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Abstract

The philosophy of presented multiversum doctrina dominum article is related to the coloring of the
theoretical framework with respect to holographic complexity on extremal branes in exclusive higher-
dimensional representations. We examine holographic complexity in the doubly holographic model in-
troduced in the current literature to study quantum extremal islands. We focus on the holographic
complexity volume proposal for boundary subregions in the island phase. Exploiting the Fefferman-
Graham expansion of the metric and other geometric quantities near the extremal brane, we derive
the leading contributions to the complexity and interpret these in terms of the generalized volume of
the island derived from the induced higher-curvature gravity action on the extremal brane. We discuss
the interpretation of path integral optimization as a uniformization problem in even dimensions. This
perspective allows for a systematical construction of the higher-dimensional path integral complexity in
holographic conformal field theories in terms of Q-curvature actions. Motivated by the exceptional re-
sults, we propose a generalization of the higher-dimensional derivative actions of exotic extremal branes.
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1 Introduction

In the last few years, an influx of concepts from quantum information theory have led to exciting new
insights about quantum gravity, especially within the framework of gauge/gravity duality [3]. One of
these concepts that has been a topic of much research is the quantum circuit complexity [4], which
quantifies how difficult it is to prepare a target state from a simple reference state, given a particular
set of elementary gates. Among the various conjectured holographic duals to circuit complexity, the two
most extensively studied are the complexity=volume (CV) [5, 6] and the complexity=action (CA) [7, 8]
proposals. The CV conjecture states that the complexity of the state in the boundary theory defined on
a time slice S is dual to the volume of the maximal codimension-one bulk surface anchored to S on the
asymptotic boundary,

CV(S) = max
∂B=S

[
V (B)
GN ℓ

]
, (1)

where GN is the Newton’s constant of bulk gravity theory and ℓ is some undetermined length scale.
Various aspects of the CV proposal have been studied on the gravitational side of the duality, e.g., see
[9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23]. The above conjecture assumes that the state in
question is a pure state defined on a global time slice, i.e., the time slice S spans the entire asymptotic
boundary.

Motivated by entanglement wedge reconstruction [24, 25, 26, 27, 28, 29], the CV proposal was ex-
tended to mixed states produced by reducing a global pure state down to a subregion of the bound-
ary [9, 30]. The subregion-CV conjecture proposes that the complexity of the quantum state defined on
a boundary subregion R is given by the volume of a maximal codimension-one bulk surface extending
from R on the asymptotic boundary to the corresponding Ryu-Takayanagi (RT) surface ΣR in the bulk,

Csub
V (R) = max

∂B=R∪ΣR

[
V (B)
GN ℓ

]
. (2)

Recently, information theoretic ideas have also produced exciting new insights for the resolution of the
black hole information paradox [53, 54, 55]. The latter can be quantified by examining the von Neumann
entropy of the Hawking radiation [55, 56, 57]. Hawking’s original analysis indicated that this entropy
increases throughout the evaporation of a black hole since one is simply accumulating more and more
thermal radiation. However, Page argued that the entropy of the radiation must be bounded by the
black hole entropy for a unitary evolution, so the entropy must in fact decrease over the second half of
the evaporation process and reach zero in the final state where the black hole has disappeared. The Page
curve is then a plot of the entropy of the Hawking radiation as a function of time which exhibits this
qualitative behaviour [55, 56].

For simplicity, one assumes that the Hawking radiation is absorbed by a non-gravitational reservoir
(the bath), which is coupled to the asymptotic boundary of the gravitational region containing the black
hole. One finds the entropy of the Hawking radiation in a bath subregion R is given by the island rule
[58, 61]

SEE(R) = min

{
ext

islands

(
SQFT(R ∪ islands) +

A(∂(islands))

4GN

)}
. (3)

That is, SEE(R) is not just given by the entropy of the quantum fields in the bath region, but rather
one also considers R together with subregions (i.e., islands) in the gravitating region to minimize the
entanglement entropy of the combined subregion. Further, the Bekenstein-Hawking entropy appears as
an additional gravitational contribution at the boundary of the islands.

Initially, for an evaporating black hole is minimized without any islands and the calculation matches
Hawking’s evaluation of the entropy. However, at late times, a new saddle point involving a nontrivial
island dominates because the Hawking radiation shares a large amount of entanglement with the quantum
fields behind the horizon. In this Page phase of the time evolution, the entropy is controlled by the black
hole entropy, which appears in the second term and in this way, the island rule yields the expected
unitary Page curve.
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B̃

Figure 1: The choice of RT surfaces for the boundary subregion R = RL ∪RR on a constant time slice
in the presence of the brane (coloured green), showing the island and no-island phases in the right and
left panels, respectively. The complexity Csub

V (R) in equations is determined by the extremal surface
B = BL ∪ BR. In the island phase, the intersection of this surface with the brane defines the ‘island’
B̃ = B∩ brane.

The island rule has a simple interpretation within certain “doubly-holographic” models in [1, 2,
61, 63]. Of course, the physics can be described with the usual bulk and boundary perspectives of a
holographic system. In this case, the boundary perspective consists of a d-dimensional CFT coupled to a
codimension-one conformal defect, and the bulk perspective then becomes (d+1)-dimensional gravity on
an asymptotically AdS spacetime containing a codimension-one brane, which is anchored at the conformal
defect on the asymptotic boundary. This brane back reacts on the bulk spacetime and in an appropriate
parameter regime, a third perspective emerges through the Randall-Sundrum mechanism [108, 109, 110].
In this brane perspective, the brane supports a theory of d-dimensional gravity coupled to (two copies
of) the holographic CFT, and is connected to the CFT on the asymptotic boundary (which becomes the
bath) at the position of the defect. We refer the interested reader to [1, 2] for further details on these
three perspectives.

A key advantage of this framework is that entanglement entropies in eq. (3) are calculated purely
geometrically from the bulk perspective, using the usual rules of holographic entanglement entropy
[100, 101, 102, 103, 104, 105]. In particular, the entanglement entropy for a bath or boundary region R
becomes

SEE(R) = min

{
ext
ΣR

(
A(ΣR)

4Gbulk

+
A(σR)

4Gbrane

)}
, (4)

where ΣR is the usual bulk RT surface, while σR = ΣR ∩ brane is the intersection of the RT surface
with the brane. The second term is the Bekenstein-Hawking area contribution that is included when an
intrinsic gravitational action (i.e., a DGP term [111]) is included in the brane action [1, 2]. From the
brane perspective then, islands simply arise when the minimal RT surfaces in the bulk extend across
the brane, as illustrated in the right panel of figure. Further, the transition between the island and
no-island phases (e.g., between the Page and Hawking phases of an evaporating black hole) corresponds
to a conventional transition found in holographic entanglement entropy between different classes of RT
surfaces, e.g., [112, 113, 114, 115]. Let us add that carefully examining near the extremal brane shows that
the gravitational contribution in the island rule expands to the Wald-Dong entropy [116, 117, 118, 119]
for the higher-curvature gravitational action induced on the brane [1].

In this paper, we extend the examination of the model constructed in [1, 2] to consider holographic
complexity, and in particular, the subregion-CV proposal (2). In particular, we focus on the island phase
in which case the extremal bulk surface B also crosses the brane. Following an analysis similar to that
of [1] for the holographic entanglement entropy, we employ the FG expansion of the subregion-CV in the

vicinity of the brane to recast it as an integral of geometric quantities over the island, i.e., B̃ = B∩ brane.
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Then to leading order, eq. (2) yields

Csub
V (R) ≃ max

[
d− 2

d− 1

V (B̃)
Geff ℓ

+ · · ·
]
, (5)

where Geff is the induced Newton’s constant for the gravitational theory on the brane. Setting aside the
dimension-dependent prefactor, the geometric integral over B̃ is naturally interpreted as the holographic
complexity of the island region.

However, beyond the volume term, the ellipsis also includes higher curvature corrections. By ex-
amining these contributions, we are lead to a generalized CV formula derived from the induced higher-
curvature gravity action on the brane. That is, we propose to generalize the complexity=volume conjec-
ture for an arbitrary (d+ 1)-dimensional higher-curvature gravity theory in the bulk as

CV(R) = max
∂B=R

[
Wgen(B) +WK(B)

GN ℓ

]
. (d > 2) (6)

where Wgen is called the generalized volume because this expression reduces to the volume term V (B)
for Einstein gravity, and WK introduces extra corrections involving the extrinsic curvature Kµν of the
hypersurface B. Explicitly, our analysis determines these two contributions as

Wgen(B) =
2

(d− 1)(d− 2)

∫
B
ddσ

√
deth

(
1 + (d− 3)

∂Lbulk

∂Rµνρσ

nµhνρnσ

)
,

WK(B) =
4(d− 3)

(d− 1)2(d− 2)

∫
B
ddσ

√
deth

∂2Lbulk

∂Rµ1ν1ρ1σ1∂Rµ2ν2ρ2σ2

× [Kν1σ1 (hµ1ρ1 + (d− 2)nµ1nρ1) Kν2σ2 (hµ2ρ2 + (d− 2)nµ2nρ2)] + · · · .

(7)

For these expressions, we have rescaled the gravitational Lagrangian so that the gravitational action
carries an overall factor: Igrav = 1

16πGN

∫
dd+1x

√−gLbulk. Further, B denotes a spacelike codimension-
one bulk hypersurface with unit normal nµ, induced metric hµρ, and extrinsic curvature Kµν . The
generalized subregion-CV functional is maximized subject to the constraint that the codimension-one
hypersurface B is anchored at the boundary subregion R and the corresponding RT surface ΣR, i.e.,
∂B = R ∪ ΣR.

Our proposal to the generalized CV contains two contributions, in a similar spirit to the Wald-Dong
entropy [116, 117, 118, 119]. The generalized volume Wgen was first conjectured in [120], which left the
precise coefficients of various contributions undetermined. This expression is analogous to the original
Wald entropy, which is derived for stationary event horizons on which the extrinsic curvature terms
vanish. We fix the coefficients, as shown in the article by carefully examining the higher-curvature
corrections. We have introduced a convenient factor of (d–1) in eq. (6), which allows us to combine
naturally combine contributions for gravitational terms of differing dimensions as in doubly-holographic
models studied here. The term WK in generalizes the results to surfaces where the extrinsic curvature
is non-vanishing, in analogy to Dong’s extrinsic curvature corrections to the Wald entropy [119]. These
corrections naturally arise here in matching the subleading terms in the FG expansion of the volume
of B in the bulk Einstein gravity case. However, as indicated in eq. (7), we have only matched the
corrections which are quadratic in Kµν and as indicated by the ellipsis, this is only the first term in a
longer expansion just as is found in the Wald-Dong entropy [119]. We must also admit that even for
the quadratic corrections, there is a high degree of ambiguity and the expression in eq. (7) is only the
simplest ansatz consistent with our analysis.

The full analysis leading to these results is presented as follows: In section 2, we exploit the Fefferman-
Graham expansion near the brane to show that the leading-order contribution to holographic complexity
coming from the island is given by the expression in eq. (5). In the process, we derive the generalized
complexity (6) for the effective higher-curvature theory of gravity on the brane. We also argue that the

surface B̃ on which the complexity is evaluated corresponds to the maximal complexity island. In section
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3, we test our conclusions by beginning with a higher-curvature gravity theory in the (d+1)-dimensional
bulk, i.e., Gauss-Bonnet gravity and f(R) gravity, and explicitly show our proposal (6) consistently yields
the same holographic complexity of islands as that derived from the effective gravitational theories on
the brane. We present with a discussion of our results and future directions in section 14. In particular,
we consider the quantum field theory corrections that implicitly appear when eq. (5) is interpreted from
the brane perspective.

2 Holographic Complexity on the Island

In this section, we examine the subregion-CV conjecture in the context of the holographic model con-
structed in [1, 2]. So we begin by reviewing some of the salient points of the model: As usual, the bulk
gravity theory is described by

Ibulk =
1

16πGbulk

∫
bulk

dd+1y
√−g

(
d(d− 1)

L2
+R[gµν ]

)
, (8)

where L becomes the radius of curvature for the vacuum AdSd+1 spacetime. Here, the bulk theory also
includes a codimension-one brane with the action

Ibrane = −To
∫
ddx
√
−g̃ , (9)

where To is the tension and g̃ij is the induced metric on the brane.
Following [1, 2], we foliate of the bulk geometry with AdSd slices as in

ds2AdSd+1
=

L2

sin2 θ

(
dθ2 + ds2AdSd

)
. (10)

where the AdSd metric has unit curvature. The solution with the brane is constructed by cutting the
above geometry along an AdSd slice at some θ = θB near the asymptotic boundary. Joining together two
copies of this geometry, as in figure 2, the brane is then represented as the interface between the two.
That is, the brane is considered a shell of zero thickness and it’s position the spacetime is determined
using the Israel junction conditions [121]

∆(KB)ij − g̃ij∆KB = 8πGbulk Sij = −8πGbulk To g̃ij , (11)

where Sij is the boundary stress tensor introduced by the brane and ∆(KB)ij ≡ KL
ij − KR

ij. The brane
position can be written as

sin2 θB =
L2

ℓ2B
= 2 ε (1− ε/2) where ε ≡

(
1− 4πGbulkLTo

d− 1

)
, (12)

and ℓB is the curvature scale on the brane.
Now by construction, the bulk geometry locally takes the form of AdSd+1 spacetime away from the

brane. However, the brane’s backreaction expands the bulk and with θB ≪ 1, the brane is pushed towards
the asymptotic boundary of eq. (10). Of course, this boundary (at θ = 0) is cut out of the construction,
but we may still use the usual Fefferman-Graham (FG) expansion [122, 123] to examine the geometry in
the vicinity of the brane. While the explicit construction described above is for the maximally symmetric
ground state configuration, in the following, we consider more general configurations where the brane
geometry may deviate slightly from the AdSd geometry.

We begin by writing the metric on an asymptotically AdSd+1 spacetime as

ds2 = gµν dy
µ dyν =

L2

z2
(
dz2 + gij(z, x

i)dxidxj
)
. (13)
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B̃

Figure 2: The holographic setup with islands in AdSd+1. The two AdSd+1 geometries are cut off at
θ = θB (or z = zB) and glued together with the brane at the junction between the two. The island region
emerges on the brane when the RT surfaces ΣR of the boundary subregion R = RL∪RR cross the brane.
The maximal volume bulk slice B = BL ∪BR crosses the brane, and the intersection of these two surfaces
determines the island B̃ = B ∩ brane = BL ∩ BR.

In these coordinates, we approach the asymptotic boundary for z → 0, and the brane is located at
z = zB ≪ L. Around the asymptotic boundary, the Fefferman-Graham expansion provides the a series

expansion of the metric gij(z, x
i) in terms of the boundary metric

(0)
g ij and the boundary stress tensor

(d/2)
g ij ∝ ⟨Tij⟩ [124, 125], i.e.,

gij(z, x
i) =

(0)
g ij
(
xi
)
+
z2

L2

(1)
g ij
(
xi
)
+ · · · z

d

Ld

(
(d/2)
g ij(x

i) + fij(x
i) log

( z
L

))
+ · · · , (14)

where the logarithmic term is present only when d is even. Now zB/L≪ 1 emerges as a natural expansion
parameter, which we can apply in the FG expansion to study the geometry near the brane.

Applying the bulk Einstein equations in the FG expansion (14) fixes the expansion coefficients
(n)
g ij

(with 0 < n < d
2
) in terms of the boundary metric

(0)
g ij [124, 125]. For example, the first term in the

expansion is given by the Schoutten tensor Pij (for d > 2),

(1)
g ij
(
xi
)
= −L2Pij[

(0)
g ] = − L2

d− 2

Rij[
(0)
g ]−

(0)
g ij

2(d− 1)
R[

(0)
g ]

 , (15)

where Rij and R denote the Ricci tensor and Ricci scalar calculated with
(0)
g ij, respectively. We further

note the above expression can also be derived by examining the effect of Penrose-Brown-Henneaux

transformations [126], which implies that
(1)
g ij (x

i) is completely determined by the conformal symmetries
on the boundary and therefore it is independent of the bulk gravity theory. In contrast, the next term
(2)
g ij in the expansion depends on the details of the bulk gravity theory, e.g., see [127, 128]. More precisely,
it depends on whether the gravitational action contains interaction with the Riemann tensor squared, as
we will see in section 3.

With the assumption that θB ≪ 1, one application of the FG expansion [122, 123] is to derive the
effective action for the gravity theory on the brane [1]

Ieff =
1

16πGeff

∫
ddx
√

−g̃
[
(d− 1)(d− 2)

ℓ2eff
+ R̃(g̃)

]
(16)

+
1

16πGeff

∫
ddx
√

−g̃
[

L2

(d− 4)(d− 2)

(
R̃ijR̃ij −

d

4(d− 1)
R̃2

)
+ · · ·

]
,
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B̃

Figure 3: The full asymptotically AdSd+1 geometry from the right side of the construction in figure 2.
The time slice S is introduced in the left panel and detailed in the right panel. We explicitly show various
metrics for the different regions.

where
1

Geff

=
2L

(d− 2)Gbulk

,
1

ℓ2eff
=

2

L2
ε , (17)

and g̃ij is the induced metric on the brane. The UV cutoff in this effective theory is given by δ̃ = L, and
this controls the contributions of the higher curvature terms appearing in the second line of eq. (16).
Hence we are naturally lead to consider θB ≪ 1 (or equivalently, L2/ℓ2eff ≪ 1 or ε≪ 1) as this corresponds
to the regime in which the induced brane theory is well approximated by Einstein gravity with a negative
cosmological constant.

Similarly, the FG expansion can be applied to understand the contributions of the holographic en-
tanglement entropy (4) in terms of the brane theory, e.g., one finds that the gravitational contribution
in the island rule (3) corresponds to the Wald-Dong entropy for the induced action (16) evaluated on the
boundaries of the island [1]. In the following, we follow a similar strategy applying the FG expansion to
examine the bulk holographic complexity (2) evaluated in the vicinity of the brane and reinterpret the
result in terms of the brane theory. In particular, we will find the geometric contributions in the ‘island’
complexity, and provide a prescription to derive these from the effective action (16).

2.1 Extremal Surfaces Near the Brane

Eq. (2) gives the complexity=volume proposal for a boundary subregion R as,

Csub
V (R) = max

∂B=R∪ΣR

[
V (B)
Gbulk ℓ

]
. (18)

In particular, one extremizes the volume of codimension-one hypersurface B anchored on the subregion
R on the asymptotic boundary and on the RT surface ΣR in the bulk. Since we are interested in
reinterpreting the bulk results in terms of the brane theory, we will assume that we are in the island
phase, i.e., the RT surface ΣR crosses the brane, as shown in figure 2. Then, as shown, our boundary
subregion R will generally have components RL and RR on either side of the conformal defect in the
boundary theory. Similarly, we decompose the bulk surface in terms of components on either side of
the brane, i.e., B = BL ∪ BR. We also remark that in applying the FG expansion, we extend the left or

right geometry to a ‘virtual’ asymptotic boundary at z = 0, so that the ‘boundary metric’
(0)

h ab and other
boundary quantities are evaluated at the region R′

R (and similarly a region R′
L for the left AdS region)

at this virtual boundary, as shown in the right panel of figure 3.
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To facilitate our analysis, we introduce d-dimensional coordinates σα in B with letters from the
beginning of the Greek alphabet, i.e., α, β, γ which run from 1 to d. Further, we use Gaussian normal
coordinates with respect to the intersection B̃ = B ∩ brane, with ζ = σd being the coordinate normal to
the brane. Latin indices a, b, c from the beginning of the alphabet denote the other directions running
from 1 to d− 1, i.e., σα = (ζ, σa).s Taking the parametrization of the bulk hypersurface B as yµ (ζ, σa),
we can define the induced metric on this surface by

hαβ =
∂yµ

∂σα
∂yν

∂σβ
gµν [y] . (19)

As a bulk tensor, we may also write the induced metric as

hµν = [gµν ]B + nµnν , (20)

where nµ is the unit vector normal to B, i.e., nνnµgµν = −1 and hµνn
ν = 0. Further, it will be convenient

to make the following gauge choices:

ζ = σd = z and hza = 0 . (21)

In order to consider holographic complexity for (d + 1)-dimensional bulk theory, we are interested
in the codimension-1 bulk surface B with extremal volume in the bulk. Extremizing the volume of
hypersurface B leads to a local equation

EOMµ =
1√
h
∂α

(√
hhαβ∂βy

µ
)
+ hαβ∂αy

ν∂βy
σ Γµνσ = 0 , (22)

where h = dethαβ and Γµνσ is the Christoffel symbol associated with the bulk metric gµν . As a vector,
the above expression is orthogonal to B and taking the inner product with nµ leaves a simple expression
in terms of the extrinsic curvature Kαβ of the submanifold (see eq. (27)),

K = hαβ Kαβ = 0 . (23)

Since we are interested in the geometry near the asymptotic boundary, above equation can be solved
order by order in a Fefferman-Graham expansion for xi (z, σa)

xi (z, σa) =
(0)

xi (σa) +
z2

L2

(1)

xi (σa) +O
(
z4

L4

)
. (24)

Noting that the leading contribution in eq. (22) involves the terms with two z derivatives, we see that

the extremization condition does not fix the leading coefficients
(0)
x i, i.e., the profile of the surface at

z = 0. Alternatively, we can think of this indeterminacy as the profile of the intersection of the extremal
surface B and the brane, which we will refer to as the island B̃ = B∩ brane. As we will emphasize in
section 2.3, solving eq. (22) or (23) ensures that the volume of B is extremized in the bulk, i.e., away
from the brane. Producing the correct maximal volume surface in eq. (18) requires a second step where

we vary the island profile B̃ which maximizes complexity functional on the brane – see eqs. (41) and
(64).

Following the analysis in, e.g., [1, 9, 126], the leading order terms in eq. (22) are

2z2

L2
(1− d)

(1)

xi +
1√
(0)

h

∂a

(√
(0)

h
(0)

hab∂bx
i

)
+

(0)

habΓiik∂a

(0)

xj∂b

(0)

xk +O(z4) = 0 . (25)

Thus the the first order term in the FG expansion for xi is given by

(1)

xi (σa) =
L2

2(d− 1)

(
(0)

Da(∂a

(0)

xi) +
(0)

hab∂a

(0)

xj∂b

(0)

xjΓijk

)
=

L2

2(d− 1)
K

(0)

ni , (26)
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where
(0)

Da denotes the covariant derivative associated with induced metric
(0)

hab on the (implicit) boundary

time slice at z = 0, K is the trace of extrinsic curvature for this time slice (i.e., K =
(0)

gijKij), and
(0)

ni

denotes the timelike unit normal to the same time slice (i.e.,
(0)

ni
(0)

ni
(0)
g ij = −1). In order to get the second

equality in eq. (26), we have used the trace of Gauss-Weingarten equation, which reads

ejb∇j(e
i
a) = Γcabe

i
c + Kabn

i , (27)

after taking eia ≡ ∂a
(0)

xi. The above result is very similar to the solutions for the extremal RT surface
in a (d + 2)-dimensional bulk model, although in this case, we are working with a codimension-one
hypersurface. With the asymptotic solutions, we find the induced metric components on the extremal
surface B read

hzz =
L2

z2

1 +
z2

L2

4
(1)

xi
(1)

xj

L2

(0)
g ij + · · ·

 =
L2

z2

(
1− z2

(d− 1)2
K2 + · · ·

)
,

hab =
L2

z2

(
(0)

h ab +
z2

L2

(1)

h ab + · · ·
)
,

(28)

with

(0)

h ab =
(0)
g ij ∂a

(0)

xi∂b

(0)

xi ,
(1)

hab =
(1)
gab +

L2

d− 1
KKab , (29)

where the tensors with indices a, b are associated with those with i, j by using the projection ∂a
(0)

xi ≡ eia.
Following the subregion-CV proposal (18), our goal is to find the maximal volume hypersuface B

anchored on the boundary subregion R and the bulk RT surface ΣR, i.e., ∂B = R ∪ ΣR, and then
evaluate

Csub
V (R) =

V (B)
Gbulkℓ

=
1

Gbulkℓ

∫
B
dd−1σdz

√
dethαβ . (30)

In the present calculation with the brane positioned at zB ≪ L, we are particularly interested the
contributions to the maximal volume coming from the region in the vicinity of the brane. These are less
interesting for our purposes and might be eliminated by considering the mutual complexity [49, 129] –
see the discussion section. Approaching z → 0, the volume measure reduces to

√
dethαβ =

√
det

(0)

h ab

(
L

z

)d(
1− z2

2(d− 1)2
K2 +

z2

2L2

(0)

hab
(1)

hab + · · ·
)
. (31)

where we have ignored the contributions from higher order zB/L terms. Performing the z-integral ex-

plicitly and introducing Ra
a[

(0)
g ] =

(0)

habRab[
(0)
g ], we can find the leading contributions of the holographic

subregion-complexity near the brane

Ld

Gbulkℓ

∫
B̃
dd−1σ

√
det

(0)

h ab

[
1

(d− 1)zd−1
B

+
1

(d− 3)zd−3
B

(
d− 2

2(d− 1)2
K2 − Ra

a − 1
2
R

2(d− 2)

)
+ · · ·

]
, (32)

where the extrinsic curvature and Ricci tensor are all related to boundary geometry at z = 0.
We can also evaluate the volume of the island region

V (B̃) =
∫
B̃
dd−1σ

√
det h̃ab ,

= Ld−1

∫
B̃
dd−1σ

√
det

(0)

h ab

[
1

zd−1
B

+
1

zd−3
B

(
K2

2(d− 1)
− Ra

a − 1
2
R

2(d− 2)

)
+ · · ·

]
.

(33)
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with h̃ab ≡ hab(z = zB) as the induced metric on the intersection B̃ = B∩ brane. Combing eqs. (32) and
(33), it is straightforward to rewrite the holographic subregion-complexity (32) as

Csub
V (R) =

V (B)
Gbulkℓ

≃ 2LV (B̃)
(d− 1)Gbulkℓ

+
2

Gbulkℓ

∫
B̃
dd−1σ

√
det

(0)

h ab
Ld

zd−3
B

(
K2

2(d− 1)2(d− 3)
− Ra

a − 1
2
R

(d− 1)(d− 2)(d− 3)

)
+ · · ·

≃ 2LV (B̃)
(d− 1)Gbulkℓ

+
2L3

Gbulkℓ

∫
B̃
dd−1σ

√
det h̃ab

(
K̃2

2(d− 1)2(d− 3)
− R̃ijñ

iñj + 1
2
R̃

(d− 1)(d− 2)(d− 3)

)
+ · · · .

(34)

where the factor of 2 above originates from the fact that we are integrating over both sides of the island,
i.e., we are including the contributions from both BL and BR. Furthermore, we note that we do not need
to require a symmetric setup because the near-brane regions from BL,BR have the same leading order
contributions, despite the fact that the full volume of the subregions BL,BR may be different. Of course,
while the surfaces BL and BR are independent away from the brane, their profiles on the brane coincide,
i.e., B̃ = BL ∩ BR. Let us also note here that B̃ is anchored to the intersection of the RT surface ΣR

with the brane, i.e., ∂B̃ = σR = ΣR ∩ brane, but this is precisely the quantum extremal surface (QES)
in the brane theory [1, 2].

To arrive at the last line of eq. (34), we recast the boundary terms into terms related to the brane
geometry following [1]. First we note that the induced metric on the brane reads

g̃ij(x
i) ≡ gbulk

ij (zB, x
i) =

L2

z2B
gij(zB, x

i) ≈ L2

z2B

(0)
gij(x

i) +O
(
z0B
)
,

h̃ab ≡ hab(z = zB) ≈
L2

z2B

(0)

hij(x
i) +O

(
z0B
)
,

(35)

as well as using h̃ij = g̃ij + ñiñj, where ñ
i denotes the unit time-like normal to island in the brane. We

therefore find

z2B
L2

(0)

habeiae
j
b

Rij[
(0)
g ]−

(0)
g ij

2(d− 1)
R[

(0)
g ]

 ≈ h̃ab

(
R̃ab[g̃]−

h̃ab
2(d− 1)

R̃[g̃]

)

≈ 1

2
R̃[g̃] + R̃ij[g̃]ñ

iñj ,

(36)

by keeping track of the leading contributions in the zB/L expansion. As expected, the leading term in
Csub

V (R) is the volume of island region. Interestingly, the result in eq. (34) shows that the subleading
terms include intrinsic geometric quantities on the brane but also include the extrinsic curvature of the
island region B̃, i.e., the term proportional to K̃2. This feature is also found in a similar analysis for
holographic entanglement entropy in section 4.3 of [1].

Now examining eq. (34), we see to leading order that we have

Csub
V (R) =

V (B)
Gbulkℓ

=
2LV (B̃)

(d− 1)Gbulkℓ
+ · · · = d− 2

d− 1

V (B̃)
Geff ℓ

+ · · · , (37)

where 1
Geff

= 2L
(d−2)Gbulk

is the effective Newton’s constant for the brane gravity, as given in eq. (17). That
is, the complexity=volume formula in the bulk yields a complexity=volume formula on the brane, up to
an inconvenient numerical factor. Now this factor could be easily absorbed if we modify the length scale
for the CV proposal on the brane, i.e.,

ℓ′ =
d− 1

d− 2
ℓ . (38)
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However, beyond the volume term, eq. (34) also contains higher-order corrections involving the curvature

on the brane and the extrinsic curvature of the surface B̃. By examining these contributions more carefully
in the next subsection, we will be able to interpret them in terms of a generalized CV formula derived
from the induced higher-curvature gravity action (16) on the brane. The emergence of this generalized
CV expression in the brane theory is then analogous to the appearance of the Wald-Dong entropy in the
island rule (3) on the brane discussed in [1].

2.2 Holographic Complexity on the Brane

In this subsection, we show that the sub-leading contributions in eq. (34) can be consistently derived from
the induced gravity action in eq. (16) with a simple generalization of the complexity=volume prescription
in eq. (18). The question of extending the CV proposal to higher curvature theories of gravity was first
considered in [120]. For a gravitational theory in d + 1 dimensions, their proposal was that the usual
volume functional should be replaced by a generalized volume of the following form

Wgen(B) =
∫
B
ddσ

√
h

(
∂L

∂Rijkl

hjk (αd+1ninl + βd+1hil) + γd+1

)
(39)

where αd+1, βd+1 and γd+1 are numerical constants (depending on the boundary dimension d).
However, this suggestion by itself can not provide the extrinsic curvature terms in eq. (34). A similar

issue was encountered in extending holographic entanglement entropy to higher curvature theories. In
particular, it was shown that replacing the Bekenstein-Hawking entropy with the Wald entropy [116,
117, 118] in the RT prescription will not produce the expected entanglement entropy for the boundary
theory [130]. Instead, the correct extension required the addition of ‘corrections’ involving the extrinsic
curvature of the extremal surface in the bulk [119]. Hence we propose the generalized CV prescription
for higher curvature gravity theories must include additional K-terms. Explicitly, we suggest that the
leading contributions take the form

WK(B) =
∫
B
ddσ

√
h

[
∂2L

∂Rijkl∂Rmnop
Kjl (Ad+1hik +Bd+1nink)

× Knp (Ad+1h
mo +Bd+1n

mno)

]
,

(40)

where again Ad+1 and Bd+1 are numerical constants.
Correspondingly, we propose that the holographic complexity for the island region on the brane can

be derived from

CIsland
V = max

∂B̃=σR

[
W̃gen(B̃) + W̃K(B̃)

Geff ℓ′

]
, (41)

where σR = ΣR ∩ brane is the quantum extremal surface on the brane – see figure 2. We have introduced
the notation W̃gen, W̃K to indicate these are quantities defined for the d-dimensional gravity theory on the
brane. In the following subsections, we seek to compare CIsland

V with the leading terms in the holographic
CV found in eq. (34) to fix the numerical coefficients in eqs. (39) and (40). This proposal also requires

that we maximize the new functional over all profiles B̃ anchored to the QES σR, but we leave the
discussion of this point to section 2.3.
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2.2.1 Generalized Volume on the Island

Substituting eq. (17) for effective Newton’s constant and eq. (38) for the CV length scale on the brane
into the last line of eq. (34), the leading contribution to the holographic complexity becomes

Csub
V (R) =

V (B̃)
Geff ℓ′

(42)

+
L2

Geff ℓ′

∫
B̃
dd−1σ

√
h̃

(
K̃2

2(d− 1)(d− 3)
−

1
2
R̃[g̃] + R̃ij[g̃]ñ

iñj

(d− 2)(d− 3)
+ · · ·

)
.

Now our aim is to show that these results can be derived from our proposal for the complexity of the
island in eq. (41) applied to the effective gravitational action (16). In particular, to make this match,
we must choose the appropriate numerical constants αd, βd, γd, Ad and Bd for the d-dimensional brane
theory. Here, we focus on the first three coefficients appearing in the generalized volume W̃gen(B̃).

To begin with, we consider a general quadratic Lagrangian as

Leff ≡ 16πGeffL = R̃− 2Λ + λ1R̃
2 + λ2R̃ijR̃

ij . (43)

We want to evaluate the generalized volume for the complexity CIsland
V in eq. (41). Using the Kronecker

delta of rank-two (i.e., δijmn = δimδ
j
n−δinδjm), the derivative with respect to Riemannian tensor is explicitly

written as [131]

∂R̃mnop

∂R̃ijkl

≡ (∂R̃)ijklmnop =
1

12

(
δijmnδ

kl
op −

1

2
δikmnδ

lj
op −

1

2
δilmnδ

jk
op + δijopδ

kl
mn −

1

2
δikopδ

lj
mn −

1

2
δilopδ

jk
mn

)
. (44)

It is then straightforward to get the tensor

∂Leff

∂Rijkl

=

(
1

2
+ λ1R̃

)
2g̃i[kg̃l]j + λ2

(
R̃i[kg̃l]j + R̃j[lg̃k]i

)
, (45)

where Z [ij] = 1
2
(Zij − Zji). One can explicitly evaluate the needed contractions to find

∂Leff

∂Rijkl

h̃jk

(
αdñiñl + βdh̃il

)
+ γd = γd +

(
1

2
+ λ1R̃

)
(d− 1) (αd − (d− 2)βd)

+
λ2
2

(
R̃(αd − 2(d− 2)βd)− R̃ijñiñj(αd + 2βd)(d− 2)

)
. (46)

Comparing the above results with eq. (42), and taking the effective action (16) on the brane, i.e., choosing
the two coupling constants as

λ1 = − dL2

4(d− 1)(d− 2)(d− 4)
, λ2 =

L2

(d− 2)(d− 4)
, (47)

one finds that the three coefficients in the generalized volume should be fixed to

αd =
2(d− 4)

(d− 2)(d− 3)
, βd = 0 , γd =

2

(d− 2)(d− 3)
. (48)

As a recap, the comparison between the leading contributions to the volume of the extremal surface
B in the vicinity of the brane for (d+1)-dimensional bulk gravity theory in eq. (42) and the generalized
volume on the brane determines the numerical coefficients in the latter as in eq. (48). Hence, the resulting
generalized volume reads

W̃gen(B̃) =
2

(d− 2)(d− 3)

∫
B̃
dd−1σ

√
det h̃ab

(
1 + (d− 4)

∂Leff

∂R̃ijkl

ñih̃jkñl

)
. (49)

Furthermore, we propose that this result of the generalized volume can be used in extending the holo-
graphic complexity=volume conjecture for higher curvature gravity theories in general, as in eqs. (6) and
(7). In section 3, we will test this proposal further by considering higher curvature gravity in the bulk
of our holographic model.
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2.2.2 K-term on the Island

As discussed above, the generalized volume (39) by itself fails to provide the full holographic complexity
on the island due to the appearance of terms involving the extrinsic curvature K̃ on the brane. Inspired by
the Wald-Dong entropy, we suggested the addition of K-terms to the generalized volume. At the second-
order, we can produce a covariant quantity by contracting the tensor ∂2Leff

∂R̃ijkl∂R̃mnop , with the tensors built

from the three independent symmetric tensors K̃ij, h̃ij, ñiñj. The simplest choice is the following

W̃K(B̃) =
∫
B̃
dd−1σ

√
h̃

∂2Leff

∂R̃ijkl∂R̃mnop
K̃jl

(
Adh̃ik +Bdñiñk

)
K̃np

(
Adh̃

mo +Bdñ
mño

)
, (50)

where as before, Leff = 16πGeffLeff . Our goal is then to fix the two numerical coefficients Ad, Bd.
To compute ∂2Leff

∂R̃ijkl∂R̃mnop , we need to use the second derivative

∂2(R̃2)

∂R̃ijkl∂R̃mnop
=

1

2

(
g̃ikg̃jl − g̃ilg̃jk

)
(g̃mog̃np − g̃mpg̃no) , (51)

∂2(R̃i1j1R̃
i1j1)

∂R̃ijkl∂R̃mnop
=

1

2
g̃rs

(
(∂R̃)irksmnop g̃

jl − (∂R̃)irlsmnop g̃
jk − (∂R̃)jrksmnop g̃

il + (∂R̃)jrlsmnop g̃
ik
)
,

where the tensor (∂R̃)ijklmnop is the first derivative defined in eq. (44).
Applying the second derivative (51) to the effective action in eq. (16), one finds that the proposed

W̃K reduces to

W̃K(B̃) =

∫
B̃
dd−1σ

√
h̃

[
λ1K̃

2

2
((d− 2)Ad −Bd)

2 (52)

+
λ2
8

(
K̃2
(
B2
d − 2AdBd + (3d− 7)A2

d

)
+ K̃ijK̃

ij((d− 3)Ad −Bd)
2
)]

.

Noting the absence of K̃ijK̃
ij term in eq. (42), we can fix

Bd = (d− 3)Ad . (53)

Further, comparing eqs. (42) and (52), the last parameter is fixed as

A2
d =

4(d− 4)

(d− 2)2(d− 3)
. (54)

Finally, we can write the K-term (50) as

W̃K(B̃) =
4(d− 4)

(d− 2)2(d− 3)

∫
B̃
dd−1σ

√
h̃

∂2Leff

∂R̃ijkl∂R̃mnop
(55)

× K̃jl

(
h̃ik + (d− 3)ñiñk

)
K̃np

(
h̃mo + (d− 3)ñmño

)
.

Although we have a successful match here, we should point out that the K-term defined in eq. (40)
was chosen for its simplicity and in a similar spirit to the analogous term appearing in the Wald-Dong
entropy. However, it is easy to find many other ways in contracting all the indexes in ∂2Leff

∂R̃ijkl∂R̃mnop with

two extrinsic curvatures and combinations of h̃ij and ñiñj. Some examples would include

∂2Leff

∂R̃ijkl∂R̃mnop
K̃ikK̃jl (A1 g̃

mo +B1 ñ
mño) (A1 g̃

np +B1 ñ
nñp) ,

∂2Leff

∂R̃ijkl∂R̃mnop
K̃m
i K̃

n
j (A2 g̃kl +B2 ñkñl) (A2 g̃

op +B2 ñ
oñp) .

(56)
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Note that in the first case, both extrinsic curvatures are contracted with the indices of a single variation
with respect to the Riemann tensor, while in the second, the two indices of each individual extrinsic
curvature are contracted with different variations. Note that no terms with these structures appear in
the K corrections of the Wald-Dong entropy [119]. However, at present, we do not have a strong reason
to rule out these expressions or their linear combinations. This means that in general, there is much
more ambiguity in defining W̃K(B̃) than indicated in eq. (50) and the numerical coefficients can not
be completely fixed. This stands in contrast with the Wald-Dong entropy, for which a unique extrinsic
curvature term is derived from the replica trick [119]. Unfortunately, we do not have a proper derivation
of the complexity=volume proposal, which we might extend to probe the complexity of theories dual to
higher derivative gravity. However, we will test our simple ansatz in section 3 by continuing to show
that our calculations are consistent with higher curvature gravity in the bulk.

We should also add that we expect that eq. (55) is only the first in an infinite series of corrections
involving the extrinsic curvatures, as appears in the Wald-Dong entropy. Here, we have limited ourselves
to the terms quadratic in K̃ because we only evaluated the effective action (16) to include the terms
which are quadratic in the curvatures. It may be interesting to extend our calculations to third order,
from which we expect to find K̃3 contributions to W̃K .

In summary, we find that the leading contributions from the geometry in the vicinity of the brane
from usual subregion-CV proposal for the bulk Einstein gravity suggests a generalized CV formula for
the induced gravity theory on the brane, i.e.,

ext

[
V (B)
Gbulk ℓ

]
≃ W̃gen

(
B̃
)
+ W̃K(B̃)

Geff ℓ′
, (57)

where the generalized volume W̃gen and W̃K term are fixed in eqs. (49) and (55), respectively. Further,
the scales, ℓ in the bulk and ℓ′ on the brane, are related by eq. (38). We should stress that the above
identification relies on the extremality of the bulk surface B, which was required in deriving eq. (34).
As commented above, we propose that these results can be used to generalize the holographic complex-
ity=volume conjecture for higher curvature gravity theories in general, as in eqs. (6) and (7). Further,
we will test this proposal in section 3, by examining our holographic model with higher curvature gravity
in the bulk.

2.2.3 DGP Term on the Brane

In a construction analogous to that of Dvali, Gabadadze and Porrati (DGP) [111], one can also add an
intrinsic Einstein term to brane action as follows – for details see [1]

Ibrane = −(To −∆T )

∫
ddx
√
−g̃ + 1

16πGbrane

∫
ddx
√

−g̃ R̃ , (58)

which yields the new effective gravitational action on d-dimensional brane as

Ieff =
1

16πGeff

∫
ddx
√

−g̃
[
(d− 1)(d− 2)

ℓ2eff
+ R̃(g̃)

]
+

1

16πGRS

∫
ddx
√

−g̃
[

L2

(d− 4)(d− 2)

(
R̃ijR̃ij −

d

4(d− 1)
R̃2

)
+ · · ·

]
.

(59)

In the first line of this action, the new effective Newton constant associated with Einstein term is given
by

1

Geff

=
2L

(d− 2)Gbulk

+
1

Gbrane

, (60)

while in the second line, GRS = (d− 2)Gbulk/(2L).
This provides an interesting framework to extend our generalized proposal for complexity=volume.

In the case of holographic entanglement entropy, one can clearly argue that the DGP term introduces
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a brane contribution in eq. (4) by simply following the derivations in [103, 132]. Unfortunately, such a
derivation is lacking for the CV formula, and so we will simply say that it is natural to expect that with
a DGP term, the CV proposal should have a similar extension to include a contribution proportional to
the volume of B̃ = B∩ brane. More precisely, if the extremal surface crosses a DGP brane, then eq. (18)
would become

Csub
V (R) = max

∂B=R∪ΣR

[
V (B)
Gbulk ℓ

+
V (B̃)
Gbrane ℓ′

]
, (61)

where ℓ and ℓ′ are the independent ‘unknown’ length scales for the bulk and brane, as are expected for
the CV ansatz.

Now if we examine the leading contributions from the bulk geometry in the vicinity of the brane, as
in eq. (37), the above expression yields

Csub
V (R) =

2LV (B̃)
(d− 1)Gbulkℓ

+ · · ·+ V (B̃)
Gbrane ℓ′

=
V (B̃)
Geff ℓ′

+ · · · (62)

where to produce the second equality, we have used eq. (38) to relate the two length scales, ℓ and ℓ′,
and then eq. (60) applied for effective Newton’s on the brane. Hence, we see that combining eqs. (38)
and (61) produces a consistent framework with which to understand complexity=volume for the brane
theory. While we have ignored the higher curvature terms above, it is clear that including the DGP term
on the brane leads to the same results as eqs. (49) and (55) with the same dimensionless coefficients for
the new gravity theory (59) on the brane. It would be interesting to examine if this approach continues
to succeed if one were to extend the brane action (58) with higher curvature terms.

2.3 Maximal Islands

Up to this point, we have shown that with the usual subregion-CV proposal (18) and applying the FG
expansion for extremal surfaces in the bulk, integrating the leading contributions in the vicinity of the
brane produces a generalized CV formula for the induced theory on the brane. In particular, the new
complexity functional (41) is easily derived from the higher-curvature gravity action on the brane (16)
using eqs. (49) and (55). We stress that the above identification relies on the extremality of the surface
B in the bulk, which was required in deriving eq. (34). However, at this point, we want to turn to the
appearance of the maximization that appears in eq. (41).

Here it is enlightening to return to the relation between the island rule (3) on the brane and the RT
prescription (4) in the bulk – see discussions in [1, 2]. Our first observation is that analogous to our
analysis above, carefully examining the extremal RT surfaces near the brane shows that the Bekenstein-
Hawking formula in the island rule (3) actually expands to the Wald-Dong entropy for the gravity action
induced on the brane [1]. As in the above, this requires that we solve the local equations in the bulk
which extremize the RT surfaces away from the brane, but in doing so, one produces a family of solutions
that are extremal in the bulk (and have the fixed boundary conditions on the asymptotic AdS boundary)
but which have different profiles on the brane. Finding the correct solution amongst this family can be
characterized in terms of satisfying a particular boundary condition at the brane – see eq. (4.17) in [1].
However, a more pragmatic approach is to simply find the correct solution by varying over the possible
profiles on the brane to see which one actually minimizes the entropy functional in eq. (4). This second
stage is then precisely the extremization appearing in the island rule (3).

Of course, the same narrative applies here to the holographic complexity. Recall that our boundary
state was defined on a region R = RL ∪RR, where the subregions RL,R sit to either side of the conformal
defect in the asymptotic boundary, as shown in figure 2. Similarly, we divide the bulk surface B = BL∪BR

into the two components on either side of the brane. For both of these components, we demand that
these surfaces are extremal away from the brane by solving eq. (23), subject to the boundary condition
that BL,R are anchored at the corresponding RL, R on the asymptotic boundary, the RT surface ΣR in

the bulk, and the island B̃ on the brane, i.e., ∂BL = RL ∪ ΣR ∪ B̃ (and similarly for the right side). In
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particular, both surfaces BL,R intersect the brane along with the common profile B̃, however, this profile
is left undetermined at this stage. Hence we find a wide family of codimension-one surfaces which are
extremal in the bulk, i.e., away from the brane. Then, to find to correct extremal surface, we must
finally maximize that volume by varying over the possible profiles. That is, we have decomposed the
extremization of B into two steps:

Csub
V (R) ≡ max

∂B̃=σR

(
ext

BL,BR

[
V (BL) + V (BR)

Gbulkℓ

])
. (63)

Combined with the near-brane contributions in eq. (57), this equation then becomes

Csub
V (R) = max

∂B̃=σR

[
W̃gen(B̃) + W̃K(B̃)

Geffℓ′
+ · · ·

]
, (64)

using the generalized volume and K-term in eqs. (49) and (55), respectively.
The ellipsis in eq. (64) indicates the contributions coming far from the brane, i.e., from regions with

θB ≪ θ π with the coordinates in eq. (10). It is interesting to note that the analogous contributions for
the holographic entanglement entropy (4) provide the quantum contributions when interpreted in terms
of the effective d-dimensional brane perspective, i.e., SQFT(R∪ islands) in eq. (3). Hence it is natural to
expect that the corresponding contribution in the holographic complexity constitutes a (semiclassical)

contribution in the bath region R combined with the island B̃ on the brane. We return to discuss this
point in section 14.

3 Higher Curvature Gravity in the Bulk

In the previous section, we showed how holographic complexity naturally arises for the induced gravity
theory on the brane in the doubly holographic model of [1, 2]. However, beginning with the usual com-
plexity=volume conjecture (2) for ordinary Einstein gravity in the bulk, we were lead to a generalization
of the CV proposal suitable for higher curvature gravity, such as the induced theory (16) on the brane.
Our proposal is that the new functional appearing for the holographic complexity on the brane should
in fact serve to provide a generalized complexity=volume conjecture for any higher curvature theory

Csub
V (R) = max

∂B=R∪ΣR

[
Wgen(B) +WK(B)

GN ℓ

]
, (65)

with the functionals given in eq. (7). As indicated, the maximization is performed over all possible
codimension-one surfaces B anchored at the subregion R on the asymptotic boundary and the corre-
sponding RT surface ΣR in the bulk. Of course, this proposal reduces to the standard CV conjecture (2)
when the bulk theory is Einstein gravity.

In this section, we examine a new consistency check for our new proposal by considering higher
curvature gravity in the bulk. That is, we start by considering a theory of higher curvature gravity
in the (d + 1)-dimensional bulk and apply eq. (65) for the holographic complexity. Then following the
analogous calculations as in section 2, we show that the holographic complexity for the induced theory
on the d-dimensional brane takes the same form, i.e.,

Csub
V (R) ≃ CIsland

V = max
∂B̃=σR

[
W̃gen

(
B̃
)
+ W̃K(B̃)

Geff ℓ′

]
, (66)

where the functionals W̃gen and W̃K are adapted to the new spacetime dimension and the induced gravity
action on the brane.

Our calculations will refer to several different hypersurfaces and the corresponding extrinsic and
intrinsic curvatures associated with these surfaces – see figure 4. In order to clarify the notation, we list
the different curvatures here:
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Figure 4: Different hypersurfaces in the doubly holographic system and their corresponding extrinsic
curvatures.

• the (d+ 1)-dimensional bulk, with intrinsic curvature R[gbulk
µν ];

• the spacelike surfaces B embedded in the (d+1)-dimensional bulk, with timelike normal nµ, extrinsic
curvature Kµν and intrinsic curvature RB[hαβ];

• the brane embedded in the (d+ 1)-dimensional bulk, with spacelike normal tµ, extrinsic curvature
(KB)µν and intrinsic curvature R̃[g̃ij];

• the island region B̃ = B∩ brane (with B = BL∪BR) thought of as being embedded in the surface BR,

with spacelike normal tαR and extrinsic curvature (KR)αβ; similarly for B̃ embedded in the surface
BL, we have the spacelike normal tαL to the island and extrinsic curvature (KL)αβ;

• the island region B̃ thought of as being embedded in the brane, with timelike normal ñi and
extrinsic curvature K̃ij;

• the subregion R′ (where BL,R would meet a virtual asymptotic boundary at z = 0) embedded in

the asymptotic boundary, with timelike normal
(0)
n i, extrinsic curvature Kij and intrinsic curvature

RΣ[
(0)

hab];

• the virtual asymptotic boundary (see above) with intrinsic curvature R[
(0)
gij].

3.1 Holographic Complexity for Gauss-Bonnet Gravity

Our first consistency check with higher curvature gravity consists of having Gauss-Bonnet gravity in the
bulk. The bulk gravitation action is therefore given by

IGB

bulk =
1

16πGbulk

∫
dd+1y

√−g
[
d(d− 1)

L2
+R[gµν ] + λGB LGB

]
+ IGB

surf , (67)
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with the Gauss-Bonnet term defined by

λGB =
L2λ

(d− 2)(d− 3)
, LGB = RµνρσRµνρσ − 4RµνRµν +R2 . (68)

Here, we have explicitly included the boundary term IGB
surf to emphasize that GB gravity has a well-

posed variational principle with Dirichlet boundary conditions δgµν = 0 [133]. Similar to the standard
Gibbons-Hawking-York term, the extended boundary term is given by [134]

IGB

surf =
1

16πGbulk

∮
ddx
√

−g̃
[
2KB +

4L2λ

(d− 2)(d− 3)

(
R̃KB − 2R̃ijKij

B + J
)]

, (69)

where R̃ij and Kij denote the Ricci tensor and extrinsic curvature associated with the boundary geometry,
and J is the trace of

Jij ≡
1

3

(
2KKikKk

j +KklKklKij − 2KikKklKlj −K2Kij

)
. (70)

The presence of the Gauss-Bonnet term modifies the Israel junction conditions (11) determining the
position of the brane as [135, 136]

∆(KB)ij − g̃ij ∆KB + 2λGB ∆
[
ẼikljKkl

B + 3Jij(KB)− J g̃ij

]
= 8πGbulk Sij , (71)

where the tensor Ẽijkl is defined as

Ẽijkl = 2R̃ g̃i[kg̃l]j − 4
(
R̃i[kg̃l]j + R̃j[lg̃k]i

)
+ 2R̃ijkl . (72)

This generalized Israel junction condition can be derived by considering a thin shell and taking the
thickness of the shell δz → 0 – see [136] for details. Similar to the derivation of the Israel junction
condition for Einstein gravity, one can also obtain the generalized Israel junction condition by considering
the gravitational action on either side of the brane with the boundary term in eq. (69) at the brane [135].
That is, with these boundary terms, we solve the gravity equations in the bulk away from the brane with
some fixed boundary condition for gµν at the brane (as well as asymptotic infinity, of course). Then we
solve the full system by allowing gµν at the brane surface to vary and gluing the two surfaces together
while demanding that the generalized Israel boundary condition in eq. (71) is satisfied. We should note
that the latter approach is implicitly adopted in deriving the induced gravity action in eq. (74) – see
appendix A of [128]. More specifically, in evaluating the bulk action in the vicinity of the brane, it is
essential to include the contribution of the boundary term.

While the length scale L defines the cosmological constant in the action (67), the curvature scale L̃
of the AdS vacuum solution in the Gauss-Bonnet gravity is

L̃2 =
L2

f∞
, with f∞ =

1−
√
1− 4λ

2λ
. (73)

The induced gravitational action on the brane is given by [128]

IGB

eff =
1

16πGeff

∫
brane

ddx
√

−g̃
[
(d− 1)(d− 2)

ℓ2eff
+ R̃[g̃] (74)

+κ1

(
R̃ijR̃

ij − d

4(d− 1)
R̃2

)
+ κ2C̃ijklC̃

ijkl + · · ·
]
,

where the effective Newton constant and coupling constants are

1

Geff

=
2L̃

d− 2

1 + 2λf∞
Gbulk

, (75)

κ1 =
L̃2

(d− 2)(d− 4)

1− 6λf∞
1 + 2λf∞

, κ2 =
L̃2

(d− 3)(d− 4)

λf∞
1 + 2λf∞

,
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and C̃ijkl denotes the Weyl tensor on the brane. We also note that the expression for the scale ℓeff in
eq. (17) is replaced by

1

ℓ2eff
=

2

L̃2(1 + 2λf∞)

(
1− 2

3
λf∞ − 4πL̃GbulkTo

d− 1

)
. (76)

In the following, we adopt our proposal (65) to evaluate the holographic complexity for (d+1)-dimensional
GB gravity in the bulk and compare the leading terms in the FG expansion near the brane to the
complexity of the island in the d-dimensional effective higher-curvature gravity on the brane. As we will
see below, the leading terms in the generalized holographic CV for the boundary subregion agree with
the proposed complexity (66) of the island. We see this consistency as extra support for our proposal
for holographic complexity for higher-curvature gravity theory.

In evaluating the holographic complexity for (d+1)-dimensional bulk theory, we consider a codimension-
one slice B, with time-like normal nµ and induced metric hµν = gµν+nµnν . Following the analysis in the
previous section, our first step is to extremize the complexity functional on B away from the brane, while
leaving the profile B̃ on the brane undetermined. In order to ensure that this involves a well-defined
variational principle, we actually extend eq. (65) to include a surface term

Csub
V (R) = max

∂B=R∪ΣR

[
Wgen(B) +WK(B) +Wbdy(∂BL ∪ ∂BR)

Gbulkℓ

]
. (77)

Of course, the generalized volume Wgen and the K-term are defined in eq. (7). We do not specify the
details ofWbdy but its form will become evident in the following. Further, we note that we are evaluating

this expression on ∂BL ∪ ∂BR. In particular, this contribution appears on (either side of) B̃, which is
not really a boundary of the full surface B = BL ∪ BR. Hence we are treating Wbdy in a manner to
the gravitational surface (69), which appears on either side of the surface defined by the brane – see
discussion below eq. (72).

Let us begin by evaluating Wgen for the GB theory. It is straightforward to obtain

αd+1
∂(R+ λGBLGB)

∂Rµνρσ

nµhνρnσ + γd+1

=
2(d− 3)

(d− 1)(d− 2)

(
d

2
+ λGB(d− 2)(R+ 2Rµνnµnν)

)
+

2

(d− 1)(d− 2)

= 1 + λGB

2(d− 3)

(d− 1)
(R+ 2Rµνnµnν) ,

(78)

where the values of αd+1, γd+1 are given using eq. (48). Now using eq. (51), the WK term yields

A2
d+1

(
∂2(R+ λGBLGB)

∂Rµ1ν1ρ1σ1∂Rµ2ν2ρ2σ2

Kν1σ1 (hµ1ρ1 + (d− 2)nµ1nρ1)Kµ2σ2 (hµ2σ2 + (d− 2)nµ2nσ2)

)
,

=
4λGB(d− 3)

(d− 1)2(d− 2)

(K2

2
− K2

2
((d+ 1)(d− 4) + 8) +

1

2

(
K2 + (d− 1)(d− 2)KµνKµν

))
,

=
2λGB(d− 3)

(d− 1)

(
KµνKµν −K2

)
,

(79)

where A2
d+1 was replaced using eq. (54). Noting Gauss’s “Theorema Egregium” for the hypersurface B

with the induced metric hαβ and intrinsic curvature RB, i.e.,

RB[hαβ] = R[gµν ] +
(
2Rµνnµnν −K2 +KµνKµν

)
, (80)

we can recast the λGB-terms into the intrinsic geometric quantities of hypersurface B, i.e.,

Wgen(B) +WK(B) =
∫
B
dd−1σdz

√
dethαβ

(
1 +

2L2λ

(d− 1)(d− 2)
RB

)
. (81)
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Given the above result, it is straightforward to derive the desiredWbdy. Namely, extremizing this gen-
eralized volume functional will have a good variational principle if we add the usual ‘Gibbons-Hawking’
term on the boundary. The island contribution on the brane is then given by

Wbdy(B̃) =
4L2λ

(d− 1)(d− 2)

∫
B̃
dd−1σ

√
det h̃ (KL +KR) , (82)

where KL, KR denote the trace of the extrinsic curvature of B̃ embedded in BL,BR, respectively. We may
note the importance of this term by observing that the GB contribution in eq. (81) is negative for λ > 0
because RB is negative. On the other hand, in eq. (75), we see the effective Newton constant on the
brane has a positive contribution from the Gauss-Bonnet term. Hence for the corrections of the GB term
to the coefficient of the volume term in the holographic complexity on the brane to match, there must
be an additional contribution beyond eq. (81). Indeed, we will find the extra contribution from eq. (82)
yields the desired match. Similar to the extremizing condition for entanglement entropy in GB gravity
(e.g., see [137, 138]), it is straightforward to find that the generalized CV functional (77) for GB gravity
is extremized by the following local equation

K +
2L2λ

(d− 2)(d− 3)

(
RB K − 2Rαβ

B Kαβ

)
= 0 . (83)

This extremizing condition generalizes eq. (81) for Einstein gravity to GB gravity in the bulk and ensures
that B is extremal away from the brane.

In summary, applying our proposal (77) to GB gravity in the bulk, the generalized holographic
complexity becomes

Csub
V (R) = max

∂B=R∪ΣR

1

Gbulkℓ

[
V (B)

+
2L2λ

(d− 1)(d− 2)

(∫
B
dd−1σdz

√
dethRB + 2

∫
B̃
dd−1σ

√
det h̃ (KL +KR)

)]
,

(84)

and the resulting condition for extremality of B in the bulk is given by eq. (83).

3.1.1 Holographic Complexity from Induced Gravity

Our goal is to compare the near-brane contributions of eq. (84) to the proposed holographic complexity
(41) on the brane. Hence taking the effective action on the brane in eq. (74), we must evaluate

CIsland
V ≡ max

∂B̃=σR

[
W̃gen

(
B̃
)
+ W̃K

(
B̃
)

Geff ℓ′

]
, (85)

where the generalized volume and K-term are defined in eqs. (49) and (55). The boundary term W̃bdy

does not affect the calculation of the complexity of the island. In fact, most of CIsland
V is the same as that

found in section 2 (see eq. (42)) except for the contributions from C̃ijklC̃
ijkl term in (74). Noting the

square of Weyl tensor reads

C̃ijklC̃
ijkl = R̃ijklR̃

ijkl − 4

d− 2
R̃ijR̃

ij +
2

(d− 1)(d− 2)
R̃2 , (86)

and using eq. (44) again, the following tensor contraction gives

∂(C̃ijklC̃
ijkl)

∂R̃ijkl

ñih̃jkñl

=

(
−2R̃abñañb −

4

(d− 2)

1

2

(
R̃− R̃abñañb(d− 2)

)
+

2

(d− 1)(d− 2)
R̃

)
= 0 ,

(87)
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where we show the individual contributions from R̃ijklR̃
ijkl, R̃ijR̃

ij and R̃2, respectively, on the second
line. Although the Weyl tensor term does not contribute to the generalized volume, it still plays a role
in the K-term. Using eq. (51) and also

∂2(R̃i1j1k1l1R̃
i1j1k1l1)

∂R̃ijkl∂R̃mnop
= 2

∂R̃mnop

∂R̃ijkl

≡ 2(∂R̃)ijklmnop , (88)

we find the new contribution to W̃K̃ from the Weyl-tensor-squared term in the induced action is given
by

κ2A
2
d

∂2(C̃ijklC̃
ijkl)

∂R̃i1j1k1l1∂R̃i2j2k2l2

K̃j1l1

(
h̃i1k1 + (d− 3)ñi1ñk1

)
K̃j2l2

(
h̃i2k2 + (d− 3)ñi2ñk2

)
= κ2A

2
d

[
1

2

(
K̃2 + (d− 2)(d− 3)K̃ijK̃

ij
)
− 4

(d− 2)

K̃2

8
(d(d− 5) + 8) +

K̃2

(d− 1)(d− 2)

]

=
2λf∞L̃

2

(d− 2)(d− 3)(1 + 2λf∞)

(
K̃ijK̃ij −

K̃2

d− 1

)
.

(89)

Collecting these results, we finally find that the holographic complexity on the island takes the following
form

CIsland
V = max

∂B̃=σR

1

Geffℓ′

[
V (B̃)

+
L̃2

2

1− 6λf∞
1 + 2λf∞

∫
B̃
dd−1σ

√
h̃

(
K̃2

(d− 1)(d− 3)
− R̃[g̃] + 2R̃ij[g̃]ñ

iñj

(d− 2)(d− 3)

)

+
2L̃2

(d− 2)(d− 3)

λf∞
1 + 2λf∞

∫
B̃
dd−1σ

√
h̃

(
K̃ijK̃ij −

K̃2

d− 1
+O(z4B)

)]
.

(90)

Of course, the above result reproduces the holographic complexity derived from Einstein gravity in the
bulk, i.e., eq. (42), after setting λ = 0.

3.1.2 Holographic Complexity from Near-Brane Region

To compare eq. (90) with eq. (84), we must integrate the latter over the bulk region near the brane.
Hence as in the previous section, we turn to the FG expansion and evaluate quantities for z = zB ≪ L.

From the FG expansion of the induced metric hαβ on the time slice B, i.e.,

hzz =
L̃2

z2
+ δhzz , hab =

L̃2

z2

(0)

hab + δhab , (91)

one can derive the FG expansion of the Ricci tensor on B as

(RB)
zz = −(d− 1)z2

L̃4
+ · · · , (RB)

ab = −(d− 1)z2

L̃4

(0)

hab +
z4

L̃4
(RΣ)

ab
[(0)
h
]
+ · · · . (92)

We can see that these curvatures correspond very nearly to those of AdSd with a curvature scale L̃.
Hence, the extremality condition (83) for GB gravity simply reduces to(

1− 2λGB

(d− 1)(d− 2)

L̃2
+O(z2)

)
K = 0 . (93)
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Using the expansion of K in eq. (25), we find the leading order terms in the FG expansion of the
embedding of B

(1)

xi (σa) =
L̃2

2(d− 1)
Kni , (94)

which is essentially the same as for Einstein gravity. Similarly, we can find the expansion of the induced
metric on B

δhzz =
(1)

hzz +O(z2) = − L̃2

(d− 1)2
K2 +O(z2) ,

δhab =
(1)

hab +O(z2) =
(1)
gab +

L̃2

d− 1
KKab +O(z2) .

(95)

To find the subleading contributions in RB, we consider the FG-expansion as a perturbation on the

metric
(0)

hαβ and calculate the perturbation of the Ricci scalar by

δRB = −(RB)
αβδhαβ +∇α∇βδhαβ −∇α∇αδh

β
β . (96)

Keeping in mind that the terms with more z-derivatives dominate in the small z expansion, one can get
the expansions of the Christoffel symbols as

Γzzz ≈ −1

z
Γzab ≈

1

z

(0)

hab Γabz ≈ −1

z
δab . (97)

The Ricci scalar near the asymptotic boundary is given by

RB[hαβ] = −d(d− 1)

L̃2
+
z2

L̃2
RΣ[

(0)

hab] + δRB

= −d(d− 1)

L̃2
+
z2

L̃2

(
RΣ +

(d− 1)(d− 2)

L̃2

(1)

hzz +
2(d− 2)

L̃2

(0)

hab
(1)

hab

)
+O(z4)

≈ −d(d− 1)

L̃2
+
z2

L̃2

[
RΣ[

(0)

hab]− 2
(0)

habRab +R +
(d− 2)

(d− 1)
K2

]
,

(98)

with Ricci tensor Rab associated with boundary metric
(0)
gij. We can use the Gauss-Codazzi equation

(RΣ)abcd = Rabcd −KacKbd +KadKbc , (99)

to rewrite the expansion of RB[hαβ] as

RB[hαβ] ≈ −d(d− 1)

L̃2
+
z2

L̃2

(
KabK

ab − 1

(d− 1)
K2

)
+O(z4) . (100)

Note that the Ricci tensor terms in RB[hαβ] at orderO(z2) are absent, which is similar to the contributions
of the Weyl tensor term on the brane as shown in eq. (87).

Lastly, we deal with the extrinsic curvature term associated with KR in eq. (84). The unit normal

(tR)α to the island B̃ embedded on the hypersurface BR is

(tR)α = −
√
hzz(zB)δ

z
α . (101)
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From the definition of the extrinsic curvature, i.e., (KR)ab = Da(tR)b, its trace (in Gaussian normal
coordinate) is given by

KR = − hab

2
√
hzz

∂hab
∂z

∣∣∣∣
z=zB

≈ hab(zB)
L̃

z2B

(
1− z2B

2L̃2

(1)

hzz

)
(0)

hab +O(z4B)

≈ (d− 1)

L̃

(
1− z2B

2L̃2

(1)

hzz

)
− z2B
L̃3

(0)

hab
(1)

hab

≈ (d− 1)

L̃
− L̃

2

(
K̃2

(d− 1)
− R̃ + 2R̃ijñ

iñj

(d− 2)

)
+O(z4B) ,

(102)

where we have recast all geometric quantities as the ones living on the brane in the last line by using
eq. (35) again. Of course, we also find a similar result for KL.

Finally, substituting eqs. (102), and (98) into the proposed generalized CV for GB gravity, i.e.,
eq. (84), we can explicitly perform the z-integral with lower bound zB and obtain the leading contributions
as

Csub
V (RL ∪RR) ≈ max

∂B̃=σR

[
2L̃V (B̃)

Gbulkℓ(d− 1)
(1 + 2λf∞)

+
L̃3(1− 6λf∞)

(d− 1)(d− 3)Gbulkℓ

∫
B̃
dd−1σ

√
h̃

(
K̃2

(d− 1)
− R̃[g̃] + 2R̃ij[g̃]ñ

iñj

(d− 2)

)

+
4λf∞L̃

3

(d− 1)(d− 2)(d− 3)Gbulkℓ

∫
B̃
dd−1σ

√
h̃

(
K̃ijK̃ij −

K̃2

d− 1
+O(z4B)

)]
.

(103)

However, we see this is exactly the expression in eq. (90) derived for the induced action on the brane, by

noting the relation ℓ′ = d−1
d−2

ℓ and 1
Geff

= 2L̃
d−2

1+2λf∞
Gbulk

. Note that we have counted the double contributions
from both sides of the bulk surface B = BL ∪ BR which give rise to the same contributions around
the island region. Therefore, our generalized CV proposal for higher-curvature gravity theory produces
consistent results between the bulk gravity theory and brane gravity theory, i.e.,

CIsland
V ≃ Csub

V (R) , (104)

where the maximization of the same functionals over the island region B̃ is considered on both sides as
discussed in section 2.3.

3.2 Holographic Complexity for f(R) Gravity

In this subsection, we apply the same consistency test with f(R) gravity in the bulk to check our
proposal. In contrast to the GB theory in the previous subsection, there are extra propagating degrees
of freedom in this higher curvature theory [139, 140, 141, 142], i.e., f(R) gravity is properly referred to
as a higher derivative theory. We must emphasize the importance of this feature since we saw in the
previous section that to properly treat our brane in the limit of zero thickness, the bulk gravity theory
should have a good boundary value problem. However, this issue is easily resolved for f(R) gravity by
recasting it as a scalar-tensor theory – see below.

We consider the (d+1)-dimensional bulk theory with the action

Ifbulk =
1

16πGbulk

∫
dd+1y

√−g
(
d(d− 1)

L2
+ f (R)

)
. (105)
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In principle, one should consider adding a surface term to this action (e.g., see [143]) but we will not
need to consider the details of this contribution here. Given the above action, it is straightforward to
find the equation of motion:

f ′(R)Rµν + (gµν∇σ∇σ −∇µ∇ν) f
′(R)− gµν

2

(
f(R) +

d(d− 1)

L2

)
= 8πGbulkTµν . (106)

In the absence of matter (i.e., with Tµν = 0), we will assume that this equation is solved by an AdSd+1

spacetime whose curvature scale L̃ is related to L by

− d(d− 1)

L2
= f(R0) +

2d

L̃2
f ′(R0) where R0 = −d(d− 1)

L̃2
. (107)

As emphasized above, f (R) gravity is a fourth-derivative theory but is classically equivalent to a
second-derivative scalar-tensor theory e.g., [140, 141]. To be precise, by introducing a scalar field Φ, we
can define the classically equivalent scalar-tensor theory with action

Istbulk =
1

16πGbulk

∫
dd+1y

√−g
(
d(d− 1)

L2
+ f (Φ) + f ′(Φ) (R− Φ)

)
+

1

8πGbulk

∮
ddx
√
−g̃KBf

′(Φ) .

(108)

Here, we have explicitly introduced the surface term here which produces a well-posed variational prin-
ciple with Dirichlet boundary conditions i.e., δΦ = 0 = δgµν . The equation of motion for the scalar field
reads

f ′′(Φ) (R− Φ) = 0 . (109)

Imposing the on-shell condition Φ = R (assuming f ′′(R) ̸= 0), the action in eq. (108) obviously reduces
to eq. (105) for f(R) gravity. On the other hand, varying the metric yields the field equations

Rµν −
1

2
Rgµν =

1

f ′(Φ)

[
∇µ∇νf

′(Φ)− gµν□f
′(Φ)− 1

2
gµν

(
Φf ′(Φ)− f(Φ)− d(d− 1)

L2

)]
+
8πGbulk

f ′(Φ)
Tµν . (110)

Upon substituting the on-shell condition Φ = R, these equations of motion reduce to the fourth-order
equations (106) derived by varying the original f(R) action. Noting the coefficient associated with
the matter stress tensor Tµν , we introduce the “effective Newton constant” for the (d + 1)-dimensional
scalar-tensor theory as

1

Ĝeff

=
f ′(Φ)

Gbulk

, (111)

due to the coupling between gravity and the scalar field Φ. When the matter terms are absent, the bulk
spacetime remains the same AdSd+1 as above with Φ0 = R0, and in the case, the “effective Newton
constant” is actually a constant

1

Ĝeff

=
f ′(Φ0)

Gbulk

=
f ′(R0)

Gbulk

. (112)

More generally, we can considering an asymptotically AdSd+1 spacetime and one finds that the FG
expansion for the Ricci scalar R up to the fourth order takes the form

R [gµν ] = R0 +O(z6B) . (113)

by doing a similar calculation to those in the previous subsection. Hence with the on-shell condition, we
have Φ = mR = R0 +O(z6B). Further the trace of the extrinsic curvature KB at the brane is given by

KB =
1

L̃

[
d+

L̃2

2(d− 1)
R̃ +

L̃4

2(d− 1)(d− 2)2

(
R̃ijR̃

ij − d

4(d− 1)
R̃2

)]
+O

(
z6B
)
. (114)
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Now integrating out the radial direction in the bulk action in the vicinity of the brane, we obtain the
induced gravitational action on the brane as [144]

Iind =
1

16πGeff

∫
brane

ddx
√
−g̃
[
(d− 1)(d− 2)

ℓ2eff
+ R̃ + κ1

(
R̃ijR̃

ij − d

4(d− 1)
R̃2

)
+O

(
z6B
)]

, (115)

where the various coupling constants are given by

1

ℓ2eff
=

2

L̃2
(1− 4πL̃ĜeffTo

(d− 1)

)
=

2

L̃2

(
1− 4πL̃GbulkTo

(d− 1)f ′(R0)

)
,

1

Geff

=
2L̃

(d− 2)Ĝeff

=
2L̃

d− 2

f ′(R0)

Gbulk

, κ1 =
L̃2

(d− 2)(d− 4)
.

(116)

In producing this result, we have introduced the surface term on either side of the brane, as discussed
below eq. (72). The induced action on the brane from f (R) gravity in the bulk is similar to that from
Einstein gravity on the bulk in eq. (16) except for the corrections on the coupling constants from f ′ (R0).

Our goal is to show that the relation

Csub
V (R) ≃ CIsland

V ≡ max
∂B̃=σR

[
W̃gen

(
B̃
)
+ W̃K

(
B̃
)

Geff ℓ′

]
, (117)

also holds for f(R) gravity in the bulk and its induced gravity on the brane. Thanks to the similarity
between the induced action in eq. (115) and that for Einstein gravity in the bulk, i.e., eq. (16), it is easy
to find that the generalized CV on the brane with this induced gravity theory is given by

CIsland
V = max

∂B̃=σR

[
V (B̃)
Geffℓ′

(118)

+
L̃2

2Geffℓ′

∫
B̃
dd−1σ

√
h̃

(
K̃2

(d− 1)(d− 3)
− R̃[g̃] + 2R̃ij[g̃]ñ

iñj

(d− 2)(d− 3)
+ · · ·

)]
.

We expect that our proposal can provide the same result as eq. (118) by considering the generalized
CV in (d + 1)-dimensional bulk with f (R) gravity. However, due to the higher-derivative terms, it is
much easier to consider the holographic complexity directly in the equivalent scalar-tensor theory (108)
because the gravitational part is only described by the Einstein gravity. Correspondingly, the generalized
volume term reduces to a volume term and the K-term simply vanishes. The one subtlety is that we apply
our proposal (65) to the scalar-tensor theory with the “effective Newton constant” Ĝeff = Gbulk/f

′(Φ).

However, noticing that Ĝeff may be a locally varying quantity on the asymptotically AdS spacetime, we
should put the factor 1

Ĝeff
inside the integrals for Wgen,WK . Then the generalized CV complexity reads

Csub
V (R) = max

∂B=R∪ΣR

∫
B
ddσ

√
dethαβ

1

Ĝeffℓ

(
αd+1

∂Lbulk

∂Rµνρσ

nµhνρnσ + γd+1

)
,

= max
∂B=R∪ΣR

[∫
B
dd−1σdz

√
dethαβ

f ′(Φ)

Gbulkℓ

(
d

2
αd+1 + γd+1

)]
,

(119)

where Lbulk ≡ 16πĜeffLbulk, both WK and Wbdy vanish due to the absence of higher curvature terms in
eq. (108). Substituting the values of αd+1 and γd+1 derived from eq. (48), one can find that the expression
in round parentheses reduces to one. Then extremizing the holographic complexity in the scalar-tensor
theory results in

ext
BL,BR

[
1

Gbulkℓ

∫
B
dd−1σdz

√
dethαβ f

′(Φ)

]
(120)

≃ 2L̃df ′(R0)

Gbulkℓ

∫
B̃
dd−1σ

√
det

(0)

h ab

[
1

(d− 1)zd−1
B

+
1

(d− 3)zd−3
B

(
d− 2

2(d− 1)2
K2 − Ra

a − 1
2
R

2(d− 2)

)]
,
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where, once again B = BL ∪ BR and B̃ = BL ∩ BR and we also used the on-shell condition in eq. (109)
and the series expansion f ′(Φ) = f ′(R) ≈ f ′(R0) +O(z6B). Using the geometric quantities of the brane

and noting the maximization over B̃, we can finally obtain the generalized CV for the f(R) gravity in
the bulk as

Csub
V (R) = max

∂B̃=σR

[
2L̃f ′ (R0)

Gbulkℓ(d− 1)

(
V (B̃)

+
L̃2

2(d− 3)

∫
B̃
dd−1σ

√
h̃

(
K̃2

d− 1
− R̃[g̃] + 2 R̃ij[g̃]ñ

iñj

d− 2
+O(z4B)

))]
,

(121)

Comparing eqs. (118) and (121), we also find the equivalence between the holographic complexity derived
from f(R) gravity and its induced gravity theory on the brane, i.e.,

CIsland
V ≃ Csub

V (R) , (122)

where we have used the relations ℓ′ = d−1
d−2

ℓ and 1
Geff

= 2L̃
d−2

f ′(R0)
Gbulk

. Once again, this equivalence sup-
ports that our proposed holographic complexity for higher-derivative gravity theory produces consistent
results.

4 Complexity=Action

We start our analysis studying in more details the holographic complexity=action proposal of [7, 8],
which entails evaluating the action

IWDW = Ibulk + IGHY + Ijoints + Iκ + Ict

=
1

16πGN

∫
dd+1x

√
|g|
(
R +

d(d− 1)

ℓ2

)
+

1

8πGN

∫
regulator

ddy
√

|h|K

+
1

8πGN

∫
joints

dd−1y
√
σ ajoint +

1

8πGN

∫
∂WDW

dλ dd−1y
√
γ κ (123)

+
1

8πGN

∫
∂WDW

dλ dd−1y
√
γΘ log (LctΘ) .

This includes: Ibulk, the Einstein-Hilbert action with negative cosmological constant and IGHY, the
Gibbons-Hawking-York term defined on the AdS boundary regulator surface. In the second line: Ijoints,
the contribution of the intersection of the null boundaries of the WDW patch with other hypersurfaces
(which we specify better below), and Iκ, which has support on the null boundaries of the WDW patch
and vanishes when these are affinely parameterized, as in our case. The term in the last line Ict is known
as the counterterm [164]. It is also localized on the boundary of the WDW patch and is expressed in
terms of Θ, its expansion. This was first proposed in [164] and removes the ambiguity intrinsic to the
parametrization of the WDW null boundaries, but it introduces an arbitrary length scale Lct. In static
background geometries, the role of this counterterm does not influence significantly the holographic CA,
see [11]. Nevertheless, for dynamical spacetimes as the ones analyzed in [13, 14], the situation is different:
there the inclusion of the counterterm in the total gravitational action is a key ingredient in order to
obtain results consistent with general properties of circuit complexity. For example, in the one-sided
geometry of [13], the counterterm is essential to obtain the expected late time growth rate in d > 3 and
a positive rate in d = 3. In the two-sided case, the counterterm is needed to replicate the switchback
effect [14]. The inclusion of the counterterm also modifies the structure of divergences of holographic
complexity, as first pointed out in the current literature and was observed to play a crucial role in the
cancellations occurring for CA in the study of the first law of complexity.
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Bulk term. We first write explicitly

Ibulk =
1

16π GN

∫
WDW

d3x
√−g

(
R +

2

ℓ2

)
= − 1

2GNℓ2

∫
dt dr r . (124)

where we used the on-shell relations R = − 6
ℓ2

and R = 6Λ and performed the angular integration.
Exploiting the left-right symmetry of the WDW patch, we divide its right half in three zones I− III, as
labeled in fig. ??, each with its own integration extrema. For instance in region I, for fixed rm1 ≤ r ≤ r+,
we have tmin ≤ t ≤ tmax. By symmetry tmin = 0, while tmax can be determined observing that the
locations (tmax, r) and (tb/2, r = ∞) share the same v coordinate. This fixes tmax = tb/2− r∗(r) in region
I. All together, we obtain

Ibulk = 2
(
I Ibulk + I IIbulk + I IIIbulk

)
(125)

with

I Ibulk = − 1

2GNℓ2

∫ r+

rm1

dr r

(
tb
2
− r∗(r)

)
(126)

I IIbulk =
1

GNℓ2

∫ rmax

r+

dr r r∗(r) (127)

I IIIbulk =
1

2GNℓ2

∫ r+

rm2

dr r

(
tb
2
+ r∗(r)

)
, (128)

where rm1, rm2 are given implicitly by eq. (??) and rmax denotes a radial cutoff introduced to regularize
these expressions. Thus

Ibulk =
1

GNℓ2

{
tb
4

(
r2m1 − r2m2

)
+

∫ rmax

rm1

dr r r∗(r) +

∫ rmax

rm2

dr r r∗(r)

}
(129)

The UV divergent terms of the bulk action do not contribute to the complexity growth rate. In fact rm1

and rm2 evolve according to equation, but rmax is constant in time. As we shall see the same remains
true also for the other contributions to the WDW action (123).

Performing explicitly the integrals in (129) we obtain the expression

Ibulk =
1

4GN

{
2 (rm1 + rm2 − 4rmax)− r+ log

(r+ + rm1)(r+ + rm2)

(r+ − rm1)(r+ − rm2)

}
+O

(
1

rmax

)
, (130)

where we used (??) and expanded in rmax → ∞. This correctly reduces to the non rotating BTZ result
of [11] for r−, rm1 → 0.

GHY terms. Next we evaluate the GHY term in (123) for the timelike cutoff surface at r = rmax

IGHY =
1

8π GN

∫
r=rmax

d2y
√
−hK . (131)

Here K = habKab is the trace of the extrinsic curvature Kab =
∂xµ

∂ya
∂xν

∂yb
∇µnν , and nν the outward directed

normal to the cutoff surface. These read

nµdx
µ =

dr√
f(rmax)

, K =
2 r2max − r2+ − r2−

ℓ2 rmax

√
f(rmax)

. (132)

Taking into account the right-left symmetry of the problem, and the fact that the time integration along
the cutoff surface r = rmax is restricted by the null boundaries of the WDW, we have

IGHY =

(
2r2max − r2+ − r2−

)
2GNℓ2

∫ tb
2
−r∗(rmax)

tb
2
+r∗(rmax)

dt = −r
∗(rmax)

(
2r2max − r2+ − r2−

)
GNℓ2

=
2 rmax

GN

+O

(
1

rmax

)
. (133)

The GHY term only yields a divergent contribution to the total action, and thus does not contribute to
the complexity growth rate.
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Joints terms. There are different joints with null surfaces contributing to the action (123). Null-null
joints at the future and past tip of the WDW patch, and time-null joints formed at the intersection of the
WDW patch with the cutoff surface at rmax. Adopting the conventions of [11, 13], we have the following
rules

Time-Null joint: ajoint = ϵ log |n1 · k2| with ϵ = −sign (n1 · k2) sign
(
t̂1 · k2

)
Null-Null joint: ajoint = ϵ log

∣∣k1·k2
2

∣∣ with ϵ = −sign (k1 · k2) sign
(
k̂1 · k2

)
.

(134)

Here ki, ni are respectively null and spacelike normal one-forms outward-directed from the relevant
boundary of the WDW patch. The auxiliary null and timelike vectors k̂i, t̂i are defined in the tangent
space of the appropriate boundary region, pointing outward from it and orthogonal to the joint.

Let us start from the future null-null joint at the tip of the WDW patch, where t = 0 and r = rm1.
This contributes to the total gravitational action (123) with

INull−Null
joints =

1

8πGN

∫
r=rm1

dy
√
σ log

∣∣∣∣kL · kR
2

∣∣∣∣
=

1

4GN

rm1 log

(
− α2

f(rm1)

)
. (135)

To obtain this result we used σ = r2 and the following right and left null normals at the future joint of
the WDW patch

kRµ =

(
α ,

α

f
, 0

)
, kLµ =

(
−α , α

f
, 0

)
. (136)

Adding the analogous contribution coming from the bottom joint, we have for null-null joints

INull−Null
joints =

1

4GN

{
rm1 log

(
− α2

f(rm1)

)
+ rm2 log

(
− α2

f(rm2)

)}
. (137)

Next, we evaluate the time-null joints term at the cutoff surface. Consider the right cutoff surface
r = rmax and the joint term in its future at t = tb

2
− r∗(rmax). Using the normal nµ from (132) and kµR

from (136), gives

ITime−Null
joints = − 1

8πGN

∫
r=rmax

dy
√
σ log |n · k|

= − 1

4GN

rmax log

(
α ℓ

rmax

)
+O

(
1

rmax

)
. (138)

This divergent term is independent from the boundary time.
The other three time-null joints at the cutoff surface yield identical contributions. All together,

including the null-null terms, we therefore have

Ijoints = − 1

4GN

{
4rmax log

(
α ℓ

rmax

)
− rm1 log

(
− α2

f(rm1)

)
− rm2 log

(
− α2

f(rm2)

)}
+ O

(
1

rmax

)
. (139)

Counterterms. To evaluate the last contribution to the gravitational action (123), let us consider
first the right future null boundary of the WDW patch. The counterterm action Ict for this contribution
evaluates to

IRFct =
1

8π GN

∫
dλ dy

√
γΘ log (|LctΘ|)

=
1

4GN

∫ rmax

rm1

dr log

(
Lct α

r

)
=

1

4GN

{
rmax

[
1 + log

(
Lct α

rmax

)]
− rm1

[
1 + log

(
Lct α

rm1

)]}
, (140)
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In deriving this expression we used that the normal vector to the surface implicitly defines a parametriza-
tion through ∂λ = kµ∂µ, together with the explicit form of the one-dimensional induced metric γ =
eµeνgµν = r2, which defines Θ = ∂λ log

√
γ. In particular, this yields dr = αdλ and Θ = α∂r log

√
γ = α

r
.

Given the left-right symmetry, the left future null boundary gives an identical contribution. It is also
straightforward to check that the past boundaries lead to an analogous result with rm1 → rm2. Putting
everything together:

Ict =
1

2GN

{
2 rmax

[
1 + log

(
Lct α

rmax

)]
− rm1

[
1 + log

(
Lct α

rm1

)]
− rm2

[
1 + log

(
Lct α

rm2

)]}
. (141)

The counterterm will thus give a non-vanishing contribution both to CA itself and to its growth rate.
We will analyze in what follows how this counterterm contribution modifies the results of [? ], obtained
without the counterterm action later introduced in [164].

5 Circuit Complexity: Rotating TFD State

After working out different holographic measures of complexity in rotating black hole settings, we would
like to study the corresponding complexity in the boundary theory. For concreteness we focus on the
holographic dual of rotating BTZ, i.e. the rotating TFD state

|rTFD⟩ = 1√
Z (β,Ω)

∑
n

e−β(En+ΩJn)/2e−i(En+ΩJn)t |En, Jn⟩L |En, Jn⟩R , (142)

describing an entangled state of the two identical CFT2 on the right and left asymptotic boundaries of
the black hole geometry. Here En and Jn label energy and momentum eigenstates, β matches the inverse
Hawking temperature of the dual black hole and Ω is the angular velocity. In writing the dynamics
in (142), we have taken a symmetric time tR = tL = t/2, as to match the holographic model, and
evolved with the deformed Hamiltonian on both sides. Another possibility would be to evolve with the
undeformed Hamiltonian only, that is

|rTFD⟩ = 1√
Z (β,Ω)

∑
n

e−β(En+ΩJn)/2e−iEnt |En, Jn⟩L |En, Jn⟩R . (143)

We will consider the two options in what follows.
In both cases, turning-off the potential Ω, one obtains

|TFD⟩ = 1√
Z (β)

∑
n

e−βEn/2e−iEnt |En⟩L |En⟩R , (144)

representing the TFD state dual to the (non-spinning) BTZ black hole.
Ideally, one would like to evaluate complexity for this state in a holographic CFT2, but a general

definition of complexity in QFT (and CFT) is still lacking and the majority of results available so far
concerns Gaussian states in free theories.

In order to make a qualitative comparison with the holographic results, we will follow the approach
of [? ] and consider as a toy model that of a free scalar field. As we will show explicitly, it is then easy
to give an effective description of the rotating TFD state (142) in terms of the non-rotating one (144),
and make use of the available Gaussian state results. This is analogous to what happens for the charged
TFD studied, which can also be given an effective description in terms of (144).

Rotating TFD. We consider a simple model where right and left degrees of freedom are described by
two identical copies of a (1+1)-dimensional free scalar QFT on a circle of length L, each with Hamiltonian

H =

∫ L
2

−L
2

dx

[
π2

2
+
m2

2
ϕ2 +

1

2
(∂xϕ)

2

]
=
∑
k

ωk

(
a†kak +

1

2

)
, (145)
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and angular momentum operator

J = −
∫ L

2

−L
2

dx π∂xϕ =
∑
k

pk

(
a†kak +

1

2

)
. (146)

In writing the r.h.s. of these expressions we have used the mode decompositions at t = 0

ϕ =
∑
k

1√
2Lωk

(
eipkxak + e−ipkxa†k

)
π = −i

∑
k

√
ωk
2L

(
eipkxak − e−ipkxa†k

)
(147)

with pk =
2π
L
k and ωk =

√
p2k +m2. For each mode, modulo the shift in the zero-point energy, both H

and J are proportional to the particle number operator Nk = a†kak,

Nk |n⟩k = nk |n⟩k , |n⟩k =
(a†k)

n

√
n!

|0⟩ . (148)

Mode-by-mode we can therefore simultaneously label Hamiltonian and momentum eigenstates in terms
of the particle number eigenstates |n⟩k

H |n⟩k = Ek,n |n⟩k = ωk

(
n+

1

2

)
|n⟩k , J |n⟩k = Jk,n |n⟩k = pk

(
n+

1

2

)
|n⟩k . (149)

Given the free QFT structure, which yields modes factorization, the TFD state can be written as
the product of TFD states of single right-left couples of harmonic oscillators, each labeled by the mode
number k

|rTFD⟩ =
⊗
k

|rTFD⟩k . (150)

Making the eigenvalues structure explicit, the single mode states then take the form

|rTFD⟩k =
1√

Zk(β,Ω)

∑
n

e−(
β
2
+it)(En+ΩJn) |n⟩k,L |n⟩k,R (151)

=
1√

Zk(β,Ω)

∑
n

e−(
β
2
+it)(ωk+Ω pk)(n+ 1

2) |n⟩k,L |n⟩k,R , (152)

with normalization factor

Zk(β,Ω) =
e−

β
2
(ωk+Ω pk)

1− e−β(ωk+Ω pk)
. (153)

Defining for every single mode an effective inverse temperature and time as

βk = β

(
1 + Ω

pk
ωk

)
, tk = t

(
1 + Ω

pk
ωk

)
, (154)

it is then immediate to see that the rotating TFD state can be effectively written as a TFD state with
no rotation

|rTFD⟩k =
1√

Zk(βk,Ω = 0)

∑
n

e
−
(

βk
2
+itk

)
ωk(n+ 1

2) |n⟩k,L |n⟩k,R . (155)

We shall notice that as long as |Ω| < 1 the effective inverse temperature (154) is non-negative, and only
vanishes in the limiting case where |Ω| → 1 with m → 0. Also, t = 0 maps to tk = 0, and this will be
important when computing the complexity of formation. A completely similar reasoning goes through
if we choose to time-evolve with the undeformed Hamiltonian as in (143). The only difference being
that the effective representation (155) would only involve an effective inverse temperature, but not an
effective time. This simple identification, valid for each mode k, allows to borrow and adapt the results
for non-rotating TFD states.

Before reviewing the results, let us mention that a similar identification can be performed in the
charged, non-rotating case. There however the absolute value of the chemical potential, through the
identification of the effective temperature, sets a lower bound for the mass parameter m. This in
particular prevents from taking the m→ 0 limit in the charged case.
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TFD complexity. We have shown that single mode rotating TFD states admit an effective description
in terms of non-rotating TFD states. Here we briefly review the complexity analysis for the TFD state
(144).

The analysis of the complexity follows and extends the work of [146], which adapted Nielsen’s approach
to complexity to free scalar fields. The latter starts with a continuum representation of the unitary
transformation

U(σ) = ⃗P exp

[
−i
∫ σ

0

ds
∑
I

Y I(s)KI

]
with U(0) = 1, and U(1) = UT , (156)

acting on states and connecting the reference and target states

|ψT⟩ = U(1) |ψR⟩ . (157)

The unitary is constructed in terms of a basis of Hermitian operators KI , the gate’s generators, applied
along the circuit parametrized by s as specified by the control functions Y I . For practical reasons, the
set of generators is normally taken to be finite and to realize a closed algebra. Nielsen’s approach then
assigns a cost to each circuit through a functional

D[U ] =

∫ 1

0

ds F
(
U(s), Y I(s)

)
(158)

specified in terms of a local cost function F , and defines the complexity of going from a reference to a
target state as the cost associated to the circuit that minimizes the functional, namely

C(UT) = min
U

D[U ]. (159)

In this approach U(σ) defines a trajectory in the space of unitaries, with Y I(σ) the components of its
tangent vector. The problem of computing complexity is then analogous to solving for the motion of a
particle in the geometry emerging from the group structure provided by the gate set, with Lagrangian
specified by F .

In the representation, the target state was the non-rotating TFD state, which is the product of single
modes TFD states, each corresponding to a TFD state of a pair of harmonic oscillators at fixed k

|TFD⟩ =
⊗
k

|TFD⟩k =
⊗
k

1√
Z(β)

∑
n

e−(
β
2
+it)ωk(n+ 1

2) |n⟩k,L |n⟩k,R . (160)

Following [146], the reference state was chosen to be a completely unentangled state obtained as the
ground state of (two copies of) a ultralocal Hamiltonian where the spatial derivative term is absent.
That is, the ground state of an Hamiltonian with a fixed frequency µ for all modes

H =
∑
k

µ

(
a†kak +

1

2

)
. (161)

To connect the TFD state to the reference state, [? ] considered circuits built with gates KI quadratic
in the canonical variables associated to each of the entangled pairs of harmonic oscillators making the
TFD state. Introducing a UV regulator in the field theory yields a finite number of such gates. A simple
way to regularize the theory in the setup at hand is to consider a finite number of modes Ñ . In such a
case, in the analysis of the relevant group structure turns out to be Sp(2Ñ ,R). The construction of the
generators also introduces an arbitrary gate scale µg, which together with the reference state scale µ and
the mode frequency ωk characterize the complexity model.

The cost function on which focused their analysis is the so called κ = 2

Fκ=2 =
∑
I

∣∣Y I
∣∣2 (162)
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which is independent of the specific basis for the gates generators. Importantly, for this cost function,
when the reference and gate scales are set equal, µg = µ, the optimal circuit does not mix modes
with different k, and the minimal length circuit for each mode is generated by repeatedly applying a
single generator. In geometrical terms, in this case the optimal circuit computing complexity for each k
corresponds to a straight-line geodesic on Sp(2,R). The resulting complexity evaluated is

Cκ=2 =
1

4

∑
k

log2

(
f
(+)
k +

√(
f
(+)
k

)2
− 1

)
+ log2

(
f
(−)
k +

√(
f
(−)
k

)2
− 1

)
(163)

with

f
(±)
k =

1

2

(
µ

ωk
+
ωk
µ

)
cosh 2αk ±

1

2

(
µ

ωk
− ωk

µ

)
sinh 2αk cosωkt , (164)

αk =
1

2
log

(
1 + e−βωk/2

1− e−βωk/2

)
. (165)

Let us reiterate that the mode factorization for the circuit allows to obtain the TFD complexity as the
the sum of complexities evaluated for each mode separately. This is crucial in view of using the effective
description of the rotating TFD (154)-(155) to evaluate complexity in terms of the non-rotating TFD
results. In the rest of our work we will thus only consider the situation where the gate scale is set equal
to the reference scale.

The basis-dependent cost function

F1 =
∑
I

∣∣Y I
∣∣ (166)

was also considered to evaluate the length of the straight-line circuit. That is, did not solve explicitly for
the optimal circuit for the F1 cost function, but simply evaluated the length of the straight-line circuit
with this measure. Nonetheless, this still provides an upper bound on computational complexity of the
TFD state. Interestingly, [? ] found that the straight-line circuit provides a qualitative matching with
the holographic complexity results for the TFD state when working in the so called physical basis.

In what follows we will then only explore the corresponding result for the F1 cost:

C1 =
1

2

∑
k

√
2

∣∣∣∣∣log
(
f
(+)
k +

√(
f
(+)
k

)2
− 1

)
cos θ

(+)
k + log

(
f
(−)
k +

√(
f
(−)
k

)2
− 1

)
cos θ

(−)
k

∣∣∣∣∣
+

∣∣∣∣∣log
(
f
(+)
k +

√(
f
(+)
k

)2
− 1

)
sin θ

(+)
k + log

(
f
(−)
k +

√(
f
(−)
k

)2
− 1

)
sin θ

(−)
k

∣∣∣∣∣
+

∣∣∣∣∣log
(
f
(+)
k +

√(
f
(+)
k

)2
− 1

)
cos θ
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k − log

(
f
(−)
k +

√(
f
(−)
k

)2
− 1

)
cos θ

(−)
k

∣∣∣∣∣
+

∣∣∣∣∣log
(
f
(+)
k +

√(
f
(+)
k

)2
− 1

)
sin θ

(+)
k − log

(
f
(−)
k +

√(
f
(−)
k

)2
− 1

)
sin θ

(−)
k

∣∣∣∣∣ ,
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with

tan θ
(±)
k =

1

2

(
µ

ωk
+
ωk
µ

)
cotωkt±

1

2

(
µ

ωk
− ωk

µ

)
1

tanh 2αk sinωkt
. (168)

We will also be interested in the complexity of formation, the difference between the rotating TFD
state complexity at t = 0 and that of two copies of the vacuum state

∆C ≡ C(|rTFD(0)⟩ − C(|0⟩L |0⟩R) , (169)
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This takes a particular simple form for the two cost functions we are considering and is independent
from the reference scale µ, namely

∆C1 = 2
∑
k

|αk| , ∆Cκ=2 = 2
∑
k

α2
k . (170)

This concludes our summary of the main results that we will use next to evaluate the complexity of
rotating TFD states making use of the effective description (154)-(155) of the single mode rotating TFD
in terms of a non rotating TFD state.

6 Holographic Partition Function

In this section, we discuss the gauge fixing issue, adopting the axial gauge. Since we are interested in
the holographic study, we perform the gauge fixing in such a way that the holographic nature of the
AdS5 gauge theory becomes manifest: we derive the gauge-fixed holographic partition function Zg.f..
Our discussion in this section is influenced by the work of researchers. We, however, generalize it to
arbitrary UV and IR boundary conditions. In addition, when the UV-BC is chosen to be Neumann for
some non-trivial subgroup H0 ⊂ G, we show that there is a residual gauge redundancy, requiring further
(brane-localized) gauge fixing.

Let us consider a very general situation. We take the bulk gauge group to be G. We imagine a
general BC by which G is broken down to H0 ⊂ G on the UV brane and to H1 ⊂ G on the IR brane. In
this case, the full 5D gauge symmetry is given by

GB = {g(x, z) ∈ G | ĝ ≡ g(x, z0) ∈ H0, ḡ ≡ g(x, z1) ∈ H1}. (171)

The dual 4D CFT then has a global symmetry group G, which is spontaneously broken to H1 by
confinement at the scale associated with the IR brane location. H0 ⊂ G on the UV brane is dual to
the fact that the H0 part of G is weakly gauged, featuring an explicit breaking of G by gauging. The
inclusion of the 5D CS action further incorporates the anomaly structure into the 4D dual gauge theory.

We denote the Lie algebra of G as g. Similarly, h0 is the Lie algebra of H0 and we denote the
space generated by the coset G/H0 generators to be k0. Likewise, h1 is the Lie algebra of H1 and
k1 denotes the space spanned by the generators of the coset G/H1. Generators of g are written as
TA ∈ g, A = 1, . . . ,Dim[g]. Likewise, T im ∈ hm and T am ∈ km,m = 0, 1 are the unbroken and broken
generators, respectively.

Before gauge fixing, the holographic partition function of a gauge theory of eq. (171) takes the form

Z [Ba] =

∫
DBi Z

[
BA
]
, (172)

Z
[
BA
]
=

∫
DAµ(x, z)|Â=B

Ā:

 (F )i1=0

(A)a1=0

DAz(x, z) eiS[Aµ(x,z),Az(x,z)]. (173)

Let us explain the notation we used in these expressions. First, Z
[
BA
]
is the partition function with

UV boundary value of the bulk gauge field A taken to be BA. Here, we suppressed the Lorentz index
for the sake of brevity. The superscript A runs over all generators. This statement about the UV-BC is
also written schematically as the superscript “Â = B” in eq. (173). The subscript in the same equation
denotes instead the IR-BC. (F )i1 = 0 means Fµz = 0 for T i1 ∈ h1. The expression (A)a1 = 0 can be
understood in the same way. As it is, Z

[
BA
]
is the holographic partition function with Dirichlet UV-

BC for all generators. In order to obtain the partition function corresponding to eq. (171), we need to
promote the background source for the T i0 ∈ h0 to dynamical fields. This is done by path integrating
over the fields Bi. Once this is done, then the partition function depends only on Ba, the background
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fields associated with T a0 ∈ k0. The final result of this whole procedure is summarized by eq. (172) and
(173).

As a next step, we want to incorporate the axial gauge, Az = 0. As usual, this is done by inserting
the following gauge-fixing factor into eq. (172):

1 =

∫
DAz δ(Az) =

∫
Dg Det

[
δAgz
δg

]
δ (Agz)

=

∫
DΣ1(x) Dh1(x) Dh0(x) Dg|ĝ=h0ḡ=Σ1◦h1 Det [Dz(Az)] δ (A

g
z) ,

(174)

where Ag ≡ g (d+ A) g−1 is the gauge transformation of the gauge connection A by g ∈ G. In here and
in the following, we adopt the conventions of appendix ??. To obtain the last line, we used the fact that
for a compact group G and a closed subgroup H the integration over the group manifold can be split
into H and G/H parts with proper left invariant Haar measures [? ? ]. In particular, for the coset part,
the G-invariant measure on G/H can be expressed as [? ]

DΣ =
∏
a

(
Σ−1dΣ

)a
, (175)

where (Σ−1dΣ)
a
is defined via (Σ−1dΣ)k = (Σ−1dΣ)

a
T a, T a ∈ k. The G-invariance is seen by noting

that under an arbitrary g ∈ G, (Σ−1dΣ)k transforms as In the above, h(g,Σ) ∈ H is defined by gΣ =
Σg(g,Σ)h(g,Σ). If we had used a naive (non-invariant) measure

∏
a dξa (recall Σ = e−ξaT

a
), then G-

invariance of the quantum theory could be restored by adding a proper term
∫
L(ξ) to the action. The

role of this term is to precisely cancel the non-invariance of the naive measure.
The gauge redundancy by GB can be singled out by the following change of variable: g → g = Λ̃ ◦ g′,

where ˆ̃Λ = Λ̃(x, z0) = 1 and ¯̃Λ = Λ̃(x, z1) = Σ1(x). After inserting the transformed version of eq. (174)
into eq. (172) we get

Z[Ba] =

∫
DBi Z

[
BA
]
, (176)

Z
[
BA
]
=

∫ [
Dh0 Dh1 Dg′|ĝ

′=h0
ḡ′=h1

]
DΣ1(x)DAµ(x, z)|Â=B

Ā:

 (F )i1=0

(A)a1=0

DAz(x, z)

× Det [Dz(Az)] δ
(
AΛ̃◦g′
z

)
eiS[Aµ(x,z),Az(x,z)]. (177)

Notice that
[
Dh0 Dh1 Dg′|ĝ

′=h0
ḡ′=h1

]
is nothing but the integration over GB, the gauge redundancy we hope

to remove from the path integral.
We proceed further with a change of variable: A′ = AΛ̃◦g′ . This simplifies the argument of the delta

function, making the evaluation of the Az-integral trivial. Taking into account the changes of UV-BC,
IR-BC, and performing the Az-integral using the delta function, we arrive at

Z[Ba] =

∫
GB

[
Dh0 Dh1 Dg′|ĝ

′=h0
ḡ′=h1

] ∫
DBi DΣ1(x)DA′

µ(x, z)|Â
′=Bh0

Ā′:


(
(F ′

1)
Σ−1
1

)i

=0(
(A′

1)
Σ−1
1

)a

=0

× e
iS

[
(A′

µ)
(Λ̃◦g′)−1

(x,z),0(Λ̃◦g′)−1
]
. (178)

To get eq. (178) we used the fact that, upon Az-integration, Det [Dz(Az)] → Det[∂z] and dropped this
irrelevant constant. We also used the H1-invariance of the IR-BC to simplify its form. Notice that now
the second argument (fifth component) in the action is a pure gauge contribution, which in general does
not vanish.
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Let us now analyze how the latest form of the partition function depends on h0 and g′. First of all,
when H0 is not trivial, there is a residual gauge freedom that needs to be fixed. The existence of this
residual gauge redundancy is seen by the appearance of the extra integration over h0 compared to the
case with a trivial H0. A more careful statement can be made as follows. The bulk axial gauge fixing
coincides with the condition A′

z = g(∂z +Az)g
−1 = 0. This is a condition on g, selecting a specific gauge

orbit. The solution to this equation is the Wilson line

g = P exp

(∫ z

z0

dz′ Az (x, z
′)

)
, (179)

stretched from the UV brane to a point in the bulk at z. An equivalent solution is the Wilson line
from the IR brane to a bulk point at z. Our argument can be applied to both cases. This g successfully
removes any Az component everywhere in the bulk except at z = z0 where g becomes 1. For the Dirichlet
UV-BC, this is not an issue since the UV brane preserves no gauge symmetry. If, however, the UV-BC
involves a non-trivial H0, this indicates that the bulk axial gauge fixing is not complete, and we need to
add a brane-localized gauge fixing term to eliminate the residual gauge freedom. Since the details of this
extra gauge fixing do not affect our discussion below in any crucial way, we simply set h0 = 1 and drop
the integration over h0. This is also equivalent to properly reinterpreting the gauge fixing constraint in
eq. (174), so that instead of integrating over the entire gauge manifold, we pick a specific gauge orbit.

The advantage of this approach is that it also allows us to more easily study the g′ transformation
appearing in the action. We know that there are different contributions to S[Aµ, A5], namely the gauge
and CS action. The former is by assumption gauge invariant. The latter in general is not, but nevertheless
we can use the fact that its variation only contributes as a boundary term to the variation of the full
action, and therefore only depends on the boundary values of g′. Thus, by setting h0 = 1, and by
assuming from now on that the CS action satisfies ω

(0)
5 (Ah) = 0, i.e. the CS action (hence the associated

anomaly ω
(1)
4 ) vanishes when the gauge field A is restricted to its H1 part, we can conclude that the full

action S[Aµ, A5] is invariant under any g
′ ∈ GB transformation. The property ω

(0)
5 (Ah) = 0 is referred

to as an anomaly-free embedding (AFE) of H1 ⊂ G.
After dropping the g′ transformation from eq. (178), we make one last change of variable, which

moves the Σ1 dependence from the IR-BC to the UV-BC. We set Aµ = (A′
µ)

Σ−1
1 to obtain

Z[Ba] =

∫
GB

[
Dh0 Dh1 Dg′|ĝ

′=h0
ḡ′=h1

] ∫
DBi DΣ1(x)DAµ(x, z)|Â=B

Σ−1
1

Ā:

 Fi
1=0

Aa
1=0

eiS[A
Λ(x,z)], (180)

where now AM = {Aµ, 0} indicates a 5D vector with vanishing fifth component, and Λ = Λ̃−1 ◦ Σ1,

with Λ̂ = Σ1 and Λ̄ = 1. At this point, we want to make a couple of comments. First, we note that
the integrand becomes completely independent of any GB element and the integral over GB (the infinite
gauge redundancy) will be cancelled between the numerator and the denominator in any observable
computation. Therefore, as usual, we can simply drop that factor. Second, since we have chosen the
axial gauge, we do not need ghost fields to exponentiate the determinant factor. Third, the transformation
parameter Λ(x, z) can be thought of as an interpolating function between a coset element Λ̂ and a trivial
element Λ̄. As we mentioned before, such an element exists whenever π4(G/H) = 0.

We finally arrive at the gauge-fixed holographic partition function for arbitrary choice of UV and IR
BC:

Zg.f.
[
BA
]
=

∫
DBi DΣ1(x)DAµ(x, z)|Â=B

Σ−1
1

Ā:

 Fi
1=0

Aa
1=0

eiS[A
Λ(x,z)]. (general UV-BC, IR-BC) (181)

Using this general formula, we can obtain results for special cases. Two particularly relevant ones are (i)
pure Dirichlet UV-BC and pure Neumann IR-BC and (ii) pure Dirichlet UV-BC and mixed IR-BC with
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a G/H1 symmetry breaking pattern. In the first case, we simply remove the integration over Bi and Σ1

and set Σ1 = 1 (hence Λ = 1 as well). In the second case, while we remove the Bi-integral, we keep Σ1

and Λ as they are. We obtain

Zg.f.
[
BA
]
=

∫
DAµ(x, z)|Â=BĀ:FA=0 e

iS[A(x,z)], (D-UV-BC, N-IR-BC) (182)

Zg.f.
[
BA
]
=

∫
DΣ1(x)DAµ(x, z)|Â=B

Σ−1
1

Ā:

 Fi
1=0

Aa
1=0

eiS[A
Λ(x,z)]. (D-UV-BC, G/H1-IR-BC) (183)

7 The Holographic Formalism of Unbroken Symmetry

Having developed the necessary formalism to study gauge theories in a slice of AdS5 holographically, we
now turn to the holography of anomaly inflow. In this section, we focus on the case where the IR-BC is
purely Neumann. In its 4D dual CFT, this corresponds to the global symmetry (either weakly gauged
or not) unbroken by the vacuum condensate. The case of mixed IR-BC with the breaking pattern G/H1

will be the subject of the next section.

7.1 Purely Global Symmetry

We first study the case with pure Dirichlet UV-BC. The dual CFT then has a purely global symmetry
G, without any gauging. In particular, the relevant partition function is eq. (182) and the BA associated
with all TA ∈ g are non-dynamical background fields.

In order to study the (in)variance of the theory, we check how the partition function transforms as
we vary the source fields (see appendix ??). Considering an infinitesimal transformation g ≈ 1− α, the
partition function transforms as

Zg.f.
[(
BA
)α]

=

∫
DAµ(x, z)|Â=B

α

Ā:FA=0 e
iS0[A]+iSCS[A]

=

∫
DAµ(x, z)|Â=BĀ:FA=0 e

iS0[A]+iSCS[A
α],

(184)

where we made a change of variable A → Aα and used the G-invariance of the gauge action S0 and of
the IR-BC. In addition, given a UV-localized group element g(x) ≈ 1− α(x) acting on the source B, we
extended it to a 5D one as α(x, z) = α(x). In the case of G/H1 discussed in section 8, an extra subtlety
appears regarding the extension of a 4D local gauge group element to a 5D one. From the second line of
this equation, it is clear that the invariance of the partition function when the UV-BC is purely Dirichlet
is fully determined by the transformation of the CS action∫

5D

δαω
(0)
5 (A) =

∫
5D

dω
(1)
4 (α,A) (185)

we obtain

Zg.f.
[(
BA
)α]

= e−ic
∫
UV ω

(1)
4 (α,B)

∫
DAµ(x, z)|Â=BĀ:FA=0 e

iS0[A] eic
∫
IR ω

(1)
4 (α,Ā) eiSCS[A]. (186)

Here, since the UV brane-localized variance term is independent of Aµ, we factor it out of the path
integral. We also observe that the partition function is not invariant under the transformation. Before
we proceed any further, however, we first need to discuss one problem. That is, under the transformation,
the integrand picks up an IR brane-localized variance term. Recalling that the bulk gauge symmetry
G is unbroken at the IR brane, such an IR brane-localized variance is not acceptable. In fact, there is
an alternative to this view point. Since the 5D gauge theory is intrinsically non-renormalizable, it is
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at best an effective field theory. An effective gauge theory with non-vanishing gauge anomaly can still
be consistently quantized below a cut-off scale and the associated cut-off scale can be estimated by the
knowledge of the anomaly. A study of a 5D U(1) gauge theory along this line was presented. In order
to remedy this issue, we introduce an IR-localized effective action, ΓIR

[
Ā
]
, which under an infinitesimal

transformation Aα shifts by an opposite anomaly factor to cancel the bulk-generated anomaly factor:

eiΓIR[Āα] = e−ic
∫
IR ω

(1)
4 (α,Ā)eiΓIR[Ā]. (187)

Such an effective action may be obtained by first introducing an anomalous set of 4D Weyl fermions
charged under G and localized on the IR brane. Integrating out the fermions then generates ΓIR

[
Ā
]
:

eiΓIR[Ā] ≡
∫

DψDψ̄ eiSIR[Ā,ψ,ψ̄]. (188)

In this case, however, the coefficient c cannot be arbitrary, and in fact, must be an integral multiple
of the coefficient of the chiral anomaly due to a single Weyl fermion. This leads to the quantization
condition for the CS level c. This issue will be discussed in section ??.

The UV-localized variance term, on the other hand, is perfectly fine: G is completely broken on the
UV brane. In terms of the modified partition function Z̃g.f. with ΓIR inserted, the transformation rule
for the holographic partition function is therefore given by

Z̃g.f.
[
BA
]
=

∫
DAµ(x, z)|Â=BĀ:FA=0 e

iS0[A]+iSCS[A] eiΓIR[Ā],

Z̃g.f.
[(
BA
)α]

= e−ic
∫
UV ω

(1)
4 (α,B) Z̃g.f.

[
BA
]
.

(189)

In order to obtain the dual 4D CFT interpretation, we now view Z̃g.f.
[
BA
]
as the partition function

of a 4D CFT with classical source
(
BA
)
µ
coupled to the CFT current operators Jµ. The phase factor in

eq. (189) shows that the global symmetry G of the CFT is anomalous. This anomalous global symmetry
G is unbroken by confinement, a fact dual to the pure Neumann IR-BC. Furthermore, the appearance
of both the UV- and IR-localized anomaly factors in eq. (186), with same magnitude but opposite signs,
encodes what we might call a ‘t Hooft anomaly matching. In order to see this explicitly, as is usually done,
let us first weakly gauge G. This is done by switching the UV-BC to be purely Neumann. Under this
change, what we called the source fields B before now turn into dynamical fields, and the UV-localized
variance needs to be cancelled just like we did for the IR-localized anomaly factor. We proceed as we did
for the IR-localized anomaly term, by introducing a UV-localized effective action ΓUV[B], which again
may be obtained by integrating out UV-localized 4D Weyl fermions. In order to achieve gauge anomaly
cancellation, we require

eiΓUV[Bα] = e+ic
∫
UV ω

(1)
4 (α,B) eiΓUV[B]. (190)

The full partition function then becomes

Z̃g.f. =

∫
DBA eiΓUV[B] DAµ(x, z)|Â=BĀ:FA=0 e

iS0[A]+iSCS[A] eiΓIR[Ā]. (191)

As expected, the partition function is independent of any B fields, and the symmetry property of the
theory is tested by making a change of variable (or field redefinition) in the form of a G-transformation
and check whether it results in an anomalous change to the original theory or not.

The 4D interpretation goes as follows. The 4D confining gauge theory (in fact deformed CFT) has
a weakly gauged symmetry G. In addition to the CFT preons, there is an anomalous set of external
fermions (UV-localized fermions that induce ΓUV) charged under G. While CFT and external sector are
not individually G-anomaly free, these two contributions, nonetheless, cancel, making the gauging of G
legal. Importantly, these external fermions need not couple to the confining CFT gauge force, and they
are spectator fermions. Along the renormalization group (RG) flow, while the chiral anomaly does not get

38



renormalized, the CFT sector undergoes confinement. By assumption, G is not broken, and the original
anomaly of the CFT preons should be reproduced by a spectrum of massless composite fermions. These
composite fermions are the IR brane-localized fermions we introduced in 5D to cancel the IR-localized
variance. For these reasons, the choice of Neumann IR-BC and the resulting requirement of cancelling
the IR-localized variance term by 4D fermions on the IR brane is the holographic realization of ‘t Hooft
anomaly matching.

One perhaps interesting feature deduced from the above discussion is that the anomaly inflowed from
the bulk CS theory must be the one that has vanishing mixed anomaly between global G and confining
gauge group Gs of the CFT. In order to make this point clear, we may consider a U(1) CS theory in the
bulk. The variances induced on the boundaries are dual to a U(1)3 anomaly of the global symmetry. If
this global U(1) current had a Adler-Bell-Jackiw (ABJ) type anomaly with the confining gauge force of
the CFT, then the spectators would be necessarily coupled to the strong interaction as well, and as a
result, ‘t Hooft argument for the anomaly matching would not hold. However, we have seen that, with
Neumann IR-BC, anomaly inflow by the bulk CS action always comes with an IR-localized variance term
in addition to the UV variance term: ‘t Hooft anomaly matching is automatically at play. As we discuss
in section 7.2, this fact holds even if G is weakly gauged.

7.2 Partially Gauged Symmetry

In this section, we consider the anomaly inflow with a mixed UV-BC in which a subgroup H0 ⊂ G takes
a Neumann BC, while the coset G/H0 has a Dirichlet BC. In order to make the discussion as concrete
as possible, and also in part to demonstrate the usage of the formalism, we consider a product group
G = G1 ×G2, where G1 = U(1) and G2 is any compact simple Lie group. We choose UV-BC such that
one factor group takes Neumann while the other takes Dirichlet BC. This choice is interesting because
it admits a non-trivial mixed CS action, hence a mixed anomaly interpretation in the dual 4D picture.
A lot of qualitative features we describe below apply to more general cases and an explicit analysis with
arbitrary choice of G→ H0 can be achieved straightforwardly.

In the 4D dual description, the CFT has a global G = G1×G2 symmetry and one factor group (either
G1 or G2) is weakly gauged. We present both cases, one with gauged G1 and the other with gauged
G2. With pure Neumann IR-BC, none of these symmetries are broken at the confinement scale. The
anomaly inflow from the mixed CS action will get a 4D interpretation in terms of G1-G2 mixed anomaly,
while inflow by the pure CS actions corresponds to pure G1 and/or G2 anomalies.

Let us choose G2 = SU(2). Any other choice of G2 will require a very similar discussion. One
exceptional property of the group SU(2) is that it has vanishing dabc ∝ Tr[T a{T b, T c}] and the pure
SU(2) CS action vanishes identically. This feature is dual to the fact that there is no perturbative SU(2)
anomaly in 4D. The bulk CS action consists of two contributions: pure U(1) and mixed U(1)-SU(2). The
form of the mixed CS action can be obtained by first embedding U(1) and SU(2) into a simple compact
Lie group GGUT. Once this is done, then the GUT gauge field A can be written as a sum A = V +W
in terms of the U(1) gauge field V and the SU(2) gauge field W . The mixed CS action can be read off

from the CS action of A [? ]. In terms of the canonical ω
(0)
5 (A), after a couple of integrations by parts,

we get (including the pure U(1) CS action)

SCS[V,W ] = c1

∫
5D

V dV dV + c12

∫
5D

3Tr
[
V F 2

W

]
+ dTr

[(
2VWdW +

3

2
VW 3

)]
, (192)

where FW = dW +W 2 is the SU(2) field strength 2-form. Notice that the last term, obtained as a result
of integration by parts, is a brane-localized term. The virtue of this form for the CS action is that the
bulk CS actions are manifestly SU(2)-invariant and any non-trivial SU(2) transformations are from the
boundary terms. It may be worth mentioning that a priori the two CS levels c1 and c12 are independent
and are subject to separate quantization conditions.
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Under U(1) and SU(2) transformations, the CS action changes as

δα1SCS = c1

∫
IR

α1dV̄ dV̄ + c12

∫
IR

(
3Tr

[
α1F

2
W̄

]
− Tr

[
α1

(
2dW̄dW̄ +

9

2
dW̄W̄ 2

)])
− c1

∫
UV

α1dV̂ dV̂ − c12

∫
UV

(
3Tr

[
α1F

2
Ŵ

]
− Tr

[
α1

(
2dŴdŴ +

9

2
dŴŴ 2

)])
,

(193)

δα2SCS = c12

∫
IR

Tr

[
2V̄ dα2

(
dW̄ − 2W̄ 2

)
+

9

2
V̄
(
dα2W̄

2
)]

− c12

∫
UV

Tr

[
2V̂ dα2

(
dŴ − 2Ŵ 2

)
+

9

2
V̂
(
dα2Ŵ

2
)]

. (194)

Next we discuss two cases, one with gauged G1 and the other with gauged G2 in turn. We first consider
the case with Neumann UV-BC for U(1) and Dirichlet UV-BC for SU(2). The relevant partition function
is

Zg.f.
[
BA
]
=

∫
DBi DAµ|Â=BĀ:FA=0 e

iS0+iSCS , (195)

with SCS given in eq. (192). In this case, Bi = V̂ and Ba = Ŵ . Since the full G = G1 ×G2 is unbroken
on the IR brane, we need to cancel the anomaly factors there. In the 4D dual description, the c1-term
in eq. (193) corresponds to the U(1)3 anomaly, while the c12-terms in eq. (193) and (194) represent
the mixed anomaly. One way to eliminate the IR-localized variance is to introduce IR-localized Weyl
fermions charged under both U(1) and SU(2). The requirement is that this set is anomalous in such a
way that their U(1)3 and mixed anomalies cancel the CS-generated variance terms. In order to present
another possibility, however, we take a slightly different path.

We can add a local counter terms dB4(A0, A1) to the bulk CS term in such a way that the CS action
becomes invariant under an H0 ⊂ G transformation. In particular, this works well for the product group.
Applying this to the mixed CS action, in the current example, we take A0 = V and A1 = A = V +W . The
shifted mixed CS action ω

(0)
5 → ω̃

(0)
5 (V,A) = ω

(0)
5 (A)−ω(0)

5 (V )+dB4(V,A) is then invariant under a U(1)

transformations. To be more precise, we first note that ω
(0)
5 (A) contains the pure U(1) CS action as well as

the mixed CS action. Using a short notation for the mixed CS action as ω
(0)
5 (mixed) = ω

(0)
5 (A)−ω(0)

5 (V ),
what we really do is

SCS = c1

∫
ω
(0)
5 (V ) + c12

∫
ω
(0)
5 (mixed)

→ c1

∫
ω
(0)
5 (V ) + c12

∫
ω̃
(0)
5 (V,A)

= c1

∫
ω
(0)
5 (V ) + c12

∫ [
ω
(0)
5 (mixed) + dB4(V,A)

]
.

(196)

Notice that in ω̃
(0)
5 (V,A) there is a cancellation between two U(1) CS actions, and effectively the procedure

is equivalent to adding a local counter terms dB4 to the original mixed CS action. An important property
we recover is that this shifted CS action is invariant under a U(1) transformation. We will write the
shifted CS action as S̃CS = SCS + SCT, where SCT is the action for the counter terms. In order to show
the U(1)-invariance more explicitly, we first note that from the explicit form of the counter term B4 in
this case is given by

SCT = cCT

∫
5D

dB4(V,A),

B4(V,A) = Tr

[
VWdW +

1

2
VW 3

]
.

(197)

One may notice that these two terms in B4 are exactly the same as the boundary terms in eq. (192),
only the relative coefficients differ. Also, eventually, cCT = c12 as is evident from eq. (196). Here, we use
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a separate notation temporarily to make one important point below. Explicit computations show that
with counter term added, the shifted CS action transforms according to

δα1S̃CS = c1

∫
IR

α1dV̄ dV̄ + c12

∫
IR

(
1− cCT

c12

)
Tr
[
α1F

2
W̄

]
− c1

∫
UV

α1dV̂ dV̂ − c12

∫
UV

(
1− cCT

c12

)
Tr
[
α1F

2
Ŵ

]
, (198)

δα2S̃CS = c12

∫
IR

(
2 +

cCT

c12

)
Tr
[
V̄ dα2dW̄

]
− c12

∫
UV

(
2 +

cCT

c12

)
Tr
[
V̂ dα2dŴ

]
.

(199)

It is observed that the mixed anomaly terms are such that in units of c12 the “sum” of U(1) and SU(2)
variations is fixed, (1−cCT/c12)+(2+cCT/c12) = 3, regardless of the size of the counter term. In contrast,
the “difference” is not fixed, and in fact is proportional to the size of the counter term [? ]. We also
confirm that with cCT = c12, the shifted mixed CS action is indeed invariant under U(1) transformations:
all the mixed anomaly is attributed to the SU(2) currents.

We now introduce a set of IR-localized Weyl fermions charged under both U(1) and SU(2) such that
their chiral anomaly cancels the CS-induced variance terms. Equivalently, we add ΓIR

[
V̄ , W̄

]
which

transforms as
eiΓIR[V̄ α1 ,W̄ ] = e−ic1

∫
IR α1F 2

V̄ eiΓIR[V̄ ,W̄ ],

eiΓIR[V̄ ,W̄α2 ] = e−ic12
∫
IR 3Tr[V̄ dα2dW̄ ] eiΓIR[V̄ ,W̄ ].

(200)

Considering the UV-localized variance term, since only the U(1) factor takes Neumann BC, we only need
to cancel the pure U(1)3 variance term. Hence, on the UV brane, we add a set of Weyl fermions charged
under U(1) only. The UV brane-localized effective action, upon integrating out these fermions, is then
required to transform as

eiΓUV[V̂ α1 ] = e+ic1
∫
UV α1F 2

V̂ eiΓUV[V̂ ]. (201)

Moving on to the 4D dual interpretation, at the UV scale, the theory consists of a CFT sector and a
set of external fermions. The CFT has a global symmetry group G = SU(2)× U(1), of which the U(1)
factor is weakly gauged. The external fermions are charged under the U(1) gauge force. The U(1)3 gauge
anomaly is cancelled between the two contributions from the CFT and the external sector. There is a
non-vanishing U(1)-SU(2) mixed anomaly of ABJ type, which comes only from the CFT sector. Naively,
depending on the UV regulator, the mixed anomaly can be shared among gauge and global currents. In
particular, if the gauge current is anomalous, we have an issue with gauging the U(1) factor. However,
we added local counter terms proportional to B4(V,A), so that we moved all the mixed anomaly to the
global SU(2) currents. In this way, the gauged U(1) symmetry is free of any mixed anomalies. Thanks
to this feature, the external fermions need not carry the global SU(2) quantum numbers. This is an
analog of what occurs in QCD: there the anomaly computed from the Feynman diagrams (consistent
anomaly) results in the non-conservation of both vector and axial-vector currents. However, by adding
an appropriate counter term (Bardeen’s counter term), the vector current becomes conserved and all the
mixed anomaly is moved to the axial-vector current (covariant anomaly).

As the theory RG runs to the IR scale, the CFT sector confines and the anomalies are matched by
massless composite fermions. Notice that in the current example, the U(1) factor is physically gauged.
Nevertheless, anomaly matching arguments go through since U(1) is not a confining force. As for the
SU(2) part, as usual, we formally weakly gauge it, and introduce extra external spectator fermions to
cancel the mixed anomaly. This mixed anomaly is also reliably reproduced by the massless composite
fermions in the IR. Our holographic study of anomaly inflow, therefore, shows that in a confining gauge
theory, the anomaly associated with a weakly gauged symmetry in the UV (i.e. U(1) gauge anomaly
carried by the composite sector) as well as the ABJ anomaly (i.e. mixed U(1)-SU(2)) are matched by
the composite spectrum in the IR.
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In the case G = G1 ×G2 with gauged G2, we take A0 = W and A1 = A. The counter term B4(W,A)
is similarly given by

B4(W,A) = −Tr

[
2VWdW +

3

2
VW 3

]
. (202)

This exactly cancels the boundary terms in eq. (192) and the shifted CS action becomes manifestly
SU(2) invariant. Under a U(1) transformation, we get

δα1S̃CS = c1

∫
IR

α1F
2
V̄ + c12

∫
IR

3Tr
[
α1F

2
W̄

]
− (UV), (203)

where the UV-localized variance terms are obtained from the IR-localized terms with the replacement
V̄ , W̄ → V̂ , Ŵ . In this case, there is no gauge anomaly. All the anomalies are on the global current,
either pure global U(1)3 or ABJ-type mixed anomalies. On the IR, since G is preserved, we again need
to include brane-localized fermions. On the UV, on the other hand, thanks to the counter term B4, no
SU(2) variance term shows up and there’s no need to add anything.

The 4D interpretation is straightforward. The CFT has a global symmetry group G = SU(2)×U(1)
and SU(2) is weakly gauged. While there are global U(1)3 and mixed anomalies, a proper counter term is
added in such a way that the gauged SU(2) is free of any mixed anomaly. We can again formally weakly
gauge the U(1) part and add spectator fermions. In the IR, when the CFT confines, composite fermions
achieve ‘t Hooft anomaly matching, the 4D dual of IR-localized fermions. Once again, our holographic
study of anomaly inflow indicates that an ABJ anomaly in the UV, when the gauged external legs are
weakly interacting, is matched by the composite spectrum in the IR. While in the previous section it
was U(1) that was weakly gauged, here it is a non-Abelian group, namely SU(2), and the same analysis
can be performed with any non-Abelian group.

8 Spontaneously Broken Symmetry and Wess-Zumino-Witten

Action

In this section, we consider the possibility that the IR-BC breaks G down to H1 ⊂ G. In its holographic
4D CFT dual, this corresponds to the spontaneous breaking of the symmetry group G down to H1 by
confinement. If the UV-BC is Dirichlet for all G, the bulk gauge group is dual to a global symmetry
of the 4D CFT. On the other hand, choosing Neumann UV-BC for all G corresponds to a weakly
gauged symmetry. A slightly less trivial case can be analyzed by choosing Dirichlet UV-BC for some of
the generators, and Neumann UV-BC for the rest. For instance, if we choose Neumann UV-BC for a
subgroup H0 ⊂ H1, and Dirichlet for the rest, the dual picture is that of a CFT with global symmetry
G spontaneously broken to H1 by vacuum condensate, and a subgroup H0 ⊂ H1 is weakly gauged. This
is very much like what happens in QCD. There, G is the chiral symmetry G = SU(3)L×SU(3)R, which
is broken to H1 = SU(3)V by the quark condensate. Moreover, U(1)EM ⊂ H1 is weakly gauged.

Using the result of section 6, we start with eq. (181), which we report below again for convenience:

Zg.f.
[
BA
]
=

∫
DBi Z

[
BA
]
=

∫
DBi DΣ1(x)DAµ(x, z)|Â=B

Σ−1
1

Ā:

 Fi
1=0

Aa
1=0

eiS[A
Λ(x,z)], (204)

where Λ̂ = Σ1 and Λ̄ = 1. Before we delve into a detailed discussion of the two separate cases (Dirichlet
UV-BC vs Neumann UV-BC) let us study the gauge transformation properties of Z

[
BA
]
. Once this is

understood, it’s easier to focus on a specific case.
The action consists of the gauge kinetic term, S0, and of the CS action, which for now we set to its

canonical version SCS = c
∫
ω
(0)
5 (A). Also, for the sake of simplicity, we will just write Ā for the IR-BC.

For example, IR-BC after a gauge transformation by h ∈ H will be denoted as Āh, and this means
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(F h
1 )

i = 0 for the unbroken generators and (Ah1)
a = 0 for the broken ones. Under ĝ ∈ G on the UV

brane, Z
[
BA
]
transforms as

Z
[(
BA
)ĝ]

=

∫
DΣ1

∫
DAµ|Â=B

Σ−1
1 ◦ĝ

Ā eiS0[AΛ]+iSCS[AΛ]

=

∫
DΣĝ

1

∫
DAµ|Â=B

(Σĝ)−1◦ĝ

Ā eiS0[AΛg
]+iSCS[AΛg

]

=

∫
DΣ1

∫
DAµ|Â=B

h(ĝ,Σ)◦Σ−1

Ā eiS0[AΛg
]+iSCS[AΛg

].

(205)

In the second line, we made a change of integration variable Σ1 → Σĝ
1, and used the fact that the

integration measure on G/H1 is the left invariant Haar measure to get the third line.
We mention that we extend a given ĝ(x) ≈ 1−α̂(x) on the UV brane to 5D such that g(x, z0) = ĝ and

g(x, z1) = ḡ ∈ H1 [? ]. The reason for the latter condition is simply that on the IR brane H1 is the only
unbroken gauge group. Such an extension of gauge element exists provided π4(G/H) is trivial, which we
assume in the paper. This can be understood by first decomposing g = Σ1h, Σ1 ∈ G/H1, h ∈ H1, and
realizing that the desired extension is equivalent to the deformation that takes a coset element on the
UV brane into a trivial element, i.e. H1-element, on the IR brane.

In order to make the overall transformation more manifest, next we make a change of variable:
A→ Ah(g,Σ). The partition function becomes

Z
[(
BA
)ĝ]

=

∫
DΣ1

∫
DAµ|Â=B

Σ−1
1

Ā eiS0[A]+iSCS[AΛg◦h]

=

∫
DΣ1

∫
DAµ|Â=B

Σ−1
1

Ā eiS0[A]+iSCS[Ag◦Λ],

(206)

where we used the H1-invariance of the IR-BC and the G-invariance of S0. We also used gΛ = Λgh(g,Λ)
to rewrite the argument of the CS action. Hence, we see that the theory is not invariant under a given
g ∈ G transformation, and in particular, its non-invariance comes from the bulk CS action. In order
to understand the form of the transformation, it is sufficient to study the infinitesimal version. Under
ĝ ≈ 1− α̂, we get

Z
[(
BA
)ĝ]

=

∫
DΣ1

∫
DAµ|Â=B

Σ−1
1

Ā eiS0[A]+iSCS[AΛ]+iδαSCS[AΛ]

= e−ic
∫
UV ω

(1)
4 (α̂,B)

∫
DΣ1

∫
DAµ|Â=B

Σ−1
1

Ā eiS0[A]+iSCS[AΛ] e+ic
∫
IR ω

(1)
4 (ᾱ,Ah).

(207)

We used that Aµ(x, z0) = Âµ = B
Σ−1

1
µ and Aµ(x, z1) = Āµ = Ah, where Ah is the restriction of the

gauge field to h1. It may be worth mentioning that with (A)g◦Λ = (AΛ)g we denote the whole gauge
transformation of AΛ as a single gauge connection, i.e.

(
AΛ
)g

= g
(
d+ AΛ

)
g−1.

In order to restore 5D consistency, we need to modify the theory to remove the IR-localized variance
term. This may be attained by adding an appropriately anomalous set of localized 4D fermions. Alter-
natively, the problem is solved if the subgroup H1 is an anomaly-free embedding (AFE). Anomaly-free

embedding means ω
(0)
5 (Ah) = 0, i.e. the CS action (hence associated anomaly ω

(1)
4 ) vanishes when the

gauge field A is restricted to its H1 part. In what follows, we take the second path. In addition, we also
promote ω

(0)
5 (A) → ω̃

(0)
5 (Ah, A) so that the bulk CS action is invariant under H1 transformations. When

it comes to the UV-localized variance term, the required amendment and associated dual interpretation
depends on the UV-BC.

8.1 Purely Global Symmetry

When all of G satisfies Dirichlet BC on the UV brane, from a 5D perspective, there is no induced
UV surface terms as a result of a gauge transformation. Hence, once we cure the IR brane-localized
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non-invariance, the 5D theory is consistent. Denoting the shifted CS action as S̃CS = c
∫
ω̃
(0)
5 (Ah, A),

eq. (207) becomes

Zg.f.
[
BA
]
=

∫
DΣ1

∫
DAµ|Â=B

Σ−1
1

Ā eiS0[A]+iS̃CS[AΛ]

→ Zg.f.
[(
BA
)α̂]

= e−ic
∫
UV ω̃

(1)
4 (α̂,B) Zg.f.

[
BA
]
.

(208)

We remark that while the theory is not invariant under α̂ ∈ k1 transformations, the anomalous phase
ω̃
(1)
4 (α̂, B) vanishes for α̂ ∈ h transformations.
In the dual 4D CFT, we interpret this as an anomalous global symmetry G of the CFT. More precisely,

the global symmetry G is spontaneously broken at the confinement scale by the vacuum condensate, and
while the unbroken group H1 is free of anomalies (thanks to the counter term we added), the anomaly
associated with G/H1 is captured by the above phase factor. Since H1 ⊂ G is already anomaly-free, it
can be gauged if wanted. In 5D, this is equivalent to the statement that we can freely switch the UV-BC
to Neumann without needing extra modifications.

We have seen that if H1 ⊂ G is an AFE, no IR brane-localized state is needed. Given that the UV
phase has a non-trivial anomaly, this raises a question about anomaly matching. In QCD, the chiral
anomaly in the UV quark phase is matched in the IR hadronic phase by the gauged WZW term of
Nambu-Goldstone bosons (NGBs). It is then natural to ask if this feature can be seen in the current
framework. After all, since we take Dirichlet UV-BC for all G, all of G/H1 describes physical NGBs in
the dual 4D CFT. In light of the discussion given, it can be shown that the answer to this question is
yes, but with some subtleties. To see this, we first rewrite the shifted CS action in the partition function
as

ω̃
(0)
5

((
AΛ
)
h
, AΛ

)
→ ω̃

(0)
5 (Ah, A) +

(
ω̃
(0)
5

((
AΛ
)
h
, AΛ

)
− ω̃

(0)
5 (Ah, A)

)
= ω̃

(0)
5 (Ah, A) +

LWZW

c
. (209)

First of all, the new version is trivially equal to the original CS action. In order to see how the expression
in parenthesis is indeed the wanted WZW action, we note that it vanishes trivially as Σ1 → 1, and it
depends only on the (UV) boundary value. Hence, it satisfies two of the three conditions for it to qualify
as the WZW action. For the last requirement, i.e. solving the anomalous Ward identity, it is sufficient
to show that ω̃

(0)
5 (Ah, A), as part of the partition function, is invariant under G-transformations. This is

achieved rather easily. One just recalls that under an arbitrary g ∈ G transformation, the change of the
partition function is captured by A→ Ah(g,Σ1) in the CS terms. For ω̃

(0)
5 (Ah, A) this corresponds to just

ω̃
(0)
5 ((Ah)

h(g,Σ1), Ah(g,Σ1)), which is invariant according to the representation. Therefore, the expression in

parenthesis is indeed the WZW term. For the same reason, in the splitting ω̃
(0)
5 (Ah, A) + LWZW/c, the

first term is invariant under any g ∈ G transformation, and the non-invariance is completely encoded in
the WZW term.

Crucially, in the partition function, e.g. eq. (208), the path integral variable Σ1(x) depends only on
the 4D spacetime coordinates, and upon integrating over the bulk, we get the holographic effective action
which depends on Σ1(x) as well as on the boundary value B. In particular, as we just showed, the WZW
action only depends on the boundary value, and it can be taken out of the integral over Aµ(x, z):

Zg.f.
[
BA
]
=

∫
DΣ1(x) e

iSWZW[BA,Σ1]
∫

DAµ|Â=B
Σ−1
1

Ā eiS0[A]+iS̃CS[A]

=

∫
DΣ1(x) e

iSWZW[BA,Σ1] eiSh,0[BA,Σ1].

(210)

In the above, Sh,0 is the holographic effective action obtained by integrating out the bulk degrees of
freedom. With pure Dirichlet UV-BC, this action describes the chiral perturbation theory of massless
NGBs. The physical NGB fields Σ1(x) correspond to the Wilson line of the zero mode A5, and hence
constitute the low energy degrees of freedom. From this discussion, therefore, it is clear that, in the deep
IR after integrating out all massive hadronic states (i.e. integrating out the bulk in 5D), the anomaly of
the global symmetry is maintained by the WZW term of NGBs.
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We wish to emphasize the differences of the WZW action we obtained in the holographic context
compared to the discussion given in the context of 2n-dimensional spacetime. There, the WZW term is

given as ω̃
(0)
2n+1(Ah, A)− ω̃

(0)
2n+1

(
(AΛ−1

)h, A
Λ−1
)
, and the non-invariance comes from the first term, while

the second term is invariant. Here, on the other hand, the WZW term is given by eq. (209), and the

non-invariance is from ω̃
(0)
5 (AΛ

h , A
Λ), the naive shifted CS term being invariant. Of course, this is in part

because while in the g ∈ G transformation is incorporated directly in terms of g, here it is effectively in
terms of h(g,Σ1).

A slightly more explicit expression for the WZW action is obtained as follows. Since we assume that
H1 is an anomaly-free embedding (AFE) in G, the d-symbol, dijk ∝ Tr[{T i, T j}T k], vanishes for H1.
Using the properties listed, we can write

ω
(0)
5 (AΛ) = ω̃

(0)
5 (0, AΛ) = ω̃

(0)
5 (Λ−1dΛ, A)

= ω
(0)
5 (A)− ω

(0)
5 (Λ−1dΛ) + dB4(Λ

−1dΛ, A).
(211)

To get the second equality, we used ω̃
(0)
2n+1((Ah)

g, Ag) = ω̃
(0)
2n+1(Ah, A) with g = Λ−1. The WZW action

then is obtained to be

SWZW[Σ1, B]/c = −
∫
5D

ω
(0)
5 (Λ−1dΛ) +

∫
∂(5D)

B4

(
Λ−1dΛ, A

)
+B4

(
(AΛ)h, A

Λ
)
−B4(Ah, A). (212)

We can use this to extract the pure NGB WZW terms. For this, we just set A = 0. Since B2n vanishes
if one or both of the arguments are set to zero, we get

SWZW[Σ1, B = 0]/c = −
∫
5D

ω
(0)
5

(
Λ−1dΛ

)
+

∫
∂(5D)

B4((ΛdΛ
−1)h,ΛdΛ

−1). (213)

For small ξ(x)a, we expand Σ1(x) = e−ξ(x) ≈ 1− ξa(x)Xa, and in particular, Σ1dΣ
−1
1 = dξ +O(ξ2). The

point is that infinitesimally, Σ1dΣ
−1
1 = dξ ∈ k (i.e. (ΛdΛ−1)h = 0), and the B4 term does not contribute.

Using U = Λ−1dΛ ≈ −dξ straightforward steps lead to

SWZW[ξ, B = 0]/c = −(−1)5
1

10

∫
5D

Tr
[
(dξ)5

]
+O(ξ6)

= − 1

10

∫
UV

Tr
[
ξ(x)(dξ(x))4

]
+O(ξ6).

(214)

A direct comparison with the existing literature can be made by noting that for chiral symmetry, the
parametrization Σ = e−2iξ is used (note the factor of 2). Also, as we show the overall coefficient
consistent with the quantization condition is c = κ

24π2 with κ ∈ Z. It is in this normalization that the
bulk non-invariance can be cancelled by integral multiple of fermion chiral anomaly. (Q) Note that this
normalization is different from the general expression obtained in [? ], i.e. Kn. However, in the same
paper, they do have 1

24π2 for non-Abelian chiral anomaly. Taking into account the factor 25 from the
difference in GB parametrization, we get

SWZW[ξ, B = 0] = − 2

15π2
κ

∫
UV

Tr
[
ξ(x)(dξ(x))4

]
+O(ξ6), ξ =

Π(x)

Fπ
. (215)

8.2 Gauged Symmetry

In this section, we gauge some part of the group G, and analyze the resulting anomaly inflow. This is
done by taking Neumann UV-BC for some of the generators of g. We will first consider the case in which
we only gauge a subgroup H0 ⊂ H1. This is an analog of QCD, and we will obtain a gauged version
of the WZW action as the low energy effective action, as we expect. The gauged WZW action includes
terms that match ABJ and ‘t Hooft anomalies. We then move on to analyze the most general possibility.
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We consider a situation in which a subgroup H0 ⊂ G which is not a proper subset of H1 is gauged. This
is a prototypical situation for dynamical symmetry breaking of the electroweak group of the SM. Here,
we focus on the topological terms in such a theory, and show, among other things, that the (would-be)
NGBs associated with the gauged generators can be removed by means of field redefinitions.

Let us first consider the case in which the UV-BC for the subgroup H0 ⊂ H1 ⊂ G is taken to be
Neumann, while the rest G/H0 is set to be Dirichlet. The relevant partition function is eq. (204) with
the shifted CS action and Bi

µ ∈ h0. As we discussed in section 8.1, the shifted CS action is invariant
under any H1 transformations. This in turn implies that under any gauged H0 ⊂ H1 transformations,
the shifted action is automatically invariant as well. Therefore, we do not need to add any UV brane-
localized effective action: with ω

(0)
5 (A) → ω̃

(0)
5 (Ah, A) the 5D theory is consistent. Using eq. (207), the

change in the partition function under an infinitesimal G/H1 transformation γ̂ ∈ k1 is found to be

Zg.f.
[
(Ba)γ̂

]
=

∫
D
(
Bi
)γ̂ ∫ D (Σ1)

γ̂ DAµ|Â=B
(Σ1

γ̂)
−1

◦γ̂

Ā eiS0[A]+S̃CS[AΛ(x,z)]

=

∫
DBi

∫
DΣ1DAµ|Â=B

h(γ̂,Σ1)◦Σ
−1
1

Ā eiS0[A]+S̃CS[AΛ(x,z)].

(216)

Here, we changed the integration variables Bi → (Bi)
γ̂
and Σ1 → Σγ̂

1 and used the invariance of the
left-invariant Haar measure. In the second line, we used gΣ1 = Σg

1 h(g,Σ1). To extract the anomaly

phase, we further redefine Aµ → A
h(γ̂,Σ1)
µ and get

Zg.f.
[
(Ba)γ̂

]
=

∫
DBi e−ic

∫
UV ω̃

(1)
4 (γ̂,Bi,Ba)

∫
DΣ1DAµ|Â=B

Σ−1
1

Ā eiS0[A]+S̃CS[AΛ(x,z)]

=

∫
DBi e−ic

∫
UV ω̃

(1)
4 (γ̂,Bi,Ba) Z

[
BA
]
.

(217)

Alternatively, we can write this directly in terms of the WZW action, where the partition function is
expressed as

Zg.f.
[
BA
]
=

∫
DBi

∫
DΣ1 e

iSWZW[BA,Σ1] eiSh,0[BA,Σ1]. (218)

Recall that Sh,0 is the holographic effective action and is invariant under any G transformation (see
eq. (210)): any variance comes from the WZW action. Eq. (217) turns into

Zg.f.
[
(Ba)γ̂

]
=

∫
DBi e−ic

∫
UV ω̃

(1)
4 (γ̂,Bi,Ba)

∫
DΣ1 e

iSWZW[BA,Σ1] eiSh,0[BA,Σ1]. (219)

This form of transformation makes the following 4D dual interpretation very transparent.
In the 4D dual CFT, we have a global symmetry G which is broken down to H1 ⊂ G by confinement.

In addition, H0 ⊂ H1 is weakly gauged. In the strongly interacting CFT, we regulate the UV-divergences
such that H1 is anomaly-free. The advantage of such a choice is that the gauged symmetry H0 is
automatically anomaly-free. However, there can still be anomalies in global currents. In particular, we
can have mixed anomalies among global and gauged currents as well as pure global anomalies. Thanks
to the proper local counter terms added (i.e. choice of UV-regulator), the mixed anomalies come entirely
from the global currents. Under a global transformation γ̂ ∈ k1, the CFT is anomalous and the anomaly
is captured by the phase factor in eq. (219). We emphasize that the anomaly factor depends on both
the classical source Ba and the gauged dynamical field Bi. In detail, this single anomaly phase contains
both pure global anomalies as well as mixed global-gauge anomalies. This of course is equivalent to
the statement that the WZW action contains local operators that match chiral anomalies of the UV
phase [? ]. For example, in QCD, the gauged WZW Lagrangian contains LWZW ⊃ n e2

24π2Fπ
π0FF̃ , which

on one hand explains the π0 → γγ decay, and on the other hand, reproduces the ABJ anomaly when
the quantization condition n = Nc = 3 is chosen. The QCD WZW Lagrangian also contains LWZW ⊃
−2

3
ie n
π2F 3

π
ϵµνρσAµ∂νπ

+∂ρπ
−∂σπ

0, which in turn reproduces the QCD VAAA anomaly for n = Nc = 3.
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Once we specify G, H1, and H0, our formalism allows explicit computations of all of these using the
results contained.

We consider the most general possibility in which H0 ⊂ G is gauged and G is spontaneously broken
to H1. The transformation of the partition function is obtained through a series of similar steps. The
final result has the same form as eq. (217) but the transformation parameter γ̂ is not constrained to be
just γ̂ ∈ k1 and instead takes any value α̂ ∈ g. There are three different kinds of transformations we
need to consider separately. First, under β̂ ∈ h1, the partition function is invariant. As a result, there is
no UV-brane surface terms associated with these transformations, hence no “remedy” is needed. Second,
we can perform a pure global transformation γ̂ which is not part of h1 (G/(H0 ∪H1) transformations).
For these transformations, the partition function changes in exactly the same manner and in the 4D dual
description we get anomalies in the global currents. Finally, we can consider δ̂ ∈ h0 which is not part
of h1 (H0 \H0 ∩H1 transformations). For these transformations, we get UV-localized anomaly factors,
and given that these generators are not broken on the UV brane, we need to cure this problem. This is
done by inserting

eiΓUV[Bi] ≡
∫

DψDψ̄ eiSUV[Bi,ψ,ψ̄] (220)

into the partition function. As usual, we require it to transform so as to cancel the variance of the
third kind (i.e. δ̂ transformations). Specifically, ΓUV [Bi] is invariant under both H1 and G/(H0 ∪ H1)
transformations, whilst it changes under a H0 \H0 ∩H1 transformation in an opposite way to the way
the bulk action does. The final form of the consistent partition function is then written as

Zg.f.
[
BA
]
=

∫
DBi eiΓUV[Bi]

∫
DΣ1DAµ|Â=B

Σ−1
1

Ā eiS0[A]+iS̃CS[AΛ]. (221)

This is invariant under any H0 ∪ H1 transformations, although under an infinitesimal transformation
g ≈ 1− γ̂ ∈ G/(H0 ∪H1) it changes as

Zg.f.
[
(Ba)γ̂

]
=

∫
DBi eiΓUV[Bi] e−ic

∫
UV ω̃

(1)
4 (γ̂,Bi,Ba)

∫
DΣ1DAµ|Â=B

Σ−1
1

Ā eiS0[A]+iS̃CS[AΛ]. (222)

We are now ready to discuss the dual 4D CFT description. The UV theory consists of the CFT
sector and an external sector of Weyl fermions. The subgroup H0 of G is weakly gauged. In the IR,
the CFT sector confines and this breaks G down to a subgroup H1. Unlike what happens in QCD, this
unbroken subgroup H1 does not need to be aligned with the gauged H0, a typical situation occurring
in dynamical symmetry breaking. We added proper local counter terms to the theory so that the UV-
regulator preserves the H1-symmetry. For this reason, the external fermions in the UV theory form an
anomaly-free set under the H0 ∩H1 gauge forces.

As already mentioned in the previous section, the NGBs associated with the broken gauged generators
are a gauge artifact and can be eliminated in the unitary gauge. In this section, we confirm that this
expectation is fulfilled in our holographic description of anomaly inflow. In fact, we show that this is
achieved via field redefinitions, or change of integration variables, which is an allowed operation for path-
integrated, i.e. dynamical, fields. Recall that the boundary value B for the Dirichlet UV-BC corresponds
to a classical source in the 4D dual theory. On the other hand, the boundary value B for the Neumann
UV-BC is dual to a dynamical gauge field and is path-integrated. Therefore, we see that for the latter
case, the integration field variable can be redefined so as to eliminate the corresponding Σ1-dependence.
Such freedom, however, is absent for the purely global symmetry. In order to illustrate the point in a
clean setup, instead of dealing with the most general case, in this section we consider the pure Neumann
UV-BC.

Since all of the G generators are gauged, none of Σ1 corresponds to physical degrees of freedom.
Therefore, we should be able to entirely remove the Σ1-dependence. We first note that for small NGB
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field ξ, we can expand Σ1 ≈ 1− ξ and get

S̃CS

[
AΛ
]
= c

∫
5D

ω̃
(0)
5

((
AΛ
)
h
, AΛ

)
≈ c

∫
5D

ω̃
(0)
5 (Ah, A) + c

∫
5D

dω̃
(1)
4 (ξ, Ah, A).

(223)

Using this, the partition function can be expressed as

Zg.f. =

∫
DΣ1DB eiΓUV[B] e

−ic
∫
UV ω̃

(1)
4

(
ξ̂,BΣ−1

1

)
DAµ|Â=B

Σ−1
1

Ā eiS0[A]+iS̃CS[A]. (224)

The Σ1-dependence can be eliminated by a change of variable, B → BΣ1 . Under this we get

Zg.f. =

∫
DΣ1DBΣ1 eiΓUV[BΣ1 ] e−ic

∫
UV ω̃

(1)
4 (ξ̂,B) DAµ|Â=BĀ eiS0[A]+iS̃CS[A]

=

∫
DΣ1DB

(
eiGUV[ξ̂,B] eiΓUV[B]

)
e−ic

∫
UV ω̃

1
4(ξ̂,B) DAµ|Â=BĀ eiS0[A]+iS̃CS[A],

(225)

where GUV

[
ξ̂, B

]
is the anomaly functional of the external sector. Hence, we observe that the “would-

be” NGB dependence is completely encoded in the two anomaly factors associated with the CFT and
external degrees of freedom. In particular, we see that, provided the gauge anomaly cancels, the entire Σ1-
dependence disappears from the whole integrand, and the overall immaterial Σ1-integral can be dropped.
In other words, provided the gauged group is free of anomalies (hence suitable for gauging to begin with),
the NGBs are unphysical and removable.

We review a standard fact about QFT: the symmetry property of the theory can be probed by
checking how the partition function transforms as a functional of the source field. We first recall that
even for a global symmetry G, the Ward identity is derived by performing a local version of the G
transformation. Since we are interested in studying gauge theories, we would like to consider

Z[Bµ] =

∫
Dϕi eiS[ϕi]+i

∫
Tr[Ba

µJ
aµ] =

〈
ei

∫
Tr[Ba

µJ
aµ]
〉
. (226)

The ϕi’s are fundamental fields of the underlying theory, and Jµ is the current they make up. Let’s now
look at the local G transformation of Bµ. Using

g = e−ω
aTa

= e−ω, Aµ = AaµT
adxµ → g (A+ d) g† ⇒ δA = dω + [A, ω] (227)

we get

Z
[
Bg−1

]
=

∫
Dϕi eiS[ϕi]+i

∫
Tr

[
Bg−1 ·J

]

=

∫
Dϕi eiS[ϕi]+i

∫
Tr[B·Jg+ωdJ ].

(228)

Now, let us make a change of variable ϕ → ϕg. Allowing for a possibly non-trivial (i.e. anomalous)
Jacobian factor but assuming that the action is invariant under this transformation, we get

Z
[
Bg−1

]
=

∫
Dϕgi J

[
∂ϕ

∂ϕg

]
eiS[ϕ

g
i ]+i

∫
Tr[B·Jg+ωdJ ]

=

∫
Dϕi e−i

∫
Tr[ωA(B)] eiS[ϕi]+i

∫
Tr[B·J ]

(
1 + i

∫
Tr[ωdJ ]

)
,

(229)

where we have written the anomalous Jacobian factor as an anomaly phase e−i
∫
Tr[ωA(B)]. Therefore,

we see that the condition that the partition function is invariant under a formal local transformation
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B → Bg = g(B + d)g−1 is equivalent to the statement that the global symmetry G satisfies a complete
set of (anomalous) Ward identities: ⟨dJ⟩ = A. Furthermore, we can use this in a slightly different way.
Namely, we instead perform a homogeneous transformation B → gBg−1. We see that under this, the
partition function will change by Z[B] → Z[Bg] = e−i

∫
ωA(B)Z[B]. In other words, if the theory satisfies

a non-anomalous Ward identity for G, we will not see this anomaly phase, while the anomaly phase will
show up whenever the theory is actually anomalous under a G transformation.

9 Path Integral Optimization in CFTs and Holography

We start by briefly reviewing the path integral optimization in CFTs [148, 149] and its holographic
interpretation. Most of this material is described pedagogically in original works so readers should
consult them for further details and clarifications.

The goal of the path integral optimization [148, 149] is to sharpen the intuitions behind the emergence
of co-dimension-one slices of holographic geometries from TN in CFTs. The main object of interest, for a
CFT defined in d-dimensional flat Euclidean spacetime Rd, is the Euclidean path integral that prepares
a ground state

Ψ0[φ̃(x⃗)] := lim
β→∞

〈
φ̃(x⃗)|e−β ĤCFT|Ψ0 |=|

∫ 〉
[Dφ] e−ICFT[φ] δ

(
φ|∂(Rd) − φ̃

)
=

∫ (∏
x⃗

∏
ϵ≤z<∞

Dφ(z, x⃗)
)
e−ICFT[φ] ×

∏
x⃗

δ (φ(ϵ, x⃗)− φ̃(x⃗)) ,

(230)

where ϵ is a UV cut-off identified with a lattice spacing in a discretized setting, (z, x⃗) are local coordinates
in Rd, τ := −z is the Euclidean time and x⃗ = (x1, . . . , xd−1) are local coordinates in (d− 1)-dimensional
Euclidean space Rd−1. ICFT is the CFT action given in terms of the fields φ(z, x⃗), whose boundary
condition at z = ϵ is φ̃(x⃗).

We then perform an “optimization” of (230), which can be intuitively visualised in the following way:
we first discretize Rd into a square, evenly-spaced “unoptimized” lattice, as shown in the left panel of
Fig. ??. Next, we optimize this lattice by effectively removing the unnecessary lattice sites on which
the path integral is computed. This can be interpreted as a “coarse-graining” procedure where only
low-energy modes |⃗k| ≪ −1/z = 1/τ remain in the path integral for a given time τ . This implies that a
number of lattice sites of order O(τ/ϵ) can be combined into one without losing much accuracy in the
evaluation of (230). This optimization procedure of the path integral is represented in the middle panel
of Fig. ??. The optimized lattice can be interpreted in the continuum as hyperbolic metric (TN) over
which the Euclidean path integral computes the CFT ground state |Ψ0⟩.

Moreover, it is well known [? ] that while Weyl rescaling is a symmetry of the CFT action, it leads
to anomalous transformation of the path integral measure such that

Ψ[φ̃(x⃗)]
∣∣∣
gab=e2ϕδab

= eIL[ϕ]−IL[0] ·Ψ[φ̃(x⃗)]
∣∣∣
gab=δab

, (231)

where IL[ϕ] is the famous Liouville action

IL[ϕ] =
c

24π

∫ +∞

−∞
dx

∫ +∞

ϵ

dz
(
(∂xϕ)

2 + (∂zϕ)
2 + µ e2ϕ

)
, (232)

where c is the central charge of the CFT and where µ is an O(1) constant identified with 1/ϵ2 in a
discretized setting. The kinetic term in the Liouville action (232) is proportional to the Ricci scalar and
describes the conformal anomaly in two dimensions, while the potential term µe2ϕ arises from the UV
regularization. As such, the potential term should dominate over the kinetic term as the UV cut-off
µ ∼ 1/ϵ2 is taken to infinity, which is realized when

(∂iϕ)
2 ≪ e2ϕ , (i = z, x) . (233)
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Given this observation, it was proposed in [148] that the optimization of the path integral should be done
by choosing the background metric that minimizes the Liouville action subjected to boundary conditions.
In other words, optimal metrics should solve the Liouville equation which is in fact equivalent to the
constraint that the Ricci scalar R of the 2-dimensional metric is constant

(∂2x + ∂2z )ϕ = µe2ϕ ⇔ R = −2µ. (234)

A solution to this equation which satisfies the boundary condition given by the Weyl factor and metric
of the hyperbolic plane

e2ϕ =
1

µz2
, ds2 =

1

µz2
(dz2 + dx2) . (235)

This hyperbolic metric with µ = 1 corresponds in fact to the minimum of the Liouville action (232)
satisfying the boundary condition (??) as can be seen by rewriting the former as

IL =
c

24π

∫
dx dz

[
(∂xϕ)

2 + (∂zϕ+ eϕ)2
]
− c

12π

∫
dx
[
eϕ
]z=∞
z=ϵ

≥ c Lx
12πϵ

, (236)

where Lx =
∫

dx is the infinite volume (length in this case) of the spatial x direction. However, as
we will discuss momentarily, one can view the metrics arising from (235) as corresponding to different
degrees of optimization for different values of 0 < µ ≤ 1 with µ = 1 corresponding to the maximally
optimized geometry.

The appearance of the hyperbolic space from the optimization was interpreted as an explicit realiza-
tion of the AdS/TN correspondence in which such TN could be thought of as a slice of the holographic
AdS3. In [148, 149] it was also shown that the geometries obtained via the optimization of Euclidean
path integrals for other states in 2-dimensional CFTs such as excited states (given by primaries) or ther-
mal states lead consistently to time-slices of AdS3 and the proposal for general spacetimes was described
in [150]. However, a subtle issue arises when taking a closer look at the hyperbolic solution (235). In
this case, (∂iϕ)

2 and e2ϕ are found to be of the same order, which is at odds with the expectation (233)
obtained in the limit where the UV cut-off ϵ is taken to infinity. This observation suggests that the path
integral optimization via the Liouville action is in fact qualitative and therefore there should be finite
cut-off corrections to this procedure. For example in the explicit Heat-Kernel derivation of (231) for free
theories, one neglects higher curvature terms that are suppressed with powers of the UV cut-off. The
main open question is how such terms should be included and under what assumptions (e.g. holographic
CFTs) this can be done universally.

9.1 Path Integral Complexity

Intuitively, the optimization of the path integral that prepares a wavefunction corresponds to a mini-
mization of the number of operations that need to be performed in the discretized description. This
discrete Euclidean path-integration can be then mapped into a TN, whose optimization can be carried
out by tensor network renormalization (TNR). In this sense, the optimization of Euclidean path integrals
is a natural counterpart of TNR. This implies an interesting connection between the optimization and
a notion of complexity, as measured by the number of tensors that are needed to construct the TN.
Indeed, one can intuitively associate a notion of complexity to a state represented by a TN by counting
the number of tensors (volume of the optimal TN) that are needed to accurately represent it: the more
tensors are needed, the more “complex” is the state.

This naturally led to a notion of path integral complexity as described in [149], where the complexity
CΨ of a CFT state |Ψ⟩ is obtained by minimizing the functional IΨ[gab(z, x⃗)] defined by the ratio of the
two wavefunctions

IΨ[gab(z, x⃗)] ≡ log

(
Ψgab

Ψδab

)
, (237)
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and the actual complexity of |Ψ⟩ is given by the on-shell value

CΨ := min
gab(z,x⃗)

[IΨ[gab(z, x⃗)]] . (238)

That is, the functional IΨ[gab(z, x⃗)] estimates the complexity of the TN corresponding to the path integral
computed for a specific metric gab relatively to gab = δab.

This path integral complexity (238) acquires a precise realization in the case of 2-dimensional CFTs
given the identification of the functional which determines the path integral optimization with the Li-
ouville action (232). In particular, since the hyperbolic geometry (235) saturates the bound (236), this
means that the path integral complexity for the ground state of 2-dimensional CFTs is given by the
Liouville action on the hyperbolic geometry and is also proportional to the spatial volume

CΨ0 = min
ϕ

[IL[ϕ]] =
c Lx
12πϵ

, (239)

a result which agrees with the expected leading UV behaviour of the ground state of a CFT.
This connection between the Liouville action and a notion of complexity in 2-dimensional CFTs

through path integral optimization has been further generalized to various CFTs and QFTs, and has
also been connected with more direct approaches to circuit complexity. Moreover, in connection with the
TN interpretation of complexity, it was proposed that the terms appearing in the Liouville action (232)
correspond to tensors in MERA. Qualitatively, the kinetic terms (∂xϕ)

2+(∂zϕ)
2 corresponding to isome-

tries and the potential term e2ϕ to unitaries. Similarly, the authors discussed a relation between the path
integral complexity measured by the Liouville action (232) and a notion of circuit complexity arising from
non-unitary circuits built from components of the stress tensor in 2-dimensional CFTs. In particular,
they observed that one way of extending the Liouville action to finite cut-off corrections could be done by
considering a complexity functional (cost function) resembling the well known Dirac–Born–Infeld (DBI)
action

IDBI ∝ −T̃
∫

d2χ(z, x)
√
−det (gab + ϵ2∂aχ(z, x)∂bχ(z, x)), (240)

where T̃ is known as the brane tension, which is proportional to O
(
(G

(3)
N )−1

)
∝ c, and where χ(x, z) =

(χ1(x, z), χ2(x, z)) represents a coordinate transformation from the original flat coordinates (z, x) to
curvilinear coordinates (χ1, χ2). Even though this guess was not derived in any systematic way from
CFTs in [? ], we will see below that complexity actions arising from gravity optimization indeed hint on
similar structures.

9.2 Holographic Path Integral Optimization

As mentioned above, a recent proposal provides a dual description of the path integral optimization
procedure from the gravitational perspective within the AdS/CFT correspondence in terms of the Hartle–
Hawking wavefunctional taken to evolve from the boundary of AdS up to a certain slice of the bulk. This
corresponds to an evaluation of the gravitational action in the blue shaded region in Fig. 5, computed
for an Euclidean AdSd+1 geometry written in Poincaré coordinates (z, τ, xi)

ds2 =
1

z2
(
dz2 + dτ 2 + dx⃗2

)
. (241)

More precisely, the idea is to consider the Hartle–Hawking (HH) wavefunctional ΨHH[gab] in an asymp-
totically AdSd+1 spacetime which evaluates the path integral of Euclidean gravity from a cut-off surface
Σ near the asymptotic boundary given by z = ϵ and τ < 0 to the surface B, given by z = f(τ), which is
located in the bulk and stems from z = ϵ and τ = 0. See Fig. 5. The HH wavefunctional is defined as

ΨHH[gab] :=

∫
[Dgab]e−IG[gab]δ(gab|B − e2ϕδab) , (242)
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Figure 5: Diagram of the geometric region M over which an evaluation of the gravitational action IG
yields the computation of the Hartle–Hawking wavefunctional in AdS3.

where the metric on the surface B is assumed to have the translational invariant form

ds2 = e2ϕ(dw2 + dx⃗2) , (243)

where the Weyl factor ϕ(w, x⃗) contains all the relevant information about the metric (243). One can
also take more general metric on B but it would require starting from a more complicated solution of
Einstein’s equations. One should note that this procedure contemplates a semiclassical computation of
the path integral (242). Another remark is that there is an implicit dependence of the coordinate w
which characterizes the surface B and the Euclidean time τ defined on the AdS space: w = w(τ).

The gravitational action IG on the (d + 1)-dimensional AdS spacetime which contains a bulk and
Gibbons–Hawking–York (GHY) boundary contributions is given by

IG = − 1

16πG
(d+1)
N

∫
M

dd+1x
√
g (R− 2Λ)− 1

8πG
(d+1)
N

∫
B∪Σ

ddx
√
hK , (244)

where Λ is the cosmological constant, R is the Ricci scalar of the (d+ 1)-dimensional AdS spacetime, g
is the determinant of the metric (241), h is the determinant of the induced metric on B ∪ Σ and K is
the trace of the extrinsic curvature also on B ∪ Σ.

Another crucial ingredient to this interpretation is that the surface B in the bulk should be looked
at as a probe brane which extends from the boundary Σ and into the bulk, according the AdS/BCFT
prescription. That is, one adds a tension term on B to (244) given by

IT =
T

8πG
(d+1)
N

∫
B

ddx
√
h , (245)

which is proportional to the volume of the surface B and whose contribution to the gravitational ac-
tion (244) is controlled by the sign of the tension T . In such a way, one obtains a one-parameter family
of deformed HH wavefunctionals given by

Ψ
(T )
HH[ϕ] :=

∫
[Dgab]e−IG[ϕ]−IT[e2ϕ]δ(gab|B − e2ϕϵab) , (246)

from which the standard HH wavefunctional (242) is obtained by setting T = 0. Note that it is also
important that the brane B does not back-react on the AdS geometry.

These deformed HH wavefunctionals can be evaluated semi-classically using the saddle-point approx-
imation. In particular, the actions IG + IT can be evaluated directly and, for example in 2 dimensions,
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Figure 6: The brane B interpolates between the boundary Σ at T = −(d− 1) and the τ = 0 time slice

at T = 0. The angle θ0 between B and Σ is given by θ0 = arcsin (1− T 2/(d− 1)2)
1/2

.

neglecting finite cut-off corrections and assuming (∂iϕ)
2 ≪ e2ϕ one reproduces the Liouville action to-

gether with the optimal geometries derived for various universal classes of CFT states. For example,
surfaces B for the vacuum state are given by half-planes (see Fig. 6)

z = ϵ+ τ

√
1− T 2

T
, (247)

parametrized by −1 < T < 0 and their induced metric matches the 2d surface from the Liouville
optimization for the vacuum. In particular, the coefficient µ in the Liouville action translates into the
tension parameter

µ = 1− T 2 . (248)

As we saw previously, the parameter µ can be thought of as measuring how optimized the background
metric (TN) is within the path integral optimization scheme. As a consequence, from the gravitational
perspective this corresponds to changing the tension T from −1 to 0, where T = 0 corresponds to fully-
optimized solution. Geometrically, this variation of the tension positions the boundary-anchored brane
B moving from the boundary Σ at T = −1 to a time slice τ = 0, as can be seen in Fig. 6.

In general dimensions d, varying the on-shell action IG + IT is equivalent to imposing the Neumann
boundary condition on B, consistent with the AdS/BCFT construction, given by

Kab −Khab = −Thab , (249)

where Kab, K and hab are respectively the extrinsic curvature, its trace and the induced metric on B.
Note that by the Hamiltonian constraint, which is always satisfied for on-shell solutions, this implies

K2 −KabKab =
d

d− 1
T 2 = R− 2Λ , (250)

where R is the Ricci scalar on B and Λ is the cosmological constant of AdSd+1, and where we substituted
K|B = T d/(d− 1) that is just the trace of (249). This is another confirmation of the holographic path
integral optimization since, after inserting (248), this constraint becomes precisely the CFT optimization
(234). While the maximization of the HH wavefunctional can be performed unambiguously for any
dimension d, and gives a clear prediction for the CFT path integral complexity action in the UV limit,
there are still important questions regarding the precise optimization procedure in higher-dimensional
CFTs.
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9.3 Higher-Dimensional CFTs

A natural question in the context of path integral optimization is whether an explicit form of the func-
tional IΨ[gab] (238) whose minimization leads to the optimization of the Euclidean path integral Ψ0[φ̃(x⃗)]
can be found in higher dimensions. This is also necessary to determine the path integral complexity CΨ in
higher-dimensional CFTs. On this matter, there exists a proposal for “effective” path integral complexity
action [148, 149] IΨ[gab] constructed in the following way: Starting from a metric gab of the form

ds2 = gabdx
adxb = e2ϕ(x)ĝabdx

adxb , (251)

the following action should be minimized for a vacuum state of a d-dimensional CFT (as well as some
small excitations around the ground state)

IΨ[ϕ, ĝ] :=
d− 1

16πG
(d)
N

∫
ddx
√
ĝ

(
e(d−2)ϕĝab∂aϕ∂bϕ+

e(d−2)ϕRĝ

(d− 1)(d− 2)
+ µedϕ

)
, (252)

where Rĝ is the Ricci scalar of the metric ĝab. Among various other features which led to this identification
is the fact that such a functional satisfies the so-called co-cycle conditions [148, 149]. Interestingly, (252)
can be re-written as the Einstein–Hilbert action in d-dimensions with negative cosmological constant
Λ(d) = −(d− 1)(d− 2)/2. This generalized the optimization equation obtained by variation with respect
to ϕ(x) that implies taking the trace of vacuum Einstein’s equations, i.e., the condition that the Ricci
scalar of (251) should be a negative constant. Last but not the least, the action (252) was also reproduced
in the UV limit of the holographic path integral complexity action explained in the previous section.

Despite these non-trivial consistency checks and observations, there are still some puzzles when identi-
fying the functional (252) as a higher-dimensional generalization of the Liouville action. Firstly, from the
perspective of the action itself it is not clear why it should be restricted to having quadratic derivatives
of the Weyl field ϕ. Generally, it is quite natural in AdS/CFT that (“sub-leading”) higher-derivative
terms will also contribute in higher dimensions. This is similar to the problem of the gravitational ac-
tion in spacetime dimensions higher than d+ 1 = 4 in which one generically views the Einstein–Hilbert
action as a low energy effective theory containing only terms that are quadratic in the derivatives of
the metric. This is best seen by considering Lovelock’s theorem which is used to construct natural
higher-dimensional generalizations of Einstein gravity which include higher-curvature corrections. These
so-called Lovelock theories are metric theories of gravity which lead to conserved second order equations
of motion that naturally take into account higher-curvature terms in the action which become topological
in lower-dimensional theories.

This is even more pronounced once we consider even-dimensional CFTs and intend to define the
complexity functional from the ratio of wave functions (237). This would naturally lead to the so-called
anomaly actions of the Riegert type that are also referred to as Q-curvature actions. For example, in 4d
holographic CFTs with central charges a = c the Weyl anomaly reads

⟨T µµ⟩ =
c

2π
Q4, (253)

and is responsible for the transformation of partition functions (see e.g. [? ])

ZCFT(e
2ϕĝ) = e

c
4π

∫ √
ĝ(ϕP4ϕ+2Q4ϕ)ZCFT(ĝ), (254)

where the Q-curvatureQ4 and P4 will be discussed below. There is a similar expectation in 6d holographic
CFTs, where the six-dimensional Q-curvature Q6 captures the type-A anomaly directly related to the
six-dimensional Euler density E6.

Similarly as in 2d, we may expect that the action (254) will play a similar role to Liouville in the
optimization of the holographic (at least those with holographic Weyl anomalies CFT wavefunctions.
In the following sections, we will follow this CFT prediction, and discuss similarities and differences
between higher-dimensional path-integral optimization done with the Q-curvature actions as in (254)
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and (252) proposed in [148, 149]. Last but not the least, from the gravitational perspective it is an
interesting question how other geometrical or physical (e.g. matter) properties of the surface B could
be incorporated in the holographic path integral proposal. In a precise sense, the surface B can be
understood as a time-dependent cut-off and e.g. adding counter-terms-like higher-derivative on B may
be a natural step. Finally, similarly to 2D, it would be interesting to give a clear interpretation (e.g.
counting gates) of different terms in higher-dimensional complexity action, as well as have a set of purely
quantum computation arguments (e.g. penalty factors for certain gates) for discarding some of the
possible contributions. We will discuss and propose resolutions to some of these issues in what follows.

10 Uniformization and the Q-curvature Action

In this section we discuss a systematic and geometric way of interpreting the path integral optimization
and the functional IΨ[ϕ, ĝ] in even-dimensional CFTs using the Q-curvature action. We introduce the
basic objects used in later discussions with a special focus on the Q-curvature, which is the higher-
dimensional analogue of the Gauss curvature. We will see that higher-dimensional path integral com-
plexity actions obtained from so-called uniformization problem, which we will also discuss, have a natural
interpretation in terms of Q-curvature actions. Furthermore, we verify an essential property, namely the
co-cycle condition, that must be satisfied in order for the Q-curvature action to be a valid path-integral
complexity action. We also provide an intuitive explanation of the path integral optimization and connect
it with the tensor network picture.

10.1 Q-curvature

Consider a compact even-dimensional manifold (M, ĝab) and a Weyl transformation of the metric: ĝab →
gab = e2ϕ(x)ĝab, where ϕ(x) is a scalar function capturing the effect of the transformation. Under this
transformation the Ricci scalar transforms as

e2ϕ(x)R(e2ϕ(x)ĝ) = R(ĝ)− 2(d− 1)2ĝϕ(x)− (d− 1)(d− 2)|∇ĝϕ(x)|2, (255)

where the subscript ĝ indicates that the respective operators are evaluated on that metric, d is the
dimension of the manifold M, and where 2ĝ and ∇ĝ are respectively the Laplace–Beltrami operator the
covariant derivative with respect to ĝ. The notation R(ĝ) and R(g) = R(e2ϕ(x)ĝ) means that the Ricci
scalar has to be evaluated on the metrics ĝ and g = e2ϕ(x)ĝ respectively. We also define a scalar J (g) by

J (g) =
R(g)

2(d− 1)
, (256)

whose interpretation will be clear later on. The introduction of J (g) allows us to rewrite the transfor-
mation (255) as

e2ϕ(x)J (e2ϕ(x)ĝ) = J (ĝ)−2ĝϕ(x)−
(
d

2
− 1

)
|∇ĝϕ(x)|2. (257)

Specializing to d = 2, the above transformation simplifies to

e2ϕ(x)J (e2ϕ(x)ĝ) = J (ĝ)−2ĝϕ(x). (258)

This relation is exactly equivalent to the Gauss-curvature prescription [? ]

e2ϕ(x)K(e2ϕ(x)ĝ) = K(ĝ)−2ĝϕ(x), (259)

which shows how the Gauss curvature K(ĝ) for the metric ĝ changes under a Weyl transformation. Hence,
in d = 2, we identify J = K. One immediate question one can ask is whether there is an analogous
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generalized version of Eq.(258) in terms of higher-curvature invariants. To answer this, one defines the
Schouten tensor for d > 2 as

Sab(ĝ) =
1

d− 2

(
Rab(ĝ)− J (ĝ) ĝab

)
. (260)

We are now in a position to define the Q-curvature. For a given metric ĝab, the Branson Q-curvature of
order four in general dimensions d > 4 is defined as

Q4,d(ĝ) = −d
2
J (ĝ)2 + 2Sab(ĝ)S

ab(ĝ) +2ĝJ (ĝ). (261)

Note that we have two indices in Q4,d. The first index denotes the order of the curvature and the second
index represents the dimension. It is easy to see that 2ĝJ (ĝ) contains fourth-order derivatives of the
given metric and hence Q4,d also contains them. From now onwards, we often suppress the dependence
of the metric for convenience. Using Eq.(256) and Eq.(260), we write the Q4,d in a more convenient form

Q4,d =
1

2(d− 1)
2ĝR +

2

(d− 2)2
RabR

ab − d2(d− 4) + 16(d− 1)

8(d− 1)2(d− 2)2
R2. (262)

Our interest is Q4 = Q4,4, i.e., the Q4,d in 4-dimensions. Hence, from now onwards when we refer to the
Q-curvature in 4-dimensions, we mean Q4 ≡ Q4,4. Setting d = 4 in Eq.(262), we obtain the expression
of Q4 as

Q4 =
1

6

(
2ĝR + 3RabR

ab −R2
)
. (263)

Now, we come back to the question whether there is a generalization of Eq. (258). The answer is affir-
mative and we can directly generalise the Gauss-curvature prescription to the Q4-curvature prescription
by the following theorem.
Theorem 1: For a four-dimensional manifold equipped with a metric ĝab, the Q4-curvature prescription
states that the Q4 curvatures of conformally-related metrics satisfy

e4ϕ(x)Q4(e
2ϕ(x)ĝ) = Q4(ĝ)− P4(ĝ)(ϕ(x)), (264)

where P4(ĝ) is a differential operator given by

P4(ĝ) = 22
ĝ +∇a

(
2J gab − 4Sab

)
∇b. (265)

Here J and Sab are defined by Eq.(256) and Eq.(260) respectively. Note that this is the generalization of
Eq.(258) or Eq.(259) to 4-dimensions, where the Gauss curvature and the Laplace-Beltrami operator are
replaced by the Q4 and P4 respectively. This result suggests that the Q-curvature is the generalization
of Gauss curvature in higher dimensions.

Similar to 4-dimensions, for a 2-dimensional manifold equipped with a metric ĝab, the Q2-curvature
prescription states that

e2ϕ(x)Q2(e
2ϕ(x)ĝ) = Q2(ĝ)− P2(ĝ)(ϕ(x)). (266)

This equation is nothing but Eq.(258) if one identifies P2(ĝ) ≡ 2ĝ and Q2,d as

Q2,d(ĝ) =
R(ĝ)

2(d− 1)
= J (ĝ). (267)

for d ≥ 2. In particular the second order Q-curvature in 2-dimensions satisfies Q2 ≡ Q2,2 = R/2, which
immediately leads back to Eq.(255) in terms of R(ĝ). Hence Q2,d ≡ J for all d.
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With these operational definitions, we have encountered two differential operators namely P2 and P4,
which are conformally covariant. The theorem below gives the transformation law of P4.
Theorem 2: Under the Weyl transformation gab = e2ϕ(x)ĝ, the operator P4(ĝ) transforms according to

e4ϕ(x) P4(e
2ϕ(x)ĝ) = P4(ĝ), (268)

i.e., P4(ĝ) is conformally covariant.
Proof: Using Theorem 1 (264), we write the LHS of the above equation as

e4ϕP4(e
2ϕĝ)(ψ) = −e4(ϕ+ψ)Q4(e

2(ϕ+ψ)ĝ) + e4ϕQ4(e
2ϕĝ),

=
(
−Q4(ĝ) + P4(ĝ)(ϕ+ ψ)

)
−
(
−Q4(ĝ) + P4(ĝ)(ϕ)

)
,

= P4(ĝ)(ψ), (269)

which is the RHS of (268). Here the second line follows from (264) and in the third line, we have used
the fact that P4 is a linear operator, and hence P4(ĝ)(ϕ + ψ) = P4(ĝ)(ϕ) + P4(ĝ)(ψ), completing the
proof.

By a similar argument, one can prove that P2(ĝ) is also conformally covariant. i.e., under the
conformal transformation g = e2ϕ(x)ĝ, the operator P2(ĝ) transforms according to

e2ϕ(x) P2(e
2ϕ(x)ĝ) = P2(ĝ). (270)

In general, one could define a general form of the operator P2,d in d-dimensions which is known as
the Yamabe operator

P2,d(ĝ) = 2ĝ −
(
d

2
− 1

)
Q2,d(ĝ) = 2ĝ −

d− 2

4(d− 1)
R(ĝ). (271)

Similar to the Q-curvature, here the first index denotes the order of the curvature while the second one
indicates the dimension. One can define P4,d for d ≥ 2, known as the Paneitz operator [? ? ? ]. It is
defined as

P4,d(ĝ) = 22
g +∇a

(
(d− 2)Jgab − 4Sab

)
∇b −

(
d

2
− 2

)
Q4,d(ĝ). (272)

Note that for d = 4 this reduces to Eq.(265).
The important aspect of the Yamabe and Paneitz operators is that they are conformally covariant

e(
d
2
+1)ϕP2,d(e

2ϕĝ)(ψ) = P2,d(ĝ)(e
( d
2
−1)ϕψ), (273)

e(
d
2
+2)ϕP4,d(e

2ϕĝ)(ψ) = P4,d(ĝ)(e
( d
2
−2)ϕψ), (274)

Note that the above covariance property reduces to Eq.(270) and Eq.(268) for d = 2 and d = 4 respec-
tively.

The generalization of Theorem 1 (264) to general dimensions is straightforward. For an even d-
dimensional manifold equipped with a metric ĝab the following identity holds

edϕ(x)Qd(e
2ϕ(x)ĝ) = Qd(ĝ)− Pd(ĝ)(ϕ(x)), (275)

where Qd ≡ Qd,d and Pd ≡ Pd,d are higher-dimensional generalizations of the Q2,d and Q4,d Q-curvatures
and the Yamabe P2,d and Paneitz P4,d operators and are respectively known as Branson’s Q-curvature and
the Graham–Jenne–Mason–Sparling (GJMS) operator. We will return to these objects in the following
section. A proof of (275) for even-dimensional Riemannian manifolds, known as the fundamental identity
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theorem, is given in [? ]. This identity leads to the following theorem.
Theorem 3: For an even d-dimensional manifold, the following functional

Td(g) =
∫
Md

Qd(ĝ) vol(ĝ), (276)

is invariant under conformal transformations.
Proof: First, we write

Td(e2ϕĝ) =
∫
Md

Qd(e
2ϕĝ) vol(e2ϕĝ) =

∫
Md

edϕQd(e
2ϕĝ) vol(ĝ), (277)

where vol(ĝ) is a convenient notation for
√
ĝ and where we have neglected the overall multiplicative factor.

The second equality follows from the fact that, under rescaling, vol( ˆe2ϕĝ) = edϕ vol(ĝ) for d-dimensions.
Now, using Eq.(275), we can write this as

Td(e2ϕĝ) =
∫
Md

[
Qd(ĝ)− Pd(ĝ)(ϕ(x))

]
vol(ĝ). (278)

It has been shown that the integral over Pd vanishes. This implies

Td(e2ϕĝ) =
∫
Md

Qd(ĝ) vol(ĝ) = Td(ĝ) (279)

completing the proof. Equipped with these definitions, we now state the Yamabe problem.

Yamabe problem (in 2d and 4d): Consider a 2- and 4-dimensional manifold equipped with a metric
ĝab, and a Weyl transformation g = e2ϕ(x)ĝ, which defines an equivalence class of conformally-equivalent
metrics [g]. Can we find a class of metrics which have a constant Q-curvature Q2 and Q4 in d = 2 and
d = 4 respectively?

To state this problem more clearly, consider Eqs.(266) and (264). The Yamabe problem demands that
the Q-curvatures of the Weyl-rescaled metric should be constant, i.e., Q2(e

2ϕĝ) = Λ2 and Q4(e
2ϕĝ) =

Λ4. Here, we look for constants Λ2,Λ4 which are negative i.e., we want to find a class of conformal
transformation for which Λ2,Λ4 < 0. In these cases, Eqs.(266) and (264) are simplified to

Q2(ĝ)− P2(ĝ)(ϕ) = Λ2 e
2ϕ , (280)

Q4(ĝ)− P4(ĝ)(ϕ) = Λ4 e
4ϕ . (281)

The above equations can be recast as a variational problem, i.e. one can view them as the Euler-Lagrange
equations obtained by the variation of the action

Id[ϕ, ĝ] = k

∫
Md

ddx
(
ϕPd(ĝ)ϕ− 2Qd(ĝ)ϕ+

2

d
Λd e

dϕ
)
vol(ĝ), (282)

where Qd ∈ {Q2,Q4} and Pd ∈ {P2,P4} are the Q-curvature and Yamabe/Paneitz operators in d = 2
and d = 4 respectively, k is a proportionality constant, and Λd ∈ {Λ2,Λ4} are the (negative) constants
Q-curvature of the Weyl-rescaled metric.

Note that (280) can be re-written in terms of the Weyl-rescaled metric e2ϕĝab as

R(e2ϕĝ) = 2Q2(e
2ϕĝ) = 2Λ2 < 0 , (283)

which is nothing else than the Liouville equation discussed previously and cast as in terms of the Ricci
scalar as in (234). This implies that (281), written in terms of the Weyl rescaled metric as Q4(e

2ϕĝ) = Λ4,
can be regarded as a natural generalization of the Liouville equation in d = 4.
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It is illustrative to find interesting solutions of Eq.(280) and (281). For convenience, we choose the
reference metric ĝ as Euclidean flat ĝab = δab. This implies that Q2 and Q4 vanish identically, and
P2 = 2 = ∂2 and P4 = 22 = ∂4. Hence in this case the equations (280) (281) simplify to

∂2ϕ = Θ2 e
2ϕ , (284)

∂4ϕ = Θ4e
4ϕ , (285)

where Θ2 = −Λ2 and Θ4 = −Λ4 respectively. Along with the boundary condition e2ϕ(−τ=ϵ,x) = 1/ϵ2,
where (−τ) is the Euclidean time, the solution to both equations is given by

e2ϕ(τ,x) =
1

τ 2
(286)

for d = 2, 4 with {Θ2,Θ4} = {1, 6} respectively. We will again come across this fact later on. The above
discussion directly leads to the uniformization problem of conformally-equivalent metrics which we will
discuss in the following section.

10.2 Path Integral Optimization as a Uniformization Problem

In conformal geometry, one can formulate the following uniformization problem: given a reference metric
ĝab, can one find a metric gab with a constant (negative) Q-curvature Λd < 0 that is conformally equivalent
to ĝab? The answer turns out to be affirmative and the required metric can be found by extremizing the
Q-curvature action in d even dimensions, which is given by

Id[ϕ, ĝ] =
d

2Ωd(d− 1)!

∫
Md

ddx
(
ϕPd(ĝ)ϕ− 2Qd(ĝ)ϕ+

2

d
Λd e

dϕ
)
vol(ĝ), (287)

where Ωd = 2π(d+1)/2/Γ[(d + 1)/2] is the d-dimensional volume of sphere Sd, the conformally covariant
differential operator Pd is the aforementioned GJMS operator and Qd is the Q-curvature scalar defined
for the reference metric ĝab. Note that Qĝ is the Q-curvature of the reference metric whereas Λ is the
Q-curvature of the “uniformised” metric. These objects are generalizations of the Laplace-Beltrami
operator and Gauss curvature respectively from 2-dimensions to higher even-dimensions and transform
in a similar way as their 2-dimensional counterparts, as we have seen in previous sections. In particular,
Pd(ĝ) is the generalization of the Yamabe and Paneitz operators in even d-dimensions. The form of their
leading structure is given by

Pd = 2d/2 + lower order, Qd =
1

2(d− 1)
2

d
2
−1R + · · · (288)

where d is any even dimension and where the ellipsis denotes higher-curvature invariants constructed from
the Ricci scalar and tensor as well as from their derivatives. Their explicit forms in 2- and 4-dimensions
are given in the previous section.

For a hyperbolic metric (241) in d = 2 and d = 4, one obtains Q2 = −1 and Q4 = −6 respectively,
which we will use later (they will be denoted by Λ since they are the Q-curvatures of the optimized
metric). The transformation properties of the GJMS operator Pd allows us to construct conformal
invariant quantities, which we have encountered in the previous section. For example, for an even-
dimensional conformally flat manifold M, the integral of the Q-curvature yields

Td(ĝ) =
∫
Md

Qd(ĝ) vol(ĝ) =
1

2
Ωd(d− 1)!χ(M), (289)

where Ωd = 2π(d+1)/2/Γ[(d + 1)/2] is the d-dimensional volume of sphere Sd and χ(M) is known as
the Euler characteristic of M. It is easy to see that in d = 4, the invariant is 8π2χ(M). In general,
Eq.(289) will be supplemented by an integral over the Weyl tensor, which is conformally invariant for
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any dimensions d > 2, as we showed in (276). We will be particularly interested in conformally-flat
spacetimes, in which case this expression vanishes identically.

Moreover, one can regard (287) as the higher even-dimensional version of the Liouville action (232).
The equation of motion obtained from the variation of the Q-curvature action (287) is given by

Pd(ĝ)ϕ−Qd(ĝ) = Θd e
dϕ, (290)

where Θd = −Λd > 0 is the cosmological constant. This is the higher-dimensional version of Liouville
equation (234) for even-dimensional manifolds.

For convenience and along the lines of path integral optimization we take our reference metric to be
the Euclidean flat metric, as we did at the end of the last section. This gives Qd = 0 and the GJMS
operator reduces to Pd = 2d/2 = ∂d, resulting in the equation of motion

∂dϕ = Θd e
dϕ. (291)

Along with the boundary condition

e2ϕ(−τ=ϵ,x) =
1

ϵ2
, (292)

where (−τ) is the Euclidean time, the solution is given by

e2ϕ(τ,x) =

[
(d− 1)!

Θd

]2/d
1

τ 2
, (293)

confirming the optimal geometry as hyperbolic. This hyperbolic solution was shown to be a minimum
of the Liouville action in [149]. In higher dimensions we have not been able to prove that this is the
lower bound of the Q-curvature action. Still, the Q-curvature action may still be a meaningful measure
of complexity since the optimization procedure should be stoped when eϕ ∼ O(1) such that we cannot
coarse-grain more than the original lattice. This solution can be rewritten in terms of a parameter
µ = [Θd /(d− 1)!]2/d simply as

e2ϕ(τ,x) =
1

µτ 2
. (294)

This result can be directly linked to the discussion of path integral optimization and the optimization
of the hyperbolic metrics (235). As the optimized metric corresponds to Θd = (d− 1)!, the optimization
condition is given by µ = 1. For example, in 2-dimensions we readily obtain Θ2 = µ = 1 for the
optimized metric and the optimized geometry is the Poincaré half-plane. Alternatively, this implies
Λ2 = −1, corresponding to the Gaussian curvature of the Poincaré half-plane. In 4-dimensions, the
optimized geometry µ = 1 corresponds to Θ4 = 6. This again implies Λ2 = −6 which is the Q-curvature
of the optimized hyperbolic geometry in 4-dimensions.

Note that the value of the cosmological constant Θd is automatically fixed according to the spacetime
dimension and physically corresponds to the (negative) Q-curvature of the optimal geometry. This also
explains why we need to set µ = 1 for the optimized geometry. This result intuitively suggests that the
amount of Q-curvature of the the optimal (hyperbolic) geometry sets the scale of the optimization and
the boundary geometry automatically picks up the optimal way of performing the path integration. It is
natural to follow the analogy and propose that the corresponding path integral complexity is then given
by the on-shell value of the Q-curvature action, which for d-dimensions behaves as ∼ Vd−1/ϵ

d−1, where
Vd−1 is the (d − 1)-dimensional spatial volume, consistent with the holographic “complexity=volume”
proposal.

It is also instructive to verify the optimization constraint in the context of the Q-curvature. In
2-dimensions, the optimization constrain reads R(2) = −2µ. From Eq.(256) (note that J = Q2), we

60



obtain Q2 = R(2)/2, which implies that the optimization constraint µ = 1 corresponds to the opti-
mized Q-curvature Q2 = −1, which is the result for the hyperbolic geometry. In higher dimensions
the optimization constraint is instead given by (290). In 4-dimensions, this optimization corresponds
to R(4) = −12µ, and Q4 = −6, which is the optimized Q-curvature for the geometry in 4-dimensions,
that was discussed previously. This holds for all even-dimensions. As a consequence, the optimization
constraint is naturally incorporated within the uniformization formulation via the Q-curvature action.

10.3 Improved Q-curvature Action and the Co-cycle Condition

The Liouville action has a number of interesting properties. For example, an improved version of the
Liouville action has been defined in [149] by subtracting the potential term proportional to the volume
in (252), which satisfies the so-called co-cycle condition

IΨ[g1, g2] + IΨ[g2, g3] = IΨ[g1, g3], (295)

where IΨ[g1, g2] computes the complexity between two TNs described by metrics g1 and g2. It has been
argued that a legitimate path integral complexity action (in any dimension) should obey this co-cycle
condition. Hence, it is important to verify whether the Q-curvature action defined in Eq.(287) also sat-
isfies this condition.

Claim: The improved Q-curvature action

I imd [ϕ, ĝ] = Id[ϕ, ĝ]− Id[0, ĝ]. (296)

obeys the cocycle relation (295) where Id[ϕ, ĝ] is given by Eq.(287).
Proof: First, we separate I imd [ϕ, ĝ] into two parts

IKd [ϕ, ĝ] =

∫
Md

(
ϕPd(ĝ)ϕ− 2Qd(ĝ)ϕ

)
vol(ĝ), (297)

IVd [e
2ϕĝ, ĝ] =

∫
Md

(edϕ − 1) vol(ĝ), (298)

and ignore the overall constant d/2Ωd(d−1)! that will not play any role in this proof. We then separately
show that each of the above terms satisfy the co-cycle condition. For convenience, we show the proof for
the first term (297) in d = 4, but it can be generalized to any even dimensions.

Let us then consider the following action

IK4 [ϕ, ĝ] =

∫
M4

(
ϕP4(ĝ)ϕ− 2Q4(ĝ)ϕ

)
vol(ĝ). (299)

From Theorem 1 (264), we obtain

e4ϕQ4(e
2ϕĝ) = Q4(ĝ)− P4(ĝ)(ϕ), (300)

where we suppress the coordinate dependence of ϕ. Adding a term Q4(ĝ) to both sides and multiplying
them by ϕ and vol(ĝ), the above equation can be written as

ϕ
[
2Q4(ĝ)− P4(ĝ)(ϕ)

]
vol(ĝ) = ϕ

[
Q4(ĝ) vol(ĝ) +Q4(e

2ϕĝ) vol(e2ϕĝ)
]
, (301)

where we have used the fact that vol( ˆe2ϕĝ) = e4ϕ vol(ĝ). Hence Eq.(299) can be re-written as the integral

S[e2ϕĝ, ĝ] =
∫
M4

ϕ
[
Q4(ĝ) vol(ĝ) +Q4(e

2ϕĝ) vol(e2ϕĝ)
]
, (302)
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and we define its integrand as

L[e2ϕĝ, ĝ] = ϕ
[
Q4(ĝ) vol(ĝ) +Q4(e

2ϕĝ) vol(e2ϕĝ)
]
. (303)

From the transformation rules of its elements, it can be shown that the integrand satisfies the following
identity

L[e2(ϕ+ψ)ĝ, e2ϕĝ] = ψ
[
Q4(e

2ϕĝ) vol(e2ϕĝ) +Q4(e
2(ϕ+ψ)ĝ) vol(e2(ϕ+ψ)ĝ)

]
.

= ψ
[
2Q4(e

2ϕĝ)− P4(e
2ϕĝ)(ψ)

]
vol(e2ϕĝ), (304)

where in the second line we have used Eq.(301). Now using vol( ˆe2ϕĝ) = e4ϕ vol(ĝ), we write

L[e2(ϕ+ψ)ĝ, e2ϕĝ] = ψ
[
2e4ϕQ4(e

2ϕĝ)− e4ϕP4(e
2ϕĝ)(ψ)

]
vol(ĝ)

= ψ
[
2Q4(ĝ)− 2P4(ĝ)(ϕ)− P4(ĝ)(ψ)

]
vol(ĝ), (305)

where in the last line we have used Eq. (264) and Eq.(268). Similarly one can write

L[e2ϕĝ, ĝ] = ϕ
[
2Q4(ĝ)− P4(ĝ)(ϕ)

]
vol(ĝ), (306)

Hence, by adding Eq.(305) and Eq.(306), we obtain

L[e2(ϕ+ψ)ĝ, e2ϕĝ] + L[e2ϕĝ, ĝ] = (ϕ+ ψ)
[
2Q4(ĝ)− P4(ĝ)(ϕ+ ψ)

]
vol(ĝ)

+ [ϕP4(ĝ)ψ − ψP4(ĝ)ϕ]vol(ĝ). (307)

The first term is L[e2(ϕ+ψ)ĝ, ĝ], and the second term can be written as a total derivative term, which can
be neglected. Hence, the integral (302) yields,

S[e2(ϕ+ψ)ĝ, e2ϕĝ] + S[e2ϕĝ, ĝ] = S[e2(ϕ+ψ)ĝ, ĝ], (308)

which further implies

IK4 [e2(ϕ+ψ)ĝ, e2ϕĝ] + IK4 [e2ϕĝ, ĝ] = IK4 [e2(ϕ+ψ)ĝ, ĝ]. (309)

Choosing g1 = e2(ϕ+ψ)ĝ, g2 = e2ϕĝ and g3 = ĝ, this proves our claim.
The proof for the potential term can be done in general even dimensions. From the definition (298),

we readily verify the identity

IVd [e
2(ϕ+ψ)ĝ, e2ϕĝ] + IVd [e

2ϕĝ, ĝ] = IVd [e
2(ϕ+ψ)ĝ, ĝ]. (310)

i.e., the action IVd obeys the co-cycle condition. Hence, as we argued before, the improved action defined
by

I imd [ϕ, ĝ] =
d

2Ωd(d− 1)!
(IKd + IVd )

=
d

2Ωd(d− 1)!

∫
Md

(
ϕPd(ĝ)ϕ− 2Qd(ĝ)ϕ+ (edϕ − 1)

)
vol(ĝ), (311)

will also satisfy the co-cycle condition. Therefore the full improved Q-curvature action I imd [ϕ, ĝ] obeys the
co-cycle condition and is a legitimate candidate for a path-integral complexity action in even-dimensional
spacetimes.
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11 Holographic Path Integral Optimization and Higher Cur-

vature on B

In this section we focus on the second question i.e., of higher curvature in the holographic path integral
optimization and discuss yet another way that such corrections may enter or be tuned in the path integral
optimization. Namely, we perform the optimization be adding by hand (with arbitrary coefficients) higher
curvature terms in the induced metric on B. At first, including such terms may seem arbitrary and it is
not clear at which curvature order one should terminate such procedure. On the other hand, finding B
from extremizing an on-shell gravity action with counter-terms computed up to a finite-cutoff region of
the bulk is natural in the T T̄ context. We discuss this procedure below and point the main difference
with the TN ideas based on T T̄ deformations.

11.1 Higher Curvature and Hartle-Hawking Wavefunction

We first compute a family of Hartle-Hawking wavefunctions discussed before. However, not only with
tension T but now with a more general counterterm-like action added on the surface B with arbitrary
coefficients. More precisely, we evaluate the classical wavefunction as

ΨHH[ϕ] = e−IHH[ϕ], IHH[ϕ] = IG + IB, (312)

where

IG = − 1

2κ2

∫
M

dd+1x
√
g (R− 2Λ)− 1

κ2

∫
∂M

ddx
√
hK, (313)

where M is the region bounded by B and Σ, and ∂M = B ∪ Σ, as in Fig. 6. R is the Ricci scalar on
region M and K is the extrinsic curvature on ∂M. Moreover, we take the counterterm-like action on B
written in terms of the higher curvature terms as

IB =
1

κ2

∫
B

ddx
√
h
[
T + αR+ βRabRab + γR2 + · · ·

]
, (314)

where Rab and R denote the Ricci tensor and Ricci scalar of the induced metric on B. Note that this is
not the exact counterterm action in AdS/CFT, as the coefficients are arbitrary and should be fixed by
the optimization.

For simplicity, we analyze the vacuum case in Poincaré AdSd+1 coordinates

ds2 =
dz2 + dx2i + dτ 2

z2
, (315)

and consider the region M contained between the surfaces z = ϵ, denoted as Σ, and z = f(τ), denoted
as B. The induced metric on B is given by

ds2 =
dx2i + (1 + f ′2)dτ 2

f 2
= e2ϕ(w)

(
dw2 + dx2i

)
, (316)

where we introduced a field ϕ(w) and coordinate w as

e2ϕ(w) =
1

f 2(w)
, w′(τ) =

√
1 + f ′(τ)2 . (317)

The trace of the extrinsic curvature on B is given by

KB = −ff
′′ + d(1− f ′2)√

1− f ′2
=
e−2ϕ

(
ϕ̈+ (d− 1)ϕ̇2

)
− d√

1− e−2ϕϕ̇2

, (318)
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in which case the gravity action (313) can be directly evaluated yielding [? ? ]

IG[ϕ] =
Vx(d− 1)

κ2

∫
dwedϕ

[√
1− ϕ̇2e−2ϕ + ϕ̇e−ϕ arcsin(ϕ̇e−ϕ)

]
− (d− 1)

κ2
VxLτ
ϵd

− Vx
κ2

[
e(d−1)ϕ arcsin

(
ϕ̇e−ϕ

)]0
−∞

. (319)

Before we go to a more general case, let us first just consider the example where in addition to
the tension, we also add the curvature R with coefficient α. With only these two contributions, the
action (314) becomes

IB =
Vx
κ2

∫
dw

[
Tedϕ − α(d− 1)e(d−2)ϕ

(
2ϕ̈+ (d− 2)ϕ̇2

)]
, (320)

which can be further integrated by parts

IB =
Vx
κ2

∫
dw edϕ

[
T + α(d− 1)(d− 2)e−2ϕϕ̇2

]
− 2α(d− 1)Vx

κ2

[
e(d−2)ϕϕ̇

]0
−∞

. (321)

Interestingly, this new term not only modifies the bulk equations of motion but also the corner (Hayward)
term. The equations of motion arising from the extremisation are given by

KB − d

d− 1
T = −α(d− 2)e−2ϕ

(
2ϕ̈+ (d− 2)ϕ̇2

)
, (322)

which can be written as

KB =
d

d− 1
T + α

d− 2

d− 1
R. (323)

This is nothing more than the trace of the general Neumann condition

Kij −K hij = −T hij + 2αGij, (324)

where Gij = Rij − 1
2
Rhij is the Einstein tensor written in terms of the brane curvature and the brane

metric. If we again look for the solutions of the form

e2ϕ(w) =
1

µ(w + b)2
, (325)

we obtain the condition between parameters

T

d− 1
+
√

1− µ = α(d− 2)µ. (326)

It is interesting to note that for d = 2 the new contribution vanishes and surface B is independent on α
i.e., the optimized metric always corresponds to T = 0.

Let us then consider d > 2. Note that T = −(d − 1) implies µ = 0, corresponding to a fully un-
optimized geometry. Suppose now that we want to keep the condition −(d − 1) ≤ T ≤ 0. Then, from
Eq. (326) and considering the optimized metric for µ = 1 we can solve for the coefficient α

α =
T

(d− 1)(d− 2)
. (327)

In order to keep the condition −(d− 1) ≤ T ≤ 0, we further require that

− 1

d− 2
≤ α ≤ 0. (328)
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Hence, e.g. the brane action

IB =
1

κ2

∫
B

ddx
√
h

[
T +

T

(d− 1)(d− 2)
R
]
. (329)

will lead to an optimized geometry with µ = 1. The lesson from this result is that it is possible to
judiciously add a curvature term in the brane action and recover the fully-optimized metric.

Continuing with this procedure, one can add higher curvature terms on the brane according to (314).
After postulating a solution of the form (325), we then get the following constraint by varying the action
with respect to ϕ

T

d− 1
+
√
1− µ = (d− 2)αµ− (d− 4)(d− 1)µ2(β + dγ). (330)

Again, the higher-dimensional contributions identically vanish in d = 4. If we are interested in d > 4,
then we can solve this constraint by e.g. taking α, β, γ as

α =
T

(d− 1)(d− 2)
, β = −dγ, γ = T, (331)

however, there are many other choices that will equivalently lead to the optimized geometry with µ = 1.
At the moment we do not have a strong argument to resolve this ambiguity and we hope that better
understanding of the role of Q-curvature action in the CFT optimization may help in this task.

More generally, we can think about the above procedure as follows. When we vary the on-shell action
with general series of counter-terms with respect to the induced metric on B, we compute

δIHH ∼ Tijh
ij, (332)

where Tij (denoted in analogy with the holographic stress-tensor) is generally

Tij ∼ Kij −Khij + tij, (333)

and tij comes from the variation of the additional terms on B. If we set this variation to 0, we impose
the Neumann boundary condition on B, i.e., Tij = 0. Moreover, in our gauge hij = e2ϕδij, the condition
that variation of IHH with respect to ϕ vanishes corresponds to

T ii = 0 ⇔ K =
1

d− 1
tii. (334)

If we only work in pure gravity (as in [? ? ]) and add “geometric” terms on B, the Hamiltonian
constraint gives the condition

R = 2Λ +K2 −KijK
ij = 2Λ +

1

d− 1
(tii)

2 − tijt
ij. (335)

For example, for only the tension term on B, we have tij = Thij and the Ricci scalar on B is constant
negative. Similarly, with higher curvature terms, we can find our solution (325) that also has negative
curvature R = −d(d − 1)µ where µ is expressed in terms of T , α and the other parameters via the
maximization equation.

11.2 T T̄ and Holographic Path Integral Optimization

Let us now discuss the connection to the so-called T T̄ -deformations. According to the proposal, we could
interpret the bulk on-shell action with Dirichlet boundary condition on B as an effective holographic
description of a CFT deformed by the higher-dimensional T 2 operator. Given the interpretation that the
holographic path integral optimization should be thought of as the boundary action plus finite cut-off
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terms, it is tempting to speculate that, in holographic settings, T T̄ deformations could be used as a tool
to introduce such finite cut-off corrections. Making this precise is beyond the scope of this work however
we discuss below how these two approaches may be mutually consistent.

More precisely, the effective gravity action that describes a T 2-deformed holographic CFT is given by

IT T̄ = − 1

2κ2

∫ √
g (R− 2Λ)− 1

κ2

∫ √
hK + Sct (336)

where the appropriate holographic counter-terms integrated up to the cut-off surface B are

Sct =
1

κ2

∫ √
h

[
(d− 1) +

R
2(d− 2)

+
(RijRij − d

4(d−1)
R2)

2(d− 4)(d− 2)2

]
. (337)

Once we compute the holographic stress tensor from this action, solve it for Kij and K (in terms of Tij
and T ii ), the Hamiltonian constraint of gravity can be written as the anomaly equation

⟨T̂ ii⟩ = − 1

16πGN

R− 4πGN

(
T̂ijT̂

ij − 1

d− 1
(T̂ ii )

2

)
, (338)

where T̂ij = Tij+adtij is the appropriately renormalised (by the counter-terms) holographic stress tensor.
In d = 2 this relation is simply the anomaly equation together with the T T̄ operator but in higher (even)
dimensions one can also separate holographic anomalies (e.g. in d = 4 with central charges a = c) and
the remaining part define the T 2 operators on curved background in the holographic large-N regime.
If we would naively minimize this action with respect to the choice of the induced metric on B this
would be equivalent to setting Tij to zero. But this is not what is being done in the T T̄ (or T 2 in
higher-dimensional) TN. There, we would simply consider constant mean curvature slices B with a non-
trivial stress tensor i.e., Dirichlet boundary condition on B. On the other hand, in the path integral
optimization, we fix B by imposing the Neumann boundary condition on these slices. Still the two
approaches can be consistent and give rise to the same slices of the bulk that have a constant Ricci scalar
R. A precise understanding of the relation between these two constructions may involve some version of
the Legendre transform that has been discussed in the context of the T T̄ deformation and we leave this
as an exciting future problem.

12 The Holographic Complexity of Extremal Branes in Lower

Dimensions

In the discussion section, we commented on a discrepancy in our analysis related to logarithmic diver-
gences in the CV complexity and the induced gravity action on the brane. In particular, for odd d,
the CV complexity in the bulk contains a logarithmic contribution but the latter is not generated by
our generalized complexity proposal (41) applied to the corresponding brane action. Similarly for even
d, applying our geometric formula to the logarithmically divergent terms in the induced action naively
yields contributions that do not appear in the CV complexity. Further, this issue becomes immediately
evident in lower dimensions, where the logarithmic divergences appear as the leading or first subleading
contributions. Explicitly, one can see that our proposal to the generalized CV for a d-dimensional gravity
theory

CV (R) = max
∂B=R∪ΣR

[
Wgen(B) +WK(B)

GNℓ

]
, (339)

is only valid for d > 3 due to superficial divergences in the coefficients

αd =
2(d− 4)

(d− 2)(d− 3)
, γd =

2

(d− 2)(d− 3)
, Ad =

4(d− 4)

(d− 2)2(d− 3)
, (340)

when d = 2 or d = 3. (Recall that βd = 0 for all dimensions.) We examine this issue by revisiting our
analysis in section 2.2 for lower-dimensional gravity theories.
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12.1 Three-Dimensional Extremal Brane

We begin here with the case of d = 3. It is obvious that there is a problem for the subleading contributions
in eq. (34) coming from integrating the volume of the extremal surface in the vicinity of the three-
dimensional brane. The divergence in the corresponding coefficients is a signal of the appearance of
logarithmic terms. Explicitly, performing the z-integral for d = 3, we find that the subregion complexity
for four-dimensional bulk gravity reads

Csub
V (R) ≡ max

∂B=R∪ΣR

[
V (BL) + V (BR)

Gbulkℓ

]
≃ 2L2

Gbulkℓ

∫
B̃
d2σ

∫
zB

dz

√
det

(0)

h

(
L

z

)3
(
1− z2

8
K2 +

z2

2L2

(0)

hab
(1)

hab + · · ·
)

≃ LV (B̃)
Gbulkℓ

+ log

(
ℓIR
zB

)
L3

Gbulkℓ

∫
B̃
d2σ

√
det h̃

(
K̃2

4
− 1

2
R̃− R̃ijñ

iñj

)
+O(z0B) ,

(341)

where ℓIR is some scale from deep in the bulk which makes the argument of the logarithmic term di-
mensionless. Hence the leading term in Csub

V (R) still yields the expected volume contribution for the

brane gravity, i.e., V (B̃)/(Geffℓ
′) with ℓ′ = 2ℓ and Geff = Gbulk/(2L) as before. However, the proposed

functional for the generalized CV proposal must be modified at higher orders to match the logarithmic
divergence

Clog
V,d=3(B̃) = log

(
ℓ2B
L2

)
L2

4Geff ℓ′

∫
B̃
d2σ

√
det h̃

(
K̃2

2
− R̃− 2R̃ijñ

iñj

)
, (342)

where we have substituted ℓB = L2/zB and made the simple choice ℓIR = L. Recall that ℓB and L
correspond to the AdS curvature and the UV cutoff scales, respectively, in the effective theory on the
brane [1, 2]. Then, we arrive at the generalized CV expression for the induced gravity on the three-
dimensional brane,

Csub
V (R) ≃ CIsland

V,d=3 ≡ max
∂B̃=σR

[
V (B̃)
Gdℓ′

+ Clog
V,d=3(B̃)

]
(343)

where the logarithmic term is explicitly shown in eq. (342) and denotes the contributions from curvature-
squared terms in the gravitational action (16).

Following the approach in the main text, it is straightforward to extend eqs. (39) and (40) to the
present case if we allow for logarithmic coefficients. Explicitly, we obtain

CIsland
V,d=3 =

1

Geffℓ′

∫
B̃
d2σ
√
h̃

[(
1 + log

(
ℓ2B
L2

)
− log

(
ℓ2B
L2

)
∂Leff

∂R̃ijkl

ñih̃ikñl

)
,

−2 log

(
ℓ2B
L2

)
∂2Leff

∂R̃ijkl∂R̃mnop
K̃jlh̃ikK̃

nph̃mo

]
.

(344)

That is, we are using the same functional W̃gen + W̃K as before but with new coefficients

α3 = − log

(
ℓ2B
L2

)
, γ3 = 1 + log

(
ℓ2B
L2

)
, A3 = −2 log

(
ℓ2B
L2

)
, (345)

for a general curvature-squared gravity theories in three dimensions.
We emphasize that we included the first subleading contributions in eq. (34) and so the issue of the

logarithmic divergence in the holographic complexity became manifest for d = 3. However, the same
issue will arise for any odd d, i.e., with an even dimension in the bulk. Carrying out the same calculations
to a sufficiently high order will reveal an extra logarithm in the holographic complexity. In particular,
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with d = 2n + 1, one should only apply eqs. (6) and (7) for the generalized CV proposal for higher
curvature interactions up to R2n−1. It will be possible to include the R2n interactions if one adds an
extra contribution with a logarithmic coefficient, as in eq. (343). It would be interesting to examine this
issue in greater detail in higher dimensions.

12.2 Two-Dimensional Extremal Brane

Now turning to the case of d = 2, we expect to find a logarithmic divergence in the induced action which
is not reflected in the holographic complexity. Furthermore, we should stress that the generalized CV
for d = 2 is more subtle because the usual relations ℓ′ = d−1

d−2
ℓ and Geff = (d− 2)Gbulk/(2L) break down

for this dimension.
First of all, we recall the FG expansion for the metric with a three-dimensional bulk becomes

gij(z, x
i) =

(0)
g ij
(
xi
)
+
z2

δ2

(
(1)
g ij(x

i) + fij(x
i) log

( z
L

))
+ · · · . (346)

where the subleading term
(1)
g ij(x

i) is not completely fixed and fij(x
i) depends on the stress tensor on

the boundary [124]. Similarly, the embedding function for the extremal surface B in the bulk is given by

xi (z, σa) =
(0)

xi (σa) +
z2

L2

(
(1)

xi (σa) +
(1)

yi (σa) log
( z
L

))
+O

(
z4

L4

)
. (347)

From this expansion, we see that the subleading terms are not fully geometric anymore and depend on
the details of the boundary state.

Explicitly, performing the CV integral in the vicinity of the brane with d = 2 yields

Csub
V (R) = max

∂B=R∪ΣR

[
V (BL) + V (BR)

Gbulkℓ

]
≈ 2LV (B̃)

Gbulkℓ
+O(z0B) . (348)

Hence the leading term is still the volume of the island and the subleading contributions are dominated
by the upper bound in the radial z-integral, i.e., these should be included as quantum contributions to
the brane complexity. As a result, we will only need to consider the leading contribution, i.e., the volume
term.

Now the expression for the effective action given in eq. (16) does not apply for d = 2. Rather after a
careful examination of the FG expansion and integration over the radial direction (see section 2.3 in [1]
for more details), the induced action for the d = 2 brane can be written as

Iinduced =
1

16πGeff

∫
d2x
√

−g̃
[ 2

ℓ2eff
− R̃ log

(
−L

2

2
R̃

)
+ R̃ +

L2

8
R̃2 + · · ·

]
. (349)

where the two effective scales are(
L

ℓeff

)2

= 2 (1− 4πGbulkLTo) , Geff =Gbulk/L . (350)

The unusual logarithmic term can be understood as arising from the nonlocal Polyakov action induced
by the two-dimensional boundary CFT supported by the brane.

There is a certain degree of ambiguity in how to proceed at this point, but examining our ansatz (39)

for the generalized volume W̃gen(B̃) (with undetermined α2, β2, γ2), we obtain

CIsland
V,d=2 =

W̃gen(B̃)
Ĝeffℓ

≃ 1

Geffℓ′

∫
B̃
dσ

√
h

[
−α2

2
log

(
−L

2

2
R̃

)
+
(
0
)
β2 + γ2

]
. (351)
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Here we have ignored any contributions from the R̃2 and higher terms (denoted by the ellipsis) in
eq. (349). We note that these contributions do not contain any UV divergences in the limit L/ℓB → 0,
and so they can be included as part of the quantum contribution to the complexity. Further, note that
tensor contraction multiplying the coefficient β2 vanishes for d = 2. Now the following simple choice of
the coefficients,

α2 = 0 , γ2 = 2 , ℓ′ = ℓ , (352)

yields the desired identification for the two-dimensional complexity

Csub
V (R) ≃ CIsland

V,d=2 =
W̃gen(B̃)
Ĝeffℓ′

=
2V (B̃)
Geff ℓ′

. (353)

We again note that a similar mismatch from logarithmic divergences in the induced action will appear
for any d = 2n. In this case, no corresponding divergence appears in the holographic complexity in the
bulk, which is odd-dimensional. Hence one should only apply eqs. (6) and (7) for the generalized CV
proposal for higher curvature interactions up to R2n−2. A logarithmic divergence will appear at the
next order, i.e., R2n−1, and the corresponding contribution to the complexity will have to be treated
separately. Again, it would be interesting to explicitly examine this question in greater detail for higher
dimensions.

13 The Higher Derivative Actions of Extremal Branes

In exceptional order to study the details near the transition point we should consider all the replica-
nonsymmetric configurations, re-sum them into an effective action which we then compute semi-classically
as a whole. By now we have understood what these configurations correspond to holographically, let us
proceed with the re-summation in the context of AdS/CFT.

We leave the subsystem energies unfixed, but still impose the boundary condition for the total energy
EA +EĀ = E. Holographically this means that we do not fix the black hole geometries involved for the
Mi’s. Denote the portion of the black hole geometry extending along A by BA(E ′), and the corresponding
semi-classical contribution to the Euclidean action by

IA(E
′) =

∫
BA(E′)

(LE.H. + Lmatter) +

∫
A

LH.G. (354)

where the bulk Lagrangian densities {LE.H.,Lmatter,LH.G} are evaluated at the saddle point geometry
BA(E ′), as well as matter field configurations not specified here. Consequently, let us also denote the por-

tion of black hole geometry and semi-classical Euclidean action along Ā by BĀ
(
E−fE′

1−f

)
and IĀ

(
E−fE′

1−f

)
respectively, this is obtained after imposing the total energy conditions.

Using these ingredients, the total semi-classical Euclidean action for each of the Mi’s takes the form:

InMi
(E) = Min

{
mIA(E

′) + (n+ 1−m)IĀ

(
E − fE ′

1− f

)
: E ′
}

(355)

This corresponds to Mi obtained from gluing m copies of black hole portion BA(E ′) with (n + 1 −m)

copies of BĀ
(
E−fE′

1−f

)
. We have not specified the boundaries of BA(E ′) or BĀ

(
E−fE′

1−f

)
in the bulk, and

in general directly gluing them would result in discontinuous junctions across these boundaries. As
commented before, these issues do not enter in the limit we are interested. We label the boundary
and bulk manifolds by {Mm} and {Bm} respectively. This is not a one-to-one correspondence between
the label m and the original label for the contractions i, because there are in general multiple ways to
junction m and (n + 1 −m) portions of black hole geometries by gluing the original EoW branes. For
this reason we include a curly bracket to indicate that each {Mm} and {Bm} represent the class of all
contraction or gluing choices resulting in the same m.
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For each class {Mm}, the bulk saddles in {Bm} can be constructed in a way analogous to the cosmic
extremal brane prescription. We describe the construction as follows. For each {Bm}, the saddle consists
of n identical wedges B̃m,

B̃m = Bm/Zn (356)

Each wedge B̃m is then constructed by inserting in the original black hole state |E⟩bulk a pair of defects
consisting of two cosmic extremal branes ΣA and ΣĀ, homologous to A and Ā respectively.

Let us make a few comments regarding the double-defect construction. It may appear that we have
proposed a procedure based on the replica-symmetry among the n wedges B̃m. However, we can do this
only because there is an effective U(1) rotation-symmetry along the bulk thermal circle that emerges in
the limit of our interest: high energy Eℓ≫ 1 and ignoring boundary effects near ∂A. It allows the division
of the circle into n equal wedges that are therefore replica-symmetric under Zn ⊂ U(1), justifying our
construction. The origin for this emergent rotation-symmetry can be traced to two ingredients. Firstly,
the m copies of black hole portions along A are all the same (and similarly for Ā), we assume this to
be the dynamically favored configuration. More importantly, we are approximating each of the m black
hole portions as “featureless” and thus invariant under rotation along the bulk thermal circle. This is
certainly not true in the exact solution. For example, solving the matching equations will in general give
a set {β1, ..., βn} that are not all equal. Once we include the details arising from gluing and smoothening
across ∂A, they will produce “features” along the thermal circles that generically breaks the rotation-
symmetry. Apart from this, these features also distinguish between the bulk saddles Bi’s in the same
class {Bm}, because different contractions i will in general give different sets for {β1, .., βn}, and thus
different gluing and smoothening effects. Since these features are localized near ∂A, in the high energy
limit they only affect the radial-going portion of the bulk defects that we have ignored. It is interesting to
consider the corrections they induce to the cosmic brane picture, we leave this for future investigations.

One way to represent the double-defect construction is to simply add the corresponding brane source
terms into the bulk action. The total on-shell action Ibulk (Bm) can be divided into n quotient on-shell
actions:

Ibulk (Bm) = nIbulk(B̃m) (357)

with the quotient on-shell action Ibulk(B̃m) given by a quotient path integral in the saddle point approx-
imation:

e−Ibulk(B̃m) =

∫
DgDϕDΣADΣĀ e

−Ibulk(g,ϕ,E)− n−m
4nGN

Ibrane(ΣA)− m−1
4nGN

Ibrane(ΣĀ)
(358)

where Ibulk (g, ϕ, E) is the bulk Euclidean action with boundary conditions specified by the original
state |E⟩, and Ibrane (ΣA), Ibrane (ΣĀ) are the Nambu-Goto actions for cosmic branes located on ΣA, ΣĀ

respectively:

Ibrane (ΣA) =

∫
ΣA

dd−1y
√
γ, Ibrane (ΣĀ) =

∫
ΣĀ

dd−1y
√
γ. (359)

Here γ is the induced metric on the brane. Although not shown explicitly, Ibrane depends implicitly on
the spacetime metric g. In Eq. (358), DΣA denotes a path integral over the location of the brane.

Extremizing over {g, ϕ,ΣA,ΣĀ} solves for the backreacted geometry for a particular saddle Bm.
As was alluded to, our strategy is to re-sum all the saddle configurations before extremizing. Before
proceeding, we point out that while (358) computes the action of the Zn quotient B̃m of the “parent
space” Bm, it is the full action of the parent space Bm that we need to re-sum. In the semi-classical limit,
we can simply write the latter as

e−Ibulk(Bm) =

∫
DgDϕDΣADΣĀ e

−nIbulk(g,ϕ,E)−n−m
4GN

Ibrane(ΣA)−m−1
4GN

Ibrane(ΣĀ)
(360)

using Eqs. (357) and (358).
Comparing with the combinatorics factors worked out in Appendix ??, we find that out of all the

contractions i’s, there are N(n,m) = 1
n

(
n
m

)(
n

m− 1

)
number of “micro-configurations” for the class
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{Mm}. So we can re-sum all the contractions and obtain the full replicated partition function Zn:

Zn =
n∑

m=1

N(n,m)

∫
DgDϕDΣADΣĀ e

−nIbulk(g,ϕ,E)−n−m
4GN

Ibrane(ΣA)−m−1
4GN

Ibrane(ΣĀ)

=

∫
DgDϕDΣADΣĀ e−nIbulk(g,ϕ,E)

n∑
m=1

N(n,m) e
−n−m

4GN
Ibrane(ΣA)−m−1

4GN
Ibrane(ΣĀ)

=

∫
DgDϕDΣADΣĀ e−nIbulk(g,ϕ,E)Gn (ΣA,ΣĀ)

=

∫
DgDϕDΣADΣĀ e−nIbulk(g,ϕ,E)−Ieff(ΣA,ΣĀ,n) (361)

where we have defined

Gn (ΣA,ΣĀ) = 2F1

[
1− n,−n; 2; e−

|∆Ibrane|
4GN

]
×
{
e
− n−1

4GN
Ibrane(ΣA)

, ∆Ibrane < 0

e
− n−1

4GN
Ibrane(ΣĀ)

, ∆Ibrane > 0
(362)

with
∆Ibrane ≡ Ibrane (ΣA)− Ibrane (ΣĀ) , (363)

and we have extracted a total effective action for the cosmic extremal branes

Ieff (ΣA,ΣĀ, n) = − lnGn (ΣA,ΣĀ)

=


n−1
4GN

Ibrane(ΣA)− ln

(
2F1

[
1− n,−n; 2; e

∆Ibrane
4GN

])
, ∆Ibrane < 0

n−1
4GN

Ibrane(ΣĀ)− ln

(
2F1

[
1− n,−n; 2; e−

∆Ibrane
4GN

])
, ∆Ibrane > 0

(364)

The first term in the effective action corresponds to that of a single cosmic extremal brane in the
dominant configuration; the second term re-sums the (semi-classical) corrections from the subdominant
configurations. They correspond to the decomposition into Fdom and F∆. The resulting Ieff has a modified
dynamics in terms of extremal brane dynamics and backreactions on the bulk geometry. The bulk physics
near the transition point is encoded in such modifications, which we turn to study next.

In this research article, assuming the existence of some isometry directions, we construct effective
actions for various mixed-symmetry tensors that couple to exotic extremal branes. We consider the
cases of the exotic extremal 522-brane, the 164-brane, and the p7−p-brane, and argue that these exotic
extremal branes are the magnetic sources of the non-geometric fluxes associated with polyvectors βij,
βi1···i6 , and γi1···i7−p , respectively. As it is well-known, an exotic-brane background written in terms of the
usual background fields is not single-valued and has a U -duality monodromy. However, with a suitable
redefinition of the background fields, the U -duality monodromy of the exotic-brane background simply
becomes a gauge transformation associated with a shift in a polyvector, which corresponds to a natural
extension of the β-transformation known in the generalized geometry. Here we study the case of exotic
super p-brane. The contribution of the boundary terms in the variation of Sp is given by

δSp|Γ =

∮
dsµρ

µY ΛGΛΞδY
Ξ, (365)

where dsν = 1
p!
ενµ1µ2...µpdSµ1µ2...µp . Here, we consider the variational problem with the fix initial (τ = τi)

and final (τ = τf ) data, so the integral along the super p-brane profile for τ = (τi, τf ) does not contribute
to δSp|Γ ∫

sτ

dsτρ
τY ΛGΛΞδY

Ξ|τfτi = 0. (366)
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As a result, the variation δSp|Γ is filled out by the integrals along the p-dimensional boundaries of the
brane worldvolume containing the τ -direction

δSp|Γ = Σi=p
i=1

∫
si

dsiρ
iY ΛGΛΞδY

Ξ|σi=π
σi=0 . (367)

In the case of variational problem with free ends, when the field variations on the p-brane boundaries are
arbitrary, the vanishing of these hypersurface terms in δSp|Γ gives the super p-brane boundary conditions.
Now, let us consider the dual action which additionally includes the Wess-Zumino term

S
[
g̃ij, ϕ̃, β

(8)
ij

]
=

1

2κ210

∫ [
−2ϕ̃

(
∗̃ R̃+4 ϕ̃∧∗̃ ϕ̃

)
− 1

4
2ϕ̃ g̃ik g̃jl

(9)
ij ∧∗̃ (9)

kl

]
−µ522

∫
1

2
β(8)∧(x−X(ξ)) . (368)

Taking a variation with respect to β(8), we obtain the following equation of motion:

1

2κ210

(1) =
µ522

(2πR)(2πR)
n δ2(x−X(ξ))x1 ∧ x2 . (369)

From (369), we conclude that the current for the 522(n1 · · ·n5,m1m2)-brane (in the absence of the Ramond-
Ramond fields) is given by

∗̃ j522(n1···n5,m1m2) =
(2πRm1)(2πRm2)

2κ210 µ522

(1)m1m2 . (370)

According to the Wess-Zumino term of the 523(34567, 89)-brane action (smeared in the isometry
directions, x8 and x9) is written as

S523 = −µ523

∫
γ
(8)
89 ∧89 (x−X(ξ)) , (371)

where the B-field, the Ramond-Ramond 0- and 4-forms, and the worldvolume gauge fields are turned off
for simplicity, and 89(x−X(ξ)) is defined. As in the case of the 522-brane, if we consider the action

S
[
g̃ij, ϕ̃, γ

(8)
ij

]
=

1

2κ210

∫ [
−2ϕ̃

(
∗̃R̃+4 ϕ̃∧∗̃ ϕ̃

)
− 1

4
4ϕ̃ g̃ik g̃jl

(9)
ij ∧∗̃ (9)

kl

]
−µ523

∫
1

2
γ(8)∧ (x−X(ξ)) , (372)

and take a variation with respect to γ(8), we obtain the Bianchi identity for the P -flux with a source
term:

1

2κ210

(1) =
µ523

(2πR)(2πR)

n δ2(x−X(ξ))x1 ∧ x2 . (373)

As in the case of the β-supergravity, we can further find a solution corresponding to the (Euclidean)
background of an instanton that couples to γij electrically. The explicit form of the background fields is
presented.

We have presented various actions with the following form:

S
[
g̃ij, ϕ̃,

i1···i7−p
]
=

1

2κ210

∫ [
−2ϕ

(
∗̃ R̃ + 4ϕ ∧ ∗̃ϕ

)
− 2 (α + 1) ϕ̃

2 (7− p)!
g̃i1j1 · · · g̃i7−pj7−p

(1) i1···i7−p ∧ ∗̃ (1) j1···j7−p

]
,

(374)
where (1) i1···i7−p ≡i1···i7−p is a non-geometric flux of which an exotic brane acts as the magnetic source,
and α is an integer.

The equations of motion are given by

R̃ + 4
(
∇̃i∂iϕ̃− g̃ij ∂iϕ̃ ∂jϕ̃

)
+ (α+1) 2 (α+2) ϕ̃

2 (7−p)! i
j1···j7−p i

j1···j7−p = 0 , (375)

R̃ij + 2∇̃i∂jϕ̃− 2 (α+2) ϕ̃
2 (7−p)!

(
i

k1···k7−p
jk1···k7−p − (7− p) k1

k2···k7−p k1
jk2···k7−p (376)

−α+2
2 k

l1···l7−p k
l1···l7−p g̃ij

)
= 0 , (377)

(9)
i1···i7−p

= 0 ,
(9)
i1···i7−p

≡ 2 (α + 1) ϕ̃ g̃i1j1 · · · g̃i7−pj7−p ∗̃ (1) j1···j7−p ≡(8)
i1···i7−p

. (378)
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If we regard the dual potential
(8)
i1···i7−p

as a fundamental field, the dual action is given by

S
[
g̃ij, ϕ̃,

(8)
i1···i7−p

]
=

1

2κ210

∫ [
−2ϕ

(
∗̃ R̃ + 4ϕ ∧ ∗̃ϕ

)
− 2 (α̃ + 1) ϕ̃

2 (7− p)!
g̃i1j1 · · · g̃i7−pj7−p (8)

i1···i7−p
∧ ∗̃ (8)

j1···j7−p

]
,

(379)

where we defined α̃ ≡ −α − 2 . We can add the Wess-Zumino term of the exotic p7−p−α -brane extending
in the x1 , · · · , xp-directions and smeared over the x1 , · · · , x7−p-directions:

S = −µp7−p
−α

∑
1,··· ,7−p

∫
p+1×T 7−p

1···7−p

n1···7−p

(7− p)!
(8)
1···7−p

∧ x1 ∧ · · · ∧ x7−p

(2πR1) · · · (2πR7−p)
= −µp7−p

−α

∫
1

(7− p)!
(8)
1···7−p

∧(x−X(ξ)) .

(380)
Then, taking variation, we obtain the following Bianchi identity as the equation of motion:

21···7−p = 2κ210 µp7−p
−α

n1···7−p

(2πR1) · · · (2πR7−p)
δ2(x−X(ξ))x1 ∧ x2 . (381)

It will be also important to investigate a reformulation of the effective worldvolume theory of exotic branes
by using the newly introduced background fields

(
g̃ij, ϕ̃,

i1···i7−p
)
. More generally, it will be important to

find a manifestly U -duality covariant formulation for the effective worldvolume theory of exotic extremal
branes.

We considered the general solutions of the equations of motion in the simple model of closed and open
tensionless superstring and exotic p-branes. Using the OSp(1, 2M) invariant character of the differential
one-form Y ΛGΛΞdY

Ξ and two-form dY ΛGΛΞdY
Ξ one can construct more general OSp(1, 2M) invariant

super p-brane actions with enhanced supersymmetry. At first, we note that the closed 2n-differential
form Ω2n = (GΛΞdY

Λ ∧ dY Ξ)n

Ω2n = d ∧ Ω(2n−1) ≡ GΛ1Ξ1dY
Λ1 ∧ dY Ξ1 ∧ ... ∧GΛnΞndY

Λn ∧ dY Ξn (382)

which is not equal to zero, because of the symplectic character of the supertwistor metric GΛΞ, can be
used to generate the Dirichlet boundary terms for the open super p-brane (p = 2n− 1) described by the
generalized action

S = S2n−1 + β(2n−1)

∫
M2n

Ω2n. (383)

Similarly to the open superstring case, the Wess-Zumino integral in (383) is transformed to the integral
along the (2n− 1)-dimensional boundary M2n−1 of the super (2n− 1)-brane worldvolume∫

M2n

Ω2n =

∮
M2n−1

GΛ1Ξ1Y
Λ1 ∧ dY Ξ1 ∧ ... ∧GΛnΞndY

Λn ∧ dY Ξn . (384)

The sufficient conditions for the vanishing of the variations of the integral (384) with the fix initial and
final data are the conditions

∂τY
Λ(τ, σ)|σi=0,π = 0, (i = 1, 2, ..., 2n− 1) (385)

generalizing the Dirichlet boundary condition. Therefore, this open super p-brane is described by the
pure static solution

Y Λ(τ, σı̂) = Y Λ
0 (σi), (i = 1, 2, ..., 2n− 1)(386)

generalizing the superstring static solution (??). On the other hand the integrals (384)

S(2n−2) = β(2n−2)

∫
M2n−1

Ω2n−1 = β(2n−2)

∫
M2n−1

GΛ1Ξ1Y
Λ1dY Ξ1 ∧ ... ∧GΛnΞndY

Λn ∧ dY Ξn (387)
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can be considered as the OSp(1, 2M) invariant actions for the new models of super p-branes (p = 2n−2)
with enhanced supersymmetry. For n = 1 we get the known action for superparticles, but for n = 2, 3
we find the new actions for the supermembrane

S2 = β2

∫
M3

Ω3 = β̃2

∫
dτd 2σ εµνρY Λ∂µYΛ∂νY

Ξ∂ρYΞ, (388)

or a domain wall in the symplectic superspace, and for the super four-brane

S4 = β4

∫
M5

Ω5 = β̃4

∫
dτd 4σ εµνρλϕY Λ∂µYΛ∂νY

Ξ∂ρYΞ∂λY
Σ∂ϕYΣ. (389)

When the Wess-Zumino terms are considered as the boundary terms generating the Dirichlet bound-
ary conditions for the superstring and super p-branes (385) the breaking of the Weyl symmetry is localized
at the boundaries. It shows that the spontaneous breaking of the OSp(1, 2M) symmetry on the bound-
aries is accompanied by the explicit breakdown of the Weyl gauge symmetry on the boundaries. Because
the Dirichlet boundary conditions are associated with the Dp-branes attached on their boundaries, a
question on the action of Dp-branes in the symplectic superspaces considered here appears. It implies
the correspondent generalization of the proposed Wess-Zumino actions. One of the posssible general-
izations is rather natural and is based on the observation that the Weyl invariance of the considered
Wess-Zumino actions may be restored by the minimal lengthening of the differentials d→ D = (d−A),
where the worldvolume one-form A is the gauge field associated with the Weyl symmetry. The covariant
differentials DY Σ are homogeneously transformed under the Weyl symmetry transformations

(DY Σ)′ ≡ ((d− A)Y Σ)′ = eλDY Σ, A′ = A+ dλ. (390)

Then the generalized OSp(1, 2M) invariant two and one-forms

(eϕDY ΣGΣΞDY
Ξ)′ = eϕDY ΣGΣΞDY

Ξ,

(eϕY ΣGΣΞDY
Ξ)′ = eϕY ΣGΣΞDY

Ξ (391)

become the invariants of the Weyl symmetry also, where the compensating scalar field ϕ, with the
transformation low

ϕ′ = ϕ− 2λ, (392)

was introduced. Then the closed 2n-differential form Ω2n = (GΛΞdY
Λ ∧ dY Ξ)n may be changed by the

Weyl invariant 2n-differential form Ω̃2n = (eϕGΛΞDY
Λ ∧DY Ξ)n

Ω̃2n ≡ enϕGΛ1Ξ1DY
Λ1 ∧DY Ξ1 ∧ ... ∧GΛnΞnDY

Λn ∧DY Ξn , (393)

and Ω2n−1 by Ω̃2n−1

Ω̃2n−1 ≡ enϕY Λ1 ∧DYΛ1 ∧ ... ∧DY Λn ∧DYΛn . (394)

As a result, the actions (384) is transformed to the new super (2n− 1)-brane action

S̃(2n−1) = β(2n−1)

∫
M2n

Ω̃2n = β(2n−1)

∫
enϕGΛ1Ξ1DY

Λ1 ∧DY Ξ1 ∧ ... ∧GΛnΞnDY
Λn ∧DY Ξn (395)

invariant under the OSp(1, 2M) and Weyl symmetries. Respectively, the action

S̃(2n−2) = β(2n−2)

∫
M2n−1

Ω̃2n−1 = β(2n−2)

∫
enϕY Λ1 ∧DYΛ1 ∧ ... ∧DY Λn ∧DYΛn (396)

will describe a new OSp(1, 2M) and Weyl invariant super (2n− 2)-brane.
These actions may be presented in the Dp-brane like form

S̃p = β̃p

∫
dτd pσ e

(p+1)
2

ϕ
√

|det[(∂µ − Aµ)Y ΛGΛΞ(∂ν − Aν)Y Ξ]|, (p = 2n− 1), (397)
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where β̃p is the Dp-brane tension.
We generalized this model to the higher orders in the derivatives of the Goldstone fields and con-

structed the new Wess-Zumino like actions supposed to describe tensile exotic p-branes. It was shown in
deep detail, that the bosonic couplings described above were consistent with all the linear couplings of
closed superstring background fields with higher-dimensional supergravity theory including exceptional
degrees of freedom of multiple D-branes. These couplings were originally computed in the current litera-
ture and then extended to Dp-branes with using T-duality symmetries. We will review the illustration of
the general formalism with presentation of the Wess-Zumino term for multiple D-branes that is required
to do such matching

SWZ = ΞΣ

∫
Tr

[
P ∧D(R) +∆(ΞΣ)

(
D(V ) ∧B

)
−∆(ΞΣ)

(
D(U) ∧B +

1

2
D(R) ∧B ∧B

)
−∆(ΞΣ)

(
D(Z) +D(T ) ∧B +

1

2
D(V ) ∧B ∧B +

1

6
D(R) ∧B ∧B ∧B

)
∧B ∧D(Z)

−∆(ΞΣ)

(
D(Z) +

1

2
D(T ) ∧B +

1

6
D(R) ∧B ∧B +

1

24
D(Z) ∧B ∧B ∧B

)
∧B ∧D(Z)

+∆(ΞΣ)

(
D(U) ∧G+D(U) ∧G ∧K(R) −D(T ) ∧K(R) −D(T ) ∧K(R) ∧G ∧K(T )

)
+∆(ΞΣ)

(
(T ) +B ∧D(V ) −D(V ) ∧K(R) ∧G−B ∧G+D(V ) ∧K(R)

)
∧K(V )

−(D(W ) +D(S) ∧B) +B ∧ L(Z) +D(S) ∧B −B ∧ L(R) ∧G+D(S) ∧G ∧ L(W )

−∆(ΞΣ)
(
B −D(Z) ∧D(S) ∧ L(W ) ∧ L(V )

)
+

(
B(X) − 1

2
B ∧D(Z) ∧D(S) ∧ L(Z)

)
+
(
(W ) +D(S) ∧B

)
∧ L(R) +

(
D(W ) +D(S) ∧B ∧ L(W ) ∧ L(V )

)
∧ L(Z) ∧G

+
(
D(W ) +D(S) ∧B ∧ L(R) ∧G+(W ) +D(S) ∧B ∧ L(Z) ∧ L(R) ∧G

)
∧ L(W )

−∆(ΞΣ)
(
(W ) +D(S) ∧B −B ∧ L(R) +B ∧ L(R) ∧G+D(S) ∧B ∧G

)
∧ L(R)

+
(
D(W ) +D(S) ∧B

)
∧ L(R) +

(
D(W ) +D(S) ∧B ∧ L(W ) ∧ L(V )

)
∧ L(Z) ∧G

+
(
D(W ) +D(S) ∧B ∧ L(R) ∧G+D(W ) ∧B ∧ L(Z) ∧G

)
∧ L(W ) ∧ L(V )

]
(398)

The fundamental interaction between the hidden and dark sectors with branes implies that all the
soft higher-dimensional terms acquire a supergravity dependent form and this has a drastic effect on
the supergravity theory at low energy scales. We assumed that the dark energy hidden sector can be
successfully incorporated into the theory of elementary particles and that the cosmological inclusion of
membranes in the observable sector can somehow be solved in the hyperspace framework. There are
two sectors, the observable sector and the hidden sector of extremal branes plus the assumption that
the two sectors interact quantum gravitationally with the supersymmetric representations of quantum
gravity in diverse dimensions. Then, the main issue is to understand how the extremal branes can be
implemented into the theoretical framework. An appropriate restriction of the global symmetry group
of the effective low energy limit supergravity theory to the integers is conjectured to be the U-duality
symmetry of the relative superstring theory. Therefore, we claim these supergravity backgrounds are also
transition duals. Supergravity equations of motion and the torsional constraint for heterotic superstrings
pose severe restrictions on the allowed type of fluxes. We provide a theoretical example that is consistent
with the IIB orientifold action, the IIB linearized supergravity equation of motion and the torsional
relation in the U-dual heterotic supergravity background. These backgrounds come in pairs and we
argued them to be related by a geometric transition, meaning that one of them contains branes, the
other one only flux. A rigorous proof of this claim and the implications for weakstrong coupling dualities
in the underlying field theories are left for future work. The supergeometrical origin of this supergravity
theory is remarkable.
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The higher-dimensional bulk and brane action for exceptional supergravity theory, can be organised
and the solution is

ST =

∫
dNx dDY

√
|G|
(
REXT (G) + LKIN + LKR + LNS + LGFC + LINT +

√
|G|−1LCS

)
+ TP

∫
enϕGΛ1Ξ1DY Λ1 ∧ DY Ξ1 ∧ ... ∧GΛnΞnDY Λn ∧ DY Ξn

=

∫
dNx dDY

√
|G|
(
4HMNDMDNΞ−DMDNHMN − 4HMNDMΞDNΞ + 4DMHMN DNΞ

+
1

8
HMNDMHKLDNHKL − 1

2
HMNDMHKLDKHNL − 1

2
ΓMNKHNPHKQDPHQM

)
+

1

4
GMN

(
∂µBνM − ∂νBµM + 3ΛMNPVNµVP ν + 4∆P

MNB[µPVNν] + 4ΩI
MNAI

[µVNν]

−AI
MF I

µν − PMPVP µν
)(
∂µBνM − ∂νBµM + 3ΛMNPVNµVP ν + 4∆P

MNB[µPVNν]

+ 4ΩI
MNAI

[µVNν] −AI
NF I µν − PNQVQµν

)
+

1

4
GMPGNQ

(
DµMN +AI

[MDµAI
N ]

)
+

1

4
GMN

(
BµνM −AI

MF I
µν − PMPVP µν

)(
BµνN −AI

NF I µν − PNQVQµν
)

+
1

4
GMPGNQ

(
DµBMN +AI

[MDµAI
N ]

)(
DµBPQ +AJ

[PDµAJ
Q]

)
+

3

4
GMQGNRGPS

(
ΛMNP + 2AI

[MΩI
NP ] − 2PT [M∆G

NP ]

− 1

4
GMNDµGMNGPQDµGPQ +

1

4
DµGMNDµGMN − 1

2
Dµ

(
GMNDµGMN

)
− GMNGPQGRS∆M

PR∆
N
QS − 2GMN∆P

MQ∆
Q
NP +DµΦDµΦ +

1

4

(
DµGMN

)(
DµGMN

)
− 1

2
GMN

(
DµAI

M

)(
DµAI

N

)
− 1

4
GMPGNQ

(
DµBMN +AI

[MDµAI
N ]

)(
DµBPQ

+AJ
[PDµAJ

Q]

)
+

1

4

(
∂µBνλ −

1

2
AI

µF I
νλ −

1

2
VMµHνλM − 1

2
BµMVMνλ

+
1

2
ΛMNPVMµVNνVP λ − ΩI

MNA
I
µVMνVNλ −∆M

NPBµMVNνVP λ
)(
∂µBνλ

− 1

2
AI
µF I

νλ −
1

2
VMµHνλM − 1

2
BµMVMνλ +

1

2
ΛMNPVMµVNνVPλ

− ΩI
MNA

IµVMνVNλ −∆M
NPBµMVNνVPλ

)
+

1

2
GMNDµAI

MDµAI
N

+ GMPGNQ
(
ΩI
MN +AI

R∆
R
MN

)(
ΩI
PQ +AI

S∆
S
PQ

)
+
(
ξKDKHI

J

−DP ξI HPJ +
(
DJξ

P −DP ξI

)
HI

P + ξKDkHI
J −DKξ

I HK
J +DJξ

K HI
K

+DJ ξ̃K HIK +DJξ
B HI

B −DK ξ̃J HIK + L̂ξHI
J +

(
DJ ξ̃K −DK ξ̃J

)
HIK

+ TP

∫
enϕGΛ1Ξ1DY Λ1 ∧ DY Ξ1 ∧ ... ∧GΛnΞnDY Λn ∧ DY Ξn

We apply our universal recipe of the preceding section to write the supergravity corresponding action
based on the moduli superspace construction with exceptional inclusion of exotic brane systems. For the
general case of fundamental extremal brane system the appropriate higher-dimensional theory includes
special bulk action L̃B(Σ∆̂), the brane L̃BR(Σ∆̂) and hidden brane lagrangian L̃HBR(Σ∆̂), the brane

fields coupling action L̃BFC(Σ∆̂) and hidden brane couplings term L̃HBC(Σ∆̂). The exclusive solution of
the higher-dimensional corresponding action of exceptional supergravity for the fundamental extremal
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brane system is

SEXT = ∆̂

∫
Σ∆̂

dDx
√

G∆̂ R∆̂ L̃EXT (Σ∆̂) +
∑
∆̂

{∫
Σ∆̂

dDx
√

−G∆̂L̃B(Σ∆̂) +

∫
Σ∆̂

dDx
√
−G∆̂L̃BR(Σ∆̂)

+

∫
Σ∆̂

dDx
√

−G∆̂L̃HBR(Σ∆̂) +

∫
Σ∆̂

dDx
√
−G∆̂L̃BFC(Σ∆̂) +

∫
Σ∆̂

dDx
√

−G∆̂L̃HBC(Σ∆̂)

}
+ ∆̂

∑
Σ

TΞ

∏
Σ

∫
Σ∆̂

dDx
√

−G∆̂

{
TΣ +

1

2
XΣ DMΣDMΣ +DMX

MΞAM(X)DNX
NΞCN(X)BAC(Z)

+
1

2
UΣDMΣDMΣ +DMU

MΞAM(U)DNU
NΞCN(U)DAC(B) +

1

2
ZΣ DMΣDMΣ

+ DMZ
MΞAM(Z)DNZ

NΞCN(Z)PAC(Z) + · · ·
}

(399)

We construct a fully consistent and gauge invariant actions in higher-dimensional exceptional su-
pergravity with presence of backgrounds, superstrings and membrane interpretations in D-dimensional
spacetime supermanifolds realized in the theoretical framework. We discuss and surrendered the chal-
lenges involved in the advanced construction of the full higher-dimensional supergravities in modern and
constructive fashion. Our main results are both of purely fundamental and mathematical interest and
lead, from the physical point of view, to the construction of new realistic superstring theories in super-
gravity backgrounds. The future of modern theoretical and mathematical physics is dependent on the
creation of higher-dimensional models in the theoretical framework used in theories such as supergravity,
superstrings and supersymmetric membranes.

14 Discussion and Future Directions

As discussed in section 2.3, there is an interesting identification between the island rule (3) for the brane
perspective and the RT prescription (4) for the bulk perspective in the doubly holographic model of [1, 2].
One feature is that the RT surfaces in eq. (4) are extremized in two stages: first, one finds surfaces that
are extremal everywhere aware from the brane, and second, the intersection of the RT surfaces with the
brane is extremized. The latter corresponds to finding the quantum extremal surface in the island rule (3).
The on-shell bulk surfaces found in the first step describe the leading contributions to the entanglement
entropy in the large N limit of the boundary CFT, for different candidate quantum extremal surfaces.
These contributions may be divided into two classes: various geometric contributions corresponding to
terms of the Wald-Dong entropy [116, 117, 118, 119] coming from the various gravitational interactions
induced in the brane theory by the CFT, and the quantum contributions appearing as SQFT in the island
rule (3). Of course, the first set of contributions comes from integrating the bulk area of the RT surface
near the brane, while the second set comes from the bulk region far from the brane.

As discussed in section 2.3, there seems to be a direct parallel between the above analysis of the
holographic entanglement entropy and of the holographic complexity using the CV proposal. Hence
beginning with the subregion complexity=volume proposal (18) in the bulk, we arrive at the following
description of the complexity from the brane perspective:

Csub
V (R) = max

∂B̃=σR

[
W̃gen(B̃) + W̃K(B̃)

Geffℓ′
+ CQFT(R ∪ B̃)

]
, (400)

where the geometric contribution is given by eqs. (49) and (55). Focusing on this geometric contribution,
this result leads us to propose eqs. (6) and (7) as the extension of the CV proposal for holographic
complexity in higher curvature theories. Our experience with the Wald-Dong entropy suggests that WK

provides an infinite series of corrections involving higher powers of the extrinsic curvature [119], and
eq. (7) only presents the first K2 term in this series. Further, in section 2.2, we noted that the K-term
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in eq. (40) was chosen for its simplicity and the similarity to the form of the K corrections in the Wald-
Dong entropy, but we cannot rule out the possibility that it involves more complicated contractions than
that in eq. (40). Perhaps, equally interesting in eq. (400) are the ‘quantum’ contributions coming from
integrating the bulk volume of the extremal surface far from the brane. These contributions can play
an important role in determining the geometry of B̃. Recall that the boundary of the extremal surface
consists of ∂B = R ∪ ΣR. Hence the profile of B depends on the full details of the geometry of the
boundary subregion R. Hence any two R and R′ with ∂R = ∂R′ yield the same RT surface ΣR and the
same quantum extremal surface σR on the brane, but these different choices will produce different island
surfaces B̃ – see figure 7. Of course, this reflects the fact that the holographic complexity is sensitive to
the details of the state that are not captured by the corresponding entanglement entropy.
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Figure 7: Different boundary subregions, R = RL ∪RR and R′ = R′
L ∪R′

R with the same boundaries,
i.e., ∂R = ∂R′. The entanglement entropy and the RT surface remains the same for both subregions.
However, the extremal surfaces B and B′ (denoted by the orange regions) are different and hence they

produce different islands B̃ and B̃′ on the brane (represented by the blue slice). The QES on the brane

is unchanged and hence ∂B̃ = ∂B̃′ = σR. The red shaded regions on the asymptotic boundary represent
the causal domain of R (B̃). The subregion R′ may be any spacelike surface in this causal domain.

Similarly, B̃′ will always lie within the causal domain of the brane (denoted by the pink region).

A simple observation is that the holographic CV calculation picks out a special time slice on the
brane (i.e., B̃) for the island, in contrast to the corresponding entanglement entropy calculation which
only fixes the boundary of the islands (i.e., the quantum extremal surface). It would be interesting to

explore how B̃ is deformed by making variations of the subregion R on the asymptotic AdS boundary, or
perhaps by the insertion of extra operators in this subregion. While in principle these deformations could
fill the causal domain of some canonical time slice with boundary σR, our intuition is that generally, such
variations will only produce perturbatively small deformations of B̃. If one examines the FG expansion
(24) for embedding surface near the brane more closely, one finds

xi (z, σa) =
(0)

xi (σa) +
(1)

xi (σa) + · · ·+ zd

Ld

(
(d)

xi (σa) +
(d)

yi (σa) log
( z
L

))
+O

(
zd+1

Ld+1

)
. (401)

The coefficients
(n)
x i with n < d are completely determined by the boundary profile

(0)
x i and the boundary

metric
(0)
g ij, e.g., see [145]. The second independent coefficient in this expansion is

(d)
x i. This is precisely the

coefficient that is determined by the infrared physics and the shape of R and so naively, its contributions
on the brane are suppressed by the power (zB/L)

d ≪ 1 in the regime of interest.
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The above expansion also resolves a puzzle with eqs. (18) and (400). In the latter equation, the
brane perspective seems to treat CQFT as a higher-order term of the expansion in Geff . However, both
contributions arise at the same order in the GN expansion in the bulk. There is no contradiction be-
cause the quantum corrections from the boundary CFT are enhanced by a power of the central charge
cT ∼ Ld−1/GN ∼ Ld−2/Geff – where we use eq. (17) in the latter. However, the effect of the quantum
contribution CQFT can still be suppressed in the expansion on the brane in terms of powers of zB/L ∼ L/ℓB.

A fascinating aspect of the second term in eq. (400) is that while this contribution has a geometric
origin in our bulk calculations, it is interpreted as a quantum contribution from the brane perspective,
i.e., it is associated with the quantum fields on R ∪ B̃. The interpretation follows the parallel with the
holographic entanglement and the appearance of SQFT(R ∪ islands) in the island rule (3). Of course, it
points to an improved version of our generalized complexity=volume proposal (6) of the form

CV(R) = max
∂B=R

[
Wgen(B) +WK(B)

GN ℓ
+ Cbulk

]
, (402)

where Cbulk represents the contribution from the quantum field state in the bulk. This would be analogous
to the appearance of quantum corrections in the holographic entanglement entropy [106, 107]. Of course,
such additional contributions have long been expected because the CV proposal (1) has the form of a
saddle point approximation of some more complete calculation. While eq. (400) is the first instance where
these quantum corrections can be explicitly calculated, unfortunately, our doubly holographic model does
not indicate what quantum calculation yields these contributions. Of course, it would be interesting to
further investigate the properties of CQFT in eq. (400) to gain further insight into this question.

In this vein, one immediate observation from examining eq. (400) is the tension between the maxi-
mization and the naive association of CQFT with circuit complexity – or rather circuit depth. That is, if
we associate CQFT with the size of the quantum circuit needed to prepare the QFT state on the corre-
sponding region (along the lines studied in, e.g., [146, 147]) then the complexity follows from minimizing
this quantity rather than maximizing. One simple resolution would be to consider our analysis with
a Euclidean (rather than a Minkowski) signature. Then the CV conjecture (1) would correspond to
minimizing the volume of the bulk surfaces and this minimization would naturally be inherited by the
generalized proposal in eq. (400) or (402). This tension may suggest that CQFT should instead be asso-
ciated with an alternative interpretation of holographic complexity, e.g., optimization of path integrals
[148, 149], “quantum circuits” based on path-integrals [150] or using the equivalence of bulk and bound-
ary symplectic forms [151, 152, 153]. Our doubly holographic model may also provide an interesting new
forum to study these approaches.

General Higher Curvature Theories

While we are proposing that the generalized expressions for holographic complexity in eqs. (6) and (7)
should apply for general theories of higher curvature gravity, we only applied our consistency tests in
section 3 to two very specific theories. The feature that distinguished these theories was their boundary
value problem. Namely, Gauss-Bonnet gravity can be solved with standard boundary conditions applied
to the metric, while f(R) gravity could be expressed in a form (i.e., as a scalar-tensor theory) where
the boundary conditions had a simple form. We note however that this limitation was because of issues
in dealing with infinitely thin brane in higher curvature theories. Hence while this is a limitation of the
doubly holographic model, we do not believe that it limits the applicability of our generalized proposal
for holographic complexity. Certainly, the induced gravitational theories on the brane are outside this
limited class of higher curvature theories.

However, we must admit that there are aspects of our consistency tests in section 3 that deserve
further consideration. For example, one should better understand the appearance of the “effective
Newton constant” in the generalized volume for f(R) gravity. For the Gauss-Bonnet theory, it would be
interesting to understand how to derive the expression for Wbdy in eq. (82) from the surface terms added
to the gravitational action on either side of the brane.
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We hope our generalized extension of the CV proposal will encourage further investigations of holo-
graphic complexity in higher curvature gravity models. Many studies of the CV proposal for higher
derivative gravity (e.g., [154, 155, 156, 157]) only consider the volume term. Therefore it will be inter-
esting to explore the differences between the CV and our generalized CV approaches in various settings.

To close here, let us add that there is another interesting discrepancy in our approach which deserves
further study. Setting aside the doubly holographic model and considering standard AdS holography for
a moment, we observe that one finds logarithmic divergences in evaluating the boundary counterterms
and the holographic entanglement entropy when the boundary dimension d is even. Of course, these
divergences are related to the conformal anomaly of the boundary CFT. However, in evaluating the
extremal volume for the holographic complexity, one finds that there are logarithmic divergences when
d is odd. As a result, in the analysis of the doubly holographic model, one finds that one can account
for the log divergences in the entanglement entropy (coming from the bulk region near the brane) by
straightforwardly applying the Wald-Dong entropy to the induced gravitational action on the brane [1].
In contrast, there is no such match between the logarithmic divergences in the CV complexity in the bulk
and the geometric contributions in our generalized complexity (402) on the brane (for odd d). Similarly,
applying our geometric formula to the logarithmically divergent terms in the induced action naively yields
contributions which do not appear in the CV complexity (for even d). In either case, one can adopt an
approach where these logarithmic terms are treated separately. However, an alternative may be that the
boundary between the geometric gravitational contributions and the quantum contributions is different
for the generalized CV complexity in eq. (402), than say, for holographic entanglement entropy. This is
certainly an issue that deserves further consideration.

While the above issue arises for all values of d when calculating corrections to sufficiently high orders,
let us add that it is immediately apparent in our analysis in section 2.2 for lower dimensions, e.g., the
coefficients in eq. (48) diverge for d = 2 or 3. It arises there because the logarithmic divergence appears
in the leading or first subleading contribution. We provide a detailed examination of these two cases in
appendix 12. However, we emphasize again that the same issue arises in higher dimensions but only in
higher-order contributions.

Mutual Complexity and Island Complexity

Much of our analysis focused on identifying the geometric terms in eq. (400) by looking at the contribu-
tions arising from the region near the brane, i.e., the leading terms in the limit zB/L̃→ 0. However, we

should recall that the quantum term CQFT(R ∪ B̃) also includes the UV divergent terms associated with
the cut-off surface near the asymptotic AdS boundary. These are less interesting for our purposes and
so we point out that they can be eliminated by considering the mutual complexity, e.g., [20, 36, 49, 158]

∆Csub
V = Csub

V (RL) + Csub
V (RR)− Csub

V (RL ∪RR) . (403)

The UV divergent terms, which only depend on the boundary geometry of RL and RR, cancel in this
combination of complexities, leaving a UV finite quantity.

We also remark that the transition between the no-island phase to the island phase can also be
diagnosed by the above mutual complexity. In particular, the latter vanishes in the no island phase,
in which the bulk RT surfaces are disconnected phase – see figure 1. For the island phase, the mutual
complexity jumps to a large negative value. In fact, we expect that this is dominated by the island
contribution, i.e.,

∆Csub
V ≃ −CIsland

V + · · · = − W̃gen(B̃) + W̃K(B̃)
Geffℓ′

∣∣∣∣
B̃ext

+ · · · . (404)

Even though the entanglement entropy is continuous at the transition between these two phases, the
complexity of the island state is much larger than that of the no island state. This reflects the fact
that one is able to reconstruct the island on the brane from the asymptotic boundary state. Of course,
similar discontinuities in the mutual complexity are seen in more conventional holographic settings, e.g.,
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[20, 47, 48, 49, 50, 51, 52, 98], but it would interesting to further understand the implications for quantum
extremal islands.

Length Scale in Holographic Complexity

Both the holographic CV proposal (1) and our proposed generalization (6) involve an undetermined
length scale ℓ. In most previous studies, e.g., [21, 22, 33, 34, 35, 36, 37, 38, 39, 40, 41, 42, 43, 44, 45, 46,
48, 49, 50, 51, 52], this length scale is simply chosen to be the AdS curvature scale. However, our analysis
was simplified by leaving ℓ undetermined, and in particular, we found a simple relation (38) between the
scales associated with the holographic complexity in the bulk and on the brane. The AdS radius of the
induced gravity on the brane, i.e., ℓB ≈ L2/zB, is more or less independent of the bulk radius L, i.e., the
relation depends on the brane tension as shown in eq. (12). If one demands to identify the length scale
in the complexity proposals to the AdS radius for the different gravity theories, the generalized CV for
boundary subregion and the island are given by

Csub
V ≡ max

B

[
1

Gbulk L
(Wgen(B) +WK(B))

]
,

CIsland
V ≡ max

B̃

[
1

Geff ℓB

(
W̃gen(B̃) + W̃K(B̃)

)]
,

(405)

and the two expressions do not agree, i.e., Csub
V /CIsland

V ≃ ℓB/L. Rather one would have to introduce an
additional ‘penalty factor’ to produce the desired equivalence, i.e.,

Csub
V ≃ P CIsland

V + · · · with P =
d− 2

d− 1

ℓB
L
. (406)

In contrast to the simple relation in eq. (38), this additional factor has a complicated dependence on the
physical parameters of the underlying theory.

Maximal Condition for Holographic Complexity

As we have stressed, the CV conjecture (1) and our generalized proposal (6) relies on maximizing the
corresponding geometric functional on bulk hypersurfaces B with the appropriate boundary condition
∂B = R ∪ ΣR. However, we only explicitly use the local equations, i.e., δCV

δXµ = 0 to find the extremum.
For eq. (1), we are guaranteed that the extremal volume will be a maximum. However, with our gen-
eralization (6), we are no longer guaranteed that the corresponding geometric functional will reach a
maximum in situations where the higher curvature contributions become important. That is, the solu-
tions of the extremizing equation may be a maximum, a minimum, or a saddle point. Maximizing the
holographic complexity further requires a necessary condition for the generalized CV functional to be a
local maximum, i.e.,

δ2CV 0 , (407)

where the variation is defined with respect to perturbations of the extremal surface B. Although, this
condition is not necessary for the derivation of the results in this paper, it is still interesting to explore
the meaning of this constraint on second variations of generalized complexity. From the viewpoint
of holographic entanglement entropy SEE, its second variations (with respect to deformations of the
entangling surface) are also constrained by strong stability, i.e., δ2SEE ≥ 0, due to the fact the RT
surface is a local minimum of its area. Similar strong stability should also be imposed on the generalized
entropy Sgen – see [25, 159] for more discussion. It is remarked that strong stability is a nontrivial
constraint independent of its extremality condition. As an important application, the second variation
plays a crucial role in defining quantum null energy conditions [160, 161]. So we expect that there will
be interesting applications of the stability condition (407) for holographic complexity.
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Generalized First Law for Causal Diamonds

By applying Wald’s Noether charge formalism [116, 117], the authors in [162, 163] derived an extended
first law of causal diamond mechanics in Einstein gravity

δHmatter
ζ = − κ

8πGN

[δA− kδV ] , (408)

where Hmatter
ζ is the matter Hamiltonian associated with the flow generated by the conformal Killing

vector ζ on the causal diamond, A is the area of the edge ∂Σ, and k denotes the extrinsic curvature of
∂Σ embedded in the maximal slice. Connections to the first law of holographic complexity were also
developed in [17, 19, 152]. Furthermore, it was extended to higher-curvature gravity in [120] as

δHmatter
ζ = − κ

2πGN

δSWald

∣∣∣
W

+

∫
∂Σ

δCζ , (409)

where δCζ = 0 are the linearized equations of higher derivative theory and the Wald entropy evaluated
on bifurcation surface ∂Σ varies while keeping the generalized volume W fixed. Here the generalized
volumeW differs from ours in eq. (7) because the former has a constant term depending on the couplings
of the higher derivative theory and it is normalized to be the regular volume for any higher-curvature
gravity when evaluated in AdS background. The simplicity from our complexity formula is that the
relevant coefficients only depend on the dimension of theory. Considering that our proposal suggests a
new term WK depending on the extrinsic curvature, it would be interesting to generalize the first law of
causal diamond mechanics by connecting the Wald-Dong entropy and our generalized volume.

Generalizing Complexity=Action?

In the context of holographic complexity, the complexity=action (CA) conjecture [7, 8] and its subregion
version [9] have also been widely studied. Generalizing our work to consider the CA proposal in the
framework of our doubly holographic model is an obvious future direction. However, in contrast to the
CV proposal, the CA approach already includes the corrections from higher-curvature terms due to the
explicit dependence of action on these terms. So the real question to verify is whether the subregion-CA
proposal in bulk theory produces the same complexity for the induced gravitational theory on the brane,
i.e., does one find

Csub
A ≃ CIsland

A + · · · ? (410)

If this is not the case, it may imply the need to consider a modified CA approach for higher-curvature
gravity theory. Of course, subtlety is that surface and joint terms play a very important role in the
CA approach [164], and determining the corresponding terms for higher curvature theories is quite
demanding, e.g., [165, 166, 167, 168]. Let us also note that the Csub

A approach has already been studied
in the literature, e.g., [35, 51, 52], but the extension to the present context is not obvious from these
results.
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