A straightforward and Lagrangian proof of the Einsteinian equivalence between the mass and the

inernal energy (i.e. rest energy) V2

Ozgiir Berké, Portet-sur-Garonne, ozgur.berke@live.fr

| propose a Lagrangian proof of Einstein's well-known law that the mass system is its internal energy.
The interest of this proof is to show how the distinction between internal degrees of freedom and
the center of mass appears in the Lagrangian formalism. Considering that the Lagrangian depends on
a particular set of variables for the internal degree of freedom, | show in a standard Lagrangian way
how one can naturally find the desired law. This proof does not use the tensors of energy-
momentum and can be easily used by students familiar with Lagrangian mechanics and the basis of
special relativity. | apply the method for the particles and for the field, using the scalar field for
simplification but it is easy to generalize for other fields (containing only the first derivative in
Lagrangian). | give the example for the gravitation field. The method permits us to observe a strong
relation between the Einstein’s E=mc? law and his other famous law of the time dilatation. | carefully
analyze the meaning of the particular choice of the variable and showing a sort of a modified speed
addition formula without contradicting, of course, the one of Einstein (& Poincaré). | also try to
untangle (for myself at least) the relation between the mass and the origin of the energy scale.
Finally | analyze the reason why in Newtonian mechanic we don’t have a such law. In future
complement | will apply this way of thinking in the toy model of the electron (useful for an explicit
classical renormalization of the mass) and the effective description of a complex system in term of a
particle in order to better understand the passage from this 2 forms of description often used but
never really explained.
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1. The Einstein law
1.1. The law

According the expression of the law of physics via the principle of least action [1] and the relativistic
invariance: the mass m, of a material point “a” is simply the multiplicative coefficient appearing in
the Lagrangian of this material point, interacting or not with an external field.

S[ra(t)] e ds, + f Fmact L
T = — m,.c.ds ee I —
a @€ tSa . Y@

Sa,1

In 1905, Einstein tells us that whatever the system: a set of material points (dynamically

characterised with a Lagrangian L ({ra} { })) or a field (dynamically characterised with the

@ 6<p)

Lagrangian A ((p, ) we should have:

t, E*
S[R,(0),..] = —f it
ty c

. % _ dry OL* . *( " {dr;‘,}) . .
o WithE _Zadt*adra L ({rg}, | ) for a material system;

dt*

o OrE*= fﬂ(at* ) —A*)dV* for a scalar field (for example).
at*

Where the quantities with a star * are relative to the reference frame associated to the mass center
K*. So E* is the internal energy.

Thus, every system has a centre of mass which has a Lagrangian, analogous to a material point with a

E* _,. . . .
mass M = = This is the famous law of Einstein.

1.2. The current proof

This law is well established since its first publication in 1905 and was re-demonstrated more clearly
after by other (Einstein himself, Von Laue ...). The simpler way (that the author know and read in [1]),
is to demonstrate that the momentum is a 4 vector.

Indeed, tanks to the stress energy tensor T of the system, we can always associate to it a 4-vector

PY(K*) = %f fffspace_tim P T*dS, , where we choose the hyper-surface of integration as the

hyperplane of the reference frame K* (t* = cte).
In any frame ([3]), PE(K*) can be written equivalently
i * 1 [ * *
PUK) =2 11, cemcim T6 (numx ™ (K*) ) mic(K™) d*x

where 1, (K™*) is an orthogonal vector of the hyperplane t* = cte of K* such that
n*, (K*) = (1,0,0,0) in K*.

Thus, the Lorentz transformations tells us:



. 1 . o1
Pi(K*) = - f W L LETTs8(e"). L' (K™ d*x* = L~ W T*r0(0, x*¥)dV'*
¢ space—time ¢ x*xey*

So P(K*) = L', P*"(K*) where P*" (K*) = = ]

Space

T*70(0, x*%)dV*

But E* = fffspace T*90(0,x**)dV* and P**(K*) = 0 by definition of K*

So we have Pi{(K*) = (y%*,yf—;VK*/K), hence P = yf—;VK*/K >M=L

C2

That is to say, the 3-momentum of any system is the same as a material point:

. E
o withamassM = =
o andaspeed v = Vg, k.

2 remarks:

o PY(K™)is here relative to the particular time t* = 0 and is not a priori constant;

o Pi(K*) is not the only one 4-momentum since we can define a different one for each frame of
reference, P1(K), PL(K"), PL(K™) ..., all are associated to different hyperplane of simultaneity
linked to each possible (an infinity) frame of reference K,K’,K*...(see [3]).

It exists a particular case where there is only one 4-momentum P*: P{(K) = PY(K') = PY(K*)...In [1]
we know that (in a general field theory):

o if the system is locally conserved : the stress-energy tensor has a null divergence
0, T = 0;

o andif there is “nothing (other than gravitation field)” in infinity (in the sense of
convergence to infinity).

e PYK)= %f fffspace_time’KT"dek is conserved and doesn’t depend on the hyperplane

of integration (thanks to the conservation law).

In a less general theorem (but more old) from Von Laue (cf. [4]) we can also say that if 3,7 = 0
(and nothing to infiny):
i1 i . 1
Pl = ;fffspaceT‘odV is a 4-momentum < ;fffspaceT“ﬁdVﬂ

1.3. Why (I am) searching another proof ?
The proof above does not use the Lagrangian directly but indirectly via the stress energy tensor.
However, the base of all dynamics in physics laws is (until now) always to start from the Lagrangian
of a system with the appropriate variables (including degrees of freedom). We should be able to
select the center of mass and the complementary degrees of freedom (which we called logically the
internal degrees of freedom since they are seen in the “hidden” K*). Unfortunately (for myself at
least...), | never found any proof using this point of view. With the current approach (even if it is
sufficient for physics) it is not clear, for me, how the centre of mass appears in the Lagrangian, in
parallel with the internal degrees of freedom. Indeed the Lagrangian is reconstructed only a

posterior, after to demonstrate that P, = y?VC (using the stress-energy tensor) (see [1]). So we

don’t clearly see the passage:



e From an initial Lagrangian S[{r,(t)}] = fttlz L ({ra}, {%}) dtor S[{e(x,t)}] = %f ffa ((p,i—f,i—f) dQ

e To alagrangian of an apparent material point S[R.(t), ...] = — ftz £

t1 y(Veo) dt -

In this article, | propose, using directly the Lagrangian formalism, to give the proof, for a material
system (to present the method), for a field (scalar in order to simplified) and finally a system where

the two interact.



2. Material system free
2.1. The proof for a material system

We begin with the action principle for a set of particles:

t

Slra(®)] = f (o (T an

In this expression, we are using coordinates in a Galilean reference frame K.

The degrees of freedom are the vectors {r,}, and we integrate the expression between the plan H;
(t; = cte), and H, ( t, = cte’) in this frame.

We want now separate:

e theinternal degree of freedom {r,}, defined in the frame K*of the center of mass;

e from the external degree of freedom R, defined in the Galilean frame K.

So the degrees of freedom {r,}, are equivalent to the degree o freedom {rj, R, }.

Note 1: a plane t=cte is seen differently for different internal particle in the frame of the center of mass K*

Thanks to the relativist invariance we know that each terms of the action associated to a particle is invariant (L. dt =
Y.a —Mg. cds,). However in the frame K*, the border plan H; and H, are associated to different time for each particle (in
Einstein relativity the simultaneity is relative to a frame).

More explicitly, the Lorentz transformation said that a coordinate t’ seen in the frame K is expressed like

t'—t=y(t) ((t’* —tip) + @r)
With:

o y® =y(Vc®),
o Ve=Vigyk(t),

* : . - t dt’
e andt, the time measured by a clockin C: t; ) =

0y(®)

, in the frame K*(t) at the instant t (t'#t, a priori, since t’ is a generic coordinate of K but t defines the time of K for which
the center of mass has the speed V¢(t) ).

So aplane t’ = cte in Kis seen like a plane y(t) ((t’* - t;(t)) + IC—}r*> + t = ctein the frame K*(t) around t.

. P * . * t'-t VC * *
Thus a particle at the position 1}, sees the plane t’ = cte at the instant t"* = Y0 =Ta +te

This is the proof of the assertion in the title.

Note 2: measurement of a clock fixed on K*(t)

Around t (t given and constant), a clock in * of K*(t), and always in * , measures the duration time

_t'=t _Ve®
RGN
localised, by definition, in a different position than C: that is to say r*.

t" —tiw 7" between the event (ct7), 0*)K*(t)associated to Cin K*(t) and a certain event (ct", 7*)k.(r)

If we demand to this clock to measures now the duration between 2 events localised in its own position, the duration is
Ik g% _ t'-t  Ve® *) _ o _ (At’—o
now A(t™ —ti) = A(y(t) Sort) <=> (A" - 0) = o)

always in the same reference frame K*(t). More over r* = cte by definition of the 2 events considered.

— 0) since y(t), Vc(t), t are constant since we work



" At’ " dt’
So we have At'"* = —and dt'* = —

= for 2 infinitesimal events.
y(©) y(®

When we observe 2 events associated to a particle, we study the duration time between 2 hyperplanes t"* = ct of K*(t)
where the 2 successive positions of the particle occurred. The duration is always measured by a clock fixed in K*(t). So we
can apply the relation above for the duration time associated to a particle:

dat

v i : P =dtt = —
particle a: dt; = dt e

Note 3 : On the Lorentz transformation

A more general Lorentz transformation is:

tg—t ty, —to tqg—t=y(t) ((t,’; —tH+ ’—jr;>
(T (t ) —R (t)) = L(t)( r ><:> ;
T Ta(ta) = Re(t) = c(t; = t)y (OB + 15+ (r = 1) 7. (Br2)

a

For a movement of K* along x, we have the special Lorentz transformation principally used in this article:

te—t=y(t) ((tg —tipy) + @.xé)
Xa — Xc = V(t)(c(t?i - t;(t))ﬁ(t) + XZ')

Now we express the action in the local frame K*(t):

SIra(e), RO = | L (e [0 e v ar

*
ta,l

. dt . .
Taking account dt* = — and returnig to the Galilean frame K we have:

y(©)
* * * dr;kl
{ta2) dt dr}, dt* t; L\ {rad iy(Vo) 7 R Ve
S = Lt p RV dt = dt
f{t’;,l} <{r“}’ {dt* dt } ¢ C) dt ft y(Ve)

So far, nothing new.

The important point to keep in mind is that we are not considering the variation of the internal

degree of freedom r, :

. . . * d *
e relative to the internal time t*of K*: d:’j;

. . . dr
e but instead relative to time t of K: %.

v(oafrvots)
yVo)

That is to say, the Lagrangian considered is L' ({rZ}, {%rz‘} ,R¢, Vc)

using the most « natural » L ({TZ}, {Z_:'}}’ R, Vc) = L<{+V’{5t*})

, instead of

So, we can now calculate the momentum of the center of mass, with V¢ = V. x:




oo U(ufrooGs)
T
= i (b oo T s

\/1_7,%2 = _V(Vc)%
21 (b roo ) = 7, 200

dr;,
a0 )
v V(Vc) y(ve) aVc “
o010 [ w3
avey(ve) v c

aL*

-1/2
_y ary 2(175) oL
v, ay(vc)dra T Aa g v, a‘;:.é
1.v,
_Zdr;; 522 oL xCdrg 3y v, oL
T L dt v\ | pdr, - L dr ! (Obn ¢ o dry
a (1—7) datx ¢ at*
dry, Ve 1 dry Ve L
P.=L"({r.} V—)(—V—) 3
=1 (o frvoZH) (vwo TPl
dt*
Ve e dr, oL
=y %[ 1 () v T2 + ZV i
Ot
v dr, aL*
=y Zy :

i (oo 5)
dt*
= y(v)“ zai:f% — 1 (trad

dr,’;}) dry dru
*
P.=y—=V¢
c
dry oL* dry . .
where E* =Y ,—2 Ta —=—L ({r;}, {i}) is the internal energy
dt* 5dra de*
dat*

So we have our relation

E*
E™ is relative to the hyperplane t*=cte, the mass M = — is dealing with events ( the spatio-

temporal positions of the particles) simultaneous in the frame K* and not in the frame K. This
d
is well defined since t* = ft ‘

0y’

Fdt’
M=M(t*)=M J‘m

We see that we don’t need to talk about closed system hypothesis or to have a 4 vector momentum
to demonstrate it (we don’t even use the expression L.dt = )., —m,.cds,)




dar
We have to note, in the proof, the importance to freeze the right variable { = } (and not{

)i

order to have the good expression.

2.2. Momentum and energy of a material system
2.2.1. Momentum

. oL’ dr oL* .. . .
We can also notice that Py = —= = y;ma.d—t‘: , 50 Py = —=which is surprising but reassuring for
a a a
dt dt*

the intelligibility of this quantity: this is the same as the one we would have in the frame of the
centre of mass K*.

. . «y fdrs .
More over the total momentum P4 associated to the Lagrangian L’ ({ra}, {%}, R, Vc) is

oL’ | oL . N L .
Piotal = Zad_r,*, to, = Y.a Pa + P, = P_ since by definition of K*: )., P, = 0. This is interesting
00— C
dt
since despite considering the internal variables on the same level as the mass center, we obtain as it

should the total momentum is the one associated to the mass center.

Proof:
_ _ _ dsg _ dsg dt* 211
Indeed L.dt = — Y, my.cds, =>L = =), mg. co = —YaMg. Corar = —XaMg.C 7y
11 (d—rz)z 1 (dr")z 1 (dr“)z dary, d
* g
But =2 [p—al - |1 _yRa 2 snce—— 4
YYa V¥ c v? c y? at* v C)
*\ 2 * *
di d
o (ay_ o |1_(G) _ 123 __E
Moreover % e aﬂ Y e T e T, el
dt

a 211
SOPa:_EZa/mar-C y_(}_/:ma-

drq "

dt

2.2.2. Energy
. . . , « drg .
By definition the energy associated to the Lagrangian L ({ra}, {?},Rc, VC) is:

N oL drg o
- dry dt  dv, €
a 0
dt

We can re-express it as:

*! « !

_ drg _ ’
=Y Po—*+PV, S since L' =



aL* dry E* A _ oL aL*
_Zaﬁ at +(yc_2VC)VC_7 smcePa:E—E
dt* dt dt*

oL* dr;, L' E*

_\' 9% are L L2
- gdra dt vy tra Ve
a dt*
oL dr;, L' E* oL* dr; 1 E*
= Sty V A A A L
5 dragydt* vy c 5%Ta _dry dt Y c
a dt* a dt*
cp 2B e 145
E* E* , E* E*_, E+yvzV 1+y2 p? 1-p2
=—+y=S.VSi=—+y=.V.S = =E" =E*
y = c? c? Y Y Y
1—p%+p2 1
1= B2 1= 32 2
Y Y )4
We find that, as it should :
Elz,yE*
. . aL* drhy .
WithE* =Y, 2 — [

dr dt*
dt*

Indeed, it is the same relation that we had with the energy associated to the classical Lagrangian

L ({ ab {ddrta}) oL d
E = z dra%_L = yE”

We can conclude that E' = E

We can also conventionally note: E = E* + (y — 1)E* where we observe, for a closed system
(E=cte), an exchange of Energy between the internal energy E* and the kinetic energy (y — 1)E*,
the one depending of the center of mass.

2.3. The Euler-Lagrange equation for the internal particles and the mass center

The Euler-Lagrange equations are :

d o (4T _ 9 (e (Ta
aa—VcL ({ra}: {W},Rc' Vc) - B_RCL ({ra}l{ dt }’RC' VC)

o Ut frooel)

va %% <{r3}' {%}'RC‘ VC) = ai; L ({r;;}, {%}'RC‘ VC) = orn A
y(:/c) arn <{r“} {V(VC) dra})

Taking account the momentum expression above we have therefore:




d( E*V) 9 L’({ *}{dr;}R V)
act\V'27¢) = gr, - \Uah Tgg J el

v im0 oo )
& qg\YaMa g y(Vc)ara Tab (Ve
Asdt* = at the second equation can be re-write:

yve)'’

dci* (V“ Ma: %) - aia ({ ab {dra})

It is remarkable that we obtain the same equation that we should obtain for the dynamic in a K*
frame. However, we should notice that, since the center of mass can a priori accelerate, this is the
equation for a material point in a local Galilean frame. Indeed, dt* is not constant as it is equal to

N dt . ) . . N
dt* = o where dt is the true constant differential element. v varies, so dt™* has to vary also.
C

2.4. The material system seen as a material point: the reduced action

We can write:

*

st Ro1 = [ 1 (i) o

}, o Vc)dt
ty
tz
_L

dry
ZP“'W+ P.V.—E
a
t2 dra E* .
[ Rt (B e
ty
a

Zpa ddrt +yE* (52_1)] f:z

dt

dt

.f ’
ty

So

[

dry
“E?__L“

SH{ra(t)}R(0] =
t

If we ignore the final position of the internal degree of freedom, we have like a “spatial
Maupertuis principle” (instead of a temporal used in [2]):

6mwmmm42mm)=o
a H,

We can see that if all the internal momentum are constant, it exists a reduced action principle:

t, E*
%mxm=—f-7m
t

1




We can surely generalize it for closed systems with internal separable variables where we’ve chosen
well the variables with constant momentum. In this case, we see that for “stationary” system, in this
restrict sense, the center of mass dynamic is the same as a material point.

dry

dt
Lagrangian of the apparent material point with this reduced action (in the same manner we make

appear the virtual work theorem: § fttlz [YXaPq.dr — H[Pg,14]dt] + (Xg Pq.07¢)y, = 0 and
Pq = cte=> 6 [ Hp et ((ra)) dt = 0), cf .2))

Note: my idea to consider the quantity { } comes initially from the willingness to make appear the

Proof:

Indeed (do the same that [2] but for space and not for time)):

BS{ra(t)), Re()] - (Z Pa.m) =0
H.

2

t, t, E*
<=> 5f dZ[Pa.r;] +5f [——] dt — ZPa.cSr; =0
ty = t |4 -

H;
t, E*
<=>5 ZPa.r; +5 [——]dt— Zpa.5r; -0
a H, f r a Hy
t, E*
<=>4 [— —] dt=0
t 14

As already written:

2.5. The material system seen as a material point: the internal dynamic is known
t
SIra (eI Re)] = |

f 1A * dr*
, L ({ra}, {d—:},kc,vc> dt
tr dr;, E* tr dr;dr;, E*
= P, -— dt=J Zy*m — 2 |dt
L[za:“dt Y ti[a““dt*dt %

We decide to say that we know the internal dynamic of the system.

That is to say we know the maps:

o {ra(t")}
dry , &«
.+ {@e)
So, it results that the mass center is in the field (in the [2] terms) of the internal degree of

dry
dat*

st R = [0 (i {50 rve)ae

ti

freedom{r}}. We can inject this information {rj(t*)}, { (t*)} in the Action :



ty dry ()
ft ZVa @ dt* 14

i

{tar} |
=f{;;2a:y&‘ma-it* ] f

| {tar) tr o E*(t%)
j dfies) + "t

t t;

The least action principle can therefore be express with the following action:

t t
S"[R.(t), t] = f fL” (t, R, V)dt = J ! E(E/t ))
t; t; C

. * * t dts
With t* = t*(t) = ftim

It is important to not that we a priori don’t know the expression of t* although we know the internal

dynamic express relative to it. Indeed, knowing t* required to know the map V¢(t) (part of the

solution we are looking for) since t* = f —— which is absurd. Another proof: knowing t*, implies

(t )
the undesirable consequence that @dt = E*(t*(t))dt*(t) = df(t*(t)) = dg(t). . This would
suppress (according to the least action principle) the only one term of the action that we want to

maintain in order to find the trajectory. We see therefore that the center of mass is again in the field
of a variable : his own proper time t*, as for a material point.

- . . . t dtr
It seems difficult to find any relevant way in order to take account the constraint t* f o) in the

Lagrangian.

Despite this problem, we can make a stronger supposition that we know, in addition to the internal
dynamic, the behaviour of the energy relative tot (and not): E*(t*(t)) noted abusively E*(t).

Indeed even if we don’t know t*(t) we can pretend to know E*(t). More precisely

E*(t*(t)) = (E*o t*)(t). Knowing the map (E*o t*) is not sufficient to know the map t* since the
inverse map E*~1 could eventually not exist.

Knowing E*(t*(t)) and inject it in the Lagrangian, is equivalent to say that the center of mass is now
in the field of the energy.

This situation is automatically realized in the classical case where we put t* = t in the Energy. However, we do not make the same

L VCC ) Otherwise, all the information would be lost:

approximation for dt*, indeed we put dt* = dt(

do@dt ~ E*(t)dt(

1”22) but not =D gt ~ E*(0)dt
2 ¢ y



2.6. A strong link between the Einstein law and the dilatation of time

Lo o V(D frooG)

C:

ove 0V y(ve)
= 1 (i froo ) aicy(lm ¥ y(ia -t (v o)

Since in special relativity, the space is isotropic (=the laws of a material system_in a homogeneous &
isotropic gravitational field are isotropic) y (V) depends only on the norm of V¢ or equivalently on
Vi

. i 1 - _ 1 ay(ve) - _ 1 aY(ch) 1 av 6]/(ch) 27 oy(ve?)
e, y(ve) y(ve? ove, y(ve)? ovg, Y(Vc) Ve, OVe? V(Vc)z tx vt
I ar, 6)/(%)‘%‘ aLr dry ay(vo)\ oL®

o sl {reo) =t o =S (G )@-

t*
dra oy A\ oL* _ dry ay(v:2)\ oL
Za(dt Vex av? )adra Za(dt ZVC'X av? )aﬁ
dt* at*
oL drs, 1 Iy (e2)
P.,= = L*( r { v }) — 2V¢,
c,X aVCX { a} ]/( C) y(VC)Z C, aVCZ
z dra ay(v)\ oL
V(Vc) Vex ov? ad_r;kl
dt*

=2 20D o C)Z(dr“)i—” (e oo )

ay(ve 1 dr;, oL dr;,
Ve e y(ve)? dt* 5 dry <{r“}' {V(VC) dt }>
a dt*
_ oy oy(v?) E* _ 2c¢? YA\ E*
“ave y(ve)? V(Vc)z v c?

o )

v

Starting from P, = , the fact that the space is isotropic in special relativity

and without express explicitly y(v.), we have:

*

E
P, = Vc-yeff(vcz)c_z

2¢2 dy(v)
y(ve»? dve?

with y¢/7 (v,) =

And of course y(V.2) =




This is the expression of the 3-momentum of a material system without knowing explicitly the
relation between the dilatation of time and the speed of the mass center V..

Now using this general result, we want to know if the Einstein law is sufficient to obtain the right
expression of the dilatation of time y relative to V¢, that is to say the expression y (V%)

E* . . . . .
We start from == M. This expression means that the form of the impulsion of a system, with

internal energy E*, is the same of a material point of mass M verifying— = M.
Cc
But for a material point we have P, = V..y(V:*)M, so the Einstein law implies

E*
i M=y () = y(ve)

_ (2 Ay A\ _ 1 1 ay(w) _ dy() _av _ 1 2y-27 — 4v¢’
y(ve) = (y(vcz)z ave? )_ 2c2 7 y(vH)3 dvez  y(vd)3 | 2c? == Zd[)/(Vc )= 2¢2

1 _ dve? 1 a2V vl _ _ v
=>—2dly(vH =35 => —; (DY =3 =>-eH T -vO@ =%

V.2
=>y(0)7% - CLZ =y =>yW?) =

eff _ 1o — 2¢? (dy(vcd) _ 2¢2 [ 1-1 1 _
Buty (0) ]/(0) 1=>1 y(o)z( ave? )Vc2=0 7(0)2 cZ 2 (y )3/2

c? 1 1 ¢t 1

—_ — 3 _
o2 G — oz (07 =70

1

So f—z =MwithP, =vV,.y(V M =>yV?) =

=z

We have the final result:

ov' (o) {%alreve)

v

Starting from P, = , the fact that the space is isotropic in special relativity

and without express explicitly y(v¢), we have the equivalence:

E*=Mc? <=> y(¥v2) =

With the definition

G-

= {the form of the impulsion of a system, with internal energy E*,

is the same of a material point of mass M verifying f—z =M. }




Hence the Einstein law is not only a necessary condition of special relativity (via kinematic and least
action principle), but also a sufficient condition for the dilatation factor expression y (V.%).

In this sense, this theorem shows that the dilatation of time and the Einstein law are strongly related.
So any proof of the dilatation of time, is a proof of the Einstein Law and inversely.

*

This can also be illustrated by showing that any empirical deviation of the Einstein law A= f—z —Mis
2

linked to a deviation of the Special Relativity relation —a=1- VLZ
y(Ve) ¢
E* V2 v V2
A== - =V(—C)2M—M=M<y(—C)Z—1>=M Ye) __
¢ yeff(vc ) Veff(vc ) 2c* dy(ve®)
y(we)? dv?
V)3 1
—V(C)Z_l = M| == =1 |= M| 1+ ———r
202 e?) 2c¢2dly(ve®)7? c2 Ay ()72
dv? -2 dv? dv¢?
So we have

_E* 1 dly(ve) 2] 1 -1 A
=—-M=-M|1+——5=|orc? = =—=|~-1+=
3 ( EITE o= (25) = () =

If we measures }ﬁ in function of v 2 (like Bertozzi Experiment [5]), we can obtain an empiric law
C
like
— =¥ (@SR + &) ||X " with aSk = (1,-1,0,0,0,...)
.y(ch)Z n=0 n n’i- c n ’ yWHU,U) e
<=>;=(1+s)+(—1+s)(ﬁ)2+2°° € ve)| ™"
y(ve2)? 0 -\, n=2¢<n- ||,

dly(v.H™2] 1dlyv.>™2?] 1 -
= [V(c) ]=_2 [y(c)z]z_z 81—1+228n.
davc? c d(ﬁ) c
c n=2

VC
Cc

2n—1>

Thus we have the following relation between the empiric deviation of the 2 laws:

n
& +2 Z &n-
n=2

2n—-1 A

M

VC
Cc




Any deviation of the Einstein law is linked to a deviation of the expression of the dilatation of time :

N 2 i VC 2n-1 A
& &n- ; ~ U
n=2
with
_E
[ ] = C_z - M
1 Ve 2 o Ve 2n
= (L e+ (“1 e (%) + B ||

This is another way to express the link between the 2 laws.

2.7. Questions about the meaning of events and physical quantities used in the proof
2.7.1. The meaning of a speed

dry

dt

different references frames: K* for dr, and K for dt. It may be thought to be ill-defined, which would

break the demonstration.

There is a priori a problem with the speed since it combines 2 quantities that each relies to 2

. “ . .. drg drg dt* .
In many textbook like in [5] we can “traditionally” write % = d:’f;, and according to the Lorentz
. dat* _ 1 _ . — * — E *
Transformation e y(dt*+ﬁdx;;) = Jtoran, withdt; = y.dt* anddt, =y . dx;.
c

dry dry dry

dt_dQ+dQ=y(

dt* + gdx;)
However we don’t use this textbook (or traditional) formula above in this article but another
instead (consequently dr, has also another meaning):

dr, dry dry

dt  dt; ydt*
So what the 2 expressions really mean, why are we using the second whereas the first ? and is there
any sense to use the second ? The latter question is important since my proof is totally based on it.

*

. . dar, . .
a. In the first expression —* = ———2——, we are actually using the Lorentz transformation about
dat y(dt*+;dx¢*l)

dry

the 2 same events seen in 2 different Galilean Frames K and K*:
o = (ctipran(te) . = (ctura(t),
1
o a,= (C(tzq +dtg: ), Tax: (tg: + dtK;))K* = (c(ty + (t, — ), 7alty) + dra(tl))K
1

Indeed, at the time t; of K we associate to the center of mass C, at the position x.(t;) and any
coordinate (ct,q, x,q)K* of the local (current Galilean ) reference frame K* is related to that of K
1

(ct, x) g with the Lorentz transformation:

( fde
IC.t - C.tl = ytl' c tKI _J ]/_ +ﬁt1'(xKI _‘xC,KI)
0 t

ty d
X = xc(t1) = Ve, ((xrq ~Xexi) + by <t’“ B Jo _t>>

Vi
{c.t —C.ty =Yg, (c(t,q - t(*;(tl)) + ﬁtl.x,q)
<=>

X = xc(t1) = Vi, (XK; + B, - (tl({ - té(tl)))




* ty dt . .
e = [ '= the time seen from the clock in C;
C(t1) 0 vy

* Xcgr = 0 by deciding that C is the spatial origin of the current K*.

* Vi té(tl), B:, are constants associated to the Lorentz transformation at the time t;.

So we simply apply this transformation for the 2 events:
e Onone hand:
dlc.t —c.ty) =(c.t —c.ty)g, — (.t —c.ty)g, = (c.1)q, —C.t; — (C.1)q, +C.t; = c.dt
e Ontheotherhand: (c.t —c.ty)q, — (€.t — C.t1)q,=

= [ve,- (c(ti; = teqey) + Be- xKI)]az = [ve,- ety = toeep) + 5t1-x1<1‘)]a1
=7Vt [(C(tl(iaz - t,q'al) + B, - (x,q'az - XKI,%))] since y,, t¢ & By, are constant

=7Vt (cdt,q + ﬁtl.dx,q)
So we got what we expected |c. dt =y, (c. dtg: + By, de;)

b. Now what is the meaning of the second expression dra _ drg _ dra ?
at ~ dt, ydt*

The answer of the question need to clarify what we are actually doing in the reasoning of this article.

First, we start to suppose the knowledge of the movement of the center of mass C, for each time t of

K. This knowledge imposes the movement of the reference frame K* since we choose to define it

such that, around each time t, it coincides with the family of Galilean reference frame (K*(t))

teR
o inauniform rectilinear translation relative to K (with the speed of C: V¢ /k+);

o and having for spatial origin the position of C.
So we have parameterized the reference frame K* with the time t; of K with a map, say g:
g:t; = K*(t;) also noted K;'

Secondly, what are the events involved in the two frames ? We are studying a particle “a” of a

material system with C as its mass center. We can a priori think that, at the instant t; of K, since we

study an event (ctl, xa(tl))K , we have to study in K*(t;) the same event seen with the different
coordinate due to the direct application of the Lorentz transformation to (ctl,xa(tl))K ...Butitis

actually not the case.

Indeed, at the instant t; of K we apply the map g defined above and we observe in K*(t,) all the
elements which are simultaneous with the event associated to the spatio-temporal position of C:

(cty, x k-

So contrary to the case 1), in the case 2): we are not studying the same event (the same spatio-
temporal position of the partcicle “a”) in two different frame but :
e Anevent (ctl,xa(tl))K in K;
e AndaneventE; = (c. tz(tl),xa,K;)K* in K*(t,) defined by its simultaneity with (ct;, x.) .
1

By the relativity of the simultaneity, this event E; in K*(t;) cannot be associated to the instant t; of
K. In fact, only the event (cty, x.) is analysed with the two reference frame K & K*(t;). So we
understand why we cannot use the expression of the case a).

In order to visualize the situation, we show below the schematic view of what we are truly doing.



Trajectory of the mass center C

Trajectory ofaninternal particle passingtowards eventsE, and E; :

*Notatt, &1, 0fK

*Butatt’, & t', of K defined such that E,=(ct’;, x',) =(ct™,, x* Je= (=(ct*, + cAt™®, x*, )k 1t

=>t, t, are only relative to the movement of Cin K,

This movement of C dictates a posteriori the hyperplanesin K* :

»t*; =t* simultaneous in K*(t,) to the event (ety ,Xepq)k

1%, =t + At*, simultaneousin K*(t,) to the event (ct; ,X¢ya )k

Where At* =(t,-t,)/y, i.e.(t;-ty)=y At* isthe time dilatation of a clock following the center
of mass C, seen by the set of clocks of K.

X2=X‘Xc(tzy

This schematic view use the 2 following expressions calculated in ANNEX:

x—xc(t;) cte

C.ltix .= x)=c.t; + v B,
° (xKlf—CtE)( ) t Bti yti'ﬁfi
i

¢ (. t(cthzcte)(x) =c.t;+ .Bti- (x = xc(8)) +

We also use the fact that, according to the definition of the reference frame of the centre of mass,
the orientation all the hyperplane of simultaneity of K*(t,) are (around t;):

o the hyperplanes tgr = té(tl)
o and all the other separated by dty: = :_t
t1

Indeed, thanks to the Lorentz transformation between the reference frame Kand K;" = K*(¢;)
c.t—c.tp =y (c(tKi* - té(ti)) + ﬁti.x,{;)
. , we have
x —xc(t;) = Ve (xKL-* + B, (tKi* - tC(ti)))

c.t —c.t; = v (cti; = teep) + Bexi)=> ¢t = ¢ty + v (c(tir — toey) + Bep*x;)

=>‘c. Eys=c y(ctgr) = ety + e (c(ter —toey) + ,Bti.cte)|

Its results that relative to K, events situated, at rest, at the origin of K{ (that is to say C) and having

the time t- are observed at the time E(x s =0) (CtKi*) =ty + V¢, (t,q - tz(tl)).
1

This situation is of course relevant for the centre of mass C between the instant t; and t,:

" P
t —t1 = Ve, (tKZ* - tl,lq) <=> gy — o) = zyt .
1




This relation also relevant to all couples of events having the same position (at rest) in K*(t;). So, we
have the relation affirmed in 2) and showed in the picture above.

The particle event of the reference frame K* are also parameterized by the time t of K

“un

Indeed, we can define for a particle “a” a map:

ga'ti 7 E¢, = (C- té(ti)Jxa,K{‘)K*
1

That is to say, at each time t; of K, we associate a frame K*(t;) , then the event E, associated to the
particle is the one localized in the hyperplane of K*(t;) which contain also C at the instant ¢;.

We are not saying that the particle “a” is seen at the instant t; in K*(t;) (a non-sense in relativity)
but instead it is associated to the instant t;_in the map g, sense: indeed, the hyperplane of
simultaneity of K*(t;) is parameterized by t;.

In order to more untangle these relations, we give just below the explicit expression of E; = E;, in K.
To insist in the fact that E; is parameterized by the time ¢;, | will always write it E;,.

2.7.2. What s the coordinates of E,, in K?
We suppose the knowledge of the trajectory of C and the internal particle “a” relative to K x, (t).

At t;, E¢, has the same plane c.t™ = ctg; than C which has the coordinate (ct:}(tl), 0*)1(1‘ =
(c. f;lj—:,o*)m in K*(ty).
Moreover at a given coordinate x of “a” in K we have:

C. t(c.t*zctz(tl))(x) =c.ty + B, (x — xc(81))

What can we choose forx ?

The expression was calculated for a particle “a” on the x-axis of K at a time of K where the function
x4 (t) is the x-coordinate associate to c. tet =ctie,) which different from t; with a certain duration
1

Aty. The time of K where E;, tooks place is :
c. t(c.t*:ctz(tl)) (xa(tl + At1)) = .ty + P, (xq(E1 + Aty) — xc(81))

We can notice that, knowing the trajectories x,(t) , x.(t) , At; is a solution of the equation:

Aty = % (xq(t1 + Aty) — xc(81))

o Ina particular case where x,(t; + At;) can be developed at the first order, the latter
equation is reduced to:

7. x
Atl(l) ~ Tl (xa(tl) + d_ta (t1)At1(1) - xc(tl))

Bt, dxq
<=>At;P[1-—=2
! ( c dt

(t1)> ~ % (xq(t1) = xc(t1))

& Xq(t1) — xc(t1)

<=>At1 = Atl(l) = c V
1—Be,—(t1)




o Ina particular case where x,(t; + At;) can be developed at the second order, the latter
equation is reduced to:

2
ﬁ dx d?x At, @
At @ ~ T ta A @ + dtz“ (t)). 12 — x,(t;)

B, d
<=>0=~ |2
2c dt?

<Q4Aa@>+{&%——u0—4]m<”+ﬁ“[aaa—qun

a 2 |% V,
<=>0~= 'thl ()| A, @" - [1 - ,Btl?a(tﬂ] AL @ + A, @ <1 - B, ?a(tﬂ)

We can try to solve it directly, using the standard solution of the second order equation, but it should
be not useful since the solution will not be applicable in the usual case where there is no
acceleration...However, there is another way to solve it with the perturbation ¢ of the first order

solution Atl(l): Atl(z) = Atl(l) +¢&
'B fl )2 @) _ A @D
(t )| At 9" — (Aty At D)1= By, —(tl)

V“Maﬂ

1-Bt, Ca(tl)

<=>At; @ — A, @D ~ £, ®’

Using Atl(z) = Atl(l) + ¢, we have:

Sz_fifZij_Ahux+@2= fh%qlﬂ

1.&?m> 1- B, 22 ()

ﬂtl aa( 1)]
2
<=>¢e= —V(Atl(l) +e2 4 25At1(1))
1=B, 7 ()

2
(Atl(l) +e2 4 2£At1(1))

V“Maﬂ

1-Bt, Ca(tl)

2
<=>gw~ ( 6, + 25At1(1)) with At; D > e

&%uﬂ &%uﬂ
1-B, ?a(tﬂ 1 Be, Y (t1)

uﬂ

<=> ¢| 1-206,P

%%mﬂ

1-p, ?a (t1)
%%uﬂ
1- ,Btl < 2 (t1)

<=> eg=

£, ®?

1-2A8,D



|G )

Bt, a Bt, a
: 5 a(l)] [5-% o)
=>cx —.Atl(l) 14246, ® ~

V. V.

1 _Btl?a(tl) 1 —ﬁtl?a(tﬂ 1 —ﬁtl?a(tﬂ.

A, D

Puta 1>]

1- B, ‘f* @

2
Atl(z) — Atl(l) + (1)

With A, = P Xalt)—xe(t))
¢ 1= Btl—(tl)

c

The traditional calculation gives:

a=[1-p, o] —aoleqan® <1 - ﬁtl%(ta)

<=>A=<1—ﬁtl%(t1))(1—ﬁtl( (t) + 2 (1)) 20t “)))

<=>§= (1 - Btl%(tl)) (1 - Btl%(tl + 2At1(1)))

A>0<=>1> ﬁtl%(tl + Z.Atl(l)) which is always true

<1 ~B, e (tl)) + j (1~ BoVa(t)) (1 — B (e + 2At1“>))
Be, & (t1)

(1 ~B:, %(ta) - J (1 ~B:, %(ta) (1 B (L) + % . zmﬁ”))

=> At =

<=>At,® =

Be, 55 (t1)
Va
<1 ~bu 7“1)>[ 1=y (%) + % (1), 200,0)|
<=>At,? = - |1 + ¢ 7 |
ﬁtlTa(t1) l 1-— ﬁtl?a(tl) J

B, 22 () - ﬁtl%(tl)

(1 ~ e, %(q))

Be, 55 (t2)

aa
P Atl(Z):w[lijl %T—(tl).zmlm‘

<=>At,P ~ 1+17F

I+

a
P ?alftl) . At1(1)
1B 1)

(1 -, %(q))

<=>At,P =~ Fae, P + (11 1) -
Be, 2+ (t)

& xa(tl) - xc(tl)
€ 1-p, Yt

(1 -, %(tl))

ﬁtlaa(t1)

At, @ ~ At, @ =

~ AL ® +2




As explained, this solution relevant only when a,(t;) # 0

I will not use this one, | will use the first showed above.

The position where E;, takes place in K is therefore x, (¢, + Aty ):

.Btlaa
—[ @) At D%, and Ae, @ = £ Zal)—re()

1-Be, Ca(t1) ¢ 1= BtlT(fﬂ

With At, ~ A, +

We have finally:

Ee, = (- to(e,) Xa, Kl) = (c(ty + Aty), xq (e + Atl))

with At; = ﬁtl (xq(ty + Aty) — x.(t1)), that we can call it the shift time : the time to wait after t;

o n

in order to have the event “the particle “a” arrives on the hyper plane of K*(t;) "

We can notice that:

o E. #(cty,..)k

o gaiti > Ep = (c.(t; + Aty), x, (t; + Ati))K
We clearly see that E; is parameterized by t; although it is not seen at this instant in K but at the
instant t = t; + At;.

Another interesting point is that, at the t, , the internal events that take place in K*(t;) are not of
the kind (c(ty), xa(tl))K but the “shifted” version(c(t; + Aty), x4 (t; + At1))K- That is to say the
internal events considered (spatio-temporal position of particle) will happen in the future (or the
past, depending the position compared to the mass centre). The weird consequence (another one of
relativity...) is that the internal energy and so the mass, is relative to the future and the past of the
material system (and also field as we will see below), in the point of view of K.

2.7.3. What is the difference of coordinates of the particle for infinitesimal interval dt,
seeninK?
With the same reasoning, we have at the instant t, just after t;:

Ee, = (c. tC(tz)!xaKz) = (c(ty + Aty), xq(t, + Atz))

Btyaq
[Pty 26,2 and ag,® = P Falt)—xet)

With At, =~ At, ™ + - .
1=Be, = (t2) ¢ 1= 5&27(&)

So by doing the simple algebraic difference in K, we have:
E¢, — B, = (c. (8 + Atp), x4 (8 + Atz))K — (c. (&g + Dty), x4 (81 + Atl))K
_ to+ Aty
= (C. (tz - tl) + C(Atz - Atl), [xa]t1+At1)K

. tr+ At _
With [xa]21 a2 = Xq(t2 + Aty) = x4(t; + Aty)




When (t, — t;) tends to dt (no 2™ degree), we have:

o PBt, =P, + ((Z_Btt)tl (t; — t1)

d
o Aty =At + (5, —t,) (EAt)t
With:

|Fte ““(tl)]
1-Be, Ca(tl)
o At 1) — & Xq(t1)— xc(tl)

¢ " 1-p, T8(ty)

2
l¢) (iAQ) = (At W + Aty m=1 Bf1aa )
dt ty dt

2
o At ~ A, + At @

2¢ 1—-/3t1

to+ At

Moreover [xa]t1+ A

= xq(t; + (£ — t1) + Aty) — x4(t; + Aty)

dAt
= Xgq <t1 + (6, —t1) + Aty + <_dt ) (ty — t1)> — xq(t; + Aty)
ty

dAt
=X, <t1 + Aty + (t, — tq) [1 + (E) D — x,(t; + Aty)

1

dx dAt
= xo(t+ )+ () ) |1+ (S) |- ralh + 26
d ti+ Aty dt %1

dx, [ daty |
t+ Aty i
Xaltisaey = (2 = t0). ( dt >t1+At1 1t ( dt )t1

t At
=>E,, —E, = (c. (t, — ty) + c(At, — Aty), [xa]tjjAtj)K

(t, —t) + (dAt) (ty — t1), (ty — t1). (dx ) <1 + (dAt) )
=|c.(t; - cl—— —t1), . —
2" U at )., 22—t b =)\ e oty dt ).,
-t )(1 N (dAt) > <1 1 (dxa) )
=C. - —_— . )~
2 dt /¢, c\dt /e vae, )
>E,, —E (t,—t )(1 + (dAt) ) (1 ! (dx“) )
= —_— = C. —_— —_— . =l —
o Th 2 dt /¢, c\dt /e sat, /),

With:

K

[3t aa(tl)]

1- B, 2(ty)

o At @ — & xq(t1)- xc(tﬂ
¢ 1= ﬁtl—(tﬂ

c

2
o Aty ~Ae D + £,

= xq(ty + Aty) — xq(ty + Aty) = x4(t; + (t; — ;) + Aty)

—x,(t; + Aty)



a4 _4d ¢)) (1?1 _BriGa
o (thtl)t = (At1 + At )

1
. dt 2¢1—2B1,Va

We can use this difference of events in order to calculate the speed of a particle “a” with these 2
events, we have:

XE, — XE
<u) =V, (t; + Aty)
te,, =, ),

The speed associated to the 2 events E;, & E;_ is actually different than the one associated to the
speed measured by K in the standard way. It is of course different to study in K 2 events observed at
the instant t; & t; + dt than the 2 others at t; + At; & t, + At,.

We recover the standard speed at a given time t when the particle is sufficiently close to the mass
centre C =>At1(1) =~ 0.

2.7.4. What is the difference of coordinates of the particle for infinitesimal interval dt,
seen in K*
The first event is:

— — * —_—
Etl - (Cta(tl)'KI’xa(tl)’KI)KI - (th(tl)' xa(tl)'K;)K* - (C. tl + C.Atl, xa(tl + Atl))K
1
Remark: we use the expression X, K; a5 We have explained above that the events in K*(t;) are

parameterized via the map g..

(C. tl + C.Atl) —C. tl == yti' (C (ta(tl)'K{ - tz(tl)) + ﬁtl'xa(tl)'KI)

xa(tl + Atl) - xc(tl) =Yt (xa(tl),l({ + ﬁtl- (ta(tl),KI - tz‘(tl)))

<=>
c (ta(tl),K{ - té(tl)) = Yt,- ((C- t1 + Aty —c.ty) = B, (xq (81 + Aty) — xc(tl)))
xa(tl)_,{; = ytl' (xa(tl + Atl) - xc(tl) - Btl' (C. tl + C.Atl — C. tl))
<:>{ta(t1),1q =Yty (ﬂtl- (xa(ty + Aty) —xc(81)) — B, (xa(ty + Aty) — xc(t1)))
Xag ki = Yty (xa(ty + Aty) = xc(t1) = B, c. Aty)

According to Lorentz

<=>{ c (ta(tl).KI - tZ(tl)) =0 => asitshould
Xag ) Ki = Yty (xq(t1 + Aty) — x(t1) — B, Bt,-xa(ty + Aty) — xc(t1))

(ta(tl)"q - tC(fﬂ) =0
_ xq(ty+ At)—xc(t1) _ cAty

X P
a(eq) K1 Yt Bty Vs

<=>

We use At; = % (xq(t; + Aty) — x.(t1))

The second event is:

EZ = (Cta(tz)'K;'xa(fz)'K;)Iq = (C. tC(tz)'xa(tZ)vK;)K* = (C. (tZ + Atz), Xa(tz + Atz))l(

2



But, in point of view of K" we have also

E; = (C-ta(tz),KI'xa(tZ),K{)KI = (C-tz + B, (Ka(t2) — x(¢2)), xa(tz))K

Remark:

o Inthe notationt k; we have to note the small change: this is the event in the

A(tp)
hyperperplane of K*(t,) parametrized at t, but seen by an observatory in the frameK*(t,).
O C.tag ki # L,y @prior

¢ (tag ki = téen) = Ver- (€-(t + Bty) — .ty = By (xalty + Aty) — xc(t1)))
Xag, ki = Vt;- (xa(tz + Aty) — xc(t1) = Be,- (c. (£, + Aty) —c. t1))

€ (tag i = teceo) = Yor (0t + Al = .ty = iy (oo + B2) = xe(t2) = 2e(82) + x:(12))

Atz

=V, <C- (t; +Aty) —c.t ﬁtl Be, (—xc(t1) + xc(tz))>

B
=7t,- (C t, +c.At; —c. tl_C ﬁtl (z—tl)%Vc(tl))

At
=V, ( (t; —ty) +c.At, — ﬁtzﬁ g, — (= t1).3t12)
2

2
=Vt,-C-| At <1 _ﬁ_z> + (t; —t4) <1 —ﬁtcl >

because At, = At; + (t, — t1) ( Atl)

t1

and Atz = & (xa(tz + Atz) - xc(tz))

Bt, (t; — t1)\

et \Atz \ dﬂt (tz - t1)> ' ytlz /
() ), 6o G, (), o

Be, + (%)tl (tz —t1) ﬁtl

11 (dp,
= ,3_t1 - ?12 (E)tl (tz —t1)

1 d -
=y.c| a [ 1By, <ﬁ’t s (ﬂ) (t, — t1)> + (tzy t 2tl)
1 ty 1

~ 1 /dB, (tz —t1)
=¥y, C. <At2 <.B_t1 (E)tl (t, — t1)> + —thz >

1 /dB, (t; — t1)>
= .c.| At —(—) ty—t1) +———
Ve, < zﬁt1 dt )., (tz —t1) Ve?
(t; —t1) dp;
=c. +y:..c. At (—) (t; — ty)
Y, Yo 2Br, B, \dt Jy, 2o

t, —t d 1 /d
_ ol Zytl Dy (Atl +(ty - t1)< A“)tl)ﬁ’_rl(%)rl (t, — 1))




clt » —t; ) =c. +y,. (—) t,—t
(a(cz)"‘l e v e \ar), 2

(tz - tl) C.Atl dﬁt

K#*not Galilean ty 1

But, since we use at each time a local Galilean frame, there are non acceleration for this frame (the condition for

the use of Lorentz transformation): (—

dﬁt) =0
at /¢, Galilean

c(t « —tr. ) =c
( a(tZ)'Kl C(tl) yt

(t; —t1)

1

Xag,)Ki = Yty (xa(tz +Aty) — xc(t1) — Be,- (c. (t2 + Aty) —c. f1))
=V, (xa(tl + (t; — t) + Aty) — x.(t1) — ﬁtl- (C-Atz +c.(t, = tl)))

d d
=V, <xa (t1 +(t; — t) + Aty + (t, — ty) (EAQ)t > —x.(t1) = B¢, C (At1 +(t; — t1) (EAQ) ) =B, (C- (t; — t1))>

=V,

=Yty

=Yty

At, d
=yt1. C__ﬁtl'CAtl-}_(tZ_tl)' 1+(5At1>

_p 2
= Vi, <cAt1 <%> + (t, — ty). <1 + (%Atl)t

ty

d d
Xg <t1 AL+ (6 —t) (1 + (&Atl)tl)> — x,(ty) = B, <At1 +(t—t) (1 + (Eml)tl»]
d d
At —ty) <1 + (EAtl)t ) = x,(t1) = Be,.C <At1 +(t, —ty) <1 + (EAtl)t ))]

d
xq(t + Aty) + (Exa)

t1+aty

[ d d
Xa(ty + Aty) — x.(t1) + Vo (t; + Aty). (¢, — &) (1 + (EAQ)t ) = Br,-cAty — By, c(t; — t1) (1 + (EAQ)[ )]

. ) [Va(ts + Aty) = Be,. c])

t1

) [Va(ty + At,) — .Btl-c]>

1

=Yy, <CAt1 1 + (t; — t,). <1 + (%Atl) ) [Va(t; + Aty) — ﬁtl.c])

d
=¥e, (6 — ). <1 + (Eml)

thz ,Btl

t >-C<%(t1 + Aty) _ﬂt1>

_ xq(ty+ At)—x(t) _ cAty
Because xa(tl)'Kl - Yty - Btl-}/t]_

The expression of the

d
xa(tz)'KI - xa(tl),K{ = ]/tl (tZ - tl)' <1 + (E Atl)

>.c(%(t1 +At) —ﬁt1>
(-t)

¢ (ta(fz)'Ki - tC(tl)) =c Y
t

1




2.7.5. What is the expression of the speed in K and K*and what are their relation (velocity
addition formula)?
Using the expression above, we calculate different speed for different frame.
o Relative to the internal frame K*(t;)

Ve, (2 = t1). (1 + (%Atl)tl) .c [% (t; +4ty) — ﬁtl]

ta(tz),K{ - ta(tl),K{ (tZ — tl)

cC.— ——

£

xa(tz),KI - xa(tl),KI .

1

=y (1+ (%At)tl) (Valty + ) = V()

X * —X *
ace.)K1 ace.).Kq
<=> (t2) (t1)

t -t
a(e,) K1~ a(e,) K

X * —X El
He)K1 ")k

-t

=Yt (1 + (%At)t1).(va(tl +Aty) = Ve(ty))

o A modified velocity addition formula

tEtz _tEtl

X —-X
Since <M> =V, (t; + Aty), we have
tl,K

Xa K~ Xag y K d
G 2 2 thz <1 * (thtl)
t

Cagey ki ~ Lage,) ks

>. (Va(t1 + Aty) — Vc(t1))

1

d XE., — XE;
= ytlz <1 + (d—Atl) ) <ﬁ> - Vc(tl)
t tq Etz Etl tl,K
But the “shift time” is:

Aty = % (xq(t1 + Aty) — xc(81))

<=>At = %. (xq(t + At) — x.(1))

dAt B, [dt + At sdx, d
A _f (drbedny A
dt Cc dt dt (t+At) dt

_jdae gy (g dary(dxg)  _d
w T <(1 t o ) ( dt )(HM) dt xC(t))
< (L B EL N (O Rty
dt C dt (t+At) Cc ' dt (t+At) dt ¢

Be (%) _4
IR 2 I a7 Xc(®

dt 1_&(%)
c\dt/)qian




B da d
e EE L (G, o)

=1+ — (t+At) (t+At)
dt 1— ( )
(t+At)
B 2
~ 1-5 1 1
1 _&(%> ytlz 1 _&(dxa)
¢\ dt ) ierar ¢ \dt ) ieran

Xag ) K: ~ Xae, K d XE,, — XE

(t2) ™1 (1)1 t t
=> ; 2 ¢t L - =yt12<1+(aAt1> ) (ﬁ) _VC(tl)
A(tz) K1 a(tq)K1 t1 E¢, By /e
XE, — XE
<ﬁ> = Ve(ty)
_ Eq, E K
1-— ﬁt (dxa)
(t+At)
XE
< 2 _ ) - Ve(ty)

_[faeKi T XaeKi _ t1,K

Lagy ki ~ Lagey ki 1-— '8_ (%)

dt (t1+Atq)

We revover the Einstein-Poincaré formula when the system is close to its center of mass (At; = 0)or
otherwise for particles without acceleration.

In the case of an accelerated particule in K, we have:

(%)(t1+At1) ~ (%)(tﬂ * (d:;a)(h) Aty

XE, ~ XEq,
t —t - VC (tl)
X K —X K* E¢ E
A(t2)"1 g R 2 17t K

ta(tz)'K; - ta(t1)'KI 1-— & <(dxa> + (_dzxza> At1>
c \\dt Jpy \dt? )

xEt —xEt
~ <—2 1) = Ve(ty)
tg,, —tE
ty tq tl,K

speed and/or low acceleration and/or low dimension.

& dxq & d’xq -
(1 + ( at )(t ) T ( )(t1) Atl) for sufficiently low

c dt?

Interestingly, we see that if we cannot neglect the dimension of the system, a gravitational field

2
g = (d )( y , seen in K, modifies the speed addiction formula as:
1

dat?
X — X
Et, E¢, v (t )
— c\t1
X x — X * te, te,
a(tz)'Kl a(tl)vKl - 2 1/t,K

ta K — tag oKl Bt <(dx )
(t2) ™1 (t1)"*1 1—="t a +g At
(tBh
c dt (t) 1




The characteristic acceleration g verifies:

ﬁtl

<=> ~ g with At; = tl (xg(ty + ALy — x(t)) = —

c
Atlﬁfl

c? c*

=> [~ —s = —
9 LB, LVc?

More the system is a point, compared to other dimension of the context, less the dynamic is
affected. We can also check that if one of the internal particle has the speed c, the apparent speed is
no more the invariant speed c.

Xauy ki ~ XaepKi ¢ —Ve(t1) _ . 1-B, B 1-Be,
t . —t . - At At
R % (c+gepdty) 1-PBy (1 MRAGY Tl) 1= Be, = Br, 9y
=cC 1 ~cl|1+ M& =c+ MAt
1— :Bt1g(t1)_1 1- :8t1 ¢ 1- ﬁtl !
1 - ﬁtl c

It is of course an artefact due to the fact that the particles events considered in K* are not the same
as the one treated in K, hence the Lorentz Transformation is not applied in a standard manner.

o A second modified velocity addition formula

X ,K* —-X ,K*
Since %Z)lftla(ml = Vi, (1 + (%At)t ) (Va(tl + Aty) — VC(tl))
1

t2

With the same reasoning we have

XE;, — XE
t2 t1
<tE _ tE > - VC (tl)
xa(tz),KI xa(tl),KI _ 1 t2 t1 t,K

Lagey i ~ Lagp ki Veoo _By (dxa)
¢ dt (t;1+At4)

With
[3t1 aa(tl)]

1-Be, Ca(t1)
o At @ — & xq(t1)— xc(tﬂ
¢ 1= ﬁtl—(tﬂ

c

2
o (%ay) =L(a,® +a®° L fnte
ty a

dt 2¢ 1——/3‘t1Va

2
o At; ~Ay® + t, W

2.7.6. Conclusion about the proof
We can conclude that although during the proof we use a particular duration of time dt, = ydt™, it
is well defined as | try to convince the reader in this paragraph 2.6. We should carefully take care to
the events implied by this way of reasoning.



3. Free field
3.1. The proof for a field

Now, | will repeat the same method for a field theory (a scalar field ¢ for simplify), and again:

The important point to keep in mind is that we are not considering the variation of the internal

degree of freedom ¢* :

*

dp*
at*’

*

e relative to the internal time t* of K* :

. . . d
e butinstead relative to timet of K : (;i .

So without comments, we have successively:

SIp(x, )] = fjjj 022, %) aq
At o e F e
e

5<p ap”
G} e e ve]

with L' {0}, (35}, {5} reve| = 2 (I 47 (07,5 v % Re V) Y

SHe™ (", )} Re(D)] =

So we can calculate the 3-momentum as:

STy vw
©=9v, o, " *’V ot 1 hete
A* o AV —— dv*
W " or % ac’ RC'VC) avcy+yw v A TR V“)

. . * a *

fﬂ/l '3, *,y FT ,R¢, Vc>dV ( y(vo) )
yc’)t 0 dp* 0"
ﬂf (%) 0 (0 G S RV v

)
__0¢p”
But oot = YW E Y G =50
1
a(p* * * v 2 * *
And @zaia_yzail_%zai—_l(_ ﬁ);zf&ﬁ 3
av at adv, at  ovg at 2 c?




Pe=[[[ 4 (0750 v o v v (v w0 %)
c
a(p Vc 3 d . . a(p* a(p* .
Jjj at c? (a(p*)/l <(p ’?’W;RCJV(:) av
at*
= CZVJHA (go oY ¢ ,RC,VC)dV (-1)

+W(%y>a(§i>"< 00" o'

or at*’ Re
t*

)dv*
_Ve (09" 09 ) e W"’i 0 *<*EE ) :
ylfff/l (p, P e JRo, Ve | AV (—1) + at*a(M)A (p,(,31‘*,(,31'_*,RC,Vc dv
oat*
fff 3 7 A= |av

So we have again:

*

PCZV?VC

where E* = [[[ <at* o ) - A*) dV* is the internal energy (associated to the
at*

hyperplane t* = cte)

And also:

dt’ B
y@) | c?

M=ME{)=M Of

We see that we don’t need to talk about closed system hypothesis or to have a 4 vector to
demonstrate it (we don’t even use the expression of any density Lagrangian).

We have to note, in the proof, the importance to freeze the right varlable e (and not

Py ) in order

to have the good expression.



3.2. Momentum and energy for a field
3.2.1. Momentum

. __d@*oar 6<p oA* __0p* 0" . -
We can also notice that p,+ = py a"g’ =S a(‘;"’ ) S0Py =5 a(‘;—"’*) as for material syste this is
t* t*

the same as the one we would have in the frame of the centre of mass K*.

. . 0" * .
More over the total momentum P4 associated to the Lagrangian L’ [{(p*}, {a_(p*}'{ﬁ}' R, VC] is
T

Protar = [If 5= a‘” SdV* + 5 = [[[ pdV” + P, = P since by definition of K*: [[f p,-dV* = 0.

As the material system above, we obtain as it should the total momentum is the one associated to
the mass center.

Proof:
(o 007 39" o 00" 39"
dp* oar _ dp* 07@ ar*'y ot dp* a(yaai;) 07/1 (o5 > g fove) ( ) 104" (<p g(f (;”t RcVc)
Py =57 30 = op* N =57 IS Y PP 175 M
PEINTA 2%e" or\ %2 a(y%) a(3%)
at at at at oat*
_dp* :’M“(w s v . “Re, Vc) dp* an s0py = dp* ar-
T * 90"\ [/ ¥ drr
or o(5%) or” o(3%) or” ofa

3.2.2. Energy

aArr 6<p

399" ot
T

By definition the energy is: E' = [[[ 5= V*+ Z—sVC —L
C
We can re-express it as:

« ! !

oAr* 6(,0 £ L . r_ L
= [[[ 5= T dv* + PV~ since L' =

3 90" . * o _aar an*
=[ff (0/}/)) q;dV +(y%.VC)VC—L? smcep(p*:ﬁ= (0/:/)*)

at
aA* (p ' ET
fff dV —7 +)/C—2.VC

w 099" 4y L*’+ £ w aA* A L
yat* % Ve (')t* % Viz Ve
E* 2
* 2
E* B, E E E"+y? 5.V, 14262 1t ope
=_+V_2 c __+V_2 V.” = = E
vy ¢ 1 1 1
1-pB*+p? 1
— R2 Y] 2

14 14 14



So we have, as it should:

We can also conventionally note: E = E* + (y — 1)E* where we observe, for a closed system
(E=cte), an exchange of Energy between the internal energy E* and the kinetic energy (y — 1)E*,
the one depending of the center of mass.

3.3. The Euler-Lagrange equation for the internal field and the mass center

The Euler-Lagrange equations in K are :

vt [0 (5 G mevd = o 3

@ a(rave) =5 [ 55} (5 movd

And we find in K*:

*

5} e

o an- N d [oA" )\ oA 104
o\ 509" | o\ 599" ~ dp*  yoe*
at or

That we can show is equivalent of the 4-dimensional equation in K*:

a an* an*
<=2 o <—aai> =0
axt

As above for the material system, we obtain the same equation that we should obtain for the

dynamic in a K* frame: the local Galilean frame.

Proof:

We start from the general Lagrangian

S[{(p(x,t)}]=f fﬂ gy o oy "R, ve)d fﬂf ai ai Re V) av|ae

#° (o Gt S Revc)

With A" ((p* > 22 R, VC) = :

at

The variation of the action gives:

f[m;” B

-J

Wa/l' . on N0 foa\ o | Jafaar N\ ofoa\ | ...
aaq; L e 509" ? at\ ;09" Ll BaPH 500 ¢
or* or* or* ot

dv*dt




_f m o (oar N, ofon N o foar o foat) oo ||
- or\ 509 °? | Mo\ Jae Y Y Vog" "o\ 097 | | 5397
ar* t

or or” ]
The least action principle tells us that

8S[{e(x, 0} =0

afoa\ 9 (oaa\ ot 1an°

T\ 500 | Tor\ javr | T a0 T vae
at or*
VLA (2 WA (S W
TV jagt | T ar\ Jaen ) T agr
at or*
_ a2 _aa 9 [oa™) _ aa" At aA*
<‘>Var<a(%>)+ ()‘ e S = )
o 09" 0p”
/aA (o 'W'VW'RC'VC)\
o a [an) o Y |_1 9
oreover ar aa(p* = 6M ~Yor
or* \ or* /

o aa \_ o ( on
Ane V‘((—)) G <(—))

o oa \ o o)\ on
ot* P) <a(p*) or* P a(p* - aq)*
at* ar*




4. Example: Application to the Einsteinian gravitational field

According to [1]:

Sllgu )] = 70—

—24),/—gdQ

Where R is the Ricci scalar.

6519 O = T—

3
—C
— 20y =90 = 1o

—24),/—gdQ

With :

o G(gik:ag;k:aglk) 9* (I Bim — TicTi)

o A the Einstein-(Lemaitre) cosmological constant
For linear transformation I;]"* behave like tensor, so G behaves as a scalar.

We consider a context where the space is Lorentzian to infinity. The (linear) Lorentz transformation
means, in this case, a modification of the speed for the part of the of the observers (associated to the
current frame) to infinity. The modification of the coordinate system for other observers are
meanwhile not directly evident but allowed.

Sttou e 03 = ror [ [[] (6 (000222, %95 24) =50

aglk aglk ) ) .
| fff g, 298 at* rove) - 24) 5o

aglk aglk ) ) AP
fff RO Sy

aglk aglk .
16nkaﬂ ik —H— oy ;)/TIRC'VC)_ZA)\/_Q dV]7

SHe™ ("t} Rc(D] =

—c* , " 09ik") (09ixk"
1671ka [{g”‘ }'{ or }{ ot }’RC'VC] dt

With L' [{gik*}v {ag—ri}f*}»{aglk } Re, Vc] = ‘fff( (glk »ag”f »Vaf];tk Re, Vc) - 2/1) —grdv”

Repeating the same calculation for the scalar field we have:




*

P.=y—=V¢
C

. _ dgu” 3(6*=g" \ =\ e :
where E* = — kfff( gt’f f?(ag_ik:q)) —(G*=2M)/-g )dV is the internal energy
t*

(associated to the hyperplane t* = cte)

This is of course coherent with the 4-momentum of [1], paragraph 96.

We have therefore:

4 89, *0(G"\/—g* . . .
| N G any |av
M= M) = M Jdt’ B a(at*)

- - v | c?

0

The Euler-Lagrange equations:

o For the gravitational free particle of mass in K:

0gu") (99" _ 90 9gu"\ (09u’
dtavc U toud o (e Reve] = b o [T (P e ve]
<=> E(Vﬁ%) _a—L [{glk }{ L }.{a—lt},kc,vc]

o For the internal (Einsteinian) gravitational field in K* ([1]):

d[0G*\/—g* 9 (0G"—g"\ 0(G"—24),/—g"

3. * + * -
0t\ 599u or\ 599k 0gix*
Jat or*
s a [dG*\/—g* B a(G* —24)/—g"*
Tox\ 509’ | 09k’
Jdx!

<=> Rik* - %gik*'R* + gik*'/l =0<=> Rik* =4A
o AndalsoE' = E = yE*

Remark: We can observe the impact of the cosmological constant on the mass of every volume
V*studied which are increased/decreased by the value AM, = —/1 fff(,/—g )dV* (thereisa

divergence for an infinite space...). This is why we can pretend to say that the cosmological constant
give a mass to the gravitation field. However it is not a kind of mass which is seen by gravitation
waves, that is to say like a more conventional field theory. In the latter sense the gravitation has not
a mass (“the graviton has no mass”).



5. Interaction between a field and a particle
We consider the simplified action:

S[ra(®), (0 (x, O} ZF(Z [—ma Cd a_ € dsago(ra,t) )dt+ ”ﬂ (p,aa"’ Z‘f do

a

So we have also:

5= [(S[-(ne o) S a2 [[[ 4052 50 an

€a & 5 ] dt
—\mg+—=o"™m).c"——
(2[ ( aT2¢ ) y§m>ym
dpKe  dpKe dt
fl:—[ff/ll(‘ﬂ< Ko Ky ~xY ot ch, Vc<p>dVK‘p:|y
@

Where we have specified the quantities relative to:

e the frame K, of the center of mass C, of the field ¢ ;

e the frame K,,, of the center of mass C,, of the material system.

S [{rhm(e5m), Re,, (6}, {p¥o (x*o, t%0)}, R, ()]
t, der
:f L <{r§m}{ a },Rcm,vcm, t) dt

o 2] 22

So in this form, we can calculate the dynamic of the center of mass of one system and the other.
We can see that each system is not free at all, but we have again:

EXm
PCm = y(VCm) 7 ch
Ko

ch, = V(Vcw)i_zvc(p

EKm EXe
SOMm ZT'M(/’ = =

With the same method we can consider any set of systems.



6. Does the mass of a body depend on the indeterminacy of the origin of energy?

We have showed the generality of the Einstein law (without Momentum tensor). A question
frequently come in mind when we derive this law is (see [1]) :
e the accordance between a characteristic quantities of an (apparent) particle, the mass M;

e and the a priori indeterminacy of the origin of the internal energy which is linked with.
How can we reconcile the 2 different aspects of theses quantities?

Moreover, in [1] it is stated that the mass sets the origin of the energy [scale] in relativity, what does
that mean ?

6.1. A free material system
As above we start from the Least Action Principle:

S[ra(®}] = ft ) ({ra} {dra})
And again:

*
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Taking account dt* = % and returnig to the Galilean frame K we have:
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We want to calculate P, = 3 o
C C

Thanks to the indeterminacy of the action we can also physically work with the equivalent action:
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Which gives now:
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So we can work with the modified Lagrangian:
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Hence, the mass is indeed a priori indeterminate as :

of (" {ra})
at*
e with f(t*,{ry}) afunction which can be freely chosen.

e the general mass has the form \M;,,q;r = M — %Za

~.

Yet, there is a point which we have overlooked so far: the relativistic invariance.

We can always make the choice, permitted in relativity, to consider only expression in the Lagrangian
which gives a relativistic invariant. This restrict us to choose (t*, {r}}) = 0, as the only relativistic
invariant associated to free a particle is the 4D line element ds.

M M 1 a0
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a
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By definition the energy is: E = ), AT + o, Ve—1L

dt

E _ aLmodif, dTZ aLmodif, 174 L ’
modif = 3 dr;‘; dt + aVC ¢~ Mmodif
@ dt




a( (trad G2 Re Vc) df(t‘.{ri;})> a( (0 {572} Re "C) df(t*,{r;D)
dt dt
dry,
V.—-L

V(Vc) V(Vc)
=Za: addrt; dt ave e = Lmoais’
v (e G meve) TiGAG) (o) {get) Reove) RTGA)
Zf’ (Vo) A (Vo) t
_ Za |4
- addrt; dt V¢ ¢
_< (o) {2} Reve) . df(t*,{r;})>
y(Ve) dt
I[ 6<L*({Ta}{it*}Rch> (Flea{z#ecrc) ]I
| r(ve) . r(ve) L*({ré},{%}.Rc,Vc) | (L(t {ra})) x
iza g %"‘ Ve Ve - yéilic) [*|Za 0% ddrt
o L)) V.- (df(t*.{ra}))]
Ve ¢ dt
e T 4 AT e
= VE™+2a ada  at Ty Ve~ ( dt )

dt

19f(t*"{ra}) , 6f(t fra)dry 19f(t* {ra}) af(t* fra))dry

BT, (6(Zay ac . ory,  adt )>(Z_§+ (Ea att N orly dt)vc _ (df(t;,t{r,*,}))
at

* * * * * a l * k
_ gy, YLD I | ) (_y)VC - (i)

ary at* AV dt
% f (t* {ra}) drg af (" {rad) c art*{rad)
= yE L, LR 1 3, TELD (—y (v ) v, — (L)
% f (t* {ra}) drg af (" {rad) < 19f(t" {ra}) | 9f(t" {ra}) drg
= yE LR T 3 Dy () 1 — (B L5 + LT )
o N D) A LIGA )
=vE Z at* (VC)__ Z; at*
a a
202 —1 — '32 + ﬁZ
L NN )| IR | o )
=vE _Z at* Y =VE _Z at* Y =YE ‘VZ at*
a - a a

af (™, 1y,
Emodif = V(E* - Zf(ta—tg})>

a

of (t"{ra})

1
But we know that Mpoair =M — 5 Xq =55

Thus we can also write

— 2
|Emodif - meodifC




We see that the origin of the Energy scale is the mass, even if the mass is modified by the
indeterminacy of the Lagrangian.

It results from that, the requirement to working only with relativistic invariant “Lagrangian” L.dt, sets
af (t"{ra}h)
at*
origin of the scale of the total Energy, at a non arbitrary value.

the value of the mass (by implying f(t*,{r;}) = %Za = 0) and consequently sets the

Relativistic invariance in conjunction with_ Lagrangian mechanic =>

Af(t* (s
> Ly YD _ g

s => Emodif =F &Mmodif =M
=>FE =y(V,)Mc?
=> "The origin of the Energy scale is fixed by the mass [1] at a non arbitrary value":

If we put simply V. = 0 we have E, = Mc?.

Indeed, like Landau-Lifchitz [01] we can effectively say that in Special Relativity, the origin of the
Energy scale is fixed by the mass (at least for free material system): If we put simply V. = 0 we have
Eo = MCZ.

Another important point. In textbook we give easily to proof for the formula E = y(V,.)Mc?. Starting
from this :

e we compute what we call the rest energy E, = (E)Vc=0 = Mc?.

e Then we say “The mass is the Energy at rest”, having actually in mind that this rest energy E
oL* dru ®!

dr dt*
dt*

e But...where is the proof of E, = E*? Without an analysis a la Landau-Lifchitz [1] using the

is the internal energy E* =Y, —=

momentum tensor this affirmation has no fondation. In this article | have given another
equivalent proof and | think more easy to understand (Einstein himself was helped by Klein in
order to improve his proof using the momentum tensor, indeed he failed to give a totally
general one, cf. [7], despite his intuitively convincing different demonstrations).

It is not at all a trivial statement as the way to prove it was not so easy, even if the elementary
relativistic formula permit us indeed to guess it. But to guess is not to prove, that is to say to totally
understand.

6.2. A material system in an external Electromagnetic field

e The momentum & the mass for material system in an external Electromagnetic field

Although the relativistic invariance gives a clear criteria to set the mass of a free material system, the
same material system seen an external field (electromagnetic field, gravitational field) has its origin
broken by other kind of invariance of physics law (in point of view of the least action principle): gauge
invariance in Electromagnetism & al, transformation of coordinate system in General Relativity.

In the case of electromagnetism the action of a particle in a given 4-potential is ([1]):
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The gauge invariance permits us to write with the equivalent physical action:
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If we now take account the possibility to change of the gauge
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2 interaction = 2 Mgauge

In this case we cannot evacuate the mass My, 4¢ by using the relativistic invariance argument since
01 (x;)

oxy;
of the free material system (where we cannot express the additive term due to the non-existence of

the additive gauge term dx,; is an existing relativistic invariant. Indeed, contrary to the case

other relativistic expression than the one for the line element ds) the addidive gauge term is not a
material term but a field term whose the expression or the existence is guarantee by the field
equation of the Electromagnetism: f(x:lj) is a dynamical variable, a scalar field, a direct invariant

which is not needed to be express via other material terms invariant.

The arbitrariness of the value of the mass is here of course not a physical problem since the least
action principle ensure us that the modification of the mass in this way do not modify the equation
of the dynamic, at least in a observable way.

However, we see that the mass is in general affected by the gauge chosen...but:

o Thisis only proven here for the specific case where the system considered is in an external
field;

o The value of the mass is well define for a free (material) system thanks to the relativistic
invariant requirement.

e The origin of the Energy scale for material system in an external Electromagnetic field

By definition the energy is:

oL’ dr; oL

— =2+ —V.-L
aadru dt + ave ¢
dt

E' =

E _ aLmodif, dTZ aLmodif, 174 L ’
modif = dr;‘; dt + aVC ¢~ Mmodif
@ dt

Za[ya Mg.c? +eq. 0" (15, t)+ea6f(5't*t)] Zeadr Zeaaf(r;,t*)ﬁ

Lmoair <{ra(t)} { } R Ve ) y(Vo) c dt c dry, dt

) Ya [efy%] Z i_aaf(arr;:;t*) %

r

= (a0 {52} RV

[eaaf(ra t*) o
o L (s &) Re Ve ) - T Iy @0 Cut)dr,

E _ dry
modif = z P ﬁ dt
a dt
St Mg + eq. " ()] + 22 Tt
+|ry(Ve) ) Ve | Ve
e, 0f (i, t*)
r, &E—#—]zﬁmmwm

(v (o {58 Rever) -

c Oory dt
a




Y. [e_aaf(r;t*)

ot e, Of (ry, t) dr;
al — < +y =a L a
YVe) Za or, dt e 0f (g, t")
dT Za at*
=E+) e v | = |ve |v.
@ O ¢

a[eaaf(arﬁt)] eq Of (o, t) dr,
_< YV Z - ars, d)

afGre t)dr 5 eaaf(r ) [eaaf(ar t)] ofry ),

— €a a ot* _ a t* €q

=E+ Z ory, (y(VC) ( c2 ) VC) Ve y(Vo) Z ar, dt

B eaaf(rat) 11 e Of (g, O\ [y(V)*B* +1] eq 0f (g, t")
D R P [ B D
_ . eq 0f (ry,t")

o 25

. . e, of (ri, t7)
=>Emodif =Y Efree + Einteraction + 2 :T

a

But we know that

eq Of (ot
— c at*
Mmodif - Mfree + Minteraction + CZ

Thus we can also write

|Emodif = meodifC2|

As above, the value of the mass sets the origin of the Energy scale even if :
o The system is in an external field;
o And the gauge was modified.

We are again in accordance with Landau-Lifchitz [1].
If one decides to define the mass only for free system we have

) ) e 0f (r, t")
Emodif = yMc” + v\ Einteraction + 2:T

a

In this case the origin of the Energy scale is

e, of(ri,t")
— 2 * a a
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We see that with this definition of the mass, the origin of the Energy scale Eyy,44f o is N0 more the

mass. So :

o Either we set the origin of the Energy scale by the mass but we work with a mass dependent of
the gauge;

o Either we don’t set the origin of the Energy scale by the mass in order to keep a fixed value for
the mass.



6.3. A material system in a non-Minkowskian space-time (General Relativity)

e The momentum & the mass for material system in a non-Minkowskian space-time

The variability of the mass value appears also if we take account General relativity. But, contrary of
the Electromagnetism & al, the gravitational field is always present. Indeed there is no sense to talk
about space time without gravitation since we cannot put the metric equal to zero (even in
Minkowsky space-time which is a particular gravitational field). This point is for me the fundamental
idea of General Relativity, without that, any (directly) unobservable frame of reference would be
considered as a possible cause for the acceleration of a body: it would be a come-back to the “ugly”
pre-Machian (as understood by Einstein) privileged frame of reference...

So in general the mass of a material system in General Relativity always depends on the gravitational
field, as stated by Einstein in his first article on cosmology in1917 [8]. Fundamentally, there is only a
very particular case where we can define the mass in a systematic way in GR (independently to the
context): the case where the system is infinitesimally small...since the Equivalence principle certifies
us that the gravitation field is always sufficiently smooth to be sure to encounter in any infinitesimal
space-time a quasi-Minskowskian space-time. However, in practice, we can also have a finite volume
Minkowskian space-time (“Galilean domain”) where we can set the mass. But again, it is
fundamentally accidental (=not at all necessary) in the spirit of GR.

S[ra(0)},t] = LSZZ[—mQ.cdsa] = J;tzz [—ma.c\/gik(xé)dxédng

dx} dxa
Z “ma-c |gu(xa) 7 dt dt
dxl dxk
=> 1 (tra), {2 Zl—ma ¢ |au() 2t =2

Like above, we have also:

e Ak dockx
ty Ya [_ma-c\/gik*(xcjl ) dtci dtqi; ]\\

( Yo |4

SIS (O}, Re(D)] = f
t

=mg. o CJL* dxé* dxi*]
. ({ra(t)}{ } Rc,vot) ) [ m C\/gyk(v(; )Gt

If we develop the expression



*

v (a5 revet)

a*

dx% dx
Za —Mg-C (Yoo (ra't )C +290a (ra:t ) dt* C+gaﬁ (ra:t ) dt* dt*
B y(ve)
xq" ) dx%* dx
Ya|—Ma-¢ |goo* (e t*)c? +y(Ve)2goa™ (g t* ) dt c+yWe) Yap (rot’) = dt dt
y(ve)
X&' ) dxg* dxt”
Za —Mgq-C (Yoo (ra't )C +)/(VC)290a (ra't ) dt +V(Vc) Gap (ra;t ) dt dt
y(ve)
ax ax gy P*
Ya|—MaC \/900*(7":1:1:*)(32+V(Vc)290a*(7":ut*) d;‘g ¢ +y(Ve)gop* (15 t) djg d;“;
b (a0 ) e ve) = )
oL’ d goo*(r;, t*) 1 o dx® dxb*
— = —-m.. 2 2
c aVc Z m, CaVC y(Vc)z c +y(Vc) o (r t) c+gaﬁ (r t* it dr
D R SN N i
_ Z . ci (goo (rat)e ey (V) +2g,, (r, t) at 9V, V(Vc))
a* 2
a goo*(r;,t ) dxy” dxﬁ*
AL A+ (V )290“ (s, t) c+gaﬁ ()=~ T
1. v
01 _0 v B ke
ey v . 1_£_ y(Ve) e
91 =6(1—V:2)= e
e ye)? 6Vc c

il |4 .
<goo (ra, t ) (—2 C—g) ct + 29,

*

*

S—

ds:%(—y(m%))

po=2 - z[-m o
(Vc)

\/900 (o t)e+y(ve)2g,,

goo*(r;, 1:*)c2 + go{l*(r;, t

xa
dt

dt

dxy” dx
dt dt

alf

I

oo (o t)e? +V(Vc)290a Gt

—y(vc)Z[ J

dt

a/i’

dxy” dx
dt dt

=]




goo*(r;, t*)cz + go{l*(r;, t
= —y<vc>2 mec =

dar

[ o o GE g
R A s
c a ds

e

oG n—]

= —y(Vc) 2[ J - _y(,,c) Z [ . Zgﬂi‘(r;,r*)ddif]

_Ve ol e
— y(VC) mg.c ‘gOi (ra' t )ua
a

(')L’ E*

With

B =Y b = 3 maciaoc i
a a

According to Landau-Lifchitz in [1] in the paragraph 88:

o if we take correctly account the a priori de-synchronization between the temporal
coordinates of different points of a coordinate system in a stationary metric field,
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Mg. %\ g, ()
1-(52)

* __ 2 * * * ix _
Ea = Mg.C Goi (ra't )ua -

Which gives a mass:

M =

Yamg.c?goi" (e, tHul | zma-vgoo*(r:z) |
: = VI L af
2
a )

c
= (Z 14 (Z;il)* mg.c?y 900*(7’2))

if stationary

if stationary




o The origin of the Energy scale for material system in non-Minkowskian space-time

By definition the energy is:
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Thus we can also again write
E = yMc?

We can see here that :
e asthe Gauge field theory, if we change the coordinate system, M is modified but not the role
of the mass as again an origin of the Energy scale (accordance with Landau-Lifchitz [1]),
which remain:
o for every gravitational field;
o for every coordinate space-time.
e But contrary to the Gauge field theory, the mass is not a sum of :
o afree part;
o plus aninteracting part ;
o plus an gauge part.

Indeed as the system is always and necessary in the space-time there is no way to separate it from
the gravitational field: there is no free term relative to the gravitation, only interacting terms. This is
in accordance with the fundamental and particular role of gravitation in physics. Otherwise any
terms in the action would lose its signification due to the arbitrariness of the coordinate system: the
truly role of the gravitation (via the metric) is the one of a filter which absorbs any effect of the
coordinate transformation in the action.

Although the mass depend of the context (Einstein-Mach idea), in practice we work in a cosmological
context where for quasi-every system, if we move sufficiently away from it, the space-time tends to
be approximatively Minkowskian. Thus, in paragraph 96 of [1], Landau-Lifchitz have given the proof
that the momentum-tensor, and so the mass, are independent of the frame of reference if the
system studied is free. So the total mass in an internal volume surround by a Galilean domain are
well defined. It is again a “cosmological” accident in the RG spirit.



7. Why the Einstein law (the mass as internal energy) does not appear in Newtonian mechanics?
The crucial role of the Einstein non-universality of time law

If we put from the start of the theory the Newtonian law that time is universal, dt = dt*, thatis to

sayly (V) = 1, we have:
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=—= =— =— r:d, =
€7 v, v, v, y(vo) v, a dt
. . . I * drg
Which is of course wrong, so why we cannot use the Lagrangian L ({ra}, {F}’ R, Vc) ?

Actually this Lagrangian is correct...the problem is the passage to the limit:

o Einsteinian non universality of time dt + dt”¥,
o Tothe Newtonian universality of time dt = dt”¥,
o Before the derivation and not after.

Indeed, if keep the non universality of time during the derivation process we have necessary directly

*

P pinstein = VC'V(VCZ)C_Z

And then, the passage to the limit of universality of time gives

* *

nE
Ve.y (Ve )C_Z =Ve—

P c¢,Newton — 2

lim
y(veh)-1

Which keep the link between the mass and the energy in the Newtonian limit since the

. . S . E
proportionality coefficient is again =

Therefore, we are faced to a (famous) mathematical non equivalence (non-commutativity of
derivative and the limit operation):

(i) o (| v(eabeod) 20 s L)
y(Ve)-1

S ) gim =
Ve V¢ \ re-1 y(V¢) aVc> yWo-1\ V¢ y(Ve)

So, what is the procedure used in the Newtonian theory, and why the procedure doesn’t show the
link between the mass and the internal energy?

Like explain in Landau-Lifchitz [2]:

o we start from a Lagrangian L ({ra}, {%}, t)

o we pose the principle of the additivity of the Lagrangian for independent system (as in

Einstein Special Relativity)

(o (2).) = Ss(ra e

o we pose the principle of the homogeneity of space and for time

dr, dr,
L (rw%t) =1L (W)




o we pose the principle of the isotropy of space
dr, dr \*?
1 (G)=1(3)
dt dt
o we pose the principle of Galileo-Newtonian kinematic between to Galilean frame K & K’
t = t' (universality of time)
x=x"+Virje. t'

y=y'
z=17

L L dre _ drg
which implies the additivity formula - dr + Vi

Therefore we can compute the momentum where K'=K* and Vi, =V,

dr 9 dr,? 9 dr?, 2
Penewton = <{r“} { dta}) N a_vcz b <d_ta ) = Lave” <( a VC) )

o(Lraty,)
_Z a TV 0 L drg* _Zz(dra v ) 0 L drg®
B Ve drg \dt ) de ¢ sdrg’ \dt
dt dt
dry) 0 drg arg?\ _ drg
=zz(dt)aﬂzL( )+zvcz L(%) = 5 (%) 2 + Ve S g
dt dt

Il
o

» if we define K* such that ), (dr“) Aq

. 2 d drg? .
= and the quantities 1, (d—t“ ) =2 ~ar? L (% ) a priori not constant (the future mass).
dt

In conclusion with first Galileo-Newtonian principles we have, without any other hypothesis:

e Homogeneity & isotropy of space and homogeneity of time
e & Kinematic Galileo-Newtonian (Galilean transformation )
e & Additivity of the Lagrangian (for independent system)

d dr,
=> Pc,Newton = aV ({ }) E A
C

With

o AaEZdra (dd—)

© (Z (%) Aa = O)by defintion of a K*

In order to complete the mechanical description, we have to express the Lagrangian a particule
drg? - . . . - .
L (% ) more explicitly. For that we will call (following again [2]) another principle: the Galilean

principle of relativity which affirm that the mechanical law have to be the same for any Galilean
frame K, K’,K*...

But, there is a problem, the only Galilean invariants are:

* The action S[{r,(t")}, R.(t)] by construction (the quantity, not necessary the function!)
= The Newtonian time dt = dt’
= And....nothing else




. . , L . . . d

We cannot construct an invariant with the basic kinematic quantities of a particle r, % and so we
. . . dra2

cannot construct an invariant quantity { —* Jdt.

So we are a priori blocked. In fact, the only possibility is to use the “Gauge invariance” associated to
the least action principle,

2 2 :
. L(ﬂ )= L*(dl >+_df(ra )
dt dt dt

. .. - % dru*z dru*z
= that we complete by the Galilean principle of relativity L - )= L p”

(Remark: Einstein tells us that this Galilean principles contains also “the principle of Galileo-
Newtonian kinematic” defined above).

Thanks to this “Gauge invariance”, we can make the following calculation:

dr,* dr,” z ., (drg” 2 5 dr,”
L<W>_L<( dt +VC) =L {r“}’< dt) T W+ 275 Ve
The expression, should be valid for any V¢, and so even for infinitesimal value :
drg,* dr,” z ) dr,”
L(dt >_L<< de ) Tt
drg*?\  drg* aL drg*\°
~Ll—— |+——¢2 ( - )
dt dt 5 drg*\? dt
()
_ drg*? +ds.ra*2 oL 2 (dra*)z
dt dt P drg* dt
(T)
dra*2 dery” . _ drg* 2
=L< L )+/1a e with 1, —/‘La(( o ) )

*2 %2 2 x2 S *
Galilean relativity principle => L (d;: ) =L (d;—‘t‘ ) => L' (ﬂ ) =L (d;‘; ) + Aa*ﬂ

“« . . N T* dra*2 wdery” _ o4 dra*2 af(rq")
And the “Gauge invariance”=> L (—dt ) + g pran L (—dt ) t—

df(ra*) _ A *de._ra* _ A * dg(ra*) — af(ra*) — A * ae.T‘a* =>Aa* — f(ra*)

=>2-a

dt a  at a  adt org* A Gy

drg*
dat

drg*
dat

2
But at the same time 1," = A," (( ) ),then A, =cte, Vr* Vv vt

. . .. . * d * dra*z d draz
The constant Lagrangian characteristic coefficents 1,” = 2 WL - = 2 sL1=— | =1,
dt dt

are what we call the mass m, of a particule.

It results from that, the expression of the momentum of the center of mass.



Pc,Newton = (z Aa) Ve = (z ma) Ve=M.v,

This result a la Landau [2] shows us:

o the crucial role playing by the indeterminacy of the Lagrangian (the “Gauge invariance”);

o And no more the existence of an invariant L.dt in the action.

This is the complete opposite of the Einsteinian case where:

o theinvariant of the action was used in the start of the reasoning;

o and the indeterminacy of the Lagrangian was kept away.

Moreover the latter “Gauge invariance”, when taking account after in relativity, was responsible of
the undesirable change of the expression of the mass (although the link between the mass and the
origin of the energy scale still remains). The consequence of this Newtonian inversion of the role
between the “Gauge invariance” and the invariance of the action has 2 impacts in the description of
the Newtonian mechanic.

a. The loss of connexion of the mass and the energy scale

Ineed, from above, we calcultate the Lagrangian and we find

(a2

, 1 drg\* 1
b () g Reve) = D gma (T) +7Mve!

The resulting energy expression is:

. oL dry . oL . (dra*)z 1 (dra*)z 1 2
E _Z“aﬂ i top Ve~ L=Eama () +M.VeVe—X3ma (5 MV
dt

—>E’—Zl (dra*)d+1MV2
B A L APT: e

The mass no longer defines the origin of the energy scale.

b. the non natural fixation of the origin of the energy scale by the relativistic invariance

Since, we do not used relativistic invariance quantities, in order to express the Lagrangian, we cannot
of course use it to the fixation of the Lagrangian expression with the invariance relativist.

Thus the Lagrangian is only relative to a gauge, therefore also the origin of the energy scale.



* *

o (2 ) = o (2 v 3, T

a

This indeterminacy contaminates the one of the origin of the energy scale:

aLmodlf drg madlf
= E modif — Ea =+ V L’modif

a—ﬂ dt ave
dr,” df(T t)
B L e A e (Y S ERARC L
@ a@t
- Zma (%)2 + Z—afa('ﬁt) dd';“ FMVVE—L ({ra ), { } R, Vc) z—df(;‘;*'t)
a dt a
E,+Zaf(r t)dr de(;,;*,t) =E,_Zaf(:;,;*,t)

! ! af(r *’t)
' moaiy = B = ) =t

Summary:

The Einstein energy-mass equivalence law comes from Einsteinian non-universality of time law by

the fact it gives the existence of invariants in the action, this has also 2 others consequences, the
fixation of the energy scale by the mass and the fixation of the value of the mass (in free system) by
the natural demand of the Lagrangian L.dt invariant expression in the action (by saying that the
“Gauge invariance” although permit, is “not natural”).

The Newonian universality of time reverses completely the situation. There is no more sufficiently
invariant quantities, this oblige us to use the “not natural Gauge invariance” of the action, which
hides the Einstein law and suppress the role of the mass as the origin of the energy scale. Moreover,
this necessary use of “gauge invariance” does not permit us to talk about (and even think of) a
natural invariant L.dt expression which was so necessary to set the origin of the energy scale in a

|II

“natural” way.

Worst, this frequent use of “gauge invariance” in Newtonian mechanic accustomed us to consider

|II

that energy scale has “no natural” fixed value (in free system). Therefore when Einstein discovered
the Special Relativity in 1905 and the mass-energy equivalence, he was again conditioned by this
habit and so hesitated to set a fixed value of the energy scale origin by the mass. He waits several
years before to fix it (cf. [7] or the original Einstein articles where he talked about difference of
energy, instead of the “absolute” energy). But he set the origin of the energy scale via an intuition of
the naturalness than a Lagrangian explanation. The latter was not the only formal expression of
physics law, it was surely not as mature as today (in electromagnetism, gravitation...etc, and even in
the future quantum mechanics as Feynman showed us) and so a priori not the unique convincing
road to physics. | suppose that, if my proof of his law was not derived by himself is surely due to the
lack of confidence of this way of thinking even if he used it after many time in General Relativity and

his others modifications of his theory.



8. The momentum tensor and the mass as a scalar

A simple Lorentz transformation, shows that the 3-momentum is actually the one associated to the

4-vector defined above P'(K*) = %f Wpace—time TH§(nymatx™). dn (K*) d*x.

Thus, among all the 4-momentum P!(K), P!(K'), P*(K*)... the Lagrangian method selects P*(K*).

Moreover, thanks to this association we can naturally affirm that the mass, and so the internal
energy, is a scalar: this is the well known norm of the 4-momentum.



9. Conclusion

We have a way to demonstrate the famous Einstein formula E'=Mc? directly from an appropriate
Lagrangian function selecting the correct variable.

L*({TZ},{Y(VC)%}'RC,VC)
y(V¢)

Instead of L ({ra}, {%}), we use L' ({r;}, {%},Rc, Vc) =

Instead of L' [{(p}, {Z_‘P}{Z_f}] we use L/ [{(p*}, {%}{%}RC Vc] _ fffA*(<p*,%_<fj’:"’a_“’;,Rc,vc)dV*.

. oL’ E*
In the two cases we’ve calculated directly that P, = P y?Vc
C

In this article, we have also showed:

e The strong link with this law and the dilatation of time formula which highlight the crucial
role of the Einstein demand of non universality of time;

e Adiscussion on the meaning of the new set of variable chosen with an amusing modified
speed addition formula which do not contradict the one of Einstein-Poincaré;

e Adiscussion on the origin of the energy scale and the link with the mass as stated by Landau-
Lifchitz.

e Why in Newtonian mechanic the Einstein law is hidden.



10. Annex
10.1. Annex calculation

We want to draw the K* axis seen by K, that is to say the different axis in function of the x axis.

c.t—c.tp =y (c(t,{lf - té(ti)) + ﬂti-xk’{‘)
X —xc(t;) = Y- (xKi* + ,Bti- (tKl-* - té(ti)))
o InK, the equation of a static point in K* (xKl_*:cte) in function of x, that is to say

C. t(xva:Cte) (x) is

* x — xc(t;) Xg;
c.t—c.tp =y (C(tz(g‘ - tC(ti)) + ﬁti.xKi*) = Vi, <— - + 'Btz'xl({‘
ﬁti']/ti ﬁti
X — xc(ti) 1 2 X — xc(ti) xKi*
=———— =X V51— By ) = -
Bti : ﬁti ( ) ﬁti ]/ti'ﬁti
x —x:(¢; X
c.t =c.t;+ c(t) _
ﬂti yti'ﬂti
_ _ x—xc(t;) K . _
=>(C. t(xK;=K) (x)=c. t; + B—t, - m at time t=t;
. . x—xc(t;) .
So the equation of xg:=0is c.t; _\(x) =c.t; +—=* attime t=t;
L (XK:‘—O) ﬁti
Between x.(t;) and x.(t;), the variation is at should:
Xc(ta)=xc(t1) _ Ve(ty).(t2—t1)
c.t X (t —c.t xX-(t = = =c.(t,—t
(xK;_:O)( C( 2)) (szfZO)( C( 1)) Bt‘l ﬁtl ( 2 1)

o InK, the equation of (t*=cte) in function of x, that is to say ¢. t(t*=cte) () is
{c. t—c.t;i =Yy (c(t,{lf - té(ti)) + ﬂti-xk’{‘)
X —xc(t;) = Y- (xKi* + ,Bti- (tKl-* - té(ti)))

c.t—c.t; =Yy (c(tKi* - té(ti)) + ﬁti.x,{;)

X —Xc (ti)

= Vi, C(tKZ‘ — toep) * ﬁti'( - 'Bti'c(tKi* - tz(ti))>

. x = xc(t;) .
c.t—ct; =y, (c(tKi* —téey) + ﬁty% — B2ty — tc(q)))
t

x —x.(t;) _ C(tKi* - té(ti))
yti

=Vt <(1 - :Btzz)c(tKi* - té(ti)) + Bt + B, (x — xc ()

yti

c(ti; = téeep)

ti

c.t =c.tp+ P (x —xc(8)) +




C(K—t*(ti))
=>C. tct o =K) (x) = c.ty + B, (x — xc(8) + T

And in particular

c. t(ctKlf:cg(ti))(x) = c.tp + B, (0 — xc(8))

10.2. Application: the toy model of the electron
10.3. Application: the effective description of a particle in an external electromagnetic
field
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