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Abstract

We review the Thomas precession exhibiting the exact form of the Thomas rotation in the
axis-angle parameterization. Assuming three inertial frames S,S’,S” moving with arbitrary
velocities and with S, S” having their axis parallel to the axis of S” we focus our attention on
the two essential elements of the Thomas precession e.g., (i) there is a rotation between the axis
of frames S, S” and (ii) the combination of two Lorentz transformations from S to S’ and from
S’ to S” fails to produce a pure Lorentz transformation from S to S”. The physical consequence
of (i) and (ii) refers to the impossibility of having arbitrary frames S, S’, S” moving with their
axis mutually parallel. Then, we reexamine the validity of (i) and (ii) under the conjecture the
time depends on the state of motion of the frames and we show that the Thomas precession

assumes a different form as formulated in (i) and (ii).
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1 Introduction

Thomas precession originated with the solution provided by L H Thomas to a problem on the spectral
structure of the Hydrogen atom investigated by Uhlenbeck and Gouldsmit who found for the energy
of the spin-orbit interaction a value twice larger than the observed experimental value. Shortly after
their work, Thomas obtained the correct experimental value by recalculating the spin-orbit energy
using elaborate arguments involving the relativistic transformation of velocities and some approxima-
tions [1], [2]. In his analysis, Thomas was able to reduce the problem to an algebraic property of the

Lorentz tranformations, e.g. that the composition of two Lorentz transformations (with non-parallel
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velocities) is not a pure Lorentz transformation but it gives a Lorentz transformation followed by
a rotation '. Since then, investigation concerning this behavior and its consequences allows us to
restrict the Thomas precession within the domain of Special Relativity (SR) without reference to
the setting of atomic physics where it has originally appeared. In this respect, a standard reference
reviewing some aspects of Thomas’ original problem is found in [3]. Among the many developments
that followed the work of Thomas, we will focus on the proposal outlined by C Moller [4] that is
distinguished for its clarity and simplicity and that we now summarize.

Given three inertial moving frames S, S’, S” with S, S” having their axis parallel to S’, we consider
an event P registered as (t,7), (t',Z'), (t",2") by S,5’,S”. The first point to be noticed is that
Thomas precession is a statement on the impossibility of having these frames S, S’, S” moving with
axis mutually parallel 2 which is a consequence of the application of the expression for the relativistic

addition of velocities to 555// = 1:1:515// @’555/ (22) and to ’55//5 = ’55/5@’55//51 (23) that gives
Dgng = =R '0ggn (1)

with R~! being a rotation. This equation reveals there is a rotation between the axis of the moving
frames S and S” that manifests itself in setting the relation between (¢, %) and (t”,Z") as given by
(", z") = R‘lL(ﬁsgu)(t,f), where L(Dgg) denotes a Lorentz transformation. The second aspect
to be noticed is that if S, 5" have axis parallel to S’ then we have (t',7') = L(igs/)('ﬁ,f) and
(t",Z") = L(vgsr)(t',Z') and composing them we obtain (t/,7") = L(Dgs»)L(vss)(t, ). Then
comparing these two transformations relating (¢, ¥) and (t”,Z") we obtain that

R L(Bssr) = L(Vgsr) L(Bss') . (2)
which is the algebraic expression of the Thomas precession.

It is the purpose of our work to fill in the details of Moller’s development [4] emphasizing the role
of equations (1), (2) as the fundamental equations of the Thomas precession in the sense that (1) is
sufficient to determine the form of the rotation R that exists between the axis of the moving frames
S, 8", while (2) is a consequence of this rotation and the fact there is no obstruction to compose two
Lorentz transformations L(i?sg/) and L(i?sf s7). While in Moller’s treatment equation (1) was used
to obtain the infinitestmal form of the rotation and then employed to obtain the infinitesimal form
of (2) in our work we will use (1) to obtain the ezact form of the rotation R and (2) to confirm
the validity of the expression we obtained. In fact, it seems few works exhibit the exact form of the
Thomas rotation, see for instance [5], [6], and the expressions they obtained present differences that
make it difficult to check their equivalence, therefore in our work we show the correcteness of our
expression for the Thomas rotation R by providing an outline of the proof of (2).

Another purpose of our work is to examine if (1), (2) remain valid under the assumption that

time depends on the state of motion of the frames. It seems this assumption was stated originally

We are not claiming that L H Thomas was the first one to notice this.
2This, of course, under the common view of the SR, which assumes the time doesn’t depend on the state of motion

of the frames.



in [7] in a rather qualitative form without implementing it. In previous works [8], [9] we found a
concrete way to implement this assumption using the concept of absolute time that we denote by
7. Then in our model we have two times: the standard time of the SR denoted by ¢ and hencefort
called [ocal time and the absolute time 7. As a result we also have two types of velocities depending

on we take derivatives relative to t or to 7, e.g.

= dr L dar
v:=— and vU:

dt T dr

In our work we introduce 7 adopting an axiomatic approach that allow us to conceive v = v(v) and
t=t(r,v). (3)

It is in the sense shown in (3) that we say the local time depends on the state of motion of the
frames. Now, returning to the situation that has prompted the Thomas precession, if we consider
three inertial frames moving in such a way that S, S” have their axis parallel to the frame S’ then
when we calculate 555// we do so in such a way that it will depend on vgs (80), while 55//5 will
depend on vgrg (89). Then, we cannot compare anymore 533// (vssr) = 55/3// (vggf)@ﬁggf (vgsr) and
55//S(v5//5/) = 55/5(v5//5/)6955//5/(’usugl) as we did in (1), unless if, for instance, we first express

Vgrs(vsrg) and 55// s/(vgng) in terms of vgs. When we do so we obtain
Vgrs(vsng) = —Qvsrgr, vgs)Ussr (Vssr) (4)

with Q a scalar term, which shows there is no rotation between the axis of the frames S and S”.
Then, at this point equation (1) is to be replaced by equation (4).

Now, let us shift to the task of composing two Lorentz transformations L(l:fsgl) and L(i}jg/su).
Fixing our attention on the local time used by S’ we have that considering the pair {5, S’} the time
that S’ employs depends on the relative velocity vssr and we denote it by t%,¢. Considering the pair
{5',5"} the local time used by S’ depends now on the velocity vs:g» and we denote it by t',g,. Then,
we have t, ¢ # t' g, and this forbids us to compose L(vss) and L(vggv). However, the fact that
t'srs(T, Ussr) and t's ¢ (T, Usrgn) allows us to eliminate 7 to write t' v (s g, Usrs, Usrgr), then we can
define a map Kysgm (s.51 by (tggr, Z') = Kigrsmn qs7,5y(Usg, £') with togn =ty g (ty g, Usrs, Tsrgn)
in terms of which we can write

L(’ﬁS’S")K{S’,S”},{S’S}L(@/SS’) .

Using this K-map defined as above we show that instead of (2) now the relation between L(ﬁgsu),

L(is’S”) and L(ﬁgsx) is given by
L(vssr) = Ksn syt L(Vsrsn) Ksr sy, 15,5y L (Vssr ) Ks,503,15,57} - (5)

Then, under the hypothesis that the local time depends on the state of motion of the frames, equations
(4) and (5) become the new form for the Thomas precession (with the factor € replacing the rotation

R) and it allows us to envisage a situation where the three frames move with axis mutually parallel.
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Our work is divided in two parts. In Part I we present the standard form of the Thomas preces-
sion and it consists of sections 2 and 3. In section 2 we review Moller’s interpretation of the Lorentz
transformation by considering spatial coordinates of events (as seen by two inertial frames) as repre-
sented by vectors in an abstract vector space V and the Lorentz transformation between the spatial
coordinates is considered as an active transformation in V. In section 3 we consider three inertial
frames S, S’,S” with S,S” having axis parallel to S” and show from the formula of the relativistic
addition of velocities that there is a rotation between the axis of frames S and S” which affects the
form of the Lorentz transformation between S and S”. Then, we calculate the exact form of this
rotation completing Moller’s analysis of the Thomas Precession. In Part II we review the Thomas
precession assuming the dependence of time with the state of motion of the frames. It consists of
sections 4, 5 and 6. In section 4 we set the stage to reexamine Thomas precession by introducing
axiomatically the concept of absolute time, which brings in a consistent way aspects of the Galilei
and the SR that allows us to conceive the local time as depending on the state of motion of the
frames. Then in section 5 we show how the Galilean law for the addition of velocities allow us to
derive the corresponding relativistic law for the addition of velocities that we apply to the movement
of the frames S, S’,S” to calculate ’z_igsu and '551/5. We show there is no Thomas rotation R between
them, which is now replaced by a multiplicative scalar term 2. In section 6 we introduce the K-map
and show how it allows us to compose two Lorentz transformations in such a way that it produces a
Lorentz transformation. We end our work with two appendixes disposed as sections 7, 8. In section
7 we give an outline of the proof of relation (2). In section 8 we prove the formula for the relativistic
addition of velocities within the context of the usual formulation of SR. We do so in order to facilitate

those willing to compare the same derivation we presented in section 5.

A word about notation. When we write ¢, ¢ we intend to make it clear that it refers to the local
time used by S’ taking into consideration the state of motion between S’ and S. In the same way
t'srgn refers to the local time used by S’ considering the state of motion between S and S”. In these
expressions there is no role attributed to the position of the indexes S’,S”. A different situation
occurs when we write 55/5 to indicate the velocity of S relative to S’ and 555/ to indicate the velocity
of S’ relative to S, therefore for velocities the position of the indexes plays a crucial role.

Two vectors « and ¢ are said parallel if they are proportional, i.e. @ = &0, & € R and we denote
it writting @ || 7. Given a vector X written in terms of a basis vector {&} we write X|;, to denote
the component of X relative to the basis vector é;.

Finally, what we call Lorentz transformation is, in fact, what we understand to be a Lorentz
boost. Given an event P we may write it as (tp, Zp) or simply as (¢, Z) if it is clear these coordinates

refer to the event P.



Part I: The Standard presentation of the Thomas Preccesion

2 The Lorentz transformation of space coordinates repre-

sented in an abstract space
Let us consider two inertial observers S, S that register an event P as (t, ), (f,#). The Lorentz
transformation of the spatial coordinates is interpreted by Moller as follows. The space coordinates

*in an abstract vector space V. There are two forms for the

X, T are represented as vectors T'*, ¥
association x - ¥* € V, ¥ — ©* € V, which depends on the reference frames S, S having their axis

parallel or with a rotation.

2.1 The frames S, S have parallel axis
S4 2

Here, we assume the association ©* := &, £* := Z. We also represent the relative velocities vgg, Vgg
. o g = 3 =y :.Z‘w I . Sy = - :ﬁv

as vectors in V by the association vgg — U* € V, vgg — U* € V with v* 1= vgg, T* := vgg. For ease

of notation we write v = vgg and v = vgg. Then in the space V we have the following representation

-

of the vectors ¥, 2, v, U

(10)




Here, in order to make the association @ — * € V, & — £* € V, we consider an auxiliary frame
S having axis parallel to the axis of the frame S as shown in (11). Relative to S, the event P is

registered as (Z, a:c’)

(11)

If R is the (passive) rotation transforming the frame S into §, then in the active view the relation

between @ and Z is given by @ = R™'Z. Similarly, for the relative velocities we have Vgg = R0

and 5&5 = —’553. But 553 = 5&@, then we obtain
Vog = Vs (12)
= 1=
Vs = —R™Ugs - (13)

—

But 7 and 7 have a relation similar to that shown in (8), therefore denoting v = vgg, 7 = Dgg we

obtain

>, 1= f . ,/IT}: 71: 712

T=R T—(1-%)—=R 0-%tR v (14)

v

T=-R%. (15)
Then, in much the same way as we did in §2.1 we ascribe the following association ¥ — ¥* € V,
£ — I* €V with #* .= 7, #* == R7'Z7 — (1 — 75)%572_15— vt R, and vgg — T € V,
'555 — % €V with 7% := 0 and #* := & = —R~'0. They are represented in the space V as shown

in figure (16)

(16)

3 The analysis of Thomas precession according to Moller

3.1 The basic configuration for the analysis

Let us consider three inertial reference frames S, S’, S” with S and S” having axis parallel to S’
The frame S” will be used merely as an auxiliary frame to relate S and S”, and an observer in frame

S’ sees the following configuration between the frames



(17)

(18)

where

-

=/ — _'~U /: =
T =T = (1 = Yoy ) 525 V55t — Vogs L Uss:
SS

5 s g1, (19)

=1 =2 R~ )=
T =T — (1 - 75515//) 2 Vgrsm — ’yﬁslsnt Vgrsn
s/s! (20)

oy 2
n - / X Vgl gl
"= VUS’S” <t - c2 > .

It is straightforward to show that from (19) and (20) we have

{ Ugrg = —Uggr (21)

S, L(iﬁ”) S// .

@JS//S/ = —:D/S/SH >

which confirms that S and S” have their axis parallel to S’. Now, what can we say about S and S”?
Do these frames have parallel axis? In order to analyze this, let us calculate the velocities 555// and
55//5 and compare them.
We can write 55511 in terms of 5531, 55/5// using the expression for the relativistic addition of
velocities (see Apendix B for a derivation of this formula).
. . Vsrgn + %Ss,gss' - (1- Vﬂss,)%ﬁsy

= = = v
vggr 1= Vgrgn@ugs = == ;
. Ussl'vs/sll
,y'USS” (1 + c2 >

(22)
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and there is a similar expression relating vgrg with vg/g and vgrgr,
= - = - 55(55 //S/ =
Vsrs + ’sz//S/US”S’ - (1 - VUS//S/)U?SUS”S'
S/ls/ (23)
- ES/S"’JS//SI
fY’Us//s/ (1 + C2 )

It is evident from (22), (23) that Dgrg # —vgsr, but

Vgng = Vgrg@Ugngr i=

= = 1 (/= =
— |’USS/ —+ ’US/S//|2 + 2 ((US'S’ . ’US/S//)2 — @S’%’S")
Uggn = Vgng = = = 2 ’ (24)
v 1 Vgl gl
(1 + SS 25' S )

C

then vgrg and —vggr are related by a rotation,

—

Dgrg = =R Dgsn (25)

which shows the axis of the moving frames S and S” have a rotation, therefore the interpretation
given in section 2.2 suggests that & and Z” are related by a transformation similar to (14) and then
that (¢t,7) and (", ") are related by

21 -1z - q‘ﬁss// -1 - -1
T"=RT— (1 - VUSS//>TR Ugsr — fyl)ss//tR Vss
sSs!

t// (t 5'555”> (26)
= VYo — 2o

c2

S — 95"

or, more compactly

(t",2") =R o L(vsgn)(t, Z) . (27)

3.2 The composition of two Lorentz transformations

The same relation between the readings of frames S and S” may be obtained by replacing the

expressions for #’ and ¢’ given in (19) into (20). Here, we obtain
z" (t/(ta f7 555’)7 f/(ta f? 55'5’)7 55"5”)7 t" (t/(ta f? 555’)7 f,(tv :)_57 555”)7 55’5”)
where

"t 7, Ussr), T (, 7, 553/),55/3") =

. T Uss = T Vg =
=T — (]‘ - /YESSI)/‘Q— vssr — (1 - '75515//)~2—US’S” +
Uss Usrgn
’1755/ . 55/511 x- i)/ssl = T- ’175'5’:
_'_(1 - 7175«5/>(1 - ”Y’ﬁs/s//) ;l\JQ ,/[]Q Vgrsr + 7555/755/5// TUS’S” +
S'S SS!

;D/SSI M :l\)/SIS// =

+( - %55/553/ + (1 = Y541 ) Vo5s =3 Ussr 755,5,,7555,5515/')t (28)
S'S
t" (t/(t, f, 5551), f/(t, f, 555/), ,1_7'5/511) =
= Vosg Vogrgn (1 + @)t — Vogrgn @ — Vogs Vogrgn @ +
FYogren (1 = %SS,)%S/ Voo I s (29)

Vs c?
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This corresponds to the composition of two Lorentz transformations

(t".&") = L(sisn) o L{Vss)(, 7) . (30)

3.3 The Thomas precession

Before we proceed, let us simplify our notation. We denote

— —

175 @/SS’; ﬁ = 55/5//7 1,17 = @/SS// . (31)

With this notation we write the velocities ’555// = 53/5//@555/ and ’55//5 = ’53/5@’53//51 given in (22),
(23) as

LAty — (1 - %) HE o Uyt (- )
= = : ()@ (—u) = = ~ (32)
Ww(l+ %) Y1+ %)
and equation (25) becomes
— T — YU+ (1 — ) 2Ly T+ v — (1 — 7)) 25
Y ( Mv )ori 1 Gt ( uvv )5 (33)
Yu(l+ %) 7 (1+ )
We also denote
(f, Z):L”) = L(US/S//) L(,Q\J/SS/)(t, I)
(Ig, f) = L(agg//)(t, .f") y
which reads explicitly as
t = % <1 + 57 )t - %t c2 — VYo' c2 7+ Yull — ’Yv)%% )
and
2 _ f—[l (1+u>} (&t 20— (1-70) 2 20 (8437 — (1 — 7))+
= Yu Yo 2 g(u2+v2+2uv 2§2+(g;27>2) Yo Yo 02
—u (470 = (1 —%)%3777)15 (33)
b= w1+ ”)t W = YT+ (1 = 1) TP

where in obtaining (35) we have used the well know expressions

—

u2+v2+2ﬁ-17+ci2<(ﬁ-v)2—u2112>

)]



From (27) and (30) we get

R~ o L(Vssn)(t, %) = L(Vsisn) o L(Uss)(t, T) |, (36)
and since ¢ = ¢ we see that relative to the space coordinate we have
I=RZ|, (37)

which is the analytical content of the Thomas precession that we must check.

Remark: We rewrite (32) as

(D) (=) = - W (e (38)
a1+ )
then (33) becomes
IRi = R (D7) (39)

which indicates the anticommutativity of the relativistic adddition formula.

3.4 The form of the rotation R

We describe rotations using the axis-angle parameterization. Recall from [10] that in this view a
rotation Rz (p) through an angle ¢ and along an axis whose direction is fixed by a unitary vector n
acts on a vector X by

Ra(e)X =cosp X + (1 —cos) (- X)A — xsing (A x X) , (40)

where |y| = 1. Here we do not fix the form of y in order to allow for the use of any of the two
conventions discussed by Goldstein [10] (see formulas (4-92) and (4-92) of [10]). We recall that
using x = 1 we are measuring ¢ in a clockwise sense, while taking Yy = —1 we are measuring ¢ in a

counterclockwise sense. Using that R>"(p) = Ra(—¢) we rewrite (33) as

—0 — Yl + (1 — 7)) EEig T+ T — (1 —,) L2y
g (M’y)uz _ Rt ( W'y)vz (41)
Yl + ) (1 + %)
and from (40) we have that
v—i—’yuu—(l—fyu)%gﬁ ﬁ+%v—(1—%)%§76
= cosyp +

(42)
Here there are two cases to consider.
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3.4.1 The vectors ¢ and v are non-parallel

Taking the scalar product of both sides of (42) with n we obtain

— —

u-v u-v

n-v Vv—7u7v+7u(1—’7v)7] +ﬁ'ﬁ[—%+%%—%(1—%)7 =0

and since this condition should be verified for any choices of @ e ¥ we should have n- @ =n-7 =0,

which fixes 1 as

£

X

<y

n=2A

X

<y
=

with |[A\| = 1. We do not fix the direction of the unitary n that could be parallel or antiparallel to

UXU
|[Tx |

will find at the end. Expression (42) then becomes

(1 — cos) (gxu (u—l—%ﬁ—(lj%)i—ﬁﬁ)) : 1z+
GRS 71+ %) |7
+Sing0x)\?xzz X ((u+%77—(1j%)z—fﬁ)>
|7 Tl + %)

T4+yd—(1—v)—u = Cosgphﬁ%—cosgp'yuﬁ—cosgaﬂ(l—%)wﬁ—i—
u2 ’}/,U P)/U fU2
: w( UXU . Uxd
FxAsing — | —— | XU+ xAsing Y| =——= | XU+
» \ | X 4 |0 x ]
u-vf Uvxu
—xAsinp (1 —7,)—— X U
XAsin ¢ U( W)= (lﬁxﬁl) v
Using
X U= — — (U~ X U= — (1 -
Txd u |17><1_[|[UU (0w, Tx 7] 0] |5Xﬁ|[vu (@ - V)]
we obtain
TRETENS A A _
v U
w o XA :
—l—v(—l—l—'yucosgo——(l %)u 21) cosgo—fy—’qx q|uzs1ngo+
v Yo |V
XA . Vu (@ -0 xA
|7 x 4] Vo 2 |uxdl

in order to show that whatever choice we take it doesn’t change the form of the rotation we



Since this relation must be verified for any choice of @ and ¢ we should have

— =

: u AL :
’Yu—(l—%)u QU = 2 o5+ Yy (u-v+v2> sin ¢
U Yo ’UX’U,’

and

” uU-U " A Lo
1= (f}/u - l(l _71))7) Cos @ — Z/_ X (u2+70(u'

|_’ _‘|

VXU

which solving gives
(
cos @ = {% W+ 0+ (T+ =t e 7— (' — 1)—(“;32+

(44)
@-7)2 _ _ -7)3 g u2v @-7)>
—(7;1—1)—(7,2) +(7u1_1)(%1_1)(u2v)2 }/{U2+2U'U+U2_%+%}

\

(

XA
—@;—4xﬁ4—n%g}/{ﬁ+zﬁnuwﬂ—%§+@§%.

Then, transformation (37) becomes

;,+(1 ) U XU = U XU \si U XU
= COS x — COS . Sin
7 iexal ") oxa MM\ o< a

sin @ = — 2 ﬁ'{—1+%71%71+(%:1_1)%17""(7;1_1)%6—"

\

8¢

= Raly)

ST

with cos ¢ and sin ¢ given by (44), (45). In section 7 we will check the validity of (46).

3.4.2 The vectors @ and v are parallel

Let us consider @ = {¢. We denote the rotation as R%(p) in order to distinguish it from the form we

obtained when considering @ # £v. Then (41) becomes

1+¢ 1+¢
A Gl o (47)
1+ 5 1+8%
where 3
. e
Rile) =1 if €£-1, €#-5. (48)
We discard the case £ = —f)—z because from 4 = &0 we would have
2
U= —6—217 Cuw =
v
which is not attainable since u < ¢, v < ¢. Before considering the case £ = —1 we observe that if we
allow 4 = £U in the equations (44), (45) we get
coS gp‘ﬁ: o= 1
(49)
, 60 x 7] (=1 =&+, + 1)
sin g0| L == 5 =0
u=¢v XA v2(1+§)

3The rotation axis 7 is not specified in this case.
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then Rz ()| ¢y = 1 which agrees with the form of R%(p) given in (48).

If £ = —1 equation (47) is trivially verified without specifying the form of Rz (p). From (49) we

have

lim cos

=1, lim
E——1 E——

90‘17:517 Sin@p‘a:ga =0,

1
ie.
51—1}?1 Rﬁ(@) |ﬁ:§g =1,
then in the case £ = —1 we may fix the form of the rotation R%(y) as indicated by this limit, i.e.
Ri(p)=1 if £=-1. (50)

n

Then we may take (44), (45), (46) as the form of the Thomas rotation for arbitrary « and o provided
that u < c,v < c.

3.5 The infinitesimal form of the rotation

Let us assume # is small compared to ¥, more precisely, let us neglect terms of u? and consider u < v
in the expressions for cos¢ (44) and sin ¢ (45) and then analyze the form of & = R given in (46).
We have
7>l (' —1)
A X v? ’

cosp ~ 1, sin ¢ ~

which renders (46) as

&
&<

which is the same expression found by C Moller [4].

Part II: Reviewing the Thomas Precession under the assump-
tion the local time depends on the state of motion of the

frame.

4 The absolute time and some of its consequences

We introduce the absolute time 7 by setting the following assumptions (for more details see [8], [9]).

A1l. Inertial frames S and S’ are endowed with another time variable 7 such that any event P is

registered as (7,t, %) and (7,t,Z’). Therefore one can calculate the following velocities

= d.fo/ d,fo/
Vssr ‘= y Uggr 1= 51
59 dtol 59 dTO/ ( )
= dzy, dzy,
5= =2 Tgg:= . 52
vs's dtlo Vs's dTO ( )
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where O' (O) denotes the origin of frame S’ (5).
A2. 7, t, ' satisfy the relation

Ugsr { 7 Uss Ugrs 7' Tos p
_ 11—, +5,t}:—{1— 5 ) = 4 5,t} 53
T Vg ( Y SS ) 5?5‘5’ Y SS Vgrg ( v S S) %}?S”’S g S’'Ss ( )

A3. (t,7) and (t',Z') are related by the Lorentz transformation (19).

Remark: From (53) we write

-1 Vsg! f'igs/
t:’ygssl{@’r—(l—’ygss,)ﬁ} s (54)

which shows how the time ¢ depends on the state of motion of the frames. We call ¢ the local time
and denote it as t = tggs,. Then every derivative of the position relative to the local time produces a

velocity depending on the relative velocity between the frames, i.e.

dx - =

i = = U= ﬂ(vSS/) . (55)
dtss
In particular,
Ugsr = Ugs(Vssr) - (56)
Result 1
i vgs = —Ugy
ii. 175/5 = —1755/

—/ —

ii. 7' =4 — Vss'T
Proof.

i. This is an immediate consequence of (19). In fact, considering the movement of the origin of frame

S as a sucession of events we have Zp = 0 and

o =
To = —VigeloVss

tb - 7’655,?50 )

therefore
= Az, diydto
Vqr = = s
YT A, T dto di,
then
Ugrg = —Usgr (57)
and
?}/S/S - @/SS’ . | (58)
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ii. Taking P = O’ in (53) we have

’175’5’

Vss!

{(1 - %SS,)%@— + %SS,tO/} =

Tor - Vssr Ugrs )
— _’Yﬁs,stol .

59/ Vs s

Considering the inverse transformation of (19) we have

— / =
Tor = Vg sloVs's

- = r -1
P , = To = USS’tO’a tO’ = to/’}/asls
o — P)/US/S (04

which replacing in (59) gives

and from (58) we get

We have

and from (53) we write

then

aSS” aS/S
Vsgs’ Vs's
Vgrg = VUss’ -
17 dfo’ dtO/
S8 = G ——
dto/ dr
dtor o {USS' (1~ )USS’ 'Uss'}
- Iy ~ TN T eer )T 2
dr 88’ Vss! USS/

—

S — el JUSS Uss' - Uss
Uss: = U85V, = — (1 = Voo ) ==

which replacing back into (63) gives

and then we obtain from (62) that

We obtain a similar result to vsg

USS, ,I—}SS/
2_J:‘J,S" : ’655" Uss’
/-\.,2 o~
Uss Uss'
dtor  vsg
d’T ’?75,5"
— Vss! =
Vgsr = ~—USS’(USS’) .
USS’(”SS’)
- Vs's =
Usis = =————Us15(vsrs) -
US’S(”S’S)
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Then from (57), (58), (64), (65) we obtain that
173/5 = _USS’ . | (66)

iii. From the Lorentz transformation (19) we write

IV 7 Ugg =
x/ =T — {(1 _75551) ~2 +75551t}v55’
Usgr
and from (53) we obtain
—/ — USSI =
T =T — ——T7Vgg’
Vs
Then, from (64) we get
T =7— Ugg/T . | (67)

Remark: It is straigthforward to check the consistency of equation (53) established in A2 using the

Lorentz transformation (19).

4.1 Locating the problem

Having introduced the concept of the absolute time and clarified the dependence of the local time
with the state of motion of the observer as expressed in equation (54), it is instructive now to show

where and how the analysis of section 3 must be changed. There are two points to be reviewed.

4.1.1 Reviewing the formula for the addition of velocities

The formula for the addition of velocities (22), (23) is a straightforward exercise involving the chain
rule and the Lorentz transformation as we will show in section 8. In the standard treatment of SR
the calculation assumes that the local time doesn’t depend on the state of motion of the frames,
therefore on taking derivatives relative to the local time there is no behavior such as the one shown
in (55). Then, we may compare directly 55115 = 5515@551151 and 55511 = 55/ g @555/ as given by their
respective expressions (23) and (22).

A new situation arises when we assume the local time depends on the state of motion of the

frames for, as we have pointed out in (55), if we fix the pair S, S” we have

= o d:fo// — = = ( )

ST g (vsg) ST S

- df ,O// = =

2 = =V =V v
S i (use) o= P vss)

I~ d.fo/ = =

Vsgr = —) = Uss = Usgr (Ussr)

dto (vssr
and we expect that 555// (USS’) = 55/5” (’l]sg)@ﬁsg/ (USS’>-
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A similar analysis applies to Vgrg = Vg1 sPUgrg if we consider the pair S’, S”. We have now

g /4

= dz O = =

’US//S = //— :> ’US//S = Us//s(’l}s//s/)
dtO(US//S/)

= dzy = =

Ugrs = = = U515 = Ugrs(Vsrsr)
dto(vsns/)

= dflé/ = =

Vgrsr = TR = Vgrsr = US//S/(US//S/)
dtO/(US”S’)

and we expect to have ’175//5(2)5115/) = 7(75/5(1)5//5!)@55!/5/(US//S/).
Then, in order to compare vgrs(vsrg) and Vgs»(vgs) we must find out equivalent expressions for
Vgrs(vgrs) and Vgrg (vgrg) in terms of vgg. This wil lead us ultimately to an expression of the form

Vgng(vsns) = —Qvgngr, vssr) Vssr(Vssr) (68)
. . oy — T, ! — d_’/ "
with €2 being a scalar factor that depends on the absolute velocities vsg = dz—f and Uggn = Z—f.

Therefore, adopting the view the local time depends on the state of motion, we have that equation

(68) replaces the form given in equation (25), i.e. there is no rotation between the frames S and
S”.
4.1.2 Reviewing the formula for the composition of two Lorentz transformations

We also review the composition of Lorentz transformations as given in equation (36)
R0 L(Tssr)(t,7) = L(Fsrs») o L(Tss )t 7)

As shown in (68), if there is no rotation between the frames then the form given in equation (36)
must be modified. In fact, considering the local time depends on the state of motion of the frames
we have t'y ¢ # t g, therefore we cannot replace t, g, obtained in the Lorentz transformation
(tys, @) = L(ggs/)(tgsf,f), into the expression for the Lorentz transformation between S’ and S”,
e.g. (thig,@") = L('gsfsu)(t’s,s,/,f ") as we did in (30). Therefore, we must rethink the way we
compose Lorentz transformations in order to accommodate the fact that ¢ # tis,gv. In section 6
we will show how to compose two Lorentz transformations considering that the local time depends

on the state of motion of the frames.

5 The formula for the addition of velocities under the as-
sumption the local time depends on the state of motion

of the frames

Here we show how the relativistic formula for the addition of velocities may be obtained from the

corresponding Galilean formula. For details we refer the reader to [8, 9].
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5.1 Uggn = Vgrgn + Ugsr = 555"(’055') = 55'5"(?155')69555'(055')

Let us suppose frames S, S’, S” moving as shown in the figure

In this configuration, the addition of velocities of the Galilei relativity gives

USS" = 175/5// + 175'51 .

We have
5 dZon dZor dtor = dtor
v " = = = v 1"
ST 4 T dtor dr - Y dr
and considering the frames S, S’ we write
5551(055/){ fo// . ,YT}:SS/(’USS/)
T = —" 1—n5 , + v /t ”} )
Uss’ ( 7”55 ) ;&QSS/ (USS’> ’YUSS ©
then
dtO// o 1 { Vgs! . (1 — )1753” : 555”(”55’)}
dr Yoge | Usst(Vssr) R (1) ’

which replacing back into (71) gives

Usgr - Vgs(vss) }

. - 1 Uss
Uggn = USS,,(USS/) { ) - (1 - ”Yﬁss/) '172 (’Ussl)
SS’

Voggr 5755/(1)55'
Taking the scalar product of vgg» with 5551 (vss') we obtain

Vg1 (Vgsr) Vg (Vssr)

Usgr - Vssr(vssr) . Vs 024/ (Vgsr)
~9 o~ = = )
Vg (vss) Uss (Vss) A e \Pssr (W) Vs gn (vggr)
58 Vogsr + (1 %’SS’) 036 (vgs7)
which replacing back into (72) gives
17 Vgs Ussr(vssr)
" = e = .
59 Vss! (USS’) ~ 4 (1 e )%s'(vss/)'ass"(vss/)
’YUSS’ ’Y'USS’ WSS/(USS/)
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Now, let us take

dflou df o dtlou = dt,O//
= = QI 74
dr dt,, dr 7 dr (74)

1_)'5/5// =

and still considering the frames S, .S’ we write

Ugrs(vers) 2 Vys(ves) ,
T = W{(l — ")/gs,s) @%ls + FYES/StO"} 5
then
dton 1 { Vsrs a )175'5~ '55/3(1)5'5)}
p— = — — Iy~
AT Yogs | Vsis(vsrs) os's V% 5(vsrs)

which replacing back into (71) gives

= 1 Vg Ugrgn + Vgrg(vgr
Usr = Vst (US/S)%S/S {%/S?UZS) ~ (=) : S@%,S(ijlé)s . } (75)
Taking the scalar product between vgrg» and 595(1)9 s) we obtain
Ugisn - Usrs(Vsrs)  Vsis e (5)’5,'5()4255(05'5)
U5(Vs15) Usrs(vsrs) Yoo + (1= %S/S)% ;
which replacing back into (75) gives
~ Usrs Vg (Vsrs
ST Bas(vsrs) Yoo 4 (1 — )(5's/s~iggs/s)-5s/s(vs/s) ' (76)
s's s7s %2, (vsrs)
We have seen that vgg = vgrg and 55/5(1)5/5) = —555/(1)55/) then we write
U5 = ’?75511}?555') ~ (1= Uf - <§j§/l’ssl)'5ss/(vss/) ' (77)
Yogsr — (1= Tgg) 72, (vgsr)
Replacing (64), (73) and (77) into (70) we obtain
Vs (vssr) _
Voow + (1= g, ) 255 (vvsss:(-f;i:/) (vss)
Usrsn(vssr) + %“SS,ﬁss' (vssr) — (1 = %“SS/)555’(Uv%séigf’s”;’;(vss’)ggs/(vSS/) -

Vggr(Vggr)Vsrsr(Vgsr)
U?,‘S’ (vggr)

Vogsr — (1- Vﬁss/)

then taking the scalar product of (78) with Dgg (vgs/) we obtain

= = 1 Ugs/ (Vss1) Vs s (Vssr)
Vss (USS/) “Vggn (USS/) - - 02 (Vggr)
~0 - = = 9
v v Vggr(Vggr)Vgrgn(Vggr)
SS’( SS'/) 1 _|_ Ss’\Yss C2S S SS
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and the denominator of the left hand side of (78) becomes

555/(1}551) . 5551/(1)55/)
Voss T (1- %755’)

Ugg (Vssr)

which replacing back into (78) gives

Vggr (vgsr)Dgrgn (v
’VF’JSS/ _ (1 _ ,-)/1755/> SS’( ES’) S’S”( SS’)

Vg g (Vssr)
Vo <1+ Vgsr(Vggr)Vgrgm(vggr)
’USS/

s
c? )

) Vg (vsg)Vgrgn(vssr)

Uggr(Vssr) Uss (vsst)
Yoy (1+ Tanltaw) o (vae)
Vss’
which has a form similiar to (22).

i)

o Vg5 (Vssr) + Voge Uss (Vss) — (1 — Yoy,
Ussr(vss) =

—

5.2 ’ES//S = 63’5 —|— 173//51 i :ES'”S(,US"S') = ;JS'S(US”S')@:ES"S’ (’US//S/)
The configuration in figure (69) is equivalent to the one shown below

Here, the Galilei velocity law has the form

(81)

Usng = Ugrg + Ugngr (82)
We have
=1 =1 1 1!
dorg = B0 _ o dl 5 di (83)
dr dty, dr dr
and considering the frames S’;S” we write
@/S”S’ (’US//S/) f’é . 55//5/ (’US//S/)
T=—""" (]' - ,}/ES”S’)
’US//S/

Vgt

UAQSHSI(USHS/) vsrs1 "0
By a procedure similar to the one performed in the previous section, we obtain the analogue of
equation (73) as

- Vg g 5s"s(US”S’)
Vgrsg — =<
Usns (Vsrsr) Vogng + (1 = Vogng)

53//5 (US”S’ ) 'EJTS//S/ (US”S’)

52
Vs gr (vS”S’

(84)
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Considering

)f,(/)/ . 53//5/ (US//S/)

:[)/S”S/ (US//S/)
T =
US//S/ ('US”S’)

{(1 - ’755113/ + 7551/5/ t/é’}

US//S/

we obtain the analogue of (64) as

— Vg gt =
Vgrng — ———F—Ugrg/\Usrgr) . 85
US//S/<’US//S/) ( ) ( )
We have
dzl,  dzLdt, - dt,
T 7 — = - = g 86
YIS g T, dr o dr (86)

and considering the frames S, S” we have

~ —y =
US’S”(”S’S”) I‘O 'US’S”(US’S”) ’
T = (1 - 75515//) ~9 + 755/5// tO
Vgrgr ’US,S,, (US/S//)
then we obtain the analogue of (77) as
o Vg’ s 53/5 Vgrgr
Vgrs = = ( = ) = : (87)
vVsrsn (’US/S//> - + (1 A )”S’S(”S’S”)'US’S” (vS/s//)
,YUS’S” 7’!15/3// :[;é/S” (US’S”)

Replacing (84), (85), (87) in (82) we obtain

55//5(1}5//3/)

55”5 (’US//S/ ) '55//5/ (US//S/)
vS”S/ (vS//s/)

,yis/lsl + (1 - 755//51)

GS’S(U%S” )Vgrgr(vgrgr) 53/,3/ (US”S’)
Vargn (vgrgrm)
= = . (88)
Vgrg(vgrgn)vgrgn(vgrgn)
17?9/5// (US’S”)

Vsr5(Vsrsm) + Vg gn Vsmst (Vsmst) + (1 = Yoz )

,y:islsl/ + (1 - ’yaslsl/)

Taking the scalar pI‘OdUCt with 575//5/(1)3//5/) and using that 575//5/(1)5//5/) = —55/5// (Uglsu) and Vgrsn =

vgrg (these are similar to the expressions we obtained in (57) and (61)) we obtain

55//5(1}51/5/) . 55”5'(7}5”,9’) B 1 + %[Usns/]
Ugns (vss') B @S;@[vsns/]

and replacing it back in (88) we obtain

—

Vgls (US”S’)'US”S’ (US”S’) Vg (US”S/ )

1»}»25”5/ (vgrgr)

B Dgrg(Vgngr) Vg (Ven gr)
/y'Us/lsl (1 + 2

C

Vgrs(vgnsr) + Vogngr Vg (vgngr) — (1 — Vogr S,)

Vsns(vsnsr) = , (89)

which has a form similar to (23).
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5.3 i\]/slls(’vsllsl) _— —Q(’vsllsl, ’Ussl)’,{jssﬂ (’Ussl)
We start with a result whose derivation is similar to the procedure adopted in sections 5.1 and 5.2.

Result 2

. . 555/ (vssr) 'ﬁs's” (vssr)
. = Vs s (USS//) Vss! P)/USS’ (1 + c? =
1. Vssr (?}SS//) = = = = Vssr ('USS/) (90)
USS// /USS/(’USS/) ’Y~ _ (1 _ ,y~ )USSI(U%S/)'USIS//(USS/)

Vss/ Uss’ %o (vggr)

" ~ 5515(1)5//3/)'55//51 (’US//S/)

Usns(vsns)  vsng Vognss (1 + 2

Vgr g /53"5" (US//S/) . _ A 55/5(1)5//5/)'55//3/ (vs//s/)
’YUS”S’ (1 ’Y'US”S’) %Z*//S/(US”S’)

i Dgns(vsns) = Vons(vgns)  (91)

Proof:
We have

dZon dZon dtor = dton
= =0 17
dr — dtor dr ' dr

—

Ussr =

(92)

and we consider now

_ Ussr(vss) { L\ Zor Vs (vssn) - }
T Vsgsr ( KYUSS”) //&?S'S” (’USS//) + ,YUSS” tO” ’

then following the same procedure that gave the expression (64) we now have

- o Vss =
Vssr = —"[;/SS// (USS”)’USSN (USS”) . (93)

Comparing the two expressions for tiggr given in (73) and (93) we obtain that

= _ gSS” (USS”) Uss 555” (USS/)
s (USS”) B Vsgsr v, /(U /) 555” (Uss/)'ﬁssf (vssr) ’ (94)
58 SSTATES Voss T (1- ’ygss') 024/ (vgsr)

and using (79) we have

B ~ Tggr(Vgg) Vg gn(Vggr)
= Vggr (USS”) Vss! Vogsr (1 + c? =
'USS//(’USSH> = = = = USS"<USS/) )
vss! USS/(USS/) f)/~ o (1 o ’y’“ )USS’(USS’)'US’S”(USS')
Vgs’ Vg D)

which is the form we wanted to show in (90). In a similar way we obtain that

— - 5sls(vs/lsl)'5sllsl ('Uslls/)

Usns(vsns) s Vogngr (1 + 2

vsrs Vg (Vsnst) me (1 — e Va5 (vgns) Dgngr (vgrsr)
Pva//S/ (1 '-)/US//S/) 5_29//5/(”5”5’)

55'”5(05”3) - 55'//5(’051/5/) .

which is the form we wanted to show in (91), and this complete the proof of Result 2. =

Now, what we have obtained in Result 1.i is also true for 555// (vssr) and 53//5(115//5), ie.
65//5(’(}3//3) = _%}/SS”('USS’/> (95)
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then from (90), (91) and (95) we obtain
Vsns(vsns') = —Qvsns, vss ) Uss (vssr) (96)

with

1— (1_755//51) 55/5‘(”5”5/)'55”5’(”S”S’)
’US//S/(US//S/)/US//S/ WES”S’ FS,,S/(US//S/)

5SS’<USS’)/USS’ 1 — A Yog6) Tggr(ggr) Dgrgn (vggr)
71755/ %-stl ('USS’)

Q(vsrsr,vssr) =

{1 i 533,(1)53,).05;5,5,,(1135,)}
X = — : (97)
{1 _|_ US’S(US”S’)'vS”S’(US”S’)}

c2

6 On the composition of Lorentz transformation

We now investigate the composition of Lorentz transformations. We search for a relation that replaces
(t”, .T_}w) =R 1o L(HSS//)(t, f) = L(fﬁslgu) o L(gssl>(t, f)

6.1 A relation between the local times t', ; and t, ¢,

Considering the pair S/, S we write

- 52

55/5(1}5/5) f/ . 55/5(1}5/5)
- Dol () - g ) Dsltns)
US/S(US’S)

/
+ 'Yﬁs,sts/s} 5
Vs's

and considering the pair S, S” we also write

S ’US/S//(US/S//) {

o ’US/S//

f/ . 55/5//(1}3/511)
,’I}QS,S,, (’US/S//)

(]- - fyis/s//) + /}/{js,s,, tfsvsu} .

Then, eliminating the absolute time 7 from these expressions we obtain

" . Vs s 1 _ 65/5// ('US’S“) (1 e )f, : 55/3// (US’S”)
58 Vg5 (Vs1s) Vg an Vgrgn sl 02, g (vgrsn)
55/5(1}515) .f/ . 55/5(1)5/5) '175/5(1)5/5)
+—(1 - 75S’S> ~5 GS/St‘/S/S . (98)
Vs’'s US’S(US'S) Vs's

Then, given two pair of frames {S’, S} and {5, S”} we define a map

Kyt smy 5,5y (! -

( ts’/s,f,) S/S//,x/) = K{SI’S//}’{S/’S}(tg/S,f,> (99)

where tly on = 'y gn (s ) 1s given by (98). It is immediate to check that

-1
Ko onqsr.s) = K{(s,5105,57) - (100)
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6.2 A useful expression for velocity

Let us consider again the formula for the addition of velocities in Galilei relativity (70)

Togn = Tgrgn + Tsgr - (101)
Using the same reasoning for obtaining (64) we have the following expressions
- Vssr =
Ussr = = Uss(vssr)
USS’(“SS’)
5 ’US/S// =
US/S// = ~—US’S”<US’S”)
’US/S// (’US/S//)
- Vggr =
Ussn = = VUgsn(Vssn) -
’USS//('USS//>
Then we have
vssr = Vg1 s I~ Vss! =
- USS//<USS//) = ——— US/S//(US/SN) —|— o —— USS/(USS/) (102)
Ussm(Vssn) Usrsm(Vsrsm) Uss (Vssr)
that we will use in section 6.4.
6.3 Composition of Lorentz transformations
Let us assume three moving frames S, S’, S” and the corresponding Lorentz transformation
(s, T') = L(Vss)(tss, T)
— — O] v =
S — S/ . .ZU/ = Tr — ( fy”SS ) v E 58! ’USS/(USS/) — ’)/gss,tssl USS’(USS’) (103)
v v
95 = Vogs (tss' — —( SS'))
(t/éusl, f”> — L(;JS/S//) (tg«/S//, f/)
/ ", =YY o z ’US/S//(’US/S//) ~ / =
S S . L = (]' ’Y”S’S”) vsls//(vs/s//) US,S”(US,SU) ’Y'US’S”tS/S” US/S”(USIS”) <104)
1 2
tgv//S/ = ’7'175/5// <tfg/5// oo !Q(U : ”)>
(tgng, @") = L(vssr)(tssn, T)
" . 210 2 A x’USS//(’USS//) - =
S — S . r =X (1 ’szs//) ggs//(vSS” 'USS//(USS//) ’yvssﬁtssu USS//(USS//) (105)
g’”S = 75551/ <tSS“ - m'”ss’éé”ss”)) .

As the local time depends on the state of motion of the observers we have that (tss/, ), (tgg, Z')

designate how the pair S,S” describe the event P; in the same manner (tggn,Z’), (t4, g, ") refer
how the pair S’, S” describe the event P, while (tgsn, &), (t4ng, £") refer how the pair S, S” describe

the same event. We also observe a crucial difference between (t%,4,%") = L(vgs)(tss», @) given in

(105) and the previous form (¢”, #") = R~ L(vgsv)(t, %) given in (27).
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Using the K-map defined in (99) and the form of the Lorentz transformations L(ﬁs s) and L('ﬁs/ )
given in (103) and (104) we must have

(tong: T") = Kisn sy 97,5y L(Bsis0) K (51,51 g50.5y L(Ts) (Ess1, T) (106)
We also have
(tssw, T) = Kys,sm (5,5} (tss, T)
and from (100)
Kig g (s, = Kissns57 »
then
(tssr, @) = Kyg,s3 5,57 (tssm, T)
which replacing back in (106) gives
(g, B") = Ksnsy,g5m,5y L(0sr50) Ksr sy 15,53 L(ss0) K s, gs,5m) (Essn, T) - (107)

Finally, comparing this form (107) with the one shown in (105): (t4,4,Z") = L('ﬁssu)(tgsn,f), we
obtain

L(@/SS”) = K{S”,S},{S”,S/}L(;ES’S”)K{S/,S”},{S/,S}L(@/SS’)K{S,S/},{S,S”} (108)

and this expression is what replaces (36) when we assume the local time depends on the state of
motion of the frames.

6.4 Composition of Lorentz transformations through the K-map

Since there is no guarantee that S and S” are related by the Lorentz transformation (105) there is

also no guarantee of the validity of (108), which we now check.
6.4.1 (tSS", Cﬁ) — (tggl, f)
We have
(tss, T) == K{s,51y,45,57(tssr, T) . (109)

Considering the pairs {5, 5"}, {5, 5’} equation (98) gives

Vg 1 Uss (Vssr) T - Uss(vssr)
tssr = = - (I = Voge ) =27~
Uss (Vss) Voggr Uss' Usgr (vssr)

+5SS” (USS//)

f' 555“ /USS”) ?)/SS// Vss!
(]‘ - ,7555//) ( ( ) 5SSIItSSN} (110)

Vss” @%S//(USS”) Vgsn
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6.4.2 (tssl,if) — (t, /S,.’EI)

We have
= L('Z_}:Sg/)(tgsl, f)
(111)

(tg”& f/)
L(vss)Kys,51y (5,57 (tssr, ) .

Replacing (110) in (103) we obtain for #’
o sy Tssilvse) g T Dss sz )y
Uss(vssr)  vUssn 5810 02 g (vggn)
(112)

—/ —
= X

> T

Uss'  Ussr(vssr) =
Sesn t55m Vssr(Vsst)

:JSS’ (USS’) vssr

and for %, . we have
5’
- Vggr(vsgr)

T- ’555/ (USS’) Uss! Ussr (USS”)
tos = —(1—1 _ 1 — ~~
58 (1= 750) Uze (vss) Usg(Vss)  Vssr (1 =5s) Vg gn(vssr)
Vss’ 55'5”<USS”) T- 555’ (USS’)
+ﬁ7}/SS’ (USS/) Vg ’}/Ess" tSS” - 75755/ T . (113)
Using
)
i _ 1- Togg
c? @%S’ (vssr)
we rewrite (113) as
> t/ . ( - ’Vﬁss,) T '1755/(1)55/) Vss’ 555//@55//) 1 o )f . ;b/SS”('USS”)
S _ e
58 Voggr V3 (vssr) Uss(vss)  vggr sl 02 g (vgsn)
vsgr  Ugsr(vssr)
+1N153/ (vssr)  vggr vgsntss” - (114)
6.4.3 (tys T') — (tsg,T')
We have
( fglsl{, f/> = K{S’,S”},{S’,S} (th"57 f/)
7). (115)

= K{S’,S”},{S’,S}L(@/SS’)K{S,S’},{S,S”}(tSS”7 x)

Considering the pairs {S’, 5"}, {S’, S} the relation between t% ¢, and t’, 4 is given by equation (98)
’US/S// 1 55/51/(’0515//) 1 f’ . :JS’S” (US/S//)
~ - —( - 755/5//) ~9
U g (Usrs)

Vsrsm(Vsrs) Vogrgn Vg g
o = ~
T vgs(vss)  vys(vss) ,
+ ’yﬂs,stS/S .

U5 (vsrs) Vsrs

t{S’/SII

fﬁS’S(”S’S)
=22 (1 -
+ o (1 —%54,)
2



Using (112) we obtain

(

_5515//(1)5/51/)< _’Y'“ >$ US’S”(US’S”)
Vgrgh Vst st ~S,S,,(US/S//)
_ _55’5”(1’5'3”)(1 _ ")/‘” ) LIJ"US/S//(’US/S//)
< Vgl gt Vs’ st 'ﬁg,s,, (vgrgrm) (116)
gy 'ﬁss//(vss//)(l o )vaS”(vSS”)USS/(USS/)US’S”(US/S”)+
Togr (Wger) | vggn Vogsn) T2, Togan) (var g7)
$5/\Vss SS sg11\Vss! Vgrgn\Vsr st
Vss! Uggr (Vgsr) t ss' (Uss/)'vs’s" (vgrgm)
-_—= 1"
\ ”SS’(USS/) Vgt fY'USS” SS FS/S//(US’S”) ’
and
55’3(”3'3)(1 — )95 Us/s(vs's)
Vsl g Usts) 92, 4(vgrs)
— M(l — v, ) | = T-0g51 (Vggr) Vs 533"(”83/’)(1 o )“L(”ss")_F 117)
Vglg P)/US’S 52,3,(7)551) Uggr(vggr) Vg gl PYUSS” 535,,(’033//) (
Vgg! gssll(vssll) -
55«5/(1)551) Vggl PY’USS”tSS//
Using (114) we obtain
Usr5(Wsrs) — Uss/(vss/)( A )fgss/(vss')
vUgrg ,YUS’S S'S vgg! ’YUSS’ v ,(’USS/)
USS”(”SS”)( ) IUSS//(’USS//) (118)
+ Vgg 1 - ’vaS” rva’S UES//(USS”) +
1755//(’055//) ~ -
+ vggr %)SS//%S/StSS” .

Then, replacing (116), (117), (118) in the expression for t% ¢, given in (98) we obtain

> tl _ ’US/S// 1 _ 55/5//(’0515//) ( _ f)/~ )f 55/5//(1}5/51/)
58" Vg5 (Vsrs) Vo g Vg g sl g2, (vgrsn)

”l\}JS/S// (Usvs//) ’USS/ 555// (USS//)

,f . 555// (USS//)
- 1— o, )1 — 5., )28
vsisn  Uss(Ussr)  Ussr 1= e (= ear) Vg (Vssm)

555/ ('USS/) . 55/5// (US/S//)
@QS/S// (/US/S”>

'ﬂl\}/S/S// (’US/S//) 'USS/ ?}/SS// (’USS//) 535/(1}53/) . 55/5//('1}5/5//) +

7555// (1 - ’VES’S” )tSS"

Vgrsr 555’ (USS/) Vss” @QS,S,, (/US/S//>
'ﬂl\}/SS// (’USS//) f . 553// (’USS//) 7l\}ISS// (’USS//)
+ Vs 1 7’055// ) @%S” (USS// ) + Vagn Vggr tSS// . ( 1 19)

6.4.4 (tS'S'”m ) — (tS"S”w”)

We have

(tS//S/ _’”) = L(IES’S”)(tS/S”a _’/)

—

= L(vsisn) Kysr smy 50,5y L(Vss) Kis sy 5,57y (Essr, T) -
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Recall the Lorentz transformation (104),

Sy 2
— — —/ o ( _ - )(E -vS/S//(US/S//)
x 1 /YUS’S” %%,S,/(US/S//)

e (4, — B s srs)
Srgr — ’y”S’S” S’ S 2 .

—

’ =
Vgrgn(Vsrsrn) — Vogrgnlgrgn Vsr s (vsrgm)

Using (112) we obtain

( &' Dgrgn(vgrgn) = B
(]- ’YUS’S”) UAQS/SI/(US’S//) US/SN<US/S//) e

- o, f~55/3//(vs/5//)
(1= 5gg0) { (g1

_ - , , (120)
__ Vsgl Vggr(vggr) (1 — v )x-vss//(vssu) Uss/(vss/)'vsls”(vs‘/s”)_|_
Vggr(vggr)  vggr Vssi ) 0% oy (vggr) 0% g (Vg gim)
__ Ysg! Ugs! ("k@s”),}/~ tssr 5ss/(Uss')'55/5"(7)5'3//) 53’5”(”5/5“)
L Vggr (vggr) Vgg Vss! ’US,S,,(US/S//) ’
and from (119) we have
( / = —
Yoy g Ligrgn Vsrsn(Vgrsn) =
A Vgl gl 1 - 5515//(115/3//)( A )f@?s/s//(vslsu)
- ﬁva’S” Vgr g (vgrgn) Vo g1 g1 Vgl gt PYUS’S" %?S’S” (vgrgrm)
Usr g (Vsrsm) Vs Ugs(vggrn) 1 —~- 1 —~~ f'ﬁss”(vss”)555'(”53/)'55'5”(vs’s”)
Vgr g Vggr(vggr) Vgt ( ’%}S’S”)( rvaS") 6251/(”55”) US/S,,(US/S//) + (121)
Tgrgn(grgn)  vggr  Uggn(vggn) o Tggr (Vggr) Vet g (Vgrgn)
Vgr gt Vggr(vggr) Vgg PYUSS” <1 fy’US/S”>tSSN ’UAQS,S,,(’Usls/I) +
_’_1755//(1)55//)(1 A )f-ﬁssu(vssn) 55511(1)55//) - t " 5 , /I(U , //)
| ogan Voggn P2 (Vg vggn  Nugsntssm|Usisn\Usigr)
Then, replacing (112), (120) and (121) in (104) we obtain
A
o vss: Ussr(vss) 1 T Vg (vssn) =
= T—= - ’Yﬁss,,) — vgs (vgsr) +
Ussi(vssr)  Ussn Uggn (Ussr)
vss  Ussr(Vssr) A=
= Vogn tssm Vss(Vssr) +
Vss! ('USS’) Vssr
A
US/S// 655// (’USS//) ZE . 2755//(1}5'5//) =
—= I = Yogon) —5————" Usrs(Vsrsn) +
US/S//(US/S//) USS// ’USS,,(’USS//)
’US/S// ;ZJ/SS// (USS//) AA S
—= Vogon tssn Vsrsn(Vsrsn) . (122)
US/S//<’US/S//> ’USS//
But
T Vgsn(vssr) =
A = (1 =)= Vss(Vssn)
Uggn (vssr)
and
AA = —’Yass,,tsswss"(vss“)
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then replacing a and aa in (122) we obtain

— — f 5551/ Vss! ) = =
"=7—(1- %SSN)AQ—()USSN (Vssr) = VoggntssnVssr (Vssr) | - (123)
Ugsn (Ussr)
Now, for obtaining ¢4, ¢ we use (112) and
o

7 B lvss)

to obtain
f/‘islsﬂ(vslsﬂ) o (1 2 ) f"l’?sls//('l]sls//)
c? - ’Yﬁs/sﬂ G (Uslslﬂ) B B
Vgl GSS”(USS”)( — >f~555//(v55//) aSS’(USS’)'ES’S”(US’S”)+ (124)
Vggr(vggr) Vgl Vst TJQSS,,(USS//) Fﬁé,s,,(vslsu)

Tgg (Vggr) Vet gn (vgrgn)
ES/S" (Uslsll)

Vss! _ Usgr(Vgsir)
Vggr(Vggr) Uss!

Voggntss

Then, replacing (119), (124) in (104) we obtain

*

" ( (1 — 755’5”) - 55’5”(1}5/5“)
tS//S/ '}/55,5,, - ~9
Vogr g Vgrgn (US’S”)
*k
vss:  Ussr(vss) (1= Yoggn) T Vggr(vssr) VUss(vssr) - Vsrsr(vsrsr)
+= (1 - ’7555”) ~2 ~2 +
Uss' (/USS/) Vssr ’755/5// Vggn (USS//) Vgr g (US/S//)
Hokx
L Uss Ussr(vssr) (1= Yoggn) . Ugsr(vssr) - Vsrsrn(vgrgn)
Ussr(vss)  wvssr 5 Yegg - Vg gn (Vsrsm)
+ US/S// ,/l}/SS”(USS") ]_ (1 _ p}/~ )f . 55’5”(7]58”)
55‘/5//(’1}515//) Vss rYﬁS’S” vss” 5%’5’”(”55”)
*
+ US/S// ,/JSS” (USS//) ]_ t (1 _9 ) [f . 5‘5/511 (US/S//)
~ " — — Ve
Usrsn(Vsrsn)  Ussr Vogen TossitSs Toigrsi 0%, g (vgrgr)
*%
+~ USS/ :JSS"(/USS”) (1 _ ’752 )(1 _ f}/ﬁ N) f;;(T}:SSN(USS//) 55‘9/(1]55,) . :551511(’(]5/5//)
Uss(Vss')  vsse s S ggn(vss) Vrgn(Vsrsm)
ok
+ USS/ :l\}JSS// (’USS//)( _ 7:2 )7~ tSS,, ;ESS’ (’USS/) . 551311 (’US/S//)
Ussi(vssr) v Vs TS U%rgn (vsrsm) '
But
. = (1 —755,3,,)5'55/511(’(}515//)
V%S/su 5?9’5” (US’S")
e — vsy  Ugsr(vssr) (1-— ’Yﬁs/su) (1 T - Vgsr(vssr) Vss (Vssr) - Vsrsr (Vsrsn)
- 2 - 71755//) )

:JSS’ (USS') Vssn ’YES’S” ,/I}%SN(/USS”) ;I}%’S” (’US/S//)
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vss'  Ussr(Vssr) (1 = Y5g50) Uss (USS') Dgrgn (vsrsn)
kokok = —— Vossr — 3 tssy ;
Uss'(Vss)  Ussr St V2,6 (vgrgn)
then
" . (1 —’}@S,S,,)f‘ﬁs/s//(?}s/s//)
| 4 tS’”S’ - ~
’7173/5// US/S// (US’S")
_vssr Ussr(vssr) (1 — Yogn) (1= ) T - Vsgr (vssr) Vss (Uss) - Vsrsr (vrsr)
Uss (vss)  vsgn Vogr g s @?qsu (vgsr) 5%/ g (Vgrgn)
Vss:  Ussn(Ussr) (1 — Y5gr6n) Uss (vss) - Usis (vsrsm)
—= Tasr tssr — +
Uss(Vssr)  vssn Vigr g Vg gn(Vsrs)
’US/S// ’1735// ’USS//) f . 55'5// (’USS//)
= ( (1 _7535/')~2—
’US/S//(US/S//) ’USSN ’USS,,(USS//)
’US/S// :l\}JSS// USS//
+= ( )%SS,, tasm . (125)

’USIS// ('US/S//) 'USS//

124 —‘/I =
6.5 ( S”S,’ ) _> (tS/ls, xr )
We have

(tS//S7 _’”) = K{S” SH{s", S’}(tS”S’ _’H)

== K{S//,S},{SU,S!}L(:{}/S/S//>K{S/’S//}’{S/7S}L<€J/Ss/)K{S,S/},{S,SII}(tSS//’ f) .

Considering the pairs {S”, S}, {S”, Sl} and recalling that 55//5(1)5//5) = —555// ('USS”) (57), ;JS"S = 655//
(58), and vgrg = vggr (61) then equation (98) becomes

1 'USS// 1 655”(”53”) f// . 553//(?}55//)
tS”S = == 1 - ’yﬁssu) ~9
Ussr(vssr) Voggr vgs Vzgn(vssr)
,’l‘}JS//S/ US//S/ f” . 55//5/ US//S/ 55//5/ US//S/
+ ( )(1 - ’Yﬁsﬂs/) ~9 ( ) + ( ) Vg gr gws/ (126)
US//S/ US,,S/(US//S/) US//S/

From (123) we have

B"Tggn(vgen) _

Bssnlvssm) (1 _
Vggl 1 ,yUSS” vﬁSS,,(USS//)
_ Vggn (vSS//)( o )ff-ﬂss// (vggr)
vggn Uss %%S,,(USS//) (127)
_ﬁss/’(vss//)( )QZ Vggr(vggrr)
Vggr ,VUSS” g (vggr)
Vggn (vss//)( )
L - Vg /szsl/ ’y’uss//tSS”
and
( vgngr(vgrgr) (1 o )fﬁ'ﬁs”s’(vs”s’) o
Vg gl rva”S/ UVZS//S/(US”S’) -
_ Vgngr(vgrgr) (1 o ):355//51(1)5//5/)
) Vgrr gt rva”S/ 52,,,5,,(115//5/) (128)
_55”5’(”5”5’)(1 o )(1 o )JJUSS//(USS//)vssn(vssu)vS//S/(US//S/)+
Vg gt rva”S’ IY'USS” v //(USS”) Vg gr (vgrgr)
_551151(1)5//5/)( o ) 5 USS”('USS”) US”S’(US”S’)
L Vg gt 1 rva”S’ ’YUSS”tSS” %//S/(US”S’) :
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From (125) we have

(

55115/(1)5//5/) - " .
fYUS//S/ S1sr —

Vg1 gt
5-55151/ (US/SN )

— Ugr gt (Wgrgr) (1 — V% )
Vgt gl Vs’ st %%’S” (vgrgrm)
_551/5-/(1)5//5/) Vgg! ESS”(”SS”) (1 _ ’VN )(1 _ ’Y“' )f'ESS”(”SS”)
Vs’ s Vssi ) 0% oy (vggr)

Vg gt ﬁssl ('USS’) Vggr
(129)

5 Vs (Vg Vgrgn (Wgrgn) n
’US,S//('Uslsll)
 Ugngr(vgng)  vggr  Uggn(vggn) (1= ) Dggr (Vggr) Vi g (vgrgn)
Vg gt Vggr (vggr) vggl rY’USS” 1 IYUS’S” tSS” UAQS/S//(US/S//) +

T ggn(Vggrn)

555-//(1155//) - ( e )
vggn Vg gr 1 Voggn 02 g1 (Vi)

535” (’USS//) . .
vggn ﬁy’US//S/,YUSS//tSS” .
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Then, replacing (127), (128), (129) in (126) we obtain

&
t// . ’USS// ]_ 555//(1}55//) (1 P)/~ ) (f . ,175'5"(/055”)
" == = - .,
518 Ussr(Vss) Vg Vgg sl 02 (vssr)
&
_@/SS”(USS”) (1 _ ’y~ )2 f . ?}/SS// (/USS//)
Vgsr vss ’lA)?gSu (USSH)
;&/SS” (USS//> |
_T 1- ’Yﬂssu)%ssu lssr +
*
_I_@/S”S’ (’US//S/) (1 _ ry~ ) f . ?}/S”S’ (/US//S/)
Vg gt vs"'s! :l\)%,,s, (US//S/)
— . — —
v, v T vggr(v Vg (v ) v
_ S”S’( S//S/) (1 _ /7:55”3/)(1 _ r)/ass//) _ SSN( SS”) SS”( AS;';N) S”S’( S”S’) 4
Vs s/ ’USS// (USS//) US“S’ (US”S’)
"l\)JS//S/ (’US//S/) A 555// ('USSN) . 551/5'/ ('US//S/>
Vg g ( VUSNSI >P)/USS” tSS” @%//5’/ (US//S/) +
. * %k
+6S//S/ (’US//S/) 1 _ 7~ ) g_f . ?)/S’S” (’US/S//)
Vg gt vs's” ;[)%/S” (US/S//)
L
_?]{S//S/(’US//S/) ’USS/ ?}JSS//(USS//)(l _’YN )(1 _,-)/~ ) f.?}’ss//<’vssu)
vgngr  Ugs(Vss)  Ugsw vsrs st g (vsgr)

,QTJ:SS/ (’USS/) . 55/5// (’US/S//)
X ~2
Vg (Usrsm)

’2751/5/ (US//S/) USS/ aSS// (USS//)

AA 555/(1)55/) . 55’8”(1)5’5”)

7555// (]- - IYES/S//) tSS”

US//S/ ”l\}JSS/ (USS/) ’USS// i}%,s,/<’l}s/s//)

. Sodhd
Vs (Vsgn T vssr(Vsgr
+ —)7175//5'/ (]— - 'YESS// ) #

vss ’1\%5// ('USS” )
Ussn(vssn) =
+— ES/’S/ /-y%'SS// tSS”
Vs

We have
* +%xk = 0.
Let us denote
Q=a+AA+0H+HEHE.

Using (102), we write

Uss = (vsg) = Ussr = ( ) Usrsr =
)USS' Ussr) = )Uss” Ussn oo (Verem

,1755’(7}55" a\}/S.S'” (USS”
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(130)

(131)



then using (131) we have

. 55//3/ (’US//S/) :l\)/SS” (/USS//) 5 5 [ USS/ = 55/5// (’Usvs//)
A= Vg Vs Voissn (L= Vogrn Jss Uss(vssr) Uss(vss) Ui gn (Vsrsm)

,ﬁS//S/ US//S/ 555// USS//
= - ( ) ( )%SS,, (1 = Yoy g )tssn X

US//S/ USS//
USS// = ’US/S// = 58/5// (’US/S//>
|:~—USS//(’USS//) — ~—US'S”(US’S")i| ~2—
USS// (USS//) ’US/S// (US/S//) US,S,, (US/S//)
275//5/ US”S’) ’555// (USS//) . /’53/5// (US/S// /LA}/SS// (’USS//
= _(—75551/ (1 - ’755/5//)t85” ~5 ) + )71735// (]— - 755/511)1:55” )
?)S//S/ US,S,, (’l}s/s//) USS//
and using that 55//5/ (US”S’) = —55/51/ (US’S”) we have
Vs (vgsr
A+ AN = %Vﬂssn (1 - 755/51/>tss// . (132)
Then
Ussr (Vs B Yggr(vsgr (1]
Q = _%( - 7555//)7555// tSS” +%7§S//S/7ﬁﬁssu tSS” +
,’IFSS// Vss! A+AA
+ﬁ%ss,, (1 =Yg gn) tssn

Uss (Vssr)
Q = - §SS”

tsgr . 133
Uss - (133)

Next, we denote

T = Sh+dhdhthbhd-0+ad.

Using again (131) we obtain

7[75//5/ (US//S/) QZ_" . ,/ITJ:SS// (USS//) 7{]{951/ (’USS//> . 55/51/ (’US/S//)
“ = _—<1 _fy%'s/sll>(1 _7555//) ~9 ~9
Vs g Vggrr (USS//) Vg g (’US,S//)

Uss (vssr) - 7 - Dssy (vss»)
+ Vg (1 /YUS,SN ) (1 ,}/USSH) ;&%S” ('USS//)

and

Uss (Vssn) Z - Ussr(vssn)

‘—i_“ - U—(l_’yﬁslsn)(l_f}/’ﬁssu)m .
S 5511 \Uss"

Then,

L% |,

aSS”(”SS”) f . ?}JSS//(USS//) 555//(’055//) {f . 555//(1}551/)
T = — (1Y) — - (1= Yogen)* =
Vgs 'USS,,(’USSN) Vssr 'USS//('USS//)
_, b _AAA
555//(’[}55//) f ?}/SS//(/USS//) 655//(’(}55//) f 555//(1}55//)

5 1 - 1 — s 1 — ~~
Vggr ,YUS”S’( %JSSH) 77%@/(”83”) Vg ( ’sz,s,,)( ,YUSS”) @%S” ('USS”)
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x_". 555//(1155//) (134)

T _ _533//(’(}55//) 2
USS// USS// 62
Replacing (133) and (134) in (130) we get
l_"' 5 n\vggr
s = 1500 — T80 (135)
(136)

Then, we have obtained that
(tong, ") = Kysn sy,q57,51L(Vsrsn) Kisr sy 15,5y L(Vss) Kis,s03,18,57 (tssm, ©)

with ¢4, and Z” given by equations (135) and (123). However, we also identify these expressions

with the Lorentz transformation (105), e.g.
(tsns, T") = L(vssn)(tssn, T)

which then proves the form given in (108)
L(i}ss//) = K{S”,S},{S",S’}L<?}/S’S”)K{S’,S”},{S’,S}L(%{SS')K{S,S’},{S,S”} .

7 Appendix: A proof of the relation £ = R;(p) £
In what follows we will denote R = R (). We want to show the validity of (37): ¥ = RZ. We
understand this as a relation between vectors of V. Then let us take
U U UXU
" [o]" |0 ]
as basis vectors in V. We have
7o (vzf-ﬁ—ﬁgﬁqf-ﬁ)ﬁ+ (u%?-ﬁ—ﬁq 174:5 11’)17_1_:?. gxzz zixzz’ (137)
u?v? — (U - )2 u?v? — (U - U)? |0 x | |Ux
From (34), (46) and (137) we obtain
. (% u—a-v7 D) Z-u Z-va-v )
RE = i | 0 T S
w-v
+<( - 7u)7v7 - 7u7v>t CoOS @ +
. - v w-v (@-v)% _
—E T (L) S T T+ e BT+ (L= ) (= %) g T T
5 . (@ - v)? } sin @
- v - Ju v 1 - u) v A — —
(=70 = 7l T+ (L= %) %5 ) 7 x ]
([P Z 0 —u- 0% ) -
+v{[ (7T —(1 %)7—%t cos ¢ +
— — 2 .
. u-v, u? Lo sin ¢
—l—{'yua: U — Yu(l — ) 7.%-1)4—%% ga:-v—'yu%(u-v—iru )t]XA‘Uxﬁ‘}+
S it S it
LA R Sl (138)
|0 x ] |0 x
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and from (35) we have

- (2 d—u-vFv G- N1 (T T+7@ T—(1—7)Z 7. ¢
P u{( )__P_%ﬁ&1+ &>]g y (1= ) .2)_7J}+

(W T—u-vT-ad G- N (T d+7T 00— (1 -7 7
Y (R )| ot U A/ 9
wv? — (U - U)? c? V2 (u? 402 + 20 - T — ¥ +‘“c§))
w-v (TR
X |:’Yv - (1 - /yv)_g} — VYu [’Yv - (1 ’Yv)_Q]t} +
v v
—»X—»
coxads 0O (139)
|7 x w]?

Having established these expressions for R# and 7 and since (37) is an equation between vectors in

the vector space V we have that

R|, =,
Ri=1«{ Ri| =1, (140)
R'%) TXU :1/_} TXU
[0 x @] [0x ]
7.1 Verifying Ré"ﬁzf‘ﬁ
From (138) we have
R;‘ ) [ v (1 )1] (1 )6-17 ) sin ¢
g = 04 — (1 =)—| cos — Yy ik
i@ w202 — (@ - 0)? Tu) 2 ¥ Yu) =3 X X i
T U{ [ T w2 — (- 0) +(1—=7)1 =) o) +%%§} cos p +
U-v (’LTU)Q sin ¢
T i o 141
[v+77 2 T 1= =) vaxm}+ (141)
u-v o (66)2 sin
t[l_uv__uv] _|:_U2_uv' 1_uv :|)\H — ’
+{( ")y w2 | T CO8P W0 = Yol - T (1 =)y u? |7 x i

and from (139) we have

<y

77 v (o — (1 —w)%)
+I.U{_U21}2—(ﬁ'f’)2_[1_7u7”<1+ 2 ﬂ 522 om w2 @Ry [
%(u + v +2u~v—c—+—)

Remark: Since (¢,7) are the coordinates of an arbitrary event P if we choose sucessively ¥ L ,
x

# 1 ¥ then to show that RZ ‘ﬁ =7 |12 is equivalent to show the equality of the terms multiplying ¥ -,
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Z-vUand t, ie.

5 . R%H ﬂ]f~ﬁ:%ﬁ}fﬁ
Ri|,=Z|. &< Ry ] .=7|].. (143)
u vuam; R ud v
RE|,], = 7],

7.1.1 RZ|]

— =
-u

Let us denote

From (141) we have
v 1 u-v | sing
== —(1- u _:| 1— u A = S0
L [ 2 (1 =) 5] coso+ (1= )X Tx

—

u?v? — (U - U

and using (44), (45) we obtain

1 — — — — — - =
& = {[?ﬂ—(l—%)@(UQUQ—(U-U)Q)] [%1u2+%1v2+(1+%1+%1—%l%l)u U+
-1 (i - V) -1 (i - v)? -1 -1 (i - v)?
(it =D = (7 = D+ (= D0y = D
u-v B u-v B u-v
@ = @ 01— S| [ - Lt - DS G - D+
-1 -1 (u - v)? 2 2 S 2 2 2 L wR? (@ 0)°
—(v, =Dy, =1 2 ]}/(uv —(uv))(u +uT+2U-T— 2 + = >
But
v2—(1—7u)ﬁ(u202—(ﬁ 17)2) = 70+ (1 —7,) 2(17 7)?
and
2.2 — 2 u-v 2 (7777)3
—(u*® = (@-0)*) (1 — 1) = (1= 7)v"u - T+ (1 — ) —
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then using these expressions we rewrite & as follows

A A AA
& = {%%‘1 o + ot (1 = e D

AAA = 7\3
0 =) @9 it - Dt -1 T
AAA U2 AAA
1 |
A7+ = DA ) (@ 9)

u?
1 [ | | 1 [ | |

(=)0 = Vg (@0 (1= )"~ )y (@00
HL= )07 =D = 1) g (@)

We have

A|‘. = %ﬁv_lu%z—i-lfl
= -t il

)

AAL‘ =

I
<y

AL =) = 24

Ada|y, = (U 17)2[— TV = D5 = =D+ =37+ (=)

~(1= )03 = D5 — (1= 7)07" = )]

= (@-0)?*[1 =y, ]

i - U_ryu(’%:l -

)— (@-9)* +

T+ 7 = e e (=) = 7 (=)%Y

u2

| _ _ - . 1 -
.‘.‘ - (U ’ ’U)gﬁ[,yu(v/ul - )(’qu b 1) + (1 +7u1 +f>/v1 ~ Yu 171) 1)(1 - ,YU)
H1 =) =D =) = (1= 7) + 7 (= 7)7 ]
(@ 0)°
— — 02 w Yo
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mm, = (7 ?7)4[— (1= 7)( " — 1)% — (L=, = 1)u21U2 + (1 =) (" 1)% +
(1307~ 1) ]
= 0
lll}* 0

® = {( — v = Ly ) (L= et +

—

(=t 2y ) = )R T+

(1=, ) (@0 = ry (ucv>3}/

/{ (u%ﬂ — (@ 17)2) (u2 0?4207 — UZEQ + (ﬁj>2>} . (144)

T2 &
-u

Let us denote

=]
From (142) we obtain
v? - v 1
S (e ) .
b u?v? — (4 - 0)? [ Tu 2 /1y (u? + v? + 2 W (u:;)z)
A A 2A 4 2 AAa 4
AA
— { w?v? + vt 4207 7T — ucg Z_Q (i - ) -, 2u21}2 + %% "uPo? 4y, uto? %

2,2 = 2
{o-e )i 2L 82))
c c

We have

2.4
uv 2 92 9

— Y, Uv —I—’yu’yvuv

2.2 4
A_M—u’u+v =2

= Al-)[ -t -+ L+

—

= 0T [20° 4y, W 201}

Alas
A=) [— v+ 247

I
£
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2

- v — —
AAA P A (U ) U)Q |:§ + % 2 - Yu Vo 1}
= (@9 [1 =7 ]

— v =t L ) (= )t +

(
(= ' w'+2+wy Q=) @ v+
(

1=y, ) (@ 0)? =y, (ﬁj)s }/
/{ <u21}2 — (- 77)2) <u2 IS S S A ?7)2)} . (145)

c? c?

7.1.3

From (144) and (145) we have

&= &b
Rf’?}ﬁ} = ﬁ} . (146)
T-u U

7.1.4 Ré“a] z.7
Let us denote

* = Ril.,
From (141) we have

47 77 1
* = [ - u2v? — (l_[ 17)2 + (1 - 7u)(1 - 'Yv) W +’Yu%,g] cos p +

w-v (i - v)? sin ¢
- v u v o 1_ u 1_ v ] )\_; S
[’Y te g (=) =) T ]

and using (44) and (45) we obtain

wo= {( 70 0 ) T Tl - (19 5)

u2v? c?
S o
o B U- v
x[7;1u2+7;102+(1+7;1+7;1_%71%_1)%7}_<%1_1)%+
_ (- v)? 3 N (- v)3
—(’le—l)T"‘(’Yul_l)(/yvl_l) w22 ]+

70 (7 - 5)?
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We have

[ |
1 23“4 1 QHAAH 1 1 1.-1 :‘:2 1 (1717)3
*x = {—%‘u -0 =y, v U0 =1+, +7 =% v ) (@-0)° +(y, — 1) R
| | 3 [ | | A
B ﬁ{)') B 3 11’{}') B A

o =0 T e =0 St e i

| | | |

(i - 0)° A (i - 0)°

—(1 =) (=) = 7 (L= ) (L= 7)0” @ 0 =7 (L= ) (1= )

AAA

+I+7 " % =% DA =)A= ) (@ 0)° +
(1] [

St 7 = a1 = (1 =) Tt Sy = (1 )
u v u v u v w22 u u v u2

Hort =D =)= )65t - - T

ot
—~
1
S
w

AAA 2,2 aa

_ _ 1 _ u Ikl
P ALY+ e e @ T
(1 -1 -1 1,1 l —».—»3_ -1_q 7)_2 g
A4+7 +7% =% 7% )%%CQ (- 0)° —yul7, )%CQ (@ - V)" +
[ | | A ) [ | | A
. 1 (@) u? | Ak . 1 (@-7)
1 —
(Ve — 1)%0—2 ol

- =

u2

- - 1" ~ B 1 (u-0)° 3
+’7u(’7u1 - 1)7’0(’7@ - 1)? (u ) U)3 _Vu(’yul - 1)V’U(7v - 1)? U202 20

AAA AAA AA (ﬁ 17)3

A
Yo (ﬁ 6)2 + 7;1u2v2 _%:l (ﬁ 17)2 +(71:1 - 1)71)7) U-v—
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e LA R S Y e L Y S S e LA
(1= () (D) (1= 7) (1) u P = (=) (@) 4
=t =) T - -y
(" = D - 91 =) u> e = D= T2
1300 -0 -3 ST -t - - S

(i

C C
We have
u'v? u*v*! 2 2 —1,2 2
= A1-7)0 =% =%+
aal, = @0 = (= )y (= e (= ) (L= e
— @R T T = 2 T A = T = s+ 23
AAA‘* = (ﬁ-U)Q[— A4+ =)+ A+ v = D) — 7)1 =) +

u? v? . v? . u?
_'Vug - 'ng - %(% - 1)'%0_2 - 'Vuryv(%; - 1)6_2 + Yo+
2
7 . . . v
_7u1 - (’yul - 1)ryv(7v t— 1) + %L(Vul - 1)71)6_2 +
2
2

+7u7v(7;1 - 1)1;_ - (1 - ’Vu)(l - ’Vv) + 71:1<1 - f}/u)’y;l(l - Vv)]

= (@0 v 2=t
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oL _ _ 1 _ 1 _ 1
.‘* = (U'U)3 (”Yul_l)_"‘(%l_l)ﬁ_<1—%)%1(1_%)§_’Vu1<1_’7u><1_%)ﬁ

Gt = D=1 =) — (=305 = D= %) 5

u?
S 4 s + = D = D — (5 = Dy +
u v u v u 'Uc2 u u v v CZ u ’Uu2

1

1 1 1
—1 —1 —1
—Yo(Vy — 1); tng T YV = Dl — 1);

HOE = D =)0 = %) + (=50 = D= %)

u?
@ 9° 1
= ) [Yo = 72 + Y + Yo — 2772

¢ (-1
S g -1 -1 1 -1 -1 11 1
|, = (@0 - 0 D0 Do - (4 ) ) (= )
_ _ 1 _ 1
+(r = DA =7)( =D =7) 55 + 7% = Drgs +
1 1 1
-1 -1 -1 -1
+’y’ufyv<ﬁ)/v - 1)% + (Vu - 1)71)(711 - 1)u2v2 - 7u<ﬁ>/u - 1)71}@
1 1 1
-1 -1 -1
T %e(% = 1)02112 + (=) - %)UQ_UQ — % (I =)y (11— %)W +
_ 1
_(fyul - 1)(1 - 7U>(7v f— 1)<1 - fy’ti)uzvg
— x4 ’Yu’}/v
= —(u-7
) D
o _ 1
mum|, = (9007 D - W) )+ (3"~ D~ ) +
1 1
1 -1 1 -1
_qu(ﬁ)/u - 1)71)(71} - )C_2U2U2 +’7u(’yu - 1)711(71) - 1)C2U2'U2

* = A=A =)= ] +

Cu- T e e 2 s — e 2

—

+@- v vt 2= ]

(d-0)> 1 ) )
T3 (12 —1) [% T Y = Yy T YV — 2%%} +

v

— A4 rYu’Yv
(i e 14
(@) s (147)
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715 &)

Let us denote

*k =1 ilzs
From (142) we obtain
u-v u-v (/Yv_(l_'Yv)Z_g)
*hk = oo *,*2_[1_%%0"‘ 2 ﬂ 5 | o w2 | (@)
u?v? — (U - 7) c V2 (u? 402+ 207 — + )
2.2 s
AA AA AAA AA - U
~ {—quT-ﬁ—qﬂﬁ-ﬁ—Q(ﬁ-U)QJru: R Gl
c c
2,2 goy
B A B AAA AAA uv? Aa_ (ﬁﬁ)
_’VUIUQUQ +%1( ) +’7uuv —Yu (@ - U) +Vu 2 U= 2
" s
AA ﬁqj‘ _ _‘AA_) _
(U= i e =21 =) & Ug) Yy (L= y)u® @ T 4y, (1

. u2 _"AA: N . 1 _’ll_‘ A
Yo (1 - ’Yv)g (u ’ U) +Yu Yy (1 va) 02 (u . ’U) }/

. u?v? i-7)32

We have
Al = =7 WPy’
= 1= =77 " +7)
2,,2 2,,2
Al = ﬁ~5[—u2—v2+uv +%uv +7 (1—%)7«02—%%1(1—%)#}

1

- ’Vv)

= ‘[vu Yo v e e 2 A s L e 2

Lo _ _ u?
AAAl** - (U'U)Q[_z_’_’yvl_’Yu_’yu’yful(l_'Yv)g}

= @0 S 2]

Lo 1 1 _ 1 1
.l** = (U-U)3|:———’yuc—2—’yv2(1 ’Yv) —f"Yu'VU (1 ’711)_2]

@91
- 2 2 _ 1) [%1 - 73 + Yu + Vu Yo — 2’}%%?}

(7
—1 ]- — A4
..‘** = TuTVo (1_VU)W(UU)
— _ IYU/Y’U (ﬁ~17)4

Ay + 1)
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*k = 1=7)0 =)= +7)+

2 1

HT T [0 Y e Y e Ve = 2% = Ve Ve = L= Wy A 2%

+@ 0t vt 2= ) +

@ 73 1

+ Yot Yu — ’75 + YuYo — 2’71/75 +
D) )

c2

— 4 Fyu’}/v
I VR A 148
(@ - v) Tl + 1) (148)

7.1.6

From (147) and (148) we have

Rf‘ﬁ]fﬁ‘:*:**:‘% a}fa
R‘%L}fﬁ:% ilas (149)
7.1.7 R&||,
Let us denote
o= i,
From (141) we have
o — [1-7) iy ] [ - W’ -7+ (1) (6'6)2] Pt
- —Yu) Vo5 — YuYo| COSY — | — YU — YYo= U - Yu) v S o
7'7u2 VY 2 Y et Y)Y 02 X]vxu|
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and using (44) and (45) we obtain

A voAs -1 -1 1,1 (@ - v)?
® = ((1—r)d- -7+, (1—%)%5 -0 (147 7% =Y Ve )= %)% a7+
" 3 " 3
} (@ - 7) . (@-7)
—(I =) (vt = Dy T~ = w)nln -1 e
[ | | A
B B (ﬁ ?7) A A
(1 =7)(v = Dyl = 1) T Y — 7,07 +
AAA 9 AAA 9
_ _ 1 _As B u-v B u-v
St = e BT (s = D " S et - 1) <,U—2)
" 3 2
u-v . A Ve AL
V(v = Dyl = 1) @ o Y0? = W = (= Dy @ T+
w2
AAA
. Aa . . (ﬁ [)')2 Aa Aa
_’711(’71) - 1) u-v +(’7u - 1)7@(7’0 - 1) ug +’7u7v UV —U-U+
AAA 5 AAA ) | ] 5
-1 (ﬁ 77) -1 (ﬁ 77) -1 -1 (ﬁ 77)
Vel = D s = (T = D) s s — Dl =) S
AAA ) AAA ) | | 5
(u - V) 3 (d - V) B (U - V)
(=) w5+ (=) g+ =) = Dy g+
| [ | |
(i - v)°

+(1 - Vu)')/v(%;l - 1) 2.9 _<1 - ’Vu)(f)/;l - 1)7@(7;1 - 1)

2,2 = N2
/{(u2+02+27j'17—u§ +(u 21}) }
C C

o Y

We have

2 2 2 -1,.2
Ay = TU =RV ERUT =, v

= A =7l
| vl -1 -1 —1.-1 .
AA“ = (1_7u)uv+7u (1_7u)fyv$uv_<1+fyu TY% — VY Yo )7u7vuv+

1 v 1

O = Dnwg@ U= (0 — D0t U+ - -4 7

= —2v,4-U
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AAA‘. =

But
u? 4 v?
and the denominator of # rewrites as

w0+ 200 —

u?v? (U 0)?

2

c c
then
718 #|]
t
Let us denote
ab=il| .
From (142) we have
7.1.9
From (150) and (151) we have
Ril,| —4—aa=37
Ri,| =7,

(150)

(151)

(152)



7.1.10
From (146), (149), (152) and from (143) we have

b= @b =Ri|| =F]
* =%k =Ri| | =i =R, =1, (153)
‘ZQ.ﬁRx‘ﬁL:%EL

7.2 Verifying RZ| = Z|

From (138) we have

—

-, L u-v sin @
Rz|. = . — W XA
a:| T u{ o — -v) COS Y + YuX ’ » ’}—l—

—
S

2 =2 2

u 1 u-v u sin ¢
) — 1 - v ] |:_ ul v u fv i| >\—, =
+ U{[u%Q—(U-U)? (I =) g|cose+ | =l = 7)) +mwn |v><u|}

o sin @
+t{ — Yy COS P — VYo (U - U+ UQ)X)\W} (154)
and from (139) we have
5 B q{ i-v [1—%%(1+%> [7 (1—%)%—5}}
T, = T-uq — — — - +
v u?v? — (U - v)? 2 (u2 402 4+ 20T — uz;ﬂ + (u;)Q)
L NTT 12
. _){ u2 |:1_7u7v(1+%>:| Yo _<1_71))%i| }
+T - v — — L
uv? — (i - 0)? V2 (w2 + 024207 — wh? | (@77 )2)

u-v
+t{ _7u7v+7u(1 _71))7} : (155)

Here, due to the arbitrariness of the event P we have a similar criteria as the one shown in (143), i.e

R¥ dlaa= ¥ ope
Rﬂa =Ty R¥ der = ¥ op (156)
RE|], =71,
721 RE|
-u
Let us denote
»=rRil|
From (154) we have
u-v sin @
= W XA ———
b= @ T T
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and using (44) and (45) we obtain

12 M 12 M -1 -1 | —»“:2 -1 (ﬁg)g
o = (- WU Ty U T =1ty Y =Y Y ) (@0) Hy, 1) ——+
] ; [ 1] )
-1 (ﬁ' 77) -1 -1 (ﬁ 77)
_'_(’Y’U - 1) 02 _(f)/u 1)(711 - ) u2p2
A A AA AA
+ v u?v? — v Pt —(1 =y )02 G- 0 =, (= D @ - 7+
AAA AAA AAA (—»,.17)3
HL =)y = 1) (@ 0) =y (@-0)* 9,7 (@) +(1 = ) —5— +
] , [ 1] A
1 (4 - V) 1 (¢ - 0)
+’7u</yv - 1) 02 _(1 - /Yu)(’Yv - 1) w202

2,2 (= =2
2,2 VAN A 2 S o uwv (u - v)
/{(uv—(uv))(u +v°+2U-T— 2 + 2 >}

We have
A|* _ %u2v2 . %—1u2v2
= u2’l}2(—"}/171 + Vu)
AA & u- 77|: - ’7;1’&2 - 71;11}2 - (1 - 'Vu)UZ - ’Yu(%?l - 1)u2

= 02ﬁ~17[7;27;1+v;1752+%31%‘1—2%71+%‘2—%‘1—1—%%‘2—%%‘1+ZW}

aaaly, = (@0 - Q4+ )+ L= )6 = D) =+

= (@0 - 2=

M, = @ 0[O~ Doy + (0t~ Doy + (=) og 0l = 1))
_ (U'U)?’[—%—%—%u%}
c? ('Yv_'_l)
m, = OO Gr e ) - (-6 - )
@ 1
- C4 (7v+1>7u7v
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& = (=, )+

1

T T T T 2 R = = = = ey 2] +

—

@02 e - 2 +

(ﬁ' 6)3 [_711 = Yu — 2% Vo

+ +
c? (7w +1)
= 4
(g 4@) YV -
¢t (it
72.2 & |
U
Let us denote
"
From (155) we obtain
&*— w202 u-v 2 = = uZe? (u-7)?
uv? — (U - V) Y2 (u 4 02 + 20 - T — L=+ )
2,2 Y
AA AA AAA AA =
= {—u2ﬁ =0 T =2 (i B)? il T — (@ 2”) +
c c
A AA A 2,2  aa
—y b (1 — et - Uy vt 4y S U-U A+
1 9 AA L 2 AAA )
—YuYy (L= )u” G- T =y, (L= 70)— (@ 0)° +
] 5 n 5
3 AA: 3 (a’ . ,5’) _»AA: (ﬂf . ’U)
9t (@ 0) =21 = ) g = (09— e

We have
Mg = WOl )
Lo u2v? . w202 B
AA ¥ ) = u-v[—u2 —U2+ 02 +7v2(1 —’YU)U2+’}/U7 _'71/71;1(1 _er)UQ

= 0217'17[%72%_1+7§1%‘2+7;1%71—27;1+%‘2—7;1—1—%7;2—%7;1+2%]
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2
- = — U —
AMA[ . = (u-v)Q[—Z—yu%l(l—%)—CQ +%1—%}

= @0 [y -t -2y

oL 1 1 1 B 1
.. = (u'v)g[—g—vf(l—%)ﬁ—’yuc—2+’yu%1(1—%)v—2}

_ oy — Yy — 2
e +1)[ Yo = Yu — 2% Vo)

o _ 1
..|&J, = (u'v)47u7v1(1_%))m

_ (6 : 6)4 VYo
A (1)

b = [ ]+
T Tt e 2 T = = L= = e 2
@O [y vt — 2=

(@) [ =Y — Y — 27

c? (7w + 1)
(ﬁ ' 6)4 YuYo
- ct (7@ + 1) . <158)

7.2.3

From (157) and (158) we have

Ril,| —d=db=3i|]
Ril,| =&[] (159)
724 RE||
Let us denote
* = Rij] o
v
From (154) we have
" u? i ) } +[ (1 >1_[-17+ u? sin
- - — Yv)— | COS — Ju - )T o5 u v o = =
u?v? — (U - )2 Tl 7 7 Yol T T g [X |0 %



and using (44) and (45) we obtain

AA AAA

A A
* = { ut e Wt (Lt v e @ T — (= 1)y, (T 0) +

[ ]
B u2 _)AA: B B (’J 17)3 u2 AA:
(% = D5 (@0 +03 = DO = 1) 5= 43 (L =) (@ 9)° +
[ ]
-1 St 2 -1 -1 -1_-1 U - 17>3
Y L =%) (-0 +(+7 +7% =7 % A=) —— +
[ ] | . ] | A lll5
-1 (ﬁ 77) -1 (ﬁ U) -1 -1 (ﬁ U)
_(’yu - 1)(1 - ,711) w202 _(1 - %)(% - 1) ! +(’Yu - 1)(1 - ,}/11)(’71) - 1) W
2 M4 1 2 M 1 el 2
Yl = p)u” €U+, (1= y)u” @0 +yu(y, — 11 =) (€-0)" +
n A
2 AAA . (ﬁ 17)3 41]2

- us -
=) = D5 @0 (! =D =)0 = 1) 5 4 ' +

A

4V -1 V% AL -1 ul Aa 1 1 2o,
—u g (T - Dt S T (T — ) @ U = Dl — 1) (a0 4
n , m , LI
(u - V) -~ (u - ) _ (u - )
+’7U<]- - ’711) 02 Ty 1(1 - 'U) 02 _’7'&( ul - 1)(1 - 711) 242 +
- EEm . ,
B (i - V) B (i - V) u* AL
Yl =)0 = 1) = 7l = DA =)0 = 1) g = (@-9)° +
2 AAAQ | | 5 u2 | | 5
1 1 1 .4
= Dl = Dz @0t |/
c2v
2.9 2
/{<u2v2 (u 17)2><u2+v2+217 *—u;] (@ 21)) )}
c c
We have
2 2
4 1. 22 4V 4 U
Al = w7, WU+ YU 2 v
ute?
= Yputv? +ut — 2

—

s, = u-ﬁ[(1+'y;1+v;1—7;17;1)%1&2—%(1—%)u2+%‘1(1—%)u2+

U2 _ u4
- 1)%}“20_2 - f)/uﬁ)/v(%) 1— 1)0_2]

-1

= ui- 6[2%’1 — Yyt = 2+ 3%%}
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Lo _ _ ut u?
asal, = (@ - = Dw =0 D+ (=) 7 (=) +
LoD - 1— —1—1“—2 11 —1—1“—2
+7u () )L = %) + Yl =) (7, )5 7 )70 (7, )z +
u?  u?
_7u'7vc_2+§}
. —-‘—'2u_2 _2 —1 71_2 _271 —1 1_
- (uv) 02 T% T % YV Yu T+ VuVo Yu YotV T+ Yu T Yu Yo +
U2
+_2(2_7v _P)/u)]
Using that
u? = c(1—7,7) v (1-77)
oot [T (=) 1o

we end up with

1
(1+ )

aaal, = (a-0) [ =292+ 27 v e — 3 e 3 % — 29 — 2% + 2075

o ) 1 L 1
m, = (@ v)?’[(%l — w0 = DS+ 047+ = =)= +
) B 1 1 1
(v — DA =)0 = D5+ nl =)= =7 (L= +
1 1 1 'LL2
_‘J}/u(f)/u - 1)%}6_2 + 7u7v(7v - 1)021)2
Lo 1 _ _ _
= (u-v)?’m{—% Mo 4 295 — Y e = 2% + 292 + 2% —2’m§’]
o 1 1
..|* = (U, U)4{ - <7u1 - 1)(1 ,71)) 242 - ( /YU)(,}/’U b 1)@ - /Yu(’yul - 1)(1 71)) 2. 9
1 1
-1 -1 1
(1= 35" = D =%l = Dt = Vg )
= (u- )4L— — 1479 + 2% + Y% — 3075
202 (1_'_,%}) v u u'fv u oy
) . 75y . (@ 7)°
), = (-0 -0 - DS a6 - 0 -6t - G T
) (@- 0)°
= _’VU%J('YUI - 1)2 C2'U4
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utv?

* = ottt fut — ——+
C

+1 - U u? [2%_1 — %%_1 — 27, + 3%%} +

0 gy [ 20 20 e = 390 8 = 20— 2+ 2]
+ (i - v)?’gm [ =7t + 279 = v = 2% + 200 4+ 20 — 27 +
v
11
— A4 2
: | — 1 v 2 U u fv -3 u' fy

+(i - ) 2v2(1+%)[ + %+ 2% + W — 3] +

— — 1 —
—(u- U)Bw%%(l -7, )% (161)
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Let us denote

**z:%ﬁ}“
From (155) we obtain

o 12

u? |:1_7u7v<1+% ][71)_<1_7v)12_v:|

k= (@ 2(02 4 g2 S o w202 | (@0)2

w?v? — (U - V) V2 (u 402 + 207 — LE + 0

A
A A AA 4,2 2 AAA
= {u4+u2v2+2u26-6—u§ +u—2(ﬁ-17)2+
c c

A
—u?v? 2(1 — ;D a7 —(1 — %_1)2— (@ v)* +
v

A
+ 'Yu'YvU2U2 +27u'7v<1 Vo )U u-v +7u'7v(1 - '7;1)2? (ﬁ 17>2
2,,2 _AA 2 AAA u2 ]

u-v _1\u I _ IR
o5 €T +207(1 =7 ) 5 (@ 0) +vn(l =) 55 (@-0)° +

AAA 1 n 1 L1
+ (@ 17)2 F2(1 =7, ) (@0 (1=, ) (- 9) +
AAA

—Yu Yo (T 0)? =277 (1 — 7y )

1 " 1 . 1 .

/{(u2v2 — (7-7)%) <u +v? + 200 - T — ui;ﬂ + (60217)2>} .

We have

2,2

utv?
A| = ut+ % — u?v? + ’yu%uzvz
c




Lo _ B u?v?
AA{** = u-v [QUQ - 2(1 Y 1)u2 + 2/711711(1 — Y 1)u2 + 7u’7v7]

: 17'“2 [2’71;_1 - ’Yu’yv_l - 2’7u + 3’Yu%)]

Il
]

S oo |[U 1 2“2 -1 2“2 1 u’
Aaa[ = (a-0) [g—(l—% Vst =7 s+ 2w - )§+1—%%}-

Using again (160) we end up with

1
AAA) = (u-9)?

T = 27 2 e = 37 e 3 e — 29 — 29 + 2775
*k (14 )

~ 3 1wt 1 1y L BN 1
.’** - (uv) [’Yu'yv(l_’yfu ) C_Qﬁ_’_Q(l_’yfu )E_Qr)/u'%)(l_'y@ )ﬁ_%/yvg}
g1

— (@)

[+ 20t = e = 29 24 20— 29

| _ 1 _ 1 1
'.‘** = (U'U)4§[(1—7v1)2§—%%(1—%1)2—02—2%%(1—%1)—02}
1 1
’ -1 v 2 u u v_3 u v
= (u-7) 021)2—(1 %)[ Yo + 290 + Yy 7,”

— — 1 —
...l** - _(u ’ vPW%A%}(l Y 1)2

utv?

c2

*k = Yyt +ut — +

+ii - [2%_ Fe e 2%+ 3|

Lo 1 _ _ _ _
(@ ’U)QW [ =29+ 20 e = 37 T 3 Y — 2% — 290 2%75} +
- A3 1 1 -1 —-1_2 —-1_3 2 3
|
I | _
—(u- 0)5%%%(1 -7 )% (162)

7.2.6

From (161) and (162) we have

Ril,| = %=k =1|]
Rl =3, (163)
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Let us denote

& = i |

t

From (154) we have

sin ¢

Q = —YwCOSQ® — ’YU/YU(/L—[' U+ uz)X/\ﬁ
|0 %

and using (44) and (45) we obtain

o —

We have

AA‘

A2 —1 A2 —1 —1 —’AA—' -1 (ﬁ 6)2
{—u Y YU =t t L= ) T T = D o
AAA 9 | ] N
_ u-vU _ _ a-v Aa
i =) - e
v usv
AAA
A2 g A2 -1 (ﬁ 77)2 -1 AL
—YuYo U A U T+ v +y.(v, — DY - (v = Dy G- U+
AAA |
(a - v)? . u? A _ (- 7)3

+7u/7fu(r7v_1 - 1) T +’7u7v(/7v - 1),0_ - v _’yu(’yul - 1)’711(711_1 - 1) W +

A
—»~—»\2 2 92 —»~—,\2
e = oot = 1) M paaeg -t
C C

Ay, = ' = = e +
= (7;17;1 - 71/71))02
-1 1 -1 -1 u’
= u-v[— o+ 7% Yot 1=7") = %w + 1+ 7% — Dy + 9wy — 1);]
o1 -

R _ 1 _ 1 B 1
asaf, = (i) [(%1 Do 0w D+l =D+

_ 1 _ _ 1
101t = Vs =Wl = Dl = 1]

02
1

= _;'_'2—_uv_3u2
(@ - 0) CQ(H%)[ VYo — 3VuVe)

u, = (Zéfg)g [— (' =Dyl =1 =l = Dl - 1)]

= —(i- 17)3i7u_7121
A (1+,)
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-1 2 2
_ o1 o, (= 27%% =3 ) - o (e =3 1
o = {(% Yoo = YaYe)C F d+7) N (@) +
2 2,2 = 2
Y, 1 - 53 2 2 RN u-v (UU)
—<1+;v)c—4(u~v) }/{u +0v° 42U -7 — > + 2 : (164)
728 &
vt
Let us denote
ab =i .
From (155) we have
u-v
2 — —
fyu?/v u-v
= YV — (1+’Yv) 2 <165)
7.2.9
In order to show that & = & we first notice that from (164)
2,2 o 2 L a0
u? % 420 T — — f - (@ QU) =l —y 2y +2u-v+ (@ ;})
c c c
then we rewrite
. (' = 2% — 37%2) & (=Y — 37u72) (G- 0)?
* - {<7u1%1—%%)02+ : iU : +
(1+m) (1+m) c?
2 (7.3 Y
Yy ) <2 2.2 R (UU)>
D) }/c[l V2% 2 U+ Z .
It is straightforward to show that
S (vt = 29%% — 30 Y2) » . (= — 37uyE) (@ - 0)?
(vt = W) + - AChs ’ +
{ (1 + ) (1+ ) c
2 (7.3 Y 2~ =
Ty (- 7) o - L (U 7) Yy UV
then we obtain
2
Yy UV
‘ = T - 5
T (1+7,)

which shows that

gL (166)




7.2.10

From (159), (163), (166) and (156) we have

b= dd—Ril| =i
*—wk=Ri| | =i | b=lR =7 (167)
7.3 Verifying that RZ g = Z e
[Tx | [TX ]|
From (138), (139) we have
Rl ., =7 =7
LS o xal I
Rl:f TXU :'%) TXU <168)
|ox @] |[ox |
7.4 Closing the proof
From (153), (167), (168) and (140) we have
R =1

which ends the proof of (37). ®

8 Appendix: A proof of the relativistic law for the addition

of velocity

In section 5 we obtained the law for the relativistic addition of velocities (22) as a consequence
of the Galilei law for the addition of velocities and the absolute time. Now we wish to reobtain
(22) restricting ourselves solely to the elements of the SR, i.e. the Lorentz transformation and the
repeated use of the chain rule.
Let us consider frames S,S’ and analyse the movement of the origin O” of frame S”. We have
= dZon
Vggr = o

Now, considering the Lorentz transformation relating the frames S, S” we have for the movement of

(169)

the origin O”

—/ =
T cVggr = =
— —/ o SS' = /]~
Tor =T on — (1 - ’ygss,>~2—vgsr + ’ygss,to//vssl (170)
Vss
S, =
T *Vsgs!
_ / o SS
to” - ’Yﬂss/ (tO" + CQ > (171)

o7



and the inverse transformation

T on = Tor — (1 — Vass,)wﬁss' - %ssto"’gss' (172)
| Uss
O (e w> . (173)
From (170) we have
Tor = Ton(F o (ton), ton Vss)
and from (173) we have

tlo// pr— tb// (tO”7 l_”oll (tO//), 7[75‘5/)
then we have
Ton = Ton (f on (ton(tor, Zon(tor), Vssr)) s ton (tor, Ton(ton), 555/),555) ;
therefore
= dzon (tou) d
v 7 = =
58 dtO// dtO//
_ OZon dx Py (L) [ Oton (tor, Zor(tor), Vss') dton n Oty (tor, Ton(tor), Vssr) dak, (ton)
ox g,, dtlo,, aton dton al”é,, dto//
+afo// 3t/0// (tO//7 ffoll (toﬂ), @/SS/)) dtou (915/0// (tO//, ffO” (tON), TJSSI) d{ElO/, (tO//) .
ot Dt o dton ol dton
Using the Lorentz transformation given in (170),(171), (172), (173) we have

375’0,, (to//, .fo// (tou), ,’JSS’) a fO" . U:SS’
- TVogsr (to” - —> = Yoggr

Tor <f b (ton(ton, Ton(ton), Vss:)) ton (ton, Zon(ton), Vst 5ss'>

(174)

atoﬂ N 61&0// 2

Oty (ton, Ton(tor), Vsst) 0 Zor - Uss\) _ 1,
oxk, ~ oxk, (%SS' <to” a c—2>) — sy 2058

A (tor)
dtor Ussr

OTon . 0

— = =
0 ¢ oz,
VLo U
. (m  \UgsrUsgr
_em<§i — (I =Yg )" )
Ussr
dl’ ,i//( /O//) o~
f — US/S//
dt
O//
0T on 0 (_’/ iﬂO” S Vggr =

- —_o ;= =
ot B ot B Lo — (1 - ’szs/) GQSS/ Vsg + ryvss/tO”USS’) = ’}/,USS/USS,

=/ ~

x *UVss’

'm o 88" ~m I ~m

(ION - (]. - ’}/ﬁss,),ﬁ,z—vssl + ,ygss/tO”USS'>
S8’

then we get

al_"O// dﬂf /(i)// (tlo//) 825’0,, (tou, fou (ton), ’27551) dton 8tlou (tO”7 fo// (tO//)7 ,?7551) dl'g” (to,,) _
817 g// dt/O” 8250// dtO// 83;‘15” dtO”

—

= a}/SS" : @/S’S”: 7555’ : aSS”
= Voge | Vs's” — (1- 'YESS/)Mz—USS’ 1- B —
Ussr ¢

o8



and

8fou 8t’0,, (toﬂ, l_”oll (tou), 55’5/)) dton 825’0,, (toﬂ, fou (to//>, 555/) dl’lou (tou) o
075’ " 81&0// dtou 8xlO,, dtou

Ussr * D) =
which replacing into (174) gives

— —

= = Ugsr * Ugrsr = = Ussr - Ussr
Ussr = Vogg (US'S" - (1= 7’655/)—@2 vgs + %SS,USS'> <1 T2 ) . (175)
s’

Taking the scalar product with 555/ we obtain

~9 2 5513/#553/
= = Vss Vg (1 T, )
Ussr - Ussr 22

~2 = =
v .
SS! A2 VgrstVss!
1+ c? 7555’ (1 * >

Ysst

and then

— —

1 Usgr - Usgn 1
2 ’555/ '55/5//
75531 (1 + c? )

c2

which replacing it back into (175) gives

= ~ = s issl -55151/ =
. Usrsr + Vogs Uss — (1 = g ) 5 55 Vs
SS

;USS” - = = )
. VggrVgrgn
VUSS/ <1 + c2 >

that is the form for the addition of velocity given in (22). A similar procedure can be used to prove

the expression given in (23). =

9 Conclusion

In the first part of our work the development of the Thomas precession was based on the properties
i. S H S,, S H S = 55//5 = —R_lﬁgsn
ii. R~ to L(issu)(t, f) = L(ﬁg/g//) o L(ﬁgsl)(t, f) .

The first property indicates there is a rotation between the frames S and S”, which implies parallelism
is not a transitive relation; the second property states how this rotation affects the composition of
two Lorentz transformations.

Concerning property i, we have seen in sections 3.4.1 and 3.4.2 that the form of the rotation Rz ()
given in (44), (45), (46) depends continuously on the relative velocities @ and ¢ and as a consequence
the axis of 5,5’,S” are mutually parallel whenever « || ¢ that we have shown corresponds to a

configuration resulting in Rz(¢) = 1. The analysis of how other configurations between « and
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v affect the form of the Thomas rotation may be pursued from the exact form we have obtained
for Rs(p). This exact form also allows a further investigation. In fact, in [5] the formula for the
relativistic addition of velocities is viewed as a binary operation & in the space of allowable velocities

defined by (22) and satisfying the properties

ToU = R T;d) @Dy [Weak commutative law]

(Wpv)PR T [w; ] i [Right weak associative law]
(Uev)oU = 0o (ToR ™ [U;w] @) [Left weak associative law] (176)
06U = ud0 = u [Existence of identity]

(—uw)®u = ud(—u) =0 [Existence of inverse]

where we have used the same terminology of [5] to name the properties. While the “weak commutative
law” corresponds to the form we obtained in (39), and that the “existence of identity” and the
“existence of inverse” can be immediately verified from (22), we still need to check the validity of
both “weak associative laws” from the form we obtained for the Thomas rotation in (44), (45), (46).

Concerning property ii, it represents a common algebraic behavior that shows itself in the Lie

algebra of the Lorentz group with generators {K;, J;} , e.g.
[KZ‘, KJ] = _'L.Eijkt]k

that points to the non-closure of the commutator among the Lorentz transformations generators
{K}.
In the second part of our work we assumed the local time depends on the state of motion of the

frames and showed that the original Thomas precession is characterized by the properties
i'. vgrs(vsrs) = —Q(vsnsr, vssr) Vssr(vssr)

ii,/, L(;[}/SS//> = K{S”,S},{S”,S,}L(%/S/SH)K{S/,SH},{S/,S}L(@/SS/)K{S,Sl},{S7S,,}

that replaces the previous properties i and ii.

In what concerns property i’, the factor relating the velocities vgrg and vggr is now given by a
scalar term  (97) rather than a rotation, and in this sense the most suitable name describing this
situation would be “Thomas dilation”. Writting the addition of velocities as v&u = Q(U; ©)udv we
still need to check if some of the properties grouped in (176) are satisfied.

Concerning property ii’, the presence of the transformation Kyg g} (s.s3 introduces one more
element besides rotations and boosts. We envisage two ways to treat these transformations. One
could be to enlarge in a suitable way the Lorentz group in order to acommodate the K-maps together

with the rotations and the Lorentz transformation and to find what algebraic structure arise. A

second possibility is to consider for every frame .S the whole set of allowable local times as one single

object [ts] := {tss/|VS' such that IL(Tss'), S Hosg) g } which involves a redefinition of not only the
Lorentz transformation but also the form we register events that instead of (¢, ¥') becomes now ([t], 7).

The implications this may bring to the structure of spacetime may deserve a further investigation.
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