CAN EINSTEIN TENSOR BE GENERALIZED?

TOMASZ KOBIERZYCKI

ABSTRACT. In this short paper I will write a possible generalizations of Ein-
stein tensor and energy momentum tensor that will lead to generalizations
of Einstein field equations.
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1. EINSTEIN TENSOR

Einstein tensor [1] is basis of General Relativity, it has vacuum solutions
equal to:
G" =0 (1.1)

Another property is that it is symmetric and it’s covariant derivative is equal
to zero from it follows that:

Vv, G = () (1.2)
Gr — Gm (1.3)

It plays crucial role in Einstein field equations [2] as it is left side of field
equation:

GM = kTH (1.4)
Where tensor itself is equal to:
G" = RM" — %Rg’“’ (1.5)
So field equations are equal to :
RM — %Rg‘“’ = kT (1.6)

But in whole paper I will be using not contravariant form but covariant form
of this tensor so G,,,. It will be same tensor but with covariant indexes, it will
be equal to:

1
G,UJI = R/.Ll/ —_ ERg#V (17)
So field equation is same but with covariant indexes:
1
R, — ERg’W = KT, (1.8)

This is form of field equations I will use in whole paper.
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2. RIEMANN TENSOR AND GENERALIZED EINSTEIN TENSOR

To build a generalized Einstein tensor I need to assume some kind of basis of
deriving it. I will use Riemann tensor contractions are that basis, I want gen-
eralized tensor to have same contractions as Riemann tensor [3]| [4]. It means
that if i write Riemann tensor contractions they will be same as contractions
of generalized Einstein tensor:

ga“Raugy = 0 (2.1)
gaﬁRauﬁu = R;U/ (22)
9% Roppy = —Ryp (2.3)
9" Roppy = —Ray (2.4)
gI-U’Ra“ﬁV = Raﬂ (25)
)

gﬁyRa,uBV =0 (26
So I can write down now same contractions but for generalized Einstein tensor
Gauﬁ,ji

GG oy =0 (2.7)
gaﬁGaqu =Guw (2.8)
9 Goppy = —Gup (2.9)
9"°Goppy = —Gay (2.10)
9" Gappy = Gag (2.11)
9" Gappy =0 (2.12)

From it comes another part of equations that is generalized energy momentum
tensor [5], that will have same contraction properties as Riemann tensor and
generalized Einstein tensor to follow a field equation:

gauTa,uﬂu =0 (213)
gaﬁTauBV = T;w (214)
gaVTauBZ, = —T‘ug (215)
9" Ty = T (2.16)
g’uVTaM/BV = dop (217)
)

9" T =0 (2.18

So from it comes that generalized Einstein tensor reduces either to plus-minus
Einstein tensor or zero and generalized energy momentum tensor have to obey
same rule to make it consistent with field equations.
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3. GENERALIZED EINSTEIN TENSOR

I will first write generalized Einstein tensor and generalized energy momen-
tum tensor, then will show that they indeed follow contractions properties. So
those tensors are equal to:

up

av

1
Gappr = Rappy — ER (9opGur — 98uGon) (3.1)
1 1 1
Tasw = 5 (TagGuw + Tuvgas) = 5 (TusGav + Tavgus) = T (9asguw = 9ougor)
(3.2)
1
g™ (RWV ~ 58 (9as g — gﬁugau)) =0 (3.3)
o 1
5% (Ruvi = G Gors = 180) ) = G 3.9
av 1
g (Rauﬁu - éR(QaﬁguV — 98uYGav ) = —Gup (3.5)
1
g“ﬁ (Rauﬁu - ER (gaﬁgpw - gb’ugau ) av (36>
pv 1
g RauBV - ER (gaﬁgul’ gﬁugal/) (3-7)
1
7 (o = § R Gars - gﬁugw)) -0 35)
a 1 1 1
9\ 5 Tasuw + Tuwgas) = 5 (Tusgow + Tavgus) = GT (9ap9uw = puan) | =0
af 1 1 1
g 5 (Taﬁguu + Tuugaﬁ) - 5 (Tuﬁgau + Tallguﬁ) - ET (gaﬁgw/ - g/ﬁ,ugau
(3 10
w (1 1 1
g 5 (Ta,@guu + Tuugaﬁ) - 5 (Tuﬁgau + Taug,uﬁ) - ET (gaﬁguu - gﬁ,ugcw
3 11
18 1 1 1
g 5 (Tab’guu + T/u/gaﬂ) - 5 (Tuﬂgw/ + Taugub’) - ET (gaﬂg,uu - gﬂugay)
(3.12)
v 1 1 1
g 5 (Taﬁg;w + T,u,ugaﬁ) - 5 (T,u,Bgow + Taug,uﬁ) — ET (gaﬁgw/ - gﬁ,ugcw> = Ta,B
(3.13)
v 1 1 1
97\ 5 Tapgr + Tuvgas) = 5 (Tusgav + Tavgus) = &1 (GapGw — 9ouger) | =

(3.14)
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4. CONSERVATION

It easy to derive that covariant derivative of extended Einstein tensor is
equal to zero for all indexes. It means that:

9V Gaupy = 0 (4.1)
9"V 3Gopsy = 0 (4.2)
9"V 4G sy = 0 (4.3)
9"’V 3G oapp, =0 (4.4)

Where i did use covariant derivative with upper index index raising, trick to
do it is very simple, covariant derivative of metric tensor is equal to zero so I
can treat metric tensor as a constant, from fact that tensor reduces to Einstein
tensor so if I multiply one side of equation by metric tensor I will still get valid
result and from fact that after using metric tensor to contract generalized
Einstein tensor I will always arrive and zero:

9"V 59" <Rauﬁv - éR (9aBGuw — gﬂ,ugazz)> =0 (4.5)
9"*VGu =0 (4.6)
9"V 9" <Raﬂﬂv - éR (9aBGuw — gﬁ,uQau)) =0 (4.7)
¢’V 4G =0 (4.8)
9"V g™ (Rauﬂv - éR (GaBGpr — gﬂ,uQau)) =0 (4.9)
9**VsGas =0 (4.10)
95¢V¢g‘” (Rauﬁv - %R (9w — gﬁugw)) =0 (4.11)
9%V Gag = 0 (4.12)

For generalized energy momentum tensor case is even simpler it’s build form
energy momentum tensor and metric tensors both of them will vanish when
taking the covariant derivative.
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5. SUMMARY

In this short paper I showed possible generalization of Einstein tensor. This
leads to generalized energy momentum tensor, that combined create a new
field equation:

Gauﬂu = /{Ta,uﬂu (51)

Contractions of this field equation lead to zero or plus-minus Einstein tensor.
That gives new equation for space-time curvature and new vacuum equations
that will be equal to:

Goppy =0 (5.2)

Problem with this equation is that is really hard to solve, as its a four rank
tensor. For example field equation will take form for simplest case of vacuum:

1
Rapas = g1 (9aass — gapgas) = 0 (5.3)
From fact that independent components for Riemann tensor in case of spherical
symmetric space-time are only six of them [6] and there are no cross terms for

metric tensor I will get where I can write independent components:

1

Roio1 — 63911900 =0 (5.4)
1

Ro202 — 6R922900 =0 (5-5)
1

Ros03 — 6R933900 =0 (5.6)
1

Ri212 — 6R911922 =0 (5-7)
1

Ris13 — 6R911933 =0 (5-8)
1

Ras03 — 6R922933 =0 (5.9)

From it follows clearly that vacuum solutions have non-vanishing Ricci tensor,
even in simplest case.
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