ON THE TWIN PRIME CONJECTURE

B. GENSEL

ABSTRACT. Every prime number p > 5 has the form 6z —1 or 6z+1. We call
the generator of p. Twin primes are distinguished by a common generator
for each pair. Therefore it makes sense to search for the Twin Primes on the
level of their generators. This paper presents a new approach to prove the
Twin Prime Conjecture by a method to extract all Twin Primes on the
level of the Twin Prime Generators. We define the wp,, —numbers 2 as numbers
for that holds that 6z — 1 and 6x+ 1 are coprime to the primes 5,7,...,pn. By
dint of the average size §(p») of the wp,, —gaps we can prove the Twin Prime
Conjecture..

1. INTRODUCTION

The question on the infinity of the twin primes keeps busy many mathematicians
for a long time. 1919 V. Brun [3] had proved that the series of the inverted twin
primes converges while he had tried to prove the Twin Prime Conjecture. Several
authors worked on bounds for the length of prime gaps (see f.i. [4, 5, 6]). In 2008 B.
Green and T. Tao [7] succeeded in proving that there are arbitrarily long arithmetic
progressions containing only prime numbers. 2014 Y. Zhang [8] obtained a great
attention with his proof that there are infinitely many consecutive primes with a
gap of 70,000,000 at most. With the project ”PolyMath8”, in particular forced by
T. Tao [9], this bound could be lessened down to 246 respectively to 12 assuming
the validity of the Elliott—Halberstam Conjecture [10].

In [11] an attempt to prove the Twin Prime Conjecture only by elementary
instruments is shown. Another approach as in the most works on this topic is
presented there. The looking for twin primes is transfered to the level of their
generators because each twin prime has a common generator. However the proof
based on a vague assumption over the distribution of the w,—numbers. With this
new paper this gap will be closed. For a better understanding some definitions,
statements and results from [11] are repeated in the next two sections.

2. TWIN PRIME GENERATORS

It is well known that every prime number p > 5 has the form 6z — 1 or 6z + 1.
We will call « the generator of p. Twin primes are distinguished by a common
generator for each pair.
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Definition 2.1. Let
N be the set of the positve integers,
P the set of the prime numbers, P* primes > 5,
P_.={peP|p=-1(mod6)}, P ={peP"|p=+1(mod6)}
and

k(n) :=

V“J for n € N 2.1)

the generator function of the pair (6x(n) —1,6x(n) +1). If a pair (6z —1,6x+1)
is a twin prime then we call x as a twin prime generator and

G:={zeN|6z—1€P_6z+1cP,}

is the set of all twin prime generators. Hence the pair (5,7) is the least twin prime
in our consideration.

In order to transfer the searching for twin primes to the level of their generators
we need a criterion for checking a natural number to be a twin prime generator.

Theorem 2.2. A number x is a twin prime generator, a member of G, if and
only if there is no p € P* with p < 6x — 1 that one of the following congruences

fulfills:
x = —k(p)(mod p) (2.2)
x = +k(p)(mod p) (2.3)
Proof. At first we assume that there is a prime p € P* with p < 6z — 1 such that
(2.2) or (2.3) is valid. There are two cases.

(1) p € P_ , what means p = 6x(p) — 1:
If (2.2) is true then there is an n € N with

z = —k(p) +n-(6r(p) —1)
6x = —6k(p) + 6n - (6r(p) — 1)
6z + 1= —6k(p) +6n-(6k(p)—1)+1
= (6n — 1)(6x(p) — 1)
=(6n—1)-p
= 6z+1=0(modp) = ¢ G
For (2.3) the proof will be done with 6z — 1:
6x —1=6k(p) +6n- (6r(p) —1)—1
= (6n+ 1)(6k(p) — 1)
=6n+1)-p
= 6z —1=0(modp) = z¢ G

(2) p € Py, what means p = 6k(p) + 1:
We go the same way with (2.2) and 6z — 1 as well as (2.3) and 6z + 1:

6x — 1= (6n—1)(6r(p

6k ) = 6z —1=0(modp)
6x + 1= (6n+1)(6xr(p

)+ 1
)+1) = 62+ 1= 0(modp)
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With these it’s shown that = ¢ G if the congruences (2.2) or (2.3) are valid. They
cannot be true both because they exclude each other.

If on the other hand x ¢ G, then 62 — 1 or 6z + 1 is no prime. Let be 62 — 1 =
0(mod p) for any p € P_. Then we have

6x — 1 = 0(mod p) = p(mod p)
= (6k(p) — 1)(mod p)
6x = 6k(p)(mod p)
z = k(p)(modp) = (2.3).
For any p € P, we have
6x — 1 = —p(mod p)
= —(6x(p) + 1)(mod p)

—6£(p)(mod p)
—k(p)(modp) = (2.2).

6x

T

The other both cases we can handle in the same way. Therefore either (2.2) or (2.3)
is valid if = ¢ G. O

If we consider that the least proper divisor of a number 6z + 1 is less or equal
to v/6z + 1 then p in the congruences (2.2) and (2.3) can be limited by

p(z) = max(p € P* | p < V6z +1).

Remark 2.3. Henceforth we will use the letter p for a general prime number and
pn, if we describe an element of a sequence of primes.

With p,, as the n-the prime number! and 7(z) as the number of primes < z we
have with

x = —k(pp)(mod py,) or x = +k(py)(mod py,) (2.4)
for 3 < n < 7 (p(x)) a provable system of criteria to exclude all numbers x > 4
being no twin prime generators. Since the modules are primes the criteria are

independent among each other.
Hence we can square the congruences (2.4) and get

22 = 5(pa)(mod pn) for 3 < n < 7 (4(x)) (2.5)
This results in a system of indicator functions ¢ (x,p,) for that holds for 3 <

n < (p(z))

2 — K(pn)”® = ¥(x, pn)(mod p,,) respectively

w(%Pn) = (332 - H(pn)2) Mod py,. (26)
For the sake of completeness we define 1 (x, p,) = 0 for < (p,).

Obviously holds that if ¥(x,p) = 0 for any p < p(x) then x cannot be a twin
prime generator. 2 Due to modulo the indicator function ¢ (z, p) is periodical in =

It is p1 =2
2We consider only cases = > #(pn) in the sequel.
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with a period length of p. With the indicator functions for all modules ps, ..., p,
we build the aggregate indicator functions

{E pn H 'l/} x pz
and (2.7)
U(2) = U (x,p(x)).

Because the co-domain of ¥ (x,p) consists of integers between 0 and p — 1, the
aggregate functions ¥(z,p) and ¥(z) have rational values between 0 and < 1.

Definition 2.4. Let be

& =min(z € N| p(z) = pp). (2.8)
It is the first integer = for that the modul p, could be a prime factor of 6x + 1.
Therefore we denote it as the origin of the modul p,,.

Up from &, in every ip—period there are just p, — 2 positions with ¥ (z,p,) > 0
and two positions with ¥ (x, p,) = 0, once if (2.2) and on the other hand if (2.3)
holds. Obviously the distance between these both positions is 2x(p,) respectively
4k (pn) £ 1 since the period length is 6x(p,,) £ 1.

It is p, < p(x) < V62 + 1 and therefore p2 < 6z + 1. Then pi(;l is the least
number that meets this relation. Comparing with (2.8) we get

¢ _ Pl
n 6 .

It is easy to prove that for every integer n > 3 holds that &, is an integer divisible
by 4.

(2.9)

Lemma 2.5. At the origin &, cannot be a twin prime generator since we have

Y(&nspn) = 0.
Proof. We substitute p,, by 6x(p,) £ 1. With this and (2.9) holds

(65(pn) £1)° — 1
6
6r(pn) (6k(pn) £ 2)
6
K(pn) (6k(pn) £ 1) £ £(py)
= '%(pn) “Pn K(pn)

= iﬁ(pn)(mOdpn) = qu(fnypn) =0.

fn:

O

In the proof we have seen that for every prime p holds that p? — 1 is an integer
divisible by 6. For every @ > &, the local position relative to the period start ® can
be determined by the position function 7(z,p,):

x + k(pn) = 7(2, pn) (mod p,,) respectively
7(2,pn) = (x + k(pn)) Mod py,.. (2.10)

SFor pn € P_ the period start is &, and else it is &, — 2k(pn).
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Hence the co-domain of the position function 7(x, p) are the integers 0,1,...,p—1
and it has in = a period length of p. Between the indicator function ¢ (x,p) and
the position function 7(z,p) there is the following relationship:

Y(2,p) = 7(x,p) - (z — K(p)) Mod p
=7(z,p) - (r(z,p) — 2k(p)) Mod p. (2.11)

Obviously holds ¥(z,p) = 0 if and ouly if 7(z,p) = 0 or 7(x,p) = 2k(p). From
(2.10) we see that the values of the position function 7(z,p) consists exactly of the
p values 0,1,2,...,p — 1. Because the values 0 and 2k(p) indicate that = cannot
be a twin prime generator (see Theorem 2.2) we will call them as 7-bad values and
the others as 7—-good values. Hence there are two 7-bad values and p — 2 7—good
values for each modul p.

3. THE w), ~NUMBERS

For every natural number z in the interval
A, ={zeN|¢§ <z <&} (3.1)

p(z) persists constant on the value p,,. The length of this interval will be denoted
as d,. It is depending on the distance between successive primes. Since they can
only be even, we have with a = 2,4,6, ...

(pn+a)* =1 pp—1
6 6
_2apn—|—a2

6
a a

> 2(pu 1), (32

On the other hand we obtain because of p,+1 < 2p, (see [2], p. 188)

d, =

_ Pam—1 pR-1
T 6 6
_ pi+1 -y
N 6
(anrl +pn)(pn+1 - pn)

dn

6
<3pn'pn ﬁ

6 2

And since d,, is an integer and p? is odd it holds

2
—1
p"T = 3¢, and hence (3.3)

Ent1 < 4&n. (3.4)

The congruences in (2.10)

dn <

x+ k(p;) = 7(x,pi)(modp;), 3<i<n (3.5)
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fulfill the requirements of the Chinese Remainder Theorem (see [1], p. 89). There-

fore it is modulo 5-7 - ... - p, uniquely resolvable. With
potts = [[pi=5-T-...-pn (3.6)
i=3

it’s (mod p,#5) * uniquely resolvable. Therefore the aggregate indicator function
U(x, py) has the period length p,#s5 and it holds:

\I/(J,‘ + a"pn#fnpn) = \I/(a?,pn) ‘ a € N.

Definition 3.1. A positive integer x will be called as an w,,—number if both
62 — 1 and 62 + 1 are coprime ® to p,#s5. Then is ¥(x,p,) > 0.

Corollary 3.2. Because of the periodicity of the aggregate indicator function V(zx, p,)
in x there are infinitely many w,, —numbers.

Definition 3.3. Let be
Pn = {:C eN | gn S < 671 +pn#5}

the interval of one period of the aggregate indicator function ¥(z, p,). We’ll denote
it henceforth as period section. Evidently is A,, C P, for all n > 3.

Proposition 3.4. The period section P, contains
() = [ (0 — 2) (3.7)
k=3

wp,, ~numbers.

Proof. Due to Definition 3.3 the period section P,, contains p,, #5 successive natural
numbers &,,&, +1,...,&, + pnFs — 1. Each sequence of py successive members of
them for 3 < k < n contains due to (2.11) two members x4 with the two 7-bad
values

T(z—,pr) =0 and 7(z4, pr) = 26(pk)
and pi — 2 members y with the p; — 2 7-good values. Each w, —number y € P, is
represented exactly by one m—tuple with m =n — 2

(T3yTay oy Tn)s

where all values 7, = 7(y,px) are 7—good values and since by virtue of (2.11) for
only 7—good values holds

n
Tk (T — 26(px ) Mod py
‘Il(yapn) = H ( ( ) > 0.
k=3 Pk
Because the primes 5,7, ..., p, are independent, all the m—tuples are different and

their number is
n

H(Pk —2).

k=3

Ut is pn#ts = p%#, with the primorial pn#.

5Then is ged (3622 — 1, pn#ts) = 1.
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Since each such m—tuple represents exactly one different w,,, —number in P, it holds
n
¢(pn) = [ [ (ox — 2)-
k=3
a

Corollary 3.5. Let x be an wy, —number as a member of A,,. Then z is a twin
prime generators because by virtue of Definition 3.1 6x — 1 as well as 6x + 1 are
prime to 5,7,...,p, and it holds ¥(x,p,) = (I\l(x) > 0.

Vice versa an wp,, —number as member of A,, by m < n is not necessarily a twin
prime generator.

The ratio between (3.7) and the period length by virtue of (3.6) results in

=2
N(pn) = pn#5 Hp (3.8)

=3
as the average density of the w, —numbers in Pn. Obviously n(p) is a strictly
monotonic decreasing function.

Lemma 3.6. The average density function n(p,) is double-sided bounded by

i<77(p)< E
P " logpn

Proof.
A) At first we prove the left inequality.
Because all primes > 2 are odd numbers, the count of primes < p,, is less
than the count of odd numbers in the same range. All factors of 7n(p,,) are
less than 1. Thus we get with m = p““

ph— 2 2k —1)—2
ng >H % 1

k=3

|
NeIEN|

T e ol

B) It’s well known that (see [1], p. 40 above)

1 w(x) -
o1 (-3) B (25

p<lx k=1

Therefore is

n
Pk —
>
log Dn H Dk

2 L~ pe—1_
NI
ﬁ k_2 (pn)

k=
1
T2

oo\'—'
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3

log pr,”
With it the proof is completed. O

Hence we get for the right inequality n(p,) <

Corollary 3.7. Since both bounds in Lemma 3.6 go to zero holds
Jim_7(pn) = 0.

This means that the w, —numbers have an asymptotic zero—density. Therefore
the twin prime generators as subset of the w,, —numbers have an asymptotic zero—
density too. This result is in accordance with the the fact that also the set of the
primes has an asymptotic zero—density.

3.1. The Symmetry of the w, —Numbers. In the period section P, the element

o) = paits
has a particular importance. Because p,, #s5 is divisible by all primes between 5 and
Py, it holds
pu#ts = 0(modpy,) [ 3 <m < n,p, € P*

and hence
x1(10) 5—'5 iK(pm)(In()dpm) | 3<m<n,p, € P*.

Hence 2\ is an wp, —number and it holds

Because of &, < pp#s5 < &, + pn#s5 the number mg)) is in the inner of P,, but near

to the end.

Theorem 3.8. The wy, —numbers are symmetrically distributed around the axis
)

\Ij(mslo) - a,pn) = ‘I’(JS%O) + a>pn)
for any positive integer a < x%o).

Proof. Since by virtue of (2.7) the aggregate indicator function ¥(x,p,) consists of

the product of the indicator functions ¥ (x,5),...,¥(x,p,), the w, —numbers are
symmetrically arranged around the axis 28 if and only if holds for m =3,...,n 6
w(xﬁl‘” —a,pm) = w(xﬁl‘” + a,pm) (3.10)

with any number a < 2. From (2.6) we have

1/)(1'7pm) = (332 - ’Q(pm)Q) Mod py,.
With x%o) + a for = we get

¢(z£lo) *a,pm) = ((:::EP) +a)? - n(pm)2) Mod py,
= (96510) (@0 +2a) + a® — K’<pm)2) Mod pr,
and since z(?) = 0(mod p,,)

= (a® — k(pm)*) Mod py. (3.11)

6Unless otherwise specified the use of the variable p,, means below p, € P* |3 <m < n.
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Since ¥(zn O 1 a, Dm) Tesult in a common value it follows (3.10). O
Additionally from (3.11) we see that

77[}(56510) ta,pm) =0 for a = k(pp).

This means that at these positions there cannot be w,, -numbers. Around the axis

:cﬁ?’ there are wy,,—gaps with the length x(p,) but an w,,—gap cannot reach over
(0)
Ty .

If we limit our consideration to the period section P,, then there is a section of
symmetry with a length of 2¢,, at the end of P, around on x(o) = ppF#s5. But in
the remaining of the period section there is symmetry too. Let

(1) pn#5

be a rational number as the middle between the integers

l’(li) - pn#f’) B and 1‘(1+) o pn#5 +1 )

07 = — 00 == (3.12)

Theorem 3.9. The wy, —numbers are symmetrically distributed around the axis
o
V(™) —a,pn) = V(M) +a,p,)
for any positive integer a < xs«}).
Proof. Because of the periodicity of the aggregate indicator function we have
V(& + a,pn) = U(pp#s + &n + a,pn) and because of Theorem 3.8
= \I/(pn#{i - gn - a7pn)- (313)

Therefore there is symmetry around

ot atpndts —&n—a _ Potts _ )
2 2 n

We set 25 instead of &, in (3.13) and get
v (9653“ + a,pm) = pn#5 — (@ +a), pm)
n#s +1
=V (pn#S - p # - a7pm>

<pn 5_1 )
— a;Pm

\I/(xl) apm>

r&(

O

The section around ng)

than the length 2¢,, of the section around z;, ) hecause Pn#s increases more quickly
than &,.

has a length of pn#5 2¢,. Tt increases more quickly
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With the transition p, — pp+1 the symmetry of the w, —numbers in their period
sections P,, repeats p,1—times oneself in P, 11, disturbed by the
Prt1 - B(Pn) = @(Pry1) = Pnt1 - &(Pn) — 0(Pn) - (Pry1 — 2)
= 2¢(pn) (3.14)

excludings by the indicator function ¥ (z,pp4+1). How the 2¢(p,) positions are
distributed in P, is uncertainly. Nevertheless in P,,+; we have symmetry again
(see Corollary 3.10), but only on the whole.

Corollary 3.10. Since by virtue of Theorems 3.8 and 3.9 the w,, —numbers are
symmetrically distributed around the azes x%o) = ppFs5 as well as sc%l) = pnT#5

therefore the wy,, —gaps are symmetrically distributed with respect to their sizes.
Lemma 3.11. At the positions xg_)
numbers.

Proof. Since 4 # 0(mod p,#s5) we can multiply (2.6) by 4 and have for 3 <m <n
A (z, pm) Mod p, = ((22)? — (26(pm))?) Mod pp,

and x5 by virtue of (3.12) are wp, —

n#s £ 1
and get for z = %
Pnfts £ 1
4¢(%ap7n) MOdpm = ((]%#5 + 1)2 - 4’41(p’rn)2) MOdan
= (pn#5(pn#5 + 2) +1- 4H(pm)2) Mod py,
= (1 - 4k(pm)?) Mod py,.
Because this never can be zero therefore at the positions 24~ and 2 ™) are Wp,,—
numbers. d

Hence no w,, —gap can reach over the symmetry axis :1:511). Each wy,, —gap has in

Pp always a symmetry partner, each w, —gap occurs twice in P,.

3.2. The Overlapping of the period sections. The intervals A,,n > 3 defined
by (3.1) cover the positive integers > 4 gapless and densely. It is

(o) o0
N={1,2,3U | J A, and (| A, =0.
n=3 n=3
They are the beginnings of the period sections P, of the w,, —numbers. Hereafter
let’s say A-sections to the intervals A,,. Every w, —number that lies in an A-
section is a twin prime generator (see Corollary 3.5). In contrast to the A-sections
the period sections P,, overlap each other very closely. So the period section Py
reachs over 1739 A-sections up to the beginning of the period section P;745 and the
next Pyo over 7863 A-sections up to the beginning of Prgr3.

Lemma 3.12. FEach origin £, cannot be located at the beginning &, + a - pmFs
of any period of the aggregate indicator function VU (x,p.,) for n > m and a € N.
Therefore it holds for n > m
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Proof. The equation

2 _q 2 _1
pm6 +a-pms = p”6 and hence p, (pm + a - pm—1#) = pj

is for no prime p,, > p,, solvable since holds ged(py,, pm) = 1. a

Vice versa every period section P,41 starts always inside of the previous period
section P, nearby to its origin because (see (3.3) too)

énv1 =&, +d,, and

2
P Pnifs
d - .
n < €T

Lemma 3.13. FEven with modul p,, instead of pm#s holds

&n Z En(mod pyy,) for all n > m.

Proof. We assume contrarily &, = &, + a - pp, for any a € N. Analogously to the
proof of Lemma 3.12 we multiply by 6 and get finally

P = pm(pm + 6a).
Also this equation is since ged(pm,prn) = 1 for no p,, # pn € P solvable. O

4. THE wp, —GAPS

Definition 4.1. The inverse of 7(p,) means the average distance between two

immediately successive w,, —numbers in the period section P,
- 1
o(pn) = ; (4.1)
T n(pn)
the average size of the so called w,, —gaps.

Corollary 4.2. From Lemma 3.6 follows

nh_)rr;o 5(pn) = 0.
Theorem 4.3. For p, > 200 the square of the average size of the w,, —gaps is less
than the length of the interval A,

5(pn)? < d,, for p, > 200.

Proof. At first we prove that

w(pn) := pun(pn)?
is an increasing function by trend. We consider their properties for two cases:

A) Pny1 > pn + 4

o2
) — ulp) = (pa)? (p+(p;+2) - pn)

Prt1(Pnt1 —4) +4
=77(Pn)2< +( + ) _pn)
Pn+1

4
= n(pn)* <pn+1 —4—p,+ )
Pn+1

4n(pn)?
Pn+1

> > 0.
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Hence it holds in this case u(pp+1) > u(pn).

B) pny1 =pn +2:
(pn+1 - 2)2 )
2 — Pn
pn+1
and since p, = ppy1 — 2

=pn77(pn)2< o _ 1)

Pn+1

Pn — Pn+1
= pun(pn)” - ()
Pn+1

U(pn+1) - u(pn) = n(pn)Q (pn+1

2pn
Pnt2

Hence holds u(pn+1) < u(pn). Now we set u(pn41) = u(pn) — v(pn) with
the “loss function”

(pn)? <O0.

L 2pn, 9
v(pn) = pn+2n(pn) :

At first we’ll look for the behavior of u(p,42) depending on the prime
distance

Q= Pnt2 — Pnt1 = Pnt2 — Pn — 2 for a = 4,6,10,12, 16, . ..
With it we get

U(pn+2) = Pn+2- ﬁ(Pn+2)2
= (pn+a+2) -n(p, +a+2)?

— . (Pn +a)? . vy . 2
_ (pn + a)2 *Pn
=) e D, 4

We consider the difference between nominator and denominator of the frac-
tion
(P + @)% - P — (pn + a +2)(pn + 2)°
= (p;, + 2apy + a®)py — (pn + a+ 2)(pj, + 4p, +4)
= py, + 2ap;, + a*p, — py, — 4P}, — 4p,, — ap),—
—4apn—4a—2p721—8pn—8
= (a—6)p2 + (a® —4a — 12)p,, — 4a — 8
and get for
a=4 — —2p*—12p—24<0
a=6 — —32<0
a=10 — 4p> +48p—48>0|p> 2.

This means that u(ppi+2) < u(p,) for a = 4,6 and u(pp42) > u(pn) for
a > 10.
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With an analogous procedure we can demonstrate even for the case
Pn+3 = Pn+2 + 2 that also holds

u(pn—i-?)) > u(pn)

if @ > 10. In the case py+3 > Ppio + 2 it holds u(p,r3) > u(p,) because
of A). It seems to be important to emphasize that all these results hold for
the case pp4+1 — pn = 2.

The loss function v(py,) is strictly monotonic decreasing, because for two
twin primes p,,p, + 2 und p, + 2 + a, p, + 4 + a with the distance a > 4

holds 7
2(pn +2+ a) 2
v(pn+2+a) = ———npn+2+a
(p ) o T dta P )
and since 7(p) is a decreasing function
2 (pn + a)? 2
: 42
o Tita pizialnt?)
pntd+a pp+t2+a (pa+220"
Pn Pn t+a Dnt+a
= v(pn) - < v(pp)-

Pnt2 pnt2+a p,tdta

From twin prime to twin prime the loss function v(p,,) monotonicly de-
creases for each twin distance a.

As upshot we see that in the majority of cases u(p) is an increasing func-
tion while the loss function v(p) from twin prime to twin prime decreases.
The function u(p) tends to result in an increasing function.

The greatest twin prime < 200 is (197,199). For the next prime number 211
holds u(211) > 1.5159 = 2 + 0.0159. Since the next prime after 211 follows only
at 223 therefore for no prime p, > 211 is u(p,) < w(211). On the other hand
since v(py,) is monotonicly decreasing, is v(197) < 0.0148 < 0.0159 and all further
V(pntr) are even less. Therefore we get for p,, > 200 with (3.2) and (4.1)

3 - 2 2
u(pn) = Pnﬁ(ﬁn)2 > 5 — 5(pn)2 < gpn < g(pn + ]-) <d,.

This completes the proof. O

Corollary 4.4. Since u(p) is an increasing function by trend there is always a
prime p and a number ¢, > 1 such that holds

cp - 0(pn)* < dy for p, > p.
For instance we get for
P > 1,277 = 26(pp)? < do,
Pr > 25,561 — 106(pn)? < d,
P > 77,291 — 206(p,)* < d,, or for
Pn > 830,293 — 1008(pp)? < d,.

"For a > 10 there can be further single primes between p, + 2 and p, + 2 + a.
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5. GENERIC EXTENSIONS
Definition 5.1. Let z € N. We will denote with

VM (@) ==+ m - pa#s
the m*" generic extension of z of the order n.

In order to study the distribution of the w, —numbers in their period section P,
we will it partition in the following subsections

pn_l
P.=J P
m=0
with (5.1)

P = {z e N [4{™ (&) <z <A™V (E)}0<m < p, — 1.

n

Now we shift these subsections to the left by &, — 1 and obtain

pn—1
Gn=Pn—(§n—1)= U ggm):{x€N|1§$§pn#5}
m=0
with (5.2)
GM =PI — (¢, —1) = {z e N |4{™ (1) <z <A (1))

for 0 < m < p,, — 1. Obviously holds Qr(LO) =Gp1.

Lemma 5.2. The sections P, and G, are equivalent with respect to the count of
the wy,, —numbers and their relative positions shifted by &, — 1.

Proof. Due to the periodicity of the aggregate indicator function ¥(z, p,) and the
setting ¢¥(z,pn) =0 |z < k(p,) holds for all z | 1 < a <&, —1

U(x,p,) =0 if and only if U(x + p,#s5,pn) =0
and
U(x,p,) > 0 if and only if U(x + p,#s5,pn) > 0
for each n > 3. Hence the sets
A, ={zeN|1<z<¢, -1}
and
By ={z € N| pu#s + 1 < @ < pu#ts + & — 1}

are equivalent with respect to the relative positions to the w, —numbers and have
the same count of them.
On the other hand is

and

Gn=A,U(G,NPy) (5.3)
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as well as
Pr. = (Gn N Pp) U B,. (5.4)

Hence the sets P, and G,, are also equivalent with respect to the count of w,, —
numbers. Due to the equivalence with respect to their relative positions between
A, and B, and the positions of them in (5.3) resp. (5.4) the sets G, and P,, are
equivalent with respect to the positions of the w,, —numbers shifted by &, — 1, the
size of A,,. This completes the proof. O

With Lemma 5.2 holds
¢(pn) = {z € Pp | ¥(2,pn) > 0} = {z € G» | (2, pn) > 0}]. (5.5)

Since it holds 97(321 = G,, the relations above with respect to the w, —numbers
are valid for all gffjl and 737(321 and because of the periodicity also for all gfﬁ)l
and ’Pf?nj)l with 1 < m < pp41 — 1. Obviously they are in all subsections ’P,(Lnj)l
symmetrically distributed. Due to Lemma 5.2 this is valid for Q,(ﬁ:)l too. For the
Wp,,,,—umbers this all is not valid.

Definition 5.3. Analogously to (3.7) we denote with
6 (pn) = [{z € G" | W(x,pn) > O}

the number of w,,, —numbers in the subsection g,(,m> for0<m<p,—1.

Lemma 5.4. Let x be a fized member of G,, p a prime number, m an integer
varying between 0 and p — 1 and %(Lm) (x) the mi" generic extension of order n.
Then for all p > p,, the value of

(7™ (x),p) = T(x +m - pu#ts,p)

is uniquely determined by m.

Proof. Contrarily we assume that two different values mq, mo of m result in the
same value of the position function

(@ +m - puts,p) = T(x +ma - pus.p)-
By virtue of (2.4) we have
T(x 4+ m-pp#s,p) = (x+m-pu#s + k(p)) Mod p
= (7(z,p) + m - pn#s) Mod p.
Since z is a fixed member of G,, it must hold
(m1 - pn#ts) Modp = (m2 - pn#ts) Mod p.
Because of my,ms < p and ged(p,#s5,p) = 1 this equation is only solvable with

mip = mao. O

Lemma 5.5. Let x as a member of G,, be an w,, -number. Then p,11 — 2 generic

. m
extensions %(L )(9:) are wp,, ., ~numbers and two aren’t.
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Proof. Because of the periodicity of U(z,p,) it’s evident that %(Lm) (x) are wy, —

numbers for 0 < m < p,11 — 1, it holds

T(y™ (z),pn) > 0 since W(z 4+ m - putts, pn) = ¥(z,p,) > 0.
We consider for a fixed z, the position function with respect to p,41

T(’Yr(zm) (Io)vpn+1) = T(l'o +m- pn#S’an)-

It has p,41 different values and by virtue of Lemma 5.4 exactly one value 0 for
m = m_ and one value 2xk(p,+1) for m = my

T(’Yflmf)(%)apnﬂ) =0 and
(W) (20), Prt1) = 26(Pns1)-
By virtue of (2.11) we get for the indicator function
(V™) (@), Puga) = 0
and since
w(Wv(zmi)(ﬂfo)aan)
Pn+1

\Ij('}/ﬁbmi)(zo)apn-‘rl) = ‘I’(’Yﬁlmi)(fo),pn) :
we get finally for 2 values m4

\II(PYT(Lmi)(xO)apn—i-l) = Oa
while for p,+1 — 2 values of m holds ¢(77gm)(x)7pn+1) > 0, which results in

\II(’Yfzm) (x)apn-‘ﬂ) > 0.

Hence there are p,, 1 — 2 generic extensions of the order n that are w,, ., —numbers.
O

Theorem 5.6. The number ¢™) (pn) of wp, —numbers in any subsection g,({”) with
0<m <p, —1 is lower bounded by

¢(m)(pn) > (pn-1—4) - d(pn—2)-

Proof. We consider a fixed wp, ,—number z, € G,_2 with ¥(z,,p,—2) > 0 and
their generic extensions of order n — 2

’Y,(LT)Q(UUO) for0<m <p,_1—1.

By virtue of Lemma 5.5 we know that there are p,_1 — 2 generic extensions with
U(&p—2(z0,m), pp—1) > 0, which means they are w,, ,—numbers. As generic ex-

tensions they are members of G, 1. Hence they are also members of gﬁf)). In what
follows we will denote these w,,, ,—numbers as z,—candidates. Let y be any z,—
candidate. Then holds ¥(y, p,—1) > 0 and we can use the position function 7(y, p,,)
to check whether the x,—candidates are also w,,—numbers. By virtue of Lemma
5.4 all the p,_1 — 2 x,—candidates have different 7—values. But since the position
function 7(y, p,) has p, > pp—1 — 2 values, the 7—bad values

T(yapn) =0or T(yvpn) = QK(pn)

do not necessarily occur among the z,—candidates, but they can occur single or
both. Hence there are at least (p,—1 —2) — 2 = p,—1 — 4 z,~candidates that are
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also wy,, —numbers in G This holds for one (fixed) wy, ,—number z,. But since
there are ¢(p,,—o) different wy,, ,—numbers in G,_o we have

¢(0) (Pn) = (Pn-1—4) - d(Pn—2) (5.6)

. . 0
wp,,—humbers in the subsection G, = 7(1 ).

The above described situation related to the uniqueness of the 7—values holds
also for the generic extensions of order n — 1 of all p,,_1 — 2 z,—candidates y

Yiw) | 1<r <po—1
because if y1,y2 are two different x,—candidates then holds by virtue of Lemma 5.4

7(y1, pn) # 7(y2, Pn) and hence

(Y W1),pn) = (1 + 7+ pr_1#s + K(pn)) Mod p,

= (T(y17p’ﬂ) + T pn—l#5) MOdpn

7£ (T(y27pn) +7r ']%—1#5) MOdpn

= 7(1 1 (42), pn)

for 1 <r < p, —1 and we have in all subsections g,(f), 7(L2)7 . ,g7(z "V With respect

to the 7—values the same situation like in 97(10). Therefore and since the right side
of (5.6) is independent from the number of a subsection it holds in all subsections

Qﬁ(r)(pn) > (Pn—1— 4) ) ¢(pn72)7 0<r<p,—1

O
Theorem 5.7. The w,, —numbers in G,, are over the subsections QT(LO), ceey gff’"*”
asymptotically uniform distributed
¢(pn)

o™ (pn) ~ =2 for 0 < m < p, — 1.
p

n

Proof. We consider the following ratio and get by virtue of Theorem 5.6

Pr " (Pn)  Pn(Pn1 —4) - d(pn—2)
é(pn) B é(pn)
Pa(pn—1 —4)
(Pn—1 —2)(pn — 2)
and with p,_1 =p, — d
_ _Dn (pn — (d+4))
(on — (4+2)) (b0~ 2)

1— d+4
Pn

)02

On the other hand holds g’r(LO) = G,,—1 and from

€GO | U(x,po_i) > 0 follows \Il(’yfﬁ)l(x),pn_l) >0forl<m<p,—1.
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Hence we have

¢(pn-1) = {z € G | U(z,pn_1) > 0}
and for 1 <m <p, —1

=[{z € G\ | ¥(z,pn-1) > 0}
and therefore
$(pu-1) = {z € G | ¥(z, pp_1) > O}
> |{z € G\ | U(z,pn) > 0} = 6™ (py).
Finally with

Pn - ¢(m)(pn) Pn - ¢(Pn-1) _ Pn
o) = o) -2,

holds

(), . @on)
" (pn) on
O

Corollary 5.8. The in the previous section shown symmetry of the w, —numbers in
their period section P, and the above demonstrated asymptotically uniform distribu-
tion of the wp, ~numbers over the subsections g,(P), cee Q,(Lp”_l) avert with Lemma

5.2 the formation of extreme configurations of the wy,, —gaps in their period section
P

6. PROOF OF THE TwWIN PRIME CONJECTURE

Proof. The proof will be done by contradiction. We assume contrarily that there
is only a finite number of twin primes and therefore only a finite number of twin
prime generators. Let y, be the greatest one. It lies in the A-section A4, with
no = 7 (P(yo)), the beginning of the period section P,,. W.l.o.g. we can assume
that n, > 200. In the successive A-sections A; with ¢ > n, consequently there
cannot be any twin prime generators and hence by virtue of Corollary 3.5 no wp,—
numbers. But then we have w,,—gaps with sizes > d; in all (infinitely many) period
sections Py for t > n,.

Because

e the squared average size of the wy,,—gaps 5(p;)? is less than f—t with a
»

number ¢, by virtue of Corollary 4.4,

e all period sections P; are very closely overlapped and due to the symmetrical
distribution of the w,,numbers around % and p;#5 and

e since the asymptotic uniform distribution of the w,, numbers over the sub-
sections G\, ..., g™V

not occur

extreme configurations of the wy,,—gaps in P; can-

therefore it is not possible to have for all ¢ > n, only period sections P, with
wp,—gaps at their beginnings that all are greater than d;.

Therefore the proof assumption cannot be valid and hence the Twin Prime Con-
jecture must be true.

O
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