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Abstract

The cumulative hierarchy is an ordinal gradation of the class of all sets.
In order to constructively define topologies and algebraic structures on the
hierarchy, we represent it using vector spaces.

Let 0 and 1 be defined by 0 = ¢ and 1 = {¢}. To equip the product of the
family of sets A = {0, 1}icacor With a vector space structure, we recall that
the product of a family of sets F = {A;}ies is given by [Lie; A ={f : I —
Uier Ai | f(i) € A; Vi € I}. For the family A, its union is U;c,{0,1} = {0,1}.
Therefore, the product of the family is given by,

{0,1}* = [[{0,1} = {f : a = {0,1} | f(i) € {0,1} Vi € o}

1€
We take Fy = {0, 1} as the base field, and define addition as the logical
"OR’ operator (V), and scalar multiplication as the logical ’AND’ operator
(A). When adding two vectors of dimensions a and 3, we pad the vector hav-
ing dimension min(c«, ) with |a — 8] zeros to the right. Thus, ({0,1},+,-)
is a vector space for all @« € OR. The basis of this vector space is given by,

{0, ={f:a= {01} | f()) = 1,/(j) =0, j #iViea}

Define the family of sets B = {{0,1}%}acor and the family of vector
spaces F = {{0,1}*},cor. We get another representation of {0,1}% and



{0,1}* by stacking the vectors in the sets vertically to form a matrix. For
{0,1}%, we get the matrix representation I,, the identity matrix. Similarly
for {0,1}*, we get the matrix representation P,, where each row belongs to
the spanning set of {0, 1}%. Define the family of matrices Z = {I,}acor, P

- {Poz}anR'

Given a family of sets A = {A,}acr, we define the following bijective
functions:

[} wV:A—>V, Aa_> {Oal}aBa AZO‘ — {0’1}01
o Uy V= M, {0,1}% — Lo, {0,1}* = P,

where, V = BU F, and M = Z U P. The representations of the ordinal
numbers are given by the sums,

Yv(OR) = [J {0,1}5

{0,1}2,€B
Uu(v(OR)) = > I
ot

We recall the construction of the cumulative hierarchy. The cumulative
hierarchy is given by V' = U,corVa, where Vo = ¢, Vo1 = P (V,) and
Vi = Up<a Vs, if a is a limit ordinal

The representations of the cumulative hierarchy are given by the sums,

wV)y= U {01

{0,1}>eF
by (V) = > Pa
P.€P

The relationships between the objects is given by the diagram,

OR =" | {0,1}3 =¥ > I,

{0,1}%€B In€T

\LP \l/span \l/span

V=t ) {01} =¥ Y P,
{0,1}eecF P.€P
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