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1 Úó

3�©¥, R L«kü ���. 2012c, �±Ú�ï9 [8]¥, Ú\
p-

Drazin _�Vg. ùa2Â_Ú�fÝ
�©)���', ¯¢þp-Drazin

�_Ý
Ñ�±L«���Ý
Ú�Ý
�Ú. Cc5éõïÄölØÓ�

ÝïÄ
�'¯K( [4, 5, 8, 9, 10, 15]). ¡�� a ∈ R äkp-Drazin _, XJ

�3�� x ∈ RÚ��ê k,¦� x ∈ comm2(a), x = xax, ak−ak+1x ∈ J(R).

XJþã x �3, @o�½´���, ò§¡� a �p-Drazin _, ¿P� a‡.

·�^ R‡ L« R ¥¤kkp-Drazin �_���¤�8Ü. ùp

comm(a) = {y ∈ R | ay = ya},

comm2(a) = {z ∈ R | zy = yz, y ∈ comm(a)}.

���a ���fÚ���f. �R�Jacobson�½Â�

J(R) = {y ∈ R |é¤kr ∈ R, 1 + yr ∈ R−1},

¿P √
J(R) = {y ∈ R |é,�n ≥ 1, yn ∈ J(R)}.

N´y²µa ∈ R† ��=��3,��� x ∈ R¦�

x ∈ comm2(a), x = xax, a− a2 ∈
√
J(R).

© [10]ïÄ
��^�eBanach ��Úa+ b�p-Drazin �_5, © [9]ï

Ä
��^�eBanach ��Úa + b�p-Drazin �_5. du�n�Ý
�

2Â_Ú�©�§�)���'§2Â_ïÄïÄÚå
2�'5([1, 2]).

�©ïÄ�þ�n�Ý


a 1

b 0

�p-Drazin_, ¼�
�þ��^�Ú��

^�e�n�Ý
�p-Drazin�_5, ?r�¥��Úp-Drazin �_5\

{5�í2�
�2��/([9, 10, 13]).

�B(X)´Banach�mXþ¤kk.�5�f�¤�Banach�ê. b
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�A,B,C,D ∈ B(X). ·�òrÌ�(JA^��fÝ


M =

 A B

C D

 ∈ B(X ⊕X)

þ, ?��
#.���fÝ
p-Drazin�_5.

3�©¥, R�Lkü �1�(Ü�. a�Ì���aπ = 1− aa‡, R−1L

«Banach�êR¥�_�8Ü. b�x, p = p2 ∈ R, @ox = pxp + pxpπ +

pπxp+ pπxpπ. x �±L«¤PierceÝ
�/ªx =

 pxp pxpπ

pπxp pπxpπ


p

.

2 Ì�(J

�!Ì�?Ø3#.^�e�þ�n�Ý


a 1

b 0

�p-Drazin�_5.

·�kµ

Ún1 �a, b ∈ R, XJab ∈ R‡, @oba ∈ R‡.

y² � [8, ½n3.6]. �

Ún2 �a, b ∈ R‡, XJab = 0, @oa+ b ∈ R‡.

y² � [8, ½n5.4]. �

Ún3 �a, b ∈ R‡, c ∈ R, @o

 a 0

c b

 kp-Drazin_.

y² � [8, ½n5.3]. �

½n1 �a, b ∈ R‡, XJbπab‡ = 0, @oeã�d:

(1)

 a 1

b 0

 kp-Drazin_.

(2)

 bπa 1

bπb 0

 kp-Drazin_.
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(3)

 abπ 1

bbπ 0

 kp-Drazin_.

y² (1)⇒ (2)b�M =

 a 1

b 0

. �p =

 bπ 0

0 bπ

 .d^�bπab‡ = 0�,

pM(1− p) = 0,M(1− p) =

 bb‡abb‡ bb‡

b2b‡ 0

 .

Obviously, [M(1−p)]# =

 0 b‡

bb‡ −ab‡

,lN´y²M(1−p)kp-Drazin_,

¤±M(1 − p)kg-Drazin_. �â [11, Ún2.2], pM =

 bπa bπ

bπb 0

kg-

Drazin_, ¿�(pM)d = pMd. -x = pM ‡, ldg-Drazin_���5kµ

x = pMd = (pM)d¿�Md = M ‡, �

(pM)x = (pM)(pM)d = (pM)d(pM) = x(pM),

x(pM)x = (pM)d(pM)(pM)d = (pM)d = x.

Ï�Mkp-Drazin_, �3n ∈ N¦�Mn − M ‡Mn+1 ∈ J
(
M2(R)

)
. 5¿

�pMp = pM , lk:

(pM)n − x(pM)n+1 = (pM)n − (pM)n+1x

= pMn − (pMn+1)Md

= p
(
Mn −Mn+1M ‡)

∈ J
(
M2(R)

)
.
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dd��pMkp-Drazin_. -N =

 bπa 1

bπb 0

, ���y�

N =

 1 0

0 bπ

 bπa 1

bπb 0

 , bπa bπ

bπb 0

 =

 bπa 1

bπb 0

 1 0

0 bπ

 .

�âÚn1, Nkp-Drazin_.

(2) ⇒ (1) ���Ý
e =

 bb‡ 0

0 1

, kM�PierceÝ
L«M = α β

γ δ


e

, Ù¥

α =

 bb‡abb‡ bb‡

b2b‡ 0

 , β =

 bb‡abπ 0

bbπ 0

 ,

γ =

 0 bπ

0 0

 , δ =

 bπa 0

0 0

 .

���y�

α# =

 0 b‡

bb‡ −ab‡

 , απ =

 bπ 0

0 bπ

 ,

β + γ + δ =

 bb‡abπ + bπa bπ

bbπ 0

 ,

and

(β + γ + δ)α =

 bb‡abπ + bπa bπ

bbπ 0

 bb‡abb‡ bb‡

b2b‡ 0

 = 0.
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?�Úk

β + γ + δ =

 bbda+ bπa 1

b 0

 bπ 0

0 bπ

 ; bπa bπ

bπb 0

 =

 bπ 0

0 bπ

 bb‡a+ bπa 1

b 0

 ; bπa bπ

bπb 0

 =

 bπa 1

bπb 0

 1 0

0 bπ

 , bπa 1

bπb 0

 =

 1 0

0 bπ

 bπa 1

bπb 0

 .

Ï�Nkp-Drazin_, �âÚn1, β + γ + δ kp-Drazin_. 5¿�α kp-

Drazin_, |^Ún2kM = α + (β + γ + δ) kp-Drazin_.

(2)⇔ (3) ���yµ bπa 1

bπb 0

 =

 1 0

0 bπ

 bπa 1

bπb 0

 , bπa bπ

bπb 0

 =

 bπa 1

bπb 0

 1 0

0 bπ

 .

|^Ún1�:

 bπa 1

bπb 0

kp-Drazin_��=�

 bπa bπ

bπb 0

kp-Drazin_.

5¿�k:  abπ bπ

bbπ 0

 =

 abπ 1

bbπ 0

 1 0

0 bπ

 , abπ 1

bbπ 0

 =

 1 0

0 bπ

 abπ 1

bbπ 0

 .

l

 abπ bπ

bbπ 0

kp-Drazin_��=�

 abπ 1

bbπ 0

 kp-Drazin_. qdu
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·�k:  bπa bπ

bπb 0

 =

 bπ 0

0 bπ

 a 1

b 0

 , abπ bπ

bbπ 0

 =

 a 1

b 0

 bπ 0

0 bπ

 ,

2|^Ún1=�. �

íØ1 �a, b, bπa ∈ R‡, XJbπab = 0, @o

 a 1

b 0

 kp-Drazin_.

y² Ï�bπab = 0, ¤±bπab‡ = [bπab](b‡)2 = 0. �â½n1, �Iy

²

 bπa 1

bπb 0

 kp-Drazin_.

w,,

 bπa 0

0 0

kp-Drazin _. du

 0 bπb

1 0

2

=

 bπb 0

0 bbπ



´[�"�, ¤±

 0 bπb

1 0

kp-Drazin _.

5¿�µ  bπa bπb

1 0

 =

 bπa 0

0 0

+

 0 bπb

1 0


�  bπa 0

0 0

 0 bπb

1 0

 =

 0 bπabπb

0 0

 = 0.

�âÚn2,

 bπa bπb

1 0

 kp-Drazin _.
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N´�yµ  bπa 1

bπb 0

 =

 1 0

0 bπb

 bπa 1

1 0

 , bπa bπb

1 0

 =

 bπa 1

1 0

 1 0

0 bπb

 .

2dÚn1 =�. �

Ún4 �a, b ∈
√
J(R), XJab = ba, @o

 a 1

b 0

 kp-Drazin_.

y² -M =

 a 1

b 0

. Ï�a, b ∈
√
J(R), ¤±�3n ∈ N¦�an, bn ∈

J(R).

w,kM2 = Ma + bI. du(λM)a = a(λM), kM2(n+1) ∈ M2(J(R)),

�M ∈
√
M2(R), lMkp-Drazin_. �

Ún5 �a, pa ∈ R‡, p2 = p ∈ R, XJpapπ = 0, @oapπ ∈ R‡.

y² Ï�pa ∈ R‡, ¤±pa ∈ R‡. �â [11, Ún2.2], Únapπ ∈ Rd ¿

�(apπ)d = adpπ. �±�y:

apπ − (apπ)2(apπ)d = apπ − apπapπ(apπ)d

= apπ − adapπapπ

= (a− ada2)pπ

∈
√
J(R).

�kapπ ∈ R‡. �

½n2 �a, b, abπ ∈ R‡, XJ

bπab‡ = 0, bπ(a2b) = bπ(aba), bπ(b2a) = bπ(bab),

@o

 a 1

b 0

 kp-Drazin_.
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y² -a1 = bπa, b1 = bπb. d^�bπ(a2b) = bπ(aba), bπ(b2a) = bπ(bab)�

�

a21b1 = bπabπabπb = bπa2b = bπaba = bπabπbbπa = a1b1a1,

b21a1 = bπbbπbbπa = bπb2a = bπ(bab) = bπbbπabπb = b1a1b1.

-f = b1b
‡
1, ·�kM = P +Q, Ù¥

P =

 a1(1− f) 1− f

b1(1− f) 0

 , Q =

 a1f f

b1f 0

 .

Ï�b1(b1a1) = (b1a1)b1, dub
‡
1 ∈ comm2(b1), �b

‡
1(b1a1) = (b1a1)b

‡
1, l

kfa1(1− f) = b‡1(b1a1)(1− b1b
‡
1) = 0, �QP = 0. 5¿�

(fa1f)(fb1) = (fb1)(fa1f), a21f = a1fa1, f
2a1 = fa1f.

���y�, fa1f, fb1 ∈
√
J(R). �âÚn4,

 fa1f 1

fb1 0

 kp-Drazin_.

N´�yµ  a1f f

b1f 0

 =

 a1f f

1 0

 f 0

0 b1f

 , a1f f

b1f 0

 =

 f 0

0 b1f

 a1f f

1 0

 ; a1f f

b1f 0

 =

 1 0

0 b1f

 a1f f

1 0

 , a1f b1f

1 0

 =

 a1f f

1 0

 1 0

0 b1f

 .

2|^Ún1, =�Qkp-Drazin_.

w,kP = R + S, ùp

R =

 0 −f

0 0

 , S =

 a1(1− f) 1

n 0

 , n = b1(1− b1b‡1).
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duR2 = 0, ¤±Rkp-Drazin_. ?�Ú/, RS = 0.

e¡�	S =

 α 1

n 0

 �P -Drazin_, ùpα = a1(1 − f). �âÚn5,

α ∈ R‡. ?�ÚkS = G+H, ùp

G =

 αe e

en 0

 , H =

 α(1− e) 1− e

(1− e)n 0

 , e = αα‡.

5¿�

αab(1− bb‡) = a(1− bb‡)ab(1− bb‡)

= (a2b− abbdab)(1− bb‡)

= [aba− ab(bda)b](1− bb‡)

= [aba− ab2(bda)](1− bb‡)

= ab(1− bb‡)a(1− bb‡)

= ab(1− bb‡)α;

dd�αdab(1− bb‡) = ab(1− bb‡)α‡. l

en(1− e) = α‡αb(1− bb‡)(1− αα‡)

= α‡ab(1− bb‡)(1− αα‡)

= ab(1− bb‡)α‡(1− αα‡)

= 0.

�GH = 0. N´�yµ α(1− e) 1− e

(1− e)n 0

 =

 α(1− e) 1

(1− e)n 0

 1 0

0 1− e

 , α(1− e)

n(1− e) 0

 =

 1 0

0 1− e

 α(1− e) 1

(1− e)n 0

 .
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We compute that

((1− e)α)2[n(1− e)] = (1− e)α2n(1− e)

= (1− e)[a(1− bb‡)ab(1− bb‡)](1− e)

= (1− e)(a2b− ab(bda)b)(1− bb‡)(1− e)

= (1− e)(a2b− ab2(bda))(1− bb‡)(1− e)

= (1− e)(aba− abbdba)(1− bb‡)(1− e)

= (1− e)[a(1− bb‡)ba](1− bb‡)(1− e)

= (1− e)αnα(1− e)

= [(1− e)α][n(1− e)][(1− e)α]

= [α(1− e)][(1− e)n][α(1− e)],

(n(1− e))2[(1− e)α] = n(1− e)nα(1− e)

= n2α(1− e)

= (1− bb‡)(b2a)(1− bb‡)(1− e)

= (1− bb‡)(bab)(1− bb‡)(1− e)

= nαn(1− e)

= [n(1− e)][α(1− e)][n(1− e)].

w,α(1−e), n(1−e) ∈
√
J(R),�âÚn4,

 α(1− e) 1

n(1− e) 0

kp-Drazin_,

lH´p-Drazin_.
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5¿�,

(αe)(en) = αda(1− bb‡)a(1− bb‡)b(1− bb‡)

= α‡a(1− bb‡)ab(1− bb‡)

= α‡[a2b− abbdab](1− bb‡)

= α‡[a2b− ab‡(ba)b](1− bb‡)

= α‡[a2b− a(ba)bdb](1− bb‡)

= αda2b(1− bb‡)

= αdabα,

(en)(αe) = ααdnα2α‡

= α‡abα2α‡.

α(ab) = a(1− bb‡)ab

= a2b− ab(bda)b

= a2b− ab2(bda)

= a2b− abb‡(ba)

= a2b− ab(ba)b‡

= a2b− a(b2a)b‡

= a2b− a(bab)b‡

= a2b− (aba)bb‡

= aba(1− bb‡)

= (ab)α.

lab ∈ comm(α). 5¿�, |^α‡ ∈ comm2(α), �ab ∈ comm(α‡), l

(αe)(en) = αdabα = α‡abα2α‡ = (en)(αe).
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duαe, en ∈ R‡, |^Ún4,

 αe en

1 0

 kp-Drazin _. Ï�

 αe 1

en 0

 =

 1 0

0 e

 αe 1

en 0

 , αe e

en 0

 =

 αe 1

en 0

 1 0

0 e

 .

|^Ún1kG =

 αe e

en 0

 kp-Drazin _. ?2dÚn2=�Mkp-

Drazin _. �

~1 b�M =

 E I2

F 0

 ∈M4(Z4), Ù¥

E =

 0 1

0 2

 , F =

 2 2

0 1

 ∈M2(Z4).

@oE2F = EFE,F 2E = FEF , �EF 6= FE. ùpE,F,EF π ∈M2(Z4)
‡.

y² 5¿�J
(
M2(Z4)

)
= M2

(
2Z4

)
, ���y=�. �

~2 b�M =

 E I3

F 0

 ∈ C6×6, Ù¥

E =


0 1 0

0 0 0

0 1 0

 , F =


1 2 0

0 −1 0

0 0 1

 ∈ C3×3.
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@oF πEF = F πFE, EF 6= FE �

M ‡ =

 0 F−1

I3 −EF−1

 =



0 0 0 1 2 0

0 0 0 0 −1 0

0 0 0 0 0 1

1 0 0 0 1 0

0 1 0 0 0 0

0 0 1 0 1 0


.

y² w,, E2 = 0, F−1 =


1 2 0

0 −1 0

0 0 1

 ,¤±E,F, F πEkp-Drazin_.

?�Ú��yµF πEF = 0 = F πFE,

EF =


0 −1 0

0 0 0

0 −1 0

 6=


0 1 0

0 0 0

0 1 0

 = FE.

��O��

M ‡ =

 0 F−1

I3 −EF−1

 =



0 0 0 1 2 0

0 0 0 0 −1 0

0 0 0 0 0 1

1 0 0 0 1 0

0 1 0 0 0 0

0 0 1 0 1 0


.

�

3 A^

b�X�Banach�m, A,B,C,D ∈ B(X). ·�òrÌ�(JA^��

fÝ
, ïÄ©¬�fÝ
M =

 A B

C D

 3B(X ⊕X) þ�p-Drazin �_

5. �
y²�!Ì�(J, Äke¡I�^��Ún.
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Ún4 � a, b ∈ A‡. � a, b ∈ A‡. XJ ab2 = 0, aba = 0, K a + b ∈ A

kp-Drazin_.

y² � [10, íØ3.6]. �

½n3 � M =

 A B

C D

, A,D,BC, (BC)πA ∈ B(X)‡. XJ

(BC)πA(BC)‡ = 0, (BC)πAB = (BC)πBA,BDC = 0, BD2 = 0,

K M kp-Drazin_.

y² - M = P +Q, Ù¥

P =

 A B

C 0

 , Q =

 0 0

0 D

 .

�â^�, �±�y

PQP =

 A B

C 0

 0 0

0 D

 A B

C 0

 =

 BDC 0

0 0

 = 0.

PQ2 =

 A B

C 0

 0 0

0 D

2

=

 0 BD2

0 0

 = 0.

5¿�µ

 A B

C 0

 =

 A I

C 0

 I 0

0 B

 , A I

BC 0

 =

 I 0

0 B

 A I

C 0

 .

�â½n1,

 A I

BC 0

 kp-Drazin _, 2|^Ún1�µPkp-Drazin

_. qdÚn3�, Qkp-Drazin_. � A = B(X ⊕X), dÚn4��, M äk

�Drazin_. �
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íØ4 � M =

 A B

C D

, A,D,BC, (CB)πD ∈ B(X)‡. XJ

(CB)πD = 0, (CB)πC = 0, CAB = 0, CA2 = 0,

K M äk�Drazin_.

y² 5¿� 0 I

I 0

 A B

C D

 0 I

I 0

 =

 D C

B A

 .

d½n3��,

 D C

B A

 äk�Drazin_. Ïd, M =

 A B

C D

 äk
�Drazin_. �

íØ5 � M =

 A B

C D

, A,D,∈ B(X)‡. XJBC´�_�f,

CAB = 0, CA2 = 0, Kd½n3�: M äk�Drazin_.

y² 5¿�BC´�_�f, ¤±(BC)‡ = (BC)−1, ?(BC)π = 0, �

díØ4=�. �

½n4 � M =

 A B

C D

, A,D,BC, (BC)πA ∈ B(X)‡. XJ

(BC)πA(BC)‡ = 0, (BC)πA2(BC) = (BC)πA(BC)A,

(BC)π(BC)2A = (BC)π(BC)A(BC), BDC = 0, BD2 = 0,

K M kp-Drazin_.

y² - M = P +Q, Ù¥

P =

 A B

C 0

 , Q =

 0 0

0 D

 .

du
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P =

 A I

C 0

 I 0

0 B

 , A I

BC 0

 =

 I 0

0 B

 A I

C 0

 .

�â½n2ÚÚn1, P kp-Drazin _. ,��¡, dÚn3, Qkp-Drazin _.

Ï�BDC = 0, BD2 = 0, aqu½n3, �±�y

PQP = 0, PQ2 = 0.

� A = B(X ⊕ Y ), dÚn4��, M äk�Drazin_. �

íØ6 � M =

 A B

C D

, A,D,BC ∈ B(X)‡. XJ

(BC)πA = 0, (BC)πB = 0, BDC = 0, BD2 = 0,

K M kp-Drazin_.

y² Ï�(BC)πA = 0, (BC)πB = 0, BDC = 0, BD2 = 0, ld½n4

=�. �

íØ7 � M =

 A B

C D

, A,D,BC ∈ B(X)‡. XJ

(CB)πD = 0, (CB)πC = 0, CAB = 0, CA2 = 0,

K M kp-Drazin_.

y² Ï�BC ∈ B(X)‡, �âÚn1�CB ∈ B(X)‡.

5¿�  0 I

I 0

 A B

C D

 0 I

I 0

 =

 D C

B A

 .
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du (CB)πD = 0, (CB)πC = 0, CAB = 0, CA2 = 0,díØ6��,

 D C

B A


äkp-Drazin_. Ïd, M =

 A B

C D

 äkp-Drazin_. �

��, ·��Ñ��ê�~f.

~f3 �A,B,C,D´�^3�©Hilbert�ml2(N)þ��5�f, ©O

½ÂXe:

A(x1, x2, x3 · · · , xn, · · · ) = (x1 − x3, 0,−x1 + x3, 0, 0, · · · ),

B(x1, x2, x3 · · · , xn, · · · ) = (x1 + x2 + x3, x1 + x3, x2, 0, 0, · · · ),

C(x1, x2, x3 · · · , xn, · · · ) = (x1 − x2, x2, x3, 0, 0, · · · ),

D(x1, x2, x3 · · · , xn, · · · ) = (0, 0, x1 − x2 − x3, 0, 0, · · · ).

Then

BC(x1, x2, x3 · · · , xn, · · · ) = (x2, x1 − x3, x2, 0, 0, · · · ),

(BC)π(x1, x2, x3 · · · , xn, · · · ) = (1
2
x1 − 1

2
x3, 0,−1

2
x1 + 1

2
x3, 0, 0, · · · ),

���y�: A2 = 2A,B3 = B, (BC)3 = 2(BC). Hence, A,D,BC ∈ B(X)‡.

?�Úk

(BC)πA = 0, (BC)πB = 0, BDC = 0, BD2 = 0.

d½n3��fÝ
M =

 A B

C D

 ∈ B(X ⊕X) kp-Drazin _.
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Abstract: In this paper, we investigate the p-Drazin inverse of the

anti-triangular operator matrix

 a 1

b 0

. We identify two new class

of necessary and sufficient conditions for an anti-triangular matrix to

possess a p-Drazin inverse. Subsequently, we generalize several es-

tablished results to a broader context. As practical applications, we

demonstrate the p-Drazin invertibility of specific block operator matri-

ces

 A B

C D

 ∈ B(X ⊕X).

Key words: p-Drazin inverse; ring, aniti-triangular matrix, block op-

erator matrix.


