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Abstract
In this paper we firstly introduce Stirling numbers of the second kind, and give their
explicit expression, then we prove an identity that relates Stirling numbers of the

second kind to the Bernoulli numbers, finally we give an explicit expression for the
Bernoulli numbers.

I-Stirling numbers of the second kind

Let Y be an arbitrary function and set :

DY = xiY
dx

d
D?Y = x—DY
dx

d
D3Y = x—D?Y
dx

d
D"Y = x—D" 1y
dx

If we develop the first of these functions we find :
DY = xY’

D?Y = xY' + x?Y"



D3Y = xY' + 3x2Y" + x3Y®

D*Y = xY' + 7x2Y" + 6x3Y®) 4 x4y ®

We conjecture that :
DY = SQY + SixY' + S2x%Y" + - + SEx"Y (™ )

The coefficients S* are called Stirling numbers of the second kind. They can be
represented in a triangle similar to Pascal’s triangle.

The triangle of the numbers S¥ is the following :

k=0 | k=1 | k=2 | k=3 | k=4
n=0|1
n=10 1
n=210 1 1
n=3|0 1 3 1
n=4|0 1 7 6 1
We observe that :
{ Sd=1
vn=>152=0

The law for forming the coefficients in the above table is given by :
Sk =Sp=i + kS,
11-The explicit formula of Stirling numbers of the second kind

If we putY = e”* in the formula (1) we obtain :
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One can easily prove that D"x' = i"x*, so :

[oe]
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j=0 i=0

i"xt
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n
) = ZS,’f x¥
k=0

If we develop the left-hand side we obtain :
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k=0 k=0
Comparing coefficients in both summations we conclude that :

k

1 ..
Sk =2 ) (~DFChm @

=0
I11-Relation between Bernoulli numbers and Stirling numbers of the second kind

Putting Y = x¥ in the formula (1) we get :

n

D"xY = 2 Sk xk(x¥)tO

k=0

We know that (x¥)®) = y(y — 1) ...(y — k + Dx¥ ¥ and D"x” = y™xYso we get :

yr =) Sy -D.o—k+D) ()

k=0

The polynomial y(y — 1) ...(y — k + 1) is called the falling factorial of y of order k.
Pochhammer used the symbol (y), to denote it, so the formula (3) becomes using
Pochhammer symbol :

yr =S @)

k=0

One interesting property of the falling factorial function is the following :



Proposition
Let y and n be non-negative integers, then :

O+ Dnpsr = Opsr = (0 + DOy

Proof
O+t~ a1 =@+ Dy -D..(y—-n+D)-yy-1D..y—n+ Dy —n)

=[0+D-@-mly-D..(v-n+1)
=@M+ DO

We are going to use this property in the proof of the following proposition.

Proposition
Letn € N and m € N*. We have :

m-—1 n (m)
n _ k k+1
= 4
Z Y Z Sn k+1 (4)
y=0

k=0

Proof
If we sum for y in the formula (3’) we find :

y=0 y=0 ‘k=0
m—1 n m-—1
= > ym=> sk D o
y=0 k= y=0
m-—1 n m-—1
— n_ Z gk O+ D1 = Oitr
Y " k+1
y=0 k=0 y=0
m—1 n
— n_ Z Sk ((m)k+1 - (0)k+1>
Y " k+1
y=0 k=0
Therefore :
m-—1 n
n_ Z Sk (m)k+1
Y " k+1
y=0 k=0

IV-Bernoulli polynomials



Letn €N
The Bernoulli polynomials B, (x) are defined by the following generating function :

text ® t‘)’l
n=0
If we put x = 0 we get :
(0 0) tn
et—1 Z Bn(O)F
n=0

This generating function corresponds to the generating function of Bernoulli numbers
b,,. Hence for all n € N, we have :
B,(0) = by,

Also the Bernoulli polynomials satisfy the relation :
B,(x +1) — B,(x) = nx™!

Their explicit formula is given by :

n

B,(x) = Z Cr,fbn—kxk

k=0
If we sum for y in the relation B,,,;(y + 1) — B,41(y) = (n + 1)y™ we obtain :
m-—1

m—1
1
DV =—= ) B+ D = Bpa(y)
y=0 y=0

1
- n+1 (Bn+1(m) - Bn+1(0))

1
=1 (Bpy1(m) — by 1)

Thus :

(41 ) Y= Bpam) = by (5)
y=0

Comparing formula (4) with formula (5) we conclude that :
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k+1 ©)

n
Buaa(m) = byyy = (n+1) ) 5
k=0

If we develop the expression of (X),, in terms of the powers of X we find :
(X)k+1 =XX-1.X—k)

= x (X% - EER kot g (— 1)Kk

k
:XZC]X]

j=0

k
— j+1
—ZC]'X]+

j=0
Therefore :
k

Xks1 = Z ¢ X/t

j=0

If we apply the above formula for (m),.; in the formula (6) we find :

n+1 .
Byy1(m) —byyq = an % + 1 C] m/*1

Substituting also B, ,(m) by its explicit expression, we finally get :

n+1 n 11 k
n ,
(; Cr'f+1bn+1—kmk> —bpy1 = ,Z Sr'fm c;m/*t

n+1




We have equality between two polynomials in m, both of degree n, so the coefficients
of the terms of the same degree are equal. In particular for j = 0 we have

1 - L ntl
Ch1bn =ZSnk+1CO

(—1)*k!
= bn _ZS” k+1

To get the explicit expression of b,, in terms of n we substitute the expression of S¥ in
the above identity, and after simplification we obtain the following remarkable
formula of Bernoulli numbers b,, :

= Y D
k=0 i=0
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