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ABSTRACT

In 1997, Andrew Beal announced the following conjecture: Let A, B,C,m,n, and [ be
positive integers with m,n,l > 2. If A™ 4+ B® = C' then A, B, and C have a common
factor. We begin to construct the polynomial P(z) = (z — A™)(z — B")(z + C!) =
x3 — px + ¢ with p, ¢ integers depending on A™, B" and C!. We resolve 2% — pz +¢q = 0
and we obtain the three roots z1,x2,x3 as functions of p and a parameter 6. Since
A™ B™ —C' are the only roots of 2% — px + ¢ = 0, we discuss the conditions that
T1,T9, T3 are integers and have or do have not a common factor. Three numerical
examples are given.

1. Introduction
In 1997, Andrew Beal [I] announced the following conjecture :

CONJECTURE 1.1. Let A, B,C,m,n, and [ be positive integers with m,n,l > 2. If:
A™ 4 B" = (! (1.1)

then A, B, and C have a common factor.

The purpose of this paper is to give a complete proof of Beal’s conjecture. Our idea is to construct
a polynomial P(x) of order three having as roots A™, B and —C! with the condition ({1.1]).
We obtain P(x) = 2® — pz + ¢ where p, ¢ are depending of A™, B" and C'. Then we express
A™, B", —C' the roots of P(x) = 0 in function of p and a parameter § that depends of the

4 0 0
A, B,C. The calculations give that A?™ = 32900525. As A?™ ig an integer, it follows that cos®=

must be written as 4 where a, b are two positive coprime integers. Beside the trivial cases, there
are two main hypothesis to study:

- the first hypothesis is: 3| a and b | 4p,

- the second hypothesis is: 3| p and b |4p.

We discuss the conditions of divisibility of p, a,b so that the expression of A?™ is an integer.
Depending of each individual case, we obtain that A, B, C' have or do have not a common factor.
Our proof of the conjecture contains many cases to study. there are many cases where we use
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elementary number theory and some cases need more research to obtain finally the solution. I
think that my new idea detailed above overcomes the apparent limitations of the methods I am
using.

The paper is organized as follows. In section 1, it is an introduction of the paper. The trivial
case, where A" = B", is studied in section 2. The preliminaries needed for the proof are given
in section 3 where we consider the polynomial P(z) = (z — A™)(x — B")(z + C!) = 2% — px +q.
The section 4 is the preamble of the proof of the main theorem. Section 5 treats the cases of the
first hypothesis 3 | a and b | 4p. We study the cases of the second hypothesis 3 | p and b | 4p in
section 6. Finally, we present three numerical examples and the conclusion in section 7.

In 1997, Andrew Beal [I] announced the following conjecture :

CONJECTURE 1.2. Let A, B,C,m,n, and [ be positive integers with m,n,l > 2. If:
A"+ B" = (! (1.2)

then A, B, and C have a common factor.

2. Trivial Case

We consider the trivial case when A™ = B™. The equation (1.2) becomes:
2A™ = C! (2.1)

then 2 | O!' = 2| C = C = 29.01 with ¢ > 1, 24 C; and 24™ = 24C! = A™ = 2411,
Asl>2,g>1,then2 | A" = 2| A= A =2"A; with r > 1 and 2 { A;. The equation
(2.1)),becomes:

2 x 2MAT = 24! (2.2)
As 21 Ay and 21 (4, we obtain the first condition :

there exists two positive integersr, g withr.q > 1 so that|ql = mr + 1 (2.3)

Then from (2.2)):
7=l (2.4)

21 Casel A1=1—=C1 =1

Using the condition (2.3) above, we obtain 2.(2")™ = (29)! and the Beal conjecture is verified.

22 Case2 41 >1=C{ >1

From the fundamental theorem of the arithmetic, we can write:

A =af" .. .a]", a1 <ap<---<ar= AT =a"" .. a]"Y (2.5)
Clchl...cg", Cl<CQ<"'<CJ:>Ci:Cl161...Cf]BJ (2.6)

where a; (respectively ¢;) are distinct positive prime numbers and «; (respectively ;) are inte-
gers > 0.
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From (2.4) and using the uniqueness of the factorization of AJ* and C!, we obtain necessary:

I=J
a; = Cj, i:1,2,...,1 (27)
maoy = 1f3;

As one a; | A™ = a; | B™ = a; | B and in this case, the Beal conjecture is verified.

We suppose in the following that A™ > B".

3. Preliminaries

Let m,n,l € N* > 2 and A, B,C € N* such:
A"+ B" = (! (3.1)
We call:
P(z) = (x — A™)(x — B")(z + C") = 2® — 2*(A™ 4+ B" - C')
+ z[A"B" — CY(A™ + B™)| + C' A" B" (3.2)
Using the equation , P(x) can be written as:

P(z) = x* + 2[A™B" — (A™ + B")*| + A™B"(A™ + B") (3.3)

We introduce the notations:
p=(A"+ B")? — A™MB" = A>™ { A™B" 4 B
g=A"B"(A™ + B")
As A™ # B", we have p > (A™ — B"™)? > (. Equation (3.3) becomes:
P(z) =2 —pr +q
Using the equation , P(x) = 0 has three different real roots : A™, B" and —Ct.

Now, let us resolve the equation:
Px)=a®—pr+q=0 (3.4)
To resolve (3.4) let:

r=u-+v
Then P(x) = 0 gives:
P(x)=Pu+v)=(u+v)® —plut+v)+¢=0=u>+0*+ (u+v)Buww —p)+¢=0 (3.5)
To determine v and v, we obtain the conditions:
ud 03 = —q
uww=p/3>0
Then u? and v3 are solutions of the second order equation:

X4 qgX +p*/271=0 (3.6)
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Its discriminant A is written as :

274> —4p® A

27 27
Let:
A =27¢* — 4p® = 27(A™B"(A™ + B™))* — 4[(A™ + B")* — A™B"]?
= 27TA* B (A™ 4 B")? — 4[(A™ + B™)?> — A™B")3 (3.7)
Denoting :
a=A"B" >0

B = (A" + B")?

we can write as:

A =270%8 - 4(8 — a)® (3.8)
As a # 0, we can also rewrite (3.8) as :

3
A:a3<276—4<6—1> >
« (0]

i
o

We call t the parameter :

t =
A becomes :

A=a?27t—4(t—1)%)
Let us calling :
y=y(t) =27t —4(t —1)3
Since a > 0, the sign of A is also the sign of y(t). Let us study the sign of y. We obtain ¢/(t):
y'(t) =y =3(1+2t)(5—2t)

Yy =0=t; = —1/2 and t5 = 5/2, then the table of variations of y is given below:

t - -1/2 52 4 +oc

1+2t - ’_0‘ + ‘ +

5-2t + T + 0 _

v - m + [ _

+ o

¥ \ / Eﬂ\@\,

=-oC

FIGURE 1. The table of variations

The table of the variations of the function y shows that y < 0 for ¢ > 4. In our case, we are
interested for ¢ > 0. For ¢ = 4 we obtain y(4) = 0 and for ¢ €]0,4[— y > 0. As we have
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:g>4asAm;£B”:
(A™ —B™?>0= = (A™+ B")? > 4a = 4A™B"

Then y < 0 = A < 0 = A < 0. Then, the equation (3.6) does not have real solutions u3
and v3. Let us find the solutions v and v with £ = u + v is a positive or a negative real and
u.v = p/3.

3.1 Expressions of the roots
Proof. The solutions of (3.6 are:

_ i/ — A
X, = 4 +;
— —q—1V-A
Xp =X = 2 5
We may resolve:
3 —qtiv-A
- 2
3 _ —4— W—=A
2
Writing X in the form:
X1 — pew
with:
_ V@ -A _ pyp
2 3v3
vV—A
and sind = Tp >0

cost = _9 <0
2p

Then 0 [27] €] + g, +[, let:

T T 0 = 1 0 3
=<4 = < < o= -<cos; < —/— 3.9
5 < +7 5 <3 < 3 5 < Cosg 5 (3.9)
and:
1 0 3
Z < 00825 < 1 (310)
hence the expression of Xo:
Xy = pe (3.11)
Let:
u = re™ (3.12)
—1+4+14v3 2
and j — J;“f — % (3.13)
W 14+i4iv3 -
PF=eT = +2“f = (3.14)
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j is a complex cubic root of the unity <= j2 = 1. Then, the solutions u and v are:

uyp = re’t = \?’/ﬁei% (3.15)
0+27

u2_r€iw2_f]63 —f@ 3 (316)
u;e,:rew?’:\f]es—fede 5—\fe N (3.17)

and similarly:

v =re W =3 pe_’% (3.18)
vy =re” W2 = Ypjteis = pei%ﬂe_i% = €fpei47r3‘_g (3.19)
v3 =re s = \‘S/Ejeﬂg = \3/5612”3*9 (3.20)

We may now choose u; and vy, so that uy + v, will be real. In this case, we have necessary :

vl =1 (3.21)
V9 = Uy (3.22)
V3 = U3 (323)
We obtain as real solutions of the equation (3.5):
0

rT1=uUl +v = 2\3/50085 >0 (3.24)

2
To = U2 + V2 = 2%@039—; T_ —/p <cos§ + \/gsmg) <0 (3.25)

0+ 4 0 .0

x3 = uz + v3 = 2/pcos 7 = Ip —cosg + \/gsmg >0 (3.26)

We compare the expressions of x1 and 3, we obtain:
?
0 0 0
2\3/]3003§ > ¥/p <—cos3 + \/gsin?’)

)
0 0
3cos§ > \/gsmg (3.27)

0 6 0
As 3 €]+ %, +g[, then sing and cos are > (. Taking the square of the two members of the
last equation, we get:

1 6

1< 0032§ (3.28)

0 T
which is true since — €] + & +§[ then 21 > 3. As A™, B™ and —C! are the only real solutions
of (3.4), we consider, as A™ is supposed great than B", the expressions:

0
A" =31 =u1 +v1 = 2\3//7cos§

0+ 4
B"™ = x3 = u3z + v3 = 2/pcos +

T 0 .0
= /p <—cos3 + \/gszn3> (3.29)

0
—Cl =9 =uy +1v9 = 2/ pcos

2 0 0
J; T _ —/p <0033 + \/§3in3)
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O
4. Preamble of the Proof of the Main Theorem
THEOREM 4.1. Let A, B,C,m,n, and | be positive integers with m,n,l > 2. If:
A™ 4 B" = (! (4.1)
then A, B, and C' have a common factor.
0 0
Proof. A™ = 2Wcos§ is an integer = A?™ =44/ p26082§ is also an integer. But :
Y=t 4.2
PFr=3 (4.2)
Then:
t 0 0 4 0
AP = 43 p20082§ = 4%.60825 = p.5.6082§ (4.3)
0
As A?™ is an integer and p is an integer, then cos®~ must be written under the form:
0 1 6
00523 =3 or coszg = % (4.4)

with b € N*; for the last condition a € N* and a, b coprime.

Notations: In the following of the paper, the scalars a, b, ..., z, a, 5, ..., A, B,C, ... and A, , ...
represent positive integers except the parameters 6, p, or others cited in the text, are reals.

0
4.1 Case COS2§ = -

b
We obtain:
4 6 4p
AP =p._.cos’s = = 4.5
P53 % 3= 30 (4:5)
1 0 3 1 1 3
As - <t <o <o =2b<4<3b=>b=1,2,3
s4<0053<4:>4<b<4:>< < 3b= ,2,3
411b=1 b=1= 4 < 3 which is impossible.
om 41 2.p ;. ,
412b=2 b=2=A :p.§.§:?:>3|p:>p:3pvvlthp # 1 because 3 < p, we
obtain:
2
Azm:(Am)ngp:2.p'z2|p’:>p’:2ap%
with 2J[p1, Oé+1:25
A™ = 2Pp, (4.6)
0
B"C! = ¥/p? (3 - 400523) =p =2%p? (4.7)

From the equation (4.6)), it follows that 2 | A™ = A = 2?4, i > 1 and 2 { A;. Then, we have
B = i.m = im. The equation (4.7) implies that 2 | (B"C') = 2| B" or 2 | C".
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Case 2 | B": -1f2| B" = 2| B = B = 2/ B; with 2{ By. The expression of B"C' becomes:
B?Cl — 22im—1—jnp%

-If2im —1—jn > 1,2 | C' = 2| C according to C' = 2™ AT + 2/" B} and the conjecture

(1.2) is verified.

- If 2im — 1 — jn < 0 = 2{ C', then the contradiction with C! = 2™ A" 4 27" B7.

Case 2 | C': 1f 2| C': with the same method used above, we obtain the identical results.

41 4
41.3 b =3 b:3:»A2m=p.§.§=jp:»g\p:»ngp'withp’yél, as 9 < p then
A?™ = 4p/ If p' is prime, it is impossible. We suppose that p’ is not a prime, as m > 3, it follows
that 2 | p/, then 2 | A™. But B"C' = 5p’ and 2 | (B"C"). Using the same method for the case

b = 2, we obtain the identical results.

0 a
4.2 C > 1, cos®’=~ = —
ase a cos'g =+
We have:
0 a 4 0 4dpa
2 2 2
T2 p2m i 4.8
TR T P33 = 3% (48)
where a, b verify one of the two conditions:
’{3]@ and b[4p}‘or’{3]p and b]4p}‘ (4.9)
and using the equation (3.10[), we obtain a third condition:
b<4a < 3b (4.10)
0
For these conditions, A?™ = 44/ p20052% = 4%.00525 is an integer.
Let us study the conditions given by the equation (4.9) in the following two sections.
5. Hypothesis : {3|a and b|4p}
We obtain :
3la=3Jd eN* /a=3d (5.1)
5.1 Case b=2and 3| a
A?™ is written as:
4p 0 4dpa 4dpa 2pa
A2m:7‘ 27:7‘7:7‘7: 5.2
373 b 32 3 (5:2)
Using the equation (5.1]), A?™ becomes :
2.p.3d
AP = p3 ¢ _ 2.p.a (5.3)
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0 3a’
but 00325 = % = 7@ > 1 which is impossible, then b # 2.
5.2 Case b=4 and 3| a

A2™ is written :

4.p 0 4pa 4pa pa p3d
AP = ot = 28 D= 2 D =T =p.d 4
3330 34 3 3 P (5.4)
2
0 .a
and cos :b—34a<<\g§> =-=d<1 (5.5)
which is impossible. Then the case b = 4 is impossible.
5.3 Case b=p and 3| a
We have :
0 3ad
0032§ =3 = ?a (5.6)
and:
4 0 4 !
AP = Ep.cosﬁg = ?f)?)g = 4a/ = (A™)? (5.7)
Ja” [ d =a"? (5.8)
and B"C'=p— AP =b—4d =b—4a"? (5.9)
The calculation of A™B™ gives :
2
A"B™ = p.ésin—e —2a’
3 3
2
or A™B" 4 2d = p.\égsin; (5.10)
o V3 .20
The left member of (5.10)) is an integer and p also, then 2?8171? is written under the form :
20 k
2?31‘713 = ké (5.11)

where k1, ko are two coprime integers and ks | p = p = b = ka.ks, ks € N*.

5.3.1 We suppose that ks #1 We obtain :
Am(Am + 2Bn) = kl.kg (512)
Let 1 be a prime integer with p | ks, then p | b and p | A™(A™ +2B") = u | A™ or
w| (A™+2B"™).

HAL-1-Tfp | A™ = | A and p | A?™ but A?™ = 4a’ = p | 4d’ = (p =2, but 2 | a’) or
(1| @’). Then p | a it follows the contradiction with a,b coprime.

BEA12-If p | (A™+2B") = p {4 A™ and p 1 2B™ then p # 2 and p 1 B". We write
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p| (A™ 4 2B") as:
A™ 4+ 2B™ = .t (5.13)
It follows :
A™ 4 B" = ut’ — B" = A®™ 4 B?" 4+ 2A™B" = ;*t” — 2t/ uB" 4+ B*"
Using the expression of p:
p=t?u*—2t'B"u+ B"(B" — A™) (5.14)
Asp=0b=ko.ks and p | k3 then | b = I/ and b = py’, so we can write:
f' = p(ut’® — 2t/ B™) + B"(B" — A™) (5.15)
From the last equation, we obtain p | B*(B" — A™) = pu | B" or | (B" — A™).

*k A-1-2-1- If p | B™ which is in contradiction with p 1 B".

K A-1-2-2- If o | (B™ — A™) and using that p | (A™ + 2B™), we arrive to :

p|B"
wl|3B" < or (5.16)
p=3

K A-1-2-2-1- If p | B = p | B, it is the contradiction with p { B cited above.

% A-1-2-2-2- If = 3, then 3 | b, but 3 | a then the contradiction with a, b coprime.

5.3.2 We assume now kg =1 Then :

A% L 2AM B = |y (5.17)
b=ko (5.18)
2 20 k
\fsmg = 31 (5.19)
Taking the square of the last equation, we obtain:
4 5,20 K2
S T
1 0 0 Kk’
gsm2§cos2§ = b—%
1 / 2
3 3 b b2
Finally:
4%d (p — a) = k? (5.20)
but ¢’ = a”2, then p — a is a square. Let:
M=p-—a=b-a=b-3a"" = N +3a"? =0 (5.21)
The equation (5.20) becomes:
4207202 =k} = k1 = 4a” A (5.22)

10
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taking the positive root, but k; = A™(A™ + 2B™) = 2a” (A™ + 2B™), then :

A™ £ 2B" =2\ = A =a” + B" (5.23)
HA2-1- As A™M = 20" = 2 | A" = 2 | A = A = 2/A;, with i > 1 and 2 { A, then
A™ = 20" = 2MAT = a” = 2" IAT but im > 3 = 4 | a”. As A\ = a” + B", taking
its square, we obtain A2 = a”2 + 2a”.B" + B?" = A\?=B%"(mod 4) = \>=B?"=0(mod 4) or
A2=B?"=1(mod 4).

¥ A-2-1-1- We suppose that \>=B?"=0(mod4) = 4 | A2 = 2 | (b — a). But 2 | a because
a=3d =3a"%=3x 22(im_1)A%m and im > 3. Then 2 | b, it follows the contradiction with a,b
coprime.

#* A-2-1-2- We suppose now that \2=B?"=1(mod 4). As A™ = 2™~ A™ and im — 1 > 2, then
Am=0(mod 4). As B?"=1(mod 4), then B" verifies B"=1(mod 4) or B"=3(mod 4) which gives
for the two cases B"C'=1(mod 4).

We have also p = b = A?™ 4+ A™B" + B?" = 4d’ + B".C! = 4a”? + B"C' = B"C' =
A2 —a’? = B™.C!, then \,a” € N* are solutions of the Diophantine equation :

22 —y? =N (5.24)

with N = B"C! > 0. Let Q(N) be the number of the solutions of (5.24) and 7(N) is the number
of suitable factorization of N, then we announce the following result concerning the solutions of
the equation ([5.24]) (see theorem 27.3 in [2]):

- If N=2(mod 4), then Q(N) = 0.

- If N=1 or N=3(mod 4), then Q(N) = [7(N)/2].

- If N=0(mod 4), then Q(N) = [r(N/4)/2].

[x] is the integral part of x for which [z] < z < [z] + 1.

In our case, we have N = B".C'=1(mod4), then Q(N) = [1(N)/2]. As \,a” is a couple
of solutions of the Diophantine equation ([5.24)), then 3 d,d" positive integers with d > d’ and
N = d.d’ so that :

d+d =2\ (5.25)
d—d =2a” (5.26)
* A-2-1-2-1- As C' > B™, we take d = C' and d’ = B". It follows:
C'4+ B"=2\= A"+ 2B" (5.27)
C'— B"=2a" = A™ (5.28)

Then the case d = C! and d’ = B™ gives a priory no contradictions.

#¥ A-2-1-2-2- Now, we consider the case d = B"C! and d’ = 1. We rewrite the equations (5.25)
5.20|):

B"C' +1 =2\ (5.29)
B"C'—1=2a” (5.30)

11
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We obtain 1 = A —a”, but from (5.23)), we have A\ = a” + B", it follows B” = 1 and C! — A™ =
we know [?] that the only positive solution of the last equation is C' = 3, A = 2,;m = 3 and
[ =2 < 3, then the contradiction.

** A-2-1-2-3- Now, we consider the case d = cllr_lC'{ where ¢ is a prime integer with ¢; t C; and
C =cC1, r > 1. It follows that d’ = ¢;.B™. We rewrite the equations (5.25H5.26]):

Ar=1Ch 4 ¢.B™ = 2\ (5.31)
““ 1ot —¢1.B" = 207 (5.32)

As [ > 3, from the last two equations above, it follows that ¢; | (2)\) and ¢; | (2a”). Then ¢; = 2,
orc;|Aand ¢ | a”.

#% A-2-1-2-3-1- We suppose ¢; = 2. As 2 | A™ and 2 | C! because [ > 3, it follows 2 | B, then
2| (p = b). Then the contradiction with a,b coprime.

K A-2-1-2-3-2- We suppose ¢ #2 and ¢1 | a” and ¢ | A ¢1 | a” = ¢1 |a and ¢1 | (A™ = 2a”).
"= (Cl— A™ = ¢; | B™. It follows that ¢; | (p = b). Then the contradiction with a, b coprime.

The other cases of the expressions of d and d’ with d, d’ not coprime so that N = B"C" = d.d’
give also contradictions.

** A-2-1-2-4- Now, let C' = ¢ C with ¢; a prime, r > 1 and 01 J( C1, we consider the case d = C’l
and d' = ¢! B" so that d > d’. We rewrite the equations (5.25/5.26)):

Cl + cg“’B” =2\ (5.33)
Cl — 4'B" = 207 (5.34)

We obtain ¢!B" = A\ — a” = B" = ¢! = 1, then the contradiction.

*4 A-2-1-2-5- Now, let C = ¢{C; with ¢; a prime, 7 > 1 and ¢; 1 C, we consider the case
d=C!B" and d' = ¢}! so that d > d’. We rewrite the equations :

CiB' + it =2 (5.35)

CiB! — ¢l = 207 (5.36)

We obtain c =A—a" =B" = ¢; | B", then ¢; | A" = 2a”. If ¢; = 2, the contradiction with

B"C'=1 (mod 4). Then ¢; | @” = ¢1 | a = 1 | (p = b), it follows a, b are not coprime, then
the contradiction.

Cases like d’ < C! a divisor of Ct or d’ < B a divisor of B™ with d’ < d and d.d' = N = B"C"
give contradictions.

*ok A—2—1-2—6- Now we consider the case d = b;.C! where b; is a prime integer with b, { By and

B =0, By, r > 1. Tt follows that d' = b"" "' B}. We rewrite the equations (5.25}5.26):
biCl+ b B = 2 (5.37)
b C! — b BY = 2407 (5.38)

12
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As n > 3, from the last two equations above, it follows that b; | 2A and by | (2a”). Then by = 2,
orby | Aand by | a”.

*k A-2-1-2-6-1- We suppose by =2 =2 |B". As 2| (A" =2a" =2 |a” = 2| a, but 2| B"
and 2 | A™ then 2 | (p = b). It follows the contradiction with a, b coprime.

** A-2-1-2-6-2- We suppose by # 2, then by | A and by | @” = b; | A™ and by | @” = by | a, but
by | B™ and by | A™ then by | (p = b). It follows the contradiction with a,b coprime.

The other cases of the expressions of d and d with d,d not coprime and d > d' so that
N = C'B™ = d.d’ give also contradictions.

Finally, from the cases studied in the above paragraph A-2-1-2, we have found one suitable
factorization of N that gives a priory no contradictions, it is the case N = B™.C! = d.d’ with
d = C!'d = B" but 1 < 7(N), it follows the contradiction with Q(N) = [r(N)/2] < 1. We
conclude that the case A-2-1-2 is to reject.

Hence, the case k3 = 1 is impossible.

Let us verify the condition (4.10]) given by b < 4a < 3b. In our case, the condition becomes :
p < 3A*™ < 3p with p= A"+ B?>" 4+ A" B" (5.39)

and 3A4%™ < 3p = A?™ < p that is verified. If :

?

p < 3A%" — 2A4%™ _ AmB" — BTSN

Studying the sign of the polynomial Q(Y) = 2Y% — B"Y — B?" and taking Y = A™ > B", the
condition 2A4%™ — A™B"™ — B?" > ( is verified, then the condition b < 4a < 3b is true.

In the following of the paper, we verify easily that the condition b < 4a < 3b implies to verify
that A™ > B™ which is true.

5.4 Case b|p= p=bp,p>1,b#2,b#4and 3|a

=220 pa (5.40)

We calculate B"C':

B"C' = {/p? <3sin2§ - 00829> = V/p? (3 - 40052§> (5.41)

3

0 .a
but ‘3/92 = g) using 60825 = 3ba , we obtain:
, ] .a 4.a/
BCl = /2 (3 - 4c0523) = g (3 - 43ba ) = (1 - ba > =p/(b— 4a’) (5.42)

13
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Asp=>bp', and p’ > 1, so we have :
B"C' = /(b - 4d) (5.43)
and A*™ =4.p.d (5.44)

** B-1- We suppose that p’ is prime, then A?™ = 4d’p’ = (A™)? = ¢’ | d’. But B"C! =
p'(b—4d')=7p | B"orp | CL.

** B-1-1- If ' | B* = p' | B = B = p/B; with B; € N*. Hence : p" !B}C' = b — 4d’. But
n>2=(n—1)>1andp'|d, then p’ | b = a and b are not coprime, then the contradiction.

#* B-1-2- If p' | C' = p’ | C. The same method used above, we obtain the same results.
** B-2- We consider that p’ is not a prime integer.

#* B-2-1- p/, a are supposed coprime: A?™ = 4a'p’ = A™ = 2a”.p; with a’ = a”? and p’ = p?,
then a”,p; are also coprime. As A™ = 2a”.p; then 2 | a” or 2 | p;.

#* B-2-1-1- 2 | a”, then 24 p;. But p/ = p?.
** B-2-1-1-1- If p; is prime, it is impossible with A™ = 2a”.p;.

*% B-2-1-1-2- We suppose that p; is not prime, we can write it as p; = w™ = p/ = w?™, then:
B"C! = w?™ (b — 4d').

#* B-2-1-1-2-1- If w is prime, it is different of 2, then w | (B"C!) = w | B" or w | C.

#% B-2-1-1-2-1-1- If w | B® = w | B = B = w’ By with w{ By, then BP.C! = w?™ " (b — 4d').
% B-2-1-1-2-1-1-1- If 2m — n.j = 0, we obtain B}.C!' =b—4ad’. AsC' = A" + B" —= w | C! =
w|C,and w | (b—4d'). But w # 2 and w is coprime with a’ then coprime with a, then w 1 b.

The conjecture (1.2)) is verified.

% B-2-1-1-2-1-1-2- If 2m —nj > 1, in this case with the same method, we obtain w | C! = w | C
and w | (b —4a’) and w1 a and w 1 b. The conjecture ([1.2) is verified.

% B-2-1-1-2-1-1-3- If 2m —nj < 0 = W™~ 2"Br.C' = b — 4a’. As w | C using O = A™ + B»
then C = wh.Cy = W™I=2mthipn Ol = b —4a’. If n.j —2m + h.l < 0 = w | BYCL, it follows
the contradiction that w{ By or w{ Cy. Then if n.j —2m + h.l >0 and w | (b —4ad") with w,a,b
coprime and the conjecture (|1.2)) is verified.

#% B-2-1-1-2-1-2- We obtain the same results if w | C*.

#%k B-2-1-1-2-2- Now, p’ = w?™ and w not prime, we write w = w{.Q with w; prime { Q and f > 1
an integer, and w; | A. Then B"C! = w%f'mQQ’”(b —4a') = wy | (B"CY) = wy | B" or wy | CL.

14
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¥ B-2-1-1-2-2-1-Ifw; | B* = w; | B = B = w! B withw 1 By, then BP.C! = 3™ ~miQ2m
4a’):

¥ B-2-1-1-2-2-1-1- If 2f.m — n.j = 0, we obtain B}.C! = Q?*™(b — 4a'). As C' = A™ 4 B" =
wi | C' = w | C = w; | (b—4d'). But w; # 2 and w; is coprime with a’, then coprime with
a, we deduce wy {1 b. Then the conjecture ([1.2)) is verified.

¥ B-2-1-1-2-2-1-2- If 2f.m —n.j > 1, we have w; | C!' = w; | C = w1 | (b—4d’) and w1 t a
and w; 1 b. The conjecture (1.2)) is verified.

¥ B-2-1-1-2-2-1-3- If 2f.m —nj < 0 = w2 Br Ol = 02m(h — 4d'). As w; | C using
C!' = A™ + B", then C = w}.Cy = wmi—2mf+hipn Cb = O™ (b — 4a'). If n.j — 2m.f + h.l <
0= w | B?Ci, it follows the contradiction with wy 1 By and wy t C;. Thenif n.j—2m.f+h.l > 0
and wy | (b — 4a’) with wy, a,b coprime and the conjecture is verified.

% B-2-1-1-2-2-2- We obtain the same results if wy | C*.
#* B-2-1-2- If 2 | py, then 2 | p; = 2{a’ = 2{a. But p’ = p?.

* B-2-1-2-1- If py = 2, we obtain A™ = 4a” = 2 | a” as m > 3, then the contradiction with
a,b coprime.

** B-2-1-2-2- We suppose that p; is not prime and 2 | py, as A™ = 2a”py, p; is written as
p1 = 2"l = pf = 22m=24,2m Tt follows B"C! = 22m=24,?™ (b — 4a/) = 2| B" or 2 | C".

#% B-2-1-2-2-1- If 2 | B® = 2 | B, as 2 | A, then 2 | C. From B"C! = 22m=2,2™(b — 4d'), it
follows if 2 | (b —4a’) = 2 | b but as 2t a/, there is no contradiction with a,b coprime and the
conjecture (|1.2)) is verified.

% B-2-1-2-2-2- If 2 | C!, using the same method as above, we obtain the identical results.
** B-2-2- p/, a’ are supposed not coprime. Let w be a prime integer so that w | o’ and w | p'.

** B-2-2-1- We suppose firstly w = 3. As A?™ =4a'p’ = 3 | A, but 3 |p' = 3 | p,as p =
A?m 4 B2 4 AMB" = 3 | B? = 3 | B, then 3 | C! = 3 | C. We write A = 3'A;, B = 3/ By,
C = 3"Cy and 3 coprime with Ay, By and Oy and p = 32 A2m 320 g2n 4 gim+in gmpn — 3k g
with k = min(2im, 2jn,im + jn) and 31 g. We have also (w = 3) | a and (w = 3) | p/ that gives
a=3%; =3d = d =3*'a;, 31 a; and p' = 3#py, 3 { p; with A?™ = da'p’ = 32MmAI" =
4x3H g1 pr = a+p—1=2im. As p = bp’ = b.3"p; = 3*.b.p;. The exponent of the term
3 of p is k, the exponent of the term 3 of the left member of the last equation is p. If 3 | b it is a
contradiction with a,b coprime. Then, we suppose that 3 1 b, and the equality of the exponents:
min(2im, 2jn,im + jn) = u, recall that a + g — 1 = 2im. But B"C! = p/(b — 4d’) that gives
3(i+h) prot = 3ip, (b—4x 3(=Va;). We have also A™ 4 B" = C! gives 3™ AT +3/" B} = 3MCL.
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Let € = min(im, jn), we have € = hl = min(im, jn). Then, we obtain the conditions:

k = min(2im,2jn,im + jn) = u (5.45)
a+p—1=2im (5.46)

e = hl = min(im, jn) (5.47)

3(ithh) grot — 3k, (b — 4 x 3@ Dgy) (5.48)

** B-2-2-1-1- « = 1 = a = 3a; = 3d’ and 31 a1, the equation becomes:
w=2im
and the first equation is written as:
k = min(2im, 2jn,im + jn) = 2im
- If k = 2im, then 2im < 2jn = im < jn = hl = im, and gives p = 2im =nj + hl =
im +mnj = im = jn = hl. Hence 3 | A,3 | B and 3 | C' and the conjecture is verified.

-If k =2jn = 2jn = 2im = im = jn = hl. Hence 3 | A,3 | B and 3 | C' and the conjecture
(1.2) is verified.

-If kK =1im+ jn = 2im = im = jn = € = hl = im = jn case that is seen above and we
deduce that 3| A,3 | B and 3 | C, and the conjecture (1.2} is verified.

*k B-2-2-1-2-a > 1= a > 2 and a’ = 3 la;.
- If k= 2im = 2im = p, but = 2em + 1 — « that is impossible.
Itk = 2jn = p = 2jn = 2im+1—a. We obtain 2jn < 2im = jn < im = 2jn < im+jn,
k = 2jn is just the minimum of (2im, 2jn,im + jn). We obtain jn = hl < im and the equation
(5.48) becomes:
BICL = pi(b— 4 x 3@ Dgy)
The conjecture (1.2)) is verified.

-Ifk=im+jn < 2im = jn <im and k =itm+ jn < 2jn = im < jn = im = jn —
k=1m+ jn = 2im = p but u = 2¢m + 1 — « that is impossible.

-Ifk=im+ jn < 2im = jn < im and 2jn < im + jn = k that is a contradiction with
k = min(2im, 2jn,im + jn).

** B-2-2-2- We suppose that w # 3. We write a = w®ay with w { a1 and p' = whp; with w 1 py.
As AP = 4’y = 4w Fa1p = w | A = A = WA, w1t Ay But B"C! = p/(b—4d) =
whpy(b—4ad') = w | B"C' = w | B" or w | C".

#* B-2-2-21-w | B" = w | B= B = w/B; and w { By. From A™ + B" = C! = w |
Cl = w | C. As p = bp/ = whbp; = wk(wPm=kAm  2in-kpin 4 imtin—k AmpBn) with
k = min(2im,2jn,im + jn). Then :

- If 4 = k, then w 1 b and the conjecture is verified.

- If k> p, then w | b, but w | a we deduce the contradiction with a,b coprime.

- If k < p, it follows from :

w“bpl _ wk(w%m—kA%m + w?jn—kB%n + wim-l—jn—kA?lsz?lz)
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that w | Ay or w | By that is a contradiction with the hypothesis.

#* B-2-22-2-Ifw | C!' = w | C = C = w"Cy with w { C1. From A™ + B" = ! = w
(C' — A™) = w | B. Then, we obtain the same results as B-2-2-2-1- above.

5.5 Case b=2p and 3 |a
We have :

0 a 3a’ .

2 m\2 /

-2 = == == _—— =924 =(A —2|ad = 2|a
6083 b 2p 3b 3 2p “ ( ) ’ ‘

Then 2 | a and 2 | b that is a contradiction with a,b coprime.

5.6 Case b=4p and 3 | a
We have :

0 a 3d
cos’= = - = m

3/ _dpa_dp 30
3 b 4p 3b 3 4p

— CL/ — (Am)Q — awZ
with A™ =da”
Let us calculate A™B™, we obtain:

20 2 0 20 !
A"B" = p\g/g.smg — EprQg = p\?)/g.sing — % —

A2m _p\/g .20

A™B" + — =g Sing
Let:
2pv3 . 20
A?™M 4 2A™B" = p:;[smg (5.49)
L L 2V3 . 20 :

The left member of (5.49)) is an integer and p is an integer, then 3 smg will be written as :
2V3 20 Ik
sin— = —
3 3 ko

where ki, ko are two integers coprime and ko | p = p = ko.k3.

** C-1- Firstly, we suppose that k3 # 1. Then :
AZm +2A™B™ = kg.kl
Let p be a prime integer and p | k3, then p | A™(A™ +2B") = pu | A™ or | (A™ + 2B").
HC1-1-Ifp | (A" =a")=p|(@?=d)=p|(Bd =a). As u | ks = p|p=p| (4p =
b), then the contradiction with a,b coprime.
K C-1-2-If | (A™ +2B") = pt A™ and p{ 2B™, then:
w#2 and ptB" (5.50)

w| (A™+2B"™), we write:
A™ +2B" = .t

17
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Then:
A™ 4 B" = ut’ — B" = A®™ 4 B?" 4+ 2A™B" = ;*t”? — 2t/ uB" 4+ B*"
— p=1t"u? - 2'B"y + B"(B" — A™)
As b =4p = 4ko.ks and p | k3 then pu | b = 3y so that b = p.u/, we obtain:
i = p(4ut™ — 8t'B™) + 4B™(B" — A™)
The last equation implies p | 4B"(B™ — A™), but p # 2 then p | B™ or u | (B™ — A™).

**% (C-1-1-1- If p | B™ = then the contradiction with ([5.50)).

K C-1-1-2- If p | (B™ — A™) and using p | (A™ + 2B™), we have :

w|B"
| 3B" =< or
p=3

K (C-1-1-2-1- If p | B™ then the contradiction with (5.50)).
K (C-1-1-2-2- If p = 3, then 3 | b, but 3 | a then the contradiction with a,b coprime.

** (C-2- We assume now that k3 = 1, then:

A% 4 2A™B" =k (5.51)
p =k
2V3 20 Ky
—sS5in— = —
3 3 P
We take the square of the last equation, we obtain :
4 520 kP
gSZTL ? = P
16 . .0 .0 k?
357//’?2500825 = p;
162080 K
3 376 p?
Finally:
d (4p — 3d') = k3 (5.52)

but @’ = a”?, then 4p — 3d’ is a square. Let :
N=4p-3d=4p—-a=b-a
The equation becomes :
AN =k} =k =a’\ (5.53)
taking the positive root. Using , we have:
kg = A™(A™ 4+ 2B") = a”(A™ 4 2B")
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Then :

A"+ 2B" =)\

Now, we consider that b — a = \> = \? 4 3a”? = b, then the couple ()\,a”) is a solution of the
Diophantine equation:

X2 4372 =0 (5.54)
with X = X and Y = a”. But using one theorem on the solutions of the equation given by (/5.54)),
b is written under the form (see theorem 37.4 in [3]):

b = 228 X 3t.pt11 .. 'ngq%SI e q?sT
where p; are prime integers so that p;=1( mod 6), the g; are also prime integers so that ¢;=5( mod
6). Then, as b= 4p :
-Ift >1=3|b, but 3| a, then the contradiction with a,b coprime.

** (C-2-2-1- Hence, we suppose that p is written under the form:
p=pit o p e g
with p;=1(mod 6) and ¢;=5(mod 6). Finally, we obtain that :
p=1(mod 6) (5.55)

We will verify if this condition does not give contradictions.

We will present the table of the value modulo 6 of p = A?™ + A™B" 4+ B?" in function of the
values of A™, B™(mod 6). We obtain the table below:

TABLE 1. Table of p (mod 6)

A"B™ 0 1 2 3 4 5
0 01 4 3 4 1
1 1 311 3 1
2 4 1 0 1 4 3
3 3 1.1 3 1 1
4 4 3 4 1 0 1
) 11 3 1 1 3

¥ (C-2-2-1-1- Case A™=0(mod 6) = 2 | (A™ =a") = 2| (' = a”?) = 2| a, but 2| b, then
the contradiction with a, b coprime. All the cases of the first line of the table [1] are to reject.

K (0-2-2-1-2- Case A™=1(mod 6) and B"=0(mod 6), then 2 | B" = B"™ = 2B’ and p is writ-
ten as p = (A™ + B’)? + 3B" with (p,3) = 1, if not 3 | p, then 3 | b, but 3 | a, then the
contradiction with a,b coprime. Hence, the pair (A™ + B’, B’) verifies the equation:

(A" +B')*+3B%=p (5.56)
that we can write it as:

(Am—I—B/)Q—B,Q :p—4Bl2 :A2m+BQn+AmBn_B2n :ClAm:N (557)
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Then (A™ + B’, B’) is a solution of the Diophantine equation:
2 —y? =N (5.58)

where N = C'A™=1(mod 6). Let Q(NN) be the number of the solutions of (5.58) and 7(N) is the
number of suitable factorization of IV, then we recall the following result concerning the solutions

of the equation (see theorem 27.3 in [2]):

- If N=2(mod 4), then Q(N) =

- If N=1 or N=3(mod 4), then Q(N) = [7(IV)/2].

- If N=0(mod 4), then Q(N) = [r(N/4)/2].

As N = C'A™=1(mod 6) = N is odd, the cases Q(N) = 0 and Q(N) = [r(N/4)/2] are
rejected, then N=1 or N=3(mod 4), it follows Q(N) = [7(N)/2].

As A™+ B’, B’ is a couple of solutions of the Diophantine equation (5.58]), then 3 d, d’ positive
integers with d > d’ and N = d.d’ so that :

d+d =2(A"+ B) (5.59)
d—d =2B"=B" (5.60)
We will use the same method used for the paragraph above A-2-1-2-.

K (0-2-2-1-2-1- As C' > A™, we take d = C! and d’ = A™. Tt follows:
Cl+ A™ =2(A™ + B') = 24™ + B"
C'— A™=pB" =28

Then the case d = C! and d’ = A™ gives a priory no contradictions.

k% (0-2-2-1-2-2- Now, we consider the case d = C'A™ and d' = 1. We rewrite the equations
(15.5915.60)):

ClA™ 41 =2(A"+ B) (5.61)
ClA™ —1=2B (5.62)

We obtain 1 = A™, it follows C! — B"™ = 1, we know [?] that the only positive solution of the
last equation is C =3, B =2,n = 3 and [ = 2 < 3, then the contradiction.

** (C-2-2-1-2-3- Now, we consider the case d = cllr_lCi where ¢; is a prime integer with ¢; 1 C4
and C = ¢[Cy, r > 1. It follows that d’ = ¢;.A™. We rewrite the equations (5.5945.60)):

10t 4 ¢ A™ = 2(A™ + B) (5.63)
dr=tct — ¢ A™ = 2B' = B" (5.64)

As 1 > 3, from the last two equations above, it follows that ¢; | 2(A™ + B’) and ¢; | (2B’). Then
ci=2,0rc; | (A" +B')and ¢; | B.

ok (C-2-2-1-2-3-1- We suppose ¢; = 2. As [ > 3, from the equation ([5.64) it follows that 2 | B™,
then 2 | (A" =a”) = 2| (a”? = d') = 2 | (a = 3a’), but b = 4p (see[5.6)), then the contradic-
tion with a, b coprime.
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¥ (0-2-2-1-2-3-2- We suppose ¢1 # 2, then ¢; | (A™ + B’) and ¢; | B'. Tt follows ¢; | A™ and ¢ |
(B"=2B)=ci|p=ci1|b=4dp. Frome, | (A" =a") = c1 | (a"? =d) = c1 | (a = 3d'),
then the contradiction with a,b coprime.

The other cases of the expressions of d and d' with d,d not coprime and d > d' so that
N = C'A™ = d.d’ give also contradictions.

% (0-2-2-1-2-4- Now, we consider the case d = a;.C' where a; is a prime integer with a; 1 A;
and A = a} Ay, r > 1. It follows that d' = aTT_lA’ln. We rewrite the equations ((5.5945.60)):
a1Ct + a"" T AT = 2(A™ + B) (5.65)
a1C! — a" AT = 2B = B" (5.66)
As m > 3, from the last two equations above, it follows that a; | 2(A™ 4+ B’) and a1 | (2B’).
Then a1 =2, or a; | (A™ + B’) and a1 | B'.

¥ (0-2-2-1-2-4-1- We suppose a; = 2 = 2 | (A" =d") = a1 | ("* = d) = a1 | (a = 3d").
But b = 4p, then the contradiction with a,b coprime.

*k (C-2-2-1-2-4-2- We suppose a1 # 2, then a; | (A™ + B’) and a1 | B'. It follows a; | A™ and
a1 | (B"=2B) = a1 |p=a1|b=4p. From a; | (A" =d") = a1 | (d?> =d') = a1 | (a =
3a’), then the contradiction with a,b coprime.

The other cases of the expressions of d and d with d,d not coprime and d > d' so that
N = C'A™ = d.d’ give also contradictions.

K (C-2-2-1-2-5- Now, let C' = ¢|Cy with ¢; a prime, r > 1 and ¢; 1 C1, we consider the case
d=C! and d = ¢;'A™ so that d > d’. We rewrite the equations (5.59}{5.60)):

Cl 4+ ftA™ = 2(A™ + B) (5.67)
Cl—lAm = 2B = B" (5.68)

We obtain ¢!A™ = A™ = ¢}l = 1, then the contradiction.

*k (C-2-2-1-2-6- Now, let C' = ¢|Cy with ¢; a prime, r > 1 and ¢; 1 C1, we consider the case
d=C!A™ and d’' = ¢! so that d > d’. We rewrite the equations :

CLA™ 4t = 2(A™ + B) (5.69)

ctAm — ¢t = 2B = B" (5.70)

We obtain ¢! = A™ = ¢; | A", then ¢; | A" = a” = ¢1 | ("% = d/) = ¢1 | (a = 3d).

Ascp |Cand ey | A™ = ¢1 | B", it follows ¢; | (p = b), then the contradiction with a, b coprime.

The other cases of the expressions of d and d’ with d,d coprime and d > d' so that
N = C'A™ = d.d’ give also contradictions.

Finally, from the cases studied in the above paragraph C-2-2-1-2, we have found one suit-
able factorization of N that gives a priory no contradictions, it is the case N = CL.A™, but
1 < 7(N), it follows the contradiction with Q(N) = [7(N)/2] < 1. We conclude that the case
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A™=1(mod 6) and B"=0(mod 6) of the paragraph C-2-2-1-2 is to reject.
** (0-2-2-1-3- Case A™=1(mod 6) and B"=2(mod 6), then B" is even, see C-2-2-1-2-.

** (C-2-2-1-4- Case A™ = 1(mod6) and B™ = 3(mod6), then 3 | B* =— B"™ = 3B’. As
p = A’ + AMB" + B — p = 5(mod6) #= 1(mod6) (see (5.55))), then the contradic-
tion and the case C-2-2-1-4- is to reject.

% (-2-2-1-5- Case A™ = 1(mod 6) and B™ = 5(mod 6), then C'=0(mod 6) = 2 | C, see C-2-
2-1-2-.

K (C-2-2-1-6- Case A™ = 2(mod6) = 2 | a” = 2 | a, but 2 | b, then the contradiction with
a, b coprime.

#* (0-2-2-1-7- Case A™ = 3(mod 6) and B" = 1(mod 6), then C'=4(mod 6) = 2 | C' = C! =
2C", and C is even, see C-2-2-1-2-.

ok (C-2-2-1-8- Case A™ = 3(mod 6) and B"™ = 2(mod 6), then B™ is even, see C-2-2-1-2-.
** (C-2-2-1-9- Case A™ = 3(mod 6) and B™ = 4(mod 6), then B™ is even, see C-2-2-1-2-.

% (C-2-2-1-10- Case A™ = 3(mod 6) and B™ = 5(mod 6), then C'=2(mod 6) = 2 | C!, and C
is even, see C-2-2-1-2-.

*k (C-2-2-1-11- Case A™ = 4(mod 6) = 2 | a” = 2 | a, but 2 | b, then the contradiction with
a,b coprime.

ok (C-2-2-1-12- Case A™ = 5(mod 6) and B™ = 0(mod 6), then B™ is even, see C-2-2-1-2-.

#¥ (0-2-2-1-13- Case A™ = 5(mod6) and B" = 1(mod6), then C'=0(mod6) = 2 | C!, C is
even, see C-2-2-1-2-.

% (-2-2-1-14- Case A™ = 5(mod6) and B" = 3(mod6), then C'=2(mod6) = 2 | C! —=
C'=2C’, C is even, C-2-2-1-2-.

** (0-2-2-1-15- Case A™ = 5(mod 6) and B™ = 4(mod 6), then B" is even, see C-2-2-1-2-.
We have achieved the study all the cases of the table [I] giving contradictions.

Then the case k3 = 1 is impossible.

22



A CoMPLETE PrRoOOF OF BEAL'S CONJECTURE

5.7 Case 3| a and b=2p, b#2 with p’ | p
3| a= a=3d,b=2p with p=k.p/, then:
4p a  4kp.3.d

?.* = 6 :2.k.a/
P

AQm —

We calculate B*C":

B*C' = ¥/p? <38in2§ — 00529> = /p? <3 - 40052§>

3
0 3.d
but +/p? = g, then using 0032§ = ba :

0 .a 4.0/
Bt = ¥/ (310022 ) =P (3230 = p (1222 — kg — 2a)
3 3 b b
Asp=0b.p', and p’ > 1, then we have:

B"C' = k(p' — 2d) (5.71)
and  A*™ = 2k.d/ (5.72)

** D-1- We suppose that k is prime.

¥ D-1-1- If k = 2, then we have p = 2p' = b = 2| b, but A?™ = 4d’ = (A™)?2 = A™ = 24"
with @’ = a2, then 2 | a” = 2 | (a = 3a”?), it follows the contradiction with a,b coprime.

** D-1-2- We suppose k # 2. From A?™ = 2k.a’ = (A™)? = k| d and 2 | d = d =
2.ka”? = A™ = 2k.a”. Then k | A" = k | A = A = k".A; with i > 1 and k { A;.
EmMAT = 2ka” = 2a” = k™~ LAP. From B"C! = k(p' — 2d') = k | (B"C') = k | B" or
k| Ct

** D-1-2-1- We suppose that k | B = k | B= B = k?.B; with j > 1 and k { B;. It follows
knd—1BrC! = p'—2a’ = p'—4ka”?. Asn >3 =>nj—1> 2, thenk | p' but k # 2 =k | (2p' = b),
but k| a’ = k| (3d’ = a). It follows the contradiction with a,b coprime.

#% D-1-2-2- If k | C! we obtain the identical results.

** D-2- We suppose that k& is not prime. Let w be an integer prime so that k& = w®.ky, with
s 21, w1 k1. The equations become:

B"C!' = wo ki (p) — 2d)

and A% = 2w°.k.d
** D-2-1- We suppose that w = 2, then we have the equations:

A = 25t |y ! (5.73)
B"C! = 25k (p — 2d)) (5.74)

** D-2-1-1- Case: 2 | @/ = 2| a, but 2 | b, then the contradiction with a,b coprime.

¥ D-2-1-2- Case: 21 a’. As 21 ki, the equation (5.73) gives 2 | A?™ = A = 214, with i > 1
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and 21 A;. It follows that 2im = s + 1.

** D-2-1-2-1- We suppose that 21 (p' —2a’) = 24 p/. From the equation (5.74), we obtain that
2| B"C!' =2 | B"or2|C

¥ D-2-1-2-1-1- We suppose that 2 | B* = 2 | B = B = 2/B; with 2{ By and j > 1, then
BRCl = 2570k (p' — 2d'):

-If s —jn > 1, then 2 | C' = 2 | C, and no contradiction with C! = 2™ AT 4 2/"B? and
the conjecture is verified.

- If s — jn < 0, from BPC! = 25797k (p’ — 2a’) = 2 { C', then the contradiction with
Cl=2imAM 4 2inph — 2 | C'.

% D-2-1-2-1-2- Using the same method of the proof above, we obtain the identical results if 2 | C'.

¥ D-2-1-2-2- We suppose now that 2 | (p' — 2d’) = p’ — 2d’ = 21.Q, with p > 1 and 21 Q. We
recall that 21 a’. The equation ([5.74)) is written as:

B"Ch =25t g .Q
This last equation implies that 2 | (B"C!') = 2 | B" or 2 | C".

¥ D-2-1-2-2-1- We suppose that 2 | B® = 2 | B = B = 2/B; with j > 1 and 2 { By. Then
BRCO! = 25t1=in |y

-If s+ p—jn > 1, then 2 | C' = 2 | C, no contradiction with C! = 2imAm 4 2/M B and
the conjecture is verified.

-If s+ pu—jn < 0, from B{‘C’l = 25tHIng QO = 2 ¢ C', then contradiction with
Cl=2mAm 4 2inBn — 2| CL.

#% D-2-1-2-2-2- We obtain the identical results if 2 | C'.

** D-2-2- We suppose that w # 2. We have then the equations:
AP = 2% ky.d (5.75)
B"C! = w® ky.(p — 2d)) (5.76)

As w # 2, from the equation (5.75)), we have 2 | (k1.a’). If 2 | a’ = 2 | a, but 2 | b, then the
contradiction with a, b coprime.

K D-2-2-1- Case: 21 a’ and 2 | ky = k1 = 2*.Q with p > 1 and 2 1 Q. From the equation ([5.75]),
we have 2 | A?™ = 2| A = A =2'A; with i > 1 and 2 Ay, then 2im = 1+ u. The equation

(5.76) becomes:
B"C' = w24 Q.(p) — 2d) (5.77)
From the equation (5.77), we obtain 2 | (B"C!) = 2| B" or 2 | C".

#* D-2-2-1-1- We suppose that 2 | B* = 2 | B = B = 2/ By, with j € N* and 21 B;.
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#* D-2-2-1-1-1- We suppose that 2 { (p' — 2a’), then we have B}C! = w*2+=I"Q(p’ — 2a’):
-Ifpu—jn>1=2|C' = 2| C, no contradiction with C' = 2/ A7 + 2/" B} and the
conjecture (|1.2)) is verified.
- If u— jn < 0= 21 C" then the contradiction with C! = 2im A 4 2/nBn.

** D-2-2-1-1-2- We suppose that 2 | (p' — 2d') = p/ — 2’ = 2%.P, with a € N* and 24 P. It
follows that B}C! = ws2rte—inQ). p:

-Ifp+a—jn>1=2|C = 2| C, no contradiction with C! = 2™ AT 4+ 27" B} and the
conjecture is verified.

-fpu+a—jn<0= 214 C'! then the contradiction with C! = 2imAT + 2j”B{L.

** D-2-2-1-2- We suppose now that 2 | C" = 2 | C. Using the same method described above,
we obtain the identical results.

5.8 Case 3| a and b=4p', b#4 with p’ | p
3|a= a=3d,b=4p with p=Fk.p/, k # 1 if not b = 4p this case has been studied (see
paragraph , then we have :

We calculate B™C!:

B"C! = {/p? (35@'7122 - 00329) = /p? <3 - 400822)

3
0 .a
but +/p? = g, then using cos?—~ = 3. :
3 3 b
0 .a 4.a/
B"C' = /p? | 3 — 4cos®~ =P 3_43@ =p (1-2 =k(p —d)
3 3 b b
As p=>b.p/, and p’ > 1, we have :
B"C' = k(p —d) (5.78)
and A?™ =k.d' (5.79)

** E-1- We suppose that k is prime. From A*™ = k.o’ = (A™)? = k| d and ¢’ = k.a"? =
A™ = k.a”. Then k | A" = k| A = A = kU.A; withi > 1 and k{ Ay. k™AP = ka” =
a’ = k™LA From B"C! = k(p' —d') = k | (B"C!) =k | B" or k| C".

** E-1-1- We suppose that k | B = k | B = B = k/.B; with j > 1 and k { B.
Then k™7 1BIC! = p/ —ad'. Asnj—1>2 = k| (p) —d). But k | / = k | a, then

k|p = k| (4p' = b) and we arrive to the contradiction that a,b are coprime.

#* B-1-2- We suppose that k | C!, using the same method with the above hypothesis k | B, we
obtain the identical results.

** E-2- We suppose that k is not prime.
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** E-2-1- We take k = 4 = p = 4p’ = b, it is the case studied above.

** E-2-2- We suppose that k > 6 not prime. Let w be a prime so that k = w®.ky, with s > 1, w 1 ky.

The equations become:
B"C! = Wi ki (p) —d) (5.80)
and A" = w® ky.d (5.81)
** E-2-2-1- We suppose that w = 2.

E-2-2-1-1-1f 2 | ' = 2| (3a’ = a), but 2 | (4p’ = b), then the contradiction with a, b coprime.

¥ E-2-2-1-2- We consider that 2 { a’. From the equation ([5.81)), it follows that 2 | A?™ = 2 |
A= A =2'A; with 24 A; and:

Bncl — 2sk,1(p/ - a/)
¥ B-2-2-1-2-1- We suppose that 2 1 (p —a’), from the above expression, we have 2 | (B"C!) =
2| B"or2|C.

% F-2-2-1-2-1-1-1f 2 | B® = 2 | B = B = 2/ By with 2 By. Then B}C! = 22m=ink, (p/ —d'):
-If 2im — jn > 1 = 2 | C' = 2| C, no contradiction with C! = 2™ AT + 27" B" and the
conjecture is verified.
- If 2im — jn < 0 = 21 C!, then the contradiction with C! = 2 AT 4+ 2/n B — 2 | CL.

¥ F-2-2-1-2-1-2- If 2 | C' = 2 | C, using the same method described above, we obtain the
identical results.

* E-2-2-1-2-2- We suppose that 2 | (p/ —d'). As 21d =249, 2| (p) —d) = p —d =2*.P
with @ > 1 and 24 P. The equation ([5.80) is written as :

B"C! = 25T, . p = 2%mteg, p (5.82)
then 2 | (B"C!) = 2| B" or 2 | C".

¥ F-2-2-1-2-2-1- We suppose that 2 | B" = 2 | B = B = 2/ By, with 2 { B;. The equation
becomes BFC! = 2%im+a=ing, p:

-If 2im+a—jn>1= 2| C' = 2| C, no contradiction with C! = 2™ AT + 2/" BT and
the conjecture is verified.

-If 2im+a —jn < 0 = 24 C', then the contradiction with C! = 2im AT 4-2in BN — 2 | CL.

% F-2-2-1-2-2-2- We suppose that 2 | C! = 2 | C. Using the same method described above, we
obtain the identical results.

** E-2-2-2- We suppose that w # 2. We recall the equations:

A% = 8 k. (5.83)
B"Cl = Wik (p —d) (5.84)
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** E-2-2-2-1- We suppose that w, a’ are coprime, then w { a/. From the equation (5.83)), we have
w| A = w| A= A=w'A with w{ A and s = 2im.

K E-2-2-2-1-1- We suppose that w 1 (p/ — a’). From the equation ([5.84) above, we have w |
(B"CY) = w | B"or w | C.

¥ B-2-2-2-1-1-1-If w | B" = w | B = B = w By with w { By. Then BPC! = 22m=ing, (p/ —a'):
-If 2im — jn > 1 = w | C' = w | C, no contradiction with C! = w™ AT + wI" B} and the
conjecture is verified.
- If 2im — jn < 0 = w { C', then the contradiction with C! = W™ AT + wW"B} = w | C*.

¥ F-2-2-2-1-1-2- If w | C! = w | C, using the same method described above, we obtain the
identical results.

K E-2-2-2-1-2- We suppose that w | (p' —a') = w1 p’ as w and @’ are coprime. w | (p' —d') =
p —a =w*.P with @ > 1 and wt P. The equation (5.84]) becomes :

B"C! = STk P = ¥R, P (5.85)
then w | (B"C!) = w | B" or w | C".

¥ E-2-2-2-1-2-1- We suppose that w | B = w | B = B = w’ By, with w { By. The equation
is written as BpC! = 22im+a=jng, p.

-If2im+a—jn>1= w|C' = w | C, no contradiction with C! = w"™ AT + w/" B} and
the conjecture (|1.2]) is verified.

- If 2im+a—jn < 0 = w{ C!, then the contradiction with C! = WM AP +wI"BY = w | C'.

¥ [-2-2-2-1-2-2- We suppose that w | C! = w | C, using the same method described above, we
obtain the identical results.

% [-2-2-2-2- We suppose that w,a’ are not coprime, then o’ = w?.a” with wta”. The equation

(5.83) becomes:
AP = wkid = W Pkya”

We have w | A = w | A = A = w'A; with w{ A; and s + 3 = 2im.

** F-2-2-2-2-1- We suppose that wt (p/ —d') = wtp = w1t (b = 4p’). From the equation
(5.84)), we obtain w | (B"C') = w | B" or w | C".

#% [-2-2-2-2-1-1- If w | B = w | B = B = w’/ By with w{ By. Then BPC! = 25~/ (p' — a'):
-Ifs—jn>1= w|C' = w| C, no contradiction with C! = w™ AT + /" BY and the
conjecture is verified.
- If s — jn < 0 = w{ C', then the contradiction with C! = WM AT + W"BY = w | CL.

¥ [(-2-2-2-2-1-2- If w | C' = w | C, using the same method described above, we obtain the
identical results.
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¥ F-2-2-2-2-2- We suppose that w | (pf —ad' = p/ —wP.a”) = w | p = w | (4p' = b), but
w | @’ = w | a. Then the contradiction with a,b coprime.

The study of the cases of [5.8]is achieved.

5.9 Case 3| a and b | 4p

4 4p 3a’
a=3d and 4p = k1b. As A?>™ = —pcosQQ = p 30’ = k1d’ and B"C":
3 3 3 b
0 0 0 3a k
B"C! = ¥/ p? <33in23 — 60823> = g (3 — 400323> = g (3 - 4;) = Zl(b —4d')

As B"C' is an integer, we must obtain 4 | k1, or 4 | (b —4a’) or (2 | k1 and 2 | (b — 4d')).
*F1-If by = 1= b=4p: it is the case[5.6]

¥ PF-2-1f ky =4 = p=1>0: it is the case|5.3

#* F-3- If kb = 2 and 2 | (b — 4a’): in this case, we have A?™ = 2d/ = 2 | d = 2 | a.
2| (b—4ad") = 2| b then the contradiction with a,b coprime.

KEF-4-If2 |k and 2| (b—4d'): 2| (b—4d) = b—4d =2\, c and X\ € N* > 1 with 2{ \;
2| ky = ki = 2k} with t > 1 € N* with 2/ k] and we have:

A% =2tk (5.86)

B"Cl = 2ttam2kl A (5.87)

From the equation (5.86]), we have 2 | A?™ = 2| A = A =2'A;,i>1and 2} A;.
** F-4-1- We suppose that ¢ = o = 1, then the equations ({5.86H{5.87|) become :

AP = 2khd (5.88)
B"C' = K\ (5.89)

From the equation ([5.88) it follows that 2 | ¢’ = 2| (a = 3d’). But b = 4a’ + 2\ = 2 | b, then
the contradiction with a, b coprime.

** F-4-2- We suppose that t + a — 2 > 1 and we have the expressions:
AP = 2! (5.90)
B"C! = 22\ (5.91)

** F-4-2-1- We suppose that 2 | @’ = 2 | a, but b = 2*\ + 4a’ = 2| b, then the contradiction
with a, b coprime.

¥ F-4-2-2- We suppose that 2 1 a’. From (5.90]), we have 2 | A?™ = 2 | A = A = 2'4; and
B"Cl =22\ = 2| B"C' =2 | B" or 2 | C".

#* F-4-2-2-1- We suppose that 2 | B". We have 2 | B => B = 2/By, j > 1 and 2 { B;. The
equation ((5.91)) becomes BJC! = 2t+a=2=in k) \:
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-Ift+a—2—jn>0=2|C!' = 2| C, no contradiction with C! = 2im AT + 2/" B} and
the conjecture (|1.2)) is verified.

-Ift+a—2—jn<0= 2| Kk{\ but 21k} and 2t \. Then this case is impossible.

-Ift+a—-2—jn=0= BIC' = kA = 2 C! then it is a contradiction with
Cl = 2m AT 4 2i" B},

% F-4-2-2-2- We suppose that 2 | . We use the same method described above, we obtain the
identical results.

%k F-5- We suppose that 4 | ky with k; > 4 = k; = 4k}, we have :
AP = 4khd (5.92)
B"C' = k(b — 4a) (5.93)

#* F-5-1- We suppose that k) is prime, from (5.92)), we have k5, | a’. From (5.93), k% | (B"C') =
K, | B" or kb | CL.

** F-5-1-1- We suppose that k), | B" = kb, | B= B = k;ﬁ.Bl with 8 > 1 and k) 1 B;. It
follows that we have k:glﬁ*lB?Cl = b —4ad’ = k4 | b then the contradiction with a, b coprime.

% F_5-1-2- We obtain identical results if we suppose that k% | C'.
% F-5-2- We suppose that £ is not prime.

** F-5-2-1- We suppose that k5 and o’ are coprime. From , k5 can be written under
the form k2 = q1 .q3 and ¢ 1 g2 and ¢; prime. We have A2m = 4¢;’ .45 2a) = q | A and
B"C! = q1 T.¢3(b—4d") = q1 | B" or q1 | C".

** F-5-2-1-1- We suppose that ¢ | B = ¢ | B = B = q .B1 with ¢1 1 B1. We obtain
Bncl _ q%] fn 2(b 40,)
- If 2] —fn>21=¢q |C'= ¢ | C but C' = A™ + B" gives also ¢; | C and the conjecture

is verified.

- If 2j — fn =0, we have BJC! = ¢2(b—4d’), but C' = A™ + B" gives q; | C, then ¢ | (b—4d’).
As ¢ and a’ are coprime, then ¢ 1 b, and the conjecture ((1.2)) is verified.

-If2j — fn < 0= q | (b—4a’) = q1 1 b because d’ is coprime with ¢;, and C* = A™ + B"
gives ¢ | C, and the conjecture is verified.

#* F-5-2-1-2- We obtain identical results if we suppose that q; | C'.

¥ F-5-2-2- We suppose that k), a’ are not coprime. Let ¢; be a prime so that ¢; | k) and ¢; | @'.
We write k% under the form ¢].¢2 with j > 1, q1 { g2. From A?™ = 4khd' = q; | A*™ = q1 | A.
Then from B"C' = ¢]ga2(b — 4a’), it follows that ¢ | (B"C') = ¢q1 | B" or q1 | C".

** F-5-2-2-1- We suppose that ¢; | B" = ¢ | B=—= B = qlﬂ.Bl with > 1 and ¢; 1 B;. Then,

we have q?ﬁB?Cl = q{qg(b —4a') = BPC! = q{;"ﬂqg(b —4d).
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-Ifj—nB>1,thenq | C' = q1 | C, but C' = A™ + B™ gives q; | C, then the conjecture
is verified.

- If j —nB = 0, we obtain BJC' = qa(b — 4ad’), but C* = A™ + B" gives q; | C, then ¢ |
(b—4d’) = ¢1 | b because ¢1 | @’ = ¢1 | a, then the contradiction with a,b coprime.

-Ifj—npB<0= q | (b—4d") = ¢ | b, because q; | @’ = ¢ | a, then the contradiction with
a,b coprime.

#* F-5-2-2-2- We obtain identical results if we suppose that q; | C'.

¥ F-6- If 44 (b — 4d’) and 4 { ky it is impossible. We suppose that 4 | (b —4a’) = 4 | b, and
b—4a' =4t.g ,t > 1 with 41 g, then we have :
A2m — kla/
B"C! = k.47l g

¥ F-6-1- We suppose that ki is prime. From A*™ = kja’ we deduce easily that k; | a’. From
B"C! = k1.4'7.g we obtain that ki | (B"C') = ki | B" or k1 | C".

** F-6-1-1- We suppose that k1 | B* = k1 | B=— B = k{.Bl with 7 > 0 and k; 1 Bi, then
K BRCY = kpatlg = EPYTIBIC = 47 1g. But no > 3 and j > 1, then n.j — 1 > 2. We
deduce as k1 # 2 that ky | g = k1 | (b—4d'), but ky | a’ = ky | b, then the contradiction with
a, b coprime.

** F-6-1-2- We obtain identical results if we suppose that k1 | C*.
¥k F-6-2- We suppose that k; is not prime # 4, (k1 = 4 see case F-2, above) with 4 1 k;.

* Fo6-2-1- If ky = 2k" with k" odd > 1. Then A*™ =2k'a’ = 2 | d’ = 2| a, as 4 | b it follows
the contradiction with a, b coprime.

¥ F-6-2-2- We suppose that k; is odd with k; and o’ coprime. We write k; under the form
k1 = q].q2 with q1 { g2, ¢1 prime and j > 1. B"C' = ¢].qo4""1g = q1 | B or ¢1 | C".

** F-6-2-2-1- We suppose that ¢ | B = ¢1 | B = B = q{.Bl with ¢ 1 B;. We obtain
ByC! = q{_f'nqzllt_lg.

SIfj—fn>1l=q |C' = q | C, but C' = A™ + B" gives also ¢; | C' and the conjecture
(1.2)) is verified.

-If j— f.n =0, we have BYC! = g4~ g, but C' = A™ + B" gives q; | C, then ¢ | (b—4d’). As
q1 and @’ are coprime then ¢; 1 b and the conjecture is verified.

SIfj— fn< 0= q | (b—4a") = q1 1 b because q1,a are primes. C! = A™ 4 B" gives ¢q; | C
and the conjecture is verified.

#* F-6-2-2-2- We obtain identical results if we suppose that q; | C'.

** F-6-2-3- We suppose that k1 and @’ are not coprime. Let ¢; be a prime so that ¢; | k1 and
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q1 | a’. We write k; under the form q{.q2 with q1 1 go. From A*™ = kjd' = q | A*™ = ¢ | A.
From B"C' = ¢]q2(b — 4a’), it follows that q; | (B"C') = ¢q1 | B" or ¢ | C".

** F-6-2-3-1- We suppose that ¢; | B" = q1 | B= B = q1 .By with 8 > 1 and ¢1 1 By. Then
we have q?’BB”C'l = q1q2(b 4a') = BPC' = q1 nﬂq2(b 4a’):
-Ifj—nB >1,then q; | C' = ¢q1 | C, but C' = A™ + B gives q; | C, and the conjecture

(1.2) is verified.
-1If j —nB = 0, we obtain B}C! = go(b—4a’), but q; | A and ¢; | B then ¢; | C and we obtain
q1 | (b—4d') = q1 | b because ¢; | @ = ¢1 | a, then the contradiction with a,b coprime.

-Ifj—nB<0= q | (b—4d") = ¢ | b, then the contradiction with a,b coprime.

#% F-6-2-3-2- We obtain identical results as above if we suppose that ¢; | C'.

6. Hypotheése: {3 |p and b|4p}

6.1 Case b=2and 3 |p
3| p=p=3p with p’ # 1 because 3 < p, and b = 2, we obtain:

dp.a  4.3p.a 4.9 .a
Azm = fry = fry 2. /.
3b 3b 2 p.-a
As:
1 00 a a 3 00 1
4<cos3 b 2<4:> <20<3=a 2>6083 2

but this case was studied (see case [4.1.2)).

6.2 Case b=4and 3 |p
we have 3 | p = p = 3p’ with p/ € N*| it follows :

g2 _ dp.a  4.3p.a ,

3  3xa D
and:
1 0 a a 3
z M | =2
4<(2033 b 4<4:> <a<3=a

as a, b are coprime, then the case b =4 and 3 | p is impossible.

6.3 Case: b#2,b#4,b#3,b|pand 3|p
As 3| p, then p = 3p’ and :

4p 0 4pa 4x3pa 4pa

3737 3% 3 b b
We consider the case: b | p/ = p’ = bp” and p” # 1 (If p” = 1, then p = 3b, see paragraph
Case k' = 1). Finally, we obtain:

4b 7

Z; ¢ _ dap”; B"C''=p’.(3b— 4a)
#* (G-1- We suppose that p” is prime, then A?™ = 4ap” = (A™)? = p” | a. But B"C! =
p”(3b—4a) = p” | B" or p” | C".

AQm —
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% G-1-1- If p” | B" = p” | B => B = p" By with B; € N*. Then p""~'BIC! = 3b — 4a. As
n > 2, then (n—1) > 1 and p” | a, then p” | 3b = p” =3 or p” | b.

** G-1-1-1- If p” = 3 = 3 | a, with a that we write as a = 3a’?, but A™ = 6d’ = 3 | A™ —
3| A= A =3A, then 3" 1AM =20’ = 3 | ' = ' = 3a”. As p"" 1BC! = 3" 1B0C! =
3b — 40 = 3"‘23?64 =b—36a"2. Asn>2=mn—2> 1, then 3 | b and the contradiction
with a,b coprime.

** G-1-1-2- We suppose that p” | b, as p” | a, then the contradiction with a,b coprime.

#* (G-1-2- If we suppose p” | C!, we obtain identical results (contradictions).

** G-2- We consider now that p” is not prime.

¥ G-2-1- p”, a coprime: A*™ = dap” = A™ = 2ad/.p; with a = a’? and p” = p?, then o, p; are
also coprime. As A™ = 2a’.py, then 2 | @’ or 2| p;.

#* (G-2-1-1- We suppose that 2 | @/, then 2 | ’ = 2{ py, but p” = p?.
** G-2-1-1-1- If py is prime, it is impossible with A™ = 2d’.p;.

*%k (3-2-1-1-2- We suppose that p; is not prime so we can write p; = w™ = p” = w?™. Then
B"C! = w?™(3b — 4a).

¥ (G-2-1-1-2-1- If w is prime, w # 2, then w | (B"C!) = w | B" or w | C".

% (3-2-1-1-2-1-1- If w | B = w | B = B = w’ By with w { By, then BP.C! = w?™ "I (3b— 4a).
#* G-2-1-1-2-1-1-1- If 2m — n.j = 0, we obtain BP.C! = 3b — 4a. As C! = A™ + B" = w |
C' = w|C,and w | (3b—4a). But w # 2 and w, a’ are coprime, then w, a are coprime, it follows

w1 (3b), then w # 3 and w 1 b, the conjecture (1.2)) is verified.

% (G-2-1-1-2-1-1-2- If 2m — nj > 1, using the method as above, we obtain w | C! = w | C' and
w | (3b —4a) and w1t a and w # 3 and w 1 b, then the conjecture (1.2)) is verified.

* G-2-1-1-2-1-1-3- If 2m — nj < 0 = wW"I~2mBr.C! = 3b — 4a. From A™ + B" = C! =
w| C = w| O, then C = wh.Cy, with w { O, we obtain w™I=2?m+hipn Ot = 3b — 4q. If
n.j —2m + hl < 0 = w | BPC! then the contradiction with w { By or w { C;. It follows
n.j —2m+ h.l >0 and w | (3b — 4a) with w, a, b coprime and the conjecture is verified.

% (G-2-1-1-2-1-2- Using the same method above, we obtain identical results if w | C'.

k% (3-2-1-1-2-2- We suppose that p” = w?™ and w is not prime. We write w = w{.Q with w;
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prime { Q, f > 1, and w; | A. Then B"C' = wff‘mQQm(?)b —4a) = wy | (B"CY) = wy | B" or
w1 | Cl.

% (3-2-1-1-2-2-1- If w; | B® = w; | B= B = w) B, withw; { By, then B}.C! = &> ™ Q2™ (3h—
4a):

% (322-1-1-2-2-1-1- If 2f.m — n.j = 0, we obtain BP.C! = Q¥™(3b — 4a). As C! = A™ + B" =
wi | C' = w1 | C, and w1 | (3b — 4a). But wy # 2 and wy, a’ are coprime, then w, a are coprime,
it follows wy { (3b), then wy # 3 and wy 1 b, and the conjecture (|1.2) is verified.

¥ (G-2-1-1-2-2-1-2- If 2f.m —n.j > 1, we have wy | C' = w; | C and wy | (3b — 4a) and w; { a
and w; # 3 and wy 1 b, it follows that the conjecture (1.2)) is verified.

G-2-1-1-2-2-1-3- If 2fm —nj < 0 = w?'j_Qm'fB?.Cl = Q?"(3b — 4a). As wy | C using
C!' = A™ 4 B", then C = w}.C) = Wi 2mfHhipn O = Q?™(3h — 4a). If n.j — 2m.f + hl <
0= w | B{LC{, then the contradiction with wy { By and w; t Cy. Then if n.j —2m.f + h.l >0
and w1 | (3b — 4a) with w, a,b coprime and the conjecture is verified.

#% (3-2-1-1-2-2-2- Using the same method above, we obtain identical results if w; | C'.
#* (G-2-1-2- We suppose that 2 | p1: then 2 | p; = 2 a’ = 21 a, but p” = p?.

** (G-2-1-2-1- We suppose that p; = 2, we obtain A™ = 4a’ = 2 | d/, then the contradiction
with a,b coprime.

** (3-2-1-2-2- We suppose that p; is not prime and 2 | p;. As A™ = 2a'p;, p1 can written as
p1 = 2"l = p” = 22m=2,)2M Then B"C! = 2222 (3b — 4a) = 2 | B" or 2| C".

#% (3-2-1-2-2-1- We suppose that 2 | B® = 2 | B. As 2 | A, then 2 | C. From B"C! =
22m=20,2m(3h — 4q) it follows that if 2 | (3b — 4a) == 2 | b but as 2 { a there is no contradiction
with a,b coprime and the conjecture (|1.2)) is verified.

% (3-2-1-2-2-2- We suppose that 2 | C?, using the same method above, we obtain identical results.

** (3-2-2- We suppose that p”, a are not coprime: let w be a prime integer so that w | a and w | p”.

¥ (3-2-2-1- We suppose that w = 3. As A?™ = 4ap” = 3 | A, but 3 | p. As p = A?™ 4 B?" +
AMmB" = 3 | B> = 3 | B, then 3| C' = 3 | C. We write A = 3'A;, B =3By, C = 3"C4
with 3 coprime with Ay, By and C; and p = 3%m A2™ 4 320 p2n 4 3im+jn gmpi — 3% g with k =
min(2im, 2jn,im + jn) and 31 g. We have also (w =3) | @ and (w = 3) | p” that gives a = 3%a;,
3tap and p” = 3#py, 31 pp with A?™ = dap” = 32MA™ = 4 x 3%TF . a1.p1 = o+ p = 2im. As
p=3p = 3b.p” = 3b.3"p; = 3*T1.b.p1, the exponent of the factor 3 of p is k, the exponent of the
factor 3 of the left member of the last equation is p+ 1 added of the exponent 5 of 3 of the term b,
with 8 > 0, let min(2im, 2jn,im+jn) = p+ 1+ and we recall that o+ pu = 2im. But B"C! =
p”(3b — 4a), we obtain 3 BrCt = 3utly, (b — 4 x 3@ Ngy) = 301y, (30b) — 4 x 3@ Vay),
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31 b1. We have also A™ + B" = C! = 3™ AP 4 3" B} = 3MCL. We call € = min(im, jn), we
have € = hl = min(im, jn). We obtain the conditions:
k = min(2im,2jn,im+jn) =pu+ 1+ 0
a4+ p=2im
€ = hl = min(im, jn)
3ath et = 301p, (3%h — 4 x 300" Vay)
** G-2-2-1-1- « = 1 = a = 3a; and 3 { a;, the equation becomes:
14+ pu=2tm
and the first equation is written as:
k = min(2im, 2jn,im + jn) = 2im +

-If k = 2im = 8 = 0 then 3 { b. We obtain 2im < 2jn = im < jn, and 2im < im + jn =
im < jn. The third equation gives hl = im and the last equation gives nj+hl = u+1 = 2im —
im = nj, then im = nj = hl and BYC} = p1(b — 4a;). As a,b are coprime, the conjecture
is verified.

- If k = 2jn or k = im + jn, we obtain 8 = 0, im = jn = hl and BFC} = p1(b—4a1). As a,b
are coprime, the conjecture is verified.

** G-2-2-1-2-a> 1= a > 2.
-Ifk = 2im = 2im = p+14+5, but p = 2im—a that givesa =148 > 2 = 5 # 0= 3 | b,
but 3 | a then the contradiction with a,b coprime.

- Ifk=2in=p+14+8<2im = p+1+8< p+a=1+<a=p>11If
B >1=3]|bbut 3|a, then the contradiction with a,b coprime.

-If k =im+ jn = im + jn < 2im = jn < im, and im + jn < 2jn = im < jn, then
im=jn. Ask=im+jn=2im=1+pu+ 5 and a4+ pu =2im, weobtaina=1+5 > 2 =
B > 1= 3|0, then the contradiction with a,b coprime.

** (G-2-2-2- We suppose that w # 3. We write a = w®a; with w{ a; and p” = whp; with w { p;.
As AP = 4ap” = 4w a;p = w | A = A = WA}, wt Ay But B"C! = p”(3b — 4a) =
wWhp1(3b —4a) = w | B"C' = w | B" or w | C.

** (-2-2-2-1- We suppose that w | B = w | B = B = w/B; and w { B;. From A™ + B" =
C' = w | C' = w| C. Asp =bp = 3bp" = 3whbp; = wh(WPmFAZm 4 H2in-kp2n 4
wimtin=k Am By with k = min(2im, 2jn,im + jn). Then:

- If k = p, then w { b and the conjecture is verified.

- If kK > p, then w | b, but w | a then the contradiction with a,b coprime.

- If k < p, it follows from:

3w,ubp1 — wk(w%m—kA%m + ijn—kB%n + wim—&—jn—kAvlnB{z)

that w | A1 or w | By then the contradiction with wt Ay or w1 Bj.

¢ (-2-2-2-2-Ifw | C' = w | C = C = w'C; with w{ 1. From A™ 4+ B" = C! = w |
(C'— A™) = w | B. Then, using the same method as for the case G-2-2-2-1-, we obtain identical
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results.

6.4 Case b=3 and 3 | p
As 3| p = p=3p/, We write :
dp o0 4dpa _4x3p'a  4p'a

A2 — 2 Z = = =
3993773 3 3 3

0
As A?™ is an integer and a,b are coprime and cos’~ < 1 (see equation ), then we have

necessary 3 | pf = p/ = 3p” with p” # 1, if not p = 3p' =3 x3p” =9, but 9 <« (p =
A%m 4 B2 1 AmPB™)| the hypothesis p” = 1 is impossible, then p” > 1, and we obtain:

_4pla 4Ax3p’a

AQm 3 _ 5 — 4p77 : Bncl _ pn‘(g _ 4&)
1 50 a 3 .
As - <cos*-=-=-<-=3<4a< 9= asa>1,a =2 and we obtain:
4 3 b 3 4
3p"(9—4
A2m — 4p77a — 8p77 : Bncl _ P ( 2 CL) :p77 (63)
The two last equations above imply that p” is not a prime. We can write p” as : p” = [],.; pi"

where p; are distinct primes, «; elements of N* and ¢ € I a finite set of indexes. We can write
also p” = p{".q1 with p; { ¢1. From (6.3)), we have p; | A and p; | B"C' = p; | B" or p; | CL.

** H-1- We suppose that p; | B" = B = p'fl.Bl with p; + By and fB; > 1. Then, we obtain
BC! = p‘f‘l_n'gl.ql with the following cases:

Ifoy —nB >1=p; | C' = p; | C, in accord with p; | (C' = A™ + B"), it follows that
the conjecture (|1.2)) is verified.

-If a; —np =0 = BPC!' = ¢y = p1 1 C', it is a contradiction with p; | (A™ — B") =
p1 | C. Then this case is impossible.

- If oy — nB1 < 0, we obtain p?ﬁl_aleC’l = q1 = p1 | q1, it is a contradiction with p; 1 ¢1.
Then this case is impossible.

** H-2- We suppose that p; | C!, using the same method as for the case p; | B", we obtain
identical results.

6.5 Case 3|pand b=1p

2Q:g:gand:
3

We have cos
b p

As A?™ is an integer, it implies that 3 | a, but 3 | p = 3| b. As a and b are coprime, then the
contradiction and the case 3 | p and b = p is impossible.

6.6 Case 3 |p and b=4p
3| p=p=23p, p #1 because 3 < p, then b = 4p = 12p'.
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as A?™ is an integer. But 3 | p = 3 | [(4p) = b], then the contradiction with a,b coprime and
the case b = 4p is impossible.

6.7 Case 3 |pand b=2p
3|p=p=23p,p #1 because 3 < p, then b = 2p = 6p'.

g 20 _dpa 20

3 3 3b 3

as A?™ is an integer. But 3 | p = 3| (2p) = 3 | b, then the contradiction with a,b coprime
and the case b = 2p is impossible.

= 3|a

6.8 Case 3 | p and b # 3 a divisor of p
We have b = p’ # 3, and p is written as p = kp’ with 3| k= k =3k" and :

4 0 4
A = §COS2§ = ?p% = 4dak’
0
B"C! = g (3 — 400523> =K' (3p' — 4a) = k' (3b — 4a)
T1- K £ 1

#% 1-1-1- We suppose that k' is prime, then A*" = 4ak’ = (A™)? = k' | a. But B"C! =
K (3b— da) = K | B" or k' | C.

#* [1-1-1- If k' | B® = k' | B = B = k'B; with B; € N*. Then k""" 1B?C! = 3b — 4a. As
n > 2, then (n —1) > 1and k' | a, then ¥’ | 3b = k' =3 or k' | b.

¥ [-1-1-1-1- If ¥ = 3 = 3 | a, with a that we can write it under the form a = 3a/?. But
A™ = 6d = 3 | A" = 3| A = A = 3A; with A; € N*. Then 3" AP = 2d =
3|d = d = 3a”. But K" 'BPC! = 3""1BPC! = 3b — 4a = 3" 2BPC! = b — 36a"%. As
n>3=n—22>1, then 3 | b. Hence the contradiction with a,b coprime.

** 1-1-1-1-2- We suppose that k' | b, but k&’ | a, then the contradiction with a,b coprime.

#* 1-1-1-2- We suppose that &’ | C!, using the same method as for the case &’ | B", we obtain
identical results.

** 1-1-2- We consider that &’ is not a prime.

% 1-1-2-1- We suppose that k', a coprime: A?™ = 4ak’ = A™ = 2d'.p; with a = a/? and k' = p3,
then a’, p; are also coprime. As A™ = 2a’.p; then 2 | a’ or 2 | p;.

¥ [-1-2-1-1- We suppose that 2 | @/, then 2 | ' = 2 { p1, but &' = p3.

** [-1-2-1-1-1- If p; is prime, it is impossible with A™ = 2a’.p;.
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%k 1.1-2-1-1-2- We suppose that p; is not prime and it can be written as p; = W™ = k' = w?™.
Then B"C! = w?™(3b — 4a).

% 1-1-2-1-1-2-1- If w is prime # 2, then w | (B"C') = w | B" or w | C".

% 1-1-2-1-1-2-1-1- If w | B® = w | B = B = w/ By with w { By, then BP'.C! = w?™ " (3b—4a).

- If 2m — n.j = 0, we obtain B}.C! = 3b —4a, as C' = A"+ B" = w | C!' = w | C, and
w | (3b—4a). But w # 2 and w,d’ are coprime, then w { (3b) = w # 3 and w t b. Hence, the
conjecture is verified.

- If 2m — nj > 1, using the same method, we have w | C' = w | C and w | (3b — 4a) and
w{aand w # 3 and w 1 b. Then the conjecture is verified.

-If2m —nj < 0 = W2 BP.C! = 3b — 4a. As C' = A™ + B" = w | C then
C = wh.Cy = wri=2mthipn 0t = 3p —4a. If n.j — 2m + hl < 0 = w | BPCL, then the
contradiction with w{ By or w{Cy. If n.j —2m+ h.l > 0 = w | (3b — 4a) with w, a,b coprime,
it implies that the conjecture is verified.

% 1-1-2-1-1-2-1-2- We suppose that w | C!, using the same method as for the case w | B", we
obtain identical results.

#k 1-1-2-1-1-2-2- Now k' = w?™ and w not a prime, we write w = w{.Q with wy a prime 1 Q and
f =1 an integer, and wy | A, then B"C! = w%f'mQQm(Bb —4a) = w; | (B"CY) = w; | B" or
w1 | Cl.

# [11-2-1-1-2-2-1- If wy | B® = w; | B = B = w/B; with w; { By, then B}.C! =
wrImrig2m(3h _ 4q).

- If 2f.m — n.j = 0, we obtain BP.C' = Q?>™(3b —4a). As C' = A™ + B" = w; | C! =
wi | C, and wy | (3b —4a). But w; # 2 and wy,d’ are coprime, then w,a are coprime, then
w1 1 (3b) = w1 # 3 and wy 1 b. Hence, the conjecture is verified.

-If 2fom —n.j > 1, we have wy | C' = wy | C and wy | (3b — 4a) and w; {a and w; # 3 and
w1 1 b, then the conjecture is verified.

-If2fm—nj<0= w?‘j_Qm'fB{’.Cl = Q?"(3b—4a). As C' = A™ + B" = w; | C, then
C = wh.0) = Wni=2m-J+hipn Ot = 2 (3h — da). If n.j — 2m.f + hl < 0 = w; | BYCY, then
the contradiction with w; t By and wy t Cy. Then if n.j —2m.f + h.l > 0 and w; | (3b — 4a) with
w1, a,b coprime, then the conjecture (|1.2)) is verified.

% 1-1-2-1-1-2-2-2- As in the case w; | B", we obtain identical results if wy | C*.
¥ [-1-2-1-2- If 2 | py: then 2 | py = 24 d’ = 2{a, but k' = p?.

4 1-1-2-1-2-1- If p; = 2, we obtain A™ = 4a’ = 2 | d/, then the contradiction with 2t a’. Case
to reject.

** 1-1-2-1-2-2- We suppose that p; is not prime and 2 | p;. As A™ = 2d'p;, p; is written under
the form p; = 2™~ lw™ = p? = 22m2,?™, Then B"C! = k/(3b — 4a) = 22" 2w?"(3b — 4a) =
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2| B"or2|C.

% [1-2-1-2-2-1- If 2 | B" = 2 | B,as 2 | A = 2| C. From B"C! = 2?m=2,2™(3p — 4aq) it
follows that if 2 | (3b — 4a) = 2 | b but as 2 { a, there is no contradiction with a, b coprime and
the conjecture (1.2)) is verified.

% 1-1-2-1-2-2-2- We obtain identical results as above if 2 | C'.
#* [-1-2-2- We suppose that &', @ are not coprime: let w be a prime integer so that w | a and w | p2.

#¥ 1-1-2-2-1- We suppose that w = 3. As A?™ = 4ak’ = 3 | A, but 3 | p. As p = A*™ + B?" +
AmB" = 3 | B> = 3| B, then 3 | C' = 3 | C. We write A = 3'A;, B =3By, C = 3"C4
with 3 coprime with Ay, By and C; and p = 3%mA¥m 4 320 p2n 4 3im+jn AmpBn — 3% g with
s = min(2im, 2jn,im+jn) and 3 t g. We have also (w = 3) | a and (w = 3) | ¥’ that give a = 3%ay,
3ta; and k' = 3Hpg, 31 pp with A?™ = dak’ = 32™M A2 = 4 x 3% q1.py = a + p = 2im. As
p=3p' = 3b.k' = 3b.3*py = 3*T1.b.ps. The exponent of the factor 3 of p is s, the exponent of the
factor 3 of the left member of the last equation is 4+ 1 added of the exponent 8 of 3 of the factor
b, with 8 > 0, let min(2im, 2jn,im + jn) = p+ 1+ 3, we recall that a + p = 2im. But B"C! =
' (4b — 3a) that gives 3 Hh) BRCt = 31t py (b — 4 x 3@ V) = 30F1py(3%h) — 4 x 302 Dqy),
31 b1. We have also A™ + B" = C! that gives 3™ AT + 37" BT = 3MCL. We call € = min(im, jn),
we obtain € = hl = min(im, jn). We have then the conditions:

s = min(2im,2jn,im +jn) =pu+ 1+ (6.4)
a+p=2im (6.5)

€ = hl = min(im, jn) (6.6)

3th) grot — 3ut1 ) (38 — 4 x 3@ Vgy) (6.7)

## 1-1-2-2-1-1- « = 1 = a = 3a; and 3t a1, the equation becomes:
14 p=2im
and the first equation is written as :
s = min(2im,2jn,im + jn) = 2im +

-If s =2im = =0 = 3{b. We obtain 2im < 2jn = im < jn, and 2im < im + jn =
im < jn. The third equation gives hl = vm. The last equation givesnj+hl=pu+1=
2im == im = jn, then im = jn = hl and BYC! = pa(b—4a1). As a, b are coprime, the conjecture
(1.2) is verified.

- If s = 2jn or s = im + jn, we obtain B = 0, im = jn = hl and B}C! = pa(b — 4a;). Then
as a, b are coprime, the conjecture (|1.2)) is verified.

B[-1-2-2-1-2-a>1=a > 2.
-Ifs=2im = 2im=pu+1+6,but p=2im—aitgivesa=1+>22= #0= 3| b,
but 3 | @ then the contradiction with a, b coprime and the conjecture (1.2} is not verified.

-lfs=2in=p+14+8<2im = pu+14+8 < p+a=14+0<a= =11
B =1=3]0bbut 3| a, then the contradiction with a,b coprime and the conjecture (|1.2)) is not
verified.
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-If s=im+ jn = im + jn < 2im = jn < im, and im + jn < 2jn = im < jn, then
m=jn.Ass=im+jn=2im=14+pu+Land a+pu=2imitgivesa=1+22= >
1 = 3| b, then the contradiction with a,b coprime and the conjecture (1.2)) is not verified.

** 1-1-2-2-2- We suppose that w # 3. We write a = w®a; with w { a1 and k¥’ = whps with w { p.
As A?™ = 4ak’ = 4w THa1py = w | A = A = WAy, wt Ay But B"C! = K'(3b — 4a) =
Whpa(3b — 4a) = w | B"C' = w | B" or w | C.

#% 11-22-2-1- w | B" = w | B = B" = /By and w { By. From A" + B" = C! = w |
Cl = w|C. As p=bp' = 3bk! = 3whbpy = w* (WM™ AIM 4 2IN=8 BIN | (yIm+in=s AT B1) with
s = min(2im, 2jn,im + jn). Then:

- If s = p, then w { b and the conjecture is verified.

- If s > p, then w | b, but w | a then the contradiction with a,b coprime and the conjecture

(1.2)) is not verified.

- If s < p, it follows from:
30.}”6]91 — OJS(UJQim_SA%m + w2jn—sB%n + wim+jn_sAT'B?)

that w | Ay or w | By that is the contradiction with the hypothesis and the conjecture (1.2} is
not verified.

#5 [1-2-2-22- If w | O = w | C = C = W"Cy with w { Cy. From A™ 4+ B" = C! = w |
(C' — A™) = w | B. Then we obtain identical results as the case above I-1-2-2-2-1-.

** [-2- We suppose k' = 1: then k' = 1 = p = 3b, then we have A?" = 4a = (2d')? = A™ =
2d’, then a = a’? is even and :

A"B" = 2\/5608* Jp sznf - cosg M — —2a
3 3 3
and we have also:
2
A% 4L 2AM B = p?:[ = = 2b0V/3sin— (6.8)

20
The left member of the equation is a naturel number and also b, then 2\/532’71? can be

written under the form :

Q\fsm 239 Z;

where ki, ko are two natural numbers coprime and kg | b = b = ko.k3.

#* 1-2-1- k' = 1 and k3 # 1: then A%2™ +2A™B" = k3.k;. Let u be a prime integer so that p | k3.
If u =2= 2]b, but 2| a, it is a contradiction with a,b coprime. We suppose that pu # 2 and
w| ks, then p | A™(A™ +2B") = p | A™ or p | (A™ +2B").

KHRL2-1-1-p | A I | A™ = pu | A*™ = | 4da = p | a. As p | k3 = p | b, the
contradiction with a, b coprime.
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RL-2-1-2- | (A™+2B"): If | (A™ +2B") = p{ A™ and pt 2B", then p # 2 and p { B™.
w| (A™+2B"), we can write A™ + 2B" = p.t'. It follows:
A™ 4+ B" = ut' — B = A*™ 4 B 4 2A™B" = *t”? — 2t'uB"™ + B*"
Using the expression of p, we obtain:
p=t?u*>—2t'B"u+ B"(B" — A™)
As p=3b=3ko.ks and p | k3 then | p = p = p.i/, then we obtain:
p o= p(ut” — 2t B™) + B"(B™ — A™)
and p | B"(B" — A™) = pu | B" or | (B" — A™).

K 1-2-1-2-1- p | B™: If | B = u | B, that is the contradiction with I-2-1-2- above.

K T-2-1-2-2- p | (B™ — A™): If w | (B™ — A™) and using that u | (A™ 4 2B"™), we obtain :

p|B" = p|B
w|3B" =< or
p=3
K 1-2-1-2-2-1- o | B™: If p | B® = p | B, that is the contradiction with I-2-1-2- above.

K T-2-1-2-2-2- p=3: If p =3 = 3| ks = k3 = 3k3, and we have b = koks = 3kakj, it follows
p = 3b = 9kok}, then 9 | p, but p = (A™ — B")? + 3A™B™ then:

9kokh — 3A™B" = (A™ — B")?
that we write as:
3(3kokh — A™B™) = (A™ — B")? (6.9)
then:
3| (Bkok — A"B") = 3| A™B" = 3| A" or 3| B"

¥ [-2-1-2-2-2-1- 3 | A™: If 3 | A™ = 3 | A and we have also 3 | A?™, but A*™ = 4a = 3 |
4a = 3| a. As b = 3kok’ then 3 | b, but a,b are coprime, then the contradiction and 3 1 A.

% [.2-1-2-2-2-2- 3 | B™: If 3 | B® = 3| B, but the equation implies 3 | (A" — B")? =
3] (A™—B") = 3| A™ = 3| A. The last case above has given that 3 { A. Then the case
3| B™ is to reject.

Finally the hypothesis k3 # 1 is impossible.

** 1-2-2- Now, we suppose that ks =1 = b = ko and p = 3b = 3k, then we have:
20 k
2\/§sin§ = ?1 (6.10)
with k1, b coprime. We write (6.10) as :
0 K

0
4\/§sin§cos§ = 0
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0

Taking the square of the two members and replacing 60825 by %, we obtain:

3x4%a(b—a) =k = ki =3 x4%d”(b - a)
it implies that :

b—a=3a% ae N = b=0d?+3a> =k = 12d

As:

ki =12da = A™(A™ +2B") = 3a =d + B"

We consider now that 3 | (b — a) with b = a’? + 3a2. The case a = 1 gives a’ + B" = 3 that
is impossible. We suppose « > 1, the pair (¢, @) is a solution of the Diophantine equation:

X2 4+3Y% =0 (6.11)
with X = o’ and Y = «. But using a theorem on the solutions of the equation given by (6.11)), b
is written as (see theorem in [2]):
b= 225 % 3t‘p§1 . _ngq%m . qTQSr

where p; are prime numbers verifying p;=1(mod6), the ¢; are also prime numbers so that
¢;=5(mod 6), then :

-If s>1= 2|0, as 2| a, then the contradiction with a,b coprime.

-Ift>1=3]0b, but 3| (b—a) = 3] a, then the contradiction with a,b coprime.

** 1-2-2-1- We suppose that b is written as :

ty 2 .
b:p’il...pggqlsl...qgs

with p;=1(mod6) and ¢;=5(mod6). Finally, we obtain that b=1(mod6). We will verify then
this condition.

#% 1.2-2-1-1- We present the table below giving the value of A™ + B® = C! modulo 6 in
function of the value of A™, B"(mod 6). We obtain the table below after retiring the lines (re-
spectively the colones) of A™=0(mod 6) and A™=3(mod 6) (respectively of B"=0(mod 6) and
B"=3(mod 6)), they present cases with contradictions:

TABLE 2. Table of C!(mod 6)

A" B 1 2 4 5
1 2 3 5 0
2 3 4 0 1
4 5 0 2 3
) 01 3 4

#% [-2-2-1-1-1- For the case C! = 0(mod 6) and C! = 3(mod 6), we deduce that 3 | C! = 3 |
C = C =3"Cy, with h > 1 and 3 { C;. It follows that p — B"C! = 3b — 3""C{B" = A?™ — 3 |
(A?™ = 4a) => 3| a = 3 | b, then the contradiction with a,b coprime.
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% 1-2-2-1-1-2- For the case C! = 0(mod 6), C! = 2(mod 6) and C! = 4(mod 6), we deduce that
2| Cl=2|C = C=2"Cy, with h > 1 and 2 1 Cy. It follows that p = 3b = A?™ + B"C! =
4a + 2"CLB™ = 2| 3b == 2| b, then the contradiction with a,b coprime.

#* 1-2-2-1-1-3- We consider the cases A”=1( mod 6) and B"=4( mod 6) (respectively B"=2( mod
6)): then 2 | B* = 2 | B = B = 2/B; with j > 1 and 2 { Bj. It follows from 3b =
A?m 4 BPC = da + Qj”B{LCl that 2 | b, then the contradiction with a,b coprime.

** 1-2-2-1-1-4- We consider the case A™=5(mod6) and B"=2(mod6): then 2 | B" — 2 |
B = B =2/B; with j > 1 and 21 By. It follows that 3b = A?>™ 4 B"C! = 4a + 2" B}C!, then
2 | b and we obtain the contradiction with a,b coprime.

** 1-2-2-1-1-5- We consider the case A™=2(mod6) and B"=5(mod6): as A™=2(mod6) —
A™=2(mod 3), then A™ is not a square and also for B". Hence, we can write A™ and B" as:

A™ = qy. A?

B" = byB?

where ag (respectively by) regroups the product of the prime numbers of A™ with exponent 1
(respectively of B™) with not necessary (ag,.A) = 1 and (by, B) = 1. We have also p = 3b =
A2 4 AMBP 4 B2 = (A™ — B")? 4 3AMB" = 3 | (b— A™B") = A™B"=b(mod 3) but
b =a+ 3a? = b=a=a"*(mod 3), then A™B"=a"%(mod 3). But A”=2(mod 6) = 2a’=2(mod
6) = 4a’?’=4(mod 6) = a’?’=1(mod 3). It follows that A™B" is a square, let A™B" = N? =
A2.B2.a0.by. We call ./\/'12 = ag.by. Let p; be a prime number so that p; | ag = ap = p1.a1 with
priar pi | N2 = p1 | Vi = Np = piN] with t > 1 and p; N, then p¥ N2 = ay.by.
As2t >2=2t—1>2 1= p1 | a1.bp but (p1,a1) = 1, then p; | by = p1 | B" = p1 | B.
But py | (A™ = 2d'), and p; # 2 because p; | B” and B" is odd, then the contradiction. Hence,
p1|d = p1|a Ifpp =3, from 3| (b—a) = 3| b then the contradiction with a,b coprime.
Then p; > 3 a prime that divides A" and B", then p; | (p = 3b) = p; | b, it follows the contra-
diction with a,b coprime, knowing that p = 3b=3(mod 6) and we choose the case b=1(mod 6)
of our interest.

** 1-2-2-1-1-6- We consider the last case of the table above A™=4(mod 6) and B"=1(mod 6).
We return to the equation (6.11]) that b verifies :

b= X?+43Y? (6.12)
with X=d; Y=«
and 3o =a + B"

But p = A?™ 4 A™B" + B?" = 3b = 3(3a® + a/?) = A?™ + C'B" = 3d/? + 9a2. As A?>™ =
(2a’)? = 4a', we obtain:

902 —a? =C'.B"
Then the pair (3, a’) € N* x N* is a solution of the Diophantine equation:
22—y’ =N (6.13)
where N = C'.B™ > 0.
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Let Q(N) be the number of the solutions of (6.13)) and 7(N) the number of ways to write
the factors of N, then we announce the following result concerning the number of the solutions

of (see theorem 27.3 in [2]):
- If N=2(mod 4), then Q(N) = 0.
- If N=1 or N=3(mod 4), then Q(N) = [7(N)/2].
- If N=0(mod 4), then Q(N) = [7(N/4)/2].

As A™ = 2d/;m > 3 = A™=0(mod4). Concerning B", for B"=0(mod4) or B"=2(mod4),
we find that 2 | B" = 2 | « = 2 | b, then the contradiction with a,b coprime.

For the last case B"=3(mod4) = C'=3(mod4) = N = B"C'=1(mod4) = Q(N) =
[T(N)/2].
As (3a,d’) is a couple of solutions of the Diophantine equation and 3a > d/, then 3 d, d’
positive integers with d > d’ and N = d.d’ so that :
d+d =6« (6.14)
d—d =2d (6.15)
We will use the same method used in the above paragraph A-2-1-2-

*% 1.2-2-1-1-6-1- As C! > B", we take d = C' and d’ = B™. It follows:
C'+ B" = 6o = 2a' +2B" = A™ 4 2B" (6.16)
C'—B"=2d =A™ (6.17)

Then the case d = C! and d’ = B™ gives a priory no contradictions.

k% 1.2-2-1-1-6-2- Now, we consider the case d = B"C! and d’ = 1. We rewrite the equations
(16.1416.15)):

B"C' 41 = 6« (6.18)
B"C'—1=2d (6.19)

We obtain 1 = B", it follows C! — A™ = 1, we know [?] that the only positive solution of the
last equation is C' =3, A =2,m = 3 and [ = 2 < 3, then the contradiction.

** [-2-2-1-1-6-3- Now, we consider the case d = clf_lC{ where ¢ is a prime integer with ¢; t Cy
and C = ¢[Cy, r > 1. Tt follows that d’' = ¢;.B™. We rewrite the equations (6.1446.15):

dr=1Ch + ¢1.B" = 6a (6.20)
dr=1ct — ¢1.B™ = 24 (6.21)

As | > 3, from the last two equations above, it follows that ¢; | (6a) and ¢; | (2a"). Then ¢; = 2,
orcg=3and3|d orcy #3|aand ¢ | d.

¥ 1-2-2-1-1-6-3-1- We suppose ¢; = 2. As 2 | (A™ = 2d’) = 2| (a = a/?> and 2 | C! because [ > 3,
it follows 2 | B", then 2 | (p = 3b). Then the contradiction with a,b coprime.
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¥ 1-2-2-1-1-6-3-2- We suppose ¢1 = 3 = ¢1 | 2d/ = ¢1 | d/ = ¢1 | (a = a'?). Tt follows that
(c1 = 3) | (b= a"?+ 3a?), then the contradiction with a, b coprime.

# 1-2-2-1-1-6-3-3- We suppose ¢1 # 3 and ¢; | 3a and ¢; | . It follows that ¢; | a and
c1 | (b= a" + 3a?, then the contradiction with a, b coprime.

The other cases of the expressions of d and d’ not coprime so that N = B"C! = d.d’ give also
contradictions.

#* 1-2-2-1-1-6-4- Now, let C' = ¢{C; with ¢; a prime, r > 1 and ¢; t C1, we consider the case
d=C! and d' = ¢! B" so that d > d'. We rewrite the equations (6.14H6.15)):

Cl + ¢'B™ = 6a (6.22)
Cl —'B" = 2d (6.23)

We obtain c}! B" = B" = c}! = 1, then the contradiction.

#k 1-2-2-1-1-6-5- Now, let C' = ¢{C; with ¢; a prime, 7 > 1 and ¢; 1 C, we consider the case
d = C!B" and d’ = ¢}! so that d > d’. We rewrite the equations (6.1416.15)):

CiB' + ' = 6a (6.24)
CiB!' — ¢t =24 (6.25)

We obtain c’l"l =B" = ¢ | B", as ¢; | C then ¢; | A™ = 2d/. If ¢; = 2, the contradiction with
B"C'=1(mod 4). Then ¢; | @' = ¢ | (a = a’®) = ¢ | (p = b), it follows a, b are not coprime,
then the contradiction.

Cases like d’ < C! a divisor of C! or d’ < B! a divisor of B" with d’ < d and d.d' = N = B"C!
give contradictions.

#* 1-2-2-1-1-6-6- Now, we consider the case d = b1.C! where by is a prime integer with by { By
and B = b} By, r > 1. It follows that d’ = bg””_lB’f. We rewrite the equations (6.14H6.15)):
b1Ct + 0V IBY = 6o (6.26)
bCt — b By = 24/ (6.27)

As n > 3, from the last two equations above, it follows that b; | 6 and by | (2a’). Then by = 2,
or by |aand by |a’ or by =3 and 3 | d’.

4 1-2-2-1-1-6-6-1- We suppose by =2 = 2 | B". As 2| (A" =2d = 2| d = 2| a, but
2| B" and 2 | A™ then 2 | (p = 3b). It follows the contradiction with a,b coprime.

¥ 1-2-2-1-1-6-6-2- We suppose by # 2,3, then by | a and by | @' = by | (a = a’?), then
b1 | (b= 3a?+ a'?), it follows the contradiction with a,b coprime.

¥ 1-2-2-1-1-6-6-3- We suppose by = 3 = 3 | 6c, and 3 | (A™ = 2d') = 3 | (a = a’?), then
3| (b= 3a?+ a'?), it follows the contradiction with a, b coprime.
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The other cases of the expressions of d and d’ with d,d not coprime and d > d' so that
N = C'B™ = d.d' give also contradictions.

Finally, from the cases studied in the above paragraph I-2-2-1-1-6-, we have found one suit-
able factorization of N that gives a priory no contradictions, it is the case N = B".C! = d.d’
with d = C',d’ = B" but 1 < 7(N), it follows the contradiction with Q(N) = [r(N)/2] < 1.
The last case A™=4(mod 6) and B"=1(mod 6) gives contradictions.

It follows that the condition 3 | (b — a) is a contradiction.

The study of the case [6.§]is achieved.

6.9 Case 3 |p and b | 4p

The following cases have been soon studied:

*3|p, b=2=b|4p: case[6.1]
*3|p,b=4=10b]|4p: Case
*3|lp=p=3p,b|p =p =bp", p” # 1: case[6.3]
*3|p, b=3=>b|4p: case[6.4]
*3|lp=p=3p,b=p = b|4p: case[6.§

** J-1- Particular case: b = 12. In fact 3 | p = p = 3p’ and 4p = 12p’. Taking b = 12, we have
b | 4p. But b < 4a < 3b, that gives 12 < 4a < 36 =3 < a < 9. As 2 | b and 3 | b, the possible
values of a are 5 and 7.

4 5bp’ 5p
# J1-1- g =5 and b= 12 = 4p = 12/ = by. ButAZmz?%: 35 :?p:>3|p,:>
p' = 3p” with p” € N*, then p = 9p”, we obtain the expressions:
AP = 5y (6.28)
0
B! = %’ <3 - 400823) = 4p (6.29)

As n,l > 3, we deduce from the equation (6.29) that 2 | p” = p” = 2%p; with @ > 1 and 21 p;.
Then (6.28)) becomes: A?™ = 5p” =5 x 29 = 2| A= A =2'Ay, i >1and 21 A;. We have
also B"C! = 2°*2p; = 2| B" or 2| C".

#% J-1-1-1- We suppose that 2 | B => B = 2/By, j > 1 and 2 { B;. We obtain B}C! =
2a+2—jnp1:

-Ifa+2—jn>0=2|C! there is no contradiction with C! = 2/m AP 4+ 2" B = 2| C!
and the conjecture is verified.

-Ifa+2—jn=0= BIC' = p;. From C=2mAP 4 2/"BY = 2 | C! that implies that
2 | p1, then the contradiction with 2 { p;.

-Ifa+2—jn < 0= 2""2"2B2C! = py, it implies that 2 | py, then the contradiction as
above.

** J-1-1-2- We suppose that 2 | C', using the same method above, we obtain the identical results.
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pa_
3 3 12

%k J-1-2- We suppose that ¢ = 7 and b = 12 = 4p = 12p/ = bp/. But A?™ =

7:]; = 3 |p = p=9p”, we obtain:
A2m — 7p77
0
B"C! = g (3 — 400323> = 2p”

The last equation implies that 2 | B*C!. Using the same method as for the case J-1-1- above, we
obtain the identical results.

We study now the general case. As 3 | p=p=3p and b | 4p = Fk; € N* and 4p = 12p’ = kqb.

#% J-2-ky =1 :If ky = 1 then b = 129/, (p # 1, if not p = 3 < A?™ + B?" + A™B"). But

4 0 12p'a 4p'a «a
azm o= P p2? AP T 4 g | @ because A?™ is a natural number, then the
contradiction with a, b coprime.

337 73 12y 3

4 0 k.
#k J-3-ky =3 : If ky = 3, then b = 4p’ and A*™ = 3p 0032§ = —13(1 —a= A" =d* =
A™ = q/. The term A™B" gives A" B" = p\?)f ne - 5 then:
2 20
A% 4 2A™B" = p?:f ng =2 / 3sin— (6.30)

260
The left member of (6.30]) is an integer number and also p’, then 2\/§sin§ can be written under

the form:

2v/3sin=— 29 k2
ks

where ko, k3 are two integer numbers and are coprime and k3 | p’ = p’ = ks.k4.

** J-3-1- k4 # 1 : We suppose that k4 # 1, then:
A% 4 2AMB™ = ky.ky (6.31)
Let p be a prime number so that u | k4, then p | A™(A™ +2B") = pu | A™ or p | (A™ + 2B™).

K J31-1-p | A I p | A = p | AP = pu|a. As pu | ks = p | p' = p| (4p' = b). But a,b
are coprime, then the contradiction.

K J-3-1-2- | (A +2B™) : If p | (A™ 4 2B™) = pt A™ and p {1 2B"™, then p # 2 and p{ B™.
w| (A™ +2B"™), we can write A™ + 2B™ = p.t'. It follows:
Am_|_Bn — ,ut’ —_B" _— A2m+B2n+2AmBn — M2t/2 _2t/IuBn_|_B2n

Usmg the expression of p, we obtain p = 2% — 2t' B”u + B"(B™ — A™). As p = 3p' and
wlp' = u| (3p) = ul|p, we can write : 3u’ and p = pp/, then we arrive to:

= p(ut? — 2t B") + B"(B" — A™)
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and p | B"(B" — A™) = pu | B" or pu | (B" — A™).
*% J-3-1-2-1- p | B" : If u | B" = p | B, it is in contradiction with J-3-1-2-.

K J-3-1-2-2- p | (B™"— A™) : If | (B™ — A™) and using p | (A™ + 2B"™), we obtain :

w|B"
w|3B" = ¢ or
p=3

** J-3-1-2-2-1- p | B™ : If p | B = p | B, it is in contradiction with J-3-1-2-.
K J-3-1-2-2-2- 4 =3 : If p =3 = 3| ky = ky = 3k}, and we have p’ = ksks = 3kskj, it
follows that p = 3p’ = 9k3k), then 9 | p, but p = (A™ — B")? + 3A™B", then we obtain:

9k3k) — 3A™B" = (A™ — B")?
that we write : 3(3ksk) — A™B") = (A™ — B™)?, then : 3 | (3ksk), — A™"B") = 3| A™"B" —
3| A™ or 3| B™.

¥ J.3-1-2-2-2-1- 3 | A" 1 If 3| A™ = 3| A?™ = 3 | a,but 3| p = 3| (4p') = 3| b, then the
contradiction with a, b coprime and 3 1 A.

% J.3-1-2-2-2-2- 3 | B® 1 If 3 | B" but A™ = put' — 2B™ = 3¢/ — 2B" = 3 | A™, it is in
contradiction with 3 1 A.

Then the hypothesis k4 # 1 is impossible.

** J-3-2- k4 = 1: We suppose now that ky = 1 = p/ = k3ky = k3. Then we have:

20k
2\/§sin§ =2 (6.32)

p/

with ko, p’ coprime, we write (6.32) as :
0 ko

0
4\/§sz’n§cos§ = ?

Taking the square of the two members and replacing coszg by % and b = 4p’, we obtain:
3.a(b—a) = k3
As A?™ = g = a’?, it implies that :
3/ (b—a), and b—a=b—d?=3a>
As kg = A™(A™ + 2B™) following the equation and that 3 | ko = 3| A" (A™ +2B") =
3| A™ or 3| (A™+2B").

K J3-2-1-3 | A If 3 | A™ = 3| A*™ = 3| a, but 3| (b—a) = 3| b, then the contradiction
with a,b coprime.
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¥ J-3-2-2- 3 | (A™ + 2B™) = 34 A™ and 3 1 B". As k3 = 9aa® = 9a%a? = ky = 3da =
A™(A™ + 2B™), then :
3a=A"+2B" (6.33)
As b can be written under the form b = a’?> + 3a2, then the pair (a’,a) is a solution of the
Diophantine equation:
22+ 3y = (6.34)
As b =4p, then :

** J-3-2-2-1- If x, y are even, then 2 | '’ = 2| a, it is a contradiction with a, b coprime.

** J-3-2-2-2- If -,y are odd, then d’, a are odd, it implies A”™ = a’=1(mod 4) or A™=3(mod 4).
If u, v verify , then b = u? + 3v%, with u # o’ and v # «, then u,v do not verify :
3v # u+ 2B", if not, u = 3v — 2B" = b = (3v — 2B™)? + 3v? = a? + 3a?, the reso-
lution of the obtained equation of second degree in v gives the positive root v; = «, then
u=3v—2B" = 3a — 2B™ = d, then the uniqueness of the representation of b by the equation
(16.34]).

#k J-3-2-2-2-1- We suppose that A”=1(mod4) and B"=0(mod 4), then B" is even and B" =
2B’. The expression of p becomes:
p=a?+2dB +4B? =(d + B)? +3B%*=3) = 3| (d + B') = d + B = 3B”
p/ — B/2 + 3B772 _— b — 4p/ — (2B/)2 + 3(2B77)2 — a/2 + 30[2

as b has an unique representation, it follows 2B’ = B™ = o’ = A™, then the contradiction with
A™ > B".

% J-3-2-2-2-2- We suppose that A™=1(mod4) and B"=1(mod4), then C'! is even and C! =
2C". The expression of p becomes:

p=C*"—C'B"+ B> =4C"” - 2C'B" + B* = (C' — B")* + 3C"” = 3/
—3|(C'-B") = C'— B"=3C"
P=C"+3C"" = b=4p = (2C")* +3(2C")* = a”* + 3a°
as b has an unique representation, it follows 2C" = C! = @' = A™, then the contradiction.

K J-3-2-2-2-3- We suppose that A”=1(mod 4) and B"=2(mod 4), then B" is even, see J-3-2-2-
2-1-.

% J-3-2-2-2-4- We suppose that A™=1(mod 4) and B"=3(mod 4), then C' is even, see J-3-2-2-
2-2-.

*k J-3-2-2-2-5- We suppose that A”=3(mod 4) and B"=0(mod 4), then B" is even, see J-3-2-2-
2-1-.

% J-3-2-2-2-6- We suppose that A™=3(mod 4) and B"=1(mod 4), then C! is even, see J-3-2-2-
2-2-.
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% J-3-2-2-2-7- We suppose that A™=3(mod 4) and B"=2(mod 4), then B" is even, see J-3-2-2-
2-1-.

% J-3-2-2-2-8- We suppose that A™=3(mod 4) and B"=3(mod 4), then C! is even, see J-3-2-2-
2-2-.

We have achieved the study of the case J-3-2-2- . It gives contradictions.

** J-4- We suppose that k1 # 3 and 3 | ki = k1 = 3k} with k] # 1, then 4p = 12p' =
dp 50 3kiba

kb = 3Kkib = 4p' = kib. AP can be written as A?™ = g8’y = 5 = kia and
0 K
B"C! = g (3 - 400323> = Zl(3b—4a). As B"C' is an integer number, we must have 4 | (3b—4a)

ord|kjor[2]k] and 2| (3b— 4a)].
** J-4-1- We suppose that 4 | (3b — 4a).

*#k J-4-1-1- We suppose that 3b —4a =4 = 4| b= 2| b. Then, we have:
A% = Ela
B"C' =k

% J-4-1-1-1- If k| is prime, from B"C! = k}, it is impossible.

% J-4-1-1-2- We suppose that k] > 1 is not prime. Let w be a prime number so that w | k].

#% J-4-1-1-2-1- We suppose that k] = w®, with s > 6. Then we have :
A% = % (6.35)
B"C! = w* (6.36)

#* J-4-1-1-2-1-1- We suppose that w = 2. If a, k] are not coprime , then 2 | a, as 2 | b, it is the
contradiction with a, b coprime.

#% J-4-1-1-2-1-2- We suppose w = 2 and a, k] are coprime, then 2 { a. From , we deduce
that B=C =2 and n+1 = s, and A?™ = 2%.q, but A™ = 2! — 2" = A?m = (2! —27)2 =
220 4 220 _ g(ltny = 92 4 920 _ 9 x 2% = 25,0 = 2% 4 22" = 2%(q + 2). If | = n, we obtain
a = 0 then the contradiction. If [ # n, as A™ = 20 —2" > 0 = n < | = 2n < s, then
221 (1 4 22=2n _gs+1=2n) — 9nol 4 We call | = n +ny == 1+ 22720 _25+1=2n — 91 g hut the
left member is odd and the right member is even, then the contradiction. Then the case w = 2
is impossible.

%k J-4-1-1-2-1-3- We suppose that k] = w® with w # 2:

#* J-4-1-1-2-1-3-1- Suppose that a, k} are not coprime, then w | @ = a = w'.a; and ¢ { a;. Then,
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we have:

AP = 5 F gy (6.37)

B"C! = w* (6.38)

From (6.38)), we deduce that B” = w", C" = w!, s =n+land A™ =w! —w" > 0= 1> n.

We have also A% = w*tta; = (W' — w")? = W + W?" — 2 x W5 As w # 2 = w is odd, then

A% = 5t gy = (w! —w™)? is even, then 2 | a; = 2| a, it is in contradiction with a, b coprime,
then this case is impossible.

#* J-4-1-1-2-1-3-2- Suppose that a, k] are coprime, with :
AP = o (6.39)
B"C! = w* (6.40)
From , we deduce that B” = w", C' = w! and s = n+ 1. As w # 2 = w is odd and

A% = w.a = (W' —w™)? is even, then 2 | a. It follows the contradiction with a,b coprime and
this case is impossible.

#* J-4-1-1-2-2- We suppose that &k} = w®.ke, with s > 6, w { ka. We have :
AP = W kg
B"C! = w® ky

** J-4-1-1-2-2-1- If ko is prime, from the last equation above, w = ko, it is in contradiction with
w 1 ko. Then this case is impossible.

%k J-4-1-1-2-2-2- We suppose that k] = w®.ke, with s > 6, w { ko and k2 not a prime. Then, we
have:

AP = wf kg.a

B"C! = w® ky (6.41)
¥ J-4-1-1-2-2-2-1- We suppose that w, a are coprime, then w { a. As A?™ = W’ ky.a = w | A =

A =w' Ay with i > 1 and w{ Ay, then s = 2i.m. From (6.41)), we have w | (B"C') = w | B" or
w | Cl

¥ J-4-1-1-2-2-2-1-1- We suppose that w | B = w | B = B = w’.By with j > 1 and w { By.
then :
B?Cl — w2im—jnk,2

- If 2im — jn > 0, w | C' = w | C, no contradiction with C! = w™AT + w/"B} and the
conjecture is verified.

- If 2im — jn = 0 = BPC! = kg, as w | ko = w t O, then the contradiction with
wl| (Ct =A™+ B™).

-If 2im — jn < 0 = wj”_%mB?Cl = ko = w | kg, then the contradiction with w t k.

¥ J-4-1-1-2-2-2-1-2- We suppose that w | C!. Using the same method used above, we obtain
identical results.
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#F J-4-1-1-2-2-2-2- We suppose that a,w are not coprime, then w | @ = a = w'.a; and w { a;.
So we have :

A% = w5 k. (6.42)

B"C! = W ky (6.43)

As A% = 5Tt kya; = w| A= A =w'A; withi > 1 and wt Ay, then s+t = 2im. From
(6.43)), we have w | (B"C') = w | B" or w | C".

¥ J-4-1-1-2-2-2-2-1- We suppose that w | B" = w | B = B = w/ By with j > 1 and w { By.
then:

B?Cl — w2im7tfjnk2
-If 2im —t — jn > 0, w | O = w | C, no contradiction with C! = w™AT* + w/" B} and the
conjecture ([1.2)) is verified.

-If 2im —t — jn = 0 = BJC! = ko, As w { ks => w { C', then the contradiction with
wl (Cl=A™ 4 B").
- If 2im —t — jn < 0 = WINTI=2MBICl = ky = w | ko, then the contradiction with w 1 ks.

% J-4-1-1-2-2-2-2-2- We suppose that w | C'. Using the same method used above, we obtain
identical results.

K J-4-1-2- 3b — 4a # 4 and 4 | (3b — 4a) = 3b — 4a = 4°Q with s > 1 and 4 { Q. We obtain:
A% = kha (6.44)
B"C! = 4571 Q (6.45)

% J-4-1-2-1- We suppose that k] = 2. From ((6.44)), we deduce that 2 | a. As4 | (3b—4a) = 2| b,
then the contradiction with a, b coprime and this case is impossible.

% J-4-1-2-2- We suppose that k} = 3. From (6.44) we deduce that 3% | A2™. From (6.45), it fol-
lows that 3% | B" or 3% | C'. In the last two cases, we obtain 3 | p. But 4p = 3k{b = 9b = 3 | b,
then the contradiction with a,b coprime. Then this case is impossible.

#* J-4-1-2-3- We suppose that k] is prime > 5:

% J-4-1-2-3-1- Suppose that k| and a are coprime. The equation (6.44) gives (4™)? = k/.a, that
is impossible with &} { a. Then this case is impossible.

## J-4-1-2-3-2- Suppose that &} and a are not coprime. Let k] | a = a = k{%a; with a > 1 and
K| t a1. The equation (6.44)) is written as :
AP = Fla =Ko

The last equation gives kf | A*™ = k| | A = A = k[l Ay, with k] 1 Ay. If 2i.m # (a + 1), it is
impossible. We suppose that 2i.m = o+ 1, then k] | A™. We return to the equation . If k]
and ) are coprime, it is impossible. We suppose that k] and  are not coprime, then £} | Q and
the exponent of k] in € is so the equation is satisfying. We deduce easily that k] | B™. Then
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k2| (p= A*™+ B+ A™B"), but 4p = 3k{b = k| | b, then the contradiction with a, b coprime.
#* J-4-1-2-4- We suppose that k] > 4 is not a prime.

% J-4-1-2-4-1- We suppose that k] = 4, we obtain then A?*™ = 4q and B"C! = 3b—4a = 3p’' —4a.
This case was studied in the paragraph case ** [-2-.

% J-4-1-2-4-2- We suppose that k] > 4 is not a prime.

¥ J-4-1-2-4-2-1- We suppose that a, k] are coprime. From the expression A*™ = k{.a, we deduce
that a = a? and k] = k2. Tt gives :
A™ = ay.k"1
B"C' = 4571E7.0
Let w be a prime so that w | k71 and k71 = wh. k9 with w 1 k7. The last two equations become :
A™ = a1.w' k7 (6.46)
B"Cl = 4571 k2.0 (6.47)

From (6.46), w | A™ = w | A = A = w". A; with w1t A; and im = t. From ((6.47), we obtain
w|B"C!'= w|B"orw|C.

¥ J-4-1-2-4-2-1-1- f w | B® = w | B = B = w/.B; with w { By. From (6.46), we have
BRCl = w?=ings—1 g2 Q.

K J4-1-2-4-2-1-1-1- If w = 2 and 2 1 2, we have B}(C! = 22+2s=in=272 ().
- If 2t +2s — jn — 2 < 0 then 2 C!, then the contradiction with C' = w™ AT + w/" B},
~If 2t +25 —jn—2 > 1= 2| C' = 2| C and the conjecture (1.2)) is verified.

¥ J4-1-2-4-2-1-1-2- If w = 2 and if 2 | Q@ = Q = 2.0 because 4 { Q, we have BI'C! =
22t+28+1—j.n—2kn591:

- If 2t + 25 — jn — 3 < 0 then 21 C!, then the contradiction with C! = wim A" + w/"BY.
-If 2t +2s —jn—3>1= 2| C' = 2| C and the conjecture ([1.2) is verified.

Bk J4-1-2-4-2-1-1-3- If w # 2, we have BPC! = w?t=ings=1 72 Q)
-If 2t — jn < 0 = w 1 C' it is in contradiction with C! = W™ AP + W B},
If 2t — jn > 1 = w | C' = w | C and the conjecture (1.2)) is verified.

¥ J-4-1-2-4-2-1-2- f w | C' = w | C = C = w".C1, with w { Cy. Using the same method as in
the case J-4-1-2-4-2-1-1 above, we obtain identical results.

%k J-4-1-2-4-2-2- We suppose that a, k] are not coprime. Let w be a prime so that w | a and
w | ki. We write:

a=w"a

Ky = Wik
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with a1, k”1 coprime. The expression of A?™ becomes A?" = w® . q;.k”1. The term B"C!
becomes:

B"Cl = 457wt k1.0 (6.48)

K J-4-1-2-4-2-2-1- If w = 2 = 2 | a, but 2 | b, then the contradiction with a,b coprime, this
case is impossible.

K J-4-1-2-4-2-2-2- If w > 3, we have w | a. If w | b then the contradiction with a,b coprime. We
suppose that w { b. From the expression of A?™, we obtain w | A?" = w | A = A = w'. 4
with w{ A1, i > 1 and 2i.m = o + p. From (6.48)), we deduce that w | B" or w | C'.

¥ J-4-1-2-4-2-2-2-1- We suppose that w | B" = w | B = B = w/ By with w{ By and j > 1.
Then, BRC! = 457 1wr=im 7 1.Q

*wi Qo

-If u—jn > 1, we have w | C' = w | C, there is no contradiction with C! = ™ AT 4w/ B}
and the conjecture is verified.

- If p — jn < 0, then w { C! and it is a contradiction with C! = w™ AT + wI"B}. Then this
case is impossible.

*w | Q: we write Q = w?.Qy with 8> 1 and w{ Q. As 3b — 4a = 4°.Q = 45.wW5.Q) = 3b =
da + 4°.wP.Q = dw.ay + 4°.wP.Q = 3b = dw(w* Ly + 4 LW LO). fw =3 and B =1,
we obtain b = 4(3%"La; +4°71Q;) and BPC! = 457 13#F1=in k71O

-If 4 —jn+1>1, then 3| C' and the conjecture (1.2)) is verified.
- If u— jn+1 <0, then 31 C! and it is the contradiction with C! = 37 A 4 37" B},

Now, if 8 > 2 and o = im > 3, we obtain 3b = 4w?(w* 2a; +4°"1wP2Qy). If w = 3 or not, then
w | b, but w | a, then the contradiction with a,b coprime.

% J-4-1-2-4-2-2-2-2- We suppose that w | C! = w | C = C = w"C} with w { C; and h > 1.
Then, B”Ci = 45~ L=l 171 Q. Using the same method as above, we obtain identical results.

% J-4-2- We suppose that 4 | k.

* J-4-2-1- k) = 4 = 4p = 3k}b = 12b = p = 3b = 3p/, this case has been studied (see case
I-2- paragraph .
% 1490 k) > 4 with 4 | K, = K = 4°k”; and s > 1, 41 k" ;. Then, we obtain:
A2m — 481{2”10, — 228]{:7’1&
B"C' = 4571k (3b — 4a) = 2272k 1(3b — 4a)

%k J-4-2-2-1- We suppose that s = 1 and &} = 4k”1 with £71 > 1, so p = 3p/ and p’ = k”1b, this
is the case [6.3] already studied.
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%k J-4-2-2-2- We suppose that s > 1, then k] = 4°k”1 = 4p = 3 x 45k”1b and we obtain:
A% = 457 1a (6.49)
B"C!' = 45717 1(3b — 4a) (6.50)
¥ J-4-2-2-2-1- We suppose that 2 1 (k”1.a) = 21 k"1 and 2{a. As (A™)? = (2°)2.(k"1.a), we

call d> = k”1.a, then A™ =25.d = 2| A™ = 2| A = A =2!A; with 2{ A; and i > 1, then:
2MA™ = 235 d = s = im. From the equation (6.50)), we have 2 | (B"C') = 2| B" or 2 | C".

#¥ J-4-2-2-2-1-1- We suppose that 2 | B® = 2| B = B = 2/.By, with j > 1 and 2 { By. The
equation (6.50)) becomes:
B{LCZ _ 2287jn72k771<3b o 4@) _ 22imfjn72k751(3b o 4a)
* We suppose that 2 1 (3b — 4a):
- If 2im — jn — 2 > 1, then 2 | C!, there is no contradiction with C! = 2™ AT 4+ 2" B2 and
the conjecture (|1.2)) is verified.
- If 2im — jn — 2 < 0, then 21 C!, then the contradiction with C! = 2im AT + 2/npn,

* We suppose that 2* | (3b — 4a), p > 1:

- If 2ém + p— jn — 2 > 1, then 2 | C!, no contradiction with C! = 2mA™ + 2/mB7 and the
conjecture is verified.

- If 2im + p — jn — 2 < 0, then 21 C, then the contradiction with C! = 2im A" 4 2n B2,

% J-4-2-2-2-1-2- We suppose that 2 | C' = 2 | C = C = 2".C}, with h > 1 and 2 1 C;. With
the same method used above, we obtain identical results.

%k J-4-2-2-2-2- We suppose that 2 | (k”1.a):
** J-4-2-2-2-2-1- We suppose that k71 and a are coprime:

¥ J-4-2-2-2-2-1-1- We suppose that 21 a and 2 | k"1 = k"1 = 22/.k”2 and a = a?, then the
equations ((6.49H6.50)) become:

AP = 43 220202 — A™ = 25HH |75 ay (6.51)

B"C' = 45712275 (3b — da) = 27272k 5 (3 — 4a) (6.52)

The equation (6.51)) gives 2 | A™ = 2 | A = A = 2".4; with 24 Ay, i > 1 and im = s + p.
From the equation (6.52), we have 2 | (B"C') = 2| B” or 2 | C".

¥ J-4-2-2-2-2-1-1-1- We suppose that 2 | B = 2 | B = B = 2/.B;, 2{ By and j > 1, then
BRCOt = 225F20=in=272(3h — 4a):

* We suppose that 2 1 (3b — 4a):

-If 2im+2u —jn—2 > 1= 2| C', then there is no contradiction with C! = 2im A7 4 2/n Bn
and the conjecture is verified.

- If 2im + 2 — jn — 2 < 0 = 21 C!, then the contradiction with C! = 2im A 4 27" B,
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* We suppose that 2% | (3b — 4a), a > 1 so that a,b remain coprime:

-If 2im 4+ 2u +a —jn —2 > 1 = 2 | C!, then no contradiction with C! = 2™ AT 4 2/n P
and the conjecture is verified.

-If 2im 4+ 2u + a — jn — 2 < 0= 24 C, then the contradiction with C! = 2imAm 4 2inpn,

¥ J-4-2-2-2-2-1-1-2- We suppose that 2 | C! = 2 | C = C = 2".Cy, with h > 1 and 2 { Cy.
With the same method used above, we obtain identical results.

% J-4-2-2-2-2-1-2- We suppose that 2 { k71 and 2 | @ = a = 2%.a3 and k”; = k"%, then the
equations ([6.4946.50) become:

AP = 45 2216273 = A™ = 25TF gy k7. (6.53)

B"C' = 4°7'k"5(3b — 4a) = 2°°72k"5(3b — 4a) (6.54)

The equation (6.53) gives 2 | A™ = 2 | A = A = 21.4; with 2/ Ay, i > 1 and im = s + p.
From the equation (6.54), we have 2 | (B"C') = 2| B" or 2 | C".

¥ J-4-2-2-2-2-1-2-1- We suppose that 2 | B®" = 2 | B= B =2/.By, 2 By and j > 1. Then
we obtain BfC! = 2257In=2k72(3b — 4a):

* We suppose that 21 (3b — 4a) = 21 b:

- If 2im — jn —2 > 1 = 2| C!, then no contradiction with C' = 2m AT + 20" Bl and the
conjecture is verified.

- If 2im — jn —2 < 0 = 24 C!, then the contradiction with C! = 2im AT + 2/npn.

* We suppose that 2% | (3b — 4a), « > 1, in this case a, b are not coprime, then the contra-
diction.

% J-4-2-2-2-2-1-2-2- We suppose that 2 | C! = 2 | C = C = 2".C1, with h > 1 and 2 C}.
With the same method used above, we obtain identical results.

¥ J-4-2-2-2-2-2- We suppose that k77 and a are not coprime 2 | @ and 2 | k1. Let a = 2'.ay

and k"1 = 2*k”5 and 21 a; and 2t k”5. From (6.49)), we have p 4+t = 2) and a1.k"9 = w?. The
equations ([6.4946.50) become:

AP = 4587 10 = 2% .2ME7 5. 20 ay = 2P W —= AT = 25T (6.55)

B"C! = 457121175 (3b — 4a) = 22T 72E75(3b — 4a) (6.56)

From (6.55) we have 2 | A™ = 2| A = A =2'4;,i > 1 and 2{ Ay. From(6.56)), 2s+u—2 > 1,
we deduce that 2 | (B"C') = 2| B" or 2 | C".

¥ J-4-2-2-2-2-2-1- We suppose that 2 | B" = 2 | B= B =27.By, 2} By and j > 1. Then we
obtain BPC! = 22str=in=2§72(3p — 4q):

* We suppose that 21 (3b — 4a):
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-If2s+pu—jn—2>1= 2| C then no contradiction with C! = 2™ A™ + 2/" B" and the
conjecture (|1.2)) is verified.

-If 25+ — jn —2 <0 = 2{C, then the contradiction with C! = 2™ AT 4 2i" B7.

* We suppose that 2% | (3b — 4a), for one value a > 1. As 2 | a, then 2% | (3b — 4a) = 2 |
(3b — 4a) = 2| (3b) = 2 | b, then the contradiction with a, b coprime.

% J-4-2-2-2-2-2-2- We suppose that 2 | C' = 2 | C = C = 2".Cy, with h > 1 and 2 { C.
With the same method used above, we obtain identical results.

#* J-4-3- 2 | k} and 2 | (3b — 4a): then we obtain 2 | kf = k{ = 2'.k"; with ¢t > 1 and 2 { k",
2| (3b —4a) = 3b—4a = 2".d with g > 1 and 2 { d. We have also 2 | b. If 2 | q, it is a
contradition with a,b coprime.

We suppose, in the following, that 2 { a. The equations (6.49H6.50|) become:

AP =2t | = (A™)? (6.57)
BCl =2t or g = 2t 2 d (6.58)
From (6.57)), we deduce that the exponent ¢ is even, let t = 2\. Then we call w? = k”;.a, it gives

Am =20 = 2| A" = 2| A= A =24, withi > 1and 2{ A;. From (6.58)), we have
2\ +p—2>1, then 2 | (B"CY) = 2| B" or 2| C:

#* J-4-3-1- We suppose that 2 | B* = 2 | B = B = 2/By, with j > 1 and 2 { By. Then we
obtain BPC! = 22Ar=in=2 ) 4.

I 204 p—jn—2>1= 2| C! = 2| C, there is no contradiction with C! = 2™ A 42/ Bp
and the conjecture ([1.2)) is verified.

~If 2s+t+pu—jn—2 < 0= 24C, then the contradiction with C! = 2™ AT 4 2/" B7.

#* J-4-3-2- We suppose that 2 | C' = 2 | C. With the same method used above, we obtain
identical results.

O]

The Main Theorem is proved.

7. Examples and Conclusion

7.1 Numerical Examples

7.1.1 Ezample 1: We consider the example : 63 + 33 = 3% with A™ = 63, B” = 3 and
C' = 35. With the notations used in the paper, we obtain:

p=3"%x73, ¢=8x3" A=4x383"x42-73)<0

38 x 7373 4x33%x+3
=—— coS=——— (7.1)
V3 7373
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4 0 o 334%™ 24
As AP = §.6082§ — 0052§ = 34p = 3 >7<3 = % — a =3 x 2% b=73; then we obtain:
0 43 p
co0S— = —, =30 7.2
5= P (7.2)

We verify easily the equation to calculate cosf) using . For this example, we can use
the two conditions from as 3| a,b| 4p and 3 | p. The cases and are respectively
used. For the case it is the case B-2-2-1- that was used and the conjecture is verified.
Concerning the case it is the case G-2-2-1- that was used and the conjecture is verified.

7.1.2 Ezample 2: The second example is: 74 + 73 = 143. We take A™ = 74.B" = 73
and C' = 143. We obtain p = 57 x 70 =3 x 19 x 7, ¢ =8x 70 A = 274> — 4p? =

4 x7
2T x4x T8(16x49-193) = —27x4x 78 %6075 <0, p=19x7"%x/19, cosf = — . As
( ) ) ) P 1919
4p 9 6 3A%m 7 a 7
AP = = cos’~ = cos’ = = =—=a="T7,b=4x19, th 2= =
3 cos 3 cos 3 1p 1x19 b a , X 19, then 6083 2\/@

and we have the two principal conditions 3 | p and b | (4p). The calculation of cosf from the

expression of cosg is confirmed by the value below:

9 0 7 \° 7 4x7
cost = c0s3(0/3) = 4cos®~ — 3cos— =4 —— ) —3 = —
(9/3) 3 3 (2\/19> 24/19 19+/19

Then, we obtain 3 | p = p = 3p/, b | (4p) with b # 2,4 then 12p’ = k1b = 3 x 75b. It concerns the
paragraph of the second hypothesis. As k1 = 3 x 76 = 3k} with k] = 75 # 1. It is the case
J-4-1-2-4-2-2- with the condition 4 | (3b — 4a). So we verify :

3b—4a=3x4x19—-4x7>=32=4](3b— 4a)

with A?™ = 78 = 75 x 72 = k{.a and k] not a prime, with a and k] not coprime with w = 7 ¢
(= 2). We find that the conjecture (1.2} is verified with a common factor equal to 7 (prime and
divisor of kf = 7°).

7.1.3 Ezample 3: The third example is: 19* + 383 = 573 with A™ = 19*, B™ = 383 and
C! = 573. We obtain p = 196 x 577, ¢=8x27x 190, A =27¢> —4p> = 4 x 19'8(273 x 16 x

199 x 577\/577 4 x 3* x 19v/3 4 0
192 -577%) <0, p= X—, cost = —u. As A% = —p.COSQf =
, , 3v3 577577 /3 3 3
0 342  3x19 a 0 193
2 2
- = = =—- = a=3x19% b=4 x 577, th = d we h
CcOS 3 4p 4 X 577 b a X s X s en 0083 2@ ana we nave

the first hypothesis 3 | a and b | (4p). Here again, the calculation of cosf from the expression of

cos— is confirmed by the value below:

3 4
cost) = cos3(0/3) = 4COSSQ — 3c03€ =4 19v3 -3 19v3 o AxsX 19V3
24577 24577 LYMEVE: Vi

3 3
Then, we obtain 3 | @ = a = 3a’ = 3 x 192, b | (4p) with b # 2,4 and b = 4p’ with p = kp’
soit p/ = 577 and k = 19%. This concerns the paragraph of the first hypothesis. It is the
case E-2-2-2-2-1- with w = 19, a’,w not coprime and w = 19 1 (p' — a’) = (577 — 19?) with
s—jn=6—1x3=32>1, and the conjecture (1.2) is verified.
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7.2 Conclusion

The method used to give the proof of the conjecture of Beal has discussed many possibles cases,
using elementary number theory and the results of some theorems about Diophantine equations.
We have confirmed the method by three numerical examples. In conclusion, we can announce
the theorem:

THEOREM 7.1. Let A, B,C,m,n, and | be positive natural numbers with m,n,l > 2. If :
A™ 4 B" = C! (7.3)

then A, B, and C have a common factor.
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