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Abstract :

This article deals with the conjectures of Legendre, Andrica, Oppermann, Brocard and their generalizations. For this
purpose, we study the gaps 4 Lgy[px.Pk+1] =LGx (Pr+1) - Lgr(pr ) between two consecutive primes py, , py41 for any
integer k> 2, and the variations 4 Lg,[N%(N+1)?] of the primes-test- functions Lg, defined on intervals

J(N) = J(N-1)2N?+N*°5[, (NE N + 2) by :Vx € R, Lgy(x) =R,Vx In(x), with p, =Sup(p EP : p <N?) and R, =

/p’l . Thus, for each integer N >1048585, we verify: ALgy[px ; Px+1/ <1 ; lim ALgy [Pr ;Pr+1/ =0 and
k+1

(2N+1)
(N+1)

ALgy [N%3(N+1)%] > 2R, (In(M)+1) >4 In(N) . Thank you to an argument by recursion and by the absurd, we

show that A7 [N%(N+1)?] >1, (Tt is the prime counting function). The Legendre conjecture is thus confirmed. Using a

similar approach, the conjectures of Andrica, Oppermann and their generalizations can be demonstrated by fitting test
1
1__
intervals and primes-test-functions of the form : ( Lgy : x— qux( q) In(x),(qeN+3); qu=q p’i ). Moreover, the
\’ k+1

gaps between two consecutive primes are estimated by :

15 N_
(V4 EN+2), Prss - P =0(Pi) 5 fPress /P <gg and Card(INS(N1) TN P) > 1o

Keywords:



Prime counting function ; Legendre, Andrica, Oppermann and Brocard conjectures ; gaps between two consecutive primes.

1 Introduction

The number theory (Hardy, Wright [14], Landau [16], Tchebychev [23]) looks in particular at the
distribution of primes and the gaps between two consecutive primes. Numerous results on the subject
have been established by Axler [3], [4] Dusart [11],[12], Salvy [21], Bombieri [7], Chen [8], Cramer
[10], Erdos [13],Iwaniec, Pintz, Harman, Baker [ 5 ],[6],[15], Ramaré, Saouter [19] and Zhang [ 24].

In 1772, Adrien-Marie Legendre [17] formulated the following conjecture :
"V N€eN*,theinterval of integers /[N?;(N+1)?]contains at least one prime ".

(This can be limited to the open interval /(N) = JN%(N + 1)?[; N?and (N+1)? are naturally
composite numbers). This conjecture is one of the four questions about primes put forward by
Landau [13] at the international Conference of Mathematicians in 1912. Furtheremore, Iwaniec, Pintz
[15] have shown that for any integer n €N + 3, there is always a prime p € /n —n?3/2,n] Baker and
Harman [5],[6] concluded that for a sufficiently large integer n, there is a prime in the interval
[n;n+0(m°%525)] . The Legendre conjecture provides a better square-root majorization of the gap

between two consecutive primes p; and py,, of the form:

(11) VkEN*, Prk+1 - Pk <4‘W,pk+3

The results obtained by Iwaniec, Pintz, Harman, and Baker [5],[6], [15] allow validation of this

conjecture up to a value of N =1048585 by solving the following inequation :
(1.2) N5 < 2N+1, (NEN).
T. Oliveira e Silva [ 20] verified this conjecture on computer up to N =4.1018,

a) For any real x >6000, Axler [ 3], [4] Dusart [12],[13] and Legendre [17] have shown the following
framework :

(1.3) In(x)-1 ST < In(x) — 1.10806
(1.4) For any integer k > 15985 In(k) + In(In(k)) - 1 <% <In(k) + In(In(k)) - 0.9427
b)

In line with this advances, we study on one side positive gaps of functions



Lgy :x— Lgi (x) =R, x In(x) withp, =Sup(p €P :p <N?)and Ry = \/%, between two
consecutive primes pj and py,, of the type :

(1.5) A Lgklpw; Pr+1] = LG (Pr+1) -Lgr (px) verifying:  Lgi(pr+1) - Lgr(pi) < 1.

and positive variations of functions between expressions of the form :

(1.6) ALGi[N%(N+1)?] = Lgx((N+1)?) - Lg,(N?) verifying :

(1.7) Lgi((N+1)?) - Lgx(N?) < Lgx(Pr+1) - Lgr(pr) and lim [Lgy((N+1)?) - Lg,(N?)] = +co .

allowing us to prove the conjectures of Legendre, Andrica, Oppermann and Brocard by applying
reasoning by recurrence and by the absurd .Their generalizations can be proved by adjusting
examination intervals and primes-test-functions of the form :

1
(1.8) (Lqy : x~ quxl_a In(x), (4 eN+3); Rge = ’ppk ).
k+1

We also obtain the following framings of the number of primes in the interval of integers

I(N) = JN%(N+1)?[: these estimates are givenby: VN € N*,

(19) 0<N<10%*,  0.78(N+0.5)/(In(N)-0.5) < Card(I(N) N P) < 1.03(N+0.5)/(In(N)-0.55)

(1.10) 10* <N <105, < Card(IIN) N P) <
N
6 -
(1.11) N>10°, Card(I(N) N P) > 0

Subsequently, estimates of the gaps between two consecutive primes of the form :

VkEN* ; Vg EN+2

(1.12) P+ - P <2(Ypr—1-1)
(1.13) Pk+1-Pr = 0(%)

15
(1.14) VPi+1 -\Pk < o

2 Definitions and notations



(2.1) [x] designate the entire part of the real x.

(2.2) P designate the infinite set of positive primes, (called primes).
(P1 =20, =3,03=5,0,=7,p5 =11....... ).
(2.3) 7 is the prime counting function.

(24) Vk €N+ 2, J(N)designate the real interval J(N-1)%N?+ N195].
(2.5) N, =1048586 (Legendre-Iwaniec constant [12], [15]).
(2.6) In(x)isthe neperian logarithm of the real number x, (x> 0).
(2.7) In, (x) =In(In(x)) designate the iterated neperian logarithm of order two defined for x >e.
(2.8) VN €N + 2, the primes py and pj, are defined by :
py =Sup(pEP :p<N?) and p} =Inf(p€eP :p>N?).

(29) Vk eN+ 2, Lg, is a primes-test-function defined by :

Vx €JN), Lgp(X) =RVx In(x); px =Sup(p €EP :p <N?) and R, = | 2%

Pk+1

(2.10) YkeN+2,andV k €N + 3, Lqy is a primes-test-function defined by :

1
vx €JN), Lqy : x> quxl_a In(x);px = Sup(p € P:p < Nz) and qu:q/ppk :
k+1

(2.11) Li denotes the integral logarithmic deviation function defined for any real x > 2 by :

Li(x) = [F—— dt

2 In(t)

(2.12) #p (1) =Card(/N P) denotes the number of primes contained in the set /.

3 Lemma

Legendre's conjecture is verified for any integer N <1048586 .

Proof of Lemma 3.



In this case, (py) %°2° < 2/N+1, so from Iwaniec's results, there is at least one prime

q €]py sy +y) %1 , so g €I(N).

4 Background

Recall the limited development and framing of Cipolla [9], Arias [2], Axler [3 ],[4] , Massias, Robin [18
], Salvy [21].

Pk _ in(k: 2 () ym+1 L
(4.1 i In(k) + Cip(k;m) + O((ln(k)) ) with:

Pq(lnz (k)

. s _\'m
Ciplk;m) = 24 1) 252

where, P, are polynomials such that

d°P, = q and verifying the following recursive relation Salvy [21], Axler [3],[4] Dusart [12],[13]

’ 1 -1 . . ’
(4.2) Pq = qPq—l B Pq—1+ ;Z?:l ]Pq—j—l[(f - 1)Pj—1 B P] - Pj—1]

(4.3) Framings and limited development following Axler [3],[4] and Dusart [12],[13].

I, (-2 1

a)  TE=in(g+Iny(K)-1+ Lo YO

b)  In(k) +Iny(k)-1< ’;—" <In(k) + In, (k) - 0.9247

Iny(k)-2  In4(k)-6ln,(k)+10.667 _pi
In(k) 2In2 (k) k

©) k>46254381, In(k) +In,(k) -1 + <

Iny(k)-2 In3(k)—6in,(k)+11.508
In(k) 2ln2(k)

In(k) +1ny (k) -1 +

5



5 Lemma

GDVKEN+2, Lgu(irs) -Loxi) =P (IN(ZE2) + I 1-Rel } , (Ric =

Pr+1

Proof of Lemma 5.

Lgi (Pic+1) - LGr @) = Rie (Pics1 N®rc+1) - /Pre N01)) = /o1 N®yes1) - \/% In(py) =

= VP Ins) - P INi) + peInpe) - = In(py) =

= /P IN@x11) - N@x)) + V/PrIN@RIL - Ri]

Then,

Lok (Bie1) ~LGe(Pi) =+ {INEEE) +In(pi) [L- R}

6 Lemma

/<+1 In(k+1)+in,(k+1)—1+0¢( ) In(k)+iny,(k)+—=

Pk+1 ln(k) ln(k) 1
(6.1) Pk In(k)+in, (k) =140 (5~ (k)) B (In(K)+n(k)-1) k * 0(k2)

Pk In(k)+In, (k)+ln(k) 1

©2) S T Geormaonr T 96

Pk _ 4 In(k)? + Iny (k) In(k) + 1 + (i
Prir  2ln(k) (n(k)+ Iny(k) — 1) k K2

(63) Ry

).



Proof of Lemma 6.

=In(k) + In,(k) -1+ O( ) hence formulas (6.1) , (6.2) and (6.3) by quotient and radical of limited

development.

7 Theorem

l
(7.1) Lgufpien) -Lok ) =i {5 * Ty * "o } + Ol

n(k)
Jin(k)+in,(k)-1

(7.2)  Lgilprss) -Lax (i) = (-

(In(k)2+Iny (k) In (k) +1) (In(in(k)+In, (k))—1)—In(k))
2in(k)y/In(k)+1ny (k)1 )\f +0(3)

In(k
(73 Lgk(@ers) Lok i) ~ 05y (k) [P0, (ko +0)

Proof of Theorem 7.

With Lemma 6, and the rules of limited development theorem 7 is validated.

8 Corollary
(8.1) VkeN", Lgy (Pr+1) -Lgk (o) < 1
(8.2) lim ALgy, [pk s Dk+1]1 =0

Proof of Corollary 8.

(8.1) : Validation using Maplesoft Maple for the first terms, then majorizations of the limited
developments of (7.2).



(8.2) : Terms in in the limited development of (7.23) which allows us to conclude.

9 Theorem
(9.1) VkeN Lgx (Pr+1) -L (}<05M
. ) Ik (Pk+1 Ik (Pk . \/P_k
Proof of Theorem 9.
10 Lemma
(10.1) Lgi ((N£1)?) -Lge (N?) > 2R, ((Zl\llv:ll))(ln(N+1)+1)

>4 1In(N), for Nlarge enough

(10.2) lim A4 Lg, /[N(N+1)*] = +o00

Proof of Lemma 10.

In(x)+2
Vx
inequality of finite increments applied to function Lg, and the real interval I(N) = JN #(N+1) ?[, we deduce

that :

For any non-zero integer k, the function Lgy is derivable on py;pr+1[ and Lgy(X) = ; SO, using the

Lgk((M+1)%) -Lgk(N9 >Ry Lgi(N+1)?)

>R (2N+1D)(In((M1)2)+2) A/ (N + 1)2

(2N+1)

> 2Ry (N+1)

(In(N+1)+1)



> 4in(N)

11 Theorem (Legendre Conjecture)

(11.1) V N € N* the interval of integers /(N) = JN?%(N+1)? contains at least one prime.

(#2 (I(N)) =1)

Proof of theorem 11.

We argue by recursion and by the absurd :

For every integer N>1. Let P, (N) be the property :

(11.2) P; (N): " I(N-1) contains at least one prime ",

a) According to Lemma 4, for every integer i =2toN, - 1, P, (i) is true.

b) Let us show that for every integer N, the property P, (N)is hereditary i.e.

(PL(N) = P (N+1)).

We suppose that P, (N) is true; therefore /(N-1) contains at least one prime. Let p =py .

Assuming that the corresponding interval /(N) verifies :

I(N)NP =, then we put in evidence a contradiction . It follows . :
(N+1)?-N?<2N+1< q -p

But,

(11.3) Lgr(q@) -Lgr(p) <1  according to Corollary 8.

So there exists m € N*such that p = p,, and g =p,,+4, it follows that:

Now, according to the inequality of finite increases, applied to

the function Lgy , C® on /p;q/, it follows :



(11.4) Lgr((N+1)?) -Lg(N?) > Ry (N+1)?- N9 Inf (Lgi(x); x E](V))
>R, (2N+1)Lg\(N+1)

(2N+1)
(N+1)

> 2R, (In(N)+1)

>41In(N)

> 1 (lim In(N) = +0)

Then finally,
Legk((N+1)7) -Lgk(N?) > 1> Lgk(q) -Lgx(p)
We end up with an obvious contradiction because : p < N?< (N+1)?< g and then,

Lgi((N+1)3 - Lg(N?) < Lgp(q) -Lgx(p) because Lg, isa C* strictly increasing function
defined on J(N).

So the hypothesis is false and I(N) N P # @. Therefore, the property P, (V) is hereditary and since for
every integeri=2to Ny -1, P,(i) and P (N,) are true, we deduce by recurrence that the property
P, (N)is true for any integer N €N + 2. There is no N such that /(N) NP =4,

so for any integer N €N + 2, [(N) contains at least one prime. Thus, the Legendre conjecture is
validated.

12 Corollary

(121) VkEN*, Prk+1 - Pk < [4\,pk -1 +2]

Proof of Corollary 12.

From the results of Theorem 11 on Legendre's conjecture, then

for any integer k€ N*, there exists an integer N such that the following inequalities are verified.
(12.2) (N-1)?+1< py SN°-1<N°+1<p1<(N+1?*-1

So, Prsr -Pe < (N+1)2-(N-1)?-2=4N-2=4(N-1) + 2
10



(12.3) Di+1 Pk = 4Dk —1 +2

(12.4) Dk+1 Pk < [4~\JDk —1 + 2]

13 Theorem

VN €N, (N>103), the interval 1(N) =]N% (N+1)?[ contains at least

K~ (N)=0.78(N + 0.5) / (In(N) - 0.5) and at most, K*(N) = 1.03(N + 0.5)/ (In(N) - 0.55) primes .

#p (I(N)) verifies :

(13.1) 800 <N < 10000 0.3N / In(N)*S5 < #5 (I(N)) < .O3(N + 0.5)/ (In(N) - 0.55)

. <N< . n 2 <#p (I(N)) <
13.2) 10000 <N < 100000 0.287N [ In(N)°> < #5 (I(N))

(13.3) 10° <N <10° 0.287N [ In(N)°>3 < #5 (I(N)) <
(13.4) N>10° #5 (I(N)) > 0.3N / [In(N)]*2
*Examples:

Proof of Theorem 13.
By recurrence, for any integer N > 20, let P(N) be the following property :
P(N) :“ The interval I(N-1) contains atleast 0.78(N + 0.5) / (In(N)-0.5) and

atmost 1.03(N + 0.5)/ (In(N) - 0.55)  primes “.

P(20) is verified ; in fact, there are 7 prime numbers between 400 and 441 et K™(20) =
0.78x20.5/(In(20)-0.5) ~ 6.41 < 7 et K*(20)=1.03x20.5/(In(20)-0.55) ~ 7.11> 7.

b) Let us show that the property P(N) is hereditary : (P(N) = P(N+1))

Assume P(N) is true : then, 7z{(N+1)?) - 7z7{N?) > K~ (N)

11



14 Properties of the conjectures of Andrica and Oppermann.

The same type of reasoning as in theorem 11 is developed adapting the intervals of investigation and the
primes-test-functions to prove the conjectures of Andrica, Oppermann and Brocard [1].

From this we deduce the framings :

(14.1) JPre1 -Pe <1

(14.2) Pre+1 - P < 24/Pic
(14.3) V q€N+2 Pr+1 - Pe =0(\pr)

(14.4) The sequence W,, =./pn+1 -+/Pn 1S positive, of zero limit and verifies :

Wi =/ Pr+1 '\/ﬁ <%

15 Theorem (Andrica conjecture).

For any integer & € N*and prime p,, , the following inequality holds :

(15.1) VP Pe <1

1 0,875 1,6875 307
+

15.2 J - <1- - +
(15.2) Pr+1 \/p_k \/p_k i pk\/p_k 12817]2(

12



Proof of theorem 15.
Using the same method as for Legendre's conjecture (Theorem 11), but working on intervals of the type :
I, (N) = JN%N?+ Nf,and I,(N) = [N’+N;(N + 1), it follows :

v N € N*, each interval I, (N) = [N%N?+ N and I,(N) = [N*+N;(N + 1)?/ contains at least one

prime.

It provides a square-root majorization of the gap between two consecutive primes p; and p,, of the

form :
(15.3) VkEN", Drir- i < 2+/pk
In fact,
(N-1)?+(N-1)+1<p, SN°-1<N°+1<pps1 <N°+N-1
We deduce :
Dk+1 - Pk SN2+ N-(N-1)?-(N-1)-2=2N-2=2(N-1):
So,
asa4)  vkew, Pt - P S[Z i T 1]
It follows :
_Pk+1 ~ Dk _
15.5 VkeN*, ./
( ) Pr+1 \/—k m \/—
\/_
15.6 VkeN*, |/ <
( ) Pr+1 ‘J—; JEZ:; +Vr__
However, VkeN", pp, +2 < pxs+1 then,
2 fr
15.7) VkeN~, . -4/
( ) Prk+1 pk JEZ:I + [Prt+2

By using (with Maple) the Taylor expansion in the vicinity of x = +oo of the function f defined on [2,+00[ by

f(x)=\/x+2\/x—\/x+1 -Vx

Relation (15.4) is verified, then :

Pk P 128py,

1 0875 1.6875 307
(15.8) \/Pk+1 -/ Dk 5\/Pk+2\/Pk—\/Pk+1 -/ Pk Sl_\/p_k-l- s 1 2

13



16 Corollary

(16.1) VKkEN', pri-pr < [2\/Pk — Pk t+1]

Proof of Corollary 16

It is given at the beginning of the proof of theorem 15 with formula (15.4) .

17 Theorem

The sequence (W, ) defined by :Vn € N*, W,,=/pns1 -\/ﬁ is positive increased by M = /11 -+/7,

and verifies :

(17.1) lim (W) =0

Proof of theorem 17.

(W, ) is a positive sequence because the sequence of primes and the square root function are strictly

increasing on ]0;+oo[ ; its maximumis: M = 11 -+/7 ~ 0.670873.

Using the results of theorem 14, then,

for any real € >0, there exists an integer n, such that :

. . _ _DPn+1— Pn €\ DPn
vn €N";(n>n.), \/Pns1 -+/Pn _M+Jp_n‘<M+ o

&€\ Pn
- <
\/pn+1 \/pn — ’—pn+2 + /Pn

14



€

< =
f1+i+1
Pn

<05¢
thus,
lim (Wp,) = lim(y/prs1 -/Pn ) =0.
18 Corollary
* 15
(18.1) vVn€eN’, =+/Pn+1 "/ Pn <
Proof of Corollary 18.

We reason by the absurd, assuming that there are two consecutive primes p;, and py,, such that:

15 15
Pr+1 -/ Pk >W ; therefore, \/Pr+1 >/ Pk +W ; then,

by squaring,

15 225 225
Prk+1 > (/P +p’(37)2=pk + 30pp! +W = Di+1 -Prx > 30pp" e ;but,

according to theorem 17 (17.2) and by using Maple for & >10*, py1 -0k <25 Yy -

let f and g be two functions defined on [2 ; +oo[ by :

f(x) = 30x%1 +

0.05 Since f{x) -g(x) > 21 ,a contradiction is revealed because it is

impossible to have py,1 -px > f(0r) > g0x) + 21 and g(pvy) > Pr+1 -Px , SO inequality (16.1) holds

forall kK eN*.

* Remark : It can be shown that: \/p,+1 -+/Pn < (0 <c¢<0.5) (K1 > 0very large constant) using
the same principle.

15



19 Corollary (Oppermann conjecture)

(19.1) The intervals I,; = IN%N(N+1)[ and I,,, = IN(N+1);(N+1) [ contains at least one prime.

Proof of Corollary 19.

According to Corollary 16, we use the same method with disjoint intervals partitions of [( V) and of
length approximately equal to .

Remark : The proof of Brocard's conjecture follows directly from those of Andrica and Oppermann,

(see Paz[ ],[8],[28]).

20 Lemma

0V €N+2, Lax(Prss) -Lax(pi) = i {ln(p’;:)ﬂn(pk) [1-Ra]} + (Raye =22,

Pk+1
_a[pe _ ., _In()?+Iny(K)In(k) +1 1
(202) Ry = \/pk+1 =1 q In(k) (in(k)+ Iny(k) — 1) k + O(kz

1 1 In(py)
(203)  Lalpess) -La®i) = Vo {3+ g ¥ =g 3+ O 1_% )

1
W + In(k) + Iny (k)

Jin(k)+In, (k)-1

(204)  Lak(pr+1) -Lax(px) =(

(In(k)2+Iny (k) In(k)+1) (In(In(k) +Iny (k) —1)—In(k))y 1 1

4 (Y In(R)+ Iy ()1 ) o 00D
Jin(k)
(20.5) Lak(pk+1) -Lak(px) ~ Iny(k) —

q k(1 5)

16



Proof of Lemma 20.

using operating rules for limited developments (controlled by Maple software)

21 Corollary

(211) VqeN+3,3K, € N*/Vke N, k>K, Lqx(®k+1) -Lax(pe) <1

(21.2) lim ALqy [Pk, Pr+1] =0

Proof of Corollary 21.

We examine the first terms using Maple and solve an inequality via limited developments.

22 Theorem

(22.1) VkEN, Lak(Pi+1) -Lax(pr) <C — I

Proof of Theorem 22.

17



23 Lemma

(2N+1)

(23.1) forN >N, Lax ((N+1)?) -Lqx (N >2Rq; VD (In(N+1)+1)
>4In(N)
(23.2) lim A Lqg[N%(N+1)?] = +o0
Proof of Theorem 23.
24 Theorem
(24.1)

For any integer g = 2, there are two integers N, and K, such that:

For every integers N>N, , k>K, and p <N?* (N — 1) the interval

Iq(Np)=]NT +pN;N9 + (p+1)N[ contains at least one prime.

(24.2) For any integer k>Kq Dies1 -Pr <2(3pe —1-1)
(24.3) Vg EN+ 3 pryy-pr =0(Ypi), (k- +0)
Proof of theorem 24.

For any integer g =3, let us show that there are two integers N, and K, such that:

For every integers N>N, , k>K, and p <N7 - N97! the interval

Iq(Np) =]N? +pN;N + (p+1)N|[ contains at least a prime p;. The same method of demonstration is

used as for Legendre's conjecture in theorem 11 .
18



We argue by recursion and by the absurd :

For every integer N > q*1, let Pr(N)be the property :

a) f(qz.lq ; 2612'1) _f(qz.lq ; q2.1) >q2.1

b) (14.1) Pr(N) : " 1, (N-1,p) contains at least one prime ".

NT+pN+1<p, <N+ ((p+I)N-1<ppy1 < N9+ (p+2)N-1

pk+1'pk—<Nq+(p+2)N-1-Nq—pN-1=2N_2_<2q pr—1-2

25 Perspectives and generalizations (ofsame type)

A 1
(25.1) VneN?, i - Yo, <p—g , (0<c <;) (Aq > 0 constant)
n

Primesg (N) = CmgN / q In(N) and Prismes,;'(N) =CMy.N/qIn(N)

We perform the same kind of reasoning by adjusting the intervals of investigation and the minor

functions of the variations of the function 77 to prove the conjecture of Cramer( [8]).
In the proof of the Legendre conjecture (Theorem 11 same argumentation) we replace /(N) by
Ic(N,g) =[N +qln®*(N); N+ (q+1)In*(N)],and Lg parhcy(x) = ¢;x/ (In(x)-c,tanh(x-p, )) +c3

Then, we try to adjust the coefficients c1,cZ,c3 (functions of p, and p;.,1) so that hcy verifies :

Vx €lpr;Prsrl , k <hep(n) <k+1

19



26 Conclusion

These results are essentially due to the general (global) form of the prime counting function 77 and

therefore, to the variations of its lower convex envelope f (positive concave function), which must satisfy a
framework of the form :

b—a b—a
(26.1) vVab€eR, (1<a<b) kq o) < f(b) - f(a) <k (@) te

With this type of method, Cramer and Firoozbakht's conjectures can probably be improved.

Ou test identique avec d’autres fonctions (plus proches des variations de I’enveloppe

convexe inf de 1)

du type f;, ~ z((z—l’ig , = Li, x/(In(x)-A),.......... to prove the CRAMER conjecture.
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