On the Poincaré algebra in a complex
space-time manifold

N. Debergh !, G. D’Agostini ? and J.-P. Petit 3

! Department of agronomy, Haute Ecole Charlemagne, 3, rue Saint-Victor, 4500 Huy,
Belgium, nathalie.debergh@hech.be

2 gilles dagostini@manaty.net

3 jean-pierre.petit@manaty.net

Keywords : Complex Minkowski manifold, Poincaré group , Lie algebraic methods applied to physics

Abstract

We extend the Poincaré group to the complex Minkowski space-
time. Special attention is paid to the corresponding algebra that we
achieve through matrices as well as differential operators. We also
point out the generalizations of the two Casimir operators.

1 Introduction

Complex numbers are known to be powerful mathematical tools to describe
physical phenomena. But it seems that they are more than that. They are
not only used to report reality : they actually could be part of reality.

At our knowledge, complex energies first appeared as intrinsic components
of the physical paradigm in the relativistic Kemmer-Duffin-Petiau equation
[1], dealing with vector mesons. When they are subject to a sufficiently
strong magnetic field (B > m;) , their energies, whose squares are given by
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1
E2:m2+263(n+§+5);n:0,1,2,...;s:O,il

become purely imaginary ones.

More recently, some cosmological models [3] used an imaginary time.
They all conjecture a join between areas of imaginary time and areas of real
time. Somehow, real time emerges from imaginary time, the latest being
helpful to remove gravitational singularities. This idea is clearly not unani-
mous and voices [4] rose to emphasize the inconsistency of such a transition



which still remains vague, although some attempts [5] have been performed
to specify it.

One of the most promising advances of complex numbers inside physical
reality is the concept of Minkowski complex space-time [6]. The key idea
involved by this (3+1)-D complex manifold is to extend spatial as well as
time coordinates to complex numbers while the (Hermitian) metric is given
by

ds® = n,,drrdx” (1)

with
n= dlag(la _]-7 _]-7 _1) ; at = {t7$)yaz} = 07 17273 (2>

Here the notation x# refers to the complex conjugate of x*.

Indeed the fact that imaginary coordinates could coexist with their real
counterparts gives a theoretical meaning to some observed physical phenom-
ena. Among them, the physics of nonlocality takes an important part. Initi-
ated by Einstein, Podolsky, and Rosen [7] as an eventual defect of quantum
theory, nonlocality has been since mathematically proved by Bell [8] and
repeatedly experimented. Two quanta given off from a single source and
travelling in opposite directions, maintain their connection to one another
whatever the distance between them is [9]. Keeping this connection simulta-
neous regardless of the distance defies the laws of physics if the coordinates
are real numbers but could make sense if these coordinates are complex.

Complex coordinates also have consequences on theories other than phys-
ical ones. For instance, psychic phenomena [10] could be explained by them.
It has been indeed frequently observed that the accuracy of “psi” awareness
does not depend on temporal or spatial separation between the percipient
and the target. Once again, this can only be explained through the use of
complex time and space variables.

So considering a (3+1)-D complex space-time manifold makes sense, es-
pecially since the usual (3+1)-D real Minkowski space appears to be kind of
a slice of this complex extension.

The purpose of this paper is to investigate this (341)-D manifold and,
in particular, to see what would the Poincaré group/algebra become when
coordinates are complex numbers. To do so, we first have to consider a
(64-2)-D real manifold. This is the subject of the next Section. Then, we
use the corresponding coadjoint action to put in evidence the transformation
laws on momenta which are nothing else than basis operators for the algebra.
Sections 4 and 5 are devoted to the differential realization of these momenta



in the real as well as the complex cases. The transformations of the group are
then available in Section 6. We point out the Casimir operators in Section 7
and finally conclude in Section 8.

2 The extended Poincaré group/algebra
As well known the Lorentz group O(1,3) preserves
XTnX (3)
where 7 has been defined in (2) while
X' = (t,z,y,2) = {2", 1 =0,1,2,3}

(XT refers here to the transposition of X).
If we now consider complex coordinates x#, Eq. (3) is replaced by (Xg =
(Xc)")
XnX; XL =(t,z,y,2) ={a", n=0,1,2,3} (4)
The Lie group U(1, 3, C) is, by definition, the one leaving the quadratic form
(4) invariant.
This quadratic form (4) is equivalent to the orthogonal one

XpGXp (5)
with
Xk = (tp, TR, Yr, 2r, tr, o1, yr, 21) = {alg, o, p=10,1,2,3} = {z*, A = 0,
and
G = diag(1,-1,-1,-1,1,—1,—1, —1) (7)

We obviously have
ot =l + il (8)

The Lie group preserving (5) is O(2,6).

Even if the quadratic forms are formally equivalent, the two groups U(1, 3, C)
and O(2,6) have a different number of parameters (16 for U(1,3,C) and 29
for O(2,6)). This finding, that might be surprising at first sight, will be
explained in a next Section.



Due to the embedding of U(1,3,C) in O(2,6), we focus on the larger

group.
Consequently, we define the extended Poincaré group on the (6+2)-D real
Minkowski space as the set of the following (9 by 9) matrices

o= 1) ©

ol =(a*A=0,1,2,..,7)

is associated with (real) translations in the (6+2)-D manifold and L is the
(8 by 8) matrix of the O(2,6) group i.e.

where the 8-vector

GL'GL =1 (10)

The Lie algebra corresponding to (9) is the vector space of the matrices given
by
Z:(%’ g) AT = (" A=0,1,2,...,7) (11)

Here the coefficients v are real numbers and w is the matrix of the so(2,6)
algebra defined by

GwlG = —w (12)
In details, we have
7
w= Y Japj*? (13)
A,B=0

where Jup are real numbers and j4Z are the (28) basis matrices of so(2,6)

namely
4B = €(AB)eP — ¢(BA)ePA (14)

(no summation on repeated indices). In Eq (14), the numbers e¢(AB)(= £1)
are constrained by

e(AB)e(CD)§PY = GPY(AD) ; ¢(AB)e(CD)§*P = GAPe¢(CB)  (15)
while the notation e4? stands for a 8 by 8 matrix made of ”0” everywhere
except a ”1” at the intersection of the (A+1)" line and the (B+1)™ column.

Noticing that
eAB QCD — 6BC€AD (16)



we come easily to the so(2,6) commutation relations

We will come back to this algebra in Section 4. Let us just conclude this
one by mentioning that the adjoint representation of the extended Poincaré
group is, by definition, given by

7'=gZg! (18)

This leads to
W' = LwL™* (19)

as well as to the following relation

v = —LwL 'a+ Lw (20)

3 The coadjoint representation : transforma-
tion laws of the momenta

Here we follow Souriau’s approach [11], one of us having already successfully
applied it [12] to Kaluza 5-D space-time. By analogy with what has been
done in the so(1, 3) case, we define a torsor u of the extended Poincaré group
by the identity

1
w(Z) = §Tr(Mw) +(GP)"y (21)
where
p={P,M}, PcR}GM'G=-M (22)
We require the invariance
W(Z'") = u(Z) (23)

or, on other words

;Tr(Mw) +(GP)Ty = ;TT(M’Lle) +PTG(—LwL a4 L) (24)

where we have used Eqs (19)-(20) of the adjoint representation.
The relation (24) implies the following transformation on the momenta
pP:
P =LP (25)



Thus, Eq (24) reduces to
1 1 / -1 T -1
§T7’(Mw) = §T7’(M LwlL™) = P GwL "«

Remembering that the last term is the product of a transposed 8-vector and
a 8-vector, we can rewrite this relation as

;TT(M/LWL_I) = ;TT(M&)) +Tr(GwL*aPT)
which, after usual manipulations on the trace, leads to
;TT(L_IM’Lw) = ;Tr(Mw) +Tr(L 'aPTGw)
or, in an equivalent way
Tr(L*M'Lw) = Tr(Mw) + Tr(L'aPTGw) — Tr(Pa’ GLw) (26)
We thus come to the conclusion that
M' = LMGL'G + aP"L"G — LPa"G (27)

Eqgs (25) and (27) provide the transformation laws of the momenta.

4 Differential realization of the momenta :
the (6+2)-D real Poincaré algebra

Let us take a look at the result (25). If we write the transformations on the
coordinates through the group as (cf.Eq (9))

X' =LX +a«a (28)
they can be inversed following
X =CGL"GX' - GL"Ga (29)
This implies that
V' =GLGV (30)



where V is the 8D-gradient
0

orA’

Comparing with (25), it is obvious to conclude that

v ={ A=0,1,2,..,7} (31)

P = CGV (C = constant)

With the conventions (6) and

0
4= Gpa
the momenta P are thus
Py =C0y ; P2 = C0* = CG*P Py (32)

We recover the momenta of usual Quantum Mechanics if the constant C' is
fixed as C' = th and A limited to the first four values. However, for simplicity,
we fix here C' = 1 so that

Py=04; P*=G"PPp (33)

In the same way, the momenta M satisfying (27) can be realized through a
matrix similar to w (see Eq (13))

7
M= Y Japj*?
AB=0

but with
JAB — 3498 — B4, A, B=0,1,2,....7 (34)

In other words, we have
M= XP'G - PX'G

And it is straightforward to convince ourselves of (27) to be satisfied by using
(25) and (28).

It is then easy to find out the commutation relations of the (6+2)-D
Poincaré algebra by using

[z, 08] = —G4P (35)
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They read
[JAB JCD| — (BC JAD 4 (yBD JCA 4 GAC JDB 4 (AD JBC (36)
in agreement with Eq (17) and
[JAB pC] = _GACPE 4 BC pA (37)

(P4, PP =0 (38)

5 The (3+1)-D complex Poincaré algebra

By making use of the change of variables (8), we can define linear combina-
tions of the JAP as well as the P4 operators in order to restore the extended
Poincaré algebra in a (341)-D complex manifold. These linear combinations
write

M — — g Jetd)(v+d) (39a)
M} = =" — (39)
NH — _ Jw o J(u+4)(l/+4) <390>
NP = =T 4 ) (39d)
1 — 1
P& = (P = iPPY) ;s PE = (P + iPrTh) (39)

They lead to the following realizations in terms of complex coordinates x*
and their derivatives

0 o 0 0 0 0 0 0 0 0
= = — — — = = - 4
On Oxh (875’835’8@/’02) ’ ox, (875’ ox’ Oy’ 82) (40)
MW" = —zt0" 4+ 2V 0" — xro¥ + zvOr (41a)
MY = —ighd” —ix" " + ixrd¥ + ixv O+ 41b

(410)
NH — R 4+ gVOF — oY + 2V Or (41c)
N = —iZhd + 770" + iz"0” — iz Or (41d)

Pl =o" PE=0n (41e)

It was already evident through Eqs(39) but it is even more obvious here
that M* N# NI are antisymmetric on their indices and thus there are six
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of them for each category while M} is symmetric leading to ten different
operators. These 28 operators are real ones : only the four P/ are complex
and have to be supplemented by their conjugates.

The corresponding commutation relations are then

[]\4/11/7 Maﬁ] — na”Mﬂ“ + T)B”M“a 4 na“Ml’ﬂ + nﬁ”Mm’ (42@)

42b
42¢

(MM, M) = =i MP* — i MP© 4 " M} + 0 Mg
(MM, MOB] = —pov MPBH 4 ¥ Mo @i 0¥ — B o
(M, NF| = o NBH . P Ny o NvB e o (
(M} NP} = =™ N = NJ© o Ny” + NP (42
[N/, NOB) = o MO 4 MP* ot MY P (42f
(M NPP) = i NP N NG TN (429
[M;w7 Nlaﬁ] _ na”Nﬁ“ + nﬂvNua _ 770‘“]\7”5 _ nBuNaV (42h

(420)
(42¢)
)

)

)

)

)
[N#, NP = =™ MY o M ™ My — P M (42i)
)

)

)

)

)

)

42d

(NP, NP2 = o™ MP Mo M e (42

[M*, PE] = ™ P& — ™ P& [M", P§] = n®*Pg —n™'Ph (42k
(M}, P&) = in®" P& + i Pt ; [M}", P&] = —in™Pg —in™' Pt (421
[N", Pg] = 0" P& — n* Pt 5 [N™, Pg] = 0*" Pt — n™" P (42m
[N}”, P§] = —in™ P&+ in® Pg ; [N}", P8] = inf™" P& — ™ Pt (42n
[PCaPC] [PC>PC] [PC’PC]_O (420

The usual Poincaré algebra is recovered through Eqgs (41a), (42k) and (420).
It is now realized through complex variables and correspond to the proposal
made by one of us in [12]. We can also recognize the algebra u(1,3,C)
through the operators (41a)-(41b) and their commutation relations (42a)-
(42¢). The operators (41c)-(41d) are the complement of u(1,3,C) in so(2, 6).



6 Transformations of the extended Poincaré
group

Now that the algebraic content is clear, let us come to the group approach
subtended by the transformations (28).

We recognize in (28) eight real translations associated with «, or, in an
equivalent way, four complex ones. The contributions of the matrix L can
be understood as follows :

1. Twelve transformations of “boost” type i.e. “rotations” between a
(real or imaginary) time component and three (real or imaginary) space

components :
t' = cosh % t, — sinh #% :17b (43)
z) = — smh9 to + cosh 02 ]
with j =1,2,3;a=R,I;b=R, I
2. Twelve rotations between (real or imaginary) space components :
¥ = cos 07F x¥ 4 sin 07 )
fl] b] ab b (44)
x) = —sin@’} ¥ + cos 07y 1]

with j = 1,2,3,j £ kia=R, ;b= R, T

3. Four rotations between real and imaginary parts of one of the compo-

nents :
thy = cos 0% tp — sin 0% ¢; (450)
th =sin 0% tp + cos 0 t;
x;% = cos 097 27, + sin % ) | (45b)
rj = —sin 0¥ x% + cos 7 17
Let us rewrite these results within the complex coordinates :
="t 27 =e "y (46)

These equations are remarkable in the sense that they show that the complex-
ification enables the connection between the Lorentz components. Indeed we
know [13] that the Lorentz group has four components : Ll, Lt = PLTH Li =

10



PT Ll and LY = TLL Each of the three last ones is related to the first one
by acting on it with a discrete symmetry, either the parity operator P or the
time-reversal operator 7. T'wo objects in “mirror symmetry” are necessarily
linked by a rotation in a higher dimensional space and that’s exactly what
happens here : the complexification allows these dimensions to exist in order
to relate a coordinate and its opposite (which corresponds to 6#* = 7).

Similar discussions can be made with the complex algebra. We will just
mention here that if the U(1, 3, C) operators perform transformations such
as boosts or rotations on the four complex coordinates z#, the other 12 ones
(corresponding to exponentiations of N* or N/") realize, in addition, a
complex conjugation. It is actually the reason why, despite of the fact that
the quadratic forms (4) and (5) are equivalent, the Lie groups U(1,3,C') and
0O(2,6) are not isomorphic.

7 The Casimir operators
Th first Casimir operator is
C,=P'GP (47)

It is indeed invariant under the transformation (25). Another way to be
convinced of the form (47) is to rewrite it in details

Cy = PAPy = 4PL P, (48)
and verify that it commutes with each of the 36 operators of the extended
Poincaré algebra by using Eqgs (37)-(38) or (42k)-(420) depending on whether
we choose to work with eight real coordinates or four complex ones.

By analogy with the real case, we can thus define the mass of a particle
living in the complex Minkowski space-time by

|B*| = |p"| =m*; E=Fg,p) = P (49)
a relation which simplifies when the system is at rest and gives
E=me? (50)

This is the complex version of the famous Einstein relation £ = m.

11



The second Casimir operator requests more calculations. We indeed need
to introduce the following 3-rank tensor

WABC — JABPC . JACPB 4 JBCPA (51>

It is antisymmetric on the two first indices as well as on the two last ones
but is (evidently) symmetric on A and C. It thus gives rise to 56 operators.

Let us take a while to mention that, in the real case, these operators
reduce to the four well known ones

W, = ; P
namely the four components of the Pauli-Lubanski pseudo-vector. No need
to say that, here, there is no interest to go through the dual to obtain a
similar writing, as this will lead to a pseudo-tensor of rank 5.
So let us focus on the operators (51). It is easy (even if laborious) to
convince ourselves that they are such that

[WABC JDE] — GADWBCE—GAEWBCD—GBDWACE+GBEWACD—|—GCDWABE—GCEWABD

(52a)
[WABC pPl =0 (52b)

and

[WABC' WDEF] — GAD(WBCEPF _ WBC’FpE) + GAE(wBCFPD _ WBCDPF)
_|_GAF(7VVBCDPE . WBCEPD) + GBD(WAEFPC o WCEFPA)

—|—GBE(—WADFPC + WCDFPA) + GBF(WACEPD . WACDpE)
+GCD(—WABFPE + WABEPF) + GCE(—WABDPF + WABFPD)
—|—GCF(WDABPE _ WEABPD)
(52c¢)
The two first relations show that
Cy = WABCWape (53)

does commute with each of the 36 generators of the extended Poincaré algebra
and, consequently, is the second Casimir operator.

Its interpretation goes through the so-called “little groups” technics i.e.
restricting ourselves to particular momenta P. If the rest is considered, only
two P operators do not vanish :

PY = 2m cos o; P =92m sin ¢ (54)

12



This implies the following form for C5

Co = Am?(Jf + J5 + J35 + Jis + Ji + T3 + I3

g6+ Jar + a5 + i + Jip + g + T + J)

—4m?(cos ¢)*(J7y + 3y + T3y + Ji5 + Jig + i)

—4m?(sin @) (J3, + Jg + Jis + g5 + Jgs + i)

—4m2 SiD¢COS (ﬁ({](n, J14} —+ {Jog, J24} -+ {Jog, J34} + {J05, J45} -+ {JOG, {4(% -+ {J07, J47})

55

We notice that the only J4Z that does not appear in (55) is J° namely the
rotation on time. We also recover the spin interpretation of the real case
except that we have here 20 possibilities for one spin algebra (so(3)) to be
put in evidence. This is evidently due to the increasing of spatial dimensions
which are now 6.

8 Conclusions

We have extended the Poincaré group as well as its algebra to a complex
Minkowski space. Beyond the real operators corresponding to transforma-
tions of the real coordinates, our approach shows that supplementary imag-
inary as well as complex operators appear to form with the previous ones a
36-dimensional real or complex algebra according to choosing 8 real coordi-
nates or 4 complex ones.

Are there other Casimir operators 7 What are the unirreps of the ex-
tended Poincaré algebra ? What physical implications could have this com-
plex algebra 7 What would be a complex version of usual quantum mechanics
o

These questions remain open at this stage and will be the subject of
further considerations.
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