On a result in the sieve method *
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Abstract

In this note, we generalize a lemma of Heath-Brown in the sieve method.
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1 Introduction

Let u(d) be the Mdébius function, (n) = > 1, p is a prime variable.
pln
In [2], Heath-Brown obtained the following result.

Lemma A. Let 21, 20 > 1, and Q = [] p.

p<z1
Then
| > wd— > pd]< > L
d|(n,Q) d|(n,Q), d<z2 d|(n,Q), z2<d<z122

For applications of this lemma see [1] and [2].

We give a generalization to this lemma.

Write p = {p:pis prime}, z1, 22 > 1, VP C p, Q=Q(P)= ][ »p,
p<zi, peEP

if P is empty set, that is P =), then Q() = 1.

Lemma B. Let 21, 20 > 1, andVP Cp, Q=Q(P)= [] »p.
p<z1, pEP

Then

| > wd)— > p@)]< > L.

d|(n,Q) d|(n,Q), d<z2 d|(n,Q), z2<d<z122
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2  Proof of Lemma B

We use induction on Q(n).

The proof is the same as that in [2].

If n =1 or P =0, the lemma holds.

We assume the result is true for n and for all P C .

We want to prove the lemma for pn and for all P C g.

If p> 2z or plnor pg™P,then (np,Q) = (n,Q), the result follows by induction.

We suppose p < 21, ptnand p € P.

Youwld - D ud = D ).

dl(?’L,Q) dl(an)v d<zz d‘(”#Q)v d>z2

We want to prove

Y w@)< > 1.

dl(pn,Q), d=>z2 d|(pn,Q), z2<d<zi22

We have

(2.2)

Yo owd= Y ud+ DY upd) =)+ say. (23)

d|(pn,Q), d>z2 d|(n,Q), d>z2 pd|(pn,Q), pd>z2

By the induction assumption, we have

DI< >, L

d|(n,Q), z2<d<z1z2

D= > pu(d) = — > u(d).
pd|(pn,Q), d>22/p d|(n,Q), d>z2/p
If p < zo, then by the induction assumption,
220l < > L
d|(n,Q), z2/p<d<zi22/p
Hence
DSRD SIS SR R DI

d|(n,Q), z2<d<z122 d|(n,Q), z2/p<d<z122/p

2

d|(pn,Q), z2<d<z1z2

1. (2.5)



If p> 29 and (n,Q) > 1, in this case z3 < z1, since ptn and p € P, then

Dool=1— > npd[=0< > L.
d|(n,Q) pd|(pn,Q), z2<pd<z122
Thus, unless p > z3 and (n, Q) = 1, we obtain

220+ 20 < 2 L.

d|(pn,Q), z2<d<z122
If p> 29 and (n,Q) =1, since p < z; and p € P, in this case z3 < z1, we have

S oud= Y ud)=-1,

d|(pn,Q), d>2z d|(p7Q)’ d>zo

hence

D DRI ()] S > L.
d|(pn,Q), d>z2 d|(pn,Q), z2<d<ziz2

The lemma follows.
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