WELLPOSEDNESS FOR THE HOMOGENEOUS PERIODIC NAVIER-STOKES
EQUATION

EN-LIN LIU

ABsTrACT. We consider the homogeneous incompressible Navier-Stokes equations on periodic do-
main T¢ . For d > 3 and s > % — 1, the equations are globally wellposed in the energy space
Lge H; (R+; ']I‘d) N Lf H£+1 (R"'; ’Ed) in the critical sense if the initial data ug is divergence free, mean
zero and ug € HZ (T4). We use Strichartz estimates for the heat kernel, bilinear Strichartz estimates
to obtain an iteration scheme critically depending on the value of e®ug in LfH; ([0, T] ;']I‘d) norm.
Use such iteration scheme and the commutator estimate between operators e!®ug - V and \V|2k ett,
we can prove u is decreasing in Hf (Td) in time interval (8, 7] where k is the smallest integer that
k > s and for all §, 0 < § < T. The decay property guarantees the global existence and wellposedness.

1. INTRODUCTION AND MAIN RESULTS
In this paper we consider the incompressible Navier-Stokes (NS) equation

Ou—Au+Vp+ V- (u®@u)=0
(1.1) V-u=0

(0, ) = ug

with periodic boundary conditions in z € T? = R?/ (27rZ)d and kinematic viscosity 1. Where the
solution is a vector value function v : RT x T¢ — R? and ug is a divergence free vector field, i.e.,
£ -1 (§) = 0. We also consider solutions normalized to have zero spatial mean, i.e., [1, u(t, z)dx =0
or equivalently u (0) = 0. The pressure p can be eliminated from the system via Leray projections,
and so we view this equation as an evolution equation for w alone. If we take inner product of (1.1)
with v and integrate in time, we obtain the fundamental energy identity

1 T 1
(1.2) 5/ |u(T,x)|2dac—|—/ / Vult,2)|? dedt = 5/ o ()2 dar
Td 0 Td Td

for suitable solutions. The solutions to (1.1) obey the Duhamel’s formula

(1.3) u(t) = e®ug — /0 e(=I8Pdiv (u(s) ® u(s)) ds,

here P is the Leray projector on to divergence free vector fields Pu = u — VA~V -« and e denotes
convolution with the heat kernel [2]. For divergence free vector fields u,v, we have div (v ® v) = u- V.
Hence we can rewrite the equation (1.1) as

(1.4) Ou — Du+P(u-Vu) =0.
Theorem 1. We have the following wellposedness theorem for NS (1.1): Let d > 3, for ug € Hj (Td ,
divergence free and mean zero with s > % —1, the NS (1.1) is globally wellposed in LH? ([0, 00); T#) N
L?HZH ([0,00); T9) in the critical sense.

Before we go forward, first define the Fourier coefficient and the Sobolev norm used in the paper.

Weuse X <Y ,Y 2 X to denote the estimate X < CY for an absolute constant C. If C' depends on a
1



WELLPOSEDNESS FOR THE HOMOGENEOUS PERIODIC NAVIER-STOKES EQUATION 2

parameter o, we denote the inequality by X <, Y. The Fourier coefficient on a torusT¢ := R%/ (27rZ)d
is given by

1 . 1 )
(L5) W& = —— [ w@e da, u(w) =Y ——u(e) e,
(2m) ¥ / S (2m)?

for all ¢ € Z% We also use the notation F,u = 4 (£) and F, '@ = u to denote Fourier transformation

and inverse Fourier transformation respectively in this paper. The homogeneous Sobolev norm H; is
defined by

(1.6) [ull s pay = | D €17 1@ ()

gezd

Since we only consider divergence free functions v in this paper, we only use homogeneous Sobolev
spaces. It is easy to see that ||ul| g, ray < ||lull g (7ay Whenever s <r. Also define the operator V| by

(L.7) V= F e ()
for any s € R. Also, the heat kernel ¢“u can be written as e'®u := Fle PG (€). The inner
product related to HJ (Td)is denoted by
28 =77~
(1.8) (W, 0) o reray = Y &7 @D (€).
¢ezd

The NS equation (1.1) has scaling symmetry, for L > 0 and u(t, x) is a solution to (1.1) on T,

1 t
'LLL(t,fL') = zu ﬁ,z

is also a solution to the NS equation with domain scaling to ’]T‘i. The scalin;g property of s is given by
the equation HuL(t)”H,(Tg) =[5 1-s Hu(t)”f{;(qrd)- When s = 41, the HZ 'norm of uy, is invariant
forall L >0 . When s > % — 1, the equation is sub-critical and we expect the high frequencies of the

solution to evolve linearly for all time. The X® norm has scaling L2715 for the solution to the NS
equation (1.1). Since the conservation law (1.2) is in super-critical and have no use to achieve global
regularity. In this paper, we will take advantage from the conservation quantity for the linear heat
equation, which can be applied to critical and sub-critical energy spaces: For any s > 0, from a direct
computation there is the conservation quantity

(1.9) HeTAuOHi'I;(Td) +2 HetAUOHngH;“([o,T]ﬂrd) - ||U0||§'1;(qrd)

for VT > 0.
The proof of the theorem will follow the manner: First we apply a Strichartz estimate for the heat
kernel, and obtain the bound for the integral part of (1.3),

The local wellposedness can be obtained by setting up iteration scheme. Let u; = e*®ug. For n > 2,
let w,, solve

S HU||L§H;+1(1;W) HU||L§H;+1(1;W) :

t
/ e=IEP (u - Vo) (r)dr
0

X (I;T4)

O, — Dy, + P (tp—1 - Vp—1) =0

(1.10) un (0, 2) = g

If the sequence (u,) converges, the limit is a solution of (1.1) with initial data ug. The global well-
posedness heavily rely on the decay property: For any integer k, k > % —1,and 0 < t; < tg, we
have

[l @2) | g cpay < N ()l e epay -
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Moreover, ||u(£2)ll g5 (ray = llw(t1)]l i (pay if and only if u is a zero solution. To obtain the decay
property, here we use the approach in [4] with some modification (See also [1] for a similar setting).
Observe that w, — u,_1 is an n-linear operator from the data space to the solution space; denote
it by Fy, (u1,---,u1). Under appropriate convergence assumptions, one gets the following analytic
expansion for the solution wu,

oo
(1.11) u:u1+ZFn(u1,---,u1).

n=2
By (1.9), if we can prove that 2 (3300, Fu (ur, -+ u1) ,un) e + 15500, Fo (ur, -+ un) [ s small
enough in a short time interval [0,7], the decay property follows. Let € (T") := [[ul|p2x+1(0 1y.pa) >

ti1x >4 )5
by the Strichartz estimate, for n > 2 and some large constant C,
| Fy (g, - - - 7u1)||L?°Hf+1([O,T];’]I‘d) <onlem (17).

Hence choosing T' small enough, the summation
2

(1'12) ZFn(u17"' 7u1)(T) +2 Z<Fn(u17 7u1)(T)>u1 (T)>H’;><H§ §62(T)7
n=2 lec('[[*d) n=3

which is small enough. The difficulties lies in estimates related to (Fz (u1,u1),u1). Since we can only
obtain || F3 (ug, u1)||Loon+1([0 )y < Ce? (T) from Strichartz estimates and in general u; can be large
t x ) 3
in HF (’JTd). Thus, we decompose the bilinear form F» (u1,w;) into two part: The non-symmetry part
Bj (u1,u;) and the symmetry part Bs (ug,u1). The non-symmetry part is with smallness < €3 (T') by
applying directly computations. For the symmetry part, we need to use commutator estimate to show
it is actually 0. For divergence free vector valued function w, the operator u; - V and heat type kernel
2k A :
[V|”" €2 has the following commutator property

(1.13) <u1, {|V|2k e uy - V} u1>

With the aid of the commutator property, the decay property can be acheived.

=0.
L2 xL2(T4)

2. THE STRICHARTZ ESTIMATE FOR THE HEAT KERNEL

Lemma 2. For d > 3, and any time interval I = [0,T] C [0,00) or I = [0,00), and any up(x) €
L? (Td) we have the homogeneous Strichartz estimates

(2.1) ||etAuO||L?H;([;Td) < HUOHLg(Td)» ||6tA“0||Lg>°L§(I;Td) < HUOHLE(W)

the inhomogeneous Strichartz estimate for any f(t,x) € L%x ([; Td),

t
(2.2) [emes@an| <l
0 L}H2(1;T)
t
(2.3) [ e i@ <y
0 L?"H%(I;Td)

Proof. See also Tao’s work for v € CPHE (I ;']I‘3). [10] for this estimate. By Parseval’s identity

4 |Uo = ||uo||72(1ay , We have the following inequalities for homogeneous Strichartz estimates
ceze [0 (€))7 12 (za) » We have the following i lities for h Strich i
o0
2 _92)¢)?t |~ 2 2 _olg)? —~ 2
e ol piyins = [ 30 W e @@ < 3 ([ 1) @ o
o Ieepa geza O

and

HetAUOHLgOLg(I;Td) = Stlelll) Z e lel* [uo (€)|2 < Z [uo (§)|2

ezl gezd
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For the inhomogeneous Strichartz estimates, let ¢ be any function in L7 L2 (I; T?) and ||50||L§L,2 (I;1dy =
1, (2.2) can be interpret as the following equation

! (t—r)A dr _ 2 gl (t-r) 5 drdt.
|25 =sup [ / Re el 70 3 Odrat

We can rewrite the boundary of the time integrations into the following formula

/ / TP f () B €drt = / / 1t — 5) 6P e 11, () Flr, €)1, (0 drt,

(2.4) ’

L2H2(I;T4)

~

after applying Young’s inequality on functions 1;(¢t — ) €[> e~ 1€ ¢=") 1,(r)f(r, €), and 1()3(t, £),

we have
1
o~ — QT 2
1 86Oz ( Jtea dr)

1 1
Since (f] ¢ e_2|5‘2’“d7‘)2 < ( 5 3 le* 6_2|5|27"d7“)2 < % ||, by Hélder inequality, and (2.4), we

obtain (2.2). Applying the Minkowski’s inequality we can switch the order of integration over ¢ with
the summation over &,

‘ /t e(t_r)Af(r)dr
0

For (2.3), for t — s > 0 it is obvious that |[e('=92 f (s)| < [f (s)].

/t e(t_rmf(r)dr
0

, we prove (2.3). O

€= £ €) Bt € drdt‘ |7,

<swp | 3 el .o D182y | < Wi -

’ L1 I
LER(IT) P\ (g () fezd

Nl
Nl=

t
< su Heu_sm ., H ' dr < 1F () e
Lge HL(I;T4) teII)/o S ) H1(T4) 1P )t iy me

Note that it is obvious that all the inequality coefficients in Lemma 2 are constants independent of
dimension d and s.

Lemma 3. Letd > 3, and any time interval I = [0,T] C [0,00) or I = [0,00), and given ug € HS (T4)

, f e Llﬂj (I; Td), s € R, f and ug are divergence free function. We have the following Strichartz
estimates:

(25) HetAUOHXs(I;Td) <2 ||u0||H;(Td) )
t

(2.6) \ | e s <l sz
0 L H3(I;T4)
t

(2.7) ’/ =18 £\ dy < W lley s rimay -
0 L2HST(I;T4) o

Proof. 1f we substitute ug and f by |V|*ug and |[V|” f in Lemma 2, we can obtain the following
Strichartz estimates in L H} (I; Td), L2HsH! (I; ’I[‘d) and L} H? (I; ’]I‘d) spaces without any difficulty.
O
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3. PROOF OF THE THEOREM

Let ¢ 5—1<s< % and d > 4. Let ug be a divergence free, mean zero vector value, and [|uol| f7: (pay =
M < co. By the standard iteration scheme and (1.3), let u; = e!“ug, and
¢
(3.1) Uy, = e Pug — / AP (w1 (r) - Vg1 (r)) dr.
0
It is easy to verify that for divergence free and mean zero vector field u, v, we have that e**®u and

P(u-Vv) = Pdiv (u ® v) are also divergence free and mean zero. Therefore if u,, is divergence free
and mean zero, u,11 is also divergence free and mean zero. Here define the bilinear form B (u,v) by

(3.2) B (u,0) () = /0 =P (4 (s) - Vo (s)) ds.

Lemma 4. Letu, v € X* (I; Td) for some time interval [0,T) with s > % —1 and d > 3. Then theres
1s the bound for the bilinear form B,

(3.3) | B (u,v) (t)HXS(I;Td) Ssd ||UHL3H;+1(1;W) ||UHL§H;+1(1;W) :

Proof. By Bersteins type inequalities, we have |V*fg| < [(V*f) g + |fV*g|. Using standard dyadic
frequency decomposition, the deritivate can be move to the high frequency function. Here we omit the
detail proof, from Bersteins type inequalities and taking summation over all frequency decomposition,
IV (fVg)| Ss | fV*Tg| + [gVeT! f] for all s > 0. Hence the estimate holds

S v

(3.4) [P (u- VU)”HS(’]I"i) ~ HU”LOO(W) ||v||H§+1(Td)+||U||L°°(Td ||“HH*+1(W HH;;H(W) ||“HH;+1(W)-

The second inequality comes from Sobolev embedding || f|| e (gay Ss.a [|0ll a1 (pay for s > 41
Applying above inequality to the bilinear form B (u,v),

1B (1) e grimny P (- V0) L2 s 1me
( ) cHE( )

T
< / o ) oy 1 ) s may S 0l syl ey -

The estimate at the scaling critical regularity s = % — 1 will require using bilinear wave estimate

technique. The proof is shown in the Appendix. Here we directly quote the result that

3.5 P(u-V < .

(35) B Vo)l gy STl g ol
The same argument can be applied to the special case s = 5 —1. 0
Proposition 5. Let d > 3 and s > %— . For any ug € H; (’]Td), the equation (1.1) is locally

wellposed in X° (I;Td) for some time interval [0,T]. The value of T is depending on the value of
Hul”LfH;“(];Td)-

Proof. First we prove the local wellposedness in the scaling critical norm. The iteration (3.1) converges
in X°¢ (I; Td) where I = [0,T], T > 0, and s > % — 1. We will choose the value T later. To compute

the difference between w, 11 and u,, let D,, := P (u,, - Vu, — up—1 - Vu,—1), and separate it into two
parts:

Dy, =P (up —tn—1) - Vup +Pup_1 -V (up —up_1).

With bilinear form B defined as in (3.2), the integration u,41 — u, = — fot e®="AD,, (r) dr can be
written as fot et=MAD, (1) ds = B (tn — tp_1,Un) + B (Un_1,Un — tupn_1). By (3.3),

[tnt1 = unll x- S(I;T) ~ (HunHL2H‘+1([ Ty T [[ttn— 1||L2H§+1(I 'er)) l[un — UnflanH;“(mrd)'
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Let ||uq HL%H;Jrl(I;Td) = o and assume that Hun”LfH;“(I;Td) < 2¢p for allm > 1. Since lim; o+ Hu1||L§Hi“([o,t];R+) =

1

160> Where C is a constant only depend on d,

0, we can choose T small enough that ¢y <

1
(3.6) lunt1 — Un”Xs(I;Td) <4Ce |lun — Un—1||L§H;+1(I;1rd) < 1 [un — un—lHL%H;+1(I;T‘i) :

By the contraction mapping u,, converges to a solution v € X* (I ; ’]I‘d), which also obeys the required
Lipschitz property for local wellposedness. Note that by induction we have the following bound

(3.7) [lun — un71||Xs(1;'er) < (4C)n71 HU1HZ§H;+1([;W) = (4C)n71 € -

The assumption bound on I holds by applying (3.7)
n
1
(3.8) lunll 22 a2 (rypay < Z i = wiall g2 gt gy + luall 2 g gmay < 3€0 + €0 < 2¢p
i=2
for all n > 1.
The uniqueness and dependence on initial data can be obtained by the following inequality. Assume
u and v are two solutions to (1.1) on time interval I = [0,T] with initial data uy and vy respectively,
there is the bound

A A
Ju— UHXS(I;Td) S H@t up — €' UOHXSU;W) + (||U\|L§H;+1(1;1rd) + ||UHL$H;+1(1;W)) flu— U||L§H;+1(1;Td) :

If we take subinterval I’ = [0,#'] C I small enough that |[ull 2 gs+1(pgay s 10l 2 ot (pripay < 1 By
subtract 3 [lu — U||L§H;+1(I,;Td) on both side and (2.5), lu = v y. 774y S et ®ug — etAUOHXS(I;Td) <
[Juo — vO”H;(Td) : L

3.1. Decay property of u(t). For the global wellposedness, first we prove that on a small time
interval the solution u obtained by above iteration scheme is decreasing in H : (’]I‘d) norm where s > %—1
and s = k for some integer k. Let s > 4 — 1. From the observation of [1][4], the first approximation of
the solution to the corresponding linear equation given by B (u1,u1) has the worst property. Indeed,
the solution u can be written as the summation of linear part uy, the first approximation part B (u1, u1),
and the remainder F.

(3.9) u(t) =wuy (t) — B (ug,u1) (t) + E(t),

A

where u; = e'“ug. Recall that ||“1||L$H;‘;“(I-1rd) = ¢. Taking H? inner product by using (3.9) at a

given time T > 0,
e (T) 1y (ray < Mt (T) g ray + 2 | {wn (7). B (wrywn) (D) e e ray| + B(T)
where
R(t) = | B (w1, ur) (&)1, oy + 1B (077, o)
+ 2B (urs w1) (Ol g cray 1B Ol grg vy + 2M1ur Ol gz ray 1B @Ol g ay -
From the iteration scheme (3.7), we have |[E (T)|| g: (pay Ss.a es- By (3.3), || B (u1,u1) (D)l s (pay Ss.a
2. Let |Juol| faray = M = 0. If we choose the time interval to be small enough such that ¢ <
(14 C (s,d))"" (1+M)"", where C (s,d) is some constant only depending on s and d. Therefore the
bound holds for R (T),
(3.10) R(T) < €t + €5+ 2¢) +2Med < 2.

Notice that if ug is a non-zero function, there exists 7' > 0 that for all t € (0,7), R(t) < 2. The
equality holds only for zero function if the time interval is carefully choose. It is suffice to show the
decay in short time by showing the inner product between wjand the first approximation B (u1,u1) in
HS x HS (T%) is small enough. If [(uy (T), B (u1,u1) (T)>H§XH§(W)‘ < €2, the following proposition
holds.
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Proposition 6. Letd > 3, s > % — 1 and s = k for some integer k. If u is a solution to (1.1) and
locally wellposed in X* ([0,T];T?) for some T >0, |lu ()l 72 (pay is decreasing on [0,T7.

Proof. We start from decomposed B (u1, u1) into two part By (u,uq) and Ba (u1,u1) . Let N (§,£ —n) :
Plug (€ —n) - (=€) uo (n)],

Blonw) (t€) = Z/ (=P g=rle=nlP=rlnl® N (¢, € — ) dr

A

Therefore we decompose the B (u1,u1) into the remainder part B (u1,u1) and the symmetry part
B2 (’U,l, Ul).

—

t
(3.11) B (u1,uq) (¢,€) := / (e‘(t—r)\5\2 B e—r|£|2) Z e—r\ﬁ—nP_rlnlzN(é’g —n)dr

0 nezd

(3_12) B (ul,ul tf Z/ —r|€|2—r|e— 7]\2_r|77|2 (§€ T])

nezd

Since the h¢ is taking summation over individual £, for each & € 72, ‘e_(t_T'”é'Z — e‘r|€|2‘ < ’1 —e

for all r € [0,¢]. For each &, Blmul) (t,f)‘ S|l—e —rle=nl®=rinl® N7 (¢, ¢ — n)‘ dr.
Applying the inequality to the original inner product (uq (7'), By (u1,u1) (T))HI><Hm (T4)

31 @ (OB (ur, w) (¢)

gezd
1
3 2\ 2

2 2 t 2 2
<> le (1—e—t'f')a<t>\ >l / > el il N (¢ ¢ — )| dr

cczd cczd 0 |pezd

Note that e~ té” |1 — e—tlE*| < |1 — 6_2t|£|2‘ < 1 ,therefore the first factor can be bounded by ¢y. By

Minkowski’s inequality we can switch the order of integration over ¢ with summation in £ in the second
factor, the factor can be bounded by fot [P (u1 - V) (r)l] g (pay dr- By (3.4),

2
/ 1P (s - Vur) () 1z oy S el gy = €2

Hence there is the smallness bound

t
S gz amsy | 1P - V) ()] ey dr 5

(313) [t (8), By (wr,w1) ()

= 0 where k is some

In the next lemma, we are going to show that ‘(ul (t), By (u1,u1) () g g

non-negative integer. By taking ¢; small enough, w (¢) decreasing in Hj (Td) is obtained by (1.9)

2 2 2
o (E) s ay < lun (#0115 pay + 266 = ol g -
2(T4) 2(T9) 2(T4)

For any ¢ in the interval [0,¢,], the same argument gives us [|u (¢)|| g (a) < [|woll g7 (pay- The argument
can also be applied to any subinterval of [0,¢1], which gives us the decay in time. By repeating the
argument at time t,, there is the new time interval [t,,, tp41], tny1 > tn, with the same decay property.
By the uniform bound || ()| f7s (pay < l|wol g7 (ra), the argument can be applied until we obtain decay
property on [0, 7]. Moreover, the equality |lu (t,)| s (pa) = [[woll frs (pa) holds if and only if ug =0. O
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For the estimate of By, it is the same as estimate of f(f (e ®uy (1), uy (r) - Vuy (r))HSXHS(Td) dr by

Parseval’s indentity. We are going to prove when k is a non-negative integer, <emv, v - VU>HS W FTs(Td) =
<\V\2k etPu,v - Vv> 12 (n) = 0 for all divergence free vector value functions v with suitable regular-
L2 xL2(T
rA

ity. By choose v = "~ ug, the decay property is proved. Notice that the operator v-V is skew symmetry
in L2, (g,v- Vf>Lng§(1rd) =—(v-Vy, f>Lng§(1rd) for all vector value functions f and g in L2 (T?).

Meanwhile, the operator |V|*® et2 is symmetry, < V|2 ete > = < V| etlyg, > )
p VI y ¥ (9 V] T )tz VI 95 ) a2 oy

Hence <|V|2’C emv,U~VU> = %<1},|V|2’c et® (v-Vv) —v-V (\V\% emv)> LTt s
L2 xL2(T4) L2 xL2(Td)
suffice to show the commutator estimate

(3.14) <v, [|V|2k ey v} U>L§><L§,(11‘d) _

Here if X, Y are two operators, the bracket is defined by [X,Y] := XY — Y X. Recall that the heat

2|2
kernel operator on R¢ can be defined as convolution with function ( 1) o e*%, the heat kernel on T¢
4rt)2

can also be expressed as

(3.15) @)= Y [ = g,

keczd 47Tt

The convolution form (3.15) is equivalent to the definition using Fourier transformation. By applying
the differentiation to  variable in (3.15), the kernels for operator |V|** e/“can be obtained. The
y variable and k can be treated as constants. By the computation of K = 1, we may assume that

. . || i . . I
the kernels can be written as summation of e~ 4 |x\2j with coeflicients. Applying derivative to the

. L= 95 . P
function e~ "2t |z|* where j is a positive integer,

o2 o 1 ; d+2, o zl?
A <64t xﬁﬂ) _ (4t2 20D Tt: ¥ + (452 — 45 + 2dj) |20V ) el

which complete the mathematical induction. Given a non-negative integer k, by induction the operator
2k A
V[T e

can be expressed as

k
(316) [Vl = / 5 B (S 0 d) oy + 20k | () dy,

kezd j=0

where Cj (t,d) is a polynomial of t~!. Hence the heat type kernel K for [V[** et is defined as
1 lo—y42mk|? b ;
(3.17) K(tay) =Y ——Fe o | > C(td)|z—y+2rk/”
keza (4mt)> =0

On the torus T¢, the operator |V|2k 2 applying on a given function f can be written as convolution
with the kernel K, |V|*" ¢!2 f (x = [ K (t,z,y) f (y)dy.

Lemma 7. Let s > % — 1 and s = k for some integer k. Let bilinear form Bs be defined as in (3.12),
and uy (t) = e!“ug where t > 0 and ug € H; (’]I‘d) is divergence free. Then we have

(3.18) (un (), B (u1, ur) (V) s gz vy = 0-

Proof. If we can prove (3.14), (3.18) can be obtained. The commute estimates for operator |V|?* ¢t

with v-V is easier to be proved by using convolution form. The following equation holds by written the
operator |V|** ¢!“v in convolution form, v (z) - V (\V\Qk etAv) = Jpav(x) - VoK (t,z,y)v (y)dy.
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Using the property dive = 0 and the periodic boundary value in integration by parts,
VI (00 V0) () = [ K ()0 (0) - V0 () dy

W /Td VK (tz,y)]v (y) dy.

Taking the inner product with v (z) in L2 Td sw1tch1ng x with y and applying the skew symmetry
property V. K (t,z,y) = =V, K (t,z,y),

(@ v et v @), o= [ VK el v) o @) duds
/W /1rd Vo K (tz,y)]v(z) v (y) dyde = <1} (z),v(z) VI|V|* ey (x)>L§ng(1rd)'

Therefore (3.14) is proved. O
For any s’ > 0 and f € L2 (T),

A
€ fHH;’(nrd) S
=T ||f||Li(Td)' Using the smoothing effect for the heat operator e*©, we can proof that the global

wellposedness holds for any s > % — 1 and s is not an integer. Given ug € Hj (']I‘d), by applying

Proposition 5, there exists a solution u to (1.1) and locally wellposed in H i ('H‘d) on some time interval
[0,7] with T > 0. Here we pick integer k such that k is the smallest integer & > s. The iteration
scheme and contraction mapping in Proposition 5 can be applied to HY (T%) spaces if we prove the

first iteration of u (¢) is in H” (T%) when t > 0. By smoothing effect and 0 < k — s < 1,

t 2
2 ks — 2
1B (ur,un) (Dl ey S a2z e o.gmey / (7= Muollzs )~ dr S 7 fluoll, -

The contraction mapping holds for ¢ small enough, therefore the solution u € L°°H k ([6 T ;']I‘d) for
any 0 < 5 < T. Using Proposition 6, lu (1) zay < 1 (T)lgyzay < 1t (6) s ray Applying
the same argument at time 7T again, the solution is wellposed on an extended time interval with
[l (¢ )HH (1) < |lu (6 )HHf 14)- The maximal time interval of existence can be extended to [0, 00) due

to that it is impossible to have some finite time T, limy_,7 [|u (t)]| - (1) = 00

Remark 8. The extend the proof to non-homogeneous NS equations and NS equations onR?, see [9].
Other regularity and wellposedness theory can also be found in this paper and its references as well.

4. APPENDIX-BILINEAR STRICHARTZ ESTIMATES FOR WAVE EQUATIONS ON TORUS

In this section we use 4 to denote the Fourier transformation both in time and space,
1 i - ;
4.1 u (1, &) = u(t,x) e & %e " dudt,
d
(2m)2 J—oo JT4

where ¢ € Z¢, 7 € R. For the scaling critical exponent s + 1 = %, there is no Sobolev embedding from

. d
LYy (Td) into H7 (Td) when d > 1. To obtain the inequality (3.3), we need to take advantage of the
null form structure of P (u - Vo). The null form @ (u,v) represent arbitrary linear combinations, with
constant real coeflicients of the null forms

(4.2) Q (u,v) = dud;v — Ojud;v.

The nonlinearity P (u-Vwv) for divergence free vector value functions w,v can be represented as

P(u-Vv) = Q (\V|_1 u,v). By applying bilinear Strichartz estimates for the wave equation, the

inequality (3.5) can be acheived. Here the bilinear estimates following the work by Klainerman and
Machedon [6] on R x R?, Klainerman, Selberg [8], Foschi and Klainerman [3] on R x R? when d > 2.
A similar results for bilinear estimates on compact manifold without boundary can be found in Hani’s
work [5].



WELLPOSEDNESS FOR THE HOMOGENEOUS PERIODIC NAVIER-STOKES EQUATION 10

Define the operator w® and w¢ on scaling torus T¢ as

(4.3) Frow® (w) = (2m)" 2 Y [J7| - €] @ (r,€),
cezd

and

(4.4) Frowg (w) = 2m)72 3 [J7] + €| a(r,€),
cezd

where o € R. The proof starts with re-prove a subset of wave operator bilinear STrichartz estimates
on torus and use the bilinear Strichartz estimates to obtain (3.5). In this section, the bilinear estimates

are performed on the extra time variable ', where (t',z) € [—3, 2] x T%. The original equation u (¢, z)

on RT x T? is extended to a new domain [—%, %} x RT x T? with the equation

(4.5) u(r,t,z) = cos (r|V|)u(t,z),

where the operator is defined by F, cos (1 |V|) u (z) = cos (r|¢]) f (€) . It is obvious that (,u = 0 and
u(0,t,z) = u(t,x), where O, := 92 + A. Let ur (r,x) = u(r,T,x) be the function of r,x at a fixed
time T, ur (r, z) is a homogeneous wave function on [f%, %] x T?. The initial data for the equation is
given by ur (0) = u (T), Orur (0) = 0. Taking integral on both side of the differential equation with

respect to r and x
P (ug - Vur) (0)° = |P (ur - Vur) (r)]? 7/ Oy |Pur - Vur (') dr,
0

a bound for P (ur - Vur) at r = 0 can be obtained.
The following theorem for wave operator bilinear estimates can be found in [3]: Let d > 2 on R x R4,

Of =0g =0, {£ (0), fi (O} = {fo, f1}, and {g.(0) ¢ (0)} = {go, g1} We have
191" wiw (fg)]

L2L2(R;R4)

Sa (1ol sty + 11l s gy ) (0l 22 ey + 91l gz gy )

if and only ifaq, as, By, B1, Bosatisfy the following conditions:

(4.6)

d—1
(4.7) 50+5++5—:041+042*Tv
d—3
(4.8) po>-123
4
d—1
d—1
(4.10) aigﬁ_+T, i1=1,2,
1
(4.11) a1+ g > 5,
d+1 d-3
(4.12) () # (2, -222)  iz12
4 4
1 d-3
(413) (011+012,ﬁ_) 7& 5 1 |-
2 4
We expect that the bilinear estimates on [—%, %] x T? follow the same inequalities as the well known

estimates on R x R?. Since in the later section only the case ST = 0, f_ = %, and By > 0 are
considered, we only prove the special cases of the bilinear estimates on [—%, %] x T,
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Lemma 9. Ford >3, f = elVIfy, g = e™Vlgy and we have

(4.14) w2 (£9)]

< .
vena(-p gty > oz ol 0

for all fo € L, (']I‘d) ,90 € Hx% (']I‘d).

—_~—

Proof. The Fourier transformation v (t) fg can be written as

Frat (8) 19 =(2m) %//Zfof n)Go (m) 0 (7' =) (F =/ — ¢ = n) & (7 — 7) dr'd7

YIS
=2m) Y fo€—m) @D —Inl— € —)).
nezd

We follow a similar argument in [6], Here define A’ := {T : 7 =1&1] + |&|, where &,& € Zd}. Also
define S(7,€) := {n € Z* : ||¢ — n| + |n| — 7| = 0}, which forms an ellipsoid. Using the inequality

o2 9] oy ey SO QU izz i
we have the following estimate:
(4.15)
2
|2 fgﬂLW e S 2 2| X e nlla ol el

1 l
27 2 cezd TeN | nesS(r,€)

Y| Y Mmnescons,oyE | X [foe—o)| (nFiwml) o lin - el

gezdTeN [reR(r.¢) neS(7,6)NSy(p)

Here S, (p) = {n € Z* : |n| = p}, and we define the counting measure for the intersection of the sphere
and the ellipsoid as

(4.16) By (1,6,0) == H{n:ne€ ST, NS, (n)}.

Also define the set R (71,£) can be viewed as the ellipsoid S (7,£) project to a 2 dimensional plane
contains the vector ¢, and contains all the possible p value, R (7,§) := {p € RT : S(1,£) NS, (p) # ¢} .
To simplify the notation, let

(417 Aren = Y |Be—n)||mtam

neS(1,6)NSy (p)

‘ 2

By Cauchy’s inequality the equation (4.15) has the bound,

- 2
_d 1 1 1

S D el = IElE Bu(r.6.0)T A(7,6,p)?

gezd TeN | reR(r.€)

SY DD =BG || D A

cezd TeN _rGR(T,&) pER(T,E)

It is suffice to prove that
(4.18) By (1,6):= Y, p'Bi(r&p)llrl—[Ell ST
pER(T,E)

for all 7,&.
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Since the intersection of the ellipsoid S (7,¢) and the d — 1 dimensional sphere Sy(p)isad—2

dimensional sphere, and the radius is psin 6 (&, 7), we have B (1,£, p) ~q p*2sin?=26 (¢,7),
Yoo B - lEl S Y oI - If\lsind”@(&n)
pER(T,E) PER(T.E)
We may rewrite r as a function of 7,¢ and w,
* —lg)°

2(r—¢&-w)’
Since all possible 7 are of distance at least 1, hence the summation can be bounded by the arc length

of the ellipse and denote the arc length by s’. To simplify the notation, we denote 6 (§,n) by 6, i.e.
taking the £ direction to be the positive xz-axis direction, we obtain

By < / P2 |I7| — [€]| sin®2 0

)

(4.19) p=

In (4.19) we have & - w = |£| cos 8, hence

ap (7= 1) lelsing
a9 2(7’—|§\cos€)2 ’

Hence we have

\/+7d9 1+ |§|2 sin” 0 do — \/(7' — €] 0059)2 + |§\2sin2 Oda
' d0 (7 — [¢] cos 0)? g T —|&| cos 6

p can be view as a function of a := ? w, and it is easy to verify that p decreasing as a increasing
from —1 to 1. By using the substitution da = sin 6df

T o(r— 0 T—fcos92+§28m29
s [ HCES g Vi leost sl sn0
T2 g T — €| cos 8

L /r2+|¢? =27 ¢ a a-3
5/ \/ €l 4l (1—a2)2da§1.
T+ [¢]

Therefore we obtain the desired inequality

|t o], o e S 2 2 | 2 A& Sl Il -
L2L2([~3.3] i (T4)
E€ZITEN | pER(T,E)
Il
Lemma 10. Ford >3, and f = IVlfy, g = e=Vlgy we have
1
(4.20) 102 D ey 4100y S Mz 190 -

. d
for fo € L, (T?), go € Hz (T?).
Proof. The Fourier transform is given by

Frat (t) fg = (2m) %//Zfof ) Go ()6 (7' + [n) 6 (F — 7/ — | =) ¥ ( — 7) dr'dF

nezd
) Fo6—mdo )b (r+ Inl — 1€ —nl).
nezd

Following a similar argument, defining S(7,&) := {n € Z%:||¢ —n| — |n| — 7| = 0}, which forms an
hyperboloid by rotating the hyperbola in 2 dlmenswnal space. Since for the counting measure of the
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intersection of the sphere and the hyperboloid has the same bound as in Lemma 9, B (7,&,p) =
{n:ne€ S, NnS, (p)} < pt2sin?26 (& n). Tt is suffice to prove the following bound

Yoo B &I e S D 7 Irl - st P S 1,

pER(T,E) pER(T,E)

where R(7,§) is the hyperbola from projecting S (7, ) on 2 dimensional space containing &. Following
the similar argument, we can rewrite p as a function of w :=n/|n|

_ g
(4.21) p= e T w
for p > 0, and

g
(4.22) Y

for p < 0, and we can take w to —w’. The proof can be obtained by following a similar argument in
Lemma 9. O

Lemma 11. Let d > 3, let f = eT VI, and g = €1Vgy, we have

(4.23) H\Vlﬁ0 w? (fg)‘

rra(|-3.3)m) Sa lfoll o1 (ay 9ol oz pa)

if a1, ag, Bo satisfy the following conditions:

d
(424) ﬁ() + 5 = Q1 + a2,
(4.25) By > 0,
(4.26) a; < g i=1,2.

Proof. For the ellipsoids case it is suffice to prove when f = eIVl f, and g = €"1Vlgy. Recall that
the definitions S, (p) = {n € Z*: |n| = p}, and By (1,&,7) := [{n:n € S(1,£) NS, (p)}|. Let Fy =
IV|** fo and Gy = |V| go, we have

[/ ot o],

(e S 2 2 | 20 6™ Fote—m]ig (ol Il — kel

(4.27)

— _ _ 280 2
<SS Y Bran| X \Fog_n)ﬁgo(mfw

cezdTeN [reR(r,€) nes(r,£)NSy,(p) |§

On the intersection S(7,&) NS, (p), the quantities have the values|n| = p, [{—n] = 7 — p, and
By (1,6, p) <q p?2sin?"20(&,n). Also due to the symmetry, we can assume that || ~ | —n| >
Inl. IEJEl ~ Il Z 1€ —nl let p" = |&=nl, 7 —p' = |n[ and By (7,£,p) = Bi(7,§,7—p') Za
(p')d_2 sin?=20 (¢,€ — n), the same argument can be applied.

— 21— |2
(4.28) amep)= > |RE-n] |G

neS(7,£)NSy (p)
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By Cauchy’s inequality the equation (4.27) has the bound,
- 2

_1£13 |£|Po .
Sy |y M n et a e

gezd TN |reR(r8) iy

=

YY| Y Il = Iell ™ o r
~ 205 21 ﬂf,p) Z (vaap)

= p[*** |p|
g€zd TN | reER(T.E) PER(T.E)

It is suffice to prove that

_ 2f30
(420 Biro= . I EE g e s

20&1 2042
reR(r,£),r<7/2 ‘T - p| |p|

By the conditions Sy + % = a1 + a and ay < %7 21 — 208y > 0 and d — 2 — 2a > 0. Applying the

inequalities ‘T‘flpl <1 and ‘T‘E‘m

~ 1, we have

2 d—2-2 d—2—2
R R I

~Y
r -

d—2—2a1—2 2 —2
Slpl a1 0z2+,6’o:|p| )

2a1 2041_2ﬂo
ol

|7 — pl

Therefore following the same substitutions in Lemma 9, the following bound holds

2B0o
Birgs Y Il e gy )

_ 2041
reR(r€),r<1/2 IT = pl

S el = Ellsint o g m) S 1

reR(1,&),r<7/2

For the hyperboloid case f = e "IVlf, g = e*lVlgy, we separate the estimate into two parts, where
[n| < 2|¢land where |n| > 2|¢|. For where |n| < 2|, the same argument used in the ellipsoid case
can be applied. For |£ —n| = |n| > 2|¢|, if By > 0, we can also apply the argument use in the ellipsoid
case. 0

In the following section, we are going to prove the estimates for the quadratic form. Suppose f, g
are two divergence free vector value functions from R™ to R™. The quadratic nonlinearities P (f - Vg)
can be written symbolically in the form

(4.30) P(f-Vg)=Q(IVI™" f.9)-
Here Q (f, g)represents arbitrary linear combinations of the null forms

Q(f.9) (7€) = Z/q(&—n,n)f(T—T’,f—n)é(T’m)dT’,

nezd
where ¢ is a linear combination of the symbols g¢;;
a5 (§;m) = &nj — §5mi-
See Lemma 2.1 in [7] for details of the following bounds. For any vectors £, n € R™ we have
11 11
(4.31) €Al ST I 1€+l W2 (7,6 A,m),

where W (7,&; A, ) is the maximum of the weights ||7[ — [&[[, [[A] — [n]], |7 + A| = [£ + n]|. Since in the
paper only linear wave functions are considered, f (7,€), g (7,&) are supported on |7| — || = 0. The
equation (4.31) can be reduced to the case

=) Anl S L&=nl? |7 €)% |Ir| — €12 -
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Also there is the bound

‘6/\ ‘<|n| ‘€+n| W%(7—7§§/\,7l)'

= 1
€] (1] +1¢D)?

Applying (4.32), and f (7,€), § (r,€) supported on |7| — |¢] = 0 to Q (|V\71 /s g), the estimate can be

reduced to the case

(4.32)

/A

1€ —nl
Lemma 12. Letd > 3, and Of = 0, with f (0) = fo, f+ (0) =0 and Og = 0, with g (0) = go, g:(0) = 0.
Let the pair {%,%} be either {fo, g0} or {go, fo}. Then we have the following bounds:

1 1
n] <l 11— el

4.33 P(f-V .

(4.33) BV -2y ey 5 100y 150015

4.34 P(f-V 1

(1.34) BTy 1m0t 1010

and

(1.35) PV g8 (g gy 54 100 8y 10y
. <y

(436) H]P)(f vgt)HL%H?_%([—%,%] Td) ~d HfOHHL%(Td) ||go||H2(Td)’

whenever fo, go satisfying H%HHT% e’ ||%||H§(Td) < o0

Proof. Let f (t) = 1 (eIl + 7 IVI) fo, £, (t) = Z\VI (1Y — =tV fo, g (1) = L (1Y) 4 = i11V1) g
g (t) = @( VI — e=itIVl) go. Let I = [—1, 1], we have

HQ <|V|71 1 g)) L2Hs (I;T4) S sz (f |V|% g)‘

The following inequalities for homogeneous wave equations f, g with suitable parameters

917wt (1917 1) 191 9)|

by applying Lemma 11. Not that s = % -1, % -1, % -3, % — 3 in the case (4.33), (4.34), (4.35),
(4.36) respectively.
For (81, B2) = ( ) the parameters are choose as the following table,

L2Hs(I;14)

< s )
L2r2(r;1d) ~ I Follzzzs ey 9ol zz2 ooy

equation ( 3) (4.34) (4.35) (4.36)
m | 41 [ 44 | 43 | 43
a1+ as d—1 d—3% d—3 d—3
oron) | (B 4-1) | (B3-5) | (G-14-2) | (F3-
oo |G| 4D | @Y | @D

Notice that for (4.33) estimates, we use the property ||gT)||H§,%(W)

proof. g

90l . g T4) to finish the

Proposition 13. Let d > 3 and the pair {u,v} be either {u,v} or {v,u}, € Hg? (TY), v e Hg? (T9),
we have

(4.37) 1P G- Vol g, Sallull g

27 (ra) #0144 )
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.
Proof. Note that if u,v € L7H2 (I; T%) for some time interval I, then for a fixed time t € I, u (t),v (t) €

Hw% (T¢) for a.e. t. Let u(r) be a solution to the linear wave equation Cyu = 0 and u (0) = u (%),
u,- (0) = 0. Define v (r) in the same manner. We want to bound the quantity ||P (u - Vv) (¢ )|| gy
by ||P (u- VU)H e (b and its derivative in time, "
H 22T
2 —_— . . .
587. ||]P’(u.Vn)HHI%, ) Re(P(u-Vo),P(u,.- Vo) +P(u VU,))HI%_ it
.1 .1 .
Using the H? — H; ? duality ’Re <f’g>H§_ i = ‘Re <f’g>H§_%xH§_% ,we have
(4.38)
1 2
30 PG g <P Vol gy (PG T gy P Tl gy ).

[ o P sl
0 HJ:Z

(T4)

SIP@- Vol H() (1P o V001 gy PGS0y ).

By (4.34), (4.35), and (4.36) we have

(439) / 01w Vo) (I g0, dr| Sa 5O RO -
Applying (4.41) and (4.39) to the equation

2
@10 PO g, = P @+ [ OB
there is the bound

2 =2 — 112

(1.41) B Vo O g, SIFOI, [WOR, -
By substitution u (0) = u (¢), v (0) = v (¢) on both side of (4.41),
4.42 P . < u
(4.42) 1P (u (2) Vv(t)Hngfl(Td)Nll v () e o I ()||H§(Td),
for a.e. time t € 1. O
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