Considerations on the 3n+1 problem
V. Barbera
Abstract

This paper presents some considerations on the 3n+1 problem. In particular on the next odd elements
in the sequence lower than the starting number.

3n + 1 problem (or conjecture)

Inthe 3-n+1 problem™ it is possible to define the function:

3-x+1 if x=1(mod2)
flx)= % if x=0(mod?2)

The sequence obtained using the function is as follows:
n=|n for i=0

“1f(n_,) for i>0

the sequence can be rewritten considering only the odd terms, then starting from an odd

number n if x is an odd integer we have f(x):?’;:rl (Syracuse function™) with

a>1 and =X+ odd, therefore:
3-n+1
n1= B
21
.3-n+1_|_1
3n,+1 2%
n2: a = a
2% 2"
if k>1

k=2 . I
- 3-n,_+1 _3k'n+3k_1+zj:0 3.9 @
: Zak 22:(:10'

using this formula for n, to find the next odd number lower than n it is possible to obtain

a pattern given a certain classes of numbers modulo 2° example for n=43 we have

4351302652196 ->98->49->148->74->37 ...

then the next odd number in the sequence lower than 43 is 37:%



27-107+23

and for n=107 the next odd number in the sequence less than 107 is 91= o ,

27-n+23

we have that the next odd number in the sequence less than n=43(mod64) is %

As it is possible to analyze also in OEIS A177789? the study based on the residue classes
modulo 2% with d obtained from the sequence OEIS A020914"° and if we also consider

the corresponding 3" result from the sequence OEIS A020914 we can obtain the following
results:

for the numbers n=1(mod 4) we have d=2 and k=1 then

2:-x+2
n-> 322):21 if nz—z 1 (mod 2°*?)
2-x+3
n- 3 ’TH-I if nz—s'z —1 (mod 2°***)
22 x+3

for the numbers n=3(mod 16) we have d=4 and k=2 then

6-x+4
n-> 3 ’7+5 if n5711~2 —o (mod 2°**°)
26x+4
6-x+5
n-> 922):55 if nzu(mod 2°%¢)
9n+5 .. _ 5.2%%°_5 6x+7
n-> 26~x+6 if n:T(mod 2 )
6 x+7
n-> 3 ’?+5 if n577'2 _S(mod 2578
26 x+7
6-x+8
n-> 9 ’_1+5 if n5717~2 _S(mod 26'“9)
26x+8 9
6-x+9
n-> 92::95 if n5—13 2 3 5(mod 2% 10)

for the numbers n=23(mod 32) we have d=5 and k=3 then

. . 18-x+5
n 220419 e 472 o189

18-x+6
218~x+5 27 Od 2 )



n- 27-n+19

18-x+6
2

n- 218~x+7

n- 218~x+8

n- 218~X+9

> 27-n+19

218-x+10

n- 218‘x+11

n- 218~X+12

L 27-n+19

18-x+13
2

n- 218-x+14

> 27-n+19

218~x+15

n- 218~x+16

n- 218-X+17

n- 218-X+18

n- 218-x+19

n- 218-X+20

L 27:n+19

18-x+21
2

n- 218-x+22

27-n+19

27-n+19

27-n+19

27-n+19

27-n+19

27-n+19

HEW(mod 21%%7)
ngwmod 2188
HEW(mod 1%x+9)
nfwmod !%x10)
HEW(mod !¢
HEW(mod 2%+
nzw(mod pRa
HEW(mod %)
nzw(mod 2'1+1%)
HEW(mod PR
HEW(mod '8+
nzw(mod 21019
HEW(mod 21819
HEW(mod PR
fnzwmod R
HEW(mOd 21822
nzw(mod PR

27



for the numbers n=11(mod 32) we have d=5 and k=3 then

18-x+5

ELEES P & s TIPS
18-x+6

- 2;3:33 if nES 2 — 23(mod 218~x+7)

for the numbers n=15(mod 128) we have d=7 and k=4 then

54-x+7
n- 8;;;&35 TR 91-2 - _65(m0d 254-x+8)
54-x+8
n-)78;53:§5 if nz—s'z o1 _65(mod 254'“9)

We can conjecture that for any value of k>1 integer we can find n,<n

k-1-j

k-2 . @

3n+3 Y 3R g

nk: k_ = 5
22,:lai 2

with s odd integer not divisible by 3 and s> 3*—2*

It should be noted that we are interested in the first odd number n, in the sequence with

n,<n therefore we assume that there is a value k,<k for which n, <n then

k
3"n+s
3T My
k k : k,+k k e

3" n+s, 37n, +s, 2 oo 3943t +2%s,

= 1 d n=n = 1 e = L 2
1y e an k k e e e +e

1 2 Ky 2 2 K, 2 K, 2 K Ck,

with k=k,+k, , e=e, +e, and s:3k2-skl+28k,.sk2
therefore if we want that k to be the smallest value for which n,<n then it must be

s¢3k2-sk1+26“-skz for s, and e, values already associated with residue classes obtained

with k, <k

In conclusion we have:

3k-n+s . . S m-b+d+r+1
n>>—— if n=—"—"(mod 2 )

m-b+d+r

with b>0 integer, t every odd integer not divisible by 3 and 0<t <2-3" , m=23"" |

0<r<m integer and d number of digits in the base-2 representation of 3"



Fixed k and then fixed d=|1+k-log,(3)| for find the residue class n = h(mod 2) for
s=3*—2* | which is obtained when a,=1 for 1<i<k , chosen b=0 and r=0 we
need to find the possible values of t odd integer not divisible by 3 and 0<t <2-3“ such

t-2942k
3k

that (t-2°—3“+2") itis divisible by 3" from which h:( —1) mod 2 is obtained.

To find the other values of s relative to the others residue classes n = h,(mod 2°) ,

obtained as described in OEIS A177789, chosen t=1 and b=0 for some value of
0<r<m we need to find the possible values of s odd integer not divisible by 3 and

2d+r_
3k

3*—2"< s <2-3" suchthat (2/*'—s) itis divisible by 3" and S = h(mod 2°)

Stopping time
Inthe 3-n+1 problem it is possible to define the concept of stopping time™:
3-n+1 if n=1(mod?2)

fn)= g if n=0(mod?2)

the sequence obtained using the function f(n) is as follows:

_|n for i=0
a;= )
fla,_,) fori>0

the smallest i suchthat a,<a, is called the stopping time of n .

If n iseven n=0(mod2) then the stopping time i=1 and alzg .

3-n+1
22

If n=1(mod?2’) then the stoppingtime i=3 and a,=

Fixed an integer o with o>1 if n odd and n=r(mod2“°) then for some classes with

r>1 itis possible to observe that

_ 3% n+b
- 2k—o

i

H o o __no—1 0=2 j Z‘:ficf
with b>3°-2° and b=3 +zi203-2

therefore from the definition of stopping time we have a.<n i.eif n=r+q-2“°

3°n+b _3%r+b
2k—o - 2k—o

+q-3°<r+q-2°"° for any integer g with >0



obviously it has to be 3°<2“"° andif q=0 then b<r-(2"°-3°)
but from the definition of stopping time it also must be q,_,=2-a,>n then

3%r+b
2,(,0

2+( +q-3°)>r+q-2"°

andif g=r
3%-r+b+r-3°2 > 20 4 g. 2 00 !

but b<r-(2°-3°) then

3% rr(27°=3%)4r - 372 > 2 O 2k 0l !
2k—o+30.2k*o>2k*o—1+2k*o.2k*o—1

1+3°>27 142!

from which the condition 2*7°'<3°<2*° is found.

We can create two flowcharts (shown on the following pages) where the different residue

classes are shown for each row of the graph.
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n (mod 2)=
-
Stopping time 1
3 1
n (mod 4)=
Stopping time 3
3 7
n (mod 8)=
7
n (mod 16)2
Stopping time 6
15 31
2 n (mod 32)= i n (mod 32)=
—(27+n+23)/32
n—@7n+23)/3 Stopping time 8
> 31 >
n (mod 64)= n (mod 64)=
27 Il 11 31 95 63 127

@ (mod 128)2 @ (mod 128)2 @ (mod 128)2 @ (mod 128)

n—(81-1+85)/128 n—(81n+73)/128

@ (mod 128)2

@ (mod 128)2

Stopping time 11

+319)/255‘ 6|

n(243n+227)/25

‘nﬂ(243-n+287)/256‘ ‘n—~1243'n
T

255

Stopping time 13
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