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Abstract: Let G(V, E) be a graph with p vertices and ¢ edges. A vertex labeling of G is
an assignment f : V(G) — {1,2,3,...,p + ¢} be an injection. For a vertex labeling f, the
induced Smarandachely edge m-labeling f§ for an edge e = wv, an integer m > 2 is defined
by
« u)+ f(v
fito - [{2502],

m
Then f is called a Smarandachely super m-mean labeling if f(V(G))U{f*(e):e € E(G)} =
{1,2,3,...,p+ q}. Particularly, in the case of m = 2, we know that

f(u);rf(v) if f(u) + f(v) is even;

fre) = W if f(u)+ f(v) is odd.

Such a labeling is usually called a super mean labeling. A graph that admits a Smarandachely
super mean m-labeling is called Smarandachely super m-mean graph, particularly, super mean
graph if m = 2. In this paper, we discuss two kinds of constructing larger mean graphs. Here
we prove that (Pm;Cn)m > 1, n > 3,(Pm;Q3)m > 1, (Pan; Sm)m > 3, n > 1 and for any
n > 1 (Pn;S1), (Pn; S2) are mean graphs. Also we establish that [Pp,;Cr]lm > 1, n > 3,
[Pm; Qs]m > 1 and [Pr; C’r(zz)]m > 1, n > 3 are mean graphs.
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81. Introduction

Throughout this paper, by a graph we mean a finite, undirected, simple graph. Let G(V, E) be
a graph with p vertices and ¢ edges. A path on n vertices is denoted by P, and a cycle on n
vertices is denoted by C,,. The graph P x P» x P; is called the cube and is denoted by Q3. For

notations and terminology we follow [1].
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A vertex labeling of G is an assignment f : V(G) — {1,2,3,...,p + ¢} be an injection.
For a vertex labeling f, the induced Smarandachely edge m-labeling f& for an edge e = uv, an
integer m > 2 is defined by

50 = |

Then f is called a Smarandachely super m-mean labeling if f(V(G)) U {f*(e) : e € E(G)} =
{1,2,3,...,p+ q}. Particularly, in the case of m = 2, we know that

416

m

Fo={ oz s )i een
JOIRIQIELif f(u) + f(v) is odd.

Such a labeling is usually called a super mean labeling. A graph that admits a Smarandachely
super mean m-labeling is called Smarandachely super m-mean graph, particularly, super mean

graph if m = 2. The mean labeling of the Petersen graph is given in Figure 1.

Figure 1

A super mean labeling of the graph K» 4 is shown in Figure 2.

Figure 2

The concept of mean labeling was first introduced by Somasundaram and Ponraj [2] in
the year 2003. They have studied in [2-5,8-9], the meanness of many standard graphs like
P,,Cy, K, (n < 3), the ladder, the triangular snake, K1 2, K1 3, K2, Ko+mK7, KS+2Ks, S+
K1,Cy U Py(m > 3,n > 2), quadrilateral snake, comb, bistars B(n), Bpt1,n,Bn+an, the
carona of ladder, subdivision of central edge of B, , subdivision of the star Ki ,(n < 4), the
friendship graph C'?EQ), crown Cp, ® K1, 07(12), the dragon, arbitrary super subdivision of a path
etc. In addition, they have proved that the graphs K,,(n > 3), K1,n,(n > 3), Bymn(m > n +2),
S(Kin)n >4, Cét)(t > 2), the wheel W,, are not mean graphs.
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The concept of super mean labeling was first introduced by R. Ponraj and D. Ramya
[6]. They have studied in [6-7] the super mean labeling of some standard graphs. Also they
determined all super mean graph of order < 5. In [10], the super meanness of the graph Cs,
for n > 3, the H-graph, Corona of a H-graph, 2-corona of a H-graph, corona of cycle C,, for
n > 3, mCp-snake for m > 1,n > 3 and n # 4, the dragon P,(C,,) for m > 3 and m # 4 and

Cin X Py, for m = 3,5 are proved.

Let C,, be a cycle with fixed vertex v and (P,,; C,) the graph obtained from m copies of
C,, and the path P, : ujus . . . u,, by joining u; with the vertex v of the i*" copy of C,, by means
of an edge, for 1 <i < m.

Let Q3 be a cube with fixed vertex v and (Py,; Q3) the graph obtained from m copies of Q3
and the path P,, : ujus...u, by joining u; with the vertex v of the ith copy of @3 by means
of an edge, for 1 <i < m.

Let Sy, be a star with vertices vg, v1, va, . .., Uy, Define (Pay; Sp) to be the graph obtained
from 2n copies of S, and the path P, : ujus...u, by joining u; with the vertex vy of the
4" copy of S, by means of an edge, for 1 < j < 2n, (P,;S;) the graph obtained from n copies
of Sy and the path P, : ujus...u, by joining u; with the vertex vy of the j** copy of S; by
means of an edge, for 1 < j <n, (P,;S2) the graph obtained from n copies of S2 and the path
Py, : ujusg . .. uy by joining u; with the vertex vy of the j* copy of Sz by means of an edge, for
1<j<n

Suppose C,, : v1vg...v,v1 be a cycle of length n. Let [P,,; C,] be the graph obtained from
m copies of C,, with vertices vi,,v1,,...,v1,,V2,,...,V2,,-.+, Umy,- .., VUm, and joining v;; and

v;+1; by means of an edge, for some j and 1 <7 <m — 1.

Let Q3 be a cube and [Py,; Q3] the graph obtained from m copies of Q3 with vertices
Vs Vlgs vy Vlgy U213 U205« 5 V25« « « 3 Uy Uiy - - - s Umyg and the path P, : ujus . .. uy, by adding

the edges v1,v2,,V2,V3,, .., Um—1,Vm, (i.6) v;;0;41,,1 <i<m—1.

Let 07(12) be a friendship graph. Define [Py,; C,(f)] to be the graph obtained from m copies
of 07(12) and the path P,, : ujusz...u,, by joining u; with the center vertex of the i*" copy of
C,(f) for 1 <i<m.

In this paper, we prove that (P,; Cp,)m > 1,n > 3, (Py; Q3)m > 1, (Poy; Sm)m > 3,n > 1,
and for any n > 1(P,;S1), (Pn; S2) are mean graphs. Also we establish that [P,,; Cy]Jm > 1,
n >3, [Pn;Qs]m > 1 and [Ppy; Cff)]m > 1,n > 3 are mean graphs.

§2. Mean Graphs (P,,;G)

Let G be a graph with fixed vertex v and let (P,,; G) be the graph obtained from m copies of
G and the path Py, : ujus . .. u,, by joining u; with the vertex v of the i** copy of G by means
of an edge, for 1 <i < m.

For example (Py; Cy) is shown in Figure 3.



New Families of Mean Graphs

STt

Figure 3

Theorem 2.1 (P,,;C,) is a mean graph, n > 3.

Proof Let v;,,v;,,...,v; be the vertices in the i*" copy of C,,,1 < i < m and uy, uz, ...

be the vertices of P,,. Then define f on V(P,,;C,,) as follows:

2k if n is even
Take n =
2k +1 if n is odd.
n+2)(i—1 if 7 is odd
Then f(u;) = ( I )

(n+2)i—1 if 7 is even
Label the vertices of v;; as follows:

Case (i) nis odd
When i is odd,
floi))=n+2)(i-1)+2j-1,1<j<k+1
figer)) = +2)i—2j+1,1<j<k1<i<m.
When i is even,
flvi) = (n+2)i—2j,1<j <k,
f(vik+j):(n+2)(i_1)+2(j_1)71Sjgk"’_lvlgigm

Case (ii) n is even
When i is odd,
floy)) =n+2)(i-1)+2j-1,1<j<k+1
f@ig)) =(n+2)i=2j,1<j<k-1L1<i<m
When i is even,
foi) = (n+2)i—2j,1<j<k+1
fi ) =n+2)(i—-1)+2j+1,1<j<k-11<i<m
The label of the edge wju;t+1 is (n+ 2)i, 1 <i<m — 1.
(mn+2)(i—1)+1  ifiisodd,

The label of the edge u;v;, is
(n+2)i—1 if 7 is even

71
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and the label of the edges of the cycle are
m+2)i—1,(n+2)i—2,...,(n+2)i—n ifiis odd,
n+2)i—2,(n+2)i—3,...,(n+2)yi—(n+1) ifiis even.

For example, the mean labelings of (Ps; Cs) and (Ps; Cg) are shown in Figure 4.

13 14 27 28 41
12 15 26 29
10 11 17 18 24 25 31 32 38
7 9 19 20 21 23 3 34 35
0 15 16 31 32
1 14 17 30 33
3 4 12 13 19 20 g 29 3
5 6
10 11 21 22 26 27 37
7 8 23 24 39
Figure 4

Theorem 2.2 (P,,;Qs3) is a mean graph.

Proof For 1 < j < 8, let v;; be the vertices in the ith copy of Q3,1 < i < m and

U1, U, . . . , Uy be the vertices of Py,.

Then define f on V(P,,; Q3) as follows:

14; — 14 if 7 is odd
fui) =

147 — 1 if 7 is even.

When 7 is odd,

flvy,)=14i—13, 1<i<m
floi)=14i—13+j, 2<j<4,1<i<m
flui,)=14i—5, 1<i<m
flo,)=14i—9+j, 6<j<81<i<m
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when ¢ is even,

flui;))=14i-1-j, 1<;j<3,1<i<m
fvi,) =14i—6,1<i<m
flui)) =14i=5-35,5<j<7,1<i<m
flug)=14i—14,1<i<m

The label of the edges of P, are 144, 1 <i <m — 1.

14¢ — 13, if 4 is odd
The label of the edges of u;v;, =

147 — 1, if ¢ is even
The label of the edges of the cube are

14i —1,14i — 2,...,14i — 12 if i is odd,

14i —2,14i — 3,...,14i — 13 if i is even.

For example, the mean labeling of (Ps5; Q3) is shown in Figure 5. O
16 44
14 Q\ 22 42 50
2 54
0 28 56
. 55

7 N /N

A

Figure 5

Theorem 2.3 (Pa,; Sm) is a mean graph, m > 3,n > 1.

Proof Let ui,uz, ..., uz, be the verfices of Pa,. Let vo,,v1,,v2;,v3;,...,vm, be the vertices
in the 5" copy of S,,,1 < j < 2n.

Label the vertices of (Pay,;Sy,) as follows:
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fluzjs 2m+4)j, 0<j5j<n-1,

[ (uz;
(U02j+1

(v02]

2m+4)7—1, 1< 5 <n,
j+1, 0<53<n~—-1,

.7_27 1§]§TL,

2m + 4

2m+ 4

2m+4)7+ 2, 0<j<n—-1,1<:<m

(vl2g+1

(1)12]

(
(
(
(
(
(

— — ~— ~— ~— ~—

)=
)
)
)
)
)

2m+4)(j—1)+2i+1, 1<j<n,1<i<m

The label of the edge uju;11 is (m+2)j,1<j<2n-1
The label of the edge ujv; is

(m+2)G—1)+1, ifjisodd
(m+2)j —1, if j is even

The label of he edge vo,v;; is

m+2)G-1)+i+1, ifjisodd,1<i<m
(m+2)(j—1)+1, if jiseven,1<i<m
For example, the mean labeling of (FPs;S5) is shown in Figure 6. O

14 27 28 41
dz{:b dﬁlib/ﬁi\ d;%;b dfgi:b df{:b
18 20 22 24

7 9 11! 17 19 21 23 25 3032 34 36 38 3133 35 37 39

Figure 6

Theorem 2.4 (P,;S1) and (P,;S2) are mean graphs for any n > 1.

Proof Let wi,ug,...,un, be the vertices of PF,. Let w,,v0,,...,0, and

n

V1,,V1,,- .-, V1, be the vertices of Sj.
Label the vertices of (P,;S1) as follows:

37 —3 ifjisodd, 1<j<n
fluz) =

3i—1 ifjiseven, 1 <j<mn
floo)=3j-2 1<j<n

3j—1 ifjisodd, 1<j<n
f(vlj):

37 —3 if jiseven,1<j<n
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The label of the edges of P, are 35,1 <j<n—1.

. 37 — 2, if 7 is odd
The label of the edges u;vo; is
3ji—1, if j is even

) 3j—1, if j is odd
The label of the edges v, V1, IS
3j—2, if j is even

Let vo,,v0y, -+ ,00,, V1, Vigs - - -,01, and va,,va,,...,v2, be the vertices of Ss.
Label the vertices of (P,;S2) as follows:

45 —4 ifjisodd, 1<j<n
flug) =

45 —1 if jiseven, 1 <j<n
flvo;) =4j—-2, 1<j<n

47 -3 if jisodd, 1 <j <n,
f(vlj):

45 —4 if jiseven, 1 <j <m,

47 -1 if jisodd, 1 <j <n,
f(ij):

47 -3 if jiseven, 1 <j <m,

The label of the edges of P, are 45,1 <j<n-—1
. 45 — 3, if 7 is odd
The label of the edges u;vo; is
45 —1 if j is even

) 45 — 2, if j is odd
The label of the edges v, V1, IS
45 — 3, if j is even

. 45 -1, if 7 is odd
The label of the edges vo, v, is
45 — 2, if j is even

For example, the mean labelings of (Pr; S1) and (Fs; S2) are shown in Figure 7.

0 5 6 11 12 17 18

Figure 7

75
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§3. Mean Graphs [P,;G]

Let G be a graph with fixed vertex v and let [P,,; G| be the graph obtained from m copies of
G by joining v;; and v;11; by means of an edge, for some j and 1 <i <m — 1.

For example [Ps; C3] is shown in Figure 8.

Figure 8

Theorem 3.1 [P,,;Cy] is a mean graph.

Proof Let ui,usg, ..., Uy, be the vertices of P,,. Let v;,,v;,,...,v;, be the vertices of the
it" copy of Cp,1 < i < m and joining ’Uij(z u;) and viyq, (= u;4+1) by means of an edge, for
some j.

Case (i) n=4t,t=1,2,3,...
Define f : V([Pn;Cy]) — {0,1,2,...,q} by

flog)=m+1)(E-1)+2(j-1),1<j<2t+1
f(vi2t+1+j):(n+1)i_2j71§j§2t_171§i§m

The label of the edge v, vit1,,,, 15 (0 +1)i,1 <4 < m — 1. The label of the edges of
the cycle are (n+1)i—1,(n+1)i —2,...,(n+1)i—n,1 <i <m.

For example, the mean labeling of [Py; Cs] is shown in Figure 9.

13 22 31
1 15 2 24 2 33
1718 2627 35
12 16 21 25 30 34
5 14 23 32
Figure 9

Case (ii) n=4t+1,t=1,2,3,...
Define f : V([Pn;Cy]) — {0,1,2,...,q} by
floiy) =+ -1),1<i<m
fi,))=Mnm+1)(-1)+2j-1,2<j<2t+1,1<i<m
f(vi(2t+1+j)) = (n+ 1)Z - 2.771 S]
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The label of the edge vi,,, vit1,,, 18 (n +1)i,1 < i < m — 1. The label of the edges of the
cycleare (n+1)i—1,(n+1)i—2,...,(n+1)yi—n,1 <i<m.
For example, the mean labeling of [FPgs; C5] is shown in Figure 10.

2 3 s 2 7 3
OQS 6 1 17 4 23, 29 35
2 4 g 10 14 16 20 22 26 28 3, 34

Figure 10

Case (iii) n=4t+2,t=1,2,3,...
Define f : V([Pn;Cy]) — {0,1,2,...,q} by

fg)=n+1)(GE-1),1<i<m
fi,))=Mm+1)iE-1)+2j-1,2<j<2t+1,1<i<m
f(vi(2t+1+j)) =n+1)0i—2j+1,1<j<2t+1,1<i<m
The label of the edge vi,,, vi+1,,,, 18 (n +1)i,1 < i < m — 1. The label of the edges of the
cycleare (n+1)i—1,(n+1)i—2,...,(n+1)i—n,1<i<m.

For example, the mean labeling of [Ps; Cs] is shown in Figure 11.

: 10 Y 2 3
0 55 12 4, 19 5 26 Hg 33
2 6 o9 13 16 20 »3 27 30 34
4 11 18 25 32

Figure 11
Case (iv) n=4t—-1,t=1,2,3,...
Define f: V([Pn; Cy]) — {0,1,2,...,q} by
fog)=Mm+D(E-1)+2(j-1),1<j<2,1<i<m
fig ) =(+1)i—2j+1,1<j<2t-1,1<i<m

The label of the edge vi,,,, Vit1,,,, 18 (n+ 1)i,1 <4 < m — 1. The label of the edges of the
cycleare (n+1)i—1,(n+1)yi—2,...,(n+1)i—n,1<i<m.

For example, the mean labeling of [Pr; C3] is shown in Figure 12. O
szbszbéfib[fibéfibéfibéfib
0 3 14 7 8 11 12 15 16 19 20 2324 27

Figure 12
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Theorem 3.2 [P,; Q3] is a mean graph.

Proof For 1 <j <8, let v;; be the vertices in the ith copy of Q3,1 < i < m. Then define
f on V[P,,; Q3] as follows:
When i is odd.

When 7 is even.

flo,)=13i—j,1<j<3,1<i<m
f(v,)=13i—5,1<i<m
floi)=13i—j—4,5<j<T7,1<i<m
fluy) =13i —13,1<i<m

The label of the edge vi, v(i1y, is 13i,1 < ¢ < m — 1. The label of the edges of the cube are
13t —-1,13: —2,...,13:1 — 12,1 < i < m.
For example the mean labeling of [Py; Q3] is shown in Figure 13. O

0 25

Figure 13

Theorem 3.3 [P; 01(12)] is a mean graph.

Proof Let uy,uq,...,u, be the vertices of P,, and the vertices u;,1 < i < m is attached
with the center vertex in the i*" copy of C,(f). Let u; = v;, (center vertex in the i** copy of
).

Let v;; and véj for 1 <i<m,2<j<n be the remaining vertices in the ith copy of 07(12).

Then define f on V[P, 01(12)] as follows:

2k if n is even

2k+1 if n is odd.
Label the vertices of v;; and v;  as follows:

Take n =

Case (i) When n is odd
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Case (ii) When n is even

flo,)=@2n+1)i—(n+1)—2(G(—-1),1<j<k+1
Ji ) =0Cn4+1)i—2(n—-1)+2(j —1),1<j<k-1,1<i<m
f)=@n+1)i-(n-1)+2(j-2),2<j<k+1
f(vgmﬂ,):(2n+1)i—2—2(j—1),1gjgk—l,lgigm

The label of the edge u;ui+1 is (2n+ 1)i, 1 <4 < m — 1 and the label of the edges of 07(12) are
2n+1)i—1,2n+1)i—2,....,2n+1)i —2n for 1 <i < m.

For example the mean labelings of [Py, 06(2)] and [Ps, CP(,Q)] are shown in Figure 14. O
12 25 38 51
2 24 3 37
21 2 34 35
18 17 3 30
16 15 29 28
0 13 26 39
5 6 12 13 19 20 26 27 33 34
3 10 17 24 31
0 2 7 ° 14 16 21 23 28 30

Figure 14
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