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Abstract.

For any real number x > 0, let [z | be the largest integer not exceeding x
and NL\/EJ:HP<L\/EJAp6Pp is the product of all primes not exceeding |/ |

with P is the set of primes .

let 2n>2 denotes the distance between two primes .

let Il (x)=card{(p,p+2n)/ p+2n <z, (p,p+2n) €P? } denotes the

number of couple of primes (p,p+2n) not exceeding x .

in this paper . we will prove that for any n>1 .there is a constant A(n) such that

(z —2n—[Vx]) 2
M) 2 C2 D (1) A

this result will help us to prove that , there is infinite couples of primes (p,p+2n),
with 2n is a fixed distance between p and p+2n .

We will also prove the next results :

1. there exist infinite twin primes .
2. there exist infinite cousin primes .
3. The cousin primes are equivalent to twin primes in infinity.

Introduction.

let n > 0 a positive integer , and 2n denotes the distance between the couple
of primes (p,p+2n) .
( just to be obvious we don’t talk in this paper, about gabs between primes)
let Ily,(x)=card{(p,p+2n)/ p+2n <z , (p,p+2n) €P? } denotes the
number of couple of primes (p,p+2n) not exceeding x . The aim of this paper
is to prove that for any n>1 , Il,,(x)—o00 ,when x—o0 , which means that
there exists infinitly many couple of primes (p,p+2n) .
Furthermore we would have to special cases .
Case 1, 2n=2 .
Iy (x)=card{(p,p+2)/ p+2 <z, (p,p+2) €P? } will denotes the number of couples
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of twin primes not exceeding x , in fact will prove that IIy(x)~ 2@ which
means that the conjecture of twin primes is true .

Case 2 , 2n=4 .

14(x)=card{(p,p+4)/ p+4 <z, (p,p+4) €P? } will denotes the number of couples

of cousin primes not exceeding x , will prove also that TI(x)~ 2@

In Theorem B , we will prove an extraordinarily powerful discovery is
that | II4(x)-II5(x)| < In(x) for succiently large x.

Respectively.

Theorem A.

let n > 1 and fix 2n as the distance between two primes, then

there exist infinitely many couples (p, p+2n), where p and p-+2n are both prims.

Corollary 1.

1. TIx(x)~ logz(—:fc)2 for sufficietly large x .
2. IIy(x)~ 10;% for sufficietly large x .
Theorem B.

| TI4(x)-TI3(x)| < In(x) for sufficietly large x .
Lemma 1. For any real number x > 0, let || be the largest integer

not exceeding x and N z /=[] p is the

p<|vz],peP
product of all primes not exceeding | /x| , with P is the set of primes
P={2,3,5,7...... } and let ged(a,b) denotes the greatest
common divisor of the elements (a,b)

then |{/x]+1<n<xand ged(n,N| z/)=1 = n isa prime

Proof of Lemma 1. let NLﬁJ:Hp<LﬁJ pep P

we suppose that ged( n, N| z))=1.

let d be a prime divisor of n = 1<d<|/x]
= d/Nyz
= ged(n,N| z)#1 Absurd



then n is a prime
Lemma 2. (see [01] ) let pdenotes the Mobius function then .

1 if ged(n,d)=1

Zd//gcd(n,d) H’(d/) = {
0 if not

Lemma 3 . (see [01] )

let f be a multiplicative function then 3, /n f(d) is also
multiplicative .

Lemma 4 .(see[04])
2

Hpéx,paﬂ 1 f;> N@ , for all sufficiently large x

Lemma 5 .(see [05] )
Let a,b and c , any given integers and let ax-+by=c

be a diophantine equation, then ax+by=c
has a solution iff ged(a,b)/c

And if (x0,y0) is a particular solution of ax+by=c

kb ka
ged (a, b)’ Yo ged (a, b) )

then there exist an integer k such that (xg

is the set of solutions .

Lemma 6.

let NLﬁJ:HngﬁJ,pePp and dl/NL\/EJ-

then dg/NL\/ﬂ,dl/\Cb:l & dg/NLd\fJ ,

Proof of Lemma 6.

let NL\/EJ:H;DSL\/ELPEPP and dl/Nl_\/?fJ

Nivz)

1- we suppose that dg/

we have dg/ Nive) = d2d1/NLfJ = dQ/NL\fJ



and since NL\/%J is squarefree and dldg/NLﬁJ then diAdy=1
this means that dg/NLd—‘fﬂ = da/N| yz,diNd2=1

2- we suppose that da/ N| z|,di Nd2=1 .

we have dQ/NL\/EJadl/NL\/EJadl/\dQZ]- = dZdI/Nl_\/a?J

N
N
= dg/ O

then from 1 and 2 we obtain the equivalence .

N x
dg/NL\/;:J,dl/\dgz]. = dg/ delfl

Proof of theorem A.
let x >9 and fix n>1.
let Tl (x)=card{(p,p+2n)/ p+2n <z, (p,p+2n) €P? } denotes the
number of couple of primes (p,p+2n) not exceeding x .
and T, (x)=card{(p,p+2n)/| /T | <p<z —2n ,( p,p+2n) €P? }
denotes the number of couple of primes (p,p+2n) that are between
|vx| and x .
it is evident that I, (x) > Iy, (x) ( Hon(x)= Han(y/Z )+ I, (x) ).
Then if we can prove that I, (x)—+4o00 when x—+o00
this will be sufficient to prove Theorem A .
in fact this will be our aim for the next sections .
Remark 1. let z=| /x|
by Lemma 1, if |[\/z|<p <x—2n, gcd( p,N,)=1 and ged( p+2n,N,)=1
then (p, p+2n) is a couple of primes , with distance 2n .

we will exploit Remark 1 to calculate Il,,,(x).

H;n(x):card{(p,er?n)/ vz |<p<z —2n,gcd (p, N;) =1,gcd (p+2n,N,) =1}



:chd(pwz):l,t\/fkpﬁzf% chd(p+2n,Nz):LLﬁj+2n<p+2nﬁr 1
:chd(p7Nz)=1,gcd(p+2n,Nz)=17LﬁJ<p§x—2n L
If we apply Lemma 2 ,we obtain .
H/Q"(X):Zdl/pANZ7d2/(p+2n/\Nz),L\/ﬂSpix—%“(dl)u(dQ)
T2ty Nerds /s Nevda /-t 2, | V5] < p<a—2n ML) 11(d2)
=2y /e N V)Y, 1, | ) <p<amzn ]
But we have the equivalence

di/p,da/p+2n < 3j, ke N*2such that p=jd; et p+2n=kds

Then .
I, (x) :Zdl/Nz7d2/Nzy’(dl)H’(dQ)Zp:jdl,erQn:kdg,L\/FJJ§p§:672n1

:Zdl/zvz,dwvz ”(dl)“<d2)zjd1+2n=kd2, |VE| <p=id; <z —2n 1

Remark 2 .

we remark that the sum ZjlerQn:kdg,L\/Ejgp:jdlgmf%z1

depends only on the diophantine equation jd; + 2n =kds
with j and k are the variables ,
Problem 1 .
if we want to give a explicit formula toIl,, (x) we would have to
calculate the sum Zjd1+2n=kdg,|_\/5jSp:jdlgx—2n 1.
In fact we will find that if ged (dy, d2) /2n then.

_ oz VAL sed(ndy) g )

Zjd1+2n=kd2,|_\/3ﬂ§P=jd1§$—2'fl dy d2

Proof of Problem 1 .

1 if the equation jd; + 2n =kds has a solution
we set 0(j,k)={



0 if not

1 if ged(dy,ds2)/2n
based on Lemma 5 we have 6(j,k)={

0 if not
then L

Zjd1+2n:kd2, vzl <p=jdi<z—2n 1

:ZLﬁJ <p=jdi<z—2n 6(j, k)

Lojcz2n jon

1
ZLfJ< j <220 ged(dy,dg) /20, jeN*

If we have ged (dy, dg)/2n , by Lemma 5 , we will have also

td td . . .
j Jo+m et k :k0+m with t is an integer

and (jo,ko) is a particular solution of jd; 4+ 2n =kds

then L = ZL\HQ P . 1

ged(dy,dg) = dq N
=21
dy

=2 vzl
dy

. tdo z—2n
_]0-'1-7%(1(011 d2)§ a JteN*

tdg z—2n . .
Sty Sy ot

- Z( L\fJ

1
ged(dy,dg) x—2n _ . ged(dy,da)
T 7]0)>< o Stg( 5 7]0>>< o JteN*

() ()

dz

Result 1 .

if ged (d1, d2) /2n then the sum Zjd Fon—kdy, | VF | <peidi <o o 118

—on . d(d1, d , d(di,d
equal to L:{(xdln—j())xgc (d21 2)J_Kl\fJ _jo>><gc (d21 2)J+1

by Result 1 we have

—2 . d(dy,d | . d(dy, d
L:{(xdln—j())xgc (d2 2)J{<L\£J_30>ch (d2 2)J+1

[z —2n . \gcd(d,d) vz ]
thenL7< 5 o) L2 —(

i — G 1 O()

xz—2n ged (da, dg) [Vz] ng (dl, d2)
T dy X d2 d1 + 1+ O( )




_sx—2n vz ged (d1, d2)
=( di dl) da +1+0(1)

_z—2n-—[z] ged (dy, d2)
— h x == —+1+0(1)

Y Y
=222 W ged(dy, dy) +1+0(1)
then if ged (dy, d2) /2n we will have .

20— |/3)
Zjd1+2n:kd2,LﬁJSp:jdlgaJ*Qn1_Tng(dl’d2)+1+O(l)

Let us now return to calculate IT,, (x) .

we have .

H2TL(X):Zd1/NZ7d2/NZ H’(dl)“(dQ)Zjlergn:kd% lvVz) <p=jd1<z—2n 1

By Problem 1 ,we will obtain .
! —2n— V7]
o (9=, ) e s 2 P () (g, )+

Zdl/Nz7d2/Nz,ng(d1,d2)/2n “(dl)“(d2)( 1+O(1))

Problem 2 . let T(n):Zd/n 1 denotes the number of divisors of n.

then the error term Zdl/Nz’d2/NZ’ng(dhd2)/2nu(dl)u(dg)( 1+0(1))

is equal to O(27(rad(2n)))

Proof of Problem 2 .

et K =3 0, /N. da/ N ged (dy,dz) /20 (A1) (d2) ( 1+O(1))

:Zdl/Nz7 N(dl)zdz/NZ,gcd(dl,dQ)/Qnl”’(dQ)( 1+O(1))

we set F ={d=d; Ady/, di/N,,da/N,,d/2n}
then we will obtain .

K =20 n, )Y 0, 8, ged(dr,dg) y2n #(d2) ( 11O(1))



=2 der Zdl/szu( )ZdQ/Nz,gcd(dl,dg) a1(d2)(1+0(1))
:ZdeF Z%/Nz ( )ng/ ,gcd( (d2)( 1+0(1))

By Lemma 6 we have .

=Dder iy v WA v, p(d2)(1+0(1))
d d /

d da
d’d

QU
|8

R\H

. 1(d2)O(1)

=D deF Zg/& p(di)y” N B p(dz) +D e Zdl/wz w(d)y Ny
Hoe T e /%
d d

now we have tow sums to calculate .let us calculate them.

J/i
a7y
d
and R=3, p Zdl/wz w(d)d.  ~. m(d2)O(1)
/4
d N,
1oif =1
by Lemma 2,we have ) . p(d2) ={ !
24
! N 0 if not
1 if ;:71
then Y2 p(ds) =
d2 /74
ardy
d .
0 if not

then we obtain T = ZdEFu(%)

w L)
= 2ger (-1 )
o)
we have also T <>, . |(-1) ‘*/|
S ZdeFl
< rad(F)

Remark 3.
since NV, is squarefree then F ={d=diAdz/, di/N.,d2/N.,d/rad(2n)}

—{d/rad(2n) / d< |z}



We have 7(rad(2n))=card{ d/rad(2n)}
—card{{ d/rad(2n)/ d< [ Z ]} U{d/rad(20) / d> | /7| })

=card{FU{d/rad(2n) / d> |/z]}}

Then FC { d/rad(2n)} .

Which that rad(F) < 7(rad(2n)) .

And if we exploit Remark 3. we will have T< rad(F) < 7(rad(2n))

then T = O( 7(rad(2n)))

we remain to calculate the sum R=3", - >", . w(d1)) . p(d2)O(1).
T/ Tz/i
d
R = S Sy e )Y s p(d)O()
a’7d d2,7d
a7
d
Y Sy e HA)E . ld2)O(1)
d/"d 2/ d
a7y
d
wehave S0 Sa s A)Y  w i(d) < [Sp Sy e A)E ., ()
a/7a d2 /)7d e/ d2 y7d
a/dr ralarny
d d
SZdeF|Zﬂ/& N(dl)zd Ny H(d2)|
d d T2/did1
d
D der2oay x A1) v p(da)]
+ /=
4
K

SIS S IICAI SRICH]

d2 ) 7d
@/
d
_ZdEF Zdl/Nz |Z & N(dQ
d d
we have Y p(da) =3 &H(TQCZ)
d2 ) 7d da /74
d /ﬂ d /ﬂ
d d
since gcd(d2 d)=1 ,then p %d):u %)M(d)
d
then  Foer Yy e AL e 1(d2) S Vgep oy e, 12 u(g)u(dn
¢ 42
d




SIS
d d

d

and if we apply again the Lemma 2 . we obtain

d z
Y w5 won(5)1=[n(5) 151 then
d d J/i

ZdEF Z%/NTZ H(dl)z Ns p(dz) < ZdEF 1

da
7/ d

s

alg

we already know that ), .1 < 7(rad(2n)) from the above calculations

then ZdEF Z%/%u(dl)z &u(dg)gT(rad(Qn))

da
=/

o
n.‘H ‘g.

then we obtain R=0(7(rad(2n)))

Result 2 of Problem 2.
we have T = O( 7(rad(2n))) and R=0(7(rad(2n)))

then K=T+R =O(7(rad(2n))) +0(7(rad(2n)))

=0(27(rad(2n)))
now we have obtained the must interesting result in this article
S B v arntnyan P(d2)( 1+0(1)=0(27 (rad(2n)
because O(27(rad(2n))) will be the error term of II,,, (x)
in the next sections you will see that this error term is much smaller than
the main term of Il,,, (x).

by Problem 2. we obtain

’ x—2n — x
Mo ()= v, e ety 2 D) 1) =25 N g (i, ) +
+0(27(rad(2n)))
© = 2n - | /3]
= der Zdl/Nz,dg/Nz,gcd(d17d2)=d “(dl)ﬂ(d2)(Td )+
+0(27(rad(2n)))



=S e X ) . ey a2 (YL )0 (27 (rad (20))

S er Sy A p(do) (=222 gy L O (27 (rad (2n)))

da/N., gcd(T1 %):1 dida

14 2n — | Vz]
ZdeFZdl/Nz (d )Z@/Nz, (%%)Zlu(%d>Td+O(27(rad(
=2 VE) )T e #(F4) g d)=1nglzj>d+
O(27(rad(2n ’

since ged (d,%)zl and ged (d, 2)=1 . then u( 1d>:u<
and u(%d)z;L(ﬂ)u(d) , then we obtain.

m|§~

~—
r
—
&

d

H;n(x):(J:—Qn—LﬁJ)ZdEFZ%/%N(%)N(d)QZQ/NZ’ (4. )1Hd(1i)d+
+0(27(rad(2n)))

but if deF, then d is a squarefree then p(d)?=1

we obtain .
M) (@ =20 = LWVED S Loy e (3 ) 0 o1 021 w2,
O(27(rad(2n)))
20— V) D T 2ty 2,
AR Sty e Tty e (21,2
O(27(rad(2n)))

u(3) w(2) 1
:(x—2n—L\/EJ)Zd€FZ%/% dj dz%/Nchd(%,de)=l d: Xgt

a4

+0(27(rad(2n)))

(
(x —2n— L\/_J)Zdep dZdl/Nz
O(27(rad(2n)))

u(4) w()
1 Z%/%,gcd( d

21 92
d’d

d
d

If we apply Lemma 6 we obtain.

da
d 7/

MLy, (6) (2 =20~ [VE) Caep iy . (@) wl)

N
n.‘é}

S\.‘f‘



—
2
|5
~——

da
L\ .
since (j ) is multiplicative , then by Lemma 3 ,%7  y, —;— is also
i Tz/é d
d
multiplicative .
do
T 1
then 3 4, (Lj ) =11 ~ (1_;)
Wi F
d d

we will obtain .

" 4 Hp/& _%
T, (%) :(x—Qn—LﬁJ)Zdepéz%/% (df’)n : = +0(27(rad(2n)))

B 1 1 ”(%)
=i el () ey
O(27(rad(2n))) !
u()
we apply again Lemma 3 on ), . = 4 — we obtain
G (15)
d

d1 Nz d
=/ T /L( -
d

then .

M ()=~ =20 = VED R 311, s (15T, s () O (ad 20)

d

=(z —2n— L\/_J)Zdep de/%
2= [VE) S ger 311, e (1
We already have F ={d=dy Adz/, d1/N,,d2/N,,d/2n}

L (5)
=(zx—2n-— L\/_J)ZdeF de/&, (%)
(%)

’E

~2)+0(2r(rad(2n))



from the definition of F , we can deduce that .

then ITy,,(x)=( — 2 — | V/Z))(TT, . (1 f%) %Hp/% (1 f§)+
Yderapraszall, e (1-2)) +0(2r(rad(2n)))
sice 2 is prime and 2/N. then ([T, (1 —%) —0.
then Ly, (x)=(x — 20— LVE) (31, . (1-2)+
Saer aprazaqll, m (1-7)) +O@r(rad(2n)))

Result 3.
1L, () =( — 20— LVED (I, e (1-2) ¢

1 2
Saer apraadll, me (1-5))+0(r(rad(2n)))
This result is very important we will need them to prove Corollary 1

and Theorem B.

from Result 3 we deduce that .

= 2
(x —2n—|vz]) 2
—_— Hpg\\/il,p;&(l_;)_ 27(rad(2n))

(z —2n—[Vx]) 2
| (1 _;)- 2r (rad(2n))

(0 > =2 WA (1-2)c0(2r(rad(2n)))

v

v

2 1
by Lemma 4 , we have Hpg\/g,még(l_;)’\’ TR

~ ﬁ for sufficiely large x .

We don’t have to forget that 2n is fixed then 7(rad(2n)) is also will be fix .

(x —2n—|Z)) 2 2(z —2n — [V7])
then ——=—="11 < /& pso (1 _E> T log(e)?

2 .
Nﬁ for sufficiently large x

this means that H/Qn(x)—wl—oo , when x —+o00 (because logQ(—’;VH +00)



we already have 1Il,,(x)> II,,(x) then Il,,(x)—+o00 when x —+oo
this prove Theorem A .

Proof of corollary 1.
By Result 3 we have for any n>1 .

Mo, (0=(r ~2n = [VEDGIT, e (15 )+ Zer apnaodll, o (15 )+
+0(27(rad(2n)))

Case 1. if 2n=2

o) = =2~ LVE)(511, e (1= ) +0)+O(2r(rad(2)))

_(@-2- V7)) 2
= Hpgﬁ’p;éz(lf;)JrO(ll) (**)

It is known that if (p ,p+2) is a couple of twin primes then there is no prime
between them. Then, HIQ(X) denotes the number of twin primes not exceeding x.
We have Ty(x)=I1(x)+Is(y/Z) -

then, I15(x)=I1,() +11,(y/7) 1Lz, /V/7)

—IT(%) +TTo(\/T) 1051 /T ) e
let Ve =4 = In(x) = 4b
__In(x)
= b= i
1n(JL
then we obtain , II5(x) = (1\/_)

’ () 11, (i/7
= 11,(x) Zi241 %
m(Yz)

(VE—2-"*ym)[]
but from (**) we have — -
2(v2) @ =2 VDl pa (1-5) + OO
, ) (VE=2="TV@)IT -2)+0(4)
then IIy(x)=II,(x) > .4

i=1

pg"“ﬁ,pﬁ( B %) +04)

e
(mfzf\f)nwfp#z( 3)+ow

Inte) (\/5—2—i+x1/5)1'[

_3) +0(4)

e
~2= VD)l mppa(1—2)+0(4)




=, (x) (1 Ve _2_%)Hp<%,p¢2(1 _%)

(@ =2 VDIl e o (1-5) +OO

+0@4)

(VE —2- "+ ym)] (1-2)+o — =
petyapp ' 7 ()

2 [ —
@ =2V, <z o (1-3) +004) W

but by Lemma 4 ,

for sufficiently large x and lniX)Qi >2.

2 s (1) 0w

then p<iHUE o L VE (/e
’ (m—2—\/5)1_[][&\/5,”&2(1—%)4‘0(4) X ln(1+\l/§)2

I3 . 1 2
~ %x% — 0 when x—o00

m@)  (VZ—2-"1Y)[]
we can deduce that ). 4,

p<i+%,p#2(1 _%)+O(4)

(@—-2- ‘/E)Hpéﬁymﬁ?(l_%) +O(4)

— 0 when

X—00

then , TIy(x) ~ HIQ(X)

(z—2-1yz]) 2
~ 2 Hpéﬁ,p#2(1_5>+o(4)

by Lemma 4 we have , II5(x) for sufficiently large x.

"2 (V7)?

4x
Y —ee
2In(x)?

2x
N e
In(x)?

2x
In(x)2

then , II5(x)

Case 2 . if 2n=4 F={1,2}

then, ITy(x) =(z — 4 — L\/EJ)(%HP/% (1 - %>+0)+O(2T(rad(4)))
S e e (177) 00

but it is known that if (p ,p+4) is a couple of cousin primes then

there is no prime between them , except (3, 7).then IT,(x) denotes the number of



cousin primes not exceeding x.

2x
In(z)? -~

By the seem method developped in Case 1 we can prove that H;l(x)

Proof of Theorem B.

by the Result 3 we have .

M0 ()= =20 = WEDGIL, v (13 ) S g apo 1L, (13 )
+0(27(rad(2n)))
Case 1 . if 2n=2 we have F={1,2}
then ITj(x) :MHW& (1 - %>+O(2T(rad(2)))

2

_ @—2-1y3) 2
- 2 Hpix/f,pﬂ (1 _5)+O(4)

Case 2 . if 2n=4 we have F={1, 2}

2
_ @—4- VA 2
- 2 HPS\/E,WQ(li;)JFOM)

From case 1 and case 2 we obtain .

then TT(x) :wnp/% (1-2)+0(r(rad(4)))

’ ’ r—2— T
H(x)- Wy(x)= “=50T s (1-2)+0(4) -
(=4 V7)) 2
e VP (1-2)00)

- Hp/%r (1 7%)+O(4)

2

1 .
HpS\/E,mﬁ? (1 — ;) ~ e Jor sufficiently

by Lemma 4 , we have
large x .

4

~Tog@)? Jfor sufficiently large

then IT,(x)- IL,(x)=0(4) , for sufficiently large x .

we have T1;(x)-Tly(x) =I1;(x)-Tly(x)+ 11y (\/Z)-To(y/Z)



I, (0TI (0) + 11y (VE - IL(/E) L /VE )Ly V)
I (0T (0) +I1 s (VE IV ([ VE I V)

= 0(4)+0(4) +O(4)...
let Yz=14

= In(x) = 4b
-~ b _lnix)

mu

then H4(X)—H2(X)

= Y4, (IL(Y2)-TL,(Y/7))
—y 5 04)

~0(In(x))

then for sufficiently large x we have | II4(x)
this means that

x)] < In(x)
In(z)
5 (x)

but HQ( )

93 21n(z) -~
ca@?  then

In(z)

2x
log(z)2

In(zx)3
~ Tz
then ITy(z) ~

—0 when x —o00

IT5(x) for sufficiently large x

this means that The cousin primes are equivalent to twin primes in infinity
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