A PROOF OF THE KAKEYA MAXIMAL FUNCTION
CONJECTURE VIA BIG BUSH ARGUMENT

JOHAN ASPEGREN

ABSTRACT. In this paper we reduce the Kakeya maximal function conjecture
to the tube sets of unit measure. We show that the Kakeya maximal function
is essentially monotonic. So by adding tubes we can reduce the conjecture to
the case of unit measure tube set if we allow the technicality that there are
possibly two tubes on the same direction. Then we proof by Kakeya maximal
function conjecture by a density argument.
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1. INTRODUCTION
We define a line I; as
i ={yeR"Ja,z e R" andforall teR y=a+at}
We define the d-tubes as d-neighborhoods of lines on B(0, 1):
TP :={rcR"|z—y| <5, yel}

The order of intersection is defined as the number of tubes intersecting in an in-
tersection. We define A < B to mean that there exists a constant C,, depending
only on n such that A < C,,B. We define A $ B to mean that for any ¢ > 0 there
exists a constant C. depending only on n and € such that A < C.0¢. We say that
tubes are d-separated if their angles are d-separated. Moreover, let f € L} (R™).
For each tube in B(0, 1) define a as it‘s center of mass. Define the Kakeya maximal
function as

fi:8" 1 > Rvia

1
f*wzsup—/ f(y)|dy.
5 () ackr TS(a) N B(0,1) Tj(a)ﬂB(0,1)| W)l
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In this paper any constant can depend on dimension n. In study of the Kakeya
maximal function conjecture we are aiming at the following bounds

(1.1) 1511y < Co™™/PH=<| £,

for all € > 0 and some n < p < oco. A very important reformulation of the
problem by Tao is the following. A bound of the form (|1.1)) follows from a bound
of the form

(1.2) 1D 100 () lp/p-1) < Ce6™/PH7,
weN

for all ¢ > 0, and for any set of N < §'™" §-separated of d-tubes. See for
example [2] or |1]. It’s enough to consider the case p = n and the rest of the
cases will follow via interpolation [1L/2]. In this paper any constant can depend on
dimension n. Our main lemma is the following:

Lemma 1.1. Let there be a N ~ §'=™ §-tubes that are 6-separated. Then we have
1Y " 1o @lln/e-n S 1Y a0 11 @w) /(-1
weN w'eQ’
where Q' is almost §-separated with two tubes of the same direction and
(1.3) ' 1 ~6'N.
w' e
We will proof that then we have:

Theorem 1.2. Let there be a N ~ 6™ §-tubes that are 6-separated. Then we
have

1Y s n@)ln/m-1) S 1-
weN

2. THE PROOF OF THE LEMMA

We assume that N ~ 61" We also drop the d-upper index and the center points
a; so we have

N N
1~ 0" N ~ Zm\ = /21%.
=1 i=1

We define

N
By :={z e R"|2¥ < 17, (z) <281}

i=1

So we have

N N
(2.1) / S, ~Z/ I, ~ S0 28 By
Eok =1 i=1 Y Eak k

However, we can also calculate
N N N N
CEID SN D SITES) 3D DY IEFESD 35 DIMHEAPS) S HPNEL Y
K JE Esk k=1 1

2k =1 k i=1 i i=
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We also notice that the number of & is less than ~ In N. Now, we have from (2.2
that

(2.3) §"TIN ~ Y 2K Byl

k
Next we use our big bush argument. We consider N J-tubes that are d-separated.
Moreover, all the center points of the tubes are in the origin. This set Ujvzl T;S(O)
is the so called big bush. It’s clear that

N
U T )~ N,
j=1

because if N ~ §'~", the big bush covers the unit ball. However the number of
tubes N only doubles if take the union with the original tube set! So we take the
union

N N
E = U T? (a;) U U Tf(())7
i=1 j=1
and do another dyadic decomposition. We have then

(2.4) §"TIN ~ Y 2™ Bl

Now if # € Eor then z € J,,~; E5n! This is the monotonicity condition. So we
have the key inequality

(2.5) 2B | S (D 2 B D
m>k
It’s clear via dyadic decomposition that

I Z 150117 (@) ln/(n-1) ~ (Z okn/(n=1)| gy, |)(n=1)/n.
weN k

So we have from (2.5 that
(2.6)

I Z 10117 (@) ln/(n-1) ~ (Z okn/(n=1)| 7, [)(n=D/m < (1n N)(n=D)/n ml?x2k|E2k|n/(n—l)
weN m

S ()= 3y 7 @me/ (D gy, )=/,

m>k

So we are done proving our main lemma because we can combine the above

(6) with
(Z 2mn/(n—1)|EémD(n—1)/n 5 (Z an/(n—l)lEém|)(n—1)/n ~ || Z lB(O,l)thﬁ,(aw/)||n/(n71)-

m>k w'eQ
3. THE PROOF OF THE THEOREM

Next we use the density argument to proof our theorem We assume
L~ 3" N
We follow the exposition in [3]. We have
N
1> 1500 170

i=1

ln/(n-1) = 1,
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which is by Hoélder equivalent to

N N N N
Z/T Fi < 11> a1z @) Fillall Y a0z @olln/m-1 < 1Y 150,017 @) Filln,
i=1 i i=1 i=1 i=1

Then we break F' to level sets via dyadic decomposition and obtain equivalently

N N
S 2AnTIS Y [ APl S 2440
i=1 i=17Ti

so we have equivalently

N
S JANT S A"
=1

However we have

N N
Al ~JTinAl ~ > 1ANT,
i 1=¢

i=1
by the big bush condition (1.3]) of the lemma So we have
Al S A
because
Al <1

and we are done proving the theorem via lemma
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