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Abstract

Let (L%k))nzg,k be the sequence of k—generalized Lucas numbers for some fixed integer k > 2 whose
first k terms are 0,...,0,2,1 and each term afterwards is the sum of the preceding k terms. For an integer
m, let P(m) denote the largest prime factor of m, with P(0) = P(£1) = 1. We show that if n > k + 1,

then P(L%k)) > (1/86)loglogn. Furthermore, we determine all the k—generalized Lucas numbers P

whose largest prime factor is at most 7.

Keywords and phrases: k—generalized Lucas numbers; greatest prime factor; linear forms in
logarithms.

2020 Mathematics Subject Classification: 11B39, 11D61, 11D45.

* Corresponding author

1 Introduction

1.1 Background

Let £ > 2 be an integer. The k—generalized Lucas numbers is the sequence defined by the recurrence
relation
LW =% 4 LW forall n>2,

n

with the initial condition L =2, L{* =1 for all k > 2 and L, = ... = L") = 0 for all k > 3. When
k = 2, this sequence is the classical sequence of Lucas numbers and in this case we omit the superscript
(%) in the notation.

For an integer m, let P(m) be the largest prime factor of m with the convention P(0) = P(+1) = 1.
The challenge of determining lower bounds for the largest prime factor of terms in linear recurrence
sequences has sparked much interest among mathematicians. Numerous studies have been conducted on

this topic, see, for example [I]. In this work, our focus is on the sequence of k—generalized Lucas numbers.

Specifically, we aim to derive effective lower bounds for P(Lglk)) in relation to both k£ and n. We prove

the following results.

1.2 Main Results

Theorem 1.1. Let (L%k))nzg_k be the sequence of k—generalized Lucas numbers. Then, the inequality

P(LM)Y > %log logn,
holds for alln > k + 1.
Theorem 1.2. The only solutions to the Diophantine equation
L} =2a.3b . 5c. 74, (1.1)
in nonnegative integers n, k, a, b, ¢, d with k > 2 andn > k+1, are
LY =4, 1P =7 rP=18, L =10 LY =35,
¥ =64, L =1350, LY =8400, L =160 and L{}” = 24500.

In addition, Lg{”‘) =3-2"2forall2<n<k.



2 Methods

2.1 Preliminaries

It is known that

LW =3.2""2 forall 2<n<Ek. (2.1)

In particular, P(Lglk)) = 3 for all n, k in the range 2 < n < k. Additionally, ngzl =3-2F"1 2 and by
induction one proves that

L& <3.272  holds forall — n>k+1. (2.2)

Next, we revisit some properties of the k—generalized Lucas numbers. They form a linearly recurrent
sequence of characteristic polynomial

Up(z) =ab —aF"t - - — 1,

which is irreducible over Q[z]. The polynomial ¥y (z) possesses a unique real root a(k) > 1 and all the
other roots are inside the unit circle, see [9]. The root a(k) := « is in the interval

200 -2"M <a<? (2.3)
as noted in [I4]. As in the classical case when k = 2, it was shown in [2] that
a" P < L <2a™, holds for all n>1, k> 2. (2.4)

Let £ > 2 and define
rx—1

@) = s e = (25)
We have o (@) (k- 1)
K(z) - .
e (2+(k+1)(z—2))2<0 for all x> 0.
In particular, inequality implies that
5 = fk(2) < fil0) < fu2( —279) < 5, (2.6)

for all k& > 3. It is easy to check that the above inequality holds for &k = 2 as well. Further, it is easy to
verify that |fx(c)| < 1, for all 2 < i < k, where «; are the remaining roots of Wy (z) for i =2,... k.
The following lemma will be useful in our applications of Baker’s theory. It is Lemma 2 in [5].

Lemma 2.1 (Lemma 2, [5]). For all k > 2, the number fi(a) is not an algebraic integer.
Moreover, it was shown in [2] that

k
L¥ =3 "(20; = 1) fr(ew)af ™" and L) = fr(@)(2a — 1)a" | < g (2.7)
=1

for all £ > 2 and n > 2 — k. This means that

L) = fi(a) (20 — 1) + ex(n), where lex(n)| < 1.5. (2.8)

The left expression in is known as the Binet-like formula for L%k). Furthermore, the right inequality
expression in shows that the contribution of the zeros that are inside the unit circle to L;’“) is small.

Next, let n > 3 and LS{“) = pfl ~p§2 ---pBs be the prime factorization of the positive integer L%k), where
2 =p; < py < --- < ps is the increasing sequence of prime numbers and the numbers S;, fori =1,2,..., s,
are nonnegative integers. By the right-hand side of relation , we have

log L) <log2 +nloga < (n+1)log?2,



since a < 2, for all k > 2 in (2.3]). Therefore, we can write

IOngz‘i = Zﬁi log p; = log L) < (n+1)log 2,
i=1 i=1

Zﬂilog2 < Zﬂilogpi <(n+1)log2, since 2<p;, forall i=1,2,...5,
i=1 i=1

from which we get

Z Bi <n+1.
i=1
In particular,
Bi<n+1, (2.9)

foralli = 1,2,...s. Lastly, for k > 3 one checks that 1/loga < 2 by using a > 2(1—1/2%) > 2(1—-1/23).
When k = 2, the number « represents the golden ratio for which 1/loga < 2.1. Thus, the inequality
1
log o

< 2.1 holds for all k> 2. (2.10)

2.2 Linear forms in logarithms

We use Baker-type lower bounds for nonzero linear forms in logarithms of algebraic numbers. There
are many such bounds mentioned in the literature but we use one of Matveev from [8]. Before we can
formulate such inequalities, we need the notion of height of an algebraic number recalled below.

Definition 2.1. Let v be an algebraic number of degree d with minimal primitive polynomial over the

integers
d

aoz® + a1zt 4+ - 4 ag = ag H(m — @),
i=1
where the leading coefficient ag is positive. Then, the logarithmic height of v is given by

d
1 .
h(7) = = (logao + 3" logmax{y 1}).
=1

In particular, if v is a rational number represented as v = p/q with coprime integers p and ¢ > 1, then
h(vy) = logmax{|p|,q}. The following properties of the logarithmic height function h(-) will be used in
the rest of the paper without further reference:

h(y1 £ v2) < h(y1) + h(y2) + log 2;

h(mae") < h(n) + h(72);
h(v%) = |s|h(v) wvalid for s € Z.

With these properties, it was easily computed in Section 3, equation (12) of [I] that

h(fr(a)) < 3logk, forall k> 2. (2.11)

A linear form in logarithms is an expression
A:=bilogy + -+ bt logye, (2.12)
where for us 71, ..., are positive real algebraic numbers and b1, ..., b; are integers. We assume, A # 0.

We need lower bounds for |A|. We write K := Q(71,...,7) and D for the degree of K over Q. We give
Matveev’s inequality from [g].

Theorem 2.1 (Matveev, [§]). Put T :=~% .42 — 1 =¢eA — 1. Then
log |T'| > —1.4-30"" . ¢*5 . D*(1 + log D)(1 + log B) Ay - - - Ay,
where B > max{|b1],...,|b¢|} and A; > max{Dh(vy;),|logv;|,0.16} fori=1,... ¢t.

During the calculations, upper bounds on the variables are obtained which are too large, thus there
is need to reduce them. To do so, we use some results from approximation lattices and the so—called
LLL-reduction method from [7]. We explain this in the following subsection.



2.3 Reduced Bases for Lattices and LLL-reduction methods

Let k be a positive integer. A subset £ of the k-dimensional real vector space R* is called a lattice if
there exists a basis {by,ba, ..., b} of R¥ such that

k k
L= ZZbz = {Zribi | T € Z}
i=1 i=1

We say that by, ba, . . ., b form a basis for £, or that they span £. We call k the rank of £. The determinant
det(L), of L is defined by

det(ﬂ) = |d€t(b1,b2, .. .,bk)‘,

with the b;’s being written as column vectors. This is a positive real number that does not depend on the
choice of the basis (see [3], Section 1.2).

Given linearly independent vectors by, bs,...,b; in R¥, we refer back to the Gram-Schmidt
orthogonalization technique. This method allows us to inductively define vectors b} (with 1 < i < k)
and real coefficients p; ; (for 1 < j <14 < k). Specifically,

i—1
<bi7b%>
br =b; — E ﬂz‘,jb*'a Hij = 7% J* )
' j=1 ’ <bj’bj>

where (-,-) denotes the ordinary inner product on R¥. Notice that b} is the orthogonal projection of
b; on the orthogonal complement of the span of by,...,b;_1, and that Rb; is orthogonal to the span of
b,...,bj_; for 1 <4 < k. It follows that b7,03,...,0b} is an orthogonal basis of RF.

Definition 2.2. The basis by, ba, ..., b, for the lattice L is called reduced if

||Ni,j||§ , for 1<j<i<n, and

| ool

167 + pii—1by I = S5 |17, for 1<i<m,

4

where || - || denotes the ordinary Euclidean length. The constant 3/4 above is arbitrarily chosen, and may
be replaced by any fized real number y in the interval 1/4 <y < 1 (see [7], Section 1).

Let £ C R¥ be a k—dimensional lattice with reduced basis b1, ..., b, and denote by B the matrix with
columns by, ..., b;. We define

’ mingzec ||z|| 5 ye L

where || - || denotes the Euclidean norm on R¥. It is well known that, by applying the LLL-algorithm, it
is possible to give in polynomial time a lower bound for I (£, y), namely a positive constant ¢; such that
1(L,y) > ¢ holds (see [I3], Section V.4).

Lemma 2.2. Lety € R* and z = B~ 'y with z = (21, ..., 2;)T. Furthermore,
(i) if y &€ L, let ip be the largest index such that z;, # 0 and put o := {z;,}, where {-} denotes the

distance to the nearest integer.
Co '= max M
Coasgsk | B3I

(ii) ify € L, put o := 1.
Finally, let
H(L,y)* > ey o[ = i

Then,

In our application, we are given real numbers 79,71, ..., n; which are linearly independent over Q and
two positive constants c3 and ¢4 such that

Imo + @1 + -+ + 2pnk| < ez exp(—caH), (2.13)



where the integers x; are bounded as |z;| < X; with X; given upper bounds for 1 < ¢ < k. We write
Xo = lrgagik{Xi}. The basic idea in such a situation, due to [], is to approximate the linear form ([2.13])
<i

by an approximation lattice. So, we consider the lattice £ generated by the columns of the matrix

1 0 . 0 0
0 1 . 0 0
A= : : . : . ’
0 0 e 1 0
[Cm] [Cnz] oo [Cig—1]  [Coi]
where C is a large constant usually of the size of about X} . Let us assume that we have an LLL-reduced
basis b1, ..., b of £ and that we have a lower bound [ (£, y) > ¢; with y :=(0,0,...,—[Cno]). Note that

¢y can be computed by using the results of Lemma, Then, with these notations the following result is
Lemma VI.1 in [13].

-— 1+YF X,
Lemma 2.3 (Lemma VL1 in [13]). Let S := ZXE and T = % If 2 > T%+ S, then
i=1
C
inequality (2.13|) implies that we either have x1 = x9 =+ =21 =0 and x = — kcnoj , or
Nk

H< é <log(003) ~log <\/c§75 T>> .

Finally, we present an analytic argument which is Lemma 7 in [6].

Lemma 2.4 (Lemma 7 in [6]). If m > 1, T > (4m?)™ and T > , then

_r
(log )™
x < 2™T(logT)™.

SageMath 9.5 is used to perform all computations in this work.

3 Proof of Theorem 1.1l

In this section, we prove Theorem To do this, we first state and prove some preliminary results. We
start with the following.

3.1 An upper bound on n in terms of s and k.

Lemma 3.1. Letn>k+1 and L%k) = p?l ...p% be the prime factorization of L%’“) with B; > 0, for all
i=1,2,...,s. Then
logn < 35slog s+ 3slog k + 3log(12s + k).
Proof. We use Theorem to get the inequality in Lemma [3.1] Because of our earlier deduction that
P(Lg@)) < 3 for all n < k, we can assume that n > k 4+ 1. Moreover, the main result in [I1] tells us
that the only k—generalized Lucas numbers that are powers of 2 are Lék) =2, L(lk) =1 (for any k > 2),
Lgf) =22 and L;s) =26, So, we may further assume that s >2andn >k+1> 3.
Now, by the prime factorization of L{" and ([2-7), we have

n 3
PP P fu(@)(2a - Da 1‘ <3 (3.1)

Dividing both sides by fi(a)(2a — 1)~ !, which is positive because o > 1, we get

3
= 2fr(@)(2a — 1)an—1
6
< (2a — 1)1
6

an—1’

Pt g a= 1) a0 () 1

<



where in the second inequality, we used relation (2.6)); i.e., fr(c) > 1/2. Let
r= plﬁ1 P 2a -1 e Y L (fi(a) Tt =1 =M — 1.
Notice that A # 0, otherwise we would have

e — (20— Dar u(a)
_ a-1
T2+ (k+1)(a—2)

(2a — 1)a™ L. (3.3)

Conjugating the above relation by some automorphism of the Galois group of the splitting field of Wy (x)
over Q which sends « to «; for some ¢ > 1 and then taking absolute values, we get

B1 /55_‘ i —1
24+ (k+1)(a; — 2)

Pyt .py = (2a; — a1

(3.4)

Note that from (3.4), we have that |2+ (k + 1)(a; —2)| > (K + 1)]ay; — 2| — 2 > k — 1, as shown on page
1355 of [I]. Hence, the right-hand side of (3.4) becomes

Ozi—l

‘ |ai_1|'|2ai_1|'|ai|n71<2'3'1
24 (k+1)(a; — 2)

6 =min{L{", 1"} < L = k—1 ~ k-1

(2a; — Dl <

< 6,

for k>3 (so,n>k+12>4),or k=2andn >4, a contradiction. One can check directly that (3.3]) does
not hold for the remaining case k = 2, n = 3. So, A # 0.
The algebraic number field containing the following 7;’s is K := Q(a)). We have D =k, t := s + 3,

Yi ‘= Di for i = 1323"'357 Vs+1 = 205713 Vs+2 = &, VYs43 1= fk(a)7

bi:=p; fori=1,2,...,8 bey1:=—-1, bsyo:=—(n—1), bsyps:=—1.
Since h(v;) = logp; < logp, foralli =1,2,..., s, wetake A; := klogp, foralli =1,2,...,s. Furthermore,
h(vs+1) < 3/k, for all k > 2, so we take A;11 := 3. Additionally, h(ysy2) = (loga)/k < 0.7/k, so we take
Asio:=0.7. Lastly, h(ys+3) < 3logk by relation (2.11]). Hence, we take As3 := 3klogk.

Next, B > max{|b;| : i = 1,2,...,s,...,s+ 3}. Notice that b; = 8; <n+ 1, foralli =1,2,...,s by
relation (2.9)), so we take B :=n + 1. Now, by Theorem
log |T'| > —1.4-30576 . (s + 3)*5 . k*(1 + log k) (1 + log(n + 1)) - (klogps)® - 3-0.7 - 3klogk
> —1.4-30°-30% s*5.3%5 . k% . 3logk - 2log(n + 1) - k*(logps)® - 3- 0.7 - 3klogk
> —5.5-10'% - 30°s*5k3 (log k)% (log ps )* log(n + 1). (3.5)

Comparing and , we get
(n —1)loga —log6 < 5.5 - 102 - 30°s*5k375 (log k)*(log ps)* log(n + 1),
which leads to
n—1<1.2-10".30%s*°k*" (log k)2 (log ps)* log(n + 1),
and adding 2 to both sides yields
n+1<1.21-10"-30%s* k%5 (log k)2 (log ps)* log(n + 1). (3.6)

Now, recall our assumption that n > k + 1 implies £ < n — 1 < n + 1. Moreover, the inequality p,, < m?
holds for all m > 2. This is the Corollary to Theorem 3 on page 69 of [12]. With these, inequality (3.6)
becomes

n+1

13 4.57.3+s s



We apply Lemmawith r:=n+1,m:=3and T :=1.21-103s*5k35(601og s)* > (4m?)™ = 46656.
We get

n+1<2%.1.21-108s* k35 (601og 5)% (log(1.21 - 10'3s*°k>T5 (60 log 5)*))*
=9.68-10"s*7k*"*(601og 5)* (log(1.21 - 10"®) + 4.5log s + (3 + s) log k + slog(60log s))3

3
1 4.

< 9.68-1013sM5k3T5(6010g 5)* - 53 (3 + 45 log s + <1 + 3> log k + log(60log s)>
s s s

< 9.68-10"s™5k35(60log 5)* (125 + k)3,
where we have used the fact that (1 +3/s)logk < k for £k > 2, s > 2 and
(31/s) + (4.5/s) log s 4 log(601og s) < 12s for §>2.
Therefore,
n < 9.7-10"3s75k35(601og s)* (125 + k)?,
and hence

logn < 1og(9.7-10") + 7.5log s + (3 + s) log k 4 slog(60log s) + 3log(12s + k)
< 33+ 7.5log s+ slog(60log s) + 3slogk + 3log(12s + k), since 3+ s < 3s for all s > 2,

33 7.5  log(601
zslogs +7+M
slog s s log s

) + 3slogk + 3log(12s + k),
< 35slog s + 3slogk + 3log(12s + k).

This completes the proof of Lemma [3.1 O
To proceed, observe that if £ < s, then Lemma [3.1] implies that

logn < 38slogs + 3log(13s)

8 3
<slogs<38+ +>
slogs s

< 46slog s,

for s > 2. Using the well-known fact that p; > slog s, which is relation (3.12) from page 69 of [12], we
have that

> sl > 11
ps > slogs 16 ogn.

We therefore assume that s < k for the remainder of this section. With this assumption, the conclusion
of Lemma [B.1] becomes

logn < 38slogk + 3log(13k)

8 3
<slogk |38+ ——+ —
slogk s

< 46slogk, (3.7)

for s > 2 and k > 2. We proceed by distinguishing between two cases.

3.2 The case n > 2k/2

Here, we have that
k
3 log2 < logn,

so that

2
logn < —— -46slogk < 133slogk.

k< 2
~ log?2 log 2



From the above, we have k/logk < 133s. We apply Lemma with the data: z := k, m := 1 and
T :=133s > (4m?)™ = 4, for all s > 2. We get

log 133
ke < 2-133slog(133s) = 266s(log 133 + log s) < 2665 log s ( ?§g2 + 1) < 2143slog 5. (3.8)
Therefore,
log 2143
log k < log 2143 + log s + loglog s < ( Oig? + 2) slogs < 14log s, (3.9)

holds for s > 2. Finally, we use Lemma again together with relations (3.8) and inequality (3.9)) to
conclude that

logn < 35slogs + 3s - 14log s + 3log(12s + 2143slog s) < 77slog s + 3log(215552)

6 log(2155
= T7slog s + 6log s + log(2155) < slogs <77 + -+ og())
S slog s

< 86slog s,

for s > 2. In the above, we used that log s < s. Consequently, ps > slogs > (1/86) logn in this case.

3.3 The case n < 2F/2

Let A > 0 be such that a+\ = 2. Since 2(1—-27%) < a < 2, then we get that A < 2—2(1—-27F) = 1/2k—1,
That is, A € (0,1/2%~1). Moreover,

n—1
Oén71 — (2 _ )\)n,1 — 2n71 (1 _ ;)

_ gn—1 (elog(l—k/2))n71
> gn=lg=A(n—1)
> 2" (1= A(n — 1)),
where we used the fact that log(1 —z) > —2z for all z < 1/2 and e™* > 1 —z for all z € R.
Furthermore,

n—1 2k?2
9k—1 < 9k—1

AMn—1) < = ok/2-1

implying that o”~1 > 27~ 1(1 — 28/2=1). Tt follows since 2(1 —27%) < a < 2 that

AL AL
n—1 n—1 n—1 n—1
or
e 3.10
|a o {< ok/2 (3.10)

Next, consider the function fi(z) given at (2.5). By the Mean-Value Theorem, there exists some w € («, 2)
such that fr(a) = fi(2) + (o — 2) fl.(w). Observe that when k > 2, we obtain

T k-1
R T
< G e we @) c-1/2),
<k

for k > 3, since 287! > k + 1 for k > 3. It can be checked that the same holds for k£ = 2. Hence,

o) ~ Fu(2)] = o — 201 Fi ()] = MF)] < BA < g = o (3.11)



Finally here, 2a —1=2(2—-X) —1=3—2X < 3 and

1 4
implying that
4
(20— 1) =3 < . (3.12)

From the above, if we write

a" b=l fel@)=fe(2)+n and 2a—1=3+9,

then inequalities (3.10)), (3.11)) and (3.12]) become

n

2 2k 4
‘5| < 2’“7’ ‘77| < 27 and ‘¢| < 27 (313)
Moreover, since f;(2) = 1/2 for all k > 2, we have

fela)a" M (2a = 1) = (fu(2) + ) (2" +6)(3 +¢)

)
= <2”2 tot 2"y + n6> (3+9)

3 )
=3.2n"2 4 20 +3: 2"y 4306 + 2" 20 + 20+ 2" né + nde. (3.14)
Therefore, using (2.7) and relations (3.13)) and (3.14)), we get
3 )
pyple -3 2"—2‘ = ‘ (Lgﬂ — fr(@)a" " (2a — 1)) + (25 +3-2"T I+ 306 + 2" + Do+ 2" g + n&;s) ’
3 3.on"1  3.onk g.gntlp gn gndl gnd2p ond3p

<§+ ok/2 T ok T 93k /2 +27+23k/2+ 92k +25k/2
1 2 4k 8k 4/3  8/3  16k/3 32k/3>

n—2
<3-2 (2n—1 T ok/2 T ok T 23k/2 | 9k | 93k/2 92k 95k/2
gn—2 1 2 5 4 2 3 8 11
<3 2k/2 + 2k/2 + 2k/2 + 2k/2 + 2k/2 + 2k/2 + 2k/2 + 2k/2
36
_ n—2

In the above, we used that k < 25! and that k < (5/4)2%/2 for k > 2. Dividing both sides above by
3-2772 having in mind that p; = 2 and p, = 3, we get

B ) 36
front2 ol 55_1’<7. (3.15)

‘p p2 ps

Now, we intend to apply Theorem on the left-hand side of (3.15]). Let

Fl :p?lin+2 .pngl...pfs — 1 = eAl — 1

Notice that Ay # 0, otherwise we would have LE{“) = pfl ...pBs = 3.2""2 but since n > k + 1, this
contradicts (2.2]). Here, t := s,

Yii=p; fori=1,2,....s, by:=pF1—n+2, by:=p—-1 b :=p; fori=3,... s.

The algebraic number field containing ~;’s is K := Q, so we take D = 1. Since h(y;) = logp; < logp, for
alli=1,2,...,s, we take A; :=logps foralli=1,2,...s.
Again, B > max{|b;| : i = 1,2,...,s}. Notice that b; = 8; <n+1, for all i = 1,2,...,s by relation
(2.9), so we take B :=n+ 1. Now, by Theorem
log Ty | > —1.4-30%%3 . s%° . 12(1 + log 1)(1 + log(n + 1)) - (log ps)*
> —1.4-30°-30% - s*5 . 2log 2n - (log ps)*
> —10° - 30°s*% log n - (log ps)®. (3.16)



Comparing (3.15) and (3.16)), we get

k , ,
5 log 2 —log 36 < 10° - 30°s*® log n - (log ps)*
k<3-10°-s"%logn - (60logs)®, since p, < s2,
<3-10° - s*%(46slogk) - (601log s)*,
since logn < 46slogk in (3.7). Therefore, we can write

k

Togk <1.4-107s%5 . (601log s)°.

We again apply Lemma [2.4| with the data: x := k, m := 1 and T := 7-10%555 . (601og 5)® > (4m?)™ = 4,
for s > 2. We get
k<2'-1.4-10"s°" - (60log s)*(log(1.4 - 107s>° - (601log s)*)*
=2.8-107s°?(601og s)* (log(1.4 - 107) 4+ 5.5log s + slog(601log s))

17 5.5 log60 loglogs
slog s S log s log s

=2.8-10"5"5(601log s)* - slog s (
< 6-1085%5(60log s)* log s.
As a result,

logk < log6 - 10% + 6.5log s + slog(601log s) + loglog s
< 21+ 6.5log s + slog 60 + sloglog s + loglog s

~ slogs 21 6.5  log60 n loglog s n loglog s
slog s S log s log s slog s

< 26slogs. (3.17)

To finish the proof, recall we are treating the case when n < 25/2 | therefore logn < (k/2)log2 < k. This
and relation (3.17)) tell us that loglogn < logk < 26slogs, hence ps > slogs > (1/26)loglogn. This
completes the proof of Theorem [I.1]

4 Proof of Theorem [1.2|

We proceed in a way similar as in Section [3] Specifically, we prove following estimates.

Lemma 4.1. If P(lek)) <7, then:
(a) The inequality
n < 1.4-10* k" (log k)3,

holds for k > 2 and n > 3.
(b) If k > 1000, then
k<1.64-10% gnd n < 4.6-10173.

Proof.

(a) To prove the first part, we use the same arguments used in Subsection Indeed, for s = 4, we
have from inequality (3.2) that

a c - —(n— - 6

2a.35. 5. 7%, (20 — 1)1 o=V . (fi(a)) 14’ <=

1°?

(4.1)

for which we obtain as before, by substituting s =4 in (3.6[), that

n+1<1.21-10".30* - 4*°k*(log k)?(log 7)* log(n + 1)
< 7.2-10*k"(log k)* log(n + 1).
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In particular, we have

n+1

— < 7.2-10%k"(log k)3.
log(n + 1) < (log %)

We now apply Lemmawith ri=n+1,m:=1,T:=72-10k"(logk)? > (4m*)™ =4 for k > 2.
We get
n+1<2-7.2-102k" (log k)? log(7.2 - 10**k" (log k)?)
= 1.44-10%k" (log k)? (log(7.2 - 10°*) + 7log k + 2log log k)

58 2loglog k
log k log k

= 1.44-10%%" (log k)? (
< 1.4-10%"k"(log k)®.
(b) In the second part, if k& > 1000, then
n < 1.4-10%7k"(log k)* < 2%/2,
For this reason, we can use the same arguments from Subsection relation to write
36

A e | T (4.2)
from which after applying Matveev’s result with s = 4 as in Subsection [3.3] we get
k< 3-10%-45%(60log4)*log4 < 1.64 - 10%°.
Lastly, we substitute this upper bound on k in part (a) of Lemma to get
n < 1.4-10%7(1.64 - 10%°)"(log 1.64 - 10%°)® < 4.6 - 1073,
This completes the proof of Lemma [41] O

To complete the proof of Theorem we proceed in two cases, that is, the case £ < 1000 and the
case k > 1000. We use similar analyses given on pages 1363 and 1364 of [IJ.

4.1 The case k& < 1000.

In this subsection, we treat the cases when k € [2,1000]. Note that when k& < 1000, then n < 4.62 - 1059
by Lemma The next step is to reduce this large upper bound on n. To do this, we let

71 :=alog2 + blog3 + clogh + dlog 7 — log(2a — 1) — (n — 1) log o — log fi(c),

so that (4.1]) can be rewritten as
6

an—1°

Observe that 71 # 0. Moreover, if 71 > 0, then e™ — 1 > 0, so from (4.3)) we obtain

le™ — 1] <

6
0< 1< a1
o
where we used the fact that x < e” — 1 for all x € R. Next, we treat the case 71 < 0. Note that if n > 7,
then 6/a"~! < 1/2 for all k > 2. Thus, from (4.3)), we get that |[e™ — 1| < 1/2 or e™ < 2. Since 11 < 0,

we obtain
12

—1°

0<n| < elml -1 = e‘“l\eT1 -1 <
an

Thus, in all cases, the inequality
12

anfl

‘7'1| <
holds for k > 2 and n > 7. Observe that |71| is an expression of the form

|21 log2 + 25 1og 3 + x3log b + x4 log 7+ x5 log(2a — 1) 4 xg log o + 27 log fi ()],
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where 1 1= a, 29 :=b, 3 :=¢, ¢4 :=d, x5 := —1, x5 := —(n — 1), x7 := —1 are integers with
max{|z;| : 1 <i <7} <n<1.4-10°k"(log k)3,

where we used Lemma (411

For each k € [2,1000], we used the LLL-algorithm to compute a lower bound for the smallest nonzero
number of the form |7|, with integer coefficients z; not exceeding 1.4 - 1027k"(log k)3 in absolute value.
Specifically, we consider the approximation lattice

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
A= 0 0 0 1 0 0 0 ,
0 0 0 0 1 0 0
0 0 0 0 0 1 0

[Clog2| |Clog3| |Clogh] [Clog7] [Clog(2a—1)] |Cloga] |[Clog fr(a)]
with C' := 10%%® and choose y := (0,0,0,0,0,0,0). Now, by Lemma we get
L(L,y)* > =5.96- 10,

So, Lemmagives S =1.5-1019% and T = 1.7 - 10°!. Since ¢? > T? + S, then choosing c3 := 12 and
cq :=loga, we get n — 1 < 1448.

Finally, we wrote a simple program in SageMath (see Appendix 1), to look at k-generalized Lucas
numbers for 2 < k£ < 1000 and k£ 4+ 1 < n < 1449. Instead of factoring the numbers fully, we checked
if they could be divided by 2, 3, 5, and 7 until we couldn’t divide them anymore. This way, we found
out if each number could be written using only these primes. The numbers we got are the ones given in
Theorem This completes the analysis in the case k € [2,1000].

4.2 The case k£ > 1000

Lastly, we treat the case when k > 1000. At this point, we need to reduce our absolute upper bound on
k, see Lemma [£.1] by using again the LLL-algorithm described in Lemma [2:3] To do this, let

Ty :=(a—n+2)log2+ (b—1)log3 + clogh+ dlog7,

so that we can rewrite (4.2)) as
36

9k/2°
Again, it is clear that 75 # 0. If 7y > 0, then €™ — 1 > 0, so from (4.5 we obtain

e — 1] < (4.5)

36
O<T2<W’

by similar arguments as before. If 75 < 0, then we can note from (@.5)) that 36/2%/2 < 1/2 for all k& > 1000.
Hence, it follows from (4.5)) that |e™ — 1| < 1/2 which implies e™ < 2. Since 7 < 0, we obtain that

72
0<|n| <e™l—1=emle™ —1] < 7.

Thus, in all cases, we have
(4.6)

Like before, observe that |m5| is an expression of the form
|z11og 2 4+ 22 log 3 + x31log 5 + x4 log 7],
where 1 :=a—n+2, x2:=b—1, 3 := ¢, 4 := d. From the second part of Lemma we have

max{|z;| : 1 <i <4} <n <4.6x 10",
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At this point, we consider the approximation lattice

1 0 0 0
0 1 0 0
A= 0 0 1 0 ’

|Clog2] |Clog3| |Clog5] [Clog7|
with C' := 10%%° and choose y := (0,0,0,0). By Lemma [2.2| we get
1(L,y)? > & =10%°,

So, Lemma [2.3] gives S = 8.5 - 1047 and T = 9.2 - 10'™. Since ¢? > T2 + S, then choosing c3 := 72 and
cq :=1log2, we get k/2 < 1733. This implies that k < 3466 and the first part of Lemma tells us that
n < 4.6 -10%4,

With this new upper bound for n we repeat the LLL-algorithm once again to get a lower bound of
|72|, where now the coefficients x; are integers satisfying

max{|z;| : 1 <i <4} <n <4.6-10%

With the same approximation lattice and C' := 102%°, we get ¢? = 1011, § = 8.464-101% and T' = 9.2-10°%.
We then obtain that £ < 1106. After repeating this process 2 more times, we finally find that k& < 1000,
which is a contradiction. Thus, Theorem [1.2|is proved. O
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Appendices

Appendix 1

# Define a memoization dictionary to store previously computed values
memo = {}

def k_generalized_lucas_iterative(n, k):
# Base cases

if n ==

return 2

elif n ==

return 1

elif n < 2 - k:

return O

# Check if we have already computed the value
if (n, k) in memo:
return memo[(n, k)]

# Initialize a list with the base cases
lucas_nums = [0] * (2 - k) + [2, 1] + [None]l * (n - 1)

# Compute the k-generalized Lucas numbers iteratively

for i in range(2, n + 1):

lucas_nums[i] = sum(lucas_nums[i - j] for j in range(l, k + 1) if i - j >= 0)
# Store the computed number in the memo dictionary

memo[(i, k)] = lucas_nums[i]

return lucas_nums [n]

def is_of_form_2a_3b_b5c_7d(lucas_val):
for prime in [2, 3, 5, 7]:

while lucas_val % prime ==

lucas_val //= prime

return lucas_val ==

# Check for solutions

for k in range(2, 1001):

for n in range(k + 1, 1450):

lucas_val = k_generalized_lucas_iterative(n, k)

if is_of_form_2a_3b_5c_7d(lucas_val):

print (f"For k={k}, n={n}: L_n"{(k)} = {lucas_vall}")
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