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Abstract
This article shows that zeta function is a spiral on the complexe plane, then based on the general equation of
the spiral we define an analytic continuation for zeta function and finally we prove that Reimann hypothesis
is true.

January 31, 2024
1




Summary

In this paper, we prove that the Riemann zeta function
(s) = flfl% :s =a+ib,s # 1 on the complex plane is a spiral of radius r :
r
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* a- KP(a) (a €R) is the function that sums the multiplications between all the

elements of the non-repeating combinations of the n

elements {a;a +1;a+2;...;a+n—1:n€ N} takenp by p (CF)
And coordinate center :

+ o0 + oo

1 1—a sz —-b sz
PRy Brjr | \ 202~ /) oy dzi-1
2 (1—a)2+b2 (2])' 1-a)*+b _1(2])!

J:

We then show that the Riemann zeta function can be extended analytically on all the complex

plane exceptins = 1 by :

_ |1 _ 1-a (oo D2j b +oo bzj
¢s) = [2 (1-a)?+b? J= 1(21)'321 1] [(1—a)2+b2 J= 1(21)'A21 1]
— (2 1-a 2 by; 2(] -n)-1
((S) - [E - (1—a)2+b2 [( 1)nb nz} =n+1(3; g, 2j—1 (a)”

b, 2(] n-1)
X [+ B2 [T B 2L KV ()]



Finally, we conclude that the Riemann hypothesis is true and that all non-trivial zeros of the

zeta function have a real part a = % and an imaginary part b that satisfies the equation :

+00
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2 Z (=D Z @ y[’{w—l (z)‘z’%’—l (z)] =0
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Introduction

The Riemann zeta function' , often referred to as {(s)is a special mathematical function that
plays an essential role in the study of the distribution of prime numbers and in number theory
in general. It was introduced by the German mathematician Bernhard Riemann in the mid-19th

century.

The Riemann zeta function is defined for complex numbers s of the form
s = a + biwhere a and b are real numbers, and i is the imaginary unit (i> = —1). The formula

for the Riemann zeta function is as follows:

c@—f% iwm

When the real part of s is strictly greater than 1 (a > 1)the series converges, giving a finite

value to the Riemann zeta function.

For s = 1it has a simple pole and for any real part s strictly smaller than 1

(a < 1) the series diverges and can be analytically extended using the functional identity :
¢(s) = 275! sm( : ) (1 — ) ((1 - s),

Where I' is Euler's Gamma function. It then becomes possible to use this formula to define zeta

for any negative real part s (with {(0) = — %

We deduce that strictly negative even integers are zeros of zeta (called trivial zeros). {(—2n) =

0 and that non-trivial Zeros are symmetrical about the axis
a = % axis and all have a real part between 0 and 1; this region of the complex plane is called

the critical band.

As aresult, Riemann's hypothesis can be reformulated as follows:

1
{((s)=0Et0<a< 1,impliquea=E

! Bernhard Riemann. Ueber die anzahl der primzahlen unter einer gegebenen grosse. Ges. Math. Werke und
Wissenschaftlicher Nachlal3, 2(145-155):2, 1859



1 Literature review

1.1 Analytical extension principle

Theorem: Let U be a connected open of Clef f and g be two holomorphic functions on U, and

let A be a part of U admitting an accumulation point that belongs to U. Then
f=gond&s f=gonU.

In particular, if f = g in a neighborhood of a point @ of U, then f = g on U

This theorem is used to prove many uniqueness results for holomorphic functions. For example,

the only holomorphic function f:C-C that verifies

f (%) =% for all n>1 is the function f(z) =z. We apply the previous theorem to

A= {l : n =1}, U= Cnoting that 0 € C is an accumulation point of A.
n

Definition? - Let U be an open of the set C of complex numbers and fan application of U in C.
o We say that f'is derivable (in the complex sense) or holomorphic at a point zp of U if the

following limit, called the derivative of f at zy exists:

f'(20) = lim —f(z) — f(=) .

z—rzg A A

e We say that fis holomorphic on U if it is holomorphic at any point in U.

e In particular, a holomorphic function on C.

1.2 Bernoulli numbers
The Bernoulli numbers, noted B,, (or sometimes b,, so as not to confuse them with Bernoulli

polynomials), are a series of rational numbers.

These numbers were first studied by Jacques Bernoulli* (which led Abraham de Moivre to give
them the name we know today), looking for formulas to express sums of the type :
n—1

D ET=0" 1"+ 2" 4 (= 1)
k=0

2 https://www.bibmath.net/dico/index.php?action=affiche&quoi=./p/prolongementanalytique.html
3 Jakob Bernoulli. Ars conjectandi: opus posthumum: accedit Tractatus de seriebus infinitis; et Epistola gallice
scripta de ludo pilae reticularis. Impensis Thurnisiorum, 1713
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For integer values of m, this sum is written as a polynomial of variable n whose first terms are

n oo 1 2 3 4 5 6 7 8 9 10 1| 12 13 14
1 1 1 1 1 5 691 7
By 7 -5 6 | 0| 35 O xm 0| -3 0 H 0 -3 0 3§
Jacques Bernoulli knew a few formulas like :
1 n n(n—1)
1+2 == gt L
+2+3+--+(n-1) g™ 3 L
1 1 n nn—1)(2n —1)
2 2 2 LA e P i T = ;
F+2+38 4.+ (n-1)" = 3n' - on" + = > :
1 1 1 n?*(n —1)?
3 3 3 s — 3:— 47— 3 — 2 | cene———— ¥
P+2 43+ +(n-1) " — 3" +4n 7 :
- (SR | 1 n n(n—1)(2n — 1)(3n® —3n — 1)
14498 134 ... g Sl S, ok T = ;
GRS b S o =g 5 ~ 30
1 Y 4. B 1 n*(n—1)2(2n% — 2n — 1)
5 5 5 _ 5:_ , S R S —
P+2 +38 4o+ (n-1) g =5 Tl T "
Bernoulli observed that the expression :
n—1
Sm(n) =) K" =0"+1" 427 + -+ (n—1)"
k=0
Is always a polynomial in 7, of degree m + 1, and defines the Bernoulli numbers By, by :
ui m! B 1 & /m+1 T m pmtl-k
S n = ——nm+l_k=— B nm+1_k= B —_—
m(n) g(erlfk)! k! m+1; ko)o" ; k) hma1—k

nm+l_l m+1 nm_._l m+1 nm—l_i m+1 ﬂm_3+i m+1 rn‘m—5_~_
2 1 6 2 30 4 42 6 )

In particular, the coefficient of # in the polynomial S,,(n) is the number Bj.



1.3 Special values of the Riemann zeta function*
1.3.1 InOand1

In zero, we have : {(0) = —%

In 1 there is a pole, so (1) is not finite but the limit is —coon the left and +ooright :
lim {(s) = +o
s—1%
1.3.2 Positive even integers

The exact values of the zeta function at even positive integers can be expressed from Bernoulli

numbers:

_ (_1\yntl (2)*""' By 2n
vneN, ((2n) = (-1) o)

1.3.3 Odd positive integers

There is no general formula for calculating the zeta function for odd positive integers.

The sum of the harmonic series is infinite:

(1) L.
= —t+-+—-..=®
¢ 2 3 4

The value {(3) is also known as Apéry's constant (1.202..) and appears in the electron's

gyromagnetic ratio. The value {(5) appears in Planck's law (1.036...).
1.3.4 Negative integers

In general, for any negative integer, we have :

Bpi1
() =D~

Trivial" zeros are negative even integers:

{(-=2n) =0 (Byps1=0:1n>0)

4 https:/fr.wikipedia.org/wiki/Valeurs_particuli%C3%AS8res_de_la_fonction z%C3%AAta_de_Riemann
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2 Graphic observations
We introduce the function s = Z(s) for all s in the set of complex numbers

S = a + bisuch that :

N N
1 1
26)=) 7= ) e

n=1 n=1

We have the following equality:

Jdim 2() = 3(s)

And since :
1 L pmax g-ibin() — cos(bln(n)) i sin(bln(n))
natbi na na
This gives :
N N
2(s) = lim Z cos(bln(n)) _ix lim z sin(bln(n)) (1)
T Noto na N—+0o0 na
n=1 n=1

Figure 1 shows the graphical representation of Z(s) in the complex plane when N varies

between N; = 103 a N, = 6 x 10° for some real numbers (a, b).
Indications :

We know that :

e (>4 ix49.773832478..) =0
2

e 7(++ ix101.317851006..)=0
2

49.773832478 ...; 101.317851006 ...are estimates of the imaginary part of some non-trivial

zeros of the zeta function.



20

Im(Z(s))

Re(Z(s))

-20 20

-20

Figure 1 Graphical representation of Z(s) of N; = 10% a N, = 6 X 105 in the complex plane
when s = -+ i X 49.773832478 ...

20
Im(Z(s))

Re(Z(s))
0 25

-25

Figure 2: Graphical representation of Z(s) of N; = 10% a N, = 6 x 105 in the complex plane

Whens=§+ix40
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Im(Z(s))

Re(2(s))
8 10

Figure 3: Graphical representation of Z(s) of N; = 10% a N, = 6 x 10° in the complex plane

when s = §+ i x 101.317851006 ...

0
Im(Z(s))

7

Figure 4: Graphical representation of Z(s) of N; = 10% a N, = 6 x 105 in the complex plane

whens=§+i><100
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T ms)

Re(Z(s))

-1E+33 1E+33

ZE+3

-3E+32

-S5E+32

Figure 5: Graphical representation of Z(s) of N; = 103 a N, = 6 x 10° in the complex plane
whens = =5+ i x 100

FE+33

Im(Z(s))

8E+32

Re(Z(s))

-2E+33 2E+33

-8E+32

Figure 6: Graphical representation of Z(s) of N; = 10% a N, = 6 x 10° in the complex plane
whens = =5+ i x50
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From Figures 1, 2, 3, 4, 5 and 6, we can draw the following conclusions:

e When N — 400, Z(s) : s = a + biin the complex plane is a spiral with radius r € R
depending on N, a and b and a center with coordinates (u, v) € R? depending on @ and
b

e Whena = % and b takes one of the values of the imaginary part of the non-trivial zeros

of the zeta function, the spiral appears to have the origin of the reference frame as its

center (0,0).

3 Hypothesis (0)

Based on graphical observation, hypothesis (0) can be formulated:

The analytical extension of the Riemann zeta function can be written as {(s) = u + iv and

(u,v) are the coordinates of the center of the Z(s) spiral towards infinity.

4 Demonstration

According to relationship (1) :

N N

cos(bln(n sin(bln(n
U(s) = lim 2—( ( ))—ix lim Z—( (n)
N—+o nt N—+o0 na
. cos(bln(n)) sin(bln(n))
Posing f(n) = — and g(n) = —

By applying the Euler-Maclaurin formula, which can be expressed as follows:

For a function f'continuously differentiable 2k times on the segment [p, ¢] (with £ > 1) we have

N k
)+ fIN) N b,; - -
nZlf(n) == + fl f(x)dx + jZl(Z_j)!(f(ZJ 1)(N) —f(21 1)(1)) + Ry

The numbers b,; denote Bernoulli numbers, and the remainder Ry is expressed using the
Bernoulli polynomial B, :

1

B =~

f”WQBMWﬂﬂMm
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The functions f'and g are continuously derivable 2k times on the segment [/, N] (with k> 1),
then :

S f) =TT (Y fGodx + B 2L (FAITOW) - FED(1)

J=1(2j)

0 b-; . .
M g(n) = L0 4 (N g(odx + 315 2L (9@ () - g @D (D)

lim Rk =0

k—+0o0

Calculation of le f(x)dx et le g(x)dx :

fN—COS(bln(x)) = le [il_ ] cos(bln(x)) = [—Cos(bln(x))] N—Sm(bm(x))

1 xa xa

N1—@ 1 b (N sin(bin(x)
= Y% cos(bln(N)) — — + L [V Snint) (@#1)

-a 1-a’l xa

) - (22 SinbinG)) = [} - et

1 xa

_ N _ b (N cos(bin()
= 1. Sll’l(bln(N)) 1_af1 x@

N cos(bin(x)) N sm(bln(x))
e and [y ——

Substitute [, in both ties :

fN cos(bint) _ 1__ cos(bin(N)) — —+—X [— sin(bln(N)) — — fN —Cos(bln(x))]

1 xa

[1 +( 2 a)z] x [V cos(bin)) _ I\il__aa X [cos(bln(N)) + ﬁsin(bln(N))] — ﬁ

1 xa

_ fN cos(bin(x)) [I\gl__aax[cos(bln(N))+%sin(bln(N))]—ﬁ]

o (%) |

N sin(bin(x))
f =

1 xa

- sm(bln(N)) — T X [— cos(bin(N)) — — + — b fN Sln(bln(x))

1-a 1-a’1

14



= [1 + (ﬁ)z] X fN sin(bin(@) _ Af__: X [sin(bln(N)) - 1%basin(bln(N))] + 2

1 xa (1-a)?

1-a
N sin(bin() _ [Nl—a x[sin(bln(N))—%sin(bln(N))]+(1_ba)2]

b ()]

This gives :

1-a
N cos(bln(x)) _ [NlTX[cos(bln(N))+%sin(bln(N))]—ﬁ]

[ f@odx = [}/ =220 e
! [1+(ﬁ) ] ()

1-a
N sin(bin(0) [—Nl_a ><[sin(bln(N))—%sin(bln(N))]+(1_ba)2]

fl g(x)dx = fl v [1+(%)2]

Calculation of f@~V(N) et f@-D(1):

Calculating the first and second derivatives of f:

cos(bln(x)) " _gxe1 cos(bin(x))-bx* tsin(bin(x) _ —acos(bin(x))—bsin(bin(x))
[ ] — —

xa x2a xa+1

cos(bln(x)) " _ —acos(bin(x))-bsin(bln(x)) ! _ cos(bin(x)1’ _ sin(bin(x))]’
=51 =1 | = —ax [=Gm] o x [

xa xa+1 xa+1 xa+1

_ —(a+1)cos(bln(x))—bsin(bin(x)) beos(bin(x))—(a+1)sin(bin(x))
——aX[ xa+2 ]_bx[ xa+2
(a(a+1)-b?) cos(bin(x)) +(b(a+1)+ab)sin(bln(x))

£a+2

We can see that the derivative of order & of f can be written as :

Ay sin(bln(x)) + By.cos(bln(x))
xa+k

U =
Ay, et By, Are factors that depend on a and b and the derivation order k.
A1 = _b Bl = —a

A, =b(a+a+1) B,=a(a+1)—b?

xatk xatk xatk

Ay sin(bln(x))+Bgcos(bin(x)) ! sin(bin(x))]’ cos(bln(x)]’
f(k+1)=[k ( S5y ]=Ak><[—] +Bk><[—

15



_ beos(bin(x))-(a+k)sin(bin(x)) —bsin(bin(x))—(a+k)cos(bin(x))
- Ak X [ xatk+1 ] + Bk X [ xatk+1

__ (Agpxb—Bgx(a+k))cos(bln(x))—(Axx(a+k)+Byxb)sin(bin(x))
- xa+k+1

And so we have the following two equalities:

Ari1 = —(Ag X (a+ k) + By Xb)
3)

By+1 = (A X b — By X (a + k))

They are used to calculate the rest of the factors:
A; = —(A, X (a+2)+ B, Xb)
=—(Ma+a+1)x(a+2)+ (ala+1) —b?) xb)
= b3 —blala+1)+ala+2)+(@a+1D(a+2)
Bz = (A, Xb — B, X (a+ 2))
=b(a+a+1)xb—(ala+1)—b? X (a+2)
= b?(a+a+1+a+2)—ala+1)(a+2)
We know that the non-repeating combination of # elements taken p by p is equal to :

n!

p:—
p! X (n—p)!

Cn
Considering the function a = K (a) (a € R) which sums the multiplications between all the

elements of the non-repeating combinations of the n elements {a;a+ 1;a +2;....;a +n —

1:n€eN*}takenpbyp:

2!
Ki@=@+@+1);  G=q—F5=2

2!
K3 (a) = a(a+1); ;= 2x(2=2) 1

K3 @ = a(a+ 1) +a(@+2) + @+ D(a+2); € = = 3

3!
Ki(a) = (@) + (a+ 1)+ (a+2); C; =G = 3

16



K3(a)=a(a+1)(a+2);

s = 31x(3=3)!

3 3!

We'll have :

A; = —bK(a) ; By = —Ki(a)

4z = bK;(a) ; B, = —(b*K3(a) — K3 (a)

A; = b3K2(a) — bK%(a) ; By = b2K1(a) — bK3(a)

Ay =—(b’K;(a) —bKi(a)) ;5 By = b*K{(a) — b*K;(a) + Ki(a)
As = —(b°KJ(a) — b3KZ(a) + bKS (a)) ; Bs =

—(b*Ks(a) — b?Ks (a) + K3 ()

Ag = b°K;(a) — b°K¢(a) + bKS(a) 5 Be = —(b°K{ (a) — b*KZ (@) + b*Kg(a) — K¢S (a))

We observe that 4;, and B), can be written in terms of the parity of the derivation order & :

VkeN'sik=2n+1:neN:

Apsr = Z

n
—p) 12
Bons1 = Z 0(_1)p+n+1b2(n p)KZTIl)-:ll(a)
p:

n
— 2
p_o(_l)p+n+1b2(n p)+1K27117+1(a)

VkeN'sik=2n :n€eN":

2.

n
z 0(_ 1)p+nb2(n—p)KZZTI: (a)
p:

n

Azn (=DPHrp2PHE I (a)

p=1

BZn

Demonstration by recurrence :

Fork =1:

KZ2P

A = 22=0(—1)p+n+1b2(n_p)+1 2n+1

2p+1
Kp

By = 29_o(—1)PHmtip2-p) g2

17
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(@) = —K{(a) = —a



Fork =2:
AZ = 227:1(_1)P+nb2(n—p)+1K225—1(a) — szl(a) — b(a +a+ 1)

By = Tp=o(~ P02 PR (@) = —(b*K7 (@) — K3 () = a(a + 1) — b?

Assuming : Vk € N*sik =2n :ne€ N*:

n
A2n — Zp_l(_1)p+nb2(n—p)+1K22}:—1(a)

n
By = Zp_o(—1)p+nb2<n-w1<§,§’(a)

According to relation (3) :
A1 = —(Ax X (a+ k) + By X b)
Byt1 = (A X b — B X (a + k))
So:
Azny1 = —(Azn X (@ + 2n) + By, X b)
= —(a + 2n) Xr_ (- 1)PHp2-pHE P () — pyn_((—1)PHh2PIKCP ()
= (a + 2n) Zgzl(_1)p+n+1b2(n—p)+1K2271:—1(a) + ZLL:o(—1)p+n+1b2(n_p)+1K225(a)

— gzl(_l)p+n+1b2(n—p)+1(a+Zn)Kzzrll?—l(a) + Zgzl(_1)p+n+1b2(n—p)+1K221110(a)_|_

(_1)n+1b2n+1K20n+1(a)
= B2, (- )PP (a 4+ 20)KE T (0) + K2 (@)] + (~1)MEKG, 4 (a)
— Zg=1(_1)p+n+1b2(n—p)+1 K22111)+1(a) + (—1)n+1b2"+1K2°n+1(a)
— Zgzo(_l)p+n+1b2(n—p)+1 K2271:+1(a)
Because (a + 2n)K,2 ' (a) + K, (a) = K, ,(a) (Appendix 1)
Bon+1 = (Azn X b — Byp X (a + 2n))

= b¥r_ (—DPH2PIHIKIPT (q) — (a + 2n) TR_o(—1)Ph2PIKIP (a)

18



= Yz~ DPrrp2mPI P (g) 4 YR ((—~1)PFHR2P) (g 4 2n)K,E (a)
= Tp2o(—DPHR2E PR (@) + (a + 20Ky (@] + (=D (a + 2n)K37 (@)
= YRy (—D)Pp2m-PI KR () + (=1)2" (a + 2n) K (a)
= Sp=o(~ 1P PG (a)
Because :
K;v" (@) + (a + 2n)K37 (@) = K;hy1 (@)
et (a + 2n)K2"(a) = K21 (a) (Appendix 1)

And since we're interested in derivatives of order (2j — 1) :

. A,i_qsin(bln(x)) + B,;_icos(bln(x))
e = D2 IO s

Replacing n by (j — 1) in relation (4) :

j1 e
Azjq = Z 0(_1)p+}b2(}—p—1)+1K22]p_1(a)
p:

(5)
j-1 i1 2(j 2p+1

Byj_q = zpzo(—1)p+1b2(1—p—1)K2}f’_1 (@)

@2j-1) _ Agj sin(bln(N)) + B;j_1cos(bin(N))
f (N) = Na+2j-1

(6)
£@ID (1) = Azj_q sin(bln(l)) +£?2j_1cos(bln(1)) _B,.,
1a+2j-1 ]

Calculation of g@V(N) et g@-V(1):

sin(bin(x))

xa

By doing the same for the function g(x) =

[sin(bln(x))]’ _ bx% 1 cos(bin(x))—-ax? sin(bin(x) _ bcos(bln(x))—asin(bin(x))

x4 xZa xa+1

19



B Ay sin(bln(x)) + By cos(bln(x))

k
g( ) xa+k

A =-a=B, B, =bh=—-4

We show by recurrence that : Vk € N* A = By et B, = —Ay
For k = 1it's true.

Assuming that Vk € N* A), = By, et B, = —A

(k) _ Bk sin(bin(x))-Agcos(bin(x))
g - xatk

(k+1) _ [Bk sin(bin(x))-Agcos(bin(x))]’
g - xa+k

_ sin(bin(x))]’ cos(bin(x))]’
—ka[xaT _Akx[xaT

=ka

[bcos(bln(x))—(a+k)sin(bln(x))] _ 4, % [—bsin(bln(x))—(a+k)cos(bln(x))
xatk+1 k xa+k+1

__ (Bgxb+Agx(a+k))cos(bin(x))+(Axxb—Bix(a+k))sin(bin(x))
- xa+k+1

Ajy1 = A Xb—Bpx(a+k)

Bjy1 =B Xb+ Ay X (a+k)

We know that :

A1 =—(Ar X (a+k)+ B, xb)

Bry1 = (A X b — By X (a +k))

We therefore have equality :

Ajy1 = Bryrand Byyq = —Apiq

Asaresult: Vk € N* A = By, et B;, = —Ay

And the derivatives of order (2j — 1) of g can be calculated as follows:

A j_q sin(bln(x))+By;_, cos(bin(x))
wa+zj—1

g(Zj—l) =

_ Byj_qsin(bln(x))—Az;_;cos(bln(x))
- xa+2j-1
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Consequently :

Byj_q sin(bin(N)) — A,;_,cos(bin(N))

g(zj—l)(N) = NarZ-1
(7)
- Byj_1sin(bIn(1)) — Ayj_;cos(bin(1))
9@ =~ 1a+2j—1] = —Azj1

Calculation of ¥N_, f(n) and ¥V_, g(n):

According to Euler-Maclaurin we have :

N o Daj o .
W f) =T E s [V pGodx + 18 2L F@TIW) - FETI )

M g(n) = L0 4 [V g(odx + 315 2L (9@ () - gD (D)

According to relationships (5); (6) and (7) :

+oo D2j (~(2j-1) _ £(2j-1) _ o+ bzj Azj_lsin(bln(N))+B2j_1cos(bln(N))_ '
j=1 2! (f J (N) f J (1)) = 4j=1 (2])'( Na+2j—1 BZ}—l)

o b i i o bzj (Bazj—1sin(bin(N))-A4,;_,cos(bln(N))
Zj2 1(2?)1( @V - g 1)(1)) = ZLl(z%!( - = +A2j—1)

Posing :
U= IS G X e
- V=SS X
" Z ((2]), 2j—1)

" +oo b2
WZ j=1 (2])'XA2] 1)

We'll have :

21



+00

%(f(zj—l)(]v) _ f(21'—1)(1)) = Usin(bln(N)) + VCOS(blTL(N)) -
=1

%(g(zj—l)(]v) _ g(21'—1)(1)) = Vsin(bln(N)) —-U COS(blTL(N)) + W,
=1

According to relation (2) :

1—a
cos(bin(W)) N [%x[cos(bln(N))+%sin(bln(N))]—ﬁ

2 () |

f(l)'lz'f(N) +f1Nf(X)dX — %_l_

1-a
sin(bin(N)) [N1—a X [sin(bln(N))—& cos(bln(N))] +(1_ba)2]

gD+g) N —
=+ 9() =— 3 ()]
1—-a
Posing :
pN1-@ pyi-a
UI —_ (1_‘1)2 —
[1_'_(%)2] (1—-a)?+b?
I S Nll__aa 1 (1-a)N1™¢
~ 2na [1+(%)2] T 2Na | (1—a)2+b?
e wiol__im __1__1a
1 [1+ 1%‘)2] 2 (1-a)2+b2
_b b
s W = a-a? =
? [1+(%)2 ] (1-a)2+b?
We'll have :

f(1)-;f(N) n lef(x)dx U Sin(bln(N)) + Vv’ cos(bln(N)) + Wy

g()+g(N) N T T ’ ’
===+ [, 9(x)dx =V'sin(bln(N)) — U’ cos(bin(N)) + W,

This gives :
N_1f(m) =U"sin(bin(N)) + V' cos(bIn(N)) + W{+U sin(bin(N)) +
V cos(bln(N)) — W,
= (U' + U)sin(bin(N)) + (V' + V)cos(bln(N)) + W{ — W)
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N_1g(n) =V'sin(bin(N)) — U’ cos(bin(N)) + W, + Vsin(bln(N)) -
U cos(bin(N)) + W,

= (V' + V)sin(bin(N)) — (U' + U) cos(bin(N)) + Wy + W,

N
Z gn) ="+ V)sin(bln(N)) —(U'"+ U) cos(bln(N)) + W, + W,
=l ®)

N
Z fn)=WU"+ U) sin(bln(N)) + '+ V)cos(bln(N)) + W) —-w,

Note that :

2 2

+ Zg(n)—(Wz' LW =W+ DR+ V)2

n=1

iﬂ@%%—%)

Since we always have :
[A sin(x) + B cos(x)]? + [B sin(x) — A cos(x)]? = A% + B?

We know that the general equation of a spiral of variable radius r and center (u,v) in the
Cartesian plane can be written as follows:

[x —ul>+[y—v]? =12

Replacing x by ¥N_, f(n) and y by — ¥ N_, g(n) in the equation, we conclude that :

V(a,b) € R?aveca + 1,Z(s) =YN_, f(n) —i xXN_, g(n) in the complex plane is a

spiral of radius r = /(U + U)% + (V' + V)2 and center (W] — Wy, —(W, + W,)). This

corroborates our observation.

__cos(bin(n)) __sin(bin(n))
f(n) = — and g(n) = —

r=yU + U2+ V' +V)2
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bN1-a +oo o b2j Azj-1 )2 1 (1-a)N'—@ +oo  bzj Baj-1 \)
\/((1—a)2+b2 t L= @)! X Na+21'—1) + (21va + (1-a)2+b2 + 1((21)' N“”f‘l))
Wy =Wy, — (W + Wy))

b2 p ~b b2j
(“m—zj (G Beim1) oz — Zi1(G5) A2i-1))

From (1):

C bin(n) N bin(n)
Z(a+lb)=NgTszctm_LxNgTsz

n na
n=1 n=1

= hrn Zf(n)—zx 11m Zg(n)

NliToo YN . f(n) = Nl_i)rp()()(U’ + U) sin(bln(N)) + '+ V)cos(bln(N)) + W —-w,

Nl—i>TOO YN g = Nl_i)rlloo(V’ + V)sin(bin(N)) — (U’ + U) cos(bin(N)) + Wy + W,
We know that :

n 1< sin(bln(N)) <land —-1< cos(bln(N)) <1

U= PV e by o
v+ U= (1—a)2+b2 1((2])1 Na+2j—1)

n 14 1 (1 a)N - +00 sz sz—l
= ava T (1-a)2+b? J=182 ) X Na+2j—1)

b,
— [t 2j .
" Wl — 4j=1 2! X BZ}—l)

1 1-a
] W’ [ —
172 (1-a)2+p2

b
- W, = Z ((zj])' 2j—1)

. b
T (1-a)?+b?
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= Ay = Z{,:)(—1)p+jb2(j_p_1)+11{22f_1(a)

—1 o
" By =Zé=0(—1)p+]b2(1 P 1)K22}9_+11(a)

Whena > 1:
lim (U'+ U)=0
N—->+o00
lim (V' +V)=0
N—->+o00
So:
Nl_iLT_loo 221:1 f(n) = W1, -W

_ 1 1—a +00 [b2]

=~ o~ B4 G X Ba

=1__1¢ D2j -1 p+jp2(-p-D 2P+l
2 (1- a)2+b2 Z (2])'XZ 0( 1) b K (a)]

Nlilzl Yn=19m) =Wy + W,

—— 2] .
- a)2+b2 z:J 1[(21)'XA21‘1]

1 e 2p
== a)2+b2 (2 0(_1)p+1b2(1 p 1)+1K2j_1(a)]
We know that the zeta function when a > 1 converges.

So YN_, f(n) and ¥N_, g(n) also converge, and the zeta function can be written as :

U(a +ib) = u(a,b) +iv(a,b)

with u(a,b) =2 — ——2_ — 5t [ 22

(1—-a)2+b2 Z (—1)p+jb2(j—p—1)K22]p_+11(a)]

@)

and v(a,b) = 2L S L (—1PHBRUPTORY ()]

(1- a)2+b2 o Z] 1 [(21)'
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This result can be interpreted as :

e When N — +oo the radius of the spiral tends towards 0, producing a point on the

complex plane with coordinates (u(a, b), v(a, b)).

When a< 1:

N_1f() and ¥N_, g(n) do not admit a specific limit, but as the function Z(s) diverges it

graphically  represents on  the complex plane a  spiral of  radius

r =\/ U+ U)>+ (V' +V)? tending towards +co and with a coordinate center
(u(a,b),v(a,b)) :

b i—1 i i—p— 2p+1
[ u(a, b) = E m Z] 1 (2?;' Z;:o(_l)p-'_]bz(] 14 1)K2]p—1 (a)]
- ___ e b21 Jj-1 p+jr2(-p-1)+1
v(a,b) = sz — Ti5 [22h X Bz~ 1P Hb K37, (@)]

We define the function s = Y(s),Vs € C—{1},s = a + ib ,tel que:

Y(s) = u(a,b) + iv(a,b)

)
1 1 b
+ @) =3~ g~ S [ * B (ORI @)
o v(ab) __(1 i [(2 L Z (_1)p+1b2(1 P 1)+1K2}9_1(a)]
Note that :

= ((s)etY(s) are holomorphic on C — {1}
» {(s)=Y(s)on{s=a+ibeC—{1}:a>1}
» {s=a+ibeC—{1}:a>1}isapartof C— {1}
So according to the principle of analytical extension {(s) = Y(s) on C — {1}.

This means that assumption (0) is true and we can write :
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VseC—{1},s=a+ib:{(s) = u(a,b)+ iv(a,b)

= u(a,b)=--

b ) -
2 m_zj 55 Z{[, L(—1)PHip2U-P-DE2PFL (g )]

@!

b i (e
* v(ab) = g~ D[ X S DRI @)
b
Calculation of /% (22; Z ( 1)P+ip2U-r- 1)K2p+1(a)]

b j—1 i —p— 2p+1
e (Zj;' Zézo(_l)IH]bZ(J p 1)1(2]?_1 (a)]

b b b b
2 K} (@) + 2 b2K3 (a) — 2 K3(a) — 2 b*K2 (a) + 2b?KE(a) — 2 kS (a) +

b b b
% oK} (@) — 2 b*K3 (a) + 2b2K5 (@) ~ 2K (a) ..

Calculation of X Z;, 0( 1)p+fb2("‘p_1)K§;.’_+11(a)] :

] 1 (z)l

b i—1 . P 2
pyae (22;' Zézo(_l)prZU P 1)+1K2}’_1(a)]

—2bK(a) — 2bKE(a) + 2 b°K{ (@) — 2bK3(a) + 2b*K2(a) — 2b°KS(a) —

2 pKS (a) + 2b3KH (@) - 2b°KF (@) + Zb7KI(a) ...

We rearrange the terms of the two expressions:

b
Z; 1 (22;, Z ( 1)p+1b2(1 p— 1)K2p+1(a)]

b b b b
_ [Z—Z'Kll(a) + K3 (@) + K@) + o K] (@ ]

02|22 K@) + K@) + K3 @)
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[ K@ + 2 K@) ]

b [gK}(a) ]

b i—1 . fo 2
215 [ X Tpoo(-DP b0 PO (o)

b [2 K@) + 3K @) + K@) + B K@)

+b3_b—K()+bK(a)+ 2K (@) ]
7 3 5 7

b b
b [ 2 K@) + 2 K3 (@) ]

+b7 :—K7( ). ]

We observe that :

b
e 2

b
— XI5 | (DM TS L g K T @)
And :

Z byj 21 (- 1)P+ip2U-p- 1)+1K2p 1(a)]

Tl

j 2( 1)
i[OI T 2L (@]
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Summary :

VseC—{1},s=a+ib:

(10)

1 1-a | 2G-m-1
{(s) = [E_W [( Db Y1 n+1(2j§| Koy (a)”

. i 2 -1
X [er + IS [0 R s ZE KT @)

5 Consequences

51 b=0
According to relationship (10), when b = 0 :

2(-1
(@) =5~ LK M @) = 5 - Ekzqu( +7)
We can check that :
BOESE
= (D=5 Z=—g (=)

{(-2)=5—3-b,=0

Generally, we find that {(—2n) = 0 (trivial zeros)

We know that Vn € N :

b 2n . nbn+1
o Ly s and {(—n) =(-1) —

{(2n) = (—1)nH1 i len

So we have the following two equalities Vn € N :
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2(j-1)

- 22n lbz 1 1
2 — 1 n+1 n_2n _ -
Zzyﬂ<n+p) D = © T 12
+00 b 2(j-1) . )
2j n+1
=(—-1)" i
Z(Zj)!l_l(p =D T T2
Jj= p=
52 b+0
The equation
¢(s)=0
According to relation (10), Implies :
! K2 1
2 (1- a)2+b2 Z [( l)anTLZ] =n+1 (22;| 2](]171) (a)] =0
—b j 2( 1)
) (1—a)2+b2 [( 1)nb2n+121 n+1(2j§| 2111n (a)] =0

Implies :

1

np2n baj 1,2(j-n)-1
[( 1) b Z] =n+1 (2])|K2] 1 ( )] (1 a)2+b2 2

np2n+1 b2j r2(j-n-1)
[( 1)"b Zl n+1(z])vK21 1 (a )] (a- a)2+b2

Implies, by dividing by b in the second equation and replacing C in the first equation:

1-a)?+b?

b K2 1
[( 1)nb2n21 n+1(22]), 2](Jln) (a)]

(1- @) Ti% [~ Sfo L K V@] -5

Implies :

Rt [( D" LS ek [ T @) - (1= @k 1)(a)]l=0

So we can say that s = a + ib is a non-trivial zero of the zeta function when a and b are

solutions of the equation :
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b,
IS GO S g (KT @ - (- oK ”(a)]]=

5.3 Proof of the Riemann hypothesis

The Riemann hypothesis can be stated as follows:
1
{((s)=0Et 0<a<1,impliquea =5

According to relation (10) :

— |1 © | g2G-m)-1
$(s) = |5~ o + T [ D o 2 K T @)
—b | 2U-n-1)
+z><[(1 mETORl [( DAL ”+1(zj§' Kojta (a)”
{(s)=0
Implies :
np2n P2j p2G-m-1 —_1ma
[( 1)"b ZJ n+1(z])lK21 G )] (1-a)2+b?
b, 2(] n-1)

[( Dy Y n+1(2]§| 2j1 (a)] m

Note that :

Z; [( 1)nb2n+1zj Tl+1(22];| 221(1111 1)((1)]

ZZ [( 1)nb2nZ] n+1(22];;K221(]1n) 1(a)] : -a
: b 0
Posingu = = tan(;)
So:
b2] 2(j-n—-1)
[( DL Rl )y Ni (2])|K21]1 (a)] 0 sin(0)
b (-n)— 1o @n (E) ~ 1+ cos(0)
2j 2 1
[( nrb" ] ) (2]])|K2]]1n (a )] 2

Implies :
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32

s | (D T 2K (@) = sin(0) = T
[( 1)le2n Z] =n+1 (ng' 2] 1 (a)] o= COS(Q) - 1+u2
And since :
b2j pe2G-m-1 __1e
s [ S T @) 5 = e
i 2(j-n-1) _ b
) [( Db Y n+1(zj§'K21—1 (a)] T -a)?+p?
So:
b
baj p2(-m)-1 __1-a _ (.
" [( 1)nb2n2] n+1(2];| 2j-1 (a)] (1-a)2+b2 1+(L)2
1-a
b
. 2n+1 baj pr2(i—n-1) = _(-o?
0 B S0 = =
Implies :
. [( 1rh2n gt byj 2(] n)— 1( )] =1
j= n+1(2])| 2] 1 1+u2
b ¢ ) fE
2 2 n-1
) [( DD B g Koyt (a)] e
Implies :
. ﬁ—l—uz 1-u?
1+u? 1+u?
1
. 1-a 2u
1+u? 1+u?
Implies
1 5
1-a
Implies
a=-=



5.4 Assumption (1)
Here I'm going to use hypothesis (1) mentioned in Appendix 1, linked to one of the properties

of the function a —» KF (a) : a € R, (n,p) € N%et n > p function, which I find to be true but

do not hold a proof (Appendix 1):
. D m _ p-n
Vp EN: [Kp (a)] =nlK, "(a)
(n) is the derivative of order n, n € N

So:

2n)
(KM @] = @)K M@ = @n) K2 T a)

2n+1 i—n—
(K272 @]"" = 2n+ DK @) = 2n+ 1)1K2T V()

Posing Va € R, L(a) = —%‘*‘Zt = 2211 11( )

=125
Note that :
+00
[L(a)](zn) — b2] 2(] n) 1( )
| | 2} 1
@t T L @)
+00
[L(a)](ZTH'l) ] 2(] n— 1)( )
“@nr Dl L @) Koj= 7@
by; i b i—n— ) )
By replacing 2] n+1(2j§|K22j(11n) "(a) and j= n+1(22§'K22j(11n D(a) in relation (10), we get :
_ n b* (2m) n b** 1@+ ) — b
8(8) = 1~ ot 4 SR (-1 2L (@) + [T (- D" s LM () — ]
{(s)=0
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Implies :

. 1 - = a)2+b2 + e (=) o )'L(Zn)(a) =0
n + n2  1(@2n+1) ___ b _
ZinZo(—1) (2n+1)' (@) (1-a)2+b? 0
Implies :
1 b
- n 2" j(2n) — 1-a :E_l_(ﬁ
Znzo(—=1) (2 )' (@) = (1-a)?+b? 1+(L)2
1-a
b
. + n b7 j(@n+1) — b — _(-o?
ZTL: ) (2 +1)| (a) (1_a)2+b2 1+(L)2
1-a
. b 0
Posingu = o= tan(g) :
1 2
. n @n)(g) = =a 1 *
Z ( 1) (Zn)'L (a) 1+u2
- Z+ )n (2n+1)( )_ e
n=0 @n+1)! 1+u2
. Z (= 1)n(l;n+1)|L(2n+1)(a) — tan (g) _ sin(6)
1432 (- 1)n(2_)'L(2n)(a) 2 1+cos(0)
Then :
2 2n+1
[Eiz-Dr 21 D@)| +[Eim-1 "o L @] =
So:
——1 —u? rlau 2 1
1+u2 1+uz|
Implies :

1-a

(i—l)z—z(rla—l)u2+u4+(ﬁu)2=1+2u2+u4

Implies :
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(1) -t () -2 =

Implies :

1

2 2
Because (— — 1) —1 and (L) — %a have the same sign on either side of %

1-a 1-a

Andu2=(i)2>o , b#0

1-a

Implies :

(&) =2
1-a _l—a

Implies :
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Conclusion

Based on the results of this article, we can define the zeta function on all the complex plane

exceptins =1 by:

Vs =a+ibeC—-{1}

_ 1 1-a , 2( -1
{(s) = [5—m+23 [( Db Y n+1(22§, zjjln (a )”
by; 2( 1)
X [(1 a)?+b? + Z [( 1)nb2n+1 Z] n+1(2j§. 21J1n (a)”

We then prove that Riemann's hypothesis is true and that all non-trivial zeros of the zeta

function have a real part a = % and an imaginary part b that satisfies the equation :

+o0o

. N 1 1
2 21 2(j—n)-1 2(j-n-1) _
2 Z (=D"p™ Z @ ),[Kz,-_1 (z)‘z’{w—l (z)] =0

p—\

Assuming that assumption (1) in Appendix 1 is true, we can write :

3() =1 - =L 4 TiA (D" 2 LV (@) + 1 [ThE (- D s LD (@) — — ]

(2n)! (2n+1)! (1-a)2+b?

. 1 o b
With: L(a) = -+ X152 Ky} (@

This means that when a = % the imaginary part b of all non-trivial zeros of the zeta function is
a solution of equation :

[Z(_ )" )'L(Zn)< )

2 2
2n+1

2n+1)! TSR G)]
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Appendix 1

In this article we have defined the function noted a = K¥(a), (a € R), (n,p) € N2etn >
pwhich sums the multiplications between all the elements of the non-repeating combinations

of the n elements {a;a+ 1;a+2;...;a+n—1:n€N}takenpbyp:

n!

p=—
n p! X (n —p)!

The properties of this function include :

= K@) + (a+ 2m)KIE (a) = K2 (a)
= K2P(a) + (a + 20K (@) = K2P, (@)
= (a+2n)K3(a) = K3 (a)
We must therefore prove that V(n,p) € N2etn > p :

K2 (@) + (a + n)KE (@) = K21 (@) and (a + n)K}(a) = K41 (a)

We know that :

n! n!

p+1 D _
Cn + Cn - (p+1)!x(n—p—1)! + p!x(n—p)!

_ ) (-p)+(nH)(p+1)
- (p+1)!x(n—p)!

_ (mH(n-p)+nl(p+1)
- (p+1)!x(n—p)!

_ (mH(n+1)
- (p+D)!x(n—p)!

_ (n+1!) _ b+l
T (p+D)Ix(n-p)! Cnia (@)

And CP = M
And since (a + n) it is the n+1 element of the set :
{a;a+1;a+2;...;a+n:n€N}

We therefore have the equivalence :
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Ky (@) + (a+m)Ky (@) = K7/ (@) And (a+n)Ki(a) = Kt (@)

It has also been assumed that assumption (1), which can be stated as follows, is true:
. P m _ p—n
Vp € N: [Kp (a)] =nlK, (a)

(n) is the derivative of order n, n € N
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