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Abstract

Elliptic integral is an integral equation that appears in the process of calculating
the length of an ellipse. It does not provide an exact solution, and the
approximation equation for the solution is complicated. The length of an ellipse is

given as [ = 2ar — E (k).

An ellipse refers to the trajectory when two fixed foci and a line longer than the
distance between the two foci draws a triangular point in a plane where the sum

of the distances is constant.

Expressing this as a Cartesian coordinate system,

J(x—c)2+y2+ \/(x+c)2+y2=2a. (1)
If we remove the radical sign and reorganize it, we get
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+ =T =1
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(2)

Here, if (a®? — ¢?) = b?, then b is called the semi-minor axis of the ellipse, and a

is called the semi-major axis of the ellipse.

In general, the equation of an ellipse is expressed as follows.
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If we express this in polar coordinate system,

x =acos@, y=Dbsiné. 4)

This is a coordinate system that progresses in the anticlockwise direction based on
the origin. If modified to a coordinate system that proceeds in the clockwise

direction with the left vertex as the starting point, it is as follows.

xX=a— acosf, y=bsinf. (5)

If equation (2) is rewritten in a clockwise rotating polar coordinate system,

Xx=a— acosf, y=+a?— c?siné. (6)

If we use Green'’s theorem to find the area drawn by the elliptical trajectory from

(5), we have

2T
= f (bsin0)(asin 8)do (7
0

1 1 2T
= [Eabe + Zab sin(26) .

= abm.

We find the length of the trajectory of the ellipse from (6),
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21
= j \/a2 —c%cos? 6 do
0

If a = ¢, the solution can be easily obtained, but if a # ¢, a general solution

cannot be obtained.

An approximation removing the radical sign is as follows.
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where, k = 2 is called the eccentricity of an ellipse.
Substituting the cosine square function as follows:
20 . + ! 20
CosS = = —COS
2 2
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COoS —8 2COS 8COS

69 = 5+15 20 + 3 49+1 60 (10)
CoS = 16 32 CoS 16COS 32 COoS
89 = 35+7 29+7 419+1 60 + 1 86
COoS = 128 16 CoS 32 COoS 16 CoS 128 CcoS

and substituting this into (9) and integrating, we get

l = 2am — E(k),
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As for the length of the circumferential orbit of an ellipse, everything below the
second term of E(k) considering the upper limit and lower limit is 0, so the value

of the first term determines the length of the elliptical orbit.

The length of the arc formed by two points (8,, 8,) of the ellipse is given as
E(k,0,) — E(k, 6,).

Additionally, if we take the limit for k in equation (11), we get

kll)rJrrlol = kll)rJrrlo(Zan — E(k)) = 2anm,
(12)

kllghl = kIHE1(2aﬂ — E(k)) = 1.31122amn.



