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abstract

In this note we give two infinite products for exp(x arctan(x))
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1. Introduction

Let h(x) = exp(x arctan(x)) = e ¥2® " x eR , we have

h(o)=1 (1)
h(-x)=h(x) , Vx (2)
h(x)<h(y) , o<x<y (3)
X
h'(x)=¢" armno‘)(— + arctan(x)) = h(x) ( + arctan(x)) 1)
1+ x2 1+x2
ix 21x
h(x) = et = F(—, L1, —— ) (5)
2 1—1Xx
& ix
h(x) = e¥dctan® = 5 _ Z(ix)”+1 F(l -n, 1+ —, 2, 2) (6)
n=1 2
1 00
_ xarctan(x) _ 2 _ _ n
h(x) = e =1+x +6ﬁ+..._;anf , <1 @)
where
()" & (-DF -k +1)
Ao =1, An41 = a, n=0,1,2,3, .. (8)
n+1fd 2n-2k+1
11 31 5 19549
an = {1, Lo y —— m—————— } 9)
30 2520 504 2494800
h(x) = et ™2 anx’“ , x>1 (10)
n=o0
where
()" & (- (n—k+1)
bo=1, bpu = by , n=0,1,2,3, ... (11)
n+1/4- 2n-2k+3
1 13 467 18401 434509 2696933287
bn = {17 T T T » 5 y = > "'} (12)
3 90 5670 340200 11226600 91945854 000

xligo h(x)e™*™? = ¢! (13)



1 ix
h(x) = e¥aretant :F[i x,1,1,1— - ]
Vit Vi+a®

1—1ix ix 21x
h(x) = ex arctan(x) :[ - _) F(l, 1-—, 1, - )
1+1x 2 1+1x

N ix 2
h(x) = e¥@ctan® — X722 ff —|, x>0
2

1—-1x
ix ix 1 2x )2
cosh(x arctan(x)) = F| ——, —, —,
4 4 2 \1+x?
.. 5
exarctan(x) — _e—xarctan(x) + 2F(— E’ z’ l’ ( 2x ) )
4 4 2 \1+x®

Remark: 1=4 Y32 ,(2n+ 1)

Remark: F(a, b, c, x) is the Gauss Hypergeometric function.

Remark: i =+/ -1

2. Two infinite products for exaretanx)
Entry 1. Define f(n),n=1, 2, 3, ..., by

fW=1,f(2)=-4/3, fn+1)=

(—1)"—2n—1_ f(1+n)

2n+1 1+k

1+n
1<ksn-1, —EN

4 4 4 8172 12 8 12 200 20 760 24
f(n)={1’__7 T T s T T T T T T s T s T T T s T T s T T s T T "'}
3 5 21 9 165 13 105 85 171 21 5313 25
Entry 2.
00 x2n—1
arctan(x) = Z p f)
=l
In(1 + x?) (n)
x arctan(x) = 7—Zf—l( x2™M)
2 2n

exarctan(x)_ ,1+X l_[(l_ 2n) o

Entry 3. Define g(n), n=1, 2, 3, ..., by

(-)"2n

B B 3 : Nk 1+n _
9 =1, 9(2)=2/3, g+ D= ——— Z (-1) g(—Hk),n 2,3, 4, -

n+1

1sksn-1,77 DR eN

2 4 32 8 92 12 328 12 104 20 33424 24
g(n):{l, T T T T T Ty T T T s T sy T Ty T T sy T T sy T s T T }
5 21 9 165 13 105 85 171 21’ 26565 25
Entry 4.
00 X2n71
arctan(x) = Z g(n)
1+

1 2
xarctan(x) = M Z&] ( +x2n)
2
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n=2,3,4, ..
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g(n)

exarctan(x) — [1 +x2 ﬁ(l +x2n);
n=1

2 00 x27’l+1 1 1
1,1+ —, 2+ —, x“)f(n)
n

Entry 5.
X
arctan(x) = + Z
1+x* 1+x*442n+1 2n
2 00 x2n+1 1 1
1,14+ —, 2+ —, —x“)g(n)
2n+1 2n 2n

arctan(x) = +
1+x*  14+x* &

Remark: F is the Gauss Hypergeometric function.

T

Entry 6.
o™ ) &g
6\/?_;3'1_1_;3'””
Entry 7.
g3V = 4 ﬁ(l B AL 4 ﬁ(l + g9
3 =t 3 n=1
Entry 8.
n  I2+V3) efen-1  fian)
6v3  2v3 +2n1(34“—1+32”—1)
x  l(2+V3) &cgen-1) gn)
6v3  2v3 _2n1(34”‘2—1_32”+1)
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o 5 3
0 e
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n=1
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