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ABSTRACT 

Dawei Lu [Dawei Lu, A generated approximation related to Burnside’s formula, Journal of 
Number Theory 136 (2014) 414–422; http://dx.doi.org/10.1016/j.jnt.2013.10.016] proposed a 

conjecture: for every real number k>0, there exists 1m  depending k, such that for every 1mx  , it 

holds: 
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He guessed that it is suitable for taking 1m = 0.5. In this paper, we prove the conjecture of Dawei 

Lu. 

Keywords: Rate of convergence, Monotonic function, Gamma function, Burnside Formula 

1. Introduction 

The big factorials arise in several situations in the mathematics and other branches of science.  

Stirling’s formula  
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is one of the most well-known formulas for approximation of the factorial function. 

Burnside’s formula [3]: 
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which is more precise than (1.1).  

In [5], Dawei provided a polynomial approximation for factorial function starting from (1.2).  
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Then, Using (1.3), he showed an inequality for the gamma function as follows: for every positive 

real number k, there exists 1m  depending k, such that for every 1mx  , it holds: 
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In particular, he proposed the following conjecture:  

Conjecture. It is suitable for taking 1m = 0.5. 

The aim of this paper is to prove the conjecture of Dawei Lu concerning inequality for gamma 

function. 

2. Proof of conjecture 

To give the proof of Conjecture, we need the following result of Alzer [2] for all 0x  and 
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where )(xRn  is completely monotonic on ),0(  , jB is the j-th Bernoulli number defined by the 

power series expansion 
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For all 1l , 012 lB  and the first few Bernoulli numbers are 2/11 B , 6/12 B  30/14 B , 

42/16 B . 

From (2.2), we have the following inequalities, for x>0. 
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For the right inequality in Theorem, combining (2.3), we need to get 
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Inequality (2.4) is equivalent to 0)( xgk , where 
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Let xt 2 , then from (2.5) 



.
375.39

1

45

1

6

1

2

11

1228812
1ln

11
1ln

2

1

2
)(

532

2





















































tttt

kk

t

k

kt

t
tg k    (2.6) 

From (2.6), it is easy to obtain 
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For any 1t ,  
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The coefficient of )/11ln( t  in )(tGk  is as follows: 
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As 1,1  kt , (2.10) is negative. Using (2.8), we have 
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Also, 
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is polynomial of degree 4 with all positive coefficients. 

Combining (2.8)-(2.13), for every ),2[ t , .0)(' tg k  Thus, )(tgk  is strictly decreasing on 

),2[   with 0)( kg , so for every ,),2[ t  .0)( tgk  



Now, we need to prove for ]2,1[t , 0)( tgk  because 1m  is 0.5 in conjecture. 

First, we prove 0)1( kg . In fact, 
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Next, we prove ,0)( tGk  for .]2,1[t  From (2.8), we have 
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Differentiating (2.14), we get that 
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The coefficient of  t/11ln   in (2.15) is as follows: 
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For ],2,1[t  (2.16) is positive, since 
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For any 1t , we have 
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Thus, ,)()(' tJtGk   where 
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Also, we have 
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For ]2,1[t , we have 0)(' tGk . Also, 
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We consider two cases according to a sign of )1(kG . 

(i) 0)1( kG  for 28k . 

In this case, ,0)(],2,1[ '  tgt k  since 0)( tGk , for ]2,1[t . Thus, we have 0)( tgk . 

(ii) 0)1( kG  for 28k   

For ],2,1[t  0)(' tGk , and 0)2( kG , then  

.0)( ],2,( ,0)( ),,1[ ],2,1[ 111  tGtttGttt kk  

Thus, ,0)(),,1[ '
1  tgtt k  and .0)(],2,( '

1  tgtt k  From ,0)1( kg  for ,]2,1[t .0)( tg k  Hence, 

0)( tgk  for 1t , and this implies that it is suitable for taking 5.01 m . 

We complete proof of conjecture. 
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