
A proof of a conjecture about the Riemann
zeta-function at even integers

Hervé G.

September 13, 2023

Recently, Jean-Christophe PAIN have stated the conjecture [1] : for p ≥ 1,
an integer,
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Proof :

Jp =

∫ +∞

−∞

x2p ln (1 + ex)
1 + ex

dx

=

∫ +∞

0

(
x2p ln (1 + e−x)

1 + e−x
+
x2p ln (1 + ex)

1 + ex

)
dx

u=e−x

=

∫ 1

0

ln(1 + u) ln2p u

u(1 + u)
du+

∫ 1

0

ln
(
1 + 1

u

)
ln2p u

u
(
1 + 1

u

) du

=

(∫ 1

0

ln(1 + u) ln2p u

u
du−

∫ 1

0

ln(1 + u) ln2p u

1 + u
du

)
+(∫ 1

0

ln(1 + u) ln2p u

1 + u
du−

∫ 1

0

ln2p+1 u

1 + u
du

)
=

∫ 1

0

ln(1 + u) ln2p u

u
du︸ ︷︷ ︸

IBP

−
∫ 1

0

ln2p+1 u

1 + u
du

= − 1

2p+ 1

∫ 1

0

ln2p+1 u

1 + u
du−

∫ 1

0

ln2p+1 u

1 + u
du = −2(p+ 1)

2p+ 1

∫ 1

0

ln2p+1 u

1 + u
du

= −2(p+ 1)

2p+ 1


∫ 1

0

ln2p+1 u

1− u
du−

∫ 1

0

2u ln2p+1 u

1− u2
du︸ ︷︷ ︸

z=u2



1



Jp =
(p+ 1)

(
1− 22p+1

)
(2p+ 1)22p

∫ 1

0

ln2p+1 u

1− u
du

=
(p+ 1)

(
22p+1 − 1

)
(2p+ 1)!

(2p+ 1)22p
ζ(2p+ 2)

NB : I assume, for r ≥ 1 integer :∫ 1

0

lnr u

1− u
du = (−1)rr!ζ(r + 1)
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