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Abstract

Using explicit weakenings, we can define alpha-conversion by simple
equations without any mention of free variables.

1 Terms and alpha-conversion

The set of terms A1 is shown in the Tab. 1. A term of the form 1 M corre-
sponds to usual M[1] (but now we need much less parentheses). For example,
Ax 1M corresponds to Ax(M[1]) and T AxM corresponds to (AxM)[1] We also
define a lot of functions F': AT — A1. Each F has a form {yx} or {yx}; 2,
A function of the form {yx} roughly corresponds to [y/x], but is not the same.
It corresponds to [1-1] or (F'st, Snd) and does nothing except variable renam-
ing. A function of the form F corresponds to [} F]. I shall usually write F'M
instead of F'(M). For example, {yx}Azz is shorthand for {yx}(Azx)

Alpha-conversion is the smallest compatible equivalence relation such that
MM =4 Ay{yx} M for all x,y, M (no restrictions). See Tab. 2.

Example 1.1. \zz =, M\yz =4 AzTz=q A\xT2z =4 \yTz
Az =4 Az{zz}z = Az7Tz
Ayz =q A2{zy}z = AzT2
Az =o Ax{zx}z = Axtz

Example 1.2. \z)zx =, A\yAzy
Az x =q Ay{yz}rzx = My z{yz}, z = Ay z t{yz} x = AyAz Ty
AyAzy =a Ay{yytAzy = Aydz{yy} y = AyAz T{yy}y = AyAz Ty



Tab. 1: Terms and functions

X, y,z,w=zx|ylz]|... (Variables)
M,N ::=x|MN | XxM |t M (Terms)
F = {yx} | F (Functions)
F(MN) = F(M)F(N)
F(AXM) = AxFy (M)
F(tM) =1 F(M)
Fy(x) = x
F(2) =1 F(2) (2 4 %)
{y(T M) =tM
{yx}(x) =y
{yx}(z) =1z (z #x)
Tab. 2: Alpha-conversion
My =4 My
M=, M - - -
T My =oT Mo
My =o My My =4 My Ny =4 N
My =, M, MiN1 =4 MsNo
My =o My My =4 M3 My =4 M>
My =, M3 MM, =4 MMy

MM =, Ay{yx} M




Definition 1.3. Context is a finite list of variables, may be with repetitions.
nil is the empty context. For example ' = z,z,y,z is a context. I',A is
concatenation of I' and A.

Definition 1.4. {x;xo}r is shorthand for {xixa}y, y, fT'=y1...yn

{x1x2}nit is simply {xix2}

Note that

{xaxetry M =1 {xixo}r M
{xixe}ryy =y
{xixetryz="T{xixe}rz ifz#y

Lemma 1.5. {xyxo}{xax3} M = {x;x3} M

Proof. We shall prove the stronger statement
{xaxe}ri{xexstr M = {xix3}r M
(T is arbitrary) by induction on the structure of M.

Case 1. M = AyN
Prove the induction step

{xaxetry{xexstry N = {xixs}ry N

{X1X2}F{X2X3}F )\yN = {X1X3}F )\yN

This is true because

{xixar{xexs}r AYN = Ay{xixe}ry{xexs}ry N
{xixs}r AYyN = Ay{xixz}ry N

Case 2. M is a variable z. Induction on the length of I
Suppose I' = nil and prove

{x1x2 H{xax3}z = {x1x3}z

If z = x5 then

{X1X2}{X2X3}X3 = X1 = {X1X3}X3

If z # x3 then

{xixeH{xax3}z =1z = {xix3}z

Suppose I' = A,y and prove the induction step

{xixota{xaxstaz = {xixs}az

{xixefay{xexstayz = {xixstayz

If z=y then

{X1X2}A,y{X2X3}A,y y=Yy= {X1X3}A,y y

If z # y then

{xix2}ay{xoxs}tayz =T{xixo}a{xexs}a z
{xixstayz ="1{xixs}az



Case 3. M =1TN
If I = nil then

{X1X2}{X2X3} TN :TN = {X1X3} TN
If ' = A,y then (induction on the structure of M)
{xaxefa{xexsta N = {xixs}a N

axetay{xexstay TN = {xixg}ay TN

because

{xixefay{xoxstay TN =T{xixo}a{xoxz}a N
{xaxstay TN =1{xaxs}a N

Case 4. M = N1 Ny

Straightforward, because F'(N1Ny) = F(N1)F(N2)

Lemma 1.6. {yx} F,M = F,{yx} M

Proof. We shall prove the stronger statement

iy Br M = EFyr {yxjr M
(T is arbitrary) by induction on the structure of M.

Case 1. M = \zN
Prove the induction step

{y<}trz Fxrz N = Fyrz {yx}r. N
{yx}r Fxr AzN = Fyr {yx}r AzN
This is true because

{yx}r Fxr AzN = Az {yx}r, Fxr, N
Fyr{yx}r AzN = Az Fy r , {yx}r, N

Case 2. M is a variable z. Induction on the length of A.
Suppose I' = nil and prove

{yx}Fiz = F{yx}z

If z = x then

{yx}Fux =y = Fy{yx}x

If z # x then

{yx}Fyz=1Fz = F,{yx}z

Suppose I' = A, w and prove the induction step

{ytaFxaz=Fya{yxtaz

{y<tawbawz = Fyawlyxtawz
If z=w then

{yfawFaww =w=Fy A w{yx}aww
If z # w then



{yX}A,WFx,A,W Z= T{yX}AFx7A z

Eyawlyxtawz =TE alyxtaz

Case 3. M =1TN

If I' = nil then

{yx}FxtN =1FN = F,{yx}TN

If ' = A, w then (induction on the structure of M)
{yjaFoa N = Fa{yxja N

{yX}A,wa,A,W TN = Fy,A,W{yX}A,W TN

because

{ytawFaw TN =M {yx}aFa N

Eyawly<taw TN =1F afyx}a N

Case 4. M = N1 Ny

Straightforward, because F'(N1Ny) = F(N1)F(N3) O

Theorem 1.7. If M =, N then F(M) =, F(N)

Proof. We need to prove FAxM =, FAy{yx}M
FAIXM = ME M = A\y{yx} EM = Ay Ey {yx} M = FAy{yx} M
(the third equality by the previous lemma). O

2 de Bruijn’s terms

For each variable z and term M we define the term db,(M) such that
M =, N iff db,(M) = db,(N)

Definition 2.1.

db,(x) = x

db (1 M) = Tdby (M)
db,(MN) = db,(M)db,(N)
dby(AxM ) = Az{zx}db,(M)
Example 2.2.
db,(AxAyy) = AzAz z

db,(AxAyx) = AzAz Tz  (db means “de Bruijn”)
db,(A\yzx) = Az Tz

Lemma 2.3. db,(M) =, M

Proof. Induction on the structure of M.
If M = AN and db,(N) =, N then
db,(AXN) = Az{zx}db,(N) =4 Axdb,(N) =, AxNN
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Theorem 2.4. If db,(M) = db,(N) then M =, N
Proof. M =, db,(M) = db,(N) =4 N
Lemma 2.5. F(db,M) = db,(FM)

Proof. Induction on the structure of M.

Case 1. If M = AxN then

F(db,(AxN)) = FAz{zx}db,(N) = X\zF,{zx}db,(N) = Az{zx} F db,(N)
the last equality by Lemma 1.6

dby;(FAXN) = db,(AXFYN) = Az{zx}db,(FxN)

but Fy db,(N) = db,(FxN) by induction hypothesis.

Case 2. If M is a variable y then

F(dbzy) = Fy

db,(Fy) = Fy because Fy always is a variable or T... T var.
~——

More rigorously, use induction on the structure of F' (see Tab. 1).
Suppose F'is {x1x2} and prove

dbz({x1x2}y) = {xixa}y

If y = xo then

dbz({X1X2}X2) = dbz(xl) = X1 = {X1X2}X2

If y # xo then

dbz({x1x2}y) = dbz(ty) ="1db.(y) =Ty = {xixa}y

Now prove the induction step

dbz(FY) = Fy

db,(Fyy) = Eyy

If y = x then

db,(Fyx) = dby(x) = x = Fyxx

If y # x then

dby(Fxy) = db, (1 Fy) =1db,(FYy)

Fcy=1Fy

Case 3. Suppose M =1TN.

If Fis {x2,x1} then

{x1,%x2} dbz (T N) = {x1,%2} 1db;(N) =1 dbz(N)

db,({x1,x2} T N) = db,(T N) =1db,(N)

If function has the form Fy then (induction on the structure of M)

6



db,(FN) =FN
dbz(FxTN) = ITN
because
db(FxtN) = db, (1 FN) =1db,(FN)
FEAN=1FN

Case 4. M = N1N2
Straighforward.

Theorem 2.6. If M =, N then db,(M) = db,(N)

Proof. We need to prove db,(AxM) = db,(A\y{yx} M)

dby(AxM ) = Az{zx}db,(M)

dbz(Ay{yx} M) =

= Ne{zy bb,({y<} M)

= \z{zy}{yx}db,(M) (by the previous lemma)

= Az{zx}db,(M) (by Lemma 1.5) O

Theorem 2.7. \XxM =, A\yN iff {zx}M =, {zy} N

Proof. Suppose {zx} M =, {zy} N. Then
Az{zx} M =, Az{zy} N

and

MM =, A\z{zx} M =, \z{zy} N =, \yN
Suppose AxM =, AyN. Then

db,(AxM) = db,(AyN)

Az{zx}db, (M) = Az{zy}db,(N)

{zx}db, (M) = {zy}db,(N)

and {zx} M =, {zy}N because

M =, db, (M)

N =, db,(N)

3 de Bruijn’s terms 2

The set of inference rules is shown in Tab. 3. Note that for each I', M there
is a unique rule with the conclusion I' - M

Lemma 3.1. For each I', M there is a unique derivation of I' = M



Tab. 3: Inference rules

nil - x

I'xFx

I'Fx

I'zkx =7
'-M T'FN

I'FMN
nil - M

nil 1M
T-M
T,x 1M
T,xF M
T - AxM

Proof. Induction on the structure of M.

Case 1. M is a variable x. Induction over the length of I'.
If I = nil then the unique inference is nil - x
If ' = A,z then
AxkFx ifz=x
AFx

A,zFx

Case 2. And so on (nothing more to prove).

if z#x



Tab. 4: Generalized de Bruijn’s terms

x,y,zu=zx|y|z]|... (Variables)
A B:=x|1|AB|XA|TA (Terms)

||nil = x|| = x

I, x || =1
ITFx||=A

IT,zE x| =1A

IlEFM|=A |I'FN|=B

I+ MN| = AB

|nil = M| = A

|nil T M| =1 A
ITEM||=A

IT,x =T M| =1A
IT,x = M| =A

ITF AxM| = AA

Example 3.2. The (unique) inference of nil = AzA\y zyz

rhx nil - z
z,yFz  zyky e
x,y - xy T,y -z
T,y xyz
rF Ayxyz

nil = Ax )y ryz

Definition 3.3. The set of generalized de Bruin’s terms is shown in Tab. 4.
For each I', M we put in correspondence the generalized de Bruin’s term
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Il = M|| as shown in Tab. 4. Note that we can write these rules shorter:

[|nil F x|| = x
IT,x x| =1
IT,zEx|| =1T Fx|| ifz#x
IT=MNJ[ = [+ M= N
|nil =1 M| =1||nil = M]|
[T, x =1 M| =1{T = M|
T F AxM]|| = AT, x = M||

Example 3.4. ||nil - Axdy zyz|| = AN(T1)1 112

because
|z x| =1 |nil - z|| = =
lz,ybalf=11 [z,yty[=1 |z bzl =12
|z, y Fayl = (11)1 |z, y k2] =112

N
lo - Ay ayzl = ATDL 1=
il F Azdg 2yl = (T D)L 112
Theorem 3.5. If M =, N then |T'F M|| = ||T + N|| for arbitrary T.

Proof. We have to prove

[T =AM || = [IT" = Ay{yx} M|

It is enough to prove

10, x = M| = ||IT'y = {yx} M|

because

IT = AxM|| = AT, x = M||

1T Ay{yx} M| = AT, y = {yx} M|

We shall prove the stronger statement

I0,x, AE M| = [Ty, A+ {yx}a M|

for arbitrary A. Induction on the structure of M.

Case 1. M = AzN. Prove the induction step
IT,x, A,z N|| = |T,y,A,zF- {yx}a . N
IT,x, AEAzN| =Ty, A = {yx}a AzN||

This is true because
IT,x, A F AzN|| = AT, x, A,z = N||
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Hraya Ak {yX}A AZ]\[” = HF7Y7 At )‘Z{yX}A,Z NH = )\HF>Ya A,Z - {yX}A,z NH

Case 2. M is a variable z. We have to prove

IT %A b 2] = Ty, A b {yx}azl

Induction over the length of A.

Suppose A = nil and prove

IT,x 2] = 0.y F {yx}z

If z = x then

IT,xF x| =1

1T,y E{yx}x|| = [T,y byl =1

If z # x then

IT,x 2l =TT F ]

ITy F {yx}z]l = [T,y 12 =1+ 2]

Suppose A = X, w and prove the induction step
I0,x, 2k zl| = [Ty, 2 F {yx}s 2]

IT,x, X2, wkz]| =Ty, Z,wk {yx}swz|

If z=w then

IT, %, S,w - w = 1

Hrvyv Y,w {yx}Z,WWH = HF,X, 2w WH =1

If z # w then

1T, %, 2, w bz =1, x, 5 F ]|

”FaY727W - {yX}E,WZH = Hrvyvsz l_T{yX}EZH :THI—‘vyzz - {yX}ZZ”

Case 3. M =1TN.

Suppose A = nil, then

IT,x E1N]| = [Ty b {yx} 1N

because

IT,x F1N]| =T F N

IT,y - {yx}H V|| = [T,y -+ N = ]I+ N

Suppose A = ¥, w and prove the induction step (induction on the structure

of M)

HF,X, Yk NH = Hrayv Y {yX}ENH
1T, %, 3, w BTN = [Ty, X, w E {yx}sx TN ||
This is true because
IT,x, 2, wkE1TN| =1]T',x, X - N||
IT,y, S, w = {yx}sx TN = [[T,y, Z,w =1 {yx}s N|| =TTy, 2 F {yx}s N||

Case 4. M = N1 Ny
Straightforward.
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Now we shall prove that ||nil F M|| = |[nil - N|| implies M =, N

Definition 3.6. For each z and I' we define the function {z/T'} as follows
{z/nil}M = M

{z/x, A}M = {z/A}{zx}aM

For example

{z/x}M = {zx} M

{z/x1, %2} M = {zxa }{zx1 }x, M
{z/x1,%2,x3} = {zxs H{zxa hs {2x1 ho s M
Note that

{2/AX}IN =1 {z/A}N

{z/A,x}x =z

{z/A,x}y =1{z/A}y ify#x

(easy induction)

Example 3.7. AxgAxoM =, A\zAz{z/x1,x9} M
)\Xl)\XQM

=q Az{zx1 }Axo M

= AzXxo{zx] }x, M

=q AzAz{zx2 }{zX1 }x, M

Lemma 3.8. {z/T'}\z{zx} M = \z{z/T",x} M

Proof. Induction over the length of I'.
Suppose I' =y, A and prove the induction step

{z/ A} z{zx} N = Az{z/A,x}N
{z/y, A z{zx} M = Az {z/y, A, x} M
where N = {zy}a <M
{z/y, A} z{zx} M =
= {z/A}{zy}arz{zx} M
= {z/A} z{zy}a {zx} M
= {z/A} z{zx}{zy}axM by Lemma 1.6
= Az{z/A,x}{zy}a xM by induction hypothesis
= Az{z/y, A, x} M

O

Definition 3.9. For each generalized de Bruijn’s term A and variable z we
put in correspondence the term db,(A) (note that db,(A) € A1)
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db,(x) = x

db,(1) =z

dby(AA) = Az dby(A)
db,(AB) = db,(A)db,(B)
db, (T A) ="Tdbz(A)

Example 3.10.
db;AA(TDL112) = AzAz(12)z 112
dbs(AN(T1)L 112) = Azde(tz)e 112

Theorem 3.11. db,||nil - M|| = db,(M)

Proof. We shall prove the stronger statement: for each I"
db,||T = M|| = {z/T }db, (M)
Induction on the structure of M.

Case 1. M = AxN

Prove the induction step

db||IT,x = N|| = {z/T,x}db,(N)

db,||T - AN || = {z/T}db,(AxN)

Note that ||[T' = AxN|| = AT, x F N||

hence

db,||T' F AxN|| =

= Azdb,||T,x = N||

= Az {z/T',x}db,(N) by induction hypothesis

But

dby(AXN) = Az{zx}db,(N)

hence

{z/T'}db,(AxN) =

= {z/T'} A\z{zx}db,(N)

= Az{z/T,x}db,(N) by Lemma 3.8

Case 2. M is a variable x. Prove that

db,||T = x|| = {z/T"}db,(x)

Induction on the length of I'.

Suppose I' = nil then

db;||nil F x|| = x = db,(x)

Suppose I' = A,y and prove the induction step
db/|A x| = {2/ A dba(x)

dbl[ A,y F x|l = {2/, y}db(x)

If y = x then
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db || A, x F x|| = db,(1) =z
{z/A,x}db,(x) = {z/A,x}x =z
If y # x then
db.||A,y F x|| = dbo(T]|A = x|[) =1db.(| A+ x])
{z/A,y}db,(x) = {z/A,y}x =1{z/A}x
Case 3. M =1TN
Suppose I' = nil and prove the induction step

db,||nil = N|| = dby(N)
db||nil F 1N = db,(+ N)
This is true because
db,||nil E 1 N|| = db,(1||nil = N||) =1db,||nil = N||
db,(TN) =1db,(N)
Suppose I' = A,y and prove the induction step (induction on the structure of
M)

db,||A+ N| = {z/A}db,(N)

dbe|| A,y FTN|| = {z/A,y}db, (T N)
This is true because
dbe|| A,y FTN|| = dbz(T|A F N|[) =1db | A+ Nl
{z/A,y}db, (T N) = {z/A,y}1db,(N) =1{z/A}db,(N)
Case 4. M = N1 Ny
Straightforward. O
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