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Abstract

In this paper, we will expose the causation of multiple causes acting on a single
variable computed from correlations. Using an example, we will show when strong
or weak correlations between multiple causes and a variable imply a strong or weak
causation between the causes and the variable.
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1 Introduction

In this paper we will present the relationship between the causation and correlations
for multiple causes acting on a variable. We will present the table of magnitudes for
correlations and causation in order to further interpret the notion of strong and weak
correlations and causation. We will then explain the way in which we will study a
problem of two causes acting on a variable. We will describe the fields of correlation
pairs having strong and weak causation. The paper ends with numerical applications
for a problem of two causes acting on a variable. From these numerical applications,
we will be able to relate the notion of strong and weak correlations with the notion of
strong and weak causation.



2 Causation of multiple causes acting on a single vari-
able computed from correlations

The causation of multiple causes acting on a single variable computed from correlations
is expressed as follows:

1 L -
€o—x =" In(1 - KxoKo! Kax)
Where K x.0 18 a correlation’s vector between the causes Q and the variable X and ng
is a correlation matrix of causes Q.
Proof:
€o—x = h(X) - h(X|Q) = In(27.e.Ky) - 3 In(2.7.e.Ky2 )

Where /() is the differential entropy Gaussian (see Appendix). Ky: is the variance and
Kx2|q is the conditional variance.

In this proof, kg,x is a correlation vector between X and the set of causes Q. kgz
corresponds to the correlation matrix of causes Q.

In what follows, we will factorize the variance Kx: of the conditional variance Kyzjo:
Ky:o = Kx2 — Kxa.Kg Kxo

Kxojo = Kx: — Kxo.(diag ' (Ko2))? Ko} (diag™ (Ke2))?.Kax

Kyia = Ky - Ko Ryo. R K2 Koy

sz‘g = sz.(l - kX’Q.kg_lzl.kQ’X)

‘We obtain:
€Q—x
=h(X) - h(X|Q)

=1In(2.meKy) - 1 In(2m.e.Kyq)

=1In(2.meKy) - 1 In(2me.Ky.(1 - Kxo.Ko} . Kax))

= —% In(1 - kx,gkézlkg,x)



3 Correlation value range

We will explain the importance of correlations in order to be able to interpret the order
of magnitude in what will follow:

Level of correlation | Pmin | Pmax |

Very strong positive correlation 0.8 1
Fairly strong positive correlation | 0.6 | 0.79
Moderate positive correlation 04 | 0.59
Weak positive correlation 0.2 | 0.39
Very Weak positive correlation 0 0.19
Very strong negative correlation -1 -0.8
Fairly strong negative correlation | -0.79 | -0.6
Moderate negative correlation -0.59 | -04
Weak negative correlation -0.39 | -0.2

Very Weak negative correlation | -0.19 0




4 Causation value range

In this section we will give an order of magnitude to the causation. To do this we will
divide the quadratic form 0 < Kx oK1 Ko x < 1 by 4:

1. 0< KyoK,}Kox <0.25 which means we have negligible causation
2. 0.25 < KxoK;} Ko x < 0.5 which means we have weak causation
3. 0.5 < KxoK} Ko x <0.75 which means we have moderate causation

4. 0.75 < KyoK;} Ko x < 1 which means we have strong causation

By using the relationship:
1 Y a1
€EQ_ X = —5 ln(l - KX,QKQz Kg’x)

We can build the following table:

| Level of causation | g™ ¢ [ 4™,y |

negligible causation 0 0.14
Weak causation 0.15 0.35
moderate causation 0.36 0.69
Strong causation 0.7 —




S Problem: Causation of two causes acting on a single
variable computed from correlations

In what follows, we will consider a set of two causes Q = {w1, w; } acting on a variable
X as follows:

bo

To this graph we attribute a matrix of correlations of the causes K> and a weight vector
of correlations Ky o between the causes Q and the variable X:

~ 1 v
Ko = ( pwllmz) and Kx.o = (Pw, x> Pw,x)

Then we will present a field of correlations K %0 = (Pw x>Pu,x) for which there is a
strong causation:

1 o
07 < e x=-7 In(1 - KxoKo!Kax) < 1.15

We will also show the representation for a weak causation:

1 L
0.15 < €0y = =3 In(1 - KxoKg Kax) <0.35

For correlation’s field I’ZX’Q = (Pwx>Puwrx) » We select correlation pairs to expose the
following situations:

1. When we have a pair of very strong and fairly strong correlations between the
causes ) and the variable X implies a strong causation between the causes and
the variable.

2. When we have a pair of weak correlations between the causes Q and the vari-
able X implies a strong causation between the causes and the variable.

3. When we have a pair of fairly strong correlations between the causes Q and
the variable X implies a weak causation between the causes and the variable.

4. When a pair of weak correlations between the causes Q and the variable X
implies a weak causation between the causes and variable.



6 Correlation and strong causation between two causes
and a single variable

In what follows we will consider the matrix of causes Kq2:
. 1 0.8
Koz = (0.8 1 )

From the previous matrix, we will now represent the pairs of correlations Ky.o having
a strong causation 0.7 < g, x < 1.15:

Mat(2]
0

Mat(.1]

Figure 1: Pairs of correlations kx,g having a strong causation 0.7 < eo_x < 1.15

From this graph we will select two points:Kx o = (0.76,0.86) and Ky.q = (0.21,-0.34).
We will compute the causation value €, x for the two points:

-1
1 1 0.8 0.76
éa—x =~ In{1 - (0.76,0.86). (0.8 : ) .(0.86)} =0.7012119

-1
i . .
o= =5 In{1 - (021,-0.34). (0%8 0]8) .(90?314)} - 07155297

‘We can therefore describe two situations:

1. A pair of fairly and very strong correlations between the causes and the vari-
able implies a strong causation between the causes and variable.

2. A pair of weak correlations between the causes and the variable implies a
strong causation between the causes and the variable.



7 Correlation and weak causation between two causes
and a single variable

In what follows we will consider the same matrix of causes Kcy:
. 1 0.8
Koz = (0.8 1 )

From the previous matrix, we will now represent the pairs of correlations Ky.o having
a weak causation 0.15 < eq__.x < 0.35:
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Figure 2: Pairs of correlations I?X,g having a weak causation 0.15 < e, x < 0.35

From this graph we will select two points:Kx o = (0.70,0.62) and Ky.q = (0.22,-0.20).
We will compute the causation value en_,x for the two points:

-1
1
ca—x =~ In{1 - (0.7.0.62). (0?8 ois) .(8'672)} = 0.3465736

-1
1 1 08 0.22
ca—x =~ In{1 - (0.22.-0.20). (0.8 ; ) .(_0.20) } =0.2909023

‘We can therefore describe two situations:

1. A pair of fairly strong correlations between the causes and the variable implies
a weak causation between the causes and the variable.

2. A pair of weak correlations between the causes and the variable implies a weak
causation between the causes and the variable.



8 Conclusion

In this paper we have exposed the existing relationship between the notion of causation
and correlation for multiple causes acting on a variable. Using an example of two
causes acting on a variable, we have shown the different situations that can occur:

1. When we have a pair of very strong and fairly strong correlations between the
causes Q and the variable X implies a strong causation between the causes and
the variable.

2. When we have a pair of weak correlations between the causes Q and the vari-
able X implies a strong causation between the causes and the vaiable.

3. When we have a pair of fairly strong correlations between the causes Q and
the variable X implies a weak causation between the causes and the variable.

4. When a pair of weak correlations between the causes Q and the variable X
implies a weak causation between the causes and variable.



A Appendix

A.1 Differential entropy of a Gaussian random vector

Theorem:  Given random vector X = (x1,%a,...,X,) with a multivariate Gaussian
distribution:

(% - pix)' Kl (% - pix)

Px(¥) = N (ux. Kye) = (2m)F Kol exp{~ 5

}

with a mean vector uy and a covariance matrix Ky then the differential entropy is
equal to:

h(X) = %ln(Zﬂe)"U(xz\
Proof:
h(X)
== [:o px(%) ln{PX(ff)}CT;C

=- [:o Px(i)[—%(i—ﬂx)zl(;z‘ (% - i) - In(V/27)"[Kye| 1A

) s P
= SEx[2(F - px) (K2 )i (3 = pax,) ] + 5 In(27)" | K|
1

. . . 1 )
= 3 Ex[ (= ) (%) = ) ) (K )i + 5 In(27)"|Ke|

i
b4 3 - 1 n
= I Ex[(X - ux,) (% — px) (K2 )ij + > In(27)"|Kx:|

ij

=5 2 [(Kxe) (K )if] + %1H(27T)"|Kx2|
= 3 0K (K] + 5 2 Ko

1 n
=32 1jj+ 5 ()" Kyl
J

=2+ 1In(2n)"| Ky

2
= 1 In(2ne)"|Ky:|
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A.2 Conditional differential entropy of two Gaussian random vec-
tors

Theorem: Given two concatenated Gaussian random vectors X = (¥1,%;) , of size
ki and ky respectively, with a multivariate Gaussian distribution:

(% - fix) Ky? (X = pix)
2

Px (%) = N (ux, Ky ) = (21) 3 [Kye| "2 exp{-

}

with a mean vector pix and a covariance matrix Kyo.

In this case, the conditional differential entropy h(X,|X;) is equal 1o :

1
h(Xi|X2) = 5 In(27e)" |KX12|X2|

Proof:

+00 +00 —_—
nae) == [ [ prn (5 8) In{px e (51,5)

We know the conditional probability Py, x, can be expressed as follows:

= - 1 =1
(XI_VX]/XZ) Kxf\xz

oL K 1 (fl—Vxl-/xz)
Py, |Xz('x1,x2) =(2m)72 |KX]2|X2| 2 exp{- 2

So we can write:

h(X1|X2)

e [ b B () K ) -In(V ) Ko T
s S U)o J ) K

= B LG~ voun U, = ouin K )] + 5 02 Ko

=3 %:Exlxz LG = veap, Y {ED = v (K, )i + % In(27)"' Koy, |

=3 %:(KX%\Xz)ji)(K§fl|xz)ij) + %ln(Zﬂ)k' (K|, |

=3 %:(Kxf\xz)jj)(KQﬁxz)jj) + %1n(27f)k‘ |Kxax, |

=3 %:Ijj + %IH(Z”)I(I K|, |

= 44 Lin(2r) Ky

= 5 In(27e)" (Ko, |
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