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Abstract

It is deduced from Bertrand’s Postulate that every even integer greater than 4 is
the sum of two primes.

MSC 2020 11A41, 11N05

1 Introduction

One of the most famous problems in mathematics is Goldbach Conjecture. Tens of thousands
of mathematicians all over the world have devoted to solve this problem, which still has been
attracting interests of a lot of researchers over the past decade [1] [2] [3] [4] [5] [6] [7] [8].

Up to now, the best result on Goldbach Conjecture has been due to Jinrun Chen [9]. He proved
that every sufficiently large even integer 2N can be presented as the sum of a prime p and a number
q that is divisible by at most two different primes. Methods used to address Goldbach Conjecture
include sieve method and circle method. Nevertheless, there are key limitations inherent in these
methods. For example, the barrier from Chen’s theorem to the Goldbach Conjecture has been well
known as the parity problem in sieve theory: no one can be sure whether q = 2N − p has exactly
one or two prime divisors. The conjecture is still very much open and very significant new ideas
are required for the proof.

We discover that the final solution lies in Bertrand’s Postulate.

2 The Sum of Primes

Bertrand’s Postulate For all integers N ≥ 2, there is always at least one prime P such that
N < P < 2N

We construct an interval:
( N, 2N )
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where integer N ≥ 4. In this interval, there exists at least one prime, and let Pn denote it.
We construct another interval:

(
2N − Pn

2
, 2N − Pn )

By Bertrand’s Postulate, there exists at least one prime in this interval. Let pmax denote the
largest prime, then,

(2N − Pn)

2
< pmax < (2N − Pn)

⇓
pmax ≤ (2N − Pn)− 2

which means two possibilities:

1 pmax < (2N − Pn)− 2

2 pmax = (2N − Pn)− 2

• If it is case 2 , =⇒ 2(N − 1) = Pn + pmax

It indicates that even integer 2(N − 1) is the sum of prime Pn and prime pmax

Thus, Goldbach Conjecture holds.

• If it is case 1 , we go on to construct the following interval:

(
2N − Pn + 2

2
, 2N − Pn + 2 )

By Bertrand’s Postulate,

(2N − Pn + 2)

2
< pmax < (2N − Pn + 2)

⇓
pmax ≤ (2N − Pn)

which means two possibilities:

1 pmax < (2N − Pn)− 2

3 pmax = 2N − Pn

• If it is case 3 , =⇒ 2N = Pn + pmax

It indicates that even integer 2N is the sum of prime Pn and prime pmax

Thus, Goldbach Conjecture holds.

• If it is case 1 , we go on to construct the following interval:

(
2N − Pn + 4

2
, 2N − Pn + 4 )

·
·
·

(
2N − Pn + 2k

2
, 2N − Pn + 2k )

and it can be proved that: 2(N + k) = Pn + pmax (k, integer ≥ 1)
Thus, Goldbach Conjecture holds.

The maximum k is Pn−N
2 .

when k = Pn−N
2 , N = Pn =⇒ 2N = Pn + Pn
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3 Conclusion

Wir müssen wissen
Wir werden wissen (D. Hilbert)
In 1900, D. Hilbert listed Goldbach Conjecture in the 8th mathematical problems at the Inter-

national Mathematical Conference held in Paris. Today, it is proved with Bertrand’s Postulate.
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