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ABSTRACT: In this note we give three double series for Pi.
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I. Introduction
The incomplete gamma function is defined by

Γ(α, x) = 
x

∞

ⅇ-t tα-1 ⅆ t , (α) > 0 (1)

Some properties:

Γ(z, 0) = Γ(z) (2)

Γ(a, ∞) = 0 (3)

Γ(n + 1, x) = n ! ⅇ-x
k=0

n xk

k!
, n = 0, 1, 2, 3, ... (4)

Γ(α, x y) = yα ⅇ-x y 
0

∞

ⅇ-t y(t + x)α-1 ⅆ t , (y) > 0, x > 0, (α) > 1 (5)

For details see references [1],[5].

II. Bernoulli numbers
The Bernoulli numbers are defined by

x

ⅇx - 1
= 1 -

x

2
+
n=1

∞ (-1)n-1 Bn

(2 n) !
x2 n , x < 2 π (6)

{Bn , n ≥ 1} = 
1

6
,
1

30
,
1

42
,
1

30
,
5

66
,
691

2730
, ... (7)

Bn = (-1)n 
k=2

2 n+1 (-1)k

k

2 n + 1
k

 
m=1

k-1

m2 n , n = 1, 2, 3, ... (8)

Bn = (-1)n+1
k=0

2 n 1

k + 1

m=0

k

(-1)m 
k

m
m2 n , n = 1, 2, 3, ... (9)

For details see references [1],[5].
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III. Generalized incomplete gamma function
The generalized incomplete gamma function is defined by

Γ(a, z0, z1) = Γ(a, z0) - Γ(a, z1) (10)

IV. Three double series for Pi
π = 24 2 

n=1

∞ (-1)n-1 22 n 22 n - 1 Bn

(2 n) !


k=0

∞


2 k
k


2-2 k

(2 k + 1)2 n-1
Γ 2 n,

2 k + 1

2
ln
9 + 4 3

7 + 4 3
,
2 k + 1

2
ln
5 + 2 2

3 + 2 2

(11)

π = 12 2 
n=1

∞ (-1)n-1 22 n 22 n - 1 Bn

(2 n) !

k=0

∞


2 k
k


2-2 k

(2 k + 1)2 n-1
Γ 2 n,

2 k + 1

2
ln
9 + 4 3

7 + 4 3
,
2 k + 1

2
ln
5

3
(12)

π = 24 2 
n=1

∞ (-1)n-1 22 n 22 n - 1 Bn

(2 n) !

k=0

∞


2 k
k


2-2 k

(2 k + 1)2 n-1
Γ 2 n,

2 k + 1

2
ln
5 + 2 2

3 + 2 2
,
2 k + 1

2
ln
5

3
(13)

Recall that
π

4
= 1 -

1

3
+
1

5
-
1

7
+
1

9
-
1

11
+ ... (14)

V. The numbers C(n)
Define

C(n + 1) =
1

n + 1

k=0

n

(n - k + 1) S(n - k + 1)C(k) , C(0) = 1 , n = 0, 1, 2, 3, ... (15)

where

S(0) = 0, S(1) =
1

2
, S(2 n + 1) = 0 , n = 1, 2, 3, ... (16)

S(2 n) =
3 (-1)n-1 22 n-1 Bn

(2 n) (2 n) !
, n = 1, 2, 3, ... (17)

we have

{C(n), n ≥ 0} = 1,
1

2
, -
1

8
, -

5

48
,
7

640
,
19

1280
, -

869

967680
, -

715

387072
, ... (18)
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VI. Alternative series
π = 3

n=1

∞ (-1)n-1 22 n 22 n - 1 Bn

(2 n) !

k=0

∞ C(k)

2 n + k - (3 /2)
arctanh

1

4

2 n+k-(3/2)

(19)

π = 4
n=1

∞ (-1)n-1 22 n 22 n - 1 Bn

(2 n) !

k=0

∞ C(k)

2 n + k - (3 /2)
arctanh

1

4 + 2 2

2 n+k-(3/2)

(20)

π = 6
n=1

∞ (-1)n-1 22 n 22 n - 1 Bn

(2 n) !

k=0

∞ C(k)

2 n + k - (3 /2)
arctanh

1

8 + 4 3

2 n+k-(3/2)

(21)

Define

D(n) = 
k=0

⌊n/2⌋ (-1)k 22 k+2 22 k+2 - 1 Bk+1

(2 k + 2) !
C(n - 2 k) , n = 0, 1, 2, 3, ... (22)

{D(n), n ≥ 0} = 1,
1

2
, -
11

24
, -
13

48
,
119

640
,
1339

11520
, -

72749

967680
, -

18451

387072
, ... (23)

we have

π = 3
n=0

∞ D(n)

n + (1 /2)
arctanh

1

4

n+(1/2)

(24)

π = 4
n=0

∞ D(n)

n + (1 /2)
arctanh

1

4 + 2 2

n+(1/2)

(25)

π = 6
n=0

∞ D(n)

n + (1 /2)
arctanh

1

8 + 4 3

n+(1/2)

(26)
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