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ABSTRACT

What is the maximum value of f(x) = tan™!(e~ e"z) —tan~1(e=¢") 2
I. Introduction

. Let

f@)=tan"e™) —tan"!(e¢"") , x & (00, )

. Derivative

df 62—62”+x e—Z—e’Z“‘ﬂc

% - 1 + 6_2 Pant 1 + @_2 et aid

. Critical points

df

o 0= cosh(e”z) -t cosh(ex‘z) =0 = x=s5=-0.453127 ...
X

. Maximum

d df
—f > 0 forall x <s and —f <0 forallx >s = f(s) is the absolute maximum value of f

dx dx

f(s)=0.733314 ...

. The number s

s=Inr , r=e?cosh™!(e* cosh(e~*(cosh™!(e* cosh(e™ ...)))))
tanh(e® sinh(2)) tanh(e® cosh(2)) = tanh(2)

Uy =e? cosh’l(e4 cosh(u,,)) ,up=0 > u,—u=e"2=s=2+Inu

II. Twenty-five Integrals
n= j:i (tan’l(e"ﬂ) —tan’l(e"’wz)) dx
—f(tan e )—tan‘l(e@_z))dx

o e

fw tan~!(tanh(x)) — tan‘l(tanh( ))

dx

=

=

tan~! tanh x e“ — tan~!(tanh(x))
f dx

tan™ (e‘” 2) - tan“(e‘“’z)
= f dx
0

X

(6)
(7
®)

©

(10)

(11)

(12)

(13)

(14)



:\

1 ere _e—xe
- 2ol
= fx fan [1 + @—2xcosh(2) dx (15)

1 sinh(x sinh(2))
n:f—tan 1( )dx (16)
0 X cosh(x cosh(2))
1 sinh(x tanh(2))
n:f—tan ( )dx (17)
0 X cosh(x)
1 sinh(x)
ﬂ:fm—tanl( ]clx (18)
0 X cosh(x coth(2))
sinh(e* sinh(2))
= fw tan™ ( )cﬂx (19)
0 cosh(e* cosh(2))
1 X — xe
0 X 1le 1+ x2 cosh(2) dx (20)
I tan~!(x) — tan~! (x¢*
n=- f ( ) dx (21)
xInx
1 tan~! (x¢7) — tan~!(x)
f dx (22)
0 x lnx
tan~! xf —tan'(x)
= f dx (23)
X lnx
tan~!(x) — tan~! (x¢"*
= f ( ) dx (24)
xInx
/4 x — tan™! tanx N
f ( ) ) dx (25)
sin x cos x In(tan x)
/4tan~!((tanx)¢") — x
n=- f - (( ) ) dx (26)
0 sinxcosx In(tan x)
/2 tan~!((tan x)¢*) — x
- f’ ' ( )=% 4 (27)
7/4 sin x cos x In(tan x)
2x — tan~!((tan )¢~
= f - ( ) dx (28)
n/4 sinx cos x In(tan x)
| tan~! (e~ ¢ —tan" e€) + tan~! (e~ /%) — tan~ (e~ €/
(e )t H) el 2
0 X
e —xe —tan‘l ) + tan~! (e~ /%) — tan~ (e~ ¢/
f e R G o Lk I »
X



II1. Endnote

—1{,—xe 2\ _ —1( ,—xé? o (_1)n
e fv tan (e ) tan (e ) drt (-1
0

F(O, Q2n+Dae?, (2n+1)a62) ,a>0
x 2n+1

F(O, QCn+1ae?, (2n+1)aez) :F(O, (2n+1)ae‘2)—r(0, (2n+1)a62)

where I'(a, b) is the incomplete Gamma function.
6727@’2 er-e
= f — e xdx
o\ 1 + €267 42"
8_2_‘)_2 x 82—62 x
= -
f[1+e‘“_2x 1+e‘2fz")
1 e? e?
T=— fm - In(x) dx
2 Jo cosh(@z‘2 x) cosh(e2 x)

6—2—1"‘2+x e2—cx*2+x @—2—e‘x‘2—x e2—e"‘*2—x
= - - + xdx
0 (1+e2¢7 14e2¢™” 14e2¢7 142

1 e—2+x €2+X e—2—x e2—x
T=— f [ - - + ]xa?x
2 Jo cosh(e‘z’fx) cosh(«zz“’x) cosh(e‘z‘x) cosh(ez‘x)
Recall that
1 1 1 1 1
—=le——— — —— — 4 ..
4 35 7 9 11
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