ON GENERALIZED LI-YAU INEQUALITIES

LI-CHANG HUNG

ABSTRACT. We generalize the Li-Yau inequality for second derivatives and we
also establish Li-Yau type inequality for fourth derivatives. Our derivation
relies on the representation formula for the heat equation.

1. INTRODUCTION

The Li-Yau inequality asserts that if u = u(x,t) is a positive solution to the heat
equation, then the logarithm of u(z,t) forms a supersolution to Laplace’s equation,
i.e.

(1.1) AloguZ—%,

where n is the dimension of the manifold and ¢ > 0. The inequality (1.1) is due to
Li and Yau [2]. Their derivation relies on an idea related to the parabolic maximum
principle.

Our goal here is to give a direct proof of a generalization of inequality (1.1) with-
out using the parabolic maximum principle. Our proof relies on the representation
formula for the heat equation u; = Au [1]

_lz—y|?

(1.2) u(x,t) = W /}Rn gly)e” = dy (zeR"” t>0),

where the initial condition g € C(R™) () L°°(R"™) is assumed to be nonnegative and
does not vanish completely. To generalize inequality (1.1), we need the following
two lemmas. The first lemma is concerned with a Jensen inequality.

Lemma 1.1 (Jensen inequality). Let p > 1 and suppose that [ |g| = 1. Then
P
(1.3 ([15a1) < [ 1170l
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Assume (1.2) holds. Then we can find the derivatives of u in the following
Lemma 1.2.

Proof.

O

Lemma 1.2.

(a)
(1) e S g (y)
umi xZ, Ty —Yi (47Tt)" 2

14 = — dy.
(14) u(z, t) /n 2t u(z,t) 4
(b)

Uy, (2, 1) L (=) e o)

1.5 e L el I A = ” du.
(15) u(z,t) /n ( 2t * 4¢2 ) u(z,t) Y
(¢) Fori#j,

1 _le—y|?

(1.6) Ui, (2, 1) :/ (@i —yi)(z; — ) Gmpze = 9W) dy

' u(x, t) 42 u(x, t) '
(d)

1 _le—y|?

an el [ GO o w0,

’ u(z,t)  Jgn 8t3 u(x,t) v
(e)
(1.8)

_le—y|?
Ug,zimia; (T,1) / 1262 — 12t(x; — yi)? + (25 — yi)* (4m1)n/2e 7 g(y) J
u(z,t) ~ Jrn 16t4 u(z,t) v

(f) Fori#j,
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(1.9)
_le—y|?
Uz, z;2;7; ({E,t) o / ((xz - yi)Q - Qt)((xj - yj)Q - Qt) (47rt1)n/2€ 4t g(y) d
u(z,t) ~ Jre 16t4 u(z,t) v
Proof. Straightforward calculations lead to (a), (b), and (c).
(d)
Uz, 2z, (T, 1) o (U2, (7, 1)),
u(z,t) u(z,t)
1 _ |I*y\2
o / T; — Y _ T — Y _l 4 (131 — y1)2 (4ﬂ-t)n/2e at g(y) d
 Jre | 212 2t 2t 442 u(z,t) Y
1 _le—yl?
/ 6t(x: —y) — (xi —yo)° Gym® " 9W)
n 8¢3 u(x,t)
1 _ \Z*y|2
/ (21 — i) (6t — (2 — 1)*) Tryrz® * 90)
n 83 u(z,t)
(e)
u(z,t) o u(z,t)
1 _ ‘m,y‘Q
_ / 6t —3(zi —wi)®  (i—wi\ (@i —y)(6t = (i —y:)*)\] @€ " 9(y) d
= Jen 8t3 21 813 w(z, 1) Y
1 _lz—y|?
_/‘1%14%m—wf+w—mf Grre “g@d
 Jre 16t4 u(x,t) 4
_le—y?
— / —12t(z; — yi)* + (x; — y:)* We " 9) dy + 31
Y . 164 u(z, t) YT e
(f)
Ug;z;x; (ZC, t) — (uafqzﬂcj (1‘, t))ﬂcq
u(z,t) u(z,t)
1 _le—yl?
_ / Tji—Y XY (i —ya)(@; — ;)\ @2 ™ 9(v) d
T 2t At2 (@, t) Y

1 _lz—y|?
_/(%—wmﬁ%m—w%wwm€4fmw
e 8t3 u(zx,t)

dy
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uzizizjmj ((E,t) . (U’LLIJ (m7t))zj
u(w,t) T u(x,t)
1 _lz—y)?
_/ 2t — (@i —y)® w5 =y (w5 —y) 2t — (1 —9)?)\ @pz® * 9W) p
e 8t3 2t 8t3 u(z,t) Y
1 _le—y|?
_ / 4% — 2w — ya)® — 2t(x; — yp)® + (@i — ¥)*(x; — 9)? G 9W) d
e 16t4 u(z,t) Y
_lz—yl?
_ / (@ = 9:)° = 20((@; = y)* = 20) Gmprz® * 9O
~ Jge 16t* u(z,t) Y
2 g 1 -l (v)
< / (.’131 — yi) (.Tj — yj) (amt)n/? g\y dy n i
n 16t4 u(z,t) 4¢2
O

2. PROOF OF THE GENERALIZED LI-YAU INEQUALITY

Theorem 2.1 (Generalized Li-Yau inequality). Let u = u(z,t) be given by (1.2).
Then

Au " U, D Uy, Uy |Vu|? n

21 2% Jwiy E Py > _"

21) u L Ty ﬁ, = u? T E Ty
i,j=1,i#j i,j=1,i#j

where «, B, and vy are nonnegative constants satisfying

(2.2) (n—1)(a+B)+v<1

Proof.

2
(1) Estimate v“(x’t)’

u(zx,t)
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Vu(z,t)

u(z,t)

2 n
=1

u(z, )

lz—y|2

_ / v —y; G 9()
- w2 ul(z, 1)

dy

- 2 ée_‘ifp ()
Ti—Yi\ (“mt)n/? gy
= d
S ()

lz—y|?

:/ (i —yi QWG* g g(y)d
Rn 2t u(z, t) Y

lz—y|?

_ iz —y? Gz 9W)
N n 4t2 u<x7t)

dy

(2) Calculate Aqﬁ;zt;)

Cu(zt)

n 1 _e—y|?
_Z/ . (x; —yi)?\ Gry2€  * g(y)d
CShelET @ awwn Y

_lz—y)?

—/ Z 7i+(xi7yi)2 W‘? at g(y)d
=N Wy

_lz—y|?

_/ n o=y w9
e 2T wwn

; n U, (2,8)  a (2.0)
(3) Estimate Zi,j:l,i;éj oy
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Zn: Uy, (2,1) Uy, (2,1) zn: 1 ((uwi(m,t)>2 . (ij(xvt)>2>
2
ey P Gl G u(@;?) u(z, 1)
N 1 |z —y|2 2 1 a2
1 yl Gmyrz€ ™ 9(y) Tj—Y; @reyz€ " 9(y)
- Z 2 u(z,t) dy | + 2 u(z,t) dy
i,5=1,i#j R" ) n ,
~ 1 A 1) /ze,\nglzg(y) T Y 2 Gy 72 1) /ze,ng\?g(y)
)" i — Yj T
< - Yi d J J d
< 25 / ( ) (1) y*/( 2 ) W@ 0) y
1,j=1,i#j
n _lz—yl?
,/ 1 (i —yi)? + (x; — )? @rpee " 9W) dy
~ Jge 2 412
i.i=Liti t u(@,?)
1 _\I*y\z
/ (n =Dz —yP Gmpme " 9W)
~ Jrn 4¢2 u(z,t) v
where we have used the observation
(2.5) > (wi—y) 4 (@ —y)’ =2n— 1z -y
ij=1,i#j
. u%m(xt)
(4) Estimate Z:‘L,j:l,i#j =
n 1 |$Zf‘2 ( )
Z uIZIJ 3;‘ t Z / ) (4ﬂ-t)n/2 g y dy
= u(x,t)
1,j=1,i#j i,j=1,i#j
n 2 21—l (y)
< ¥ / L@i—y)" + (@ —y)" Gryrz® = 99
= 2
Ty TR 2 4t u(zx,t)
n 2 2 ;e—‘xl;yp (y)
7/ 3 L (@i —y)? & (0 —yy)? Gy T 9W)
2
R S 2 4t u(z, t)
_lz—y)?
f/ (n=Vle —yl* Grpre = 9W)
~ Jrn 4¢2 u(z,t) Y
Au Ua;o; (T5t) Ug, (@,t) Uz, (@t)  |Vul?
() Ebtabhbhi_az i,j=1,i#j u(w t) 62 ij=1,i#j u(a, DI uj(w,t) VT Z

n
T2t
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Au U\ Usa, ua: Ug, (,1) |Vul?
7‘“,,2 . ( 2y Z a2
1,j=1,i#j 1,j=1,i#j
0 2=y e o)
— (@nt)i72
> Lt (1-(n—1 - d
> [ (-pra-m-vess-n Iy ) ey
n e ST g(y)
(47Tt)" 2
> —— d
- / 2t u(z,t) 4
__nr
2t

We generalize the Li-Yau inequality from second derivatives to fourth derivatives.

Theorem 2.2 (Li-Yau type inequality for fourth derivatives). Let u = u(x,t) be
given by (1.2). Then

n

Ug;ziz;x; Ug,ziz,x; Vu
2: i k E: ujj+k

i=1 i,j=1,1#]

n 3+ (n— 1Dk +nks)*\ 1
14+ n (ke + k3) 4t2’

n

+/€4 Z ]

i,j=1,i#j

A
+ ks |— u

> <3’I’L+I€1 +n2k3 —

provided that ki, ko, k3, and k4 are constants satisfying

(2.6a) ko4 ks > —%,
(2.6b) ki > —nky,
(2.6¢) ke < 0,
(2.6d) ks < 0,
(2.6¢) ki < 0

Proof.
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(1) Estimate on Z? 1 %jt)(m

n
E ua:la:la:la:l )

=1

~.

n 1 _la—y|?
_ Z/ 1262 — 12¢(z; — )2 + (21 — yi)* @pze * 9W) "
— 16t u(z,t)
" 1942 2 T ()
_ / 12t° — 12t(l‘i — yz) + (331 — yi) (4mt)n/2 dy
n 16t4 u(z,t)
2 4 1 - ‘145‘2
/ Z 1262 — 12¢(x; — y)? + (xi — vi)* @72 € 9(y) "
n 16t4 u(z,t)
2 2,1 PR B =l ()
- / 12nt* — 12t|z — y|* + |z — y|* Greynrz© gy dy
~ Jre 16t u(z,t)
n 1 \l'*y\z
/ Z ) Grerze T 9(y) p
Y
n 16t4 u(x,t)
n 4 lz—y]
_/ Z (xz yz) (471't)"/2e 4t g(y) dy
n = 2t u(z,t)
n 2 1 _lz—y|?
1 zi— i\’ amyn2® 9(y)
> - d
_/wn<;( 2t ) ) u(z,t) Y
9 1 _le—y|?
/ L (e =P\ @ 90
n 4¢2 w(z,t) Y
(2.7)
1 le—y|?
_/ Lo —yl* @myrze ™ 90)
~ Jrem 164 u(z,t) Y
(2) Estimate on . Unsrirgry (01)

i,j=1,i#j u(z,t)
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zn: uxi:ri:rjzj (l‘,t)
i,j=1,i#j uz,?)
1 _lz—y|?
Z / At% — 2t(x; — yi)? — 2t(x; — y)* + (w1 — 9:)* (2, — ;)® @rypze * 9W) d
16t4 u(z,t) Y
i,7=1,i#7]
n 1 _ lz—y|?
/ Z A% — 2t(x; — i) — 2t(x; — y)* + (w1 — 9:)* (2, — ;)® @mypze * 9W) d
16t4 u(z,t) Y
1j=1,i#]
n _lz—y)?
_/ 4% —A(n — Dtle —y2 + 357, (@ — vi) (x5 — y;)° Wé *g(y) J
e 16¢4 u(x,t) v

where we have used (2.5).
Vu(z,t) 4
u(x,t)

(3) Estimate on

Uy, (2, 1)

u(z,t)

Vu(z, 1) 4 n 2\ 2
u(z,t) ‘ = (; )
n lz—y|?

_ Z/ _xi—yim‘37 + g(y)d
- w2 u(z,?) Y

i=1

_le—y|?
. v -y \ @zt © 9W)
2. dy
~ Jrn 2t u(z,t)

le—y|?

B / zn: AN W@‘ " g(y) J
B n 2t u(zx,t) Y
i=1

Jz—y|?

1 _lz—yl®
_ / @ = y? @pme” T 9W)

4¢2 u(z,t)

IN

dy

lz—yl

i
= Jrn  16t% u(z,t)

dy

2
(4) Estimate on A"(x’t)‘

u(x,t)
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Au(,t)|* _ (- oo (1) 2
e = (5

n 1 _lz—y? 2
Z/ 1. (z: — )2\ Grpz® @ 9W) ;
o Jee 2 4t? u(z, t) Y
1 _lz—y|? 2
/ Z L @y G g(y)d
" 200 e u( 1) g
1 _le—yl? 2
_ / +|$*y| @yze g(y)d
e 2t 442 u(z,?) Y
2 2 1 _lz—y|?
</ (|2 —y* —2nt)” Gy = 90)
B n 16t4 u(gmt) y
: n umizj(z,t) 2
(5) Estimate on (Zi,jzl,i;éj W)
ey PPN
" = )
-3 / (zi — y:) (@ — y;) )i/ g(y iy
] " 4t U(CE,t)
i,j=1,i#j
e gl — gl e o)\
Ti — YillTj — Yj| @mtyn/? !
< d
1,j=1,i#j
1 _le—yl? 2
i — yillz; — vy @rze * 9(Y)
Z 412 w(@, ) dy
i,j= 17175] )
2 1 Jz—y|?
/ 2 —yille; —yl | @zt 9W) "
i,7=1 z;éj at? U(l‘, t)
1 _lz—y?
/ z; —y)2(x; — y)? Grpe® * 9() .
16t4 u(z,t) Yy

Combining the above calculations, we have
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2
n n
Ugiz,zimi Up;z;052; Vu Au Uz, z;
I M T B R I =
i=1 i,j=1,i#j t,j=1,1#]
_lz—yl?
h(t,z,y,n) Gree © 9W)
2 dy,
n 16t u(z,t)
where
1 n
h(t,z,y,n) = 12nt*> — 12tz — y|> + ﬁ|m —yl* + ky [ 4t2 —4(n— Dt|z —y* + Z (z; — yi)* (v — y;)?
1,j=1,i#j
9 n
+ koo —y[* + ks (|2 —y* —2nt)" + ks [ n Z (zi — vi)*(x; — yj)?
i,j=1,i%£]
1
= (12n + 4k + 4n%k3) t2 + (=12 — 4(n — Dky — dnks) t |z —y|* + ( + ko + k3> |z —y[*
n
n
k‘l + nk4 Z P — yj)2
=Ct + Btle —y* + Alz —y[* + (k1 + nka) > (2 — 1) (z; — y;)°
ij=1,i#j
B \* [(4AC - B? =
o=yl gpt) + () P Gtk S (o s - )
i,j=1,i#j
where
1
(2.8a) A = o + ko + k3,
(2.8b) B = —12—4(n— 1)k — 4nks,
(2.8¢) C = 12n+ 4k, + 4n°ks,
4AC — B? n(3+ (n— 1)k + nks)?

2.8d) ———— = 4(3n+k +n’ks —
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