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A new strategy is explored for finding the exact general solution to the 3D Navier–Stokes equations.
This strategy is shown for the case of periodic boundary conditions. The general solution obtained
shows that solutions to the 3D Navier–Stokes equations do not exhibit blowup in finite time.

Theorem 1

Let U = U(x, t) ∈ R3, F = F (x, t) ∈ R, and Q = Q(x, t) ∈ R3, each dependent on x ∈ R3 and
t > 0. We can find the general solution U, F to

∂U

∂t
+©(U2) = ε©2 (U) +©(∇F + Q), (1)

∇ ·U = 0 (2)

with periodic boundary conditions

U(x + ei, t) = U(x, t), (3)

F (x + ei, t) = F (x, t), (4)

Q(x + ei, t) = Q(x, t) (5)

for 1 6 i 6 3 where ei is the ith unit vector in R3. Here © is an operator such that

©(log(a)) =
©(a)

a
(6)

for any vector a.

Proof

Let

U = c© (log(A)) = c
©(A)

A
(7)

where c is a constant. Equation (1) implies

c
∂

∂t
© (log(A)) + c2© [(

©(A)

A
)2] = cε© [

©2(A)

A
− (
©(A)

A
)2] +©(∇F + Q). (8)

Let c = −ε. Equation (8) implies

−ε ∂
∂t
© (log(A)) = −ε2© [

©2(A)

A
] +©(∇F + Q) (9)

which implies

−∇−2∇×∇× ε ∂
∂t
© (log(A)) = −∇−2∇×∇× ε2© [

©2(A)

A
] +∇−2∇×∇×©Q (10)

which implies

−∇−2∇×∇× ε ∂
∂t

(log(A)) = −∇−2∇×∇× ε2[©
2(A)

A
] +∇−2∇×∇×Q + g (11)
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where
©(g) = 0. (12)

Equation (11) implies

ε
∂

∂t
(log(A)) = ε2

©2(A)

A
−Q + G (13)

where
∇−2∇×∇×G = −g. (14)

Equation (13) implies

ε
∂A

∂t
= ε2©2 (A) + AH (15)

where
H = −Q + G. (16)

Equation (15) is a linear PDE for A and is solvable. ∴ U can be found.
Equation (2) implies

∇ ·©(U2) =©(∇2F +∇ ·Q) (17)

which implies
∇ · (U2) = ∇2F +∇ ·Q + h (18)

where
©(h) = 0 (19)

which implies
∇2F = ∇ · (U2)−∇ ·Q− h (20)

which implies
F = ∇−2[∇ · (U2)−−∇ ·Q− h]. (21)

∴ F can be found. �
Theorem 1 implies we can solve

∂U

∂t
= 3(U2) + ε32(U)−3(Q) (22)

and (3),(5) for U where
3 = ∇−2∇×∇×©. (23)

Theorem 2

Let u = u(x, t) ∈ R3, p = p(x, t) ∈ R, and f = f(x, t) ∈ R3, each dependent on x ∈ R3 and t > 0.
We can find the general solution u, p to the 3D Navier–Stokes equations

∂u

∂t
+ (u · ∇)u = ν∇2u−∇p+ f , (24)

∇ · u = 0 (25)

with periodic boundary conditions

u(x + ei, t) = u(x, t), (26)

p(x + ei, t) = p(x, t), (27)

f(x + ei, t) = f(x, t) (28)

for 1 6 i 6 3 where ei is the ith unit vector in R3. We find that the 3D Navier–Stokes equations are
regular, see [1–4]. Here the equation for u is

∂u

∂t
= ∇−2∇×∇× [(u · ∇)u] + ν∇2u−∇−2∇×∇× f . (29)
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Proof

Theorem 1 implies we can solve

∂u

∂t
= ∇−2∇×∇× [(u · ∇)u] + ν∇2u−∇−2∇×∇× f

+ 3(u2) + ε32(u)−3(Q)

− ∇−2∇×∇× [(u · ∇)u]− ν∇2u +∇−2∇×∇× f (30)

and (26),(28),(5) for u. We let

3(u2) + ε32(u)−3(Q)−∇−2∇×∇× [(u · ∇)u]− ν∇2u +∇−2∇×∇× f = 0 (31)

which implies
©(u2)− ε©2 (u)−©Q− (u · ∇)u + ν∇2u + f = r (32)

where
∇−2∇×∇× r = 0. (33)

We choose
f = r−©(u2) + ε©2 (u) +©Q + (u · ∇)u− ν∇2u (34)

which is still arbitrary since Q appears. ∴ u can be found. Equation (25) implies

∇2p = −∇ · [(u · ∇)u] +∇ · f (35)

which implies
p = ∇−2{−∇ · [(u · ∇)u] +∇ · f}. (36)

∴ p can be found. Finally, in light of the general solution obtained we find that the 3D Navier–Stokes
equations are regular because equations (1),(2),(3),(4),(5),(6) are regular. �
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