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Abstract

This article shows that zeta function is a spiral on the complexe plane, then based on the general equation of

the spiral we define an analytic continuation for zeta function and finally we prove that Reimann hypothesis

is true.
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Summary 

In this paper, we prove that the Riemann zeta function 

 !(") = # $%&'*%+$ , " = - . /012 " 3 4 on the complex plane is a spiral of radius 5 : 

                                                       5 

                                                      = 

lim67'*89 :6;<>($?@)A':A .1# ( :AB(CD)E'*D+$ × FAB<;6>GAB<;)HC . 9 $C6> . ($?@)6;<>($?@)A':A . # ( :AB(CD)E'*D+$ × IAB<;6>GAB<;)HC  

With :  

§ JCD?$ = # (K4)L'D0C(D?L?$)'$MCD?$CL (-)D?$L+N   

§ OCD?$ = # (K4)L'D0C(D?L?$)MCD?$CL'$(-)D?$L+N  

§ - 7 M%L(-) (- P Q) is the function that sums the multiplications between all the 

elements of the non-repeating combinations of the n  

elements  {-R - . 4R - . SR� T R - . U K 4 , U P VW} taken p by p XY%LZ 
And coordinate center : 

[\4S K 4 K -(4 K -)C . 0C K] 0CD(S^)E'*
D+$ OCD?$_12 \ K0(4 K -)C . 0C K] 0CD(S^)E'*

D+$ JCD?$_` 

 

We then show that the Riemann zeta function can be extended analytically on all the complex 

plane except in " = 4 by :  

a(b) = c$CK $?@($?@)A':A K # :AB(CD)E'*D+$ OCD?$d Ke × c :($?@)A':A . # :AB(CD)E'*D+$ JCD?$d  
f 

a(b) = c$CK $?@($?@)A':A . # c(K4)%0C% # :AB(CD)E'*D+%'$ MCD?$C(D?%)?$(-)d'*%+N d  
.e × c ?:($?@)A':A . # c(K4)%0C%'$# :AB(CD)E'*D+%'$ MCD?$C(D?%?$)(-)d'*%+N d  
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Finally, we conclude that the Riemann hypothesis is true and that all non-trivial zeros of the 

zeta function have a real part  - = $C and an imaginary part b that satisfies the equation :  

4S .] g(K4)%0C% ] 0CD(S^)E'*
D+%'$ hMCD?$C(D?%)?$ j4Sk K 4SMCD?$C(D?%?$) j4Skno'*

%+N = p 
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Introduction 

The Riemann zeta function1 , often referred to as !(")is a special mathematical function that 

plays an essential role in the study of the distribution of prime numbers and in number theory 

in general. It was introduced by the German mathematician Bernhard Riemann in the mid-19th 

century. 

The Riemann zeta function is defined for complex numbers " of the form "1 = 1- . 0/where a and b are real numbers, and i is the imaginary unit (/C = K4). The formula 

for the Riemann zeta function is as follows: 

!(") = ] 4Us'*
%+$ =] 4U@':t'*

%+$  

When the real part of s is strictly greater than 1 (- u 14)the series converges, giving a finite 

value to the Riemann zeta function. 

For "1 = 141it has a simple pole and for any real part s strictly smaller than 1 

 (-1 v 14)1 the series diverges and can be analytically extended using the functional identity : 

 

 

Where Γ is Euler's Gamma function. It then becomes possible to use this formula to define zeta 

for any negative real part s (with !(p) = K $C. 
We deduce that strictly negative even integers are zeros of zeta (called trivial zeros).1!(KSU) =p and that non-trivial zeros are symmetrical about the axis 

 -1 = 1 $C11axis and all have a real part between 0 and 1; this region of the complex plane is called 

the critical band. 

As a result, Riemann's hypothesis can be reformulated as follows:  

!(") = p11wx11p v - v 412 /yz|/~��1- = 4S 

                                                 
1 Bernhard Riemann. Ueber die anzahl der primzahlen unter einer gegebenen grosse. Ges. Math. Werke und 

Wissenschaftlicher Nachlaß, 2(145-155):2, 1859 
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1 Literature review  

1.1 Analytical extension principle  

Theorem: Let U be a connected open of �let f and g be two holomorphic functions on U, and 

let A be a part of U admitting an accumulation point that belongs to U. Then  

� = � on A �!� = � on U. 

In particular, if � = � in a neighborhood of a point a of U, then � = � on U 

This theorem is used to prove many uniqueness results for holomorphic functions. For example, 

the only holomorphic function �� � 7 � that verifies 

 �($%) = $% for all U � 4 is the function �(�) = �. We apply the previous theorem to 

 J = {$% , !U � 4}, � = �noting that p P �  is an accumulation point of A. 

Definition2 - Let U be an open of the set � of complex numbers and f an application of U in �. 

· We say that f is derivable (in the complex sense) or holomorphic at a point z0 of U if the 

following limit, called the derivative of f at z0 exists: 

 

· We say that f is holomorphic on U if it is holomorphic at any point in U. 

· In particular, a holomorphic function on �. 

1.2 Bernoulli numbers 

The Bernoulli numbers, noted O% (or sometimes 0% so as not to confuse them with Bernoulli 

polynomials), are a series of rational numbers. 

These numbers were first studied by Jacques Bernoulli3 (which led Abraham de Moivre to give 

them the name we know today), looking for formulas to express sums of the type : 

 

                                                 
2 https://www.bibmath.net/dico/index.php?action=affiche&quoi=./p/prolongementanalytique.html 
3 Jakob Bernoulli. Ars conjectandi: opus posthumum: accedit Tractatus de seriebus infinitis; et Epistola gallice 

scripta de ludo pilae reticularis. Impensis Thurnisiorum, 1713 
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For integer values of m, this sum is written as a polynomial of variable n whose first terms are 

: 

 

With : 

 

The first Bernoulli numbers are given in the following table: 

 

Jacques Bernoulli knew a few formulas like : 

 

Bernoulli observed that the expression : 

 

Is always a polynomial in n, of degree m + 1, and defines the Bernoulli numbers O� by : 

 

In particular, the coefficient of n in the polynomial ��(U)!is the number O�. 

 



8 

 

1.3 Special values of the Riemann zeta function4 

1.3.1 In 0 and 1 

In zero, we have : !(p) = K $C 
In 1 there is a pole, so !(4) is not finite but the limit is K�on the left and .�right : 

lims7$± !(") = ±� 

1.3.2 Positive even integers 

The exact values of the zeta function at even positive integers can be expressed from Bernoulli 

numbers: 

 

1.3.3 Odd positive integers 

There is no general formula for calculating the zeta function for odd positive integers. 

The sum of the harmonic series is infinite: 

!(4) = 4 . 4S . 4� . 4�� = � 

The value !(�) is also known as Apéry's constant (1.202..) and appears in the electron's 

gyromagnetic ratio. The value !(�)  appears in Planck's law (1.036...). 

1.3.4 Negative integers 

In general, for any negative integer, we have : 

!(KU) = (K4)% O%'$U . 4 

Trivial" zeros are negative even integers:  

!(KSU) = p111111(OC%'$ = p , U u p) 
 

 

                                                 
4 https://fr.wikipedia.org/wiki/Valeurs_particuli%C3%A8res_de_la_fonction_z%C3%AAta_de_Riemann 
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2 Graphic observations  

We introduce the function " 7 �(")1 for all s in the set of complex numbers "1 = 1- . 0/such that :  

�(") = ] 4Us =6
%+$ ] 4U@':t6

%+$  

We have the following equality:  

lim67'*�(") =1 �(�) 
And since :  

4U@':t = U?@ × �?t:�%(%) =1 ���1(0|U(U))U@ K / × �i�1(0|U(U))U@  

This gives :  

�(�) = lim67'*]���1(0|U(U))U@6
%+$ K / × lim67'*]�i�1(0|U(U))U@6

%+$  

 

Figure 1 shows the graphical representation of �(")  in the complex plane when N varies 

between �$ = 4p�1-1�C = � × 4p� for some real numbers (-2 0).  
Indications :  

We know that :  

· � 9$C± 1i × ��T�����S����H = p 

· � 9$C± 1i × 4p4T�4���4pp��H = p 

��T�����S����; 4p4T�4���4pp��are estimates of the imaginary part of some non-trivial 

zeros of the zeta function.  

 

 

 

(1) 
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Figure 1 Graphical representation of �(") of �$ = 4p� - �C = � × 4p� in the complex plane 

when " = $C. / × ��T�����S����

  

Figure 2: Graphical representation of �(") of �$ = 4p� - �C = � × 4p� in the complex plane 

when " = $C. / × �p

�y(�("))

 �(�("))

�y(�("))

 �(�("))
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Figure 3: Graphical representation of �(") of �$ = 4p� - �C = � × 4p� in the complex plane 

when " = $C. / × 4p4T�4���4pp��

Figure 4: Graphical representation of �(") of �$ = 4p� - �C = � × 4p� in the complex plane 

when " = $C. / × 4pp

 �(�("))

�y(�("))

�y(�("))

 �(�("))
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Figure 5: Graphical representation of �(") of �$ = 4p� - �C = � × 4p� in the complex plane 

when " = K� . / × 4pp

Figure 6: Graphical representation of �(") of �$ = 4p� - �C = � × 4p� in the complex plane 

when " = K� . / × �p

 �(�("))

�y(�("))

 �(�("))

�y(�("))
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From Figures 1, 2, 3, 4, 5 and 6, we can draw the following conclusions: 

· When � 7 .�!, �(") , " = - . 0/in the complex plane is a spiral with radius 5 P Q 

depending on N, a and b and a center with coordinates (�2 ¡) P QC depending on a and 

b ; 

· When - = $C and b takes one of the values of the imaginary part of the non-trivial zeros 

of the zeta function, the spiral appears to have the origin of the reference frame as its 

center (p2p)T111  
3 Hypothesis (0) 

Based on graphical observation, hypothesis (0) can be formulated:  

The analytical extension of the Riemann zeta function can be written as  �(�) = � . /¡ and 

(u,v) are the coordinates of the center of the Z(s) spiral towards infinity.  

4 Demonstration  

According to relationship (1) :  

�(�) = lim67'*]���1(0|U(U))U@6
%+$ K / × lim67'*]�i�1(0|U(U))U@6

%+$  

Posing �(U) = ¢£¤X:�%(%)Z%>  and �(U) = ¤¥¦X:�%(%)Z%>  

By applying the Euler-Maclaurin formula, which can be expressed as follows: 

For a function f continuously differentiable 2k times on the segment [p, q] (with k ≥ 1) we have 

:  

]�(U) = �(4) . �(�)S6
%+$ .1§ �(¨)©¨ .1] 0CD(S^)E�

D+$
6
$ 9�(CD?$)(�) K �(CD?$)(4)H .  � 

The numbers 0CD  denote Bernoulli numbers, and the remainder  � is expressed using the 

Bernoulli polynomial OC� : 
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The functions f and g are continuously derivable 2k times on the segment [1, N] (with k ≥ 1), 

then :  

 # �(U) = ª($)'ª(6)C6%+$ .1« �(¨)©¨ .1# :AB(CD)E'*D+$6$ (�(CD?$)(�) K �(CD?$)(4)) 
# �(U) = ¬($)'¬(6)C6%+$ .1« �(¨)©¨ .1# :AB(CD)E'*D+$6$ (�(CD?$)(�) K �(CD?$)(4)) 

lim�7'* � = p 

Calculation of « ­(®)¯®°² 1³´1 « µ(®)¯®°²  : 

« ¢£¤X:�%(¶)Z¶>6$ = « c¶;<>$?@ d· ���X0|U(¨)Z = c¶;<>$?@ ���X0|U(¨)Zd$6 . :$?@« ¤¥¦X:�%(¶)Z¶>6$6$    

            =16;<>$?@ ���1(0|U(�)) K $$?@ . :$?@« ¤¥¦X:�%(¶)Z¶>6$                          (- 3 4) 
 

« ¤¥¦X:�%(¶)Z¶>6$ = « c¶;<>$?@ d· �i�X0|U(¨)Z = c¶;<>$?@ �i�X0|U(¨)Zd$6 K :$?@« ¢£¤X:�%(¶)Z¶>6$6$   

                      =16;<>$?@ �i�(0|U(�)) K :$?@« ¢£¤X:�%(¶)Z¶>6$  

 

Substitute « ¢£¤X:�%(¶)Z¶>6$  and « ¤¥¦X:�%(¶)Z¶>6$  in both ties :  

 

« ¢£¤X:�%(¶)Z¶>6$ =16;<>$?@ ���1(0|U(�)) K $$?@ . :$?@ × c6;<>$?@ �i�(0|U(�)) K :$?@« ¢£¤X:�%(¶)Z¶>6$ d  
f h4 . 9 :$?@HC1n × « ¢£¤X:�%(¶)Z¶>6$ =16;<>$?@ × c���X0|U(�)Z . :$?@ �i�X0|U(�)Zd K $$?@  

f « ¢£¤X:�%(¶)Z¶>6$ =1 h¸;<>;<> ×c¢£¤X:�%(6)Z' ¹;<> ¤¥¦X:�%(6)Zd? ;;<>nh$'9 ¹;<>HA1n   

 

« ¤¥¦X:�%(¶)Z¶>6$ =16;<>$?@ �i�(0|U(�)) K :$?@ × c6;<>$?@ ���1(0|U(�)) K $$?@ . :$?@« ¤¥¦X:�%(¶)Z¶>6$ d  
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f h4 . 9 :$?@HC1n × « ¤¥¦X:�%(¶)Z¶>6$ =16;<>$?@ × c�i�X0|U(�)Z K :$?@ �i�X0|U(�)Zd . :($?@)A  

f « ¤¥¦X:�%(¶)Z¶>6$ = h¸;<>;<> ×c¤¥¦X:�%(6)Z? ¹;<> ¤¥¦X:�%(6)Zd' ¹(;<>)Anh$'9 ¹;<>HA1n 1   
 

This gives :  

« ­(®)¯®°² = « ¢£¤X:�%(¶)Z¶>6$ = h¸;<>;<> ×c¢£¤X:�%(6)Z' ¹;<> ¤¥¦X:�%(6)Zd? ;;<>nh$'9 ¹;<>HA1n   

« µ(®)¯®°² = « ¤¥¦X:�%(¶)Z¶>6$ = h¸;<>;<> ×c¤¥¦X:�%(6)Z? ¹;<> ¤¥¦X:�%(6)Zd' ¹(;<>)Anh$'9 ¹;<>HA1n   

 

Calculation of1111­(º»?²)(°)1¼½1­(º»?²)(²): 
Calculating the first and second derivatives of f :  

c¢£¤X:�%(¶)Z¶> d· = ?@¶><; ¢£¤X:�%(¶)Z?:¶><;¤¥¦1(:�%(¶)¶A> = ?¾¢£¤X:�%(¶)Z?:st%(:�%(¶))¶>G;   

c¢£¤X:�%(¶)Z¶> d·· = c?¾¢£¤X:�%(¶)Z?:st%(:�%(¶))¶>G; d· = K- × c¢£¤1(:�%(¶))¶>G; d· K 0 × c¤¥¦1(:�%(¶))¶>G; d·  
                     = K- × c?(@'$)¢£¤1(:�%(¶))?:st%(:�%(¶))¶>GA d K 0 × c:¿ÀsX:�%(¶)Z?(@'$)¤¥¦1(:�%(¶))¶>GA d 
                     =1 X@(@'$)?:AZ ¢£¤X:�%(¶)Z1'(:(@'$)'@:)¤¥¦1(:�%(¶))1¶>GA  

 We can see that the derivative of order k of f can be written as :  

�(�) = J� �i�X0|U(¨)Z . O����1(0|U(¨))¨@'�  

 J�1�x1O� Are factors that depend on a and b and the derivation order k.  

J$ = K011111O$ = K- 

JC = 0(- . - . 4)1111OC = -(- . 4) K 0C 

�(�'$) = cFÁ ¤¥¦X:�%(¶)Z'IÁ¢£¤(:�%(¶))¶>GÁ d· = J� × c¤¥¦(:�%(¶))¶>GÁ d· . O� × c¢£¤(:�%(¶))¶>GÁ d·  

(2) 
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          = J� × c:¿ÀsX:�%(¶)Z?(@'�)¤¥¦1(:�%(¶))¶>GÁG; d . O� × c?:st%X:�%(¶)Z?(@'�)¢£¤1(:�%(¶))¶>GÁG; d  
           =1 (FÁ×:?IÁ×(@'�))¢£¤1(:�%(¶))?(FÁ×(@'�)'IÁ×:)¤¥¦1(:�%(¶))¶>GÁG;  

And so we have the following two equalities:  

J�'$ = K(J� × (- . Â) . O� × 0) 
O�'$ = (J� × 0 K O� × (- . Â)) 

 

They are used to calculate the rest of the factors:  

J� = K(JC × (- . S) . OC × 0) 
      = K(0(- . - . 4) × (- . S) . (-(- . 4) K 0C) × 0) 
      =10� K 0(-(- . 4) . -(- . S) . (- . 4)(- . S)) 
O� = (JC × 0 K OC × (- . S)) 
      = 0(- . - . 4) × 0 K (-(- . 4) K 0C) × (- . S) 
       =10C(- . - . 4 . - . S) K -(- . 4)(- . S) 
We know that the non-repeating combination of n elements taken p by p is equal to :   

Y%L = UEzE × (U K z)E 
Considering the function - 7 M%L(-) (- P Q) which sums the multiplications between all the 

elements of the non-repeating combinations of the n elements  {-R - . 4R - . SR� T R - . U K4 , U P VW} taken p by p : 

MC$(-) = (-) . (- . 4)!; 1111111111YC$ = CE$E×(C?$)E = S 

MCC(-) = -(- . 4)!;1111111111111111111111111111111111111111111111111111111111111111111111111111YCC = CECE×(C?C)E = 4 

M�C(-) = -(- . 4) . -(- . S) . (- . 4)(- . S)!;11111111111111111111Y�C = �ECE×(�?C)E = � 

M�$(-) = (-) . (- . 4) . (- . S)!; 11111111111111111111111111111111111111111111111Y�$ = �E$E×(�?$)E = � 

(3) 
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M��(-) = -(- . 4)(- . S)!; 11111111111111111111111111111111111111111111111111111111111111Y�� = �E�E×(�?�)E = 4 

 

We'll have :  

J$ = K0M$N(-)11111111111111111111R 11111111111111111O$ = KM$$(-) 
JC = 0MC$(-)1111111111111111111111R 1111111111111111111OC = K(0CMCN(-) K MCC(-) 
J� = 0�M�N(-) K 0M�C(-)          ; O� = 0CM�$(-) K 0M��(-) 
JÃ = K(0�MÃ$(-) K 0MÃ�(-))        ; OÃ = 0ÃMÃN(-) K 0CMÃC(-) . MÃÃ(-) 
J� = K(0�M�N(-) K 0�M�C(-) . 0M�Ã(-))        ; O� = K(0ÃM�$(-) K 0CM��(-) . M��(-)) 
JÄ = 0�MÄ$(-) K 0�MÄ�(-) . 0MÄ�(-)  ; OÄ = K(0ÄMÄN(-) K 0ÃMÄC(-) . 0CMÄÃ(-) K MÄÄ(-)) 
 

We observe that J� and O� can be written in terms of the parity of the derivation order k :  

Å1Â P VW"/1Â = SU . 4 , U P V1: 
JC%'$ =] (K4)L'%'$0C(%?L)'$MC%'$CL (-)%

L+N  

OC%'$ =] (K4)L'%'$0C(%?L)MC%'$CL'$(-)%
L+N  

Å1Â P VW1"/1Â = SU1 , U P VW1: 
JC% =] (K4)L'%0C(%?L)'$MC%CL?$(-)%

L+$  

OC% =] (K4)L'%0C(%?L)MC%CL(-)%
L+N  

Demonstration by recurrence :  

For Â = 41: 
J$ = # (K4)L'%'$0C(%?L)'$MC%'$CL (-) = K0NL+N M$N(-) = K0  

O$ = # (K4)L'%'$0C(%?L)MC%'$CL'$(-)NL+N = KM$$(-) = K-  

(4) 
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For Â = S :  

JC = # (K4)L'%0C(%?L)'$MC%CL?$(-) = 0MC$(-) = 0(- . - . 4)$L+$   

OC = # (K4)L'%0C(%?L)MC%CL(-) = K(0CMCN(-) K MCC(-)$L+N ) = -(- . 4) K 0C  

 

Assuming : Å1Â P VW1"/1Â = SU1 , U P VW1: 
111111JC% =] (K4)L'%0C(%?L)'$MC%CL?$(-)%

L+$  

OC% =] (K4)L'%0C(%?L)MC%CL(-)%
L+N  

According to relation (3) :  

J�'$ = K(J� × (- . Â) . O� × 0) 
O�'$ = (J� × 0 K O� × (- . Â)) 
So :  

JC%'$ = K(JC% × (- . SU) . OC% × 0) 
            = K(- . SU)# (K4)L'%0C(%?L)'$MC%CL?$(-) K%L+$ 10 # (K4)L'%0C(%?L)MC%CL(-)%L+N  

            = (- . SU)# (K4)L'%'$0C(%?L)'$MC%CL?$(-) .%L+$ 1# (K4)L'%'$0C(%?L)'$MC%CL(-)%L+N  

11111111111= # (K4)L'%'$0C(%?L)'$(- . SU)MC%CL?$(-) .%L+$ 1# (K4)L'%'$0C(%?L)'$MC%CL(-) .%L+$1111111111111111111111111111111111111(K4)%'$0C%'$MC%'$N (-)  
        1= # (K4)L'%'$0C(%?L)'$Æ(- . SU)MC%CL?$(-) . MC%CL(-)Ç%L+$ . (K4)%'$0C%'$MC%'$N (-) 
1111111111= # (K4)L'%'$0C(%?L)'$%L+$ MC%'$CL (-) . (K4)%'$0C%'$MC%'$N (-)  
1111111111= # (K4)L'%'$0C(%?L)'$%L+N MC%'$CL (-)  
Because (- . SU)MC%CL?$(-) . MC%CL(-) = MC%'$CL (-) (Appendix 1) 

OC%'$ = (JC% × 0 K OC% × (- . SU)) 
111111111111= 0 # (K4)L'%0C(%?L)'$MC%CL?$(-)%L+$ K (- . SU)# (K4)L'%0C(%?L)MC%CL(-)%L+N   
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         = # (K4)L'%'$0C(%?L)MC%CL'$(-)%?$L+N . # (K4)L'%'$0C(%?L)(- . SU)MC%CL(-)%L+N  

1111111111= # (K4)L'%'$0C(%?L)ÆMC%CL'$(-) . (- . SU)MC%CL(-)Ç%?$L+N . (K4)C%'$(- . SU)MC%C%(-)  
1111111111= # (K4)L'%'$0C(%?L)MC%'$CL'$(-) . (K4)C%'$(- . SU)MC%C%(-)1%?$L+N   

1111111111= # (K4)L'%'$0C(%?L)MC%'$CL'$(-)1%L+N   

Because : 

 MC%CL'$(-) . (- . SU)MC%CL(-) = MC%'$CL'$(-)   
 1ÈÉ1(- . SU)MC%C%(-) = MC%'$C%'$(-)1(Appendix 1) 

And since we're interested in derivatives of order (S^ K 4)!:  
�(CD?$)(¨) = JCD?$ �i�X0|U(¨)Z . OCD?$���1(0|U(¨))¨@'CD?$  

Replacing n by (^ K 4)1in relation (4) :  

JCD?$ =] (K4)L'D0C(D?L?$)'$MCD?$CL (-)D?$
L+N  

OCD?$ =] (K4)L'D0C(D?L?$)MCD?$CL'$(-)D?$
L+N  

 

�(CD?$)(�) = JCD?$ �i�X0|U(�)Z . OCD?$���1(0|U(�))�@'CD?$  

�(CD?$)(4) = JCD?$ �i�X0|U(4)Z . OCD?$���1(0|U(4))4@'CD?$ = OCD?$ 

                                            

 

Calculation of1111µ(º»?²)(°)1¼½1µ(º»?²)(²): 
By doing the same for the function �(¨) = ¤¥¦X:�%(¶)Z¶>  : 

c¤¥¦X:�%(¶)Z¶> d· = :¶><; ¢£¤X:�%(¶)Z?@¶><;¤¥¦1(:�%(¶)¶A> = Ê¢£¤X:�%(¶)Z?@st%(:�%(¶))¶>G;   

(6) 

(5) 
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�(�) = J�· �i�X0|U(¨)Z . O�· ���1(0|U(¨))¨@'�  

J$· = K- = O$    O$· = 0 = KJ$ 

We show by recurrence that : ÅÂ P VW1J�· = O�11�x1O�· = KJ�1 
For Â1 = 141it's true.  

Assuming that ÅÂ P VW1J�· = O�11�x1O�· = KJ� 

�(�) = IÁ ¤¥¦X:�%(¶)Z?FÁ¢£¤1(:�%(¶))¶>GÁ   

�(�'$) = cIÁ ¤¥¦X:�%(¶)Z?FÁ¢£¤1(:�%(¶))¶>GÁ d·  
            = O� × c¤¥¦(:�%(¶))¶>GÁ d· K J� × c¢£¤(:�%(¶))¶>GÁ d· 
            = O� × c:¿ÀsX:�%(¶)Z?(@'�)¤¥¦1(:�%(¶))¶>GÁG; d K J� × c?:st%X:�%(¶)Z?(@'�)¢£¤1(:�%(¶))¶>GÁG; d 
            = (IÁ×:'FÁ×(@'�))¢£¤1(:�%(¶))'(FÁ×:?IÁ×(@'�))¤¥¦1(:�%(¶))¶>GÁG;  

J�'$· = J� × 0 K O� × (- . Â) 
O�'$· = O� × 0 . J� × (- . Â) 
We know that :  

J�'$ = K(J� × (- . Â) . O� × 0) 
O�'$ = (J� × 0 K O� × (- . Â)) 
We therefore have equality :  

J�'$· = O�'$ and  O�'$· = KJ�'$ 

As a result : ÅÂ P VW1J�· = O�11�x1O�· = KJ� 

And the derivatives of order (S^ K 4)1of g can be calculated as follows: 

�(CD?$) = FAB<;Ë ¤¥¦X:�%(¶)Z'IAB<;Ë ¢£¤1(:�%(¶))¶>GAB<;   

             = IAB<; ¤¥¦X:�%(¶)Z?FAB<;¢£¤1(:�%(¶))¶>GAB<;  
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Consequently :  

�(CD?$)(�) = OCD?$ �i�X0|U(�)Z K JCD?$���1(0|U(�))�@'CD?$  

�(CD?$)(4) = OCD?$ �i�X0|U(4)Z K JCD?$���1(0|U(4))4@'CD?$ = KJCD?$ 

                                            

Calculation of # ­(Ì)°Ì+²    and # µ(Ì)°Ì+² : 

According to Euler-Maclaurin we have :  

# �(U) = ª($)'ª(6)C6%+$ .1« �(¨)©¨ .1# :AB(CD)E'*D+$6$ (�(CD?$)(�) K �(CD?$)(4)) 
# �(U) = ¬($)'¬(6)C6%+$ .1« �(¨)©¨ .1# :AB(CD)E'*D+$6$ (�(CD?$)(�) K �(CD?$)(4)) 
According to relationships (5); (6) and (7) :  

# :AB(CD)E'*D+$ 9�(CD?$)(�) K �(CD?$)(4)H = # :AB(CD)E'*D+$ 9FAB<; ¤¥¦X:�%(6)Z'IAB<;¢£¤1(:�%(6))6>GAB<; K OCD?$H  

# :AB(CD)E'*D+$ 9�(CD?$)(�) K �(CD?$)(4)H = # :AB(CD)E'*D+$ 9IAB<; ¤¥¦X:�%(6)Z?FAB<;¢£¤1(:�%(6))6>GAB<; . JCD?$H  

 

Posing : 

§ � = # ( :AB(CD)E'*D+$ × FAB<;6>GAB<;)  
§ Í = # ( :AB(CD)E'*D+$ × IAB<;6>GAB<;)  
§ Î$ = # ( :AB(CD)E'*D+$ × OCD?$)! 
§ ÎC = # ( :AB(CD)E'*D+$ × JCD?$)  

We'll have : 

(7) 
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] 0CD(S^)E'*
D+$ 9�(CD?$)(�) K �(CD?$)(4)H = � �i�X0|U(�)Z . Í ���X0|U(�)Z KÎ$ 

] 0CD(S^)E'*
D+$ 9�(CD?$)(�) K �(CD?$)(4)H = 1Í �i�X0|U(�)Z K � ���X0|U(�)Z .ÎC 

 

According to relation (2) :  

ª($)'ª(6)C . « �(¨)©¨6$ =1 $C . ¢£¤X:�%(6)ZC6> . h¸;<>;<> ×c¢£¤X:�%(6)Z' ¹;<> ¤¥¦X:�%(6)Zd? ;;<>nh$'9 ¹;<>HA1n   

¬($)'¬(6)C . « �(¨)6$ = ¤¥¦X:�%(6)ZC6> . h¸;<>;<> ×c¤¥¦X:�%(6)Z? ¹;<> ¢£¤X:�%(6)Zd' ¹(;<>)Anh$'9 ¹;<>HA1n   

Posing : 

§ �· = ¹¸;<>(;<>)Ah$'9 ¹;<>HA1n = :6;<>($?@)A':A   

§ Í· = $C6> . ¸;<>;<>h$'9 ¹;<>HA1n = $C6> . ($?@)6;<>($?@)A':A   
§ Î$· = $CK ;;<>h$'9 ¹;<>HA1n = $CK $?@($?@)A':A  

§ ÎC· = ¹(;<>)Ah$'9 ¹;<>HA1n = :($?@)A':A 
We'll have : 

ª($)'ª(6)C . « �(¨)©¨6$ = �· �i�X0|U(�)Z . Í· ���X0|U(�)Z .Î$·  
¬($)'¬(6)C . « �(¨)©¨6$ = Í· �i�X0|U(�)Z K �· ���X0|U(�)Z .ÎC·  
This gives :  

# �(U) =6%+$ �· �i�X0|U(�)Z . Í· ���X0|U(�)Z .Î$·+� �i�X0|U(�)Z .11111111111111111111111111111111111111111111Í ���X0|U(�)Z KÎ$ 

                 = (�· . 1�) �i�X0|U(�)Z . (Í· . Í)���X0|U(�)Z .1Î$· KÎ$) 
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# �(U) =6%+$ Í· �i�X0|U(�)Z K �· ���X0|U(�)Z .ÎC· . 1Í �i�X0|U(�)Z1111111K11111111111111111111111111111111111111111111� ���X0|U(�)Z .ÎC  

               = (Í· . Í)�i�X0|U(�)Z K (�· . 1�) ���X0|U(�)Z .ÎC· .ÎC 

 

]�(U) = (Í· . Í)�i�X0|U(�)Z K (�· . 1�) ���X0|U(�)Z .ÎC· .ÎC
6
%+$  

]�(U) =6
%+$ (�· . 1�) �i�X0|U(�)Z . (Í· . Í)���X0|U(�)Z .1Î$· KÎ$ 

 

Note that : 

Ï]�(U) K6
%+$ (Î$· KÎ$)ÐC . Ï]�(U) K6

%+$ (ÎC· .ÎC)ÐC = (�· . 1�)C . (Í· . Í)C 

 

Since we always have :  

ÑJ �i�(¨) .O ���(¨)ÒC . ÑO �i�(¨) KJ ���(¨)ÒC = JC . OC 

We know that the general equation of a spiral of variable radius r and center (u,v) in the 

Cartesian plane can be written as follows:  

Ñ¨ K �ÒC . ÑÓ K ¡ÒC = 5C  

Replacing x by # �(U)6%+$  and y by K# �(U)6%+$  in the equation, we conclude that : 

 Å(-2 0) P QC1-¡�Ô1- 3 41, �(") = # �(U) K / ×6%+$ # �(U)6%+$  in the complex plane is a 

spiral of radius 5 = Õ(�· . 1�)C . (Í· . Í)C  and center (Î$· KÎ$12 K(ÎC· .ÎC)). This 

corroborates our observation.  

�(U) = ¢£¤1(:�%(%))%>  and �(U) = ¤¥¦1(:�%(%))%>  

5 = Õ(�· . 1�)C . (Í· . Í)C 

                                                      = 

(8) 
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89 :6;<>($?@)A':A .1# ( :AB(CD)E'*D+$ × FAB<;6>GAB<;)HC . 9 $C6> . ($?@)6;<>($?@)A':A . # ( :AB(CD)E'*D+$ × IAB<;6>GAB<;)HC  

 

(Î$· KÎ$12 K1(ÎC· .ÎC)) 
= 

(
$C K $?@($?@)A':A K # ( :AB(CD)E'*D+$ OCD?$)12 ?:($?@)A':A K # ( :AB(CD)E'*D+$ JCD?$)) 

From (1):  

�(- . /0) = lim67'*]���1(0|U(U))U@6
%+$ K / × lim67'*]�i�1(0|U(U))U@6

%+$  

= lim67'*]�(U)6
%+$ K / × lim67'*]�(U)6

%+$  

 

lim67'*# �(U)6%+$ 1= lim67'*(�· . 1�) �i�X0|U(�)Z . (Í· . Í)���X0|U(�)Z .1Î$· KÎ$ 

lim67'*# �(U)6%+$ 1= lim67'*(Í· . Í)�i�X0|U(�)Z K (�· . 1�) ���X0|U(�)Z .ÎC· .ÎC 

We know that :  

§ K4 v �i�X0|U(�)Z v 4 and K4 v ���X0|U(�)Z v 4 

§ �· . 1� = :6;<>($?@)A':A 1. # ( :AB(CD)E'*D+$ × FAB<;6>GAB<;)  
§ Í· . Í = $C6> . ($?@)6;<>($?@)A':A . # ( :AB(CD)E'*D+$ × IAB<;6>GAB<;)  
§ Î$ = # ( :AB(CD)E'*D+$ × OCD?$)  
§ Î$· = $CK $?@($?@)A':A  
§ ÎC = # ( :AB(CD)E'*D+$ × JCD?$)  
§ ÎC· = :($?@)A':A  
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§ JCD?$ = # (K4)L'D0C(D?L?$)'$MCD?$CL (-)D?$L+N   

§ OCD?$ = # (K4)L'D0C(D?L?$)MCD?$CL'$(-)D?$L+N  

 

When Ö1 u 1²1: 
lim67'*(�· . 1�) = p 

lim67'*(Í· . Í) = p 

So : 

 lim67'*# �(U)6%+$ 1= Î$· KÎ$ 

                   1= $CK $?@($?@)A':A K # c :AB(CD)E × OCD?$d'*D+$  

                    = $C K $?@($?@)A':A K # c :AB(CD)E × # (K4)L'D0C(D?L?$)MCD?$CL'$(-)D?$L+N d'*D+$  

                    

 lim67'*# �(U)6%+$ = ÎC· .ÎC 

                     = :($?@)A':A . # c :AB(CD)E × JCD?$d'*D+$  

                      = :($?@)A':A . # c :AB(CD)E × # (K4)L'D0C(D?L?$)'$MCD?$CL (-)D?$L+N d'*D+$  

 

We know that the zeta function when -1 u 141converges.  

So # �(U)6%+$  and # �(U)6%+$  also converge, and the zeta function can be written as :  

 �(- . /0) = �(-2 0) . /¡(-2 0) 
with �(-2 0) = $C K $?@($?@)A':A K # c :AB(CD)E × # (K4)L'D0C(D?L?$)MCD?$CL'$(-)D?$L+N d'*D+$  

and   ¡(-2 0) = ?:($?@)A':A K # c :AB(CD)E × # (K4)L'D0C(D?L?$)'$MCD?$CL (-)D?$L+N d'*D+$  
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This result can be interpreted as :  

· When � 7 .�!the radius of the spiral tends towards 0, producing a point on the 

complex plane with coordinates (�(-2 0)2 ¡(-2 0))T1 
 

When  Ö v 1²!: 
# �(U)6%+$  and # �(U)6%+$  do not admit a specific limit, but as the function Z(s) diverges it 

graphically represents on the complex plane a spiral of radius 

 5 = Õ(�· . 1�)C . (Í· . Í)C tending towards .� and with a coordinate center 

(�(-2 0)2 ¡(-2 0)) : 
§ �(-2 0) = $CK $?@($?@)A':A K # c :AB(CD)E × # (K4)L'D0C(D?L?$)MCD?$CL'$(-)D?$L+N d'*D+$  

§ ¡(-2 0) = ?:($?@)A':A K # c :AB(CD)E × # (K4)L'D0C(D?L?$)'$MCD?$CL (-)D?$L+N d'*D+$  

 

We define the function " 7 Ø(")2 Å" P � K {4}12 " = - . /0112 ÉÈl1ÙÚÈ ,1 
Ø(") = 1�(-2 0) . 1/¡(-2 0) 

· �(-2 0) = $CK $?@($?@)A':A K # c :AB(CD)E × # (K4)L'D0C(D?L?$)MCD?$CL'$(-)D?$L+N d'*D+$  

· ¡(-2 0) = ?:($?@)A':A K # c :AB(CD)E × # (K4)L'D0C(D?L?$)'$MCD?$CL (-)D?$L+N d'*D+$  

 

 

Note that :  

§ !(")1ÈÉ1Ø(")1 are holomorphic on � K {4} 
§ !(") = 1Ø(") on {" = - . /0 P � K {4} , - u 4} 
§ {" = - . /0 P � K {4} , - u 4} is a part of � K {4} 

So according to the principle of analytical extension !(") = 1Ø(") on � K {4}. 
This means that assumption (0) is true and we can write :  

(9) 
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Å" P � K {4}12 " = - . /0!: !(") = 1�(-2 0) . 1/¡(-2 0) 
§ �(-2 0) = $CK $?@($?@)A':A K # c :AB(CD)E × # (K4)L'D0C(D?L?$)MCD?$CL'$(-)D?$L+N d'*D+$  

§ ¡(-2 0) = ?:($?@)A':A K # c :AB(CD)E × # (K4)L'D0C(D?L?$)'$MCD?$CL (-)D?$L+N d'*D+$  

Calculation of # c qº»(º»)E × # (K²)Û'»qº(»?Û?²)Üº»?²ºÛ'²(Ö)»?²Û+r d'*»+²  :  

# c :AB(CD)E × # (K4)L'D0C(D?L?$)MCD?$CL'$(-)D?$L+N d'*D+$   

= 

K :ACE M$$(-) . :ÝÃE 0CM�$(-) K :ÝÃE M��(-) K :ÞÄE 0ÃM�$(-) . :ÞÄE 0CM��(-) K :ÞÄE M��(-) .:ßàE 0ÄMá$(-) K :ßàE 0ÃMá�(-) . :ßàE 0CMá�(-) K :ßàE Máá(-)�  

 

Calculation of # c qº»(º»)E × # (K²)Û'»qº(»?Û?²)Üº»?²ºÛ'²(Ö)»?²Û+r d'*»+²  :  

# c :AB(CD)E × # (K4)L'D0C(D?L?$)'$MCD?$CL (-)D?$L+N d'*D+$   

= 

K :ACE 0M$N(-) K :ÝÃE 0M�C(-) . :ÝÃE 0�M�N(-) K :ÞÄE 0M�Ã(-) . :ÞÄE 0�M�C(-) K :ÞÄE 0�M�N(-) K:ßàE 0MáÄ(-) . :ßàE 0�MáÃ(-) K :ßàE 0�MáC(-) . :ßàE 0áMáN(-)�  

 

We rearrange the terms of the two expressions:  

# c :AB(CD)E × # (K4)L'D0C(D?L?$)MCD?$CL'$(-)D?$L+N d'*D+$   

 = 

1111K h0CSE M$$(-) . 0Ã�E M��(-) . 0Ä�E M��(-) . 0à�E Máá(-)� n 
.0C h0Ã�E M�$(-) . 0Ä�E M��(-) . 0à�E Má�(-)� n 
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K0Ã h0Ä�E M�$(-) . 0à�E Má�(-)� n 
.0Ä h0à�E Má$(-)� n 
1111â 
# c :AB(CD)E × # (K4)L'D0C(D?L?$)'$MCD?$CL (-)D?$L+N d'*D+$   

= 

K0 h0CSE M$N(-) . 0Ã�E M�C(-) . 0Ä�E M�Ã(-) . 0à�E MáÄ(-)� n 
.0� h0Ã�E M�N(-) . 0Ä�E M�C(-) . 0à�E MáÃ(-)� n 
K0� h0Ä�E M�N(-) . 0à�E MáC(-)� n 
.0á h0à�E MáN(-)� n 
1111â 
 

We observe that :  

# c :AB(CD)E# (K4)L'D0C(D?L?$)MCD?$CL'$(-)D?$L+N d'*D+$   

= 

K# c(K4)%0C% # :AB(CD)E'*D+%'$ MCD?$C(D?%)?$(-)d'*%+N   

And : 

# c :AB(CD)E# (K4)L'D0C(D?L?$)'$MCD?$CL (-)D?$L+N d'*D+$   

= 

K# c(K4)%0C%'$# :AB(CD)E'*D+%'$ MCD?$C(D?%?$)(-)d'*%+N   
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Summary : 

Å" P � K {4}2 " = - . /0!: 
    a(b) = c$CK $?@($?@)A':A . # c(K4)%0C% # :AB(CD)E'*D+%'$ MCD?$C(D?%)?$(-)d'*%+N d 

.e × c ?:($?@)A':A . # c(K4)%0C%'$# :AB(CD)E'*D+%'$ MCD?$C(D?%?$)(-)d'*%+N d  
  

 

5 Consequences  

5.1 q1 = 1r! 
According to relationship (10), when 01 = 1p! : 

!(-) = 4S K 44 K - .] 0CD(S^)E'*
D+$ MCD?$CD?$(-) = 4S K 44 K - .] 0CD(S^)E'*

D+$ ã (- . z)C(D?$)
L+N  

We can check that : 

§ !(p) = K $C 
§ !(K4) = $CK $CK :AC = K $$C    (0C = $Ä) 
§ !(KS) = $CK $�K 0C = p  

§ Generally, we find that !(KSU) = p (trivial zeros) 

We know that ÅU P V :  

!(SU) = (K4)%'$ CAä<;:Aä(C%)E åC%    and   !(KU) = (K4)% :äG;%'$  

So we have the following two equalities ÅU P V1: 

(10) 
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1] 0CD(S^)E'*
D+$ ã (SU . z) = (K4)%'$ SC%?$0C%(SU)E åC% K 4SU K 4 K

C(D?$)
L+N

4S 

] 0CD(S^)E'*
D+$ ã (z K U) = (K4)% 0%'$U . 4 . 4U . 4 K 4S

C(D?$)
L+N  

5.2 q 3 r 

The equation :!!(") = p 

According to relation (10), Implies :  

§ 
$CK $?@($?@)A':A . # c(K4)%0C%# :AB(CD)E'*D+%'$ MCD?$C(D?%)?$(-)d'*%+N = p  

§ 
?:($?@)A':A . # c(K4)%0C%'$# :AB(CD)E'*D+%'$ MCD?$C(D?%?$)(-)d'*%+N = p  

Implies :  

§ # c(K4)%0C%# :AB(CD)E'*D+%'$ MCD?$C(D?%)?$(-)d = $?@($?@)A':A K'*%+N $C  
§ # c(K4)%0C%'$# :AB(CD)E'*D+%'$ MCD?$C(D?%?$)(-)d'*%+N = :($?@)A':A  

Implies, by dividing by b in the second equation and replacing  
$($?@)A':A in the first equation:  

 # c(K4)%0C%# :AB(CD)E'*D+%'$ MCD?$C(D?%)?$(-)d'*%+N  

= 

(4 K -)# c(K4)%0C% # :AB(CD)E'*D+%'$ MCD?$C(D?%?$)(-)d K $C'*%+N   

Implies :  

$C. # æ(K4)%0C%# :AB(CD)E'*D+%'$ cMCD?$C(D?%)?$(-) K (4 K -)MCD?$C(D?%?$)(-)dç'*%+N = p  

So we can say that " = - . /0 is a non-trivial zero of the zeta function when a and b are 

solutions of the equation :  
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$C. # æ(K4)%0C%# :AB(CD)E'*D+%'$ cMCD?$C(D?%)?$(-) K (4 K -)MCD?$C(D?%?$)(-)dç'*%+N = p 

 

 

5.3 Proof of the Riemann hypothesis  

The Riemann hypothesis can be stated as follows:  

!(") = p11wx11p v - v 412 /yz|/~��1- = 4S 

According to relation (10) :  

a(b) = c$CK $?@($?@)A':A . # c(K4)%0C% # :AB(CD)E'*D+%'$ MCD?$C(D?%)?$(-)d'*%+N d  
.e × c ?:($?@)A':A . # c(K4)%0C%'$# :AB(CD)E'*D+%'$ MCD?$C(D?%?$)(-)d'*%+N d  

a(b) = r 

Implies : 

§ # c(K4)%0C%# :AB(CD)E'*D+%'$ MCD?$C(D?%)?$(-)d'*%+N . $C = $?@($?@)A':A 
§ # c(K4)%0C%'$# :AB(CD)E'*D+%'$ MCD?$C(D?%?$)(-)d'*%+N = :($?@)A':A 

Note that :  

# h(?$)ä:AäG;# ¹AB(AB)EGèBéäG; êAB<;A(B<ä<;)(@)nGèäéë# h(?$)ä:Aä# ¹AB(AB)EGèBéäG; êAB<;A(B<ä)<;(@)nGèäéë ';A = :$?@  

Posing � = :$?@ = Éì�1(íC) 
So :  

# h(K4)%0C%'$# 0CD(S^)E'*D+%'$ MCD?$C(D?%?$)(-)n'*%+N
4 . # h(K4)%0C%# 0CD(S^)E'*D+%'$ MCD?$C(D?%)?$(-)n'*%+N K 4S = Éì� jîSk = �i�1(î)4 . ���1(î) 

Implies :  
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§ # c(K4)%0C%'$# :AB(CD)E'*D+%'$ MCD?$C(D?%?$)(-)d'*%+N = �i�(î) = Cï$'ïA 
§ # c(K4)%0C%# :AB(CD)E'*D+%'$ MCD?$C(D?%)?$(-)d'*%+N K $C = ���(î) = $?ïA$'ïA 

 

And since :  

§ # c(K4)%0C%# :AB(CD)E'*D+%'$ MCD?$C(D?%)?$(-)d'*%+N . $C = $?@($?@)A':A 
§ # c(K4)%0C%'$# :AB(CD)E'*D+%'$ MCD?$C(D?%?$)(-)d'*%+N = :($?@)A':A 

So :  

§ # c(K4)%0C%# :AB(CD)E'*D+%'$ MCD?$C(D?%)?$(-)d'*%+N K $C = $?@($?@)A':A K 4 = ;;<>?$?9 ¹;<>HA$'9 ¹;<>HA  

§ # c(K4)%0C%'$# :AB(CD)E'*D+%'$ MCD?$C(D?%?$)(-)d'*%+N = :($?@)A':A = ¹(;<>)A$'9 ¹;<>HA  

Implies :  

§ # c(K4)%0C%# :AB(CD)E'*D+%'$ MCD?$C(D?%)?$(-)d'*%+N K $C = ;;<>?$?ïA$'ïA  

§ # c(K4)%0C%'$# :AB(CD)E'*D+%'$ MCD?$C(D?%?$)(-)d'*%+N = ;;<>ï$'ïA   
Implies :  

§ 

;;<>?$?ïA$'ïA = $?ïA$'ïA  
§ 

;;<>ï$'ïA = Cï$'ïA   
Implies : 

$$?@ = S  

Implies :  

- = 4S 
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5.4 Assumption (1) 

Here I'm going to use hypothesis (1) mentioned in Appendix 1, linked to one of the properties 

of the function - 7 M%L(-) , - P Q12 (U2 z) P VC�x1U � z function, which I find to be true but 

do not hold a proof (Appendix 1):  

Åz P V , 1 ÆMLL(-)Ç(%) = UEMLL?%(-) 
(U) is the derivative of order n, 1U P V 

So :  

ÆMCD?$CD?$(-)Ç(C%) = (SU)E MCD?$CD?$?C%(-) = (SU)E MCD?$C(D?%)?$(-) 
ÆMCD?$CD?$(-)Ç(C%'$) = (SU . 4)EMCD?$CD?$?C%?$(-) = (SU . 4)E MCD?$C(D?%?$)(-) 

 

Posing  Å- P Q12 ð(-) = K $C. # :AB(CD)E'*D+$ MCD?$CD?$(-) 
Note that :  

Ñð(-)Ò(C%)(SU)E = ] 0CD(S^)E'*
D+%'$ MCD?$C(D?%)?$(-) 

Ñð(-)Ò(C%'$)(SU . 4)E = ] 0CD(S^)E'*
D+%'$ MCD?$C(D?%?$)(-) 

By replacing # :AB(CD)E'*D+%'$ MCD?$C(D?%)?$(-) and # :AB(CD)E'*D+%'$ MCD?$C(D?%?$)(-) in relation (10), we get :  

a(b) = 4 K $?@($?@)A':A . # (K4)% :Aä(C%)E'*%+N ð(C%)(-) . / c# (K4)% :AäG;(C%'$)E'*%+N ð(C%'$)(-) K :($?@)A':Ad  
a(b) = r 
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Implies :  

§ 4 K $?@($?@)A':A . # (K4)% :Aä(C%)E'*%+N ð(C%)(-) = p  

§ # (K4)% :AäG;(C%'$)E'*%+N ð(C%'$)(-) K :($?@)A':A = p  

Implies :  

§ # (K4)% :Aä(C%)E'*%+N ð(C%)(-) = $?@($?@)A':A K 4 = ;;<>?$?9 ¹;<>HA$'9 ¹;<>HA   

§ # (K4)% :AäG;(C%'$)E'*%+N ð(C%'$)(-) = :($?@)A':A = ¹(;<>)A$'9 ¹;<>HA   

Posing � = :$?@ = Éì�1(íC) : 
§ # (K4)% :Aä(C%)E'*%+N ð(C%)(-) = ;;<>?$?ïA$'ïA   

§ # (K4)% :AäG;(C%'$)E'*%+N ð(C%'$)(-) = ;;<>ï$'ïA  

§ 
# (?$)ä ¹AäG;(AäG;)EGèäéë ñ(AäG;)(@)
$'# (?$)ä ¹Aä(Aä)EGèäéë ñ(Aä)(@) = Éì� 9íCH = ¤¥¦1(í)$'¢£¤1(í) 

Then : 

c# (K4)% :Aä(C%)E'*%+N ð(C%)(-)dC . c# (K4)% :AäG;(C%'$)E'*%+N ð(C%'$)(-)dC = 4  

So :  

æ ;;<>?$?ïA$'ïA çC . æ ;;<>ï$'ïAçC = 4  

Implies :  

9 $$?@ K 4HC K S9 $$?@ K 4H�C . �Ã . 9 $$?@ �HC = 4 . S�C . �Ã  

 

Implies : 
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9 $$?@ K 4HC K 4 . �C j9 $$?@HC K C$?@k = p  

Implies : 

§ 9 $$?@ K 4HC K 4 = p  

§ 9 $$?@HC K C$?@ = p  

Because 9 $$?@ K 4HC K 4   and   9 $$?@HC K C$?@   have the same sign on either side of 
$C  

And �C = 9 :$?@HC u p11121110 3 p    

Implies : 

9 $$?@HC = C$?@  

Implies :  

$$?@ = S  

Implies :  

- = 4S 
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Conclusion  

Based on the results of this article, we can define the zeta function on all the complex plane 

except in " = 4  by :  

Å" = - . /0 P � K {4} 
a(b) = c$CK $?@($?@)A':A . # c(K4)%0C% # :AB(CD)E'*D+%'$ MCD?$C(D?%)?$(-)d'*%+N d  

.e × c ?:($?@)A':A . # c(K4)%0C%'$# :AB(CD)E'*D+%'$ MCD?$C(D?%?$)(-)d'*%+N d  
We then prove that Riemann's hypothesis is true and that all non-trivial zeros of the zeta 

function have a real part  - = $C and an imaginary part b that satisfies the equation :  

4S .] g(K4)%0C% ] 0CD(S^)E'*
D+%'$ hMCD?$C(D?%)?$ j4Sk K 4SMCD?$C(D?%?$) j4Skno'*

%+N = p 

 

Assuming that assumption (1) in Appendix 1 is true, we can write :  

a(b) = 4 K $?@($?@)A':A . # (K4)% :Aä(C%)E'*%+N ð(C%)(-) . / c# (K4)% :AäG;(C%'$)E'*%+N ð(C%'$)(-) K :($?@)A':Ad  
With : ð(-) = K $C. # :AB(CD)E'*D+$ MCD?$CD?$(-) 
This means that when - = $C the imaginary part b of all non-trivial zeros of the zeta function is 

a solution of equation :  

Ï](K4)% 0C%(SU)E'*
%+N ð(C%) j4SkÐ

C . Ï](K4)% 0C%'$(SU . 4)E'*
%+N ð(C%'$) j4SkÐ

C
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Appendix 1  

In this article we have defined the function noted - 7 M%L(-)2 (- P Q)12 (U2 z) P VC�x1U �zwhich sums the multiplications between all the elements of the non-repeating combinations 

of the n elements  {-R - . 4R - . SR� T R - . U K 4 , U P V} taken p by p : 

Y%L = UEzE × (U K z)E 
The properties of this function include :  

§ MC%CL'$(-) . (- . SU)MC%CL(-) = MC%'$CL'$(-)   
§ MC%CL(-) . (- . SU)MC%CL?$(-) = MC%'$CL (-) 
§ (- . SU)MC%C%(-) = MC%'$C%'$(-)1 

We must therefore prove that Å(U2 z) P VC�x1U � z :  

M%L'$(-) . (- . U)M%L(-) = M%'$L'$(-)  and (- . U)M%%(-) = M%'$%'$(-) 
We know that :  

Y%L'$ . Y%L = %E(L'$)E×(%?L?$)E . %ELE×(%?L)E  
                             1= (%E)(%?L)'(%E)(L'$)(L'$)E×(%?L)E  

1111111111111111111111111111111111= (%E)(%?L)'%E(L'$)(L'$)E×(%?L)E   

1111111111111111111111111111111111= (%E)(%'$)(L'$)E×(%?L)E  
1111111111111111111111111111111111= (%'$E)(L'$)E×(%?L)E = Y%'$L'$(-)  
And   Y%% = Y%'$%'$ 

And since (- . U) it is the n+1 element of the set :  

 {-R - . 4R - . SR� T R - . U , U P V} 
We therefore have the equivalence :  
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M%L'$(-) . (- . U)M%L(-) = M%'$L'$(-)  And (- . U)M%%(-) = M%'$%'$(-) 
It has also been assumed that assumption (1), which can be stated as follows, is true:  

Åz P V , 1 ÆMLL(-)Ç(%) = UEMLL?%(-) 
(U) is the derivative of order n, 1U P V 

 

References 

Jakob Bernoulli. Ars conjectandi: opus posthumum: accedit Tractatus de seriebus infinitis; et 

Epistola gallice scripta de ludo pilae reticularis. Impensis Thurnisiorum, 1713 

Bernhard Riemann. Ueber die anzahl der primzahlen unter einer gegebenen grosse. Ges. Math. 

Werke und Wissenschaftlicher Nachlaß, 2(145-155):2, 1859 

https://fr.wikipedia.org/wiki/Valeurs_particuli%C3%A8res_de_la_fonction_z%C3%AAta_de

_Riemann (consulted on 22/01/2024) 

https://www.bibmath.net/dico/index.php?action=affiche&quoi=./p/prolongementanalytique.ht

ml (consulted on 01/25/2024) 

 

 

 

 

 

 

 


