Proof of Riemann hypothesis

By Toshihiko ISHIWATA

Dec. 20. 2023

Abstract. This paper is a trial to prove Riemann hypothesis according

to the following process.

1. We make one identity regarding = from one equation that gives Riemann
zeta function ((s) analytic continuation and 2 formulas (1/24a=+bi, 1/2—
a £ bi) that show non-trivial zero point of ¢(s).

2. We find that the above identity holds only at a = 0.

3. Therefore non-trivial zero points of {(s) must be 1/2 + bi because a cannot
have any value but zero.

1. Introduction

The following (1) gives Riemann zeta function ¢(s) analytic continuation to 0 < Re(s).
S ” means infinite series in all equations in this paper.

1—27° 4354545 °—6 5+ =(1-2"%)(s) (1)

The following (2) shows the zero point of the left side of (1) and also non-trivial zero
point of {(s). i is v—1.

So=1/2+a+bi (0<a<l1l/2 14<b) (2)

The following (3) also shows non-trivial zero point of {(s) by the functional equation of

¢(s)-
51:1750:1/27043Fb7, (3)

We define the range of ¢ and b as 0 < a < 1/2 and 14 < b respectively. Then we can
show all non-trivial zero points of {(s) by the above (2) and (3). Because non-trivial
zero points of ((s) exist in the critical strip of ((s) (0 < Re(s) < 1) and non-trivial zero
points of {(s) found until now exist in the range of 14 < b.

We have the following (4) and (5) by substituting Sy for s in the left side of (1) and putting
both the real part and the imaginary part of the left side of (1) at zero respectively.

_cos(blog2)  cos(blog3) = cos(blog4) cos(blog5)

91/2+a 31/2+a 41/2+a 5l/2+a (4)
_sin(blog2) sin(blog3) = sin(blog4) sin(blog5) 5
T 9l/2ta  3l/2+a 41/2+a yl/24a 7T ()
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We also have the following (6) and (7) by substituting S; for s in the left side of (1)
and putting both the real part and the imaginary part of the left side of (1) at zero

respectively.
_cos(blog2) cos(blog3) ~cos(blog4) cos(blogh)
T 9l/2—a 3l/2-a 41/2—a  gij/2—a 7 (6)
_sin(blog2) sin(blog3)  sin(blog4) sin(blogh)
T 9l/2—=a 31/2-a 41/2—=a glj2—a 77 (7)

2. The identity regarding x
We define f(n) as follows.

1 1
f(n) = n1/27a - n1/2+a 2 O (n = 2? 3)47 57 ...... ) (8>

We have the following (9) from the above (4) and (6) with the method shown in item 1.1
of [Appendix 1: Equation construction].

0 = f(2)cos(blog2) — f(3) cos(blog3) + f(4) cos(blog4) — f(5)cos(blogb) +------ 9)

We also have the following (10) from the above (5) and (7) with the method shown in
item 1.2 of [Appendix 1].

0 = f(2)sin(blog2) — f(3)sin(blog3) + f(4)sin(blog4) — f(5)sin(blogh) 4 ------ (10)

We can have the following (11) regarding real number z from the above (9) and (10)
with the method shown in item 1.3 of [Appendix 1]. The value of (11) is always zero at
any value of x.

0 = cos z{the right side of (9)} + sin z{the right side of (10)}
=cosx{f(2) cos(blog2) — f(3)cos(blog3) + f(4) cos(blogd) —------ }
+sinx{ f(2) sin(blog 2) — f(3)sin(blog3) + f(4)sin(blog4) —------ }
=f(2) cos(blog2 — z) — f(3) cos(blog3 — ) + f(4) cos(blog4 — x)
— f(5) cos(blogb — ) + f(6) cos(blog6 — ) — -+ - (11)

At a = 0 we have the following (8-1) and the above (11) holds at a = 0.

1 1
f(n) = nl/2—a  pl/24a

0 (n=2,3,4,5,-- a=0) (8-1)

We have the following (12-1) by substituting blog 1 for x in (11).

0=f(2)cos(blog2 —blog1) — f(3) cos(blog3 — blog 1) + f(4) cos(blog4d — blog 1)
— f(5)cos(blog5 —blog1) + f(6) cos(blogb — blogl) —------ (12-1)

We have the following (12-2) by substituting blog2 for x in (11).

0 =f(2) cos(blog2 — blog2) — f(3) cos(blog3 — blog2) + f(4) cos(blog4 — blog 2)
— f(5) cos(blog 5 — blog 2) + f(6) cos(blogb — blog2) —------ (12-2)
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We have the following (12-3) by substituting blog3 for x in (11).
0 =f(2) cos(blog2 — blog3) — f(3) cos(blog3 — blog3) + f(4) cos(blog4 — blog 3)
— f(5) cos(blogb — blog 3) + f(6) cos(blog6 — blog3) —------ (12-3)

In the same way as above we can have the following (12-N) by substituting blog N for x
in (11). (N =4,5,6,7,------ )

0 =f(2) cos(blog2 —blog N) — f(3) cos(blog3 — blog N) + f(4) cos(blog4 — blog N)
— f(5) cos(blog5 — blog N) + f(6) cos(blog6 — blog N) — ------ (12-N)
3. The solution for the identity of (11)

We define g(k, N) as follows. (k=2,3,4,5,------ N=1,2,34,---- )

g(k,N) = cos(blogk — blog 1) + cos(blog k — blog2) + cos(blog k — blog3) + -+ - + cos(blog k — blog N)
= cos(blog1 - blogk) + cos(blog2 — blog k) + cos(blog3 — blog k) + - - + cos(blog N — blog k)
= cos(blog 1/k) + cos(blog 2/k) + cos(blog 3/k) + - - - + cos(blog N/k) (13)

We can have the following (14) from N equations of (12-1), (12-2), (12-3), ------ , (12-N)
with the method shown in item 1.4 of [Appendix 1].

0= f(2){cos(blog2 — blog 1) + cos(blog 2 — blog 2) + cos(blog2 — blog3) + - -+ + cos(blog2 — blog N}
—f(3){cos(blog3 — blog 1) + cos(blog 3 — blog 2) + cos(blog3 — blog3) + - -+ + cos(blog3 — blog N)}
+f(4){cos(blog4 — blog 1) + cos(blog4 — blog2) + cos(blog 4 — blog3) + - - + cos(blog 4 — blog N)}
—f(5){cos(blog5 — blog 1) + cos(blog 5 — blog2) + cos(blog5 — blog3) + -+ + cos(blog5 — blog N}
Fonnn

=f(2)9(2,N) = f3)g(3,N) + f(4)g(4,N) — f(5)g(5,N) +---- - (14)

If (11) holds, the sum of the right sides of infinite number equations of (12-1), (12-2),

(12-3), (12-4), (12-5), -+ -+ becomes zero. The rightmost side of (14) is the sum of the

right sides of N equations of (12-1), (12-2), (12-3),--+-- , (12-N) as shown in item 1.4 of

[Appendix 1]. Thererfore if (11) holds, A}im {the rightmost side of (14)} = 0 must hold.
— o0
Here we define F'(a) as follows.
Fla)=f2) = fB)+f(4) =)+ (15)
We have the following (22) in [Appendix 2 : Investigation of g(k, N)].

N cos(blog N)
EN) o~ P08 (N oo k=2,3,4,5, - 22
ol V) T ) @
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From the above (15) and (22) we have the following (16).

The rightmost side of (14)
= f(2)9(2,N) — f(3)g(3, N) + f(4)g(4,N) — f(5)g(5,N) + -+ --

- f(5)NC\°/*“’1<L+1°b%M P
- Mo (1(2) — 1)+ 5(4) — 15) +-++-+)
- F(a)cho/sl(b%obgzm (N = 00) (16)

lim diverges to £oo. 0 < F(a) holds in 0 < a < 1/2 as shown in

N ey g (a) /

[Appendix 3 : Investigation of F(a)]. Then A}im {the rightmost side of (14)} diverges to
—00

+oo in 0 < a < 1/2 from the above (16) i.e. (11) does not hold in 0 < a < 1/2. (11)

holds at @ = 0 as shown in item 2. Therefore the solution for the identity of (11) is only

a=0.

4. Conclusion

a has the range of 0 < a < 1/2 by the critical strip of ((s). However, a cannot have
any value but zero as shown in the above item 3. Therefore non-trivial zero point of
Riemann zeta function {(s) shown by (2) and (3) is 1/2 + bi and other non-trivial zero
point does not exist.
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Appendix 1. : Equation construction

We can construct (9), (10), (11) and (14) by applying the following Theorem 1[1].

~ Theorem 1 ~N

If the following (Series 1) and (Series 2) converge respectively, the following (Series
3) and (Series 4) hold.

(Series 1) = a1 +as +as+as+as+ -+ =A

(Series 2) = by +ba+ b3 +bg+bs+ -+ =B

(Series 3) = (a1 + b1) + (a2 + b2) + (ag +b3) + (ag + bg) + -+~ =A+B

(Series 4) = (a1 — b1) + (ag — b2) + (a3 —b3) + (ag —bg) + -+ -~ =A-B )
-

1.1. Construction of (9)
We can have (9) as (Series 4) by regarding (6) and (4) as (Series 1) and (Series 2)
respectively.

1.2. Construction of (10)
We can have (10) as (Series 4) by regarding (7) and (5) as (Series 1) and (Series 2)
respectively.

1.3. Construction of (11)

We can have (11) as (Series 3) by regarding the following (11-1) and (11-2) as (Series
1) and (Series 2) respectively.

(Series 1) = cos z{the right side of (9)} =0 (11-1)
(Series 2) =sin z{the right side of (10)} =0 (11-2)

1.4. Construction of (14)
1.4.1 We can have the following (12-1*2) as (Series 3) by regarding the following (12-1)
and (12-2) as (Series 1) and (Series 2) respectively.

(Series 1) =f(2) cos(blog2 — blog 1) — f(3) cos(blog3 — blog1)

+ f(4) cos(blogd — blog 1) — f(5) cos(blogs — blog 1)

+ f(6) cos(blog6 —blog1) —------ =0 (12-1)
(Series 2) =f(2) cos(blog2 — blog2) — f(3) cos(blog3 — blog 2)

+ f(4) cos(blog4 — blog2) — f(5) cos(blog 5 — blog 2)

+ f(6) cos(blog6 — blog2) —------ =0 (12-2)
(Series 3) =f(2){cos(blog2 — blog1) + cos(blog2 — blog 2)}

— f(3){cos(blog3 — blog1) + cos(blog3 — blog2)}
+ f(4){cos(blog4 — blog1) 4 cos(blog4 — blog 2)}
— f(5){cos(blog5 — blog 1) + cos(blog5 — blog2)}
TR =040 (12-1%2)
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1.4.2 We can have the following (12-1*3) as (Series 3) by regarding the above (12-1*2)
and the following (12-3) as (Series 1) and (Series 2) respectively.

(Series 2) = f(2) cos(blog2 — blog 3) — f(3) cos(blog3 — blog 3)
+ f(4) cos(blog4 — blog 3) — f(5) cos(blog5 — blog 3)
+ f(6) cos(blog6 — blog3) —------ =0 (12-3)
(Series 3)
= f(2){cos(blog2 — blog 1) + cos(blog2 — blog2) + cos(blog2 — blog 3)}
— f(3){cos(blog3 — blog 1) + cos(blog3 — blog2) + cos(blog3 — blog 3)}
+ f(4){cos(blog4 — blog 1) + cos(blog4 — blog2) + cos(blog4 — blog 3)}
— f(5){cos(blogh — blog 1) + cos(blog5 — blog2) + cos(blog5 — blog 3)}
TR =040 (12-1*3)

1.4.3 We can have the following (12-1*4) as (Series 3) by regarding the above (12-1*3)
and the following (12-4) as (Series 1) and (Series 2) respectively.

(Series 2) = f(2) cos(blog 2 — blog4) — £(3) cos(blog 3 — blog 4)
+ f(4) cos(blog 4 — blog4) — £(5) cos(blog 5 — blog4)
+ £(6) cos(blog 6 — blogd) — ------ —0 (12-4)
(Series 3)
= f(2){cos(blog2 — blog 1) + cos(blog2 — blog 2) + cos(blog 2 — blog 3) + cos(blog 2 — blog 4)}
—f(3){cos(blog3 — blog1) + cos(blog 3 — blog2) + cos(blog3 — blog3) + cos(blog 3 — blog4)}
+f(4){cos(blog4 — blog1) + cos(blog4 — blog2) + cos(blog4 — blog3) + cos(blog4 — blog4)}
—f(5){cos(blog 5 — blog 1) + cos(blog 5 — blog 2) + cos(blog 5 — blog3) + cos(blog 5 — blog4)}
Lo =040 (12-14)

1.4.4 In the same way as above we can have the following (12-1*N)=(14) as (Series
3) by regarding (12-1*N-1) and (12-N) as (Series 1) and (Series 2) respectively.
(N =5,6,7,8-+---- ) g(k,N) is defined in page 3. (k=2,3,4,5,------ )

(Series 3)=

f(2){cos(blog2 — blog1) + cos(blog2 — blog2) + cos(blog 2 — blog3) + - - + cos(blog 2 — blog N)}
—f(3){cos(blog3 — blog1) + cos(blog 3 — blog2) + cos(blog3 — blog3) + -+ + cos(blog 3 — blog N)}
+f(4){cos(blog4 — blog 1) + cos(blog4 — blog 2) 4 cos(blog4 — blog3) + - - + cos(blog4 — blog N)}
—f(5){cos(blog 5 — blog 1) + cos(blog5 — blog 2) + cos(blogh — blog3) + -+ + cos(blog 5 — blog N)}

= f(2)9(2,N) — f(3)9(3,N) + f(4)g(4,N) — f(5)g(5,N) +------
=040 (12-1*N)
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Appendix 2. : Investigation of g(k, N)
2.1 We define G and H as follows. (N =1,2,3,4,------ )

1 2 N
G = lim —{cos(blog ﬁ) + cos(blog N) + cos(blog %) + -+ 4 cos(blog N)}

N—oo N
1
= / cos(blog z)dx (20-1)
0

1 1 . 2 . 3 . N
H = lim —{sm(blog N) + sin(blog N) + sin(blog N) + - +sin(blog N)}

N—ooo N
= /01 sin(blog z)dx (20-2)
We calculate G and H by Integration by parts.
G = [z cos(blogz)]y + bH = 1+ bH
H = [zsin(blogz)]§ — bG = —bG
Then we can have the values of G and H from the above equations as follows.

1 —b
1402 1+ b2 (21)

2.2 From (13) and the above (21) we have the following (22).

g(k,N) = cos(blog 1/k) + cos(blog 2/k) + cos(blog 3/k) + - - - + cos(blog N/k)

= N+-{cos(blog + ) + cos(blog 2 &) + cos(blog 2 &) + - + cos(blog K3}

= N+-{cos(blog + + blog %) + cos(blog & + blog %)
+cos(blog 2 +blog ) 4+ + cos(blog & + blog &)}

= N4 cos(blog &) {cos(blog +) + cos(blog 2 ) + cos(blog 2) + - - + cos(blog )}
—N+ sin(blog ) {sin(blog +) + sin(blog 2) + sin(blog 2) + -+~ +sin(blog X )}

N N
~ N cos(blog Z)G—Nsin(blog E)H
N, 1 N, b
= NCOS(blOg k )1 + b2 =+ Nsm(blog E)m
{cos(blog 7)o + sin(blog 3 ) ———}
= cos(blog —)——=——= +sin(blo
\/1+b2 5% V14 b2 5k \/1+b2
N N
= —— S 1 _—— -1
7 cos(blog ’ tan™" b)
N logk tan™'b
= blog N(1 — —
T costblos N = 108 = Tioa v b
N blog N
- N cos(blog N) (N0 k=2,345-----") (22)

V14 b2
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Appendix 3. : Investigation of F(a)

3.1. Investigation of f(n)
We have the following (8) and (15) in the text.

f(n):nl/lg_a—nl/12+a >0 (n=2,3,4,5,+- 0<a<1/2) (8)
Fla)=f(2) = f(3) + f(4) = fB) + f(6) =+ (15)

a = 0 is the solution for F'(a) = 0 due to f(n) =0 at a = 0. The alternating series F'(a)
converges due to ILm f(n)=0.
We define the following (31) from the above (8) and we have the following (32) from (31).

1 1
F(r) = e ~ i/ >0 (r : real number 2 <) (31)
1/2—a

af(r) 1/24+a 1/2—a 1/2+4a .
o 0= e T e~ e _(1/2+a)T2 }

(32)

The value of f(r) increases with increase of r and reaches the maximum value f(rmq.) at

1/2
T = Tmax :( 1§2t2)1/(2a). Afterward f(r) decreases to zero with r — oo. f(n) also has

the maximum value f(nmaz) at 7 = Nupae and Nypeq is either of |7ma. | and [z ] + 1.
Then we can have the following (34).

1/2+a
Tmaxz = (1;2_a
~  (144a)VCY) = {(1 + 4a)'/4))2
~  e*=739 (a — 40) (34)

)1/(2a) =(1+4a+8a*+------ )1/(2a)

From the above (34) we have the following (35).
7 < Nmaz (0<a<1/2) (35)

The following (Graph 1) shows f(n) in various value of a.
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1.2

7
-
/

0.2

0

2 5 8 11 14 17 20 23 26 29 32 35 38 41 44 47 50 53 56 59 62 65 68 71 74 77 80 83 86 89 92

a=0.05 a=0.1 a=0.2 a=0.3 a=0.4 a=0.45 a=0.5

Graph 1 : f(n) in various a

We have the following (36) from (32).

df’(r) ) = (1/2—-a)(3/2—a) (1/2+0a)(3/2+a)
dr rb5/2—a r5/2+a
(12— a)B/2—a) . (124 a)(3/24a) s
=== Ul Gy g v L (36)

We have the following (37) from the above (36) and f”(rg) = 0.

(1/2+a)(3/2+a) 1/(2a) 16 128 , 1/(2a)
= Y = (14 — At a 37
YY1y L A R (37
Then we can have the following (37-1).
16 128
ro = (1+ Faot 7“2 b )1/ (2a)
~ (1+ ?a)l/@a) ={(1+ ?a)3/(16a)}8/3
~ 3 =14.39 (a — +0) (37-1)

We can confirm the property of f(r) and f/(r) from (32) and (36) as shown in the
following (Table 1) and (Figure 1).
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" ; : i i The maximum
em ange orr T y
value of |f'(r)
Positive value. Monotonically - _
. . o Positive value. Monotonically
increasing and districtly concave _ .
311 2SS o _ . decreasing function. f'(r)=0 at 1)
function. The maximum value at
I'=T max.
I'=T max.
Positive value. Monotonically Negative value. Monotonically
312 rna<r=ro  |decreasing and districtly concave |decreasing function. The +lr0)
function. minimum value at r=r.
Positive value. Monotonically . .
. o Negative value. Monotonically
decreasing and districtly convex | ) )
313 rosr , _|increasing function. Converges +'(r0)
function. Converges to zero with r .
to zero with r — o,
— 00,
Table 1 : The property of f(r) and f/(r)
J)
Strictly concaye function Strictly convex function
Monotonically increasing Monotonically decreasing function
function
Spa) |
Jr)
-
0 2 Vhax "o
S
S
0 2 rma\ ) r
Jro)
Monotonically decreasing Monotonically increasing function
function

Figure 1 . The property of f(r) and f/(r)
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3.2.  Verification method for 0 < F(a)
We define F'(a,n) as the following (38) and we have the following (39) from (38).

Fla,n) = f(2) = fB) + f(4) = f(5) +--- + (=1)" f(n) (38)
nli_}rr;F(a, n) = F(a) (39)

F(a) is an alternating series. So F'(a,n) repeats increase and decrease by f(n) with
increase of n as shown in the following (Graph 2). In (Graph 2) upper points mean
F(a,2m) (m=1,2,3,------ ) and lower points mean F'(a,2m +1). F(a,2m) decreases
with increase of m in Ny, < 2m and converges to F'(a) with m — oo due to nh_}rr;of(n) =
0. F(a,2m + 1) increases with increase of m in nue. < 2m + 1 and also converges to
F(a) with m — co. From the above (39) we have the following (40).

W%i_{nooF(aﬂm):%i_r}nooF(a,Zm—l—l):F(a) (40)
0.14
01 * n.,‘,‘”'/‘“'““‘””
0.08
0.06
0.04
0.02
0
_o.ozN T1ATE T% 14 :',1 % ﬂﬁts BLITNTRI&ISSHREE
I PRI
006 ‘|F(tl,2m+1) |

Graph 2 : F(0.1,n) from n = 2 to n = 100

We define F'1(a) and F1(a,2m+1) as the following (41) and (42-1). We have the following
(42-2) from (42-1).

Fl(a) ={f(2) = f@)} +{f(4) = fFO)} +{F(6) = f(D} +---- (41)
Fl(a,2m +1) = {f(2) = fO)} +{f(4) = FO)} +--- +{f(2m) — fF2m + 1)} (42-1)
=fQ) = fB)+f(4) = fB)+--+ f(2m) = f(2m+1) = F(a,2m + 1) (42-2)

We have the following (43) from the above (40), (41), (42-1) and (42-2).

Fl(a) = lim Fl(a,2m+1) = lim F(a,2m+1) = F(a) (43)

m—0o0 m—o0

Then we can use F1(a) instead of F(a) to verify 0 < F(a).
We enclose 2 terms of F(a) each from the first term with { } as follows. If 14, is p or
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p+1 (p: odd number) , the inside sum of { } from f(2) to f(p) has a negative value
and the inside sum of { } after f(p + 1) has a positive value as follows.

F(a) = f(2) = f(3) + F(4) = F(5) + F(6) — () +------
={f@)-fO}+{f@-fO}+-+{flb-D - f) }+{fp+1) —fp+2)}+-

(inside sum of { }) < 0 ¢—|—(inside sum of { }) >0
(total sum of { }) = =B «—|—(total sum of { }) = 4

We define A and B as follows. Ny is p or p+ 1. (p: odd number)

{f@Q -3} +{f@ -G} +--+{flp-1) - fp)} =-B<0
{fle+1) —f+2}+{f(p+3) —flp+ 4} +----- =A>0

We have the following (44) from the above definition.

Fla)=A-B (44)

So we can verify 0 < F(a) by verifying B < A.

3.3. Investigation of h(n) = f(n) — f(n + 1)

3.3.1 We define as follows from (8) and (31).

h(n) = f(n) — f(n+1) (n=2,3,4,5,------ 0<a<1/2) (45)
h(r)=f(r)—f(r+1) (r : real number 2 <) (46)

We have the following (47) from the above (46) and (32).

dh(r)
dr

=h'(r)=f'(r) = f'(r+1) (47)

We can find the following item 3.3.3.1 — 3.3.3.4 from the above (47), (Table 1)
and (Figure 1).

3.3.1.1 f’(r) decreases monotonically in 2 < r < ry. Then we have the following (48)
and we have the following (49) from (48).

fiir)y> flir+1) 2<r<ry—1) (48)
W (r)=f'(r)=f(r+1)>0 (2<r<ro—1) (49)

Thererfore h(r) increases monotonically in 2 <r < ry— 1.

3.3.1.2 f’(r) increases monotonically in 7o < r. Then we have the following (50) and
we have the following (51) from (50).

fiir)y<f(r+1) (ro <) (50)
W(r)=f'(r)=f(r+1) <0 (ro <) (51)

Thererfore h(r) decreases monotonically in ro < 7.

3.3.1.3 f'(r + 1) is the figure in which f’(r) shifts to the left by 1 as shown in the
following (Figure 2).
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S
S+
ro-1 7y
”
~
0 2 \\NN T
~< -
’
S(ry)
Monotonically decreasing Monotonically increasing function
function
h(r)
h(ry)

/ T~

0 2 U g

Monotonically increasing Monotonically decreasing function
function

Figure 2 : The property of f'(r) and h(r)

Then f'(r) and f'(r + 1) have one intersection at 1 (rg — 1 < r1 < 7¢) i.e.
h'(r1) = 0 holds. Thererfore h(r) has the maximum value h(ry) at r = r;
from the above item 3.3.1.1 and 3.3.1.2. h(n) = f(n) — f(n + 1) also has the
maximum value f(n1) — f(n1 + 1) = {Gmaz} at n = ny. ny is either of |rq|
and |ry] + 1.

3.3.1.4 The sign of h(n) changes from minus to plus with increase of n at n = nmaz.
Afterward the value of h(n) reaches the maximum value {¢maz} at n = ng
and the value decreases to zero with n — oco.

The following (Graph 3) shows the value of h(n) in various value of a. The following
(Graph 4) shows the value of h(n) at a = 0.1.
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0.02

e
W//E//'4 16 18 20 22 24 26 28 30 32 34 36 38 40 42 44
0.02

/4
i
=]

-0.005 /
-0.01

-0.1 //
0.12

!/
0.14 /
0.16

]
0.18

a=0.05 a=0.1 a=0.2 a=0.3 a=0.4 a=0.45 a=0.5
Graph 3 : h(n) in various a
0.01
nmax {qmax}
0.005 \r /’
0

\
2 4/8 10 12 14 16 18 20 22 24 26 28 30 32 34 36 38 40 42 44 46 48 50 52

Graph 4 © h(n) at a =0.1

3.3.2 We have the following (52) and (53) from the above item 3.3.1.

f(S)_f(2)>f(4)_f(3)>f(5)_f(4)> """ >f(nmaz_1)_f(nmaw_2)

> f(nmaz) = f(Mmaz — 1) >0
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We abbreviate {f(nmaz + ¢) — f(Nmaz + ¢+ 1)} to {q} for easy description. (¢ =
0,1,2,3,------ ) All {¢} has a positive value from the above abbreviation.

{O} < {1} < {2} < {3} <---< {Qmaw - 3} < {Qma:p - 2} < {qmaa: - 1}
< {qmam} > {Qmaz + 1} > {qmam + 2} > {Qmax + 3} > (53)

3.3.3 We can have the following (56) from (52).
0<fln+1)=f(n) <fB)-[(2) (B<n <nmee —1)  (56)

We can have the following (57) from (Table 1) and (Figure 1).

n+ n+1

1
0< )~ fon+ )= [ (=< [ (= o)l = ~F()
(Mmaz <7 Nppaz < 1) (57)

We can have the following (58) from the following item 3.3.4 — 3.3.6.
0<—f'(ro) < f(3) — f(2) (0<a<1/2) (58)

Then we can have the following (59) from the above (56), (57) and (58).

[f(n) = fln+ D[ < fB3) = f(2) (n=3,4,5,--- ) (59)
3.3.4 The following (Graph 5) is plotted by calculating f(3) — f(2) and —f'(ro) for a
every 0.01.
0.16 /

0 0.1 0.2 0.3 0.4 0.5

e {(3)-F(2) e £'(r0)

Graph 5 : f(3) — f(2) and —f(ro) regarding a

a 0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5
J3)-112) 0] 0.014438| 0.029008| 0.043844( 0.05908| 0.074851| 0.091297| 0.108555( 0.126771| 0.146091| 0.166667
f'(ro) 0f 0.000601| 0.001149| 0.001591| 0.00188| 0.001976| 0.001852| 0.001504( 0.000968| 0.000361 0

Table 2 : The values of f(3) — f(2) and —f’(ro)
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If f(3) — f(2) has a convex or a concave in ag < a < ag + 0.01, such a convex or a
concave is not displayed in the above (Graph 5). (ap=0, 0.01, 0.02, ------ , 0.48,
0.49) If the function regarding a has the property shown in the following 3 items,
the function does not have a convex or a concave in ag < a < ag + 0.01. Then the
graph can display the function correctly although the graph is plotted for a every
0.01 i.e. we can imagine the shape of the function easily from the graph.

3.3.4.1 The function does not have a local maximum value or a local minimum value
inag <a<ag+0.01.
3.3.4.2 When the function has a local maximum value in a9 < a < ag + 0.01 the

function is districtly concave regarding a in ag — 0.02 < a < ag + 0.03.

3.3.4.3 When the function has a local minimum value in ag < a < ag + 0.01 the
function is districtly convex regarding a in ag — 0.02 < a < ag + 0.03.

For example, in the following (Figure 3) the blue line is the function that meets
the above item 3.3.4.2 and the red line is the graph that is plotted for a every 0.01.
We can imagine the shape of the function easily from the graph.

Value of
Sfunction
0 a,~0.02 a ayt0.01 a,+0.03
a,0.01 a,+0.02

Figure 3 : The function and the graph

f(n) is a monotonically increasing and districtly convex function regarding a in
0 < a < 1/2 from the following (60) and (61). Therefore f(n) meets the above

item 3.3.4.1.
df (n) 1 1
g = log n(nl/%a + n1/2+a) >0 (60)
de(”) 2 1 1
R (logn) (nl/Z—a — n1/2+“) >0 (61)
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Then f(3) and f(2) are monotonically increasing and districtly convex functions
regarding a i.e. f(3) and f(2) do not have a convex or a concave in ay < a <
ap+0.01. f(3)— f(2) also does not have a convex or a concave in ag < a < ag+0.01
from the above property of f(3) and f(2). Therefore (Graph 5) shows f(3) — f(2)
correctly.

3.3.5 The following (Graph 6) is plotted by calculating — f'(rg) for a every 0.01. If
—f'(ro) has a convex or a concave in ap < a < ag + 0.01, such a convex or a
concave is not displayed in (Graph 6). (ap=0, 0.01, 0.02, ------ , 0.48, 0.49)

0.0025

0.002

- / \

o AN

oS N\
./ N

0 0.1 0.2 0.3 0.4 0.5

Graph 6 : —f'(r¢) regarding a

a 0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5
f'(ro) 0f 0.000601| 0.001149| 0.001591| 0.00188| 0.001976| 0.001852| 0.001504( 0.000968| 0.000361 0

Table 3 . The values of —f’(rg)

We have the following (62) from (32) and (37).

— f(ro) = (1/2 = a)rg > = (1/2+ a)ry *~*/?
_ (1/2—|—a)(3/2+a) 1/2-3/(4a
B (e (e L

(1/2+a

( )(3/24'@)}71/273/(4@
(1/2 —a)(3/2 —a)
1/2+a 3/2+a)} 3/ 4“)[(1/2—a){

1/2+a)
)

1/2=a)(3/2 — a)
a) }7
)

(1/24a)(3/2+ a)}1/2

= (1/2—a)(3/2 —a)

(
(
(1/2 +a)(3/2 + )
V2O ) (32— a)
(
(

—(
(
(
—(
{21/2+a 3/24a), o 4a)[{(1/4—a2)(3/2+a)}1/2
—{
(
(

1/2-a)(3/2 —a) 3/2—a
(1/4 —a )(3/2 — CL) }1/2]
3/2+a

12— a)(3/2— 0) 510 3/2+a., 32
DrraeErel WA= - Gard)

=1 3/2—a
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— 2a{ (1/2 — a)(3/2 — a) }3/(4@){(1/2 + a)(1/2 — a) }1/2
(1/2+a)(3/2+ a) (3/2+a)(3/2—a)

= 2a{u(a)}*/“*{v(a)}'/ (62)

u(a) in the above (62) is a monotonically decreasing and districtly convex function
regarding a in 0 < a < 1/2 from the following (63-1) and (63-2).

du(a) 4a% — 3
da  (1/2+a)2(3/2 + a)? <! (o5
d*u(a) _ 2(6 + 9a — 4a®) >0 (63-2)

da®  (1/2+a)3(3/2 + a)®

v(a) in the above (62) is a monotonically decreasing and districtly concave function
regarding a in 0 < @ < 1/2 from the following (63-3) and (63-4).

dv(a) —4a
da ~ GRtarGR—a =" (63-3)
d*v(a) _ —3(3 + 4a?) <0 (63-4)

da?  (3/2+a)3(3/2 — a)?

a,3/(4a),u(a) and v(a) compose —f'(r¢) as shown in (62). These 4 functions do
not have a convex or a concave in ag < a < ag + 0.01 respectively because they
meet item 3.3.4.1. Then —f'(rg) also does not have a convex or a concave in
ap < a < ag+ 0.01 from the above property of a,3/(4a),u(a) and v(a). Therefore
(Graph 6) shows —f/(rg) correctly.

Now we can confirm that (Graph 5) and (Graph 6) show f(3) — f(2) and —f’(r¢)
correctly and we can find that (58) holds from (Graph 5) and (Graph 6).

3.3.6 We can confirm that (58) holds also during @ — 40 from the following (64) and
(65).
f(3) = f(2) can be approximated in a — 40 by performing Maclaurin expansion
for 2%,27%,3% and 37 like the following (64).

fB3) =12
_ (3(171/2 o 37(171/2) . (2a71/2 . 27(171/2)

— 3—1/2(3@ _ 3—a) _ 2—1/2(2(1 _ 2—(1)

=37Y2[{1 4 alog3 + (alog3)?/2+ ------ }—{1—alog3+ (alog3)?/2 —------ }
—27Y2[{1 4+ alog2+ (alog2)?/2+ - }—{1—alog2+ (alog?2)?/2—-----. 1

=2%372{alog3 + (alog3)®/3! + (alog3)° /5! +--- - }
—2%27Y2{alog2 + (alog2)®/3! + (alog2)® /5! + - - --- }

~  2(3721og3 —27121og2)a = 0.29a > 0.012a (a— +0)  (64)

—f'(ro) can be approximated in @ — +0 from (32) and (37) by performing Maclau-
rin expansion for (1 + 14)/2 and (1 + a)~1/2 like the following (65).

—f/(ro) =(1/2 — a)rgiB/Q —(1/2+ a)rofafg/Q
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(1/24+a)(3/2+a) 1/2-3/(4a
(1/2_a){(1/2—a)(3/2—a)}/ e
(1/2+a)(3/2+a) | _1/2-3/(4a
B ARy sy s ) SR
16 128 ,

=(1/2—a)(1+§a+7a I )1/2=3/(4a)
1 12
_(1/24_@)(14_?6@4_?8(124_ ...... )—1/2—3/(4a)

1 1
~ (1/2—a)(1+ 36@)1/2—3“4@) —(1/24a)(1 + 36@)—1/2—3/(4@

=1+ 1?)66&)‘3/(4“’{<1/2 —a)(1+ ?a)”2 —(1/2 +a)(1 + 2—6@)—1/2}

:(1+L?)Ga)—3/(4a){(1/2_a)(1+ga_ %QaQ—&— ...... )
8 32,
—(1/2+a)(1—§a+§a S ERREREE )}
~ (14 ?@*3/(4‘1){(1/2 —a)(1+ ga) —(/2+4a)(1 - ga)}
={(1+ 5 a1} ~ 2)a
~ 8/?;4_2a=0.()12a<0.29a (a — +0) (65)

3.4. Verification of B < A (Nymae is odd number.)
Nmae 18 0dd number as follows.

Fla)= f(2) = f3)+ f4) = 15) £ J(6) =+~
= {f2) = B+ L&) = FO)} £+ {f (omaz = 3) = f(unae = 2} +{ (Mnaw = 1) = f(maa) }
S (g 1) = f(umaa + 2} + {F(naa +3) = Fltmaz + 4} {F(maz +5) = f g +6)} 4+
We can have A and B as follows. A and B are defined in item 3.2.
B={703) = @} +{/6) = FE} O = FO} -+ {fmas = 2) = f e =3} +{ fnaz) ~ (e 1)}
A= {f(rmas +1) = f(unas + 2D} {F (nas +3) = flmaz +4)}+ {f (e +5) = fmaz +6)} -+

3.4.1. Condition for B
We define as follows.
{ }: the term which is included within B.
{I' } : the term which is not included within B.
We have the following (66).

F(tmaz) = f(2) = { fmaz) = f(mas = 1) } + { f(Mmaz = 1) = flrmaz =2) } +{ f(Mmas = 2) = f(maz = 3) }
++{F(1) = £(6) } + {F6) = £6) } + { F6) - F(4) } + {HA) = SG) } + {FB) - /) }  (66)
And we have the following (67) from (52) in item 3.3.2.
{F3)= @)} > (@ =FC)} > { f(5) = (&) } > { £(6) = f6) } > { F(7) = £(6) } > -~
> { (o =2) = f(tmaz =3) } > { f(tmaz =1) = f(maz =2) } > { f(tmaa) = f(maz =1) } >0
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(67)
From the above (66) and (67) we have the following (68).
Fumas) = f(2) +{ 3) - £(2) }
={f@)=f@) }+{ )= (@) }+{ f(T) = F(6) } 4+ { F(nmao = 2) = f(tmaz = 3) } 4+ { f(Mmaz) = f(Mumac = 1) }

I A A A <Value comparison— A
+{f(3)_f(2) }+{f(4)_f(3) }+{f(6)_f(5)}+”'+{f(nmax_3)_f("maz_4) }+{f(nmax_1)_f(nmax_2)}
> 2B (68)
The above (68) shows the following inequality.

{Total sum of upper row of (68)} = B < {Total sum of lower row of (68)}

Then we have the following (69).

2B < f(nmaz) — f(2) +{f(3) = f(2)} (69)

3.4.2. Condition for A ({gmaz} is included within A.)
We abbreviate {f(nmaz + ¢) — f(Mmaz + ¢ + 1)} to {q} for easy description.
(g=10,1,2,3,------ ) All {q} has a positive value from the above abbreviation.
We define as follows.
{}: the term which is included within A.
{{" } : the term which is not included within A.
{@maz} has the maximum value in all {¢}. And {gmas} is included within A. Then
value comparison of {¢} is as follows from (53) in item 3.3.2.

(1< {2h< {3} < < {mar =3} < {@mao =2} < {inae =1} < {Grae } > {Grae 71} > {Graw +2} > {Grnaa £3} > -
We have the following (70).
Flmag +1) = { flmag +1) = f(tmaz +2) )+ { flmaz+2) = fltmag +3) ) + { Flmaz +3) = flmas +4)}
[ ftmaz +4) = f(ma 48) } -
={Uh+ {21+ {3} + {4+ + (o =3+ {tmar =2} + {{naa =1} + { ac } + {mae £} 4 { oo +2 1+ {Gaa £3} 4+

(70)
From the above (70) we have the following (71).

f(nmaw+1)_{qmaz_1}

— e Range 1 ............ _>|<_ ............ Range 2 ............

(Range 1) and (Range 2) are determined as above. In (Range 1) value comparison is as
follows.

{1}<{2}<{3}<{4}<"'<{Qmam_4}<{Qmaz_3}<{Qma:c_2}

And we can find the following.
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Total sum of { } = {1} +{3}+ {5} +{T}+ - +{tmaz =4} +{ tmar =2}
\Y \Y \Y \Y V  <Value comparison
Totalsumof{ }: {2}+{4}+{6}+"'+{Qmaz_5}+{qmaz_3}

Therefore [Total sum of {  } > Total sum of {{ }] holds.
In (Range 2) value comparison is as follows.

{qm”}>{qm“1+1}>{qma1+2}>{q"mz+3}>{Qmaz+4}>{Qmaz+5}>{qmaz+6}> """

We have the following (71-1) and (71-2). The right sides of (71-1) and (71-2) are
alternating series regarding f(n) and they converge due to lim f(n) =0.
n—oo

Total sum of {  } = {Gmaz } +{ tmaz +2 } + { oz +4 } + { Gmao +6 } + - (71-1)
\Y \% \Y \Y +Value comparison
Total sum of { '} = {gmaz + 1 } + { @maz +3 } + { Gmae +5 } + { Gmae =7} + -+ (71-2)

Therefore [Total sum of {  } > Total sum of {{ }] holds.
In (Range 1)+(Range 2) we have [Total sum of {  } = A > Total sum of {{  }].
We have the following (72).

f(nmaz + 1) - {qmaz - ]-} < 2A (72)

3.4.3. Condition for A ({gmaz} is not included within A.)
We have the following (73). {@maz} is not included within A.

f(nmaz + 1) = { f(nmaz + 1) - f(nmaz + 2) } + { f(nmax I 2) = f(nmaz 4 3) } + { f(nmaz ¥ 3) _ f(nrm +4> }
+{ f(nmaz + 4) - f(nmax + 5) } o

:{1}Jf{2}+{3}+{4}+"'+{Qmaz_3}+{Qmaz—2}+{Qmax_1}+{%ar}+{‘1maw+1}+{%aw+2}+{%ax+3}+ """

From the above (73) we have the following (74).

f(nmaac + 1) - { (maz }

:{1}+{2}+{3}+{4}+”'+{(Imaz_3}+{Qmaz_2}+{Qmaz_1}+{(Imaz+1}+{Qmaz+2}+{%ﬂaz+3}+ """ (74)
e e Rangel ............... _>|<_ ......... Range Do

(Range 1) and (Range 2) are determined as above. In (Range 1) value comparison is as
follows.

{1}<{2}<{3}<{4}<"'<{Qmaz_4}<{Qma1_3}<{Qmam_2}<{qmam_l}
And we can find the following.

Total sum of {  }={1}+{3}+{5}+{7}+ - +{Gmaz—3} +{ Gmaz — 1}
\Y \Y \Y \Y, V  +Value comparison
Total sum of { |} = {2} +{4}+{6}+ +{tmae -4} +{ tmaz =2}

Therefore [Total sum of {  } > Total sum of {{ }] holds.
In (Range 2) value comparison is as follows.

{mae +1} > {{tmaz +2} > { maz +3 } > {Gmae T4} > { Gmac +5} > {{maz +6} > { Gmac +7}> -+
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And we can find the following.

Total sum of {  } = { Gmaz +1 } +{ Gmaz +3 } +{ Gmaz +5 } +{ Gmaa + 7} +----
\Y \Y \Y \Y +Value comparison
Total sum of {77} = { @maz +2 } + { Gmaz + 4 } + { Gmaz +6 } + {{Gmaz +8 } + -

Therefore [Total sum of {  } > Total sum of {{1}] holds.
In (Range 1)+(Range 2) we have [Total sum of { } = A > Total sum of {{ }].
We have the following (75).

f(Mmaz +1) = {gmaa} < 24 (75)

3.4.4. Condition for B < A
From (72) and (75) we have the following inequality.

f(nmaic + 1) - [{Qmax} or {Qmaa: - 1}] < 2A

Then the following inequalities hold from (59).

[{Qmaac} or {%nax - 1}] < .f(3) - f(2)
f(nmaz) = f(maz +1) < f(3) — £(2)

We have the following (76) from the above 3 inequalities.

2A >f(nmaa: + 1) - [{qmaw}’ or {Qmaw - 1}] > f(nma:r + 1) - {f(3) - f(2>}'
>f(nmaz) ={FB3) = F2)} ={fB) = fF(2)} = f(nmaa) — 2{f(3) = f(2)}  (76)

We have the following (77) for B < A from (69) and (76).
24> f(nmax) = 2{f(3) = F2)} > f(nmaz) — F(2) +{f(3) = f(2)} >2B (77
From the above (77) we can have the final condition for B < A as follows.
fB3) < (4/3)f(2) (78)
The following (Graph 7) is plotted by calculating the following (79) for a every 0.01.

T(a) = (4/3)72) ~ F3) = W3) 5= ~ qava) ~ G — 5oae) (19)
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0.008
0.007

0.006 / \

0.005

0.004 / \

0.003

0.002 / \
0.001 / \

(0] 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5

Graph 7 1 J(a) = (4/3)f(2) = f(3)

a 0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5
(4/3f(2)(3) 0{ 0.001903{ 0.003694] 0.005257] 0.00648] 0.007246| 0.007437] 0.006933| 0.005611] 0.003343 0

Table 4 : The values of J(a)

f(2) and f(3) do not have a convex or a concave in ay < a < ag + 0.01 as shown in
item 3.3.4. (ap=0, 0.01, 0.02, ------ , 0.48, 0.49) J(a) also does not have a convex or
a concave in ay < a < ag + 0.01 from the above property of f(2) and f(3). Therefore
(Graph 7) shows J(a) correctly. We can confirm that 0 < J(a) holds also during a — +0
and a — 1/2 — 0 from the following item 3.4.4.1 and 3.4.4.2. From (Graph 7), item
3.4.4.1 and 3.4.4.2 we can find that 0 < J(a) holds in 0 < a < 1/2. Therefore B < A
holdsin 0 < a <1/2ie 0< F(a)holdsin 0 <a < 1/2 from (44).

3.4.4.1 J(a) can be approximated in a — +0 by performing Maclaurin expansion for
2%,27% 3% and 37° like the following (80).
J(a) = (4/3)£(2) - £(3)
= (4/3)(207 /2 — gma—1/2) _ (3a=1/2 _ g—a=1/2)
— (4/3)271/2(20 — g7y _ 3~1/2(3e _ 3-a)
= (4/3)27Y2[{1 + alog2 + (alog2)?/2 + ------ }—{l—alog2+ (alog2)?/2 —------ H
—37Y2[{1+alog3+ (alog3)?/2+ ----- }—{1—alog3+ (alog3)?/2 —------ H
= 2% (4/3)27%{alog2 + (alog2)®/3! + (alog2)® /5! + - - - - }
—2%37Y%{alog3 + (alog3)®/3! + (alog3)®/5! + - - --- }
~  (4/3)27Y2(2alog2) — 371/2(2alog 3) = 0.038a > 0 (a — +0) (80)

3.4.4.2 Let (1/2 — a) be t. J(a) can be approximated in ¢ — 1/2 — 0 by performing
Maclaurin expansion for 2¢,27% 3% and 37 like the following (81).

J(a) = (4/3)f(2) = f(3)
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( / )(2(1 1/2 27@71/2) o (30,71/2 . 37(171/2)
=@/3)@27" =27 - (37 =3 = (4/3)(27" - 27/2) - (37" = 3Y/3)

= (4/3)[{1 — tlog2 + (tlog2)?/2 — -+ -+ }
—(1/2){1 +tlog2 + (tlog2)?/2 +------ Ny

— {1 —tlog3+ (tlog3)?/2 —------ }
—(1/3){1 +tlog3 + (tlog3)?/2 +------ 1

~  (4/3){(1 —tlog2) — (1 +tlog2)/2} — {(1 —tlog3) — (1 +tlog3)/3}
= (4/3){1/2 — (3/2)tlog 2} — {2/3 — (4/3)tlog 3} = 0.0785¢
= 0.0785(1/2 — a) > 0 (t—+0 a—1/2-0) (81)

3.5.  Verification of B < A (Nmae is even number.)
Nmae 1S €ven number as follows.

F(a)=f(2) = f3) + f(4) = f(B) + f(6) =+
={f2) = fO} +{F(4) = FO)} + -+ {f(nnaz = 4) = F(maz = 3)} + {f (Rmaz = 2) = f(Rnez — 1)}
+{ fmaz) = f(nmaz + 1)} +{f (maz +2) = f(Mmaz +3)} + {f (Mmaz +4) = f(Nmaz +5)} + -+
We can have A and B as follows.
B={f(3) - f2)} +{f(5) - f(4)} + {f(7) - f(6)}
+o + {f(Mmaz = 3) = f(Mmas = 4} + {f (Mmaz = 1) = f(Mmaa = 2)}
A={f(maz ) = f(nmaz + 1} + {f (maz +2) = f(maz +3)} + {f (naw +4) = f(mas +5)} -+
F(tmaz) = { f(maz) — F(maz + 1)} + {f (Rmaz +1) = f(maz +2)} + {f (Rmaz +2) = f(maz +3)}
Hf (maz +3) = f(maz +4)} 4+
={0p+ {1} + {2t + 3} + {4}
4+ {amao = 3} + {maz = 22+ {gmae = 1} + {mac} + {maz + 1} 4 {Gmaz + 2} + {maz +3} 4+
After the same process as in item 3.4.1 we can have the following (82).
f(umaz — 1) = f(2) +{f(3) — f(2)} > 2B (82)

After the same process as in item 3.4.2 and item 3.4.3 we can have the following inequalty.

f(maz) — {@maz} oF {Gmaz — 1}] <24

The following inequality holds from (59).

[{Qmaz} or {qmaz - 1}} < f(3) - f(2)

We have the following (83) from the above 2 inequalities.

2A >f(nmaz) - [{qmaz} or {Qmaz - 1}] > f(nmar) - {f(g) - f(2)}
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> f(nmaz — 1) = {f(3) — f(2)} (83)
We have the following (84) for B < A from (82) and (83).
24> f(nmaz — 1) = {f(3) = F(2)} > f(maz — 1) — f(2) + {f(3) — f(2)} > 2B (84)
From the above (84) we can have the final condition for B < A as follows.
f3) < (3/2)f(2) (85)
In the following (86), (4/3)f(2) < (3/2)f(2) is true due to 0 < f(2) in 0 < a < 1/2 and
we already confirmed in item 3.4.4 that the following (78) was true in 0 < a < 1/2.
0<f(3) <(4/3)f(2) < (3/2)f(2) (86)
f3) < (4/3)f(2) (78)

Therefore the above (85) is true in 0 < a < 1/2. Now we can confirm 0 < F(a) in
0<a<1/2

3.6. Conclusion
0 < F(a) holds in 0 < a < 1/2 as shown in the above item 3.4 and item 3.5.
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Appendix 4. Graph of F(a)

4.1 We can approximate F(a) like the following (91) from (38). We have the following
(92) and (93) from (91).

F(a,n)+ F(a,n+1)

Fla), = ! (1)
lim F(a),, = Fla) (92)
F(a)n = Fla)yr + (-1yrf @ =S+ D) (93)

2

The following (Graph 8) is plotted by calculating F'(a)s00 and F(a)so1 for a every
0.01. F(a)s00 and F(a)s01 almost overlap because the values of F(a)s00 and F(a)s01
are equal up to 3 digits after the decimal point as shown in the following (Table 5).

0.25

0.2

/

o 0.1 0.2 0.3 0.4 05

— () 500 — F(a) 501

Graph 8: F(a)500 and F(a)501

a 0 0.01 0.1 0.2 0.3 0.4 0.5
F(a)500 0] 0.0038667 [ 0.038666| 0.077326 | 0.115971 | 0.154587| 0.193146
F(a)501 0] 0.0038648 [ 0.038647| 0.077289| 0.115919 | 0.154537| 0.193148

F(a) 0 0.00386 0.0386 0.077 0.1159 0.1545 -

Table 5 : The values of F(a)s00 and F(a)s01

The range of a is 0 < a < 1/2. a = 1/2 is not included in the range. But we added
F(1/2),, to calculation due to the following reason.

f(n) at a = 1/2is (1 — 1/n) and F(1/2) fluctuates due to nl;rr;of(n) = 1. The
above (93) shows that F(a), is partial sum of alternating series which has the
term of w Then lim F(1/2),, can converge to the fixed value on the
condition of lim {f(n)~ F(n+1)} = 0. The condition holds due to f(n)—f(n+1)

—1/(n? +n).
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4.2 79 in (37) has the value of 217 at @ = 0.49. Then h(n) = f(n) — f(n + 1) has a
positive value and decreases monotonically to zero with n — oo in 217 < n and
0 <a<0.49. F(a), converges to F(a) with n — oo as (92) shows. Then we can
have the following (94) from (93).

< F(a) Lemeeeeees < F((L)500 <0< F(G)QQQ < F(CL)QQO < F((L)ng
(0<a<049)  (94)

Therefore (Graph 8) shows F'(a) as well as F(a)s00 and F(a)s01 in 0 < a < 0.49.
Because F'(a)s00 and F(a)s01 almost overlap and F(a) exists between F'(a)s00 and

F(a)501 .
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