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a record of Diophantine equations of sums of terms of various degrees

theorem 1: For p,q € N :
@+’ = @ -¢*)’ +6(%)’
proof:
@ +4°)° =p° +3p%(q*) +3p°(¢*)* + (¢°)’
@ -4°)’ =p° -3p%(q*) +3p*(¢*)* - (¢°)’
= @ +¢°) -0 - ¢*) = 6p°¢> = 6(pq)* +2(¢*)’
= @ +¢*) = 0’ -¢*)’ +6(*q)’ +2(¢*)’
]

theorem 2: For a,b,p,q,m € N :

(ap™ + bg™)" ~ (ap” ~ bg™)" = 35 (2 )a"b D[ 1 - (-1) 0 (plgr)”
proof: "
(ap™ + gy = 32 (3 ) ™) (b )
(ap" by = 3 (1 Y ap™) by
= (" +bg")" = (" = bg")" = 3 (L@ g™ = @) b))
= (ap" +bg")" = @ = bg")" = 3 (1 )[ah ")) = ah ) () gy ]
= (" +bg")" = (ap" ~bg")" = 3 (5 )DL (1) g
= (ap" +bg")" = @ = bg")" = 3 (5 )b 1= (1) ) g
= (" +bg")" = (ap" =~ bg")" = 3 (5 )b 1= 1) ) )"
= (" +bg")" = @ = bg")" = 3 (3 )b I 1= 1) P g )"

O

theorem 3: For a,b,p,q,m,n € N :
(@p" +bg")" — (ap" —bg")" = 3 (7 )b D[ 1 = (1) Jprgriy”
proof: -
(ap" +bg")" = ampm + 35 () ") ()
(ap" = bg")" = ap + 32 (7 Y ap") (-ba")"
= (ap" +bg")" ~ (ap" ~ bg")" = :ZO L) g ™™ = (ap™)" (=bg") "™ ]
= (ap" +bg")" ~ (ap" — bg")" = % CroLa"@n)"p" @) ™™ = a* (") (=b) "™ (g") "™ ]
= (" +bg")" = (ap" = bg")" = 3 (7 Db D1 = 1) ) )
= @+ bg")" = @ = bg")" = 3 (7 )a D[ 1= )P ] g
= (" +bg")" = (ap" = bg")" = (3 )b = (1) ) gy

= (ap" +bg")" = (ap" = bg")" = 3, (5 )a"b"[1 - (1) (g )"
h=0
L

examples:
3
(ap” +bg")* = (ap" = bg")* = 35 (} )a"bOP[1 = (=) Jp"qC™M)"
h=0
=2(¢q°)" + 6a*b(p*q)"
a=6b=1n=3:
6p° +4°)° = (6p° - ¢°)’ = 2(¢*)* + 63 (p*q)’
p=T7q9=5n=3":
(673453 —(6-73-5%)° =(6-72-5)> +2.1253



(2183)° — (1933)% = (1470)° + 3,906,250
10,403,062,487 — 7,222,633,237 = 3,180,429,250 = 3,176,523,000 + 3,906,250 v

4
(ap" +bg")* = (ap" — bg")* = > (4 )ab¢MD[1 - (-1)*M [ (pg“™)"
h=0
= 8ab’(pg*)" + 8a*b(p’q)”
= 8ab[b*(pg*)" + 84> (p°q)"]
a=2b=1n=4:
8p* +g*)* - 8p* — g =8+ 2(pg*)* + 8802431 (P’9)"
= 2pg*)* + 64(pq)*

5
(ap” +bg")’ = (ap" = bg")* = 35 (} )a"bCP[1 - (=1 (gt M)"
h=0
= 20a’b3(p*q>)" + 10a*b(p*q")"
a=10b=1n=5":
(10p° +¢°)” = (10p° — ¢°)” = 2000(p%¢*)” + (10p*q")’

theorem 4: For a;,b;,p;,q;,m,j € N :
(aip] +big!)" — (ap)' = big))" = Z (a1 = ()" ] (plhg" )"

N
= M + )" =y b)) = 3 (- I3 ()" )
proof:
@py' +byg7)" = (@py' = ba)" = 2 (5 a1 - D (g™ )"

N
= 2 [(ap]" +bjg)" - (ap]' - bjg}") [Z( Dalb} " L1 = (=1 h>:|<Ph (m—h)>mJ

j 1

= SlCap +bap)" - @pf ~bap)"] - hz;(z:)[l - DT et (ot )"

j=1

O

corollary 4.1: For a;,b;,p,q,m,j € N :
[(ap™ +big™)" = (a;p™ = big™)"] = 3 (7 )b, " [ 1= (1) P ] (plg)"
h=0

N m N
= 2laip" +big")" = (ap™ = big")"] = 2 Z;[ajfb;(m‘h) ]) (Y1 = )@ gy
= o\ =
proof:

(@p™ +bjg")" = (ap™ - big")" = Z (" )alb) "1 = (1) ] phg )"
= Z[(a;p +big™)" — (a;p™ - big")"] [Z (" Yalp "1 = (=1) ](phq(m—h))m}

j=1

N
= z;[(ajp’” +big™)" — (ajp™ — big")"] = %Q;[afb}(m_h) ]) ( " > [1- (=1) Jphgm)"
J= — —

O

similarly:
corollary 4.2: For a,b,pj,q;,m,j € N :

(ap}" +bg}")" = (ap} — bg}")" = Z (mYa b e h1 - (=) ] (prg" )"

= Z[(ap1 +bq —(ap bq/ Z(’")ahbl(M—h)[l (- 1)(m—h):|z<ph (m_h)>m

=
proof:

(ap!* + bg!")" — (api" — bg")" Z( Va1 (=1) h):|<ph (m—h))m

= St +02)" = o ~5a)") = £ £ a1 0" o) ]
3

= Z;[(ap}" +bg")" — (ap" = bg")" Z( Yabr D[] — (=1) ] Z<ph (m—h))m
=



