Proof of Collatz conjecture
Abdelkrim ben Mohamed
Abstract
In this paper we try prove the Collatz conjecture also known the 3x+1 problem.
The conjecture :

let a,y be a strictly positive integer and consider the recursive sequence (a,) =0

In Jifa, =2k, keN

vn €N a = 2
N {Ban+1 Jifa,=2k+1, k€EN
So there exist ny € N such thata,, = 1.

A(ny+3k) = 1
Therfore Vk € N { Qng+3k+1) = 4
A(ng+3k+2) = 2

The sequence (ap)nsn, is the cycle(1,4,2)

Let (up) =0 be the subsequence of (a,) s such that :

Ug = Ao
- Jifu,=4k , kEN
VNnEN  upiq = % Jifu,=4k+2, k€N
3u, +1 Jif up =4k +1loru, =4k +3, keN

Remark :the terms of the sequences (a,)pso and (up)yso are strictly positive integers because a, is a strictly positive
integer

Lemmal:

There exist no integer ny such that Vn > ny u, is a multiple of 5

Proof :

Suppose that there exist an integer n, such that Yn = n u, is a multiple of 5

take u, and write u, = 5 x 2Pqwithp € N,q € Nand q odd

if p = 2k we have ug, +x) = 59 then e, 4r41) = 15g + 1wich is not multiple of 5
ifp=2k+1 wehave ug, 4k+1) = 59 then g 1r42) = 15¢ + lwich is not multiple of 5
this is a contradiction

so there exist no integer ny such that Vvn = ngy u,, is a multiple of 5



let the sequence (V)50 such that:

170=u,0=a0

o Jif vp=4k , keN
vneN v — 3v,+10 Jif vp=4k+2, keN
(n+1) 3v,+1 Jif vp=4k+1 , keN
3v,+11 Jif vp=4k+3, keN

Lemma2 :

there exist an integer ng such that Vn = n, The sequence (v;,)p>n,is the cycle (1,4) or the cycle(10,40)
or the cycle(11,44).

Proof :

Let’s consider the subsequence (Wp)pso Of (Vy)nso Such that:

Wo = Vg = Qg

( - Jif wp=4k , keN
Ve N Rwntio Jif Wp=4k+2, keN
n w =
(n+1) 3W4L+1 Jif wp=4k+1 , kEN
3wn+11

4 Jf wp=4k+3, keN

Remark :the terms of the sequences (vp)nso and (wWy)pnso are strictly positive integers because a, is a strictly positive
integer

3wp+11
4

Wehave Vn €N w,yq) <
Sovn € N 4w,,1) < 3wy, + 11

Sovn €N 4(w(eq) — 11) < 3(w, — 11)

3(wp—11)

SoVn €N (Wepep) — 11) < "

Soif vn € N w, > 11 the sequence (z,)nso Where z,, = w,, — 11 satisfies :

3(wp—11)

VneN z, =1 and Vn €N z4,;,4) < z, (because <w, —11)

the sequence of integers (z,)nso is increasing strictly so it will reach 0 .this is a contradiction

we deduce that There exist ng such that w, <11

n
(wecanalsouseVn €N (w,, —11) < G) (wg — 11))

1) Ifwy, = 1The sequence (Wp)psn,is1,1,1...s0¥nE€Nn=>ny w, =1

2) Ifwy, = 2Thesequence (Wy)nsn,is2,4,1,1,1..s0Vn€Nn =y +2) w, =1

3) If wy, =3 The sequence (Wy)psn, is3,54,1,1,1..s0¥Yn€Nn = (ny+3) w, =1

4) If wy,, =4 The sequence (Wp)psn,is4,1,1,1..s0Vn€ENn=(Mno+1) w, =1

5) If wy, =5 The sequence (Wy)psp, is54,1,1,1..s0¥n€ENn = (ny+2) w, =1

6) If w,, = 6 The sequence (Wy)nsn, is 6,7,32,8,2,4,1,1,1...s0Vn € Nn = (ng+6) w, =1
7) If wy, =7 The sequence (Wn)nzn0 is7,32,82,4,1,1,1...soVvneENn > (ng+5w, =1
8) If wy,, =11 The sequence (Wp)psp, is11,11,11..s0Vn € Nn = ny, w, =11
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9) If wy, =8Thesequence (Wp)nsn, is8,2,4,1,1,1...so0¥nENn = (ng+3) wy, =1
10) If wy, = 9 The sequence (wn)nZn0 is9,7,32,82,4,1,1,1...so¥YneNn = (ny+6) w, =1

11) If wy,, = 10 The sequence (Wy)nsn, is 10,10,10...so¥n € Nn =ny w, = 10

Letm0=n0+6

Sowehave Vn€EN n>=my w, =1lorVvne€Nn=myg w, =10orVn €N n=my w, = 11

Since (Wp)ps0 is a subsequence  of (Vp)nso

We deduce that :

there exist an integer p, such that The sequence (vy,)psp, is the cycle (1,4) or the cycle(10,40)

or the cycle(11,44).
Lemma3 :
in z/5z2z vneN u,=7,
Proof :
U, Jifu, =4k, keN
vn €N YUy = 2uy Jifu,=4k+2, keN
4(3u, +1) Jifu, =4k +1loru, =4k+3, keN
Up Jifu, =4k, keN
SovneN  dupyq) = 2u, Jifu,=4k+2, k€N
4(3u, +1) Jifu, =4k +1loru, =4k+3, keN
We multiply by 4
4u, Jifu, =4k, keN
So Vvn €N 16Uy = 8u, Jifup,=4k+2, keN
16(3u, + 1) Jifup=4k+ loru, =4k+3, keN
4u, Jifu, =4k, keN
So Vvn €N Ums1) = 3u, Jifup,=4k+2, keN
BGu,+1) Jif u, =4k +1loru, =4k+3, keN
’%" Jif vp=4k , keN
— 3v,+10 Jif vp=4k+2, keN
Vn €N Vi1 3u,+1 Jif vp=4k+1, keN
3v,+11 Jif vp=4k+3, keN
vp Jif vp=4k , keN
) a@vpt10) Jif vp=4k+2, keEN
Sovn EN 4Vmni1) =1 43p,41) Jif vp=4k+1 , KEN
4(3vp+11) Jif vn=4k+3, keN
Ty Jif vn=4k , KEN
— 4(3v,+10) Jif vp=4k+2, keN
SoVn €N 4v(ni1) = 1@ +D) Jif vp=4k+1 , keN
4(Bvp+11) Jif vn=4k+3, keN
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We multiply by 4

4vy, Jif vp=4k , keN
B B — 16(3v,+10) Jf vp=4k+2, keN
Sovn €N 16v = L
(n+1) 16(3v,+1) Jif vp=4k+1 , keN
16(3v,+11) Jif vp=4k+3, kEN
4vy, Jif vp=4k , keN
3v, Jif vp=4k+2, keN
SoVn €N Pmi1) =9 min Jif vp=4k+1 , kEN (2)
(Brp+1) Jif vp=4k+3, keN

Since Uy, = v, we deduce from (1) and (2) that the sequences (4;;) n=¢ and (7, ) =0 are equal
Soin z/5z VneN u,=7v,

So there exist a sequence (S, )pso With s, € Zzsuchthat vn €N u, = v, + 5s,

1) if The sequence (v, )pn=n,is the cycle (4,1)

Ulng+2p) = 4+ 54p

where g,and €EZ
Ung+2p+1) = 1+ SQp v Qp

we have Vp € N {

2) if The sequence (V,)nsn,is the cycle (40,10)

Ulng+2p) = 40 + qu

where g,and EZ
Ung+2p+1) = 10 + SQp M %

we have Vp € N {

3) if The sequence (V,)pn, is the cycle (44,11)

u(n0+2p) = 4‘4 + qu

where g,and €EZ
Ung+2p+1) = 11+ SQp v Qp

we have Vp € N {

in the case 2) we have Vn > ny u, is a multiple of 5 so it is not possible.

Ung+2p) = 4+ 5(qp +8)

where and EZ
Ung+2p+1) = 1+ S(Qp +2) T Qp

in the case 3) we have Vp € N {

Ung+2p) = 4 +54p

,  where q¢',and Q', €z
Ung+2p+1) = 1+50Q P P P

soVp€eEN {

so we are inthe case 1)

we deduce that :

Ulng+2p) = 4+ 5qp

where g,andQ,, € z
Ung+2p+1) = 1+ SQp p Qp

VpEN{

the sequence (Uy)pn2n,is in the form

4+5qy,1+ 5004 +5q,1+50Q;,4+5¢51+5Q,, .. ...
1)if qp = 4k,

Uny+2p) = 4+ 5qp = 4+ 20k,

SO Umny+2p+1) = W = 1+ 5k, wichis of the form 1 + 5@,



2)ifq, =4k, +1

Umg+2p) = 4 +5qp = 4+ 5(4k, + 1) = 9 + 20k,

SO Ung+2p+1) = SU(ng+2p) + 1 =3(9 + 20k, ) + 1 = 28 + 60k, = 3 + 5(5 + 12k,,)
wich is not of the form 1 + 5Q,,

So q, # 4k, + 1

3)if qp = 4kp + 2

Umg+2p) = 4+ 5qp = 4 + 5(4k, + 2) = 14 + 20k,

SO U(n,42p+1) = @ =7+ 10k, = 2+ 5(1 + 2k,,) wich is not of the form 1 + 5Q,,
So q, # 4k, + 2

4)ifq, = 4k, +3

Umng+2p) = 4 + 54, = 4+ 5(4ky + 3) = 19 + 20k,

SO U(ny42p+1) = SU(ng+2p) T 1= 3(19 + ZOkp) +1=58+60k, =3+ 5(11+ 12k,)
wich is not of the form 1 + 5Q,,

So q, # 4k, +3

we deduce that Vp €N ¢, = 4k,

So

Ung+2p) = 4 + 20kp

where k,, € z
Ung+2p+1) = 1+ Skp P

VpEN{

the sequence (Up)pzn,is in the form

4 + 20kgy, 1 + 5ko,4 + 20k, 1 + 5kq,4 + 20k,, 1 + 5k,, ... ... ...

By the same way

1) if ky, = 4k%,

Ungr2p+1) = 1+ 5k, = 1+ 20k,

SO Ung+2p+2) = BU(ng+2p+1) + 1 =3(1 + 20k',) + 1 = 4 + 60k’ wich is of the form 4 + 20k ;,+1)
2)ifk, =4k’ + 1

Umng+2p+1) = 1+ 5k, =1+ 54k, +1) = 6 + 20k7,

SO Ugnyr2pez) = 222 = 3 4 10k,

«if k'y = 2k”), we have u(n 42p+2) = 3 + 20k",

«if k'y = 2k", + 1 we have Uy 12p12) = 13 + 20k",



SO U(py+2p+2) is notof the form 4 + 20k, 41y

Sok, # 4k', +1

3)ifk, =4k, + 2

Ung+2p+1) = 1+ 5kp = 1+ 5(4k% + 2) = 11 + 20k7,

SO Ung+2p+2) = SU(ng+2p+1) T 1 =3(11+ 20k',) + 1 = 34 + 60k, = 14 + 20(1 + 3k',)
wich is not of the form 4 + 20k, 1)

Sok, # 4k', + 2

4)ifk, =4k’ +3

Ung+2p+1) = 1+ 5k, = 1+ 5(4k", +3) = 16 + 20k,

SO U(ny+2p+2) = M =4+ 5k’

Since U(n,+2p+2) is in the form 4 + 20k .1y we have k'), = 4k"',,
So k, =16k", +3

Ung+2p) = 4+ ZOkp

where k,, € z
Ung+2p+1) = 1+ Skp P

Since Vp EN {

We deduce that we have the following two cases :
1) if k, = 4k’,, we have:

Uny+2p) = 4+ 80k’p

,  Wwherek', €z

VpEN{

2)if k, = 16k"}, + 3 we have :

Vp EN {u(n°+2p) =04t 320k,,,f) where k"', € z
u(n0+2p+1) == 16 + 80k D

Case1:

Vp EN { Ungrzp) = 4 8Ok,ri where k'), € z

SO Umy+1) = 1+ 20k,

Suppose that k', # 0 we can write k'y = 4" X dy withr € Nand d, € z and 4 does not divide d,,
SO U(n,+1) = 1+ 20 X 4" X d

Then Uy 42) = 4 + 3 X 20 X 4" X dg and Uy, 43) = 1 +3 X 20 x 407D x d,,

Then Ugn 44y = 4 + 32 x 20 X 407 x dj and Uy 45y = 1+ 32 x 20 X 40772 x d,,



Then Uy 42r) =4+ 3" X 20 X 4 X dg and gy 12r41) = 1+ 3" X 20 X dy
Then Ugn+2r42) = 4 + 37 X 20 X dg and Uy 42r43) = 1 + 30+ x 5 x d,
The term Uy 42r43) = 1 + 30*1 x 5 x dy must be in the form 1 + 20k’ (41)
So 20 divide 3"*D x 5 x d,,

So 4 divide dy. This is a contradiction

Sok'y =

Thus up 1) =1

Case2:

Ung+2p) = 64 + 320k”p

,  Wherek” €z
u(n0+2p+1) == 16 + 80k D p

VpEN{

SO Um,+1) = 16 + 80k

Then Uy, +2) = 4 + 20k" g and Uy 43) = 1+ 5k"

We have Uy, 4+3) = 16 + 80k"y so 1+ 5k =16 +80k"; sok” =3 + 16k";
Ung+3) = 1 +5k" =16 + 80k";

Then Uy, +4) = 4 + 20k"; and ug, 45y = 1+ 5k'

We have u(y,+5) = 16 + 80k”, so 1+ 5k"; = 16 + 80k”, so k" = 3 + 16k",
Ugnoss) = 16 + 80",

We repeat the process

The sequence of integers (k') satisfies the equality : Vn € N k", = 3 + 16k" (;1.1)
1 1
So vn €N (k”n +E) =16 (k”(n+1) + E)

So Vvn €N (k”(n+1) + %) = %G(k"n + %)

sovnen (143 =g (')

. -1 . .
So lim k", = — Wwich is impossible because the terms k' ,are integers
n—-+oo

So we have only casel
We have U +1) = 1
Since (up)nso is a subsequence of (a,) 5o we deduce that there exist Ny € N such thatay, = 1

So The sequence (a,)nsn,is the cycle(1,4,2).



