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Abstract

It is proved that t—e , m+e , me and % all are irrational numbers .
The proof is essentially elementary, it is an argument by contradiction.

Notation and reminder

m : known as Archimedes constant , is the ratio of a circle's circumference to
its diameter and 3 <mw < 4.

+oo 1

m=07—: known as Euler’s number and2 <e < 3.

e =

N*:={1,2,3,4, ...} the natural numbers .
Z:={.,—4,-3,-2,-1,0,1,2,3,4, ..} the integers and 7*:= T\ {0}.

Q:= {g : (p,q) € ZxZ*and panq = 1} the set of rational numbers.

R : the set of real numbers.
R\Q:={x€eR:x & Q}the set of irrational numbers.
pAaq :=max{d € N* : d/p and d/q} the greatest common divisor of p and q.

V : the universal quantifier and 3 : the existential quantifier .
Introduction

Irrational numbers are the type of real numbers that cannot be expressed in
the rational form 5, where p , q are integers and g # 0. In simple words, all

the real numbers that are not rational numbers are irrational. In this paper
we show that V3 —+v2 and V3 +V2, eandn, t—e,m+ e, me and%

all are irrational numbers. It is an argument by contradiction.
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Theorem 1.V/6 € R \ Q. In other words, V6 is an irrational number.

Proof. An argument by contradiction. Suppose that V6 € Q , and as V6 > 0
then3p,q € N* such that V6 = £ and pag = 1, then (\/_) (q) then

6=q—2 and 6g2 = p? = p? 1sevenandp EN*"=pisevenorp = 2k: k € N*
= 6q% = (2k)? = 4k? = 3% = 2k?and 3A2 = 1 = 2 divides g% and 2 is prime
= 2 dividesqand q € N* = gisevenorq = 2k": k' € N*, hencepanq =2 ,
and we get a contradiction because parg = 1.

Main Theorem 1.4/3 —v2 € R\ Qand+v3 ++v2 € R\ Q.
In other words, '3 — /2 and /3 + /2 both are irrational numbers.

Proof. An argument by contradiction. First, suppose that V3 —v2 € Q ,
2
then 37 € Q such that v/3 —+2 = rimplies that (\/§—\/§) =7r2€ Q

42
=>5-2V6=1r2 € Q =2+/6= Szr € Q , and we get a contradiction .

Second, suppose that V3442 € Q, then 3 r € Q such that
V3 ++2 —rimpliesthat (V3+vV2)? =12€ Q 2 5+2V6=1r%€ Q
=6= <

€ Q ,and we get a contradiction.

Theorem 2.V n € N* we have sin(n) # 0. Several proofs are possible.

Proof. Indeed, Vn € N* we have cos(n) € R\ Q see [1, Theorem 2.5] ,
then |cos(n)| # 1 and cos?(n) + sin?(n) = 1 = sin(n) # 0.

Main Theorem 2.e € R\ Qand Tt € R\ Q.
In other words, e and © both are irrational numbers.

Proof. An argument by contradiction . First, Suppose that e € Q , and as
2<e<3 thendp,q € N" such thate = g and g > 1 and paq =1,

then gle = q!2 = (q—1)!p = qle EN".

We also have q! Y7 _ 0—' =31 q—' =q!+ q! +q—!+ e+ 1= q!an:Oi' € N7,
and e = Y%, 1' 1 0—=> qgle> q'¥!_ = andq!(e— i:o%) € N".
|x| := max{— x,x : x € R} the absolute value of x.

10,1[:={x € R: 0 < x < 1} the open interval with endpoints 0 and 1.
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1 +o00 0 q!
Now,q!(e— ?n—o;)= q!( m= 0_,_ m= 0—,)—q Zm q+1 ,= ;:q+1;:
1 1 1
(q+1)  (q+1(q+2) (q+1)(q+2)(q+3)

and 0 <3170, =

1 1 1 +oo 1 1
< ces — A - =< 1 , {
(q+1) = (q+D(q+1) = (q+1)(g+1)(q+1) + =g+t ¢ wege

a contradiction because we have found an integer on ]0,1][.

Second, suppose that Tt€Q , and as 3 <m < 4 then 3Ip,q € N* such
thatm = s and panq = 1 = p = qn and sin(p) = sin(qr) = 0, we get a
contradiction according to [Theorem 2].

Properties. The sine function satisfies the following properties :

The sine function (or sin(8) ) is defined , continuous, odd and 2r—periodic on R.
Vv 0 € R we have sin(2km + 8) = sin(f) and sin(2kr — 0) = —sin(0) : k € Z.

V 0 € Rwehavesin(f) =0 60 € {kn: k € Z}.

Let {0, : n € N*} c R we have nl_i)rpoo sin(8,)) =0 & nl_i)r+noo 0, € {km : k € Z}.

Lemma. We have 11m I n+1~ .
n-+
n! 1 1 1
o n+1+ n+1)(n+2) t+ (n+1)(n+2)(n+3)

Proof.¥ n € N*, ¥ }+® n+1

1 1 1

< n+1 t (n+1)(n+1) t n+1)(n+1)(n+1)

—yto_1 1

i=1qm+1)i n ’

1 : !
then0 < Y :2 n+1 < — and lim —=0= lim Y2 .. —=0.
n-+oon n—+oo m!

Two other proofs that e is an irrational number are available at
[2, Théoréme 15. 2] by Dimitris Koukoulopoulos (This proof was found by
Fourier in 1815) and at [3] by Jonathan Sondow , and tow other proofs that
7 is an irrational number are available at [4] by Ivan Niven and at [5] by
Miklés Laczkovich (This proof was found by Lambert in 1761).
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( lim sin(n'(n—e)+2 ) =0

n—+oo

lirp sin (n' (m+e)— Y- ) =0
n—>+4+oo
Theorem 3. We have { . n n
lim sm(n e — . Y=o —) =
n—-+oo
lim sm(n'pe—p )i ) =
\ n—4oo
Proof. First,
lim sm(n'(n—e)+2 l') = lim sm(n'n— nle+ Y- l!)
n—-+oo n—+oo !
_ . . 400 n! n!
= lim sin (n! m— YmZo— + Lm=o E)
= |j i |7 — +oo l')
nl_l)rpoo sin (n. s m=n+1
= lim — 'n( * o 1!) = —sin(0) =0
= lim —si men+1—~) = = si =0.
Second,

lim sm(n'(n+e) Y= 1',) = lim sin(n!n+ nle—yn_ On')
n—-+oo ! N 00

n! n!
= lim sm(n'n+ e — — 2 _ —)
n—-+oo Z ! m=0 m!

n!
= lim sin (n'n+ 1 )
n—+oo

= lim sin( ;’fﬁnﬂ%) = sin(0) =0.

n—+oo
Third,
lim sin (n'ne -y l") = lim sin (n Z+°° " yn_ )
n—-+oo ! n—-+oo l
= lim sin (n ) IR n') = sin(O) = 0.
n—+oo

Fourth, let p € N we have

lim sin (n'pe—p Y ll,) = lim sin (P YmZo— .Y )

n—-+oo n—-+oo

= lim sin (p IR n!) = sin(O) = 0.

n—+oo
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Main Theorem 3. 1— e E R\ Qand mn+e€ R\ Qand me € R\ Q
and % €ER\ Q. In other words, m — e, mw+ e, me and% all are irrational

numbers.

Before starting the proof, we recall that
Vv n € N* we have n! (r — e) +Z%=0:l—!! >0 and n!'(m+e) — %=0%>0 )
and according to [Main Theorem 2] we have {kr: k € Z} c R\ Q U {0}.

Proof. An argument by contradiction . First, suppose that t — e € Q, and
asm— e>0 ,then3ip,q € N*suchthatmr— e = B and paq =1,
then lim sin (n' (m—e) +Z —') = lim sin (n' +yn_ ) :

n—-+oo n—-+oo

We put a, =n!2 +Z :n € N*, and it is clear thata, is strictly
increasing and {an n> q} c N*, then lim a, ¢ {kn:k € Z},

n—+oo
this implies that liIP sin(a,) # 0, and we get a contradiction according
n—->+ 0o

to [Theorem 3].

Second, supposethatw+ e€ Q,andasm+ e >0 ,then3p,q € N*such
thatm + e = Band pAq = 1,
then lim sm(n'(n+e) ) I) = lim sin(n'g— n_ On') :

n—+oo n—+oo q

|
We put a, :n'S— n- On n € N*, and it is clear thata, is strictly

increasing and {a,:n > q} c N*, then 11111 a, ¢ {tkn:keZ},
n—->+0oo
this implies that lirP sin(a,) # 0, and we get a contradiction according
n—->+0o

to [Theorem 3].

Third, suppose that me € Q, and as me >0, then Ip,q € N*such
thatme = 2and prng =1,

then lim sin (n'ne — Ty l!) = lim sin (n'E — Ty ll)
n-+oo ! n—-+oo q
= lim (—1)"*1. sin (n!B)
n—+oo q

We put a, = n!s :n € N¥, and it is clear that a, is strictly increasing
and {a,, : n = q} c N*, then lim a, ¢ {kn:kel},
this implies that lim sm(an) i O and 11m (—1)™*1.sin(a,) # 0, and we

n—-+oo
get a contradiction according to [Theorem 3]



T . .
m—e,m+e,neand - all are irrational numbers

Fourth, suppose that % € Q, and as % > 0,then Ip,q € N*such
that% = S and paqg = 1 implies that pe = gr,

then lim sin (n! pe —p. X -0 ::l—") = lim sin (n! qr —p. X% o %)

n—-+4oo n—-+oo

— lim — i n )
- n1—1>IPOO sin (p Zm:O m!
|
We put a,, = p. Z%:o% :n € N¥, and it is clear that a,, is strictly increasing

and {a, : n € N*} c N*, then liin a, € {km:k eZ},
n—->+0o

this implies that lirP sin(a,,) # 0and liI_El —sin(a,) # 0, and we get a
n—+oo n—-+oo

contradiction according to [Theorem 3].

Finally, we conclude thatw — e, m + e, me and % all are irrational numbers.
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