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| have used a variety of 4 x 4 matrix factor pairs while using Helmholtzian operator factorizations
in analyzing fermion architecture and interactions; some commutative, others not.
The following is a generalization to a set of 4 x 4 associative-commutative
matrix factor pairs of general linear/differential operators to establish as
a baseline foundation to begin operating from.
Because the operators are associative-commutative,
the factors lend themselves to chaining - and thus, to
chaining of mesons, hadrons, and to chemical compound chaining -
amino acid chains, proteins, nucleic acids , and so on
Much is known, but MACLOF chains may provide a
mathematical foundation to chemical compound chaining
Note also, that since MACLOF factoring may be extended to higher dimensions,
so too MACLOF chaining, and resulting expansion of understanding.

The Helmholtzian operator factorization is:
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Thus, this all may be considered a or a result of binary interaction.
(of a matter-anti-matter pair)
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Note, firstly, the factorization operation is right-to-left

NOTE:
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form a four-dimmensional vector space closed under ordinary matrix multiplication.
(similar to the Pauli matrices without the i (but the first two are already equivalent to: (1,i))
And:
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along with the 2x2 identity matrix: ¢ = (

So:
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Dirac facoring uses the 2x2 Pauli matrices: ¢! = (

Dy = Lyjo° + (0% | DY = Lyo"

— Ql'j03 D;]: = Lijol — QgiO’z

More generally, 0; & m; may be replaced with:
Multidimensional Associative-Commutative Linear Operator Factors:

L; & (; with similar results, yet far reaching.

(In this case M = 2 for dimension 22 = 4 = MACLOFactorization)

definiton 1: Given: commutative-associative linear operators L; & (;
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D} = (Ly+1U;) , Dy=(Li—1Uy)
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Dy=| ' ,Dy={ . Di =
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_Dfllm _ng _ng DOm

= =
3n DOn _Dln —D>y

-D3; Diy -Di, —Da
_Dln _Dgn _Dgn Do,
Dsn & Dy, are called B-factors & A-factors, under indices m & n, respectively.

Theorem 1.1: For commutative-associative linear operators L; & (;

and:
Dj = (Ly+0;) , Dy=(Ly—1{)
D: 0 D; 0 0 Dj 0 D
_ ij v _ ij o _ ij = ij
PV )0 o )P 0 )0 T b o
ij ij ij ij
“Dow DS, -D%, ~Din D;, -D5; D —Du,
-D$, —Dow DS —Don > _pl -D -D»,
Dpy = ; 0@ : ? & Dy, = : 0 ! ?
2m _Dlm —Dom  —D3p _D@ ﬁ _Dgn —D3,
_DIllm _ng _ng ng D In D 12]11 -D gn Do
then:
4 (DowD}, + D5:D5; + D5D3; + DinDY,)  (DowDs; = D5DG, - DD + DinD3, ) (~DowDs; = D5D5; + D5iDG, + DinDS,
- (D508, - DoD5; - D;D5; + DawDY,) (D5 +D0ngn + DD + DonDY, ) (-D5:D5; + DonD; = DiDG, + Do
BmJAn =
(—D@Dﬁ —D‘F’m S+ DonDS +D3len) (-p5D5; + D5DY, — DowDT; +D3sz,,) (ps:ps; +D1m = 4 DowD? + D3nuD?,
(Dlm + D3m ) (D ZmD D Om ) ( Dlm + D3ngn - ngDgn)
(DO,,DOm + D DS, + D5 DS, +D1nD1m> (-p, Doy - D5 DT +D1nD2m> @ % = D5 Dow + D1,D3,, )
. (-D5;Don + D}, D5, - D5 D5, + DouDY, ) (D5:D5, + DY, Do + DD, + DoY) (=D52 D5, — DE,DS;, + D Dow + DoaDS,, )
AnlBm =
(D5 Don - D D5, - DL, DS, +D3nD1m> (-D5:D5;, - D Don + D}, D +D3nD2m> (ps &+ D}, Don + D3,D,,)
(D},.Don + DL, D%, - DY, D5 - DouDY,)  (-DY,D5;, + DY, Don + DY, D5 — DouDY,) - (-DY,Ds;, + DL,D%, + DY, Doy — DuDY,,)
Proof:
_DOm ;; - ﬁ _Dlm _Dg” _Db i _Dln
-D$ -Dow D5 —Dam > _pl -D -Dy,
DBmDAn = ; (; : ? . 0 ! 2
2m ~1m _DOm _D3m ;; 41? _Dgn _D3n
-pt, -p! -p'! D! 8 0
Lm 2m 3m _Dln D2n D3n Do



(DonD5, + D5,D5; + D303, + DinDY, ) (DonDs; = D508, = D5.DF; + DinD3, ) (~DonD5; - D5,
Ds5,; Dy, — DonD5,;, — DY, D5, + Dy,D7, D3, D3 + DowD,, + Dy, +D2mD2n -D5,; D5; + Do DY,
| (osod W) ( ﬁ )
(—D@Dﬁ —D‘F’m 5 +DonD5; +D3mD?n) (Dz,n D8, — Don +D3sz,,) (D505
(pt,D3, 5+ 05,05 -y, 0h)  (ph,ps; +DL,D5, - pS,p - D, 0k,)  (-pl,Ds; + DL,Df;
-D}, -D5; D5 -D ~Dow D5, -D5, —Din
DyDyy = 5 -D§, -Di; -Da -D53,, —Dom DY, —Dam
nd/ Bm _D;’ ﬁ _Dgn —D»s, D2m —Da —Dom —D3m
pl, -p%, -DY, Dy )\ “Din ~Da -Di, Di,
Dy, Do + D5, D53, + D5, D5 + Dy,Dy,, D 5. Dom — D5, DY, + DlnDZm Dy,
0 0 0

(=D Do + D4, D5, — D D55, + DouDY, ) (D57 7+ D2DY,) (D ~ D5~
+D3nD1m> (—Df,,’

- DDt ) (=D,

3m +D0nD0m D@

(D5 Do — D7 D55, — D, — D Doy + DY, DS +D3nD2m> (ps:D5;, + D%

(DlllnDOm + Dgn 3n1 D DOm D DonDZn‘l) <_DIIInD§:>m + Dgn
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definiton 2: Given: commutative-associative linear operators L; & (;
and: B-factors & A-factors: Dy, & D, ,underindices m & n,respectively:
DpnD4w & D.u.Dp, are called BA-factorizations & AB-factorizations, respectively.

Corollary 1.1.1: For commutative-associative linear operators L; & {;
and:
Dfi=(Ly+ly) , Dy=(Ly—1ly)
Dj 0 D; 0 0 Dj - 0 D
DUE ’ _ ’DgE + ’DfE + ' ’DijﬂE - ’
0 Dj 0 Dj D 0 D; 0
~Dy, D5, -D5;, —Dip -p. -Dg D52 -Dio
-D5 _DO = _l)2 = _Dﬁ D= _Do
Dy = ;" : Ip P & Do = 36 0o Io 2
Py~ =D -p; Di -Di, -Ds
_Dlllp _Dgp _Dgp Dgp —D?G —Dgg —Dgg DOg
then:
4 (DopDY, + D552 + D;D3z + DipDY, ) (DopD5 = D53 DY, - DD + DipDY, ) (=DopDsz = D5;
. (ps;Dl, - Doy - D05z + DoyDY, ) (D3 +DopDOG+D‘1:p’ T +DyDY, )  (-D5D5; + Do,DF;
BplU Ao =
(-D5; DY, - DD + DopD3; + D3,DY, ) (D3, Df; D}, — DopDTZ + D3,DY, ) (sz
\_ (P1,Di; - D,D5; + D3,D3; — Di,Di, ) (Dlp 5 + D3,Di, - D},Diz - Df,D,) (—D?p
(D oDop + DZD3; + D2D3; + DisDY, ) (=D, D$zDo, — DD, + D1oDY, ) (D
(—D3GDOP+DOGD§;—D§ s +DwDY,) (D% D3p + Di,Dop + DD, + DasDY,) - (-D5;
DAGDBP = 8 8
(DszDo, - DiDS; - DE,D3; + DsoDY, ) (-D52 Dop+DOGD‘1:p’ +D30D2p> (D
\ (DY,Do, + DY, D5 - DS,DS5; — DoDY,) (=D, D3.Dy, - DY, D5; — DosDY, ) (-Di,
Proof:

This is merely a restatement of theorem .1 with alternative subscripts (for convenience).
[

Corollary 1.1.2: For commutative-associative linear operators L; & (;

and:
D; = bj 0 Dt = Dy 0 DS = 0 Dy =0 _ 0 Dj
Voo )" oy )" \bppo )"\ Dyo
ij ij ij ij

—Dom ﬁ - ﬁn D1 -D gn — § i =Dy

-D$, —Dow DS —Don & _pl _Do -Dy,

DBm = ; OC> : ? & DAn = 3 0 1 2

2m _Dlm —Dom  —D3m _ E:nb 41? _Dgn —Ds,

_D?m ng ng ng -D Illn -D 12]11 -D gn Don

4 DOmD()n + D3nDY

lm D D()m +D1nD3m>

7+ DD}, + DinDY,)  (DouD,
— DD, + DanDS, ) (D5Dy
(=D3D:

1) (Lo,

+ D Om

(DﬁDl,
+ DS Do + DanD? ) (D

Im +D0nD0m +D3nD3m> (D
<I:n>1 +D3nD0m _DOnD3m> (Dln

+ D5DS, + D1,DY,
~ DizDi, + D2,D; )
o+ DOPDOO' + D3PD30'
7o +D3,Db, — Di,DS,
— DDy, + D1sDY,)
+D2Do, + Doy DS,
;:,; + Df,Dop + D3:D3,)

oDf; + D.Dop — Do DS,



4 (DowD}, + D5 D5; + D505, + DinDY,)  (DonD5; = D54, = DD + DinDY, ) (~DonD5; - D5.D5; + D5 D, + DinDY,

(D508, - DanD5; - D D3 + D2uDY,) (D5 +D0ngn + DD + DonDY, ) (-D5D5; + DonDT; = DG, + DanD5;
= DonDan = (—D@Dﬁ —D‘F’m 5+ DouD5; + DsuDY, ) (-D5.D5; + DiDY, — DouDi + DwD,)  (D5:D5 +D1m = 4 DouD}, + DsnDY,

(Dlm s+ D DS p},) (pf, pt.pt -t p},ns)  (-pl.ps =+p3 DY - D% DY,

(DO,,DOm + DD, + DS DS, +D1nD1m> (DOn o -D$DE, +D1,,D2m> (—DOnD;'m - D5;Df;, + D5 DY, + D1,DY,)
= pip (D50}, - DoDS;, - D D5;, + D2uDY,)  (D5D5; + DouDl, + D5 DT, + DouDS, ) (=D5:D5;, + DonDi;, = D DY, + DD, )

(-D5; DL, - D5 DS, + DouDs;, + D3DY,, ) (-Ds; DOm DoDf;, +D3,D3, ) (D5 &+ Do,D}, + D3,D5,,

(pt,D4, - DL,Ds;, + D, 0%, (phos, + DD}, - DYDY, - DD, (—DlnDzm +D3,D%, + DS, D, - Dg,D3,
Proof:

Immediate from corollary 1.1.1: p=n & o =m
O

Thus, D4,Dz MACLOF chains may be written:
D 4D D 4pDps OF DD 4nDpsD 4y ;
generally, pairwise:
D 44, Dn, D un,Dany - DanyyDny OF Dy Dam, Dy D amy D BimyyD amy,
and may link end-to-end; such as figured here:

Fig 1 Fig 2

So, the following lemmas 1.2 & 1.3 describe properties of the MACLOFs :

Lemma 1.2.1.1-(BAc1r1): For linear/differential operators L; & {;

and:
Dy =(Ly+1;) ., Dy=(Li—1{y)
Dj 0 D; 0 0 Dj - 0 D
Dy = ’ , D} = ' , Dy = "] Dt = '
0 D 0 Dj Dj 0 D; 0
then:
(D Dﬁ + D D + D D < (LOmLOn +L3mL3n + L2mL2n +leLln) - LOmQOn + QOmLOn - L3m03n + 03mL3n - L2m02n + 02mL2n - leQIn + an
0mL oy 3m 3n Imt 1y
0
ij = Ljn .

< (LOnLOn +L3nL3n + L2nL2n +LlnLln) - LOnQOn + QOmLOn - L3n03n + 03mL3n - L2n02n + 02mL2n - LanIn + lel
0

Lin = Lj, are linear/differential & (; are constants:
(LonLon + L3nL3n + LonLoy + LinLin) + (=lon + lom)Lon + (=030 + 03m)L3n + (=20 + lom)Lon + (=01 + Ui )
( 0
Lin = Lj, are linear/differential & (; are constants & {j, = (j, :
(LonLon + L3nLsn + LonLoy + L1nL1n) = (Conlon + 03003 + O2nl2n + C1nl1n)
) ( 0 (LonLon + L3nLsy + LaLay + L1y
L;, are functions or differential operators & (; are non-constant functions:
(LomLon + LamL3y + LamLoy + LimL1n) — Lomlon + LomLon — L3ml3n + 03 Lsy — Lowlay + lomLoy — Limlin + 0
0

Proof:

Low + lon 0 Lon — lon 0 0 L — U3
(DonD}, + D5D5; + D5D5; + DinDY, ) = Lom + lon) (Lon = don) + s = Lam)
0 (LOm - QOm) O (LOn + QOn) (LSm + 03m) O



(Lom + Lom)(Lon = lon) + (L3m + U3m)(Lan — l3n) + (Lam + lom ) (Lon = l2n) + (Lim + Uim ) (L1n = l1n)
0 (Lom -
(LomLon + L3mLsn + LomLan + LimL1n) = Lomlon + lomLon — Laml3n + U3mLsn — Lomlon + lomLop — Limlin + (
0
Ljm = Ljn
(LonLon + L3nLsy + LonLoy + L1nL1n) = Lonlon + ComLon — L3nl3n + U3mL3n — Lonlon + lomLon — L1al1y + Uiml
0
Lin =L, & [;are constants:
(LonLon + L3nL3y + LonLoy + L1nL1n) + (=lon + Com )Lon + (=030 + U3 )L3n + (—l2n + lom)Lon + (—l1n + 1)
0
Liw =L, & (;areconstants & (;, = {,
(LonLon + L3nLsy + LonLoy + L1nL1n) = (Lonlon + U3nl3n + 02002 + C1401,)
0 (LonLon + L3nL3n + LonLon + L1

I
/\\"/\\ YR

L;, are functions or differential operators & (; are non-constant functions:
[ LomLon + LamLsn + LomLon + LimLin) + (lomLon + U3mLsn + lomLon + imLn) = (Lombon + Lamlzn + Lomlan -
- 0

O

Lemma 1.2.1.2-(BAc1r2): For linear/differential operators L; & {;

and:
Dj=Li+l;) , Dy=(Ly—1y)
Dy 0 D; 0 0 D; 0 D
_ i _ i o _ i = _ ij
Pisloo o )P0 e J0PTE e 0 )P T b o
ij ij ij ij
then:

(D DY — DonDS — D= DS + DanD, ( (=LimLon + LomL1n) = Limlon + UimLon — Lomlin + lomLin + (Fimlon = 0omlin)  (L3mLon — LomL3n) + Lamlo,
(+L3mLon = LomL3n) = Lamlon + l3mLon — Lomlzn + lomLsn + (=U3mlon + loml3n) (=LimLon + LomL1n) + Liml:
Ljm = Lj, :
—Liplon + UymLon — Lonliy + ComLiyn + (F01mlon — Comlin)  +Lanlon — UsmLon + Lonl3n — ComL3n + (—03m0on + (
) ( —L3nlon + U3mLon — Lonlan + lomL3n + (=U3mlon + loml3n) +Li1nlon — bimLon + Lonlin — lomLin + (+l1ml2n — €
Lin = Lj, are linear/differential & (; are constants:
3 ( (=lan + lom)Lin + (Cim = i) Lon + (Cimlon = Coml1n)  (on = Com )L3n + (Usn — U3m)Lon + (=lzmlon + loml3n)
N\ (lon + Lom) L3 + U3 = 03)Low + (<Csmlon + Comlsn)  (Uan = Oom)L1n + (<01 + 1) Law + Cimlan = Conlin)
Liyn = Lj, are linear/differential & (; are constants & (,, = (;, :
00
-(o0)
L;, are functions or differential operators & (; are non-constant functions:
(—=LimLan + LomLn) + lomLin + UimLon + (=[L1imlon + Lomlin] + [Flimlon — lomlin])  (L3mLon — LomL3n) —
(+L3mLon = LomL3n) + UzmLon + lomLsn + (=[Lamlon + Loml3n] + (=Lzmlon + loml3n)) (=LimLon + LomL1s) -
Proof:

Lan — Uan Lon — lon 0 Low + lom 0
(D54, - DwDS; - D D5 + DanDY, ) = (Eam = bsm) (on ~fon) _( ontlon)
(L3m + 03m) 0 0 (LOn + QOn) 0 (LOm - 00m)

_(le - le)(LZn + QZn) + (LZm + QZm)(Lln - an) (L3m - 03m)(LOn + QOn) - (LOm + QOm)(L3n - Q3n)
(L3m + 03m)(L0n - QOn) (LOm - QOm)(L3n + 0311) _(le + Dlm)(L2n - 0211) + (L2m - 02m)(Lln + an)
_leLZn leQZn + leLZn + leQZn + LZlen - LZmQIn + QZlen - QZmQIn L3mLOn + L3m00n - Q3mLOn - 03mt
L3mLOn LSmQOn + 03mL0n - QSmQOn - LOmLSn - L0m03n + QOmLSn + 00m03n _leLZn + le02n - leL2n + Dlm
( leLZn + LZlen) leQZn + leLZn LZmQIn + QZlen + (+01m02n - QZmQIn) (L3mLOn - LOmL3n) +L3m0
(+L3mL0n LOmL3n) - L3m00n + QSmLOn - L0m03n + 00mL3n + (_Q3m00n + 00m03n) (_leL2n + LZlen) + le
Ljm = Ljn :
( LlnLZn + LZnLln) LanZn + leLZn LZnQIn + QZlen + (+01m02n - QZmQIn) (L3nLOn - LOnL3n) +L3n00n
(LSnLOn LOnLSn) - LSnQOn + 03mL0n - L0n03n + QOmLSn + (_QSmQOn + 00m03n) (_LlnLZn + L2nLln) + L1n02n

—Linlan + UimLon — Lonlin + omL1n + (Flimlon — lomlin)  +L3nlon = U3mLon + Lonlzn — lomLsn + (=l3mlon + {
< —L3plon + U3mLon — Lonl3n + ComL3n + (—03mlon + loml3n) +Linlon — LimLon + Lonlin — ComLiy + (0102, — 0
Lin = L;, are linear/differential & (; are constants:
( (=L1nLon + LonLin) = lanLyy + lamLin + UimLon = UinLon + (Flimlan — loml1n)  (L3nLon — LonL3n) + lonLsn

(LSnLOn - LOnLSn) - 00nL3n + QOmLSn + QSmLOn - Q3nLOn + (_QSmQOn + 00m03n) (_LlnLZn + L2nLln) + 02nL1n

(_QZn + QZm)Lln + (le - an)LZn + (leQZn - QZmQIn) (QOn - QOm)L3n + (03}1 - 03m)L0n + (_03m00n + 00m03n)
(_QOn + DOm )L3n + (Q3m - 0311 )LOn + (_QSmQOn + 00m03n) (9271 - 02m)Lln + (_le + an )L2n + (leQZn - QZmQIn)



Lin = Lj, are linear/differential & (; are constants & (;, = (;, :
[ 00
(20)
L;, are functions or differential operators & (; are non-constant functions:
[ LimLow + LomLin) + omLin + imLon + (=[Limlon + Lomlin] + [+liml2n = lomlin])  (L3mLon — LomL3n) —

(+L3mL0n - LOmL3n) + 03mL0n + QOmL3n + (_[L3m00n + L0m03n] + (_QSmQOn + 00m03n)) (_leL2n + LZlen) -
L]

Lemma 1.2.1.3-(BAc1r3): For linear/differential operators L; & {;

and:
Dj = (Lyj+10;) , Dy=(Ly—10y)
Voo )" o )" U b0 )7 T\ b2oo
ij ij ij ij
then:

—LywL3y + L3yuLi1y) — Liglsn + 0ymLsn — Lyl + 0Ly + (0103, — 030010 —LomLon + LomL2,) — Lonl
(-Dangn—Dﬁ §+DOmD§+D3mDI11n _ (=LimLs3 smLin) = Liml3n + 01mLs3 3mlin + GmLin + (Cimlzn — Gml1n)  (=LamLo omLan) — Laml
(_LZmLOn +L0mL2n) + LZmQOn - QZmLOn + LOmQZn - QOmLZn + (QZmQOn - QOmQZn) (_leL3n +L3mL1n) + leQE

ij = Ljn .

—Linlan + limLan — L3nlin + GmLin + (Cimlzn = Gmlin)  —=Lanlon + lomLon — Lonlon + lomLon + (Lomlon — Lo,
< +Lonlon — lamLon + Lonlon — ComLon + (Comlon — Coml2n)  +L1nlsn — CimLsn + L3nlin — ULy + (Limlsn — U
Lin = Lj, are linear/differential & (; are constants:
B < (+Hlsm = Usn)Lin + (Gim = Cin)L3n + (Ciml3n = Gmlin) - —Lonlon + LomLon = Lonlan + lomLon + (Camlon — lom(2
U (Han = L) Lon + (Qon = bom)Lan + (Camlon = Coml2a)  +L1alsn = GinLsn + Lanlin = CGnLin + Cinlzn — Gl
Liyn = Lj, are linear/differential & (; are constants & (,, = (;, :
00
(00)
L;, are functions or differential operators & (; are non-constant functions:
(—=LimL3n + LamLin) + UimLsn + UsmLin + (=L1im03n — Lamlin + Cimlsn — 03m01,)  (=LomLon + LomL2n) + U2y
(=LomLon + LomL2n) = lomLon — bomLon + (+Lomlon + Lomlan + lamlon — boml2n)  (=LimLsn + LamL1n) — Uiy

0 (LZm - 02m) (LOn - QOn) 0 _ 0 (le - le)
(L2m + 02m) O 0 (LOn + 0011) (le + Dlm) 0

_(le - le)(L3n + Q3n) + (L3m + 03m)(L1n - an) _(LZm - QZm)(LOn + QOn) + (LOm + QOm)(LZn - 02}1)
_(LZm + 02m)(L0n - QOn) + (LOm - QOm)(LZn + 02n) _(le + Dlm)(L3n - 0311) + (L3m - 03m)(Lln + an)

_le(L3n + 03}1) + le(L3n + 03}1) +L3m(L1n - an) + 03m(L1n - an) _LZm(LOn + QOn) + 02m(LOn + QOn) +1
_L2m(L0n - QOn) - 02m(L0n - QOn) + LOm(LZn + 02n) - QOm(L2n + 02n) _le(LSn - 03n) - le(LSn - 03n) + 1

_leL3n _L1n103n + leL3n + 01n103n + L3mL1n _L3n101n + 03mL1n - 03n101n _LZmLOn _LZmQOn + QZmLOn + 02

Proof:

(-D5:D}, - DFD5; + DonD3; + D3nDt, ) = =

7~ N 77N

_LZmLOn +L2m00n - 02mL0n + 02m00n + LOmL2n +L0m02n - QOmL2n - Q0n102n _leL3n +le03n - leL3n + 01

(_L1mL3n + L3len) _L1n103n + leL3n _L3n101n + 03mL1n + (01m03n - 03n101n) (_LZmLOn + LOmLZn) _LZml
(_L2mL0n + LOmLZn) +L2m00n - 02mL0n +L0m02n - QOmL2n + (QZmQOn - Q0n102n) (_leLSn + LSlen) +L1m'

Ljm = Ljn :
(_LlnL3n + L3nL1n) _L1n03n + leL3n _L3n01n + 03mL1n + (01m03n - 03n101n) (_LZnLOn + LOnLZn) _LZnQOn b
(_L2nL0n + LOnLZn) +L21100n - 02mL0n +L01102n - QOmL2n + (QZmQOn - Q0n102n) (_LlnLSn + LSnLln) +L11103n -

_L1n03n + leL3n - L3n01n + Q3mL1n + (01n103n - 03m01n) _LZnQOn + QZmLOn _LOnQZn + QOmLZn + (QZmQOn - QOmL

NN~

+Lonlon = lamLon + Lonlan — ComLon + (Lamlon — lomlan) +L1nlsn — CimLsn + L3nlin = GmLin + (Cimlzn — ol
Lyn = Lj, are linear/differential & (; are constants:
B ( (+03m = 03n)L1n + (Gim = 0in)L3n + (Cimlsn = Gml1n)  —Lonlon + lomLon — Lonlon + lomLan + (L2mlon — Loml2n
- (+02n = lam)Lon + (Lon = Com)Lan + (Lambon = boml2n) +L1nl3n = UimLan + Lanlin — GmLin + (Limlzn — 031
Lin = Lj, are linear/differential & (; are constants & (;, = (;, :
X
-(43)
L;, are functions or differential operators & (; are non-constant functions:
B ( (=LimL3n + L3mL1n) + limL3n + ULy + (=Limlsn — Lamlin + Gimlzn — 0mlin)  (=LamLon + LomLan) + {2y

- (_L2mL0n + LOmLZn) - QZmLOn - QOmL2n + (+L2m00n + L0m02n + 02m00n - QOmQZn) (_leL3n +L3len) - an
L]

Lemma 1.2.1.4-(BAc1r4): For linear/differential operators L; & {;
and:
Dy =(Ly+1y) , Dy=(Lyi—1{y)



by 0 0 D; 0 0 Dj o 0 Dj
Pl ooy 0P oy )P 0 )0 T b o
then:
LimLo, = Lom Ly, ) = Limlo, = Uim Loy + Lomlyy, + lom L7, + (+limlo, — Lomly, —Low L3, + L3uls, ) +L
(Dlm +D3mD<2:n'_ngD111n <1 0 0 1) Im¥q 1m Lo omV] om L7, + (+l1,05 oml7,) < om L3 3 2)
(_Lszgn +L3"1L5n) - Lzmggn — lam Lgn + L3m05ﬂ + U3m LEn + (_QZmQEn + Q3n105n) (leLan _LOmQIn) + Lin

—L1,05, = Uim Lo, + Loal7, + lom L7, + (H1mly, = loml7,) +L2403, + lom L3, — L3403, — 03 L3, + (=l2m(3, -
B ( —L2403, = lom L3, + L3405, + U3m L3, + (—l2ml3, + 03ml3,)  +L1aly, + GimLy, — LonlT, = lom L7, + (+01m0y, -
Lin = Lj, are linear/differential & (; are constants:
(+05, = Uim) Loy + (Flom = 05,) Lin + (+Himl5, — boml7,)  (+05, = Gm) L3, + (lam = 03, ) Lan + (~loml, +
(lam =05, ) Lan + (43, = lam) L3, + (<ol + Ganl3,)  (Hom = 3, )Lon + (U, = bom) Ly, + GHaml, —
Lyn = Lj, are linear/differential & (; are constants & (,, = (;, :
00
| ( )
L;, are functions or differential operators & (; are non-constant functions:
(LinLg, = Lom L7,) = Uim Lo, + om Ly, + (~L1ml5, + Lonl, + Cimls, = boml7,)  (=Lam L3, + LauLs, ) +
(=LamL3, + L3mL3,) = lom L3, + U3 L3, + (=Loml3, + L3nl3, — lonl3, + 03ml3,)  (LimLo, — LomL7,) + (
Proof:

Dim DOn 0 ng 0 0 Dgn ng 0
(Dlm + D3mD<27 + - + + +
0 lm 0 DOn 0 D2m 3n 0 0 D3m

D 1ml)On DOmD In _DEngn + ngDEn

+ + D+ _ DF Dt
3m 2n 1m™ 0n 0m™~ 1n

(Lim = Uim) (Low = 0on) — Lom = lom) (L1, —01,)  —(Lam — lom) (L3, — 3,,) + (Lam — l3m) (L3, = 13,)
( —(Lom + lom) (L3, +05,) + Lam + ) (L2, +2,)  Liam + lim) Loy + 0on) = Lom + lom) (L, + 07,)
( (LinLs, = Lom L7,) = Limlg, = Uim Lg, + LonlT, + lom LT, + (Himlg, — loml7,)  (=Lom L3, + L3ul3, ) +

(—LamL5, + L3nL3,) — Lanls, — Uam Ly, + Lamls, + 03 Ly, + (<loml5, + Gnl3,)  LinLg, — LonL7,) + L
Ljm = Ljn :

—L1alo, — Uim Lo, + Lonl7, + lom L7, + (Hlimlo, — lomly,)  +L2403, + lom L3, — L3nl3, — 03m L3, + (—l2m03,, -
( —Lonl3, — o L3, + L3nl5, + U L, + (loml3, + 03m05,)  +Linlo, + UimLo, — Lonl7, — lom L7, + (+l1mlG, -
Lyn = Lj, are linear/differential & (; are constants:
(+05, = lim) L5y + (Flom = 05,) Lin + (+0iml5, = oml7,)  (+05, = Gam) L3, + (low = 03, ) Lan + (~loml,, +
(+sm = 03, ) Low + (+z, — o) L3, + (~laml3, + Gulz,)  (Him = 5,)Low + (U5, — lom) L7, + (+1mlG, —
Lin = Lj, are linear/differential & (; are constants & (;, = (;, :
[ 00
(o)
L;, are functions or differential operators & (; are non-constant functions:
(LinLs, = Lom L7,) = Uim Lg, + low LT, + (~L1nl5, + LowlT, + Cimls, = boml7,)  (=Lom L3, + L3uL3, ) +
(=LomL3, + LawL3,) — lom L3, + U3 L3, + (—Loml3, + L3mls, — loml3, + U3ml3,)  (LimLy, — LomL7,) + {;
O

Lemma 1.2.2.1-(BAc2r1): For linear/differential operators L; & {;

and:
Dj = (Lyj+10;) , Dy=(Ly—10y)
D; 0 D; 0 0 D; 0 D
_ i 1 _ i o _ i =p _ i
Pislo o )00y )0 s 0 )P T by o
ij ij ij ij
then:

(DomD3n - Ds, Don DD + Dlng,, _ < (—LomL1n + LimLon) — Lomlin + lomLin — Limlon + CimLon + (F2mlin — Cimlan)  (LomLsn — L3mLon) — LomU3,
(LomL3n = L3amLon) + Loml3n — bomL3n + L3mlon — UsmLon + (—lomlsn + Uzmlon)  (=LomLin + LimLan) + Loml)
Ljm = Lj, :
—Lonlin + UomLin — Linloy + CimLon + (Fl2mlin — Ciml2n)  —Lonlsn + LomLsn — L3nlon + (3mLon + (—Loml3, + (
) ( +Lonl3n — lomLsn + Lanlon — UsmLon + (=lomlsn + U3mlon) +L2nl1n — lamLin + Linlon — UimLon + (+lomliy — €
Lin = Lj, are linear/differential & (; are constants:
3 < (+lom = Con)Lin + (Ui = i) Loy + (Flomlin — Ciml2n)  (F3m — 030)Lon + (Lom — Con)L3n + (—Loml3n + (3mlon
N\ (H3n = Gn)Lon + (Con = Com)Lan + (=lomlzn + Gsmlon)  (Han = Cam)Lin + (Ui = i) Lan + (+Hamlin = il
Liyn = Lj, are linear/differential & (; are constants & (,, = (;, :



(o)

L;, are functions or differential operators & (; are non-constant functions:
(=LomLin + LimLon) + GomLin + CimLon + (=Lomlin — Limlan + Comlin = liml2n)  (LomLsn — LamLon) + lomL
< (LomL3n = LamLon) = lomL3n — U3mLon + (+Loml3n + L3mlon — loml3n + 03mlon)  (=LomLin + LimLon) — lom!
Proof:

(DOmD D DOn D2m mt DlmDZn = - -
0 Dy Om %—n 0 gm 0 0 D ?)—n Em 0

DZlen +DlmD£n D-(')—ngn _ngDan
D DOn — EmDTn + DTm

(LOm - QOm)(L3n + 03}1) (L3m + Q3m)(L0n - QOn) _(LZm + QZm)(Lln - an) + (le - le)(LZn + 02}1)

( _(LZm - QZm)(Lln + an) + (le + le)(LZn - 02n) (LOm + QOm)(LSn - 03n) (L3m - Q3m)(LOn + 0011)
_LZlen + leLZn) L2m01n + 02mL1n le02n + leL2n + (+02m01n - leQZn) (LOmLSn - LSmLOn) _LOmQ
(LOmL3n L3mLOn) + L0m03n 00mL3n + L3m00n - 03mLOn + (_00m03n + 03n100n) (_LZlen + leLZn) + L2m

ij = Ljn .

_LZnQIn + 02len - L1n02n + leLZn + (+02m01n - le02n) _L0n03n + QOmLSn - LSnQOn + 03mL0n + (_00m03n +0
+L0n03n - 00mL3n + L3n00n - 03mLOn + (_00m03n + 03n100n) +L2n01n - QZlen + LanZn - QImLZn + (+02m01n _Q

Lin = Lj, are linear/differential & (; are constants:

3 ( (+H0om = 02n)Lin + (Cim — Uin)Lon + (FHomlin = Uiml2n)  (+03m — 030 )Lon + Lom — Con)L3n + (loml3n + (3 lon

N\ 3w = G Lon + (Qon = Com)L3n + (~omlzn + Cimlon)  (+2n = Ua)Lin + (Cin = Lim)Lan + (+Homlin = Cimla,
Liyn = Lj, are linear/differential & (; are constants & (,, = (;, :

00

(20)
L;, are functions or differential operators & (; are non-constant functions:

3 ( (=LamLin + LimLon) + lomLin + UimLon + (=Lomlin = Limlon + Comlin — Giml2n)  (LomLsn — L3mLon) + lomL

(LOmL3n _L3mLOn) - QOmL3n - 03mLOn + (+L0m03n +L3mQOn - 00m03n + 03n100n) (_LZlen +L1mL2n) - 02m1
L]

Lemma 1.2.2.2-(BAc2r2): For linear/differential operators L; & {;

and:
Y 0 D; v 0 D T T peoo P =l 5 )
y i ij i
then:

<D3m + DOmDOn + Di:,; ? + Dszgn

. < (L3mL3n +L0mLOn + leLln +L2mL2n) + L3m03n - 03mL3n - LOmQOn + QOmLOn + legln - leLln - LZmQZn + QZn
0

Ljm = Ljn :

(L3nL3n + LOnLOn + LlnLln + LZnLZn) + L3n03n - 03mL3n - LOnQOn + QOmLOn + Llngln - leLln - LZnQZn + QZml
0
Lin = L;, are linear/differential & (; are constants:

< (L3nL3n +L0nLOn + LlnLln +L2nL2n) + (03n - Q3m )L3n + (QOm - QOn )LOn + (an - le )Lln + (QZm - QZn )L2n -
0

Lin = Lj, are linear/differential & (; are constants & (;, = (;, :
(L3nL3n + LonLon + LinLin + LonLan) = ((3al34 + Lonlon + C1nlin + (2402,)
B < 0 (L3nL3n + LonLon + LinL1n + Lon
L;, are functions or differential operators & (; are non-constant functions:
(L3amL3n + LomLon + LimL1n + LamLan) + (=03mL3n + lomLon — UimLin + lamLan) + ([L3ml3n — Lomlon + L1m{

0
Proof:
0 D3 0 D3 P 0 D;, O 0 Dj
(Dﬁ ;; n DOngn n Di:n; ﬁ; n Dsz121n> _ 3m 3n n Om On n Lm
%-m 0 gn 0 0 Dam 0 D?)-n Tm 0
D3m §n+D6mDan+DTm Tn+D5mD5n O
0 ngDgn +D6mD6n +DImDT;1 +D5mD5n
(L3m - 03m)(L3n + 03n) + (LOm + DOm)(LOn - QOn) + (le - le)(Lln + an) + (LZm + 02m)(L2n - 0211)
0 (L3m +
< L3mL3n + L3m03n Q3mL3:n - 03m03n +L0mL0n - LOmQOn + QOmLOn - QOmQOn +leLln + leQIn - leLln - leQI
0



< (L3mL3n +L0mLOn + leLln +L2mL2n) + L3m03n - 03mL3n - LOmQOn + QOmLOn + legln - leLln - LZmQZn + Qi
0

Ljm = Ljn

(L3nL3n + LonLon + LinLin + LonLan) + L3nlsn — UmL3n — Lonlon + bomLon + L1nl1n — CimL1n — Lonlon + loml
( 0
Lin = Lj, are linear/differential & (; are constants:
( (L3nL3n + LonLon + LinLin + LonLan) + (030 — 03 )L3n + (Lom — lon)Lon + (U1n — Cim)L1n + (lom — 020 ) L2p —

0

Lin = Lj, are linear/differential & (; are constants & (;, = (;, :
(L3nL3n + LonLon + L1nL1n + LonLon) — (034030 + Conlon + C1nl1n + 024024)
B < 0 (LsuLsn + LouLoy + LinL 1y + Loy
L;, are functions or differential operators & (; are non-constant functions:
(L3mL3n + LomLon + LimL1n + LomLon) + (=03mL3n + bomLon — UimL1n + lamL2n) + ([L3ml3n — Lomlon + L1ml
0

O

Lemma 1.2.2.3-(BAc2r3): For linear/differential operators L; & {;

and:

DlJ'Jr' = (Lii +0i]’) > D;- = (Lij —ng)

Dy = D; 0 Dﬂ= D; 0 DS = 0 D; =) _ 0 D:j'

\op; )" \ oy )" \pbpo )07\ Dy o

then:
_LmLi1+Lan_Lm011+0an—Lan+0an+ +Qm0n_0m0n Lan—Lan_{_LmQ

<_D;>n3nDDOnDOm1n+D3mD (—LamL3 smLan) = Lam03n + o L3 3mlon + 03mLon + (Hlomlzn — 03ml2n)  (LimLo omL1n) + L1
(leLOn - LO’”LI”) _LI’"QOH + leLOn _LOmQIn + QOlen + (_QImQOn + QOmQIn) (_L2mL3n + L3mL2n) +L2m

Lin = Lj, are linear/differential & (; are constants:
B < (+H3m = 035 )Lon + (Hlom — 02n)Lan + (020030 — 03l20)  (F010 = 01 )Lon + (Hlow = lom )L 1n + (=l1mlon + lom
N\ G = G Lon + Flom = Con)Lin + (~Limbon + Comlin) - (Hizw = 0L + (20 = Com) L3y + (Hamlzg — G
Liyn = Lj, are linear/differential & (; are constants & (,, = (;, :
00
(o)
L;, are functions or differential operators & (; are non-constant functions:

(_L2mL3n + LSmLZn) + 02mL3n + 03mL2n + (_L2m03n - L3m02n + 02m03n - 03m02n) (leLOn LOlen) le
(leLOn _LOlen) + leLOn + QOlen + (_leQOn _LOmQIn - leQOn + QOmQIn) (_LZmL3n +L3mL2n) - 02m1

D; 2m 0 D gn + 0 D Im D 6n 0 z)—m 0
w0 im O 0 Dg, 0 Dy,

D2mD3n +D D2n DTsz)—n _Dz)—mDTn
D lmDOn DOmD In = Engn + ngDzn

Proof:

(-D5:D5; + DiDY, ~ DowDF; +D3uDS, )

_(LZm QZm)(L3n + Q3n) + (L3m + 03m)(L2n - 02}1) (le - le)(LOn + QOn) (LOm + QOm)(Lln - an)
(le + le)(LOn - QOn) (LOm - QOm)(Lln + an) _(LZm + 02m)(L3n - 0311) + (L3m - 03m)(L2n + 02n)
_LZm(L3n + 03}1) + 02m(L3n + 03}1) + L3m(L2n - 02}1) + 03m(L2n 02}1) le(LOn + QOn) - le(LOn + QOn) - LOn
le(LOn QOn) + le(LOn QOn) - LOm(Lln + an) + QOm(Lln + an) _L2m(L3n - 03n) - 02m(L3n - 03n) + L3
_L2mL3n L2n103n + 02mL3n + 02n103n + L3mL2n L3n102n + 03mL2n - 03n102n leLOn + leQOn - QImLOn - le(
leLOn leQOn + leLOn leQOn - LOlen - LOmQIn + QOlen + QOmQIn _L2mL3n + L2m03n - 02mL3n + 02m
( L2mL3n + L3mL2n) L2n103n + 02mL3n L3n102n + 03mL2n + (+02m@3n - 03m02n) (leLOn - LOlen) +L1mQ
(leLOn LOlen) leQOn + leLOn LOmQIn + QOlen + (_leQOn + 00m01n) (_L2mL3n +L3mL2n) + L2m
Ljm = Ljn
( L2nL3n + L3nL2n) L2n03n + 02mL3n L3n02n + 03mL2n + (+02m@3n - 03m02n) (LlnLOn - LOnLln) +L1n00n
(LlnLOn LOilen) LanOn + leLOn LOnQIn + QOlen + (_leQOn + 00m01n) (_L2nL3n +L3nL2n) + L2n03n

—Lonlsp + lamLsn — Lanlan + UamLon + (+l2ml3n — U3ml2n)  +Linlon — CimLon + Lonlin — lomLin + (—limlon +
—Liplon + UimLon — Lonl1n + ComL1n + (=Cimlon + lomlin) +Lonlsn — bomLsn + L3ylay — U3Loy + (0203, — (
Lin = Lj, are linear/differential & (; are constants:
B ( (+03m = U3n)Lon + (Hlom = U2n)L3n + (+lamlzn = Usml2n)  (+l1n = Cim)Lon + (+lon = lom)L1n + (—Limlon + lom
- (+H1m = 01 )Lon + (Flom — Lou)L1n + (=limlon + loml1n)  (+030 = 03 ) L2y + (2w — l2m ) L3n + (H2ml3n — U3m
Lin = Lj, are linear/differential & (; are constants & (;, = (;, :

(o0



L;, are functions or differential operators & (; are non-constant functions:
. (_L2mL3n + L3mL2n) + 02mL3n + 03mL2n + (_L2n103n - L3m02n + 02n103n - 03m02n) (leLOn - LOlen) - leL
(leLOn _LOlen) + leLOn + QOlen + (_leQOn _L0m01n - leQOn + 00m01n) (_L2mL3n +L3mL2n) - 02m1
L

Lemma 1.2.2.4-(BAc2r4): For linear/differential operators L; & {;

and:
Dj = (Lyj+10;) , Dy=(Ly—10y)
D; 0 D; 0 0 D; 0 D
_ y 1 _ i o i =p _ i
Pzl o )P 0 b )0 PT b 0 )P T b o
ij ij ij ij
then:

0 - ﬁ - (LZmLOn _LOmLZn) - L2m00n - QZmLOn + L0m02n + QOmLZn + (Q2m90n - QOmQZn) (leLSn - LSlen) _le03n —
(Dm On D Dln_D D2n -
(leL3n _L3mL1n) + L1m03n + leL3n - L3m01n - 03mL1n + (01n103n - 03m01n) (LZmLOn - LOmLZn) +L2mQOn +
ij = Ljn .

+L1n03n + leL3n - L3n01n - 03mL1n + (01n103n - 03m01n) +L2n00n + QZmLOn _LOnQZn - QOmLZn + (QZmQOn - QOmL
Lin = Lj, are linear/differential & (; are constants:
. < (+02n - Q2m)LOn + (QOm - QOn)LZn + (Q2m90n - QOmQZn) (+03m - 03n)Lln + (an - le)L3n + (le03n - Q3n101n)

. ( _LZnQOn - QZmLOn + L0n02n + QOmLZn + (Q2m90n - QOmQZn) _LInQSn - leL3n +L31101n + QSlen + (le03n - Q3m(

(030 = U3m)L1n + (Crm = C1n)L3n + (Cimlsn = Gml1n)  (FHl2m — 20)Lon + (lon — lom )Lon + (Camlon — loml2,)
Lyn = Lj, are linear/differential & (; are constants & (,, = (;, :
00
(21)
L;, are functions or differential operators & (; are non-constant functions:
(LomLon = LomL2n) = lomLon + bomLon + (=Lamlon + Loml2n + lamlon — loml2n) (LimL3n — LamL1n) = limL3n

(leL3n _L3mL1n) + leL3n - 03mL1n + (+L1m03n _L3n101n + 01m03n - 03n101n) (LZmLOn _LOmLZn) + QZmLOn
Proof:

b WD - 0 Tm 50 0 D3, 0 D, 0 D,

D2mDOn DOmDZn DlmD3n ngDIn

+ _ D+ D+
1n 2m On 0m™"2n

lm

(LZm - 02m)(LOn QOn) - (LOm - QOm)(LZn - QZn) (le - le)(L3n - Q3n) - (L3m - 03m)(L1n - an)
(le + le)(LSn + 03n) (L3m + 03m)(Lln + an) (LZm + 02m)(L0n + 0011) - (LOm + QOm)(LZn + 02n)

Low(Lon = on) = Com(Lon = lon) = Lom(Lan = U2n) + lom(Lon = l2n)  Lim(L3n = U3n) = lim(L3n — U30) — L3m (4
Lyy(Lsn + 03) + 0im(L3n + 03n) — L3n(Lin + Uin) = G (Lin + 01n)  Lowm(Lon + lon) + lom(Lon + lon) — Lom (4
LomLon — Lomlon — omLon + omlon — LomLon + Lomlan + bomLon — bomlan  LimLsn — Limlsn — UimL3n + Uiml3n
LimL3n + Limlzn + CimLsn + Gimlzn — LamLin — Lamlin — UsmLin — Gmlin - LomLon + Lamlon + lamLon + lamlon

(LZmLOn LOmLZn) LZmQOn QZmLOn + LOmQZn + QOmLZn + (QZmQOn - QOmQZn) (L1mL3n - L3len) _L1n103n -
(leL3n L3len) + le03n + leLSn LSmQIn - Q3len + (leQSn - QSmQIn) (L2mL0n - LOmLZn) +L2m00n 4
Ljm = Ljn :
(LZnLOn LOnLZn) LZnQOn QZmLOn + LOnQZn + QOmLZn + (QZmQOn - QOmQZn) (LlnL3n - L3nL1n) _L1n03n - 0]
(LlnL3n L3nLln) + L1n03n + leLSn LSnQIn - Q3len + (leQSn - QSmQIn) (LZnLOn - LOnLZn) +L21100n + 02

[ —Lanlon — CamLon + Lonlon + lomLon + (Comlon — boml2n)  —Linlzn = CimL3n + Lanlin + UmLin + (Ciml3n — 3!

- < +L1nl3n + UimLsn — Lanlin — GmLin + (Cimlsn — Gml1n)  +Lonlon + 02mLon — Lonlan = lomLon + (L2mlon — Lom!
Lyn = Lj, are linear/differential & (; are constants:

B ( (+02n = lom)Lon + (Qom = lon)Lon + (Lamlon = boml2n)  (H3m = 030) L1 + (C1n = lim ) L3n + (Liml3n — G3mlin)

- (03 — 03 )L 1 + (U1 — Cin)L3n + (Qrml3n — Gl1n)  (Flom — C2n)Lon + (Lon — Com ) L2n + (L2mlon — Comlan)
Lin = Lj, are linear/differential & (; are constants & (;, = (;, :

(00

-(43)
L;, are functions or differential operators & (; are non-constant functions:

[ LamLon — LomLon) = lamLon + lomLan + (=Lamlon + Lomlon + Camlon = lomlon)  (LimLsn — LamLin) — limL3n

- < (LimLan = LamLin) + limLsn — UGmLin + (+L1mlsn = Lamlin + Qimlzn — Gml1n)  (LomLon — LomLon) + lamLon
L]

Lemma 1.2.3.1-(BAc3r1): For linear/differential operators L; & {;
and:
DlJ'Jr' = (Lyj+0y) D;- = (Ly— ()
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Dj 0 ' Dy 0 0 Dy =0 0 Dj
Dy = ] Dy= . | Di= . » Dy = _
0 Dj 0 D} D} 0 D; 0
then:
—L3mLl1y + LimLsn) — L3l + ULy — Liml3n + 01nLsn + (0301 — 01035 —LomLan + LomLon) + Lom!
<_DOmD§_D§1 DDO,,+D1mD _ (—LsmL1 imL3n) = Lamlin + 03 Ly 1ml3n + UimL3n + (03001 1ml3n)  (=LomL: omLon) + Lom!:
(=LomL2n + LomLon) = Loml2n + omL2n — Lomlon + lamLon + (Comlan — lomlon) (=L3mLin + LimL3n) + L3ml
ij = Ljn .

_LOnQZn + QOmLZn - LZnQOn + QZmLOn + (QOmQZn - QZmQOn) +L3n01n - 03mL1n +L1n03n - leL3n + (03m01n - lel
Lin = Lj, are linear/differential & (; are constants:

. ( (+03m - 0311)L1n + (le - an)LSn + (Q3m91n - 01m03n) (+0»2n - 02m)L0n + (QOn - QOm)LZn + (90m02n - QZmQOn)

< _LSnQIn + 03len - L1n03n + leLSn + (Q3m91n - 01m03n) +L01102n - QOmL2n +L21100n - 02mL0n + (90m02n - QZm(

(+l2m = 2n)Lon + (om = lon)Lon + (oml2n = lamlon)  (+3n = U3m)L1n + (C1n = lim)L3n + (Gmlin = Liml3n)
Liyn = Lj, are linear/differential & (; are constants & (,, = (;, :
00
(20)
L;, are functions or differential operators & (; are non-constant functions:

(_L3len + leL3n) + 03len + leL3n + (_L3m01n - le03n + 03m01n - 01m03n) (_LOmL2n +L2mL0n) - QOml
(_LOmLZn + LZmLOn) + QOmLZn + QZmLOn + (_LOmQZn - LZmQOn + QOmQZn - QZmQOn) (_L3mL1n +L1mL3n) - 03m1

— +
0 Dy Om }—n 0 g—m 0 Tn 0 Em 0

D3mD1n+D D3n — z)—mDEn—f_DEmD?)—n
_DOmD2n+D DOn - ngTn_‘_DTmD%—n

Proof:

(-DonD3; = D5 DT + D5y, + DinDS,

_(L3m - Q3m)(Lln + an) + (le + le)(L3n - 03}1) _(LOm + QOm)(LZn - QZn) + (LZm - 02m)(LOn + QOn)

_(LOm - QOm)(LZn + 0211) + (L2m + 02m)(L0n - QOn) _(L3m + 03m)(Lln - an) + (le - le)(LSn + 03n)

[ L@+ Gin) + G Lan + 0in) + Lim(Lan — U3n) + lin(L3n — 03n)  —Lom(Lon — C2n) — bom(L2n — lon) + Lo
~Lom(Lan + 020) + lom(L2n + 20) + Lam(Lon = lon) + lom(Lon = lon) —L3m(L1n = 01n) = Gm(L1n = 010) + Ly
_L3mL1n L3m01n + 03mL1n + 03m01n + leL3n L1m03n + leL3n - 01m03n _LOmLZn +L0m02n - QOmLZn + QOm
_LOmLZn L0m02n + 00mL2n + 00m02n + L2mL0n L2m00n + 02mL0n - QZmQOn _LSlen +L3m01n - QSlen + 03m
(=L3mL1n + LimL3n) = L3mlin + GmL1n — Lim03n + CimLsn + (Gml1n = Giml3n)  (=LomL2n + LamLon) + Lom!:

_LOmL2n + LZmLOn) L0m02n + 00mL2n L2m00n + 02mL0n + (90m02n - QZmQOn) (_L3len + leL3n) +L3m01

Ljm = Ljn :

( L3nL1n + LlnL3n) L3n01n + 03mL1n Lln03n + leL3n + (03m01n - 01m03n) (_LOnLZn + LZnLOn) +L0n02n -
( LOnLZn + LZnLOn) L01102n + 00mL2n LZnQOn + 02mL0n + (90m02n - QZmQOn) (_L3nLln + LlnL3n) +L31101n -

—L3nl1n + UmLyn — Linlan + UimLan + (Gmlin — iml30)  +Lonl2n = ComLon + Lanlon — lamLon + (Lomlan — U2l
< —Lonl2n + bomLon — Lanlon + CamLon + (Lomlon — lomlon) +L3nl1n — U3mLin + L1nl3n = CimL3n + (Uzmlin — (il
Lyn = Lj, are linear/differential & (; are constants:
B ( (+03m = 03n)Lrn + (Cim = Gin)Lan + (U3ml1n = Uiml3n)  (Fl2n = lam)Lon + (Lon = lom ) L2n + (Lomlan — Lomlon)
- (+02m — C2n)Lon + (Lom — Con)L2n + (Lomlan — Comlon) (030 — 03m)L1n + (U1 — Cim ) L3n + (U3ml1y — Cimlsn)
Lin = Lj, are linear/differential & (; are constants & (;, = (;, :
X
-(43)
L;, are functions or differential operators & (; are non-constant functions:
B ( (=L3mL1n + LimL3n) + GmLin + GimLsn + (=L3ml1in = Limlsn + 0Gmlin = Ciml3n)  (=LomL2n + LamLon) — lom!

(_LOmL2n + LZmLOn) + QOmLZn + 02mL0n + (_L0m02n - L2m00n + 00m02n - QZmQOn) (_LSlen +leL3n) - 03m1
L]

Lemma 1.2.3.2-(BAc3r2): For linear/differential operators L; & {;

and:
Dj=(Ly+1y) , Dy=(Lyi—1ly)
Dy 0 D; 0 0 D; 0 D
_ yj o _ i o i =t _ y
Pislo o )P 0 b )0 PT b 0 )0 T b o
ij ij ij ij
then:

( Db - +D Db D +D D ) _LSmLZn +L2mL3n) - L3m02n + 03mL2n - L2m03n + 02mL3n + (+03m02n - Q2n103n) (LOlen _leLOn) - LOmQ
—L3man omt 1y — n 2m =
’ 2 : 0 (LOlen - leLOn) +L0m01n - QOlen +L1m00n - leLOn + (_QOmQIn + leQOn) (_L3mL2n + L2mL3n) +L3m
ij = Ljn .
_LSnQZn + 03mL2n - L2n03n + 02mL3n + (+03m02n - Q2n103n) _LOnQIn + DOlen - LanOn + leLOn + (_QOmQIn +0
+L0n01n - QOlen + LanOn - leLOn + (_QOmgln + leQOn) +L3n02n - Q3mLZn + L2n03n - Q2mL3n + (+Q3m02n _0
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Lin = L;, are linear/differential & (; are constants:
B ( (+03m = 03n)Lon + (2m = U2n)L3n + (Flamlan — loml3n)  (Hlim = Cin)Lon + (Lom — lon)L1n + (=Loml1n + Limlon
- (+01n = Cim)Lon + (Con — Com ) Lin + (—lomlin + Cimlon) (20 — 03m)Lon + (034 — U2 ) L3y + (03002, — U203,
Lin = L;, are linear/differential & (; are constants & (;, = (;, :
[ 00
(20)
L;, are functions or differential operators & (; are non-constant functions:

(_L3mL2n + L2mL3n) + Q3mL2n + 02mL3n + (_L3n102n - L2m03n + 03n102n - 02m03n) (LOlen - leLOn) + QOmL
(LOlen _leLOn) - QOlen - leLOn + (+L0m01n +le00n - QOmQIn + leQOn) (_LSmL2n +L2mL3n) - 03m1

0 D 5"1 0 D E}’l + -6—"1 0 O D Tn 0 D Tm

Proof:

(-D5;D5; + DouD5; = Di7.DG, + DanD, ) =

- + + - + - - +
_D3m o T D2mD3n Olen - Dlm On
- P+ + - + - - Pt
DOm In — 1mD0n _DSmDZn + D2m 3n

_(L3m - Q3m)(LZn + 0211) + (L2m + 02m)(L3n - 03n) (LOm + QOm)(Lln - an) - (le - le)(LOn + 0011)
(LOm - QOm)(Lln + an) - (le + le)(LOn - QOn) _(L3m + Q3m)(L2n - QZn) + (LZm - 02m)(L3n + 03}1)
_LSm(LZn + 02n) + 03m(L2n + 02n) + L2m(L3n - 03n) + 02m(L3n - 03n) LOm(Lln - an) + QOm(Lln - an) _Lln
LOm(Lln + an) - QOm(Lln + an) _le(LOn - QOn) - le(LOn - QOn) _L3m(L2n - 02}1) - 03m(L2n - 02}1) + L2

_LSmLZn - L3m02n + 03mL2n + 03m02n + L2mL3n - L2m03n + 02mL3n - Q2n103n LOlen - LOmQIn + QOlen - QOm(
LOlen + LOmgln - QOlen - QOmgln - leLOn + leQOn - QImLOn + leQOn _L3mL2n + L3n102n - 03mL2n + Q3m

(_L3mL2n + L2mL3n) _L3m02n + 03mL2n _L2m03n + 02mL3n + (+03m02n - 02m03n) (LOlen - leLOn) _LOmQ
(LOlen _leLOn) + LOmgln - QOlen + leQOn - QImLOn + (_QOmgln + QImQOn) (_L3mL2n +L2mL3n) + L3m

I
7N/ N N/ N N N7 N7 N N

ij = Ljn .
(_L3nL2n + L2nL3n) _L31102n + 03mL2n _LZnQSn + 02mL3n + (+03m02n - 02m03n) (LOnLln - LlnLOn) _L01101n
(LOnLln _LlnLOn) + LOnQIn - QOlen + LanOn - QImLOn + (_QOmgln + QImQOn) (_L3nL2n +L2nL3n) + L3n02n

_LSnQZn + 03mL2n - L2n03n + 02mL3n + (+03m02n - Q2n103n) _LOnQIn + QOlen - LanOn + leLOn + (_QOmQIn +0
+L0n01n - QOlen + LanOn - QImLOn + (_QOmgln + QImQOn) +L3n02n - 03mL2n + L2n03n - 02mL3n + (+Q3m02n _Q

Lin = Lj, are linear/differential & (; are constants:
3 < (03 = 030)Lan + (Cam — 020 )L3n + (F03ml2n — loml3n)  (+01m — C1n)Lon + Wom — lon)L1n + (lomlin + Cimlon
N\ o= ) Lon + Qon = om)Ln + (~omlin + Cimbon)  (+l2n = C3n)Law + (0 = o) Lan + (+3ml2y = Lol
Liyn = Lj, are linear/differential & (; are constants & (,, = (;, :
00
(20)
L;, are functions or differential operators & (; are non-constant functions:
(=LsmLon + LomL3yn) + U3mLoy + ComLsy + (—L3mlan — Lomlsn + 0loy — 0oml3n)  (LomLin — LimLon) + lomL
(LomL1n = LimLon) = bomL1n — UimLon + (+Loml1n + Limlon — bomlin + Cimbon)  (=L3mLon + LamL3n) — (3ml
O

Lemma 1.2.3.3-(BAc3r3): For linear/differential operators L; & {;

and:
Dj; = by 0 D! = by 0 D = 0 Dy sy _[ 0 Dj
Vo b )"\ 0o b )"\ Di oo S A ) =
y i ij i
then:

LowLoy + LimLin + LomLon + L3mL3sn) + Lomlon — LomLon + Limlin — CimLin — Lomlon + ComLon — L3mlsn + (30
(D?m =1 pe <1:n>+D0ngn+D3mDI3]n ((2 2 imL1 omLo 3mL3n) + Lomla wmlLo iml1 1 1) omlo omLo 3ml3 3

Ljm = Ljn :

[ LanLon + LinLin + LonLon + L3nL3n) + Lanlon = lomLon + Linlin = limLin — Lonlon + lomLon — L3nl3n + U3ml
_ ( 0

Ljn = Lj, are linear/differential & (; are constants:
[ (LanLon + LinLin + LonLon + L3nL3n) + (2n = lom)Lan + (Cin = Cim)Lin + (om — lon)Lon + (Usm — U35)L3n —
_ ( 0

Lin = Lj, are linear/differential & (; are constants & (;, = (;, :

(LanLon + LinLin + LonLon + L3nL3n) — ((2nlon + Cinlin + Conlon + (3403,)
) < 0 (LanLan + LiaLin + LouLon + L

L;, are functions or differential operators & (; are non-constant functions:
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(LZmLZn +leL1n + LOmLOn +L3mL3n) QZmLZn - leLln + QOmLOn + Q3mL3n + [+(+L2n102n + legln _LOmQO;

I
7~ N\

0
Proof:
0 Dy, 0 Dy, 0 Dy, 0 Dy, om O
(D5;D5; + DiZ.DS; + DonDy, + D3nD3, ) = + +
D2m 5n+DIm +D0mD6n+D§mD§n O
0 D2mD2n+D D1n+DOmD0n+D3mD3n
. (L2m - 02m)(L2n + 02n) + (le - le)(Lln + an) + (LOm + QOm)(LOn - QOn) + (L3m + 03m)(L3n - 0311)
0 (LZm +

L2m(L2n + 0211) QZm(L2n + 0211) +le(L1n + an) - le(Lln + an) +L0m(L0n - QOn) + QOm(LOn - QOn) +L3m(
0

L2mL2n + L2m02n QZmLZn - 02m02n + leLln + leQIn - leLln - leﬂln + LOmLOn - LOmQOn + QOmLOn - QOmQO
0

(L2mL2n + leLln + LOmLOn + L3mL3n) + L2m02n - QZmLZn + leQIn - leLln LOmQOn + QOmLOn - L3m03n + 01
0

I
/\\/\\/\\/\\/\\

Ljm = Lj, :
(LanLon + LinLin + LonLon + L3nLsn) + Lonlon — lomLon + Linlin — CimLin = Lonlon + lomLon — L3nl3n + U3ml
( 0
Lin = Lj, are linear/differential & (; are constants:
(LanLon + LinLin + LonLon + L3nLsn) + (C2n = Com)Lon + (Cin = Uim)L1n + (Lom — Con)Lon + (U3m — 030 ) L3n —
( 0
Liyn = Lj, are linear/differential & (; are constants & (,, = (;, :
(LanLon + LinLin + LonLon + L3nLsn) = (C2nlan + Cinlin + lonlon + (34030)
- ( 0 (LanLon + LinLin + LonLon + L3y
L;, are functions or differential operators & (; are non-constant functions:

(L2mL2n +leLln + LOmLOn +L3mL3n) - 02mL2n - leLln + QOmLOn + 03mL3n + [+(+L2m02n + leQIn _LOmQOA

0
L]
Lemma 1.2.3.4-(BAc3r4): For linear/differential operators L; & (;
and:
Dy 0 D; 0 0 Dj - 0 D;
Dj = 7|, Dl= ' ].Dy= ), =t -
0 Dy 0 Df Df 0 D; 0
then:
Lan_L an —-L n10n_0an+L n10n+0an+ +0 an—Qan L an+Lan +Lm
(—DD2n+Dzm;7+DD DY D (L3mLon = LomL3n) = Lamlon = GmLon + Lomlsn + bomL3n + (+l3mlon = loml3n)  (=LimLon + LomLin) + L1
(=LimL2n +L2mL1n) — Limloy — OymLon + Lomliy + 0oLy + (=100, + szﬁln) (L3mL0n _LOmLSn) + Lyl
Ljm = Ljn :
(L3nL0n _LOnL3n) — L3ulon — UsmLon + Lonl3n + lomL3n + (+Q3m00n - 00n103n) (_LlnLZn +L2nL1n) + L1l
( ~LinLon + LZnLln) Linlan = UimLon + Lolin + lamLin + (_le02n + QZmQIn) (L3nL0n - LOnL3n) + L3ulon

[ —Lsnlon = GmLon + Lonlsn + lomLzn + (+3mlon — loml3n)  +L1inlon + CimLon = Lonlin — lomLan + (—limlon +
- < —Liplon — UimLon + Lonliy + ComLiy + (=0imlon + Comlin)  +L3nlon + U3mLon — Lonl3n — LomL3n + (+03m00n — (
Lyn = Lj, are linear/differential & (; are constants:
B ( +(Usn = Uzm)Lon + (Lom = Lon)L3n + (+l3mlon = loml3n) +(l2n = Com )L1n + (Uim = Cin)Lan + (=Limlon + Comlin
- +(lom = o) Lin + (01 = Oy ) Lon + (=0imlon + lomlin)  +(03m — 03n)Lon + (Lon — Com ) L3n + (+03m0on — LomU3n
Lin = Lj, are linear/differential & (; are constants & (;, = (;, :
(00
: ( o)
L;, are functions or differential operators & (; are non-constant functions:
(LamLon = LomL3n) = UmLon + bomL3n + (=L3mlon + Loml3n + Uzmlon = boml3n)  (=LimLon + LomL1n) + Uil
(=LimLan + LomLin) = UimLon + UomLin + (=Limlan + Lomlin — Cimlon + lomlin)  (LamLon — LomL3n) + (3L
Proof:

Dlm 0 Din DEm 0 0 DTn ng 0
( D 2n ﬁ + D DOn + + + + + +
2n 0 0 D2m 1n 0 0 3m

D3mDOn DOmD3n _DImDEn + DEmDIn

+ + + + _ Dt +
2n 3m™~ 0n Om*3n
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L3mLOn - L3m00n - Q3mLOn + 03m00n - LOmL3n + L0m03n + QOmL3n - 00m03n _leLZn + leQZn + leLZn - le
_leLZn - le02n - leL2n - le02n + L2len + L2m01n + 02mL1n + 02m01n L3mLOn + LSmQOn + 03mL0n + 03m(
(L3mL0n _LOmL3n) - L3m00n - Q3mLOn + L0m03n + QOmL3n + (+Q3m00n - 00m03n) (_leLZn +L2mL1n) + le
(_leL2n + LZlen) _le02n - leL2n +L2m01n + 02mL1n + (_le02n + 02m01n) (L3mL0n - LOmL3n) +L3m0
Ljm = Ljn :
(L3nL0n _LOnL3n) - L3n00n - Q3mLOn + L0n03n + QOmL3n + (+Q3m00n - 00m03n) (_LlnLZn +L2nL1n) + LanZn
(_LlnLZn + LZnLln) _LInQZn - leL2n +L21101n + 02mL1n + (_le02n + 02m01n) (L3nL0n - LOnL3n) +L31100n

_L3n00n - Q3mLOn + L0n03n + QOmL3n + (+Q3m00n - 00m03n) +L1n02n + leLZn - LZnQIn - Q2len + (_leQZn +0

I
Y Y

—L1yl2n = UimLon + Lonliy + lomLin + (=0imlon + C2ml1n)  +L3nlon + 03mLon — Lonlsn — ComLsn + (+H03m00n — 0
Lyn = Lj, are linear/differential & (; are constants:
B ( +(Usn = Uz3m)Lon + (Lom = Lon)L3n + (+l3mlon — loml3n) +(U2n = Com )L1n + (Uim = C1n) Lo + (limlon + Comlin
- +(lom — Con)Lin + (C1n = G ) Lon + (—limlon + Comlin)  +U3m — 030)Lon + (Lon — Lom ) L3n + (H03mLlon — Lom{3n
Lin = Lj, are linear/differential & (; are constants & (;, = (;, :
[ 00
(o)
L;, are functions or differential operators & (; are non-constant functions:
B (LamLon = LomL3n) = UsmLon + bomL3n + (=L3mlon + Loml3n + U3mlon = boml3n)  (=LimLon + LomL1n) + Uil
- < (=LimLan + LomLin) = UimLon + UomLin + (=Limlan + Lomlin — Cimlon + Uomlin)  (LamLon — LomL3n) + (3L
d

Lemma 1.2.4.1-(BAc4r1): For linear/differential operators L; & {;

and:
Dj=Li+l;) , Dy=(Ly—1ly)
Dy 0 D; 0 0 D; 0 D
_ yj o _ i o i =t _ y
Pislo o )P 0 b )0 PT b 0 )P T b o
ij ij ij ij
then:

(DOlen _DﬁDZn +D§1D3n _DlmDOn) =
(_L3mL2n + L2mL3n) _L3m02n - 03mL2n + QZmL3n + L2m03n + (_03m02n + 02m03n) (LOlen - leLOn) _LOmQIn -

< (LomLin — LimLon) + Loml1n + ComLin — CimLon — Limlon + (Flomlin — limlon)  (—L3mLon + LomL3n) + L3mlan
Ljm = Lj, :
+Lonl1n + bomL1n — CimLon — Linlon + (Flomlin — Cimlon)  +L3nlon + 03Lon — Lonlzn — ComLsy + (—03m02, + 0
) ( —L3nlon = UsmLon + lamLsn + Lanlsn + (=lamlon + laml3n)  —Lonl1n — ComLin + L1nlon + limLon + (+Hloml1n —
Lin = Lj, are linear/differential & (; are constants:
3 < (01 = Gim)Lon + Qom — bon)L1n + (FHomlin — Uimlon)  (+03m — 030)Lon + (U2n — lam ) L3n + (—3ml2n + 0203,
N\ 3w = G Lo + (o = 00) L3 + (3l + Conl3) (+im = ) Low + (Lon = bom)L1n + (+omlin = Cimlon
Liyn = Lj, are linear/differential & (; are constants & (,, = (;, :
00
(20)
L;, are functions or differential operators & (; are non-constant functions:
(LomLin — LimLon) + bomL1n — CimLon + (+Loml1n — Limlon + Comlin — Cimlon)  (—L3mLon + LomL3n) + (31
(=LsmLon + LamL3n) — GmLon + UomLsn + (=L3mlan + Loml3n — Gmlon + loml3n)  (LomL1n — LimLon) — lomlL

Tn 0 _ 0 ng 5}’1 0 + 0 DEW! %’n 0
0 Dy, im0 0 Dy, om0 0 D3,

D?)—m Tn - TmD?)—n _ngDEn + DEngn

_Dg—m §n+D§m gn DamDIn_DImDan

(LOm + QOm)(Lln + an) - (le + le)(LOn + QOn) _(L3m - Q3m)(LZn - QZn) + (LZm - 02m)(L3n - 03}1)
_(L3m + 03m)(L2n + 0211) + (L2m + 02m)(L3n + 03n) (LOm - QOm)(Lln - an) - (le - le)(LOn - QOn)
Lom(L1n +01n) + lom(L1n + 1) = Lim(Lon + lon) = lim(Lon + lon)  —L3m(L2n — l2n) + (3 (L2 — l20) + Lo
_LSm(LZn + 02n) - 03m(L2n + 02n) + L2m(L3n + 03n) + 02m(L3n + 03n) LOm(Lln - an) - QOm(Lln - an) _Lln

Proof:

S o
3

(DOlen _DﬁqD% +D2Cy>nD3n _DlmDOn) = <

LOlen + LOmgln + QOlen + QOmgln - leLOn - leQOn - leLOn - leQOn _L3mL2n + L3m02n + 03mL2n - Q3m
_LSmLZn - L3m02n - 03mL2n - Q3n102n + L2mL3n + L2m03n + 02mL3n + 02m03n LOlen - LOmQIn - QOrnLln + QOm(

(LOlen _leLOn) + LOmgln + QOlen - leLOn _leQOn + (+00m01n - leQOn) (_L3mL2n +L2mL3n) + L3m
(_L3mL2n + L2mL3n) _L3m02n - 03mL2n + 02mL3n + L2m03n + (_Q3m02n + 02m03n) (LOlen - leLOn) _LOmQ
Ljm = Ljn
(LOnLln _LlnLOn) + LOngln + QOlen + QOmgln _LanOn + (_leLOn - leQOn) (_L3nL2n +L2nL3n) + L3n02n
(_L3nL2n + L2nL3n) _L31102n - 03mL2n - Q3n102n + L2n03n + (+02mL3n + 02m03n) (LOnLln - LlnLOn) _L01101n

Il
TN TN N N N Y Y
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[ ALonlin + lomLin — LimLon = Linlon + (Hlomlin = Cimlon)  +L3nlon + UsmLon — L2nl3n — lamL3n + (—l3ml2n +

- < —L3plon — U3mLon + UomLsn + Lonlsy + (=03mlon + Coml3n) —Lonlin — bomLin + L1nlon + CimLon + (Hloml1, — 0
Lin = Lj, are linear/differential & (; are constants:

B ( (+01n = Uym)Lon + (Qom = lon)L1n + (Flomlin — limlon)  (Hl3m = U3n)Lon + (L2n = lam ) L3n + (=L3ml2n + loml3n

- (03 — 03 ) Lon + (Uom — 02n) L3y + (—03ml2y + Comlsn)  (+1m — Cin)Lon + (Lon — Lom )L 1n + (Homlin — Cimlon
Lin = Lj, are linear/differential & (; are constants & (;, = (;, :

(00

-(43)
L;, are functions or differential operators & (; are non-constant functions:

B (LomL1n = LimLon) + lomL1n = limLon + (+Loml1n — Limlon + loml1n = Uimbon)  (=L3mLon + LomL3n) + l3ml

- < (=L3mLon + LomL3n) = UsmLon + lomLsn + (=L3mlan + Loml3n — Gmlon + 02m034)  (LomL1in — LimLon) — lomL
L]

Lemma 1.2.4.2-(BAc4r2): For linear/differential operators L; & {;

and:
Dj=Ly+l;) , Dy=(Ly—1ly)
”_ODi”’_ODt”’_Dto”’_D.-.o
ij ij ij ij
then:

(DﬁDm + Doszn - D§D3n - DZmDOn) =
(L3mL1n _leL3n) + L3m01n + Q3mL1n - L1m03n - leL3n + (03m01n - 01m03n) (LOmLZn - LZmLOn) _LOmQZn - 001

( (LomLan = LomLon) + Loml2n + bomLon — Lomlon — lomLon + (boml2n = lamlon)  (LamLin — LimL3n) — Lamlin — U3
Ljm = Lj, :
+Lonl2n + QomLon — Lanlon — ComLon + (Lomlon — Uomlon) —Lanlin — U3mLin + L1nl3n + GimL3n + ((3ml1n — Ui
) < +L3nl1n + UmLyn — Linlan = UimLzn + (G3mlin — Uiml30)  —Lonlon = ComLon + Lanlon + lamLon + (Lomlan — 02l
Lin = Lj, are linear/differential & (; are constants:
3 ( (021 — Qo) Lon + (Lom — Con)L2n + (Lomlan — Comlon) (030 — 03m)L1n + (U1 — Cin)L3n + (U3ml1y — Cimlsn)
N\ s = 6L + O = O Lan + Canlin = Cinlsn)  (+How = Com)Lan + (Cam = Can)Lon + (Comlan — Camlon)
Liyn = Lj, are linear/differential & (; are constants & (,, = (;, :
00
-(o0)
L;, are functions or differential operators & (; are non-constant functions:
(LomLan = LomLon) + bomLon — lomLon + (+Loml2n — Lamlon + lomlan — Combon) (LamLin — LimLsn) = GzmLin
(LamLin = LimLsn) + GmLin — LimLsn + (+L3mlin — Limlsn + UGmlin = Ciml3n)  (LomLan — LamLon) — lomLan

ng Tn 0 + _(')—m 0 5}’1 0 0 DTm %’n 0
o 0 0 Dy, 0 Do, 0 Dy, in 0 0 D3,

+ Dt s Db - - - D=
om™2n — DOn DSlen - DlmDSn
+ _ _

- D3n DOmDZn DZmDOn

3m ln
(LOm + QOm)(LZn + 02}1) (LZm + QZm)(LOn + QOn) (L3m - Q3m)(Lln - an) - (le - le)(L3n - 03}1)
(L3m + 03m)(Lln + an) (le + Dlm)(L3n + 0311) (LOm - QOm)(LZn - 0211) - (L2m - 02m)(L0n - QOn)
LOm(LZn + QZn) + QOm(LZn + QZn) LZm(LOn + QOn) - QZm(LOn + QOn) L3m(L1n an) - 03m(L1n - an) - le(l
L3m(L1n + an) + 03m(Lln + an) le(L3n + 0311) le(L3n + 0311) LOm(LZn - 02n) - QOm(L2n - 02n) - L2m(1

Proof:

)

(DinDln + DomD2y _DﬁnDSn _D2mD0n) = <

/\\/\\ /\\/\\/\\/\/\/\\ /\\

LOmLZn + LOmQZn + QOmLZn + QOmQZn _LZmLOn - LZmQOn - QZmLOn - QZmQOn L3mL1n _L3m01n - 03mL1n + 03m01n
L3len + LSmQIn + 03len + QSmQIn _leLSn - le03n - leLSn - 01m03n LOmL2n _L0m02n - QOmL2n + 00m02n

(LOmLZn LZmLOn) + LOmQZn + QOmLZn - LZmQOn - QZmLOn + (QOmQZn - QZmQOn) (L3mL1n - leL3n) _L3m01n -
(LSlen leLSn) + LSmQIn + 03len - le03n - leLSn + (Q3m91n - 01m03n) (LOmLZn - LZmLOn) _L0m02n -
Ljm = Ljn :
(LonL2n = LanLon) + Lonl2n + lomL2n — L2nlon — lamLon + (Coml2n — Comlon) (L3nLi1n — L1nL3n) — L3nl1, — {:
(LSnLln LlnLSn) + LSnQIn + 03len - L1n03n - leLSn + (Q3m91n - 01m03n) (L0nL2n - LZnLOn) _LOnQZn - 0(

+L0n02n + QOmLZn - LZnQOn - QZmLOn + (QOmQZn - QZmQOn) _L3n01n - 03mL1n +L1n03n + leL3n + (03m01n - lel
+L3n01n + 03len - L1n03n - leLSn + (Q3m91n - 01m03n) _L01102n - QOmL2n +L21100n + 02mL0n + (90m02n - QZm(

Lin = Lj, are linear/differential & (; are constants:
B ( (+02n = lom)Lon + (om — lon)Lon + (omlon — Camlon) (030 = Usm)L1n + (Cim — Cin)L3n + (Gamlin — Ciml3n)
- (03 = 030)L1n + (U1 = O ) L3n + U3ml1n — Ciml3n)  (+lon = om )Lon + (Uom — 024) Lon + (Comlan — 2mlon)
Lin = Lj, are linear/differential & (; are constants & (;, = (;, :

(o0
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L;, are functions or differential operators & (; are non-constant functions:
. (LOmLZn _LZmLOn) + QOmLZn - QZmLOn + (+L0m02n _LZmQOn + QOmQZn - QZmQOn) (L3mL1n _L1mL3n) - 03mL1n
(LSlen _leLSn) + QSlen - leLSn + (+L3m01n _le03n + QSmQIn - leQSn) (LOmL2n _L2mL0n) - QOmL2n
L]

Lemma 1.2.4.3-(BAc4r3): For linear/differential operators L; & {;

and:
Dj = (Lyj+10;) , Dy=(Ly—10y)
Voo )" oz )" U b0 )7 T\ b0
ij ij ij ij
then:

Lan_Lan +Lm0n+0an_Lm0n_0an+Qan_Qan _LmL11+Lan +Lm0n
(—DﬁDln+D171D2n+DomD3n—D3mDon): ( 0 3 3 0) Om+3 0 3 3m*0. 3 0 (0 3 3 0) ( 2 1 1 2) 2mY1
(_LZlen +L1mL2n) - LZmQIn - QZlen + leQZn + QImLZn + (QImQZn - QZmQIn) (L0mL3n - L3mL0n) _L0n103n -

ij = Ljn .

. +L0n03n + QOmLSn - LSnQOn - Q3mLOn + (QOmQSn - QSmQOn) +L21101n + 02mL1n _LInQZn - leL2n + (le02n - QZm(
_LZnQIn - QZlen + LanZn + QImLZn + (QImQZn - QZmQIn) _L0n03n - QOmL3n +L3n00n + 03mL0n + (00m03n - Q3m£

Lin = Lj, are linear/differential & (; are constants:
< (+03n - Q3m)LOn + (QOm - QOn)LSn + (QOmQSn - QSmQOn) (+Q2m - 02n)Lln + (an - le)LZn + (le02n - Q2n101n)

(+1m = 01 )Lon + (20 = lam ) L1n + (Crmlon = laml1n)  (F3m = 030)Lon + (Lon = Lom )L3n + (Loml3n — L3mlon)
Lyn = Lj, are linear/differential & (; are constants & (,, = (;, :
00
(20)
L;, are functions or differential operators & (; are non-constant functions:
3 (LomL3n — LamLon) + bomL3n — UsmLon + (+Lom03n — Lamlon + Comlsn — U3mlon)  (=LomLin + LimLon) + (ol

- (_LZlen + leLZn) - QZlen + leLZn + (_LZmQIn + leQZn + QImQZn - QZmQIn) (L0mL3n - L3mL0n) - QOmL
Proof:

(_D§1Dln +Dﬁ>1D2n +DOmD3n _D3mD0n) = - + +
om0 0 Dy, im0 0 Dy, 0 Dow

?)—m gn - ng?)—n _DEmDTn + DTmDEn
_D%—m Tn + DTm En Dangn - ngDEn
(LOm + QOm)(L3n + 03}1) - (L3m + Q3m)(L0n + QOn) _(LZm - QZm)(Lln - an) + (le - le)(LZn - 02}1)
_(LZm + 02m)(Lln + an) + (le + le)(LZn + 02n) (LOm - QOm)(LSn - 03n) - (L3m - Q3m)(LOn - QOn)
LOm(L3n + Q3n) + QOm(L3n + Q3n) _L3m(L0n + QOn) - Q3m(L0n + QOn) _LZm(Lln - an) + 02m(L1n - an) + Ll
_L2m(Lln + an) - 02m(Lln + an) + le(LZn + 02n) + le(L2n + 02n) LOm(L3n - 0311) - QOm(L3n - 0311) _L3n

L0mL3n + L0m03n + 00mL3n + 00m03n - L3mLOn - L3m00n - 03mLOn - 03m00n _LZlen + LZmQIn + QZlen - QZm
_LZlen - L2m01n - 02mL1n - QZlen + leL2n + le02n + leL2n + 01m02n LOmLSn - L0m03n - QOmLSn + QOm(
(LOmL3n _L3mLOn) + L0m03n + 00mL3n - L3m00n - 03mLOn + (00n103n - 03m00n) (_LZlen + leLZn) +L2n101
(_L2len + leLZn) _L2m01n - 02mL1n +le02n + leL2n + (le02n - Q2n101n) (LOmL3n _L3mL0n) - L0m031
Ljm = Ljn :
(LOnL3n _L3nLOn) + L0n03n + 00mL3n - L3n00n - 03mLOn + (00n103n - 03m00n) (_LZnLln + LlnLZn) +L2n01n b
(_L2nLln + LlnLZn) _L21101n - 02mL1n +L11102n + leL2n + (le02n - Q2n101n) (LOnL3n _L3nL0n) - L0n03n —

+L0n03n + 00mL3n - L3n00n - 03mLOn + (00n103n - 03m00n) +L2n01n + QZlen _LanZn - leLZn + (leQZn - QZmL

I
7N/ N 7N N/ N7 N7 N

—Lonlin = lomLin + Linlon + CimLon + (Cimlon — loml1n)  —Lonlsn — lomLsn + L3nlon + zmLon + (Lomlzn — U3l
Lyn = Lj, are linear/differential & (; are constants:
B ( (+03n = U3m)Lon + (om = Lon)L3n + (Lomlsn = Uzmlon)  (Hlom = C2n) L1 + (C1n = lim)Lon + (Limlon — lomlin)
- (+01m = i) Lon + (U2p — Qo) L1y + (Crmlon — Comlin)  (Hl3m — 030)Lon + (Lon — Lom ) L3n + (Loml3n — 3mlon)
Lin = Lj, are linear/differential & (; are constants & (;, = (;, :
(00
-(43)
L;, are functions or differential operators & (; are non-constant functions:
B (LomL3n = LamLon) + lomL3n — UsmLon + (+Loml3n — L3mlon + lomlsn = Uzmlon)  (=LomLin + LimLan) + loml
- < (=LamLin + LimLon) = lomLin + UimLon + (=Lomlin + Limlon + Gimlon — 0omlin)  (LomLsn — L3mLon) — lomL
L]

Lemma 1.2.4.4-(BAc4r4): For linear/differential operators L; & {;
and:
DlJ'Jr' = (Lyj+0y) D;- = (Ly— ()
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Dj 0 ' Dy 0 - 0 Dy =0 0 Dj
DU = - , Dy = . , DU = . , i = B
0 Dj 0 D} D} 0 D; 0

then:
LiwLin + LowLoy + LaywLsy + LomLon) + Limlin — 0imLin + Lomlon — LomLon + Lamlsy — U3mL3n + Lomlon — lom
(DIIIlen +DI21mD2n +ngD3n +ngD0n> = < ( : : ? ? ’ } ‘ ‘ ) : : : : 2 ? 20 e } ’ om0 ‘
ij = Ljn .
(LlnLln + L2nL2n + L3nL3n + LOnLOn) + LanIn - leLln + L2n02n - QZmLZn + L3n03n - Q3mL3:n + LOnQOn - QOml
0
Lin = Lj, are linear/differential & (; are constants:
( (LlnLln +L2nL2n + L3nL3n +L0nL0n) + (an - le)Lln + (0211 - QZm )L2n + (0311 - Q3m )L3n + (QOn - QOm )LOn -
0

Liyn = Lj, are linear/differential & (; are constants & (,, = (;, :
(LinLin + LonLon + L3nLsy + LonLon) = (Cinl1n + C2nl2n + 034034 + Conlon)
- < 0 (LinLin + LanLon + L3nL3n + Lon
L;, are functions or differential operators & (; are non-constant functions:
(LimLin + LomLon + LamL3n + LomLon) — (GimLin + lamLon + 03mL3n + lomLon) + [+(Limlin + Lomlan + L3l

0
Proof:
D7 Dy 0 D5 0 00 D3 0
(DD + DY,Day + DY, D3y + DY, Doy ) = o u N > T
0 Tm 0 D In 0 D Em 0 D En 0 Dy, 3m
Dllen+D2mD2n+D3mD3n+DOmD0n 0
0 DTmDTn +D§mD£n +D§mD§n +D3n1D6n
(le - le)(Lln + an) + (LZm QZm)(LZn + QZn) + (L3m - 03m)(L3n + 03}1) + (LOm - QOm)(LOn + QOn)
0 (le +
le(Lln + an) le(Lln + an) +L2m(L2n + QZn) - QZm(LZn + QZn) +L3m(L3n + Q3n) - Q3m(L3n + Q3n) +L0m(
0
< (leLln +L2mL2n + L3mL3n +L0mLOn) + legln leLln + LZmQZn - QZmLZn + L3m03n - 03mL3n + LOmQOn - 01
0

Ljm = Ljn :
(LinLin + LanLoy + L3uL3y + LonLon) + Linlin = UimL1n + Lanlon — lomLon + L3nl3n — (3mLsn + Lonlon — loml
_ ( 0
Lin = L;, are linear/differential & (; are constants:
( (LinLin + LanLoy + L3nL3y + LonLon) + UinLin = UimLin + lonLon — lomLon + 034L3n — (3mLsn + LonLon — loml

0

(LinLin + LanLoy + L3nL3n + LonLon) + (C1n — Cim)L1n + (C2n = Uam ) Lon + (U3n — 03 ) L3n + (Lon = lom )Lon —
( 0
Lin = Lj, are linear/differential & (; are constants & (;, = (;, :
(LinLin + LanLon + L3uL3n + LonLon) = (C1ml1n + C2mlon + Gmln + Lomlon)
B < 0 (LinLn + LoLay + LyLsy + L
L;, are functions or differential operators & (; are non-constant functions:
(LymLan + LomLon + LymL3n + LomLon) = (CimLin + lomLon + U3mL3n + lomLon) + [+(Limlin + Lomlon + L3m!:
0
L]

Lemma 1.3.1.1-(ABc1r1): For linear/differential operators L; & {;

and:
Dj = (Lyj+10;) , Dy=(Ly—10y)
D; 0 D; 0 0 D; 0 D
_ y 1 _ i o _ i =p _ i
Pislo o )P 0 b )0 PT b 0 )0 T b o
ij ij ij ij
then:

(DY,Don + D D5;, + D5 D55, + D1,DY,)

< (LOnLOm + L3nL3m + L2nL2m + Llnle) + LOnQOm - QOnLOm + L3n03m - Q3nL3)m + L2n02m - Q2nL2m - LanIm + an
0

ij = Ljn .

< (LOnLOn +L3nL3n + L2nL2n +LlnLln) + LOnQOm - QOnLOn + L3n03m - Q3nL3)n + L2n02m - Q2nL2n - LanIm + Dlnl
0

Lin = Lj, are linear/differential & (; are constants:
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(LonLon + L3nLsn + LonLon + L1nL1n) + (Com = lon)Lon + (Uam — 030)L3n + (lam = U2n)Lan + (L1n = Cim ) L1n — (
( 0
Lin = Lj, are linear/differential & (; are constants & (;, = (;, :
(LonLon + L3nLsy + LonLoy + L1nL1n) = (Lonlon + 030030 + 020020 + C1401,)
B < 0 (LonLon + LyLsy + LaLay + L1
L;, are functions or differential operators & (; are non-constant functions:
(LonLom + L3nL3m + LonLom + LinLim) + (F[+01nL1m = bonLom — U3nL3m — l2nLom]) + (=[+L1nl1m — Lonlom -
0
Proof:

L,,—Q,, 0 Lom + lom 0 0 L3y, — (3,
(D},Don + D5 D%, + D5 D5, + D1uDY,, ) = (ou — Lo (Lom + fom) + (Ln = ln)
(LOn + QOn) 0 (LOm - QOm) (L3n + 03}1) 0

(Lon — Con)Lom + lom) + (Lzn — 030) (Lam + 03m) + (Lon — 02n) Lam + lam) + (Lin + Gin) Lim — lim)
< 0 (Lon +
LonLom + Lonlom — lonLom — Conlom + LanLsm + L3nlzm — U3nLzm — U3nlam + LonLom + Lanlom — ConLom — U202,
( ;
(LonLom + LanL3m + LonLom + LinLim) + Lonlom — bonLom + L3nlzm — UsnLam + Lonlom — ConLom — Liplim + 0
( ;
Ljn=1Lj :
(LonLon + L3nL3y + LonLoy + L1nL1n) + Lonlom — lonLon + L3nlzm — 3aL3n + Lonlom — lanLon — L1alim + 0141
( 0
Lin = Lj, are linear/differential & (; are constants:
(LonLon + L3nL3n + LonLoy + L1nL1n) + (Com — lon)Lon + (U3 — 03,) L3y + (Cam — 020 )Lan + (U1n = U1 ) L1n —
( 0
Liyn = Lj, are linear/differential & (; are constants & (,, = (;, :
(LonLon + L3nL3y + LoyLoy + L1nL1n) = (Lonlon + 030030 + 02402, + 01,01,)
- ( 0 (LonLon + L3nL3p + LonLoy + L1y
L;, are functions or differential operators & (; are non-constant functions:
(LonLom + LanL3m + LonLom + LinLim) + (+[+1nL1m — lonLom — UsnLam — ConLom]) + (—[+L1nlim — Lonlom -
0
[

Lemma 1.3.1.2-(ABc1r2): For linear/differential operators L; & {;

and:
Dy 0 D; 0 0 Dj - 0 D;
py=( 7 " ).ph=( " J.pg=| U ).p7t= Y
0 Dj 0 D D 0 D; 0
then:
—LinLom + LonLim) = Linlom + UinLom — Lonlim + GonLim + (+l1nlom — C2nlim —L3yLom + LonL3m) + L3l
<_D D0m+D D D2m+D2nD ( ! 2 2 ! ) 1n2 ! 2 2nt1 2 1 ( 1n¥2 2n¥1 ) ( 3 0 0 3 ) 3
(_LSnLOm +L0nL3m) - LSnQOm - Q3nLOm + L0n03m + 0011L3m + (_QSnQOm + 001103m) (_LlnLZm + LZnle) +L1n(
Ljm = Ljn :

[ —Lunlom + GinLon = Lonlim + GnLan + (Hinlom — C2nlim)  +L3nlom + U3nLon — Lonlzm — lonLsn + (=U3nlom +
\ ~Laalon = G3aLow + Loulsm + CouLam + (=l3al0m + Lonlsm) +Linlom — UinLon + Lonlim — lanLin + (+l1n02m =
Lyn = Lj, are linear/differential & (; are constants:
B ( (U2n = lam)L1n + (C1n = i )Lon + (Flinlom = U2nlim) (030 = C3m)Lon + (Lom — Con)L3n + (—L3nlom + Lonlsm)
@ = ) Low + (Con = lom)Lan + (<3ulom + Conlsm)  (Uan = Co )L 1w + Cin = Ci) Lo + (H1alom = O2nli)
Lin = Lj, are linear/differential & (; are constants & (;, = (;, :
(00
L oo
L;, are functions or differential operators & (; are non-constant functions:
(=LinLom + LanLim) + (+[l2nLim + UinLom]) + (=[+L1nlom + Lonlim] + [+l1nlom — L2nlim])  (=L3nLom + L
(=LsnLom + LonLsw) + (—=[+03,Lom — lonL3m]) + ([+Lonl3m — L3nlom | + [—03nlom + lonlzm]) (—LinLom + 1
Proof:

0 Lay — 3, Lom + lon 0 Low — lon 0
(-D5;Don + DY, D%, - D5 D5, + DauDY,,) = | - (Fan = ln) (Lom + om) o on—to)
(L3n + Q3n) 0 0 (LOm - QOm) 0 (LOn + QOn)

_(Lln - an)(LZm + 02m) + (L2n + 02n)(le - le) _(L3n - Q311)(110m - QOm) + (LOn - QOn)(LSm - 03m)
_(L3n + Q3n)(L0m + QOm) + (LOn + QOn)(L3m + 03m) _(Lln + an)(LZm - QZm) + (L2n - 0271)(le + le)
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—LynLom — Linlom + UinLom + Cinlom + LonLim — Lonlim + 02nLim — 02nlim —L3nLom + L3nlom + 03nLom — (3
_LSnLOm - L31100m - QSnLOm - Q31100m + LOnL3m + L01103m + 00nL3m + QOnQSm _LlnLZm + L11102m - anLZm + 01

[ (LwnLom + LonLim) = Linlom + GinLom — Lonlim + UonLim + (Flinlom — U2nlim)  (=L3nLom + LonL3m) + L3
(_L3nL0m + LOnL3m) - L31100m - QSnLOm + L01103m + 00nL3m + (_031100m + 00n03m) (_LlnLZm + LZnle) + Ll;

Ljm = Ljn
(=L1nLon + LonL1y) = Linlom + UinL2n — Lonlim + G2n L1y + (FH1nlam — 02001m)  (=L3nLon + LonL3n) + L3l
(_L3nL0n + LOnL3n) - L31100m - 03nL0n + L01103m + 00nL3n + (_031100m + 00n03m) (_LlnLZn + L2nLln) + LanZ

—Linlom + UinLon = Lonlim + lonLin + (Flinlam — Cnlim)  +L3nlom + U3nLon — Lonlsm — lonL3n + (—3nlom +
< —L3nlom = U3nLon + Lonlzm + lonL3m + (=3nlom + lonlsm) +L1nlom — UinLon + Lonlim — lonLin + (H1nlom -
Lyn = Lj, are linear/differential & (; are constants:

B ( (U2n = lam)L1n + (C1n = i ) Lon + (Flinlom = U2nlim) (030 = C3m ) Lon + (Lom — lon)L3n + (—L3nlom + Lonlsm)

- (Uzm = U3n)Lon + (Lon = lom)L3n + (=L3nlom + lonlzm)  (lan = Com)L1n + (L1n — Cim)Lon + (Flinlam — l2nlim)
Lin = Lj, are linear/differential & (; are constants & (;, = (;, :

(00

(+2)
L;, are functions or differential operators & (; are non-constant functions:

[ FLwnLom + LonLim) + (F[l2nLim + UinLom]) + (=[+L1nlom + Lonlim] + [+0inlom = U2nlim])  (=L3nLom + L

- < (=L3nLom + LonL3m) + (=[+03nLom — lonL3m]) + ((+Lonl3m — L3nlom ] + [~03nlom + lonlzm]) (=LinLom + 1
L]

Lemma 1.3.1.2-(ABc1r2)a: For linear/differential operators L; & (;

and:
Dj=(Ly+1y) , Dy=(Lyi—1ly)
ij ij ij ij
then:

<_D§;D0n N ngD§’ _DpeEDs 4 Dsz?n _ ( (—=LimLan + LomLin) — Linlom + 0inLom — Lonlim + UonLim + (+0100om — 02nl1m)  (=L3nLom + LonLsm) + Lyl
(=L3nLom + LonLsm) — L3nlom — 03nLom + Lonlzm + LonLzm + (=03nlom + Conl3m) (=LinLom + LonLim) + Ll
Ljm = Lj, :
~L1nlom + UinLon = Lonlim + UonLin + (H1alom — Cnlim)  +L3nlom + 030Lon — Loalzm — lonL3n + (—34lom +
B ( —L3nlom — U3nLon + Lonlzm + lonLsm + (=03nlom + Conl3m) +L1nlom — 01nLon + Lonlim — 02nL1n + (+014l2m —
Lin = Lj, are linear/differential & (; are constants:
B ( (Uon = Oom) L1 + (Ui = Qim) Loy + (F10l2m — 02nlim) (030 = 03m)Lon + (Lom — lon ) L3n + (—03nlom + Conlzm)
- (03 = 03n)Lon + (Lon = lom )L3n + (=030lom + Conl3m) (02 — o )L1n + (C1n = Ui ) Lon + (Fl1nlom — 02001m)
Liyn = Lj, are linear/differential & (; are constants & (,, = (;, :
00
(o0
L;, are functions or differential operators & (; are non-constant functions:
[ LunLom + LonLim) + (H[lonLim + UinLom]) + ([+L1nlom + Lonlim] + [+linlom — C2nlim])  (=L3nLom + L
- (—LsnLom + LonL3m) + (—=[+3nLom — lonL3m]) + ([+Lonlsm — L3nlom | + [—03nlom + lonlsm]) (—LinLom + 1
Proof:

0 L3y = U3 Lon + lon 0 Low — lom 0
(=D Don + D}, D5; = DizD5; + DoY) = | = Esm —~Lsm) (Lon + bon) o Eon=ton)
(L3m + 03m) 0 0 (LOn - QOn) 0 (LOm + QOm)

~(Lim = lim)(Lan + 02n) + Lam + lom)(L1n = Uin)  —(Lzm = Gm) Lon = lon) + (Lom — Lom ) (L3n — (34)
—(Lam + 03m)Lon + lon) + Lom + lom) L3n + 030) —(Lim + Uim)(Lon — 020) + Lom — o) (Lin + U1n)
—LimLon — Limlon + CimLon + Uimlon + LomL1n — Lomlin + lomL1n — Comlin - —LamLon + Lamlon + U3mLon — 03
—L3mLon — L3mlon — UsmLon — U3mlon + LomLsn + Lom3n + lomLsn + lomlsn  —LimLon + Limloy — UimLoy + 0
(=LimLan + LomL1n) = Limlon + CimLon — Lomlin + lomLin + (Flimlan — lomlin)  (=L3mLon + LomL3n) + L3,
(=LsmLon + LomL3n) — L3mlon — UsmLon + Loml3n + bomLsn + (=03mlon + Loml3n) (=LimLon + LomL1n) + L.

Ljm = Ljn
(=L1nLon + LonL1y) = L1nl2n + UimL2n — Lonlin + lomL1y + (Fiml2n — l2ml1n)  (=L3nLon + LonL3n) + L3l
(_L3nL0n + LOnL3n) - L31100n - QSmLOn + LOnQSn + 00mL3n + (_Q3m00n + 00m03n) (_LlnLZn + L2nLln) + LanZ

_LanZn + leLZn - LZnQIn + QZlen + (+le02n - QZmQIn) +L3n00n + Q3mLOn - L0n03n - QOmL3n + (_03m00n +

Y N Y Y

_LSnQOn - Q3mLOn + L0n03n + QOmLSn + (_QSmQOn + 00m03n) +L1n02n - leLZn + L2n01n - Q2len + (+le02n -
Lin = Lj, are linear/differential & (; are constants:

[ (Hom = n)Lin + (Hlim = i) Lon + (Fimlon — Comlin) - (+03m = 030)Lon + (Hlon — lom ) L3n + (=U3mlon + Lo
(+03n - Q3m )LOn + (+00m - 00n )L3n + (_Q3m00n + 00m03n) (+0»2n - 02m)Lln + (+01n - le)LZn + (+le02n - 02
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Lin = Lj, are linear/differential & (; are constants & (;, = (;, :
[ 00
(20)
L;, are functions or differential operators & (; are non-constant functions:
[ (LwnLom + LonLim) + (F[l2nLim + UinLom]) + (=[+L1nlom + Lonlim] + [+0inlom = U2nlim])  (=L3nLom + L

- (_L3nL0m + LOnL3m) + (_[+03nL0m - QOnLSm]) + ([+L01103m - LSnQOm] + [_031100m + 00n03m]) (_LlnLZm + 1
L]

Lemma 1.3.1.3-(ABc1r3): For linear/differential operators L; & {;

and:
Dj = (Lyj+10;) , Dy=(Ly—10y)
D; 0 D; 0 0 D; 0 D
_ i 1 _ i o i =p _ i
Pislo o )0 0 b )0 PT b 0 )0 T b o
ij ij ij ij
then:

_LlnLSm + LSnle) - L11103m + anL3m - L31101m + QSnle + +011103m - QSnQIm) LZnLOm - LOnL2m) - L21100n
(D5 Don — D7 D5, = DE,D5;, + D3DY,, ) = ( ( (
(LZnLOm _LOnLZm) + LZnQOm + QZnLOm - LOnQZm - QOnLZm + (+02n00m - QOnQZm) (_LlnL3m +L3nL1m) + L1n03.

ij = Ljn .

—Linlsm + UinLsn — Lanlim + UsnLan + (F01alsm = 0alim)  —Lanlom — l2nLon + Loalom + lonLon + (+l2nlom —
) < +Lonlom + lonLon — Lonlom — lonLon + (H2nlom — lonlom)  +L1nlsm — UinL3n + Lanlim — GuLin + (Hl1nl3m —
Lin = Lj, are linear/differential & (; are constants:

3 < (030 = Usm)Lin + (Cin = Cim)L3n + (H1nlsm — Ualim)  (H2m = 02n)Lon + (Con = lom)Lan + (+l2nlom — lonl2

U (Han = L) Low + Qo = Lon)Lan + (Fanlom — Conlan)  (Ham = 03)Lin + (Cim = 1) Lan + (H1alsm = U3l
Liyn = Lj, are linear/differential & (; are constants & (,, = (;, :

00

(20)
L;, are functions or differential operators & (; are non-constant functions:
(=LinLsm + L3pLim) + UinLsy + U Lim + (—Linlzm — L3nlim + Ginlzm — U30lim)  (L2nLom — LonLom) — lon1
(LanLom — LonLom) + ConLom — lonLom + (+Lonlom — Lonlom + l2nlom = lbonlom)  (=LinLam + L3nLim) — b1y

0 0 Doy, i 0 o 0 0 Dg,

Proof:

o

+

DnDom_Dn m_Dn m+D3nD m) =
( 2 1 3 0 2 1 ) < D

(]
=

_DIn gm + DgnDIm DEnDam - DanDEm

D}—n gm - an }—m - Tanm + Dgn Tm
_(Lln - an)(L3m + Q3m) + (L3n + 0371)(le - le) (L2n - 02n)(LOm - QOm) - (LOn - QOn)(LZm - QZm)

(L2n + 02n)(L0m + QOm) - (LOn + 0011)(L2m + 02m) _(Lln + 0111)(L3m - Q3m) + (L3n - 03n)(le + le)
_Lln(L3m + 03m) + an(L3m + 03m) + L3n(L1m - le) + 03}1(le - le) LZn(LOm - QOm) - QZn(LOm - QOm) -
L2n(L0m + DOm) + 0211(L0m + DOm) _LOn(LZm + 02m) - QOn(L2m + 02m) _Lln(LSm - 03m) - an(LSm - 03m) 4

_LlnL3m - L1n03m + anL3m + 01n03m + L3nL1m - L3n01m + 03nle - 03n01m LZnLOm - LZnQOm - QZnLOm + 027.
LZnLOm + L2n00m + 0211L0m + 02n00m - LOnLZm - LOnQZm - Q0nL2m - 00n02m _LlnL3m + L11103m - anL3m + 01

Il
NN N N/ N/ N/ N7 N /N

(_LlnL3m + L3nle) _Lln03m + anL3m _L3n01m + 03nle + (+01n03m - 037101"1) (LZnLOm - LOnLZm) _L2n
(LZnLOm - LOnLZm) + L2n00m + 0211L0m - LOnQZm - Q0nL2m + (+02n00m - Q01102m) (_LlnL3m + L3nle) + Ll;

Ljm = Ljn :
(_LlnL3n + L3nL1n) _Lln03m + anL3n _L3n01m + 03nLln + (+01n03m - 037101"1) (LZnLOn - LOnLZn) _LZnQOr
(LZnLOn _LOnLZn) + L2n00m + 0211L0n - LOnQZm - Q0nL2n + (+02n00m - Q01102m) (_LlnL3n +L3nLln) + LanE

_L1n03m + anL3n - L3n01m + Q3nL1n + (+01n03m - 03n01m) _LZnQOm - QZnLOn + LOnQZm + QOnLZn + (+02n00m -
+L2n00m + 0211L0n - LOnQZm - Q0nL2n + (+02n00m - Q01102m) +L1n03m - anLSn + LSnQIm - Q3nLln + (+an03m -

Lyn = Lj, are linear/differential & (; are constants:
B ( (+03n = Uam)Ln + (1n = Ui ) Lan + (Fl1alam = 03nlim)  (Flom — L2n)Lon + (Lon — Lom ) Lon + (+024lom — Lonl2
o = ) Low + Qom = Con)Lan + (Hanlom = Conlon)  (+lsm = G3)Lin + (Ui = 01)Lan + (+Hialsm — G301
Lin = Lj, are linear/differential & (; are constants & (;, = (;, :
[ 00
(20)
L;, are functions or differential operators & (; are non-constant functions:

. (_LlnL3m + L3nle) + anL3m + 03nle + (_L1n03m - L3n01m + 01n03m - 037101"1) (LZnLOm - LOnLZm) - QZnJ
(LZnLOm - LOnLZm) + 02nL0m - Q0nL2m + (+L2n00m - L01102m + 02n00m - Q01102m) (_LlnL3m + L3nle) - an
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Lemma 1.3.1.4-(ABc1r4): For linear/differential operators L; & {;

and:
Dy =(Ly+l;) , Dy=(Lyi—1{y)
D; 0 D; 0 0 D; 0 D
_ i 1 _ i o _ i =p _ i
Pislo o )P 0 b )0 PT s 0 )P T b o
ij ij ij ij
then:

(D}.Don + DS,
(L2nL3m _L3nL2m) + L2n03m + QZnL3m - L3n02m - 03nL2m + (+02n03m - 03n02m) (LlnLOm _LOnle) - LanOm +

_ D! D5 — Dot ) = < (LinLom = LoaLim) + Linlom = UinLom + Lonlim — bonLim + (=linlom + lonlim)  (LanLsm — LanLom) — Lonlzm —
Ljm = Lj, :
+Linlom = UinLon + Lonlim — bonLin + (=Uinlom + lonlim)  —Lanlzm — lonLsn + L3nlom + U3nLon + (020 03m —
) ( +Lonlam + Uonlsn — Lanlom — UsnLon + (+02003m = U3nlam)  —Linlom + CinLon — Loalim + lonL1n + (—l1nlom +
Lin = Lj, are linear/differential & (; are constants:
3 ( (+im = i) Lon + (lom = Con)Lin + (=linlom + lonlim) (030 = U3m)L2n + (Lom — l2n)L3n + (+l2nl3m — (3002
N\ s = 03 Lo + (C2n = Gon)L3n + (Hanlsm = Galan)  (+i = Cim)Low + (Con = bom)L1n + (=Linlom + only
Liyn = Lj, are linear/differential & (; are constants & (,, = (;, :
00
(o)
L;, are functions or differential operators & (; are non-constant functions:
(L1nLom = LonLim) — CinLom = bonLim + (+L1nlom + Lonlim — Uinlom + Conlim)  (LanL3m — L3nLom) — l2nLs
(L2nLsm — LapLom) + lanLsm — UsnLom + (+L2nlzm — Lanlam + 02nl3m — Galom)  (LinLom — LonLim) + UinLo,

Proof:

0 0 Dln D?)—m 0 DE,, 0 0 ng Dgn 0
(DlnDOm + D2n 3m D DOnDlm - + -
0 Dy, 0 Dj, im0 0 Ds,

Dlm D2nD3m DgnDEm
2m lnDOm - Dan

(Lln - an)(LOm + QOm) (LOn + QOn)(le - le) (LZn - QZn)(L3m - 03m) - (L3n - 03n)(L2m - 02m)
(L2n + 02n)(L3m + 03m) (L3n + 0311)(L2m + 02m) (Lln + Dln)(LOm - QOm) - (LOn - QOn)(le + le)

< Lln(LOm + QOm) an(LOm + QOm) _LOn(le - le) - QOn(le - le) L2n(L3m - 03m) - 02n(L3m - 03m) - L

ln

L2n(L3m + 03m) + 0211(L3m + 03m) L3n(L2m + 02m) - 0311(L2m + 02m) Lln(LOm - 00m) + an(LOm - 00m) Li

LlnLOm + LanOm anLOm - anQOm _LOnle + LOnglm - QOnle + QOnglm L2nL3m _L2n03m - 02nL3m + 02n03
LZnLSm + L2n03m + 0211L3m + 02n03m L3nL2m - LSnQZm - Q3nL2m - 03n02m LlnLOm - L11100m + anLOm - Q11100

(LlnLOm LOnle) + LanOm anLOm + LOnglm - QOnle + (_anQOm + QOnQIm) (L2nL3m _L3nL2m) - L2n031
(L2nL3m L3nL2m) + L2n03m + 0211L3m - LSnQZm Q3nL2m + (+02n03m - 031102m) (LlnLOm - LOnle) - LanOJ
Ljm = Ljn :
(LlnLOn LOnLln) + LanOm - anLOn + LOnglm QOnLln + (_anQOm + QOnQIm) (LZnL3n _L3nL2n) - L2n03m -
(L2nL3n L3nL2n) + L2n03m + 0211L3n LSnQZm - Q3nL2n + (+02n03m - 031102m) (LlnLOn _LOnLln) - LanOm b

N\ HLalsm + UouL 3y — Laulom — UuLay + (+al3 — U3nlom) —Linlom + CinLon — Lonlim + lonLin + (=L1nlom +
Lyn = Lj, are linear/differential & (; are constants:

B ( (+01m = L1 )Lon + (Com = lon)L1n + (=linlom + lonlim)  (+03n = U3 )Lon + (Lom — U2n)L3n + (F02003m — 03002

T\ Hsm = 03 Lo + (Can = Gon) L3y + (Hanlsm = Galon)  (+i = Cin)Lon + (Con = Com)L1n + (=Linlom + Louly
Lin = Lj, are linear/differential & (; are constants & (;, = (;, :

(o0

-(42)
L;, are functions or differential operators & (; are non-constant functions:

. (LlnLOm _LOnle) - anLOm - QOnle + (+L1n00m +L0n01m - anQOm + QOnQIm) (L2nL3m _L3nL2m) - 02nL3A
(L2nL3m - L3nL2m) + 02nL3m - Q3nL2m + (+L2n03m - L31102m + 02n03m - 031102m) (LlnLOm - LOnle) + anLOJ

. < +L1n00m - anLOn + LOnglm - QOnLln + (_anQOm + QOnQIm) _L2n03m - QZnL3n + L3n02m + Q3nL2n + (+02n03m -

O

Lemma 1.3.2.1-(ABc2r1): For linear/differential operators L; & {;

and:

DIJ'Jr'E (Lii+0ii) > Dg'E (Lij_Q;‘j)

Dy = SN D! = Dy 0 = = 0 Dy Dl = 0 Dj

“\Vobp; )" oo )" \Ubp:oo )77\ D oo

q ij ij i

then:
—LonLim + LinLom) — Lonlim + ConLim — Linlom + UinLom + (+H02001m — Cinlom —LonL3m + L3yLom) + Lonl

(D 311D0mD§ﬁ1+Dlanm: (=LanL 1nLom) = Laaly L 1nl2 1nLom + (2,0, 1nlom) (=LonLs3 3uLlom) + Lo
(=LonL3m + L3nLom) — Lonl3m — ConL3m + Lanlom + 03nLom + (=lonlzm + Usnlom) (—LonLim + LinLom) + Loyl
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Ljm = Ljn
—Lonlim + UanLyn = Liplom + 0inLon + (Fl20lim = Ginlom)  +Loulzm + ConLlsn — L3nlom — U3nLon + (=lonlam +
) ( —=Lonlam = ConLsn + Lanlom + 03nLon + (=Lonlzm + Uznlom) +Lonlim — lonLin + Linlam — linLon + (0200 1m -
Lin = L;, are linear/differential & (; are constants:
( (+l2n = lom)Ln + (H1n = Cim)Lon + (Hl2nlim = Cinlom)  (F03m = 030)Lon + (Lon — Lom ) L3n + (—lonlzm + (3,

(03 = 03 ) Lon + (—Llon + lom )L3n + (—Lonlzm + 03nlom)  (—lon + 02m)L1n + (Cim — U1n)Lon + (H0240 15 — L1y
Lin = Lj, are linear/differential & (; are constants & (;, = (;, :
[ 00
(o)
L;, are functions or differential operators & (; are non-constant functions:
B ( (=LanLym + LinLom) + lanLim + GipLom + (=Lonlim — L1nlom + 02nlim — Cinlom)  (=LonL3m + LanLom) + lo

(_LOnLSm + LSnLOm) - QOnLSm + QSnLOm + (_LOnQSm + LSnQOm - Q01103m + QSnQOm) (_LZnle + LlnLZm) - 02.
Proof:

Loy, — lon 0 0 L3y — U3 0 L3, — 03,
(-D},D5;, + D5; Do — D5 DS, + D1uDY,, ) = = (Lan = don) (Lam = om) 1 (Lsn = ln)
0 (LOn + QOn) (L3m + Q3m) 0 (L3n + Q3n) 0

—(Lan = lon)(Lim + Uim) + (Lin + 010) Lom = lom) —(Lon — Lon) (L3m — Usm) + (L3n — 030) (Lom — lom)
~(Lon + lon)(Lam + Um) + (Lzn + 030)(Lom + lom) —(Lan + 020)(Lim — lim) + (L1n = Uin) (Lom + lom)
—LonLim — Lonlim + ConLiam + Uonlim + LinLom — Linlom + CinLom — Cinlom  —LonL3zm + Lonlzm + lonLam —
—LonL3m — Lonlzm — ConL3m — lonlzm + L3nLom + Lanlom + znLom + Unlom  —LonLim + Lonlim — lonLim +
(—LanLim + LinLom) — Lonlim + UonLim — Linlom + UinLom + (H02lim — Uinlom)  (=LonL3m + L3nLom) + 1
(=LonL3m + L3nLom) = Lonlsm — lonL3zm + L3nlom + U3nLom + (=lonlm + U3nlom) (=LonLim + LinLom) + 1

ij = Ljn .
(_L2nLln + LlnLZn) - L21101m + 02nL1n - L11102m + anL2n + (+021101m - 01n02m) (_LOnL3n + L3nL0n) + LOk
(_LOnL3n + L3nL0n) _L0n03m - QOnL3n +L3n00m + 03nL0n + (_00n03m + 037100"1) (_LZnLln +LlnL2n) + L2h
_L2n01m + 0211L1n - LanZm + 0111L2n + (+02n01m - Q11102m) +L0n03m + QOnLSn - LSnQOm - Q3nLOn + (_00n03m
_L0n03m - QOnL3n + L3n00m + Q3nLOn + (_00n03m + 03n00m) +L2n01m - QZnLln + LanZm - anLZn + (+02n01m

Y N Y

L, = L;, are linear/differential & (; are constants:
3 < (+l2n — Qo)L 1 + (F01 — Qi) Lon + (Fl2nlim — Cinlom)  (Fl3m — 034)Lon + (Lo — Lom ) L3n + (—Lonlzm + (:
- (+03n = U3m )Lon + (lon + lom)L3n + (=lonlzm + 030lom) (=lon + lom) L1y + (Ui — U1n)Lon + (+Hl2nl1m — 0
Liyn = Lj, are linear/differential & (; are constants & (,, = (;, :

00
(20)
L;, are functions or differential operators & (; are non-constant functions:
< (_L2nle + LlnL2m) + 0211L1m + anLZm + (_L21101m - LanZm + 021191m - 01n02m) (_LOnL3m +L3nL0m) + ﬁ

(_LOnL3m + L3nL0m) - QOnL3m + 03nLOm + (_L0n03m + L3n00m - 00n03m + 037100"1) (_LZnle +L1nL2m) - Q
L]

Lemma 1.3.2.2-(ABc2r2): For linear/differential operators L; & {;

and:
Dj; = by 0 D! = by 0 D = 0 Dy sy _[ 0 Dj
Voo )"\ oy )" U pr o )" T\ Do
g i ij i
then:

L3,Lsm + LonLom + LinLlim + LonLow) + L3n03m — 030 L3m + Lonlom — LonLom + Linlim — CinLim — Lanlom + (2,
(D?,,’ §1+DgnD0m+D]:,,' 171+D2ann1 ((3 3 onLo inL1 mLom) + L3,03 3nL3 onlo 0 00 il 1nL1 2l 2
Ljm = Ljn

< (L3nL3n +L0nLOn + LlnLln +L2nL2n) + L3n03m - Q3nL3n + LOnQOm - QOnLOn + Llnglm - anLln - LZnQZm + Qan
0

Lyn = Lj, are linear/differential & (; are constants:
[ (LauLsn + LonLon + LinLin + LanL2n) + (bom — Con)Lon + (Cim — Cin)Lin + (Con — Com)Lon + (Usm — U35)L3n —
_ ( 0
Lin = Lj, are linear/differential & (; are constants & (;, = (;, :
(L3nL3n + LonLon + LipL1n + LanLan) = ((3al34 + Lonlon + C1nl1n + (2402,)
) < 0 (LsuLsn + LonLow + LiaLin + L
L;, are functions or differential operators & (; are non-constant functions:
( (L3nL3m + LonLom + LinLim + LanLom) = UnLsm — lonLom = UinLam + lonLom + [+(+L3403m + Lonlom + L1al1,

0
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Proof:

0 L3, — 03, 0 L3y — U3 Loy, — Qo 0
<D3n +DOnD0m+Dln 41:r;l_i_l)2anm> = ( ’ ’ ) ( ’ ’ ) + ( ’ ’ )
(L3n + 03}1 0 (L3m + Q3m) 0 0 (LOn + QOn)

(L3n - 03n)(L3m + 03m) + (LOn QOn)(LOm + DOm) + (Lln - an)(le + le) + (LZn + 0211)(L2m - Q2m)
0 (L3n +
( L3n(L3m + 03m) 0311(L3m + 03m) +L0n(L0m + DOm) - QOn(LOm + DOm) +Lln(le + Dlm) - an(le + Dlm) +L2
0

L3nL3m + L3n03m - Q3nL3)m - 03n03m +L0nL0m + LOnQOm - QOnLOm - QOnQOm +Llnle + LanIm - anle - anQI
0

(L3nL3m + LOnLOm + Llnle + LZnLZm) + L3n03m Q3nL3)m + LOnQOm - QOnLOm + LanIm - anle - L2n02m + L
0
ij = Ljn .
(L3nL3n + LOnLOn + LlnLln + L2nL2n) + L3n03m - Q3nL3)n + LOnQOm - QOnLOn + LanIm - anLln - L2n02m + 02111
0

[
7~ N\

Lin = Lj, are linear/differential & (; are constants:
(L3nLsn + LoaLon + L1nLin + LonLon) + (Com = lon)Lon + (Cim = Uin)L1n + (C2n = lam)Lon + (G — 030) L3 -
( 0
Liyn = Lj, are linear/differential & (; are constants & (,, = (;, :
(L3nLsn + LonLon + LinLin + LonLon) = ((3al3n + lonlon + C1alin + (2nl2n)
- ( 0 (L3nLsn + LonLon + L1nL1n + L
L;, are functions or differential operators & (; are non-constant functions:
(L3nLsm + LonLom + LinLim + LonLom) — 03nL3m — bonLom — CinLim + U2nLom + [+(+L3203m + Lonlom + Lin!
0

O

Lemma 1.3.2.3-(ABc2r3): For linear/differential operators L; & {;

and:
bj 0 Dj 0 0 Dj N 0 D
Dl'jE Y ) , DEE g . , D;]:E ) ij ’ l-]-ﬁE ] ij
0 Dy 0 Dj D} 0 D; 0
then:
—LonL3m + L3nLom) — Lonlzm + 02nL3m — L3plom + 034Lom + (2403 — (3402 —LinLom + LonLim) + L1,
(D 3’” DOm+Dgn 1m+D3nD ( 3 3 2) 2n73 i3 32 3ni2 ( 2n¥3 3 2) ( 1nds0 0 1) 1
(=L1nLom + LonLim) = Linlom — CinLom + Lonlim + lonLim + (=linlom + Conlim) (=LonLsm + L3nLom) + Loyl
Ljm = Ljn :

(_LlnLOmn + LOnLln) - L11100m - anLOn + L01101m + QOnLln + (_011100m + QOnQIm) (_L2nL3n + L3nL2n) +1
Lin = Lj, are linear/differential & (; are constants:
. < (+03n - Q3m )L2n + (QZn - QZm )L3n + (+02n03m - 03n02m) (+01n - le )LOn + (QOm - QOn )Lln + (_anQOm + QOI

. < (_LZnL3n +L3nL2n) - L2n03m + QZnL3n - L3n02m + Q3nL2n + (+02n03m - 03n02m) (_LlnLOn +L0nL1n) +1

(+01m = 1n)Lon + (Con = lom )L1n + (<Linlom + loal1m)  (+03m — U32)Lon + (lom — 020 )L3n + (+l2nl3m — 03,
Lin = Lj, are linear/differential & (; are constants & (;, = (;, :
[ 00
(51)
L;, are functions or differential operators & (; are non-constant functions:
B ( (=L2nL3m + L3nLom) + 02nLam + 03nLom + (=L2nlzm — L3nlom + 020lsm — 03nlom) (=L1nLom + LonLim) +

(_LlnLOm + LOnle) - anLOm + QOnle + (_LInQOm + LOnQIm - Q11100m + QOnQIm) (_L2nL3m +L3nL2m) -
Proof:

0 Loy — 0y 0 L3y — U3 0 L, — 01,
(-D5;D5;, - D7 Don + DY,Df;, + D3,DY, ) = - (L2 = ban) (Lam =lom) ) (Ln = 1n)
(L2n + 02}1 0 (L3m + Q3m) 0 (Lln + an) 0

_(LZn 0211)(L3m + 03m) + (L3n + 03n)(L2m - 02m) _(Lln - an)(LOm - QOm) + (LOn - QOn)(le - le)
_(Lln + an)(LOm + QOm) + (LOn + QOn)(le + le) _(LZn + QZn)(L3m 03m) + (L3n - 03n)(L2m + 02m)
. _L2nL3m - L21103m + 02nL3m + 021193m + L3nL2m L31102m + 03nL2m - Q31102m _LlnLOm + L11100m + anLOm -
_LlnLOm LanOm - anLOm - anQOm + LOnle +L0n01m + QOnle + QOnQIm _L2nL3m +L2n03m - 02nL3m +
_LZnLSm + L3nL2m) L21103m + 02nL3m - L31102m + 03nL2m + (+021103m - 03n02m) (_LlnLOm + LOnle) + 1
( LlnLOm + LOnle) LanOm anLOm +L0n01m + QOnle + (_anQOm + QOnQIm) (_LZnL3m +L3nL2m) + 1
ij = Ljn .
_L2nL3n +L3nL2n) L2n03m + 0211L3n LSnQZm + 03nL2n + (+02n03m - 031102m) (_LlnLOn +L0nLln) +1
( LlnLOmn + LOnLln) LanOm anLOn +L0n01m + QOnLln + (_anQOm + QOnQIm) (_LZnL3n +L3nL2n) +1
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Lin = L;, are linear/differential & (; are constants:
B ( (+03n = Uam)Lon + (U2n = lam ) L3n + (F20lam — U3nlom) (1 = Cim)Lon + (Lom — lon)L1n + (=Linlom + Lo,
om0 Low + Qo = Com)Lin + (~01alom + Qonlin)  (+l3m — 03 Lan + (Cam = 2) L3y + (+2ul3 — 03
Lin = L;, are linear/differential & (; are constants & (;, = (;, :
(00
-(52)
L;, are functions or differential operators & (; are non-constant functions:
[ (=LanLam + LanLow) + UonLzm + G3uLom + (=L2nlsm = L3nlom + Gonlzm — Usnlom)  (=LinLom + LonLim) +
- < (=L1nLom + LonL1m) = CinLom + lonLim + (=L1nlom + Lonlim = Uinlom + lonlim) (=LonL3m + L3nLom) —
L]

Lemma 1.3.2.4-(ABc2r4): For linear/differential operators L; & {;

and:
DlJ'Jr' = (Lyj+0y) D;- = (Ly— ()
Dj 0 D; 0 0 Dj - 0 D
Dy = 7], ph= Y . |, Dy = ) 7). Dot = It
0 Dy 0 Dj Dj 0 Dy 0
then:
Lan—Lan +L110m—0an+L,,0m—0an+ —Q,,Qm—i—ﬂnﬂm Lan_Lan _Lan
(D 2nD0mDI31n®—D0anm= (LanLo onLom) 2n¥0 2nke0 0nt2 onle2 (=l240o onlom) (Li1aL3 3nliim) 103
(LlnL3m h L3nL1m) + Linlsm + UinLsm = L3nlim = UsnLoim + (+an03m - 03n01m) (LZnLOm - LOnLZm) — Laylom
ij :Ljn .

3 < (LanLon = LonLon) + Lanlom — UanLon + Lonlam — bonLon + (—Lanlom + lonlom)  (LinL3n = LanLin) = Linl3m -

\ @inLsn = LsaLin) + Linlsm + 0L sy = Laalin = GaLin + Hoinlsm = Ga01)  (LawLon = LoaL2s) = Lanlon -
Lin = Lj, are linear/differential & (; are constants:

3 ( (+l2m = C2n)Lon + (lom = Con)Lon + (—l2nlom + lonlom) (030 = Czm)L1n + (Uim — Uin)L3n + (+Fl1alzm = U3als

N\ GHsm = 3L + (Cn = Cm) L + (Halsm = 0alim)  (+2 = Cam)Low + (Con = bom)L2n + (=2ulom + Lol
Liyn = Lj, are linear/differential & (; are constants & (,, = (;, :

(oo

L oo
L;, are functions or differential operators & (; are non-constant functions:

3 ( (L2nLom = LonL2m) = CanLom — bonLom + (+L2nlom + Lonlom = Canlom + lonlom)  (LinLsm — LanLim) = linLs

\ @inLsw = LsuLin) + CinLam = UsaLim + FLialsm = Lanlim + Cialsm = Galim)  (LanLom = LowLom) + (oaLo
Proof:

Ln_g" 0 0 Lm_Qm Ln—Qn 0
( D 3’" DOm Dgn lm DOUD ( : : ) ( 3 3 ) + ( 2 2)
0 (Lln+01n) (L3m+03m) O O (L2n+02n)

(L2n = U2n)(Lom + bom) = (Lon + lon)(Lam — lom)  (L1n = Uin)(L3m — U3m) = (L3n = n) (Lim — Uim)
(Lin+ Uin)(Lam + Usm) = (Lan + Usn) (Lim + Uim)  (Lan + 020) (Lom = bom) — (Lon — Lon) (Lam + l2m)
LonLom + Lonlom — U2nLom — Conlom — LonLom + Lonlom — bonLom + bonlom — LinLzm — Linlam — UinLam + (1
LinLsy + LUz + 01y Ly + 01003 — LapLym — Ll — 03pLym + —03001m  LonLom — Lonlom + lonLom — s
(L2nLom = LonLom) + Lanlom — lanLom + Lonlom — bonLom + (—lanlom + lonlam) (L1nLsm — L3nLim) — L1al,
(LinLsm = LanLim) + Linlsm + CinLam — Lanlim — GuLam + (F1003m = 03nlim)  (LonLom — LonLom) — Lanlo,

I
/\\/\\/\\

Ljm = Ljn :

(LlnL3n _L3nLln) + Lln03m + anLSn - LSnQIm - Q3nLln + (+an03m - 031101m) (LZnLOn _LOnLZn) - L2n00m b
Lin = L;, are linear/differential & (; are constants:
. < (+02m - QZn )LOn + (QOm - QOn )L2n + (_QZnQOm + QOnQZm) (+03n - Q3m )Lln + (le - an)L3n + (+01n03m - 03n01‘

. < (LZnLOn _LOnLZn) + LZnQOm - QZnLOn + LOnQZm - QOnLZn + (_QZnQOm + QOnQZm) (LlnL3n _L3nL1n) - L1n03m -

(+03m = 03n)Lin + (U1 = Cim)Lan + (F1nlsm — Galim)  (Hl2n = Com)Lon + (bon — lom ) L2n + (—L2nlom + Lonl2
Lin = Lj, are linear/differential & (; are constants & (;, = (;, :
(00
-(42)
L;, are functions or differential operators & (; are non-constant functions:
(L2nLom = LonLom) = ConLom — bonLom + (+L2nlom + Lonlom — lanlom + lonlam) (L1nLsm — L3nLim) — linLs,

(LlnL3m _L3nle) + anL3m - Q3nle + (+Lln03m _L31101m + 01n03m - 031101m) (LZnLOm _LOnLZm) + 02nL01
L]

Lemma 1.3.3.1-(ABc3r1): For linear/differential operators L; & {;
and:
Dj=(Ly+l;) , Dy=(Lyi—1{y)
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Dj 0 ' Dy 0 - 0 Dy =0 0 Dj
DU = - R Dij = s y Dij = s R i = -
0 Dy 0 Dy Dy 0 Dy 0

then:
_L nL m+L an _LnQ m+0 an_LnQ m+0 an+ +0 110 m_Q nQ m LnL m_L an _LnQ n
(Dgann_Di = _ D= Don+DiuDL ) = (=L3nLy 1nL3m) — L3nl) anl 1nl3 1nL3m + (+3,0 1nl3m)  (LoaLa 2nLlom) — Lonl2
(LOnLZm _LZnLOm) + LOnQZm + QOnLZm - LZnQOm - QZnLOm + (+00n02m - QZnQOm) (_L3nL1m +L1nL3m) + L3n01.

ij = Ljn .
(LOnLZn - LZnLOn) + LOnQZm + QOnLZn - LZnQOm - QZnLOn + (+00n02m - QZnQOm) (_L3nLln + LlnL3n) + L3n01n:

Lin = Lj, are linear/differential & (; are constants:
( (+03n - Q3m)Lln + (an - le)LSn + (+03n01m - Q11103m) (+02n - Q2m)LOn + (QOm - QOn)LZn + (+00n02m - Q21100m

. < (_L3nLln + LlnL3n) _L31101m + QSnLln _LInQSm + anL3n + (+031101m - 01n03m) (L0nL2n - LZnLOn) _L01102m

(+lom = 2n)Lon + (Con = bom ) Lon + (Flonlom — lanlom)  (H3m = U3n)L1n + (Cim — 01n)L3n + (F03001m — L1nl3m
Liyn = Lj, are linear/differential & (; are constants & (,, = (;, :
00
(20)
L;, are functions or differential operators & (; are non-constant functions:
(=LsuLim + LinL3m) + UspLim + CinL3m + (=Laplim — Linlsm + 03401m — U1nlsm)  (LonLom — LanLom) — louL:

(LOnLZm - LZnLOm) + QOnLZm - QZnLOm + (+L0n02m - LZnQOm + QOnQZm - QZnQOm) (_L3nL1m + LlnL3m) - 03}1[-
Proof:

(Dﬂ = D@ = D<:>D + D DI] (LOn - 00") 0 0 (LZm - QZm) 0 (L}n - 03,,)
n2m n m nt0m 3y, ) = _
S : 0 Lo+l J\ Cowtla) 0 Lo+ l) 0

~(L3n = Gp)(Lim + i) + Lin + 0n)Lam = 03m)  (Lon = lon) (Lom — lam) — (Loan = C20) (Lom — lom)
(Lon + Con)(Lam + lam) — (Lan + 02n)Lom + lom)  —(Lzn + 030) Lim — Uim) + (Lin — Uin) Lam + (3n)
—L3nLim — Lanlim + UpLim + Unlim + LinLam — L1inlam + CinLlsm — Ginlsm LonLam — Lonlam — lonLom + lonl
LonLom + Lonlom + bonLom + Conlom — LonLom — Lanlom — lanLom — lanlom — —L3nLam + Lanlim — GnLim + U3p

(_L3nL1m + LlnL3m) _L3n01m + 03nle _Lln03m + anL3m + (+03n01m - 017103"1) (LOnLZm - LZnLOm) _LOan
(LOnLZm - LZnLOm) + LOnQZm + 0011L2m - L2n00m - QZizLOm + (+00n02m - QZnQOm) (_LSnle + LlnLSm) + LSn(

I
Y Y

Ljm = Ljn :

- (LonLon = LanLon) + Lonlam + bonLan — Lonlom — CanLon + (Flonlom — l2nlom)  (=L3nLin + L1nL3n) + L3nl1s
Lyn = Lj, are linear/differential & (; are constants:
B ( (030 = Uam)Ln + (1n = Uim ) L3n + (F03001m — Cinlm)  (Hlan = C2m)Lon + (Lom — lon)Lon + (+lonlom — lanlom
U Hoam = 02 Lo + (Qon = Com)Lan + (Houlom — Uanlon)  (F3m = )Lt + Qi = 01)Lan + (+Hsulin = Ciala
Lin = Lj, are linear/differential & (; are constants & (;, = (;, :
(00
-(43)
L;, are functions or differential operators & (; are non-constant functions:
B ( (=L3nLim + L1nLsm) + UnLam + UinLam + (=L3nlim — L1alam + 0nlim — Uinl3m)  (LonLom — LonLom) — lonL:

. < (_L3nL1n + LlnL3n) _L3n01m + 03nLln _Lln03m + anL3n + (+03n01m - 017103"1) (LOnLZn - LZnLOn) _LOnQZm

- (LOnLZm - LZnLOm) + QOnLZm - QZizLOm + (+L0n02m - L21100m + 00n02m - QZnQOm) (_LSnle + LlnLSm) - 03nl
[

Lemma 1.3.3.2-(ABc3r2): For linear/differential operators L; & {;

and:
Dy =(Ly+l;) , Dy=(Lyi—1{y)
"\op; )" Loy )" \ppo ) D; 0
ij ij ij ij
then:

(—D;’ = _ Dg,, = 4 D= Do + DanQ,,, _ ( (=LsuLom + LonL3m) — L3nlom + 030 Lom — Lonlsm + 0onL3m + (403400 — 02003 )  (=LonLim + L1nLom) + Lon!
(=LonLim + LinLom) — Lonlim — lonLim + Linlom + UinLom + (lonlim + inlom) (=L3nLom + LonLzm) + L3yl
Ljm = Lj, :
(=L3nLan + LonL3n) — Lanlom + U3uLon — Lanlzm + 02nL3n + (+030lom = C2nl3m)  (=LonL1n + LinLon) + Lonl
B ( (=LonL1n + L1nLon) = Lonlim — lonL1n + Linlom + inLon + (lonlim + Cinlom) (=L3nLon + L2sL3,) + L3,!:
Lin = Lj, are linear/differential & (; are constants:
3 < (+03n = Usm)Lan + (C2n = lom)L3n + (+03nlam — lonlzm)  (Hlim = Cin)Lon + (on = lom)L1n + (=Lonlim + C1nlo
N\ = Con)Lon + Qom = 00a)Lin + (<onlim + Cialom)  (Hm = 030 Ly + (Com — U2)Lan + (+H3alom — U205
Lin = Lj, are linear/differential & (; are constants & (,, = (;, :

(o2
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L;, are functions or differential operators & (; are non-constant functions:
[ (=LanLom + LonLam) + UnLom + UonLsm + (=L3nlom = L2nlsm + Gulom — 02003m)  (=LonLim + LinLom) + lonl
- < (=LonL1m + LinLom) = ConLim + UinLom + (=Lonlim + Linlom = Conlim + linlom) (=L3nLom + LonL3m) — (3al
Proof:

0 Li, — 03, 0 Loy — lop, Loy, — Qo 0
(-D5:D5, ~ DD + DizDon + DD, ) = - (=) (Lo =tam) ) _ (1 (bon = o)
(L3n + 03}1) 0 (LZm + QZm) 0 0 (LOn + QOn)

—(Lsn = U3n)Lom + lom) + (Lon + 020) (L3m — Usm) —(Lon — Lon) (Lim = Uim) + (Lin — U1n) (Lom — lom)
~(Lon + lon)(Lim + Uim) + (L1 + 01n)(Lom + lom) —(Lzn + 030)(Lom — lom) + (Lon = l2n)(L3m + l3m)
—L3nLom — L3nlom + UsnLom + Usnlom + LonLsm — Lonlsm + UonLlsm — C2nlsm  —LonLim + Lonlim + lonLim —
—LonLim — Lonl1im = ConLim — lonlim + LinLom + Linlom + CinLom + Cinlom  —L3nLaom + L3nlom — UsnLom +
(=LsuLom + LonL3m) — L3ylom + UspLom — Lonlsm + U2nL3m + (03400 — U2nl3m)  (=LonLim + LinLom) + 1
(=LonLrm + L1nLom) = Lonlim = lonLim + Linlom + UinLom + (=lonlim + linlom) (=L3nLom + LonL3m) + 1

I
YR YR

Ljm = Lj, :
(=L3nLon + LonL3n) — Lanlom + UsnLon — Lonlsm + CanLsn + (+030lom — 02003m)  (=LonLin + LinLon) + Lo,
) ( (=LonL1n + LinLon) = Lonlim — lonL1n + Linlom + CinLon + (—lonlim + Ginlom) (=L3nLon + LonL3n) + L3,
Lin = Lj, are linear/differential & (; are constants:
3 ( (030 = Usm)Lan + (C2n = lom)L3n + (+03nlam = lonlzm)  (+0im = Gin)Lon + (on = lom)L1n + (=lonlim + U1
= G Lon + Qo = Lon)Lin + (~loalim + Cinlon)  (Hlam = 0Ly + Uam — 0n) L3y + (+l3lam — U2
Lin = Lj, are linear/differential & (; are constants & (;,, = {;
00
(o)
L;, are functions or differential operators & (; are non-constant functions:
(=LsnLom + LonLsw) + U3nLom + 02nL3m + (—L3nlom — Lonlsm + 0nlom — 02003m)  (—LonLim + L1inLom) + (o
) ( (=LonLim + LinLom) = bonLim + CinLom + (=Lonlim + Linlom — lonlim + Cinlom) (—L3nLom + LonLsm) —
L

Lemma 1.3.3.3-(ABc3r3): For linear/differential operators L; & (;

and:
Dj 0 Dy 0 0 Dj 0 D
= Y ﬁ = y = y C>I] _ i
PV oy )0 o )P 0 )0 T b o
y i ij i
then:

LowLom + LinLim + LonLom + L3nLsm) + Lonlom — UonLom + Linlim — 0inL1im + Lonlom — ConLom — L3nlsm + (3,
(Di o Do i:'m+Dg,,D0m+D3nDI3]m ((2 2 1nL1 onLo 3nL3m) + Lonls ) il 1 10 onlo onLo 303 3
Ljm = Ljn :
(LZnLZn +L1nL1n + LOnLOn +L3nL3n) + LZnQZm - QZnLZn + Llnglm - anLln + LOnQOm - QOnLOn -
0

Lyn = Lj, are linear/differential & (; are constants: (
[ LanLon + LinLin + LonLon + L3nL3n) + (lom — C2n)Lon + (Cim — Gin)Lin + (Qom — lon)Lon + (U3,
( O
Lin = Lj, are linear/differential & (; are constants & (;, = (;, :
(LonLan + LinLyy + LonLon + L3nL3n) = ((2nl2n + U1nl1n + Conlon + (3403,)
B 0 (LanLan + LinLia +
L;, are functions or differential operators & (; are non-constant functions:

< (LZnLZm +LlnL1m + LOnLOm +L3nL3m) - QZnLZm - anle - QOnLOm + Q3nL3m + [+(+L2n02m +L

0
Proof:
0 Loy — 0y 0 Loy — lop, 0 L, — 01,
DasDin = (D5ED5, + DEDG + Db,Don + DsuDY, ) = (Fan = Lan) Eon—lam) ), (Lin =)
(L2n + 02}1) 0 (LZm + QZm) 0 (Lln + an) 0
. (L2n - 02n)(L2m + 02m) + (Lln - an)(le + Dlm) + (LOn - QOn)(LOm + QOm) + (L3n + 0311)(L3m -
0
. (LZnLZm + Llnle + LOnLOm + L3nL3m) + L2n02m - Q2nL2m + LanIm - anle + LOnQOm - QOnLOm
0

ij = Ljn .

. (LZnLZn +LlnLln + LOnLOn +L3nL3n) + L2n02m - Q2nL2n + LanIm - anLln + LOnQOm - QOnLOn -
0
Lin = Lj, are linear/differential & (; are constants:
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(LonLan + LinLyn + LonLon + L3nL3n) + (lam = l2n)Lon + (bim = 01n)L1n + (Lom — Lon)Lon + (L3,
( 0
Lin = Lj, are linear/differential & (; are constants & (;, = (;, :
(LonLan + LinLyy + LonLon + L3nL3n) = (C2nlam + Cinlim + Conlom + 03003 )
0 (LonLon + LinL1n
L;, are functions or differential operators & (; are non-constant functions:
( (LonLom + LipLym + LonLom + L3nLam) = lanLom — UinLim — bonLom + 03nL3m + [+(+Lanlom + L

0
0

Lemma 1.3.3.4-(ABc3r4): For linear/differential operators L; & {;

and:
DlJ'Jr' = (Lii+0ii) > D;- = (Lij_Q;‘j)
Dj 0 D; 0 0 Dj - 0 D

Dy = T ,Dgs / . , Dy = ) i ,D,-j“s It

then:
L3, Lom — LonL3m) + L3nlom — 03nLom + Lonlsm — LonLlzm + (—03,00m + Lonl3m —LinLom + LonL1y) + L1yl

(D 2nﬁ+DgnD0m—Doanm= (L3nLo onL3m) + L3nlo 3nLo onl3 onLam + (=300 onlsm)  (=LinLa2 wmlim) + Ly
(—LlnLZm +L2nL1m) — Linlom — CinLom + Loplim + op L1 + (—angzm + QZnQIm) (L3nL0m _LOnL3m) — L,00

ij :Ljn .

(=L1nLon + LonL1n) = Linlom — GinLon + Lonlim + lanLin + (=linlom + 02nlim)  (L3nLon — LonL3n) — L3l
Lin = Lj, are linear/differential & (; are constants:
+(Uzm = U3 )Lon + (om = Con)L3n + (=Lsnlom + bonlzm) +(lom — C2n)Lin + (Cin = Cim)Lon + (—l1nlom + (24
+(l2n = lam)L1n + (U1 = Uin)Lon + (<linlom + C2nlim)  +(U3n = U3m)Lon + (Lon = Lom)L3n + (—32Llom + Lonl
Liyn = Lj, are linear/differential & (; are constants & (,, = (;, :
00
00
L;, are functions or differential operators & (; are non-constant functions:
(L3nLom = LonL3m) = UsnLom — bonLzm + (+L3nlom + Lonlzm — U3nlom + Conlsm)  (=LinLom + LonLim) +{
(=LinLom + LanLim) = UinLom + ConLim + (=Linlom + Lonlim — Uinlom + 02nlim)  (L3nLom — LonLsm) + U3,

< (LSnLOn LOnLSn) + LSnQOm - Q3nLOn + L0n03m - QOnLSn + (_QSnQOm + 001103m) (_LlnLZn +L2nLln) + Lln-‘

I
/\\/\\/\\

Proof:

Li,— s 0 0 Loy — lom Loy — 02y, 0
<_DIIInD§:>m+Dgn <1:n>1+l)gnl)0m DOnD >— ( : 1) ( 2 ? ) + ( : 2)
O (Lln + an) (LZm + 02m) 0 0 (LZn + 0211)

(L3n = Un)(Lom + lom) = (Lon + Lon)(Lam — lam)  —(Lin = 1n)Lam = lam) + (L2n — 20) (L1m = lim)
—(Lin+ i) Lom + lam) + Lo + 00) Laim + Uim)  (L3n + 030) Lom — lom) — (Lon — lon ) (L3m + 3m)
L3nLom + Laplom — UznLom — Usnlom — LonLam + Lonlzm — bonLsm + lonlzm  —LinLom + Liplom + CinLom — |
—LinLom — Linlom — CinLom — Uinlom + LonLam + Lonlim + lonLim + C2nlim LanLom — L3nlom + UsnLom — 0
(L3nLom = LonL3m) + L3nlom — U3nLom + Lonlzm — bonLsm + (—3nlom + lonlsm)  (=LinLom + LonLim) + L
(=L1nLom + LonLim) — Linlom — CinLom + Lonlim + 02nLim + (=0inlom + 02nlim)  (L3nLom — LonL3m) — L:
Ljm = Ljn :
(L3nLon — LonL3n) + L3nlom — U3nLon + Lonlzm — lonLsn + (—3nlom + Conl3m)  (=LinLon + LonL1n) + Li1n
(=L1nLan + LonL1n) = Linlom — CinLon + Lonlim + 0onLin + (=linlom + l2nlim)  (L3nLon — LonL3n) — L3nl
Lin = Lj, are linear/differential & (; are constants
( +(Usm = U3n)Lon + (Lom = Lon)L3n + (—3nlom + Conlsm) +(lom — 02n)L1n + (U1n = Cim)Lan + (—L1nlom + (24
+(l2n = lom )Lan + (Cim = CGin)Lon + (<linlom + U2nlim)  +(03n = 03m)Lon + (Lon = Com)L3n + (—l3nlom + Lon
Lin = Lj, are linear/differential & (; are constants & (;, = (;, :
X
L oo
L;, are functions or differential operators & (; are non-constant functions:
B (LsnLom = LonL3m) = UsnLom = UonLzm + (+L3nlom + Lonlzm = Unlom + lonlsm)  (=LinLom + LonLim) + 0
- (—L1nLom + LonLim) — UinLom + UonLim + (=Linlom + Lonlim — Cinlom + U2nlim)  (L3nLom — LonLsm) + 03,
L]

Lemma 1.3.4.1-(ABc4r1): For linear/differential operators L; & {;

and:
Dy =(Lyj+10;) , Dy=(Ly—10y)
D = Dy 0 Dt = Dy 0 De = 0 Dy =0 _ 0 Dj
i = _ /A + > Ty T + > Ty T -
0 Dj 0 Dj Di 0 D; 0
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then:
Lan_Lan +L an_QnL m+L an_QnL m + _0 n0m+0n@m Lan_Lan _L an_
(DgnDlm+D§D2m—D§D3m—D1anm _ ( Ond1 1nL0 ) on¥l Ont1 1nY0, 1nL0 ( on¥l 1nY0, ) ( 3nde2 2nds3 ) 3n¥2,
(L3nL2m _LZnL3m) + L3n02m + Q3nL2m - L2n03m - QZnL3m + (+Q3n02m - 02n03m) (LOnle _LlnLOm) - LOnglm 4

ij = Ljn .

(L3nLon = LanL3n) + Lanlam + UsnLon — Lonlam — UanLsn + (+3nlom — 02nl3m)  (LonL1n — LinLon) — Lonlim +
Lin = Lj, are linear/differential & (; are constants:
3 ( (+im = Ui )Lon + (lom = Con)Lin + (<lonlim + linlom)  (+03m = U3n)L2n + (Uon = lom)L3n + (+U3alom = (2nl3m
N\ Hsn = G Lo + (o = 00) L3 + (Hanlom = 0al3n)  (+iw = Cin)Low + (Lon = bom)L1n + (=Lonl i + Cinlom
Liyn = Lj, are linear/differential & (; are constants & (,, = (;, :
00
(o)
L;, are functions or differential operators & (; are non-constant functions:
3 < (LonLim = LinLom) = bonLim = inLom + (+Lonlim + Linlom = Conlim + Cinlom)  (LanLom — LonLzm) = U3nLom

( (LOnLln _LlnLOn) + LOnQIm - QOnLln + LanOm - anLOn + (_QOnQIm + 01;100m) (LSnLZn _L2nL3n) - LSnQZm -

- (L3nL2m _LZnL3m) + 03nLZm - QZnL3m + (+L3n02m _L2n03m + 03n02m - 02n03m) (LOnle _LlnLOm) + QOnle
Proof:

Lo, — lo, 0 L+ i 0 0 Ly, — U3,
(D},D1n + D5 D2 — D5 D3 — D1uDY, ) = (Lon = bon) Lim +tm) + (Lsn = lan)
O (LOn + QOn) 0 (le - le) (L3n + 0311) 0

(Lon = Lon)(Lim + Uim) = (Lin + 0in)Lom = lom)  (L3n = Uzn)(Lom — lom) — (L2n = C2n) (L3m — U3m)
(L3n + Usn)(Lom + lom) — (Lon + U2n) (Lam + 03m)  (Lon + Lon) (Lim = Uim) — (Lin — U1n) (Lom + lom)
LonLim + Lonlim — bonLim — Conlim — LinLom + Linlom — UinLom + Cinlom  LanLom — Lanlom — UsnLom + U3nl2m
L3nLom + Laplom + UnLom + Unlom — LonLam — Lonlam — UanLsm — Conlzm LonLim — Lonlim + lonLim — Lonlim

(LOnle _LlnLOm) + LOnglm - QOnle + LanOm - anLOm + (_QOnglm + anQOm) (L3nL2m _LZnL3m) - L3n02m
(LSnLZm - LZnLSm) + LSnQZm + 03nL2m - L2n03m - QZnLSm + (+03n02m - 021103m) (LOnle - LlnLOm) - LOnQIm

YR Y

Ljm = Ljn :
B ( (LonL1n = L1nLon) + Lonlim — LonL1n + Linlom — UinLon + (lonlim + Cinlom) (L3nLlon — LonL3n) — Laplom —
- (L3nLon = LanL3n) + Laglom + U3nLon — Loplsm — UanLsn + (+3nlom — 02003m)  (LonL1n — L1inLon) — Lonlim +
Lyn = Lj, are linear/differential & (; are constants:
B ( (+01m = L1 )Lon + (Com = lon)L1n + (<lonlim + Cinlom)  (Hl3m = U3n)Lon + (L2n = lam ) L3n + (+03002m — 2nl3m
T\ 3w = ) Lo + (Cam = 0) L3y + (H3002 = Unl3)  (+01n = Cim)Low + (Con = Oom)L 10 + (=Lonl i + C1nlom
Lin = Lj, are linear/differential & (; are constants & (;, = (;, :
(00
L oo
L;, are functions or differential operators & (; are non-constant functions:
[ LonLim = LinLom) = bonLim — CinLom + (+Lonlim + Linlom — bonlim + Cinlom)  (L3nLom — LonL3m) — U3nLlom
- (L3nLom — LonL3m) + UsnLom — UonL3m + (+L3ulam — Lonlzm + 03nlom — C2nlam)  (LonLim — LinLom) + lonLim
L]

Lemma 1.3.4.2-(ABc4r2): For linear/differential operators L; & {;

and:
Dy =(Lyj+10;) , Dy=(Ly—10y)
D. - Df 0 Dl = Dy 0 Do — 0 Dj o1 _ 0 D}
Voo ) 7" oz )" U b0 )7 T\ b2oo
ij ij ij ij
then:

<_D§;Dlm N Dg,,Dzm £ DS Dy — Dangm _ ( (LonLam = LanLom) + Lonlom — bonLom + Lonlom — C2nLom + (—lonlom + l2nlom)  (=L3nLim + L1aL3m) + L3al
(=L3nLim + L1nLsm) = L3nlim — GuLim + Linlam + GinLsm + (=0aplim + 0inl3m)  (LonLom — LonLom) — Lon!:
Ljm = Lj, :
3 < (LonLan = LonLon) + Lonlom — lonLon + Lonlom — lanLon + (=loalom + Canlom)  (=L3nLin + LinL3n) + L3ali
\ (“LauLn + LinLan) = Lanlim = Gty + Lialsm + OiaLsn + (<300 + Calsn)  (LowLan — LauLon) = Loals,
Lin = Lj, are linear/differential & (; are constants:
3 ( (+l2m = C2n)Lon + (lom = Con)Lon + (—lonlom + lonlom) (030 = Uzm)L1n + (Uim = Uin)L3n + (=U3alim + C1nls
T\ (Ham = )L + O = O Lan + (<03alim + Cialsm)  (Han = Cam)Low + Con = lom)Lan + (—lonlam + U2l
Liyn = Lj, are linear/differential & (; are constants & (,, = (;, :

)

L;, are functions or differential operators & (; are non-constant functions:
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(LOnLZm LZnLOm) QOnLZm - QZnLOm + (+L0n02m +L2n00m - QOnQZm + QZnQOm) (_L3nL1m +L1nL3m) + 03}1
_L3nle + LlnL3m) Q3nle + anL3m + (_L31101m + Lln03m - Q31101m + 01n03m) (L0nL2m - LZnLOm) + 00111
Proof:

L3y — U Lin + Ui 0 Lon — Lon 0
(-D$; D1 + DY, Do + D5 D3 — D2uDY,, ) = = (Ean = ln) (Eim i) S on=lo)
(L3n + 03}1 0 0 (le - le) 0 (LOn + QOn)

(LOn - QOn)(LZm + 02m) (LZn + 0211)(L0m - QOm) _(L3n - Q311)(le - le) + (Lln - an)(LSm - 03m)
_(L3n + Q3n)(le + le) + (Lln + an)(L3m + 03m) (LOn + QOn)(LZm 02m) - (LZn - QZn)(LOm + QOm)

—L3nLim — Lanlim — UnLim — UGnlim + LinLam + Linlsm + UinLlsm + 0nlsm LonLam — Lonlam + lonLom — (.
(LonLam — LanLom) + Lonlom — LonLom + Lanlom — UonLom + (=lonlom + lonlom) (=LsnLim + LinL3m) + L
(=L3nLim + L1nLsm) = Lanlim = GpLim + Linlsm + GipLam + (=0aalim + 0inl3m)  (LonLom — LonLom) — Ly
Ljm = Lj, :
(LonLon = LanLon) + Lonlam — bonLon + Lonlom — UanLon + (lonlom + l2nlom)  (=L3nLin + L1nL3n) + L3n
(=L3nLin + LinL3n) = Lanlim — UpLin + Linlzm + UinLsn + (=03001m + 01nl3m)  (LonLon — LanLon) — Lonl
Lin = Lj, are linear/differential & (; are constants
< (+02m —Uon)Lon + (Qom — Lon)Lon + (=Lonlom + Uanlom) (030 — 03 ) L1y + (Ui — U1n)L3n + (03501 + (15

. ( LOnLZm + LOnQZm - Q0nL2m - 00n02m - LZnLOm + L2n00m - QZizLOm + 02n00m _LSnle + L31101m + 03nle — |

(+03m - Q3n )Lln (an - le)L3n + (_03n01m + 01n03m) (+02n - QZm )LOn + (QOn - QOm )L2n + (_QOnQZm + QZnL
Liyn = Lj, are linear/differential & (; are constants & (,, = (;, :

(o

L;, are functions or differential operators & (; are non-constant functions:
. (LOnLZm - LZnLOm) - QOnLZm - QZizLOm + (+L0n02m + L21100m - 00n02m + 021100m) (_LSnle + LlnLSm) + 01
(_L3nL1m + LlnL3m) - Q3nle + anL3m + (_L3n01m + L1n03m - 03n01m + 01n03m) (LOnLZm - LZnLOm) + 001
L]

Lemma 1.3.4.3-(ABc4r3): For linear/differential operators L; & (;

and:
D = D;]— 0 Dﬂ= D; 0 = 0 D; =0 _ 0 D?]—
T o p; ) U o pt |77\ pt oo P =l 5 )
y i ij i
then:

<D§:D1m —DEDyy + DL Dy — DyyDL ) = ( (LonL3m = L3nLom) + Lonlsm — bonLsm + L3nlom — U3nLom + (—Lonlzm + Uznlom) (LonLim — LinLom) — Lonlim -
(LonLym = LinLom) + Lonlim + 02nLim — Linlom — GinLom + (F2nlim = Cinlam)  (LonLsm — L3nLom) = Lonlzm +
Ljm = Ljn :
B ( (LonL3n = L3nLon) + Lonlsm — LonLsn + L3nlom — UsnLon + (—lonlzm + ulom) (LonLin — LinLan) — Lonlim —
- (LonLin = LinLon) + Lonlim + lonLin — Linlom — UinLon + (Honlim — Ginlom)  (LonL3n — L3nLon) — Lonlsm +
Lyn = Lj, are linear/differential & (; are constants:
B ( (+03m = 030 )Lon + (om = lon)L3n + (=lonlam + U3nlom)  (Hlam = l2n)Lin + (b1n = Uim)Lon + (F20l1m — L1nlom
- (+02n = bom)Lin + (Cim = C1n)Lon + (H2nlim = Ginlom)  (H30 = 3w )Lon + (bon — Lom )L3n + (—Loalzm + U3nlom
Lin = Lj, are linear/differential & (; are constants & (;, = (;, :
(00
L oo
L;, are functions or differential operators & (; are non-constant functions:
B ( (LonL3m = L3nLom) = ConLsm — U3nLom + (+Lonlzm + L3nlom — Lonlzm + Uznlom) (LonLim — LinLom) — lanLim
- (LonLym = LinLom) + lonLim — UinLom + (+L2nlim — Linlom + 02nlim = Cinlom)  (LonL3m — L3nLom) + lonLam
Proof:

0 Lo, — 0y, Lim+ Ui 0 0 Ly, — 01,
(DiDlm - Dﬁ;DZm + DgnD3m - D3”ng> = ( : : ) ( ! ! ) — ( ! ! )
(L2n+02n) 0 0 (le_glm) (L1n+01n) 0

(LOn - QOn)(LSm + 03m) (L3n + 0311)(L0m - QOm) (LZn - Q211)(le - le) - (Lln - an)(LZm - 02m)
(L2n + QZn)(le + le) (Lln + an)(LZm + QZm) (LOn + QOn)(L3m - Q3m) - (L3n - 03n)(LOm + QOm)

LOnLSm + L0n03m QOnLSm - 00n03m - L3nL0m + LSnQOm - Q3nLOm + 03n00m L2nL1m - L21101m - 02nle + 021191m
LZnle + L2n01m + QZnle + 02n01m _LlnLZm - LanZm - anLZm - anQZm LOnL3m _L0n03m + QOnL3m - 00n03m

(LOnL3m _L3nL0m) + L0n03m - QOnLSm + LSnQOm - Q3nLOm + ( 00n03m + 031100m) (LZnle _LlnLZm) L2n01m
(LZnle LlnLZm) + L2n01m + QZnle - LanZm - anLZm (+02n01m - anQZm) (LOnL3m - L3nLOm) - L0n03m
ij = Ljn .
(LOnL3n L3nL0n) + L0n03m - QOnLSn + LSnQOm - Q3nLOn + (_00n03m + 031100m) (LZnLln _LlnLZn) - L2n01m -
(LZnLln LlnLZn) + L2n01m + QZnLln - LanZm - anLZn + (+02n01m - anQZm) (LOnL3n _L3nLOn) - L0n03m +

I
/\\ /\\/\\/\\
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Lin = L;, are linear/differential & (; are constants:
B < (+03m = 030 )Lon + (Lom = lon)L3n + (=lonlam + U3nlom)  (Hlam = l2n)Lin + (Crn = Uim)Lon + (F20l1m = L1nlom
N\ o = )L + (i = 0i) Lo + Fanlim = Cialan) (03 = Gn)Low + (Lon = Oom)L3n + (=Lonlam + C30lom
Lin = L;, are linear/differential & (; are constants & (;, = (;, :
(o0
-(43)
L;, are functions or differential operators & (; are non-constant functions:
< (LonL3m = L3nLom) = ConLsm — U3nLom + (+Lonlzm + L3nlom — Lonlzm + Uznlom) (LonLim — LinLom) — lanLim

(LZnle _LlnLZm) + 02nle - anL2m + (+L2n01m _L11102m + 02n01m - Q11102m) (LOnL3m _L3nL0m) + 00nL3m
L]

*kkk

Lemma 1.3.4.4-(ABc4r4): For linear/differential operators L; & (;

and:
Dj; = by 0 D! = by 0 D = 0 Dy sy _[ 0 Dj
T o p; | 7 o pt |77\ pt oo P =l 5 )
g i ij i
then:

(Dﬁ D " D[I D +Dﬁ D +D Dﬁ < (Llnle +L2nL2m + L3nL3m +L0nLOm) + Llnglm - anle + LZnQZm - QZnLZm + L3n03m - 03nL3m - LOnQOm + QOnJ
1nt1m 2t 2m 3nd/3m 0ntlom =
0

Ljm = Ljn :

. (LlnLln + LZnLZn + L3nL3n + LOnLOn) + Llnglm - anLln + LZnQZm - QZnLZn + L3n03m - Q3nL3n - LOnQOm + QOnl
0
Lin = L;, are linear/differential & (; are constants:

< (LlnLln +L2nL2n + L3nL3n +LOnLOn) + (le - an)Lln + (QZm - QZn )L2n + (Q3m - 03n )L3n + (QOn - QOm )LOn -

0
Lin = Lj, are linear/differential & (; are constants & (;, = (;, :
(L1nLin + LonLop + L3nLsn + LonLon) — (C1al1n + 020020 + 03,03, + Lonlon)
B < 0 (LinLin + LowLoy + LsuLsy + Loy
L;, are functions or differential operators & (; are non-constant functions:
[ LanLim + LonLom + L3nL3m + LonLom) — CinLim = UonLom = 03nLsm + UonLom + [+(+L1nl1m + Lonlom + L3n 03
- 0
Proof:

Ly — (1, 0 Lim+lim 0 Loy —l2n 0
(D},D1m + DY, Doy + DY, D3 + DouDY, ) = (n =) (Eim i) o Bl
0 (Lln + an) 0 (le - le) 0 (LZn + QZn)

(Lln - an)(le + le) + (LZn - 0211)(L2m + 02m) + (L3n - 03n)(L3m + 03m) + (LOn + 0011)(L0m - QOm)
0 (Lln +

Llnle + LanIm - anle - anglm +L2nL2m + L2n02m - Q2nL2m - 02n02m +L3nL3m + L3n03m - Q3nL3)m - 03n03r
0

(Llnle + L2nL2m + L3nL3m + LOnLOm) + LanIm - anle + L2n02m - Q2nL2m + L3n03m - Q3nL3)m - LOnQOm + Ql
0

YR YR

ij = Ljn .

(LinLin + LonLon + L3pLsy + LonLon) + Linlim = CinLin + Lonlom — CanLon + L3nlsm — U3nL3n — Lonlom + lonl
( 0
Lin = Lj, are linear/differential & (; are constants:
(LinLin + LonLon + L3pLsy + LonLon) + (Cim = bin)Lin + (Com = 02n)Lan + (U3 — 030 )L3n + (lon — lom ) Lon —
( 0
Liyn = Lj, are linear/differential & (; are constants & (,, = (;, :
(LinLin + LonLay + L3nL3y + LonLon) — (Cinlim + C2nlom + 03403 + Conlom )
- < 0 (LinLin + LanLon + L3nL3n + Ly
L;, are functions or differential operators & (; are non-constant functions:
(LinLim + LonLom + L3nLsm + LonLom) — CinLim — UanLom — 03nL3m + QonLom + [+(+L1nlim + L2nlom + L3nl3m
( |
[l

Theorem I1.1: Given: linear/differential operators L; & (; are constants & (, = (;, :
and: B-factors & A-factors: Dy, & D., ,under the same index n ,
BA-factorizations & AB-factorizations are equal: Dg,D4, = D4,D3, ;
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i.e.: BA-factorizations & AB-factorizations under the same index are commutative.
Proof:
From Theorem 1.1:

/ (Donl)gn_i_l)lib 3n D2n §+D1HD11]11> (DOHD3n D?)nl)II _Db 1n+D1"D ) <D0"D2n D ln D2nD +D1nD3n

— (D5 D8, - DoDS; = D7 D5 + D2uDY, ) (D‘:’ 5+ DouDY, + DD + DoDY, ) (-D5D5; + DouDF; - D7D, + DauDs;
e (-5 DY, ~ D5 D5; + DD + DDV, (-D5; DO,, Do.DE + DgnD2n> (D5:D5; + D5 D3 + DuuDY, + D3,
(Dl,, & +D,ps -p,nt)  (p,ps; + DD, - DY, o - iDL, (-DlDs &+ D3,D% - DY DY,
(DO,,D0n +D5D5 + DS D5, + DlnDl,,> (-D,Ds; + D5 Do, = D5 DT + D1uD3, ) (DO,, Df; = D5 Do, + D1,D,)
I (=D5; Do, + D}, DS; = D7 D5 + DouDY, ) (D5:D5; + Db, Doy + DD + DD, ) (-D57 D.D5; + D52 Doy + DD,
(DD, - D7 D5; - D4, D5 + DsuDY,) - (-D5:D5; = D7 Don + DE,DS; + D3,D3,) (Dz,, & + Dj, Doy + D3,D3, )
(Dl,,D()n +D},D5; - D,D5; - DouDY,)  (-DY,D5; + D3, Doy + DS,D - DD, ) (=DY,D57 + DY, D5 + DY, Do, — DouDY,)

So, from Lemmas [.2 & .3, under the headings: L;, are linear/differential & (; are constants & {j, = (j, :

4 [1Ln]* = |0a]?] 0 00 00
0 [1Ln]* = |0a]?] 00 0 0
0 0 [1La]? = 10.]*] 0 0 0
0 0 0 [Ln|* = |04]7] 0 0
:>DBnDAn:
00 00 (L] = |0a]*] 0
00 00 0 [1Ln]* = |0a]?]
00 00 00 [|Ln]* -
\ 0 0 00 0 0
4 [1Ln]* = |0a]?] 0 00 00
0 [1Ln]* = |0a]?] 00 0 0
0 0 [1La]? = 10.)*] 0 0 0
0 0 0 [Ln|* = |04]7] 0 0
:>DAnDBn:
00 00 (L = |0a]*] 0
00 00 0 [1Ln]* = |0a]?]
00 00 00 [|Ln]* -
\ 0 0 00 0 0
:DBnDAn
12 02 02 02
02 12 02 02
= [|Lal* = |0a]*]
02 02 12 02
0, 0, 0, I,
where:
|Ln|2 = (LlnLln +L2nL2n + L3nL3n +LOnLOn) & |er|2 = (angln + 02n02n + 03n03n + QOnQOn)
]

Theorem I1.2: For linear/differential operators L; = 0, & (; = m; (constants)
Dp, & Dy, and Dgp,D4, & Du,Dp, are Helmholtzian factors and factorizations, respectively;
and: Dg,Dsn = DunDpy .

Proof:
Lj=0i & ly=m; = Dj=(3i+m) , Dy=(0i—m)
So:
D;;E(&-er,-) , D;-E(ai—mi)
Dy = Df 0 ,D?]E D; 0 . De = 0 Dy ’ fﬁz 0 Dj
0 Dj | 0 Dj Dy 0 ' D; 0

So, from Theorem 1.1
Dp, & Dy, and Dgp,D4, & Du,Dp, are Helmholtzian factors and factorizations, respectively;
and: Dg,Duyn = DunDspn .

as follows:
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Theorem Ill.1:

where:

For linear/differential operators Dp, & D :
where:

Lin = Lj, are linear/differential & (; are constants:
then:

DpnD g = ( cl c2 c3 c4 ) (L,um = L,un)
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c2=

N\

N\

N\

—

N\

N\

N\

/ (LOnLOn +L3nL3n + LZnLZn +LlnL1n) +

+(_00m + QOn )LOn + (_Q3m + 0311 )L3n + (_02m + 02n )L2n + (_le + an )Lln + 0

_(QOnQOm + 03n03m + 02n02m + anglm)

(_QZm + QZn )Lln +
+(_01m + an)L2n +
+(01n02m - 027101"1)

(_QOm + QOn )L3n +
+(—03m + 03n)L0n +

+(_03n00m + 001103m)

(+03n - Q3m)L1n +
+(01n - le)LSn +
+(01n03m - 037101"1)

(+02m - 0211 )LOn +
+(00m - QOn )L2n +

+(021100m - 00n02m)

(+Qfm - 01,,) Lo, +
+(+low = (g ) L1n +

+(+an06m - 00”0¥m)

<+Q3n - @§m>L2n +
+(+03,, — l2n) L3, +

+(_02n05m + 03”0£m)

(+02n - QZm )Lln +
+(01n - le)LZn +

+(+92n0 Im — anQZm)

(+03m - 0311 )LOn +
+(00m - QOn )L3n +

+(_00n03m + 031100m)

(QOm - QOn)L3n +
+(Q3m - 0311 )LOn +

+(_03n00m + 00n03m)

(02m - 02n)Lln +
+(—01n + 01m)L2,, +
+(011102m - 02n01m)

(_QOm + QOn )LZn + \

+(92n - 02m)L0n +

+(02n00m - QOnQZm)

(+03m - 03n)Lln +
+(_01n + le )L3n +

+(an03m - 031101m) /

(+Q§m - 03,,) Ly, +
+(lon =03, ) Lan +

+(_02n05m + 03”0£m)

(+01n - QTm )LOn +
+(06m - Qo,,) Li, +
+(+an06m - 00”0¥m)

(+03n - Q3m )LOn +
+(00n - QOm )L3n +

+(_00n03m + 03n00m)

(+02m - QZiz)Lln +
+(le - an)LZn +

+(+02n0 Im — Q11102m)

(L3nL3n +L0nLOn + LlnLln +L2nL2n) +

+(Q3m - 0311)L3n + (QOn - QOm)LOn + (le - an)Lln + (0211 - Q2m)LZn +

_(03n03m + QOnQOm + anglm + 027102"1)

(+03n - Q3m )L2n +
+(+02n - 02m)L3n +

+(+92n03m - 03n02m)

(+01n - le)LOn +
+(+Qon — Qom)Ll,, +

+(_01n00m + 001101m)

(+sz - @2,, )Lon +
+(00n - QOm )L2n +

+(02n00m - QOnQZm)

(+03m - 0311)L1n +
+(an - le )L3n +
+(011103m - QSnQIm)

(+le - an)Lon +
+(+00m - 00n )Lln ++
(_anQOm + QOnQIm)

(+03m - 0311 )L2n +
+(+sz — an)L3n +

+(+02n03m - 031102m)

(+Q3n - 03m)Lln + \
+(01m - an)L3n +
+(01n03m - 03n01m)

(+0»2n - 02m )LOn +
+(00m - QOn )LZn +

+(92n00m - Q01102m) /

\

J

\

J
N

J

\

J

)

(LOnLOn + L3nL3n +L2nL2n + LlnLln) +

+(00m - QOn)LOn + (03m - 03n)L3n + (02m - 02n)L2n + (le - an)Lln +

_(QOnQOm + 031193m + 02n02m + anglm)

(L3nL3n + LOnLOn +LlnLln + LZnLZn) +

+(03n - 03m)L3n + (QOm - QOn)LOn + (le - an)Lln + (02}1 - QZm)LZn +

_(93n03m + QOnQOm + anglm + 021102m)
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c4=

N\

N\

N\

N\

N\

N\

(+03n - Q3m)L1n +
+(01n - le)LSn +
+(03n01m - 01m03n)

(+02n - QZm )LOn +
+(00n - QOm )L2n +

+(001102m - 02n00m)

(+03n - Q3m )L2n +
+(02n - QZm )L3n +

+(+Q3n02m - 02n03m)

(+01m - an )LOn +
+(00m - QOn)Lln +

+(_00n0 Im + 01;100m)

(+02m — U2n)Lon + \
+(om — lon)Lon +
+(lonlom = C2nlom)
(03 — 030)L1n +
+(U1m — U1n)L3n +
+(3nl1m — C1203m) /

(+01n - le )LOn +
+(00n - QOm)Lln +
+(_00n01m + anQOm)

(+02m - 0311 )L2n +
+(Q3m - QZn )L3n +

+(+Q3n02m - 021103m)

(LZnLZn +L1nL1n + LOnLOn +L3nL3n) +

+(02m - Q211)LZn + (le - an)Lln + (QOn - QOm)LOn + (0311 - Q3m)L3:n +

_(02n02m + anglm + QOnQOm + 037103"1)

+(Q3m - 03n )LOn +
+(00n - QOm )L3n +

+(+Q3n00m - 00n03m)

+(02n - Q2m)Lln +
+(le - an)LZn +

+(_01n02m + 021101m)

(+le - an)Lon +
+(00n - QOm)Lln +

+(+QOnQ Im — anQOm)

(+03m - 0311 )L2n +
+(02n - QZm )L3n +

+(_03n02m + 021103m)

(+sz - @2,, )Lon +
+(00n - QOm )L2n +

+(00n02m - QZnQOm)

(+03n - Q3m)Lln +
+(le - an)L3n +
+(031101m - 01n03m)

(+Q3m - @3,, )Lon +
+(00n - QOm )L3n +

+(00n03m - 037100"1)

(+01n - le)LZn +
+(02m - QZn )Lln +
+(011102m - 02n01m)

+(02m - QZn )Lln +
+(01n - le)LZn +

+(_01n02m + QZnQIm)

+(03n - Q3m )LOn +
+(00m - QOn )L3n +

+(+Q3n00m - Q01103m)

(+03n - Q3m )L2n +
+(02m - 0211 )L3n +

+(_03n02m + 02n03m)

(+01n - le)LOn +
+(00m - QOn)Lln +

+(+00n0 Im — an%m)

(+Q3m - 03n)L1n + \
+(an - le)L3n +
+(03n01m - 01n03m)

(+00m - 00n )L2n +
+(02n - QZm)LOn +
+(90n02m - QZnQOm) /

(+02n - QZm)Lln + \
+(01m - an)L2n +

+(01n02m - QZnQIm)

(+0»3n - 03m)L0n +
+(00m - QOn)L3n +

+(90n03m - Q31100m) /

(LlnLln +L2nL2n + L3nL3n +L0nLOn) +

+(le - an)Lln + (QZm - Q211)LZn + (Q3m - 0311)L3n + (QOm - QOn)LOn +

_(anglm + QZnQZm + 03n03m + QOnQOm)

DBmDAn = ( C1 02 03 C4 ) (Lyn = Lym)

\

J

J
\

J

0

0

(L2nL2n + LlnLln +L0nL0n + L3nL3n) +
+(02n - QZm)LZn + (an - le)Lln + (QOm - QOn)LOn + (03m - 03n)L3n +
_(QZnQZm + anglm + QOnQOm + 031103m)

(LlnLln + L2nL2n +L3nL3n + LOnLOn) +
+(01n - le)Lln + (02}1 - QZm)LZn + (03}1 - 03m)L3n + (QOn - QOm)LOn +
_(anglm + 021192m + 03n03nm + QOnQOm)
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cl=

c2=

where:

((

N\

N\

N\

—
—

N\

N\

N\

(LOnLOn + L3nL3n + L2nL2n + LlnLln) +

+(_00n + QOm)LOn + (_03n + Q3m)L3n + (_02}1 + 02m)L2n + (_an + le)Lln + 0

_(QOmQOn + 03m03n + 02m02n + legln)

(_0211 + 02m )Lln + (QOn - QOm)L3n + \
+(_01n + le)LZn + +(Q3n - Q3m )LOn +

+(le92n - QZmQIn) +(_03m00n + 00m03n)

(_QOn + QOm)L3n + (02}1 - QZm)Lln +
+(_03n + 03m)L0n + +(_01m + an)L2n +
+(_03m00n + 00n103n) +(01m@2n - QZmQIn) /

(+03m - 0311 )Lln + (_QOn + QOm)LZn + \
+(le - an)L3n + +(02m - 02}1 )LOn +
+(le93n - QSmQIn) +(92m00n - Q0n102n)

(+02n - QZm )LOn + (+Q3n - 03m )Lln +
+(00n - QOm )L2n + +(_le + an )L3n +
+(02n100n - QOmQZn) +(01m03n - 03n101n) /

(+07, = Uim) Lon + (+03, — Uzm) Lon + \
+(+om =05, )L+ +(lom —03,)L3n +
+(+le06n - QOmQIn) +(_02m0§n + 03"105n)

(+lsm =05 Low+  (Him — 07,) Lo +
+(+03, = lom) L3 + +(0o, = lom) L1n +
+(_02m0§n + 03n105n) +(+le06n - QOmQIn) /

(+02m - 0211 )Lln + (+03m - 0311 )LOn + \
+(le - an)LZn + +(00m - QOn )L3n +

+(+02m01n - le02n) +(_00m03n + 03m00n)

(+03n - Q3m )LOn + (+02n - QZm )Lln +
+(00n - QOm )L3n + +(01n - le)LZn +
+(_00m03n + 03n100n) +(+92m01n - QImQZn) /

(L3nL3n + LOnLOn + LlnLln + L2nL2n) +
+(Q3n - Q3m )L3n + (QOm - QOn )LOn + (an - le )Lln + (QZm - QZn )L2n + 0
_(Q3m93n + QOmQOn + lean + 02m02n)

(+03m - 0311 )L2n + (+01n - le)LOn + \
+(+lom — lon ) L3y + +(+lon — lom ) L1n + +

+(+02m03n - Q3n102n) (_leQOn + QOmQIn)

(+le - an)LOn + (+03n - Q3m )L2n +
+(+0»0m - 00n )Lln + +(+0»2n - 02m)L3n +
+(_01m00n + QOmQIn) +(+92m03n - 03n102n) /

(+02n - QZm )LOn + (+03m - 03n )Lln + \
+(00m - QOn )L2n + +(01n - le)L3n +

+(Q2m90n - QOmQZn) +(le03n - Q3n101n)

(+03n - Q3m)L1n + (+02m - 02n)L0n +
+(le - an )L3n + +(90n - QOm)LZn +
+(01m@3n - 03m01n) +(02m00n - QOmQZn) /

(LOnLOn + L3nL3n +L2nL2n + LlnLln) +

+(90n - QOm)LOn + (QSn - 03m)L3n + (9271 - 02m)L2n + (an - le)Lln +

_(QOmQOn + 03n103n + QZmQZn + legln)

(L3nL3n + LOnLOn +L1nL1n + LZnLZn) +

+(03m - 03n)L3n + (QOn - QOm)LOn + (an - le)Lln + (02m - 02n)L2n +

_(03m03n + QOmQOn + legln + QZmQZn)
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c4=

N\

N\

N\

N\

N\

N\

(+Q3m - Q3,,)L1n +
+(le - an )L3n +
+(03n101n - 01m03n)

(+02m - 0211 )LOn +
+(00m - QOn )L2n +

+(00m92n - QZmQOn)

(+Q3m - @3,, )LG +
+(02m - 0211 )L3n +

+(+Q3m02n - 02n103n)

(+01n - le)LOn +
+(00n - QOm)Lln +

+(_00m0 n+ leQOn)

(+02n — Uom)Lon + \
+(lon — lom)Lon +
+(lomlan = lLomlon)
(+03n = U3m) L1y +
+(U1p = lim)L3n +
+(U3ml1n = U1ml3n) /

(+le - an)LOn + \
+(00m - QOn)Lln +

+(_00m0 n + QImQOn)

(+02n - Q3m )L2n +
+(Q3n - QZm )L3n +

+(+Q3m02n - Q2n103n) /

(LZnLZn +L1nL1n + LOnLOn +L3nL3n) +

+(02n - Q2m)LZn + (an - le)Lln + (QOm - QOn)LOn + (Q3m - 0311)L3n +

_(QZmQZn + legln + QOmQOn + 03m03n)

+(Q3n - Q3m )LOn +
+(00m - QOn )L3n +

+(+Q3m00n - 00n103n)

+(02m - QZiz)Lln +
+(an - le )L2n +

+(_01m02n + 02m01n)

(+01n - le )LOn +
+(00m - QOn)Lln +

+(+00m0 In — QImQOn)

(+03n - Q3m )L2n +
+(02m - QZn )L3n +

+(_03m02n + 02m03n)

(+02n - QZm )LOn +
+(00m - QOn )L2n +

+(00n102n - QZmQOn)

(+03m - 0311)L1n +
+(an - le )L3n +
+(Q3m91n - 01m03n)

(+03n - Q3m )LOn +
+(00m - QOn )L3n +
+(00n103n - 03m00n)

(+01m - an )L2n +
+(02n - QZm )Lln +
+(le92n - QZmQIn)

+(01m - an)L3n +
+(03m01n - legf’in)

+(02m - 02n)L0n +
+(90m02n - QZmQOn) /

+(an - le)LZn +
+(01m02n - QZmQIn)

+(00n - QOm)L3n +
+(90m03n - Q3n100n) /

+(02n - QZm )Lln + \
+(le - an )L2n +

+(_01m02n + QZmQIn)

+(Q3m - 0311 )LOn +
+(00n - QOm )L3n +

+(+Q3m00n - QOmQSn) /

(+03m - 03n )L2n + \
+(02n - QZm )L3n +

+(_03m02n + 02n103n)

(+01m - an )LOn +
+(00n - QOm)Lln +

+(+00m01n - leQOn) /

(+Q3n - 03m)Lln + \

(+0»0n - QOm )L2n +

(+02m - 02n)L1n + \

(+03m - 03n )LOn +

(LlnLln +L2nL2n + L3nL3n +L0nLOn) +

+(01n - le)Lln + (0211 - Q2m)LZn + (0311 - Q3m)L3:n + (QOn - QOm)LOn +

_(legln + QZmQZn + 03n103n + QOmQOn)

DBnDAm iDBmDAn = ( C1 02 03 C4 ) (Lym :Lyn)

0

0

(L2nL2n + LlnLln +L0nL0n + L3nL3n) +
+(02m - 02n)L2n + (le - an)Lln + (QOn - QOm)LOn + (03}1 - 03m)L3n +
_(92m02n + lean + QOmQOn + 03m03n)

(LlnLln + L2nL2n +L3nL3n + LOnLOn) +
+(01m - an)Lln + (02m - 02n)L2n + (03m - 03n)L3n + (QOm - QOn)LOn +
_(legln + 02m02n + 03m03n + QOmQOn)
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where:

/ / [(LOnLOn iLOnLOn) + (L3nL3n t L3nL3n) + (LZnLZn iL2nLZn) + (LlnLln t LlnLln)] +
+[(_00m + QOn) t (_QOn + QOm)]LOn + [(_03m + 03}1) t (_03}1 + Q3m):|L3n +
+[(_02m + 02n) t (_02n + 02m)]L2n + [(_le + an) t (_an + le)]Lln +

_[(QOnQOm t QOmQOn) + (03n03m t 03m03n) + (02n02m t QZmQZn) + (anglm t legln)]

[(LOnLOn iLOnLOn) + (L3nL3n t L3nL3n) + (LZnLZn iLI
" +[(00m - QOn) t (QOn - QOm)]LOn + [(Q3m - Q3n) t (03}1 _0

0
+[(Q2m - 0211) * (9271 - 02m)]L2n + [(le - an) t (an _0

\ _[(QOnQOm t QOmQOn) + (03n03m t 03m03n) + (02n02m t QZin
/ [(_Q2m + 0211) t (_0211 + 02m)]Lln + [(QOm - QOn) t (QOn - QOm)]LSn + \

+[(_01m + an) t (_an + le)]LZn + +|:(03m - 03m) t (Q3n - Q3m)]LOn +

+[(011192m - 02n01m) t (le02n - Q2n101n)] +(_031100m + 00n03m) t (_Q3m00n + 00m03n)

[(_QOm + QOn) t (_QOn + QOm)]L3n + [(QZm - QZn) t (02}1 - 02m):|L1n +

+[(_03m + 03n) t (_03n + 03m)]L0n + +|:(_an + le) + (_le + 0111)]L2n +
\ +[(_03n00m + 00n03m) t (_03m00n + 00m03n):| +|:(01n02m - QZnQIm) t (leQZn - QZmQIn)] /
/ [(+03n - Q3m) + (+03m - 0311)]Lln + [(_QOm + QOn) t (_QOn + QOm)]LZn + \

+[(01n - le) t (le - an)]L3n + +|:(02n - 02m) t (QZm - QZn)]LOn +

+[(011193m - QSnQIm) t (le03n - Q3n101n)] +|:(02n00m - Q01102m) t (Q2m90n - 00m02n)]

[(+02m - QZn) t (+02n - QZm)]LOn + [(+Q3m - 03}1) t (+Q3n - 03m):|L1n +
+[(00m - QOn) t (QOn - QOm)]LZn + +|:(_an + Dlm) t (_le + 0111)]L3n +
+[(02n00m - QOnQZm) t (QZmQOn - Q0m02n):| +|:(01n03m - 03n01m) t (01m03n - 03m01n)] /

N\

[(+07, = U1n) £ (07, = O )] Lon + [(+03,, = U3p) £ (+5, = l3m) ] Lon + \
+[ (+low = 05) £ (Hlom = 05,) JLin + +[ (lon = 05,,) £ (lom —03,) JLan +
+[(+an06m - QO"QIm) * (+le06n - QOmQIn)] +[(_02"0§m + 03n05m) * (_szggn + 03’”0511)]

[ (Hsn = 03,) + (3w = 103,) JLon + [(+H01n = 07) £ (F01m — 07,) 1 Lon +
+[(+05m - 0271) * (+05n - 02m)] L3, + +[(06m - 00n) * (06,, - QOm)] Ly, +
\ \ +[(_02n05m + 03"05m) * (_02’”05}1 + 03m05n)] +[(+01"06m - QOHQTm) * (+le06n - QomQTn)] /
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c2=

/ [(+02n - QZm) t (+02m - QZn)]Lln +
+[(an - le) * (01m - an)]L2n +
+[(+02n01m - anQZm) t (+02m01n - leQZn)]

[(+03m - 0311) t (+03n - Q3m)]LOn +
+[(00m - QOn) t (QOn - QOm)]L3n +

+[(_00n03m + 031100m) t (_00m03n + 03m00n)]

N\

N\

[(+03n = 3 ) £ (Hl3m — 03,) JL2n +
+[(+02n = lom) £ (o — 020) L3 +

+[(+02n03m - 03n02m) t (+02m03n - Q3m02n):|

[(+01n - le) t (+01m - an)]LOn +
+[(+Qon — Qom) + (+Qom — Qon)]L1n +

+[(_01n00m + 001101m) t (_leQOn + DOlen)]

N\

|:(+02m - QZn) t (+02n - QZm)]LOn +
+[(00n - QOm) * (00m - QOn)]L2n +
+[(02n00m - QOnQZm) t (QZmQOn - Q0m02n):|

[(+03m - 0311) t (+03n - Q3m)]Lln +
+[(01n - le) t (le - an)]L3n +
\ +[(011193m - QSnQIm) t (le03n - Q3n101n)]

[(+03n - 03m) t (+Q3m - 03}1)][40}1 + \
+|:(00n - 00m) t (QOm - 0011)]L3n +
+|:(_00n03m + 03n00m) t (_00m03n + 03m00n)]

[(+02m - 02n) t (+0»2n - 02m)]Lln +
+|:(01m - an) t (an - le)]LZn +
+|:(+021101m - 01n02m) t (+02m01n - 01m02n)] /

[(L3nL3sn £ L3uL3n) + (LonLon £ LouLon) + (L1nL1n £ LinLyn) + (LonLon £ LogLon)] +
[ (03 — 03) £ (U35 = 03 ) 1L30 + [(Lon — lom ) £ (Lom — Lon) 1Lon +

H(Cm = 1n) £ Ui = lim) Jan + [(C2n = lom) £ (lam — l20) ]Lon +

—[(03n03m £ 03m034) + (Lonlom £ Lomlon) + (L1nlim £ Uimlin) + (C2nlom £ U2mlan)]

[(L3nL3n £ L3uL3n) + (LonLon £ LonLon) + (L1nL1n £ Ly,
(U3 = 3m) £ (03 — 030) 1L30 + [(Lom — Lon) £ (Lon — Lo,
H (O = 01) £ U1y = Cym) JLan + [(02 — O2) £ (2 — 02
—[03n03m £ 03m03,) + (Lonlom £ Lomlon) + (L1nlim £ Uimly,

[(+01m_an)i(+gln_01m):|LOn+ \
+|:(+00m - QOn) t (+00n - QOm)]Lln +
+[(_01n00m + QOnQIm) t (_leQOn + QOmQIn)]

[(H03m — 030) & (030 = U3 ) JL2n +
+[(+02m - QZn) * (+02n - QZm)]L3n +

+|:(+021103m - 03n02m) t (+02m03n - 03m02n)] /

[(+03n - 03m) t (+Q3m - 03}1)][41}1 + \
+|:(01m - an) t (an - le)]L3n +
+|:(01n03m - 03n01m) t (01m03n - 03m01n)]

[(+02n - 02m) t (+Q2m - 02n)]LOn +
+|:(00m - QOn) t (QOn - QOm)]LZn +
+|:(02n00m - Q01102m) t (Q2m90n - 00m02n)] /
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/ [(+03n - 03m) t (+03m - 03n)]L1n +
+[(an - le) * (01m - an)]LSn +
+[(03n01m - 01m03n) t (03m01n - Q1m03n):|

[(+02n - Q2m) t (+02m - 0211)]11011 +
+[(00n - QOm) t (QOm - QOn)]LZn +

+[(001192m - 02n00m) t (90m02n - Q2n100n)]

N\

[(+03n - 03m) t (+03m - 03n)]L2n +
+[(Q2n - Q2m) * (02m - 02n)]L3n +
+[(+03n02m - 02n03m) t (+Q3m02n - Q2m03n):|

[(+01m - an) t (+01n - le)]LOn +
+[(00m - QOn) t (QOn - QOm)]Lln +
+[(_00n01m + 01;100m) t (_QOmQIn + DlmQOn)]

N\

[(+02m - 02}1) t (+02n - 02m):|LOn +
+|:(00m - QOn) t (QOn - QOm)]LZn +
+|:(00n02m - QZnQOm) t (QOmQZn - QZmQOn)]

[(+03m - 03n * (+0»3n - 03m))]Lln +
H(lrm = l1n) £ C1n = 1) ]L30 +

+|:(03n01m - Q11103m) t (Q3m91n - 01m03n)] /

[(+01n - le) t (+le - an)]LOn +
+|:(00n - 00m) t (QOm - QOn)]Lln +

+|:(_00n01m + anQOm) t (_QOmQIn + leQOn)]

[(Hom = 030) & (20 = U3m) ]L2n +
+[(03m - 02n * (03n - QZm))]L3n +

+|:(+031102m - 02n03m) t (+03m02n - 02m03n)] /

[(LZnLZn iLZnLZn) + (LlnLln t LlnLln) + (LOnLOn iLOnLOn) + (L3nL3n t L3nL3n)] +

+[(Q2m - 0211) * (9271 - 02m)]L2n + [(le - an) t (an - le)]Lln +
+[(00n - QOm) t (QOm - QOn)]LOn + [(03n - Q3m) t (03m - 03}1)][43}1 +
_[((02n02m t 02m02n) + (011101m t legln) + (QOnQOm t legln) + (031103m t leﬂln))]

N\

+[(Q3m - 03n) x (03n - 03m):|LOn +
+[(00n - QOm) * (00m - QOn)]LSn +
+[(+03n00m - 00n03m) t (+Q3m00n - Q0m03n):|

+[(Q2n - Q2m) * (02m - 02n)]Lln +
+[(le - an) x (an - le)]LZn +

\ +[(_01n02m + 021101m) + (_01m02n + DZlen)]

+|:(02m - 02}1) t (QZn - QZm)]Lln +
+|:(01n - le) t (le - an)]L2n +

+[(_01n02m + QZnQIm) t (_leQZn + QZmQIn)]

+|:(03n - 03m) t (Q3m - 0311)]11011 +
+|:(00m - QOn) t (QOn - QOm)]L3n +

+|:(+031100m - 00n03m) t (+03m00n - 00m03n)]

[(LanLon £ LonLon) + (L1nLin £ LinLyn) + (LonLon £ Loy
H[(Uan = lom) £ (Uom — 02n) Lo + [(C1n = Uim) £ Uy — {4
+[(Lom = Lon) £ (on = lom) ]Lon + [(l3m — U3n) £ (3, = L3,
—[(L2nlom £ lomlan) + (L1ynlim £ Cimlin) + (Lonlom £ Ciml

\
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cl=
c2=
c3=

N\

N\

N\

|:(+01m - an) t (+an - le)]LOn +
+[(00n - QOm) * (00m - QOn)]Lln +
+[(+00n01m - anQOm) t (+00m01n - leQOn)]

[(+03m - 0311) t (+03n - Q3m)]LZn +
+[(02n - QZm) t (02m - QZn)]L3n +
+[(_03n02m + 021103m) t (_03m02n + 02m03n)]

|:(+02m - QZn) t (+02n - QZm)]LOn +
+[(00n - QOm) * (00m - QOn)]L2n +
+[(00n02m - QZnQOm) t (QOmQZn - QZmQOn)]

[(+03n - Q3m) t (+03m - 0311)]Lln +
+[(le - an) t (an - le)]L3n +
+[(Q3anm - 01n03m) t (QSmQIn - leQSn)]

|:(+Q3m - Q}n) t (+03n - Q3m)]L0n +
+[(00n - QOm) * (00m - QOn)]LSn +
+[(00n03m - 03n00m) t (00m03n - Q3m00n):|

[(+01n - le) t (+01m - an)]L2n +
+[(02m - QZn) t (02}1 - 02m):|L1n +
+[(011192m - 02n01m) t (le02n - Q2n101n)]

[(+03n - 03m) t (+Q3m - 03}1)][42}1 +
+|:(02m - 02n) t (0211 - QZm)]L3n +

+|:(_03n02m + 02n03m) t (_03m02n + 02m03n)]

[(+H01p = Oim) £ (Hlim = 010) JLon +
+[(Lom = Lon) £ (Lon = lom)]L1n +

+|:(+001101m - anQOm) t (+00m01n - leQOn)]

[(+Q3m - 03}1) t (+Q3n - 03m):|L1n +
+|:(01n - le) t (le - an)]L3n +
+|:(03n01m - 01n03m) t (03m01n - 01m03n)]

[(+00m - QOn) t (+0»0n - QOm)]LZn +
+|:(02n - 02m) t (QZm - QZn)]LOn +
+|:(00n02m - QZnQOm) t (QOmQZn - 02m00n)]

[(+02n - 02m) t (+02m - QZn)]Lln +
+|:(01m - an) t (an - le)]LZn +
+|:(01n02m - QZnQIm) t (leQZn - QZmQIn)]

[(+03n - 03m) t (+03m - 03n)]LOn +
+|:(00m - QOn) t (QOn - QOm)]L3n +
+|:(00n03m - Q31100m) t (QOmQSn - QSmQOn)]

\

I N

J

[(((LinLin £ LinLyy) + (LonLon £ LonLon) + (L3nLan £ L3uL3n) + (LonLon £ LoaLon))] +
H(Cm =) £ Q= Cim) 1L 1n + [Com — l2n) £ (C2n = lom) ]L2n +
[ (U3m = 3n) £ (U3n = 03m) 1L3n + [(Lom — Lon) £ (Lon — Lom) ]Lon +
—[Cnlim £ 01mlin) + Canlom £ 02mlay) + (03403 £ 03m03,) + (Lonlom T Lomlon )]

DBpDAm = ( cl ¢c2 c3 c4 ) (Lym = Lyp)

( cl ¢c2 c3 c4 ) (Lum = Lyp)

where

DBmDAp = ( cl ¢c2 c3 c4 ) (L,up :L,um)
where:

DBpDAm iDBmDAp =
where:

DBnlm = ( cl c2 c3 c4 ) (L,um :L,un)
where:

[(((LnLin £ LinLyy) + (LonLon £ LoyLoy) + (L3nLzn £
H(Cp = lim) £ Qum = Gin) 1Lan + [(C2n = l2m) £ (Lo —
(03 — U3m) £ (U3 — U3n) ] L3n + [(Lon — Lom ) £ (Uom —
—[Q1nlim £ 01ml1y) + (C2nlom £ Uomlan) + (034030m £ U3y
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c2=

N\

N\

N\

—

N\

N\

N\

/ (LOnLOn +L3nL3n + LZnLZn +LlnL1n) +
+(00m + 0011)L0n + (Q3m + 0311)L3n + (QZm + 0211)L2n + (le + Dln)Lln +

_(_QOnQOm - 03n03m - QZnQZm - anglm)

(+02m + QZn )Lln +
+(+le + an)L2n +

+(_01n02m + QZnQIm)

(00m + QOn )L3n +
+(Q3m + Q3n )LOn +

+(031100m - 00n03m)

(+03n + Q3m)L1n +
+(01n + le)LSn +
+(_01n03m + 03n01m)

(_QZm - 0211 )LOn +
+(_00m - QOn )LZn +

+(_02n00m + QOnQZm)

(—Qfm - 01,,) Lo, +
+(+low + (g, ) L1n +

+(_01n06m + 00”0¥m)

(+Hsn + 03, ) Low +
+(—03,, — l2n) L3n +

+(+Q2nQ§m - 03”0£m)

(+02n + QZm )Lln +
+(01n + le)LZn +

+(_02n0 1m + anQZm)

(_Q3m - 0311 )LOn +
+(_00m - QOn)L3n +

+(+00n03m - Q31100m)

(_QOm - QOn )L3n + \
+(_03m - 03m)L0n +

+(+Q3n00m - 00n03m)

(_QZm - QZiz)Lln +
+(_01n - le)LZn +

+(_01n02m + 021101m)

I N

(Qom + Con) Loy +
+(02y + Uom)Lon +
+(—2nlom + Conlom)
(=la3m = 03n)L1n +
+(=l1p = Oim)L3n +
+(=l1nlam + 03al1m) /

(=03, = U3n) Loy + \
+(lon + 103, ) Lan +
+(+02403,, = U3403,,)
(+01n + 07,)Lon +
+(=lom — lon) L1n +
+(=l1205,, + lonlT,) /

(+03 + 03 ) Lon + \
+(lon + lom ) L3n +
+(+onlzm = Uzalom)
(=lom = C2n)L1n +
+(=lim — Uin)Lon +
+(=02nl1m + C1nlam) /

(L3nL3n +L0nLOn + LlnLln +L2nL2n) +

+(_03m - 03n )L3n + (QOn + QOm)LOn + (_le - an )Lln + (0211 + 02m )L2n +

_(_03}103"1 - QOnQOm - anglm - QZnQZm)

(+03n + Q3m )L2n +
+(+02n + 02m)L3n +

+(_02n03m + 03n02m)

(+01n + le)LOn +
+(+lon + lom ) L1n +

+(+an00m - 001101”1)

(_QZm - QZn )LOn +
+(00n + DOm )L2n +

+(_02n00m + QOnQZm)

(_Q3m - 0311)L1n +
+(an + le )L3n +
+(_01n03m + 031101m)

(_le - an)LOn + \
+(_00m - 00n )Lln ++
(+01n00m - QOnQIm)

(_Q3m - 0311 )L2n +
+(_02m - 02n)L3n +

+(_02n03m + 031102m) /

(+03n + Q3m)L1n + \
+(_01m - an)L3n +
+(_01n03m + 03n01m)

(+02n + 02m )LOn +
+(_00m - QOn )LZn +
+(_02n00m + QOnQZm) /

0

(LOnLOn + L3nL3n +L2nL2n + LlnLln) +

+(_00m - QOn )LOn + (_03m - 03}1 )L3n + (_QZm - QZn )L2n + (_le - an)Lln +

_(_QOnQOm - 03n03m - Q21102m - anﬂlm)

0

(L3nL3n + LOnLOn +LlnLln + LZnLZn) +

+(03n + 03m)L3n + (_QOm - QOn)LOn + (_le - an)Lln + (02}1 + 02m)L2n +

_(_031103m - QOnQOm - Q11101m - 02n02m)
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N\

N\

(+03n + Q3m)L1n +
+(01n + le)LSn +
+(_03n01m + legf’in)

(+02n + 02m )LOn +
+(00n + QOm )L2n +

+(_00n02m + 021100m)

(+03n + Q3m )L2n +
+(02n + 02m )L3n +

+(_03n02m + 02n03m)

(_le - an )LOn +
+(_00m - QOn)Lln +

+(+00n0 Im — an%m)

(_QZm - QZn )LOn +
+(_00m - 00n )L2n +

+(_00n02m + QZnQOm)

(_Q3m - 0311)L1n +
+(_01m - an)L3n +
+(_03n01m + 011103m)

(+01n + le )LOn +
+(00n + QOm)Lln +

+(+QOnQ Im — anQOm)

(_QZm - 0311 )L2n +
+(_03m - 02n)L3n +

+(_03n02m + 021103m)

\

J
S

J

(LZnLZn +L1nL1n + LOnLOn +L3nL3n) +
+(_02m - 02n )L2n + (_le - an )Lln + (QOn + DOm )LOn + (0311 + 03m )L3n + 0
_(_QZnQZm - anglm - QOnQOm - 03n03m)

(L2nL2n + LlnLln +L0nL0n + L3nL3n) +
0 +(02n + 02m)L2n + (an + le)Lln + (_QOm - QOn)LOn + (_03m - 03n)L3n +

_(_021102m - anglm - QOnQOm - 03n03m)

c4=

N\

N\

N\

N\

+(_03m - 03n)L0n +
+(00n + DOm )L3n +

+(_03n00m + 00n03m)

+(02n + 02m)Lln +
+(_01m - an)LZn +

+(+an02m - 021101m)

(_le - an)LOn +
+(00n + QOm)Lln +

+(_00n0 1m + anQOm)

(_Q3m - 0311 )L2n +
+(02n + QZm )L3n +

+(+Q3n02m - 021103m)

(_QZm - QZn )LOn +
+(00n + DOm )L2n +

+(_00n02m + QZnQOm)

(+03n + 03m)Lln +
+(_01m - an)L3n +
+(_03n01m + 011103m)

(_Q3m - 03n )LOn +
+(00n + DOm )L3n +

+(_00n03m + 03n00m)

(+01n + le)LZn +
+(_02m - 02n)L1n +

+(_01n02m + 021101m)

+(_02m - 02n)L1n +
+(01n + le)LZn +

+(+an02m - QZnQIm)

+(03n + 03m )LOn +
+(_00m - QOn)L3n +

+(_03n00m + 001103m)

(+03n + Q3m )L2n +
+(_02m - 02n )L3n +

+(+Q3n02m - 02n03m)

(+01n + le)LOn +
+(_00m - QOn)Lln +

+(_00n0 Im + 01;100m)

(_Q3m - 03n)L1n +
+(01n + le)LSn +
+(_03n01m + 01n03m)

(_QOm - QOn )L2n +
+(02n + QZm )LOn +

+(_00n02m + 021100m)

(+02n + QZm )Lln +
+(_01m - an)L2n +

+(_01n02m + QZnQIm)

(+03n + 03m )LOn +
+(_00m - QOn)L3n +

+(_00n03m + 031100m)

(LlnLln +L2nL2n + L3nL3n +L0nLOn) +

+(_01m - an)Lln + (_QZm - 0211 )L2n + (_03m - 03n )L3n + (_QOm - QOn )LOn +

_(_anglm - 02n02m - 03n03m - QOnQOm)

mDAn = ( C1 02 03 C4 ) (Lym :Lyn)

N—

A N

A N

J

(LlnLln + L2nL2n +L3nL3n + LOnLOn) +

+(01n + le)Lln + (02}1 + 02m)L2n + (03}1 + 03m)L3n + (QOn + QOm)LOn +

_(_011101m - 02n02m - Q31103:nm - QOnQOm)
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cl=

where:

N\

N\

N\

—
—

N\

/ / (LOnLOn +L3nL3n + L2nL2n +LlnLln) +
+(_00n - QOm)LOn + (_03n - Q3m)L3n + (_02}1 - QZm)LZn + (_an - le)Lln +

_(_QOmQOn - Q3n103n - 02m02n - legln)

(_0211 - Q2m)Lln +
+(_01n - le)LZn +

+(_01m02n + 02m01n)

(_QOn - QOm )L3n +
+(_03n - 03m)L0n +

+(+Q3m00n - 00n103n)

(_Q3m - 0311)L1n +
+(_01m - an)L3n +
+(_01m03n + 03m01n)

(+02n + QZm )LOn +
+(00n + DOm )L2n +

+(_02m00n + QOmQZn)

(+07, + Uim) Lon +
+<—00m — 06n>L1,, +
+(_01m06n + 00"101n)

(—lsm —03,)Low +
+(+03, + lom) L3y +

+(+92m0§n - 03"105n)

(_QZm - QZiz)Lln +
+(_01m - an)LZn +
+(_02m01n + 01m02n)

(+03n + Q3m )LOn +
+(00n + DOm )L3n +

+(+QOmQ3n - 03n100n)

(QOn + QOm)L3n + \
+(Q3n + Q3m )LOn +

+(+Q3m00n - QOmQSn)

(02}1 + 02m)Lln +
+(+le + an)L2n +
+(_01m02n + QZmQIn) /

(_QOn - QOm )L2n + \
+(_02m - 02n)L0n +

+(_02m00n + 00m02n)

(+03n + Q3m)L1n +
+(+le + an)L3n +
+(_01m03n + 03n101n) /

(+03, + U3m) Lon + \
+(=lom =5, ) Lan +
+(+loml3, — l3ml3,)

(=lim —03,)Lon +

+(05, + lom) L1n +
+(=limly, + loml7,) /

(_Q3m - 0311 )LOn + \
+(_00m - QOn)L3n +

+(+00m03n - Q3n100n)

(+02n + QZm )Lln +
+(01n + le)LZn +
+(_02m01n + QImQZn) /

(L3nL3n + LOnLOn + LlnLln + L2nL2n) +

0

(LOnLOn + L3nL3n +L2nL2n + LlnLln) +

+(90n + QOm)LOn + (QSn + 03m)L3n + (9271 + 02m)L2n + (an + le)Lln +

_(_QOmQOn - 03m03n - QZmQZn - legln)

+(Q3n + Q3m )L3n + (_QOm - QOn )LOn + (an + le)Lln + (_QZm - QZn )L2n + 0
_(_03m03n - QOmQOn - leﬂln - Q2n102n)
(L3nL3n + LOnLOn +L1nL1n + LZnLZn) +
0 +(_Q3m - 0311 )L3n + (QOn + DOm )LOn + (an + le)Lln + (_02m - 02n )L2n +
_(_03n103n - QOmQOn - legln - QZmQZn)

c2=

N\

N\

(_Q3m - 0311 )L2n +
+(_02m - 02n)L3n +

+(_02m03n + 03m02n)

(_le - an)LOn +
+(_00m - 00n )Lln +

+(+le00n - QOmQIn)

(+02n + 02m )LOn +
+(_00m - QOn )LZn +

+(_02m00n + 00m02n)

(+03n + Q3m)L1n +
+(_01m - an)L3n +
+(_01m03n + 03n101n)

(+01n + le)LOn + \
+(+lon + lom ) L1n + +
(+01m00n - QOmQIn)

(+03n + Q3m )L2n +
+(+02n + 02m)L3n +
+(_02m03n + 03n102n) /

(_Q3m - 0311)L1n + \
+(an + le )L3n +
+(_01m03n + 03m01n)

(+sz - @2,, )Lon +
+(00n + DOm )L2n +
+(_02m00n + QOmQZn) /
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c4=

N\

N\

N\

N\

N\

N\

(_Q3m - 03n)L1n +
+(_01m - an)L3n +
+(_03m01n + legf’in)

(_QZm - 0211 )LOn +
+(_00m - QOn )LZn +

+(_00m02n + QZmQOn)

(_Q3m - 03n )L2n +
+(_02m - 02n )L3n +

+(_03m02n + 02n103n)

(+01n + le)LOn +
+(00n + QOm)Lln +

+(+00m0 In — leQOn)

(+02n + QZm )LOn +
+(00n + DOm )L2n +

+(_00m02n + QZmQOn)

(+03n + 03m)Lln +
+(an + le )L3n +
+(_03m01n + 01m03n)

(_le - an)LOn +
+(_00m - 00n )Lln +

+(+00m0 In — QImQOn)

(+02n + 03m )L2n +
+(Q3n + QZm )L3n +

+(_03m02n + 02m03n)

(LZnLZn +L1nL1n + LOnLOn +L3nL3n) +

+(02n + 02m )L2n + (an + le)Lln + (_QOm - 00n )LOn + (_Q3m - 0311 )L3n +

_(_QZmQZn - legln - QOmQOn - 03n103n)

+(Q3n + Q3m )LOn +
+(_00m - 00n )L3n +

+(_03m00n + 00n103n)

+(_02m - 02n )Lln +
+(an + le )L2n +

+(+le02n - Q2n101n)

(+01n + le )LOn +
+(_00m - 00n )Lln +
+(_00m01n + QImQOn)

(+03n + 03m )L2n +
+(_02m - 02n)L3n +

+(+Q3m02n - Q2n103n)

(+02n + QZm )LOn +
+(_00m - 00n )L2n +

+(_00m02n + QZmQOn)

(_Q3m - 0311)L1n +
+(an + le )L3n +
+(_03m01n + 01m03n)

(+03n + Q3m )LOn +
+(_00m - 00n )L3n +

+(_00m03n + 03n100n)

(_le - an )L2n +
+(02n + QZm )Lln +

+(_01m02n + 02m01n)

+(02n + QZm )Lln +
+(_01m - an)L2n +

+(+le02n - QZmQIn)

+(_03m - 03n )LOn +
+(00n + QOm )L3n +

+(_03m00n + 00m03n)

(_Q3m - 03n )L2n +
+(02n + 02m )L3n +

+(+Q3m02n - 02n103n)

(_le - an )LOn +
+(00n + QOm)Lln +

+(_00m0 n+ leQOn)

(+03n + Q3m)L1n +
+(_01m - an)L3n +
+(_03m01n + legf’in)

(+00n + DOm )L2n +
+(_02m - 02n)L0n +

+(_00m02n + QZmQOn)

(_QZm - QZn )Lln +
+(01n + le)LZn +

+(_01m02n + QZmQIn)

(_Q3m - 0311 )LOn +
+(00n + QOm )L3n +

+(_00m03n + 03m00n)

(LlnLln +L2nL2n + L3nL3n +L0nLOn) +

+(01n + le)Lln + (0211 + 02m)L2n + (0311 + 03m)L3n + (QOn + QOm)LOn +

_(_legln - QZmQZn - 03m03n - QOmQOn)

DpaDam = DDy = ( cl c2 c3 c4 ) (Lym = Lyn)

J
S

J

\

N—

A N

A N

J

0

0

(L2nL2n + LlnLln +L0nL0n + L3nL3n) +
+(_02m - QZn)LZn + (_le - an)Lln + (QOn + QOm)LOn + (03}1 + 03m)L3n +

_(_Q2m02n - leﬂln - QOmQOn - 03m03n)

(LlnLln + L2nL2n +L3nL3n + LOnLOn) +
+(_le - an)Lln + (_02m - 02n)L2n + (_Q3m - 03n)L3n + (_QOm - QOn)LOn +

_(_legln - 02m02n - Q3n103n - QOmQOn)
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cl=
c2=
c3=
c4=
Proof:
DinDan = (1 €2 3 ¢4 ) (Lun = Lun)
where:
/ / (LonLon + L3nL3y + LoyLoy + L1,L1y) +
+(=lon + Com)Lon + (=030 + 03 )L3n + (=l2n + l2m )Lon + (=l1n + U1m) L1 +
~(Lomlon + U3mlzn + Comlon + Uimlin)
\
/ (02 + lom) L1y + (Qon — lom ) L3n + \
+(=lin + Oim)Lon + +(03n — 03m)Lon +
+(01ml2n — loml1y) +(—l3mlon + Comlsn)
(=lon + lom )L3n + (02p = Oom) L1 +
+(—03, + 03 )Lon + +(—lim + U1n)Lon +
\ +(lamlon + lomlzn)  +(Cimlon — lomlin) /
cl=
/ (+l3m = Un)Lin+  (lon + lom)L2n + \
+(01m = 010) L3, + +(lom = l2n)Lon +
+(01ml3n — U3ml1n) +(Uamlon — Lomlan)
(+02n = lam)Lon + (030 = U3m)L1n +
+(lon — lom )Lon + +(=ym + 01n) L3y +

where:

N\

+(02n100n - QOmQZn)

(07, = Uim) Loa +
+(+low — U5, ) L1n +

+(+le06n - QOmQIn)

(+Hlsm =03, ) Low +
+(+Q£n - 02m) L3n +

+(_02m0§n + 03"105n)

+(01m03n - 03n101n) /

(+03, — U3p) Lon +
+<02m - QE,,)LM +

+(_02m0§n + 03"105n)

(+01m - QTn )LOn +
+(05, — lom) L1n +
+(+le06n - QOmQIn)

\

J

0

(LOnLOn + L3nL3n +L2nL2n + LlnLln) +
+(90n - QOm)LOn + (QSn - 03m)L3n + (9271 - 02m)L2n + (an - le)Lln +
_(QOmQOn + 03n103n + QZmQZn + legln)
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c2=

c3=

N\

N\

N\

—

N\

N\

N\

(+sz - an)L1n +
+(le - an )L2n +

+(+02m0 In — QImQZn)

(+03n - Q3m )LOn +
+(00n - QOm )L3n +

+(_00m03n + 03m00n)

(+Q3m - @3,, )Lon +
+(00m - QOn )L3n +

+(_00m03n + 03n100n)

(+02n - Q2m)Lln +
+(an - le )L2n +
+(+02m01n - le02n)

(L3nL3n +L0nLOn + LlnLln +L2nL2n) +

+(03n - Q3m)L3:n + (QOm - QOn)LOn + (an - le)Lln + (QZm - Q211)LZn +

_(03n103n + QOmQOn + legln + QZmQZn)

(+Q3m - @3,, )LG +
+(+02m - 02n )L3n +

+(+92m03n - 03n102n)

(+01m - an )LOn +
+(+Qom — Qon)Lln +

+(_01m00n + 00m01n)

(+02n - QZm )LOn +
+(00m - QOn )L2n +

+(02n100n - QOmQZn)

(+03n - Q3m)Lln +
+(le - an)L3n +
+(le93n - QSmQIn)

(+Q3m - Q3,,)L1n +
+(le - an )L3n +
+(03n101n - 01m03n)

(+02m - 0211 )LOn +
+(00m - QOn )L2n +

+(00m92n - QZmQOn)

(+Q3m - @3,, )LG +
+(02m - 0211 )L3n +

+(+Q3m02n - 02n103n)

(+01n - le)LOn +
+(00n - QOm)Lln +

+(_00m0 In+ leQOn)

(+01n - le )LOn +
+(+00n - QOm)Lln ++
(_QImQOn + QOmQIn)

(+03n - Q3m )L2n +
+(+02n — sz)L3,, +

+(+02m03n - Q3n102n)

(+Q3m - 03n)L1n + \
+(an - le)L3n +
+(01m03n - 03n101n)

(+Q2m - 02n )LOn +
+(00n - QOm )LZn +

+(92m00n - Q0n102n) /

(+02n - QZm)LOn + \
+(90n - QOm)LZn +

+(00m02n - QZmQOn)

(+0»3n - 03m)Lln +
+(01n - le)L3n +

+(93m01n - leQSn) /

(+le - an)Lon +
+(00m - QOn)Lln +

+(_00m0 n + QImQOn)

(+02n - Q3m )L2n +
+(Q3n - QZm )L3n +

+(+Q3m02n - Q2n103n)

(LZnLZn +L1nL1n + LOnLOn +L3nL3n) +

+(02n - Q2m)LZn + (an - le)Lln + (QOm - QOn)LOn + (Q3m - 0311)L3n +

_(QZmQZn + legln + QOmQOn + 03m03n)

+(Q3n - Q3m )LOn +
+(00m - QOn )L3n +

+(+Q3m00n - 00n103n)

+(02m - QZiz)Lln +
+(an - le )L2n +

+(_01m02n + 02m01n)

+(02n - QZm )Lln +
+(le - an )L2n +

+(_01m02n + QZmQIn)

+(Q3m - 0311 )LOn +
+(00n - QOm )L3n +

+(+Q3m00n - QOmQSn)

\

J

\

J

\

J

\

J

0

(L3nL3n + LOnLOn +LlnLln + LZnLZn) +
+(03m - 03n)L3n + (QOn - QOm)LOn + (an - le)Lln + (02m - 02n)L2n +
_(93m03n + QOmQOn + leﬂln + 02m02n)

0

(L2nL2n + LlnLln +L0nL0n + L3nL3n) +
+(02m - 02n)L2n + (le - an)Lln + (QOn - QOm)LOn + (03}1 - 03m)L3n +
_(92m02n + lean + QOmQOn + 03m03n)
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(+01n - le )LOn +
+(00m - QOn)Lln +
+(+90m01n - QImQOn)

(+03n - Q3m )L2n +
+(02m - QZn )L3n +

(+Q3m - @3,, )LG +
+(02n - QZm )L3n +

+(_03m02n + 02n103n)

(+01m - an )LOn +
+(00n - QOm)Lln +

+(_03m02n + 02m03n) +(+00m01n - leQOn) /

N\

(+Q3n - 03m)Lln + \
+(01m - an)L3n +
+(03m01n - legf’in)

(+02n - QZm )LOn +
+(00m - QOn )L2n +

+(00n102n - QZmQOn)

(+03m - 0311 )Lln + (+0»0n - QOm)LZn +

+(an - le )L3n + +(02m - 02}1 )LOn +

\ +(Uzmlin = Cimlzn)  +(loml2n — L2mlon) /
c4=
/ (+03n = U3m)Lon + (+lom = lan )Ly + \
+(lom — lon)L3n + +(U1n — i) Lon +
+(lomlzn = Usmlon)  +(Uimlan — lomli1n)
(+01m — 01p) Loy + (+03m — U34)Lon +
+(l2n = lam)L1p + +(lon — lom)L3n +
\ +(0 1m0y — loml1y) +(Lomlsn — U3mlon) /
/ (LinLin + LanLoy + L3uL3y + LonLon) + \
+(Uin = Cim)Lin + (G = Com)Lon + (U3n = U3 ) L3n + (lon = lom)Lon + O
~(Uymlin + Oomlon + 03030 + Lombon )
(LinLn + LonLon + L3nLsn + LonLon) +
0 +(lim = Uin)Lan + (am = l2n)Lon + (U3 — 030)L3n + (Lom — Lon)Lon +
\ \ —(Uimlyn + Oomloy + 0303, + Lomlon) /

= DpnDam = ( cl c2 c3 c4 ) (flip N’s & m’s) (Lym = L)
where:
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c2=

N\

N\

N\

—

N\

N\

N\

/ (LOnLOn +L3nL3n + LZnLZn +LlnL1n) +

+(_00m + QOn )LOn + (_Q3m + 0311 )L3n + (_02m + 02n )L2n + (_le + an )Lln + 0

_(QOnQOm + 03n03m + 02n02m + anglm)

(_QZm + QZn )Lln +
+(_01m + an)L2n +
+(01n02m - 027101"1)

(_QOm + QOn )L3n +
+(—03m + 03n)L0n +

+(_03n00m + 001103m)

(+03n - Q3m)L1n +
+(01n - le)LSn +
+(01n03m - 037101"1)

(+02m - 0211 )LOn +
+(00m - QOn )L2n +

+(021100m - 00n02m)

(+Qfm - 01,,) Lo, +
+(+low = (g ) L1n +

+(+an06m - 00”0¥m)

<+Q3n - @§m>L2n +
+(+03,, — l2n) L3, +

+(_02n05m + 03”0£m)

(+02n - QZm )Lln +
+(01n - le)LZn +

+(+92n0 Im — anQZm)

(+03m - 0311 )LOn +
+(00m - QOn )L3n +

+(_00n03m + 031100m)

(QOm - QOn)L3n +
+(Q3m - 0311 )LOn +

+(_03n00m + 00n03m)

(02m - 02n)Lln +
+(—01n + 01m)L2,, +
+(011102m - 02n01m)

(_QOm + QOn )LZn + \

+(92n - 02m)L0n +

+(02n00m - QOnQZm)

(+03m - 03n)Lln +
+(_01n + le )L3n +

+(an03m - 031101m) /

(+Q§m - 03,,) Ly, +
+(lon =03, ) Lan +

+(_02n05m + 03”0£m)

(+01n - QTm )LOn +
+(06m - Qo,,) Li, +
+(+an06m - 00”0¥m)

(+03n - Q3m )LOn +
+(00n - QOm )L3n +

+(_00n03m + 03n00m)

(+02m - QZiz)Lln +
+(le - an)LZn +

+(+02n0 Im — Q11102m)

(L3nL3n +L0nLOn + LlnLln +L2nL2n) +

+(Q3m - 0311)L3n + (QOn - QOm)LOn + (le - an)Lln + (0211 - Q2m)LZn +

_(03n03m + QOnQOm + anglm + 027102"1)

(+03n - Q3m )L2n +
+(+02n - 02m)L3n +

+(+92n03m - 03n02m)

(+01n - le)LOn +
+(+Qon — Qom)Ll,, +

+(_01n00m + 001101m)

(+sz - @2,, )Lon +
+(00n - QOm )L2n +

+(02n00m - QOnQZm)

(+03m - 0311)L1n +
+(an - le )L3n +
+(011103m - QSnQIm)

(+le - an)Lon +
+(+00m - 00n )Lln ++
(_anQOm + QOnQIm)

(+03m - 0311 )L2n +
+(+sz — an)L3n +

+(+02n03m - 031102m)

(+Q3n - 03m)Lln + \
+(01m - an)L3n +
+(01n03m - 03n01m)

(+0»2n - 02m )LOn +
+(00m - QOn )LZn +

+(92n00m - Q01102m) /

\

J

\

J
N

J

\

J

)

(LOnLOn + L3nL3n +L2nL2n + LlnLln) +

+(00m - QOn)LOn + (03m - 03n)L3n + (02m - 02n)L2n + (le - an)Lln +

_(QOnQOm + 031193m + 02n02m + anglm)

(L3nL3n + LOnLOn +LlnLln + LZnLZn) +

+(03n - 03m)L3n + (QOm - QOn)LOn + (le - an)Lln + (02}1 - QZm)LZn +

_(93n03m + QOnQOm + anglm + 021102m)
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c4=

\

= DgyDym = ( cl ¢c2 c3 c4 ) (negate M’s) (Lum = L)

N\

N\

N\

—

N\

N\

N\

\

(+03n - Q3m)L1n +
+(01n - le)LSn +
+(03n01m - 01m03n)

(+02n - QZm )LOn +
+(00n - QOm )L2n +

+(001102m - 02n00m)

(+03n - Q3m )L2n +
+(02n - QZm )L3n +

+(+Q3n02m - 02n03m)

(+01m - an )LOn +
+(00m - QOn)Lln +

+(_00n0 Im + 01;100m)

(+02m — U2n)Lon + \
+(om — lon)Lon +
+(lonlom = C2nlom)
(03 — 030)L1n +
+(U1m — U1n)L3n +
+(3nl1m — C1203m) /

(+01n - le )LOn +
+(00n - QOm)Lln +
+(_00n01m + anQOm)

(+02m - 0311 )L2n +
+(Q3m - QZn )L3n +

+(+Q3n02m - 021103m)

(LZnLZn +L1nL1n + LOnLOn +L3nL3n) +

+(02m - Q211)LZn + (le - an)Lln + (QOn - QOm)LOn + (0311 - Q3m)L3:n +

_(02n02m + anglm + QOnQOm + 037103"1)

+(Q3m - 03n )LOn +
+(00n - QOm )L3n +

+(+Q3n00m - 00n03m)

+(02n - Q2m)Lln +
+(le - an)LZn +

+(_01n02m + 021101m)

(+le - an)Lon +
+(00n - QOm)Lln +

+(+QOnQ Im — anQOm)

(+03m - 0311 )L2n +
+(02n - QZm )L3n +

+(_03n02m + 021103m)

(+sz - @2,, )Lon +
+(00n - QOm )L2n +

+(00n02m - QZnQOm)

(+03n - Q3m)Lln +
+(le - an)L3n +
+(031101m - 01n03m)

(+Q3m - @3,, )Lon +
+(00n - QOm )L3n +

+(00n03m - 037100"1)

(+01n - le)LZn +
+(02m - QZn )Lln +
+(011102m - 02n01m)

+(02m - QZn )Lln +
+(01n - le)LZn +

+(_01n02m + QZnQIm)

+(03n - Q3m )LOn +
+(00m - QOn )L3n +

+(+Q3n00m - Q01103m)

(+03n - Q3m )L2n +
+(02m - 0211 )L3n +

+(_03n02m + 02n03m)

(+01n - le)LOn +
+(00m - QOn)Lln +

+(+00n0 Im — an%m)

(+Q3m - 03n)L1n + \
+(an - le)L3n +
+(03n01m - 01n03m)

(+00m - 00n )L2n +
+(02n - QZm)LOn +
+(90n02m - QZnQOm) /

(+02n - QZm)Lln + \
+(01m - an)L2n +

+(01n02m - QZnQIm)

(+0»3n - 03m)L0n +
+(00m - QOn)L3n +

+(90n03m - Q31100m) /

(LlnLln +L2nL2n + L3nL3n +L0nLOn) +

+(le - an)Lln + (QZm - Q211)LZn + (Q3m - 0311)L3n + (QOm - QOn)LOn +

_(anglm + QZnQZm + 03n03m + QOnQOm)

\

J

J
\

J

0

0

(L2nL2n + LlnLln +L0nL0n + L3nL3n) +
+(02n - QZm)LZn + (an - le)Lln + (QOm - QOn)LOn + (03m - 03n)L3n +
_(QZnQZm + anglm + QOnQOm + 031103m)

(LlnLln + L2nL2n +L3nL3n + LOnLOn) +
+(01n - le)Lln + (02}1 - QZm)LZn + (03}1 - 03m)L3n + (QOn - QOm)LOn +
_(anglm + 021192m + 03n03nm + QOnQOm)
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cl=

c2=

where:

N\

N\

N\

—
—

N\

N\

N\

/ / (LOnLOn +L3nL3n + L2nL2n +LlnLln) +
+(00m + QOn )LOn + (Q3m + Q3n )L3n + (QZm + QZn )L2n + (le + an)Lln +

_(_QOnQOm - Q31103m - 02n02m - anglm)

(+02m + 0211)L1n +
+(+ 1 + U1n) Loy +

+(_01n02m + 021101m)

(QOm + QOn)L3n +
+(Q3m + 0311 )LOn +

+(03n00m - 007103"1)

(+03n + 03m)Lln +
+(an + le )L3n +
+(_01n03m + 031101m)

(_QZm - QZn )LOn +
+(_00m - 00n )L2n +

+(_02n00m + QOnQZm)

(_QTm - an) L0n +

+(+lon + 05, ) L1n +

+(—01n06m + Qo,,@fm)

<+03n + 0§m>L2n +
+(_0£m - 02n) L3n +

+(+anQ§m — 03,,05,”)

(+02n + 02m)Lln +
+(an + le )L2n +
+(_02n01m + 011102m)

(_Q3m - 03n )LOn +
+(_00m - 00n )L3n +

+(+QOnQ3m - 03n00m)

(_QOm - QOn )L3n + \
+(_03m - 03m)L0n +

+(+Q3n00m - Q01103m)

(_QZm - QZn )Lln +
+(_01n - le)LZn +

+(_01n02m + QZnQIm)

A N

(00m + QOn )L2n +
+(02n + QZm )LOn +

+(_02n00m + QOnQZm)

(_Q3m - 03n)L1n +
+(_01n - le)L3n +
+(_01n03m + 03n01m) /

(=03, = U3n) Lon + \
+(lon + 03, ) Lan +
+(+02403,, — U3003,,)
(01 + 07,,)Lon +
+(=lom — lon) L1n +
+(=l1nlg,, + lonl7,,) /

(+03n + 03m )LOn + \
+(00n + QOm )L3n +

+(+00n03m - Q31100m)

(_QZm - QZn )Lln +
+(_01m - an)L2n +
+(_02n01m + anQZm) /

(L3nL3n + LOnLOn + LlnLln + L2nL2n) +

+(_03m - 03n)L3n + (QOn + QOm)LOn + (_le - an)Lln + (QZn + QZm)LZn +

_(_03n03m - QOnQOm - anglm - 021102m)

(+03n + 03m )L2n +
+(+lon + U ) L3y +

+(_02n03m + 031102m)

(+01n + le )LOn +
+(+00n + QOm)Lln +
+(+an00m - QOnQIm)

(_QZm - 0211 )LOn +
+(00n + QOm )L2n +

+(_02n00m + QOnQZm)

(_Q3m - 03n)L1n +
+(01n + le)LSn +
+(_01n03m + 03n01m)

(_le - an )LOn + \
+(—00m — Qon)Lln + +
(+011100m - QOnQIm)

(_Q3m - 03n )L2n +
+(_02m - 02n )L3n +

+(_02n03m + 03n02m) /

(+03n + 03m)Lln + \
+(_01m - an)L3n +
+(_01n03m + 031101m)

(+02n + QZm )LOn +
+(_00m - 00n )L2n +
+(_02n00m + QOnQZm) /

0

(LOnLOn + L3nL3n +L2nL2n + LlnLln) +

+(_00m - QOn )LOn + (_03m - 03n )L3n + (_QZm - 0211 )L2n + (_le - an)Lln +

_(_QOnQOm - 03n03m - 02n02m - anglm)

0

(L3nL3n + LOnLOn +L1nL1n + LZnLZn) +

+(93n + 03m)L3n + (_QOm - QOn )LOn + (_le - an)Lln + (9271 + 02m)L2n +

_(_03n03m - QOnQOm - anglm - 027102"1)
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N\

N\

(+03n + Q3m)L1n +
+(01n + le)LSn +
+(_03n01m + legf’in)

(+02n + 02m )LOn +
+(00n + QOm )L2n +

+(_00n02m + 021100m)

(+03n + Q3m )L2n +
+(02n + 02m )L3n +

+(_03n02m + 02n03m)

(_le - an )LOn +
+(_00m - QOn)Lln +

+(+00n0 Im — an%m)

(_QZm - QZn )LOn +
+(_00m - 00n )L2n +

+(_00n02m + QZnQOm)

(_Q3m - 0311)L1n +
+(_01m - an)L3n +
+(_03n01m + 011103m)

(+01n + le )LOn +
+(00n + QOm)Lln +

+(+QOnQ Im — anQOm)

(_QZm - 0311 )L2n +
+(_03m - 02n)L3n +

+(_03n02m + 021103m)

\

J
S

J

(LZnLZn +L1nL1n + LOnLOn +L3nL3n) +
+(_02m - 02n )L2n + (_le - an )Lln + (QOn + DOm )LOn + (0311 + 03m )L3n + 0
_(_QZnQZm - anglm - QOnQOm - 03n03m)

(L2nL2n + LlnLln +L0nL0n + L3nL3n) +
0 +(02n + 02m)L2n + (an + le)Lln + (_QOm - QOn)LOn + (_03m - 03n)L3n +

_(_021102m - anglm - QOnQOm - 03n03m)

c4=

\

= DgnDun = ( cl ¢c2 c3 c4 ) (negate m’s) (L = Lun)

N\

—

N\

N\

N\

\

+(_03m - 03n)L0n +
+(00n + DOm )L3n +

+(_03n00m + 00n03m)

+(02n + 02m)Lln +
+(_01m - an)LZn +

+(+an02m - 021101m)

(_le - an)LOn +
+(00n + QOm)Lln +

+(_00n0 1m + anQOm)

(_Q3m - 0311 )L2n +
+(02n + QZm )L3n +

+(+Q3n02m - 021103m)

(_QZm - QZn )LOn +
+(00n + DOm )L2n +

+(_00n02m + QZnQOm)

(+03n + 03m)Lln +
+(_01m - an)L3n +
+(_03n01m + 011103m)

(_Q3m - 03n )LOn +
+(00n + DOm )L3n +

+(_00n03m + 03n00m)

(+01n + le)LZn +
+(_02m - 02n)L1n +

+(_01n02m + 021101m)

+(_02m - 02n)L1n +
+(01n + le)LZn +

+(+an02m - QZnQIm)

+(03n + 03m )LOn +
+(_00m - QOn)L3n +

+(_03n00m + 001103m)

(+03n + Q3m )L2n +
+(_02m - 02n )L3n +

+(+Q3n02m - 02n03m)

(+01n + le)LOn +
+(_00m - QOn)Lln +

+(_00n0 Im + 01;100m)

(_Q3m - 03n)L1n +
+(01n + le)LSn +
+(_03n01m + 01n03m)

(_QOm - QOn )L2n +
+(02n + QZm )LOn +

+(_00n02m + 021100m)

(+02n + QZm )Lln +
+(_01m - an)L2n +

+(_01n02m + QZnQIm)

(+03n + 03m )LOn +
+(_00m - QOn)L3n +

+(_00n03m + 031100m)

(LlnLln +L2nL2n + L3nL3n +L0nLOn) +

+(_01m - an)Lln + (_QZm - 0211 )L2n + (_03m - 03n )L3n + (_QOm - QOn )LOn +

_(_anglm - 02n02m - 03n03m - QOnQOm)

N—

A N

A N

J

(LlnLln + L2nL2n +L3nL3n + LOnLOn) +

+(01n + le)Lln + (02}1 + 02m)L2n + (03}1 + 03m)L3n + (QOn + QOm)LOn +

_(_011101m - 02n02m - Q31103:nm - QOnQOm)
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cl=

where:

N\

N\

N\

—
—

N\

/ / (LOnLOn +L3nL3n + L2nL2n +LlnLln) +
+(_00n - QOm)LOn + (_03n - Q3m)L3n + (_02}1 - QZm)LZn + (_an - le)Lln +

_(_QOmQOn - Q3n103n - 02m02n - legln)

(_0211 - Q2m)Lln +
+(_01n - le)LZn +

+(_01m02n + 02m01n)

(_QOn - QOm )L3n +
+(_03n - 03m)L0n +

+(+Q3m00n - 00n103n)

(_Q3m - 0311)L1n +
+(_01m - an)L3n +
+(_01m03n + 03m01n)

(+02n + QZm )LOn +
+(00n + DOm )L2n +

+(_02m00n + QOmQZn)

(+07, + Uim) Lon +
+<—00m — 06n>L1,, +
+(_01m06n + 00"101n)

(—lsm —03,)Low +
+(+03, + lom) L3y +

+(+92m0§n - 03"105n)

(_QZm - QZiz)Lln +
+(_01m - an)LZn +
+(_02m01n + 01m02n)

(+03n + Q3m )LOn +
+(00n + DOm )L3n +

+(+QOmQ3n - 03n100n)

(QOn + QOm)L3n + \
+(Q3n + Q3m )LOn +

+(+Q3m00n - QOmQSn)

(02}1 + 02m)Lln +
+(+le + an)L2n +
+(_01m02n + QZmQIn) /

(_QOn - QOm )L2n + \
+(_02m - 02n)L0n +

+(_02m00n + 00m02n)

(+03n + Q3m)L1n +
+(+le + an)L3n +
+(_01m03n + 03n101n) /

(+03, + U3m) Lon + \
+(=lom =5, ) Lan +
+(+loml3, — l3ml3,)

(=lim —03,)Lon +

+(05, + lom) L1n +
+(=limly, + loml7,) /

(_Q3m - 0311 )LOn + \
+(_00m - QOn)L3n +

+(+00m03n - Q3n100n)

(+02n + QZm )Lln +
+(01n + le)LZn +
+(_02m01n + QImQZn) /

(L3nL3n + LOnLOn + LlnLln + L2nL2n) +

0

(LOnLOn + L3nL3n +L2nL2n + LlnLln) +

+(90n + QOm)LOn + (QSn + 03m)L3n + (9271 + 02m)L2n + (an + le)Lln +

_(_QOmQOn - 03m03n - QZmQZn - legln)

+(Q3n + Q3m )L3n + (_QOm - QOn )LOn + (an + le)Lln + (_QZm - QZn )L2n + 0
_(_03m03n - QOmQOn - leﬂln - Q2n102n)
(L3nL3n + LOnLOn +L1nL1n + LZnLZn) +
0 +(_Q3m - 0311 )L3n + (QOn + DOm )LOn + (an + le)Lln + (_02m - 02n )L2n +
_(_03n103n - QOmQOn - legln - QZmQZn)

c2=

N\

N\

(_Q3m - 0311 )L2n +
+(_02m - 02n)L3n +

+(_02m03n + 03m02n)

(_le - an)LOn +
+(_00m - 00n )Lln +

+(+le00n - QOmQIn)

(+02n + 02m )LOn +
+(_00m - QOn )LZn +

+(_02m00n + 00m02n)

(+03n + Q3m)L1n +
+(_01m - an)L3n +
+(_01m03n + 03n101n)

(+01n + le)LOn + \
+(+lon + lom ) L1n + +
(+01m00n - QOmQIn)

(+03n + Q3m )L2n +
+(+02n + 02m)L3n +
+(_02m03n + 03n102n) /

(_Q3m - 0311)L1n + \
+(an + le )L3n +
+(_01m03n + 03m01n)

(+sz - @2,, )Lon +
+(00n + DOm )L2n +
+(_02m00n + QOmQZn) /
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c4=

\

= DpnDum * DpmDan = ( cl c2 c3 c4 ) (nm’s £ mn’'s) (Lun = Lun)

N\

N\

N\

—

N\

N\

N\

\

(_Q3m - 03n)L1n +
+(_01m - an)L3n +
+(_03m01n + legf’in)

(_QZm - 0211 )LOn +
+(_00m - QOn )LZn +

+(_00m02n + QZmQOn)

(_Q3m - 03n )L2n +
+(_02m - 02n )L3n +

+(_03m02n + 02n103n)

(+01n + le)LOn +
+(00n + QOm)Lln +

+(+00m0 In — leQOn)

(+02n + QZm )LOn +
+(00n + DOm )L2n +

+(_00m02n + QZmQOn)

(+03n + 03m)Lln +
+(an + le )L3n +
+(_03m01n + 01m03n)

(_le - an)LOn +
+(_00m - 00n )Lln +

+(+00m0 In — QImQOn)

(+02n + 03m )L2n +
+(Q3n + QZm )L3n +

+(_03m02n + 02m03n)

(LZnLZn +L1nL1n + LOnLOn +L3nL3n) +

+(02n + 02m )L2n + (an + le)Lln + (_QOm - 00n )LOn + (_Q3m - 0311 )L3n +

_(_QZmQZn - legln - QOmQOn - 03n103n)

+(Q3n + Q3m )LOn +
+(_00m - 00n )L3n +

+(_03m00n + 00n103n)

+(_02m - 02n )Lln +
+(an + le )L2n +

+(+le02n - Q2n101n)

(+01n + le )LOn +
+(_00m - 00n )Lln +
+(_00m01n + QImQOn)

(+03n + 03m )L2n +
+(_02m - 02n)L3n +

+(+Q3m02n - Q2n103n)

(+02n + QZm )LOn +
+(_00m - 00n )L2n +

+(_00m02n + QZmQOn)

(_Q3m - 0311)L1n +
+(an + le )L3n +
+(_03m01n + 01m03n)

(+03n + Q3m )LOn +
+(_00m - 00n )L3n +

+(_00m03n + 03n100n)

(_le - an )L2n +
+(02n + QZm )Lln +

+(_01m02n + 02m01n)

+(02n + QZm )Lln +
+(_01m - an)L2n +

+(+le02n - QZmQIn)

+(_03m - 03n )LOn +
+(00n + QOm )L3n +

+(_03m00n + 00m03n)

(_Q3m - 03n )L2n +
+(02n + 02m )L3n +

+(+Q3m02n - 02n103n)

(_le - an )LOn +
+(00n + QOm)Lln +

+(_00m0 n+ leQOn)

(+03n + Q3m)L1n +
+(_01m - an)L3n +
+(_03m01n + legf’in)

(+00n + DOm )L2n +
+(_02m - 02n)L0n +

+(_00m02n + QZmQOn)

(_QZm - QZn )Lln +
+(01n + le)LZn +

+(_01m02n + QZmQIn)

(_Q3m - 0311 )LOn +
+(00n + QOm )L3n +

+(_00m03n + 03m00n)

(LlnLln +L2nL2n + L3nL3n +L0nLOn) +

+(01n + le)Lln + (0211 + 02m)L2n + (0311 + 03m)L3n + (QOn + QOm)LOn +

_(_legln - QZmQZn - 03m03n - QOmQOn)

J
S

J

\

N—

A N

A N

J

0

0

(L2nL2n + LlnLln +L0nL0n + L3nL3n) +
+(_02m - QZn)LZn + (_le - an)Lln + (QOn + QOm)LOn + (03}1 + 03m)L3n +

_(_Q2m02n - leﬂln - QOmQOn - 03m03n)

(LlnLln + L2nL2n +L3nL3n + LOnLOn) +
+(_le - an)Lln + (_02m - 02n)L2n + (_Q3m - 03n)L3n + (_QOm - QOn)LOn +

_(_legln - 02m02n - Q3n103n - QOmQOn)
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cl=

/

I+

\

N\

N\

N\

where:

’

N\

N\

N\

\

(LOnLOn + L3nL3n + L2nL2n + LlnLln) +
+(_00m + QOn)LOn + (_Q3m + Q3n)L3n + (_02m + 02n)L2n + (_le + an)Lln +
_(QOnQOm + 03n03m + 021192m + anﬂlm)

(_QZm + 0211 )Lln + (00m - 00n )L3n + \
+(_01m + an)LZn + +(Q3m - Q3m )LOn +

+(011102m - 02n01m) +(_03n00m + 001103m)

(_QOm + QOn)L3n + (02m - 02n)L1n +
+(_03m + 03n )LOn + +(_01n + le)LZn +
+(_03n00m + 00n03m) +(01n02m - 027101"1) /

(+03n - Q3m )Lln + (_QOm + QOn )L2n + \
+(an - le )L3n + +(02n - 02m )LOn +
+(011103m - QSnQIm) +(92n00m - Q01102m)

(+02m - QZn )LOn + (+Q3m - 03}1 )Lln +
+(00m - QOn )L2n + +(_01n + le)LSn +
+(02n00m - QOnQZm) +(01n03m - 03n01m) /

(+0Tm - an) LOn + (+0§m - 03;1) L2n + \
+(+on = 0o )Lin+  +(lan =103, ) L3n +
+(+an06m - QOnQTm) +(_02n0§m + 03"05m)

<+03n - Q§m>L2n + (+an - QTm )LOn +
+(+Q£m - 02n) L3n + +(06m - QOn) Lln +
+(_02n05m + 03n05m) +(+an06m - QO"QIm) /

/ (LOnLOn + L3nL3n + L2nL2n + LlnLln) +

+(_00n + QOm)LOn + (_03n + Q3m)L3n + (_02}1 + 02m)L2n + (_an + le)Lln +
_(QOmQOn + 03m03n + 02m02n + legln)

(_0211 + 02m )Lln + (QOn - QOm)L3n + \
+(_01n + le)LZn + +(Q3n - Q3m )LOn +

+(le92n - QZmQIn) +(_03m00n + 00m03n)

(_QOn + QOm)L3n + (02}1 - QZm)Lln +
+(_03n + 03m)L0n + +(_01m + an)L2n +
+(_03m00n + 00n103n) +(01m@2n - QZmQIn) /

(+03m - 0311 )Lln + (_QOn + QOm)LZn + \
+(le - an)L3n + +(02m - 02}1 )LOn +
+(le93n - QSmQIn) +(92m00n - Q0n102n)

(+02n - QZm )LOn + (+Q3n - 03m )Lln +
+(00n - QOm )L2n + +(_le + an )L3n +
+(02n100n - QOmQZn) +(01m03n - 03n101n) /

(+07, = Uym) Lon + (+03, — U3m) Loy + \
+(+Homw =G )Lin+  +(low — (3, ) L3y +
+(+le06n - QOmQIn) +(_02m0§n + 03"105n)

(Hsm =) Low+  (Him — 07,)Lon +
+(+03, = lom) L3 + +(0o, = lom) L1n +
+(_02m0§n + 03n105n) +(+le06n - QOmQIn) /

0

0

(LOnLOn + L3nL3n +L2nL2n + LlnLln) +

+(00m - QOn)LOn + (03m - 03n)L3n + (02m - 02n)L2n + (le - an)Lln +

_(QOnQOm + 03n03m + QZnQZm + anglm)

(LOnLOn + L3nL3n +L2nL2n + LlnLln) +

+(90n - QOm)LOn + (QSn - 03m)L3n + (9271 - 02m)L2n + (an - le)Lln +

_(QOmQOn + 03n103n + QZmQZn + legln)
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Y

N\

N\

[(LOnLOn t LOnLOn) + (L3nL3n iL3nL3n) + (LZnLZn t LZnLZn) + (LlnLln iLlnLln)] +

+|:(_00m + 0011) t (_QOn + DOm)]LOn + [(_Q3m + 0311) t (_0311 + 03m)]L3n +

+|:(_02m + QZn) t (_QZn + QZm)]LZn + [(_le + an) t (_an + le)]Lln +

_[(QOnQOm t QOmQOn) + (031103m t 03m03n) + (QZnQZm t 02m02n) + (011101m t legln)]

[(_QZm + 02}1) t (_02}1 + QZm)]Lln +
+|:(_le + an) t (_an + Dlm)]L2n +
+|:(01n02m - QZnQIm) t (leQZn - QZmQIn)]

[(_QOm + QOn) t (—Qon + Qom)]Lg,n +
+[ (=03 + 03,) £ (=03, + 03) | Lon +

+|:(_Q31100m + 00n03m) t (_Q3m00n + 00m03n)]

[(+03n - 03m) t (+Q3m - 03}1)][41}1 +
+|:(01n - le) t (le - an)]L3n +
+|:(01n03m - 03n01m) t (01m03n - 03m01n)]

[(+02m - 02n) t (+0»2n - 02m)]L0n +
+|:(00m - QOn) t (QOn - QOm)]LZn +
+|:(02n00m - Q01102m) t (Q2m90n - 00m02n)]

[("‘QTm - an) * ("'QIn - le)] Lon +
+[ (+lon = 05,,) £ (Hlom —05,) JLin +

+[(+011105m - QOnQTm) * (+01m05n - QOmQTn)]

[ =) & (o =65,) T +
(405, — 02n) £ (+05, = 2)] L3n +

+[(_02n@§m + 03,,05,") * (_02m0§n + QSmQEn)]

*

[(Com = lon) £ (Lon — Lom ) ]L3n +
+[(Q3m - Q3m) + (03n - 03m)]L0n +
+(_03n00m + 00n03m) t (_03m00n + 00m03n)

[(02m - 02n) t (0211 - QZm)]Lln +
+[(—01n + le) + (—01,” + 01n)]L2n +
+[(011192m - 02n01m) t (le02n - Q2n101n)]

\

[(_QOm + QOn) * (_QOn + QOm)]LZn +
+[(Q2n - Q2m) * (02m - 02n)]L0n +
+[(02n00m - QOnQZm) t (QZmQOn - Q0m02n):|

[(+03m - 0311) t (+03n - Q3m)]Lln +
+[(—01n + le) + (—01,” + 01n)]L3n +
+[(011193m - QSnQIm) t (le03n - Q3n101n)] /

[(+Q§m - 03") * (+0§n - 03’")] LZ" +
+[ (ban = 103,,) + (lom = 03,) JLan +
+[(_02n05m + 031105m) * (_02m05n + 03m05n)]

[(+01n = 07,) £ (Fl1m = 03,) 1Lon +
+[(06m - QOn) * (06n - QOm)] Lin+
+[(+an06m - Q0110Im) * (+le06n - QOmQIn)]

[(LonLon £ LonLon) + (L3nLsn £ L3nL3n) + (LanLon £ Loy
+[Wom — Con) £ (Low — Com) 1Lon + [(U3m — 03,) £ (03, — (3,
+[(lom = lan) £ (l2n = lom) JLon + [(Lrm — l1n) £ (U1n = L1y
—[Wonlom £ Lomlon) + (3403 £ 03 03,) + (L2nlom £ U2mlay

\

J

J
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c2=

I+

N\

N\

N\

N\

N\

N\

\

(+02n - QZm )Lln +
+(01n - le)LZn +

+(+92n0 Im — anQZm)

(+03m - 0311 )LOn +
+(00m - QOn )L3n +

+(_00n03m + 031100m)

(+03n - Q3m )LOn +
+(00n - QOm )L3n +

+(_00n03m + 03n00m)

(+02m - QZiz)Lln +
+(le - an)LZn +
+(+02n01m - Q11102m)

(L3nL3n +L0nLOn + LlnLln +L2nL2n) +

+(Q3m - 0311)L3n + (QOn - QOm)LOn + (le - an)Lln + (0211 - Q2m)LZn +

_(03n03m + QOnQOm + anglm + 027102"1)

(+03n - Q3m )L2n +
+(+02n - 02m)L3n +

+(+92n03m - 03n02m)

(+01n - le)LOn +
+(+Qon — Qom)Ll,, +

+(_01n00m + 001101m)

(+le - an)Lon +
+(+00m - 00n )Lln +
(_anQOm + QOnQIm)

(+03m - 0311 )L2n +
+(+sz — an)L3n +

\

J

\

(+sz - @2,, )Lon +
+(00n - QOm )L2n +

+(02n00m - QOnQZm)

(+03m - 0311)L1n +
+(an - le )L3n +
+(011103m - QSnQIm)

(+sz - an)L1n +
+(le - an )L2n +

+(+02m0 In — QImQZn)

(+03n - Q3m )LOn +
+(00n - QOm )L3n +

+(_00m03n + 03m00n)

+(+02n03m - 031102m) /

(+Q3n - 03m)Lln + \
+(01m - an)L3n +
+(01n03m - 03n01m)

(+0»2n - 02m )LOn +
+(00m - QOn )LZn +
+(92n00m - Q01102m) /

(+03m - 03n )LOn + \
+(00m - QOn )L3n +

+(_00m03n + 03n100n)

(+02n - Q2m)Lln +
+(an - le )L2n +

+(+02m01n - le02n) /

(L3nL3n +L0nLOn + LlnLln +L2nL2n) +

+(03n - Q3m)L3:n + (QOm - QOn)LOn + (an - le)Lln + (QZm - Q211)LZn +

_(03n103n + QOmQOn + legln + QZmQZn)

(+Q3m - @3,, )LG +
+(+02m - 02n )L3n +

+(+92m03n - 03n102n)

(+01m - an )LOn +
+(+Qom — Qon)Lln +
+(_01m00n + 00m01n)

(+02n - QZm )LOn +
+(00m - QOn )L2n +

+(02n100n - QOmQZn)

(+03n - Q3m)Lln +
+(le - an)L3n +
+(le93n - QSmQIn)

(+01n - le )LOn + \

+(+00n - QOm)Lln ++
(_QImQOn + QOmQIn)

(+03n - Q3m )L2n +
+(+02n — sz)L3,, +

+(+02m03n - Q3n102n) /

(+Q3m - 03n)L1n + \
+(an - le)L3n +
+(01m03n - 03n101n)

(+Q2m - 02n )LOn +
+(00n - QOm )LZn +
+(92m00n - Q0n102n) /

0

(L3nL3n + LOnLOn +LlnLln + LZnLZn) +

+(03n - 03m)L3n + (QOm - QOn)LOn + (le - an)Lln + (02}1 - QZm)LZn +

_(93n03m + QOnQOm + anglm + 021102m)

0

(L3nL3n + LOnLOn +LlnLln + LZnLZn) +

+(03m - 03n)L3n + (QOn - QOm)LOn + (an - le)Lln + (02m - 02n)L2n +

_(93m03n + QOmQOn + leﬂln + 02m02n)
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N\

N\

N\

[(+02n - 02m) t (+02m - QZn)]Lln + [(+03n - Q3m) t (+03m - Q3n)]L0n + \
+|:(01n - le) + (le - an)]L2n + +[(00n - QOm) + (00m - QOn)]LSn +
+|:(+02n01m - anQZm) t (+02m01n - leQZn)] +[(_00n03m + 03n00m) t (_00m03n + 03m00n):|

[(+03m - 03n) t (+0»3n - 03m)]L0n + [(+02m - 0211) + (+02n - QZm)]Lln +
+|:(00m - QOn) * (QOn - QOm)]L3n + +[(le - an) + (an - le)]LZn +
+|:(_001103m + QSnQOm) t (_QOmQSn + QSmQOn)] +[(+02n01m - Q11102m) t (+02m01n - le02n)] /

[(L3nLsn £ L3uL3n) + (LonLon £ LonLon) + (L1nL1n £ LinLin) + (LanLon £ LoyLon)] +
[ U3 — 03) £ (U3 = U3 ) [ L3n + [(Lon — lom ) £ (Lom — Lon) [Lon +

H(Cm = l1n) £ Qi = Oim) Jrn + [(C2n = lom) £ (b2 — l2n) ]L2n +

—[03n03m £ 03m03,) + Qonlom £ Lomlon) + (Linlim £ 0imlin) + (C2nlom £ 02mlay)]

[(L3nL3n £ L3uL3,) + (LonLon £ LouLon) + (L1nL1n £ L1,L
(03 = U3m) £ (U3 — 030) 1L30 + [(Lom — Lon) £ (Lon — Com)
H (= 1n) £ Ui = Cim) Jan + [(C2n = lom) £ (l2m — (20
—[(03n03m £ 03m03,) + (Lonlom £ Lomlon) + (C1nlim £ Cimlin)

[(+03n - 03m) t (+Q3m - 03}1)][42}1 + [(+le - an) t (+01n - le)]LOn + \
+|:(+02n - Q2m) t (+02m - 0211)]L3n + +[(+0»0m - QOn) + (+0»0n - QOm)]Lln +
+|:(+02n03m - 03n02m) t (+02m03n - 03m02n)] +[(_01n00m + QOnQIm) t (_leQOn + QOmQIn)]

[(+an - le) t (+le - an)]LOn + [(+03m - 0311) + (+03n - Q3m)]LZn +
+[(+lon — lom) £ (+0om — lon) L1, + H (Hlom — 02) £ (+02y — O2) L3 +
+|:(_011100m + QOnQIm) t (_leQOn + QOmQIn)] +[(+02n03m - 031102m) t (+02m03n - Q3n102n)] /

[(+02m - 02}1) t (+02n - 02m):|LOn + [(+03n - Q3m) t (+03m - Q3n)]Lln + \
+|:(00n - 00m) + (QOm - 0011)]L2n + +[(le - an) + (an - le)]LSn +
+|:(02n00m - QOnQZm) t (QZmQOn - QOmQZn)] +[(01n03m - 03n01m) t (01m03n - Q3m01n):|

[(+03m - 03n) t (+0»3n - 03m)]Lln + [(+02n - Q2m) + (+02m - 0211)]11011 +
+|:(01n - le) * (le - an)]L3n + +[(00m - QOn) s (QOn - QOm)]LZn +
+|:(01n03m - 031101m) t (leQSn - QSmQIn)] +[(02nQOm - 00n02m) t (QZmQOn - QOmQZn)] /
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I+

N\

N\

N\

N\

N\

N\

\

(+03n - Q3m)L1n +
+(01n - le)LSn +
+(03n01m - 01m03n)

(+02n - QZm )LOn +
+(00n - QOm )L2n +

+(001102m - 02n00m)

(+03n - Q3m )L2n +
+(02n - QZm )L3n +

+(+Q3n02m - 02n03m)

(+01m - an )LOn +
+(00m - QOn)Lln +

+(_00n0 Im + 01;100m)

(+02m - 02n)L0n +
+(00m - 00n )L2n +

+(00n02m - QZnQOm)

(+03m - 03n)Lln +
+(01m - an)L3n +

+(93n01m - Q11103m) /

(+01n - le )LOn +
+(00n - QOm)Lln +

+(_00n0 1m + anQOm)

(+02m - 0311 )L2n +
+(Q3m - QZn )L3n +

+(+Q3n02m - 021103m) /

(LZnLZn +L1nL1n + LOnLOn +L3nL3n) +

+(02m - Q211)LZn + (le - an)Lln + (QOn - QOm)LOn + (0311 - Q3m)L3:n +

_(02n02m + anglm + QOnQOm + 037103"1)

+(Q3m - 03n )LOn +
+(00n - QOm )L3n +

+(+Q3n00m - 00n03m)

+(02n - Q2m)Lln +
+(le - an)LZn +

+(_01n02m + 021101m)

(+Q3m - Q3,,)L1n +
+(le - an )L3n +
+(03n101n - 01m03n)

(+02m - 0211 )LOn +
+(00m - QOn )L2n +

+(00m92n - QZmQOn)

(+Q3m - @3,, )LG +
+(02m - 0211 )L3n +

+(+Q3m02n - 02n103n)

(+01n - le)LOn +
+(00n - QOm)Lln +

+(_00m0 In+ leQOn)

+(02m - QZn )Lln +
+(01n - le)LZn +

+(_01n02m + QZnQIm)

+(03n - Q3m )LOn +
+(00m - QOn )L3n +

+(+Q3n00m - Q01103m) /

(+02n - QZm)LOn + \
+(90n - QOm)LZn +

+(00m02n - QZmQOn)
(+0»3n - 03m)Lln +
+(01n - le)L3n +
+(93m01n - leQSn) /

(+le - an)Lon +
+(00m - QOn)Lln +

+(_00m0 n + QImQOn)

(+02n - Q3m )L2n +
+(Q3n - QZm )L3n +

+(+Q3m02n - Q2n103n)

(LZnLZn +L1nL1n + LOnLOn +L3nL3n) +

+(02n - Q2m)LZn + (an - le)Lln + (QOm - QOn)LOn + (Q3m - 0311)L3n +

_(QZmQZn + legln + QOmQOn + 03m03n)

+(Q3n - Q3m )LOn +
+(00m - QOn )L3n +

+(+Q3m00n - 00n103n)

+(02m - QZiz)Lln +
+(an - le )L2n +

+(_01m02n + 02m01n)

+(02n - QZm )Lln +
+(le - an )L2n +

+(_01m02n + QZmQIn)

+(Q3m - 0311 )LOn +
+(00n - QOm )L3n +

+(+Q3m00n - QOmQSn)

\

J

\

J

\

0

(L2nL2n + LlnLln +L0nL0n + L3nL3n) +

+(02n - QZm)LZn + (an - le)Lln + (QOm - QOn)LOn + (03m - 03n)L3n +

_(QZnQZm + anglm + QOnQOm + 031103m)

\

0

(L2nL2n + LlnLln +L0nL0n + L3nL3n) +
+(02m - 02n)L2n + (le - an)Lln + (QOn - QOm)LOn + (03}1 - 03m)L3n +
_(92m02n + lean + QOmQOn + 03m03n)
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N\

N\

[(+03n - 03m) t (+Q3m - 03}1)][41}1 + [(+02m - QZn) t (+02n - QZm)]LOn + \
+|:(01n - le) + (le - an)]L3n + +[(00m - QOn) + (QOn - QOm)]LZn +
+|:(03n01m - 01m03n) t (03m01n - 01m03n)] +[(00n02m - QZnQOm) t (QOmQZn - QZmQOn)]

[(+02n - 02m) t (+Q2m - QZn)]LOn + [(+03m - 0311 t (+03n - Q3?)1))]14111 +
+|:(00n - QOm) t (QOm - QOn)]LZn + +[(le - an) t (an - le)]L3n +
+|:(00n02m - QZnQOm) t (QOmQZn - 02m00n)] +[(Q3anm - 01n03m) t (QSmQIn - leQSn)] /

[(+03n - 03m) t (+Q3m - 03}1)][42}1 + [(+01n - le) t (+le - an)]LOn + \
+|:(02n - 02m) + (QZm - 0211)]L3n + +[(00n - QOm) + (00m - QOn)]Lln +
+[(+03n02m - 02n03m) t (+03m02n - 02m03n)] +[(_00n01m + anQOm) t (_QOmgln + leQOn)]

[(+le - an) t (+0»1n - le)]LOn + [(+02m - 0311) + (+02n - Q3m)]LZn +
+|:(00m - QOn) t (QOn - QOm)]Lln + +[(Q3m - Q2n t (03}1 - 02m))]L3n +
+|:(_001101m + anQOm) t (_00m01n + leQOn)] +[(+03n02m - 021103m) t (+03m02n - Q2n103n)] /

[(LanLon £ LonLon) + (LinLin £ LinLyn) + (LonLon £ LonLon) + (L3nLsn £ L3sL3n)] +
[ Uam — 02y) £ (U2 — Com) [ Lon + [(U1m — C1y) £ (01 — Oy ) 1L 1n +

+[(Lon = Com) £ (Lom — o) 1Lon + [(U3n = l3m) £ (U3 — 30) ]L30 +

—[(02nlom £ 02mloy) + (C1nlim £ Cimlin) + (Lonlom £ Limlin) + (03003 £ C1mlin))]

[(LanLon £ LanLon) + (LinLin £ LinLyy) + (LonLon £ Lo
(0o = o) £ (o — 20) 1 Lon + [(U1n = Ui ) £ (Ui — U1
+[(Lom = Lon) £ (Lon = Lom) 1Lon + [(U3m — U3n) £ (U3n — U3 )
—[((C2nlom £ Uomlon) + (C1ylim £ Cimlin) + (Lonlom £ Cimlin

N\

+|:(03m - 03}1) t (Q3n - Q3m)]LOn +
+|:(00n - 00m) t (QOm - 0011)]L3n +
+|:(+03n00m - 00n03m) t (+03m00n - 00m03n)]

+|:(02n - 02m) t (QZm - 0211)]Lln +
+|:(01m - an) t (an - le)]LZn +
+|:(_011102m + 02n01m) t (_le02n + 02m01n)]

+[(02m - QZn) t (02}1 - 02m):|L1n + \
+[(an - le) * (le - an)]L2n +
+[(_01n02m + QZnQIm) t (_leQZn + QZmQIn)]

+[(Q3n - Q3m) * (03m - 03n)]L0n +
+[(00m - QOn) x (QOn - QOm)]L3n +

+[(+03n00m - Q01103m) t (+03m00n - QOmQSn)] /
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I+

N\

N\

N\

/ (+le - an)LOn +
+(00n - QOm)Lln +
+(+90n01m - anQOm)

(+03m - 0311 )L2n +
+(02n - QZm )L3n +

+(_03n02m + 021103m)

N\

(+sz - @2,, )Lon +
+(00n - QOm )L2n +

+(00n02m - QZnQOm)

(+03n - Q3m)Lln +
+(le - an)L3n +

+(031101m - 01n03m)

N\

(+Q3m - @3,, )Lon +
+(00n - QOm )L3n +

+(00n03m - 037100"1)

(+01n - le)LZn +
+(02m - QZn )Lln +

+(011102m - 02n01m)

N\

\

(+01n - le )LOn +
+(00m - QOn)Lln +

+(+00m0 In — QImQOn)

(+03n - Q3m )L2n +
+(02m - QZn )L3n +

+(_03m02n + 02m03n)

(+02n - QZm )LOn +
+(00m - QOn )L2n +

+(00n102n - QZmQOn)

(+03m - 0311)L1n +
+(an - le )L3n +
+(Q3m91n - 01m03n)

(+03n - Q3m )LOn +
+(00m - QOn )L3n +

+(00n103n - 03m00n)

(+01m - an )L2n +
+(02n - QZm )Lln +
+(le92n - QZmQIn)

(+03n - Q3m )L2n +
+(02m - 0211 )L3n +

+(_03n02m + 02n03m)

(+01n - le)LOn +
+(00m - QOn)Lln +

+(+00n01m - an%m) /

(+Q3m - 03n)L1n + \

+(an - le)L3n +
+(03n01m - 01n03m)

(+00m - 00n )L2n +
+(02n - QZm)LOn +

+(90n02m - QZnQOm) /

(+02n - QZm)Lln + \

+(01m - an)L2n +
+(01n02m - QZnQIm)

(+0»3n - 03m)L0n +
+(00m - QOn)L3n +

+(90n03m - Q31100m) /

(LlnLln +L2nL2n + L3nL3n +L0nLOn) +
+(le - an)Lln + (QZm - Q211)LZn + (Q3m - 0311)L3n + (QOm - QOn)LOn +
_(anglm + QZnQZm + 03n03m + QOnQOm)

(+Q3m - @3,, )LG +
+(02n - QZm )L3n +

+(_03m02n + 02n103n)

(+01m - an )LOn +
+(00n - QOm)Lln +

+(+00m01n - leQOn) /

(+Q3n - 03m)Lln + \
+(01m - an)L3n +
+(03m01n - legf’in)

(+0»0n - QOm )L2n +
+(02m - 02n)L0n +

+(90m02n - QZmQOn)

A N

(+02m - 02n)L1n +
+(an - le)LZn +
+(01m02n - QZmQIn)

(+03m - 03n )LOn +
+(00n - QOm)L3n +
+(90m03n - Q3n100n) /

(LlnLln +L2nL2n + L3nL3n +L0nLOn) +

0

(LlnLln + L2nL2n +L3nL3n + LOnLOn) +

+(01n - le)Lln + (02}1 - QZm)LZn + (03}1 - 03m)L3n + (QOn - QOm)LOn +

_(anglm + 021192m + 03n03nm + QOnQOm)

+(01n - le)Lln + (0211 - Q2m)LZn + (0311 - Q3m)L3:n + (QOn - QOm)LOn + 0
_(legln + QZmQZn + 03n103n + QOmQOn)

(LlnLln + L2nL2n +L3nL3n + LOnLOn) +
0 +(01m - an)Lln + (02m - 02n)L2n + (03m - 03n)L3n + (QOm - QOn)LOn +
_(legln + 02m02n + 03m03n + QOmQOn)
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\

N\

N\

N\

\

[(+le - an) t (+01n - le)]LOn +
+|:(00n - 00m) t (QOm - QOn)]Lln +
+|:(+00n01m - anQOm) t (+00m01n - leQOn)]

[(+03m - 03n) t (+0»3n - 03m)]L2n +
+|:(02n - 02m) t (QZm - QZn)]L3n +
+|:(_Q31102m + 02n03m) t (_Q3m02n + 02m03n)]

[(+02m - 02}1) t (+02n - 02m):|LOn +
+|:(00n - 00m) t (QOm - 0011)]L2n +
+|:(00n02m - QZnQOm) t (QOmQZn - QZmQOn)]

[(+03n - 03m) t (+03m - 03n)]Lln +
+|:(01m - an) t (an - le)]L3n +
+|:(03n01m - Q11103m) t (Q3m91n - 01m03n)]

[(+Q3m - 03}1) t (+Q3n - 03m):|LOn +
+|:(00n - 00m) t (QOm - 0011)]L3n +
+|:(00n03m - 03n00m) t (00m03n - 03m00n)]

[(+an - le) t (+le - an)]L2n +
+|:(02m - 02}1) t (QZn - QZm)]Lln +
+|:(01n02m - 021101m) t (leQZn - 02m01n)]

[(+03n - 03m) t (+03m - 03n)]L2n +
+[(Q2m - 0211) * (02n - 02m)]L3n +

+[(_03n02m + 02n03m) t (_03m02n + 02m03n):|

[(+01n - le) t (+01m - an)]LOn +
+[(00m - QOn) t (QOn - QOm)]Lln +

+[(+00n01m - an%m) t (+00m01n - leQOn)] /

|:(+Q3m - Q}n) t (+03n - Q3m)]L1n +
+[(an - le) * (01m - an)]LSn +
+[(03n01m - 01n03m) t (03m01n - Q1m03n):|

[(+00m - QOn) t (+00n - QOm)]LZn +
+[(02n - QZm) t (02m - QZn)]LOn +
+[(001192m - 02n00m) t (90m02n - Q2n100n)]

[(+02n - QZm) t (+02m - QZn)]Lln +
+[(le - an) * (01n - le)]L2n +
+[(01n02m - QZnQIm) t (leQZn - Q2m01n):|

[(+03n - Q3m) t (+03m - 0311)]11011 +
+[(00m - QOn) t (QOn - QOm)]L3n +
+[(001193m - QSnQOm) t (90m03n - Q3n100n)]

\

J
S

J

[((LnLin £ LinLyn) + (LonLon £ LonLon) + (L3nLsn £ L3uL3n) + (LonLon £ LosLon))] +
Hm = 01n) £ L1y = i) 1 Lan + [Com — 02) £ (02 — O ) [ L2w +
[ (U3m = U3n) £ (30 = U3m) 1L3n + [(Lom — Lon) £ (Lon — Lom) ]Lon +
—[nlim £ 0imlin) + Canlom £ 0omlay) + (034030 £ 0303,) + (Lonlom £ Lomlon )]

= DpaDan = DDy = ( cl c2 c3 c4 ) (nm's £mn's) (Lum = L)
where:

[((LnLin £ LinLyn) + (LonLon £ LonLon) + (L3nLss £ L
H (0 = 1m) £ Qi = 010) 1L 1w + [(L2n = lom ) £ (o — 0
+[ (037 — 03 ) £ (U3, — 03) 1L3n + [(Lon — Lom) £ (Lom — O
—[C1nlim £ 0imlin) + (Conlom £ 02ml2y) + (03403,m £ 030
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c1

I+

\

N\

N\

N\

N\

N\

N\

\

/ (LOnLOn +L3nL3n + LZnLZn +LlnL1n) +
+(00m + 0011)L0n + (Q3m + 0311)L3n + (QZm + 0211)L2n + (le + Dln)Lln +

_(_QOnQOm - 03n03m - QZnQZm - anglm)

(+02m + QZn )Lln +
+(+le + an)L2n +

+(_01n02m + QZnQIm)

(00m + QOn )L3n +
+(Q3m + Q3n )LOn +

+(031100m - 00n03m)

(+03n + Q3m)L1n +
+(01n + le)LSn +
+(_01n03m + 03n01m)

(_QZm - 0211 )LOn +
+(_00m - QOn )LZn +

+(_02n00m + QOnQZm)

(—Qfm - 01,,) Lo, +
+(+low + (g, ) L1n +

+(_01n06m + 00”0¥m)

(+Hsn + 03, ) Low +
+(—03,, — l2n) L3n +

+(+Q2nQ§m - 03”0£m)

(_QOm - QOn )L3n +
+(_03m - 03m)L0n +

+(+Q3n00m - 00n03m)

(_QZm - QZiz)Lln +
+(_01n - le)LZn +

+(_01n02m + 021101m)

(QOm + QOn)LZn +
+(02n + 02m )LOn +

+(_02n00m + QOnQZm)

(_Q3m - 0311)L1n +
+(_01n - le)L3n +

+(_01n03m + 031101m)

(—ng - 03,,) Ly, +
+(lon + 103, ) Lan +
+(+Q2nQ§m - 03”0£m)
(+01n + QTm )LOn +

+(—06m — Qon) L, +
+(_01n06m + 00”0¥m)

/ (LOnLOn +L3nL3n + LZnLZn +LlnL1n) +
+(_00n - QOm)LOn + (_0311 - Q3m )L3n + (_02n - 02m)L2n + (_an - le)Lln +

_(_QOmQOn - 03n103n - QZmQZn - legln)

(_QZn - QZm )Lln +
+(_01n - le)LZn +

+(_01m02n + QZmQIn)

(_QOn - QOm )L3n +
+(_03n - 03m)L0n +

+(+Q3m00n - QOmQSn)

(_Q3m - 03n)L1n +
+(_01m - an)L3n +
+(_01m03n + 03n101n)

(+02n + 02m )LOn +
+(00n + QOm )L2n +

+(_02m00n + 00m02n)

(+07, + Uim) Lon +
+<_00m — 06n>L1,, +

+(_01m06n + Domgfn)

<_03m - 0§;1>L2n +
+(+03, + lam) L3, +

+(+Q2Wl0§n - 037'105}1)

(QOn + QOm)L3n + \
+(03n + 03m )LOn +

+(+Q3m00n - 00n103n)

(9271 + 02m)Lln +
+(+ 1 + U1n)Lon +
+(_01m02n + 02m01n) /

(_QOn - QOm )L2n + \
+(_02m - 02n )LOn +

+(_02m00n + QOmQZn)

(+03n + 03m)Lln +
+(+ 1 + U1n) L3y +

+(_01m03n + 03m01n) /

(+03, + U3m) Lon +
+<_02m — 05,1)[13” +
+(+Q2Wl0§n - 037'105}1)
(_le - QTn )LOn +

+(06n + 00"1) Ly, +
+(_01m06n + Domgfn)

\

J
S

J
\

J

\

J

0

(LOnLOn + L3nL3n +L2nL2n + LlnLln) +

+(_00m - QOn )LOn + (_03m - 03}1 )L3n + (_QZm - QZn )L2n + (_le - an)Lln +

_(_QOnQOm - 03n03m - Q21102m - anﬂlm)

0

(LOnLOn + L3nL3n +L2nL2n + LlnLln) +

+(00n + QOm)LOn + (03}1 + 03m)L3n + (02}1 + 02m)L2n + (an + le)Lln +

_(_QOmQOn - 03m03n - Q2n102n - legln)
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Y

N\

N\

[(LOnLOn t LOnLOn) + (L3nL3n iL3nL3n) + (LZnLZn t LZnLZn) + (LlnLln iLlnLln)] +

+|:(00m + QOn) t (_QOn - QOm)]LOn + [(Q3m + 0311) t (_0311 - Q3m)]L3n +

+|:(02m + 02}1) t (_02}1 - 02m):|L2n + [(le + an) t (_an - le)]Lln +
_[(_(QOnQOm t QOmQOn) - (031103m t 03m03n) - (QZnQZm t 02m02n) - (011101m t leﬂln))]

[(+02m + 02}1) t (_02}1 - 02m):|L1n +
+|:(+01m + an) t (_an - le)]LZn +

+[(_01n02m + QZnQIm) t (_leQZn + QZmQIn)]

[(QOm + 0011) t (_QOn - QOm)]L3n +
+|:(03m + 03}1) t (_03}1 - 03m):|LOn +
+|:(03n00m - Q01103m) t (+03m00n - QOmQSn)]

[(+03n + 03m) t (_03m - 03}1)][41}1 +
+|:(01n + le) t (_le - an)]LSn +
+|:(_01n03m + 03n01m) t (_01m03n + 03m01n)]

[(_02m - 02n) + (+0»2n + 02m)]L0n +
+[(=lom — Con) £ (on + lom ) JL2n +
+|:(_021100m + 00n02m) t (_Q2m00n + 00m02n)]

[(_QTm - an) * ("'QIn + le)] Lon +
+[ (+lon +05,,) £ (lom = 05,) JLin +

+[(_011105m + QOnQTm) * (_le05n + QOmQTn)]

[ (o +6) = (o = 05,) JLan +
+[(—05,, = l2n) £ (+05, + lom)] L3n +

+[(+02110§m - 03,,05,") * (+02m0§n - QSmQEn)]

[(_QOm - QOn) t (QOn + QOm)]L3n +
+[(_03m - 03m) t (0311 + 03m)]L0n +
+[(03n00m - 00n03m) t (+03m00n - 00m03n)]

[(_Q2m - 0211) * (02n + 02m)]Lln +
H(l1p = lim) £ (Flim + 01p) ] L2s +

+[(_01n02m + 021101m) t (_01m02n + DZlen)]

[(QOm + QOn) t (_QOn - QOm)]LZn +
+[(02n + 02m) t (_QZm - 0211)]11011 +
+[(_02n00m + QOnQZm) t (_QZmQOn + QOmQZn)]

[(_Q3m - 0311) t (+03n + 03m)]Lln +
+[(—01n — le) + (+Q1m + 01n)]L3n +

+[(_01n03m + 031101m) t (_01m03n + 03m01n)]

[(_ng - 03") * (+0§n + 03’")] LZ" +
+[ (ban +103,) + (~low —103,) JLan +
+[(+Q2n05m - 031105m) * (+Q2m05n - Q3m05n)]

[(+01n + 07,) £ (=l = 03,) 1Lon +
+[(_06m - 00") * (Qan + Qom)] Lln +
+[(_01n06m + 00”0Im) * (_le%n + DOmQIn)]

+[(LonLon = LonLon) + (L3nLan * L3nL3n) + (LonLlon + Loy
+[(—lom — Lon) £ (Lon + Com)Lon + [(—03m — U3,) £ (03, + 0
[ (=lom = U2 ) £ (U2n + U2 ) 1Lon + [(—lim — C1n) £ 01y + 0
—[=(onlom £ Lomlon) = (L3nlam £ U3mlzn) = (L2nlom + lomlan

\

I N

A N
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c2=

I+

N\

N\

N\

N\

N\

N\

\

(+02n + QZm )Lln +
+(01n + le)LZn +

+(_02n0 1m + anQZm)

(_Q3m - 0311 )LOn +
+(_00m - QOn)L3n +

+(+00n03m - Q31100m)

(+Q3,, + 03 )Lon + \
+(00n + DOm )L3n +

+(+QOnQ3m - 03n00m)
(_QZm - QZiz)Lln +

+(_01m - an)LZn +
+(_02n01m + 011102m) /

(L3nL3n +L0nLOn + LlnLln +L2nL2n) +

+(_03m - 03n )L3n + (QOn + QOm)LOn + (_le - an )Lln + (0211 + 02m )L2n +

_(_03}103"1 - QOnQOm - anglm - QZnQZm)

(+03n + Q3m )L2n +
+(+02n + 02m)L3n +

+(_02n03m + 03n02m)

(+01n + le)LOn +
+(+lon + lom ) L1y +

+(+an00m - 001101”1)

(_le - an)LOn + \
+(_00m - 00n )Lln +
(+01n00m - QOnQIm)

(_Q3m - 0311 )L2n +
+(_02m - 02n)L3n +

+(_02n03m + 031102m) /

(_QZm - QZn )LOn +
+(00n + DOm )L2n +

+(_02n00m + QOnQZm)

(_Q3m - 0311)L1n +
+(an + le )L3n +

+(_01n03m + 031101m)

(_QZm - QZn )Lln +
+(_01m - an)L2n +

+(_02m0 n + QImQZn)

(+03n + 03m )LOn +
+(00n + QOm )L3n +

+(+00m03n - Q3n100n)

(+03n + Q3m)L1n +
+(_01m - an)L3n +
+(_01n03m + 03n01m)

(+02n + 02m )LOn +
+(_00m - QOn )LZn +

+(_02n00m + QOnQZm)

(_Q3m - 03n )LOn + \
+(_00m - 00n )L3n +

+(+QOmQ3n - 03n100n)

(+02n + 02m)Lln +
+(an + le )L2n +
+(_02m01n + 01m02n) /

(L3nL3n +L0nLOn + LlnLln +L2nL2n) +

+(03n + 03m )L3n + (_QOm - 00n )LOn + (an + le)Lln + (_QZm - 0211 )L2n +

_(_03m03n - QOmQOn - legln - QZmQZn)

(_Q3m - 03n )L2n +
+(_02m - 02n )L3n +

+(_02m03n + 03n102n)

(_le - an )LOn +
+(_00m - QOn)Lln +

+(+le00n - Q0r)101n)

(+02n + QZm )LOn +
+(_00m - 00n )L2n +

+(_02m00n + QOmQZn)

(+03n + 03m)Lln +
+(_01m - an)L3n +
+(_01m03n + 03m01n)

(+01p + 0y ) Lon + \

+(+lon + lom) L1y + +
(+01n100n - QOmQIn)

(+03n + 03m )L2n +
+(+lon + U ) L3y +

+(_02m03n + 03m02n) /

(_Q3m - 03n)L1n + \
+(01n + le)LSn +
+(_01m03n + 03n101n)

(+02m - 0211 )LOn +
+(00n + QOm )L2n +

{

J

+(_02m00n + 00m02n) /

0

0

(L3nL3n + LOnLOn +LlnLln + LZnLZn) +

+(03n + 03m)L3n + (_QOm - QOn)LOn + (_le - an)Lln + (02}1 + 02m)L2n +

_(_031103m - QOnQOm - Q11101m - 02n02m)

(L3nL3n + LOnLOn +LlnLln + LZnLZn) +

+(_Q3m - 03n )L3n + (QOn + QOm )LOn + (an + le )Lln + (_02m - 02}1 )LZn +

_(_Q3m03n - QOmQOn - lean - 02m02n)
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/ [(+02n + 02m) t (_02m - QZn)]Lln + [(+03n + Q3m) t (_Q3m - Q3n)]L0n + \
+|:(01n + le) t (_le - an)]L2n + +[(00n + QOm) + (_QOm - 0011)]L3n +
+|:(_02n01m + anQZm) t (_QZmQIn + leQZn)] +[(+00n03m - 03n00m) t (+00m03n - Q3m00n):|

[(_QSm - 03n) t (+0»3n + 03m)]L0n + [(_Q2m - 0211) + (+02n + 02m)]Lln +
+|:(_00m - QOn) t (QOn + QOm)]L3n + +[(_01m - an) t (an + le)]LZn +
+|:(+001103m - QSnQOm) t (+00m03n - QSmQOn)] +[(_02n01m + 011102m) t (_02m01n + 01m02n)] /

N\

[(L3nLsn £ L3uL3n) + (LonLon £ LonLon) + (L1nL1n £ LinLin) + (LanLon £ LoyLon)] +
H (—03m = 032) £ (U3 + 030) 1L3n + [(Lon + Com) £ (—Lom — lon) [Lon +

H(=lim = 1) £ Wi + O ) JLan + [(Uan + Oom) £ (—lom — 024) [L2w +

—[=03n03m £ 03m031) = Lonlom £ Lomlon) = (L1nlim £ Cimlin) — (Canlom £ U2mlan)]

[(L3nL3n £ L3uL3,) + (LonLon £ LouLon) + (L1nL1n £ L1,L
+H[(03p + Usp) £ (03 — U3n) ]L3n + [(=Lom — Lon) £ (o, + 0
H(=lim = 1n) £ Wrn + i) JLin + [(Uon + lom) £ (=02 — ¢
—[=U3nl3m £ 03ml3n) = (Lonlom £ Lomlon) = (L1nlim £ imlin

N\

[(+03n + 03m) t (_03m - 03}1)][42}1 +
+|:(+02n + 02m) t (_QZm - 0211)]L3n +
+|:(_02n03m + 03n02m) t (_02m03n + 03m02n)]

[(+an + le) * (~lim — an)]LOn +
+[(+0on + Com) £ (—lom — Lon) L1 +

+|:(+011100m - QOnQIm) t (+01m00n - QOmQIn)]

N\

[(_QZm - 02}1) t (+02n + QZm)]LOn +
+|:(00n + QOm) t (_QOm - QOn)]L2n +
+|:(_02n00m + QOnQZm) t (_QZmQOn + QOmQZn)]

[(_03m - 03n) + (+0»3n + 03m)]Lln +
H (U + 01m) £ (01 — 1) L3n +
\ H[(—01nl3m + 0al1m ) £ (l1mlzn + Gmlin)]

[(_le_an)i(+01n+01m)]ld0n+ \
+[(—00m — 00,,) + (+0»0n + QOm)]Lln +
[(+01n00m - QOnQIm) t (+01m00n - QOmQIn)]

[(_Q3m - 0311) t (+03n + 03m)]L2n +
+[(—02m — an) + (+02n + sz)]L3n +
+[(_02n03m + 031102m) t (_02m03n + 03m02n)]

A N

[(+03n + Q3m) t (_Q3m - Q3n)]Lln +
+[(_01m - an) t (an + Dlm)]L3n +
+[(_01n03m + 03n01m) t (_01m03n + 03m01n):|

[(+02n + 02m) t (+02m - 0211)]11011 +
+[(_00m - QOn) t (QOn + QOm)]LZn +

+[(_02n00m + QOnQZm) t (_02m00n + 00m02n)] /
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I+

N\

N\

N\

N\

N\

N\

\

(+03n + Q3m)L1n +
+(01n + le)LSn +
+(_03n01m + 01n03m)

(+02n + 02m )LOn +
+(00n + QOm )L2n +

+(_00n02m + 021100m)

(+03n + Q3m )L2n +
+(02n + 02m )L3n +

+(_03n02m + 02n03m)

(_le - an )LOn +
+(_00m - QOn)Lln +

+(+00n0 Im — an%m)

(=lom — l2n)Lon + \
+(=lom — lon)Lon +
+(~Lonlam + l2nlom)
(=l3m = U3n)L1n +
+(=lim — Uin)L3n +
+(=03nl1m + C1nlzm) /

(+01,, + le)Lon + \
+(00n + QOm)Lln +

+(+QOnQ Im — anQOm)

(_QZm - 0311 )L2n +
+(_03m - 02n)L3n +
+(_03n02m + 021103m) /

(LZnLZn +L1nL1n + LOnLOn +L3nL3n) +

+(_02m - 02n )L2n + (_le - an )Lln + (QOn + DOm )LOn + (0311 + 03m )L3n +

_(_QZnQZm - anglm - QOnQOm - 03n03m)

+(_03m - 03n)L0n +
+(00n + DOm )L3n +

+(_03n00m + 00n03m)

+(02n + 02m)Lln +
+(_01m - an)LZn +

+(+an02m - 021101m)

+(_02m - 02n)L1n + \
+(01n + le)LZn +

+(+an02m - QZnQIm)

+(03n + 03m )LOn +
+(_00m - QOn)L3n +

+(_03n00m + 001103m) /

(_Q3m - 03n)L1n +
+(_01m - an)L3n +
+(_03m01n + legf’in)

(_QZm - 0211 )LOn +
+(_00m - QOn )LZn +

+(_00m02n + QZmQOn)

(_Q3m - 03n )L2n +
+(_02m - 02n )L3n +

+(_03m02n + 02n103n)

(+01n + le)LOn +
+(00n + QOm)Lln +

+(+00m0 In — leQOn)

(+02n + QZm )LOn + \
+(00n + DOm )L2n +

+(_00m02n + QZmQOn)

(+03n + 03m)Lln +
+(an + le )L3n +
+(_03m01n + 01m03n) /

(_le - an)LOn + \
+(_00m - 00n )Lln +

+(+00m0 In — QImQOn)

(+02n + 03m )L2n +
+(Q3n + QZm )L3n +
+(_03m02n + 02m03n) /

(LZnLZn +L1nL1n + LOnLOn +L3nL3n) +

+(02n + 02m )L2n + (an + le)Lln + (_QOm - 00n )LOn + (_Q3m - 0311 )L3n +

_(_QZmQZn - legln - QOmQOn - 03n103n)

+(Q3n + Q3m )LOn +
+(_00m - 00n )L3n +

+(_03m00n + 00n103n)

+(_02m - 02n )Lln +
+(an + le )L2n +

+(+le02n - Q2n101n)

+(02n + QZm )Lln + \
+(_01m - an)L2n +

+(+le02n - QZmQIn)

+(_03m - 03n )LOn +
+(00n + QOm )L3n +

+(_03m00n + 00m03n) /

0

(L2nL2n + LlnLln +L0nL0n + L3nL3n) +
+(02n + 02m)L2n + (an + le)Lln + (_QOm - QOn)LOn + (_03m - 03n)L3n +

_(_021102m - anglm - QOnQOm - 03n03m)

(L2nL2n + LlnLln +L0nL0n + L3nL3n) +

+(_02m - QZn)LZn + (_le - an)Lln + (QOn + QOm)LOn + (03}1 + 03m)L3n +

_(_Q2m02n - leﬂln - QOmQOn - 03m03n)
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N\

N\

[(+03n + 03m) t (_03m - 03}1)][41}1 +
+|:(01n + le) t (_le - an)]LSn +
+|:(_03n01m + 01m03n) t (_03m01n + 01m03n)]

[(+02n + 02m) t (_02m - QZn)]LOn +
+|:(00n + QOm) t (_QOm - QOn)]LZn +
+|:(_001102m + 02n00m) t (_00m02n + 02m00n)]

[(+03n + 03m) t (_03m - 03}1)][42}1 +
+|:(02n + 02m) t (_02m - 02n)]L3n +
+|:(_03n02m + 02n03m) t (_03m02n + 02m03n)]

[(_le - an) + (+0»1n + le)]LOn +
+[(=lom = Lon) £ (lon + lom) L 1n +
+|:(+001101m - anQOm) t (+00m01n - leQOn)]

[(_QZm - QZn) t (+02n + QZm)]LOn +
+[(_00m - QOn) t (QOn + DOm)]L2n +
+[(_00n02m + QZnQOm) t (_QOmQZn + QZmQOn)]

[(_Q3m - 0311) t (+03n + 03m)]Lln +
+[(_01m - an) t (an + le)]L3n +

+[(_03n01m + 011103m) t (_QSmQIn + 01m03n)]

[(+01n + le) t (_le - an)]LOn +
+[(00n + DOm) t (_QOm - QOn)]Lln +

+[(+00n01m - anQOm) t (+00m01n - leQOn)]

[(_Q2m - 0311) t (+02n + 03m)]L2n +
+[(_03m - 02}1) t (Q3n + QZm)]L3n +
+[(_03n02m + 021103m) t (_03m02n + 02m03n)]

[(LZnLZn t LZnLZn) + (LlnLln iLlnLln) + (LOnLOn t LOnLOn) + (L3nL3n iL3nL3n):| +

+|:(_Q2m - 0211) t (9271 + 02m)]L2n + [(_le - an) t (an + Dlm)]Lln +

+|:(00n + QOm) t (_QOm - QOn)]LOn + [(03n + Q3m) t (_Q3m - Q3n)]L3n +
_[_(021102m t 02m02n) - (anglm t legln) - (QOnQOm t QOmQOn) - (93n03m t 03m03n)]

A

J

[(LanLon £ LanLon) + (LinLin £ LinLyy) + (LonLon £ Lo
+H[(0on + lom) £ (lom = U2n)1Lon + [(C1p + Uy ) £ (01 — €
+[(=lom = lon) £ (lon + Com ) 1Lon + [(—03m — 03,) £ (03, +
—[(=(anlom £ lomlan) = (L1nlim £ Limlin) = (Lonlom T Lomlo

N\

[(_03m - 03}1) t (Q3n + Q3m)]L0n +
+|:(00n + QOm) t (_QOm - QOn)]LSn +
+|:(_03n00m + 00n03m) t (_03m00n + 00m03n)]

[(0211 + 02m) t (_QZm - 0211)]Lln +
+|:(_le - an) t (an + le)]LZn +
+|:(+011102m - 02n01m) t (+01m02n - 02m01n)]

[(_QZm - QZn) t (02}1 + QZm)]Lln +
+[(an + Dlm) t (_le - an)]L2n +

+[(+01n02m - QZnQIm) t (+le02n - Q2m01n):|

[(U3n + U3m) £ (=03 — U3n) [Lon +
[ (—Llom = Lon) = (o + lom)]L3n +
+[(_03n00m + QOnQSm t (_QSmQOn + 00m03n))]

\
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I+

N\

N\

N\

N\

/ (_le - an)LOn +

+(00n + DOm )Lln +

+(_00n0 1m + anQOm)

(_Q3m - 0311 )L2n +
+(02n + QZm )L3n +

+(+Q3n02m - 021103m)

(_QZm - QZn )LOn +
+(00n + DOm )L2n +

+(_00n02m + QZnQOm)

(+03n + 03m)Lln +
+(_01m - an)L3n +
+(_03n01m + 011103m)

N\

(_Q3m - 03n )LOn +
+(00n + DOm )L3n +

+(_00n03m + 03n00m)

(+01n + le)LZn +
+(_02m - 02n)L1n +

+(_01n02m + 021101m)

N\

(+03n + Q3m )L2n +
+(_02m - 02n )L3n +

+(+Q3n02m - 02n03m)

(+01n + le)LOn +
+(_00m - QOn)Lln +

+(_00n0 Im + 01;100m)

(_Q3m - 03n)L1n +
+(01n + le)LSn +
+(_03n01m + 01n03m)

(_QOm - QOn )L2n +
+(02n + QZm )LOn +

+(_00n02m + 021100m)

(+02n + QZm )Lln +
+(_01m - an)L2n +

+(_01n02m + QZnQIm)

(+03n + 03m )LOn +
+(_00m - QOn)L3n +

+(_00n03m + 031100m)

(LlnLln +L2nL2n + L3nL3n +L0nLOn) +

\

I N

I N

J

+(_01m - an)Lln + (_QZm - 0211 )L2n + (_03m - 03n )L3n + (_QOm - QOn )LOn + 0
_(_anglm - 02n02m - 03n03m - QOnQOm)

\

(+01n + le )LOn +
+(_00m - 00n )Lln +

+(_00m0 n + QImQOn)

(+03n + 03m )L2n +
+(_02m - 02n)L3n +

+(+Q3m02n - Q2n103n)

(+02n + QZm )LOn +
+(_00m - 00n )L2n +

+(_00m02n + QZmQOn)

(_Q3m - 0311)L1n +
+(an + le )L3n +
+(_03m01n + 01m03n)

(+03n + Q3m )LOn +
+(_00m - 00n )L3n +

+(_00m03n + 03n100n)

(_le - an )L2n +
+(02n + QZm )Lln +

+(_01m02n + 02m01n)

(_Q3m - 03n )L2n + \
+(02n + 02m )L3n +

+(+Q3m02n - 02n103n)

(_le - an )LOn +
+(00n + QOm)Lln +

+(_00m0 n+ leQOn)

A N

(+03n + Q3m)L1n +
+(_01m - an)L3n +
+(_03m01n + legf’in)

(+00n + DOm )L2n +
+(_02m - 02n)L0n +

+(_00m02n + QZmQOn)

A N

(_QZm - QZn )Lln +
+(01n + le)LZn +

+(_01m02n + QZmQIn)

(_Q3m - 0311 )LOn +
+(00n + QOm )L3n +

+(_00m03n + 03m00n) /

(LlnLln +L2nL2n + L3nL3n +L0nLOn) +

+(01n + le)Lln + (0211 + 02m)L2n + (0311 + 03m)L3n + (QOn + QOm)LOn +

_(_legln - QZmQZn - 03m03n - QOmQOn)

0

(LlnLln + L2nL2n +L3nL3n + LOnLOn) +
+(01n + le)Lln + (02}1 + 02m)L2n + (03}1 + 03m)L3n + (QOn + QOm)LOn +

_(_011101m - 02n02m - Q31103:nm - QOnQOm)

(LlnLln + L2nL2n +L3nL3n + LOnLOn) +
+(_le - an)Lln + (_02m - 02n)L2n + (_Q3m - 03n)L3n + (_QOm - QOn)LOn +

_(_legln - 02m02n - Q3n103n - QOmQOn)
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O

N\

N\

[(_le - an) t (+01n + le)]LOn +
+|:(00n + QOm) t (_QOm - QOn)]Lln +
+|:(_00n01m + anQOm) t (_QOmQIn + leQOn)]

[(_QSm - 03n) t (+0»3n + 03m)]L2n +
+|:(02n + 02m) t (_02m - QZn)]L3n +
+|:(+031102m - 02n03m) t (+03m02n - 02m03n)]

[(_QZm - 02}1) t (+02n + 02m):|LOn +
+|:(00n + QOm) t (_QOm - QOn)]L2n +
+|:(_00n02m + QZnQOm) t (_QOmQZn + QZmQOn)]

(03 + U3m) + (=03 — 030) 1L1n +
+|:(_le - an) t (an + le)]Lj;n +

+|:(_Q31101m + 01n03m) t (_Q3m01n + 01m03n)]

[(_03m - 03}1) t (+Q3n + 03m):|LOn +
+|:(00n + QOm) t (_QOm - QOn)]LSn +
+|:(_00n03m + 037100"1) t (_00n103n + 03m00n)]

[(+an + le) t (_le - an)]L2n +
+|:(_02m - QZn) t (02}1 + 02m):|L1n +
+|:(_011102m + 02n01m) t (_le02n + 02m01n)]

[(+03n + Q3m) t (_Q3m - Q3n)]L2n +
+[(_02m - 02n) t (0211 + 02m)]L3n +
+[(+03n02m - 02n03m) t (+Q3m02n - 02n103n):|

[(+01n + Dlm) t (_le - an)]LOn +
+[(_00m - QOn) t (QOn + QOm)]Lln +
+[(_00n01m + 01;100m) t (_QOmQIn + DlmQOn)]

[(_Q3m - Q3n) t (+03n + Q3m)]Lln +
+[(an + Dlm) t (_le - an)]L3n +
+[(_03n01m + 01n03m) t (_03m01n + 01n103n):|

[(_QOm - QOn) t (+00n + DOm)]L2n +
+[(02n + QZm) t (_QZm - QZn)]LOn +
+[(_00n02m + 021100m) t (_00m02n + DZmQOn)]

[(+02n + QZm) t (_QZm - QZn)]Lln +
+[(_01m - an) t (an + Dlm)]L2n +

+[(_01n02m + QZnQIm) t (_leQZn + QZmQIn)]

[(+03n + 03m) t (_Q3m - 0311)]11011 +
+[(_00m - QOn) t (QOn + QOm)]L3n +
+[(_00n03m + 031100m) t (_00m03n + 03m00n)]

N\

+|:(_le - an) t (an + le)]Lln + [(_02m - 02n) t (0211 + 02m)]L2n +
+|:(_Q3m - Q3n) t (03}1 + 03m):|L3n + [(_QOm - QOn) t (QOn + QOm)]LOn +
_[_(011101m t legln) - (QZnQZm t 02m02n) - (031103m t 03m03n) - (QOnQOm t DOmQOn)]

Corollary lll.2:For linear/differential operators Dg, & Dun :

where:
Lin = Lj, are linear/differential & (; are constants:
then:
Iz 02 02 02
3 3 0 I, 0, 0
DBnDAm +DBmDAn = 2|:2LynLyn - Zg‘ungym:| 2 2 2 2
120 4=0 0 0 Ib 0,
0, 0, 0 Ib

DsuDoam — DgmDan = ( c1 c2 c3 c4 )

cl1=2

c2=2

where:
/ ([(_QOm + QOn)LOn + (_Q3m + Q3n)L3n + (_02m + 02n)L2n + (_le + an)Lln]0-3) \

[(_QZm + 02}1 )Lln + (_le + an)LZn]°-3 + [(anQZm - QZnQIm)]IZ +
+[(00m - QOn)LSn + (Q3m - 0311)L0n]i02 + [(_QSnQOm + 001103m)]0'1

+|:(_00m + QOn )L2n + (0211 - QZm )LOn]iG2 + [(021190m - 00n02m)](71

( [(+03n - Q3m)L1n + (an - le)L3n:|°-3 + [(01n03m - 03n01m):|12 + >

[ (+05 = i) Low + (+lon = 5 ) L1n |63 + [(+01005,, — Conl7,,) L2 +
\ [ (+03,, = U3n) Low + (Con =3, ) L3n Jic® + [(~L2nl3,, + (3a03,,) ]0" )

/ [(+02n - Q2m)Lln + (an - le)LZn]0'3 + [(+021101m - anQZm)]I2 + \
+|:(+03n - Q3m )LOn + (QOn - QOm )L3n:|i62 + [(_00n03m + 03n00m):|°-1
([(03m - 03n )L3n + (QOn - QOm )LOn + (le - an)Lln + (QZn - QZm )LZn]G3)
[(+03n - Q3m )L2n + (+0»2n - 02m)L3n]03 + [(+02n03m - 031102m)]12 +
+[(+le - an)LOn + (+00m - QOn)Lln]iGZ + [(_anQOm + QOnQIm)]GI

[(+02m - QZn )LOn + (QOn - QOm )L2n:|°-3 + [(QZnQOm - QOnQZm)]IZ +
\ +|:(+03n - Q3m)Lln + (le - an)L3n]i02 + [(011193m - QSnQIm)]Gl

J

[(LlnLln t LlnLln) + (LZnLZn iLZnLZn) + (L3nL3n t L3nL3n) + (LOnLOn iLOnLOn)] +

A

I N

J

[((LiwnLin £ LinLyy) + (LonLon £ LonLoy) + (L3nL3n £ L3, L
H (O + Uim) £ (01m = 01n) L1 + [(U2n + O ) £ (<o — €
U3 + 030 ) £ (=3 — 30) 1L3n + [(Lon + lom) £ (—lom — ¢
—[=C1nlrm £ Oimlin) = (C2nlom £ lamlon) = (U3nl3nm £ 030,
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c3=2

c4=2

/ ( (+03n Q3m)L1n + (an - le)L3n:|°-3 + [(03}101"1 - 01n03m):|12 + > \

(+02m 0211 )LOn + (QOm - QOn )L2n]i02 + [(QOnQZm - QZnQOm)]Gl

(+01n le)LOn + (QOn - QOm)Lln]iG2 + [(_QOnQIm + 01;100m)]0'1
[(02m - 02n )L2n + (le - an)Lln + (QOn - QOm)LOn + (QSn - 03m)L3n]0

(+03m - 0311 )LOn (QOn - QOm )LSn]G3 + [(+031100m - 00n03m)]12 +
(+02m QZn )Lln (an - le )L2n:|i62 + [(_anQZm + QZnQIm)]GI /

(+03n Q3m )L2n + (QZn - QZm )L3n:|°-3 + [(+03n02m - 027103"1)]12 + >

(+03n - Q3m )L2n (QZm - 0211 )L3n]i02 + [(_03n02m + 021103m)]0'1

( (+le - an)LOn (QOn - 00n1)L1n:|0-3 + [(+00n01m - anQOm)]IZ + > \

(+02m QZn )LOn + (QOn - QOm )L2n:|°-3 + [(QOnQZm - QZnQOm)]IZ +
(+03m 0311)L1n + (an - le)LSn]iG2 + [(Q3nglm - 01n03m)]01

(+03m 03n)LOn + (QOn - QOm)L3n:|0-3 + [(00n03m - 03n00m):|12 +
[(+02n - Q2m)Lln + (le - an)LZn]iG2 + [(011192m - QZnQIm)]G1

Dp,D

Dp,D

cl1=2

c2=2

c3=2

\ ([(le - an)Lln + (QZm - Q211)LZn + (Q3m - 0311)L3n + (QOm - QOn)LOn]()'l) /

I, 0, 0, 0,
- 3 3 0, I, 0, 0
am + DpmDan = 2|:2LynLyn _Zg‘ungym:| 2 2 2 2
120 4=0 0 0 Ib 0,
0, 0, 0, I,
Din~DamDan = ( ¢1 c2 c3 c4 )
where:
1 O
[(QOm + QOn)LOn + (03m + 03n)L3n + (02m + 02n)L2n + (le + an)Lln] 0 1

[[(+QZm + 02n)L1n + (+le + an)LZn]°-3 + (_anQZm + 027101"1)]12 +
+|:(_00m - QOn )L3n + (_03m - 03m)L0n]i0'2 + [(QSnQOm - 001103m)]0'1

[(+03n + 03m)Lln + (an + le)L3n]63 + [(_01n03m + 03n01m):|12 +
+[(00m + 0011)L2n + (02;1 + 02m)LOn]i(72 + [(_02n00m + 00;102m)]0'1

[ =070 = 01n] Low + (+lon + 5, ) L1n J63 + [(~L1alG,, + Conl7,,) T2 +
+[ (=05, = 0n) Lan + (C2n + 03, ) L3 Jic? + [(+02a03,, — (3a(3,,) ]G

[(+02m - QZn )LOn + (QOn - QOm )L2n:|°-3 + [(QOnQZm - QZnQOm)]IZ +
+|:(+03m - 0311)L1n + (an - le)LSn]iG2 + [(Q3nglm - 01n03m)]01

—

7~ N 7 N,/ N7 N/

~

+|:(+03n + Q3m )LOn + (QOn + QOm )L3n:|i62 + [(+QOnQ3m - 03n00m):|°-1
[(_Q3m - 03n )L3n + (QOn + QOm )LOn + (_le - an)Lln + (02}1 + 02m )LZn]G3

[(+03n + Q3m)L2n (+02n + 02m)L3n]6 + [( 02n03m + 03n02m) I2 +
+|:(_le - an )LOn + (_QOm - 00n )Lln]lc + [(+011100m QOnQIm)

[(+02n + 02m)Lln + (an + le)LZn]0'3 + [(_021101m + anQZm)]I2 + > \

[(_QZm - QZn )LOn (QOn + QOm )L2n:|°- + [( QZnQOm + QOnQZm) 12 +
+|:(+03n + 03m )Lln + (_le an)L3n]10' + [( Q11103m + 03n01m)

[(+03n + 03m )Lln (an + Dlm)LSn]c + [( Q31101m + 01m03n 12 +
+|:(_02m QZn )LOn + ( QOm - QOn )LZJZG + [( QOnQZm + QZnQOm)

N\
YRR Y SR

[(+03n + 03m)L2n (0211 + 02m)L3n]0' + [( Q31102m + 02n03m) 12 +
+|:(+an + le )LOn (QOn + QOm )Lln]lc + [(+90n01m anQOm)

[(_QZm - QZn)LZn + (_le - an)Lln + (QOn + QOm)LOn + (03}1 + 03m)L3n]6
[(_Q3m - 03n)LOn + (QOn + QOm)L3n:|0-3 + [(_03n00m + 007103"1)]12 + >

7N

+|:(_Q2m - Q211)Lln + (an + le)L2n]i02 + [(+an02m - 02;101m)]0'1

\

)\
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/

( le an)LOn (QOn + QOm)Lln:k)-3 + [(_QOnglm + anQOm)]IZ +
(+03n + 03m )L2n + ( 02m 02n )L3n]i0'2 + [(+031102m - 02n03m)](71

c4=2 ( —l3, — Q311)Lln + (an + le)LSn]ic2 + [(_03n01m + 01;103m)]0'1

( ( QZm QZn )LOn + (QOn + QOm )L2n:|°-3 + [(_QOnQZm + QZnQOm)]IZ + >

( Q3m 03n)LOn (QOn + QOm)L3n:|0-3 + [(_00n03m + 037100"1)]12 +
(+02n + 02m)Lln + ( le - an)LZn]lc + [( Q11102m + 02n01m)]

Proof:

2 () 0 oo

U

/

1
([(QOm + QOn )LOn + (Q3m + Q3n )L3n + (QZm + QZn )L2n + (le + an)Lln])<

/ [(+02m + QZn )Lln + (+le + an)LZn] + [(_QOm - QOn )L3n + (_Q3m
+[(_01n02m + 021101m)] +|:(03n00m - 001103m)]

[(_QZm - 02}1 )Lln + (_an
+|:(_011102m + 02n01m)]

[(QOm + QOn)L3n + +(Q3m + Q3n)LOn:| +
+[(Q3nQOm - 00n03m)]

N\

cl1=2

+[(_01n03m + 031101m)] +|:(_021100m + 00n02m)]

[(_QZm - QZn )LOn + (_QOm - QOn )LZn] + [(_03m - 03}1 )Lln + (_an
+[(_02n00m + 001102m)] +|:(_011103m + 03n01m)]

N\

+[(_01n06m + QOnQIm)] +[(+02n0§m - 03n05m)]

\ \ +[(+Q2n05m - 03”0£m)] +[(_01’106m + QOnQTm)]

1
[(QOm + QOn )LOn + (Q3m + Q3n )L3n + (QZm + QZn )L2n + (le + an)Lln]<

[[(+02m + 0211)L1n + (+le + an)LG]G3 + (_anQZm + 021101m)]12 +
+[(_00m - QOn )L3n + (_Q3m - Q3m )LOn]iGZ + [(03n00m - 00}103"1)]61

(+03n + 03m )Lln (an + le)LSn]0'3 + [(_011103m + 03n01m)]12 +
(QOm + QOn)LZn + (02}1 + 02m)L0n:|l°- + [( QZnQOm + QOnQZm)]

+[ (=03, = Gn) Lan + (ln + (3, ) L3 Jic? + [(+02a03,, — (3a(3,,)]0"

+[(+Q3m - 03n)L1n + (an - le)L3n:|l°- + [(03}101"1 01n03m):|°-1

( [[ le an] L0n+ <+00n +00m>Lln:|o' + ( Q11100m_{'Qonglm)]12+

[(+02m - 02n )LOn + (QOn - QOm)L2n]G + [(QOnQZm 02n00m)]12 + )

\

\ [( le - an )Lln + (_02m - 02n )L2n + (_Q3m - 0311 )L3n + (_QOm - 00n )L0n]03

- Q3m )LOn] +

- le )LZn] +

[(+03n + Q3m )Lln + (an + le )L3n:| + [(QOm + QOn )L2n + (QZn + QZm )LOn] +

- le )L3n:| +

[[—Qfm - an] Lo, + <+Qon + 06m>L1,,:| + [(—ng - 03n) Lo, + <02n + 0§m>L3n:| +

[ (+03n + G ) Low + (<l = 02) L3 |+ [ (+1n + 05,)Lon + (=05, — lon) L1 | +

')

\

J

10
:IZ
0 1 >
0 )
0 -1
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/ [(+02n + QZm)Lln + (an + le)LZn] + [(+03n + 03m)L0n + (QOn + QOm)L3n] +
+[(_02n01m + 011102m)] +|:(+001103m - 03n00m)]

[(_Q3m - 03n)LOn + (_QOm - QOn)L3n] + [(_QZm - 02n)L1n + (_le - an)LZn] +
+[(+00n03m - 031100m)] +|:(_021101m + 01n02m) t (_Q2m01n + 01m02n)]

1 0
[(_Q3m - 03n)L3n + (QOn + QOm)LOn + (_le - an)Lln + (02}1 + 02m)L2n]< 0 1 )

/ [(+03n + Q3m)L2n + (+02n + 02m)L3n] + [(_le - an)LOn + (_QOm - QOn)Lln] +

c2=2
+[(_02n03m + 031102m)] [(+an00m - 0011017”)]

[(+01n + le )LOn + (+00n + QOm )Lln] + [(_03m - 03}1 )LZn + (_QZm - QZn )L3n:| +
+[(+an00m - 0011017”)] +|:(_021103m + 03n02m)]

N/

[(_QZm - QZn )LOn + (QOn + QOm )LZn] + [(+03n + Q3m )Lln + (_le - an)L3n] +
+[(_02n00m + 001102m)] +[(_01n03m + 031101m)]

[(_Q3m - 03n )Lln + (an + le )L3n:| + [(+02n + QZm )LOn + (_QOm - QOn )LZn] +
+[(_01n03m + 031101m)] +[(_02n00m + 001102m)]

[(+02n + 02m)Lln + (an + le)LZn]63 + [(_Qanlm + anQZm)]IZ + \
+[(+03n + 03m)L0n + (QOn + QOm)L3n]i0'2 + [(+001103m - QSnQOm)]Gl

\\
7

(_03m - 03n )L3n + (QOn + QOm)LOn + (_le - an )Lln + (0211 + 02m )LZn]()'3

[(+03n + 03m)L2n + (+02n + 02m )LSn]G3 + [(_021103m + 03n02m)]12 +
+[(_01m - an)LOn + (_QOm - QOn)Lln]iGZ + [(+an00m - QOnQIm)]GI

—

[(_02m - 02n )LOn + (QOn + QOm)L2n]03 + [(_QZnQOm + 001102m)]12 +
+[(+Q3n + 03m)Lln + (_le - an)L3n:|i62 + [(_01n03m + 03n01m):|°-1 /

\

I e N

[(+03n + Q3m )Lln + (an + le )L3n:| + [(_QZm - QZn )LOn + (_QOm - QOn )L2] +
+[(_03n01m + 01m03n)] +[(_00n02m + 021100m)]

[(+02n + QZm )LOn + (QOn + QOm )LZn] + [(_Q3m - 03n )Lln + (_le - an)L3n] +
+[(_00n02m + 021100m)] +[(_03n01m + 011103m)]

N\

[(+03n + Q3m )L2n + (QZn + QZm )L3n:| + [(+01n + le)LOn + (QOn + QOm )Lln] +
+[(_03n02m + 021103m)] +|:(+001101m - anQOm)]

[(_le - an)LOn + (_QOm - QOn )Lln] + [(_QZm - 03}1 )LZn + (_Q3m - QZn )L3n:| +

c3=2
\ +[(+00n01m - Qlilgom)] +|:(_Q31102m + 02?103”1)]

1 0
[(_QZm - QZn)LZn + (_le - an)Lln + (QOn + QOm)LOn + (03}1 + 03m)L3n]< 0 1 )

[(_Q3m - 03n )LOn + (QOn + QOm )L3n:| + [(_QZm - QZn )Lln + (an + le )LZn] +
+[(_03n00m + 001103m)] +[(+an02m - 021101m)]

[(02}1 + 02m)Lln + (_le - an)LZn] + [(03}1 + 03m)L0n + (_QOm - QOn)L3n:| +
+[(+an02m - 021101m)] +[(_03n00m + 001103m)]

\
.

[(+03n + 03m)Lln + (an + le)L3n]63 + [(_03}101"1 + 01n103n):|12 + \
+[(_02m - 02n )LOn + (_QOm - QOn )L2]i02 + [(_00n02m + 021100m)]0'1

A/~~~ 7

[(+03n + 03m )LZn + (02}1 + 02m )L3n]63 + [(_03}102"1 + 02n03m):|12 +
+[(+an + le)LOn + (QOn + QOm)Lln]iO'2 + [(+001101m - anQOm)]G1

[(_02m - 02n )L2n + (_le - an )Lln + (QOn + DOm )LOn + (0311 + 03m )LSn]G3

[(_QSm - 03n )LOn + (QOn + QOm)L3n]G3 + [(_QSnQOm + 001103m)]12 +
+[(_02m - 02n)L1n + (an + le)LG]iGZ + [(+01n02m - 02}101"1)]61 /

7N

\




/ / [(_le - an)LOn + (QOn + QOm)Lln] +
+[(_00n01m + 01;100m)]

[(_Q3m - 03n )LZn + (QZn + QZm )L3n:| +
+[(+03n02m - 021103”1)]

N\

[(_QZm - QZn )LOn + (QOn + QOm )LZn] +
+[(_00n02m + 021100m)]

[(+03n + Q3m)L1n + (_le - an)L3n] +
+[(_03n01m + 011103m)]

c4=2

N\

[(_Q3m - 03n )LOn + (QOn + QOm )L3n:| +
+[(_00n03m + 031100m)]

[(+01n + le)LZn + (_QZm - QZn)Lln] +
\ +[(_01n02m + 021101m)]

/ <
=2 < +[(_03m - 03n)Lln + (an + le)L3n]i0'2 +

O

[(+03n + Q3m)L2n + (_QZm - QZn)L3n] +

+[(+03n02m - 021103”1)]

[(+01n + le)LOn + (_QOm - QOn)Lln] +

+[(_00n0 Im + 01;100m)]

[(_03m - 03n)L1n + (an + le)L3n] +

+|:(_Q3nalm + 01n03m)]

[(_QOm - QOn)LZn + (02}1 + QZm)LOn] +

+|:(_001102m + 02n00m)]

[(+02n + QZm)Lln + (_le - an)LZn] +

‘*’l:(_Q 11102m + 0211Q lm)]

[(+03n + 03m)L0n + (_QOm - QOn)L3n:| +

)

+|:(_001103m + QSnQOm)]

[(_le - an)Lln + (_QZm - QZn)LZn + (_Q3m - 03n)L3n + (_QOm - QOn)LOn]<

[(_le - an)LOn + (QOn + QOm)Lln]G3 + [(_QOnglm + anQOm)]IZ +
+[(+03n + 03m)L2n + (_QZm - 0211 )L3n]i02 + [(+03n02m - 021103”1)]0'1

[(_QZm - 02}1 )LOn + (QOn + QOm )LZn]G3 + [(_QOnQZm + QZnQOm)]IZ +

[(_Q?malm + 01n03m)]01 >

[(_03m - 03n)L0n + (QOn + QOm)L3n]G3 + [(_00n03m + 03n00m):|12 +
+[(+Q2n + 02m)Lln + (_le - an)L2n]io2 + [(_01n02m + 021101m)]0'1

\ [(_le - an)Lln + (_QZm - 0211 )L2n + (_03m - 0311 )L3n + (_QOm - QOn )LOn]G3 /

Corollary lll.3:For linear/differential operators Dg, & Dun :

where:
Lin = Lj, are linear/differential
then:

& (; are constants:

A N

J

\

3 3
DpnD am + DpmD 4n = DpnDam + DpmD an = 2|:2LynLyn - Zgyngym :|IS
1=0

Proof:
Immediate from theorems and corollaries I-1ll
O

1=0

Corollary lll.4:For linear/differential operators Dg, & D :

where:
Lin = Lj, are linear/differential
then:

DBnDAn + DBnD_Am + mDAn + DBm

DBnDAn + DBnDAm + DBmDAn + DBm

Proof:
Immediate from theorems and corollaries I-llI
O
depicted as follows:

& (; are constants:

3 3
Dum = 4|:ZL#"L#" - Z Cynl :|18
1=0

1=0

3 3
Dy = 4|:ZL,MLM — ZQ,MQM :|Ig
1=0

1=0
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Corollary lll.5:For linear/differential operators Dg, , Dy , Dgm » Dum , Dy, Dap :

where:
Limw =Ly, & Lj = Lj, are linear/differential & (; are constants:
then:
3 3
DBnDAm + DBmDAn = 2|:2LymLym - Zg‘ungym :|18
1=0 1=0
3 3
DBpDAm + DBmDAp = 2|:ZL#mL#m - ZQ#PQ#’” :|Ig
1=0 1=0
Proof:
3 3
DBnDAm +DBmDAn = 2|:2Lymme - Zgungum :|I8
u=0 u=0

Is immediate from corollary 111.2
and, substituting p for n :

3 3
DppD sm + DmD 4p = 2|:2LumLum — 2 lyplym :|I8
u=0 u=0

O

Corollary lll.6:For commutative-associative linear operators Dg, , Dan, Dgm » Dam » Dy , Dap :
where:
Lin=Lj, & Lj = Lj, are constants or differential operators & (; are constants:
then:
Dans DBney + Do Dame + Diamy Dme + DmyDapes + DapsDaps + Dps D ane + DapsDny =

3
= Z[(L,U”cll’ﬂncl + LymoLymeo + LypsLyps +
u=0

+ L.uchL.umCZ + +LHP03L.UPC3 + 2L.“”CIL.uncl) +
= (Uner Caney + Lumeo Lm s + Cppos Upip s +
+ luney Uy + U 2 Upes + 20ppes Uyan )18
3
= Z[(?)lecll’lmcl + 2L umo Lymey + 2L pps Lyps) +
u=0
- (Q.U”Cl (Q.U”Cl + 0.“’"02) + 0.“’"02 (Q.Upd + 0.“’"02) + 0.“}703 (Q.Upd + 20,“"(1 ))]18

Proof:
DA”CIDBncl +DB”CIDAmCZ +DAmCZDBm02 +DBchDAPc3 +DAPC3DBPC3 +DBPCSDA”CI +DAPCSDB’101 =
= DA”CIDBncl +DAm02DBmCZ +DAPC3DBPC3 +DB”CIDAmCZ +DB"1c2DAPc3 +DBPCSDA”CI +DAPCSDB’101 =
3 3 3 3 3 3
= |:ZLW<-1Lunc1 =2 byt Uyn,y :|18 + |:2Lum<-zLumcz — 2 lmey Uy :|18 + |:2Lup<-3Lupc3 =2 i lipss :|18 +
u=0 u=0 u=0 u=0 =0 =0
3 3 3 3 3 3
+ ZLllmch#mcz - ZQ.unle,uch Is + ZL.UPLGL,UI%} - Zgﬂmd%p(a Is +2 ZL.uncllecl - ZQ#PCGQWA Is
u=0 u=0 u=0 u=0 u=0 u=0
3
= Z[(L.uncll‘.uncl +L#mchumc2 +Lﬂpc3L#Pc3 +
1=0
+ Lymo Lyme + +Lyps Lyp s + 2L Lyn,, ) +
- (Q.U”Clg.uncl + 0#’”020.‘”’102 + Qupd@.upd +
+ lungy Uy + s Cppes + 20pp s Upny )1
3
= Z[(3Lunc1L#ncl + 2Lumchumcz + 2Lﬂpc3L#Pc3) +
1=0
= (Cpngy Cuny + Cumn) + Cpmey Upp s + Cumen) + Lppes (Lp g + 200, ) 1s
L]
depicted as follows:
Now:

From corollaries 111.3,4 & 6 and the empirical evidence indicate the actual Yukawa color force between quarks:
Just as the electromanetic force is given by:



_ €12
F. =2, 2

and the gravitational force is given by: (at

mipm
Fy = 2,102
The color force between quarks may be g
1°q92
F, = /”tq—q rzq et
as follows:

Let: ¢g. = o. , where:

least to first aproximation):

iven by:

g0t (o= (1o
10 i 0 0 -1

qr = chl qc = kGGZ qs = k363 kR,kg,kB eR

det(o/) =1

det(c?) = det(I) =1

a b
A=
(cd

ka kb
= kA =
) < ke kd >

detd = ad — bc = det(kA)

= kakd — kbkc = k*(ad — bc) = k* det4

—

S

BIBIGE

1 0 1 0
0 -1 0 -1

(

(

(
-(13)(1s)-
o-(07)007)- (o)
(3 )32 )-(10)(12)
(300 )- ()0 )
E ) (G ) (1)

and, define: g¢, c gc, = det(gc,qc,)
J

qrR° 4R = det(qRqR) = det(chlchl) = det(kRchlol) = k12g det(lz) = k12g >0

gqr°oqc = det(qRqG) = det(kRolchz) = det(kRkGo'lcz) =

= det(kzkglio®]) = (ikrkg)? det(o?) = —(krkg)* < 0

gqroqp = det(qRqB) = det(kR01k303) = det(kRk30'10'3) =

= det(krks[-ic?]) = (=i

krkg)? det(c?) = —(krks)* < 0

g °ogqr = det(quR) = det(chszcl) = det(kgkr

0.20.1) —

= det(kckg[—io®]) = (—ikckr)*det(o®) = —(kckzr)* < 0

g °qc = det(quG) = det(k(;czkco2) = det(kaGo'zcz) = det(szIQ) = sz >0

qc°oq4p = det(C]GC]B) = det(ch2k30'3) = det(kgkg

0.20.3) —

= det(kgkg[ic']) = (ikgks)? det(c') = —(kgks)* < 0

gqpoqr = det(quR) = det(k303kRol) = det(kBkR0'30'1) =

= det(kpkgr[io?]) = (ikgkg)? det(c?) = —(kskr)* < 0

gspodqc = det(C]BQG) = det(k303k(;c2) = det(kBkG

0.30.2) —

= det(kzkg[—ic']) = (~ikskg)*det(c!) = —(kgkg)? < 0

gp o qp = det(qpqp) = det(kpo’kpo®) = det(kpkpo’c?) = k%; det(I;) = k%; >0

U

k&, >0
gc, °qc, =
o —(ke,key)? < 0

, C1=0C
, C1 =

Thus, differing color quarks attract, alike color quarks repel.
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And, define: gc, =iqgc, = qc,°qc, = 4c, °qc, = det(iququ) = _k%H <0
= quark/anti-quark attraction
vis.:

qr° gr = det(qrgr) = det(chlikRO'I) = det(ikRchlcl) = (ikR)zdet(Iz) = _k%g <0
qr o qc = det(qrgc) = det(kro'ikco?) = det(ikrkco'o?) =
= det(ikrkg[io®]) = (i%krkc)*det(c®) = (=krks)? = (krkg)? > 0

In this way, meson & baryon color force attraction/repulsion is manifested
with a force field similar to that of the electric and gravitational.

10
(In fact, since: a € R is in a same equivalence class as a( 01 ) is indistinguishable from it.)

Thus, the above forms may equivalenty written:
y) r
Fo=eroe(2s) s Fo=mom)(55)  Fy = roa) (2%

( the potentials being solutions of (L—-4,)¢, =J, : (using: L; = 0,)
( the first two being of the d’Alembert, and the third being of the
( Klein-Gordon/ Helmholtzian operator, respectively.
( actually all the same, understanding that the first two have zero constant term;
( and that the space-time of the first and third are flat euclidean, the gravitational
( is curvature of Swarzschild/Eddington/Kerr-Newman/Kerr-Schild/Gibbons-Hawking
( metric and coordinates, as appropriate

= F: = (p10p2)Aepe
where:

(&, pe,Ae, e, Je) € {(e,ej,lg,r%,.]e), (g,mj,/”tg, I’%,Jg), (q;qplq» i_‘:,Jq)}
NOTE:

Using the Klein-Gordon/ Helmholtzian with space-time coorinates with metric and
curvature as appropriate or using the Covariant Helmholtzian rather than:

G* = R* — %g“VR = —8”—2’< 7%, in effect separates the field from the space curvature -
C

So, the field is expressed using fortuitive coordinates as is often done
(such as using polar coordinates in analysis of a pendulum simple harmonic oscillator)

(

(

(

( even with the same result.

(

(

( Thus, notions on wormholes and such become fictional speculations.

But, now for the reason the Helmhotzian operator factorization was generalized to to Multiple Associative Commutative
Linear Operator Factor(s). (MACLOFs)

First, the above figures for meson factors may be chained as follows:

Note:
D4,Dg,D4,Dp,D4,Dp,D4,Dp, D4
0
Dy,Dg, + D, Dy, + D4,Dp, + Dp,Dy, + D4;Dp, + Dp,Dyg, + Dg,Dp, + --- + Dp, Dy, +Dy,Dg,
Similarly:

DBmle_AmD_Bm

m=1

likewise:
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So, note that the mesons may link end-to-end of infeterminate length, and that they may link side=to-side of infeterminate
width. Further, they may link above/below each other infeterminately, thus forming chains, rings, sheets, meshes, bricks and
blocks. Even though mesons have rather short lifespans, that is relative and increased by the already observed naturally
occuring high-speed time dilation effect. Meson speeds may be even faster and in higher density in high-energy plasmas in
regions such as star formation knots.

Next, the above figures for baryon factors may be linked as follows:
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These graphic depictions of baryon chains and sheets may be sketched schematically, dropping the D :

in table form:
AG BR AR AG BB AB BG AB BB BG AR BR
BG AB BB BG AR BR AG BR AR AG BB AB
AR BG AG AR BB AB BR AB BB BR AG BG
BR AB BB BR AG BG AR BG AG AR BB AB
AB BG AG AB BR AR BB AR BR BB AG BG
BB AR BR BB AG BG AB BG AG AB BR AR
thus, the above chains may be stacked such as:
- N - N
AG BR AR BG AB BB
BG AB BB AG BR AR
Bp | Ag | B Ap |Br | A . :
< 812676 > < BI-R R > (and row pair permutations thereof)
AB BR AR BB AG BG
AR BB AB BR AG BG
BR AG BG AR BB AB
A J N J

and chained accordingly, to any width and to any depth.

Similarly, these stacks may extend side-to-side, as well.

Thus, baryons form into chains, rings, sheets, meshes, and clumped into bricks, blocks, etc.
(nucleon clumps are known as atomic nucleii)

Note that the baryons are made up of triple B¢1A2Bcs/AciBaAcs and mesons are made up of pair BeiAca/AciBe
which indicates that B¢/A¢ or Bcg/Ac¢ represent a quark, so a matrix pair must represent a B¢ or A¢ .
And, as noted prviously, a matrix pair may even represent mesons.

Thus, the idea of chaining Helmhotzian operator factorizations arose.

And so, envisioning chaining Helmhotzian operator factorizations leads to envisioning Multiple Associative Commutative
Linear Operator Factor(s) (MACLOFs); using the operator commutivity where the binding force may be generalized beyond the
Yukawa force, to effect chaining between objects of a general nature.
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Thus, just as the Yukawa force is the binder for the elementery particles using the Helmholtzian partial derivatives/constans
operators; the operators for other chainable objects include:

ionic bond Coulomb force:

Fc = _k_mgz
,
q1,9> : the ion charges

k: 8.98 x 10°Nm?2/C?
7 the distance between the ions

Van der Waals forces:

o =~ ( B2 ) 4
Rl + R2 r2
R, R, : spherical bodies radii
A: Hamaker constant
r. the distance between the surfaces

Using this MACLOF methodology, to chemical compound chaining - amino acid chains, proteins, nucleic acids -
RNA & DNA - and beyond - beyond chemistry as well - beyond even science ; opening a grand new vista in
understanding!
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