
COMPLETE OPERATIONS

PITH PEISHU XIE

Abstract. The Operator axioms have produced complete operations with real opera-
tors. Numerical computations have been constructed for complete operations. The clas-
sic calculator could only execute 7 operator operations: + operator operation(addition), -
operator operation(subtraction), × operator operation(multiplication), ÷ operator oper-
ation(division), ˆ operator operation(exponentiation),

√
operator operation(root extrac-

tion), log operator operation(logarithm). In this paper, we invent a complete calculator
as a software calculator to execute complete operations. The experiments on the com-
plete calculator could directly prove such a corollary: Operator axioms are consistent.

1. Introduction

In [1], we distinguished the limit from the infinite sequence. In [2], we defined the
Operator axioms to extend the traditional real number system. In [3], We improved on
the Operator axioms. The Operator axioms have produced complete operations with real
operators. In [4], we constructed numerical computations for complete operations.

The classic calculator could only execute 7 operator operations: + operator opera-
tion(addition), - operator operation(subtraction), × operator operation(multiplication),
÷ operator operation(division), ˆ operator operation(exponentiation),

√
operator oper-

ation(root extraction), log operator operation(logarithm). In this paper, we invent a
complete calculator as a software calculator to execute complete operations.

The paper is organized as follows. In Section 2, we design the architecture for the
complete calculator. In Section 3, we construct the project for the complete calculator.
In Section 4, we design complete-operation instructions for the processor. In Section 5, the
experiments on the complete calculator could directly prove such a corollary: Operator
axioms are consistent.

2. Architecture

2.1. Hardware. The hardware of complete calculator contain the following components:
CPU, memory, input device, output device, power supply.

The hardware of complete calculator is a laptop with the configurations as Table 1.

2.2. Software. The software of complete calculator is configured as Table 2.

2.3. Arbitrary-Precision Arithmetic. The complete operation requires running mul-
tiple algorithms. The root-finding algorithm in the complete operation uses the bisection
algorithm[4].

The complete operation uses arbitrary-precision arithmetic algorithms to output the
arbitrary-precision operation result. The arbitrary-precision arithmetic algorithms are
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Table 1. The Hardware Configuration Of Complete Calculator

Category Configuration 

CPU Intel i7 x64 

RAM 8G 

Hard Disk 1T 

Input Device mouse, keyboard 

Output Device LCD 

Power Supply lithium battery 

 

Table 2. The Software Configuration Of Complete Calculator

Category Configuration 

Operating System Windows 10 x64 

Programming Language C++ 

Compiler Visual C++ 2015 x64 

IDE Qt Createor 

Arbitrary-Precision Arithmetic Libraries MPIR, MPFR 
 

implemented by the open-source software libraries MPIR and MPFR. MPIR and MPFR
compile and output the following files on the Windows platform: gmp.h, mpfr.h, mpir.lib,
mpir.dll, mpfr.lib, mpfr.dll.
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3. The Project

3.1. Interactive Interface. The interactive interface of complete calculator is designed
as Figure 1.

Figure 1. Interactive Interface
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The notes for interactive interface are listed in Table 3.
The functions of the buttons in interactive interface are listed in Table 4.
The precision n indicates that the error of the complete operation is less than 10−n.

The input device can modify the precision n through the input. When the complete cal-
culator executes ”input the left operand, select the real operator, input the operator level,
input the right operand, click the equal sign” in sequence, it will perform the complete
operation and output an approximate result with a given precision. The complete oper-
ation requires running multiple algorithms. The root-finding algorithm in the complete
operation uses the bisection algorithm. The complete operation uses arbitrary-precision
arithmetic algorithms to output the arbitrary-precision operation result.

3.2. Main File. The name of the complete calculator project is CompleteCalculator.
It includes the following files: CompleteCalculator.pro, gmp.h, mpfr.h, mainwindow.h,
operation.h, main.cpp, mainwindow.cpp, operation.cpp.

CompleteCalculator.pro includes the following configuration statements:
LIBS += mpfr.lib LIBS += mpir.lib
HEADERS += gmp.h mpfr.h operation.h
SOURCES += operation.cpp
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Table 3. The Notes For Interactive Interface

Label Note 

1 QTextEdit. Enter the left operand here. 

2 QLabel. The selected real operator. 

3 
QSpinBox. Number of digits after the radix 

point (Precision). 

4 QComboBox. Select a root-finding method. 

5 QTextEdit. Enter the right operand here. 

6 QSpinBox. Enter the operator level here. 

7 QRadioButton. Select a real operator. 

8 QTextEdit. Show the operation result. 

9 QStatusBar. Show notes. 
 

Table 4. The Functions Of The Buttons

Button Function   Button Function 

Copy Copy the selected number  6 Insert the character '6' 

Paste Paste the selected number  3 Insert the character '3' 

7 Insert the character '7'  . Insert the character '.' 

4 Insert the character '4'  0 Insert the character '0' 

1 Insert the character '1'  AC All clear 

8 Insert the character '8'  CE Clear entry 

5 Insert the character '5'  ← Backspace 

2 Insert the character '2'  － Insert the character '－' 

9 Insert the character '9'  = Perform the operation 
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operation.h defines the class Operation. It includes the following statements:

#i f n d e f OPERATION H
#de f i n e OPERATION H

#inc lude <QThread>
#inc lude <QMainWindow>
#inc lude <QTime>
#inc lude <math . h>
#inc lude ”mpfr . h”
#inc lude ”qmutex . h”

c l a s s Operation ;

typede f void ( Operation : : ∗ fp ) ( mpfr t , const mpfr t , const int ,
mpfr t , mpfr t ) ;

c l a s s Operation : pub l i c QThread
{

Q OBJECT

pub l i c :
e x p l i c i t Operation ( ) ;
˜Operation ( ) ;

// Pre f i x Function
void p r e f i x ( mpfr t y , const mpfr t x , const i n t l e v e l ,

mpfr t r , mpfr t l ) ;

// Su f f i x Function
void s u f f i x ( mpfr t y , const mpfr t x , const i n t l e v e l ,

mpfr t r , mpfr t l ) ;

// Bi s ec t i on Algorithm
void b i s e c t i o n ( fp f , mpfr t x1 , mpfr t x2 , mpfr t ERR,

mpfr t x , const i n t l e v e l , mpfr t g , mpfr t h) ;

// Brent Algorithm
void brent ( fp f , mpfr t lower bound , mpfr t upper bound ,

mpfr t ERR, mpfr t x , const i n t l e v e l , mpfr t g , mpfr t h
) ;

/∗
output : output o f the addote opera t ion +’
lOperand : l e f t operand
l e v e l : l e v e l o f the addote opera t ion +’
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rOperand : r i g h t operand
∗/
void addote ( mpfr t output , mpfr t lOperand , i n t l e v e l ,

mpfr t rOperand ) ;

/∗
output : output o f the subo te opera t ion −’
lOperand : l e f t operand
l e v e l : l e v e l o f the subo te opera t ion −’
rOperand : r i g h t operand
ERR: error

∗/
void subote ( mpfr t output , mpfr t lOperand , i n t l e v e l ,

mpfr t rOperand , mpfr t ERR, i n t Root Finding ) ;

/∗
output : output o f the l o g o t e opera t ion / ’
lOperand : l e f t operand
l e v e l : l e v e l o f the l o g o t e opera t ion / ’
rOperand : r i g h t operand
ERR: error

∗/
void l o go t e ( mpfr t output , mpfr t lOperand , i n t l e v e l ,

mpfr t rOperand , mpfr t ERR, i n t Root Finding ) ;

p ro tec ted :
void run ( ) ;

s i g n a l s :
void sendMsg ( QString msg) ;

pub l i c :
i n t Root Finding ;
mpfr t ERR;
mpfr exp t et ;
i n t vec ;
mpfr t ∗ x ;
mpfr t ∗ y ;
i n t l e v e l ;
mpfr t g ;
mpfr t h ;
QMainWindow∗ mainPtr ;

} ;

#end i f // OPERATION H
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operation.cpp implements the methods in the class Operation. It includes the following
statements:

#inc lude ” opera t i on . h”
#inc lude <QFile>
#inc lude <QTextStream>

Operation : : Operation ( )
{

mpfr set emax (mpfr get emax max ( ) ) ;
mpfr set emin ( mpfr get emin min ( ) ) ;
mp f r i n i t (ERR) ;
mpf r s e t d (ERR, 1e−9, MPFRRNDN) ;
vec = 2 ;
x = new mpfr t [ vec ] ;
y = new mpfr t [ vec ] ;

f o r ( i n t i =0; i<vec ; i++)
{

mpf r i n i t ( x [ i ] ) ;
mp f r i n i t ( y [ i ] ) ;

}
}

Operation : : ˜ Operation ( )
{

i f ( x != NULL)
{

f o r ( i n t i =0; i<vec ; i++)
{

mpf r c l e a r ( x [ i ] ) ;
}
x=NULL;

}
i f ( y != NULL)
{

f o r ( i n t i =0; i<vec ; i++)
{

mpf r c l e a r ( y [ i ] ) ;
}
y=NULL;

}
th i s−>qu i t ( ) ;
th i s−>wait ( ) ;

}
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void Operation : : run ( )
{
}

// Pre f i x Function
void Operation : : p r e f i x ( mpfr t y , const mpfr t x , const i n t l e v e l

, mpfr t r , mpfr t l )
{

mpfr t v [ 3 ] ;
f o r ( i n t i =0; i <3; i++)

mp f r i n i t ( v [ i ] ) ;

mpf r se t ( v [ 0 ] , x , MPFRRNDN) ;
mpfr se t ( v [ 1 ] , r , MPFRRNDN) ;
mpfr se t ( v [ 2 ] , l , MPFRRNDN) ;

addote (y , v [ 0 ] , l e v e l , v [ 1 ] ) ;
i f ( mp f r i n f p (y ) !=0)
{

mp f r s e t i n f (y , MPFRRNDN) ;
}
e l s e

mpfr sub (y , y , v [ 2 ] , MPFRRNDN) ;

f o r ( i n t i =0; i <3; i++)
mpf r c l e a r ( v [ i ] ) ;

}

// Su f f i x Function
void Operation : : s u f f i x ( mpfr t y , const mpfr t x , const i n t l e v e l

, mpfr t r , mpfr t l )
{

mpfr t v [ 3 ] ;
f o r ( i n t i =0; i <3; i++)

mp f r i n i t ( v [ i ] ) ;

mpf r se t ( v [ 0 ] , x , MPFRRNDN) ;
mpfr se t ( v [ 1 ] , r , MPFRRNDN) ;
mpfr se t ( v [ 2 ] , l , MPFRRNDN) ;

addote (y , v [ 1 ] , l e v e l , v [ 0 ] ) ;
i f ( mp f r i n f p (y ) !=0)
{

mp f r s e t i n f (y , MPFRRNDN) ;
}
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e l s e
mpfr sub (y , y , v [ 2 ] , MPFRRNDN) ;

f o r ( i n t i =0; i <3; i++)
mpf r c l e a r ( v [ i ] ) ;

}

/∗
Using Bisec t ion , f i nd the roo t o f a func t i on f known to l i e

between x1 and x2 . The
root , re turned as b i s e c t i on , w i l l be r e f i n e d u n t i l i t s accuracy

i s ERR.
f : f un t i on
x1 : lower bound
x2 : upper bound
ERR: error
x : roo t
l e v e l : l e v e l o f the complete opera t ion
g : operand
h : operand
∗/
void Operation : : b i s e c t i o n ( fp f , mpfr t x1 , mpfr t x2 , mpfr t ERR

, mpfr t x , const i n t l e v e l , mpfr t g , mpfr t h)
{

mpfr t v [ 4 ] ;
f o r ( i n t i =0; i <4; i++)

mp f r i n i t ( v [ i ] ) ;

mpf r se t ( v [ 0 ] , x1 , MPFRRNDN) ;
mpfr se t ( v [ 1 ] , x2 , MPFRRNDN) ;
mpfr se t ( v [ 2 ] , g , MPFRRNDN) ;
mpfr se t ( v [ 3 ] , h , MPFRRNDN) ;

mpfr t a , b , c , d ;
mp f r i n i t ( a ) ;
mp f r i n i t (b) ;
mp f r i n i t ( c ) ;
mp f r i n i t (d) ;
mpf r se t ( a , v [ 0 ] , MPFRRNDN) ;
mpfr se t (b , v [ 1 ] , MPFRRNDN) ;
mpfr se t ( c , v [ 1 ] , MPFRRNDN) ;

mpfr t fa , fb , f c ;
mp f r i n i t ( f a ) ;
mp f r i n i t ( fb ) ;
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mpf r i n i t ( f c ) ;
( th i s−>∗ f ) ( fa , a , l e v e l , v [ 2 ] , v [ 3 ] ) ;
( th i s−>∗ f ) ( fb , b , l e v e l , v [ 2 ] , v [ 3 ] ) ;

i f ( ( mpfr cmp si ( fa , 0)>0 && mpfr cmp si ( fb , 0)>0) | | (
mpfr cmp si ( fa , 0)<0 && mpfr cmp si ( fb , 0)<0) )

{
emit sendMsg ( ”Root must be bracketed . ” ) ;

mp f r c l e a r ( a ) ;
mp f r c l e a r (b) ;
mp f r c l e a r ( c ) ;
mp f r c l e a r (d) ;
mp f r c l e a r ( f a ) ;
mp f r c l e a r ( fb ) ;
mp f r c l e a r ( f c ) ;
f o r ( i n t i =0; i <4; i++)

mpf r c l e a r ( v [ i ] ) ;

r e turn ;
}

i f (mpfr cmp ( fa , fb )>0)
{

mpfr swap (a , b) ;
mpfr swap ( fa , fb ) ;

}

whi le ( t rue )
{

mpfr sub (d , b , a , MPFRRNDN) ;
i f (mpfr cmp (d , ERR)<0)
{

mpfr se t (x , a , MPFRRNDN) ;
break ;

}

mpfr sub ( c , b , a , MPFRRNDN) ;
mp f r d i v s i ( c , c , 2 , MPFRRNDN) ;
mpfr add ( c , a , c , MPFRRNDN) ;
( th i s−>∗ f ) ( fc , c , l e v e l , v [ 2 ] , v [ 3 ] ) ;

i f ( mpfr cmp si ( fc , 0)==0)
{

mpfr se t (x , c , MPFRRNDN) ;
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mpf r c l e a r ( a ) ;
mp f r c l e a r (b) ;
mp f r c l e a r ( c ) ;
mp f r c l e a r (d) ;
mp f r c l e a r ( f a ) ;
mp f r c l e a r ( fb ) ;
mp f r c l e a r ( f c ) ;
f o r ( i n t i =0; i <4; i++)

mpf r c l e a r ( v [ i ] ) ;

r e turn ;
}
e l s e i f ( mpfr cmp si ( fc , 0)<0)
{

mpfr se t ( a , c , MPFRRNDN) ;
mpfr se t ( fa , fc , MPFRRNDN) ;

}
e l s e
{

mpfr se t (b , c , MPFRRNDN) ;
mpfr se t ( fb , fc , MPFRRNDN) ;

}
}

mpf r c l e a r ( a ) ;
mp f r c l e a r (b) ;
mp f r c l e a r ( c ) ;
mp f r c l e a r (d) ;

mp f r c l e a r ( f a ) ;
mp f r c l e a r ( fb ) ;
mp f r c l e a r ( f c ) ;

f o r ( i n t i =0; i <4; i++)
mpf r c l e a r ( v [ i ] ) ;

}

/∗
Using brent , f i n d the roo t o f a func t i on f known to l i e between

x1 and x2 . The
root , re turned as brent , w i l l be r e f i n e d u n t i l i t s accuracy i s

ERR.
f : f un t i on
lower bound : lower bound
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upper bound : upper bound
ERR: error
x : roo t
l e v e l : l e v e l o f the complete opera t ion
g : operand
h : operand
∗/
void Operation : : brent ( fp f , mpfr t lower bound , mpfr t

upper bound , mpfr t ERR, mpfr t x , const i n t l e v e l , mpfr t g ,
mpfr t h)

{
mpfr t v [ 8 ] ;
f o r ( i n t i =0; i <8; i++)

mp f r i n i t ( v [ i ] ) ;

mpf r se t ( v [ 0 ] , lower bound , MPFRRNDN) ;
mpfr se t ( v [ 1 ] , upper bound , MPFRRNDN) ;
mpfr se t ( v [ 2 ] , g , MPFRRNDN) ;
mpfr se t ( v [ 3 ] , h , MPFRRNDN) ;

mpfr t a , b , c , d , s ;
mp f r i n i t ( a ) ;
mp f r i n i t (b) ;
mp f r i n i t ( c ) ;
mp f r i n i t (d) ;
mp f r i n i t ( s ) ;
mpf r se t ( a , v [ 0 ] , MPFRRNDN) ;
mpfr se t (b , v [ 1 ] , MPFRRNDN) ;

mpfr t fa , fb , fc , f s ;
mp f r i n i t ( f a ) ;
mp f r i n i t ( fb ) ;
mp f r i n i t ( f c ) ;
mp f r i n i t ( f s ) ;
( th i s−>∗ f ) ( fa , a , l e v e l , v [ 2 ] , v [ 3 ] ) ; // c a l c u l a t e d now to

save func t i on c a l l s
( th i s−>∗ f ) ( fb , b , l e v e l , v [ 2 ] , v [ 3 ] ) ; // c a l c u l a t e d now to

save func t i on c a l l s
mp f r s e t s i ( f s , 0 , MPFRRNDN) ; // i n i t i a l i z e

// i f magnitude o f f ( lower bound ) i s l e s s than magnitude o f
f ( upper bound )

i f ( ( mpfr cmp si ( fa , 0)>0 && mpfr cmp si ( fb , 0)>0) | | (
mpfr cmp si ( fa , 0)<0 && mpfr cmp si ( fb , 0)<0) )

{
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emit sendMsg ( ”Root must be bracketed . ” ) ;

mp f r c l e a r ( a ) ;
mp f r c l e a r (b) ;
mp f r c l e a r ( c ) ;
mp f r c l e a r (d) ;
mp f r c l e a r ( s ) ;
mp f r c l e a r ( f a ) ;
mp f r c l e a r ( fb ) ;
mp f r c l e a r ( f c ) ;
mp f r c l e a r ( f s ) ;
f o r ( i n t i =0; i <8; i++)

mpf r c l e a r ( v [ i ] ) ;

r e turn ;
}

i f (mpfr cmp ( fa , fb )>0)
{

mpfr swap (a , b) ;
mpfr swap ( fa , fb ) ;

}

mpfr se t ( c , a , MPFRRNDN) ; // c now equa l s the l a r g e s t
magnitude o f the lower and upper bounds

mpfr se t ( fc , fa , MPFRRNDN) ; // precompute func t i on
e v a l u t a t i o n f o r po in t c by a s s i gn in g i t the same va lue as
fa

bool mflag = true ; // boo lean f l a g used to e va l ua t e i f
s ta tement l a t e r on

mp f r s e t s i ( s , 0 , MPFRRNDN) ; // Our Root t ha t w i l l be
re turned

mp f r s e t s i (d , 0 , MPFRRNDN) ; // Only used i f mf lag i s unset
( mf lag == f a l s e )

bool e [ 5 ] ;

whi l e ( t rue )
{

mpfr sub (v [ 6 ] , b , a , MPFRRNDN) ;
mpfr abs (v [ 6 ] , v [ 6 ] , MPFRRNDN) ;

// s top i f converged on root or error i s l e s s than ERR
i f (mpfr cmp (v [ 6 ] , ERR)<0)
{

mpfr se t (x , s , MPFRRNDN) ;
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break ;
}

i f (mpfr cmp ( fa , f c ) !=0 && mpfr cmp ( fb , f c ) !=0)
{

// use in v e r s e quadra t i c i n t e r o p o l a t i o n
mpfr sub (v [ 6 ] , fa , fb , MPFRRNDN) ;
mpfr sub (v [ 7 ] , fa , fc , MPFRRNDN) ;
mpfr mul ( v [ 6 ] , v [ 6 ] , v [ 7 ] , MPFRRNDN) ;
mpfr mul ( v [ 7 ] , a , fb , MPFRRNDN) ;
mpfr mul ( v [ 7 ] , v [ 7 ] , fc , MPFRRNDN) ;
mpfr div ( s , v [ 7 ] , v [ 6 ] , MPFRRNDN) ;

mpfr sub (v [ 6 ] , fb , fa , MPFRRNDN) ;
mpfr sub (v [ 7 ] , fb , fc , MPFRRNDN) ;
mpfr mul ( v [ 6 ] , v [ 6 ] , v [ 7 ] , MPFRRNDN) ;
mpfr mul ( v [ 7 ] , b , fa , MPFRRNDN) ;
mpfr mul ( v [ 7 ] , v [ 7 ] , fc , MPFRRNDN) ;
mpfr div (v [ 7 ] , v [ 7 ] , v [ 6 ] , MPFRRNDN) ;
mpfr add ( s , s , v [ 7 ] , MPFRRNDN) ;

mpfr sub (v [ 6 ] , fc , fa , MPFRRNDN) ;
mpfr sub (v [ 7 ] , fc , fb , MPFRRNDN) ;
mpfr mul ( v [ 6 ] , v [ 6 ] , v [ 7 ] , MPFRRNDN) ;
mpfr mul ( v [ 7 ] , c , fa , MPFRRNDN) ;
mpfr mul ( v [ 7 ] , v [ 7 ] , fb , MPFRRNDN) ;
mpfr div (v [ 7 ] , v [ 7 ] , v [ 6 ] , MPFRRNDN) ;
mpfr add ( s , s , v [ 7 ] , MPFRRNDN) ;

}
e l s e
{

// secant method
mpfr sub (v [ 6 ] , b , a , MPFRRNDN) ;
mpfr sub (v [ 7 ] , fb , fa , MPFRRNDN) ;
mpfr div (v [ 6 ] , v [ 6 ] , v [ 7 ] , MPFRRNDN) ;
mpfr mul ( v [ 7 ] , v [ 6 ] , fb , MPFRRNDN) ;
mpfr sub ( s , b , v [ 7 ] , MPFRRNDN) ;

}

/∗
( cond i t i on 1) s i s not between (3a+b ) /4 and b or
( cond i t i on 2) ( mf lag i s t rue and | sb | ≥ | bc |/2) or
( cond i t i on 3) ( mf lag i s f a l s e and | sb | ≥ | cd |/2) or
( cond i t i on 4) ( mf lag i s s e t and | bc | < |TOL | ) or
( cond i t i on 5) ( mf lag i s f a l s e and | cd | < |TOL | )
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∗/
mpfr mul s i ( v [ 6 ] , a , 3 , MPFRRNDN) ;
mpfr add (v [ 6 ] , v [ 6 ] , b , MPFRRNDN) ;
mp f r d i v s i ( v [ 6 ] , v [ 6 ] , 4 , MPFRRNDN) ;
e [ 0 ] = (mpfr cmp ( s , v [ 6 ] )<0 | | mpfr cmp ( s , b )>0) ;

mpfr sub (v [ 6 ] , s , b , MPFRRNDN) ;
mpfr abs (v [ 6 ] , v [ 6 ] , MPFRRNDN) ;
mpfr sub (v [ 7 ] , b , c , MPFRRNDN) ;
mpfr abs (v [ 7 ] , v [ 7 ] , MPFRRNDN) ;
mp f r d i v s i ( v [ 7 ] , v [ 7 ] , 2 , MPFRRNDN) ;
e [ 1 ] = ( mflag && mpfr cmp (v [ 6 ] , v [ 7 ] )>=0) ;

mpfr sub (v [ 6 ] , s , b , MPFRRNDN) ;
mpfr abs (v [ 6 ] , v [ 6 ] , MPFRRNDN) ;
mpfr sub (v [ 7 ] , c , d , MPFRRNDN) ;
mpfr abs (v [ 7 ] , v [ 7 ] , MPFRRNDN) ;
mp f r d i v s i ( v [ 7 ] , v [ 7 ] , 2 , MPFRRNDN) ;
e [ 2 ] = ( ! mflag && mpfr cmp (v [ 6 ] , v [ 7 ] )>=0) ;

mpfr sub (v [ 6 ] , b , c , MPFRRNDN) ;
mpfr abs (v [ 6 ] , v [ 6 ] , MPFRRNDN) ;
e [ 3 ] = ( mflag && mpfr cmp (v [ 6 ] , ERR)<0) ;

mpfr sub (v [ 6 ] , c , d , MPFRRNDN) ;
mpfr abs (v [ 6 ] , v [ 6 ] , MPFRRNDN) ;
e [ 4 ] = ( ! mflag && mpfr cmp (v [ 6 ] , ERR)<0) ;

i f ( e [ 0 ] | | e [ 1 ] | | e [ 2 ] | | e [ 3 ] | | e [ 4 ] )
{

mpfr add (v [ 6 ] , a , b , MPFRRNDN) ;
mp f r d i v s i ( s , v [ 6 ] , 2 , MPFRRNDN) ;
mflag = true ;

}
e l s e
{

mflag = f a l s e ;
}

( th i s−>∗ f ) ( f s , s , l e v e l , v [ 2 ] , v [ 3 ] ) ; // c a l c u l a t e f s
mpfr se t (d , c , MPFRRNDN) ; // f i r s t time d i s be ing used

( wasnt used on f i r s t i t e r a t i o n because mflag was s e t
)

mpfr se t ( c , b , MPFRRNDN) ; // s e t c equa l to upper
bound
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mpfr se t ( fc , fb , MPFRRNDN) ; // s e t f ( c ) = f ( b )

mpfr mul ( v [ 6 ] , fa , f s , MPFRRNDN) ;
// fa and f s have oppo s i t e s i gn s
i f ( mpfr cmp si ( v [ 6 ] , 0)<0)
{

mpfr se t (b , s , MPFRRNDN) ;
mpfr se t ( fb , f s , MPFRRNDN) ; // s e t f ( b ) = f ( s )

}
e l s e
{

mpfr se t ( a , s , MPFRRNDN) ;
mpfr se t ( fa , f s , MPFRRNDN) ; // s e t f ( a ) = f ( s )

}

i f (mpfr cmp ( fa , fb )>0)
{

mpfr swap (a , b) ;
mpfr swap ( fa , fb ) ;

}
}

mpf r c l e a r ( a ) ;
mp f r c l e a r (b) ;
mp f r c l e a r ( c ) ;
mp f r c l e a r (d) ;
mp f r c l e a r ( s ) ;
mp f r c l e a r ( f a ) ;
mp f r c l e a r ( fb ) ;
mp f r c l e a r ( f c ) ;
mp f r c l e a r ( f s ) ;
f o r ( i n t i =0; i <8; i++)

mpf r c l e a r ( v [ i ] ) ;
}

/∗
output : output o f the addote opera t ion +’
lOperand : l e f t operand
l e v e l : l e v e l o f the addote opera t ion +’
rOperand : r i g h t operand

∗/
void Operation : : addote ( mpfr t output , mpfr t lOperand , i n t l e v e l

, mpfr t rOperand )
{

i f ( mpfr nan p ( lOperand ) !=0 | | mpfr nan p ( rOperand ) !=0)
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{
mpfr set nan ( output ) ;
r e turn ;

}
i f ( mp f r i n f p ( lOperand ) !=0 | | mpf r in f p ( rOperand ) !=0)
{

mp f r s e t i n f ( output , MPFRRNDN) ;
re turn ;

}
mpfr t v [ 1 0 ] ;
f o r ( i n t i =0; i <10; i++)

mp f r i n i t ( v [ i ] ) ;

mpf r se t ( v [ 0 ] , output , MPFRRNDN) ;
mpfr se t ( v [ 1 ] , lOperand , MPFRRNDN) ; // v [1]=a
mpfr se t ( v [ 2 ] , rOperand , MPFRRNDN) ;

switch ( l e v e l )
{

case 0 :
mpfr set nan (v [ 0 ] ) ;
break ;

case 1 :
mpfr add (v [ 0 ] , v [ 1 ] , v [ 2 ] , MPFRRNDN) ;
break ;

case 2 :
mpfr mul ( v [ 0 ] , v [ 1 ] , v [ 2 ] , MPFRRNDN) ;
break ;

case 3 :
i f ( mpfr cmp si ( v [ 1 ] , 0)==0 && mpfr cmp si ( v [ 2 ] , 0)

==0)
mpfr set nan (v [ 0 ] ) ;

e l s e
mpfr pow (v [ 0 ] , v [ 1 ] , v [ 2 ] , MPFRRNDN) ;

break ;
d e f au l t :

i f ( mpfr cmp si ( v [ 1 ] , 1)<0)
{

mpfr set nan (v [ 0 ] ) ;
}
e l s e i f ( mpfr cmp si ( v [ 1 ] , 1)==0)
{

mp f r s e t s i ( v [ 0 ] , 1 , MPFRRNDN) ;
}
e l s e
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{
i f ( mpfr cmp si ( v [ 2 ] , 0) == 0)
{

mp f r s e t s i ( v [ 0 ] , 1 , MPFRRNDN) ;
}
e l s e i f ( mpfr cmp si ( v [ 2 ] , 1) == 0)
{

mpfr se t ( v [ 0 ] , v [ 1 ] , MPFRRNDN) ;
}
e l s e i f ( mpfr cmp si ( v [ 2 ] , 0)>0)
{

// v [4]= b
mpfr modf ( v [ 3 ] , v [ 4 ] , v [ 2 ] , MPFRRNDN) ;

// v [5]= k=n−3
mp f r s e t s i ( v [ 5 ] , l e v e l −3, MPFRRNDN) ;

// b=bˆk
mpfr pow (v [ 4 ] , v [ 4 ] , v [ 5 ] , MPFRRNDN) ;

// v [6]= r=a−1
mpf r sub s i ( v [ 6 ] , v [ 1 ] , 1 , MPFRRNDN) ;

// v [7]=1
mp f r s e t s i ( v [ 7 ] , 1 , MPFRRNDN) ;

// v [8]= bˆ2
mpfr pow si ( v [ 8 ] , v [ 4 ] , 2 , MPFRRNDN) ;
mpfr mul ( v [ 8 ] , v [ 8 ] , v [ 6 ] , MPFRRNDN) ;
mpfr mul s i ( v [ 8 ] , v [ 8 ] , 3 , MPFRRNDN) ;
mpfr add (v [ 7 ] , v [ 7 ] , v [ 8 ] , MPFRRNDN) ;

// v [9]= bˆ3
mpfr pow si ( v [ 9 ] , v [ 4 ] , 3 , MPFRRNDN) ;
mpfr mul ( v [ 9 ] , v [ 9 ] , v [ 6 ] , MPFRRNDN) ;
mpfr mul s i ( v [ 9 ] , v [ 9 ] , 2 , MPFRRNDN) ;

// f ( b )
mpfr sub (v [ 0 ] , v [ 7 ] , v [ 9 ] , MPFRRNDN) ;

mpfr t i t e ;
f o r ( m p f r i n i t s e t s i ( i t e , 0 , MPFRRNDN) ;

mpfr cmp ( i t e , v [ 3 ] ) < 0 ; mpf r add s i ( i t e ,
i t e , 1 , MPFRRNDN) )

{
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addote (v [ 0 ] , v [ 1 ] , l e v e l −1, v [ 0 ] ) ;
i f ( mpfr nan p (v [ 0 ] ) !=0 | | mpf r in f p (v

[ 0 ] ) !=0)
break ;

}
mpf r c l e a r ( i t e ) ;

}
e l s e
{

// v [3]=−b
mpf r s i sub (v [ 3 ] , 0 , v [ 2 ] , MPFRRNDN) ;
addote (v [ 4 ] , v [ 1 ] , l e v e l , v [ 3 ] ) ;
mp f r s i d i v ( v [ 0 ] , 1 , v [ 4 ] , MPFRRNDN) ;

}
}
break ;

}
mpfr se t ( output , v [ 0 ] , MPFRRNDN) ;
f o r ( i n t i =0; i <10; i++)

mpf r c l e a r ( v [ i ] ) ;
}

/∗
output : output o f the subo te opera t ion −’
lOperand : l e f t operand
l e v e l : l e v e l o f the subo te opera t ion −’
rOperand : r i g h t operand
ERR: error

∗/
void Operation : : subote ( mpfr t output , mpfr t lOperand , i n t l e v e l

, mpfr t rOperand , mpfr t ERR, i n t Root Finding )
{

i f ( mpfr nan p ( lOperand ) !=0 | | mpfr nan p ( rOperand ) !=0)
{

mpfr set nan ( output ) ;
r e turn ;

}
i f ( mp f r i n f p ( lOperand ) !=0 | | mpf r in f p ( rOperand ) !=0)
{

mp f r s e t i n f ( output , MPFRRNDN) ;
re turn ;

}

mpfr t v [ 7 ] ;
f o r ( i n t i =0; i <7; i++)
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mpf r i n i t ( v [ i ] ) ;

mpf r se t ( v [ 0 ] , output , MPFRRNDN) ;
mpfr se t ( v [ 1 ] , lOperand , MPFRRNDN) ;
mpfr se t ( v [ 2 ] , rOperand , MPFRRNDN) ;

switch ( l e v e l )
{

case 0 :
mpfr set nan (v [ 0 ] ) ;
break ;

case 1 :
mpfr sub (v [ 0 ] , v [ 1 ] , v [ 2 ] , MPFRRNDN) ;
break ;

case 2 :
i f ( mpfr cmp si ( v [ 2 ] , 0) == 0)

mpfr set nan (v [ 0 ] ) ;
e l s e

mpfr div (v [ 0 ] , v [ 1 ] , v [ 2 ] , MPFRRNDN) ;
break ;

case 3 :
i f ( mpfr cmp si ( v [ 1 ] , 0)<=0 | | mpfr cmp si ( v [ 2 ] , 0)

==0)
{

mpfr set nan (v [ 0 ] ) ;
}
e l s e
{

mpf r u i d iv (v [ 2 ] , 1 , v [ 2 ] , MPFRRNDN) ;
mpfr pow (v [ 0 ] , v [ 1 ] , v [ 2 ] , MPFRRNDN) ;

}
break ;

d e f au l t :
i f ( mpfr cmp si ( v [ 2 ] , 0)==0)
{

mpfr set nan (v [ 0 ] ) ;
}
e l s e i f ( mpfr cmp si ( v [ 1 ] , 1)<0 && mpfr cmp si ( v [ 2 ] ,

0)>0)
{

mpfr set nan (v [ 0 ] ) ;
}
e l s e i f ( ( mpfr cmp si ( v [ 1 ] , 0)<=0 && mpfr cmp si ( v

[ 2 ] , 0)<0) | | ( mpfr cmp si ( v [ 1 ] , 1)>0 &&
mpfr cmp si ( v [ 2 ] , 0)<0) )
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{
mpfr set nan (v [ 0 ] ) ;

}
e l s e
{

i f ( mpfr cmp si ( v [ 2 ] , 1) == 0)
{

mpfr se t ( v [ 0 ] , v [ 1 ] , MPFRRNDN) ;
}
e l s e i f ( mpfr cmp si ( v [ 2 ] , 0) > 0)
{

mp f r s e t s i ( v [ 3 ] , 1 , MPFRRNDN) ;
mp f r s e t s i ( v [ 4 ] , 2 , MPFRRNDN) ;
mpfr se t ( v [ 5 ] , ERR, MPFRRNDN) ;

addote (v [ 6 ] , v [ 4 ] , l e v e l , v [ 2 ] ) ;
whi l e (mpfr cmp (v [ 6 ] , v [ 1 ] ) < 0)
{

mpfr se t ( v [ 3 ] , v [ 4 ] , MPFRRNDN) ;
mpfr mul s i ( v [ 4 ] , v [ 4 ] , 2 , MPFRRNDN) ;
addote (v [ 6 ] , v [ 4 ] , l e v e l , v [ 2 ] ) ;

}
i f ( Root Finding == 0)

b i s e c t i o n (&Operation : : p r e f i x , v [ 3 ] , v
[ 4 ] , v [ 5 ] , v [ 0 ] , l e v e l , v [ 2 ] , v [ 1 ] ) ;

e l s e
brent(&Operation : : p r e f i x , v [ 3 ] , v [ 4 ] , v

[ 5 ] , v [ 0 ] , l e v e l , v [ 2 ] , v [ 1 ] ) ;
}
e l s e
{

mpf r s i d i v ( v [ 1 ] , 1 , v [ 1 ] , MPFRRNDN) ;
mp f r s i sub (v [ 2 ] , 0 , v [ 2 ] , MPFRRNDN) ;
subote ( v [ 0 ] , v [ 1 ] , l e v e l , v [ 2 ] , ERR,

Root Finding ) ;
}

}
break ;

}
mpfr se t ( output , v [ 0 ] , MPFRRNDN) ;
f o r ( i n t i =0; i <7; i++)

mpf r c l e a r ( v [ i ] ) ;
}

/∗
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output : output o f the l o g o t e opera t ion / ’
lOperand : l e f t operand
l e v e l : l e v e l o f the l o g o t e opera t ion / ’
rOperand : r i g h t operand
ERR: error

∗/
void Operation : : l o go t e ( mpfr t output , mpfr t lOperand , i n t l e v e l

, mpfr t rOperand , mpfr t ERR, i n t Root Finding )
{

i f ( mpfr nan p ( lOperand ) !=0 | | mpfr nan p ( rOperand ) !=0)
{

mpfr set nan ( output ) ;
r e turn ;

}
i f ( mp f r i n f p ( lOperand ) !=0 | | mpf r in f p ( rOperand ) !=0)
{

mp f r s e t i n f ( output , MPFRRNDN) ;
re turn ;

}

mpfr t v [ 7 ] ;
f o r ( i n t i =0; i <7; i++)

mp f r i n i t ( v [ i ] ) ;

mpf r se t ( v [ 0 ] , output , MPFRRNDN) ;
mpfr se t ( v [ 1 ] , lOperand , MPFRRNDN) ;
mpfr se t ( v [ 2 ] , rOperand , MPFRRNDN) ;

switch ( l e v e l )
{

case 0 :
mpfr set nan (v [ 0 ] ) ;
break ;

case 1 :
mpfr sub (v [ 0 ] , v [ 1 ] , v [ 2 ] , MPFRRNDN) ;
break ;

case 2 :
i f ( mpfr cmp si ( v [ 2 ] , 0) == 0)

mpfr set nan (v [ 0 ] ) ;
e l s e

mpfr div (v [ 0 ] , v [ 1 ] , v [ 2 ] , MPFRRNDN) ;
break ;

case 3 :
i f ( mpfr cmp si ( v [ 1 ] , 0)<0 | | mpfr cmp si ( v [ 1 ] , 0)==0

| |
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mpfr cmp si ( v [ 2 ] , 0)<0 | | mpfr cmp si ( v [ 2 ] ,
0)==0)

{
mpfr set nan (v [ 0 ] ) ;

}
e l s e
{

mpfr log (v [ 1 ] , v [ 1 ] , MPFRRNDN) ;
mpfr log (v [ 2 ] , v [ 2 ] , MPFRRNDN) ;
mpfr div (v [ 0 ] , v [ 1 ] , v [ 2 ] , MPFRRNDN) ;

}
break ;

d e f au l t :
i f ( mpfr cmp si ( v [ 1 ] , 0)<=0 | | mpfr cmp si ( v [ 2 ] , 1)

<=0)
{

mpfr set nan (v [ 0 ] ) ;
}
e l s e i f ( mpfr cmp si ( v [ 1 ] , 1) == 0)
{

mp f r s e t s i ( v [ 0 ] , 0 , MPFRRNDN) ;
}
e l s e i f (mpfr cmp (v [ 1 ] , v [ 2 ] ) == 0)
{

mp f r s e t s i ( v [ 0 ] , 1 , MPFRRNDN) ;
}
e l s e
{

i f ( mpfr cmp si ( v [ 1 ] , 1)>0)
{

mp f r s e t s i ( v [ 3 ] , 0 , MPFRRNDN) ;
mp f r s e t s i ( v [ 4 ] , 1 , MPFRRNDN) ;
mpfr se t ( v [ 5 ] , ERR, MPFRRNDN) ;

addote (v [ 6 ] , v [ 2 ] , l e v e l , v [ 4 ] ) ;
whi l e (mpfr cmp (v [ 6 ] , v [ 1 ] ) < 0)
{

mpfr se t ( v [ 3 ] , v [ 4 ] , MPFRRNDN) ;
mpfr mul s i ( v [ 4 ] , v [ 4 ] , 2 , MPFRRNDN) ;
addote (v [ 6 ] , v [ 2 ] , l e v e l , v [ 4 ] ) ;

}
i f ( Root Finding == 0)

b i s e c t i o n (&Operation : : s u f f i x , v [ 3 ] , v
[ 4 ] , v [ 5 ] , v [ 0 ] , l e v e l , v [ 2 ] , v [ 1 ] ) ;

e l s e
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brent(&Operation : : s u f f i x , v [ 3 ] , v [ 4 ] , v
[ 5 ] , v [ 0 ] , l e v e l , v [ 2 ] , v [ 1 ] ) ;

}
e l s e
{

mp f r s e t s i ( v [ 3 ] , 0 , MPFRRNDN) ;
mp f r s e t s i ( v [ 4 ] , −1, MPFRRNDN) ;
mpfr se t ( v [ 5 ] , ERR, MPFRRNDN) ;

addote (v [ 6 ] , v [ 2 ] , l e v e l , v [ 4 ] ) ;
whi l e (mpfr cmp (v [ 6 ] , v [ 1 ] ) > 0)
{

mpfr se t ( v [ 3 ] , v [ 4 ] , MPFRRNDN) ;
mpfr mul s i ( v [ 4 ] , v [ 4 ] , 2 , MPFRRNDN) ;
addote (v [ 6 ] , v [ 2 ] , l e v e l , v [ 4 ] ) ;

}
i f ( Root Finding == 0)

b i s e c t i o n (&Operation : : s u f f i x , v [ 4 ] , v
[ 5 ] , v [ 6 ] , v [ 0 ] , l e v e l , v [ 2 ] , v [ 1 ] ) ;

e l s e
brent(&Operation : : s u f f i x , v [ 4 ] , v [ 5 ] , v

[ 6 ] , v [ 0 ] , l e v e l , v [ 2 ] , v [ 1 ] ) ;
}

}
break ;

}
mpfr se t ( output , v [ 0 ] , MPFRRNDN) ;
f o r ( i n t i =0; i <7; i++)

mpf r c l e a r ( v [ i ] ) ;
}

3.3. Interaction. When the complete calculator executes ”input the left operand, select
the＋＇ operator, input the operator level, input the right operand, click the equal sign”
in sequence, it will run the addote function and output an approximate result with a given
precision.

When the complete calculator executes ”input the left operand, select the－＇ operator,
input the operator level, input the right operand, click the equal sign” in sequence, it will
run the subote function and output an approximate result with a given precision.

When the complete calculator executes ”input the left operand, select the /＇ operator,
input the operator level, input the right operand, click the equal sign” in sequence, it will
run the logote function and output an approximate result with a given precision.

4. Instruction Set For Complete Operations

The complete-operation algorithm can also be implemented using integrated circuits
to speed up operations. For example, the integrated circuit can run instructions such
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as addote, subote, logote, and so on. The complete-operation algorithm can also be
integrated into the processor. The processor can provide a set of complete-operation
instructions and these instructions can run complete operations faster.

5. Experiments And Conclusion

The experimental results of the complete calculator are shown in Table 5. Among them,
the operator level is located at the subscript of the real operator, and the precision of the
complete operation is 9.

Table 5. Experiments

Complete Operation Result 

2+4
′ 2.3 5.003776891 

3+4
′ 2.3 199.863711347 

2+5
′ 2.3 4.000052635 

3+5
′ 2.3 21590520079800.546875000 

2−4
′ 3 1.476684337 

3−4
′ 3 1.635078474 

2−5
′ 3 1.571959510 

3−5
′ 3 1.731080394 

2/4′ 5 0.326351821 

3/4′ 5 0.500000000 

2/5′ 5 0.571272109 

3/5′ 5 0.707106780 

 

These experiments on the complete calculator could directly prove such a corollary as
follows:

Corollary 5.1. Operator axioms are consistent.
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