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The purpose of this article is to study the convergence of a few series with the Erdos function. The

work is based on results concerning the convergence of some series with the Smarandache function.

1. INTRODUCTION

The results used in this article are presented briefly in the following. These concern the relationship

between the Smarandache and the Erdos functions and the convergence of some series. These two

functions are important function in Number Theory. They are defined as follows:

* The Smarandache function [Smarandache, 1980} is S:N* — N defined by
S(n) = min{k e N|k! =Mn} (Vhe N %

¢ The Erdos functionis P: N* > N defined by
P(n)=min{peN|n=Mp A pisprim}(vrne N*\(1}), P(1)=0.

The main properties of them are:

(‘v’a,b e N*)(a,h)=1=S(a-b) = max{§(a),S(b)}, P(a-b) = max{P(a),P(b)}.

(Va eN *) P(a) < §(a) < a and the equalities occur 7if a is prim.

Erdos [1991] found the relationship between these two functions that is given by
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This important result was extended by Ford [1999] to

¥ =171 PO <SOf=n-e NI phere lima, = 0.
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Equations (5-6) are very important because allow us to translate convergence properties on the

Smarandache function to convergence properties on the Erdos function. This translation represents

the main technique that is used to obtain the convergence of some series with the function P.

2. THE ERDOS HARMONIC SERIES
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The Erdos harmonic series can be defined by Z ! . This is one of the important series with

w2 P (n)

the Erdos function and its convergence is studied starting from the convergence of the

Smarandache harmonic series Z -
n22 n

. Some results conceming series with the function S are

reviewed briefly in the following:

o If (x,,)")o is an increasing sequence such that lim x, = o, then the series Z% is
n—o 1 xn
divergent. [Cojocaru, 1997].
@)
1
e  The series ZT is divergent. [Tabirca, 1998}
n22 n

(3)

e The series Z - is divergent for all a>0. [Luca, 1999] 9

n22
These above results are translated to the similar properties on the Erdos function.

Theorem 1. If (xn)

n>0

is an increasing sequence such that lim x, = oo, then the series

n—»w0

X ., —X
D ~ml—n s divergent.
n>l1 P(xn)

Proof The proof is obvious based on the equation P(x,)<.S(x,). Therefore, the equation

-x X .—X . . X ,—X . .
Xt “ % 5 Xnt "% 454 the divergence of the series Z—'ﬂ‘l————" give that the series
P(xn) S(xn) n>| S(xn)
X, —X
Z—l"—" is divergent.
- P(x,)
.
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A direct consequence of Theorem 1 is the divergence of the series Z—-— where a,5>0

w1 Pla-n+b)

. . 1
are positive numbers. This gives that Z

1s divergent and moreover that Z

is

n22 P(n) n22 Pa (n)

divergent for all a<l.

Theorem 2. The series Z

n22

is divergent for all a>1.

Proof The proof studies two cases.

Casel.azl.
2

In this case, the proof is made by using the divergence of Z S"( )
n22 n

Denote A= { = 2,_n 1 SG) = P(i)} and B= { =2.n | S@G) > P(i)} a partition of the set

{’ = l,_n } We start from the following simple transformation

z 1 1] & S°(i) - P° (i)
Z1"“(1) z:S"() g[l"’(i) S"(i)}_zS"(ifZP"(i)-S"(i)'

i=2 i=2 i€B

An i € Bsatisfies S°(i) - P°(i) 21 and P(i) < S(i) < n thus, (10) becomes

= 1 <
3 R T T Syt B

i=2 =2 g N (I) n- °
. 1 . . . . .
The series Z is divergent because the series Z Is divergent
P*(n) §%(n)
n22 n22
l B l n.e—(ﬁi»a,)-vlnn'hlnn 1
lim = lim = lim =0
N nZAa no® n2~a n—s® n2-a-l . e( 2+a,)vinninlnn

Case2.%>a>l.

The first case gives that the series Z
n22 Pz(n)

1s divergent.
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! n n

Based on P2(n)> P%(n), the inequality ! > ! is found. Thus, the series
ay- 1
=0 = e

n22

1
Z 1s divergent. .
S%(n)

The technique that has been applied to the proof of Theorem 2 can be used in the both ways.
Theorem 2 started from a property of the Smarandache function and found a property of the Erdos

i In S@)
function. Opposite, Finch [1999] found the property lim = i A based on the similar
n—>0 n
Z": In P(i)
property lim = i A, where A=0.6243299 is the Golomb-Dickman constant. Obviously,

n—»o

many other properties can be proved using this technique. Moreover, Equations (5-6) gives a very
interesting fact - ""the Smarandache and Erdos function may have the same behavior on the

convergence problems."
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