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1. ABSTRACT

Hypercomplex numbers are, roughly speaking, numbers of the form x| +4;25+ +,2,,1 such
that x1 + 4122 + +ipTnp1 = Y1 +01Y2 + + tnYpy1 if and only if z; = y; forall j € 1,2, ,n. 1
define a quadratic anticommutative hypercomplex numbers as hypercomplex numbers x; +
11Z9 + + ipTpyq such that ij2 = p; for all j (where p; is a real number) and i;i, = —iyi; for
all k not equal to j. These numbers have some interesting properties. In particular, in this
paper I prove a generalized form of the Demoivres formula for these numbers, and determine
certain conditions required for a function on a Quadratic Anticommutative Hypercomplex

plane to be analytic; including generalizations of the Cauchy-Riemann equations.

2. INTRODUCTION

In this paper I demonstrate some of the properties of a kind of hypercomplex number systems
that I will refer to as Quadratic Anticommutative Hypercomplex number systems. These
number systems are defined by two specific properties, namely, for an arbitrary number ag
+ aiiy + ...4+ani, in a Quadratic Anticommutative Hypercomplex number system, z? €ER
for all j and kjk, = —ixi; for all k& # j. These numbers have some nice properties, the
most important one being that |ag + ayiy + ... + ayin|* = a3 — p1a} — ... — p,_1a?_;, which
is helpful in simplifying many calculations. On the other hand, the fact that these num-
bers are anticommutative results in them having some fascinating and unusual properties.
Although Quadratic Anticommutative Hypercomplex number systems are, as far as I am

aware, an unstudied catagory of hypercomplex number systems, some specific Quadratic
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Anticommutative Hypercomplex number systems are well-known, such as the quaternions,
the complex numbers, and the split-complex numbers. Indeed, I discovered Quadratic An-
ticommutative Hypercomplex number systems as a way to generalize some of the results
Harkin and Harkin FII:{IHOZL] described in their examination of generalized complex numbers
to an arbitrary number of dimensions. Here, the generalized complex numbers are simply
Quadratic Anticommutative Hypercomplex numbers of dimension 2.

I will describe two main results, one being a generalization of Demoivre’s formula, the other

being a result related to differentiation involving generalized Cauchy-Riemann equations.

3. DEFINITIONS.

We will start with the necessary definitions. The first definition is based on the definition

S
for hypercomplex number systems given in HSKS]

Definition 3.1. A hypercomplex number system of dimension n + 1 is defined as a set
of numbers of the form ag + a9y + ...4+a,i,, where a, € R for all x € 0,1,...,n, and ag

89
+ aiiy + ...4+ani, = by + byiy + ...+bui, if and only if a, = b, for all x € 0,1,2,...,n ; .

Addition and subtraction are defined on these numbers as:

(ap + ayiy + ... + aniyn) + (bg + byiy + ... + byin) = (ag + bo) + (a1 + b1)iy + ... + (@, + by)iy
and

(ao + arir + ... + ayiy) — (bo + biiy + ... + buin) = (a9 — bo) + (a1 — b1)iys + ... + (ay, — by)in,

respectively. Multiplication follows the distributive law and the rule (a,i,) * (byi,) = azb, *
(i41,) and is defined by a multiplication table of n rows and n columns, where each for each
c,de€0,1,2,...,n:

leld = Ded,0 + Pedptt + ... + Dednin, Where peg, € R forall z €0,1,2,...,n.

In other words, the product of any two imaginary units is a hypercomplex number. For the
2
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complex numbers, the multiplication table has only one entry, 7gig = —1. The quaternions

are a better example, their multiplication table is:

1| iy | —dy
iy | =1 4
i | —ip | —1

H
The second definition is based on the definition for cosp(¢) and sinp(¢) given in %:IHOZL].

Definition 3.2. Let p € R. Then cosp(¢) and sinp(¢) be defined as follows:
If p < 0, then cosp(¢) = cos(p/—p) and sinp(¢) = \/%—psin(@/—p

If p =0, then cosp(¢) =1 and sinp(¢p) = ¢.

If p > 0, then cosp(¢) = cosh(¢\/p) and sinp(¢p) = \/iﬁsmh@\/ﬁ).

Definition 3.3. Let © = ag + ayt; + ...4+a,t, be an element of a hypercomplex number

system of dimension n+1. Then, the conjugate of x is defined as T = ag - a17; - ...-a,ip.

The modulus of z is defined as |z| = +v/xT.

The next two definitions are my own. The first is simply for convenience, as it is easier to
name the type of hypercomplex number systems I am dealing with in this paper than to

restate their properties in every theorem and lemma.

Definition 3.4. A Hypercomplex Number System of dimension n is a Quadratic An-
ticommutative Hypercomplex Number System if for all z,y € 1,2,...;n — 1 where
T # Yy, iy = —iyi, and i2 = p, where p, € R, for all # € 1,2,...,n — 1. A number in this

system is referred to as a Quadratic Anticommutative Hypercomplex Number.

Because Quadratic Anticommutative Hypercomplex numbers are not always commutative,

ﬁ% does not always equal % Thus, we must define left and right fractions seperately.

Definition 3.5. The right fraction of the hypercomplex number a over the hypercomplex

ab_
[6]%
3

number b, notated ¢, is defined as $> =



The left fraction of the hypercomplex number a over the hypercomplex number b, notated

a a _ ba
q%, is defined as <1 = e

4. ASSOCIATIVITY OF ADDITION AND THE MODULUS OF QUADRATIC

ANTICOMMUTATIVE HYPERCOMPLEX NUMBERS

There are two theorems that will be useful throughout this paper, so I will prove them first.

The first of these is not a theorem I developed myself; rather it is stated to be fact in one of

S
my sources HSKS]
Theorem 4.1. Associativity of addition holds for all hypercomplex number systems.

Proof. Let a = a9 + a1ty + ... + ayt, and b = by + byiy + ...+b,i, be hypercomplex
numbers of a hypercomplex number system C),,;. Then, by the definition of addition on

hypercomplex numbers, we have:

((ap + ariy + ... + anin) + (bo + b1y + ... + bpin)) + (co + 111 + ... + cpin)
= (ap + bo) + (a1 + b1)iy + ... + (an + bp)in + (co + criy + ... + cpin)
(4.1) = (ap+bo+co) + (a1 + by + c1)i1 + . + (an + by + ¢,
= (ap+ (bo+co)) + (a1 + (b1 +c1))in + ... + (an + (b + ¢4))in,
= (ap + ayiy + ... + anin) + ((bo + byiy + ... + bpin) + (co + 191 + ... + cuin))
[

Note that the Associativity of multiplication does not necessarily hold for hypercomplex
number systems, and it does not necessarily hold for the subset of hypercomplex number
systems we are referring to as Quadratic Anticommutative Hypercomplex number systems
either. However, because the coefficients of Quadratic Anticommutative Hypercomplex num-
bers are real, and thus associative under multiplication, this is not so great an obstacle in

proofs as one might assume.



The second theorem, which allows one to quickly determine the modulus of any Quadratic
Anticommutative Hypercomplex number, and is my own—along with all the theorems follow-

ing this one.

Theorem 4.2. Let C,, be a quadratic anticommutative hypercomplex number system of di-
mension n with constants py, pa, ..., pn_1. Then |z|? = a3 —p1a®—...—p,_1a>_, for all z € C,,,

where z = ag + a1%y + ... + Qp—1ip—_1-

Proof. We will prove this theorem through induction. The base case is simply the generalized
complex numbers. The modulus of a given generalized complex number

z = ap + ayiy of a system Cy,, is stated in FII:{IHOZL] to be |z| = y/aZ — pa?. This is not
proven in the original paper, but it is easy to do so using the rules given for addition and

multiplication of hypercomplex numbers and the identity 2z = |z|*:

12 , , 2 , , 2.2 2 2 2 2
lag + apir|” = (ap + a1ir)(ag — ari1) = aj — apariy + ajagiy — ajiy = aj — aip = ag — Poay

Now, assume that for any system C,, for which 4., = -i,7, and i2 = p, for all
r,y€l,.,n—landp, ERforallz€l,...,n—1,|z]* = a2 —p1a? — ... — pp_1a?_; for all
z € Cy, where z = ag + ajiy + ... + ap_1%y—1. Then, consider a system C,,4; for which 7,1,
= -iyi, and i2 = p, for all z,y € 1,...,n and p, € R for all z € 1,...,n. Again using the
identity zz = |z|, we have:

|z| = 22 = (ap + ariy + ... + apn_10p_1 + anin)(ag — a1iy — ... — Ap_1ip_1 — Qply)

By Lemma 1.1, associativity of addition holds on all hypercomplex number systems, so:

(ap + ariy + ... + @p_1in_1 + aniy)(ag — ayiy — ... — Qp_1in_1 — Gpiy)

= ((ap + ayiy + ... + apn_10n_1) + anin)((aop — a1y — ... — Ap_1ip_1) — Aniy)

= (ag + a1ty + ... + ap_1in_1)(ao — a1iy — ... — @p_1in_1) — (ao + ariy + ... + @p_19p_1)aniy
tanin(ag — ariy — ... — Gp_1in_1) — a2i2



But we know from our inductive hypothesis that:

. . . . 2 2 2
(ap + ayiy + ... + apn_1in_1)(ap — @181 — ... — Ap_1ip_1) = a5 — P14} — . — Pp_10;_1,
so we have:
(CLO + alil + ...+ an,lin,l)(ao — alil — ... anfl’l’nfl) — (CLO + (llil + ...+ an,lin,l)anin
. . . 2.9
+anin(ag — ayiy — ... — ap_1in_1) — a,i;
) 2 ) . . . . . . 2.9
=ay — P10y — . — P10 1 — (a0 + aris + ... + ap1in_1)anin + anin(ag — a1iy — ... — ap_y1in_1) — a,i;
_ 2 2 2 2
=ay — P10} — ... — Pp_10s_1 — @)Dy
_ 2 2 2 2
=ag — P10} — ... — Pp_105_1 — Dna;

O

Now, we can begin the main material of this paper. In order to prove the generalized
Demoivre’s formula for quadratic anticommutative hypercomplex number systems, we will
have to prove a more generalized form of the angle addition formula, and derive the coordi-

nate system that we will need in the proof.

5. THE GENERALIZED ANGLE ADDITION FORMULA

Proposition 5.1. [ will prove that

(5.1) sinp(a + b) = sinp(a)cosp(b) + sinp(b)cosp(a)
and
(5.2) cosp(a + b) = cosp(a)cosp(b) + psinp(a)sinp(b)

for all p,a,b € R.



Proof. We have three cases.
Case 1: assume p < 0. By the angle addition formula, sin(a+b) = sin(a)cos(b)+cos(a)sin(b)
and cos(a + b) = cos(a)cos(b) — sin(a)sin(b). Thus:

sinp(a)cosp(b) + sinp(b)cosp(a)

—_

1

- = sin(ay/=p)cos(by/—p) + = sin(by/=p) cos(ay/=p)
(53) ~ = [sinlay/=p) cos(by/=p) + sin(by') cos(ay/=p)]
= = sinl(a+b)v=7)
— sinp(a + b)
and
(5.4)
cosp(a)cosp(b) + psinp(a)sinp(b) = cos(ay/—p)cos(by/=p) + p \/i_psin(a\/—_p) \/i_psin(b\/—_p)
— cos(ay/=p)cos(by/=p) + p (fp) sin(ay/=p)sin(by/~p)
— cos(ay/=p)cos(by/=p) — sin(ay/=p)sin(by/=p)
— cos((a+ )vp)
— cosp(a + b)

Case 2: Assume p = 0. Then:
sinp(a)cosp(b) + sinp(b)cosp(a) = a + b = sinp(a + b)
and

cosp(a)cosp(b) + psinp(a)sinp(b) = cosp(a)cosp(b) = 1 = cosp(a + b)



Case 3: Assume p > 0. By definition,

et —e”
hie) = &
sinh(x) 5
and
e*+e*
h =
cosh(z) 5
So:
(5.5)
a__ ,—a b —b b__ _-b a —a
sinh(a) cosh(b) + sinh(b) cosh(a) = (e —c 21(6 +e) + (e —c )4(6 +e)
6a+b + eafb — ebfa — e*a*b €b+a + eb*a _ 6*b+a _ efbfa
ea+b + e—a—ab
S —
= sinh(a + b)
and
(5.6)
a —a b —b a_ ,—a b_ b
cosh(a) cosh(b) 4 sinh(a) sinh(b) = (" +e 11(6 +e) + (c* e 11(6 )
_ ea+b + eafb + efafb + 67a7b ea+b _ eafb _ efa+b + efafb
- 4 4
ea+b + e—a—b
S —
= cosh(a + b)



Thus:

(5.7)

sinp(a)cosp(b) + sinp(b)cosp(a) = %smh(a\/ﬁ)cosh(b\/ﬁ) + %sinh(b\/ﬁ)cosh(a\/ﬁ)
= %[sinh(a\/ﬁ)wsh(b\/ﬁ) + sinh(by/p)cosh(a+/p)]
_ L sinh((a+ b))

VP
= sinp(a + b)
and
(5.8)
cosp(a)cosp(b) + psinp(a)sinp(b) = cosh(a/p)cosh(b\/p) —i—p%smh(a\/ﬁ)%smh(b\/f))

= cosh(a+/p)cosh(b\/p) —i—p%smh(a\/f))smh(b\/ﬁ)
= cosh(a\/p)cosh(b\/p) + sinh(a\/p)sinh(b\/p)
= cosh((a + b)\/p)

= cosp(a + b)



6. DERIVATION OF COORDINATES

Proposition 6.1. Let u = x1 + 4129 + 223 + ...inTny1 be a quadratic anticommutative
hypercomplex number such that x; € R and z? =p; #0 forallj€1,2,...,n+1. Then:

x1 = rcospy(¢r)

To = rsinpl(@)cos%(@)

x5 = rsinpi(¢1)sin=L2(d2)cos =L (¢3)

[ rsinpl(qﬁl)sm%((b)...sin%wn,l)cosz;ﬁ ()

L1 = rsinpr(d1)sin=L2(9)...sin ==t (dn-1) sin_L=(¢y,)

Pn—1
for some r € R, ¢1, 0o, ..., 0, € R

Proof. By Theorem 4.2, for a given

u=2x + ill'g + igl’g + ---inxn+1;

r? = 2% — p123 — paxi — ... — Ppia ., where 72 € R.

Now, because each z; is real, we can write each x; as a multiple of any nonzero real number.
Thus, we can write:

1 =TZ21,T2 =Ta122,T3 = TA10223, ..., Ty, = TA102...Ap_12n, Tp+1 = TA1A2...0p_10p,

where each a; and z; is some real number. We can then write u as:

U =1Tz1 + 117122 + 12010223 + ... + 1,—_17A1G3...Qp_1Zp + 1pTA103...Ap_1 00y,

where z;, z; € R for all j.

First, I will show that z; = cosp(¢1) and a; = sinpi(¢1). Let n = 1. Then:

r? =122 —ripia?

1=z —pai

This is the form of a point on the unit circle for a the generalized complex number system cor-

. M AH . . .
responding to p; by Theorem bb (a unit circle is defined by |z|?> = 1). Thus, z; = cosp;(¢;)

and a; = sinp;(¢y) for some ¢;.
10



Now, I will show that z; =

25 (¢5) and a; =

_’:jl (¢;) for all 1 < j < n.

2 _ 2,22 2 202,242 202 42 2_ 202 4252 g2 2.2 2
2,2 2_ 22,2 2 2 2 2 2 2 2 2

2 2 2 2.2 2

2 .20 22,2 02 2 2. 2.2 2.2 2. 2.2 2
=1r° +1rpp2ias...an_ Gy, — TPRATaAs...An 20 1 — T Pp 107050

Thus:
2 _ 2 2 2.2 2.2 2 2 2
r? =1 4 r’p,2ias.ak_yal — rPpuafay..alzl — r’pupiaiag.al
2.2 2 2 2.2 2 2 2 2.2 2
—1*pa2iay...ap_1a;, = —r’paaias..a nn+1 T Pny1010y... Ay 1y
6.1
(6.1) 1= .2 Pn+1 o
Zn—‘rl + an—l—l
Pn
) —DPn+1 o
l=zp———ap
Pn

MQAH
By Theorem h%‘This is the unit circle for the system of generalized complex numbers with

p = =22 Thus, 21 = 052 (Pnt), np1 = sin=2*(¢p41). If we plug these into the
expressions for each x;, we get:

x1 = rcospy (1)

Ty = rsinp(¢1)cos—L2(¢2)

x5 = rsinpi(¢1)sin=L2(¢a)cos—L2(¢3)

Ty, :Tsmpl(gbl)sm—(gbg) .8in p” 1(¢n 1) (¢n)

Tny1 = rsinpy(P1)sin=2(d2).. 52’”%(%—1)32‘”53 (¢n)

O

Thus, we can use these coordinates to write any quadratic anticommutative hypercomplex

number as:
11



y = rcospr(é1) + ilrsmpl(gbl)cos—(qbg) + iorsinp (¢1)sin pi(gbz)cosﬁ(qﬁg)
+ ...+ in—17"3mpl(¢1)5m_(¢2) .Sin pn - (¢n 1)003 — ( n)

+ inrsinp(¢1)sin—L2(¢1)...sin L= (¢n)

We can use summation and product notation to write this more concisely:

n—1 k n
y = rlcospi(p1)+sinpi(é1) Z Zk[H sin;pi (¢;)]cos _];];H (Pra1)+insinpr(¢r) H sin _pjl (¢5)]
k=1  j=2 7= j=2 JT

Example 6.2. In the case of a quadratic anticommutative hypercompler number system
where p?. = —1 for allx € 1,...,n, these coordinates are similar to the n-spherical coordinates,

with the only difference being the multiplication by r.

7. GENERALIZED DE MOIVRE’S FORMULA FOR QUADRATIC ANTICOMMUTATIVE

HYPERCOMPLEX NUMBER SYSTEMS

First, I will prove a lemma which I will need to use in the proof of the Generalized De

Moivre’s formula.

Lemma 7.1. Let y = x1 + 1122 + ... + 1,Xn11 be a number in a quadratic anticommuta-
tive hypercomplex number system of degree n + 1, n > 1, and assume py = iz # 0 for all

ke€0,1,....,n. Then, we can write y in the coordinate system described above:

n—1 k n
y = rlcospi(¢1)+sinpi(d1) > il ] Smp Z_)Jl (¢5)]cos _];ZH (Grs1)+insinp: (¢1) [ | sin _]_9]1 (95)]
If we define x as: T o
n—1 k n
v =3 il[ i (0))leos— " (dr) 4 in [ sin (3)
k=1 =2 Pk i Pim

Then z? = p;.

Proof. 1 will prove this through induction.

Base Case: If n =1, then:

T = ilcos_—m((ﬁg) + igsz’n_—pZ(qﬁg)cos_—pg( )
b1 . D1 D2



and
2 = [ilcos_—pz(qbz) + i28m_—p2(¢2)003__p3( )J?
D1 D1 b2

—P . —D —p
= ]01005—2(@)2 +p232n—2 (¢2)2003—3 (¢3)?
b1 b1 D2

Inductive Step Assume that

Z 1 H sm— (p;)]c (¢k+1 + iy H sm— ¢J)]

k=1 j= Pj—1
(this is our Inductlve Hypothems) Then

(7.1)
n k p » n+1 »
. . =D —Dk+1 . . =D
w2 =il [ sin—2(¢)lcos——"(s1) + ins1 | [ sin—2(¢;)]?
=1 2 Pj-1 Pk =2 Pj-1
n—1 k p D n
. —Dk+1 .
=Y i[| | sin—2(;)]co (Grg1) +in sin—22 (¢;) — in | [ sin—2
; j=2 pj 1 ! Pk =2 p] 1 ! Jl_[z p] 1
n p n+1
+ Zn S’L?’L—(¢]) (¢n+1 + Zn-i-l H sm ¢j)]
j=2 Pj-1 =2 7—1
n+1
— i, H 51 )+ in H Sin— ®;)c coS— (¢n+1 + i H sin—
.7 j=2
B < Pi i Pri
= [z +]] sin_ = (¢)[in(—1 + cos (6n)) + ins15in— (dn41)])?
j=2 I "
=} [ sin F(03)lin(=1 4 0052 (6,)) + i sin— (9]
=2 j—1 n
- . —p] —Pn+1
+ [ [ sin—2(¢)lin(~1 + co (6n)) + inp15in—""(dn41)]Tn
=2 Pj-1 Pn Pn

+ [H sz’n_—pj(¢j)] i, (—1 + cos —Pnid (6n)) + Gngrsin—
Pj-1 Pn

13

n+1 (¢n+1)]2

7—1

P ()12



(7.2)

n

=22+, H sin (¢j)[ln( 1+ cos P+t (Pn)) + iy sin——tL (gbn+1)]
=2 Pj— Pn Pn

Dt ((bn—&-l)]xn

+ H sin—L3 (j)in(—=1 + cos Pt (6n)) + tnp1Sin—
j=2 p] 1 Pn

n

—pj _ —Pni1 2
—i—Hsznp] 1((bj)[ pn(—1+ cos . (én))

Jj=2

+inins1 (=1 + cos— L (6,))sin—rL (g10)

Pn n

+ ipi1in(—1 + cos s (¢n))sin _inﬂ (Pns1) + Dnr1sin —

n n

n+1 (¢n+1)2]

n

=12 + 1z, H sinp_pj (¢j)[in(—1 4 cos _znﬂ (60)) + iny1sin——r>-
j=2 7—1 n n

(¢n+1)]

B (@) lin(=1 + cos =22 (9,)) + iy 15in— (641

P Pn
T sin =2 (6,7 lpn (=1 + cos=2(6,) + pyasin= T (Gn)’]
j=2 p] 1 Pn

=, —i—wanzn—((ﬁj)[zn( 1+ cos—Lnt! (6n)) + iny15in— Dntl (Dnt1)]

j=2 p_] 1 Pn

+ T sin- 20 lin( =1+ 0522 60)) + nsasin— = G

T 022 (6, (1 — 260522419, 1 cos 2L (6,)2) 1 sy sin T (G

=2 7—1 Pn Pn

:xi—i—ansm L(¢;)[in(=1 + cos
=2 p] 1 Pn

—Pn+1

(¢n)) + ins15in— n“ (¢ns)]

B (@) lin(—=1 + cos =22 (0,)) + iy r5in— (641

j=2 Pj—1 DPn
B3 ()2 pa(1 — 2c0s 2 () + puleos o (g,)? — 2 gin TP (gL 2]
P Pn Pn Pn P
=22 + 2, H sin—=(¢;)[in(—1 4 cos— L (60)) + ing15in—" (Gi1)]
j=2 pjfl Pn n
- —Dj . —Pn+1 14 +1
+ H sin—=(¢;)[in(—1 + cos (Pn)) + tny1sin (Dnt1)]Tn
j—1 n




= 22 + @, [ [ sin—2(6;)lin(~1 + cos 2 ($) + dngrsin—rt ()]
j=2 Pj—1 DPn n
(7.3) + [ sin 2 (0)lin(=1+ cos—""(60)) + inasin—" (fni)]n
=2 Pj—1 Pn n
T —P —p
+ [ sin—"2(6;)*[2pn — 2pncos——"=(¢y)]
=2 Pj—1 Pn
Now, because 7,1, = —i,i, for all z,y € 1,2,...,n, x # y, the only term in the expansion of
the expression: z,, H sin—L3 (¢j)in(—1 + cos Pt (60)) + ins15in—"L (dps1)]
Pj—1 Pn n
7=2
- —p
+ H szn—(¢J)[zn( 1+ cos——LL($)) + g1 5in——"L(Pps1)| 20
p] 1 Dn Dn

Jj=2

that doesn’t cancel is the i2 = p,, term: 2p, H sin—-= (gb]) (—1+ cosw(gbn)) Thus:
j=2 7j—1 Pn

mo o] smp_ P (@9)lin(—1F cos— T (9u) + dnasin— (D)
j=2 7—1 n n
[Tom, ™ P (@3)lin(—1 o+ cos— EH(9n) + dnpasin—E (Gnia) o
+ [T sin—40,%120, — 2pacos =" (6,)
(7.4) =2 P Pn

= %+ 20, [ [sin P (0, (~1 + cos 22 6,)

n

N —Pn
+ [T sine 26837120 — 2pncos— 4 (0n)
97— n

And 22 = p, by the inductive hypothesis. O

Now, I will prove the main theorem

15



Theorem 7.2. Let y = x1 + 1122 + ... + i1 be a number in a quadratic anticommutative
hypercomplex number system of degree n+ 1 such that pr = i3 #0 for allk € 1,2,...,n. We
can write y in the coordinate system described above:

(7.5)

n—1 n
y = rlcospi(¢1)+sinpi (¢1) D i HSW Z(¢;)]cos =4+ (¢r1)Finsinp: (1) | [ sin 3 (6,)
=1 =2 Pi-1 k i Pim
Then,
(7.6)

n

n—1
y™ = r"[cospr(meor)+sinpr (maer) sz Hsm pj (¢);)]cos— Dit (Grg1)+in(P1) Hsm fpj ()]

k=1  j=2 j—1 =2 i—1

for allm € Z*.

Proof. Base Case:

(7.7)
y* = [r[cospi(¢1) +szsmp1 ®1) Hsm @)]cos ZI)?];H (Pr+1) + insinp(¢1) Hsm 1(¢J)]]2
J— =2 Jj—
n—1 k n
= r2eospi(¢1) + 3 insinps (1) [ ] sin—2(6)lcos L (gr1) + insings () [ sin—2 ()]
k=1 =2 Pj-1 Pk =2 Pj-1
= r*[cospy (¢)?
n—1 k n
1 2c0sp1 (61)[>_ insinpy (60)[[ ] sin—22(65)lcos e (Ggr) + dnsinpr (61) [ ] sin—2(6;)]
k=1 j=2 Pj— Pk =2 bj—1
n—1 k
+ [Z iksinp1(¢1)[H sinﬁ(@)]o (1) + insinp: (1) H sin—22 (0,)]7]
k=1 j=2  Pim Pj-1
=7’ [COSP1(¢1)2
+ 2003291 ¢1 Zlksmpl ¢1 1_[3“”010—1 ¢g)] (¢k+1) + 1 sinp; ¢1 Hsmp_l ¢g)]
j=2 J J
n—1 k n
+ sinpy (002> ([ ] sin—"2 (6)))cos =2 (Gr1) + i [ | sin— ()
k=1 j=2 bj—1 Pk j=2 j—1

16



Lem:Mod2
Which, by Lemma fml, is equal to:

(7.8)
= r*[cospy(¢1)?
n—1 k n
+ 2003P1(¢1)[Z ikSinp1(¢1)[H sin—4 (ij)]COS—_pkH (Prt1) + insinpi(¢1) H sin (Cbg)]
k=1 j=2 Pj—1 Pk i Dj-1
+ prsinp: (¢1)?]

= r*[cospi(¢1)? + prsinp: (1)

n—1 k n

+2cospi (1)) insinpy (61)[] | Sm;pj (¢;)]cos _];kH (¢r41) + insinpy (¢1) [ [ sin _.pj (65)]]

k=1 =2 J-1 k iy -1

= r?[cospy(¢1)? + prsinp: (¢1)°

n

L (g;)]cos ‘I;’“ (Gs1) + in [ sin—2(¢5)]]

Dj—1 s Pi-t

n—1
+ 2cospi(¢1)sinp (¢1) sz Hsm
k=1 j=2

Which, by the generalized angle addition formula, is equal to:

(7.9)

=T [cosp1(2¢1) + sinp1(2¢1) ZZk Hsm— ¢J (¢k+1 + 1n (1) Hszn— ¢g)]

k=1 = Pj-1
Inductive Step: Assume that

n—1 k
y" =" [Cospl(m¢1)+3mpl<m¢1)[z Zk[H sin—
k=1 j=2

n

B3 (¢)]co 2 (Grra)Fin(dn) [ sin—2 ()]

p] j=2 pj—l

17



This is our inductive hypothesis. Using that Hypothesis:

(7.10)
y"t=yMy
n—1 n
= r"[cospi(mer) + sinpy (mé1)[> _ x| Hsmp (¢5)]co 1(¢k+1) + in(¢1) Hsmp (¢;)]]
k=1 j=2 J= j=2 j—
n—1 k
* [r[cospy(¢1) +szsmp1 é1) H (¢k+1) + ipsinp (¢1) Hsm— )]l
k=1 j=2 - j=2 Pj—1

— pmtl [COSpl (mﬁbl)COSpl (¢)

] 1

n—1 n
_p
+ 2sinp; (meo1)cosp (¢1) sz Hsm— b;)]c S (Brsr) + in(01) Hsm— ®;)]
J=2 J=2

n—1 k n
+ sinpy (mey)sinp; (61)[ Y _ ix[] [ sin pjl (¢5)]cos Z; 2 (Gn) +in (o) [ ] sin _pjl (6,))°]
k=1  j=2 - j=2 I
Which, by Lemma 1> 6quals:
(7.11)
= "™ cospy (me1)cosp (@)
n—1 k n
+ 2sinp (mer)cospy (1) > ikl | sin _,pi (¢;)]cos _];ZH (6rs1) +in(en) [ [ sin fpi (95)]
k=1  j=2 7T j=2 7=
+ p1sinpy (mer)sinp: (¢1)]
= "™ cospy (mey)cospr) + prsinpy (mey)sinpy (1)
n—1 k n
+ 2sinp: (mén)cospr (61)[D i[] | Smp P (9))cos =2 () + (1) [ sin (%)]]
k=1 j=2 I j=2 a=

18



Which, by the generalized angle addition formula, is equal to:

(7.12)

= 1" cospi((m + 1)¢1)

n

n—1 k
+ sinp1((m+ Do) Y in[[ [ sin B (p)]eos 25 (G 1) + (1) [Isin

k=1 =2 Pi-1 k =2 -

(%)H

8. PROOF OF GENERALIZED DE MOIVRE’S FORMULA FOR NEGATIVE INTEGERS

We will begin with a Lemma which is necessary to prove the Generalized de Moivre’s formula
for quadratic anticommutative hypercomplex numbers in the case where the number is raised

to a negative power.

Lemma 8.1. Let p € R and let ¢ € {¢ | 3 x = cosp(p),y = sinp(¢p)}. Then, cosp(p) =
cosp(—@) and sinp(—¢) = —sinp(¢p).

Proof. We have three cases.

Case 1: Assume p < 0. Then, cosp(gb) = cos(¢p\/—p) = cos(—p/—p) = cosp(—¢) and
sinp(—¢) = —sin(—dy/=p) = —Asin(y/=F) = —sinp(@).

Case 2: Assume p = 0. Then, cosp(qb) = 1= cosp(—¢) and sinp(—¢) = —¢ = —sinp(9).
Case 3: Assume p > 0. Then,

cosp(—phi) = cosh(—y/p) = ST = ST — cosh(¢y/p) = cosp(¢) and

sinp(—¢) = Z=sinh(=¢\/p) = % = =TT — — Lsinh(¢/p) = —sinp(9)
O

Theorem 8.2. Let y be a number in a quadratic anticommutative hypercomplex number

system of degree n + 1. We can write y in the coordinate system described above:

y = r[cospi (¢ —i—Z ixsinp (¢1) Hsm— ¢;)]cos ((bkﬂ)—l—znsznpl ®1) Hsm— ®;)]

j=2 Pj—1 j=2 Pj—1

Then,
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n—1

Y™ = r"™[cospr (maer)+sinpr (mer) sz Hsm— ¢;)]co o (Orr1)+in(o1) Hsm (b])]]

—1 =2 Pi-1 Dbj—1

for allm e Z~

Proof. Because we have already shown that the equation
k n

[r[cospy (¢1)+Z irsinpi(¢1) [H sin—24 (gbj)]cos _Z;kﬂ (Orr1)+insinp(¢1) H sin
k=1

J2 j— k =2 Pj—1

2 (g)m

= 1" [cospi(m1)+sinpi (mer) ZZk Hé’m— ¢;)c L (Pryr)+in (1) HSW— é;)]]

k=1 = Pj—1
holds for all m E 7+, we just need to show that
k n
[r[cospi(¢n +Z irsinp (¢n)(] [ sin— (ﬁb;)] s () Finsinp (61) [ | sin—2 (6,)]] 7!
j=2 j— Pk =2 Pj—1
n—1 k
1
= ;[003]91( ¢1)+sinpi(— Hsm— ¢;)]cos ];H (Pr+1)+in(P1) Hsm 1(¢J)]]
k =2 - j=2 J=

Now let
—p . =D
Z ik H sm— (pi)]c L (Prr1) + in(n) H sin—=(¢;)
k=1 j= j=2 Pim1
Then, we can snnphfy the expression

[003p1(¢1) + sinp, ¢1 ZZk Hsm— ¢g (¢k+1 + iy ¢1 Hsm— ¢g)]]

k=1 = Pj—1

to
1

rlcospr(¢1) + sinp: (¢1)u]

[cospi(¢1) + sinpy(dr)u] ™t =

Which equals: cospi(¢1) — sinpy(g1)u _ cospi(¢1) — sinpi(¢1)u
* r[cospi(é1) + sinpi(gr)ul[cospi(d1) — sinpi(Pr)u]  rlcospi(¢1)? — sinpi(d1)*u?]
Lem:Mod?2
Now, by Lemma [7.T, u* = py, so:
cosp1(¢1) — sinp1(é1)u _ cosp1(¢1) — sinpy(¢1)u _ cosp1(¢1) — sinpy(¢1)u
rlcospi(¢1)? — sinp1(P1)*u?]  rlcospi(¢1)? — sinpi(¢1)2pi] r
Which, by Lemma %L?ml ,: IllrsSieIaual to cospu(=¢n) + sinpr(—¢1)u [l
r
9. Roors

From the Generalized De Moivre’s formula, you can prove a result about the roots of quadratic

anticommutative hypercomplexr numbers.
20



Theorem 9.1. Let

n—1 k n
y = rlcospi(61)+Y_ insinpu(60)[[ | sz’n;pi (¢;)]cos ‘Zjl (Grs1) Finsinp: (¢1) [ sin fpj (¢,)]
k=1 j=2 7= j=2 =

be a number in a quadratic anticommutative hypercomplex number system. Then, if

cospi(mby) = cospi(¢1) and sinp,(mb;) = Smpl(gbl) where m € Z, then

n—1 k n

y = [Pt [cospy (1) +sinps (0)[)_ ix[] [ si (%)] o — () +in(0) [ | Smp ; (g
k=1 j=2 j=2 J=
Proof. By the Generalized De Moivre’s formula:
n—1 k n
(1= [cospy (61)+sinps (01)[Y_ ix[ [ ] sin— (8;)cos 2 (dn)in(61) [ | sin—2(0,)]]
=1 j—2 Pi-1 k i Pimt
n—1 k n
[cospy (mbs)+sinpy (m1)[D_ ix| P (9))cos =2 (1) +in(¢1) i)l
=1 2 Pi—1 Pk . pj
n—1 k
= rlcospi(¢1) + Smpl(ﬁbl)[z Zk[H st 4]0]1‘ (¢y)]005 2 (Grsr) + in(d1) H sin pjl (9]l
k=1  j=2 I J

It turns out that (in the case of a quadradic anticommutative hypercomplexr number system
where p # 0 for all k), all roots of a hypercomplex number in that system are of this form.

To show this, we will first have to prove a lemma.

Lemma 9.2. Let p € R, p # 0. Suppose cosp(¢) = cosp(me), where m € Z. Then,
sinp(9) = +sinp(me).

Proof. We have two cases:

Case 1 If p < 0, then cosp(6) = cos(éy/=p) and sinp(6) = —=sin(¢y/=p) by defini-
tion BZ Sitice cos2(may/=p) + sin(mé/=p) = 1,c0s2(é/=p) + sin*(6y/=p) = 1, and
cos(é/=P) = cos(md/=p) by hypothesis:

sin(moy/=p) = 1 — cos(mé/=p) = 1 — cos*(6y/=p) = sin*(6y/=).

Since sin2(¢\/—_p) = sin?(moy/=p), sin(¢y/=F) = £sin(moy/p).

Thus, —=sin($y/=p) = £ =sin(me/—p) and sinp(¢) = £sinp(me).

Case 2: If p > 0, then cosp(¢) = cosh(¢,/p) and sinp(¢) = \/Lﬁsmh(qb\/ﬁ) by defini-

tion BZ- “Because cosh(mey/p)* — sinh(mpy/p)*> = 1,cosh(¢p\/p)* — sinh(p\/p)* = 1, and
21



cosh(¢/p) = cosh(me,/p) by hypothesis:

sinh(meg,/p)* = cosh(mepy/p)* — 1 = cosh(p\/p)* — 1 = sinh(¢p\/p)>.
Since sinh(meo\/p)* = sinh(p\/p)?, sinh(mo,/p) = £sinh(d/p).
Thus, \/Lﬁsinh(gb\/ﬁ) = :l:\/%;smh(mgb\/z_?), and sinp(¢) = tsin(mae).

Theorem 9.3. Let

n—

1
y = r[cospi(¢1) + sinpi(¢1) Z i H sm— (pj)]e
7j=2

k=1

PR ) i () H sin];—])i(cﬁj)]]

be a hypercomplex number. Because y™ is a quadratic anticommutative hypercomplex number

form € Z, there must exist 01, 0,, ..., 0, such that

n—

1
Y™ = r"™[cospy (01)+sinp, (01)] sz Hsm _pj )]cos Pkt (Op+1)+1in(61) Hsm Py (0,)]]

=1 j=2 bj— 1 Pk j=2 Pj—

If these conditions hold, then

cosp1(01) = cospr(maey), sinpi(01) = Lsinp(mey), and

n—1
y = r{cospi(¢1) £ sinpy(¢1) sz Hsm Hj)]co (9k+1) +i,(01) Hsm by Ol

k=1 ]:2 p]*l pk ] =2 p] 1

Proof. By the generalized De Moivre’s formula,

n—1 k n
o . . =Dy
™ = rlcospy(men)-+sinpy(mon) 3 el [ ] sin - (6))co — = On)+in(o) [ sin = 0,)]
k=1  j=2 j=2 =
So, by the definition of hypercomplex number7 since
n—1 k n
y™ = ™ cospy (61) +sinp (03 in[[ ] sin—2 (6;)]cos —F (Byr) +in(61) [ ] sin—2 (6,)]
=1 jo2 Pi—1 Pr iss  Pit

it must be true that r™cospi(01) = r"™cospi(mepyi). Since r™cospi(01) = r™cospr(mepy),

cosp1(01) = cospi(me1) and since cospy (01) = cospi(me¢1) and p1 # 0, sinpy(61) = Esinp; (mer)
22



by the preceding lemma. This means that:

(9.1)
n—1 k n
Y™ =cospy(01) £ sinpy (01) > ir[[ [ sin—2(6;)] P () + in (1) [[sin P ()]
=1 =2 Pi-l Pk = Pim
n—1 k o .
=cospy(01) + sz'npl(ﬁl)[z ik smﬂ(ej)]co Dh L (Opsr) + in(61) H sm—(Gj)]
=1 je2 Pi—1 Dk s Pim
and thus
n—1 n
> H sin-—(6,)lcos— £ (Bua) + o [ [sin = 00)
(9.2) -
n—1 k L . n L
+ [k:1 zk[g Sinﬁ(ﬁj)]cos ; (Ors1) +in(01) ]1;[2 smpj—]jjl(Hj)]]
Thus,
n—1 k n
y = rlcospi(é1) £ sinpl(qbl)[z zk[H sin—L (6,)]cos — Pk (Ok41) +1n(61) H sin—LI (0,)]]
=1 j—2 Pi-1 Dk i—s  Pim

O

This means that if pp # 0 for all k, the roots of y™ depend solely on the number of ¢1’s such
that cospi(mey) = cospy(01). That is, the number of roots depends on the value of py and 6,

but not on any of the other p or 0 values.

10. DERIVATIVES IN (QUADRATIC ANTICOMMUTATIVE HYPERCOMPLEX NUMBER

SYSTEMS

When defining derivatives for quadratic anticommutative Hypercomplex number systems, be-

cause division is involved, we must seperately define right and left derivatives. This definition
S

s based on the definitions of differentiability and derivitives on the complex plane in HSKS],

extended to apply to quadratic anticommutative Hypercomplex planes.
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Definition 10.1. Let H be a quadratic anticommutative hypercomplex number system, and

RLA

let f(z) be a function from the open set D € H to H. f(z) is right differentiable at a point

2o € D if and only if the limit

exists. We will refer to this limit as the right derivative of f(z) at zp, symbolized f9(zo)

Similarly, f(z) is left differentiable at a point zy € D if and only if the limit

lim <]f(z) — f(20)

Z—20 Z — ZO

exists. We will refer to this limit as the left derivative of f(z) at 2o, symbolized as f*(z).

Next, we will define left and right analyticity based on their equivalent in complex analysis.

S
Similarly,these definitions are based on the definition of analyticity in HSKS]

Definition 10.2. If f9(z) exists for all z in an open set around zy, then we say that f(z) is
right analytic at zo. If f7(z) exists for all z in an open set around 2y, then we say that f(z)

is left analytic at z.

Theorem 10.3. Let f(z) be a function on a quadratic anticommutative hypercomplex plane

of dimension n, n > 1, such that:

3

Where u(z) € R and v; € R for all j € 1,2,...,n. Let z be a point on this hypercomplex
plane, where zg = o + 11901 + ... + inYon = To + Y pey Yok - If f(2) is both right and left

analytic at zy, then
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ou(zo) _ Oup(20)

=0 forallbe0,1,...,n

Oyb ox
9vy(20) = Ou(z) forallb € 0,1,...,n and
(10.1) Yo Oz
b—1 n b—1 n
Zb(z Zka’l)k<20) —+ Z Zkavk<20)) (Z Zkavk(Z’o) -+ Z zk(?vk(zo))zb
k=1 k=b+1 _ k=1 k=b+1 —0
6yb ayb

Proof. First, I will show that

n

ib(iikﬁvk(zo)+ Z z'k@vk(zo)) (i ikavk(zo) + Z ik(%k(zo))ib

k=b+1 _ k=b+1
6yb ayb

=0

Proof:

Because f(z) is analytic, the derivatives f*(z) and f9(z) are defined by definition. Now, if
we approach 2y in the x direction (that is to say, we set z = x + 41991 + ... + inY0n), then by

definition the right derivative can be represented as

(10.2)

Fla+ Y ikyor) = flo+ Y iryor)
(e+3 >hn? )y ) B T g
T+ 01 Yo, k)= (To+2 5 —1 kYo, k . )
1 T+ Z iKYk — (o + Z iKYo,k)
k=1 k=1

n

u(x + Z ikYok) + Z ixUk(z + Z ikYox) — [u(xo + Z ikYok) + ik (o + Z ixYok)]
k=1 k=1 =1 =1

= lim b=l =l >
T—x0 r — X
Ou(z) + Z ix0VE(20)
_ k=1 5
Ox

Similarly, the left derivative when approached in the x direction becomes

ou(zo) + Z ik0vk(20)
k=1

<

ox
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A similar proof shows that when approaching from the y, direction, the left and right deriva-

tives become
n

ou(z) + Z ix0Vk(20)

< -
i,y
and .
ou(zo) + Z ik0vk(20)
i >
i, OYp

Now, because f(z) is right analytic at zg, f*(2¢) is defined and it must have the same value

no matter What direction z approaches 29- Thus

ou(zo) + szavk 20) ou(zo) + Z 10V (20) ou(zo) + Z ik0vk(20)
k=1 B k=1 - k=1
ibayb "= iaﬁya "= ox g

for all a,b € 1,2,...,n. Similarly, because f(z) is left analytic at zg, f9(zp) is defined and

must have the same value no matter What direction z approaches 2o from, so

ou(zo) + E ix0vk(20) ou(zo) + E i0vk(20) ou(zo) + g ix0vk(20)
k=1 k=1 k=1

< = =
ibayb 2.aaya ax

for all a,b € 1,2,...,n. Notice that because dx is a real number
n

ou(zo) + Z 110Uk (20) ou(zo) + Z i0v(20)  Ou(zo) + Z L0V (20)
A=l >=d =1 - k=1
ox ox ox

This means nthat

ou(zp) + Z ikOvr(20)  Oul(zo) + Z iOvk(z0)  Oul(zp) + Z ik0v(20)
4 k=1 _ k=1 _ k=1 >
1Oy, ox WOy

forallbe 1,2,...,n

Now, by the definitions of right and left fraction
Oul(zo) + Y irOui(zo)  (Dulzo) + Y ixdvi(20))iy

4 k=1 _ k=1
’ibayb pbayb
and . .
ou(zo) + Z 110Uk (20) ip(Ou(z) + Z i0vK(20))
k=1 - k=1
ibayb pbayb

forallbe1,2,....,n. So
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(Ou(z0) + > irdvi(z0))is  in(ulzo) + Y ix0vr(20))

k=1 _ k=1
PyOYp PyOYp
forallbe 1,2,...,n
Be:ause ?;:(T? is real (a: u(zp) and y, are both real), ibiuT(;z = %ib. Thus
O ikdu(z0))iy (> ik0vi(20))
k=1 _ k=1
PuOYs PuOYs
b—1 n b—1 n
OO ir0vi(z0) + idvy(20) + > ixdv(z0))in (D ikOvi(z0) + iu0vs(20) + Y ixOvk(z0))
k=1 k=b+1 _ k=l k=b+1
PoOYs PoOYs
b—1 n b—1 n
(Z Zkal)k(Z()) + Z zk(‘?vk(zo))zb ’Lb(z zk(‘?vk(zo) + Z zkavk(zo))
k=1 k=b+1 _ k=l k=b+1
PuOYs PrOYs
Now, because each 8;;“7(;:) is real, and 4,1 = —iyip for all b # k
b—1 n b—1 n
(Z ik(?vk(ZO) -+ Z ikﬁvk(zo))ib (Z ikﬁvk(zo) -+ Z ikﬁvk(zo))z’b
k=1 k=b+1 _ k=1 k=b+1
POYy PeOYy
b—1 n
(Z zk(‘?vk(zo) + Z zkﬁvk(zo))zb
k=1 k=b+1
2 =0
PyOYs
b—1 n
(Z ikavk(z()) + Z ikﬁvk(zo))z‘b
k=1 k=b+1 —0
PyOYp

Now I will show that
Ou(zp) B Ovp(20)

=0forallbe0,1,...,n

oY - dxg
us(20) = Oulz) forallb€0,1,....,n

Proof: As shown in the previous proof

Ou(zp) + Z ikOvk(z0)  Oul(z) + Z 10Uk (20)

k=1 k=1
< =

Oy ox

and
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Ou(zo) + Y ix0ui(z0)  (Du(z0) + Y irdvi(20))in

< — =

iOUp POy
Thus,
(Ou(zo) + Z ikOvk(20))iy  Oulzo) + Z ik0vk(20)
k=1 - k=1
PyOYp B Ox
Because
b—1 n
O ikdu(z0) + D ix0vk(z0))i
k=1 k=b+1 _0
POYy ’

we can simplify the previous equation to

Ju(z) + Z ik0vk(20)

ou(2o)ip + 1,0vp(20)in _ 1
o0y n@x
Ou(zo) + Z ik0UE(20)
Ou(zo)ip + ppOup(20) _ 1
PeOYp ox

By the definition of hypercomplex numbers,
Oup(20) _ Ou(zp)

8yb ox
ou(zp) B Oup(20)
8yb N ox
and
Ovg(20)

=0forallkel1,2,...n,k#b
ox

However, because b can be any integer in the range 1,2, ..., n, it must be true for two distinct

numbers b,c € 1,2, ...,n,b # ¢. Thus

90:0) _ (o all k€ 1,2, . m 7 b
ox
and
(%g(zo) =0forallkel,2,...n,k#c
x
So, Gun(z0) =0 as well.
ox

Thus, for all b€ 1,2,...,n
Oup(20) B Ou(zp)

8yb ox
Ou(zo)  Oup(zp)
— — O
8yb ox 0
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Using this theorem, and the results concerning the Cauchy-Riemann equations for generalized

complex numbers in the Harkin paper, the next theorem follows.

Theorem 10.4. Let f(z) be a function on a quadratic anticommutative hypercomplex plane

of dimension n, such that:
f(2) =u(z) +i1v1(2) + ... Fipva(2) = u(z) + Z ixvr(2)
k=1

Where u(z) € R and v; € R for all j € 1,2,...,n. Let z be a point on this hypercomplex
plane, where zy = To + 11Y01 + ... + Yo = To + D pey WYk - If f(2) is both right and left

analytic at zgy, then

Ou(zo) _ _ Oup(20) forallb€0,1,....n and

0 0

(10.3) ; Y ; !
Ub(20) = u(z) forallbe0,1,....n
8yb ox

The equations numbered 9.3 are the generalized Cauchy-Riemann equations for Quadratic

anticommutative hypercomplex numbers.

11. FURTHER RESEARCH

The defining properties of Quadratic Anticommutative Hypercomplex Numbers have enabled
me to prove several interesting theorems, but there are many more research questions to
pursue regarding these numbers. Is it possible to prove a theorem similar to theorems 10.3
and 10.4 for functions that are right analytic but not left analytic, or vice versa? Can one
prove an if and only if statement which determines whether or not a function on a Quadratic
Anticommutative Hypercomplex number system is right analytic, left analytic, or both? Is
it possible to define a generalized form of integration on these numbers, and do any of the
theorems regarding integration in complex analysis extend to Quadratic Anticommutative

Hypercomplex number systems? Ultimately, the theorems proved in this paper may only
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scratch the surface of what Quadratic Anticommutative Hypercomplexr number systems have

to offer.

REFERENCES

[HHO4] Harkin, A. and Harkin, J. “Geometry of generalized complex numbers.” Mathematics Magazine,
77(2):118-129, 2004.

[KS89] Kantor, I. and Solodivnikov, A. Hypercomplex numbers: an elementary introduction to algebras.
Springer-Verlag, New York, 1989.

[KS] Shuman, K.

30



