) = a(k,E)δ(E2 − k2)

Pro. 1.2.3. ψ(k,E)(E2 − k2) = 0⇐ ψ(k,E) = c00δ(E)δ(k) + c01δ(E)δ′(k) + c10δ
′(E)δ(k) + c11δ

′(E)δ′(k)

Pro. 1.2.4. ψ(k,E)(E2 − k2) = 0⇐ ψ(k,E) =
∞∑
n=0

[c1nδ
(n)(E + k)δ(E − k) + c2nδ

(n)(E − k)δ(E + k)]

Pro. 1.2.5. ψ(0, E)(E2) = 0⇐ ψ(0, E) = cδ(E2)

2 Plane wave solutions of bose string with different boundary conditions [42, 44]

2.1 Wave function expansion for bose closed string equation(Free closed string)

Thm. 2.1.1. Xu(τ, σ) =
+∞∫

k=−∞

+∞∫
E=−∞

Xu(k,E)ei(kσ−Eτ)dkdE,Xu(τ, σ) = Xu(τ, σ + 2π)

⇔ Xu(τ, σ) =
+∞∫

E=−∞

∞∑
n=−∞

φu(n,E)ei(nσ−Eτ)dE

Proof: Xu(τ, σ) =
+∞∫

k=−∞

+∞∫
E=−∞

Xu(k,E)ei(kσ−Eτ)dkdE,Xu(τ, σ) = Xu(τ, σ + 2π)

⇔
+∞∫

k=−∞

+∞∫
E=−∞

Xu(k,E)(ei2πk − 1)ei(kσ−Eτ)dkdE = 0

⇔ Xu(k,E)(ei2πk − 1) = 0
⇔ Xu(k,E) = φu(k,E)δ(ei2πk − 1)

⇔ Xu(k,E) =
∞∑

n=−∞
φu(n,E)δ(k − n)

⇔ Xu(τ, σ) =
+∞∫

k=−∞

+∞∫
E=−∞

∞∑
n=−∞

φu(n,E)δ(k − n)ei(kσ−Eτ)dkdE

⇔ Xu(τ, σ) =
+∞∫

E=−∞

∞∑
n=−∞

φu(n,E)ei(nσ−Eτ)dE

Self comment: Fourier expansion and Fourier transformation can be regarded as identities.

Thm. 2.1.2. ∂+∂−X
u(τ, σ) = 0, Xu(τ, σ) = Xu(τ, σ + 2π)

⇔ Xu(τ, σ) = xu + pu

2πT τ + i√
4πT

∑
n6=0

1
n [αune

−in(τ−σ) + ᾱune
−in(τ+σ)]
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Proof: ∂+∂−X
u(τ, σ) = 0, Xu(τ, σ) = Xu(τ, σ + 2π)

⇔
+∞∫

E=−∞

∞∑
n=−∞

φu(n,E)(E2 − n2)ei(nσ−Eτ)dE = 0

⇔ φu(n,E)(E2 − n2) = 0

⇔ φu(n,E) =

{
au(n,E)δ(E2 − n2), δ(E2 − n2) = 1

2|n| [δ(E − n) + δ(E − n)], n 6= 0

au(0, 0)cδ(E)− au(0, 0)δ′(E), n = 0

⇔ Xu(τ, σ) = au(0, 0)c+ iau(0, 0)τ +
∞∑

n=−∞

1
2|n| [a

u(n, n)ein(σ−τ) + au(n,−n)ein(σ+τ)]

⇔ Xu(τ, σ) = au(0, 0)c+ iαu(0, 0)τ +
∞∑

n=−∞

1
2|n| [a

u(n, n)e−in(τ−σ) + au(−n, n)e−in(σ+τ)]

⇔ Xu(τ, σ) = xu + pu

2πT τ + i√
4πT

∑
n6=0

1
n [αune

−in(τ−σ) + ᾱune
−in(τ+σ)]

xu = au(0, 0)c, pu = i2πTau(0, 0), αun = −i
√
πT n
|n|a

u(n, n), ᾱun = −i
√
πT n
|n|a

u(−n, n)

Thm. 2.1.3. ∂+∂−X
u(τ, σ) = 0, Xu(τ, σ) = Xu(τ, σ + 2π), Xu(τ, σ) = X∗u(τ, σ)

⇔ Xu(τ, σ) = xu + pu

2πT τ + i√
4πT

∑
n6=0

1
n [αune

−in(τ−σ) + ᾱune
−in(τ+σ)], αu−n = α∗un , ᾱ

u
−n = ᾱ∗un

Self comment: The wave function expansion of the bose closed string equation is the foundation of the
entire bose string theory.
2.2 Wave function expansion for bose N-open string equation(Symmetric closed string)

Thm. 2.2.1. Xu(τ, σ) = xu + pu

2πT τ + i√
4πT

∑
n 6=0

1
n [αune

−in(τ−σ) + ᾱune
−in(τ+σ)], X ′u(τ, σ)|σ=0,π = 0

⇔ Xu(τ, σ) = xu + pu

2πT τ + i√
4πT

∑
n6=0

1
n [αune

−in(τ−σ) + ᾱune
−in(τ+σ)], αun = ᾱun

Proof: Xu(τ, σ) = xu + pu

2πT τ + i√
4πT

∑
n6=0

1
n [αune

−in(τ−σ) + ᾱune
−in(τ+σ)], X ′u(τ, σ)|σ=0,π = 0

⇒ −1√
4πT

∑
n 6=0

[αune
−in(τ−σ) − ᾱune−in(τ+σ)]|σ=0,π = 0

⇔
∑
n 6=0

[αune
−inτ − ᾱune−inτ ] = 0,

∑
n 6=0

[αune
inπe−inτ − ᾱune−inπe−inτ ] = 0,

⇔ αun = ᾱun
⇒ Xu(τ, σ) = xu + pu

2πT τ + i√
4πT

∑
n6=0

1
n [αune

−in(τ−σ) + ᾱune
−in(τ+σ)], αun = ᾱun

Thm. 2.2.2. Xu(τ, σ) = xu + pu

2πT τ + i√
4πT

∑
n 6=0

1
n [αune

−in(τ−σ) + ᾱune
−in(τ+σ)], Xu(τ, σ) = Xu(τ,−σ)

⇔ Xu(τ, σ) = xu + pu

2πT τ + i√
πT

∑
n 6=0

1
nα

u
ne
−inτ cosnσ, αun = ᾱun

Proof: Xu(τ, σ) = xu + pu

2πT τ + i√
4πT

∑
n6=0

1
n [αune

−in(τ−σ) + ᾱune
−in(τ+σ)], Xu(τ, σ) = Xu(τ,−σ)

⇒ xu + pu

2πT τ + i√
4πT

∑
n 6=0

1
n [αune

−in(τ−σ) + ᾱune
−in(τ+σ)] = xu + pu

2πT τ + i√
4πT

∑
n 6=0

1
n [αune

−in(τ+σ) + ᾱune
−in(τ−σ)]

⇔ αun = ᾱun
⇒ Xu(τ, σ) = xu + pu

2πT τ + i√
4πT

∑
n6=0

1
n [αune

−in(τ−σ) + ᾱune
−in(τ+σ)], αun = ᾱun

Cor. 2.2.1. Xu(τ, σ) = xu + pu

2πT τ + i√
4πT

∑
n 6=0

1
n [αune

−in(τ−σ) + ᾱune
−in(τ+σ)], X ′u(τ, σ)|σ=0,π = 0

⇔ Xu(τ, σ) = xu + pu

2πT τ + i√
4πT

∑
n6=0

1
n [αune

−in(τ−σ) + ᾱune
−in(τ+σ)], Xu(τ, σ) = Xu(τ,−σ)

⇔ Xu(τ, σ) = xu + pu

2πT τ + i√
4πT

∑
n6=0

1
n [αune

−in(τ−σ) + ᾱune
−in(τ+σ)], αun = ᾱun

Self comment: The equivalence of the N-condition and the symmetric condition also means that the
two branches merge into one, and the three are equivalent to each other.

Cor. 2.2.2. ∂+∂−X
u(τ, σ) = 0, Xu(τ, σ) = Xu(τ, σ + 2π), X ′u(τ, σ)|σ=0,π = 0

⇔ ∂+∂−X
u(τ, σ) = 0, Xu(τ, σ) = Xu(τ, σ + 2π), Xu(τ, σ) = Xu(τ,−σ)
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2.3 Wave function expansion for bose D-open string equation(Antisymmetric closed string)

Thm. 2.3.1. Xu(τ, σ) = xu + pu

2πT τ + i√
4πT

∑
n 6=0

1
n [αune

−in(τ−σ) + ᾱune
−in(τ+σ)], Ẋu(τ, σ)|σ=0,π = 0

⇔ Xu(τ, σ) = xu + pu

2πT τ + i√
4πT

∑
n6=0

1
n [αune

−in(τ−σ) + ᾱune
−in(τ+σ)], pu = 0, αun = −ᾱun

Proof: Xu(τ, σ) = xu + pu

2πT τ + i√
4πT

∑
n6=0

1
n [αune

−in(τ−σ) + ᾱune
−in(τ+σ)], Ẋu(τ, σ)|σ=0,π = 0

⇒ pu

2πT + 1√
4πT

∑
n 6=0

[αune
−in(τ−σ) + ᾱune

−in(τ+σ)]|σ=0,π = 0

⇔ pu

2πT + 1√
4πT

∑
n 6=0

[αune
−inτ + ᾱune

−inτ ] = 0, pu

2πT + 1√
4πT

∑
n 6=0

[αune
inπe−inτ + ᾱune

−inπe−inτ ] = 0,

⇔ pu = 0, αun = −ᾱun
⇒ Xu(τ, σ) = xu + pu

2πT τ + i√
4πT

∑
n6=0

1
n [αune

−in(τ−σ) + ᾱune
−in(τ+σ)], pu = 0, αun = −ᾱun

Thm. 2.3.2. Xu(τ, σ) = xu + pu

2πT τ + i√
4πT

∑
n 6=0

1
n [αune

−in(τ−σ) + ᾱune
−in(τ+σ)], Xu(τ, σ)− xu = −[Xu(τ,−σ)− xu]

⇔ Xu(τ, σ) = xu + pu

2πT τ + i√
4πT

∑
n6=0

1
n [αune

−in(τ−σ) + ᾱune
−in(τ+σ)], pu = 0, αun = −ᾱun

Proof: Xu(τ, σ) = xu + pu

2πT τ + i√
4πT

∑
n6=0

1
n [αune

−in(τ−σ) + ᾱune
−in(τ+σ)], Xu(τ, σ)− xu = −[Xu(τ,−σ)− xu]

⇒ pu

πT + 1√
4πT

∑
n 6=0

(αun + ᾱun)[e−in(τ−σ) + e−in(τ+σ)] = 0

⇔ pu = 0, αun = −ᾱun
⇒ Xu(τ, σ) = xu + pu

2πT τ + i√
4πT

∑
n6=0

1
n [αune

−in(τ−σ) + ᾱune
−in(τ+σ)], pu = 0, αun = −ᾱun

Cor. 2.3.1. Xu(τ, σ) = xu + pu

2πT τ + i√
4πT

∑
n 6=0

1
n [αune

−in(τ−σ) + ᾱune
−in(τ+σ)], Ẋu(τ, σ)|σ=0,π = 0

⇔ Xu(τ, σ) = xu + pu

2πT τ + i√
4πT

∑
n6=0

1
n [αune

−in(τ−σ) + ᾱune
−in(τ+σ)], Xu(τ, σ)− xu = −[Xu(τ,−σ)− xu]

⇔ Xu(τ, σ) = xu + pu

2πT τ + i√
4πT

∑
n6=0

1
n [αune

−in(τ−σ) + ᾱune
−in(τ+σ)], pu = 0, αun = −ᾱun

Self comment: The equivalence of the D-condition and the antisymmetric condition also means that
the two branches merge into one, and the three are equivalent to each other.

Cor. 2.3.2. ∂+∂−X
u(τ, σ) = 0, Xu(τ, σ) = Xu(τ, σ + 2π), Ẋu(τ, σ)|σ=0,π = 0

⇔ ∂+∂−X
u(τ, σ) = 0, Xu(τ, σ) = Xu(τ, σ + 2π), Xu(τ, σ)− xu = −[Xu(τ,−σ)− xu]

2.4 Wave function expansion for bose mixing condition open string equation

Thm. 2.4.1.

Xu(τ, σ) = xu + pu

2πT τ + i√
4πT

∑
n 6=0

1
n [αune

−in(τ−σ) + ᾱune
−in(τ+σ)], [X ′u(τ, σ)cosθ + Ẋu(τ, σ)sinθ]|σ=0,π = 0

⇔ Xu(τ, σ, θ) = xu + pu

2πT τδsinθ,0 + i√
4πT

∑
n 6=0

1
nα

u
n[e−in(τ−σ) + 1−tgθ

1+tgθ e
−in(τ+σ)]

Proof:

Xu(τ, σ) = xu + pu

2πT τ + i√
4πT

∑
n 6=0

1
n [αune

−in(τ−σ) + ᾱune
−in(τ+σ)], [X ′u(τ, σ)cosθ + Ẋu(τ, σ)sinθ]|σ=0,π = 0

⇒ pu

2πT sinθ + −1√
4πT

cosθ
∑
n 6=0

[αune
−in(τ−σ) − ᾱune−in(τ+σ)] + 1√

4πT
sinθ

∑
n 6=0

[αune
−in(τ−σ) + ᾱune

−in(τ+σ)]|σ=0,π = 0

⇒ pu

2πT sinθ + 1√
4πT

∑
n 6=0

[(−cosθ + sinθ)αune
−inτ + (cosθ + sinθ)ᾱune

−inτ ] = 0

, pu

2πT sinθ + 1√
4πT

∑
n 6=0

(−1)n[(−cosθ + sinθ)αune
−inτ + (cosθ + sinθ)ᾱune

−inτ ] = 0

⇔ pusinθ = 0, (cosθ − sinθ)αun = (cosθ + sinθ)ᾱun
⇒ Xu(τ, σ, θ) = xu + pu

2πT τδsinθ,0 + i√
4πT

∑
n 6=0

1
nα

u
n[e−in(τ−σ) + 1−tgθ

1+tgθ e
−in(τ+σ)]

Thm. 2.4.2. Xu(τ, σ, θ) = xu + pu

2πT τδsinθ,0 + i√
4πT

∑
n 6=0

1
nα

u
n[e−in(τ−σ) + 1−tgθ

1+tgθ e
−in(τ+σ)]

⇒ [Xu(τ, σ, θ)− xu](cosθ + sinθ) = [Xu(τ,−σ,−θ)− xu](cosθ − sinθ)

Self comment: Pure left moving solution: Xu(τ, σ, π4 ), Pure right moving solution: Xu(τ, σ,−π4 ), N string
solution: Xu(τ, σ, 0), D string solution: Xu(τ, σ,±π2 )
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2.5 P-brane

Thm. 2.5.1. Xu(τ, σ) = xu + pu

2πT τ + i√
4πT

∑
n 6=0

1
n [αune

−in(τ−σ) + ᾱune
−in(τ+σ)], Ẋu(τ, σ)|σ=0,π = 0

⇔ Xu(τ, σ) = xu − 1√
πT

∑
n 6=0

1
nα

u
ne
−inτsinnσ, pu = 0, αun = −ᾱun, u = 1, 2, · · · , p

X l(τ, σ) = xl + pl

2πT τ + i√
4πT

∑
n6=0

1
n [αlne

−in(τ−σ) + ᾱlne
−in(τ+σ)], X ′l(τ, σ)|σ=0,π = 0

⇔ X l(τ, σ) = xl + pl

2πT τ + i√
πT

∑
n 6=0

1
nα

l
ne
−inτ cosnσ, αln = ᾱln, l = p+ 1, p+ 2, · · · , D

Self comment: The essence of p-brane is that some dimensions satisfy the N-condition and some
dimensions satisfy the D-condition.
2.6 Solutions for general boundary conditions

Self comment: More generally for p-branes, some dimensions satisfy the N-condition, some dimensions
that satisfy the D-condition and some dimensions that satisfy the periodic condition.

Thm. 2.6.1. ∂+∂−X
u(τ, σ) = 0, ẊI(τ, σ)|σ=0,π = 0, X ′J(τ, σ)|σ=0,π = 0, Xu(τ, σ) = Xu(τ, σ + 2π)

⇔ XI(τ, σ) = xI − pI

2πT σ −
1√
πT

∑
n 6=0

1
nα

I
ne
−inτsinnσ, αIn = −ᾱIn, I = 1, 2, · · · , p

XJ(τ, σ) = xJ + pJ

2πT τ + i√
πT

∑
n 6=0

1
nα

J
ne
−inτ cosnσ, αJn = ᾱJn, J = p+ 1, p+ 2, · · · , p+ l

XK(τ, σ) = xK + pK

2πT τ + i√
4πT

∑
n 6=0

1
n [αKn e

−in(τ−σ) + ᾱKn e
−in(τ+σ)],K = p+ l + 1, · · · , D

Cor. 2.6.1.

ẊI(τ, σ) = i√
πT

∑
n 6=0

αIne
−inτsinnσ, pI = 0, αIn = −ᾱIn, I = 1, 2, · · · , p

ẊJ(τ, σ) = pJ

2πT + 1√
πT

∑
n 6=0

αJne
−inτ cosnσ, αJn = ᾱJn, J = p+ 1, p+ 2, · · · , p+ l

ẊK(τ, σ) = pK

2πT + 1√
4πT

∑
n 6=0

[αKn e
−in(τ−σ) + ᾱKn e

−in(τ+σ)],K = p+ l + 1, p+ l + 2, · · · , D

Cor. 2.6.2.

X ′I(τ, σ) = − pK

2πT −
1√
πT

∑
n 6=0

αIne
−inτ cosnσ, pI = 0, αIn = −ᾱIn, I = 1, 2, · · · , p

X ′J(τ, σ) = − i√
πT

∑
n 6=0

αJne
−inτsinnσ, αJn = ᾱJn, J = p+ 1, p+ 2, · · · , p+ l

X ′K(τ, σ) = − 1√
4πT

∑
n 6=0

[αKn e
−in(τ−σ) − ᾱKn e−in(τ+σ)],K = p+ l + 1, p+ l + 2, · · · , D

Cor. 2.6.3.

ẊI(τ, σ) +X ′I(τ, σ) = 1√
πT

∑
n
ᾱIne

−in(τ+σ), ᾱIn = −αIn, I = 1, 2, · · · , p

ẊI(τ, σ)−X ′I(τ, σ) = 1√
πT

∑
n
αIne

−in(τ−σ), αI0 = pI

2
√
πT
, I = 1, 2, · · · , p

Cor. 2.6.4.

ẊJ(τ, σ) +X ′J(τ, σ) = 1√
πT

∑
n
ᾱJne

−in(τ+σ), ᾱJn = αJn, J = p+ 1, p+ 2, · · · , p+ l

ẊJ(τ, σ)−X ′J(τ, σ) = 1√
πT

∑
n
αJne

−in(τ−σ), αJ0 = pJ

2
√
πT
, J = p+ 1, p+ 2, · · · , p+ l

Cor. 2.6.5.

ẊK(τ, σ) +X ′K(τ, σ) = 1√
πT

∑
n
ᾱKn e

−in(τ+σ), ᾱK0 = p̄K

2
√
πT
,K = p+ l + 1, · · · , D

ẊK(τ, σ)−X ′K(τ, σ) = 1√
πT

∑
n
αKn e

−in(τ−σ), αK0 = pK

2
√
πT
,K = p+ l + 1, · · · , D

Cor. 2.6.6. [Ẋu(τ, σ) +X ′u(τ, σ)][Ẋu(τ, σ) +X ′u(τ, σ)] = 1
πT

∑
u

∑
n
ᾱune

−in(τ+σ)
∑
m
ᾱume

−im(τ+σ)

= 1
πT

∑
m

∑
u

∑
n
ᾱunᾱ

u
m−ne

−im(τ+σ) = 1
πT

∑
m
L̄me

−im(τ+σ), L̄m =
∑
u

∑
n
ᾱunᾱ

u
m−n

Cor. 2.6.7. [Ẋu(τ, σ)−X ′u(τ, σ)][Ẋu(τ, σ)−X ′u(τ, σ)] = 1
πT

∑
u

∑
n
αune

−in(τ−σ)
∑
m
αume

−im(τ−σ)

= 1
πT

∑
m

∑
u

∑
n
αunα

u
m−ne

−im(τ−σ) = 1
πT

∑
m
Lme

−im(τ−σ), Lm =
∑
u

∑
n
αunα

u
m−n
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2.7 Strict and simple solution of bose open string equation

Thm. 2.7.1. ∂+∂−X(τ, σ) = 0⇔ X(τ, σ) = f(τ + σ) + g(τ − σ)

Proof: ∂+∂−X(τ, σ) = 0⇔ ∂−X(τ, σ) = h(τ − σ)⇔ X(τ, σ) =
∫
h(τ − σ)d(τ − σ) + f(τ + σ)

⇔ X(τ, σ) = f(τ + σ) + g(τ − σ)

Cor. 2.7.1. ∂+∂−X(τ, σ) = 0, ∂σX(τ, σ)|σ=0,π = 0⇔ X(τ, σ) = f(τ + σ) + f(τ − σ), f ′(x− π) = f ′(x+ π)

Cor. 2.7.2. ∂+∂−X(τ, σ) = 0, ∂τX(τ, σ)|σ=0,π = 0⇔ X(τ, σ) = f(τ + σ)− f(τ − σ), f ′(x− π) = f ′(x+ π)

3 Doubts about completeness of plane wave solutions for bose string equation

3.1 Comparative study: Second wave function expansion method for bose closed string

Thm. 3.1.1. ∂+∂−X
u(τ, σ) = 0⇔ φu(τ, σ) =

+∞∫
k=−∞

1
2ω [au(k, ω)ei(kσ−ωτ) + au(−k,−ω)e−i(kσ−ωτ)]dk

Proof: ∂+∂−X
u(τ, σ) = 0⇔

+∞∫
k=−∞

+∞∫
E=−∞

Xu(k,E)(E2 − k2)ei(kσ−Eτ)dkdE = 0

⇔ Xu(k,E)(E2 − k2) = 0

⇔

{
Xu(k,E)|(k,E)=0 = Cuδ(k)δ(E) + CuE δ̇(E)δ(k) + Cuk δ(E)δ′(k) + CuEk δ̇(E)δ′(k)

Xu(k,E)|(k,E) 6=0 = au(k,E)δ(E2 − k2)

⇔ Xu(τ, σ) =
0+∫

k=0−

0+∫
E=0−

[Cuδ(τ)δ(σ) + Cuτ δ̇(τ)δ(σ) + Cuσδ(τ)δ′(σ)]ei(kσ−Eτ)dkdE

+
+∞∫

k=−∞

+∞∫
E=−∞

au(k,E)δ(E2 − k2)ei(kσ−Eτ)dkdE|(k,E)6=0

⇔ Xu(τ, σ) = (Cu + iCuτ τ − iCuσσ + Cuτστσ)

+
+∞∫

k=−∞

+∞∫
E=−∞

1
2ωa

u(k,E)[δ(E − ω) + δ(E + ω)]ei(kσ−Eτ)dkdE|(k,E)6=0, ω = |k|

⇔ Xu(τ, σ) = (Cu + iCuτ τ − iCuσσ + Cuτστσ) +
+∞∫

k=−∞

1
2ω [au(k, ω)ei(kσ−ωτ) + au(k,−ω)ei(kσ+ωτ)]dk|k 6=0

⇔ Xu(τ, σ) = (Cu + iCuτ τ − iCuσσ + Cuτστσ) +
+∞∫

k=−∞

1
2ω [au(k, ω)ei(kσ−ωτ) + au(−k,−ω)e−i(kσ−ωτ)]dk|k 6=0

Thm. 3.1.2. ∂+∂−X
u(τ, σ) = 0, Xu(τ, σ) = X∗u(τ, σ)

⇔ Xu(τ, σ) = (cu + cuτ τ + cuσσ + cuτστσ) +
+∞∫

k=−∞

1
2ω [au(k, ω)ei(kσ−ωτ) + a∗u(k, ω)e−i(kσ−ωτ)]dk|k 6=0

Thm. 3.1.3. ∂+∂−X
u(τ, σ) = 0, Xu(τ, σ) = X∗u(τ, σ), Xu(τ, σ) = Xu(τ, σ + 2π)

⇔ Xu(τ, σ) = xu + pu

2πT τ + i√
4πT

∑
n6=0

1
n [αune

−in(τ−σ) + ᾱune
−in(τ+σ)], αu−n = α∗un , ᾱ

u
−n = ᾱ∗un

Proof: ∂+∂−X
u(τ, σ) = 0, Xu(τ, σ) = X∗u(τ, σ), Xu(τ, σ) = Xu(τ, σ + 2π)

⇔ Xu(τ, σ) = (cu + cuτ τ + cuσσ + cuτστσ) +
+∞∫

k=−∞

1
2ω [au(k, ω)ei(kσ−ωτ) + a∗u(k, ω)e−i(kσ−ωτ)]dk|k 6=0

Xu(τ, σ) = Xu(τ, σ + 2π)
⇒ au(k, ω)(ei2πk − 1) = 0, a∗u(k, ω)(e−i2πk − 1) = 0, cuσ = 0, cuτσ = 0
⇔ au(k, ω) = αu(k)δ(ei2πk − 1), cuσ = 0, cuτσ = 0

⇒ Xu(τ, σ) = cu + cuτ τ +
+∞∫

k=−∞

1
2ω [αu(k)δ(ei2πk − 1)ei(kσ−ωτ) + α∗u(k)δ(e−i2πk − 1)e−i(kσ−ωτ)]dk|k 6=0

⇔ Xu(τ, σ) = cu + cuτ τ +
+∞∫

k=−∞

1
2ω [αu(k)

∞∑
n=−∞

δ(k − n)ei(kσ−ωτ) + α∗u(k)
∞∑

n=−∞
δ(k − n)e−i(kσ−ωτ)]dk|k 6=0

⇔ Xu(τ, σ) = cu + cuτ τ +
∑
n 6=0

1
2|n| [α

u(n)ei(nσ−|n|τ) + α∗u(n)e−i(nσ−|n|τ)]

⇔ Xu(τ, σ) = cu + cuτ τ +
∞∑
n=1

1
2n [αu(n)ein(σ−τ) + α∗u(n)e−in(σ−τ)]

+
−1∑

n=−∞
− 1

2n [αu(n)ein(τ+σ) + α∗u(n)e−in(τ+σ)]

⇔ Xu(τ, σ) = cu + cuτ τ +
∑
n 6=0

1
2nα

′u
n e
−in(τ−σ) +

∑
n 6=0

1
2n ᾱ

u
ne
−in(τ+σ)

α′un = −α′∗u−n =

{
αu(n), n > 0

−α∗u(−n), n < 0
, ᾱ′un = −ᾱ′∗u−n =

{
αu(−n), n > 0

−α∗u(n), n < 0
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⇔ Xu(τ, σ) = xu + pu

2πT τ + i√
4πT

∑
n6=0

1
n [αune

−in(τ−σ) + ᾱune
−in(τ+σ)]

cuτ = pu

2πT , α
u
n = −i

√
πTα′un , ᾱ

u
n = −i

√
πT ᾱ′un , α

u
−n = α∗un , ᾱ

u
−n = ᾱ∗un

Self comment: Changing the order of limiting conditions for wave functions requires different mathe-
matical techniques, but the conclusions are still the same.
3.2 Comparative study: Third wave function expansion method for bose closed string

Thm. 3.2.1. ∂+∂−X
u(τ, σ) = 0⇔ Xu(τ, σ) =

+∞∫
k=−∞

1
2ω [au(k, ω)ei(kσ−ωτ) + au(−k,−ω)e−i(kσ−ωτ)]dk

Proof: ∂+∂−X
u(τ, σ) = 0⇔

+∞∫
E=−∞

Xu(E, σ)e−iEτdE = 0

⇔ (∂2
σ + E2)Xu(E, σ) = 0

⇔ Xu(E, σ) = cu00δ(E) + cu01δ
′(E) + cu10σδ(E) + cu11σδ

′(E) + au(E)eiEσ + bu(E)e−iEσ

⇔ Xu(τ, σ) = c00 + c01τ + c10σ + c11στ +
+∞∫

E=−∞
[au(E)e−iE(τ−σ) + bu(E)e−iE(τ+σ)]dE

Self comment: Changing the order of limiting conditions for wave functions requires different mathe-
matical techniques, but the conclusions are still the same.
3.3 Properties

Thm. 3.3.1. φ(~r, t) = 1
(2π)3/2

+∞∫
~k=−∞

[a(~k, t)ei
~k·~r + a∗(~k, t)e−i

~k·~r]d3~k

∇φ(~r, t) = 1
(2π)3/2

+∞∫
~k=−∞

i~k[a(~k, t)ei
~k·~r − a∗(~k, t)e−i~k·~r]d3~k

φ̇(~r, t) = 1
(2π)3/2

+∞∫
~k=−∞

[ȧ(~k, t)ei
~k·~r + ȧ∗(~k, t)e−i

~k·~r]d3~k

Thm. 3.3.2. φ(~r, t)2 =
+∞∫

~k=−∞
[a(~k, t)a(−~k, t) + a∗(~k, t)a∗(−~k, t) + 2a(~k, t)a∗(~k, t)]d3~k

∇φ(~r, t) · ∇φ(~r, t) =
+∞∫

~k=−∞

~k2[a(~k, t)a(−~k, t) + a∗(~k, t)a∗(−~k, t) + 2a(~k, t)a∗(~k, t)]d3~k

φ̇(~r, t)2 =
+∞∫

~k=−∞
[ȧ(~k, t)ȧ(−~k, t) + ȧ∗(~k, t)ȧ∗(−~k, t) + 2ȧ(~k, t)ȧ∗(~k, t)]d3~k

Thm. 3.3.3.
+∞∫

~r=−∞

+∞∫
t=−∞

φ(~r, t)2d3~rdt =
+∞∫

~k=−∞

+∞∫
E=−∞

a(~k,E)a(−~k,−E)d3~kdE

+∞∫
~r=−∞

+∞∫
t=−∞

∇φ(~r, t) · ∇φ(~r, t)d3~rdt =
+∞∫

~k=−∞

+∞∫
E=−∞

~k2a(~k,E)a(−~k,−E)d3~kdE

+∞∫
~r=−∞

+∞∫
t=−∞

φ̇(~r, t)2d3~rdt =
+∞∫

~k=−∞

+∞∫
E=−∞

E2a(~k,E)a(−~k,−E)d3~kdE

φ(~r, t) = 1
(2π)2

+∞∫
~k=−∞

+∞∫
E=−∞

a(~k,E)ei(
~k·~r−Et)d3~kdE

S = 1
2

+∞∫
~k=−∞

+∞∫
E=−∞

(E2 − ~k2 −m2)a(~k,E)a(−~k,−E)d3~kdE ⇒ (E2 − ~k2 −m2)a(~k,E) = 0

Thm. 3.3.4.
+∞∫

~r=−∞
φ(~r, t)2d3~r =

+∞∫
~k=−∞

+∞∫
E=−∞

+∞∫
E′=−∞

a(~k,E)a(−~k,E′)e−i(E+E′)td3~kdEdE′

+∞∫
~r=−∞

∇φ(~r, t) · ∇φ(~r, t)d3~r =
+∞∫

~k=−∞

+∞∫
E=−∞

+∞∫
E′=−∞

~k2a(~k,E)a(−~k,E′)e−i(E+E′)td3~kdEdE′

+∞∫
~r=−∞

φ̇(~r, t)2d3~r =
+∞∫

~k=−∞

+∞∫
E=−∞

+∞∫
E′=−∞

−EE′a(~k,E)a(−~k,E′)e−i(E+E′)td3~kdE

φ(~r, t) = 1
(2π)2

+∞∫
~k=−∞

+∞∫
E=−∞

a(~k,E)ei(
~k·~r−Et)d3~kdE
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H = 1
2

+∞∫
~k=−∞

+∞∫
E=−∞

+∞∫
E′=−∞

(~k2 +m2 − EE′)a(~k,E)a(−~k,E′)e−i(E+E′)td3~kdEdE′

= 1
4

+∞∫
~k=−∞

[a(~k, ωk)a(−~k,−ωk) + a(−~k,−ωk)a(~k, ωk)]d3~k
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Chapter40 Preliminary Study on Simple Supersymmetry Theory

1 Electromagnetic field in two dimensions

1.1 Light cone coordinates and derivatives in two dimensions

Def. 1.1.1. z ≡ τ + σ, z̃ ≡ τ − σ, τ = 1
2 (z + z̃), σ = 1

2 (z − z̃), zς := τ + ςσ, z̄ς := τ − ςσ

Def. 1.1.2.

[
z
z̃

]
=

[
1 −i
−1 −i

] [
σ
iτ

]
,

[
σ
iτ

]
= 1

2

[
1 −1
i i

] [
z
z̃

]

Cor. 1.1.1.

{
dz = dτ + dσ, dz̃ = dτ − dσ
∂z = 1

2 (∂τ + ∂σ), ∂z̃ = 1
2 (∂τ − ∂σ)

{
dτ = 1

2 (dz + dz̃), dσ = 1
2 (dz − dz̃)

∂τ = ∂z + ∂z̃, ∂σ = ∂z − ∂z̃

Cor. 1.1.2. dz ∧ dz̃ = 2dσ ∧ dτ

Def. 1.1.3. Pz ≡ −i∂z, Pz̃ ≡ −i∂z̃, Pτ ≡ i∂τ , Pσ ≡ −i∂σ

Cor. 1.1.3. Pz = − 1
2 (Pτ − Pσ), Pz̃ = − 1

2 (Pτ + Pσ),−Pτ = Pz + Pz̃, Pσ = Pz − Pz̃

Cor. 1.1.4. ei(Pσσ−Pττ) = ei(Pzz+Pz̃ z̃)

1.2 Electromagnetic field in two dimensions

Def. 1.2.1. Field potential: Aa = (Aσ, Aπ) = (Aσ, iAτ ),Field strength: Fab = ∂aAb − ∂bAa, : E = −iFσπ

Def. 1.2.2. Light cone field potential:∂z? = (∂τ+∂σ), ∂z̃? = (∂τ−∂σ), Az ≡ Aτ+Aσ, Az̃ ≡ Aτ−Aσ, A′z = e−εAz, A
′
z̃ =

eεAz̃

Def. 1.2.3. Light cone field source: Jz ≡ Jτ + Jσ, Jz̃ ≡ Jτ − Jσ, J ′z = e−εJz, J
′
z̃ = eεJz̃

Cor. 1.2.1. Fσπ = ∂σAπ − ∂πAσ = i(∂σAτ + ∂τAσ) = i(∂zAz − ∂z̃Az̃) = iE

Cor. 1.2.2. E = ∂zAz − ∂z̃Az̃, Fab = iεabE

So in two dimensions, the electric field E is a scalar, and there is no magnetic field, and the field
strength Fab can be seen as both a tensor and a scalar.

Cor. 1.2.3. Electromagnetic field equation: ∂aFab = −Jb ⇔

{
∂τE = Jσ

∂σE = −Jτ
⇔

{
∂zE = − 1

2Jz̃

∂z̃E = 1
2Jz

Cor. 1.2.4. Lorentz condition: ∂aAa = 0⇔ ∂zAz + ∂z̃Az̃ = 0

Cor. 1.2.5.

{
∂aFab = −Jb
∂aAa = 0

⇒

{
∂2
zAz = − 1

4Jz̃, ∂z∂z̃Az̃ = 1
4Jz̃

∂2
z̃Az̃ = − 1

4Jz, ∂z∂z̃Az = 1
4Jz

Cor. 1.2.6.

{
∂aFab = 0

∂aAa = 0
⇔

{
∂zAz = 1

2E0

∂z̃Az̃ = − 1
2E0

⇔

{
Az = f(z̃) + 1

2E0z

Az̃ = g(z)− 1
2E0z̃

Cor. 1.2.7. S =
∫
dzdz̃{− 1

4FabF
ab} =

∫
dzdz̃{ 1

2E
2} =

∫
dzdz̃{ 1

2 (∂zAz − ∂z̃Az̃)2}

Cor. 1.2.8. Guage transformation: δAa = ∂aθ ⇔

{
δAz = 2∂z̃θ

δAz̃ = 2∂zθ
⇒ δS = 0
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1.3 Vector spinor supersymmetry in two dimensions [45]

Thm. 1.3.1. S =
∫
dzdz̃{(∂zAz)2 + ϕ̄∂zϕ̄},

{
δAz = ε̄(z̃)ϕ̄

δϕ̄ = −ε̄(z̃)∂zAz
⇒ δS = 0

Cor. 1.3.1.

{
[δε̄1(z̃), δε̄2(z̃)]Az = 2ε̄1(z̃)ε̄2(z̃)∂zAz

[δε̄1(z̃), δε̄2(z̃)]ϕ̄ = 2ε̄1(z̃)ε̄2(z̃)∂zϕ̄

Thm. 1.3.2. S =
∫
dzdz̃{(∂z̃Az̃)2 + ϕ∂z̃ϕ},

{
δAz̃ = ε(z)ϕ

δϕ = −ε(z)∂z̃Az̃
⇒ δS = 0

Cor. 1.3.2.

{
[δε1(z), δε2(z)]Az̃ = 2ε1(z)ε2(z)∂z̃Az̃

[δε1(z), δε2(z)]ϕ = 2ε1(z)ε2(z)∂z̃ϕ

Thm. 1.3.3. S =
∫
dzdz̃{(∂zAz)2 + (∂z̃Az̃)

2 + ϕ̄∂zϕ̄+ ϕ∂z̃ϕ},

{
δAz = ε̄(z̃)ϕ̄, δAz̃ = ε(z)ϕ

δϕ = −ε(z)∂z̃Az̃, δϕ̄ = −ε̄(z̃)∂zAz
⇒ δS = 0

Thm. 1.3.4. S =
∫
dzdz̃{(∂zAz − ∂z̃Az̃)2 + ϕ̄∂zϕ̄+ ϕ∂z̃ϕ},


δAz = ε̄(z̃)ϕ̄, δAz̃ = ε(z)ϕ

δϕ = −ε(z)(∂z̃Az̃ − ∂zAz)
δϕ̄ = −ε̄(z̃)(∂zAz − ∂z̃Az̃)

⇒ δS = 0

1.4 Majoran-Weyl anyon equation and its corresponding action in two dimensions

Cor. 1.4.1. [s∂a + iSab(s)∂
b]ψ(s) = 0, ψ′(s) = e

i
2ϑ

abSab(s)ψ(s) = e−sεψ(s), iSab(s) =

[
0 is
−is 0

]
⇔ ∂zψ(s) = 0

Cor. 1.4.2. S =
∫
dzdz̃ψ(1− s)∂zψ(s)

Cor. 1.4.3. [−s∂a + iSab(s)∂
b]ψ(s) = 0, ψ′(s) = e−sεψ(s), iSab(s) =

[
0 is
−is 0

]
⇔ ∂z̃ψ(s) = 0

Cor. 1.4.4. S =
∫
dzdz̃ψ(−1− s)∂z̃ψ(s)

Cor. 1.4.5. [s∂a + iSab(−s)∂b]ψ(−s) = 0, ψ′(s) = esεψ(−s), iSab(−s) =

[
0 −is
is 0

]
⇔ ∂z̃ψ(−s) = 0

Cor. 1.4.6. S =
∫
dzdz̃ψ(−1 + s)∂z̃ψ(−s)

Cor. 1.4.7. [−s∂a + iSab(−s)∂b]ψ(−s) = 0, ψ′(s) = esεψ(−s), iSab(−s) =

[
0 −is
is 0

]
⇔ ∂zψ(−s) = 0

Cor. 1.4.8. S =
∫
dzdz̃ψ(1 + s)∂zψ(−s)

1.5 Majoran-Weyl anyon action in two dimensions?

Cor. 1.5.1. S =
∑
s

∫
dzdz̃[ψ(s+ 1)∂zψ(−s) + ψ(s− 1)∂z̃ψ(−s)]

1.6 Classical construction of Dirac equation in two dimensions

Massless Dirac equation in two dimensions:

Cor. 1.6.1. S =
∫
iψ̄γa∂aψdσdτ, (γ

a, γ3) = (σx, σy, σz)
S =

∫
iψTσy(σx∂σ + σy∂iτ )ψdσdτ =

∫
ψT (σz∂σ + ∂τ )ψdσdτ

=
∫

[ψ1(∂τ + ∂σ)ψ1 + ψ2(∂τ − ∂σ)ψ2]dσdτ =
∫

(ψ1∂zψ1 + ψ2∂z̃ψ2)dzdz̃

Neutrino equation in two dimensions:

Cor. 1.6.2. S =
∫
iψ̄ 1+γ3

2 γa∂aψdσdτ, (γ
a, γ3) = (σx, σy, σz)

S =
∫
ψ1(∂τ + ∂σ)ψ1dσdτ =

∫
ψ1∂zψ1dzdz̃

Anti neutrino equation in two dimensions:

Cor. 1.6.3. S =
∫
iψ̄ 1−γ3

2 γa∂aψdσdτ, (γ
a, γ3) = (σx, σy, σz)

S =
∫
ψ2(∂τ − ∂σ)ψ2dσdτ =

∫
ψ2∂z̃ψ2dzdz̃
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2 Left supersymmetric string [42, 44,45]

2.1 Action and motional equation of left supersymmetric string

Thm. 2.1.1. S =
∫

(∂zX
u∂z̃Xu + ϕu∂z̃ϕu)dzdz̃,

{
δXu = ε(z)ϕu

δϕu = −ε(z)∂zXu ≡ − 1
2ε(z)(1, i)

a∂aX
u
⇒ δS = 0

Proof: δS = δ
∫

(∂zX
u∂z̃Xu + ϕu∂z̃ϕu)dzdz̃

⇔ δS =
∫

(∂zδX
u∂z̃Xu + ∂zX

u∂z̃δXu + δϕu∂z̃ϕu + ϕu∂z̃δϕu)dzdz̃
⇔ δS =

∫
{∂z[ε(z)ϕu]∂z̃Xu + ∂zX

u∂z̃[ε(z)ϕu] + [−ε(z)∂zXu]∂z̃ϕu + ϕu∂z̃[−ε(z)∂zXu]}dzdz̃
⇔ δS =

∫
{∂z[ε(z)ϕu]∂z̃Xu + ∂zX

uε(z)∂z̃ϕu + [−ε(z)∂zXu]∂z̃ϕu + ϕu[−ε(z)∂z̃∂zXu]}dzdz̃
⇔ δS =

∫
{∂z[ε(z)ϕu]∂z̃Xu + ε(z)ϕu∂z∂z̃Xu}dzdz̃

⇔ δS =
∫
∂z[ε(z)ϕ

u∂z̃Xu]dzdz̃
⇒ δS = 0

Closure of supersymmetric transformation:

Cor. 2.1.1. S =
∫

(∂zX
u∂z̃Xu + ϕu∂z̃ϕu)dzdz̃ ≡

∫
( 1

2∂
aXu∂aXu + ϕu(−1, i)a∂aϕu)dτdσ

[δε1(z), δε2(z)]X
u = 2ε1(z)ε2(z)∂zX

u ≡ 1
2 [ε1(z)(1, i)aε2(z)− ε2(z)(1, i)aε1(z)]∂aX

u

[δε1(z), δε2(z)]ϕ
u = 2ε1(z)ε2(z)∂zϕ

u + ∂z[ε1(z)ε2(z)]ϕu

≡ 1
2 [ε1(z)(1, i)aε2(z)− ε2(z)(1, i)aε1(z)]∂aϕ

u + ∂z[ε1(z)ε2(z)]ϕu

Cor. 2.1.2. S =
∫

(∂zX
u∂z̃Xu + ϕu∂z̃ϕu)dzdz̃ ≡

∫
( 1

2∂
aXu∂aXu + ϕu(−1, i)a∂aϕu)dτdσ{

[δε1 , δε2 ]Xu = 2ε1ε2∂zX
u ≡ 1

2 [ε1(1, i)aε2 − ε2(1, i)aε1]∂aX
u

[δε1 , δε2 ]ϕu = 2ε1ε2∂zϕ
u ≡ 1

2 [ε1(1, i)aε2 − ε2(1, i)aε1]∂aϕ
u

Cor. 2.1.3. [δε1 , δε2 ] = 2ε1ε2∂z ≡ 1
2 [ε1(1, i)aε2 − ε2(1, i)aε1]∂a

Def. 2.1.1. δεY = [εQ, Y ], ∂aY = i[Pa, Y ]

Cor. 2.1.4. [δε1 , δε2 ]Y = [ε2Q, δε1Y ]− [ε1Q, δε2Y ] = [ε2Q+, [ε1Q,Y ]]− [ε1Q, [ε2Q,Y ]] = [[ε2Q, ε1Q], Y ]

Cor. 2.1.5. [[ε2Q, ε1Q], Y ] = 2ε1ε2i[Pz, Y ]⇒ Q2 = iPz ⇒ [Q,Pz] = 0

2.2 Local bose transformation of left supersymmetric string action

Thm. 2.2.1. S =
∫
∂zX

u∂z̃Xudzdz̃, δX
u = v(z)∂zX

u ⇒ δS = 0

Proof: δS = δ
∫
∂zX

u∂z̃Xudzdz̃
⇔ δS =

∫
(∂zδX

u∂z̃Xu + ∂zX
u∂z̃δXu)dzdz̃

⇔ δS =
∫
{∂z[v(z)∂zX

u]∂z̃Xu + ∂zX
u∂z̃[v(z)∂zXu]}dzdz̃

⇔ δS =
∫
{∂z[v(z)∂zX

u]∂z̃Xu + v(z)∂zX
u∂z∂z̃Xu}dzdz̃

⇔ δS =
∫
∂z[v(z)∂zX

u∂z̃Xu]dzdz̃
⇒ δS = 0

Thm. 2.2.2. S =
∫
ϕu∂z̃ϕudzdz̃, δϕ

u = v(z)∂zϕ
u ⇒ δS? = 0

Proof: δS = δ
∫
ϕu∂z̃ϕudzdz̃

⇔ δS =
∫
δϕu∂z̃ϕu + ϕu∂z̃δϕudzdz̃

⇔ δS =
∫

[v(z)∂zϕ
u]∂z̃ϕu + ϕu∂z̃[v(z)∂zϕu]dzdz̃

⇔ δS =
∫
v(z)∂z[ϕ

u∂z̃ϕu]dzdz̃

2.3 Global bose transformation of left supersymmetric string action

Cor. 2.3.1. S =
∫
∂zX

u∂z̃Xudzdz̃, δX
u = v∂zX

u ⇒ δS = 0

Cor. 2.3.2. S =
∫
ϕu∂z̃ϕudzdz̃, δϕ

u = v∂zϕ
u ⇒ δS = 0

Proof: δS = δ
∫
ϕu∂z̃ϕudzdz̃

⇔ δS =
∫
δϕu∂z̃ϕu + ϕu∂z̃δϕudzdz̃

⇔ δS =
∫

[v∂zϕ
u]∂z̃ϕu + ϕu∂z̃[v∂zϕu]dzdz̃

⇔ δS =
∫
∂z[vϕ

u∂z̃ϕu]dzdz̃
⇒ δS = 0
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2.4 Global transformation closure of left supersymmetric string action

Def. 2.4.1. δvY = i[vPz, Y ] = v∂z

Cor. 2.4.1. [δε1 , δε2 ]Y = 2iε1ε2[Pz, Y ]

Cor. 2.4.2. [δv1 , δv2 ]Y = [[iv2Pz, iv1Pz], Y ] = 0

Cor. 2.4.3. [δv1 , δε2 ]Y = [[ε2Q, iv1Pz], Y ] = 0

Cor. 2.4.4. [Q,Q] = 2iPz, [Q,Pz] = 0, [Pz, Pz] = 0

3 Right supersymmetric string [42, 44,45]

3.1 Action and motional equation of right supersymmetric string

Thm. 3.1.1. S =
∫

(∂zX
u∂z̃Xu + ϕ̄u∂zϕ̄u)dzdz̃,

{
δXu = ε̄(z̃)ϕ̄u

δϕ̄u = −ε̄(z̃)∂z̃Xu ≡ − 1
2 ε̄(z̃)(−1, i)a∂aX

u
⇒ δS = 0

Closure of supersymmetric transformation:

Cor. 3.1.1. S =
∫

(∂zX
u∂z̃Xu + ϕ̄u∂zϕ̄u)dzdz̃ ≡

∫
( 1

2∂
aXu∂aXu + ϕ̄u(1, i)a∂aϕ̄u)dτdσ{

[δε̄1(z̃), δε̄2(z̃)]X
u = 2ε̄1(z̃)ε̄2(z̃)∂zX

u

[δε̄1(z̃), δε̄2(z̃)]ϕ̄
u = 2ε̄1(z̃)ε̄2(z̃)∂zϕ̄

u + ∂z[ε̄1(z̃)ε̄2(z̃)]ϕ̄u

Cor. 3.1.2. S =
∫

(∂zX
u∂z̃Xu + ϕ̄u∂zϕ̄u)dzdz̃ ≡

∫
( 1

2∂
aXu∂aXu + ϕ̄u(1, i)a∂aϕ̄u)dτdσ{

[δε̄1 , δε̄2 ]Xu = 2ε̄1ε̄2∂z̃X
u

[δε̄1 , δε̄2 ]ϕ̄u = 2ε̄1ε̄2∂z̃ϕ̄
u

Cor. 3.1.3. [δε̄1 , δε̄2 ] = 2ε̄1ε̄2∂z̃ ≡ 1
2 [ε̄1(−1, i)aε̄2 − ε̄2(−1, i)aε̄1]∂a

Def. 3.1.1. δε̄Y = [ε̄Q̄, Y ], ∂aY = i[Pa, Y ]

Cor. 3.1.4. [δε̄1 , δε̄2 ]Y = [ε̄2Q̄, δε̄1Y ]− [ε̄1Q̄, δε̄2Y ] = [ε̄2Q̄+, [ε̄1Q̄, Y ]]− [ε̄1Q̄, [ε̄2Q̄, Y ]] = [[ε̄2Q̄, ε̄1Q̄], Y ]

Cor. 3.1.5. [[ε̄2Q̄, ε̄1Q̄], Y ] = 2ε̄1ε̄2i[Pz̃, Y ]⇒ Q̄2 = iPz̃ ⇒ [Q̄, Pz̃] = 0

3.2 Local bose transformation of right supersymmetric string action

Cor. 3.2.1. S =
∫
∂zX

u∂z̃Xudzdz̃, δX
u = v̄(z̃)∂z̃X

u ⇒ δS = 0

Cor. 3.2.2. S =
∫
ϕ̄u∂zϕ̄udzdz̃, δϕ̄

u = v̄(z̃)∂z̃ϕ̄
u ⇒ δS =

∫
v̄(z̃)∂z̃[ϕ̄

u∂zϕ̄u]dzdz̃

3.3 Global bose transformation of right supersymmetric string action

Cor. 3.3.1. S =
∫
∂zX

u∂z̃Xudzdz̃, δX
u = v̄∂z̃X

u ⇒ δS = 0

Cor. 3.3.2. S =
∫
ϕ̄u∂z̃ϕ̄udzdz̃, δϕ̄

u = v̄∂z̃ϕ̄
u ⇒ δS = 0

3.4 Global transformation closure of right supersymmetric string action

Def. 3.4.1. δvY = i[v̄Pz̃, Y ] = v̄∂z̃

Cor. 3.4.1. [δε̄1 , δε̄2 ]Y = 2iε̄1ε̄2[Pz̃, Y ]

Cor. 3.4.2. [δv̄1 , δv̄2 ]Y = [[iv̄2Pz̃, iv̄1Pz̃], Y ] = 0

Cor. 3.4.3. [δv̄1 , δε̄2 ]Y = [[ε̄2Q̄, iv̄1Pz̃], Y ] = 0

Cor. 3.4.4. [Q̄, Q̄] = 2iPz̃, [Q̄, Pz̃] = 0, [Pz̃, Pz̃] = 0

4 Left and right supersymmetric string [42, 44,45]

4.1 Action and motional equation of left and right supersymmetric string in mass shell

Cor. 4.1.1. SB = 1
2πα′

∫
∂zX

u∂z̃Xudzdz̃, SF = 1
4π

∫
(ϕ̄u∂zϕ̄u + ϕu∂z̃ϕu)dzdz̃

Thm. 4.1.1. S =
∫
dzdz̃(∂zX

u∂z̃Xu + ϕu∂z̃ϕu + ϕ̄u∂zϕ̄u)
δXu = ε(z)ϕu + ε̄(z̃)ϕ̄u

δϕu = −ε(z)∂zXu

δϕ̄u = −ε̄(z̃)∂z̃Xu

⇔ δ

Xu

ϕu

ϕ̄u

 =

 0 ε(z) ε̄(z̃)
−ε(z)∂z 0 0
−ε̄(z̃)∂z̃ 0 0

Xu

ϕu

ϕ̄u

⇒ δS = 0

Proof: δS = δ
∫
dzdz̃(∂zX

u∂z̃Xu + ϕu∂z̃ϕu + ϕ̄u∂zϕ̄u)
⇔ δS =

∫
dzdz̃(∂zδX

u∂z̃Xu + ∂zX
u∂z̃δXu + δϕu∂z̃ϕu + ϕu∂z̃δϕu + δϕ̄u∂zϕ̄u + ϕ̄u∂zδϕ̄u)

⇔ δS =
∫
dzdz̃{∂z[ε(z)ϕu]∂z̃Xu + ε̄(z̃)∂z̃Xu∂zϕ̄

u + ε(z)∂zX
u∂z̃ϕ

u + ∂z̃[ε̄(z̃)ϕ̄
u]∂zX

u

− ε(z)∂zXu∂z̃ϕu + ε(z)ϕu∂z∂z̃X
u − ε̄(z̃)∂z̃Xu∂zϕ̄u + ε̄(z̃)ϕ̄u∂z̃∂zX

u}
⇔ δS =

∫
dzdz̃{∂z[ε(z)ϕu∂z̃Xu] + ∂z̃[ε̄(z̃)ϕ̄

u∂zX
u]}

⇒ δS = 0

Although the above is a supersymmetric transformation, it only satisfies the closure of the mass shell.

753



Chapter40 Preliminary Study on Simple Supersymmetry Theory Shui-Rong Shi

4.2 Action and motional equation of left and right supersymmetric string in non mass shell

Thm. 4.2.1. S =
∫
dzdz̃(∂zX

u∂z̃Xu + ϕu∂z̃ϕu + ϕ̄u∂zϕ̄u + FuFu)
δXu = ε(z)ϕu + ε̄(z̃)ϕ̄u

δϕu = −ε(z)∂zXu − ε̄(z̃)Fu

δϕ̄u = −ε̄(z̃)∂z̃Xu − ε(z)Fu

δFu = ε̄(z̃)∂z̃ϕ
u + ε(z)∂zϕ̄

u

⇔ δ


Xu

ϕu

ϕ̄u

Fu

 =


0 ε(z) ε̄(z̃) 0

−ε(z)∂z 0 0 −ε̄(z̃)
−ε̄(z̃)∂z̃ 0 0 −ε(z)

0 ε̄(z̃)∂z̃ ε(z)∂z 0



Xu

ϕu

ϕ̄u

Fu

⇒ δS = 0

Proof: δS = δ
∫
dzdz̃(∂zX

u∂z̃Xu + ϕu∂z̃ϕu + ϕ̄u∂zϕ̄u + FuFu)
⇔ δS =

∫
dzdz̃(∂zδX

u∂z̃Xu + ∂zX
u∂z̃δXu + δϕu∂z̃ϕu + ϕu∂z̃δϕu + δϕ̄u∂zϕ̄u + ϕ̄u∂zδϕ̄u + 1

2δF
uFu + 1

2F
uδFu)

⇔ δS =
∫
dzdz̃{∂z[ε(z)ϕu]∂z̃Xu + ε̄(z̃)∂z̃Xu∂zϕ̄

u + ε(z)∂zX
u∂z̃ϕ

u + ∂z̃[ε̄(z̃)ϕ̄
u]∂zX

u

− ε(z)∂zXu∂z̃ϕu − ε̄(z̃)Fu∂z̃ϕu + ε(z)ϕu∂z∂z̃X
u + ∂z̃[ε̄(z̃)Fu]ϕu

− ε̄(z̃)∂z̃Xu∂zϕ̄u − ε(z)Fu∂zϕ̄u + ε̄(z̃)ϕ̄u∂z̃∂zX
u + ∂z[ε(z)Fu]ϕ̄u

+ 2[ε̄(z̃)Fu]∂z̃ϕ
u + 2[ε(z)Fu]∂zϕ̄

u}
⇔ δS =

∫
dzdz̃{∂z[ε(z)(ϕu∂z̃Xu + ϕ̄uFu)] + ∂z̃[ε̄(z̃)(ϕ̄

u∂zX
u + ϕuFu)]}

⇒ δS = 0

Although the above is a supersymmetric transformation, it does not meet the closure requirement.
The following is not only a supersymmetric transformation, but also a non shell closure.

Thm. 4.2.2. S =
∫
dzdz̃(∂zX

u∂z̃Xu + ϕu∂z̃ϕu + ϕ̄u∂zϕ̄u + FuFu)
δXu = ε(z)ϕu + ε̄(z̃)ϕ̄u

δϕu = −ε(z)∂zXu − ε̄(z̃)Fu

δϕ̄u = −ε̄(z̃)∂z̃Xu + ε(z)Fu

δFu = ε̄(z̃)∂z̃ϕ
u − ε(z)∂zϕ̄u

⇔ δ


Xu

ϕu

ϕ̄u

Fu

 =


0 ε(z) ε̄(z̃) 0

−ε(z)∂z 0 0 −ε̄(z̃)
−ε̄(z̃)∂z̃ 0 0 ε(z)

0 ε̄(z̃)∂z̃ −ε(z)∂z 0



Xu

ϕu

ϕ̄u

Fu

⇒ δS = 0

Proof: δS = δ
∫
dzdz̃(∂zX

u∂z̃Xu + ϕu∂z̃ϕu + ϕ̄u∂zϕ̄u + FuFu)
⇔ δS =

∫
dzdz̃(∂zδX

u∂z̃Xu + ∂zX
u∂z̃δXu + δϕu∂z̃ϕu + ϕu∂z̃δϕu + δϕ̄u∂zϕ̄u + ϕ̄u∂zδϕ̄u + 1

2δF
uFu + 1

2F
uδFu)

⇔ δS =
∫
dzdz̃{∂z[ε(z)ϕu]∂z̃Xu + ε̄(z̃)∂z̃Xu∂zϕ̄

u + ε(z)∂zX
u∂z̃ϕ

u + ∂z̃[ε̄(z̃)ϕ̄
u]∂zX

u

− ε(z)∂zXu∂z̃ϕu − ε̄(z̃)Fu∂z̃ϕu + ε(z)ϕu∂z∂z̃X
u + ∂z̃[ε̄(z̃)Fu]ϕu

− ε̄(z̃)∂z̃Xu∂zϕ̄u + ε(z)Fu∂zϕ̄u + ε̄(z̃)ϕ̄u∂z̃∂zX
u − ∂z[ε(z)Fu]ϕ̄u

+ 2[ε̄(z̃)Fu]∂z̃ϕ
u − 2[ε(z)Fu]∂zϕ̄

u}
⇔ δS =

∫
dzdz̃{∂z[ε(z)(ϕu∂z̃Xu − ϕ̄uFu)] + ∂z̃[ε̄(z̃)(ϕ̄

u∂zX
u + ϕuFu)]}

⇒ δS = 0

Def. 4.2.1. δε


Xu

ϕu

ϕ̄u

Fu

 =


0 ε ε̄ 0
−ε∂z 0 0 −ε̄
−ε̄∂z̃ 0 0 ε

0 ε̄∂z̃ −ε∂z 0



Xu

ϕu

ϕ̄u

Fu



Thm. 4.2.3. [δε1 , δε2 ]


Xu

ϕu

ϕ̄u

Fu

 = ([ε1, ε2]∂z + [ε̄1, ε̄2]∂z̃)


Xu

ϕu

ϕ̄u

Fu



Proof: [δε1 , δε2 ]


Xu

ϕu

ϕ̄u

Fu

 = −[


0 ε1 ε̄1 0

−ε1∂z 0 0 −ε̄1
−ε̄1∂z̃ 0 0 ε1

0 ε̄1∂z̃ −ε1∂z 0

 ,


0 ε2 ε̄2 0
−ε2∂z 0 0 −ε̄2
−ε̄2∂z̃ 0 0 ε2

0 ε̄2∂z̃ −ε2∂z 0

]


Xu

ϕu

ϕ̄u

Fu


⇔ [δε1 , δε2 ]


Xu

ϕu

ϕ̄u

Fu

 = ([ε1, ε2]∂z + [ε̄1, ε̄2]∂z̃)


Xu

ϕu

ϕ̄u

Fu


4.3 Supersymmetric algebra of left right supersymmetric string

Def. 4.3.1. δεY = [εQ+ ε̄Q̄, Y ], ∂aY = i[Pa, Y ]

Cor. 4.3.1. [δε1 , δε2 ]Y = [ε2Q+ ε̄2Q̄, δε1Y ]− [ε1Q+ ε̄1Q̄, δε2Y ]
= [ε2Q+ ε̄2Q̄, [ε1Q+ ε̄1Q̄, Y ]]− [ε1Q+ ε̄1Q̄, [ε2Q+ ε̄2Q̄, Y ]]
= [[ε2Q+ ε̄2Q̄, ε1Q+ ε̄1Q̄], Y ]
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Cor. 4.3.2. [δε1 , δε2 ]Y = {[ε1, ε2]∂z + [ε̄1, ε̄2]∂z̃}Y
⇔ [[ε2Q+ ε̄2Q̄, ε1Q+ ε̄1Q̄], Y ] = i[[ε1, ε2]Pz̃ + [ε̄1, ε̄2]Pz̃, Y ]
⇔ [[ε2Q+ ε̄2Q̄, ε1Q+ ε̄1Q̄], Y ] = i[2ε1ε2Pz̃ + 2ε̄1ε̄2Pz̃, Y ]
⇔ [ε2Q+ ε̄2Q̄, ε1Q+ ε̄1Q̄] = i(2ε1ε2Pz̃ + 2ε̄1ε̄2Pz̃)
⇔ {Q, Q̄} = 0, {Q,Q} = 2iPz̃, {Q̄, Q̄} = 2iPz̃
⇔ {Q, Q̄} = 0, {Q,Q} = 2iPz̃, {Q̄, Q̄} = 2iPz̃, [Q,Pz̃] = 0, [Q,Pz̃] = 0, [Q̄, Pz̃] = 0, [Q̄, Pz̃] = 0, [Pz, Pz̃] = 0

4.4 Hyperspace representation of left right supersymmetric string

Cor. 4.4.1. Dθ = ∂θ + θ∂z, Dθ̄ = ∂θ̄ + θ̄∂z̃

Cor. 4.4.2. X̂(z, z̃, θ, θ̄) = X + θϕ+ θ̄ϕ̄+ θθ̄F

Cor. 4.4.3. S =
∫
DθX̂Dθ̄X̂dθdθ̄dzdz̃

5 Local supersymmetric string action [42, 44,45]

5.1 Supersymmetric action on the world surface

Thm. 5.1.1. S = − 1
2

∫
dσdτe{gab∂aXu∂aXu + iψ̄uγa∂aψu + 2iχ̄aγ

bγaψu[∂bXu + i
2 ψ̄uχb]}

δXu = iη̄ψu;

δebβ = −2iη̄γbψβ ;

δψu = γa(∂aX
u + iψ̄uχa)η;

δχβ = −Dβη = −∂βη + i
2ωβγ

xγyη

5.2 Supersymmetric action in space-time

Thm. 5.2.1. S = − 1
2π

∫
dσdτe{gab(∂aXu − i

∑
A

θ̄Aγu∂aθ
A)(∂bX

u − i
∑
A

θ̄Aγu∂bθ
A)}

+ 1
π

∫
{−idXu ∧ (θ̄1γudθ

1 − θ̄2γudθ
2) + θ̄1γudθ1 ∧ θ̄2γudθ

2}δθ
A = εA

δXu = i
2

∑
A

(ε̄AγuθA − θ̄AγuεA) ≡ i
∑
A

ε̄AγuθA

5.3 Spin representation of supersymmetric theory

Thm. 5.3.1.

[ 1
2∂a + iSab(

1
2 , ς)∂

b]ψ = 0

[∂a + iSab(1, ς)∂
b]Q̂+ψ = 0

[ 3
2∂a + iSab(

3
2 , ς)∂

b]Q̂+2ψ = 0

[2∂a + iSab(2, ς)∂
b]Q̂+3ψ = 0

· · ·
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1 Vacuum state wave function of harmonic oscillator

1.1 Fock representation of harmonic oscillator

Pro. 1.1.1. a|0〉 = 0, |n〉 = 1√
n!
a+|0〉

Pro. 1.1.2. a =

 0
√

1 0 0 0 0

0 0
√

2 0 0 0
0 0 0 ··· 0 0
0 0 0 0

√
n 0

0 0 0 0 0 ···
0 0 0 0 0 0

 , a+ =


0 0 0 0 0 0√
1 0 0 0 0 0

0
√

2 0 0 0 0
0 0 ··· 0 0 0
0 0 0

√
n 0 0

0 0 0 0 ··· 0

 , N̂ := a+a =

 0 0 0 0 0 0
0 1 0 0 0 0
0 0 2 0 0 0
0 0 0 ··· 0 0
0 0 0 0 n 0
0 0 0 0 0 ···



Pro. 1.1.3. |0〉 =

 1
0
0
0
0
···

 , |1〉 =

 0
1
0
···
0
···

 , |2〉 =

 0
0
1
···
0
···

 , |n〉 =

 0
0
0
···
1
···


1.2 Coordinate representation of harmonic oscillator

Pro. 1.2.1. a = x+ ∂x, a
+ = x− ∂x

Pro. 1.2.2. a|0〉 = 0⇒ |0〉 = 1√
π
e−

1
2x

2

, |n〉 = 1√
π
√
n!2n

(x− ∂x)ne−
1
2x

2

1.3 Coordinate representation of multiple harmonic oscillators

Pro. 1.3.1. ai = xi + ∂xi , a
+
i = xi − ∂xi

Pro. 1.3.2. ai|0〉 = 0, i = 1, ··, l⇒

|0〉 = ( 1√
π

)le
− 1

2

l∑
i=1

x2
i

, |n1, ··, nl〉 = ( 1√
π

)l( 1√
2
)

l∑
i=1

ni 1√
n1!··nl!

(x1 − ∂x1
)n1 · ·(xl − ∂xl)nle

− 1
2

l∑
i=1

x2
i

1.4 Coordinate representation of infinite harmonic oscillators

Pro. 1.4.1. ai = xi + ∂xi , a
+
i = xi − ∂xi

Pro. 1.4.2. ai|0〉 = 0, i = 1, ··, l⇒

|0〉 = lim
l→∞

( 1√
π

)le
− 1

2

l∑
i=1

x2
i

, |n1, ··, n∞〉 = lim
l→∞

( 1√
π

)l( 1√
2
)

l∑
i=1

ni 1√
n1!··nl!

(x1 − ∂x1)n1 · ·(xl − ∂xl)nle
− 1

2

l∑
i=1

x2
i

1.5 Visual representation of infinite harmonic oscillator in coordinates

Pro. 1.5.1. ai = xi + ∂xi , a
+
i = xi − ∂xi

Pro. 1.5.2. ai|0〉 = 0, i = 1, ··,+∞⇒

|0〉 = ( 1√
π

)+∞e
− 1

2

+∞∑
i=1

x2
i

, |n1, ··, n∞〉 = ( 1√
π

)+∞( 1√
2
)

+∞∑
i=1

ni 1√
n1!··n∞!

(x1 − ∂x1
)n1 · ·(x∞ − ∂x∞)n∞e

− 1
2

+∞∑
i=1

x2
i

1.6 Coordinate representation of infinite harmonic oscillator in quantum field theory

Ass. 1.6.1. a(x) = 1√
2
[φ(x) + δ

δφ(x) ], a+(x) = 1√
2
[φ(x)− δ

δφ(x) ]

Pro. 1.6.1. ai|0〉 = 0, i = 1, ··, l⇒

|0〉 = e−
1
2

∫
φ2(x)dx, |n1, ··, n∞〉 = lim

l→∞
( 1√

π
)l( 1√

2
)

l∑
i=1

ni 1√
n1!··nl!

(x1 − ∂x1
)n1 · ·(xl − ∂xl)nle

− 1
2

l∑
i=1

x2
i

2 Sequence representation of DNA

2.1 Mathematical description of DNA sequences

Def. 2.1.1. R := Rl11 R
l2
2 R

l3
3 R

l4
4 · ·Rlnn , Ri ∈ {A,G, T,C}, li > 0, Ri 6= Ri+1;N := l1 + l2 + · ·+ln

Def. 2.1.2. R̄ := R̄l11 R̄
l2
2 R̄

l3
3 R̄

l4
4 · ·R̄lnn , R̄i ∈ {A,G, T,C}, li > 0, R̄i 6= R̄i+1;N := l1 + l2 + · ·+ln

Def. 2.1.3. RNA := R = Rl11 R
l2
2 R

l3
3 R

l4
4 · ·Rlnn , DNA := R

R̄
=

R
l1
1 R

l2
2 R

l3
3 R

l4
4 ··R

ln
n

R̄
l1
1 R̄

l2
2 R̄

l3
3 R̄

l4
4 ··R̄

ln
n
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